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Notations

We will use the following notations throughout this Memory:

General notations
• N: The set of natural numbers.

• R: The set of real numbers.

• [a, b]: The closed interval a ≤ x ≤ b.

• (a, b): The open interval a < x < b.

• K: a cone.

• ε: indicates a very small number.

• d(.)
dt

: The ordinary derivative with respect to t.

• a.e.: Almost everywhere.

• i.e.: That is to say.
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Spaces
• Ω ⊂ Rn: open set in Rn.

• Ω: closure of Ω.

• ∂Ω: boundary of Ω.

• Lp(Ω) = {u measurable on Ω and
∫

Ω |u|pdx < ∞}, 1 ≤ p < ∞..

• C(Ω): Space of continuous functions on Ω.

• Cn(Ω): Space of n times continuously differentiable functions on Ω.
In this memory, we will specifically use the following spaces:

• C([0, 1],R): Banach space of continuous functions u : [0, 1] → R, equipped with
the norm

‖u‖∞ = sup{|u(t)|, t ∈ [0, 1]}.

• C1([0, 1],R): Space of functions u : [0, 1] → R such that u, u′ are continuous
functions on [0,1], equipped with the norm

‖u‖ = max{‖u‖∞, ‖u′‖∞}.

• L1([0, 1],R): Space of Lebesgue integrable functions u : [0, 1] → R equipped with
the norm

‖u‖1 := ‖u‖L1 =
∫ 1

0
|u(t)|dt.



Introduction

Boundary value problems involving ordinary differential equations arise in physical sci-
ences and applied mathematics. In some of these problems, additional conditions such
that multi-point boundary conditions are important in practice since the measurements.
It can also be extended to a n-point condition u(t) = g(u), where g is a mapping defined
on some space consisting of certain functions with g(u) := g(ξ1, . . . , ξp, u(.)), p ∈ N∗,
where 0 < ξ1 < . . . < ξp < +∞. The symbol g(ξ1, . . . , ξp, u(.)) is used in the sense that
in place of (.) we can put only elements of the set {ξ1, . . . , ξp}. For example g can be
defined by the formula g(u) =

p∑
i=1

βiu(ξi), where βi, i = 1, 2, . . . , p are given constants.
The study of multi-point boundary value problems for linear second-order ordinary dif-
ferential equations was initiated by Marano [11]. Gupta [7] studied three-point boundary
value problems for nonlinear ordinary differential equations. Since then, more general
nonlinear multi-point boundary value problems have been studied by several authors by
using the Leray-Schauder continuation theorem, nonlinear alternatives of Leray-Schauder,
coincidence degree theory, and fixed point theorems in cones. We refer the reader to [1],
[3], [16, 17, 18] and the references therein.
The existence and multiplicity of positive solutions for nonlinear ordinary differential
equations have received much attention. To identify some of them, we refer the reader to
[1], [3, 4], [6], [12, 13, 14, 15, 16, 17, 18, 19, 20, 21] and the references therein.
In this memory, we given some results on the existence of positive solutions for multi-point
boundary value problems of second order ordinary differential equations on bounded in-
tervals.
This memory is organized as follows.

The first chapter is devoted to presenting some preliminaries and general notions
used throughout. Some basic tools from functional analysis and classical fixed point
theorem of GuoKrasnoselskii.
In the second chapter, we present results on the existence of positive solutions to three
point boundary value problems of second order ordinary differential equations. Let us
consider one example from this chapter:x′′(t) + φ(t)f(x) = 0, t ∈ (0, 1),

x(0) = 0, x(1) = α x(η)

where 0 < η < 1 and 0 < α < 1
η
.

We show the existence of at least one positive solution if f is either superlinear or
sublinear by applying the fixed point theorem in cones.
In the third chapter, we discuss the of positive solutions of a nonlinear three-point
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integral boundary value problemx′′(t) + φ(t)f(x) = 0, t ∈ (0, 1),
x(0) = 0, x(1) = α

∫ η
0 x(s)ds

where 0 < η < 1, 0 < α < 2
η2 and f is either superlinear or sublinear.

In the fourth chapter, we present results on the existence of positive solutions to
multi-point boundary value problem

x′′(t) + φ(t)f(x) = 0, t ∈ (0, 1),

x(0) = 0, x(1) =
n−2∑
i=1

aix(ξi)

where f ∈ C([0, ∞), [0, ∞)), φ ∈ C([0, 1], [0, ∞)),
ai > 0, i = 1, 2, ..., n − 2 and 0 < ξ1 < ξ2 < ... < ξn−2 < 1.
In all the phases of our work we give some examples which give applications to our results.

6



Chapter 1

Preliminaries

1.1 Some basic tools
Definition 1.1. Let E be a Banach space.
A closed nonempty convex subset K of E is a cone if it satisfies the following two condi-
tions:

(i) ∀x ∈ K, ∀λ ≥ 0 implies λx ∈ K, ((λK) ⊂ K)

(ii) (x ∈ K and −x ∈ K) implies (x = 0), (K ∩ (−K) = {0}).

Definition 1.2. A real valued function f on an interval (or, more generally, on a convex
set in a vector space) is said to be concave if for all x, y in the interval and for all t ∈ [0, 1],

f
(
tx + (1 − t)y

)
≥ t f(x) + (1 − t) f(y).

Call a strictly concave function for all t ∈]0, 1[ if :

f
(
tx + (1 − t)y

)
> t f(x) + (1 − t) f(y).

Remark 1.1.
(a) If f is concave on an interval, then for a, x, b in the interval with a < x < b, we have:

f(x) − f(a)
x − a

≥ f(b) − f(a)
b − a

.

(b) (Concavity criterion). Suppose f : U ⊂ R → R is of class C2 (i.e.: f is continuous),
then (f is concave), if and only if, (f ′′(x) ≤ 0 for all x ∈ U).

Definition 1.3. Set
f0 = lim

x→0+

f(x)
x

, f∞ = lim
x→∞

f(x)
x

.

Then:

• f0 = 0, f∞ = ∞ ⇒ correspond to superlinear case.

• f0 = ∞, f∞ = 0 ⇒ correspond to sublinear case.
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Preliminaries

1.2 Ascoli-Arzela theorem
Let (X, dX) be a compact metric space and (Y, dY ) be a complete metric space. By
C(X, Y ) we denote the vector space consisting of all continuous function f : X → Y .
Definition 1.4. The family F ⊂ C(X, Y ) is called equicontinuous if for every ε > 0
there exists δ > 0 such that dY (f(t), f(s)) < ε for all t, s ∈ X satisfying dX(t, s) < δ and
all f ∈ F .
Theorem 1.5. ([2]) The family F ⊂ C(X, Y ) is relatively compact if and only if:
1. F is equicontinuous and
2. for all t ∈ X, the set

f(t) = {x(t); x(.) ∈ F}
is relatively compact in Y .
Remark 1.2.
1. If Y is a finite dimensional Banach space, the second condition of Ascoli-Arzela theorem
is equivalent to F is uniformly bounded i.e., there exists M > 0 such that for all x ∈ F

‖x‖∞ = sup
t∈X

‖x(t)‖ ≤ M.

2. If X is a compact metric space, then Ascoli-Arzela theorem can be expressed as follows:
the family F ⊂ C(X, Y ) is relatively compact if and only if F is equicontinuous.

1.3 Lebesgue dominated convergence theorem
Theorem 1.6. ([2]) Let (fn) be a sequence of functions in L1(Ω) that satisfies
(i) fn(t) → f(t) for almost every t ∈ Ω,
(ii) there is a function g ∈ L1(Ω) such that |fn(t)| ≤ g(t) for all n ∈ N and for almost
every t ∈ Ω.
Then f ∈ L1(Ω) and ‖fn − f‖1 → 0.

1.4 Compact operators
Let X and Y be two normed vector spaces and Ω an open set of X.
Definition 1.7. A continuous mapping T : Ω ⊂ X → Y is called compact if T (Ω) is
relatively compact. If the image of any bounded subset B of Ω is relatively compact,
then T is said to be completely continuous.

1.5 Fixed point theorem (Guo-Krasnoselskii)[5]
Let E be a Banach space, and let K ⊂ E a cone. Assume Ω1, Ω2 are open subsets of E
with 0 ∈ Ω1,

Ω̄1 ⊂ Ω2 and let A : K ∩ (Ω̄2 \ Ω1) → K

be a completely continuous operator such that:
(i) ‖Ax‖ ≤ ‖x‖, for x ∈ K ∩ ∂Ω1 and ‖Ax‖ ≥ ‖x‖, for x ∈ K ∩ ∂Ω2; or

(ii) ‖Ax‖ ≥ ‖x‖, for x ∈ K ∩ ∂Ω1 and ‖Ax‖ ≤ ‖x‖, for x ∈ K ∩ ∂Ω2

Then A has a fixed point in K ∩ (Ω̄2 \ Ω1).

8



Chapter 2

Existence results of positive
solutions for a second order
three-point boundary value problem

In this chapter, we study the existence of positive solutions for a second-order differential
equation with a three-point boundary condition.

Consider the problem:x′′(t) + φ(t)f(x) = 0, t ∈ (0, 1),
x(0) = 0, x(1) = α x(η)

(2.1)

where 0 < η < 1 and 0 < α < 1
η
.

φ ∈ C([0, 1], [0, ∞)), We show the existence of at least one positive solution if f is either
superlinear or sublinear by applying the fixed point theorem in cones.

2.1 Auxiliary lemmas
We first give some preliminary lemmas.

Lemma 2.1. Let h ∈ C([0, 1]), αη 6= 1. Then the problemx′′(t) + h(t) = 0, t ∈ (0, 1),
x(0) = 0, x(1) = α x(η)

(2.2)

has a unique solution given by

x(t) = −
∫ t

0
(t − s)h(s) ds − αt

1 − αη

∫ η

0
(η − s)h(s) ds + t

1 − αη

∫ 1

0
(1 − s)h(s) ds.

Proof.
From x′′(t) = −h(t) with integrating we obtain

x′(t) = x′(0) −
∫ t

0
h(s) ds,

and integrating again
x(t) = x′(0)t −

∫ t

0
(t − s)h(s) ds.
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Existence results of positive solutions for a second order three-point boundary value problem

Then we have
x(1) = x′(0) −

∫ 1

0
(1 − s)h(s) ds,

x(η) = x′(0)η −
∫ η

0
(η − s)h(s) ds.

By using the condition x(1) = αx(η) we obtain

(1 − αη) x′(0) = −α
∫ η

0
(η − s)h(s) ds +

∫ 1

0
(1 − s)h(s) ds.

Thus,

x(t) = −
∫ t

0
(t − s)h(s) ds − αt

1 − αη

∫ η

0
(η − s)h(s) ds + t

1 − αη

∫ 1

0
(1 − s)h(s) ds.

Lemma 2.2. Let 0 < α < 1
η
. If h ∈ C([0, 1], [0, +∞)), then the solution x of the problem

(2.2) satisfies x ≥ 0, t ∈ [0, 1].
Proof.
From x′′(t) = −h(t) ≤ 0, we know that the graph of x : t 7→ x(t) is concave downwards
on (0, 1). Which implies that for all t ∈ (0, 1),

x(t) − x(0)
t

≥ x(1) − x(0)
1

i.e. (x(t) ≥ tx(1)).
Then, if x(1) ≥ 0, then the concavity of x and the boundary condition x(0) = 0 implies
that x(t) ≥ 0 for t ∈ [0, 1].
If x(1) < 0, so we have that x(η) < 0 and x(1) = αx(η) > 1

η
x(η), which contradicts the

concavity of x,
(

x(η)−x(0)
η−0 ≥ x(1)−x(0)

1−0

)
.

Lemma 2.3. Let α > 1
η
. If h ∈ C([0, 1], [0, +∞)), then the problem (2.2) has no positive

solution.
Proof.
We use proof by contradiction.
Suppose that problem (2.2) has a positive solution x.
If x(1) > 0, then x(η) > 0 and x(1)

1 = αx(η)
1 > x(η)

η
which contradicts the concavity of x.

If x(1) = 0 and x(τ) > 0 for some τ ∈ (0, 1), then x(η) = x(1)
α

= 0, τ 6= η.
If τ ∈ (0, η) i.e. τ < η < 1, then by the concavity of x we have

x(η) − x(τ)
η − τ

⩾ x(1) − x(τ)
1 − τ

which gives
−x(τ)
η − τ

≥ −x(τ)
1 − τ

i.e. η ≥ 1, which is contradicted at η ∈ (0, 1).
If τ ∈ (η, 1) i.e. 0 < η < τ , then by the concavity of x we get

x(η) − x(0)
η − 0

≥ x(τ) − x(0)
τ − 0

i.e. x(τ) ≤ 0, which is contradicted at x(τ) > 0.
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Existence results of positive solutions for a second order three-point boundary value problem

Lemma 2.4. Let 0 < α < 1
η
. If h ∈ C([0, 1], [0, +∞)), then the solution x of the problem

(2.2) satisfies

inf
t∈[η,1]

x(t) ≥ γ‖x‖, where γ = min
{

αη,
α(1 − η)
1 − αη

, η

}
.

Proof.
We divide the demonstration into two steps.

Step 1 : We treat the case 0 < α < 1. In the case, we have x(η) ≥ x(1).
We pose x(t) = ‖x‖.
If t ≤ η < 1, thus

min
t∈[η,1]

x(t) = x(1)

because, by the concavity of x and for all t ∈]η, 1] we get

x(t) − x(η)
t − η

≥ x(1) − x(η)
1 − η

≥ x(1) − x(η)
t − η

which implies that for all t ∈]η, 1], x(t) ≥ x(1) and with x(η) ≥ x(1) so for all
t ∈ [η, 1], x(t) ≥ x(1).
In addition,

x(1) − x(η)
1 − η

≤ x(t) − x(1)
t − 1

≤ x(t) − x(1)
0 − 1

which gives
x(t) ≤ x(1) + x(1) − x(η)

1 − η
(0 − 1) = x(1) 1 − αη

α(1 − η)
.

Then
min

t∈[η,1]
x(t) ≥ α(1 − η)

1 − αη
‖x‖.

If 0 < η < t < 1, so
min

t∈[η,1]
x(t) = x(1).

According to the concavity of x, we have x(η)
η

≥ x(t)
t

which combined with boundary
conditions x(1) = αx(η) we conclude that

x(1)
αη

≥ x(t)
t

≥ x(t) = ‖x‖.

Then
min

t∈[η,1]
x(t) ≥ αη‖x‖.

Step 2 : We treat the case 1 < α < 1
η
. In the case, we get x(η) ≤ x(1) thus

min
t∈[η,1]

x(t) = x(η)

because, by the concavity of x and with x(η) ≤ x(1), we have

x(t) − x(η)
t − η

≥ x(1) − x(η)
1 − η

≥ 0

11



Existence results of positive solutions for a second order three-point boundary value problem

thus, for all t ∈ [η, 1] we have
x(t) ≥ x(η).

We pose x(t) = ‖x‖.
From x(η) ≤ x(1) and the concavity of x, we have that

min
t∈[η,1]

x(t) = x(η).

Use of the concavity of x and the Lemma 2.2, we have that x(η)
η

≥ x(t)
t

which implies
that

min
t∈[η,1]

x(t) ≥ η‖x‖.

2.2 Result of existence
Theorem 2.5. Assume that:

(H1) f ∈ C([0, +∞), [0, +∞)),

(H2) φ ∈ C([0, 1], [0, +∞)), and there exists t0 ∈ (η, 1) such that φ(t0) > 0.

Then the problem (2.1) has at least one positive solution in the case:

(i) f0 = 0 and f∞ = ∞ (superlinear), or

(ii) f0 = ∞ and f∞ = 0 (sublinear).

Proof.

(i) Let’s suppose that f0 = 0 and f∞ = ∞. We will show the existence of a positive
solution to the problem (2.1). We have
(the problem (2.1) has a solution x = x(t)), if and only if, (x is a solution of the
following equation of the operator

x(t) = −
∫ t

0
(t − s)φ(s)f(x(s))ds − αt

1 − αη

∫ η

0
(η − s)φ(s)f(x(s))ds

+ t

1 − αη

∫ 1

0
(1 − s)φ(s)f(x(s))ds

:= Ax(t)).

Denote that
K =

{
x : x ∈ C[0, 1], x ≥ 0, min

t∈[η,1]
x(t) ≥ γ‖x‖

}
.

It is obvious that K is a cone in C[0, 1]. Moreover, by the Lemma 2.3, AK ⊂ K.
we prove that A : K −→ K is completely continuous.
Indeed, on the one hand, according to (H1), (H2) the operator A is continuous.

12



Existence results of positive solutions for a second order three-point boundary value problem

On the other hand, let us prove that the operator A is compact.
We have for all t ∈ C[0, 1],

|Ax(t)| ≤
∫ 1

0
|φ(s)| |f(x(s))| ds + αη

1 − αη

∫ 1

0
|φ(s)| |f(x(s))| ds

+ 1
1 − αη

∫ 1

0
|φ(s)| |f(x(s))| ds

≤
(

1 + αη

1 − αη
+ 1

1 − αη

)∫ 1

0
|φ(s)| |f(x(s))| ds

≤ 2
1 − αη

∫ 1

0
|φ(s)| |f(x(s))| ds

which proves that A is bounded.
Now show that (Ax) is equicontinuous:
for t1, t2 ∈ [0, 1], (t2 ≤ t1) with |t1 − t2| −→ 0, we have

|Ax(t1) − Ax(t2)| =
∣∣∣∣∣−
∫ t1

0
(t1 − s)φ(s)f(x(s))ds − αt1

1 − αη

∫ η

0
(η − s)φ(s)f(x(s))ds

+ t1

1 − αη

∫ 1

0
(1 − s)φ(s)f(x(s))ds +

∫ t2

0
(t2 − s)φ(s)f(x(s))ds

+ αt2

1 − αη

∫ η

0
(η − s)φ(s)f(x(s))ds − t2

1 − αη

∫ 1

0
(1 − s)φ(s)f(x(s))ds

∣∣∣∣∣
=

∣∣∣∣∣α(t1 − t2)
1 − αη

∫ η

0
(η − s)φ(s)f(x(s))ds + t1 − t2

1 − αη

∫ 1

0
(1 − s)φ(s)f(x(s))ds

−
∫ t1

0
(t1 − s)φ(s)f(x(s))ds −

∫ t2

0
(t1 − s)φ(s)f(x(s))ds

+
∫ t2

0
(t1 − s)φ(s)f(x(s))ds +

∫ t2

0
(t2 − s)φ(s)f(x(s))ds

∣∣∣∣
=

∣∣∣∣∣α(t1 − t2)
1 − αη

∫ η

0
(η − s)φ(s)f(x(s))ds + t1 − t2

1 − αη

∫ 1

0
(1 − s)φ(s)f(x(s))ds

+
∫ t2

0
(t2 − t1)φ(s)f(x(s))ds +

∫ t2

t1
(t1 − s)φ(s)f(x(s))ds

∣∣∣∣
≤ α|t1 − t2|

1 − αη

∫ η

0
(η − s)φ(s)f(x(s))ds + |t1 − t2|

1 − αη

∫ 1

0
(1 − s)φ(s)f(x(s))ds

+|t1 − t2|
∫ t2

0
φ(s)f(x(s))ds +

∫ t2

t1
(t1 − s)φ(s)f(x(s))ds,

which implies, |Ax(t1) − Ax(t2)| → 0 when |t1 − t2| → 0.
Since f0 = 0, we can choose H1 > 0 so that f(x) ≤ ϵx, for 0 < x < H1, such that
ϵ > 0 satisfied

ϵ

1 − αη

∫ 1

0
(1 − s)φ(s)ds ≤ 1.

13



Existence results of positive solutions for a second order three-point boundary value problem

Thus, if x ∈ K and ‖x‖ = H1 we get

Ax(t) ≤ t

1 − αη

∫ 1

0
(1 − s)φ(s)f(x(s))ds

≤ t

1 − αη

∫ 1

0
(1 − s)φ(s)ϵx(s)ds

≤ ϵ

1 − αη

∫ 1

0
(1 − s)φ(s)ds‖x‖

≤ ϵ

1 − αη

∫ 1

0
(1 − s)φ(s)dsH1.

Now, let
Ω1 = {x ∈ C[0, 1] : ‖x‖ < H1},

then ‖Ax‖ ≤ ‖x‖, for x ∈ K ∩ ∂Ω1.
From f∞ = ∞, it exists Ĥ2 > 0 such that f(x) ≥ ρx, for x ≥ Ĥ2, with ρ > 0 is
chosen so that

ρ
ηγ

1 − αη

∫ 1

η
(1 − s)φ(s)ds > 1.

Let H2 = max
{

2H1,
Ĥ2
γ

}
and Ω2 = {x ∈ C[0, 1] : ‖x‖ < H2},

then x ∈ K and ‖x‖ = H2 implies that

min
t∈[η, 1]

x(t) ≥ γ‖x‖ ≥ Ĥ2.

Thus

Ax(η) = −
∫ η

0
(η − s)φ(s)f(x(s))ds − αη

1 − αη

∫ η

0
(η − s)φ(s)f(x(s))ds

+ η

1 − αη

∫ 1

0
(1 − s)φ(s)f(x(s))ds

= − 1
1 − αη

∫ η

0
(η − s)φ(s)f(x(s))ds + η

1 − αη

∫ 1

0
(1 − s)φ(s)f(x(s))ds

= − 1
1 − αη

∫ η

0
ηφ(s)f(x(s))ds + 1

1 − αη

∫ η

0
sφ(s)f(x(s))ds

+ η

1 − αη

∫ 1

0
φ(s)f(x(s))ds − η

1 − αη

∫ 1

0
sφ(s)f(x(s))ds

= η

1 − αη

∫ 1

η
φ(s)f(x(s))ds + 1

1 − αη

∫ η

0
sφ(s)f(x(s))ds

− η

1 − αη

∫ 1

0
sφ(s)f(x(s))ds

= η

1 − αη

∫ 1

η
φ(s)f(x(s))ds + 1 − η

1 − αη

∫ η

0
sφ(s)f(x(s))ds

− η

1 − αη

∫ 1

η
sφ(s)f(x(s))ds

≥ η

1 − αη

∫ 1

η
φ(s)f(x(s))ds − η

1 − αη

∫ 1

η
sφ(s)f(x(s))ds

= η

1 − αη

∫ 1

η
(1 − s)φ(s)f(x(s))ds.
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Then, for x ∈ K ∩ ∂Ω2,

‖Ax‖ ≥ ρ
ηγ

1 − αη

∫ 1

η
(1 − s)φ(s)ds‖x‖ ≥ ‖x‖.

Therefore, the first part of the theorem of Guo-Krasnosel’skii satisfied, it follows
that A has a fixed point in K ∩ (Ω2 ⧹Ω1), such that H1 ≤ ‖x‖ ≤ H2.

(ii) Let’s suppose that f0 = ∞ and f∞ = 0. We first have to choose H3 > 0
such that f(x) ≥ Mx for 0 < x < H3 with

Mγ

(
η

1 − αη

)∫ 1

η
(1 − s)φ(s)ds ≥ 1.

Then

Ax(η) = −
∫ η

0
(η − s)φ(s)f(x(s))ds − αη

1 − αη

∫ η

0
(η − s)φ(s)f(x(s))ds

+ η

1 − αη

∫ 1

0
(1 − s)φ(s)f(x(s))ds

≥ η

1 − αη

∫ 1

η
(1 − s)φ(s)f(x(s))ds

≥ η

1 − αη

∫ 1

η
(1 − s)φ(s)Mx(s)ds

≥ η

1 − αη

∫ 1

η
(1 − s)φ(s)Mγds‖x‖

≥ ‖x‖.

Thus, we can choose Ω3 = {x ∈ C[0, 1] : ‖x‖ < H3}, such that

‖Ax‖ ≥ ‖x‖, x ∈ K ∩ ∂Ω3.

On the other hand, since f∞ = 0, it exists Ĥ4 > 0 such that f(x) ≤ ϵx, for x ≥ Ĥ4,
with ϵ > 0 satisfied

ϵ

1 − αη

∫ 1

0
(1 − s)φ(s)ds ≤ 1.

Let H4 = max
{

2H3,
Ĥ4
γ

}
and Ω4 = {x ∈ C[0, 1] : ‖x‖ < H4},

then x ∈ K and ‖x‖ = H4 implies that

min
t∈[η, 1]

x(t) ≥ γ‖x‖ ≥ Ĥ4.

Thus, if x ∈ K and ‖x‖ = H4 we get

Ax(t) ≤ t

1 − αη

∫ 1

0
(1 − s)φ(s)f(x(s))ds

≤ t

1 − αη

∫ 1

0
(1 − s)φ(s)ϵx(s)ds

≤ ϵ

1 − αη

∫ 1

0
(1 − s)φ(s)ds‖x‖

≤ ϵ

1 − αη

∫ 1

0
(1 − s)φ(s)dsH4

≤ H4,

15



Existence results of positive solutions for a second order three-point boundary value problem

then
‖Ax‖ ≤ ‖x‖.

So, for x ∈ K ∩ ∂Ω4 we can have ‖Ax‖ ≤ ‖x‖. Therefore, the second part of the
theorem of Guo-Krasnosel’skii satisfied, it follows that the problem (2.1) admits a
positive solution.

2.3 Some examples
To illustrate our result, we consider ... examples.

Example 2.1.
the boundary value problem{

x′′ + (1 − t)3x2ex = 0, t ∈ (0, 1),
x(0) = 0, x(1) = 1

4x(1
2), (2.3)

admits at least one positive solution.
Indeed, when we assume

φ(t) = (1 − t)3, f(x) = x2ex

and in this case we have
α = 1

4
, η = 1

2
.

Then we obtain φ ∈ C([0, 1], [0, ∞)) and it exists t0 ∈ [η, 1] = [ 1
2 , 1] such that φ(t0) > 0,

we choose t0 = 1
5 , φ(1

5) > 0.
Also f ∈ C([0, ∞), [0, ∞)) and f0 = 0, f∞ = ∞.
Then, the conditions (H1), (H2) and case (i) are satisfied.
So, by the theorem 2.5, the conclusion is satisfied.

Example 2.2.
Consider the boundary value problem

x′′ + t2 · x2 sin
( 1

1 + x

)
= 0, t ∈ (0, 1),

x(0) = 0, x(1) = 1
6

x
(3

4

)
,

(2.4)

admits at least one positive solution.
Let us define

φ(t) = t2, f(x) = x2 sin
( 1

1 + x

)
, α = 1

6
, η = 3

4
.

Clearly, φ ∈ C([0, 1], [0, ∞)), and there exists t0 ∈ [η, 1] =
[

3
4 , 1

]
such that φ(t0) > 0. For

instance, t0 = 5
6 , then φ

(
5
6

)
= 25

36 > 0.
Also, f ∈ C([0, ∞), [0, ∞)), and:

f0 = lim
x→0+

x2 sin
( 1

1 + x

)
= 0, f∞ = lim

x→∞
x2 sin

( 1
1 + x

)
= ∞.

Hence, assumptions (H1), (H2), and case (i) are satisfied.
Therefore, by Theorem 2.5, the boundary value problem has at least one positive solution.

16



Chapter 3

Positive solutions of three-point
integral boundary value problem

In this chapter, we study a boundary value problem involving a second-order differential
equation with a three-point integral boundary condition.

We consider the problem:x′′(t) + φ(t)f(x) = 0, t ∈ (0, 1)
x(0) = 0, x(1) = α

∫ η
0 x(s) ds

(3.1)

where 0 < η < 1.
The aim of this chapter is to give results for existence of positive solutions to (3.1).
Assuming:

• 0 < α < 2
η2 ,

• f is either superlinear or sublinear.

Throughout this chpter, we suppose the following conditions hold:

(C1) f ∈ C([0, ∞), [0, ∞)),

(C2) φ ∈ C([0, 1], [0, ∞)) and there exists t0 ∈ [η, 1] such that φ(t0) > 0.

3.1 Auxiliary Lemmas
Lemma 3.1. If αη2 6= 2, then for h ∈ C([0, 1]), the problemx′′(t) + h(t) = 0, t ∈ (0, 1)

x(0) = 0, x(1) = α
∫ η

0 x(s) ds
(3.2)

has a unique solution

x(t) = 2t

2 − αη2

∫ 1

0
(1 − s)h(s) ds − αt

2 − αη2

∫ η

0
(η − s)2h(s) ds −

∫ t

0
(t − s)h(s) ds.

Proof. From x′′(t) = −h(t) with integration from 0 to t, we get

x′(t) = x′(0) −
∫ t

0
h(s) ds,

17



Positive solutions of three-point integral boundary value problem

and with integration again, we obtain

x(t) = x′(0)t −
∫ t

0
(t − s)h(s) ds.

So, we have
x(1) = x′(0) −

∫ 1

0
(1 − s)h(s) ds,

and ∫ η

0
x(s) ds = x′(0)η2

2
−
∫ η

0

(∫ τ

0
(τ − s)h(s) ds

)
dτ

= x′(0)η2

2
− 1

2

∫ η

0
(η − s)2h(s) ds.

From the condition x(1) = α
∫ η

0 x(s) ds, we obtain that

x′(0) −
∫ 1

0
(1 − s)h(s) ds = x′(0)αη2

2
− α

2

∫ η

0
(η − s)2h(s) ds.

Thus,
x′(0) = 2

2 − αη2

∫ 1

0
(1 − s)h(s) ds − α

2 − αη2

∫ η

0
(η − s)2h(s) ds.

So,

x(t) = 2t

2 − αη2

∫ 1

0
(1 − s)h(s) ds − αt

2 − αη2

∫ η

0
(η − s)2h(s) ds −

∫ t

0
(t − s)h(s) ds.

Lemma 3.2. Let 0 < α < 2
η2 . If h ∈ C([0, 1], [0, +∞)), then the unique solution x of

(3.2) is a positive.

Proof. From the fact that x′′(t) = −h(t) ≤ 0, x is concave on [0, 1].

• If x(1) ≥ 0, then by the concavity of x and x(0) = 0, we get

x(t)
t

≥ x(1), for t ∈ (0, 1],

thus x(t) ≥ 0 for t ∈ [0, 1].

• If x(1) < 0, then by the concavity of x and x(0) = 0, we get

x(t)
t

≥ x(η)
η

, for t ∈ (0, η],

it implies that ∫ η

0
x(s) ds ≥ 1

2
ηx(η).

From x(1) = α
∫ η

0 x(s) ds, and x(1) < 0, we have
∫ η

0 x(s) ds < 0. Then, x(η) < 0.
Hence,

x(1) = α
∫ η

0
x(s) ds ≥ α

η

2
x(η) >

x(η)
η

which contradicts the concavity of x.
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Positive solutions of three-point integral boundary value problem

Lemma 3.3. Let αη2 > 2. If h ∈ C([0, 1], [0, ∞)), then (3.2) has no positive solution.

Proof. Assume (3.2) has a positive solution x.

• If x(1) > 0, we have on one hand by the concavity of x, x(η)
η

≥ x(1)
1 which implies that x(η) >

0, and on the other hand,

x(1)
1

= α
∫ η

0
x(s) ds ≥ α

η

2
x(η) = αη2

2
· x(η)

η
>

x(η)
η

,

which contradicts the concavity of x.

• If x(1) = 0, then
∫ η

0 x(s) ds = 0, this is x(t) = 0 for all t ∈ [0, η].
If there exists ρ ∈ (η, 1) such that x(ρ) > 0, then by concavity of x, we have

x(η) − x(0)
η

≥ x(ρ) − x(0)
ρ

,

it implies that x(ρ) ≤ 0, which is a contradiction.

Lemma 3.4. Let 0 < α < 2
η2 . If h ∈ C([0, 1], [0, ∞)), then the unique solution x of the

problem (3.2) satisfies
inf

t∈[η,1]
x(t) ≥ δ‖x‖,

where
δ = min

{
η,

αη2

2
,
αη(1 − η)
2 − αη2

}
.

Proof. Set x(T ) = ‖x‖. We divide the proof into three cases.

Case 1. If η ≤ T ≤ 1 and inft∈[η,1] x(t) = x(η), then the concavity of x implies that

x(η)
η

≥ x(T )
T

≥ x(T ).

Thus,
inf

t∈[η,1]
x(t) ≥ η‖x‖.

Case 2. If η ≤ T ≤ 1 and inft∈[η,1] x(t) = x(1), then the concavity of x implies

x(1) = α
∫ η

0
x(s) ds ≥ αη2

2
x(η)

η
≥ αη2

2
x(T )

T
≥ αη2

2
x(T ).

Thus,

inf
t∈[η,1]

x(t) >
αη2

2
‖x‖.
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Case 3. If T ≤ η ≤ 1, then inft∈[η,1] x(t) = x(1). Using the concavity of x and from∫ η

0
x(s) ds ≥ η

2
x(η),

(
x(1) ≥ αη

2
x(η)

)
we have

x(1) − x(η)
1 − η

≤ x(T ) − x(1)
T − 1

≤ x(T ) − x(1)
0 − 1

.

then

x(T ) ≤ x(1) − x(1) − x(η)
1 − η

≤ x(1)
(

1 − αη − 2
αη(1 − η)

)

= x(1) 2 − αη2

αη(1 − η)
.

This implies that
inf

t∈[η,1]
x(t) ≥ αη(1 − η)

2 − αη2 ‖x‖.

3.2 Main Result
Theorem 3.5. Assume that:

(H1) f ∈ C([0, +∞), [0, +∞)),

(H2) φ ∈ C([0, 1], [0, +∞)), and there exists t0 ∈ (η, 1) such that φ(t0) > 0.

Then the problem (3.1) has at least one positive solution in the case:

(i) f0 = 0 and f∞ = ∞ (superlinear), or

(ii) f0 = ∞ and f∞ = 0 (sublinear).

Proof.
It is known that 0 < α < 2

η2 . From Lemma 3.1. , x is a solution to the boundary value
problem ((3.2)) if and only if x is a fixed point of operator A, where A is defined by

Ax(t) = 2t

2 − αη2

(∫ 1

0
(1 − s)φ(s)f(x(s))ds

)
− αt

2 − αη2

(∫ η

0
(η − s)2φ(s)f(x(s))ds

)
−
∫ t

0
(t − s)φ(s)f(x(s))ds.

Denote that
K =

{
x/x ∈ C([0, 1]), x ≥ 0, inf

t∈[η,1]
x(t) ≥ δ‖x‖

}
,

where
δ = min

{
η,

αη2

2
,
αη(1 − η)
2 − αη2

}
.
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Positive solutions of three-point integral boundary value problem

It is obvious that K is a cone in C([0, 1]).
Moreover, by Lemma 3.2. and Lemma 3.4. , A(K) ⊏ K. It can be confirmed that

A : K → K is completely continuous.

•Superlinear Case
Since f0 = 0, we may choose H1 > 0 so that f(x) ≤ εx for 0 < x ≤ H1, where ε > 0
satisfies

2ε

2 − αη2

∫ 1

0
(1 − s)φ(s)ds ≤ 1.

Thus, if we let
Ω1 = {x ∈ C([0, 1]) : ‖x‖ < H1} ,

then, for x ∈ K ∩ ∂Ω1, we get

Ax(t) ≤ 2t

2 − αη2

∫ 1

0
(1 − s)φ(s)f(x(s))ds

≤ 2tε

2 − αη2

∫ 1

0
(1 − s)φ(s)f(x(s))

≤ 2ε

2 − αη2

∫ 1

0
(1 − s)φ(s)ds‖x‖

≤ ‖x‖.

Thus ‖Ax‖ ≤ ‖x‖, for x ∈ K ∩ ∂Ω1.
On the other hand, since f∞ = ∞, there exists H̃2 > 0 such that f(x) ≥ ρx for

x ≥ H̃2, where ρ > 0 is chosen so that

ρδ
2η

2 − αη2

∫ 1

0
(1 − s)φ(s)ds ≥ 1.

Let

H2 = max
{

2H1,
H̃2

δ

}
, Ω2 = {x ∈ C([0, 1]) : ‖x‖ < H2} .

Then x ∈ K ∩ ∂Ω2 implies that

inf
t∈[η,1]

x(t) ≥ δ‖x‖ = δH2 ≥ H̃2,

and so
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Ax(η) = 2η

2 − αη2

∫ 1

0
(1 − s)φ(s)f(x(s))ds − αη

2 − αη2

∫ η

0
(η − s)2φ(s)f(x(s))ds

−
∫ η

0
(η − s)φ(s)f(x(s))ds

= 2η

2 − αη2

∫ 1

0
(1 − s)φ(s)f(x(s))ds − αη

2 − αη2

∫ η

0
(η2 − 2ηs + s2)φ(s)f(x(s))ds

−
∫ η

0
(η − s)φ(s)f(x(s))ds

=
∫ 1

0

2η − 2ηs

2 − αη2 φ(s)f(x(s))ds +
∫ η

0

αη2s − αηs2 − 2η + 2s

2 − αη2 φ(s)f(x(s))ds

=
∫ 1

η

2η − 2ηs

2 − αη2 φ(s)f(x(s))ds +
∫ η

0

−2ηs + αη2s − αηs2 + 2s

2 − αη2 φ(s)f(x(s))ds

=
∫ 1

η

2η(1 − s)
2 − αη2 φ(s)f(x(s))ds +

∫ η

0

αηs(η − s) + 2s(1 − η)
2 − αη2 φ(s)f(x(s))ds.

≥ 2η

2 − αη2

∫ 1

η
(1 − s) φ(s) f(x(s)) ds

≥ 2ηρ

2 − αη2

∫ 1

η
(1 − s) φ(s) x(s) ds

≥ 2ηρδ

2 − αη2

∫ 1

η
(1 − s) φ(s) ds ‖x‖ ≥ ‖x‖.

Hence, ‖Ax‖ ≥ ‖x‖, x ∈ K ∩ ∂Ω2.
By the first part of Theorem of Guo-Krasnoselskii, A has a fixed point in K ∩ (Ω̄2\Ω1)

such that H1 ≤ ‖x‖ ≤ H2.
•Sublinear Case

Since f0 = ∞, choose H3 > 0 such that f(x) ≥ Mx for 0 < x ≤ H3, where M > 0
satisfies

2ηδM

2 − αη2

∫ 1

η
(1 − s) φ(s) ds ≥ 1.

Let
Ω3 = {x ∈ C([0, 1]), ‖x‖ < H3},

then for x ∈ K ∩ ∂Ω3, we get

Ax(η) = 2η

2 − αη2

∫ 1

η
(1 − s) φ(s) f(x(s)) ds − αη

2 − αη2

∫ η

0
(η − s)2φ(s)f(x(s))ds

−
∫ η

0
(η − s) φ(s) f(x(s)) ds

≥ 2η

2 − αη2

∫ 1

η
(1 − s) φ(s) f(x(s)) ds

≥ 2ηδM

2 − αη2

∫ 1

η
(1 − s) φ(s) ds ‖x‖ ≥ ‖x‖.

Thus, ‖Ax‖ ≥ ‖x‖, x ∈ K ∩ ∂Ω3.
On the other hand, since f∞ = 0, there exists H̃4 > 0 so that f(x) ≥ λx for x ≥ H̃4,

where λ > 0 satisfies
2λ

2 − αη2

∫ 1

0
(1 − s) φ(s) ds ≤ 1.
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Choose H4 = max
{

2H3,
H̃4
δ

}
. Let

Ω4 = {x ∈ C([0, 1]), ‖x‖ < H4},

then x ∈ K ∩ ∂Ω4 implies that

inf
t∈[η,1]

x(t) ≥ δ‖x‖ = δH4 ≥ H̃4.

Therefore,

Ax(t) = 2t

2 − αη2

∫ 1

0
(1 − s) φ(s) f(x(s)) ds − αt

2 − αη2

∫ η

0
(η − s)2 φ(s) f(x(s)) ds

−
∫ t

0
(t − s) φ(s) f(x(s)) ds

≤ 2t

2 − αη2

∫ 1

0
(1 − s) φ(s) f(x(s)) ds

≤ 2λ‖x‖
2 − αη2

∫ 1

0
(1 − s) φ(s) ds ≤ ‖x‖.

Thus, ‖Ax‖ ≤ ‖x‖, x ∈ K ∩ ∂Ω4.
By the second part of the theorem of Guo-Krasnoselskii, A has a fixed point x ∈

K ∩ (Ω̄4\Ω3) such that H3 ≤ ‖x‖ ≤ H4. This completes the sublinear part and the
problem (3.1) has at least one positive solution.

3.3 Some examples
Example 3.1.
The boundary value problemx′′ + (sin t)e−x = 0, t ∈ (0, 1)

x(0) = 0, x(1) = 2
∫ 1/2

0 x(s) ds

has at least one positive solution. In fact, assume that

φ(t) = sin t, f(x) = e−x

In this case, we have α = 2, η = 1
2 . Then, we get:

• 0 < α < 2
η2 (0 < 2 < 8)

• φ ∈ C([0, 1], [0, ∞)) and there exists t0 ∈ [η, 1] = [1
2 , 1] such that φ(t0) > 0. We

choose t0 = 3
4 , so

φ
(3

4

)
= sin

(3
4

)
> 0

• f ∈ C([0, 1], [0, ∞)) and f0 = ∞, f∞ = 0 (sublinear)

Then, all the conditions of the theorem 3.5. hold. So the conclusion is satisfied.
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Example 3.2.
The boundary value problemx′′ + (t2 + 1) ln(x + 1) = 0, t ∈ (0, 1)

x(0) = 0, x(1) =
∫ 2/3

0 x(s) ds

has at least one positive solution.
Assume that:

φ(t) = t2 + 1, f(x) = ln(x + 1)

In this case, we have α = 1, η = 2
3 . Then:

• 0 < α < 2
η2

(
0 < 1 < 2

(2/3)2 = 2
4/9 = 4.5

)
• φ ∈ C([0, 1], [0, ∞)) and there exists t0 ∈ [η, 1] = [2

3 , 1] such that φ(t0) > 0. We
choose t0 = 3

4 , so

φ
(3

4

)
=
(3

4

)2
+ 1 = 9

16
+ 1 = 25

16
> 0

• f ∈ C([0, ∞), [0, ∞)), with f0 = 0, f∞ = ∞ (superlinear)

Then, all the conditions of Theorem 3.5 hold. So the conclusion is satisfied.

Example 3.3.
The boundary value problem

x′′(t) + cos2(t)
1 + x(t)

= 0, t ∈ (0, 1),

x(0) = 0, x(1) = 2
3
∫ 3

4
0 x(s) ds

has at least one positive solution.
Assume that:

φ(t) = cos2(t), f(x) = 1
1 + x

In this case, we have α = 2
3

, η = 3
4

. Then:

• 0 < α < 2
η2

(
0 <

2
3

<
2

(3/4)2 = 32
9

≈ 3.56
)

• φ ∈ C([0, 1], [0, ∞)), and φ(t0) > 0 for any t0 ∈ [3
4

, 1], for example, φ(0.8) =
cos2(0.8) > 0

• f ∈ C([0, ∞), [0, ∞)), with f0 = ∞, f∞ = 0 (sublinear)

Then, all the conditions of Theorem 3.5 hold. So the conclusion is satisfied.
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Chapter 4

Positive solutions of n-point
boundary value problem

In this chapter, we study the existence of positive solutions for a nonlinear second-order
differential equation with an n-point boundary condition.

We consider the problem:


x′′(t) + φ(t)f(x) = 0, t ∈ (0, 1)

x(0) = 0, x(1) =
n−2∑
i=1

aix(ξi)
(4.1)

where f ∈ C([0, ∞), [0, ∞)), φ ∈ C([0, 1], [0, ∞)),
ai > 0, i = 1, 2, ..., n − 2 and 0 < ξ1 < ξ2 < ... < ξn−2 < 1.

4.1 Auxiliary Lemmas
We first give some auxiliary Lemmas.

Lemma 4.1. Let h ∈ C([0, 1]), ai > 0 for i = 1, 2, ..., n − 2 and
n−2∑
i=1

aiξi 6= 1. Then the
problem 

x′′(t) + h(t) = 0, t ∈ (0, 1)

x(0) = 0, x(1) =
n−2∑
i=1

aix(ξi)
(4.2)

has a unique solution,

x(t) = −
∫ t

0
(t − s)h(s)ds − t

∑n−2
i=1 ai

∫ ξi
0 (ξi − s)h(s)ds

1 −
n−2∑
i=1

aiξi

+t

∫ 1
0 (1 − s)h(s)ds

1 −
n−2∑
i=1

aiξi

.

Proof. We start from the differential equation:

x′′(t) = −h(t).
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Integrating twice, we obtain:

x′(t) = −
∫ t

0
h(s) ds + C1, x(t) = −

∫ t

0
(t − s)h(s) ds + C1t + C2.

Using the boundary condition x(0) = 0, we find C2 = 0. Thus,

x(t) = −
∫ t

0
(t − s)h(s) ds + C1t.

Now applying the nonlocal boundary condition:

x(1) =
n−2∑
i=1

aix(ξi),

we compute both sides.
Left-hand side:

x(1) = −
∫ 1

0
(1 − s)h(s) ds + C1.

Right-hand side:
x(ξi) = −

∫ ξi

0
(ξi − s)h(s) ds + C1ξi,

so
n−2∑
i=1

aix(ξi) = −
n−2∑
i=1

ai

∫ ξi

0
(ξi − s)h(s) ds + C1

n−2∑
i=1

aiξi.

Equating both sides:

−
∫ 1

0
(1 − s)h(s) ds + C1 = −

n−2∑
i=1

ai

∫ ξi

0
(ξi − s)h(s) ds + C1

n−2∑
i=1

aiξi.

Solving for C1, we obtain:

C1

(
1 −

n−2∑
i=1

aiξi

)
=
∫ 1

0
(1 − s)h(s) ds −

n−2∑
i=1

ai

∫ ξi

0
(ξi − s)h(s) ds.

Since ∑n−2
i=1 aiξi 6= 1, the denominator is nonzero, and we find:

C1 =
∫ 1

0 (1 − s)h(s) ds −∑n−2
i=1 ai

∫ ξi
0 (ξi − s)h(s) ds

1 −∑n−2
i=1 aiξi

.

Substituting back into the expression for x(t), we obtain the unique solution:

x(t) = −
∫ t

0
(t − s)h(s) ds + t ·

∫ 1
0 (1 − s)h(s) ds −∑n−2

i=1 ai

∫ ξi
0 (ξi − s)h(s) ds

1 −∑n−2
i=1 aiξi

.
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Lemma 4.2. Let ai ≥ 0 for i = 1, . . . , n − 2 and ∑n−2
i=1 aiξi < 1.

If h ∈ C([0, 1]) and h ≥ 0, then the unique solution x of problem (4.2) satisfies

x ≥ 0, t ∈ [0, 1].

Proof. From the fact that x′′(t) = −h(t) ≤ 0, we know the graph of x(t) is concave down
on (0, 1).
So, we have two cases:

• If x(1) ≥ 0, then the concavity of x together with the boundary condition x(0) = 0:

x(t) − x(0)
t

≥ x(1) − x(0)
1

for t ∈ [0, 1]

implies that x(t) ≥ 0 for t ∈ [0, 1].

• If x(1) < 0, then from the concavity of x, we know that

x(ξi) − x(0)
ξi

≥ x(1) − x(0)
1

for ξi ∈ [0, 1], with i = 1, . . . , n − 2.

i.e.
x(ξi)

ξi

≥ x(1).

This implies:

x(1) =
n−2∑
i=1

aix(ξi) ≥
n−2∑
i=1

aiξix(1).

This contradicts the fact that ∑n−2
i=1 aiξi < 1.

Lemma 4.3. Let ai ≥ 0 for i = 1, . . . , n − 3, an−2 > 0 and ∑n−2
i=1 aiξi > 1.

If h ∈ C([0, 1], [0, +∞)), then the problem (4.2) has no positive solution.

Proof. We use proof by contradiction.
Assume that (4.2) has a positive solution x, then

x(ξi) > 0 for i = 1, . . . , n − 2

and

x(1) =
n−2∑
i=1

aix(ξi)

=
n−2∑
i=1

aiξi
x(ξi)

ξi

≥
n−2∑
i=1

aiξi
x(ξ̄)

ξ̄
>

x(ξ̄)
ξ̄

(where ξ̄ ∈ {ξ1, . . . , ξn−2} satisfies x(ξ̄)
ξ̄

= min
{

x(ξi)
ξi

; i = 1, . . . , n − 2
}
)
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So, we can written in the form

x(ξ̄) − x(0)
ξ̄

<
x(1) − x(0)

1
,

This contradicts the concavity of x.
If x(1) = 0, then applying an−2 > 0, we know that

x(ξn−2) = 0.

Then, from the concavity of x when 0 < ξn−2 < t,

x(ξn−2) − x(0)
ξn−2

≥ x(t) − x(0)
t

it’s who gives x(t) ≤ 0.
This contradicts that x(t) > 0 for t ∈ [0, 1].

Lemma 4.4. Let ai ≥ 0 for i = 1, . . . , n − 2 and
n−2∑
i=1

aiξi < 1.
If h ∈ C([0, 1], [0, +∞)), then the unique solution x of problem (4.2) satisfies

min
t∈[ξn−2,1]

x(t) ≥ γ‖x‖

where
γ = min

{
an−2(1 − ξn−2)
1 − an−2ξn−2

, an−2ξn−2), ξ1

}
.

Proof. We divide the proof into two steps.

Step 1 : We deal with the case that ∑n−2
i=1 ai < 1.

Set x(t) = ‖x‖.
If t ≤ ξn−2 < 1, then

min
t∈[ξn−2,1]

x(t) = x(1).

Indeed, by the concavity of x, and for all t ∈ ]ξn−2, 1], we have

x(t) − x(ξn−2)
t − ξn−2

≥ x(1) − x(ξn−2)
1 − ξn−2

≥ x(1) − x(ξn−2)
t − ξn−2

which implies that for all t ∈ ]ξn−2, 1], x(t) ≥ x(1)
and with x(ξn−2) ≥ x(1), so for all t ∈ [ξn−2, 1], we get x(t) ≥ x(1).
From the fact that

x(1) =
n−2∑
i=1

aix(ξi) ≥ an−2x(ξn−2),

and
x(1) − x(ξn−2)

1 − ξn−2
≤ x(t) − x(1)

t − 1
≤ x(t) − x(1)

0 − 1
,
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we get:

x(t) ≤ x(1) + x(1) − x(ξn−2)
1 − ξn−2

(0 − 1)

= x(1) − x(1)
1 − ξn−2

+ x(ξn−2)
1 − ξn−2

≤ x(1) − x(1)
1 − ξn−2

+ x(1)
an−2(1 − ξn−2)

= x(1) 1 − an−2ξn−2

an−2(1 − ξn−2)
.

This implies
min

t∈[ξn−2,1]
x(t) ≥ ‖x‖an−2(1 − ξn−2)

1 − an−2ξn−2
.

If ξn−2 < t̄ < 1, then we claim that

min
t∈[ξn−2,1]

x(t) = x(1).

In fact, if mint∈[ξn−2,1] x(t) = x(ξn−2), then we have that t̄ ∈ [ξn−2, 1] and

x(ξn−2) ≥ · · · ≥ x(ξ2) ≥ x(ξ1).

Then we have

x(1) =
n−2∑
i=1

aix(ξi) ≤
n−2∑
i=1

aix(ξn−2) < x(ξn−2) ≤ x(1), (
∑

ai < 1)

a contradiction.
From the concavity of x, we know that

x(ξn−1)
ξn−2

≥ x(t̄)
t̄

≥ x(t̄)

and from x(1) ≥ an−2x(ξn−2), we conclude that

x(1)
an−2ξn−2

≥ x(t̄).

Thus
min

t∈[ξn−2,1]
x(t) ≥ an−2ξn−2‖x‖.

Step 2 : We deal with the case that
n−2∑
i=1

ai ≥ 1.

Set x(t̄) = ‖x‖.
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• If x(ξn−2) ≤ x(1), then

min
t∈[ξn−2,1]

x(t) = x(ξn−2).

From the concavity of x, we know that t̄ ∈ [ξn−2, 1]. This implies

x(ξn−2)
ξn−2

≥ x(t̄)
t̄

≥ x(t̄).

Then,
min

t∈[ξn−2,1]
x(t) ≥ ξn−2‖x‖.

• If x(ξn−2) > x(1), then
min

t∈[ξn−2,1]
x(t) = x(1).

Furthermore, we have t̄ ∈ [ξ1, 1]. In fact, assume to the contrary that t̄ ∈ [0, ξ1),
then

x(ξ1) ≥ x(ξ2) ≥ · · · ≥ x(ξn−2) > x(1).

This implies

x(1) =
n−2∑
i=1

aix(ξi) ≥
n−2∑
i=1

aix(ξn−2) >
∑

aix(1) ≥ x(1),

a contradiction, so t̄ ∈ [ξ1, 1].
Since ∑n−2

i=1 ai ≥ 1, we know that there exists ξ̄ ∈ {ξ1, . . . , ξn−2} such that
x(ξ̄) ≤ x(1). This implies that

x(ξ1) ≤ x(ξ2) ≤ · · · ≤ x(ξ̄) ≤ x(1).

From t̄ ∈ [ξ1, 1] and with concavity of x, we can conclude that

x(1)
ξ1

≥ x(ξ1)
ξ1

≥ x(t̄)
t̄

≥ x(t̄).

This implies that
min

t∈[ξn−2,1]
x(t) ≥ ξ1‖x‖.

We conclude:
min

t∈[ξn−2,1]
x(t) ≥ δ‖x‖, where

δ = min
{

an−2(1 − ξn−2)
1 − an−2ξn−2

, an−2ξn−2, ξn−2, ξ1

}

= min
{

an−2(1 − ξn−2)
1 − an−2ξn−2

, an−2ξn−2, ξ1

}
.
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4.2 Result of existence
Theorem 4.5. Assume that :

(C1) f ∈ C([0, ∞), [0, ∞)) and the following limits are exist:

f0 = 0 and f∞ = ∞ (superlinear case)

or
f0 = ∞ and f∞ = 0 (sublinear case)

(C2) φ ∈ C([0, 1], [0, ∞)) and there exists t0 ∈ [ξn−2, 1] such that φ(t0) > 0.

(C3) For i = 1, . . . , n − 2, ai ≥ 0 and ∑n−2
i=1 aiξi < 1.

Then, the problem ( 4.1) has at least one positive solution.

Proof.
•Superlinear case: Suppose that f0 = 0 and f∞ = ∞.
We know, problem ( 4.1) has a solution x : t 7→ x(t) if and only if x solves the operator
equation:

x(t) = −
∫ t

0
(t − s)a(s)f(x(s)) ds − t

∑n−2
i=1 ai

∫ ξi
0 (ξi − s)a(s)f(x(s)) ds

1 −∑n−2
i=1 aiξi

+ t

∫ 1
0 (1 − s)a(s)f(x(s)) ds

1 −∑n−2
i=1 aiξi

:=Tx(t).

Denote
K =

{
x/x ∈ C([0, 1], [0, ∞)) : min

t∈[ξn−2,1]
x(t) ≥ δ‖x‖

}
,

where δ is defined in Lemma 3.4.
It is obvious that K is a cone in C([0, 1]).
Moreover, by Lemma 3.4., TK ⊏ K .
In addition, T : K → K is completely continuous. In fact, according to (C2), (C3)

the operator T is continuous.
On the other hand, we show that the operator T is compact.
We have for all t ∈ [0, 1]:

|Tx(t)| ≤
∫ 1

0
|φ(s)||f(x(s))| ds +

∑
aiξi

1 −∑
aiξi

∫ 1

0
|φ(s)||f(x(s))| ds

+ 1
1 −∑

aiξi

∫ 1

0
|φ(s)||f(x(s))| ds

= 2
1 −∑

aiξi

∫ 1

0
|φ(s)||f(x(s))| ds

which proves that T is bounded.
Now, we show that T is equicontinuous:

For t1, t2 ∈ [0, 1] with (t2 ≤ t1) and |t1 − t2| → 0, we have:
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|Tx(t1) − Tx(t2)| =

∣∣∣∣∣∣−
∫ t1

0
(t1 − s)φ(s)f(x(s)) ds − t1

∑
ai

∫ ξi
0 (ξi − s)φ(s)f(x(s)) ds

1 −∑
aiξi

+ t1

∫ 1
0 (1 − s)φ(s)f(x(s)) ds

1 −∑
aiξi

+
∫ t2

0
(t2 − s)φ(s)f(x(s)) ds + t2

∑
ai

∫ ξi
0 (ξi − s)φ(s)f(x(s)) ds

1 −∑
aiξi

− t2

∫ 1
0 (1 − s)φ(s)f(x(s)) ds

1 −∑
aiξi

∣∣∣∣∣∣
=

∣∣∣∣∣∣(t2 − t1)
∑

ai

∫ ξi
0 (ξi − s)φ(s)f(x(s)) ds

1 −∑
aiξi

+ (t1 − t2)
∫ 1

0 (1 − s)φ(s)f(x(s)) ds

1 −∑
aiξi

−
∫ t1

0
(t1 − s)φ(s)f(x(s)) ds −

∫ t2

0
(t1 − s)φ(s)f(x(s)) ds

+
∫ t2

0
(t1 − s)φ(s)f(x(s)) ds +

∫ t2

0
(t2 − s)φ(s)f(x(s)) ds

∣∣∣∣∣∣
=

∣∣∣∣∣∣(t2 − t1)
∑

ai

∫ ξi
0 (ξi − s)φ(s)f(x(s)) ds

1 −∑
aiξi

+ (t1 − t2)
∫ 1

0 (1 − s)φ(s)f(x(s)) ds

1 −∑
aiξi

+ (t2 − t1)
∫ t2

0
φ(s)f(x(s)) ds +

∫ t2

t1
(t1 − s)φ(s)f(x(s)) ds

∣∣∣∣∣∣
≤ |t2 − t1|

∑
ai

∫ ξi
0 (ξi − s)φ(s)f(x(s)) ds

1 −∑
aiξi

+ |t1 − t2|
∫ 1

0 (1 − s)φ(s)f(x(s)) ds

1 −∑
aiξi

+ |t1 − t2|
∫ t2

0
φ(s)|f(x(s))| ds +

∫ t2

t1
(t1 − s)φ(s)f(x(s)) ds

Which implies:
|Tx(t1) − Tx(t2)| → 0 as |t1 − t2| → 0.

Now since f0 = 0, we may choose H1 > 0 so that f(x) ≤ εx, for 0 < x < H1, where
ε > 0 satisfies:

ε
∫ 1

0 (1 − s)φ(s) ds

1 −∑n−2
i=1 aiξi

≤ 1.

Thus, if x ∈ K and ‖x‖ = H1, then we get:

Tx(t) ≤ t
∫ 1

0 (1 − s)φ(s)f(x(s)) ds

1 −∑
aiξi

≤
∫ 1

0 (1 − s)φ(s)εx(s) ds

1 −∑
aiξi

≤
∫ 1

0 (1 − s)φ(s)ε ds‖x‖
1 −∑

aiξi

≤
∫ 1

0 (1 − s)φ(s)ε dsH1

1 −∑
aiξi

.

If we let
Ω1 = {x ∈ C([0, 1]) : ‖x‖ < H1},
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then we get ‖Tx‖ ≤ ‖x‖, for x ∈ K ∩ ∂Ω1.
Furthermore, since f∞ = ∞, there exists Ĥ2 > 0 such that f(x) ≥ ρx for x ≥ Ĥ2,

where ρ > 0 is chosen so that:

ρδ
1

1 −∑
aiξi

n−2∑
i=1

ai

∫ 1

ξn−2
ξ1(1 − s)a(s) ds ≥ 1.

Let

H2 = max
{

2H1,
Ĥ2

δ

}
, Ω2 = {x ∈ C([0, 1]) : ‖x‖ < H2},

then x ∈ K and ‖x‖ = H2 implies

min
t∈[ξn−2,1]

x(t) ≥ δ‖x‖ ≥ Ĥ2,

and so

Tx(ξi) = −
∫ ξi

0
(ξi − s)φ(s)f(x(s)) ds − ξi

∑
ai

∫ ξi
0 (ξi − s)φ(s)f(x(s)) ds

1 −∑
aiξi

+ξi

∫ 1
0 (1 − s)φ(s)f(x(s)) ds

1 −∑
aiξi

.

This implies:

x(1) =
n−2∑
i=1

ai x(ξi)

= −
∑

ai

∫ ξi

0
(ξi − s) φ(s) f(x(s)) ds −

∑
aiξi

∑
ai

∫ ξi
0 (ξi − s) φ(s) f(x(s)) ds

1 −∑
aiξi

+
∑

aiξi

∫ 1
0 (1 − s) φ(s) f(x(s)) ds

1 −∑
aiξi

= − 1
1 −∑

aiξi

∑
ai

∫ ξi

0
(ξi − s) φ(s) f(x(s)) dx

+
∑

aiξi

∫ 1
0 (1 − s) φ(s) f(x(s)) ds

1 −∑
aiξi

= 1
1 −∑

aiξi

∑
ai

(
−
∫ ξi

0
ξiφ(s) f(x(s)) ds +

∫ ξi

0
s φ(s) f(x(s)) ds

+
∫ 1

0
ξiφ(s) f(x(s)) ds −

∫ 1

0
ξis φ(s) f(x(s)) ds

)

≥ 1
1 −∑

aiξi

∑
ai

(∫ 1

ξi

ξiφ(s) f(x(s)) ds − ξi

∫ 1

ξi

s φ(s) f(x(s)) ds
)

= 1
1 −∑

aiξi

n−2∑
i=1

ai

∫ 1

ξi

ξi(1 − s) φ(s) f(x(s)) ds

≥ 1
1 −∑

aiξi

n−2∑
i=1

ai

∫ 1

ξi

ξ1(1 − s) φ(s) f(x(s)) ds

≥ 1
1 −∑

aiξi

∑
ai

∫ 1

ξn−2
ξ1(1 − s) φ(s) f(x(s)) ds
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Hence, for x ∈ K ∩ ∂Ω2,

‖Tx‖ ≥ x(1) ≥ ρδ
1

1 −∑
aiξi

∑
ai

∫ 1

ξn−2
ξ1(1 − s)φ(s)f(x(s)) ds‖x‖ ≥ ‖x‖.

Therefore, by the first part of the fixed-point theorem, it follows that T has a fixed point
in K ∩ (Ω2 \ Ω1), such that

H1 ≤ ‖x‖ ≤ H2.

•Superlinear case: Now suppose that f0 = ∞ and f∞ = 0.
We first choose H3 > 0 such that f(x) ≥ Mx for 0 < x < H3, where

Mδ
1

1 −∑
aiξi

∑
ai

∫ 1

ξn−2
ξ1(1 − s)φ(s) ds ≥ 1.

For x ∈ K and ‖x‖ = H3, using the same method as above, we get:

Tx(1) =
n−2∑
i=1

aiTx(ξi)

≥ 1
1 −∑

aiξi

∑
ai

∫ 1

ξi

ξi(1 − s)φ(s)f(x(s)) ds

≥ 1
1 −∑

aiξi

∑
ai

∫ 1

ξn−2
ξ1(1 − s)φ(s)Mx(s) ds

≥ 1
1 −∑

aiξi

∑
ai

∫ 1

ξn−2
ξ1(1 − s)φ(s)Mδ ds ‖x‖

≥ Mδ
1

1 −∑
aiξi

∑
ai

∫ 1

ξn−2
ξ1(1 − s)φ(s) ds H3

≥ H3.

Thus, we may let Ω3 = {x ∈ C([0, 1]) : ‖x‖ < H3} so that
‖Tx‖ ≥ ‖x‖, x ∈ K ∩ ∂Ω3

Now, since f∞ = 0, there exists Ĥ4 > 0 so that f(x) ≤ λx for x ≥ Ĥ4 where λ > 0
satisfies

λ
∫ 1

0 (1 − s)φ(s)ds

1 −∑
aiξi

≤ 1

We consider two cases:
Case 1: Suppose f is bounded, say f(x) ≤ N for all x ∈ [0, ∞). In this case, choose

H4 = max
{

2H3,
N
∫ 1

0 (1 − s)φ(s)ds

1 −∑
aiξi

}
so that, for x ∈ K with ‖x‖ = H4, we have

Tx(t) = −
∫ t

0
(t − s)φ(s)f(x(s)) ds − t

∑
ai

∫ ξi
0 (ξi − s)φ(s)f(x(s)) ds

1 −∑
aiξi

+ t

∫ 1
0 (1 − s)φ(s)f(x(s)) ds

1 −∑
aiξi

≤
∫ 1

0 (1 − s)φ(s)f(x(s)) ds

1 −∑
aiξi

≤
∫ 1

0 (1 − s)φ(s)N ds

1 −∑
aiξi

≤ H4,
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and therefore, ‖Tx‖ ≤ ‖x‖.
Case 2: If f is unbounded, then we know from (C1) that there exists H4 such that

H4 > max
{

2H3,
1
δ

Ĥ4

}
and

f(x) ≤ f(H4), for 0 < x ≤ H4.

Then, for x ∈ K and ‖x‖ = H4, we have

Tx(t) = −
∫ t

0
(t − s)φ(s)f(x(s)) ds − t

∑
ai

∫ ξi
0 (ξi − s)φ(s)f(x(s)) ds

1 −∑
aiξi

+ t

∫ 1
0 (1 − s)φ(s)f(x(s)) ds

1 −∑
aiξi

≤ t

∫ 1
0 (1 − s)φ(s)f(x(s)) ds

1 −∑
aiξi

≤
∫ 1

0 (1 − s)φ(s)f(H4) ds

1 −∑
aiξi

≤
∫ 1

0 (1 − s)φ(s)λH4 ds

1 −∑
aiξi

≤ H4.

Therefore, in either case, we may put

Ω4 = {x ∈ C([0, 1]), ‖x‖ < H4}

and for x ∈ K ∩ ∂Ω4, we may have ‖Tx‖ ≤ ‖x‖.
By the second part of the fixed-point theorem of GuoKrasnosel’skii, the problem (4.1)

has a positive solution.

4.3 Some examples
Example 4.1.
The boundary value problemx′′ + 1

2−t
e−x = 0, t ∈ (0, 1)

x(0) = 0, x(1) = 1
3x
(

1
4

)
+ 1

6x
(

1
2

)
has at least one positive solution.

Indeed, assume that
φ(t) = 1

2 − t
, f(x) = e−x

In this case, we have:

a1 = 1
3

, a2 = 1
6

, ξ1 = 1
4

, ξ2 = 1
2

Then, we get:
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• φ ∈ C([0, 1], [0, ∞)) and there exists t0 ∈ [ξ2, 1] = [1
2 , 1] such that φ(t0) > 0, we

choose t0 = 3
4 , so that φ(3

4) = 4
5 > 0.

• f ∈ C([0, 1], [0, ∞)) and f0 = ∞, f∞ = 0 (sublinear case)

• ∑2
i=1 aiξi = a1ξ1 + a2ξ2 = 1

3 · 1
4 + 1

6 · 1
2 = 1

12 + 1
12 = 1

6 < 1

Then, all the conditions of Theorem 4.1 hold. So the conclusion is satisfied.

Example 4.2.
Consider the following boundary value problem:

x′′ + sin(t + 1) x3 = 0, t ∈ (0, 1)

x(0) = 0, x(1) = 1
4

x
(1

4

)
+ 1

5
x
(3

4

)
We define:

φ(t) = sin(t + 1), f(x) = x3

Given:
a1 = 1

4
, a2 = 1

5
, ξ1 = 1

4
, ξ2 = 3

4
Now we verify the conditions of the theorem:

• φ ∈ C([0, 1], [0, ∞)), and there exists t0 ∈ [ξ2, 1] = [ 3
4 , 1] such that φ(t0) > 0. We

choose t0 = 0.8, so that φ(0.8) = sin(1.8) ≈ 0.0314 > 0.

• f(x) = x3 satisfies:

f0 = lim
x→0+

f(x)
x

= lim
x→0+

x2 = 0, f∞ = lim
x→∞

f(x)
x

= lim
x→∞

x2 = ∞

So the function is superlinear.

• For the boundary condition:
2∑

i=1
aiξi = 1

4
· 1

4
+ 1

5
· 3

4
= 1

16
+ 3

20
= 5

80
+ 12

80
= 17

80
< 1

Hence, all the hypotheses of the second existence theorem are satisfied, and we con-
clude that the problem admits at least one positive solution.

Example 4.3.
Consider the boundary value problem:

x′′ + 2
t + 2

·
√

x + 1 = 0, t ∈ (0, 1)

x(0) = 0, x(1) = 1
6

x
(1

5

)
+ 1

5
x
(1

2

)
+ 1

8
x
(4

5

)
Define:

φ(t) = 2
t + 2

, f(x) =
√

x + 1

Given:
a1 = 1

6
, a2 = 1

5
, a3 = 1

8
, ξ1 = 1

5
, ξ2 = 1

2
, ξ3 = 4

5
We verify the conditions of the existence theorem:
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• φ(t) = 2
t + 2

is continuous and positive on [0, 1], and there exists t0 ∈ [ξ2, 1] = [ 1
2 , 1]

such that φ(t0) > 0. We choose t0 = 0.9 we have φ(0.9) = 2
2.9

≈ 0.689 > 0.

• f(x) =
√

x + 1 satisfies:

f0 = lim
x→0+

√
x + 1
x

= ∞, f∞ = lim
x→∞

√
x + 1
x

= 0

So f is superlinear.

• For the boundary condition:

3∑
i=1

aiξi = 1
6

· 1
5

+ 1
5

· 1
2

+ 1
8

· 4
5

= 1
30

+ 1
10

+ 1
10

= 7
30

< 1

Therefore, all the hypotheses of the sublinear existence theorem are satisfied, and the
problem admits at least one positive solution.
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Conclusion

In this memory, we have presented existence results of positive solutions for some types
of second-order boundary value problems associated with differential equations posed on
bounded intervals and where boundary conditions are multi-point.
We have used several methods to search for the existence of positive solutions to these
problems, these methods are based on the corresponding function associated with the
proposed problems in the superlinear or sublinear case, we need a compactness criterion
to prove that the proposed operators are compact. We also devote in all phases of our
work to construct and choose the necessary and sufficient conditions on the elements of
the studied problems.
This study is divided into four chapters. The first chapter provides a preliminary overview
of general concepts used in the various chapters of the work, and introduces some basic
tools. We began our work in the second chapter with a study of the existence of positive
solutions to the second-order three-point problem.
Dans le troisième chapitre,nous avons étudié quelques résultats d’existence des solutions
positives du problème du second ordre à trois points où les conditions aux bords sont
intégral.
In the fourth chapter, we studied an existence result for positive solutions to the second-
order multi-point problem.
The methodology for proving existence theories depends on converting the proposed prob-
lems into operational equations, in addition to using the compactness criterion to apply
the Ascoli-Arzéla theorem and inserting the Guo-Krasnosel’skii fixed-point theorem to
obtain the appropriate results.
As for us, we hope that this memort opens the way for us to embark on the mathematical
study of some boundary problems.
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 ࢝  اଐଌ࡯ࠑ
 

୍࣐ࠦง࢖ଐଌ߄ݹࠦ اஊैࡣ اସବଣ࣠ࠅީࠦ ࡩީݘ࢛ اଐଌॅل اळஊै ୆คܻࠦ ޲୍ࠦ اࡩง࡯ޢࠦ ࡷࡼ ا༟༎ࢠހଐଌܻݘܻدଘଓت اࡩޯߦܻ ፥ጿ ࠧ߃ه اଐଌ߃ഃ೨ة درࢵެܻ وࠅ࣠د وކݘ߄د ا

ۑ࣊ߥاஊै߄ݹࠦ ࡷޯݘ߄ّدة اࡩެ ط઻ၮે اଘଓ഻ܻവറت اഷവറ߄ودة أ௪௎ ކࡓ࣠ن اࡩႡྲو  

౔ݹࠦ اࡩެߥ࣐ࠦ اࡩࢧܻࡷ߄ة وࡷݘޢܻر اࡩ ۑชଘଓ (ค୓༬࿸ܻܻެ୍ܻت صا ౰ࡩߥ߄ اࢵႀޯ߄ࡷެܻ ހݘ࢛ اࡩ࣐࢖ق (ރ࣏࢖  

ݹࡣ اቿቷସବଣ ރࡷࡼ أၴࡣ دراࢵࠦ ࠧ߃ه اସବଣࡣ،  ࣠ඳඣ൴ ݘ࣐ܻةߥ࣠مଐଌ߄ݹࠦ اஊैا ଐଌܻހ ቿቱࡷݘܻد ፟ፑإक࣓ म ߄م ࡷݘޢܻرႀޯఱఠ ቿቱܻஊै ࡷ݊   اࡩ౰౔اصጿ፟ ࠧ߃ه ا

ݹࠦ اࡩެߥ࣐ࠦ اࡩࢧܻࡷ߄ة  Guo−Krasnosel’skii    ۑช୍ܻت اࡩၖ࿏ܻޯެ اଐଌݘ࣐ܻةଓଗ ކ࣐ީޢࢇ ރ࣏࢖  

ۑ༬࿸ܻޯެެܻࡩ ކ࣐ީޢߥܻتاࡩ཯དྷ ކݘ࣐ࣩ  اଛଓࡷ޲ቿቷߥ߄م ހݘ࢛ ރ୹୪ ݊ዙዋ ፥ጿاၰࡣ ዙኸ࡯ެܻ   

ݹࠦ اࡩެߥ࣐ࠦ اࡩࢧܻࡷ߄ة ، ߙ࣠ق، ࡷޯݘ߄ّ  ࡷߥݘ࢖،  ༧ீ࢖وطاࡨ൝ᇄᇌܺت اଏଋߥޮܺࠀޡࠥ :  உै࣐ޢࠦ دة اࡩެߥ࣊، ރ࣏࢖ உै࣐ޢࠦ، ༨ဈݝ ا ۑ ا  
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