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Notations

We will use the following notations throughout this Memory:

General notations

o N: The set of natural numbers.

e R: The set of real numbers.

e [a,b]: The closed interval a <z <b.

e (a,b): The open interval a < x < b.

o K: a cone.

e ¢: indicates a very small number.

. %: The ordinary derivative with respect to ¢.

o a.e.: Almost everywhere.

e i.e.: That is to say.



Spaces

Q2 C R™ open set in R".
Q: closure of €.

0L): boundary of .

LP(€2) = {u measurable on Q and [, |u|Pdr < oo}, 1 < p < ..

C(2): Space of continuous functions on €.

C™(£2): Space of n times continuously differentiable functions on 2.

In this memory, we will specifically use the following spaces:

C(]0,1],R): Banach space of continuous functions u : [0,1] — R, equipped with
the norm

[ulloe = sup{lu(t)], ¢ € [0,1]}.

C1([0,1],R): Space of functions u : [0,1] — R such that u, v’ are continuous
functions on [0,1], equipped with the norm

[ ull = max{{[ufloc, l|u'lloc}-

L'([0,1],R): Space of Lebesgue integrable functions u : [0,1] — R equipped with
the norm

1
[ully = [[ul| s :/0 |u(t)|dt.



Introduction

Boundary value problems involving ordinary differential equations arise in physical sci-
ences and applied mathematics. In some of these problems, additional conditions such
that multi-point boundary conditions are important in practice since the measurements.
It can also be extended to a n-point condition u(t) = g(u), where g is a mapping defined

on some space consisting of certain functions with g(u) = g(&1,...,&,u(.)), p € N,
where 0 < & < ... <&, < +00. The symbol g(&i,...,&y, u(.)) is used in the sense that
in place of (.) we can put only elements of the set {{;,...,&,}. For example g can be

p
defined by the formula g(u) = Y fiu(&;), where §;, ¢ =1,2,...,p are given constants.
i=1

The study of multi-point boundary value problems for linear second-order ordinary dif-
ferential equations was initiated by Marano [11]. Gupta [7] studied three-point boundary
value problems for nonlinear ordinary differential equations. Since then, more general
nonlinear multi-point boundary value problems have been studied by several authors by
using the Leray-Schauder continuation theorem, nonlinear alternatives of Leray-Schauder,
coincidence degree theory, and fixed point theorems in cones. We refer the reader to [1],
[3], [16, 17, 18] and the references therein.

The existence and multiplicity of positive solutions for nonlinear ordinary differential
equations have received much attention. To identify some of them, we refer the reader to
(1], [3, 4], [6], [12, 13, 14, 15, 16, 17, 18, 19, 20, 21] and the references therein.

In this memory, we given some results on the existence of positive solutions for multi-point
boundary value problems of second order ordinary differential equations on bounded in-
tervals.

This memory is organized as follows.

The first chapter is devoted to presenting some preliminaries and general notions
used throughout. Some basic tools from functional analysis and classical fixed point
theorem of GuoKrasnoselskii.

In the second chapter, we present results on the existence of positive solutions to three
point boundary value problems of second order ordinary differential equations. Let us
consider one example from this chapter:

{x”(t) +ef(x)=0,  te(0,1),
z(0)=0, z(l) =«

WhereO<n<1and0<oz<%.

We show the existence of at least one positive solution if f is either superlinear or
sublinear by applying the fixed point theorem in cones.
In the third chapter, we discuss the of positive solutions of a nonlinear three-point
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integral boundary value problem

{x“(w +o(t) f(x) =0, te(0,1),
z(0) =0, =z(l)=a [Jz(s)ds

where 0 <n <1, 0<a< % and f is either superlinear or sublinear.
In the fourth chapter, we present results on the existence of positive solutions to
multi-point boundary value problem

z"(t) + ¢(t) f(z) = . te(0,1),
w(0) =0, #(1) =S ar(&)
where f € C([0,0),[0,0)), ¢ € C([0,1], [0, 0)),

a; >0,2=1,2,..n—2and 0< & <& <. <& 0 < 1
In all the phases of our work we give some examples which give applications to our results.




Chapter 1

Preliminaries

1.1 Some basic tools

Definition 1.1. Let E be a Banach space.
A closed nonempty convex subset K of E is a cone if it satisfies the following two condi-
tions:

(i) Vo € K, YA > 0 implies Az € K, (AK) C K)
(ii) (r € K and —z € K) implies (z = 0), (K N (—K) = {0}).

Definition 1.2. A real valued function f on an interval (or, more generally, on a convex
set in a vector space) is said to be concave if for all z, y in the interval and for all ¢ € [0, 1],

fltr+(1=ty) = tf@) + (1-1)f().
Call a strictly concave function for all ¢ €0, 1] if :
f(tr+ (1 =ty) > tf@) + 1—1) f(y).

Remark 1.1.
(a) If f is concave on an interval, then for a, z,b in the interval with a < x < b, we have:

fl@) = fla)  fb) — fla)

T —a - b—a

(b) (Concavity criterion). Suppose f: U C R — R is of class C? (i.e.: f is continuous),
then (f is concave), if and only if, (f”(x) <0 for all z € U).

Definition 1.3. Set

Then:
e fo=0, foo =00 = correspond to superlinear case.

e fo=00, foo =0 = correspond to sublinear case.
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1.2 Ascoli-Arzela theorem

Let (X,dx) be a compact metric space and (Y,dy) be a complete metric space. By
C(X,Y) we denote the vector space consisting of all continuous function f: X — Y.

Definition 1.4. The family /' C C(X,Y) is called equicontinuous if for every ¢ > 0
there exists 6 > 0 such that dy (f(t), f(s)) < e for all t,s € X satistying dx(t,s) < ¢ and
all feF.

Theorem 1.5. ([2]) The family FF C C(X,Y) is relatively compact if and only if:
1. F is equicontinuous and
2. for allt € X, the set

f(t) ={x(t); =(.) € F}
is relatively compact in'Y .
Remark 1.2.

1. If Y is a finite dimensional Banach space, the second condition of Ascoli-Arzela theorem
is equivalent to F' is uniformly bounded i.e., there exists M > 0 such that for all z € F

[£]loc = sup [[z(£)[| < M.
teX

2. If X is a compact metric space, then Ascoli-Arzela theorem can be expressed as follows:
the family F' C C(X,Y) is relatively compact if and only if F' is equicontinuous.

1.3 Lebesgue dominated convergence theorem

Theorem 1.6. (/2]) Let (f,) be a sequence of functions in L'(Q)) that satisfies
(i) fu(t) — f(t) for almost every t € Q,
(ii) there is a function g € LY(2) such that |f,(t)] < g(t) for all n € N and for almost

every t € €.
Then f € LY(Q) and ||fn — fll1 — 0.

1.4 Compact operators

Let X and Y be two normed vector spaces and €2 an open set of X.

Definition 1.7. A continuous mapping 7 : Q C X — Y is called compact if T'(2) is
relatively compact. If the image of any bounded subset B of € is relatively compact,
then T is said to be completely continuous.

1.5 Fixed point theorem (Guo-Krasnoselskii)[5]

Let E be a Banach space, and let K C F a cone. Assume (), {25 are open subsets of £
with 0 € Ql, B B
Q CQy andlet A:KN(Q\Q) = K

be a completely continuous operator such that:
(i) ||Az| < ||z|], for x € K N 0Qy and ||Az| > ||z, for x € K N 0Qy; or
(ii) |[Az|| > ||z]|, for z € KN 0Q; and ||Az|| < ||z]|, for z € K N0y
Then A has a fixed point in K N (Qy \ Q).




Chapter 2

Existence results of positive
solutions for a second order
three-point boundary value problem

In this chapter, we study the existence of positive solutions for a second-order differential
equation with a three-point boundary condition.
Consider the problem:

() + o) f(x) =0, t€(0,1), (2.1)
z(0) =0, z(1)=a |

Where0<n<1and0<a<%.
v € C([0,1],]0,00)), We show the existence of at least one positive solution if f is either
superlinear or sublinear by applying the fixed point theorem in cones.

2.1 Auxiliary lemmas

We first give some preliminary lemmas.

Lemma 2.1. Let h € C([0,1]), an # 1. Then the problem

{g:"(t) +h(t) =0, t e (0,1),
) =

. (2.2)

$(0) =0, (

has a unique solution given by

() = —/Ot(t — $)h(s)ds —

at

/n(n = s)h(s)ds + 5 ' /1(1 — $)h(s) ds.

1 —anJo —an Jo

and integrating again
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Then we have

(1) = 2/(0) — /01(1 — $)h(s) ds,
v(n) = 'O = ["(n—s)h(s) ds.

By using the condition z(1) = ax(n) we obtain

(1—an)z'(0) = -« /On(n — s)h(s)ds + /01(1 — $)h(s) ds

at

/1(1 — 8$)h(s) ds.

1—an/o

() = —/Ot(t — $)h(s)ds — [t s)(s)ds +

1—anJo
[

Lemma 2.2. Let 0 < a < % If h € C([0,1],]0,400)), then the solution x of the problem
(2.2) satisfies x>0, t € [0, 1].

Proof.
From z”(t) = —h(t) < 0, we know that the graph of x : t — z(t) is concave downwards
n (0, 1). Which implies that for all ¢ € (0, 1),

z(t) — z(0) S x(1) — z(0)

t - 1
ie. (z(t) = tx(1)).
Then, if (1) > 0, then the concavity of x and the boundary condition x(0) = 0 implies
that x(t) > OfrtG[O 1].
If z(1) < 0, so we have that z(n) < 0 and z(1) = ax(n) > %x(n), which contradicts the
concavity of , (x(")_o( ) > (12 1(0))‘ H
n

Lemma 2.3. Let a > 5' If h € C([0,1],[0,+00)), then the problem (2.2) has no positive
solution.

Proof.
We use proof by contradiction.
Suppose that problem (2.2) has a positive solution z.

If (1) > 0, then x(n) > 0 and @ = %(") > 20 which contradicts the concavity of .
0

If (1) = 0 and z(7) > 0 for some 7 € (0, 1), then z(n) = (T =0,7#n.
If 7€ (0,n)ie 7<n<1, then by the concavity of x we have
z(n) —a(r) _ =(1) —z(7)

n—1 1—7

which gives
~a(r) _ —a(r)

n—17 1—71
i.e. n > 1, which is contradicted at n € (0, 1).
If 7€ (n, 1)ie 0<n <7, then by the concavity of z we get

z(n) —2(0) _ (1) — x(0)
n—20 - T—0
i.e. z(7) <0, which is contradicted at z(7) > 0. O

10



Existence results of positive solutions for a second order three-point boundary value problem

Lemma 2.4. Let 0 < a < % If h € C([0,1],[0,+00)), then the solution x of the problem
(2.2) satisfies

1—
inf x(t) > v||z||, wherey = min {om, u, n} .
ten,1] 1—an

Proof.
We divide the demonstration into two steps.

Step 1 : We treat the case 0 < a < 1. In the case, we have z(n) > z(1).
We pose z(t) = ||z]|.
If t <n <1, thus
i t) =x(1

2yt = e

because, by the concavity of z and for all ¢ €|n, 1] we get
olt) — ln) _ (1) —a() _ «(1) - (n)
t—n - 1—n - t—n

which implies that for all ¢t €]n, 1], z(t) > x(1) and with z(n) > x(1) so for all
ten, 1], x(t) > z(1).
In addition,

which gives

_ z(1) — z(n) 1 —an
z(t) < z(1) + 0 (O—I)Zx(l)a(l_n)
Then 1 )
. all —1n
tggﬂﬂijE;WH

fo<n<t<li,so

in 2(t) = z(1).
tgmﬂ) z(1)

According to the concavity of x, we have @ > %E)
conditions z(1) = ax(n) we conclude that

which combined with boundary

Then

Step 2 : We treat the case 1 < a < % In the case, we get z(n) < z(1) thus

() —
Jin z(t) = z(1)

because, by the concavity of z and with z(n) < z(1), we have

z(t) — x(n)
t—mn I—n
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thus, for all ¢ € [, 1] we have
z(t) = x(n).
We pose 2(f) = [|z[.
From z(n) < z(1) and the concavity of x, we have that

in z(t) = z(n).
tg%;g]:v() z(n)

Use of the concavity of = and the Lemma 2.2, we have that
that

(T > (TZ which implies

i t) > .
Jin z(t) = nllz|

2.2 Result of existence

Theorem 2.5. Assume that:
(H1) f € C([0,400), [0, +00)),
(H2) ¢ € C([0,1],]0,400)), and there exists ty € (n,1) such that ¢(ty) > 0.
Then the problem (2.1) has at least one positive solution in the case:
(1) fo=0 and fs = 0o (superlinear), or
(ii) fo =00 and foo =0 (sublinear).
Proof.

(i) Let’s suppose that fy = 0 and f,, = co. We will show the existence of a positive
solution to the problem (2.1). We have
(the problem (2.1) has a solution z = z(t)), if and only if, (z is a solution of the
following equation of the operator

ot n
= _/ (t—s) (x(s))ds — 1= an /0 (n—s)p(s)f(x(s))ds
1-— an/ (1 o S>30(S>f<x(5>>d8
= Aa(t).

Denote that

€ln,1]

It is obvious that K is a cone in C|0, 1]. Moreover, by the Lemma 2.3, AK C K.
we prove that A : K — K is completely continuous.
Indeed, on the one hand, according to (H1), (H2) the operator A is continuous.

K = {.:1: cx e C0,1],x > O,tmin x(t) > fnyH}

12



Existence results of positive solutions for a second order three-point boundary value problem

On the other hand, let us prove that the operator A is compact.
We have for all t € C[0, 1],

A0 < [ o) £(a(s)) ds + 5

S el ds

o / ()] £ (w(s)) | ds

< (12 ) [ e o

< oo [ e () s

which proves that A is bounded.
Now show that (Az) is equicontinuous:
for t1,to € [O, 1], (tQ < tl) with ’tl — t2| — 0 we have

[Aa(ty) ~ Aa(tz)] = ‘ [t = o) alonds = 72 [0 = s)ls) S as))ds

+1_Om/ (1-5)¢ (s)f(x(s))ds—i—/()tQ(tg—s)go(s)f(x(s))ds

CYtQ n t2 1
g /0 (n = s)¢(s)f(x(s))ds — 1= p” /0 (1—s)p(s) f(x(s))ds
= C“i“_;f;) /J(n—s)«p(s)f(w(s))dw il__of; /0 (1= $)p(s) £ (a(s))ds

t1

= [Nt = 90 fas)ds — [ (1 = s)els)fa()ds
+ 7= 90 [as)ds + [ (12 = $)pl) S ()ds

- | /0 (- e fla(s)ds + 2 [0 = s)els) (ol
+ [t — )0 d5+/ (11 — $)o(s) f(2(5))ds

< O‘fl_;fj’ / s+ = gttt
Hin = tal [ () (a(s))ds + / (tr — 8)p(s)f (2(s))ds,

which implies, |Az(t;) — Ax(t2)| — 0 when [t; — t5] — 0.

Since fo = 0, we can choose H; > 0 so that f(z) < ez, for 0 < = < Hj, such that
e > 0 satisfied

€

—an /01(1 —s)p(s)ds < 1.

13



Existence results of positive solutions for a second order three-point boundary value problem

Thus, if z € K and ||z|| = H; we get

Anlt) < 7= [ (1= () el
< o [0 peels
< o [ =Sl
< 5 _ecm /01(1 — $)o(s)dsH.

Now, let
Ql = {i[) € C[O, 1] . HxH < Hl},

then ||Az|| < ||z||, for z € K N 0%;.
From f,, = oo, it exists H, > 0 such that f(z) > px, for z > ﬁ;, with p > 0 is
chosen so that

!
1—an

p (1 — s)p(s)ds > 1.

Let Hy — max {2H1, } and Oy = {x € C[0,1] : ||z]| < Ha),
then x € K and ||z|| = Hs implies that

win 2(t) > lle]| > 7.
ten, 1]

arn

0= s)e(s)fals)ds

1—anJo
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Then, for z € K N 08y,

ny
1—an

1
1Az] > p / (1 — 5)g(s)ds||z]| > |-

Therefore, the first part of the theorem of Guo-Krasnosel’skii satisfied, it follows
that A has a fixed point in K N (25 \ 1), such that H, < ||z|| < Ha,.

(ii) Let’s suppose that fy = oo and f,, = 0. We first have to choose Hs > 0
such that f(z) > Mz for 0 < x < Hj with

M~y (1 _ﬂan> /71(1 — $)pls)ds > 1.

Then

Act) = = [M1= ) (als)ds — |

T [0~ () (als))ds

(n = s)p(s)f(x(s))ds

Vv
3
S
i
—_
|
w
SN—
©
—~
V)
N~—
-
—~
8
—~
V2
SN—
SN—
QL
&

AV
33
S—
>
—
|
=
5,
&
=
&
QL
@

AV4
3
S—
—
|
&
S
S
2
QL
-
B

>l
Thus, we can choose Q3 = {z € C[0,1] : ||z|| < H3}, such that
|Az|| > ||z||, 2 € K NoSQs.
On the other hand, since f. = 0, it exists Hy > 0 such that f(z) < ex, forx > Hy,

with € > 0 satisfied
€

1—an /01(1 — s)p(s)ds < 1.

Let H; = max {2H3, I/;ﬂ} and Q4 = {z € C[0,1] : ||z|| < Ha4},
then z € K and ||z|| = H, implies that

in 2(t) > > H,.
in o(t) 2 ||zl = Ha

Thus, if z € K and ||z| = Hy we get

Anlt) < = [ (= () (ol
< o [ - selses)ds
< = [a- el
< [ a-aeis

IA

H4a

15



Existence results of positive solutions for a second order three-point boundary value problem

then
[Az || < [|l].
So, for x € K N 0§y we can have ||Az| < |z||. Therefore, the second part of the

theorem of Guo-Krasnosel’skii satisfied, it follows that the problem (2.1) admits a
positive solution.

O
2.3 Some examples
To illustrate our result, we consider ... examples.
Example 2.1.
the boundary value problem
"+ (1 —t)3x?%e® =0, t € (0, 1), (2.3)
2(0) =0, =(1) = jz(3), '

admits at least one positive solution.
Indeed, when we assume

p(t) =(1—1)°, fz) =a""

1 1
a=-,n=—.
1 173

Then we obtain ¢ € C([0, 1],[0,00)) and it exists to € [n, 1] = [3, 1] such that ¢(to) > 0,
we choose tg = 1, p(3) > 0.

Also f € C([0,00),[0,00)) and fo =0, fo = 0.

Then, the conditions (H1), (H2) and case (i) are satisfied.

So, by the theorem 2.5, the conclusion is satisfied.

and in this case we have

Example 2.2.
Consider the boundary value problem

1
x”+t2~x2sin< ):
14

2(0)=0, z(1)=-z (

(2.4)

admits at least one positive solution.
Let us define

1 1 3
t) = 2 = 12si ( ) == ==,
o) = f)=asin(), =g w=]
Clearly, ¢ € C(]0,1],[0,00)), and there exists ¢y € [n, 1] = B, 1} such that (o) > 0. For
instance, tg = %, then ¢ (%) = % > 0.

Also, f € C(]0,00),]0,00)), and:

1 1
L 2o (1 ) = i % si =
o= g sin () =0, oo = iy s () = oo

Hence, assumptions (H1), (H2), and case (i) are satisfied.
Therefore, by Theorem 2.5, the boundary value problem has at least one positive solution.

16



Chapter 3

Positive solutions of three-point
integral boundary value problem

In this chapter, we study a boundary value problem involving a second-order differential
equation with a three-point integral boundary condition.
We consider the problem:

z"(t) + o(t) f(x) = 0, te(0,1) (3.1)
z(0) =0, z(l)=« '

where 0 <n < 1.
The aim of this chapter is to give results for existence of positive solutions to (3.1).

Assuming:

-O<a<%,

o f is either superlinear or sublinear.

Throughout this chpter, we suppose the following conditions hold:
(C1) f € C([0,00),[0,00)),
(C2) ¢ € C([0,1],][0,00)) and there exists ty € [, 1] such that ¢(ty) > 0.

3.1 Auxiliary Lemmas

Lemma 3.1. If an?® # 2, then for h € C(|0,1]), the problem

{x”(t) + h(t)
(

2(0) = 0, _( (3.2)

0, te(0,1)
1) =af]z(s)ds

has a unique solution

() = Qt/ol(l — $)h(s) ds 2‘”/0”(77 — $)2h(s)ds — /Ot(t _ $)h(s) ds.

2 — an? — an?
Proof. From z"(t) = —h(t) with integration from 0 to ¢, we get

) =20 - [ "h(s)ds,

17



Positive solutions of three-point integral boundary value problem

and with integration again, we obtain

t

2(0)t — /0 (t — )h(s) ds.

&
—~

~
N—

Il

So, we have

and

2 1 n

Thus,
/ 2 ! «Q K 2
2(0) = 2_0”72/0 (1 — 8)h(s)ds — 2_&772/0 (1 — )2h(s) ds
So,
2t 1 at n 9 t
z(t) = Q_W/O (1— 8)h(s) ds — 2_0“72/0 (1 — 5)2h(s) ds—/o (t — $)h(s) ds.

Lemma 3.2. Let 0 < a < 77% If h € C([0,1],]0,+00)), then the unique solution x of
(3.2) is a positive.

Proof. From the fact that z”(t) = —h(t) <0, z is concave on [0, 1].

o If (1) > 0, then by the concavity of x and z(0) = 0, we get

Iit) > (1), forte (0,1],

thus x(t) > 0 for ¢ € [0, 1].
o If 2(1) < 0, then by the concavity of x and z(0) = 0, we get

xit) > 20 e (0, 7],

Ui
it implies that
/Onx(s) ds > ;77:6(?7).
From z(1) = «a [J 2(s) ds, and x(1) < 0, we have [Jx(s)ds < 0. Then, z(n) < 0.

Hence,

z(1) = oc/onac(s) ds > agx(n) > x;n)

which contradicts the concavity of x.

18



Positive solutions of three-point integral boundary value problem

[
Lemma 3.3. Let an® > 2. If h € C([0,1],]0,00)), then (3.2) has no positive solution.

Proof. Assume (3.2) has a positive solution z.

o Ifz(1) > 0, we have on one hand by the concavity of z, @ > le) which implies that z(n) >
0, and on the other hand,

x(ll) = a/onx(s) ds > agx(n) =9 *(n) > ©(n)

which contradicts the concavity of x.

o If (1) =0, then [J z(s)ds =0, this is z(t) = 0 for all ¢ € [0, 7).
If there exists p € (n, 1) such that xz(p) > 0, then by concavity of x, we have

z(n) — =(0) > (p) — x(0)

n P

Y
it implies that x(p) < 0, which is a contradiction.

]

Lemma 3.4. Let 0 < o < 77% If h € C([0,1],][0,00)), then the unique solution x of the
problem (3.2) satisfies

inf x(t) > 6
nf (t) 2 ol|=])

2 _
5:mm{n’om an(1 n)}'

2 72— an?

where

Proof. Set x(T') = ||z||. We divide the proof into three cases.

Case 1. If n < T < 1 and inficp, ) () = 2(n), then the concavity of x implies that
n)

xn) _ (T
n — T

> x(T).

Thus,

inf x(t) > .
nf a(0) = |

Case 2. If n <T <1 and inficp, () = (1), then the concavity of x implies

z(l) = a/onx(s) ds > ozg x;n) > a;] x(TT) > ozg x(T).

Thus,
2

. an
f a(t) > ——|z].
nf () > ==l
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Case 3. If T' < n < 1, then inf,cp, 1) 2(¢) = 2(1). Using the concavity of  and from

we have

then

This implies that

3.2 Main Result

Theorem 3.5. Assume that:
(H1) f € C([0,+00),[0, +00)),
(H2) ¢ € C([0,1],]0,400)), and there exists ty € (n,1) such that ¢(ty) > 0.
Then the problem (3.1) has at least one positive solution in the case:
(i) fo =0 and fs = o0 (superlinear), or
(ii) fo =00 and fs =0 (sublinear).

Proof.
It is known that 0 < a < %. From Lemma 3.1. , x is a solution to the boundary value
problem ((3.2)) if and only if x is a fixed point of operator A, where A is defined by

2t

Aalt) =5 [ (1= 9ple) (als))as) -

at

(/On(n - s)%(s)f(x(s))dS)

2 —an?
t

= J, (t=s)(s)f(a(s))ds.

Denote that
K= {x/x € C([0,1]),z > 0, inf =z(t) > 5||xH} :
t€(n,1]

where

2
| an® an(l—n)
5:m1n{n, 5 2—04772}'
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Positive solutions of three-point integral boundary value problem

It is obvious that K is a cone in C(]0, 1]).
Moreover, by Lemma 3.2. and Lemma 3.4. , A(K) C K. It can be confirmed that
A: K — K is completely continuous.

e Superlinear Case
Since fo = 0, we may choose H; > 0 so that f(z) < ex for 0 < x < Hy, where ¢ > 0

satisfies
2e

2 —an?

/01(1 — s)p(s)ds < 1.

Thus, if we let
O ={z e C([0,1)) : ||lz| < H},

then, for z € K N 08y, we get

Aalt) £ 5= [ (1= 9)pls)al))ds
< [ 1= e (el)
< 5o [ 1= s)eldslal
< Jal.

Thus [|Az| < ||z, for x € K N 0Qy. -
On the other hand, since f = oo, there exists Hy > 0 such that f(z) > px for
x > Hs, where p > 0 is chosen so that

521 /1(1— Yo(s)ds > 1
p2_0m20 s)p(s)ds > 1.

Let —
H.
HQImaX{QHl,;}, QQZ{QZEC([O, 1]) . Hx” <H2}.

Then x € K N 0€)y implies that

inf z(t) > 0|z|| = 6Hy > H,,

te[n,1]

and so
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Aa(n) = 2_2”(“7 / 1(1 —8)p(s) T wl))ds = 50 [0 = )%p(s) f(a(5))ds

/ (1= s)p () (a(9)ds = 3 [" = 25 + 5)p() S (a(s))ds

T 2—ap? 2 —an
= (=)o) f(als))ds
- [ S e s + [ s ii;f" 25 o (3) fa(s))ds
-/ 1 e j:s $)f(a(s)ds + [ ‘2”3“‘2”2_‘9;”5‘”32 25 o (s) f(s))ds
= / 1 2;7 - ;775 ()f (a(s))ds + [ aall) _2322772;(1 =1 o (5) f(a(s))ds.
s [ 1= 5) () falo) ds
5 f"ofnz (1 5) pls) a(s) ds

Hence, |Az|| > ||z||, =€ K N0Qs.
By the first part of Theorem of Guo-Krasnoselskii, A has a fixed point in K N (Q\Q;)
such that H; < ||z|| < Hs.
e Sublinear Case
Since fy = oo, choose Hs > 0 such that f(x) > Mz for 0 < = < Hj, where M > 0
satisfies
2noM
2—an

5 /nl(l —s)p(s)ds > 1.

Let
={z € C([0,1]), [|=]| < Hs},

then for z € K N oS3, we get

an

Anly) = 5= / 1<1 ~ ) ¢(5) fals)) ds -
—/ —5)p(s) f(x(s))ds
/ (1= 5)(s) f((s)) ds

/771(1 —s8)p(s)ds||z|| > ||=]|.

s 0= 5P s als)ds

2—an

2—om
S 2no M
—2—an?

Thus, ||Az| > [|z||, z € K NoQs. - -
On the other hand, since f,, = 0, there exists Hy > 0 so that f(x) > Az for = > H,,

where A > 0 satisfies
2\

2 —an?

/01(1 —3s)p(s)ds < 1.

22



Positive solutions of three-point integral boundary value problem

Choose H; = max {2H3, 1?54} . Let

Qy ={z € C([0,1]), [lz]] < Hi},
then x € K N 0€y implies that

inf x(t) > 6|jz| = 6H, > Hy.

ten,1]
Therefore,
Ax(t) = 5 _21;772 /01(1 = 8)p(s) f(a(s)) ds — 3 _04;72 /077(77 — 92 o(s) flals)) ds
B Ot(f— s)@(s) f(z(s)) ds
s [ (1= 5) () fato) ds
< fi”ii (-9 pls)ds < o]

Thus, ||Az| < [|z||, z € K nNoSy.

By the second part of the theorem of Guo-Krasnoselskii, A has a fixed point = €
K N (Q4\Qs) such that Hy < ||z| < Hy. This completes the sublinear part and the
problem (3.1) has at least one positive solution.

O

3.3 Some examples

Example 3.1.
The boundary value problem

" + (sint)e ™ =0, te(0,1)
2(0) =0, x(1)=2[1"2(s)ds

has at least one positive solution. In fact, assume that
o(t) =sint, f(z)=e""
In this case, we have o = 2, n = % Then, we get:
c0<a<i (0<2<38)

« ¢ € C([0,1],[0,00)) and there exists ¢ty € [,1] = [3,1] such that (o) > 0. We
choose tyg = 2, so

o(5) = (5) >0

e f€C([0,1],[0,00)) and fy = 00, fs = 0 (sublinear)

>~

Then, all the conditions of the theorem 3.5. hold. So the conclusion is satisfied.
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Example 3.2.
The boundary value problem

{x” + 2+ )n(z+1)=0, te(0,1)
2(0) =0, z(1)=[*x(s)ds

has at least one positive solution.

Assume that:
e(t)=t*+1, f(z)=In(z+1)

In this case, we haveozzl,nzg. Then:
2 2 2

« ¢ € C([0,1],[0,00)) and there exists ¢y € [n,1] = [2,1] such that (o) > 0. We

choose tg = 2, so
3 3\?2 9 25
4 (4) (4) =g tl=1~0

e f€C([0,00),]0,00)), with fo =0, foo = 00 (superlinear)

o

Then, all the conditions of Theorem 3.5 hold. So the conclusion is satisfied.

Example 3.3.
The boundary value problem
2
" cos™(t)
t =0 te (0,1
" (t) T2 (0) 2, € (0,1),
3
z(0) =0, =z(1)= 3 Jo' z(s)ds

has at least one positive solution.
Assume that:

p(t) = cos’(t),  f(z) =

2 3
In this case, we have a = 3 n= 1 Then:

2 2 32
e 0<a<2 |0<=< — 2~ 356
“ew ( 35 (B/42 9 )

3
e« ¢ € (C([0,1],]0,00)), and p(tg) > 0 for any t, € [1,1], for example, ¢(0.8) =
cos?(0.8) >0
o fe€C([0,00),]0,00)), with fo = 00, foo = 0 (sublinear)

Then, all the conditions of Theorem 3.5 hold. So the conclusion is satisfied.
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Chapter 4

Positive solutions of n-point
boundary value problem

In this chapter, we study the existence of positive solutions for a nonlinear second-order
differential equation with an n-point boundary condition.
We consider the problem:

= (4.1)

4.1 Auxiliary Lemmas

We first give some auxiliary Lemmas.

n—2
Lemma 4.1. Let h € C([0,1]), a; > 0 fori=1,2,...n—2 and ¥ a;§ # 1. Then the
i=1

problem

(4.2)

2"(t) + h(t) = 0, te(0,1)
2(0) =0, z(1) = n:il a;z(&;)

has a unique solution,

a(t) = — /t(t — $)h(s)ds — tZ?:_ﬁ a; 051‘7(151.2_ s)h(s)ds
0 1 - 2 ;&
_I_tfol(l - S)h(s)ds'

n—2
1— > 4§
i=1

Proof. We start from the differential equation:



Positive solutions of n-point boundary value problem

Integrating twice, we obtain:
t t
2(t) = —/ h(s)ds+Ci, () = —/ (t — $)h(s)ds + Cyt + Co.
0 0

Using the boundary condition z(0) = 0, we find Cy = 0. Thus,

2(t) = — /Ot(t _ §)h(s)ds + Cit.

Now applying the nonlocal boundary condition:

n—2
= > ax(&),
i=1

we compute both sides.
Left-hand side: .
(1) = —/ (1— 8)h(s)ds + Ci.
0
Right-hand side:

o(6) == [ (&= 9)hts) ds + s,

SO

n—2 & n—2
Z az(&)=—Y a 1/0 (& — s)h(s)ds + C1 > a&;.
i—1 i=1

Equating both sides:
1 n—2
_/ (1— 8)h(s)ds + Cy = Za,/ (s)ds+Cy 3 aiés.
0 0 =1
Solving for C, we obtain:
n—2 1 n—2 &
4 <1 -y ai§i> = / (1 —s)h(s)ds — > ai/ (& — s)h(s) ds.
i=1 0 i=1 70
Since 72 a;&; # 1, the denominator is nonzero, and we find:
Jo (L= s)h(s)ds — 372 ai Js* (& — s)h(s) ds
1 - 2?2_12 azgz '

Substituting back into the expression for x(t), we obtain the unique solution:

Cy =

Jo (1= s)h ()ds—znla,fol(i—s) (s)ds

(t) = _/O (t — s)h(s)ds +t - =y 2o,
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Positive solutions of n-point boundary value problem

Lemma 4.2. Leta; >0 fori=1,...,n—2 and Z?;f a;& < 1.
If h € C(]0,1]) and h > 0, then the unique solution x of problem (4.2) satisfies

x>0, telo1].
Proof. From the fact that 2”(t) = —h(t) < 0, we know the graph of z(t) is concave down

on (0,1).
So, we have two cases:

o If 2(1) > 0, then the concavity of  together with the boundary condition z(0) = 0:

z(t) —=(0) _ =(1) = z(0)

t - 1

for ¢t € [0, 1]

implies that x(t) > 0 for ¢ € [0, 1].

o If 2(1) <0, then from the concavity of z, we know that

(&) —2(0) _ z(1) — 2(0)
& - 1

for & € [0,1], withi=1,...,n—2.

i.e.

This implies:
n—2 n—2
z(1) = Z a;x (&) > Z a;&r(1).
i=1 i=1

This contradicts the fact that Z?:_f a;& < 1.

Lemma 4.3. Leta; >0 fori=1,...,n—3, a,_2 >0 and Z?;f a;& > 1.
If h € C(]0,1],[0,+00)), then the problem (4.2) has no positive solution.

Proof. We use proof by contradiction.
Assume that (4.2) has a positive solution z, then

(&) >0 fori=1,...,n—2

and

=1 ' 5’
=1

(where € € {&1,..., &0} satisfies %—5) = min{@;i =1,....,n— 2})
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So, we can written in the form

This contradicts the concavity of x.
If (1) = 0, then applying a,,_o > 0, we know that

I(fn_g) = 0
Then, from the concavity of x when 0 < &,_» < t,

2(&n2) —2(0) _ x(t) — 2(0)
én—? o t

it’s who gives z(t) < 0.
This contradicts that x(t) > 0 for ¢ € [0, 1].
n—2
Lemma 4.4. Let a; >0 fori=1,....n—2 and Y a;& < 1.
i=1
If h € C(]0,1], [0, +00)), then the unique solution x of problem (4.2) satisfies

min z(t) > v||x
enin () > ~ll=|l

where

- min{an—Q(l — fn—z)7 an—2§n—2),§1} .

1- an—Zgn—Q

Proof. We divide the proof into two steps.

Step 1 : We deal with the case that Z?;f a; < 1.

Set z(t) = ||=||.
Ift <&,_5 <1, then

i t) = z(1).
teg}g,”x() z(1)

Indeed, by the concavity of x, and for all ¢ € ], o, 1], we have
2(t) — 2(6na) _ 2(1) — 2(6pa) _ 2(1) — 2(60s)
t—=8&o 1= 2 — t—=&uo

which implies that for all t € |§,_o, 1], z(t) > x(1)
and with z(&,_2) > (1), so for all t € [§,_2, 1], we get x(t) > x(1).

From the fact that

r(l) = ”221 a;ix(&;) = an—27(§n-2),

and

z(1) —2(6na) _ 2(t) — (1) _ z(t) — (1)
1—& — -1 =
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we get:

ey

- e

(1) - 5 f%?Z + anz(ﬁ)snz)
=, e

This implies

(1 — &,
min o(t) > [of 2L = En2)
t€[€n—2,1] 1- an72£n72

If £,_5 <t < 1, then we claim that

min xz(t) = x(1).
enin (t) =z(1)

In fact, if minge, , 1) 2(t) = 2(§,—2), then we have that ¢ € [§,_o, 1] and
T(€n2) = > 2(&2) = 2(&).

Then we have
n—2 n—2
x(1) = Z a;z(&) < Z: ;7 (En2) < 2(&n2) <2(1), Oai<1)

a contradiction.

From the concavity of z, we know that

E SR

and from z(1) > a,_2x(§,—2), we conclude that

z(1) n

anf2£nf2 = x(t) .

['hus
min  z(t) > a,—2&,—9||x||.
t€[En2.1] ( ) 25 2|| “

Step 2 : We deal with the case that
n—2
Z a; > 1.
i=1

Set z(t) = ||=]|.
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o If x(&,—2) < x(1), then

i t) = (& o).
tefélf_ll,u“’() 2(§n—2)

From the concavity of z, we know that ¢ € [£,_o, 1]. This implies

Tt SR

Then,

i t) > &n— .
enin 2(t) = ol

o If x(&,—2) > (1), then

min z(t) = z(1).
t€[€n—2,1] () (1)

Furthermore, we have t € [¢1,1]. In fact, assume to the contrary that ¢ € [0, &;),
then

(&) =2 (§2) = - = 2(§n—2) > x(1).
This implies

z(1) = HZ_; a;x(&) > nz_—; a;ix(Enmz) > Y ax(l) > z(1),

a contradiction, so t € [¢,1].
Since Y""2a; > 1, we know that there exists £ € {£5,...,&u_} such that

z(€) < z(1). This implies that
2(&) < x(&) < - < x(€) < 2(1).

From ¢ € [, 1] and with concavity of x, we can conclude that

This implies that
min xz(t) > zll.
enin (t) > &ll||
We conclude:

min _z(t) > §|jz||, where
tE[fnfg,l]

0 =min {an_Q(l — 571—2)’ an—2&n—2, En—2, 51}

1— an—2£n—2

— min {an—Q(l - gn—Q)

1— an—2§n—2

, An—2&n—2, fl}-
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4.2 Result of existence
Theorem 4.5. Assume that :
(C1) f e C([0,00),[0,00)) and the following limits are exist:
fo=0 and fx =00 (superlinear case)

or
fo=00 and foo =0 (sublinear case)

(C2) v € C([0,1],[0,00)) and there exists to € [,_2,1] such that p(tg) > 0.
(C3) Fori=1,....n—2,a; >0 and X" a;& < 1.

Then, the problem ( 4.1) has at least one positive solution.

Proof.

e Superlinear case: Suppose that fy = 0 and f,, = oco.

We know, problem ( 4.1) has a solution z : ¢ — x(¢) if and only if = solves the operator
equation:

Cai Jo' (& — s)a(s) f(x(s)) ds
1 - E?:l z&i

2(t) = = [t = $)als) f(a(s)) ds — 1=

Jo (1= s)a(s)f(x(s)) ds
1— Y2 al

+1
=Tx(t).

Denote

= {x/x € C([0,1],[0,00)) : . min _x(t) > 5H$”}7

6[%‘77,7211}

where ¢ is defined in Lemma 3.4.

It is obvious that K is a cone in C(][0, 1]).

Moreover, by Lemma 3.4., TK C K .

In addition, T : K — K is completely continuous. In fact, according to (C2), (C3)
the operator T is continuous.

On the other hand, we show that the operator T is compact.

We have for all ¢ € [0, 1]:

a0 < [ oA s+ 1 ZmS [ (ol ot
" 1_5%/0 [p()I[f(x(s))] ds

S e GO

which proves that T is bounded.
Now, we show that T is equicontinuous:
For tq,ts € [0, 1] with (to < t1) and [t; — ta] — 0, we have:
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L X ai i (& = 5)p(s)f(x(s)) ds
1- Zazgz

|Tx@o——Tw@ﬁ|=‘——A“@1—sxx@fcm8»ds
Ji (1= $)p(s)f (x(s) ds

+t1 1_Za1’£l
) £ s §(6 — 9)p(9)(a(s)) ds

+/ (t2 =) @(s)) ds + 1 =3 a&
_tku—mmv@@mS

2 1= a;&

ai [5(& — s)p(s)f(z(s)) ds — s)p(s)f(z(s))ds

[Nt = e el ds — [~ s)ls) Fals)) ds
+/2rw o(s))ds + [t = s)ols) f(a(s)) ds
— |ty — tl)Zai fol(gzl—_s)zwijng(if(s)) ds + (- t2)f0 (1 _13>_90(ZS);:23<3)) ds

to to

+ (62— tl)/o p(s)f(x(s))ds + | (= s)p(s)f(z(s)) ds

Y a; J§1 (& — 8)o(s) fx(s)) ds Jo (1= 5)p(s)f(x(s)) ds
1 —>aé

1_Zazfz +|t _t2|
+m—m/ |¢+/trww@ﬂam%

< |ts — 1|

Which implies:
|TI(t1) — Tl’(tg)| — 0 as |t1 — t2| — 0.

Now since fy = 0, we may choose Hy > 0 so that f(z) < ez, for 0 < z < H;, where

e > 0 satisfies: .
e Jo(1 = s)p(s)ds
1= Y5 aig;
Thus, if x € K and ||z|| = H;, then we get:

ray < L= 96 a(5))
- 1= a;&

_ R = 9)p(s)en(s)ds
- 1= a;&

< Jo (1= s)p(s)e ds||«|

- 1= a;&

< fol(l — s)p(s)edsH,y

- 1= a&; '

<1

If we let
O ={2 e C([0,1]) : || < H1},
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then we get || Tz| < ||z, for z € KN, N
Furthermore, since f,, = oo, there exists Hy > 0 such that f(x) > pz for x > H,,
where p > 0 is chosen so that:

1
51_2%6”2:@1/{ 251 1 —s)a(s)ds > 1.

fﬁ} L ={reC(0,1)): 2] < Ha,

then x € K and ||z|| = H, implies

H2 = max {2H1,

min z(t) > ||z >f:f\,
epin 2(t) 2 ofjzll = Ha

and so

@ r Si(¢e s $) (s s
Ta(&) = — /0;5C (& — s)p(s) f(x(s))ds — &Z i Jo (le — %:wéig)if( (s))d

Jo (1= s)p(s) f(z(s)) ds
1 =30 ai '

+&i

This implies:

- 3wt
== a /éi (& —s)p(s) f(x(s)ds — Zai&zai IS (& — 5) @(s) f(x(s)) ds

1 =3 ai&
P Sag B0 DHLL

ey L (6= 90 fa9)da
+Z w2 (1= 9) 915 S (a(5)) ds

1T ak
r—z@@ ( / g d8+/ s(s) f(x(s)) ds
+/ Eip(s) f(x(s) ds—/ &is p(s) (:c(s))ds)

zl_ =Y (/ Epls ds—s/ s(s) f(a(s)) ds

e z [ 6= 9)0(s) fals)ds

> 1_26@2%/ 61(1 = 5)p(s) f(x(s)) ds
Noi [ 6l -9)e(s) flals) ds

>
- 1-2%5@'
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Hence, for z € K N 0$s,

7l 2 2(1) 2 po i S [ 611 = s)pl)fa(s)) dsla] = .

Therefore, by the first part of the fixed-point theorem, it follows that 7" has a fixed point
in K N (22 \ ), such that

e Superlinear case: Now suppose that fo = oo and f,, = 0.
We first choose H3 > 0 such that f(z) > Mz for 0 < z < Hs, where

1 1
MémZai /§n2 & (1 —s)p(s)ds > 1.

For z € K and ||z|| = Hj, using the same method as above, we get:
n—2
i=1
1 1 d
>__ - . (1 —
> oy L G s)els)f(a(s) ds
1 1
> ; 1-— M
> g L0 Gl 9)p(s) Ma(s)ds
! ' 1 Méod
> _ - . _
> e S G- s)els) Mds ]

1 1
>Ml——-— ai/ 1—3s)p(s)ds H.
> Mo Yo [ G- 9ple)ds g
> Hsj.
Thus, we may let Q3 = {z € C([0,1]) : ||z|| < Hs3} so that
[Tz|| > ||=]l, =€ KnNo
Now, since fo = 0, there exists H; > 0 so that f(z) < Az for z > H, where X\ > 0
satisfies .
AR = p(s)ds _
1 =3 a& N

We consider two cases:
Case 1: Suppose f is bounded, say f(z) < N for all x € [0, 00). In this case, choose

1
oo )

so that, for x € K with ||z|| = Hy4, we have
Talt) = = /(¢ = p(s)a(s) s — A DA
Jo (1 = s)p(s) f(x(s)) ds

LAy

_ R0 = e (s)) ds
- L= ;&

_ = s)po)N ds

- 1= a;&

< Hy,
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and therefore, || Tz|| < ||z]|.
Case 2: If f is unbounded, then we know from (C1) that there exists Hy such that

1.
H; > max {2H3, 5H4}

and
f(z) < f(Hy), for0<ax< Hy.

Then, for z € K and ||z|| = Hy, we have

> a; 0&(61 —5)p(s) f(x(s))ds
I —>a

Ta(t) = = [ (6 = $)p()f(e(s)) ds ¢
0= 8)p(s) f(a(s)) ds

+ I —>a
31— 9)p()f(a(s)) ds
- 1 —>7aé;

_ B = 8)p(s)f(Ha) ds
- IS

< fol(l — 8)p(s)\Hy ds
- 1 =3 ai&

< Hjy.

Therefore, in either case, we may put
Q= A{z € C([0, 1)), [|=]] < Ha}

and for x € K N 0S4, we may have [|[Tz| < ||z].
By the second part of the fixed-point theorem of GuoKrasnosel’skii, the problem (4.1)
has a positive solution.
[
4.3 Some examples

Example 4.1.
The boundary value problem

{x” + Llew—y, te(0,1)

has at least one positive solution.
Indeed, assume that

In this case, we have:

Then, we get:
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« € C([0,1],[0,00)) and there exists ty € [&,1] = [3,1] such that ¢(to) > 0, we
choose tg = 2, so that ¢(3) = £ > 0.

« f€C([0,1],[0,00)) and fo = 00, foo = 0 (sublinear case)

e Yiabi=mbta =3 i+ b=t =5 <l

Then, all the conditions of Theorem 4.1 hold. So the conclusion is satisfied.

Example 4.2.
Consider the following boundary value problem:

2" +sin(t +1)2* =0, te(0,1)
1 /1 1 /3
— D= o (2) 420 (2
(0 =0, ol) =gz (4) T5" (4)

We define:
o) =sin(t+1), f(z) =a°
Given: ] ] ] 3
alziy CLQZga 51:17 5221

Now we verify the conditions of the theorem:

« € (C([0,1],]0,00)), and there exists ty € [&, 1] = [3,1] such that ¢(t) > 0. We

choose ty = 0.8, so that ¢(0.8) = sin(1.8) ~ 0.0314 > 0.
o f(r) = 23 satisfies:

fozlim@ lim 22 =0, fo=1li @zlimxzzoo
z—0t X z—0t LI:—>OO T T—00

So the function is superlinear.

o For the boundary condition:

2

Z a;&; =

=1

1+1 3_1+3_5+12_17<1
4 5 4 16 20 80 80 80

A

Hence, all the hypotheses of the second existence theorem are satisfied, and we con-
clude that the problem admits at least one positive solution.

Example 4.3.
Consider the boundary value problem:
2
x”‘i‘m x+1:O, tE(O,l)
(0) - 1=l 1)+1 (1)+1 (4)
=R =6 5) T\ \2) T8\
Define: 5
t = — = 1
p(t) T f(x) =V +
Gitven: 1 1 1 1 1 4
alzé, 02257 a?):ga 51:5, 5225, 5325

We verify the conditions of the existence theorem:
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o o(t) = ) is continuous and positive on [0, 1], and there exists ¢y € [&, 1] = [3, 1]
2
such that ¢(ty) > 0. We choose t; = 0.9 we have ¢(0.9) = 59~ 0.689 > 0.

e f(x) =z + 1 satisfies:

r+1 r+1
:]_. Pt m:l.
fo=Jim =00 fe=lim

So f is superlinear.

o For the boundary condition:

> 1
Zaz‘fz‘ = 6’

=1

—_

4 1 1 1 7
=3 1010 30"

1
ts gty 30 10 10 30

(SR
U] =

Therefore, all the hypotheses of the sublinear existence theorem are satisfied, and the
problem admits at least one positive solution.
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Conclusion

In this memory, we have presented existence results of positive solutions for some types
of second-order boundary value problems associated with differential equations posed on
bounded intervals and where boundary conditions are multi-point.

We have used several methods to search for the existence of positive solutions to these
problems, these methods are based on the corresponding function associated with the
proposed problems in the superlinear or sublinear case, we need a compactness criterion
to prove that the proposed operators are compact. We also devote in all phases of our
work to construct and choose the necessary and sufficient conditions on the elements of
the studied problems.

This study is divided into four chapters. The first chapter provides a preliminary overview
of general concepts used in the various chapters of the work, and introduces some basic
tools. We began our work in the second chapter with a study of the existence of positive
solutions to the second-order three-point problem.

Dans le troisieme chapitre,nous avons étudié quelques résultats d’existence des solutions
positives du probleme du second ordre a trois points ou les conditions aux bords sont
intégral.

In the fourth chapter, we studied an existence result for positive solutions to the second-
order multi-point problem.

The methodology for proving existence theories depends on converting the proposed prob-
lems into operational equations, in addition to using the compactness criterion to apply
the Ascoli-Arzéla theorem and inserting the Guo-Krasnosel’skii fixed-point theorem to
obtain the appropriate results.

As for us, we hope that this memort opens the way for us to embark on the mathematical
study of some boundary problems.
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Abstract

In this memory, we have studied the existence solutions of some boundary value
problems associated with differential equations of second order set on bounded
intervals where the boundary conditions are at multipoint.

We have used some methods (fixed point theory and the compactness criterion) to
demonstrate our results.

In order to study these problems, we transform the given boundary value problem
into an operational equation, in this case we use the criterion of compactness

with applying the Guo-Krasnosel'skii fixed point theorem to prove the given results.
In all the phases of our work we give some examples which give applications to our
results.

Keywords: Cone, concave, multipoint, fixed point theorem, super-linear, sub-linear.

Résumé

Dans ce mémoire, nous avons étudié 'existence des solutions positives de quelques
problémes aux limites du second ordre associés & des équations différentielles posées
sur des intervalles bornés et ou les conditions aux bords & multipoints.

Nous avons utilisé quelques méthodes (théorie du point fixe et le critére de
compacité) pour démontrer nos résultats.

Afin d'étudier ces problémes, nous transformons le probléme aux limites donner en
une équation opérationnelle, dans ce cas on utilise le critére de compacité avec
appliquer le théoréme de points fixe de Guo-Krasnosel'skii pour prouver les résultats
fournis.

Dans toutes les phases de notre travail nous donnons quelques exemples qui donnent
des applications a nos résultats.

Mots clés : Cone, concave, multipoints, théoréme de point fixe, super-linéaire, sous-
linéaire.
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