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General Introduction

Problems of contact, with or without friction, between two deformable materials or between

a deformable material and a rigid foundation abound in industry and in everyday life. Mechanical

linkages, braking systems, combustion engines and metalworking are usual examples. Because

of this importance of these physical phenomena, considerable efforts have been devoted to the

study of these contact problems.Their modelling and mathematical analysis, including existence

and uniqueness results, was developed in a large number of works, see for instance [55, 35, 52,

56], and the references therein. Their numerical analysis, including error estimate for discrete

scheme and numerical simulations, can be found in [36, 39, 42]

The selection of the contact boundary conditions is a significant issue in the modeling of

the contact phenomena, which is still a subject of research. The so-called Signorini condition is

one of the most often used boundary conditions, appearing in both engineering and mathematics

literature. It was introduced in [53], describes the contact with a perfectly rigid foundation and

is expressed in terms of unilateral constraints for the displacement field. The normal compliance

contact condition was introduced in [13] and used in a large number of papers, see [35, 40, 52]

and the references therein. It represents a regularization of the Signorini contact condition and it

describes the contact with an elastic foundation. It should be noted that the contact conditions,

which are employed in the majority of the related works on the topic, are defined in terms of

the displacement field. However, it seems more suitable to characterize typical compliance

conditions in terms of the normal velocity when the contact surfaces are lubricated. These

settings, also known as normal damped response conditions, have been utilized in a number of

articles (see, e.g., [6, 14, 26, 49] ) and the references therein).
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GENERAL INTRODUCTION

Numerous publications have employed constitutive laws, which use internal variables to

characterize how a material changes as a result of deformation. Some of the internal state

variables considered by many authors are the work-hardening of materials, the absolute temperature,

the adhesion field and the damage field. See for examples [3, 14, 33].

The damage is a crucial subject in design engineering since it directly impacts the structure

or component’s usable life. On it, there is a large quantity of engineering literature. The

virtual power idea and thermodynamical considerations were used to create general models

of mechanical damage in [31]. Contact problems using viscoelastic and viscoplastic materials,

involving the damage’s effect, were explored in [2, 13, 33].

The adhesion is important in many industrial settings where parts, usually nonmetallic,

are glued together. For this reason, adhesive contact between bodies, when a glue is added

to prevent the surfaces from relative motion, has recently received increased attention in the

literature. Basic modelling can be found in [28, 29, 30]. Analysis of models for adhesive

contact can be found in [15, 16, 19] and in the monographs [52, 54].

The piezoelectric effect represents the coupling between the mechanical and the electrical

proprieties of the material, it can be considered as an interaction between two phenomena: the

direct piezoelectric effect (a mechanical deformation generates an electric field in the material)

and the inverse piezoelectric effect (the generation of stress when an electric field is applied).

The piezoelectricity is very useful within many applications that involve the production and

detection of sound, generation of high voltages, electronic frequency generation, microbalances,

and ultra fine focusing of optical assemblies. It is also the basis of a number of scientific

instrumental techniques with atomic resolution, such as scanning probe microscopes. The

piezoelectric effect also has its use in biomechanics, bio-medicine and structural mechanics.

During the last years, there is a considerable mathematical interest in contact problems

involving piezoelectric phenomena (See, e.g., [8, 10, 37]). There are general models for electro-elastic

materials with piezoelectric effects in [46, 58, 59] and the references therein. Piezoelectric

contact problems arising viscoplasticity have been studied in [2, 45]. Both quasistatic or dynamic

UNIVERSITY OF ELOUED Page x



GENERAL INTRODUCTION

contact problems for viscoelastic piezoelectric materials have been taken into account in [60,

51, 43, 57].

The thesis is broken up into three chapters. After reviewing the formalization of the laws of

behavior, boundary conditions, and mechanical and electrical phenomena in the first chapter, we

offer the physical settings and mathematical models that will be the focus of our investigation

in the following two chapters. Preliminaries in mathematics are also presented. In the second

chapter, we discuss solutions to the quasistatic frictional contact problem that arises when an

elastic-viscoplastic body comes into contact with an obstacle. Normal damped response and a

local friction law are used to represent the contact. With two internal variables that may describe

a temperature parameter and the damage to the contacting surface, the elastic-viscoplastic

material can also characterize both. We present a variational formulation of the problem and

demonstrate that the model has a single weak solution. This part contains original results

published in collaboration with my supervisor Professor Adel Aissaoui ( [25] ). In the same way

this chapter contains the case of the contact between two viscoelastic piezoelectric bodies with

adhesion and damage. The third chapter of this thesis is devoted to the resolution of friconless

contact between a visco-elastic piezoelectric body with long memory and a foundation is studied.

The contact is modelled by a normal compliance. We present a variational formulation of the

problem and prove the existence and uniqueness of the weak solution. A fully discrete scheme

for the problem is proposed, and error estimates on the numerical solutions is derived.
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MODELING AND MATHEMATICAL BACKGROUND
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Chapter 1 Modeling and Mathematical Background

1.1 Introduction

This chapter represents a brief reminder of the continuum mechanics where we will introduce

the general physical setting of contact problems to be studied in this thesis, the constitutive

laws of behavior of the different materials, the contact boundary conditions . Then we present

some mathematical preliminaries which will be used subsequently. We begin by reviewing

a few conclusions relating to functional spaces, variational inequalities, evolution equations,

Gronwall’s lemma, and a few more theorems that will be regularly used to prove existence and

uniqueness results for the contact problems. Finally, we recall some generalities on the finite

element method. The bibliographical references will be specified later in each of the following

paragraphs.

1.2 Contact Problem Modeling

1.2.1 Physical Setting

This section is devoted to presenting the general physical setting investigated in this thesis as

well as the mathematical formulations useful for the study of contact problems. The contact

phenomena considered in this thesis are described by the following physical settings:

Physical Setting n. 1: (Thermo-Mechanical Problem)

We consider a material body which occupies a bounded domain Ω with a regular surface Γ,

and let Γ1, Γ2, Γ3 be a partition of Γ into three disjoint measurable parts such that meas (Γ1) >

0. Let ν denote the unit outer normal on Γ. Assuming that the body is fixed on Γ1 × (0, T ) the

displacement field is shown to vanish there. A volume force of density f0 acts on Ω × (0, T )

and surface tractions of density f2 act on Γ2 × (0, T ). We admit the possibility of an external

heat source applied in Ω× (0, T ), given by the function q (see figure 1.1 ).

3



Chapter 1 Modeling and Mathematical Background

Figure 1.1: Physical setting 1

We suppose that the body forces and tractions vary slowly in time, and therefore, the

accelerations in the system may be neglected. This leads to a quasistatic approach of the process.

In furthermore, the body comes into contact with a reactive foundation over the potential contact

surface Γ3.

We take into account both the mechanical and thermal properties of the material body. Our

objective will be to study the evolution of these properties during the time interval [0, T ] , T > 0,

under the hypothesis of small transformations.

We will use this physical setting in the second chapter of this thesis.

Physical Setting n. 2: (Electro-Mechanical Problem between two bodies)

Let us examine two material bodies that are located in the space Rd (d = 2, 3) and have

two bounded domains Ω1,Ω2. To show that the quantity is related to the domain Ωl, we use

the superscript l. The superscript l in the following ranges from 1 to 2. The boundary Γl of

each domain Ωl is divided into two measurable parts Γla and Γlb, and three disjoint measurable

parts Γl1,Γ
l
2 and Γl3, under the assumption that the boundary is Lipschitz continuous, taking into

account that meas
(
Γl1
)
> 0 and meas

(
Γla
)
> 0. Forces f l0 and volume electric charges of

density ql0 are applied to the body Ωl. The displacement field vanishes at Γl1 since it is assumed

that the bodies are clamped. The part Γl2 is affected by the surface tractions f l2. A surface

electric charge with a density of ql2 is established on Γlb the electrical potential vanishes on Γla.

Along their common part Γ1
3 = Γ2

3 = Γ3, the two bodies are in contact (see figure 1.2 ).

4



Chapter 1 Modeling and Mathematical Background

Figure 1.2: Physical setting 2

The difference from the previous physical framework results from the fact that now we

consider the mechanical properties and also the electrical properties of the material body. We

are interested to study the evolution of these properties in the time interval [0, T ] , T > 0, in the

hypothesis of small transformations, by admitting that the process is quasistatic. We will also

use this physical setting in the second chapter of this thesis.

Physical Setting n. 3: (Electro-Mechanical Problem with numerical simulations)

We consider an electro-viscoelastic body which occupies a bounded domain Ω with a regular

surface Γ, and let Γ1, Γ2, Γ3 be a partition of Γ into three disjoint measurable parts on one

hand, and a partition of Γ1 ∪ Γ2 into two open parts Γa and Γb, on the other hand, such that

meas(Γ1) > 0 and meas(Γa) > 0. Let ν denote the unit outer normal on Γ. Assuming that the

body is fixed on Γ1 × (0, T ) the displacement field is shown to vanish there. A volume force

of density f0 acts on Ω × (0, T ) and surface tractions of density f2 act on Γ2 × (0, T ). We

also assume that the electrical potential vanishes on Γa × (0, T ) and a surface electric charge

of density q2 is prescribed on Γ2 × (0, T ). On Γ3 the potential contact surface, the body is in

contact with a foundation (see Figure 1.3 ).
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Chapter 1 Modeling and Mathematical Background

Figure 1.3: Physical setting 3

Before the description of the mathematical models associated with the physical frameworks

presented above, we give some notations and conventions that we will use throughout this thesis.

Rd represents the real linear space of dimension d, where d is typically one, two, or three. The

linear space of second-order symmetric tensors on Rd, also known as the space of symmetric

matrices of order d, is denoted by the symbol Sd. The canonical inner products and the associated

Rd and Sd norms are

u.v = uivi, |u| = (u.u)
1
2 ∀u,v ∈ Rd,

σ.τ = σijτij, |τ | = (τ .τ )
1
2 ∀σ, τ ∈ Sd,

respectively. The index that comes after a comma denotes the partial derivative with regard to

the associated component of the independent spatial variable, and the indices i and j run from

1 to d throughout this thesis. The summation convention over repeated indices is also used. We

then employ the usual notation for Lebesgue and Sobolev spaces related to Ω and Γ.

We denote by u : Ω × [0, T ] → Rd the displacement field, σ : Ω × [0, T ] → Sd the stress

field, φ : Ω × [0, T ] → Sd the electric potential field, D : Ωl × [0, T ] → Rd the electric

displacement field, ε(u) = (εij(u)) and E(φ) = −∇φ the field of linearized deformations and

the electric field.

6



Chapter 1 Modeling and Mathematical Background

We denote by vν and vτ , respectively, the normal component and the tangential part of any

vector field v defined on Γ, given by

vν = v · ν, vτ = v − vνν. (1.2.1)

In the same way, the stress tensor’s normal component and tangential part, which are both

designated by σν and στ , are also provided by

σν = (σν) · ν, στ = σν − σνν. (1.2.2)

We note that , στ is a tangent vector to Γ while σν is a scalar We denote partial derivatives and

components by subscripts, e.g., the components of the linearized strain tensor ε(u) are given by

εij(u) =
1

2
(ui,j + uj,i). (1.2.3)

Later in this thesis, we will use ∇φ to represent the gradient of φ for a given scalar function φ,

i.e. ∇φ = (φ,i).

Equations of Motion and of Equilibrium

We begin with the mathematical model which explains how the body evolves within the physical

framework. In the general case, the evolution of a material body is described by the following

Cauchy equation of motion:

Divσ + f0 = ρü in Ω× (0, T ), (1.2.4)

where f0 represents the density of applied forces, and ρ is the mass density. The divergence

operator ”Div” is defined as Div(σ) = (σij,j). We eliminate the inertial factors from the

equations of motion to obtain the following equilibrium equations when the external forces

and tractions vary slowly over time and the system’s accelerations are negligible.

7



Chapter 1 Modeling and Mathematical Background

Divσ + f0 = 0 in Ω× (0, T ). (1.2.5)

Dynamic processes are those modeled by the equations of motion (1.2.4), while quasistatic

processes are those modeled by the equilibrium equations (1.2.5).

In the case of a piezoelectric material, there are new unknowns represented by

The electric potential field φ : Ωl × [0, T ] → Sd, and the electric displacement D : Ω ×

[0, T ] → Rd are new unknowns in the case of a piezoelectric material, necessitating the use of

another equilibrium equation to address the issue. The Maxwell-Gauss equation or the charge

conservation equation describes the evolution of a body in this state.

divD = q0 in Ω× (0, T ), (1.2.6)

where q0 is the density of volumetric electric charges subjected to the body Ω, and divD =

(Di,i).

Currently, we have more unknown functions than equations, thus the description of our

models is not complete. For instance, in the case d = 3, there are fifteen unknowns functions

(u,σ, ε), but only three equations in (1.2.4) or (1.2.5) and six relations in (1.2.3). Physical

factors also indicate that the problem’s description until now is incomplete. Consequently,

The preceding equations are therefore insufficient, on their own, to describe the equilibrium

of material bodies. It must then be supplemented by other relations which characterize the

behavior of each type of material.

1.2.2 Behavior Laws

The constitutive law, the balance equation, the boundary conditions, the contact conditions,

and the initial conditions must all be discussed in order to offer a mathematical model for a

particular contact process. The characteristics of each type of material are described by their

rules of behavior. Although they must adhere to a few fundamental axioms and invariance rules,

their origin is frequently experimental. It is a whole series of tests that must be imagined and

8
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carried out to establish a law of behavior, We refer the reader to [35] for a basic overview of

numerous diagnostic experiments that offer data required for developing constitutive laws for

particular materials and relaxation tests. We cite by way of example four classic examples of

tests on solids: monotonic loading tests, load-discharge tests, creep tests.

The relationship between the stress tensor σ, the strain tensor ε and their derivatives is

represented by the law of behavior (also known as the constitutive law) in the description of

purely mechanical processes.

This definition changes slightly in the description of electro-mechanical phenomena, because

here we must also take into consideration the electric displacement field D = Di as well as the

electric field E(φ) = −∇φ We then present the laws of behavior involved in this thesis.

Law of Behavior of Elastic Materials

Elasticity is the capacity of a body to withstand a deforming force and to regain its original size

and shape when the force has been eliminated. Viscosity, on the other hand, is a gauge of a

fluid’s resistance to flow. A fluid that has a high viscosity opposes movement. Low viscosity

fluids move freely. As an illustration, water flows better than syrup because it is less viscous.

Gels, syrups, and honey are examples of high viscosity materials.

Figure 1.4: Kelvin-Voigt model
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Viscoelasticity is a property of materials that, when deformed, exhibit both viscous and

elastic properties. Significant viscoelastic effects can be seen in synthetic polymers, wood,

human tissue, metals at high temperatures..

A general elastic constitutive law is given by

σ = Mε(u), (1.2.7)

where M is the elasticity operator, assumed to be nonlinear. In particular, if M is a linear

operator, (1.2.7) leads to the constitutive law of linearly elastic materials: σij = mijklεkl(u),

where σij are the components of the stress tensor σ and mijkl are the components of the

elasticity tensor M. Let d = 3, when the material is linear and isotropic, the elasticity tensor is

characterized by only two positive coefficients. Thus, the constitutive law of a linearly elastic

isotropic material is given by

σ = 2γε(u) + δ(trε(u))I3

Here γ and δ are the Lamé coefficients, I3 represents the identity tensor on R3 and trε(u)

denotes the trace of the tensor ε(u), trε(u) = εii(u),

In components, we have

σij = 2 γ εij(u) + δ εkk(u)δij, (1.2.8)

where δij are the components of the unit matrix I3.

By inverting the linear elastic law (1.2.8), we get

εij =
1 + ν

E
σij −

ν

E
σkk δij

where the Poisson’s ratio is represented by ν , and E is Young’s modulus. The following table

represents some materials with their coefficients (see [22, p.151])
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Material Young’s modulus (GPa) Poisson’ ratio
Aluminium alloys 69–73 0.33

Bronze 96–120 0.34
Cast iron 110–168 0.25–0.29

Copper alloys 110–115 0.33–0.38
Magnesium alloys 45 0.35

Steels 193–207 0.25–0.29
Titanium alloys 114 0.34

Tungsten 340–380 0.2

Table 1.1: Young’s modulus and Poisson’ ratio for some materials

Law of Behavior of Viscoelastic Materials

The investigation of the mechanical properties of materials such as pastes or waxes, has highlighted

the insufficiency of the theory of elasticity. Indeed, some phenomena, such as creep or relaxation

cannot be described by elastic behavior laws. This is why the viscoelastic and viscoplastic

models were introduced.

a) Short-Memory Viscoelastic Constitutive Law

The following formula offers a general short-memory viscoelastic constitutive law

σ = Aε(u̇) + Bε(u), (1.2.9)

In linearized viscoelasticity (1.2.9) leads to the Kelvin-Voigt relation

σij = aijklεkl(u̇) + bijklεkl(u),

where the symbols σij, aijkl and bijkl stand for the stress tensor σ, the viscosity tensor A

and the elasticity tensor B, respectively.

The constitutive law of a homogeneous viscoelastic isotropic material is given by

σij =
(
a1εkk(u̇) + λ1εkk(u)

)
δij + 2

(
a2εij(u̇) + λ2εij(u)

)
,

11
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where λ1, λ2 represent the two Lamé coefficients, and a1, a2 represent the two viscosity

coefficients. ( the four constants all have positive values.)

If we consider the effect of damage to the material during contact, we obtain a generalization

of the prior law, which is the constitutive law of viscoelasticity, with damage having the

form

σ(t) = Aε(u̇(t)) + B(ε(u(t)), α(t)), in Ω× (0, T ) (1.2.10)

The differential inclusion below describes the evolution of the damage field represented

by the function α

α̇− k∆α + ∂φK(α) ∋ ϕ
(
ε(u), α

)
,

where K is the set of permitted damage functions described by

K = {ξ ∈ V : 0 ≤ ξ(x) ≤ 1 a.e. x ∈ Ω} ,

k represents the damage diffusion constant, assumed positive, φK is the indicator function

of the set K and ∂φK represents its subdifferential. ϕ is a given constitutive function

which describes the sources of the damage in the system which results from tension or

compression.

b) Long-Memory Viscoelastic Constitutive Law

The following formula offers a general long-memory viscoelastic constitutive law

σ(t) = Fε (u(t)) +
∫ t

0

R (t− s, ε (u(s))) ds, (1.2.11)

We allow the location of the point to affect both the relaxation operator R and the

elasticity operator F . The operator R is also time-dependent, as shown in (1.2.11).

In the linearized viscoelasticity, (1.2.11) leads to the relation

σij(t) = fijkl(u(t)) +

∫ t

0

rijkl(t− s), εkl(u(s))ds,
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Law of Behavior of Elastic-Thermo-Viscoplastic Materials with Damage

In this case the constitutive law is given by

σ(t) = A
(
ε(u̇(t))

)
+ B

(
ε(u(t))

)
+

∫ t

0

G
(
σ(s)−A

(
ε(u̇(s))

)
, ε(u(s)), θ(s), β(s)

)
ds,

where θstands for temperature, β for damage field, A and B for purely viscous and elastic

properties of the material, respectively, and G is a nonlinear constitutive function that explains

the material’s viscoplastic behavior.

The heat equation, derived from the principle of energy conservation, governs the evolution

of the temperature field. It is defined by the following differential equation

θ̇ − k0∆θ = ψ
(
σ, ε(u̇), θ, β

)
+ q,

where q is a known volume heat source, and ψ is a nonlinear constitutive function that describes

the heat generated by internal forces.

Law of Behavior of Electro-Viscoelastic Materials with Damage

A general electro-viscoelastic constitutive law may be written as

σ = Aε(u̇) + Bε(u)− (E)∗E(φ) in Ω× (0, T ), (1.2.12)

D = Eε(u) + CE(φ) in Ω× (0, T ), (1.2.13)

whereE(φ) = −∇φ stands for the electric field, E stands for the third order piezoelectric tensor

and E∗ represents its transposition; A and B stand for the viscosity and the elasticity operators,

respectively, and C denotes the electric permitivity tensor,

By adding the effect of damage to the material during contact, the constitutive law will be the
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following

σ = Aε(u̇) + B
(
ε(u), α

)
− (E)∗E(φ) in Ω× (0, T ), (1.2.14)

D = Eε(u) + CE(φ) in Ω× (0, T ), (1.2.15)

1.2.3 Boundary Conditions

Now let’s discuss the system’s boundary conditions. We suppose that the boundary Γ is Lipschitz.

Consequently, the outer unit normal vector is defined at almost every point.

Displacement and Traction Boundary Conditions

We suppose that the body is held fixed on Γ1 , where the displacement field also vanishes

u = 0 on Γ1 × (0, t), (1.2.16)

which represents the displacement boundary condition. Additionally, we suppose that the part

Γ2 is subject to surface tractions of density f2, thus

σν = f2, on Γ2 × (0, T ), (1.2.17)

This condition is called the traction boundary condition.

Electrical Boundary Conditions

We suppose that the electrical potential disappears on Γa, and a surface electric charge of density

q2 is required on Γb. Therefore, the two equations determine these conditions

φ = 0 on Γa × (0, T ), (1.2.18)

D.ν l = q2 on Γb × (0, T ), (1.2.19)
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Our main focus will now be on a description of various contact conditions on the contact surface

Γ3, These naturally divide into conditions in the normal direction and those in the tangential

directions.

Bilateral Contact Condition

The condition where contact between the body and the foundation is maintained throughout the

process is referred to as "bilateral contact". and it is given by

uν = 0 on Γ3 × (0, t), (1.2.20)

This situation can be found in a variety of machines, as well as in moving parts and other

mechanical equipment components. It was considered by several authors, for details see [35, 52]

and the references therein.

Normal Compliance Condition

The normal compliance condition determines a reactive normal traction or pressure based on

the interpenetration of the asperities on the surface of the body and those of the foundation. It

can be generally given as follows

− σν = pν(uν − g), (1.2.21)

where uν − g is a measure of the interpenetration of the asperities and is positive when there

is contact, pν is a nonnegative specified function that disappears for a negative argument. The

normal compliance function pν is frequently cited as an example by

pν = cνr+, (1.2.22)

where r+ = max {0, r} stands for the positive part of r and cν is a positive constant that indicates

the surface stiffness coefficient.
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The Signorini contact condition, in which the foundation is assumed to be fully rigid, is an

idealization of the normal compliance that is frequently used in engineering literature and can

also be found in mathematical publications. Formally, it is derived from the usual compliance

condition in the limit of infinite surface stiffness coefficient, when interpenetration is prohibited.

This suggests that contact with a rigid support should be thought of as a special case of contact

with a deformable support, whose resistance to compression rises. The supplementary form of

the Signorini contact condition is as follows.

uν ≤ g σν ≤ 0 σν(uν − g) = 0 (1.2.23)

Normal Damped Response Condition

The so-called normal damped response condition refers to a lubricated contact (see [49]). This

condition presupposes that the normal stress σν on the contact surface is linked to the normal

velocity u̇ν , that is

− σν = pν(u̇ν), (1.2.24)

where pν is a is a specified function. An example is given by taking

pν(r) = kr, (1.2.25)

with k ≥ 0. The friction law adopted in the frictional case is as follows

− στ = pτ (u̇τ ), (1.2.26)

where u̇τ stands for tangential velocity, pτ is a prescribed vector-valued function, and στ

represents the tangential force acting on the contact boundary.

Frictional Contact Conditions

Now, let’s talk about the tangential conditions, generally known as the friction laws. The first

is the so-called frictionless situation, where the friction force, or tangential component of the
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stress, vanishes, i.e.

στ = 0 on Γ3 × (0, t), (1.2.27)

The contact is frictional when the friction force στ does not disappear on the contact surface.

Then we provide some friction laws, which are represented as relations between the normal and

tangential components of the stress field σ and the tangential displacement uτ or the tangential

velocity u̇τ .

Coulomb’s Friction Law

In most cases, the Coulomb law of dry friction or one of its variations is used to model frictional

contact. This law states that the tangential traction στ can approach a bound Fb, also called as

the friction bound, which is the maximum amount of frictional resistance that the surfaces can

produce and which is reached when a relative slip motion begins.


|στ | ≤ µ|σν |,

|στ | < µ|σν | ⇒ u̇τ = 0,

|στ | = µ|σν | ⇒ ∃λ ≥ 0 : −λστ = u̇τ ,

(1.2.28)

where µ ≥ 0 represents the friction coefficient.

1.2.4 Contact Processes with Adhesion

The adhesion has numerous industrial uses, including the joining of nonmetallic components

and the prevention of composite materials from delaminating. To model the adhesion phenomenon,

it is necessary to add the adhesion process to the contact description .

We introduce the bonding field, a surface internal variable that is denoted by β and describes

the fractional density of active bonds on the contact surface. If β = 0, all the bonds are severed

and inactive, and there is no adhesion; if β = 1, the adhesion is total adhesion and all the

bonds are active; and if 0 < β < 1, there is only partial adhesion. [1,3,10,19,21,23,24] and the

references therein contain general models with adhesion.
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An ordinary differential equation that considers the contact surface and depends on displacement

governs the bonding field’s evolution. For more details concerning the modeling of the adhesive

contact, we refer to the books [30, 54].

If the compressive part of the contact stress is assumed to be represented by the normal

compliance and a vanishing gap function, then the normal compliance contact condition with

adhesion is given by

− σν = pν(uν)− γνβ
2(−R(uν))+. (1.2.29)

Here γν is a positive adhesion coefficient, pν is the normal compliance function, and R denotes

the truncation operator given by

R(s) =


−L if s < −L,

s if − L ≤ s ≤ 0,

L if s > 0,

(1.2.30)

where L > 0 is the bond’s characteristic length, beyond which it offers no further traction (see,

e.g., [1, 54]). Thus

R̃(s) = (−R(uν))+(s) =


L if s < −L,

−s if |s| ≤ L,

0 if s > L,

(1.2.31)

In Figure 1.5 the graph of the function R̃(uν) is depicted.
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Figure 1.5: The function R̃(uν)

The introduction of the truncation operator R is primarily driven by mathematical considerations,

but it is also connected to the finding that for some glues, when the extension is greater than R,

the glue stretches plastically without providing further tensile traction. But if we choose L to

be really large, we can get back to the situation where the traction is linear in the extension.

Thus, the adhesive normal traction is γνβ2(−R(uν))+; it is tensile and proportional, with

proportionality coefficient γν , to the square of the adhesion field, and to the normal displacement,

as long as it does not exceed the bond length L. The maximal tensile traction is γνL.

This following differential equation describes the evolution of the adhesion field.

β̇ = Had(β, ξβ, Rν(|uν |),Rτ (|uτ |)) on Γ3 × [0, T ], (1.2.32)

Had is a general function that disappears when its first variable does too. Such a function was

presented as an example in [15, 38].

It was supposed that in addition to β and R(unu), the adhesion rate function also depended

on the history of the bonding process, which is represented by

ξβ(x, t) =

∫ t

0

β(x, s)ds on Γ3 × [0, T ], (1.2.33)
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For example, we can consider Had(β, r) = −γνβ+r2, where γν denotes the normal rate

coefficient. Let’s take another example, in which Had depends on its three variables

Had(β, ξβ, r) = −γ1β+r2 + γ2
β+(1− β)+

1 + ξ2β
,

where the debonding and rebonding rate factors γ1, γ2 are assumed to be positive constants.

Let us now turn to the description of the mathematical models associated with the physical

settings above.

1.2.5 Mathematical Formulation of Contact Problems

A system of partial differential equations involving the equation of motion is used to mathematically

model the evolution of deformable bodies under the influence of external forces, the law of

behavior of materials as well as the boundary conditions, to which they are subject. More

specifically, the mechanical problems that we will study are the following
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Problem 1: Thermo-Mechanical Problem

Determine the stress field σ : Ω× [0, T ] → Sd, the displacement field u : Ω× [0, T ] → Rd, the

temperature θ : Ω× [0, T ] → R and the damage field β : Ω× [0, T ] → R such that

σ(t) = A
(
ε(u̇(t))

)
+ B

(
ε(u(t))

)
(1.2.34)

+

∫ t

0

G
(
σ(s)−A

(
ε(u̇(s))

)
, ε(u(s)), θ(s), β(s)

)
ds, in Ω× (0, T ),

Divσ + f0 = 0, in Ω× (0, T ), (1.2.35)

θ̇ − k0∆θ = ψ
(
σ, ε(u̇), θ, β

)
+ q, in Ω× (0, T ), (1.2.36)

β̇ − k1∆β + ∂φK(β) ∋ ϕ
(
σ, ε(u), θ, β

)
, in Ω× (0, T ), (1.2.37)

u = 0 on Γ1 × (0, T ), (1.2.38)

σν = f2, on Γ2 × (0, T ), (1.2.39)

− σν = pν(u̇ν), −στ = pτ (u̇τ ), on Γ3 × (0, T ), (1.2.40)

k0
∂θ

∂ν
+Bθ = 0, on Γ× (0, T ), (1.2.41)

∂β

∂ν
= 0, on Γ× (0, T ), (1.2.42)

u(0) = u0, β(0) = β0, θ(0) = θ0, in Ω. (1.2.43)

The quasistatic evolution of damage in thermoelastic-viscoplastic materials is represented by

this problem.

Problem 2: Electro-Mechanical Problem

For l=1,2, determine a stress field σl : Ωl× [0, T ] → Sd, a displacement field ul : Ωl× [0, T ] →

Rd, an electric displacement Dl : Ωl× [0, T ] → Rd, an electric potential field φl : Ωl× [0, T ] →
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Sd, a damage field αl : Ωl × [0, T ] → R and a bounding field β : Γ3 × [0, T ] → R such that

σl = Alε(u̇l) + Bl
(
ε(ul), αl

)
− (E l)∗E(φl) in Ωl × (0, T ), (1.2.44)

Dl = E lε(ul) + ClE(φl) in Ωl × (0, T ), (1.2.45)

Divσl + f l0 = 0 in Ωl × (0, T ), (1.2.46)

divDl − ql0 = 0 in Ωl × (0, T ), (1.2.47)

α̇l − κl∆αl + ∂φKl(αl) ∋ ϕl
(
ε(ul), αl

)
in Ωl × (0, T ), (1.2.48)

ul = 0 on Γl1 × (0, T ), σlν l = f l2 on Γl2 × (0, T ), (1.2.49)

φl = 0 on Γla × (0, T ), Dl.ν l = ql2 on Γlb × (0, T ), (1.2.50)

σ1
ν = σ1

ν ≡ σν , where − σν = pν([u̇ν ])− γνβ
2Rν([uν ]) on Γ3 × (0, T ) (1.2.51)

σ1
τ = −σ1

τ ≡ στ , where − στ = pτ ([u̇τ ]) + qτ (β)Rτ ([uτ ]) on Γ3 × (0, T ), (1.2.52)

β̇ = −
(
β
(
γν(Rν([uν ]))

2 + γτ |Rτ ([uτ ])|2
)
− ϵa

)
+

on Γ3 × (0, T ), (1.2.53)

∂αl

∂ν
= 0 on Γl × (0, T ), (1.2.54)

ul(0) = ul0, αl(0) = αl0 in Ωl, (1.2.55)

β(0) = β0 in Γ3. (1.2.56)

The quasistatic adhesive frictional contact between two electro-viscoelastic bodies with damage

and normal damped response is shown in this second problem.

Problem 3: Purely Mechanical Problem

Determine a stress field σ : Ω × (0, T ) → Sd, a displacement field u : Ω × (0, T ) → Rd, an

electric displacement field D : Ω× (0, T ) → Rd, an electric potential field φ : Ω× (0, T ) → R
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and a damage field α : Ω× (0, T ) → R such that

σ(t) = Aε (u̇(t)) + Bε (u(t))− E∗E(φ)

+

∫ t

0

M (t− s, ε (u(s)) , α(s)) ds
in Ω× (0, T ), (1.2.57)

D = Eε(u) +BE(φ) in Ω× (0, T ), (1.2.58)

α̇− k∆α + ∂φK(α) ∋ Θ(ε(u), α) , in Ω× (0, T ), (1.2.59)

Divσ + f0 = 0 in Ω× (0, T ), (1.2.60)

divD − q0 = 0 in Ω× (0, T ), (1.2.61)

u = 0 on Γ1 × (0, T ), (1.2.62)

σν = f2 on Γ2 × (0, T ), (1.2.63)

− σν = p(uν − g), στ = 0 on Γ3 × (0, T ), (1.2.64)

∂α

∂ν
= 0 on Γ× (0, T ), (1.2.65)

φ = 0 on Γa × (0, T ), (1.2.66)

D.ν = q2 on Γb × (0, T ), (1.2.67)

u(0) = u0, α(0) = α0, in Ω. (1.2.68)

This third Problem illustrates a frictionless contact between an electro-viscoelastic body and a

deformable foundation with long memory and normal compliance.

1.3 Mathematical Preliminaries

This section contains preliminary functional analysis material that will be used subsequently.

We begin by reviewing the definitions and properties of several function spaces, including

spaces of continuous, continuously differentiable, Sobolev spaces, and spaces of vector-valued

functions. All of the function spaces used in this thesis are real. The Banach fixed point theorem,

as well as some standard results on variational inequalities and evolution equations, are then

recalled and will be used repeatedly in proving existence and uniqueness results for the contact
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problems. Finally, we present several Gronwall-type inequalities that will be used frequently.

This material can be found in many books on functional analysis, e.g., [4, 20].

1.3.1 Function Spaces for Contact Mechanics

Modeling contact problems usually requires the introduction of specific function spaces. We

introduce the following spaces using the standard notation for Lebesgue and Sobolev spaces

associated with Ω and Γ

H = L2(Ω)d =
{
u = (ui) |ui ∈ L2(Ω)

}
, H1 = {u ∈ H | ε(u) ∈ H} ,

H =
{
τ = (τij) | τij = τji ∈ L2(Ω)

}
, H1 = {τ ∈ H | τij,j ∈ H} .

The canonical scalar products of these real Hilbert spaces are

(u,v)H =

∫
Ω

uivi dx ∀u,v ∈ H,

(σ, τ )H =

∫
Ω

σijτij dx ∀σ, τ ∈ H,

(u,v)H1 = (u,v)H + (ε(u), ε(v))H, ∀u,v ∈ H1,

(σ, τ )H1 = (σ, τ )H + (Divσ,Div τ )H , ∀σ, τ ∈ H1,

where the operators ε : H1 → H and Div : H1 → H are defined by

ε(u) = (εij(u)), εij(u) =
1

2
(ui,j + uj,i) Divσ = (σij,j).

We denote by | · |H , | · |H , | · |H1
and | · |H1

the norms associated with the spacesH,H, H1 andH1

respectively,

We now present the Green’s formula as follows

(σ, ε(u))H + (Divσ,u)H =

∫
Γ

σν · u da ∀u ∈ H1. (1.3.1)
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We end this paragraph with a fixed point resulting from the Banach contraction principle

which will be used in Section 2.2.3 of this thesis, in [41] we can found its proof.

Lemma 1.3.1 Assuming that X is a Banach space with the norm | . |X and T > 0, let Λ :

L2(0, T ;X) → L2(0, T ;X) be an operator such that

|(Λη1)(t)− (Λη2)(t)|2X ≤ C

∫ t

0

|η1(s)− η2(s)|2X ds,

for each η1, η2 ∈ L2(0, T ;X), a.e. t ∈ (0, T ) with a constant C > 0. Then Λ has a unique fixed

point in L2(0, T ;X), that is, there exists a unique η∗ ∈ L2(0, T ;X) such that

Λη∗ = η∗.

1.3.2 Elements of Nonlinear Analysis

In this paragraph, we recall some elements of nonlinear analysis in Hilbert spaces and standard

results on variational inequalities and evolution equations.

Strongly Monotone Operators

We begin here with a brief reminder of the strongly monotone and Lipschitz operators. For

this, we will take into account a Hilbert space X with the scalar product (·, ·)X and the related

norm ∥ · ∥X.

Definition 1.3.1 Let the nonlinear operator A : X → X be given. A is said to be

1. monotone if (Au− Av, u− v)X ≥ 0, ∀u, v ∈ X.

2. strictly monotone if (Au− Av, u− v)X > 0, ∀u, v ∈ X, u ̸= v.

3. strongly monotone if there exists a constant m > 0 such that

(Au− Av, u− v)X ≥ m||u− v||2X, ∀u, v ∈ X.

4. nonexpansive if ||Au− Av||X ≤ ||u− v||X, ∀u, v ∈ X.
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5. Lipschitz continuous if there exists L > 0 such that

||Au− Av||X ≤ L||u− v||X, ∀u, v ∈ X.

Theorem 1.3.1 (The Banach Fixed Point Theorem)

Let K represent a closed, nonempty subset of a Banach space (X, ∥ · ∥X). We suppose that

Λ : K → K is a contraction, i.e. there exists a constant c ∈]0, 1[ such that

∥ Λ(u)− Λ(v) ∥X≤ c ∥ u− v ∥X ∀u, v ∈ K.

Then the problem has an unique fixed point in K, or a unique u ∈ K such that Λ(u) = u.

We also require a version of the Banach fixed point theorem, which we will recall in the

paragraphs that follow. To accomplish this, we define an operator’s powers inductively by the

formula Λm = Λ(Λm−1), for m ≥ 2.

Theorem 1.3.2 Suppose that K is a closed nonempty subset of a Banach space (X, ∥ · ∥X),

assume that for some positive integer m, Λm : K → K is a contraction. Then Λ has a unique

fixed point in K.

1.3.3 Variational Inequalities and Evolution Equations

In the following paragraphs of this subsection, The results for elliptic and parabolic variational

inequalities as well as for ordinary differential equations in abstract spaces are reviewed.

Elliptic Variational Inequalities.

Definition 1.3.2 The bilinear form a : X× X −→ R is said to be

1. continuous or bounded if there exists a number M > 0 such that

|a(u, v)| ≤M ∥ u ∥X∥ v ∥X, ∀u, v ∈ X.
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2. X-elliptic if there is a constant m > 0 such that

a(u, u) ≥ m ∥ u ∥2X, ∀u ∈ X.

3. symmetric if a(u, v) = a(v, u) ∀u, v ∈ X.

Regarding elliptic variational inequalities, we have the following standard existence and

uniqueness results.

Theorem 1.3.3 Let K be a nonempty convex and closed subset of a Hilbert space X . Assume

that l : X −→ R is a linear continuous functional and that a : X×X −→ R is a continuous and

X-elliptic bilinear form. Then there exists a unique solution to the elliptic variational inequality

of the first kind

u ∈ K, a(u, v − u) ≥ l(v − u) ∀ v ∈ K. (1.3.2)

Theorem 1.3.4 Let X be a Hilbert space. Assume that a : X × X −→ R is a continuous and

X-elliptic bilinear form, j : X −→ R̄ is proper, convex, and l.s.c. on X and that l : X −→ R

is a linear continuous functional. Then there exists a unique solution to the elliptic variational

inequality of the second kind

u ∈ K, a(u, v − u) + j(v)− j(u) ≥ l(v − u) ∀ v ∈ K. (1.3.3)

The obstacle problem for a stretched membrane is a well-known example of an elliptic

variational inequality of the first kind,

u ∈ K,

∫
Ω

∇u · ∇(v − u) dx ≥
∫
Ω

f(v − u) dx ∀ v ∈ K.

Here, Ω ⊂ R2 is a simply connected domain with smooth boundary Γ and f ∈ L2(Ω). The

equilibrium state of an elastic membrane connected to a closed curve Γ and subject to the

action of a vertical force of density f is modeled in this problem. The membrane’s vertical

displacement, which must lie inK, is the unknown u . Theorem 1.3.3 can be used to demonstrate

that the obstacle problem has an unique solution.
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In this problem, a linearly elastic cylinder of cross-section Ω ⊂ R2 that is in frictional

contact on its lateral surface exhibits antiplane shear deformation. Let g > 0 represent the

specified friction bound, u represent the unknown displacement field, andf ∈ L2(Ω) denote the

axial component of the body forces. The problem is to find u ∈ H1(Ω) such that

(u, v − u)H1(Ω) + g

∫
Γ

(|v| − |u|)da ≥ (f, v − u)L2(Ω) ∀v ∈ H1(Ω).

Since the form a(·, ·) is bilinear, the leading operators associated with Theorems (1.3.3) and

(1.3.4) are linear. To extend them to nonlinear operators, we let A : X −→ X be an operator

strongly monotone and Lipschitz continuous on X . Then we have the following results

Theorem 1.3.5 Let K be a nonempty convex and closed subset of a Hilbert space X . and let

A : X −→ X be an operator strongly monotone and Lipschitz continuous on X . Then, for

each f ∈ X there exists a unique solution to the elliptic variational inequality of the first kind,

u ∈ K, (Au, v − u)X ≥ (f, v − u)X ∀ v ∈ K.

Theorem 1.3.6 Let X be a Hilbert space. Assume that the operator A : X −→ X is strongly

monotone and Lipschitz continuous on X and that j : X −→ R̄ is proper, convex, and l.s.c

functional. Then, for each f ∈ X there exists a unique solution to the elliptic variational

inequality of the second kind,

u ∈ K, (Au, v − u)X + j(v)− j(u) ≥ (f, v − u)X ∀ v ∈ K.

Parabolic Variational Inequalities.

Assume that V and H be real Hilbert spaces and that the injection map is continuous and

V is dense in H . The own dual of the space H and a subspace of the dual V ′ of V are used to

identify it. We write V ⊂ H ⊂ V ′, and we declare that the above inclusions define a Gelfand

triple. We represent the norms on the spaces V,H, and V ′ by | · |V , | · |H and | · |V ′ respectively,

and we use (., .)V ′×V to represent the duality pairing between V ′ and V . Remember that if

28



Chapter 1 Modeling and Mathematical Background

f ∈ H , then

(f, v)V ′×V = (f, v)H ∀v ∈ V.

A standard result for parabolic variational inequalities is given below (see, e.g., [9, p.124]).

Theorem 1.3.7 Let K be a nonempty closed, convex set of W and let W ⊂ H ⊂ W ′ be a

Gelfand triple.Assume that b : (., .) : W ×W → R is a symmetric, continuous, bilinear form

that satisfies

b(w,w) + d0 |v|2H ≥ κ |v|2V ∀w ∈ W,

for some constants κ and d0. Then, for any u0 ∈ K and g ∈ L2(0, T ;H), there exists a unique

function u ∈ L2(0, T ;W ) ∩H1(0, T ;H) that satisfies

u(t) ∈ K ∀t ∈ (0, T ),

(u̇(t), w − u(t))W ′×W + b
(
u(t), w − u(t)

)
≥
(
g(t), w − u(t)

)
H

∀w ∈ K, a.e. t ∈ (0, T ),

u(0) = u0.

Ordinary Differential Equations in Abstract Spaces.

We recall in this paragraph two results on the evolution equations

Theorem 1.3.8 Let W ⊂ H ⊂ W
′

be a Gelfand triplet. Assume that B : W → W
′

is a

hemicontinuous and monotone operator that satisfies

(Bw,w)W′×W ≥ µ|w|2W + λ, ∀w ∈ W, (1.3.4)

|Bw|W′ ≤ C1(|w|W + 1), ∀w ∈ W. (1.3.5)

for some constant µ > 0, C1 > 0 and λ ∈ R. Then given u0 ∈ H and g ∈ L2(0, T ;W
′
), there

exists a unique function u satisfies

u ∈ L2(0, T ;W) ∩ C1(0, T ; H), u̇ ∈ L2(0, T ;W
′
),
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u̇(t) +Bu(t) = g(t) a.e. t ∈ [0, T ],

u(0) = u0.

Theorem 1.3.9 (Cauchy-Lipschitz) Assume that (X, | · |X) is a real Banach space. Let G(t, ·) :

X → X be an operator defined a.e. on [0, T ], that satisfies


(a) there exists LG > 0 such that

|G(t, x)−G(t, y)|X ≤ LG|x− y|X ∀x, y ∈ X, a.e. t ∈ [0, T ],

(b) there exists p ≥ 1 such that G(·, x) ∈ Lp(0, T ; X) ∀x ∈ X.

Then for every x0 ∈ X, there exists a unique function unique x ∈ W1,p(0, T ; X) such that

ẋ(t) = G(t, x(t)), a,e. t ∈ [0, T ],

x(0) = x0.

1.3.4 Elementary Inequalities

In this subsection we recall inequalities that will be employed in later chapters.

Lemma 1.3.2 (Cauchy-Schawrtz Inequality) Let V be a vector space with inner product (., .)V .

Then for all u, v ∈ V. we have

|(u, v)|2 ≤ (u, u) · (v, v)

Lemma 1.3.3 (Friedrichs-Poincare Inequality) Let dx stand for the d-dimensional Lebesgue

measure on Rd, and let Ω be an open, bounded, and connected subset of Rd for some d. There

exists a constant CF such that for any function f in the Sobolev space H1
0 (Ω)

∫
Ω

f 2(x) dx ≤ CF

∫
Ω

|∇f(x)|2 dx.
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In the study of function spaces and partial differential equations, this inequality is important.

Lemma 1.3.4 (Gronwall’s Inequality) Let a ≥ 0. Assume m,n and ψ elements of C([0, T ];R)

such that m(t) ≥ 0, n(t) ≥ 0 ∀t ∈ [0, T ].

(1) If

ψ(t) ≤ a+

∫ t

0

m(s)ds+

∫ t

0

n(s)ψ(s)ds ∀t ∈ [0, T ],

then

ψ(t) ≤
(
a+

∫ t

0

m(s)ds

)
exp
(∫ t

0

n(s)ds

)
∀t ∈ [0, T ].

(2) If

ψ(t) ≤ m(t) + a

∫ t

0

ψ(s)ds ∀t ∈ [0, T ],

then ∫ t

0

ψ(s)ds ≤ eaT
∫ t

0

m(s)ds ∀t ∈ [0, T ].

For the case m = 0, part (1) of this lemma becomes

Corollary 1.3.1 Let a ≥ 0. Assume n, ψ elements of C([0, T ];R) such that n(t) ≥ 0 ∀t ∈

[0, T ]. If

ψ(t) ≤ a+

∫ t

0

n(s)ψ(s)ds ∀t ∈ [0, T ],

then

ψ(t) ≤ aexp
(∫ t

0

n(s)ds

)
, ∀t ∈ [0, T ].

Lemma 1.3.5 Let a ≥ 0. Assume m,n and ψ elements of C([0, T ];R) such that m(t) ≥

0, n(t) ≥ 0 ∀t ∈ [0, T ]. If

1

2
ϕ2(s) ≤ 1

2
a2 +

∫ s

0

m(t)ϕ(t)dt+

∫ s

0

n(t)ϕ2(t)dt, ∀s ∈ [0, T ],

then

|ϕ(s)| ≤
(
a+

∫ s

0

m(t)ds

)
e
∫ s
0 n(t)dt, ∀s ∈ [0, T ].

For the case m = 0, part (1) of this lemma becomes
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Corollary 1.3.2 Let a ≥ 0. Assume n, ψ elements of C([0, T ];R) such that n(t) ≥ 0 ∀t ∈

[0, T ]. If
1

2
ϕ2(s) ≤ 1

2
a2 +

∫ s

0

m(t)ϕ(t)dt, ∀s ∈ [0, T ],

then

|ϕ(s)| ≤ a+

∫ s

0

m(t)dt, ∀s ∈ [0, T ].

1.3.5 Generalities on The Finite Element Method

The finite element method is one of the most effective numerical methods for resolving extremely

difficult differential equation problems. One of the major advantages of this method is the fact

that it offers the possibility of developing a program that can solve, with few modifications,

several types of problems, for details see [18, 54]. The problem domain’s finite number of

points and subdomains are used in this method. The points, also known as the nodes, are

where the values of the provided function are held. The so-called finite elements, which are

non-overlapping subdomains connected at nodes on their boundaries, retain piecewise and local

approximations of the function that are each uniquely defined in terms of the values held at their

nodes. The mesh is a group of discretized nodes and elements, and meshing is the process of

creating it. Figure 1.6 shows a typical triangular finite element partition of a two-dimensional

domain.

Figure 1.6: Discretization of the domain – triangular elements

The resolution of a physical problem by finite elements follows the following steps (See

Figure 1.7), where K stands for the global stiffness matrix, F stands for the general stress vector

and U represents the global vector of the problem’s nodal variables
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Figure 1.7: Steps of finite element method

We review only the material related to linear triangular elements, knowing that the discussion

here can be extended to quadrilateral elements, higher-order elements, and to domains of dimensions

other than two. We will assume for the purpose of simplicity that that Ω ⊂ R2 is a planar

polygonal domain divided into a limited number of triangles K ∈ T h,, where
⋃
K∈T h K and

for distinct K1, K2 ∈ T h, K1 ∩K2 is either empty, a common vertex, or a common side.

For an arbitrary element K, we denote

• hK = diam(K) = max {∥x− y∥ : x, y ∈ K}

• h = max
{
hK , K ∈ T h

}
= the discretization parameter

• ρK The largest sphere’s diameter inscribed in K
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Figure 1.8: Dimensions in K

Definition 1.3.3 A set of triangulations
{
T h
}
h

of Ω is said to be regular family if the discretization

parameter h tends to zero while the size of the triangles decreases, and there exists a constant

σ, independent of h, such that

∀K ∈ T h, hK ≤ σρK .

We now consider approximations by linear finite element spaces. Denote by {xi}Nh

i=1 ⊂ Ω

the set of the vertices of the elements in the partition T h, and let φi be the corresponding

finite element basis function, which is linear on each element K, represented in Figure 1.9 and

satisfies the Kronecker delta property

φi(xj) = δij =

 1, i = j

0, i ̸= j
, 1 ≤ i, j ≤ Nh.

34



Chapter 1 Modeling and Mathematical Background

Figure 1.9: The Lagrange basis function

Let K̂i be the patch of the elements K that contain xi as a vertex, for each xi. Then the basis

function φi has a nonzero value only on K̂i. A continuous function v ∈ C(Ω) has the following

finite element interpolant

Πhv =

Nh∑
i=1

v(xi)φi

We will need the following discrete versions of the Gronwall inequality to approximate the

variational inequalities that arise in contact problems numerically.

Lemma 1.3.6 Given T > 0, we define k = T/N for a positive integerN . Assume that {fn}Nn=1

and {un}Nn=1 are two sequences of nonnegative numbers that satisfy

un ≤ d1fn + d1

n−1∑
j=1

kuj, n = 1, ..., N

for a positive constant d1 that is independent of N and k. Then there exists a positive constant

d2, independent of N and k, such that

un ≤ d2

(
fn +

n−1∑
j=1

kfj

)
, n = 1, ..., N.
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Therefore, if k is sufficiently small. Then there exists a positive constant c, independent of N

and k, such that

max
1≤n≤N

un ≤ c max
1≤n≤N

fn.
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Chapter 2 Frictional Contact Problem

2.1 Introduction

This chapter is composed of two sections

In the first section, we consider a general elastic-viscoplastic body in adhesive frictional contact

with a reactive foundation, in the case when the external forces vary slowly and the quasistatic

process is valid. An equation of first order ordinary differential type can be used to describe the

evolution of the bonding field. The contact is described with a normal damped response and

two internal variables that represent a temperature parameter and the damage of the contacting

surface. In order to prove that the problem has an unique solution, we derive a variational

formulation of the problem. The proof is provided by the use of evolution equations with

monotone operators, a fixed point, and a standard existence and uniqueness result for parabolic

inequalities.

In the second section, we suggest studying a frictional contact between two viscoelastic piezoelectric

bodies with adhesion and damage. An inclusion of the parabolic type describes the progression

of the damage. The process is quasistatic, the material’s behavior is predicted by a nonlinear

electro-viscoelastic constitutive law, and the contact is characterized by a normal damped response

condition. The problem is formulated as a coupled system in displacement, stress, electric

potential, adhesion, and damage field. We construct a variational formulation of the issue

and demonstrate that the model has a single weak solution. The arguments used in the proofs

come from evolution equations with monotone operators, a traditional existence and uniqueness

conclusion based on parabolic inequalities, differential equations, and fixed point theory.

2.2 Contact Problem on Elasto-Viscoplasticity with Thermal

Effects and Damage

Here, we look at a frictional contact problem between an elastic-viscoplastic body and a

deformable foundation with a normal damped response and a local friction law in a quasistatic

process. Two internal variables that can define a temperature parameter and the damage to
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the contacting surface are included in the model for the material. The problem is stated as a

coupled system in terms of temperature, displacement, stress, and damage field. In order to

prove that the model has a unique weak solution, we create a variational formulation of the

problem. This section is divided into three paragraphs. In the first paragraph, we describe the

mechanical issue before indicating the assumptions based on the information. The variational

formulation of the mechanical problem is then provided in the second paragraph. Finally, in

the third paragraph, we demonstrate that the model has a unique weak solution. The arguments

of evolution equations with monotone operators, a classical existence and uniqueness result on

parabolic inequalities, and fixed point theory are used in the proofs.

2.2.1 Mechanical Problem and Assumptions

The physical setting corresponds to that introduced in Subsection 1.2.1 As a reminder, We

take a domain Ω with a regular surface Γ that an elastic-thermo-viscoplastic body occupies. We

next divide Γ into three disjoint measurable sections Γ1,Γ2 and Γ3 such thatmeas (Γ1) > 0. Let

T > 0 and [0, T ] represent the temporal interval under consideration. Assuming that the body is

fixed on Γ1× (0, T ), the displacement field is shown to vanish there. A volume force of density

f0 acts on Ω × (0, T ) and surface tractions of density f2 operate on on Γ2 × (0, T ). We accept

the possibility of an external heat source applied inΩ× (0, T ), according to the function q. We

assume that the body forces and tractions vary gradually over time, thus we may ignore the

system’s accelerations, and the quasistatic approach to the process is adopted. Finally, the body

comes in contact with a reactive foundation over the potential contact surface Γ3. According

to our assumption, the normal stress σν satisfies the condition for a general normal damped

response.

− σν = pν(u̇ν), (2.2.1)

where pν is a specified function and u̇ν stands for the normal velocity, on which the normal

pressure is often dependent, according to equality (2.2.1).
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The resistance of the foundation to penetration is proportional to the normal velocity in the

situation where pν(r) = kr, with k ≥ 0. When simulating the motion of a deformable body on

sand or another granular material, this type of behavior was taken into account in [49].

The frictional aspect of the contact leads to the selection of the following friction law:

− στ = pτ (u̇τ ), (2.2.2)

where pτ indicates the prescribed vector-valued function, u̇τ represents the tangential velocity

and στ is the tangential force acting on the contact boundary, A differential inclusion of the

parabolic type is used to describe the evolution of the damage, and a thermo-elastic-viscoplastic

constitutive law with damage is used to simulate the behavior of the material. The following

is a typical formulation of the mechanical issue of the quasistatic contact with normal damped

response under the above assumptions.
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Problem P

Determine the stress field σ : Ω× [0, T ] → Sd, the displacement field u : Ω× [0, T ] → Rd, the

temperature θ : Ω× [0, T ] → R and the damage field β : Ω× [0, T ] → R such that

σ(t) = A
(
ε(u̇(t))

)
+ B

(
ε(u(t))

)
(2.2.3)

+

∫ t

0

G
(
σ(s)−A

(
ε(u̇(s))

)
, ε(u(s)), θ(s), β(s)

)
ds, in Ω× (0, T ),

Divσ + f0 = 0, in Ω× (0, T ), (2.2.4)

θ̇ − k0∆θ = ψ
(
σ, ε(u̇), θ, β

)
+ q, in Ω× (0, T ), (2.2.5)

β̇ − k1∆β + ∂φK(β) ∋ ϕ
(
σ, ε(u), θ, β

)
, in Ω× (0, T ), (2.2.6)

u = 0 on Γ1 × (0, T ), (2.2.7)

σν = f2, on Γ2 × (0, T ), (2.2.8)

− σν = pν(u̇ν), −στ = pτ (u̇τ ), on Γ3 × (0, T ), (2.2.9)

k0
∂θ

∂ν
+Bθ = 0, on Γ× (0, T ), (2.2.10)

∂β

∂ν
= 0, on Γ× (0, T ), (2.2.11)

u(0) = u0, β(0) = β0, θ(0) = θ0, in Ω. (2.2.12)

This problem illustrates the quasistatic progression of damage in thermoelastic viscoplastic

materials. The thermo-elastic-viscoplastic constitutive law, which was already covered in the

first section, is represented by Equation (2.2.3). Since we presume that the process is quasistatic,

we employ the relation (2.2.4), which serves as the equilibrium equation. Energy conservation

is represented by equation (2.2.5), where q is a specified volume heat source and ψ is a nonlinear

constitutive function that reflects the heat produced by the work of internal forces. The evolution

of the damage field is described in inclusion (2.2.6), which is determined by the source damage

function ϕ, where ∂φK represents the subdifferential of indicator function of the set K of

acceptable damage functions.

The displacement and traction boundary conditions are specified in conditions (2.2.7) and

(2.2.8), respectively. On Γ3, (2.2.9) represents the normal damped response condition and its
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corresponding friction law. The temperature on Γ denotes a Fourier boundary condition in

Equation Equation (2.2.10). An homogeneous Newman boundary condition for the damage

field on Γ is represented by equation (2.2.11). The initial data are finally represented by the

functions u0, β0 and θ0 in (2.2.12).

We require additional notation in order to achieve the variational formulation of the problem

(2.2.3)–(2.2.12). Let V be the closed subspace of H1 defined by

V = {v ∈ H1 |v = 0 on Γ1} .

Due to the fact that meas(Γ1) ≥ 0 and Γ is Lipschitz, Korn’s inequality states that there

exists a positive constant C that solely depends on Ω and Γ1 such that

|ε(v)|H ≥ C |v|H1
, ∀v ∈ V. (2.2.13)

We refer the reader to [47, p. 79] for the proof of this inequality

We consider the inner product of V and the corresponding norm provided by

(u,v)V = (ε(u), ε(v))H, ∀u,v ∈ V, (2.2.14)

|v |V = |ε(v)|H , ∀v ∈ V. (2.2.15)

Additionally, according to the Sobolev trace theorem and (2.2.13), we have a posetive

constant C0 > 0 that only depends on Ω, Γ1, and Γ3 so that

|v|L2(Γ3)d
≤ C0 |v|V , ∀v ∈ V. (2.2.16)

We take into account the following assumptions when studying the mechanical problem

(2.2.3)–(2.2.12).
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The plasticity operator G : Ω× Sd × Sd × R× R → Sd satisfies



(a) There is a constant LG > 0 such that

|G(x,σ1, ε1, θ1, β1)− G(x,σ2, ε2, θ2, β2)| ≤ LG(|σ1 − σ2|

+ |ε1 − ε2|+ |θ1 − θ2|+ |β1 − β2|),

∀σ1,σ2 ∈ Sd, ∀ ε1, ε2 ∈ Sd, ∀ θ1, θ2 ∈ R, ∀ β1, β2 ∈ R, a.e. x ∈ Ω.

(b) x 7→ G(x, σ, ε, θ, β) is a Lebesgue measurable mapping on Ω,

∀σ, ε ∈ Sd, ∀ θ, β ∈ R.

(c) x 7→ G(x, 0, 0, 0, 0) is a map belonging to H.

(2.2.17)

The elasticity operator B : Ω× Sd → Sd satisfies



(a) There is a constant LB > 0 such that

|B(x, ε1)− B(x, ε2)| ≤ LB(|ε1 − ε2| ,

∀ ε1, ε2 ∈ Sd, a.e. x ∈ Ω.

(b) x 7→ B(x, ε) is Lebesgue measurable mapping on Ω,

∀ ε ∈ Sd.

(c) x 7→ B(x, 0, ) is a map belonging to H.

(2.2.18)
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The viscosity operator A : Ω× Sd → Sd satisfies



(a) There is a constant LA > 0 such that

|A(x, ε1)−A(x, ε2)| ≤ LA |ε1 − ε2| ,

∀ ε1, ε2 ∈ Sd, a.e. x ∈ Ω.

(b) There is a constant mA > 0 such that

(A(x, ε1)−A(x, ε2)) · (ε1 − ε2) ≥ mA |ε1 − ε2|2 ,

∀ ε1, ε2 ∈ Sd, a.e. x ∈ Ω.

(c) x 7→ A(x, ε) is Lebesgue measurable mapping on Ω,

∀ ε ∈ Sd.

(d) The mapping x 7→ A(x, 0) is a map belonging to H.

(2.2.19)

The tangential contact function pτ : Γ3 × Rd → Rd satisfies



(a) Thereis a constant Lτ > 0 such that

|pτ (x, r1)− pτ (x, r2)| ≤ Lτ |r1 − r2| ∀ r1, r2 ∈ Rd, a.e. x ∈ Γ3.

(b) (pτ (x, r1)− pτ (x, r2)) · (r1 − r2) ≥ 0 ∀ r1, r2 ∈ Rd, a.e. x ∈ Γ3.

(c) x 7→ pτ (x, r) is Lebesgue measurable mapping on Γ3,

∀ r ∈ Rd.

(d) r 7→ pτ (x, r) is a map continuous on Rd, a.e. x ∈ Γ3.

(e) pτ (x, r).ν(x) = 0 ∀r ∈ Rd such that r.ν(x) = 0, a.e. x ∈ Γ3.

(2.2.20)
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The normal contact function pν : Γ3 × R → R satisfies



(a) There is a constant Lν > 0 such that

|pν(x, r1)− pν(x, r2)| ≤ Lν |r1 − r2| , ∀ r1, r2 ∈ R, a.e. x ∈ Γ3.

(b) (pν(x, r1)− pν(x, r2))(r1 − r2) ≥ 0 ∀ r1, r2 ∈ R, a.e. x ∈ Γ3.

(c) The x 7→ pν(x, r) is Lebesgue measurable mapping on Γ3,

∀ r ∈ R.

(d) r 7→ pν(x, r) is a map continuous on R, a.e. x ∈ Γ3.

(2.2.21)

The damage source function ϕ : Ω× Sd × Sd × R× R → R satisfies



(a) There is a constant Lϕ > 0 such that

|ϕ(x,σ1, ε1, θ1, β1)− ϕ(x,σ2, ε2, θ2, β2)| ≤ Lϕ(|σ1 − σ2|

+ |ε1 − ε2|+ |θ1 − θ2|+ |β1 − β2|),

∀σ1,σ2 ∈ Sd, ∀ ε1, ε2 ∈ Sd, ∀ θ1, θ2 ∈ R, ∀ β1, β2 ∈ R, a.e. x ∈ Ω.

(b) x 7→ ϕ(x,σ, ε, θ, β) is Lebesgue measurable mapping on Ω,

∀σ, ε ∈ Sd, ∀ θ, β ∈ R.

(c) x 7→ ϕ(x, 0, 0, 0, 0) is a map belonging to H.

(2.2.22)
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The nonlinear constitutive function ψ : Ω× Sd × Sd × R× R → R satisfies



(a) There is a constant Lψ > 0 such that

|ψ(x,σ1, ε1, θ1, β1)− ψ(x,σ2, ε2, θ2, β2)| ≤ Lψ(|σ1 − σ2|

+ |ε1 − ε2|+ |θ1 − θ2|+ |β1 − β2|),

∀σ1,σ2 ∈ Sd, ∀ ε1, ε2 ∈ Sd, ∀ θ1, θ2 ∈ R, ∀ β1, β2 ∈ R, a.e. x ∈ Ω.

(b) x 7→ ψ(x,σ, ε, θ, β) is Lebesgue measurable mapping on Ω,

∀σ, ε ∈ Sd, ∀ θ, β ∈ R.

(c) x 7→ ψ(x, 0, 0, 0, 0) is a map belonging to H.

(2.2.23)

We assume that the surface tractions and body forces satisfy

f2 ∈ L2(0, T ;L2(Γ2)
d), f0 ∈ L2(0, T ;H). (2.2.24)

The volume heat source q satisfies

q ∈ L2(0, T ;L2(Ω)). (2.2.25)

We also assume that

ki > 0 (i = 0, 1), B > 0. (2.2.26)

In end, we assume that the initial data meets the following conditions.

u0 ∈ V, θ0 ∈ V, β0 ∈ K.. (2.2.27)

Next, f(t) represents the element of V ′ given by

(f(t),v)V ′×V =

∫
Ω

f0(t).v dx+

∫
Γ2

f2(t).v da ∀v ∈ V. (2.2.28)
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We observe that the assumptions (2.2.24) imply

f ∈ L2(0, T ;V ′). (2.2.29)

The bilinear forms a0 and a1 are defined as follows

a0 : V × V → R, a0(ζ, ξ) = k0

∫
Ω

∇ζ · ∇ξ dx+B

∫
Γ

ζξdγ, (2.2.30)

a1 : V × V → R, a1(ζ, ξ) = k1

∫
Ω

∇ζ · ∇ξ dx. (2.2.31)

Let j : V × V → R be the functional defined by

j(u,v) =

∫
Γ3

pν(uν)vν da+

∫
Γ3

pτ (uτ ) · vτ da, ∀u,v ∈ V. (2.2.32)

Let t ∈ [0, T ] and v ∈ V . Using Green’s formula (1.3.1) and (2.2.4) we obtain

(σ(t), ε(v))H =

∫
Ω

f0(t) · v dx+
∫
Γ

σ(t)ν · v da, ∀v ∈ V. (2.2.33)

As a result of applying the boundary conditions (2.2.7) and (2.2.8), we find

∫
Γ

σ(t)ν · v da =

∫
Γ2

f2(t) · v da+
∫
Γ3

σ(t)ν · v da. (2.2.34)

From (2.2.33), (2.2.34) and (2.2.28) it is now obvious that

(σ(t), ε(v))H = (f(t),v)V ′×V +

∫
Γ3

σ(t)ν · v da, ∀v ∈ V. (2.2.35)

On the other hand, from (1.2.1), (1.2.2) and (2.2.9) we have

σ(t)ν · v = −pν(u̇ν(t))vν − pτ (u̇τ (t)) · vτ , on Γ3. (2.2.36)
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Finally from (2.2.32), (2.2.35) and (2.2.36) we find

(σ(t), ε(v))H + j(u̇(t),v) = (f(t),v)V ′×V .

2.2.2 Variational Formulation

The variational formulation of the quasistatic problem with normal damped response, friction,

and damage can be constructed as follows.

Problem PV

Determine the stress field σ : [0, T ] → H, the displacement field u : [0, T ] → V, the damage

field β : [0, T ] → H1(Ω) and the temperature θ : [0, T ] → V such that

σ(t) = B(ε(u(t)) +A
(
ε(u̇(t))

)
(2.2.37)

+

∫ t

0

G
(
σ(s)−A

(
ε(u̇(s))

)
, ε(u(s)), θ(s), β(s)

)
ds, a.e. t ∈ (0, T ) ,

(f(t),v)V ′×V = (σ(t), ε(v))H + j(u̇(t),v), ∀v ∈ V, ∀t ∈ [0, T ] , (2.2.38)(
ψ(σ(t)), ε(u̇(t)), θ(t), β(t),v

)
V ′×V + (q(t),v)V ′×V = (θ̇(t),v)V ′×V (2.2.39)

+ a0(θ(t),v) ∀v ∈ V, a.e. t ∈ (0, T ) ,

β(t) ∈ K, (ϕ
(
σ(t), ε(u(t)), θ(t), β(t), ξ − β(t)

)
L2(Ω)

(2.2.40)

≤ (β̇(t), ξ − β(t))L2(Ω) + a1(β(t), ξ − β(t)), ∀ξ ∈ K, a.e. t ∈ (0, T ) ,

β(0) = β0, u(0) = u0, θ(0) = θ0. (2.2.41)

We note that the stress field, displacement field, temperature, and damage field are used to

formulate the variational problem PV.

2.2.3 Existence and Uniqueness Results

The following is our main result, that we present here and justify in the paragraph below.
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Theorem 2.2.1 suppose (2.2.19)–(2.2.20) are true. Then the problem PV has a unique solution

{σ,u, β, θ}. Additionally, the solution has the regularity

σ ∈ C(0, T ;H1), (2.2.42)

u ∈ C1(0, T ;V ), (2.2.43)

β ∈ W 1,2(0, T ;L2(Ω)) ∩ L2(0, T ;H1(Ω)). (2.2.44)

θ ∈ W 1,2(0, T ;L2(Ω)) ∩ L2(0, T ;V ), (2.2.45)

The solution {σ,u, β, θ} that satisfies (2.2.37)–(2.2.41) is said to as a weak solution to the

contact problem P. We come to conclusion that problem (2.2.3)–(2.2.12) has a unique weak

solution satisfying (2.2.43)–(2.2.44), under the mentioned assumptions.

Proof of Theorem 2.1.1

Theorem 2.2.1 will be proved in steps using arguments from evolution equations with monotone

operators, a standard existence and uniqueness result on parabolic inequalities, and fixed-point.

For this reason, we’ll assume in the next part that (2.2.19)–(2.2.20) are true and that, everywhere

in this section, C will stand for a strictly positive integer whose value may vary depending on

the problem’s data but is independent of time. Additionally, we hide the explicit dependence of

various functions on x ∈ Ω ∪ Γ in the following for the purpose of simplicity.

Let η ∈ L2(0, T ;V ′) be provided . The following variational problem is considered in the first step.

Problem PVη. Determine a displacement field uη : [0, T ] → V so that

(
A(ε(u̇η(t))), ε(v)

)
H + (η(t),v)V ′×V + j(u̇η(t),v) = (f(t),v)V ′×V , (2.2.46)

∀v ∈ V a.e. t ∈ (0, T ),

uη(0) = u0. (2.2.47)

The study of Problem PVη produced the next result.
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Lemma 2.2.1 Problem PVη has an unique solution, and it satisfies the regularity given in

(2.2.43). Additionally, if ui is the solution to these problems PVηi for ηi ∈ L2(0, T ;V ′), i = 1, 2

then there is a C > 0 such that

|u1(t)− u2(t)|V ≤ C

∫ t

0

|η1(s)− η2(s)|V ′ . (2.2.48)

Proof. We use the Riesz’s representation theorem to determine the element fη(t) ∈ V ′ and the

operator T : V → V ′ by

(Tu,v)V ′×V = (A(ε(u)), ε(v))H + j(u,v), (2.2.49)

(fη(t),v)V ′×V = (f(t),v)V ′×V − (η(t),v)V ′×V , (2.2.50)

for all u,v ∈ V, t ∈ [0, T ]. Let u1,u2 ∈ V . Using (2.2.49) and (2.2.32) we find

(Tu1 − Tu2,u1 − u2)V ′×V =
(
A(ε(u1))−A(ε(u2)), ε(u1)− ε(u2)

)
H

+

∫
Γ3

(
pν(u1ν)− pν(u2ν)

)
(u1ν − u2ν)da

+

∫
Γ3

(
pτ (u1τ )− pτ (u2τ )

)
.(u1τ − u2τ )da.

Additionally, by taking into account (2.2.19)(b), (2.2.21)(b) and (2.2.20)(b) leads to

(Tu1 − Tu2,u1 − u2)V ′×V ≥ mA |u1 − u2|2V . (2.2.51)

The relations (2.2.49) and (2.2.32) are used once more to find

(Tu1−Tu2,v)V ′×V =
(
A(ε(u1))−A(ε(u2)), ε(v)

)
H

+

∫
Γ3

(
pν(u1ν)− pν(u2ν)

)
(vν)da+

∫
Γ3

(
pτ (u1τ )− pτ (u2τ )

)
.(vτ )da.
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And, we use ((2.2.19)(a) to infer that

∀u1,u2 ∈ V |Tu1 − Tu2|V ′ ≤ LA |u1 − u2|V . (2.2.52)

The operator T : V → V ′ is a strongly monotone, as established by inequality (2.2.51).

Inequality(2.2.52) also implies that T is a Lipschitz continuous. As a result, using a standard

result for nonlinear equations (see, for example, [12]), there exists a singular element wη which

satisfies

Twη(t) = fη(t) a.e. t ∈ (0, t), (2.2.53)

wη ∈ C(0, T ;V ), (2.2.54)

Now we define the function uη : [0, T ] → V by

uη =

∫ t

0

wη(s)ds+ u0. (2.2.55)

The relations (2.2.49), (2.2.53)–(2.2.55) imply that uη is a solution of the equation (2.2.46)

and it satisfies (2.2.43).

Now let’s look at the proof of estimate (2.2.48). For this purpose we use the notation uηi =

ui for i = 1, 2. and let η1, η2 ∈ L2(0, T, V ′)

We use (2.2.46) and subtract the two obtained equations, we choose v = u̇1 − u̇2 as test

function to find

(
A(ε(u̇1(t)))−A(ε(u̇2(t))), ε(u̇1(t))− ε(u̇2(t))

)
H

+ j
(
u̇1(t), u̇1(t)− u̇2(t)

)
− j
(
u̇2(t), u̇1(t)− u̇2(t)

)
(2.2.56)

=
(
η2(t)− η1(t), u̇1(t)− u̇2(t)

)
V ′×V , ∀t ∈ [0, T ] .
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Considering (2.2.15) and (2.2.19)(b) we conclude that

(
A(ε(w1(t)))−A(ε(w2(t))), ε(w1(t))− ε(w2(t))

)
H

(2.2.57)

≥ C |w1(t)−w2(t)|2V , ∀t ∈ [0, T ] .

From (2.2.32), (2.2.21) and (2.2.20), we find

j(w1(t),w1(t)−w2(t))− j(w2(t),w1(t)−w2(t)) ≥ 0, ∀t ∈ [0, T ]. (2.2.58)

The Cauchy-Schwartz inequality also allows us to obtain

(
η2(t)− η1(t), u̇1(t)− u̇2(t)

)
V ′×V ≤ |η2(t)− η1(t)|V ′ |w1(t)−w2(t)|V . (2.2.59)

We Combine (2.2.56 )–(2.2.59) with some algebraic manipulations to obtain

|w1(t)−w2(t)|V ≤ C |η1(t)− η2(t)|V ′ . (2.2.60)

Given that u1(0) = u2(0) and ui(t) =
∫ t
0
wi(s)ds+ u0 we have

|u1(t)− u2(t)|V ≤
∫ t

0

|w1(s)−w2(s)|V ds.

We deduce from the two previous inequalities the estimate (2.2.48).

Let χ ∈ L2(0, T, V ′) be provided. The following intermediate variational problem is

considered in the second step.
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Problem PVχ

Determine the temperature θχ : [0, T ] → V such that

(
χ(t) + q(t),v

)
V ′×V = (θ̇χ(t),v)V ′×V + a0(θχ(t),v) (2.2.61)

∀v ∈ V, a.e. t ∈ (0, T ) ,

θχ(0) = θ0. (2.2.62)

Lemma 2.2.2 The auxiliary Problem PVη has an unique solution θχ , and it satisfies the

regularity given in (2.2.45). Additionally, if θi is the solution to these problems PVχi
for

χi ∈ L2(0, T ;V ′), i = 1, 2 then there is C > 0 such that

|θ1(t)− θ2(t)|2V ≤ C

∫ t

0

|χ1(s)− χ2(s)|2V ′ ds. (2.2.63)

Proof. We Use the definition of the bilinear form a0 given in (2.2.30) to obtain

a0(ξ, ξ) = k0

∫
Ω

|∇ξ|2 dx+B

∫
Γ

|ξ|2 dγ.

By applying the Friedrichs-Poincaré inequality, there is a constant F > 0 such that

∫
Ω

|∇ξ|2 dx+ B

k0
B

∫
Γ

|ξ|2 dγ ≥ F

∫
Ω

|ξ|2 dx.

Consequently, a constant C > 0 exists that satisfies

a0(ξ, ξ) ≥ C |ξ|2V ′ , ∀ξ ∈ V,

It shows that a0 is V-elliptic. Thus, the variational equation (2.2.61) has a unique solution θχ

that is satisfying (2.2.45) based on traditional considerations of functional analysis concerning

parabolic equations .
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Now let’s look at the proof of estimate (2.2.63). For this purpose we use the notation θχ = θi

for i = 1, 2. and let χ1, χ2 ∈ L2(0, T ;V ′). We use (2.2.61) and subtract the two obtained

equations, we choose v = θ1 − θ2 as test function to find

(θ̇1 − θ̇2, θ1 − θ2)V ′×V + a0(θ1 − θ2, θ1 − θ2) = (χ1 − χ2, θ1 − θ2)V ′×V , (2.2.64)

a.e. t ∈ (0, T ).

Considering the inequality a0(θ1 − θ2, θ1 − θ2) ≥ 0 we discover that

(θ̇1 − θ̇2, θ1 − θ2)V ′×V ≤ (χ1 − χ2, θ1 − θ2)V ′×V . (2.2.65)

We find using Cauchy–Schwartz inequality

(θ̇1 − θ̇2, θ1 − θ2)V ′×V ≤ |χ1 − χ2|V ′ |θ1 − θ2|V . (2.2.66)

Using initial conditions θ1(0) = θ2(0) = θ0, we integrate the previous inequality with regard

to time and arrive to the conclusion that

1

2
|θ1(t)− θ2(t)|2V ≤

∫ t

0

|χ1(s)− χ2(s)|V ′ |θ1(s)− θ2(s)|V ds. (2.2.67)

Applying the inequality: 2ab ≤ a2 + b2 ∀a, b ∈ R after multiplying the members of the

previous inequality by 2, allow us to find

|θ1(t)− θ2(t)|2V ≤
∫ t

0

|χ1(s)− χ2(s)|2V ′ ds+

∫ t

0

|θ1(s)− θ2(s)|2V ds.

Now from a Gronwall-type argument, it follows that

|θ1(t)− θ2(t)|2V ≤ C

∫ t

0

|χ1(s)− χ2(s)|2V ′ ds. (2.2.68)
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Let µ ∈ L2(0, T ;L2(Ω) be provided. The following variational problem for the damage

field is considered in the third step.

Problem PVµ

Determine the damage field βµ : [0, T ] → H1(Ω) such that

βµ(t) ∈ K,
(
β̇µ(t), ξ − βµ(t)

)
L2(Ω)

+a1
(
βµ(t), ξ − βµ(t)

)
(2.2.69)

≥
(
µ(t), ξ − β(t)

)
L2(Ω)

∀ξ ∈ V, a.e. t ∈ (0, T ) ,

βµ(0) = β0. (2.2.70)

We apply Theorem 1.3.7 to problem PVµ.

Lemma 2.2.3 The auxiliary Problem PVµ has an unique solution βµ , and it satisfies the

regularity given in (2.2.44). Additionally, if βi is the solution to these problems PVµi for

µi ∈ L2(0, T ;L2(Ω)), i = 1, 2 then there is C > 0 such that

|β1(t)− β2(t)|2L2(Ω) ≤ C

∫ t

0

|µ1(s)− µ2(s)|2L2(Ω) ds. (2.2.71)

Proof. L2(Ω) is associated with (L2(Ω))
′ and it is identified with a subspace of (H1(Ω))

′, where

(L2(Ω))
′ and (H1(Ω))

′ represent the dual of L2(Ω) andH1(Ω), respectively. The inclusion map

is continuous and H1(Ω) is dense in L2(Ω). The duality pairing between (H1(Ω))
′ and H1(Ω)

is denoted by the notation (., .)(H1(Ω))′×H1(Ω), we can write

H1(Ω) ⊂ L2(Ω) ⊂ (H1(Ω))
′

(β, ξ)(H1(Ω))′×H1(Ω) = (β, ξ)L2(Ω) ∀ξ ∈ H1(Ω).

Furthermore, we observe that K is a closed convex set in H1(Ω). The definition of the

bilinear form a1 in (2.2.31), along with the knowledge that βµ ∈ K in (2.2.27), make it simple

to see that lemma 2.2.3 is a direct consequence of Theorem 1.3.7.
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Now let’s look at the proof of estimate (2.2.71). For this purpose we use the notation βµ = βi

for i = 1, 2, and let µ1, µ2 ∈ L2(0, T ;L2(Ω)), we use (2.2.69) and subtract the two obtained

equations, we choose ξ = β1 − β2 as test function to find

(µ1 − µ2, β1 − β2)L2(Ω) ≥ (β̇1 − β̇2, β1 − β2)L2(Ω) + a1(β1 − β2, β1 − β2) a.e. t ∈ (0, T ).

Considering that a1(β1 − β2, β1 − β2) ≥ 0, we arrive at

(β̇1 − β̇2, β1 − β2)L2(Ω) ≤ (µ1 − µ2, β1 − β2)L2(Ω). (2.2.72)

Using the initial conditions β1(0) = β2(0) = β0 and integrating the previous inequality with

respect to time and , Permit us to obtain

1

2
|β1(t)− β2(t)|2 L2(Ω) ≤

∫ t

0

(µ1 − µ2, β1 − β2)L2(Ω)ds. (2.2.73)

We use inequalities of Hölder and Young to find

|β1(t)− β2(t)|2L2(Ω) ≤
∫ t

0

|µ1(s)− µ2(s)|2L2(Ω) ds+

∫ t

0

|β1(s)− β2(s)|2L2(Ω) ds.

Combining the previous inequality with Gronwall’s inequality lead to

|β1(t)− β2(t)|2L2(Ω) ≤ C

∫ t

0

|µ1(s)− µ2(s)|2L2(Ω) ds. (2.2.74)

In the last step, we create the following problem for the stress field using uη, θχ and βµ the

values obtained above.
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Problem PVηχµ. Determine the stress field σηχµ : [0, T ] → H such that

σηχµ(t) = B(ε(uη(t)) +
∫ t

0

G
(
σηχµ(s)−A

(
ε(u̇(s))

)
, ε(uη(s)), θχ(s), βµ(s)

)
ds,

∀t ∈ [0, T ] . (2.2.75)

To study Problem PVηχµ we have this result.

Lemma 2.2.4 The Problem PVηχµ has an unique solution , and it satisfies σηχµ ∈ W 1,2(0, T ;H).

Additionally, if ui, θi, βi and σi, is the solutions of these problems PVηi , PVχi
, PVµi and

PVηiχiµi , respectively, for (ηi, χi, µi) ∈ L2(0, T ;V ′ × V ′ × L2(Ω)), i = 1, 2, then there is

C > 0 such that ∀t ∈ [0, T ]

|σ1(t)− σ2(t)|2H ≤ C

(
|u1(t)− u2(t)|2V (2.2.76)

+

∫ t

0

(|u1(s)− u2(s)|2V + |θ1(s)− θ2(s)|2V + |β1(s)− β2(s)|2L2(Ω))ds

)
.

Proof. We consider the operator Ληχµ : L2(0, T ;H) → L2(0, T ;H)

Ληχµσ(t) = B(ε(uη(t)) +
∫ t

0

G
(
σ(s)−A

(
ε(u̇(s))

)
, ε(uη(s)), θχ(s), βµ(s)

)
ds,

∀σ ∈ L2(0, T ;H), ∀t ∈ (0, T ) . (2.2.77)

We us the inequality of Holder, hypothesis (2.2.17) and (2.2.77) to obtain for σi ∈ L2(0, T ;H), i =

1, 2,

|Ληχµσ1(t)− Ληχµσ2(t)|H ≤ LG

∫ t

0

|σ1(s)− σ2(s)|H ds, ∀t ∈ (0, T ) .

It follows that

|Ληχµσ1(t)− Ληχµσ2(t)|2H ≤
(
LG

∫ t

0

|σ1(s)− σ2(s)|H ds
)2

≤ (LG)
2T

∫ t

0

|σ1(s)− σ2(s)|2H ds

≤ C

∫ t

0

|σ1(s)− σ2(s)|2H ds.
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We can conclude from lemma 1.3.1 that exists a unique element σηχµ ∈ L2(0, T ;H) which

satisfies Ληχµσηχµ = σηχµ, therefore σηχµ is the unique solution of problem PVηχµ.

we use the regularity of uη, θχ, βµ, and (2.2.77), (2.2.18), (2.2.17) to see that σηχµ ∈

W 1,2(0.T ;H). Consider now (η1, χ1, µ1), (η2, χ2, µ2) ∈ L2(0, T ;V ′ × V ′ × L2(Ω)), and for

i = 1, 2 denote uηi = ui, θχi
= θi, βµi = βi and σηiχiµi = σi. Thus we have

σi = B(ε(ui(t)) +
∫ t

0

G
(
σi(s)−A

(
ε(u̇i(s))

)
, ε(ui(s)), θi(s), βi(s)

)
ds, ∀t ∈ (0, T ) ,

and using the properties (2.2.18) and (2.2.17) of the operators B and G, we find

|σ1(t)− σ2(t)|2H ≤ C

(
|u1(t)− u2(t)|2V

+

∫ t

0

(|u1(s)− u2(s)|2V + |θ1(s)− θ2(s)|2V )ds (2.2.78)

+

∫ t

0

(|β1(s)− β2(s)|2L2(Ω) + |σ1(s)− σ2(s)|2H)ds
)
, ∀t ∈ [0, T ] .

We use now a Gronwall argument in the previous inequality and deduce (2.2.76), which

concludes the proof.

In view of these results and utilizing the characteristics of the operators B and G, as well as

the functions ψ and ϕ, we may finally consider the operator

L : L2
(
0, T ;V ′ × V ′ × L2(Ω)

)
→ L2

(
0, T ;V ′ × V ′ × L2(Ω)

)
L(η, χ(, µ)(t) =

(
L1(η, χ, µ)(t),L2(η, χ, µ)(t),L3(η, χ, µ)(t)

)
, (2.2.79)

where, for all t ∈ [0, T ] the mappings L1,L2 and L3 are given by

(
L1(η, χ, µ)(t),v

)
V ′×V =

(
B
(
ε(uη(t))

)
(2.2.80)

+

∫ t

0

G
(
σηχµ(s)−A

(
ε(u̇(s))

)
, ε(uη(s)), θχ(s), βµ(s)

)
ds, ε(v)

)
H
,

L2(η, χ, µ)(t) = ψ
(
σηχµ(t), ε(u̇η(t)), θχ(t), βµ(t)

)
. (2.2.81)

L3(η, χ, µ)(t) = ϕ
(
σηχµ(t), ε(uη(t)), θχ(t), βµ(t)

)
. (2.2.82)
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Let (η, χ, µ) ∈ L2
(
0, T ;V ′ × V ′ × L2(Ω)

)
, we have the following result.

Lemma 2.2.5 The operator L has a unique fixed point, in other words, there exists a unique

element (η∗, χ∗, µ∗) ∈ L2
(
0, T ;V ′ × V ′ × L2(Ω)

)
such that L(η∗, χ∗, µ∗) = (η∗, χ∗, µ∗).

Proof. It is evident from Lemmas 2.2.1, 2.2.2, 2.2.3 and 2.2.4, that the operator L has a clear

definition and takes values in L2
(
0, T ;V ′ × V ′ × L2(Ω)

)
.

Let (η1, χ1, µ1), (η2, χ2, µ2) ∈ L2
(
0, T ;V ′×V ′×L2(Ω)

)
and t ∈ [0, T ], we use the notation

uηi = ui, θχi
= θi, βµi = βi and σηiχiµi = σi, for i = 1, 2.

We (2.2.16), (2.2.18), (2.2.17) and elementary algebraic manipulations to discover that

∣∣L1(η1, χ1, µ1)(t)− L1(η2, χ2, µ2)(t)
∣∣2
V ′ ≤ C

(
|u1(t)− u2(t)|2V

+

∫ t

0

(
|u1(s)− u2(s)|2V + |θ1(s)− θ2(s)|2V )ds (2.2.83)

+

∫ t

0

(|β1(s)− β2(s)|2L2(Ω) + |σ1(s)− σ2(s)|2H
)
ds

)
.

Additionally, using assumptions (2.2.23) on ψ, the definition (2.2.81), we find

∣∣L2(η1, χ1, µ1)(t)− L2(η2, χ2, µ2)(t)
∣∣2
V ′

≤
∣∣ψ(σ1(t), ε(u̇1(t)), θ1(t), β1(t)

)
− ψ

(
σ2(t), ε(u̇2(t)), θ2(t), β2(t)

)∣∣2
V ′ (2.2.84)

≤ C

(
|σ1(t)− σ2(t)|2H + |u̇1(t)− u̇2(t)|2V + |θ1(t)− θ2(t)|2V

+ |β1(t)− β2(t)|2L2(Ω)

)
.

Similarly, using definition (2.2.82), assumptions (2.2.22) on ϕ we find

∣∣L3(η1, χ1, µ1)(t)− L3(η2, χ2, µ2)(t)
∣∣2
L2(Ω)

≤
∣∣ϕ(σ1(t), ε(u1(t)), θ1(t), β1(t)

)
− ϕ
(
σ2(t), ε(u2(t)), θ2(t), β2(t)

)∣∣2
L2(Ω)

, (2.2.85)

≤ C

(
|σ1(t)− σ2(t)|2H + |u1(t)− u2(t)|2V

+ |θ1(t)− θ2(t)|2V + |β1(t)− β2(t)|2L2(Ω)

)
.
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It follows from (2.2.83)–(2.2.85) and (2.2.79) that

∣∣∣L(η1, χ1, µ1)(t)− L(η2, χ2, µ2)(t)
∣∣∣2
L2
(
0,T ;V ′×V ′×L2(Ω)

) ≤ C

(
|σ1(t)− σ2(t)|2H

+ |u̇1(t)− u̇2(t)|2V + |u1(t)− u2(t)|2V

+ |θ1(t)− θ2(t)|2V + |β1(t)− β2(t)|2L2(Ω) (2.2.86)

+

∫ t

0

(|u1(s)− u2(s)|2V + |θ1(s)− θ2(s)|2V )ds

+

∫ t

0

(|β1(s)− β2(s)|2L2(Ω) + |σ1(s)− σ2(s)|2H)ds
)
.

Inserting (2.2.76) in (2.2.86) yields

∣∣∣L(η1, χ1, µ1)(t)− L(η2, χ2, µ2)(t)
∣∣∣2
L2
(
0,T ;V ′×V ′×L2(Ω)

) (2.2.87)

≤ C

(
|u̇1(t)− u̇2(t)|2V + |u1(t)− u2(t)|2V + |θ1(t)− θ2(t)|2V + |β1(t)− β2(t)|2L2(Ω)

+

∫ t

0

(|u1(s)− u2(s)|2V + |θ1(s)− θ2(s)|2V + |β1(s)− β2(s)|2L2(Ω))ds

)
.

However, by applying (2.2.48) we may deduce that there exists C > 0 such that

|u1(t)− u2(t)|2V ≤ C

∫ t

0

|η1(s)− η2(s)|2V ′ ds. (2.2.88)

Taking into account that |w1(t)−w2(t)|V ≤ C |η1(t)− η2(t)|V ′ , applying the estimates

(2.2.63), (2.2.71), (2.2.88) and substituting in (2.2.87) we find

∣∣∣L(η1, χ1, µ1)(t)− L(η2, χ2, µ2)(t)
∣∣∣2
L2
(
0,T ;V ′×V ′×L2(Ω)

) (2.2.89)

≤ C

(∫ t

0

(
|η1(s)− η2(s)|2V ′ + |χ1(s)− χ2(s)|2V ′ + |µ1(s)− µ2(s)|2L2(Ω)

)
ds

+

∫ t

0

∫ s

0

(
|η1(s)− η2(s)|2V ′ + |χ1(s)− χ2(s)|2V ′ + |µ1(s)− µ2(s)|2L2(Ω)

)
dr ds

)
.
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Using some algebraic manipulations, leads us to conclude that there exists C > 0 such that

∣∣∣L(η1, χ1, µ1)(t)− L(η2, χ2, µ2)(t)
∣∣∣2
L2
(
0,T ;V ′×V ′×L2(Ω)

)
≤ C

∫ t

0

∣∣∣(η1, χ1, µ1)(t)− (η2, χ2, µ2)(t)
∣∣∣2
L2
(
0,T ;V ′×V ′×L2(Ω)

)ds. (2.2.90)

We conclude that the operator L has a unique fixed point in L2
(
0, T ;V ′ × V ′ × L2(Ω)

)
by

applying Lemma 1.3.1. This means that there exists a unique element (η∗, χ∗, µ∗) ∈ L2
(
0, T ;V ′×

V ′ × L2(Ω)
)

such that L(η∗, χ∗, µ∗) = (η∗, χ∗, µ∗).

We now have all the ingredients to prove the Theorem 2.2.1 which we now complete .

Proof of Theorem 2.2.1. Let uη∗ , θχ∗ , βµ∗ , ση∗χ∗µ∗ be the solutions of the problems PVη,

PVχ, PVµ and PVηχµ respectively, for L(η, χ, µ) = (η∗, χ∗, µ∗) ∈ L2
(
0, T ;V ′ × V ′ × L2(Ω)

)
and we denote

u = uη∗ , σ = Aε(u̇) + ση∗χ∗µ∗ , (2.2.91)

θ = θχ∗ , β = βµ∗ . (2.2.92)

We will demonstrate that the quadruple {u,σ, θ, β} is the unique solution of Problem PV.

Indeed, we we utilize (2.2.91) to prove that (2.2.37) is satisfied, and we write (2.2.75) for η =

η∗, χ = χ∗, and µ = µ∗. Then we use the first equality in (2.2.91) and (2.2.46) for η = η∗ to

obtain

(
A(ε(u̇(t))), ε(v)

)
H + j(u̇(t),v) + (η∗(t),v)V ′×V = (f(t),v)V ′×V , (2.2.93)

∀v ∈ V a.e. t ∈ (0, T ).

Combining (2.2.80) with L1(η
∗, χ∗, µ∗) = η∗ results in

(η∗(t),v)V = B
(
ε(uη(t))

)
H

+

∫ t

0

G
(
σηχµ(s)−A

(
ε(u̇η(s))

)
, ε(uη(s)), θχ(s), βµ(s)

)
ds. (2.2.94)
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We replace (2.2.94) in (2.2.93) and utilize (2.2.37) to arrive at the conclusion that (2.2.38)

is satisfied.

In addition, using equalitiesL2(η
∗, χ∗, µ∗) = χ∗ and L3(η

∗, χ∗, µ∗) = µ∗ in combination

with (2.2.81) and (2.2.82), we discover that

χ∗ = ψ
(
σ(t), ε(u̇(t)), θ(t), β(t)

)
. (2.2.95)

µ∗ = ϕ
(
σ(t), ε(u(t)), θ(t), β(t)

)
. (2.2.96)

Using the first equality in (2.2.92) and writing (2.2.61) for χ = χ∗ leads to

(θ̇(t),v)V ′×V + a0(θ(t),v) = (χ∗(t) + q(t),v)V ′×V , (2.2.97)

∀v ∈ V a.e. t ∈ (0, T ) .

We replace (2.2.95) in (2.2.97) to arrive at the conclusion that (2.2.39) is satisfied.

Using the second equality in (2.2.92) and writing (2.2.69) for µ = µ∗ leads to

(
β̇(t), ξ − β(t)

)
L2(Ω)

+ a1
(
β(t), ξ − β(t)

)
≥
(
µ∗(t), ξ − β(t)

)
L2(Ω)

,

∀ξ ∈ V, a.e. t ∈ (0, T ) . (2.2.98)

Now that (2.2.98) and (2.2.96) have been combined, we can verify that (2.2.40) is satisfied,

which completes the existence part of Theorem 2.2.1. The uniqueness part of Theorem 2.2.1

is a consequence of the unique solution of the problems PVη, PVχ, PVµ and PVηχµ and the

uniqueness of the fixed point of the operator L, which concludes the proof.
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2.3 Contact Problem on Vicoelasto-Piezoelectriicity with Adhesion

and Damage

The frictional contact between two viscoelastic piezoelectric bodies with adhesion and

damage is described by a mathematical model that we take into consideration. A parabolic

type inclusion illustrates the evolution of the damage. The process is quasistatic, the material’s

behavior is modeled with a nonlinear electro-viscoelastic constitutive law, and the contact is

described with a normal damped response condition.

In order to prove that the model has a unique weak solution, we create a variational formulation

of the problem. The reasons used in the proofs are derived from evolution equations with

monotone operators, a classical existence and uniqueness result based on parabolic inequalities,

differential equations, and fixed point. This section is divided into three paragraphs. In the first

paragraph, we start by the mechanical problem and assumptions. Then, in the second paragraph

we give the variational formulation of the mechanical problem. Finally, in the third paragraph,

We demonstrate that the model has a unique weak solution.

2.3.1 Mechanical Problem and Assumptions

The physical setting corresponds to that introduced in Subsection 1.2.1 As a reminder, We take

into account two electro viscoelastic bodies that are located in two bounded domainsΩ1,Ω2, of

the space Rd (d = 2, 3). We use the superscript l to show that the quantity is associated with the

Ωl. The superscript l in the following varies between 1 and 2. The boundary Γl of each domain

Ωl is assumed to be Lipschitz continuous and is divided into three disjoint measurable parts, l 1,

l 2, and l 3, on the one hand, parts Γl1,Γ
l
2 and Γl3 on one hand, and on two measurable parts Γla

and Γlb, on the other hand, such that meas
(
Γl1
)
> 0, meas

(
Γla
)
> 0. The Ωl body is submitted

to f l0 forces and volume electric charges of density ql0 . The bodies are assumed to be clamped

on Γl1, so the displacement field vanishes there. The surface tractions f l2 act on Γl2. We also

assume that the electrical potential vanishes on Γla and a surface electric charge of density ql2 is

prescribed on Γlb. The two bodies are in contact along the common part Γ1
3 = Γ2

3, which will be
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denoted Γ3 below. The bodies is in adhesive contact, over the contact surface Γ3, We assume

that the normal stress σν satisfies a general normal damped response condition with adhesion

−σν = pν([u̇ν ])− γνβ
2Rν([uν ]),

where γν represents the adhesion coefficient, assumed positive, u̇ν represents the normal velocity

and [uν ] = u1
ν + u2

ν . pν is a prescribed function, as an example, we may consider pν(r) = kr,

with k ≥ 0, the resistance of the foundation to penetration is proportional to the normal velocity.

This type of behavior was considered in [?] when modeling the motion of a deformable body

on sand or a granular material. The associated friction law is chosen as follows

−στ = pτ ([u̇τ ]) + qτ (β)Rτ ([uτ ]),

where στ represents the tangential force on the contact boundary, u̇τ denotes the tangential

velocity, qτ is a given positive function and pτ is a prescribed vector-valued function.

Let T > 0 and let [0, T ] be the time interval of interest. Under the previous assumptions, the

classical formulation of the quasistatic problem for frictional adhesive contact problem between

two electro-viscoelastic bodies with damage and normal damped response is the following.
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Problem P

For l=1,2, determine a displacement field ul : Ωl× [0, T ] → Rd, a stress field σl : Ωl× [0, T ] →

Sd, an electric potential field φl : Ωl× [0, T ] → Sd, an electric displacement Dl : Ωl× [0, T ] →

Rd, a bounding field β : Γ3 × [0, T ] → R and a damage field αl : Ωl × [0, T ] → R such that

σl = Alε(u̇l) + Bl
(
ε(ul), αl

)
− (E l)∗E(φl) in Ωl × (0, T ), (2.3.1)

Dl = E lε(ul) + ClE(φl) in Ωl × (0, T ), (2.3.2)

Divσl + f l0 = 0 in Ωl × (0, T ), (2.3.3)

divDl − ql0 = 0 in Ωl × (0, T ), (2.3.4)

α̇l − κl∆αl + ∂φKl(αl) ∋ ϕl
(
ε(ul), αl

)
in Ωl × (0, T ), (2.3.5)

ul = 0 on Γl1 × (0, T ), σlν l = f l2 on Γl2 × (0, T ), (2.3.6)

φl = 0 on Γla × (0, T ), Dl.ν l = ql2 on Γlb × (0, T ), (2.3.7)

σ1
ν = σ1

ν ≡ σν , where − σν = pν([u̇ν ])− γνβ
2Rν([uν ]) on Γ3 × (0, T ) (2.3.8)

σ1
τ = −σ1

τ ≡ στ , where − στ = pτ ([u̇τ ]) + qτ (β)Rτ ([uτ ]) on Γ3 × (0, T ), (2.3.9)

β̇ = −
(
β
(
γν(Rν([uν ]))

2 + γτ |Rτ ([uτ ])|2
)
− ϵa

)
+

on Γ3 × (0, T ), (2.3.10)

∂αl

∂ν
= 0 on Γl × (0, T ), (2.3.11)

ul(0) = ul0, αl(0) = αl0 in Ωl, (2.3.12)

β(0) = β0 in Γ3. (2.3.13)

First, equations (2.3.1) and (2.3.2) represent the electro-viscoelastic constitutive law with damage,

Al and Bl are the viscosity and the elasticity operators, respectively, and Cl denotes the electric

permitivity tensor, E(φ) = −∇φ is the electric field, E represents the third order piezoelectric

tensor, E∗ is its transposition. The equilibrium equations for the stress and electric-displacement

fields, respectively, are represented by the relations (2.3.3) and (2.3.4). The evolution of the

damage field is described in inclusion (2.3.5), where Kl signifies the set of acceptable damage
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functions established by

Kl =
{
ζ ∈ H1(Ωl); ζ ∈ [0, 1] a.e. in Ωl

}
,

the indicator function of the set Kl and ∂φKl denotes its subdifferential. κl stands for the

microcrack diffusion coefficient, which is assumed to be positive, ϕl is a specified constitutive

function that identifies the sources of the damage in the system. Equations in (2.3.6) are the

displacement and traction boundary conditions, while equations in (2.3.7) represent the electric

boundary conditions.

The normal damped response condition with adhesion and its corresponding friction law are

represented by (2.3.8) and (2.3.9) on the contact surface Γ3. Next, equation (2.3.10) represents

the ordinary differential equation that explains the evolution of the bonding field with given

positive material parameters γν , γτ and ϵa, in which r+ = max {r, 0}. We observe that the

adhesive process is irreversible and, in fact, that once debonding takes place, bonding cannot be

restored because β̇ ≤ 0. A homogeneous Neumann boundary condition for the damage field on

Γl is represented by the relation (2.3.11). (2.3.12) represents the initial displacement field and

the initial damage field. Finally (2.3.13) represents the initial condition in which β0 is the given

initial bonding field.

The following spaces are required in order to proceed with the variational formulation of

the problem (2.3.1)–(2.3.13):

H l = L2(Ωl)d =
{
ul = (uli); u

l
i ∈ L2(Ωl)

}
, H l

1 =
{
ul ∈ H l; ε(ul) ∈ Hl

}
,

Hl =
{
τ l = (τ lij); τ

l
ij = τ lji ∈ L2(Ωl)

}
, Hl

1 =
{
τ l ∈ Hl; τ lij,j ∈ H l

}
.

These are real Hilbert spaces that are provided with the canonical inner products that are

provided by

(ul,vl)Hl =

∫
Ωl

ul.vl dx, (ul,vl)Hl
1
=

∫
Ωl

ul.vl dx+

∫
Ωl

∇ul.∇vl dx,

(σl, τ l)Hl =

∫
Ωl

σl.τ l dx, (σl, τ l)Hl
1
=

∫
Ωl

σl.τ l dx+

∫
Ωl

Divσl.Div τ l dx,
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and the associated norms | · |Hl , | · |Hl , | · |Hl
1

and | · |Hl
1

, respectively. Then we use the notation

ε(ul) = (εij(u
l)), εij(u

l) =
1

2
(uli,j + ulj,i), ∇ul = (uli,j) ∀ul ∈ Hl

1,

Divσl = (σlij,j) ∀σl ∈ H l
1.

For every element ul ∈ H l
1 we denote by ul its trace on Γl and by ulν and ulτ its normal and

the tangential components on Γl given by

ulν = ul · ν l, ulτ = ul − ulνν
l.

Similarly, for a regular tensor field σl : Ωl → Sd we define its normal and tangential components

on Hl
1 by

σlν = (σlνl) · ν l, σl
τ = σlν l − σlνν

l,

and the following Green’s type formula holds:

(σl, ε(ul))Hl + (Divσl,ul)Hl =

∫
Γl

σlν l · ul da ∀ul ∈ H l
1. (2.3.14)

To obtain the variational formulation of problem P we introduce the set of admissible

bounding field, defined by

Z =
{
ς ∈ L∞(0, T ;L2(Γ3)

)
; ς ∈ [0.1] a.e. in Ωl

}
,

and we need the following spaces

V l =
{
vl ∈ H l

1; v
l = 0 onΓl1

}
, W l =

{
ψl ∈ H1(Ωl); ψl = 0 onΓla

}
,

W l =
{
Dl = (Dl

i); D
l
i ∈ L2(Ωl), divDl ∈ L2(Ωl)

}
.

The spaces V l,W l and W l are reel Hilbert spaces with the inner products given by
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(ul,vl)V l = ε(ul, ε(vl))Hl , (φl, ψl)W l =

∫
Ωl

∇φl.∇ψl dx,

(Dl,El)Wl =

∫
Ωl

Dl.El dx+

∫
Ωl

divDl. divEl dx,

where divDl = (Dl
i,i), and the associated norms | · |V l , | · |W l , and | · |Wl , respectively. Notice

that, since meas(Γl1) ≥ 0, the following Korn’s inequality holds:

∣∣ε(ul)∣∣Hl ≥ cK
∣∣ul∣∣

Hl
1

∀ul ∈ V l, (2.3.15)

where cK stands for a positive constant that is dependent only on Ωl and Γl1 (see [23]), and since

meas(Γla) ≥ 0, the following Friedrichs-Poincare inequality holds:

∣∣∇ψl∣∣
L2(Ωl)d

≥ cF
∣∣ψl∣∣

H1(Ωl)
∀ψl ∈ W l, (2.3.16)

where cF is a positive constant depending only on Ωl and Γla. Additionally, according to the

Sobolev trace theorem, two positive constants, c0 and c̃0, exist such that

∣∣ul∣∣
L2(Γ3)d

≤ c0
∣∣ul∣∣

V l ∀ul ∈ V l, (2.3.17)∣∣ψl∣∣
L2(Ωl) ≤ c̃0

∣∣ψl∣∣
W l ∀ ψl ∈ W l. (2.3.18)

Moreover, when Dl ∈ W l is a regular function, the following formula of Green’s type holds

(Dl,∇ψl)Hl + (divDl, ψl)L2(Ωl) =

∫
Γl

Dl.νlψl da ∀ψl ∈ H1(Ωl). (2.3.19)

We define the product spaces to make the notations more explicit.

H = H1 ×H2, H = H1 ×H2, H1 = H1
1 ×H2

1 , H1 = H1
1 ×H2

1,

V = V 1 × V 2, W = W 1 ×W 2, W = W1 ×W2.

M0 = L2(Ω1)× L2(Ω2), M1 = H1(Ω1)×H1(Ω2), K = K1 ×K2.

68



Chapter 2 Frictional Contact Problem

We take into account the following suppositions when studying the mechanical problem P

The elasticity operator Bl and The viscosity operator Al satisfy

A(1) : (a)Al : Ωl × Sd → Sd

(b)There is LAl > 0 such that∣∣Al(x, ε1)−Al(x, ε2)
∣∣ ≤ LAl |ε1 − ε2| ∀ ε1, ε2 ∈ Sd, a.e. x ∈ Ωl.

(c)There exists mAl > 0 such that

(Al(x, ε1)−Al(x, ε2)) · (ε1 − ε2) ≥ mAl |ε1 − ε2|2 , ∀ ε1, ε2 ∈ Sd, a.e. x ∈ Ωl.

(d) x 7→ Al(x, ε) is a Lebesgue measurable mapping on Ωl, ∀ ε ∈ Sd.

(e) x 7→ Al(x, 0) is a map belonging to Hl.

A(2) : (a) Bl : Ωl × Sd × R → Sd

(b)There is LBl > 0 such that∣∣Bl(x, ε1, α1)− Bl(x, ε2, α2)
∣∣ ≤ LBl |ε1 − ε2|+ |α1 − α2|

∀ ε1, ε2 ∈ Sd, α1, α2 ∈ R, a.e. x ∈ Ωl.

(c) x 7→ Bl(x, ε, α) is Lebesgue measurable mapping on Ωl, ∀ ε ∈ Sd.

(d) x 7→ Bl(x, 0, 0) is a map belonging to Hl.

The electric permitivity tensor Cl and The piezoelectric tensor E l satisfy

A(3) : (a) E l = (elijk) : Ω
l × Sd → Rd

(b) elijk = elikj ∈ L∞(Ωl), 1 ≤ i, j, k ≤ d.

A(4) : (a) Cl = (clij) : Ω
l × Rd → Rd

(b) clij = elji ∈ L∞(Ωl), 1 ≤ i, j ≤ d

(c)There is mCl > 0 such that

clij(x)EiEj ≥ mCl |E|2 for any E = (Ei) ∈ Rd, a.e. x ∈ Ωl.
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The damage source function ϕl satisfies

A(5) : (a) ϕl : Ωl × Sd × R → R

(b)There is Lϕl > 0 such that∣∣ϕl(x, ε1, α1)− ϕl(x, ε2, α2)
∣∣ ≤ Lϕl |ε1 − ε2|+ |α1 − α2|

∀ ε1, ε2 ∈ Sd, ∀α1, α2 ∈ R, a.e. x ∈ Ωl.

(c) x 7→ ϕl(x, ε, α) is Lebesgue measurable mapping on Ωl,

for any ε ∈ Sd andα ∈ R

(d) x 7→ ϕl(x, 0, 0) is a map belongs to L2(Ωl).

The normal damped response functions pr (r = ν, τ) satisfy

A(6) : (a) pr : Γ3 × R → R+

(b) There is a constant Lr > 0 such that

|pr(x, u1)− pr(x, u2)| ≤ Lr |u1 − u2| ∀u1, u2 ∈ R, a.e. x ∈ Γ3.

(c)
(
pr(x, u1)− pr(x, u2)

)
(u1 − u2) ≥ 0 ∀u1, u2 ∈ R, a.e. x ∈ Γ3

(d) x 7→ pr(x, u) is measurable mapping on Γ3, ∀u ∈ R.

(e) pr(x, u) = 0 for all u ≤ 0, a.e. x ∈ Γ3.

The tangential contact function qτ satisfies

A(7) : (a) qτ : Γ3 × R → R+

(b) There is a constant Lτ > 0 such that

|qτ (x, u1)− qτ (x, u2)| ≤ Lτ |u1 − u2| ∀u1, u2 ∈ R, a.e. x ∈ Γ3.

(c) There is a constant Mτ > 0 such that

|qτ (x, u)| ≤Mτ ∀u ∈ R, a.e. x ∈ Γ3.

(d) x 7→ qτ (x, u) is measurable mapping on Γ3, ∀u ∈ R.

(e) x 7→ qτ (x, 0) ∈ L2(Γ3) ,
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We assume that the densities, tractions and the forces satisfy

A(8) : (a) f l0 ∈ L2(0, T ;L2(Ωl)d), (c) f l2 ∈ L2(0, T ;L2(Γl2)
d)

(b) ql0 ∈ C(0, T ;L2(Ωl)), (d) ql2 ∈ C(0, T ;L2(Γlb)).

Finally we assume that

A(9) : (a) The adhesion coefficients and the limit bound satisfy:

ϵa ∈ L2(Γ3), γν , γτ ∈ L∞(Γ3), γν , γτ , ϵa ≥ 0, a.e on Γ3.

(b) The microcrack diffusion coefficient verifies: κl > 0.

(c) The initial data satisfy:

αl0 ∈ Kl, ul0 ∈ V l, β0 ∈ L2(Γ3), 0 ≤ β0 ≤ 1, a.e. on Γ3.

Using the Riesz representation theorem, we have the linear mappings

q = (q1, q2) : [0, T ] → W and f = (f 1,f 2) : [0, T ] → V defined by:

(f(t),v)V =
2∑
l=1

∫
Ωl

f l0(t).v
l dx+

2∑
l=1

∫
Γl
2

f 2(t).v
l da ∀v = (v1,v2) ∈ V. (2.3.20)

(q(t), ψ)W =
2∑
l=1

∫
Ωl

ql0(t)ψ
l dx+

2∑
l=1

∫
Γl
b

q2(t)ψ
l da ∀ψ = (ψ1, ψ2) ∈ W. (2.3.21)

The bilinear form a : is given by

a(φ, ξ) =
2∑
l=1

κl
∫
Ωl

∇φl.∇ξld x ∀φ = (φ1, φ2), ξ = (ξ1, ξ2) ∈M1. (2.3.22)

The adhesion functional is denoted by jd : L∞(Γ3)× V × V → R and defined by

jd(β,u,v) =

∫
Γ3

(
− γνβ

2Rν([uν ])[vν ] + qτ (β)Rτ ([uτ ]) · [vτ ]
)
d a. (2.3.23)
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Also, we define the normal damped response functional

j : V × V → R, j(u,v) =

∫
Γ3

(
pν([uν ])[vν ] + pτ ([uτ ]) · [vτ ]

)
d a. (2.3.24)

we observe that the conditions A(8) lead to

f ∈ L2(0, T ;V ), q ∈ C(0, T ;W ). (2.3.25)

2.3.2 Variational Formulation

Using Green’s formulas, We can obtain the variational formulation of the frictional contact

between two viscoelastic piezoelectric bodies with adhesion and damage, as follows.

Problem PV. Determine an electric potential field φ = (φ1, φ2) : [0, T ] → W, a displacement

field u = (u1,u2) : [0, T ] → V, a damage field α = (α1, α2) : [0, T ] → M1 and a bounding

field β : [0, T ] → L∞(Γ3) such that

2∑
l=1

(Alε(u̇l(t)), ε(vl))Hl +
2∑
l=1

(
Bl(ε(ul(t)), αl(t)), ε(vl)

)
Hl

+
2∑
l=1

(
(E l)∗∇φl(t), ε(vl)

)
Hl + jd(β(t),u(t),v) + j(u̇(t),v) = (f(t),v)V (2.3.26)

∀v ∈ V, a.e. t ∈ (0, T ) ,

2∑
l=1

(Cl∇φl(t),∇ψl)Hl −
2∑
l=1

(E lε(ul(t)),∇ψl)Hl = (q(t), ψ)W (2.3.27)

∀ψ ∈ W, a.e. t ∈ (0, T ) ,

α(t) ∈ K,
2∑
l=1

(α̇l(t), ξl − αl(t))L2(Ωl) + a(α(t), ξ − α(t)) ≥ (2.3.28)

2∑
l=1

(
ϕl(ε(ul(t)), αl(t)), ξl − αl(t)

)
L2(Ωl)

∀ ξ ∈ K, a.e. t ∈ (0, T ) ,

β̇(t) = −
(
β(t)

(
γν(Rν([uν(t)]))

2 + γτ |Rτ ([uτ (t)])|2
)
− ϵa

)
+

(2.3.29)

a.e. t ∈ (0, T ) , β(t) ∈ Z,

u(0) = u0, α(0) = α0, β(0) = β0. (2.3.30)
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We will now consider this remark that is made below, which appears in many places in this

subsection

Remark 2.3.1 We observe that the limitation 0 ≤ β ≤ 1 does not need to be imposed explicitly

in the problems P and PV.

Since equation (2.3.29) ensures that β(x, t) ≤ β0(x) , assumption β0 ∈ Z in A(9)(c)

demonstrates that β(x, t) ≤ 1 for t ≥ 0, a.e. x ∈ Γ3.

On the other hand, if (x, t0) = 0 at time t0, then (2.3.29) dictates that (x, t) = 0 for all t t0

and, thus, (x, t) = 0 for all t 0, i.e. x 3.

On the other hand, if β(x, t0) = 0 at time t0, then it (2.3.29) dictates that β̇(x, t) = 0 for

all t ≥ t0 and thus, β(x, t) = 0 for all t ≥ 0, a.e. x ∈ Γ3. We come to the conclusion that

0 ≤ β(x, t) ≤ 1 for every t ∈ [0, T ], a.e. x ∈ Γ3.

2.3.3 Existence and Uniqueness Results

The following is our main conclusion, which we assert here and support in the paragraph after.

Theorem 2.3.1 Suppose that A(1)-A(9) hold. Then there is a unique solution {u, φ, α, β} to

Problem PV. Moreover, the solution satisfies

u ∈ C1(0, T ;V ), (2.3.31)

φ ∈ C(0, T ;W ), (2.3.32)

α ∈ W 1,2(0, T ;M0) ∩ L2(0, T ;M1), (2.3.33)

β ∈ W 1,∞(0, T ;L2(Γ3)) ∩ Z. (2.3.34)

The functions u,σ, φ,D, α and β which satisfy (2.3.1)–(2.3.2) and (2.3.26)-(2.3.30) are called

a weak solution to the frictional contact problem P. We conclude by Theorem 2.3.1 that, under

the stated assumptions, the mechanical problem (2.3.1)-(2.3.13) has a unique week solution

(u,σ, φ,D, α, β).
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To precise the regularity of the week solution , we note that the constitutive relations (2.3.1)

and (2.3.2), the assumptions A(1)-A(4) and the regularities (2.3.31)–(2.3.32) show that σ ∈

C(0, T ;H),D ∈ C(0, T ;H); moreover, using (2.2.12), (2.2.13) and notations (2.2.4), (2.2.5),

we obtain

Divσl(t) = −f l0(t), divDl(t) = ql0(t) ∀ t ∈ [0, T ] , l = 1, 2.

It follows now from the regularities A(8) that Divσl ∈ C(0, T ;H l) and divDl ∈ C(0, T ;L2(Ωl)),

which shows that

σ ∈ C(0, T ;H1), (2.3.35)

D ∈ C(0, T ;W). (2.3.36)

We conclude that the week solution (u,σ, φ,D, α, β) of the electro-viscoelastic contact problem

with adhesion and damage has the regularity (2.3.31)-(2.3.36).

Proof of Theorem 2.3.1

Theorem 2.3.1 will be proved in steps using arguments from nonlinear equations with monotone

operators and a standard result for parabolic variational inequalities coupled with fixed point

arguments. To achieve this, we’ll make the following assumptions: A(1)–A(9) hold;C represents

a strictly positive constant that may depend on the problem’s data but is independent of time,

and whose value may vary from place to place.

The following auxiliary problem for the displacement field, where η ∈ C(0, T ;V )is given,

is taken into consideration in the first step
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Problem PV 1
η . Determine a displacement field uη = (u1

η,u
2
η) : [0, T ] → V such that

2∑
l=1

(
Alε(u̇lη(t)), ε(v

l)
)
Hl + j(u̇η(t),v) + (η(t),v)V = (f(t),v)V ∀v ∈ V a.e. t ∈ (0, T ),

(2.3.37)

ulη(0) = ul0

The study of Problem PV 1
η produced the next result

Lemma 2.3.1 Problem PV 1
η has an unique solution, and it satisfies uη ∈ C1(0, T ;V ). Additionally,

if uηi is the solution of these Problems PV 1
η for ηi ∈ L2(0, T ;V ), i = 1, 2 then there is C > 0

such that

|uη1(t)− uη2(t)|
2
V ≤ C

∫ t

0

|η1(s)− η2(s)|2V ds. (2.3.38)

Proof. We use the Riesz’s representation theorem to determine the element fη(t) ∈ V and

the operator T : V → V by

(Tu,v)V =
2∑
l=1

(Alε(ul), ε(vl))Hl + j(u,v), (2.3.39)

(fη(t),v)V = (f(t),v)V − (η(t),v)V , (2.3.40)

for every u,v ∈ V, t ∈ [0, T ] . Let u1,u2 ∈ V. Using (2.3.39) we obtain

(Tu1 − Tu2,u1 − u2)V =
2∑
l=1

(
Alε(ul1)−Alε(ul2), ε(u

l
1)− ε(ul2)

)
Hl (2.3.41)

+ j(u1,u1 − u2)− j(u2,u1 − u2)

Using (2.3.24) and A(6)(c) we obtain

j(u1,u1 − u2)− j(u2,u1 − u2) =

∫
Γ3

(
pν([u1ν ])− pν([u2ν ])[u1ν − u2ν ] da (2.3.42)

+

∫
Γ3

(
pτ ([u1τ ])− pτ ([u2τ ]) · [u1τ − u12τ ]

)
da ≥ 0,
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And taking into account (2.3.41), (2.3.42) and A(1)(c), we get

(Tu1 − Tu2,u1 − u2)V ≥ m |u1 − u2|2V ∀u1,u2 ∈ V, (2.3.43)

where constant m = min(mA1 ,mA2) > 0. Using again (2.3.39) leads to

(Tu1 − Tu2,v)V =
2∑
l=1

(
Alε(ul1)−Alε(ul2), ε(v

l)
)
Hl + j(u1 − u2,v) (2.3.44)

for all v ∈ V and, by (2.3.24) and A(6)(b) we find

j(u1 − u2,v) =

∫
Γ3

(
pν([u1ν ])− pν([u2ν ])[vν ] da (2.3.45)

+

∫
Γ3

(
pτ ([u1τ ])− pτ ([u2τ ]) · [vτ ]

)
da ≤ C |u1 − u2|V

and, keeping in mind (2.3.44), (2.3.45) and A(1)(b), we find

|Tu1 − Tu2|V ≤ (C + LA) |u1 − u2|V ∀u1,u2 ∈ V, (2.3.46)

where the positive constant LA = max(LA1 , LA2).

The operator T : V → V is strongly monotone , as demonstrated by inequality (2.3.43).

Moreover, Inequality (2.3.46) also suggests that T is a Lipschitz continuous. According to a

standard result for nonlinear equations (see, for example, [12]), there exists an unique element

vη ∈ C(0, T, V ) that satisfies

Tvη(t) = fη(t) a.e. t ∈ (0, t). (2.3.47)

We consider the function uη : [0, T ] → V defined by

uη =

∫ t

0

vη(s)ds+ u0. (2.3.48)

It follows from (2.3.39), (2.3.47)–(2.3.48) that uη is a solution of the equatiom (2.3.37) and it

satisfies uη ∈ C1(0, T ;V ). It remains to show estimate (2.3.38). Let η1, η2 ∈ C(0, T, V ) and
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use the notation ui = uηi , vi = vηi = u̇ηi for i = 1, 2. Moreover, using (2.3.37) we obtain

2∑
l=1

(
Alε(u̇li(t)), ε(v

l)
)
Hl+j(u̇i(t),v) + (ηi(t),v)V = (f(t),v)V .

We Subtract the two obtained equations, by choosing v = u̇1 − u̇2 as test function, to find

2∑
l=1

(
Alε(vl1)−Alε(vl2),ε(v

l
1)− ε(vl2)

)
Hl + j (v1,v1 − v2)− j (v2,v1 − v2) (2.3.49)

= (η2 − η1,v1 − v2)V .

It follows from (2.3.24) and A(6) that

j (v1,v1 − v2)− j (v2,v1 − v2) ≥ 0. (2.3.50)

Keeping in mind (2.3.17) and A(1)(c) we deduce that

2∑
l=1

(
Alε(vl1)−Alε(vl2), ε(v

l
1)− ε(vl2)

)
Hl ≥ C |v1(t)− v2(t)|2V ∀t ∈ [0, T ] . (2.3.51)

The Cauchy-Schwartz inequality also allows us to obtain

(
η2(t)− η1(t),v1(t)− v2(t)

)
V ′×V ≤ |η2(t)− η1(t)|V ′ |v1(t)− v2(t)|V . (2.3.52)

We Combine (2.3.49 )–(2.3.52) with some algebraic manipulations to obtain

|v1(t)− v2(t)|V ≤ C |η1(t)− η2(t)|V .

Since ui(t) =
∫ t
0
vi(s)ds+ u0 and u1(0) = u2(0) = u0 we have

|u1(t)− u2(t)|V ≤
∫ t

0

|v1(s)− v2(s)|V ds.

From the two previous inequalities we deduce (3.2.39) , which concludes the proof.
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Let η ∈ C(0, T ;V ) be provided. The following intermediate variational problem is considered

in the second step

Problem PV 2
η

Determine an electric potential field φη = (φ1
η, φ

2
η) : [0, T ] → W such that

2∑
l=1

(Cl∇φlη(t),∇ψl)Hl −
2∑
l=1

(E lε(ulη(t)),∇ψl)Hl = (q(t), ψ)W (2.3.53)

∀ψ ∈ W, a.e. t ∈ (0, T ) .

We have the following existence and uniqueness result.

Lemma 2.3.2 Problem PV 2
η has a unique solution φη which satisfies the regularity (2.3.32).

Moreover, if φηi represents the solution of problem (2.3.53) for ηi ∈ C(0, T ;V ), i = 1, 2 then

there exists C > 0 such that

|φη1(t)− φη2(t)|
2
V ≤ C |uη1(t)− uη2(t)|

2
V ds. (2.3.54)

Proof. Let h(., .) : W ×W → R be a bilinear form defined by

h(φ, ψ) =
2∑
l=1

(Cl∇φl(t),∇ψl)Hl . (2.3.55)

We demonstrate that the bilinear form h(., .) is continuous, symmetric, and coercive on W,

using A(4) and the Friedrichs-Poincare inequality (2.3.16). Additionally, we may define an

element qη : [0, T ] → W using the Riesz Representation Theorem, in order that

(qη(t), ψ)W =
2∑
l=1

(E lε(ulη(t)),∇ψl)Hl + (q(t), ψ)W ∀ϕ ∈ W, t ∈ (0, T ).
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By using the Lax-Milgram Theorem, we may conclude there is only one element φη(t) ∈ W

such that

h(φη(t), ψ) = (qη(t), ψ)W ∀ϕ ∈ W. (2.3.56)

From (2.3.56) it is evident that φη is a solution of PV 2
η . Let t1, t2 ∈ [0, T ], using (2.3.18),

(3.2.53) and A(4) we obtain

|φη(t1)− φη(t2)|W ≤ C
(
|uη(t1)− uη(t2)|V + |q(t1)− q(t2)|W

)
. (2.3.57)

It follows from (2.3.57), the regularity of uη and q that φη ∈ C1(0, T ;W ). It remains to show

estimate (2.3.56). Let η1, η2 ∈ C(0, T, V ) and use the notation ui = uηi , φi = φηi for i = 1, 2.

Moreover, using (2.3.55) we obtain

2∑
l=1

(Cl∇φli(t),∇ψl)Hl −
2∑
l=1

(E lε(uli(t)),∇ψl)Hl = (q(t), ψ)W .

We subtract the two obtained equations, by choosing ψ = φ1 − φ2 as test function, to find

2∑
l=1

(Cl∇φl1 − Cl∇φl2,∇φl1 −∇φl2)Hl =
2∑
l=1

(E lε(ul1)− E lε(ul2),∇φl1 −∇φl2)Hl .

Keeping in mind (2.3.18), the properties of the operators Cl, E l and using Cauchy-Schwartz

inequality we find

|φ1(t)− φ2(t)|2V ≤ C |u1(t)− u2(t)|2V ds.

In the third step, we construct the following Cauchy problem for the bonding field.
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Problem PV 3
η

Determine a bonding field βη : [0, T ] → L2(Γ3) such that

β̇(t) = −
(
βη(t)

(
γν(Rν([uην(t)]))

2 + γτ |Rτ ([uητ (t)])|2
)
− ϵa

)
+

(2.3.58)

βη(0) = β(0). (2.3.59)

We have the following result

Lemma 2.3.3 The Problem PV 3
η has an unique solution , and it satisfies the regularity given in

(2.3.34). Additionally, if βi is the solution of these problems PV 3
ηi

for ηi ∈ C(0, T ;V ), i = 1, 2

then there is C > 0 such that

|β1(t)− β2(t)|2L2(Γ3)
≤ C

∫ t

0

|u1(s)− u2(s)|2V ds. ∀ t ∈ [0, T ] . (2.3.60)

Proof. Consider the mapping Hη : [0, T ]× L2(Γ3) → L2(Γ3) defined by

Hη(t, β) = −
(
β(t)

(
γν(Rν([uην(t)]))

2 + γτ |Rτ ([uητ (t)])|2
)
− ϵa

)
+

,

for each t ∈ [0, T ] and β ∈ L2(Γ3). The characteristics of the truncation operator Rν and

Rτ imply that Hη is Lipschitz continuous with respect to the second variable, uniformly in

time. In addition, the mapping t→ Hη(t, β) for any β ∈ L2(Γ3), belongs to L∞(0, T, L2(Γ3)).

Therefore using a version of Cauchy-Lipschitz theorem (see, for example, [54, p.48]) leads us to

conclude that there exists an unique function βη ∈ W 1,∞(0, T, L2(Γ3)) that satisfies (2.3.58) and

(2.3.59). Additionally, the justifications provided in Remark 1 demonstrate that 0 ≤ βη(t) ≤ 1

for every t ∈ [0, T ] , a.e on Γ3. As a result, we discover that βη ∈ Z , from the definition of the

set Z , which completes the demonstration of the first part of the lemma.
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On the other hand, let t ∈ [0, T ] and u1,u2 ∈ C(0, T, V ). We from the Cauchy problem

(2.3.58)–(2.3.59)

βi(t) = β0 −
∫ t

0

(
βi(s)

(
γν(Rν([uiν(s)]))

2 + γτ |Rτ ([uiτ (s)])|2
)
− ϵa

)
+

ds,

and then

|β1(t)− β2(t)|L2(Γ3)
≤ C

∫ t

0

∣∣∣β1(s)(Rν([u1ν(s)])
)2 − β2(s)

(
Rν([u2ν(s)])

)2∣∣∣
L2(Γ3)

ds

+ C

∫ t

0

∣∣∣(Rτ ([u1τ (s)])
)2 − (Rτ ([u2τ (s)])

)2∣∣∣
L2(Γ3)

ds.

We use the definition of the truncation operators Rν and Rτ , and write β1 = β1 − β2 + β2 to

obtain

|β1(t)− β2(t)|L2(Γ3)
≤ C

(∫ t

0

|β1(s)− β2(s)|L2(Γ3)
ds+

∫ t

0

|u1(s)− u2(s)|L2(Γ3)d
ds

)
.

Applying Gronwall’s inequality leads to

|β1(t)− β2(t)|L2(Γ3)
≤ C

∫ t

0

|u1(s)− u2(s)|L2(Γ3)d
ds,

also, from the relation (1.2.26) we discover

|β1(t)− β2(t)|2L2(Γ3)
≤ C

∫ t

0

|u1(s)− u2(s)|2V ds. ∀ t ∈ [0, T ] .

Let µ ∈ C(0, T ;M0) be provided. The following variational problem for the damage field

is considered in the next step
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Problem PVµ

Determine the damage field αµ : [0, T ] →M1 such that

αµ(t) ∈K,
2∑
l=1

(
α̇lµ(t), ξ

l − αlµ(t)
)
L2(Ωl)

+ a(αµ(t), ξ − αµ(t)) (2.3.61)

≥
2∑
l=1

(
µl(t), ξl − αlµ(t)

)
L2(Ωl)

∀ξ ∈ K, a.e. t ∈ (0, T )

αµ(0) = α0. (2.3.62)

We apply Theorem 1.3.7 to problem PVµ.

Lemma 2.3.4 The auxiliary Problem PVµ has an unique solution αµ, and it satisfies the regularity

given in (2.3.33). Additionally, if αi is the solution of these problems PVµi for µi ∈ L2(0, T ;M0),

i = 1, 2 then there is C > 0 such that

|α1(t)− α2(t)|2M0
≤ C

∫ t

0

|µ1(s)− µ2(s)|2M0
ds. ∀ t ∈ [0, T ] . (2.3.63)

Proof. We denote by M ′
1 the dual space of M1 and, identifying M ′

0 with M0, the inclusion

mapping of
(
M1, | . |M1

)
into

(
M0, | . |M0

)
is continuous and its range is dense. Thus we can

write the Gelfand triple

M1 ⊂M0 =M ′
0 ⊂M ′

1.

We denote by ( ., . )M ′
1×M1

the duality pairing between M1
′ and M1, we note that K is a closed

convex set in M1, thus we have

(α, ξ)M ′
1×M1

= (α, ξ)M0 ∀α ∈M0, ξ ∈M1.

Taking into consideration the fact that α0 ∈ K in A(9)(c), using (2.3.22) the definition of the

bilinear form a, A(9)(b), it is easy to see that Lemma 2.3.4 is a direct consequence of Theorem

1.3.7.
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Now we use the notation αµ = αi for i = 1, 2. and let µ1, µ2 ∈ C(0, T ;M0), we take the

substitution µ = µ1, µ = µ2 in (2.3.61) and subtract the two obtained equations, we choose

ξ = α1 − α2 as test function to find

(α̇1 − α̇2, α1 − α2)M0 + a(α1 − α2, α1 − α2) ≤ (µ1 − µ2, α1 − α2)M0 a.e. t ∈ (0, T ).

Taking into account that a(α1 − α2, α1 − α2) ≥ 0, we obtain

(α̇1 − α̇2, α1 − α2)M0 ≤ (µ1 − µ2, α1 − α2)M0 . (2.3.64)

Using the initial conditions α1(0) = α2(0) = α0 and integrating the previous inequality

(2.3.64) with regard to time, allow us to obtain

1

2
|α1(t)− α2(t)|2M0

≤
∫ t

0

(µ1 − µ2, β1 − β2)M0ds.

Through the use of Hölder’s and Young’s inequalities, we deduce that

|α1(t)− α2(t)|2M0
≤
∫ t

0

|µ1(s)− µ2(s)|2M0
ds+

∫ t

0

|α1(s)− α2(s)|2M0
ds.

Combining the previous inequality with Gronwall’s inequality results in

|α1(t)− α2(t)|2M0
≤ C

∫ t

0

|µ1(s)− µ2(s)|2M0
ds ∀ t ∈ [0, T ] .

We now pass to the final step. For every (η, µ) ∈ C(0, T ;V ×M0) we denote by uη, φη, βη

and αµ the displacement, the potential electric, the bonding and the damage fields obtained

in Lemmas 1,2,3,4 respectively. Using the properties of the operators Bl, E l, the adhesion

functional jd and the function ϕl, for t ∈ [0, T ], we apply the Riesz representation theorem

83



Chapter 2 Frictional Contact Problem

to define the function Λ : t→ V ×M0 by

Λ(η, µ)(t) = (Λ1(η, µ)(t),Λ2(η, µ)(t)), (2.3.65)

(Λ1(η, µ)(t),v)V = jd(βη(t),uη(t),v) +
2∑
l=1

(
Bl(ε(ulη(t)), αlµ(t)), ε(vl)

)
Hl (2.3.66)

+
2∑
l=1

(
(E l)∗∇φlη(t), ε(vl)

)
Hl

Λ2(η, µ)(t) = (ϕ1(ε(uη
1(t)), α1

µ(t)), ϕ
2(ε(uη

2(t)), α2
µ(t))). (2.3.67)

We have the following result

Lemma 2.3.5 The function Λ : t→ V ×M0 is continuous, for each (η, µ) ∈ C(0, T ;V ×M0).

Additionally, there is a a unique element (η∗, µ∗) ∈ C(0, T ;V ×M0) that Λ(η∗, µ∗) = (η∗, µ∗)

Proof. Let t1, t2 ∈ [0, T ] and (η, µ) ∈ C(0, T ;V ×M0). Using (2.3.66) and (2.3.23) we obtain

|Λ1(η, µ)(t1)− Λ1(η, µ)(t2)|V ≤
1∑
l=0

∣∣Bl(ε(ulη(t1)), αlµ(t1))− Bl(ε(ulη(t2)), αlµ(t2))
∣∣
Hl

+
1∑
l=0

∣∣E l)∗∇φlη(t1)− E l)∗∇φlη(t2)
∣∣
Hl (2.3.68)

+ C
∣∣β2
η(t1)Rν([uην(t1)])− β2

η(t2)Rν([uην(t2)])
∣∣
L2(Γ3)

+ C
∣∣qτ (βη(t1))Rτ ([uητ (t1)])− qτ (βη(t2))Rτ ([uητ (t2)])

∣∣
L2(Γ3)

.

Keeping in mind the inequality 0 ≤ βη ≤ 1, the properties of the operators Bl, E l, Rτ and Rν

and (2.3.17), A(6)-(7), we find

|Λ1(η, µ)(t1)− Λ1(η, µ)(t2)|V ≤ C
(
|uη(t1)− uη(t2)|V + |φη(t1)− φη(t2)|W

+ |βη(t1)− βη(t2)|L2(Γ3)
+ |αµ(t1)− αµ(t2)|M0

)
. (2.3.69)

Next, we conclude from (2.3.69) that Λ1(η, µ) ∈ C(0, T ;V ), based on the regularities of

uη, φη, βη and αµ expressed in (2.3.31), (2.3.32), (2.3.33) and (2.3.34), respectively.
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A similar argument from (2.3.67) and A(5) leads to the conclusion that

|Λ2(η, µ)(t1)− Λ2(η, µ)(t2)|M0
≤ C

(
|uη(t1)− uη(t2)|V + |αµ(t1)− αµ(t2)|M0

)
. (2.3.70)

Thus Λ2(η, µ) ∈ C(0, T ;M0) and Λ(η, µ) ∈ C(0, T ;V ×M0).

Let now (η1, µ1), (η2, µ2) ∈ C(0, T ;V ×M0) and denote ui = uηi , vi = vηi = u̇ηi , φi =

φηi , βi = βηi and αi = αµi for i = 1, 2.

Arguments similar to those used in the proof of (2.3.69) and (2.3.70) yield

|Λ(η1, µ1)(t)− Λ(η2, µ2)(t)|2V×M0

≤ C
(
|u1(t)− u2(t)|2V + |φ1(t)− φ2(t)|2W (2.3.71)

+ |β1(t)− β2(t)|2L2(Γ3)
+ |α1(t)− α2(t)|2M0

)
.

We substitute inequalities (2.3.38), (2.3.54), (2.3.60) and (2.3.63) in (2.3.71) to find

|Λ(η1, µ1)(t)− Λ(η2, µ2)(t)|2V×M0
≤ C

∫ t

0

|(η1, µ1)(s)− (η2, µ2)(s)|2V×M0
ds.

If we repeat this inequality m times, we get

|Λm(η1, µ1)− Λm(η2, µ2)|2C(0,T,V×M0)
≤ CmTm

m!
|(η1, µ1)− (η2, µ2)|2C(0,T,V×M0)

.

As a result, for sufficiently large m, Λm is a contraction on the Banach space C(0, T ;V ×M0),

and therefore Λ has a unique fixed point (η∗, µ∗).

We now possess the necessary elements to demonstrate Theorem 2.3.1. Proof of Theorem

2.3.1. Let (η∗, µ∗) ∈ C(0, T ;V × M0) be the fixed point of the operator Λ defined by (

2.3.65)–(2.3.67) and let uη∗ , φη∗ , βη∗ , αµ∗ be the solutions of the four intermediate problems

defined above. We denote

u∗ = uη∗ , φ∗ = φη∗ , β∗ = βη∗ , α∗ = αη∗ . (2.3.72)

85



Chapter 2 Frictional Contact Problem

We consider the functions σl
∗ : [0, T ] → H and Dl

∗ : [0, T ] → H defined by

σl = Alε(u̇l) + Bl
(
ε(ul), αl

)
+ (E l)∗∇(φl) l = 1, 2 (2.3.73)

Dl = E lε(ul)− Cl∇(φl) l = 1, 2. (2.3.74)

we will demonstrate that the quadruple {u∗, φ∗, β∗, α∗} is the only solution to Problem PV

that satisfies the regularities (2.3.31)–(2.3.34).

Indeed, we write (2.3.37), (2.3.53), (2.3.58) and (2.3.61) for η = η∗, µ = µ∗ and use (3.2.76)

to obtain

2∑
l=1

(
Alε(u̇l∗(t)), ε(v

l)
)
Hl + j(u̇∗(t),v) + (η∗(t),v)V = (f(t),v)V ∀v ∈ V a.e. t ∈ (0, T ),

(2.3.75)
2∑
l=1

(Cl∇φl∗(t),∇ψl)Hl −
2∑
l=1

(E lε(ul∗(t)),∇ψl)Hl = (q(t), ψ)W ∀ψ ∈ W, a.e. t ∈ (0, T ) ,

(2.3.76)

β̇(t) = −
(
β∗(t)

(
γν(Rν([u∗ν(t)]))

2 + γτ |Rτ ([u∗τ (t)])|2
)
− ϵa

)
+

a.e. t ∈ [0, T ] ,

(2.3.77)

α∗(t) ∈ K,
2∑
l=1

(
α̇l∗(t), ξ

l − αl∗(t)
)
L2(Ωl)

+ a(α∗(t), ξ − α∗(t)) (2.3.78)

≥
2∑
l=1

(
µ∗l(t), ξl − αl∗(t)

)
L2(Ωl)

∀ξ ∈ K, a.e. t ∈ [0, T ] .

Using equality Λ1(η
∗, µ∗) = η∗ combined with (2.3.66) leads to

jd(β∗(t),u∗(t),v) +
2∑
l=1

(
Bl(ε(ul∗(t)), αlµ(t)), ε(vl)

)
Hl +

2∑
l=1

(
(E l)∗∇φl∗(t), ε(vl)

)
Hl = (η∗(t),v)V .

(2.3.79)

86



Chapter 2 Frictional Contact Problem

From the equality Λ2(η
∗, µ∗) = µ∗ and (2.3.67) we can write for l = 1, 2

ϕl(ε(u∗
1(t)), αl∗(t)) = µ∗l. (2.3.80)

We now substitute (2.3.79) in (3.2.79) to obtain

2∑
l=1

(Alε(u̇l∗(t)), ε(v
l))Hl +

2∑
l=1

(
Bl(ε(ul∗(t)), αl∗(t)), ε(vl)

)
Hl + j(u̇∗(t),v)

+
2∑
l=1

(
(E l)∗∇φl∗(t), ε(vl)

)
Hl + jd(β∗(t),u∗(t),v) = (f(t),v)V (2.3.81)

∀v ∈ V, a.e. t ∈ (0, T ) .

Substituting (2.3.80) in (2.3.78) yields to

α∗(t) ∈ K,
2∑
l=1

(
α̇l∗(t), ξ

l − αl∗(t)
)
L2(Ωl)

+ a(α∗(t), ξ − α∗(t)) (2.3.82)

≥
2∑
l=1

(
ϕl(ε(u∗

1(t)), αl∗(t)), ξ
l − αl∗(t)

)
L2(Ωl)

∀ξ ∈ K, a.e. t ∈ (0, T ) .

According to the relations (2.3.76)-(2.3.77) and (2.3.81)-(2.3.82) we can infer that

{u∗, φ∗, β∗, α∗} satisfies (2.3.26)-(2.3.29). Next, (2.3.30) and the regularities (2.3.31)-(2.3.34)

follow from Lemmas 2.3.1, 2.3.2, 2.3.3, and 2.3.4. Since u∗ and φ∗ satisfy (2.3.31)-(2.3.32), it

follows from (2.3.73) that σ∗ ∈ C(0, T ;H). Let now t1, t2 ∈ [0, T ], from (2.3.16), (3.2.78) and

A(3)-A(4) we deduce that

|D∗(t1)−D∗(t2)|H ≤ C
(
|φ∗(t1)− φ∗(t2)|W + |u∗(t1)− u∗(t2)|V

)
. (2.3.83)

The regularity of u∗ and φ∗ given by (2.3.31)-(2.3.32) and the inequality (2.3.83) entail

D∗ ∈ C(0, T ;H). For l = 1, 2 we test (2.3.81) with vl = ωl ∈ C∞
0 (Ωl,Rd), then we take

ψl ∈ C∞
0 (Ωl) in (2.3.76) to obtain that

Divσl
∗(t) + f l0(t) = 0, divDl

∗(t) = ql0(t) a.e. t ∈ (0, T ) .
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Then, based on the assumptions in A(8), we conclude that Divσl
∗ ∈ C(0, T ;H) and

divDl
∗ ∈ C(0, T : L2(Ωl)), and as a result σ∗ ∈ C(0, T ;H1) and D∗ ∈ C(0, T ;W).

We deduce from the preceding that the weak solution (u∗,σ∗, φ∗,D∗, α∗, β∗) of the frictional

contact problem P satisfies (2.3.31)-(2.3.36), which completes the existence part of the theorem.

The uniqueness part results from of the uniqueness of the fixed point of the operator Λ defined

by (2.3.65)-(2.3.67).
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Chapter 3 Frictionless Contact Problem

3.1 Introduction

We look into the process of quasistatic frictionless contact between a viscoelastic piezoelectric

body with long memory and a foundation, in this chapter. The contact is modeled with normal

compliance. Here, the objective is to include material damage, numerically analyze the model,

and interact mechanical and electrical fields with viscoelasticity under normal compliance condition.

We offer a variational analysis of the mechanical problem and demonstrate that the model has a

single weak solution. The problem is then numerically analyzed, and error estimates are derived

for the numerical approximations based on discrete schemes.

This chapter is structured as follows. In Section 3.2 we present the variational analysis

on electro-viscosity with long memory and normal compliance, we comment on the contact

boundary conditions, determine the fundamental data assumptions, and develop the variational

formulation before demonstrating the existence and uniqueness of the solution. In Section 3.3,

we analyze a fully discrete scheme and derive error estimates under suitable solution regularity

conditions.

3.2 Variational Analysis on Electro-Viscosity

Here, we concentrate on a frictionless contact problem between an electro-viscoelastic body

and a deformable foundation with long memory and normal compliance condition. The problem

is stated as a form of a coupled system for the displacement, stress, electric potential, and

damage fields. We come at a variational formulation of the problem and demonstrate that the

model has a single weak solution. This section is divided into three paragraphs. In the first

paragraph, we propose the mechanical problem and indicate the hypotheses on the data. The

variational formulation of the mechanical problem is then provided in the second paragraph.

Finally, in the third paragraph, we demonstrate that the model has a single weak solution.
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3.2.1 Mechanical Problem

The physical setting corresponds to that introduced in Subsection 1.2.1 As a reminder, We

look at an electro-viscoelastic body that, in the reference configuration, resides in a bounded

domain Ω ⊂ Rd (d = 2, 3) with a Lipschitz boundary and dimensions Γ.

To provide the boundary condition for the problem, we divide Γ into three measurable and

mutually disjoint parts Γ1, Γ2 and Γ3 on one hand, and a partition of Γ1∪Γ2 into two open parts

Γa and Γb, on the other hand, such that meas(Γ1) > 0 and meas(Γa) > 0.

The unit outer normal on Γ is denoted by the symbol ν. Let [0, T ] represent the time interval

of interest with T > 0. We suppose that the displacement disappears at Γ1 × (0, T ) where

the body is clamped. A surface tractions of density f2 act on Γ2 × (0, T ), and volume force of

density f0 acts in Ω×(0, T ). We also suppose that the electrical potential vanishes on Γa×(0, T )

and a surface electric charge of density q2 is prescribed on Γb × (0, T ). The body is in contact

with an insulator obstruction, the so-called foundation, on the potential contact surface Γ3.

The following is the classic formulation of the mechanical problem of electro-viscoelastic with

damage.
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Problem P

Determine a stress field σ : Ω × (0, T ) → Sd, a displacement field u : Ω × (0, T ) → Rd, an

electric displacement field D : Ω× (0, T ) → Rd an electric potential field φ : Ω× (0, T ) → R,

and a damage field α : Ω× (0, T ) → R,, such that

σ(t) = Aε (u̇(t)) + Bε (u(t))− E∗E(φ)

+

∫ t

0

M (t− s, ε (u(s)) , α(s)) ds
in Ω× (0, T ), (3.2.1)

D = Eε(u) +BE(φ) in Ω× (0, T ), (3.2.2)

α̇− k∆α + ∂φK(α) ∋ Θ(ε(u), α) , in Ω× (0, T ), (3.2.3)

Divσ + f0 = 0 in Ω× (0, T ), (3.2.4)

divD − q0 = 0 in Ω× (0, T ), (3.2.5)

u = 0 on Γ1 × (0, T ), (3.2.6)

σν = f2 on Γ2 × (0, T ), (3.2.7)

− σν = p(uν − g), στ = 0 on Γ3 × (0, T ), (3.2.8)

∂α

∂ν
= 0 on Γ× (0, T ), (3.2.9)

φ = 0 on Γa × (0, T ), (3.2.10)

D.ν = q2 on Γb × (0, T ), (3.2.11)

u(0) = u0, α(0) = α0, in Ω. (3.2.12)

First, the electro-viscoelastic constitutive law with long term memory and damage is represented

by equations (3.2.1) and (3.2.2), where A, B and M are, respectively, nonlinear operators

characterizing the purely viscous, the elastic, and the relaxation properties of the material, and

α is the damage field. The electric field E(φ) = −∇φ, E = (gijk) represent the third order

piezoelectric tensor, E∗ is its transposition.

The evolution of the damage field is described in inclusion ((3.2.3), where φK(α) indicates

the subdifferential of the indicator function of the set K of acceptable damage functions established
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by

K =
{
α ∈ H1(Ω) : 0 ≤ α ≤ 1 a.e. in Ω} ,

and Θ is the mechanical source of the damage.

Equations (3.2.4) and (3.2.5) represent the equilibrium equations for the stress and electric

displacement fields. Equations (3.2.6)-(3.2.7) are the displacement-traction conditions.

The contact (3.2.8) is described in a normal compliance. Here, σν stands for the normal

stress, uν for the normal displacement, g for the gap between the body and the obstacle measured

along the normal direction ν, and p is a predetermined function whose characteristics will be

discussed below. Finally, we suppose that the contact is frictionless and therefore, στ = 0.

A homogeneous Neumann boundary condition is described in relation (3.2.9). The electric

boundary conditions are shown in (3.2.10) and (3.2.11). Finally, u0 is the initial displacement,

and α0 is the initial damage in equation (3.2.12).

3.2.2 Vartional Formulation

To follow the variational formulation of the problem (3.2.1)–(3.2.12), We denote by Sd the

space of second order symmetric tensors on Rd, The inner product and norm on Rd and Sd are

defined by

u.v = uivi, ∥u∥ = (u.u)1/2,∀u,v ∈ Rd,

σ.τ = σijτij, ∥τ∥ = (τ .τ )1/2,∀σ, τ ∈ Sd.

Here and below the indices i, j and k run between 1 and d, unless otherwise stated, the summation

convention over reiterated indices is used. Let Ω ⊂ Sd(d = 1, 2, 3) be a bounded domain with

a regular boundary Γ and let ν denote the unit outer normal on Γ. We define the Hilbert spaces

H = L2(Ω)d = {u = (ui) | ui ∈ L2(Ω)} , H1 = {u = (ui) | ε(u) ∈ H} ,

H = {σ = (σij) | σij = σji ∈ L2(Ω)} , H1 = {σ ∈ H | Divσ ∈ H}.
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and we are reminded of the fact that Green’s formula holds

(σ, ε(w))H + (Divσ,w)H =

∫
Γ

σν.wda, ∀w ∈ H1.

where da is the surface measure element. Now, we introduce the closed subspace V of H1(Ω)d

defined by

V =
{
w ∈ H1(Ω)d | w = 0 on Γ1

}
.

We have meas (Γ1) > 0, thus the following Korn’s inequality holds,

∥ε(w)∥H ≥ C0∥w∥H1(Ω)d , ∀w ∈ V,

where c0 stands for a positive constant that is dependent only on Ω and Γ1

On V , we take into account the inner product and the accompanying norm provided by

(u,w)V = (ε(u), ε(w))H, ∥w∥V = ∥ε(w)∥H, u,w ∈ V. (3.2.13)

Additionally, we present the spaces

W =
{
ζ ∈ H1(Ω), ζ = 0 on Γa

}
,

W =
{
D ∈ H | divD ∈ L2(Ω)

}
,

where divD = (Di,i). The spaces W and W are real Hilbert spaces with the inner products

given by

(φ, ξ)W =

∫
Ω

∇φ.∇ξdx,

(D,E)W =

∫
Ω

D · Edx+
∫
Ω

divD · divEdx.

The respective associated norms will be indicated by the notations ∥.∥W and ∥.∥W , respectively.
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Since meas (Γa) > 0, the following Friedrichs-Poincaré inequality holds:

∥∇ζ∥H ≥ cF∥ζ∥H1(Ω), ∀ζ ∈ W, (3.2.14)

where cF stands for a positive constant that is dependent only on Ω and Γa.

Additionally, according to the Sobolev trace theorem, two positive constants, c0 and c̃0, exist

such that

∥w∥L2(Γ3)
d ≤ c0∥w∥V , ∀w ∈ V, ∥ϕ∥L2(Γ3) ≤ c̃0∥ϕ∥W , ∀ϕ ∈ W. (3.2.15)

In addition, if D ∈ W is a regular function, so the following Green’s type formula holds

(D,∇ξ)H + (divD, ξ)L2(Ω) =

∫
Γ

D · νξda, ∀ξ ∈ H1(Ω). (3.2.16)

When T > 0, we designate the space of continuous and continuously differentiable functions

from [0, T ] to X , respectively,C(0, T ;X) and C1(0, T ;X), with the norms

∥g∥C(0,T ;X) = max
t∈[0,T ]

∥g(t)∥X .

∥g∥C1(0,T ;X) = max
t∈[0,T ]

∥g(t)∥X + max
t∈[0,T ]

∥ġ(t)∥X .

We take into account the following suppositions when studying the mechanical problem P

The elasticity operator B : Ω× Sd −→ Sd satisfies



(a) There is LB > 0 such that

∥B(x,ϑ1)− B(x,ϑ2)∥ ≤ LB∥ϑ1 − ϑ2∥,

for all ϑ1,ϑ2 ∈ Sd, a.e. x ∈ Ω.

(b) x 7→ B(x,ϑ) is Lebesgue measurable mapping on Ω,

for all ϑ ∈ Sd.

(c) The mapping x 7→ B(x,0) ∈ H.

(3.2.17)
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The viscosity operator A : Ω× Sd −→ Sd satisfies



(a) There is LA > 0 such that

∥A(x,ϑ1)−A(x,ϑ2)∥ ≤ LA∥ϑ1 − ϑ2∥,

for all ϑ1,ϑ2 ∈ Sd, a.e x ∈ Ω.

(b) There exists mA > 0 such that

(A(x,ϑ1)−A(x,ϑ2)).(ϑ1 − ϑ2) ≥ mA∥ϑ1 − ϑ2∥2,

for all ϑ1,ϑ2 ∈ Sd, a.e x ∈ Ω.

(c) x 7→ A(x,ϑ) is Lebesgue measurable mapping on Ω,

for any ϑ ∈ Sd.

(d) The mapping x 7→ A(x,0) ∈ H.

(3.2.18)

The relaxation function M : Ω× (0, T )× Sd × R −→ R satisfies



(a) There is a constant LM > 0 such that

∥M (x, t,ϑ1, α1)−M (x, t,ϑ2, α2)∥ ≤ LM(∥ϑ1 − ϑ2∥+ ∥α1 − α2∥),

for all t ∈ (0, T ),ϑ1,ϑ2 ∈ Sd, α1, α2 ∈ R, a.e. x ∈ Ω.

(b) x 7→ M(x, t,ϑ, α) is Lebesgue measurable mapping on Ω,

for all ϑ ∈ Sd, t ∈ (0, T ), for all α ∈ R.

(c) x 7→ M(x, t,ϑ, α) is continuous mapping in Ω,

for all ϑ ∈ Sd, t ∈ (0, T ), for all α ∈ R.

(d) The mapping x 7→ M(x, t,0, 0) ∈ H.

(3.2.19)

The piezoelectric operator E : Ω× Sd → Rd satisfies


(a) E = (gijk) , gijk ∈ L∞(Ω), 1 ≤ i, j, k ≤ d.

(b) E(x)σ · τ = σ · E∗τ , for all σ ∈ Sd, and all τ ∈ Rd.

(3.2.20)
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Electric permittivity operator B = (pij) : Ω× Rd → Rd satisfies



(a) B(ε, E) = (pij(ε)Ej) for all E = (Ei) ∈ Rd, a.e. ε ∈ Ω.

(b) pij = pji ∈ L∞(Ω), 1 ≤ i, j ≤ d.

(c) There exists a constant mB > 0 such that

BE.E ≥ mB∥E∥2, for all E = (Ei) ∈ Rd, a.e. in Ω.

(3.2.21)

The function Θ : Ω× Sd × R −→ R satisfies

(a) There exists a constant LΘ > 0 such that

∥Θ(x,ϑ1, α1)−Θ(x,ϑ2, α2)∥ ≤ LΘ (∥ϑ1 − ϑ2∥+ ∥α1 − α2∥) ,

for all ϑ1,ϑ2 ∈ Sd, for all α1, α2 ∈ R, a.e. x ∈ Ω.

(b) x 7→ Θ(x,ϑ, α) is Lebesgue mapping measurable on Ω,

for all ϑ ∈ Sd, for all α ∈ R.

(c) The mapping x 7→ Θ(x,0, 0) ∈ L2(Ω).

(3.2.22)

The function pe : Γ3 × R −→ R+, e = ν, τ satisfies



(a) There is Le > 0 such that

∥pe (x, r1)− pe (x, r2)∥ ≤ Le ∥r1 − r2∥

(b) (pe (x, r1)− pe (x, r2)) · (r1 − r2) ≥ 0,∀r1, r2 ∈ R, a.e., on Γ3.

for all r1, r2 ∈ R, a.e. x ∈ Γ3

(c) For any r ∈ R,x 7→ pe(x, r) is Lebesgue measurable on Γ3

(d) x 7→ pe(x, 0)is a map belongs to L2(Γ3).

(3.2.23)
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We suppose that the initial data u0 and α0 the volume of forces f0 and f2 and the charges

densities q0, q2, satisfy

u0 ∈ V, α0 ∈ K, (3.2.24)

f0 ∈ C
(
0, T ;L2(Ω)d

)
, f2 ∈ C

(
0, T ;L2 (Γ2)

d
)
, (3.2.25)

q0 ∈ C
(
0, T ;L2(Ω)

)
, q2 ∈ C

(
0, T ;L2 (Γb)

)
. (3.2.26)

We have the bilinear form a : E × E → R given by

a(ϕ, ψ) = k

∫
Ω

∇ϕ.∇ψdx, (3.2.27)

where, the microcrack diffusion coefficient verifies: k > 0

Next. three mappings j : V × V → R, f : [0, T ] → V , q : [0, T ] → W , are defined by

j(u,w) =

∫
Γ3

p (uν − g)wν da, (3.2.28)

(f(t),w)V =

∫
Ω

f 0(t) ·w dx+

∫
Γ2

f 2(t) ·w da, (3.2.29)

(q(t), ξ)W =

∫
Ω

q0(t)ξ dx−
∫
Γb

q2(t)ξ da, (3.2.30)

for all u,w ∈ V , ξ ∈ W and t ∈ [0, T ]. Note that

f ∈ C (0, T ;V ) , q ∈ C(0, T ;W ). (3.2.31)

Standard arguments allow us to come at the variational formulation of the quasistatic frictionless

problem with long memory, normal compliance, and damage, which is as follows
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Problem PV

Determine a stress field σ : (0, T ) → H, a displacement field u : (0, T ) → V , an electric

potential φ : (0, T ) → W, and a damage field α : (0, T ) → H1(Ω), such that

σ(t) = Aε (u̇(t)) + Bε (u(t)) + E∗∇φ(t)

+

∫ t

0

M (t− s, ε (u(s)) , α(s)) ds,
(3.2.32)

(σ(t), ε(w))H + j(u(t),w) = (f(t),w)V , ∀w ∈ V, (3.2.33)

(B∇φ(t),∇ϕ)H − (Eε(u(t)),∇ϕ)H = (q(t), ϕ)W , ∀ϕ ∈ W, t ∈ (0, T ), (3.2.34)

α(t) ∈ K, (α̇(t), ξ − α(t))L2(Ω) + a(α(t), ξ − α(t))

≥ (Θ (ε(u(t)), α(t)) , ξ − α(t))L2(Ω) ,∀ξ ∈ K, t ∈ (0, T ),

(3.2.35)

u(0) = u0, α(0) = α0. (3.2.36)

The next subsection contains our main existence and uniqueness result for Problem P V.

3.2.3 Existence and Uniqueness Results

Theorem 3.2.1 suppose (3.2.18)-(3.2.26) are true. Then the problem PV has a unique solution

(u,σ, φ, θ,D). Additionally, the solution has the regularity

u ∈ C1(0, T ;V ), (3.2.37)

φ ∈ C(0, T ;W ), (3.2.38)

σ ∈ C(0, T ;H), (3.2.39)

α ∈ H1
(
0, T ;L2(Ω)

)
∩ L2

(
0, T ;H1(Ω)

)
, (3.2.40)

D ∈ C(0, T ;W). (3.2.41)
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The solution (u,σ, φ, θ,D) that satisfies (3.2.32)-(3.2.36) is said to as a weak solution to the

contact problem P. We come to conclusion that the mechanical problem (3.2.1)-(3.2.12) has a

unique weak solution satisfying (3.2.37)-(3.2.41), under the mentioned assumptions.

Theorem 3.2.1 will be proved in steps using arguments from evolution equations with

monotone operators, a standard existence and uniqueness result on parabolic inequalities, and

fixed-point.

In this section, C will stand for a strictly positive integer whose value may vary depending

on the problem’s data but is independent of time.

Let η ∈ C(0, T ;H) be provided. The following variational problem is considered in the

first step

Problem P1
η

Determine a displacement field uη : [0, T ] → V such that for all t ∈ [0, T ]

(Aε (u̇η(t)) , ε (w))H + (η(t), ε(w))H = (f(t),w)V ,

∀w ∈ V, a.e. t ∈ (0, T ),

(3.2.42)

uη(0) = u0. (3.2.43)

The study of Problem P1
η produced the next result

Lemma 3.2.1 Problem P1
η has an unique solution, uη ∈ C1(0, T ;V )

Proof. We use Riesz Representation Theorem to determine the element fη ∈ C(0, T ;V ) and

the operator A : V → V by

(Au,v)V = (Aε(u), ε(v))H, ∀u,v ∈ V, (3.2.44)

(fη(t),w)V = (f(t),w)V − (η(t),w)V a.e.t ∈ [0, T ]. (3.2.45)
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For all w ∈ V we have

∥(Au− Av,w)V ∥ = ∥(Aε(u)−Aε(v), ε(w))H∥

≤ ∥Aε(u)−Aε(v)∥H∥ε(w)∥H

≤ LA∥u− v∥V ∥w∥H, ∀u,v ∈ V,

which shows that A : V → V is Lipschitz continuous. Now, by (3.2.45) and (3.2.18), we find

(Au− Av,u− v)V = (A (ε (u))−A (ε (v)) , ε (u)− ε (v))H

≥ mA ∥ε (u)− ε (v)∥2H ≥ C ∥u− v∥2V ,

i.e., that A : V → V is a strongly monotone operator on V . As a result, A is inversible and its

inverse A−1 is also strongly monotone Lipschitz continuous on V .

Therefore, there exists a unique function vη ∈ C(0, T ;V ) that satisfies

Avη(t) = fη(t). (3.2.46)

We consider the function uη : [0, T ] → V defined by

uη(t) =

∫ t

0

vη(s)ds+ u0,∀t ∈ [0, T ]. (3.2.47)

It follows from (3.2.42)-(3.2.47) that uη is a solution of P 1
η and it satisfies (3.2.37), then the

existence part of lemma 3.2.1 is now complete. The uniqueness of the solution follows from the

uniqueness of the solution of the problem (3.2.46).

We use the solution uη, obtained in Lemma 3.2.1, to construct the following variational

problem for the electrical potential in the second step.
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Problem P2
η

Determine an electrical potential φη : (0, T ) → W such that

(B∇φη(t),∇ξ)H − (Eε (uη(t)) ,∇ξ)H = (q(t), ξ)W , for all ξ ∈ W, t ∈ (0, T ). (3.2.48)

We have the following existence and uniqueness result for problem P2
η

Lemma 3.2.2 Problem (3.2.48) has a unique solution φη that satisfies the regularity (3.2.38).

Additionally, if φηi represents the solutions of problem (3.2.48) for ηi ∈ C([0, T ];H), i = 1, 2,

then there exists C > 0 such that

∥φη1(t)− φη2(t)∥W ≤ C ∥uη1(t)− uη2(t)∥V , ∀t ∈ [0, T ]. (3.2.49)

Proof. Let Ψ : W ×W → R be the form given by

Ψ(φ, ξ) = (B∇φ,∇ξ)H , ∀φ, ξ ∈ W, (3.2.50)

We show that the form Ψ is symmetric, coercive and bilinear continuous on W , using (3.2.14),

(3.2.21), (3.2.50) and defined (φ, ξ)W In addition, we may define an element Φη : [0, T ] → W

using (3.2.29) and the Riesz Representation Theorem, in order that

(Φη(t), ξ)W = (q(t), ξ)W + (Eε (uη(t)) ,∇ξ)H , ∀ξ ∈ W, t ∈ (0, T ),

By applying the Lax-Milgram Theorem, we may conclude there is only one element φη(t) ∈

W such that

Ψ(φη(t), ξ) = (Φη(t), ξ)W , ∀ξ ∈ W. (3.2.51)
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It follows from (3.2.51) that φη is a solution of the equation (3.2.48). Let φηi = φi, and uηi = ui

for i = 1, 2. We use (3.2.48) to obtain

∥φ1(t)− φ2(t)∥W ≤ C ∥u1(t)− u2(t)∥V , ∀t ∈ [0, T ].

Considering that uη ∈ C1(0, T ;V ) implies that φη ∈ C(0, T ;W ), and then the proof is now

complete.

We let θ ∈ C(0, T ;L2(Ω)) , and construct the following problem for the damage field, in

the third step

Problem Pθ

Determine the damage field αθ : (0, T ) → L2(Ω) such that αθ(t) ∈ K and

(α̇θ(t), ξ − αθ)L2(Ω) + a (αθ(t), ξ − αθ(t))

≥ (θ(t), ξ − αθ(t))L2(Ω) ∀ξ ∈ K, a.e. t ∈ (0, T ),

(3.2.52)

αθ(0) = α0. (3.2.53)

We apply Theorem 1.3.7 to problem Pθ

Lemma 3.2.3 The auxiliary problem Pθ has an unique solution αθ and it satisfies (3.2.40).

Proof. We denote by (H1(Ω))′ the dual space of H1(Ω) and, identifying the dual of L2(Ω) with

itself, the inclusion mapping of
(
H1(Ω), ∥ · ∥H1(Ω)

)
into

(
L2(Ω), ∥ · ∥L2(Ω)

)
is continuous and

its range is dense. Then we can write the Gelfand triple

E ⊂ Y ⊂ E ′.
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We denote by (., .)(H1(Ω))′×H1(Ω) the duality pairing between (H1(Ω))′ and (H1(Ω)), we note

that K is a closed convex set in(H1(Ω)), thus we have

(α, ζ)(H1(Ω))′×H1(Ω) = (α, ζ)L2(Ω), ∀α ∈ L2(Ω), ζ ∈ H1(Ω),

Taking into consideration the fact that αθ ∈ K in (3.2.24), using (3.2.27) the definition of the

bilinear form a, leads us to see that Lemma 2.3.4 is a direct consequence of Theorem 1.3.7.

Finally, in light of these results and utilizing the characteristics of the operators M, E as

well as the function Θ for t ∈ (0, T ), we consider the operator

Λ : C
(
0, T ;H× L2(Ω)

)
→ C

(
0, T ;H× L2(Ω)

)
(3.2.54)

defined by

Λ(η, θ)(t) =
(
Λ1(η, θ)(t),Λ2(η, θ)(t)

)
∈ H × L2(Ω) (3.2.55)

and

(
Λ1(η, θ)(t), v

)
H×V = (B (ε (uη(t))) , ε(w))H + (E∗∇φη(t), ε(w))H

+

(∫ t

0

M(t− s), ε (uη(s), α(s)) ds, ε(w)

)
H
+ j(uη(t),w), ∀w ∈ V

(3.2.56)

Λ2(η, θ)(t) = Θ (ε (uη(t)) , αθ(t)) . (3.2.57)

Here, for each (η, θ) ∈ C(0, T ;H × L2(Ω)), the displacement field, the electric potential

field and the damage field determined in Lemmas 3.2.1, 3.2.2 and 3.2.3 respectively, are represented

by the symbols uη, φη, and αθ represent We have the following result.

Lemma 3.2.4 The operator Λ has a fixed point (η∗, θ∗) ∈ C(0, T ;H × L2(Ω)), such that

Λ(η∗, θ∗) = (η∗, θ∗).

Proof. Let (η∗1, θ∗1), (η
∗
2, θ

∗
2) ∈ C (0, T ;H× L2(Ω)) and t ∈ (0, T ). For i = 1, 2, we use

the notation: uηi = ui, u̇ηi = u̇i = vi, αθi = αi, and φηi = φi,
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Let us start by using (3.2.15), (3.2.17), (3.2.19), (3.2.20) and (3.2.23), we have

∥Λ1(η1, θ1)(t)− Λ1(η2, θ2)(t)∥2H ≤ ∥Bε(u1(t))− Bε(u2(t))∥2H

+

∫ t

0

∥M (t− s, ε(u1(s), α1(s)))−M (t− s, ε(u2(s)), α2(s))∥2H ds

+ ∥E∗∇φ1(t)− E∗∇φ2(t)∥2H + ∥p(u1ν − g)− p(u2ν − g)∥2H

≤ C
(
∥φ1(t)− φ2(t)∥2W + ∥u1(t)− u2(t)∥2H

+

∫ t

0

∥α1(s)− α2(s)∥2L2(Ω) + ∥u1(s)− u2(s)∥2V ds
)
.

(3.2.58)

We use estimate (3.2.49), to obtain

∥Λ1(η1, θ1)(t)− Λ1(η2, θ2)(t)∥2H ≤ C
(
∥u1(t)− u2(t)∥2H

+

∫ t

0

∥α1(s)− α2(s)∥2L2(Ω) + ∥u1(s)− u2(s)∥2V ds
)
.

(3.2.59)

By similar arguments, from (3.2.57), (3.2.22) we obtain

∥Λ2(η1, λ1)(t)− Λ2(η2, λ2)(t)∥2H

≤ C(|u1(t)− u2(t)∥2V + ∥α1(t)− α2(t)∥2L2(Ω)), a.e. t ∈ (0, T ).

(3.2.60)

It follows now from (3.2.55), (3.2.59) and (3.2.60) that

∥Λ (η1, λ1) (t)− Λ (η2, λ2) (t)∥
2
H×L2(Ω)

≤ C(∥u1(t)− u2(t)∥2V + ∥α1(t)− α2(t)∥2L2(Ω)

+

∫ t

0

∥α1(s)− α2(s)∥2L2(Ω) + ∥u1(s)− u2(s)ds∥2V )

(3.2.61)

Since uη(t) =
∫ t
0
vη(s)ds+ u0 ∀t ∈ [0, T ], we obtain

∥u1(t)− u2(t)∥2V ≤
∫ t

0

∥v1(s)− v2(s)∥2V ds, ∀t ∈ [0, T ]. (3.2.62)
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Moreover, from (3.2.42) we obtain that

(Aε (v1)−Aε (v2) , ε (v1 − v2))H + (η1 − η2, ε (v1 − v2))H = 0.

Using the assumption (3.2.18), we determine that

∥v1(t)− v2(t)∥2V ≤ C ∥η1(t)− η2(t)∥2H . (3.2.63)

We conclude from (3.2.52) that

(θ1 − θ2, α1 − α2)L2(Ω) ≥ (α̇1 − α̇2, α1 − α2)L2(Ω)

+a (α1 − α2, α1 − α2) , a.e. t ∈ (0, T ).

Using the initial conditions α1 (0) = α2 (0) = α0, integrating this inequality with respect to

time, keeping in mind a (α1 − α2, α1 − α2) ≥ 0 leads us to discover that

1
2
∥α1 (t)− α2 (t)∥2L2(Ω) ≤ C

t∫
0

(θ1 (s)− θ2 (s) , α1 (s)− α2 (s))L2(Ω)ds.

This implies that

∥α1 (t)− α2 (t)∥2L2(Ω)

≤ C

 t∫
0

∥θ1 (s)− θ2 (s)∥2L2(Ω) ds+

t∫
0

∥α1 (s)− α2 (s)∥2L2(Ω) ds

 .

This inequality combined with the Gronwall inequality leads to

∥α1 (t)− α2 (t)∥2L2(Ω) ≤ C

t∫
0

∥θ1 (s)− θ2 (s)∥2L2(Ω) ds , ∀t ∈ [0, T ] . (3.2.64)
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Form estimates (3.2.61), (3.2.63) and the previous inequality it follows now that

∥Λ (η1, θ1) (t)− Λ (η2, θ2) (t)∥
2
H×L2(Ω)

≤ C

∫ T

0

∥(η1, θ1) (s)− (η2, θ2) (s)∥
2
H×L2(Ω) ds.

(3.2.65)

If we repeat this inequality m times, we get

∥Λm (η1, θ1)− Λm (η2, θ2)∥
2
C(0,T ;H×L2(Ω))

≤ CmTm

m!
∥(η1, θ1)− (η2, θ2)∥

2
C(0,T ;H×L2(Ω)) .

Thus, form sufficiently large, Λm is a contraction on the Banach space C(0, T ;H×L2(Ω)),

and so Λ has a unique fixed point.

We now have all the necessary elements to demonstrate Theorem 3.2.1.

Existence

Let (η∗, θ∗) ∈ H2 (0, T ;H× L2 (Ω)) , be the fixed point of Λ and denote

u = uη∗ , α = αθ∗ , φ = φη∗ , (3.2.66)

σ = Aε(u̇) + Bε(u) + E∗∇φ(t) +
∫ t

0

M (t− s, ε (u(s)) , α(s)) ds, (3.2.67)

D = Eε(u) +B∇(φ) (3.2.68)

we use : Λ1(η∗, θ∗) = η∗, Λ2(η∗, θ∗) = θ∗, it follows

(η∗(t),w)V = (B (ε (u(t))) , ε(w))H + (E∗∇φ(t), ε(w))H

+ j(u(t),w) +

(∫ t

0

M(t− s), ε (u(s), α(s)) ds, ε(w)

)
H
, ∀w ∈ V.

(3.2.69)

θ∗(t) = Θ (u (t) , α (t)) . (3.2.70)

We demonstrate that (u„„ D) meets the regularities (3.2.32) to (3.2.36) and (3.2.37). (3.2.41).

In fact, we write (3.2.42) for = and apply (3.2.63) to find
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We demonstrate that (u,σ, α, φ,D) meets (3.2.33)–(3.2.36) and the regularities (3.2.37)–(3.2.41).

In fact, we write (3.2.42) for η = η∗ and apply (3.2.63) to obtain

(Aε(u̇(t)), ε(w))H + (η∗(t),w)H = (f(t),w)V ,

a.e. t ∈ (0, T ), for all w ∈ V.
(3.2.71)

Substitute (3.2.69) in (3.2.71) to obtain

(Aε(u̇(t)), ε(w))H + (Bε(u(t)), ε(w))H + (E∗∇φ(t), ε(w))H

+

(∫ t

0

F (t− s, ε (u(s)) , α(s)) ds, ε(w)

)
H
+ j (u(t),w)

= (f(t),w)V , a.e. t ∈ (0, T ), for all v ∈ V.

(3.2.72)

and we write (3.2.52) for θ = θ∗ and use (3.2.66) to find

α(t) ∈ K, (α̇(t), ξ − α(t))L2(Ω) + a (α(t), ξ − α(t))

≥ (θ∗(t), ξ − α(t))L2(Ω) ,∀ξ ∈ K, a.e.t ∈ (0, T ).

(3.2.73)

We substitute (3.2.70) in (3.2.73) to obtain

α(t) ∈ K, (α̇(t), ξ − α(t))L2(Ω) + a (α(t), ξ − α(t))

≥ (Θ (u (t) , α (t)) , ξ − α(t))L2(Ω) , ∀ξ ∈ K, a.e.t ∈ (0, T ).

(3.2.74)

We write now (3.2.48) for η = η∗ and use (3.2.66) to find

(B∇φ(t),∇ϕ)H − (Eε(u(t)),∇ϕ)H = (q(t), ϕ)W , ∀ϕ ∈ W, t ∈ (0, T ) (3.2.75)

Given the relations (3.2.71)-(3.2.75), we can now say that (u,σ, α, φ,D) satisfies (3.2.32)-(3.2.35).

Since u, φ and α satisfies (3.2.37)-(3.2.38) and (3.2.40) , respectively, we can conclude from

(3.2.67) that

σ ∈ C(0, T ;H), (3.2.76)
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we select v = u± ϕ in (2.3.68), with ϕ ∈ D(Ω)d to obtain

Divσ(t) = f0(t),∀t ∈ [0, T ], (3.2.77)

where D(Ω) represents the space of infinitely differentiable real functions with a compact

support in Ω. The regularity (3.2.39) follows from (3.2.25), (3.2.76) and (3.2.77).

Let now t1, t2 ∈ [0, T ], from (3.2.14), (3.2.21), (3.2.20) and (3.2.68), we infer that there

exists a positive constant C > 0 that satisfies

∥D (t1)−D (t2)∥H ≤ C (∥φ (t1)− φ (t2)∥W + ∥u (t1)− u (t2)∥V ) .

The regularity of u and φ implied by (3.2.37) and (3.2.38) implies

D ∈ C(0, T ;H). (3.2.78)

Using (3.2.30) and choosing ϕ ∈ D(Ω)d lead us to obtain

divD(t) = q0(t), ∀t ∈ [0, T ], (3.2.79)

The existence part of the theorem 3.2.1 is concluded by the property D ∈ C(0, T ;W),

which follows from (3.2.26),(3.2.78) and (3.2.79).

Uniqueness

The proof is complete since the uniqueness of the solution follows from the uniqueness of the

fixed point of operator Λ.
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3.3 Numerical Analysis on Electro-Viscosity

In this section, we introduce a fully scheme for the numerical solutions of the frictionless

contact problem between an electro-viscoelastic body with long memory and a deformable

foundation. This scheme is based on the Euler scheme to discretize the time derivatives and

the finite element method to approximate the spatial variable. Next, we get error estimates for

the approximate solutions. The simulation of certain numerical results for two-dimensional test

problems is offered at the end.

This section is divided into three paragraphs. In the first paragraph, we introduce finite

element spaces and basic notations. In the second paragraph we give the approximate variational

formulation of the mechanical problem. Finally, in the third paragraph, we present error estimates

on the approximate solutions.

3.3.1 Notations and Discrete Spaces

We employ uniform partitions of the time interval [0, T ] : 0 = t0 < t1 < · · · < tN = T, where

tn = nk, and k = T/N is the time step characterizing the partition. We write fn = f(tn)

for a continuous function f(t). Additionally, letlet δwn = (wn − wn−1)/k signify the divided

differences for a sequence {wn}Nn=0.

The tangential part of un on the boundary and its normal component are indicated by

un,ν = (un)ν ≡ un · ν,

un,τ = (un)τ ≡ un − un,νν,

Fully discrete approximations will be associated with the superscript ”hk” to indicate the

discretizations in space (h) and in time (k). As an example, uhkn is an approximation of un, and

its normal component and tangential part on the boundary are denoted by uhkn,ν and uhkn,τ . Note

that this notation will be used only when we deal with the numerical analysis of problems.
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We will suppose that the domain Ω is polygonal or polyhedral its boundary Γ is divided

into three subsets Γ1,Γ2 and Γ3, with mutually disjoint interiors, when we discretize the spatial

derivatives. The unit outward normal vector is constant for each Γij, thus we write Γj =
⋃ij
i=1 Γ

i
j .

Let T h be a regular family of finite element partitions of Ω that are presumed to be consistent

with the decomposition Γ =
⋃3
j=1 Γj , in the sense that if the intersection of one side of an

element with one of the three sets has a positive surface measure, then the side lies wholly in

that set. We have introduced above in Section 3.2 the following spaces and we recall them here

V =
{
w ∈ H1(Ω)d : w = 0 on Γ1

}
,

W =
{
ζ ∈ H1(Ω) : ζ = 0 on Γa

}
,

K =
{
α ∈ H1(Ω) : 0 ≤ α ≤ 1 a.e. in Ω} .

Let V h ⊂ V, W h ⊂ W and Kh ⊂ K be a finite-dimensional spaces defined by

V h =
{
wh ∈ C(Ω)d : ωh

|K linear ∀K ∈ T h, wh = 0 on Γ1

}
,

W h =
{
ζh ∈ C(Ω) : ζh|K linear ∀K ∈ T h, ζh = 0 on Γa

}
,

Kh =
{
αh ∈ C(Ω) : αh|K linear ∀K ∈ T h

}
.

Then , using the above finite element discretization for the spatial variables and the backward

Euler scheme for the time derivatives, we obtain the following fully discrete scheme which

approximates Problem PV.

3.3.2 Discrete Problem

Problem PV hk

Determine a discrete displacement field uhk =
{
uhkn
}N
n=0

⊂ V h, a discrete damage field αhk ={
αhkn
}N
n=0

⊂ Kh and a discrete electric potential field φhk =
{
φhkn
}N
n=0

⊂ W h, such that
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uhk0 = uh0 , αhk0 = αh0 and for n = 1, ..., N

(
δαhkn , ξ

h − αhkn
)
L2(Ω)

+ a
(
αhkn , ξ

h − αhkn
)

≥
(
Θ
(
ε
(
uhkn−1

)
, αhkn−1

)
, ξh − αhkn

)
L2(Ω)

, ∀ξh ∈ Kh,

(3.3.1)

(
Aε
(
vhkn
)
, ε
(
wh
))

H +
(
Bε
(
uhkn−1

)
, ε
(
wh
))

H +
(
E∗∇φhkn , ε

(
wh
))

H + j
(
uhkn ,w

h
)

=
(
fn,w

h
)
V
−

(
n∑
j=1

kM
(
tn − tj−1, ε

(
uhkj−1

)
, αhkj−1

)
, ε
(
wh
))

H

∀wh ∈ V h,

(3.3.2)(
β∇φhkn ,∇ψh

)
H
−
(
Eε
(
uhkn
)
,∇ψh

)
H
=
(
qn, ψ

h
)
W

∀ψh ∈ W h. (3.3.3)

We discover that Problem PV hk admits a single solution using classic results of nonlinear

variational equations ( see [32] ), which we summarize below.

Theorem 3.3.1 Assume that (3.2.18)–(3.2.23) hold. Then, Problem PV hk has a unique solution

(uhk, φhk, αhk) ⊂ V h ×W h ×Kh.

3.3.3 Numerical Approximation

The purpose of this section is to to estimate the numerical errors ∥un − uhkn ∥V , ∥φn − φhkn ∥V

and ∥αn − αhkn ∥Y . Let’s start by getting an error estimation on the electric potential. As we

continue as in [7], by subtracting (3.3.3) from (3.2.34) at time t = tn for ψ = ψh ∈ W h, it is

evident that

(
β∇

(
φn − φhkn

)
,∇ψh

)
H
−
(
E
(
un − uhkn

)
,∇ψh

)
H
= 0, ∀ψh ∈ W h.

Thus, we have

(
β∇

(
φn − φhkn

)
,∇
(
φn − φhkn

))
H
−
(
E
(
un − uhkn

)
,∇
(
φn − φhkn

))
H

=
(
β∇

(
φn − φhkn

)
,∇
(
φn − ψh

))
H
−
(
E
(
un − uhkn

)
,∇
(
φn − ψh

))
H
,∀ψh ∈ W h.
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We apply the Cauchy’s inequality and use properties (3.2.21) and (3.2.20), after some

algebra to find that

∥∥φn − φhkn
∥∥2
V
≤ c

(∥∥un − uhkn
∥∥2
V
+
∥∥φn − ψh

∥∥2
W

)
, ∀ψh ∈ W h. (3.3.4)

Secondly, allow us to estimate the numerical errors on the displacement field. In order to

have, we therefore replace (3.2.32) in (3.2.33). (3.2.32) in (3.2.33)

(Aε (u̇(t)) , ε (w))H + (Bε (u(t)) , ε (w))H + (E∗∇φ, ε (w))H + j (u(t),w)

+

(∫ t

0

M(t− s, ε(u(s)), α(s))ds,w

)
H
= (f(t),w)V , ∀w ∈ V,

(3.3.5)

We rewrite (3.3.5) at time t = tn for w = wh ∈ V h and we subtract it to variational

equation (3.3.2) to find

(
Aε
(
u̇n − δuhkn

)
, ε
(
wh
))

H +
(
Bε
(
un − uhkn

)
, ε
(
wh
))

H

+
(
E∗∇(φn − φhkn ), ε

(
wh
))

H + j
(
un,w

h
)

− j
(
uhkn ,w

h
)
+

(∫ tn

0

M(tn − s, ε(u(s)), α(s))ds

−
n∑
j=1

kM
(
tn − tj−1, ε

(
uhkj−1

)
, αhkj−1

)
, ε
(
wh
))

H

= 0, ∀wh ∈ V h.
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Therefore we have

(
Aε
(
u̇n − δuhkn

)
, ε
(
un − uhkn

))
H +

(
Bε
(
un − uhkn

)
, ε
(
un − uhkn

))
H

+
(
E∗∇(φn − φhkn ), ε

(
un − uhkn

))
H

+ j
(
un,un − uhkn

)
− j

(
uhkn ,un − uhkn

)
+

(∫ tn

0

M(tn − s, ε(u(s)), α(s))ds

−
n∑
j=1

kM
(
tn − tj−1, ε

(
uhkj−1

)
, αhkj−1

)
, ε
(
un − uhkn

))
H

=
(
Aε
(
u̇n − δuhkn

)
, ε
(
un −wh

))
H +

(
Bε
(
un − uhkn

)
, ε
(
un −wh

))
H

+
(
E∗∇(φn − φhkn ), ε

(
un −wh

))
H

+ j
(
un,un −wh

)
− j

(
uhkn ,un −wh

)
+

(∫ tn

0

M(tn − s, ε(u(s)), α(s))ds

−
n∑
j=1

kM
(
tn − tj−1, ε

(
uhkj−1

)
, αhkj−1

)
, ε
(
un −wh

))
H

, ∀wh ∈ V h.

From the property (3.2.23), it is easy to check that

j
(
un,un − uhkn

)
− j

(
uhkn ,un − uhkn

)
≥ 0

j
(
un,un −wh

)
− j

(
uhkn ,un −wh

)
≤ c

∥∥un −wh
∥∥
V

∥∥un − uhkn
∥∥
V
.

Using the properties (3.2.18)-(3.2.19), (3.2.20)-(3.2.23) and applying the inequality

ab ≤ ϵa2 +
1

4ϵ
b2, a, b, ϵ ∈ R, ϵ > 0, (3.3.6)

we obtain the following inequality

∥∥vn − vhkn
∥∥2
V
≤ c

(
n∑
j=1

k
[∥∥uj−1 − uhkj−1

∥∥2
V
+
∥∥αj−1 − αhkj−1

∥∥2
L2(Ω)

]
+ I2M,n

+
∥∥vn −wh

∥∥2
V
+
∥∥un − uhkn

∥∥2
V
+
∥∥φn − φhkn

∥∥2
W

)
, ∀wh ∈ V h,

(3.3.7)

where IM,n is the integration error

IM,n =

∥∥∥∥∥
∫ tn

0

M (tn − s, ε(u(s)), α(s)) ds−
n∑
j=1

kM (tn − tj−1, ε (uj−1) , αj−1)

∥∥∥∥∥
H

.
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We utilize (3.2.35) at time t = tn with the choice ξ = ξhkn and add it to (3.3.1) with

ξh = ξhn, after applying some algebraic operations (see [32] for details), in order to estimate∥∥αn − αhkn
∥∥
L2(Ω)

.

∥∥αn − αhkn
∥∥2
L2(Ω)

+ k

n∑
j=1

∥∥∇ (αj − αhkj
)∥∥2

L2(Ω)

≤ c{
∥∥α0 − αh0

∥∥2
L2(Ω)

+ k
n∑
j=1

∥δαj − α̇j∥L2(Ω)

∥∥αj − αhkj
∥∥
L2(Ω)

+
∥∥αn − αhkn

∥∥
L2(Ω)

∥∥αn − ξhn
∥∥
L2(Ω)

+
∥∥α0 − αhk0

∥∥
L2(Ω)

∥∥α1 − ξh1
∥∥
L2(Ω)

+ k
n−1∑
j=1

∥∥αj − αhkj
∥∥
L2(Ω)

∥∥(αj+1 − ξhj+1

)
−
(
αj − ξhj

)∥∥
L2(Ω)

+ k
n∑
j=1

∥∥∇ (αj − αhkj
)∥∥

L2(Ω)

∥∥∇ (αj − ξhj
)∥∥

L2(Ω)

+ k
n∑
j=1

∥ϕ (ε (uj) , αj)− δαj + κ∆αj∥L2(Ω)

∥∥αj − ξhj
∥∥
L2(Ω)

+k
n∑
j=1

(∥∥uj − uhkj−1

∥∥
L2(Ω)

+
∥∥αj − αhkj

∥∥
L2(Ω)

)(∥∥αj − αhkj
∥∥
L2(Ω)

+
∥∥αj − ξhj

∥∥
L2(Ω)

)}
(3.3.8)

Next, since

un − uhkn−1 = u0 +

∫ tk

0

v(s)ds− uh0 − k
n−1∑
j=1

vhkj

= k
n−1∑
j=1

(
vj − vkkj

)
+ u0 − uh0 +

n−1∑
j=1

(∫ tj

tj−1

v(s)ds− vjk

)
+

∫ tn

tn−1

v(s)ds,

we have

∥∥un − uhkn−1

∥∥
V
≤ k

n−1∑
j=1

∥∥vj − vhkj
∥∥
V
+
∥∥u0 − uh0

∥∥
V
+ ck∥v∥W 1,1(0,T ;V ),
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thus,

∥∥un − uhkn−1

∥∥2
V
≤ c

{
k

n−1∑
j=1

∥∥vj − vhkj
∥∥2
V
+
∥∥u0 − uh0

∥∥2
V
+ k2∥v∥2W 1,1(0,T ;V )

}
. (3.3.9)

We conclude from(3.3.8) that α̇ ∈ C ([0, T ];L1(Ω)), hence

∥∥αn − αhkn−1

∥∥
L2(Ω)

≤
∥∥αn−1 − αhkn−1

∥∥
L2(Ω)

+ k∥α̇∥C([0,T ];L1(Ω)). (3.3.10)

We combine (3.3.8)-(3.3.10) to obtain

∥∥αn − αhkn
∥∥2
L2(Ω)

+ k
n∑
j=1

∥∥∇ (αj − αhkj
)∥∥2

L2(Ω)

≤ c{
∥∥α0 − αh0

∥∥2
L2(Ω)

+
∥∥α1 − ξh1

∥∥2
L2(Ω)

+
∥∥u0 − uh0

∥∥2
V

+ k2
(
∥v∥2W 1,1(0,T ;V ) + ∥α̇∥2C([0,T ];L1(Ω))

)
+ k

n∑
j=1

∥δαj − α̇j∥2L2(Ω)

+
∥∥αn − ξhn

∥∥2
L2(Ω)

+ k
n∑
j=1

∥ϕ (ε (uj) , αj)− δαj + κ∆αj∥L2(Ω)

∥∥αj − ξhj
∥∥
L2(Ω)

+ k
n∑
j=1

∥∥∇ (αj − ξhj
)∥∥2

L2(Ω)
+ k−1

n∑
j=1

∥∥(αj+1 − ξhj+1

)
−
(
αj − ξhj

)∥∥2
L2(Ω)

+k
n∑
j=1

∥∥αj − αhkj
∥∥2
L2(Ω)

+ k
n−1∑
j=1

∥∥vj − vhkj
∥∥2
V

}

(3.3.11)

combining (3.3.7), (3.3.11) and (3.3.4), leads us to the following estimate for all w ∈ V h

and {ξhj }nj=1 ⊂ Kh
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∥∥vn − vhkn
∥∥2
V
+
∥∥αn − αhkn

∥∥2
L2(Ω)

+ k

n∑
j=1

∥∥∇ (αj − αhkj
)∥∥2

H
+
∥∥φn − φhkn

∥∥2
V

≤ c

(
n∑
j=1

k
[∥∥uj−1 − uhkj−1

∥∥2
V
+
∥∥αj−1 − αhkj−1

∥∥2
L2(Ω)

]
+ I2M,n +

∥∥vn −wh
∥∥2
V

+
∥∥α0 − αh0

∥∥2
L2(Ω)

+
∥∥α1 − ξh1

∥∥2
L2(Ω)

+
∥∥αn − ξhn

∥∥2
L2(Ω)

+
∥∥u0 − uh0

∥∥2
V

+k
n∑
j=1

∥∥αj − αhkj
∥∥2
L2(Ω)

+ k

n−1∑
j=1

∥∥vj − vhkj
∥∥2
V
+ k

n∑
j=1

∥∥∇(αj − ξhj )
∥∥2
L2(Ω)

+k2
(
∥v∥2W 1,1([0,T ];V ) + ∥α̇∥2C([0,T ];L1(Ω))

)
+
1

k

n∑
j=1

∥∥(αj+1 − ξhj+1

)
−
(
αj − ξhj

)∥∥2
L2(Ω)

+k
N∑
j=1

∥δαj − α̇j∥2L2(Ω) + k
N∑
j=1

∥Θ(ε (uj) , αj)

−1

k
(αj − αj−1) + κ∆αj

∥∥
L2(Ω)·

∥∥αj − ξhj ∥L2(Ω)

+
∥∥un − uhkn

∥∥2
V
+
∥∥φn −Ψh

∥∥2
W

)
,

(3.3.12)

where

∥∥un − uhkn
∥∥2
V
≤ c

{
k

n∑
j=1

∥∥vj − vhkj
∥∥2
V
+
∥∥u0 − uh0

∥∥2
V

}
. (3.3.13)

Utilizing 1.3.6, we arrive at the main error estimates listed below

Theorem 3.3.2 Assume that (3.2.18)-(3.2.26) and the regularity (3.3.13) hold. Let (u, α, φ) ∈

V ×K×W and (uhk, αhk, φhk) ∈ V h×Kh×W h be the respective solutions to Problems PV

and PV hk. Then, we have the following error estimates

For all wh = {wh
j }Nj=1 ⊂ V h, {αhj }Nj=1 ⊂ Kh and {ψhj }Nj=1 ⊂ W h
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max
0≤n≤N

{
∥∥un − uhkn

∥∥2
V
+
∥∥u̇n − δuhkn

∥∥2
V
+
∥∥αn − αhkn

∥∥2
L2(Ω)

+
∥∥φn − φhkn

∥∥2
V
}

+ k

n∑
j=1

∥∥∇ (αj − αhkj
)∥∥2

H
≤ c

(
max

0≤n≤N
I2M,n

+ max
0≤n≤N

{
∥∥vn −wh

∥∥2
V
+
∥∥u0 − uhk0

∥∥2
V
+
∥∥α0 − αh0

∥∥2
L2(Ω)

+
∥∥α1 − αh1

∥∥2
L2(Ω)

}

+k
N∑
j=1

∥δαj − α̇j∥2L2(Ω) + max
0≤n≤N

∥∥αn − ξhn
∥∥2
L2(Ω)

+ max
0≤n≤N

∥∥φn −Ψh
∥∥2
W

+k2
(
∥v∥W 1,1([0,T ];V ) + ∥α̇∥C([0,T ];L2(Ω))

)
+ max

0≤n≤N
k

n∑
j=1

∥∥∇(αj − ξhj )
∥∥2
L2(Ω)

+ max
0≤n≤N

1

k

n∑
j=1

∥∥(αj+1 − αhj+1

)
−
(
αj − αhj

)∥∥2
L2(Ω)

+ max
0≤n≤N

k
n∑
j=1

∥Θ(ε (uj) , αj)−
1

k
(αj − αj−1) + κ∆αj

∥∥
L2(Ω)·

∥∥αj − ξhj ∥L2(Ω)

)
.

(3.3.14)

Corollary

Let’s choose the discrete initial conditions αh0 = πhα0 and uh0 = Πhu0, where πh : C(Ω) → Kh

is the standard finite element interpolation operator ( see, e.g., [18] ) and Πh = (πhi )
d
i=1 :

[C(Ω)]d → V h. Under the assumptions of Theorem 3.2.1 the following is our estimation of the

error

max
0≤n≤N

{∥∥un − uhkn
∥∥
V
+
∥∥αn − αhkn

∥∥
L2(Ω)

+
∥∥φn − φhkn

∥∥
V

}
≤ c(h+ k). (3.3.15)

Proof.

In the beginning, we must estimate the errors produced by the approximation of the finite

element spaces V h, Kh and W h.
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We have

max
0≤n≤N

inf
wh

n∈V h

∥∥un −wh
n

∥∥
V
≤ ch∥u∥C([0,T ];[H2(Ω)]d),

max
0≤n≤N

inf
ξhn∈Kh

∥∥αn − ξhn
∥∥
L2(Ω)

≤ ch∥α∥C([0,T ];H2(Ω)),

max
1≤n≤N

inf
ψh
n∈Wh

∥∥φn − ψhn
∥∥
W

≤ ch∥φ∥C([0,T ]:H2(Ω)).

We obtain from the definition of the operators πh and Πh

∥∥u0 − uhk0
∥∥
V
≤ ch∥u(0)∥[H2(Ω)]d∥∥α0 − αh0

∥∥
L2(Ω)

≤ ch2 ∥α0∥H2(Ω) .

Finally, using the ideas in [34] we find that the terms corresponding to the damage field are

bounded, for example since α ∈ H2(0, T ;L2(Ω)),

δαj − α̇j =
1

k

∫ tj

tj−1

(α̇(t)− α̇ (tj)) dt =
1

k

∫ tj

tj−1

∫ t

tj

α̈(s)ds dt.

Thus, it follows
∑N

j=1 k ∥α̇j − δαj∥2L2(Ω) ≤ ck2∥α∥2H2(0,T ;L2(Ω)), also the following estimate

was obtained,

1

k

N−1∑
j=1

∥∥αj − ξhj −
(
αj+1 − ξhj+1

)∥∥2
L2(Ω)

≤ ch2∥α∥2H1(0,T ;K).

Proceeding as in [17] we find that

IM,n ≤ ck
(
∥u∥W 1,∞(0,T ;V ) + ∥ζ∥H2(0,T ;L2(Ω))

)
.
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3.3.4 Numerical Simulations

Some simulation results in test problems including examples in one, two, and three dimensions,

have been performed in order to test the accuracy of the numerical method given in the previous

section. In this part, we provide a description of the numerical results that demonstrate the

algorithm’s effectiveness.

The one-dimensional test example

We take into consideration an electro viscoelastic rod Ω = (0, L) with a fixed left end x = 0,

and a body force of density fo(x, t) acting in the x-direction. A gap g exists between its right

end x = L and a rigid foundation. The contact is modeled with normal compliance and damage.

The long memory operator has the same form as in ([61])

∫ t

0

M (t− s, ε (u(s)) , α(s)) ds =

∫ t

0

η∗(α)Aε (u(s)) ds,

where η∗ : R → R is a function defined by

η∗(α) =


α∗ if α ≤ α∗

α if α∗ < α < 1

1 if α ≥ 1

Thus, the electro-viscoelastic constitutive law with long term-memory and damage 3.2.1

can also be expressed in the rate-type law as follows

α̇ = Bε (u̇)− E∗E(φ̇) + η∗(α)Aε (u)

We use here the linear case as follow

α̇ = a ε (u) + b ε (u̇)− c E(φ̇),
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where ε (u) = ∂(u)
∂x
, while a, b and c are positive material constants, independent of x and t.

In the simulations, the normal compliance function given below is used,

p(r) =
1

µ
r+,

where r+ = max{0, r} and µ is a positive constant which represents a deformability coefficient.

We consider the following problem as a first example

Problem T1D

Determine a displacement field u : [0, 1]× [0, 1] → R, an electric potentiel φ : [0, 1]× [0, 1] →

R, and a damage field α : [0, 1]× [0, 1] → R such that

∂σ(x, t)

∂t
=
∂u(x, t)

∂x
+
∂2u(x, t)

∂x∂t
+
∂2φ(x, t)

∂x∂t
in (0, 1)× (0, 1), (3.3.16)

D(x, t) =
∂u(x, t)

∂x
− 2

∂φ(x, t)

∂x
in (0, 1)× (0, 1), (3.3.17)

α̇− κ∆α = −3e−3t in (0, 1)× (0, 1), (3.3.18)

∂σ(x, t)

∂x
= 2(3et − t) in (0, 1)× (0, 1), (3.3.19)

∂D(x, t)

∂x
= 2(et − 1) in (0, 1)× (0, 1), (3.3.20)

u(0, t) = 0 for t ∈ (0, 1), (3.3.21)

φ(0, t) = 0 for t ∈ (0, 1), (3.3.22)

σ(1, t) = − 1

µ
max

(
0,u(1, t)− g

)
for t ∈ (0, 1), (3.3.23)

∂α

∂x
(1, t) = 0 for t ∈ (0, T ), (3.3.24)

φ(x, 0) = x2, u(x, 0) = 0, α(x, 0) = 1 in (0, 1). (3.3.25)

121



Chapter 3 Frictionless Contact Problem

For the numerical computation, the following data have been considered

Ω = (0, 1), Γ1 = Γa = {0}, Γ2 = ∅, Γ3 = Γb = {1},

T = 1, a = b = c = 1, B = 2, g = 0m, µ = 100,

f0 = 2(t− 3et), q0 = 2(et − 1), Θ(ε(u), α) = −3e−3t,

φ0(x) = x2N/m, u0(x) = 0m, α0(x) = 1.

The fully discrete scheme was implemented by using the spaces V h, W h, Kh. We used the

discretization parameters h = k = 0.01.

Our numerical results are plotted in Figures 3.1, 3.2, and 3.3. In Figure 3.1 the displacement

fields, electric potentials, and the damage function at several times (t = 0.2, 0.4, 0.6, 0.8, 1

second) are shown. In Figure 3.2 the displacement, the electric potential and the damage of the

right end x = 1 are drawn through the time. The evolution of the displacement and the electric

potential are plotted in Figure 3.3.
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(a) Displacement fields at several times

(b) Potential electric fields at several times

(c) Damage function at several times

Figure 3.1: Displacements, electric potentials, and damage function at several times
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(a) Evolution in time of the displacement of the right end

(b) Evolution in time of electric potential of the right end

(c) Evolution in time of damage of the right end

Figure 3.2: Evolution in time of the displacement, the electric potential, and the damage of the
right end
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(a) Evolution of the displacement field

(b) Evolution of the electric potential field

Figure 3.3: Evolution of the displacement and the electric potential fields
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GENERAL CONCLUSION

General Conclusion

Along this thesis, numerous quasistatic contact problems involving various materials are examined.

in the second chapter we have studied two frictional contact problems with normal damped

response and damage, The first problem is a thermo-mechanical problem of contact between an

elastic-viscoplastic body and a deformable foundation with thermal effects, the second problem

is an electro-mechanical problem between two viscoelastic piezoelectric bodies with adhesion.

in the third chapter we have studied a frictionless purely mechanical problem with normal

compliance and damage, between a viscoelastic piezoelectric body with long memory and a

foundation. We used Green’s formula to obtain the variational formulation of these problems,

and we obtained results of existence and unicity of the weak solution, by using the following

arguments: variational equation depending on time, variational equation of evolution, variational

inequality of evolution of the parabolic type, differential equation and fixed point. For some

cases, we have considered a numerical approximation of the contact problems using a uniform

temporal discretization and a spatial discretization by the finite element method. At the end of

these discretizations, we showed the existence and uniqueness of the approximate variational

problems. Finally, for these schemes, we obtained error estimation results under hypotheses

of regularity of the solution. To continue the work accomplished in this thesis, it would be

interesting to consider the dynamic contact processes associated with the different contact laws

studied. The variational analysis of these problems represents an open research topic that

deserves to be addressed in the future. To verify the error estimates obtained in this thesis

and to illustrate the behavior of the models studied, simulations and numerical examples based

on efficient methods will be welcome. This objective will be realized in further works which

will represent a natural continuation of this thesis
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Résumé:

L’objet de cette thèse est la modelisation, l’étude variationnelle et numerique de quelques problèmes

de contact avec ou sans frottement , entre un corps deformable et une fondation, ou entre deux corps

deformables. Ici nous considérons des lois de comportement non linéaires pour des matériaux elastic

viscoplastiques, électro viscoélastiques, et viscoélastiques piezoelectriques avec memoire longue. Pour

ces problèmes nous obtenons des formulations variationnelles suivies des résultats d’existence et d’unicité

des solutions faibles. Les techniques employées sont basées sur la théorie des opérateurs monotones

suivis d’une version du théorème de Cauchy Lipschitz et des arguments du point fixe de Banach. Enfin,

nous proposons une approximation numerique du probleme purement mecanique a l’aide de schemas

discretises. Pour ces schemas, nous obtenons des resultas d’estimation de l’erreur.

Mots clés: Elasto-viscoplasticité, électro-viscoélasticité, adhésion, endommagement, réponse
amortie normale, compliance normale, point fixe, elements finis.

Abstract :

The object of this thesis is the modeling, the variational and numerical study of some contact problems

with or without friction, between a deformable body and a foundation, or between two deformable

bodies. Here we consider nonlinear laws of behavior for elastic-viscoplastic, electro-viscoelastic, and

viscoelastic piezoelectric materials with long memory. For these problems we obtain variational formulations

followed by existence and uniqueness results of weak solutions. The techniques employed are based on

the theory of monotone operators followed by a version of the Cauchy-Lipschitz theorem and Banach’s

fixed point arguments. Finally, we propose a numerical approximation of the purely mechanical problem

using discrete schemes. For these schemes, we obtain error estimation results.

Key-words: Elasto-viscoplasticity, electro-viscoelasticity, adhesion, damage, normal damped
response, normal compliance, fixed point, finite elements.
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