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I General Introduction

Problems of contact, with or without friction, between two deformable materials or between
a deformable material and a rigid foundation abound in industry and in everyday life. Mechanical
linkages, braking systems, combustion engines and metalworking are usual examples. Because
of this importance of these physical phenomena, considerable efforts have been devoted to the
study of these contact problems.Their modelling and mathematical analysis, including existence
and uniqueness results, was developed in a large number of works, see for instance [55, 35, 52,
56], and the references therein. Their numerical analysis, including error estimate for discrete

scheme and numerical simulations, can be found in [36, 39, 42]

The selection of the contact boundary conditions is a significant issue in the modeling of
the contact phenomena, which is still a subject of research. The so-called Signorini condition is
one of the most often used boundary conditions, appearing in both engineering and mathematics
literature. It was introduced in [53], describes the contact with a perfectly rigid foundation and
is expressed in terms of unilateral constraints for the displacement field. The normal compliance
contact condition was introduced in [13] and used in a large number of papers, see [35, 40, 52]
and the references therein. It represents a regularization of the Signorini contact condition and it
describes the contact with an elastic foundation. It should be noted that the contact conditions,
which are employed in the majority of the related works on the topic, are defined in terms of
the displacement field. However, it seems more suitable to characterize typical compliance
conditions in terms of the normal velocity when the contact surfaces are lubricated. These
settings, also known as normal damped response conditions, have been utilized in a number of

articles (see, e.g., [6, 14, 26, 49] ) and the references therein).
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GENERAL INTRODUCTION

Numerous publications have employed constitutive laws, which use internal variables to

characterize how a material changes as a result of deformation. Some of the internal state

variables considered by many authors are the work-hardening of materials, the absolute temperature,

the adhesion field and the damage field. See for examples [3, 14, 33].

The damage is a crucial subject in design engineering since it directly impacts the structure
or component’s usable life. On it, there is a large quantity of engineering literature. The
virtual power idea and thermodynamical considerations were used to create general models
of mechanical damage in [31]. Contact problems using viscoelastic and viscoplastic materials,

involving the damage’s effect, were explored in [2, 13, 33].

The adhesion is important in many industrial settings where parts, usually nonmetallic,
are glued together. For this reason, adhesive contact between bodies, when a glue is added
to prevent the surfaces from relative motion, has recently received increased attention in the
literature. Basic modelling can be found in [28, 29, 30]. Analysis of models for adhesive

contact can be found in [15, 16, 19] and in the monographs [52, 54].

The piezoelectric effect represents the coupling between the mechanical and the electrical
proprieties of the material, it can be considered as an interaction between two phenomena: the
direct piezoelectric effect (a mechanical deformation generates an electric field in the material)
and the inverse piezoelectric effect (the generation of stress when an electric field is applied).
The piezoelectricity is very useful within many applications that involve the production and
detection of sound, generation of high voltages, electronic frequency generation, microbalances,
and ultra fine focusing of optical assemblies. It is also the basis of a number of scientific
instrumental techniques with atomic resolution, such as scanning probe microscopes. The

piezoelectric effect also has its use in biomechanics, bio-medicine and structural mechanics.

During the last years, there is a considerable mathematical interest in contact problems

involving piezoelectric phenomena (See, e.g., [8, 10, 37]). There are general models for electro-elastic

materials with piezoelectric effects in [46, 58, 59] and the references therein. Piezoelectric

contact problems arising viscoplasticity have been studied in [2, 45]. Both quasistatic or dynamic
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GENERAL INTRODUCTION

contact problems for viscoelastic piezoelectric materials have been taken into account in [60,

51, 43, 57].

The thesis is broken up into three chapters. After reviewing the formalization of the laws of
behavior, boundary conditions, and mechanical and electrical phenomena in the first chapter, we
offer the physical settings and mathematical models that will be the focus of our investigation
in the following two chapters. Preliminaries in mathematics are also presented. In the second
chapter, we discuss solutions to the quasistatic frictional contact problem that arises when an
elastic-viscoplastic body comes into contact with an obstacle. Normal damped response and a
local friction law are used to represent the contact. With two internal variables that may describe
a temperature parameter and the damage to the contacting surface, the elastic-viscoplastic
material can also characterize both. We present a variational formulation of the problem and
demonstrate that the model has a single weak solution. This part contains original results
published in collaboration with my supervisor Professor Adel Aissaoui ( [25] ). In the same way
this chapter contains the case of the contact between two viscoelastic piezoelectric bodies with
adhesion and damage. The third chapter of this thesis is devoted to the resolution of friconless
contact between a visco-elastic piezoelectric body with long memory and a foundation is studied.
The contact is modelled by a normal compliance. We present a variational formulation of the
problem and prove the existence and uniqueness of the weak solution. A fully discrete scheme

for the problem is proposed, and error estimates on the numerical solutions is derived.
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Chapter 1 Modeling and Mathematical Background

1.1 Introduction

This chapter represents a brief reminder of the continuum mechanics where we will introduce
the general physical setting of contact problems to be studied in this thesis, the constitutive
laws of behavior of the different materials, the contact boundary conditions . Then we present
some mathematical preliminaries which will be used subsequently. We begin by reviewing
a few conclusions relating to functional spaces, variational inequalities, evolution equations,
Gronwall’s lemma, and a few more theorems that will be regularly used to prove existence and
uniqueness results for the contact problems. Finally, we recall some generalities on the finite
element method. The bibliographical references will be specified later in each of the following

paragraphs.

1.2 Contact Problem Modeling

1.2.1 Physical Setting

This section is devoted to presenting the general physical setting investigated in this thesis as
well as the mathematical formulations useful for the study of contact problems. The contact
phenomena considered in this thesis are described by the following physical settings:

Physical Setting n. 1: (Thermo-Mechanical Problem)

We consider a material body which occupies a bounded domain €2 with a regular surface I,
and let I'y, 'y, I'3 be a partition of I into three disjoint measurable parts such that meas (I'y) >
0. Let v denote the unit outer normal on I'. Assuming that the body is fixed on I'y x (0,7’) the
displacement field is shown to vanish there. A volume force of density f, acts on 2 x (0,7)
and surface tractions of density f; act on Iy x (0,7"). We admit the possibility of an external

heat source applied in §2 x (0,7), given by the function ¢ (see figure 1.1 ).




Chapter 1 Modeling and Mathematical Background

I P A
f,
> | <t
v
r1 §> } Q deformable body <E r1
[
lv — Lubricant Layer
‘ Foundation

Figure 1.1: Physical setting 1

We suppose that the body forces and tractions vary slowly in time, and therefore, the
accelerations in the system may be neglected. This leads to a quasistatic approach of the process.
In furthermore, the body comes into contact with a reactive foundation over the potential contact

surface I's.

We take into account both the mechanical and thermal properties of the material body. Our
objective will be to study the evolution of these properties during the time interval [0, 7' , 7" > 0,

under the hypothesis of small transformations.

We will use this physical setting in the second chapter of this thesis.

Physical Setting n. 2: (Electro-Mechanical Problem between two bodies)

Let us examine two material bodies that are located in the space R? (d = 2,3) and have
two bounded domains 2!, Q2. To show that the quantity is related to the domain !, we use
the superscript I. The superscript [ in the following ranges from 1 to 2. The boundary I" of
each domain ' is divided into two measurable parts Ffl and T, and three disjoint measurable
parts '}, T', and 'y, under the assumption that the boundary is Lipschitz continuous, taking into
account that meas (Fll) > (0 and meas (Fé) > (. Forces f} and volume electric charges of
density ¢, are applied to the body . The displacement field vanishes at I'} since it is assumed
that the bodies are clamped. The part I'} is affected by the surface tractions fi. A surface
electric charge with a density of ¢} is established on T} the electrical potential vanishes on T,

Along their common part '} = T'2 = T'3, the two bodies are in contact (see figure 1.2).
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Figure 1.2: Physical setting 2

The difference from the previous physical framework results from the fact that now we
consider the mechanical properties and also the electrical properties of the material body. We
are interested to study the evolution of these properties in the time interval [0, 7] ,7 > 0, in the
hypothesis of small transformations, by admitting that the process is quasistatic. We will also
use this physical setting in the second chapter of this thesis.

Physical Setting n. 3: (Electro-Mechanical Problem with numerical simulations)

We consider an electro-viscoelastic body which occupies a bounded domain €2 with a regular
surface I', and let I'y, I'y, I's be a partition of I' into three disjoint measurable parts on one
hand, and a partition of I'y U I's into two open parts [', and I'y, on the other hand, such that
meas(I'y) > 0 and meas(I',) > 0. Let v denote the unit outer normal on I'. Assuming that the
body is fixed on I'; x (0,7) the displacement field is shown to vanish there. A volume force
of density fp acts on © x (0,7") and surface tractions of density f, act on I'y x (0,7"). We
also assume that the electrical potential vanishes on I', x (0,7) and a surface electric charge
of density ¢» is prescribed on I's x (0,7). On I'; the potential contact surface, the body is in

contact with a foundation (see Figure 1.3 ).
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Foundation

Figure 1.3: Physical setting 3

Before the description of the mathematical models associated with the physical frameworks
presented above, we give some notations and conventions that we will use throughout this thesis.
R? represents the real linear space of dimension d, where d is typically one, two, or three. The
linear space of second-order symmetric tensors on R, also known as the space of symmetric
matrices of order d, is denoted by the symbol S?. The canonical inner products and the associated

R? and S¢ norms are

N[

wv =uw;, [uf=(uu)? VYu,veR?

o.T =0Ty, |T|= (‘r.‘r)% Vo, T €S,

respectively. The index that comes after a comma denotes the partial derivative with regard to
the associated component of the independent spatial variable, and the indices ¢ and 7 run from
1 to d throughout this thesis. The summation convention over repeated indices is also used. We

then employ the usual notation for Lebesgue and Sobolev spaces related to {2 and I'.

We denote by u : 2 x [0,7] — R? the displacement field, o :  x [0,T] — S? the stress
field, o : Q x [0,T] — S? the electric potential field, D : Q' x [0,7] — R? the electric
displacement field, e(u) = (¢;;(u)) and E(p) = —V the field of linearized deformations and

the electric field.
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We denote by v, and v, respectively, the normal component and the tangential part of any

vector field v defined on I', given by
v, =V -V, V=V — U,V (1.2.1)

In the same way, the stress tensor’s normal component and tangential part, which are both

designated by o, and o, are also provided by
o, = (ov) v, o, =0V —0,V. (1.2.2)

We note that , o, is a tangent vector to [ while o, i1s a scalar We denote partial derivatives and

components by subscripts, e.g., the components of the linearized strain tensor £(u) are given by
1
eij(w) = 5 (s + uj). (1.2.3)

Later in this thesis, we will use V¢ to represent the gradient of ¢ for a given scalar function ¢,

ie. Vo = (¢,).

Equations of Motion and of Equilibrium

We begin with the mathematical model which explains how the body evolves within the physical
framework. In the general case, the evolution of a material body is described by the following

Cauchy equation of motion:
Dive + fo =pt inQ x (0,7), (1.2.4)

where f, represents the density of applied forces, and p is the mass density. The divergence
operator ' Div_ is defined as Div(o) = (0y;;). We eliminate the inertial factors from the
equations of motion to obtain the following equilibrium equations when the external forces

and tractions vary slowly over time and the system’s accelerations are negligible.
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Divo + fo=0 inQx (0,T). (1.2.5)

Dynamic processes are those modeled by the equations of motion (1.2.4), while quasistatic

processes are those modeled by the equilibrium equations (1.2.5).
In the case of a piezoelectric material, there are new unknowns represented by

The electric potential field ¢ : Q' x [0,T] — S%, and the electric displacement D : ) x
[0, 7] — R? are new unknowns in the case of a piezoelectric material, necessitating the use of
another equilibrium equation to address the issue. The Maxwell-Gauss equation or the charge

conservation equation describes the evolution of a body in this state.

divD =¢qy inQx (0,7), (1.2.6)

where ¢ is the density of volumetric electric charges subjected to the body (2, and div D =
(D).

Currently, we have more unknown functions than equations, thus the description of our
models is not complete. For instance, in the case d = 3, there are fifteen unknowns functions
(u,o,¢), but only three equations in (1.2.4) or (1.2.5) and six relations in (1.2.3). Physical
factors also indicate that the problem’s description until now is incomplete. Consequently,
The preceding equations are therefore insufficient, on their own, to describe the equilibrium
of material bodies. It must then be supplemented by other relations which characterize the

behavior of each type of material.

1.2.2 Behavior Laws

The constitutive law, the balance equation, the boundary conditions, the contact conditions,
and the initial conditions must all be discussed in order to offer a mathematical model for a
particular contact process. The characteristics of each type of material are described by their
rules of behavior. Although they must adhere to a few fundamental axioms and invariance rules,

their origin is frequently experimental. It is a whole series of tests that must be imagined and
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carried out to establish a law of behavior, We refer the reader to [35] for a basic overview of
numerous diagnostic experiments that offer data required for developing constitutive laws for
particular materials and relaxation tests. We cite by way of example four classic examples of

tests on solids: monotonic loading tests, load-discharge tests, creep tests.

The relationship between the stress tensor o, the strain tensor € and their derivatives is
represented by the law of behavior (also known as the constitutive law) in the description of

purely mechanical processes.

This definition changes slightly in the description of electro-mechanical phenomena, because
here we must also take into consideration the electric displacement field D = D, as well as the

electric field E(p) = —V¢ We then present the laws of behavior involved in this thesis.

Law of Behavior of Elastic Materials

Elasticity is the capacity of a body to withstand a deforming force and to regain its original size
and shape when the force has been eliminated. Viscosity, on the other hand, is a gauge of a
fluid’s resistance to flow. A fluid that has a high viscosity opposes movement. Low viscosity
fluids move freely. As an illustration, water flows better than syrup because it is less viscous.

Gels, syrups, and honey are examples of high viscosity materials.

Elasticity Eﬂ

Viscosity

|

Figure 1.4: Kelvin-Voigt model
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Viscoelasticity is a property of materials that, when deformed, exhibit both viscous and
elastic properties. Significant viscoelastic effects can be seen in synthetic polymers, wood,

human tissue, metals at high temperatures..

A general elastic constitutive law is given by

o = Me(u), (1.2.7)

where M is the elasticity operator, assumed to be nonlinear. In particular, if M is a linear
operator, (1.2.7) leads to the constitutive law of linearly elastic materials: 0;; = m;jpen(u),
where o;; are the components of the stress tensor o and m;;; are the components of the
elasticity tensor M. Let d = 3, when the material is linear and isotropic, the elasticity tensor is
characterized by only two positive coefficients. Thus, the constitutive law of a linearly elastic

isotropic material is given by

o =2ve(u) + d(tre(u))l;

Here y and § are the Lamé coefficients, I3 represents the identity tensor on R? and tre(u)

denotes the trace of the tensor e(u), tre(u) = ¢;(u),

In components, we have
Uij = 2751](“’) —|—(5€kk(u)5zj, (128)
where d;; are the components of the unit matrix /3.

By inverting the linear elastic law (1.2.8), we get

1+v v
Eij = —5—0ij — 5O0kk 0ij

E E

where the Poisson’s ratio is represented by v , and E is Young’s modulus. The following table

represents some materials with their coefficients (see [22, p.151])

10
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Material Young’s modulus (GPa) | Poisson’ ratio

Aluminium alloys 69-73 0.33
Bronze 96-120 0.34

Cast iron 110-168 0.25-0.29

Copper alloys 110-115 0.33-0.38
Magnesium alloys 45 0.35

Steels 193-207 0.25-0.29
Titanium alloys 114 0.34
Tungsten 340-380 0.2

Table 1.1: Young’s modulus and Poisson’ ratio for some materials

Law of Behavior of Viscoelastic Materials

The investigation of the mechanical properties of materials such as pastes or waxes, has highlighted
the insufficiency of the theory of elasticity. Indeed, some phenomena, such as creep or relaxation
cannot be described by elastic behavior laws. This is why the viscoelastic and viscoplastic

models were introduced.

a) Short-Memory Viscoelastic Constitutive Law

The following formula offers a general short-memory viscoelastic constitutive law

o = As(u) + Be(u), (1.2.9)

In linearized viscoelasticity (1.2.9) leads to the Kelvin-Voigt relation

0ij = Gijri€r(T) + bijuem(uw),

where the symbols 0;;, a;jz; and b, stand for the stress tensor o, the viscosity tensor A

and the elasticity tensor 3, respectively.

The constitutive law of a homogeneous viscoelastic isotropic material is given by

Oij = (alskk('u) -+ Algkk(u))&j + 2(@281‘3' (U) + /\251']'(’11,)),

11



Chapter 1 Modeling and Mathematical Background

where A\, Ay represent the two Lamé coefficients, and a;, a, represent the two viscosity

coefficients. ( the four constants all have positive values.)

If we consider the effect of damage to the material during contact, we obtain a generalization
of the prior law, which is the constitutive law of viscoelasticity, with damage having the

form

o(t) = As(a(t)) + B(=(u(t)), a(t)), inQx (0,T) (1.2.10)

The differential inclusion below describes the evolution of the damage field represented
by the function «

& — kAo + 0pk (@) 3 ¢(e(u), o),

where K is the set of permitted damage functions described by
K={£ecV:0<x)<1ae zecQ},

k represents the damage diffusion constant, assumed positive, ( is the indicator function
of the set K and Oyg represents its subdifferential. ¢ is a given constitutive function
which describes the sources of the damage in the system which results from tension or

compression.

b) Long-Memory Viscoelastic Constitutive Law

The following formula offers a general long-memory viscoelastic constitutive law
t
o(t) = Fe (u(t)) +/ R(t - s,c (u(s))) ds. 1211
0

We allow the location of the point to affect both the relaxation operator R and the

elasticity operator F. The operator R is also time-dependent, as shown in (1.2.11).

In the linearized viscoelasticity, (1.2.11) leads to the relation

035(t) = Figr(u(t)) + / rw(t — 8), exa(u(s))ds,

12
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Law of Behavior of Elastic-Thermo-Viscoplastic Materials with Damage

In this case the constitutive law is given by

o(t) = A(a(u(t))) + B(a(u(t))) —i—/o g(a(s) — A(a(ﬁ(s))),g(u(s)),9(5),ﬁ(s))ds,

where fstands for temperature, 5 for damage field, A and B for purely viscous and elastic
properties of the material, respectively, and G is a nonlinear constitutive function that explains

the material’s viscoplastic behavior.

The heat equation, derived from the principle of energy conservation, governs the evolution

of the temperature field. It is defined by the following differential equation
9 — koA = w(aa 6(1',1), 67 ﬂ) +4q,

where ¢ is a known volume heat source, and 7 is a nonlinear constitutive function that describes

the heat generated by internal forces.

Law of Behavior of Electro-Viscoelastic Materials with Damage

A general electro-viscoelastic constitutive law may be written as

o = As(a) + Be(u) — (£) E(p) inQ x (0,7), (1.2.12)
D = &c(u) +CE(yp) in Q2 x (0,7), (1.2.13)
where E(p) = —V stands for the electric field, £ stands for the third order piezoelectric tensor

and £* represents its transposition; .4 and B stand for the viscosity and the elasticity operators,
respectively, and C denotes the electric permitivity tensor,

By adding the effect of damage to the material during contact, the constitutive law will be the

13
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following

o = Az(u) + B(e(u), o) — () E(p) in Q x (0,7), (1.2.14)

D =E&c(u)+CE(p) inQ x (0,7), (1.2.15)

1.2.3 Boundary Conditions

Now let’s discuss the system’s boundary conditions. We suppose that the boundary I" is Lipschitz.

Consequently, the outer unit normal vector is defined at almost every point.

Displacement and Traction Boundary Conditions

We suppose that the body is held fixed on I'; , where the displacement field also vanishes

u=0 only x(0,¢), (1.2.16)

which represents the displacement boundary condition. Additionally, we suppose that the part

I's is subject to surface tractions of density fs, thus

ov=f,, onlyx(0,7T), (1.2.17)

This condition is called the traction boundary condition.

Electrical Boundary Conditions

We suppose that the electrical potential disappears on I',, and a surface electric charge of density

@2 1s required on I',. Therefore, the two equations determine these conditions

=0 onl, x (0,7, (1.2.18)

Dv'=¢g  onl,x(0,7T), (1.2.19)

14
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Our main focus will now be on a description of various contact conditions on the contact surface
I's, These naturally divide into conditions in the normal direction and those in the tangential

directions.

Bilateral Contact Condition

The condition where contact between the body and the foundation is maintained throughout the

process is referred to as "bilateral contact”. and it is given by

w, =0 onlyx (0,t), (1.2.20)

This situation can be found in a variety of machines, as well as in moving parts and other
mechanical equipment components. It was considered by several authors, for details see [35, 52]

and the references therein.

Normal Compliance Condition

The normal compliance condition determines a reactive normal traction or pressure based on
the interpenetration of the asperities on the surface of the body and those of the foundation. It

can be generally given as follows

— 0, =p(u, — g), (1.2.21)

where u,, — g is a measure of the interpenetration of the asperities and is positive when there
is contact, p, is a nonnegative specified function that disappears for a negative argument. The

normal compliance function p, is frequently cited as an example by

Pv = CTy, (1222)

where . = max {0, 7} stands for the positive part of r and ¢, is a positive constant that indicates

the surface stiffness coefficient.
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The Signorini contact condition, in which the foundation is assumed to be fully rigid, is an
idealization of the normal compliance that is frequently used in engineering literature and can
also be found in mathematical publications. Formally, it is derived from the usual compliance
condition in the limit of infinite surface stiffness coefficient, when interpenetration is prohibited.
This suggests that contact with a rigid support should be thought of as a special case of contact
with a deformable support, whose resistance to compression rises. The supplementary form of

the Signorini contact condition is as follows.

u, <g 0, <0 o,(u, —g) =0 (1.2.23)

Normal Damped Response Condition

The so-called normal damped response condition refers to a lubricated contact (see [49]). This
condition presupposes that the normal stress o, on the contact surface is linked to the normal
velocity u,, that is

-0, =p,(0,), (1.2.24)

where p, is a is a specified function. An example is given by taking

pu(r) = kr, (1.2.25)

with k > 0. The friction law adopted in the frictional case is as follows

o, = p. (), (1.2.26)

where u, stands for tangential velocity, p, is a prescribed vector-valued function, and o,

represents the tangential force acting on the contact boundary.

Frictional Contact Conditions

Now, let’s talk about the tangential conditions, generally known as the friction laws. The first

is the so-called frictionless situation, where the friction force, or tangential component of the

16



Chapter 1 Modeling and Mathematical Background

stress, vanishes, i.e.

o.=0 onTsx (0,8, (1.2.27)

The contact is frictional when the friction force o, does not disappear on the contact surface.
Then we provide some friction laws, which are represented as relations between the normal and
tangential components of the stress field o and the tangential displacement w. or the tangential
velocity ..

Coulomb’s Friction Law

In most cases, the Coulomb law of dry friction or one of its variations is used to model frictional
contact. This law states that the tangential traction o, can approach a bound £y, also called as
the friction bound, which is the maximum amount of frictional resistance that the surfaces can

produce and which is reached when a relative slip motion begins.

o] < plon .

lo| < plo,| = i, =0, (1.2.28)

o] = ploy| = IXN>0: Ao, =i,

where p > 0 represents the friction coefficient.

1.2.4 Contact Processes with Adhesion

The adhesion has numerous industrial uses, including the joining of nonmetallic components
and the prevention of composite materials from delaminating. To model the adhesion phenomenon,

it is necessary to add the adhesion process to the contact description .

We introduce the bonding field, a surface internal variable that is denoted by (5 and describes
the fractional density of active bonds on the contact surface. If 5 = 0, all the bonds are severed
and inactive, and there is no adhesion; if 5 = 1, the adhesion is total adhesion and all the
bonds are active; and if 0 < § < 1, there is only partial adhesion. [1,3,10,19,21,23,24] and the

references therein contain general models with adhesion.
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An ordinary differential equation that considers the contact surface and depends on displacement
governs the bonding field’s evolution. For more details concerning the modeling of the adhesive

contact, we refer to the books [30, 54].

If the compressive part of the contact stress is assumed to be represented by the normal
compliance and a vanishing gap function, then the normal compliance contact condition with

adhesion is given by

— 0, =p,(u,) — 73 (=R(u,));. (1.2.29)

Here v, is a positive adhesion coefficient, p, is the normal compliance function, and R denotes

the truncation operator given by

(
—L if s<—L,
R(s)=9q s if —L<s<0, (1.2.30)
L if s>0,
\

where L > 0 is the bond’s characteristic length, beyond which it offers no further traction (see,

e.g., [1, 54]). Thus

L if s<-L,
R(s) = (mRw))4(s) =4 —s if |s| <L, (1.2.31)
0 if s>1L,

In Figure 1.5 the graph of the function R(u, ) is depicted.
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{—Riu ),
F A

Figure 1.5: The function R(u,)

The introduction of the truncation operator R is primarily driven by mathematical considerations,
but it is also connected to the finding that for some glues, when the extension is greater than R,
the glue stretches plastically without providing further tensile traction. But if we choose L to
be really large, we can get back to the situation where the traction is linear in the extension.
Thus, the adhesive normal traction is v,3*(—R(u,)),; it is tensile and proportional, with
proportionality coefficient v, to the square of the adhesion field, and to the normal displacement,

as long as it does not exceed the bond length L. The maximal tensile traction is v, L.

This following differential equation describes the evolution of the adhesion field.

B = Hoa(B, 5, Ro(Jun)), Ro(Jus]))  on Ty x [0,7], (1.2.32)

H,, is a general function that disappears when its first variable does too. Such a function was

presented as an example in [15, 38].

It was supposed that in addition to /5 and R(u,,,), the adhesion rate function also depended

on the history of the bonding process, which is represented by

Es(x,t) = /Otﬁ(x,s)ds on T'3x[0,7], (1.2.33)
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For example, we can consider H,4(3,7) = —v,3,7%, where 7, denotes the normal rate

coefficient. Let’s take another example, in which H,; depends on its three variables

Be(1—P5)s

Ha ) )= — 7"2+ ’
d(B,€a,m) = =B + 7o e

where the debonding and rebonding rate factors 1, v, are assumed to be positive constants.

Let us now turn to the description of the mathematical models associated with the physical

settings above.

1.2.5 Mathematical Formulation of Contact Problems

A system of partial differential equations involving the equation of motion is used to mathematically
model the evolution of deformable bodies under the influence of external forces, the law of
behavior of materials as well as the boundary conditions, to which they are subject. More

specifically, the mechanical problems that we will study are the following
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Problem 1: Thermo-Mechanical Problem

Determine the stress field o : Q x [0, 7] — Sy, the displacement field u : © x [0, 7] — R, the

temperature 6 : Q) x [0,7] — R and the damage field 5 : 2 x [0, 7] — R such that

o(t) = A(e(u(t))) + B(e(u(t))) (1.2.34)

—i—/o Q(U(s) — A(e(ﬁ(s))),e(u(s)),9(5),5(5))615, inQ x (0,7),

Dive + fo =0, inQx (0,7), (1.2.35)
0 — koA = (o,2(0),0,8) +q, inQx(0,7), (1.2.36)
B =k AB+ 0ok (B) 3 ¢(0,2(u),0,8), inQx(0,7T), (1.2.37)
u=0 only x (0,7), (1.2.38)
ov=fy, onlyx(0,T), (1.2.39)
—o,=p, (), —o.=p(a;), onlzx(0,T), (1.2.40)
k:[)% +BA#=0, onl x(0,T), (1.2.41)
% =0, onl x(0,7), (1.2.42)
u(0) =uy,  B0)=LF,  0(0) =6, inQ. (1.2.43)

The quasistatic evolution of damage in thermoelastic-viscoplastic materials is represented by
this problem.
Problem 2: Electro-Mechanical Problem

For I=1,2, determine a stress field o' : Q! x [0, T] — S, a displacement field u' : Q! x [0, 7] —

R?, an electric displacement D' : Q! x [0, 7] — R?, an electric potential field ' : Q' x [0, T] —
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S?, a damage field o' : Q! x [0, 7] — R and a bounding field 3 : I's x [0, 7] — R such that

o' = Ale(i) + B'(e(a), ') — (€ E(Y) in Q' x (0,7), (1.2.44)
D' =¢&le(u') + C'E(¢h) in Q' x (0,7), (1.2.45)
Dive! + fi =0 in Q' x (0,T), (1.2.46)
divD' — ¢} =0 in Q' x (0,7), (1.2.47)
&' — K'Ad! + Opxi(al) 3 ¢! (e(uh), o) in Q' x (0,7), (1.2.48)
u'=0 onIY x(0,7), a'vl = f, onTh x (0,7), (1.2.49)
©' =0 onT% x(0,7), D'V =g onT! x (0,7), (1.2.50)
0, =0} = 0,, where — 0, = p,([ti,]) — 78Ry ([uy]) onT3 x (0,7)  (1.2.51)
o, =—0, =0, where — 0, = p.([0;]) + ¢-(B)R-([u;]) onT3x(0,T), (1.2.52)
= = (BOMR(D? 5 B (D) =) onTyx (0.7), (1259
%—Oj =0 onT! x (0,T), (1.2.54)
u'(0) = u)), a'(0) = af) in O, (1.2.55)
B(0) = o in T3 (1.2.56)

The quasistatic adhesive frictional contact between two electro-viscoelastic bodies with damage
and normal damped response is shown in this second problem.
Problem 3: Purely Mechanical Problem

Determine a stress field o : Q x (0,7) — S¢, a displacement field u : Q x (0,7) — R?, an

electric displacement field D : Q x (0,7) — R, an electric potential field p : Q x (0,7) — R
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and a damage field o : €2 x (0,7") — R such that

o(t) = Az (u(t)) + Be (u(t)) — EE(yp)

inQ x (0,7), (1.2.57)
b [ M= tuls)) o) ds

D = &c(u) + BE(y) in Q x (0,7), (1.2.58)
& — kAa + 0pr(a) 3 O (s(u),a), inQ x (0,7), (1.2.59)
Dive + f, = 0 in Q x (0,7), (1.2.60)
divD — gy = 0 in Q x (0,7), (1.2.61)
w=0 on T, x (0,7), (1.2.62)
ov = [y on[y x (0,7, (1.2.63)
—o,=p(u,—g), o,=0 onl3x(0,7T), (1.2.64)
g—j —0 onT x (0,7), (1.2.65)
0 =0 on T, x (0,7), (1.2.66)
D.v =g on Ty x (0,7), (1.2.67)
u(0) = up, «(0)= ay, in (2. (1.2.68)

This third Problem illustrates a frictionless contact between an electro-viscoelastic body and a

deformable foundation with long memory and normal compliance.

1.3 Mathematical Preliminaries

This section contains preliminary functional analysis material that will be used subsequently.
We begin by reviewing the definitions and properties of several function spaces, including
spaces of continuous, continuously differentiable, Sobolev spaces, and spaces of vector-valued
functions. All of the function spaces used in this thesis are real. The Banach fixed point theorem,
as well as some standard results on variational inequalities and evolution equations, are then

recalled and will be used repeatedly in proving existence and uniqueness results for the contact
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problems. Finally, we present several Gronwall-type inequalities that will be used frequently.

This material can be found in many books on functional analysis, e.g., [4, 20].

1.3.1 Function Spaces for Contact Mechanics

Modeling contact problems usually requires the introduction of specific function spaces. We
introduce the following spaces using the standard notation for Lebesgue and Sobolev spaces

associated with Q and I’

H=L*)"={u=(u)|w € L*Q)}, Hy={uc H|e(u) € H},

H={1=(ry)|m =1 € LD}, Hi={r cH|n;; € H}.
The canonical scalar products of these real Hilbert spaces are

(u,v)H:/uividx Yu,v € H,

Q

(U,T)H:/O'Z'jﬂ'jdl’ VO',TGH,
Q

(u,V)g, = (0, v)g + (e(u),e(v))x, Vu,ve Hy,

(o, 7)y, = (0, 7))y + (Dive,Divr)y, Veo,T € Hy,
where the operators € : 1 — H and Div : H; — H are defined by
1 .
e(w) = (g(u),  ey(w) = S(uig +ug)  Dive = (oyy)-

We denote by |- |, , ||y, ||y, and|- |, the norms associated with the spaces H,H, H, and H,

1

respectively,

We now present the Green’s formula as follows

(a’,g(u))H+(Diva,u)H:/UV-uda Yu € H;. (1.3.1)
r
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We end this paragraph with a fixed point resulting from the Banach contraction principle

which will be used in Section 2.2.3 of this thesis, in [41] we can found its proof.

Lemma 1.3.1 Assuming that X is a Banach space with the norm | .| and T > 0, let A :

L*(0,T; X) — L*(0,T; X) be an operator such that

(Am)(t) — (Am)(B)% < C / Im(s) — ma(s)L% ds,

foreachmny,no € L*(0,T; X), a.e. t € (0,T) with a constant C > 0. Then A has a unique fixed

point in L*(0,T; X ), that is, there exists a unique n* € L*(0,T; X) such that

*

An* =n".

1.3.2 Elements of Nonlinear Analysis

In this paragraph, we recall some elements of nonlinear analysis in Hilbert spaces and standard
results on variational inequalities and evolution equations.

Strongly Monotone Operators

We begin here with a brief reminder of the strongly monotone and Lipschitz operators. For
this, we will take into account a Hilbert space X with the scalar product (-, -) x and the related

norm || - ||x.
Definition 1.3.1 Let the nonlinear operator A : X — X be given. A is said to be
1. monotone if (Au — Av,u —v)x >0, Vu,veX.

2. strictly monotone if (Au — Av,u —v)x >0, Yu,v € X, u#wv.

3. strongly monotone if there exists a constant m > 0 such that
(Au — Av,u —v)x > m|lu —v||%, VYu,veX.

4. nonexpansive if ||Au — Av||x < ||lu —vl|lx, Vu,veX.
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5. Lipschitz continuous if there exists L > 0 such that

[|Au — Avl|x < Llju —v||x, Yu,v € X.

Theorem 1.3.1 (The Banach Fixed Point Theorem)

Let K represent a closed, nonempty subset of a Banach space (X, || - ||x). We suppose that

A : K — K is a contraction, i.e. there exists a constant ¢ €0, 1] such that

| A(u) — Aw) |x<cllu—v]x Vu,veK.

Then the problem has an unique fixed point in K, or a unique u € K such that A(u) = w.

We also require a version of the Banach fixed point theorem, which we will recall in the
paragraphs that follow. To accomplish this, we define an operator’s powers inductively by the

formula A™ = A(A™™1), for m > 2.

Theorem 1.3.2 Suppose that K is a closed nonempty subset of a Banach space (X, || - ||x),
assume that for some positive integer m, N : K — K is a contraction. Then A\ has a unique
fixed point in K.

1.3.3 Variational Inequalities and Evolution Equations

In the following paragraphs of this subsection, The results for elliptic and parabolic variational
inequalities as well as for ordinary differential equations in abstract spaces are reviewed.

Elliptic Variational Inequalities.
Definition 1.3.2 The bilinear form a : X x X — R is said to be

1. continuous or bounded if there exists a number M > 0 such that

la(u, ) < M |l u x| vllx, Yu,veX.
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2. X-elliptic if there is a constant m > 0 such that

alu,u) >m || u %, VueX
3. symmetric if a(u,v) = a(v,u) Yu,v € X.

Regarding elliptic variational inequalities, we have the following standard existence and

uniqueness results.

Theorem 1.3.3 Let K be a nonempty convex and closed subset of a Hilbert space X. Assume
that | : X — R is a linear continuous functional and that a : X X X — R is a continuous and
X-elliptic bilinear form. Then there exists a unique solution to the elliptic variational inequality
of the first kind

ve K, alu,v—u)>1l(v—u) YveK. (1.3.2)

Theorem 1.3.4 Let X be a Hilbert space. Assume that a : X X X — R is a continuous and
X-elliptic bilinear form, j : X — R is proper, convex, and Ls.c. on X and that| : X — R
is a linear continuous functional. Then there exists a unique solution to the elliptic variational

inequality of the second kind

we K, alu,v—u)+jw)—ju) >Ilv—u) YveK. (1.3.3)

The obstacle problem for a stretched membrane is a well-known example of an elliptic

variational inequality of the first kind,
ue K, /Vu-V(v—u)d:vz/f(v—u)d:E Vv e K.
Q Q

Here, Q C R? is a simply connected domain with smooth boundary I" and f € L?*(2). The
equilibrium state of an elastic membrane connected to a closed curve I' and subject to the
action of a vertical force of density f is modeled in this problem. The membrane’s vertical
displacement, which must lie in /, is the unknown u . Theorem 1.3.3 can be used to demonstrate

that the obstacle problem has an unique solution.
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In this problem, a linearly elastic cylinder of cross-section 2 C R? that is in frictional
contact on its lateral surface exhibits antiplane shear deformation. Let g > 0 represent the
specified friction bound, u represent the unknown displacement field, andf € L?(Q) denote the

axial component of the body forces. The problem is to find u € H'(2) such that

(u, v — u) g1 (@) +g/(|v| — |ul)da > (f,v —u)g2qy Yo € H'(Q).
r

Since the form a(-,-) is bilinear, the leading operators associated with Theorems (1.3.3) and
(1.3.4) are linear. To extend them to nonlinear operators, we let A : X — X be an operator

strongly monotone and Lipschitz continuous on X. Then we have the following results

Theorem 1.3.5 Let K be a nonempty convex and closed subset of a Hilbert space X. and let
A+ X — X be an operator strongly monotone and Lipschitz continuous on X. Then, for

each f € X there exists a unique solution to the elliptic variational inequality of the first kind,
ue K, (Au,v—u)x > (f,v—u)x VYveK.

Theorem 1.3.6 Let X be a Hilbert space. Assume that the operator A : X — X is strongly
monotone and Lipschitz continuous on X and that j : X — R is proper, convex, and l.s.c
functional. Then, for each f € X there exists a unique solution to the elliptic variational

inequality of the second kind,

we K, (Au,v—u)x +jv)—j(u) > (f,v—u)x VoveK.

Parabolic Variational Inequalities.

Assume that V' and H be real Hilbert spaces and that the injection map is continuous and
V is dense in H. The own dual of the space H and a subspace of the dual V' of V' are used to
identify it. We write V' C H C V', and we declare that the above inclusions define a Gelfand
triple. We represent the norms on the spaces V, , and V' by |- ||, ,| - |,; and | - |, respectively,

and we use (.,.)y'xy to represent the duality pairing between V' and V. Remember that if
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f € H, then
(faU)V’XV = (f, U)H Yv e V.

A standard result for parabolic variational inequalities is given below (see, e.g., [9, p.124]).

Theorem 1.3.7 Let K be a nonempty closed, convex set of W and let W C H C W' be a
Gelfand triple.Assume that b : (.,.) : W x W — R is a symmetric, continuous, bilinear form

that satisfies

b(w,w) +do v > K |v}  Yw e W,
for some constants r and dy. Then, for any uy € K and g € L*(0,T; H), there exists a unique

functionu € L*(0,T;W)N H'(0,T; H) that satisfies

u(t) e K Vte (0,T),
(a(t), w —u(t))wxw + b(u(t), w — u(t)) > (g(t), w — u(t))H
Vw e K, a.e. t € (0,T),

u(0) = up.
Ordinary Differential Equations in Abstract Spaces.
We recall in this paragraph two results on the evolution equations

Theorem 1.3.8 Let W € H C W' be a Gelfand triplet. Assume that B : W — W' is a

hemicontinuous and monotone operator that satisfies
(Bw, w)y oy = plwly, + A, Yw €W, (1.3.4)

|Bwly < Ci(jwlw +1), Ywe W. (1.3.5)

for some constant ji > 0, C; > 0 and \ € R. Then given uy € H and g € L*(0,T; W/), there

exists a unique function u satisfies

wel20,T;W)nCH0,T;H), ueL*0,T;W),
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u(t) + Bu(t) = g(t) a.e.t € [0, T],

u(0) = wuo.

Theorem 1.3.9 (Cauchy-Lipschitz) Assume that (X, |- |x) is a real Banach space. Let G(t,-) :

X — X be an operator defined a.e. on [0, T), that satisfies

;

(a) there exists Lg > 0such that
|G(t,z) — G(t,y)|x < Lglx —ylx Va,y € X,a.e.t €0,T],

(b) there exists p > lsuchthat G(-,z) € LP(0,T;X) Vz e X.

\

Then for every xy € X, there exists a unique function unique x € W4?(0, T'; X) such that
z(t) = G(t,z(t)), aetc]0,T],

z(0) = xo.

1.3.4 Elementary Inequalities

In this subsection we recall inequalities that will be employed in later chapters.

Lemma 1.3.2 (Cauchy-Schawrtz Inequality) Let V be a vector space with inner product (., .)y.

Then for all u,v € V. we have
[(u,0)* < (u,u) - (v, )

Lemma 1.3.3 (Friedrichs-Poincare Inequality) Let dx stand for the d-dimensional Lebesgue
measure on R?, and let ) be an open, bounded, and connected subset of R4 for some d. There

exists a constant Cp such that for any function f in the Sobolev space H}(§2)

/Qf2<x> dr < CF/Q IV f(2))? de.
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In the study of function spaces and partial differential equations, this inequality is important.

Lemma 1.3.4 (Gronwall’s Inequality) Let a > 0. Assume m,n and v elements of C(]0,T]; R)
such that m(t) > 0, n(t) >0 vVt e [0,T)].

(1) If t t
P(t) §a—l—/0 m(s)ds+/0 n(s)y(s)ds Vit e [0,T],
then
w(t) < (a—i—/otm(s)ds) exp </Otn(s)ds> vt € [0,T).
2) If t
v <mit)+a [ V(s Ve DT,
then

/Otw(s)ds < e /Otm(s)ds vVt € [0,7].

For the case m = 0, part (1) of this lemma becomes

Corollary 1.3.1 Let a > 0. Assume n,1) elements of C([0,T]; R) such that n(t) > 0 Vt €
[0,T]. If
¢
P(t) < a+/ n(s)y(s)ds vt e [0,T],
0

then

W(t) < aexp ( /0 tn(s)ds) . Vtelo,T).

Lemma 1.3.5 Let a > 0. Assume m,n and i elements of C([0,T];R) such that m(t) >

0,n(t) >0 Vtelo,T) If

%(bQ(s) < %aQ—l— /0 Cm)e()dt + /0 n()(dt, Vs € [0,7],

then

lb(s)| < (a + /S m(t)ds) elo Mt yg e [0, 7).
0

For the case m = 0, part (1) of this lemma becomes
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Corollary 1.3.2 Let a > 0. Assume n,1) elements of C([0,T];R) such that n(t) > 0 Vt €
[0,T]. If

1 1 B
30°6) < 3+ [ m@oar, vse 0.7,

then

|6(s)| < a+/osm(t)dt, Vs € [0,7].

1.3.5 Generalities on The Finite Element Method

The finite element method is one of the most effective numerical methods for resolving extremely
difficult differential equation problems. One of the major advantages of this method is the fact
that it offers the possibility of developing a program that can solve, with few modifications,
several types of problems, for details see [18, 54]. The problem domain’s finite number of
points and subdomains are used in this method. The points, also known as the nodes, are
where the values of the provided function are held. The so-called finite elements, which are
non-overlapping subdomains connected at nodes on their boundaries, retain piecewise and local
approximations of the function that are each uniquely defined in terms of the values held at their
nodes. The mesh is a group of discretized nodes and elements, and meshing is the process of
creating it. Figure 1.6 shows a typical triangular finite element partition of a two-dimensional

domain.

Node 2

Node 1

(X4, Y4)

(X3, Ys3)
Element Node 3

Figure 1.6: Discretization of the domain - triangular elements

The resolution of a physical problem by finite elements follows the following steps (See
Figure 1.7), where K stands for the global stiffness matrix, F stands for the general stress vector

and U represents the global vector of the problem’s nodal variables
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Discretization of the Domain

:

Numbering of Nodes and Elements

!

Select element Type

(Shape and Approximation)

|

Derivation of

Element Stiffness Matrix

l \

Assembly of Assembly of
Stiffness Matrix {K} Force Vector {F}

Applying Boundary and Initial Conditions

I

Solve Assembled Global System

KU=F

!

Computation of Element Strain and
Stress, and Interpret the Result

Steps of Finite Element Method
These M S. Ferhat

Figure 1.7: Steps of finite element method

We review only the material related to linear triangular elements, knowing that the discussion
here can be extended to quadrilateral elements, higher-order elements, and to domains of dimensions
other than two. We will assume for the purpose of simplicity that that Q@ C R? is a planar
polygonal domain divided into a limited number of triangles K € 7", where | J, . K and

for distinct K, Ky € T", K; N K, is either empty, a common vertex, or a common side.
For an arbitrary element K, we denote
o hxg =diam(K) = max {||lz — y|| : z,y € K}
* h = max {h K, K € Th} = the discretization parameter

* pk The largest sphere’s diameter inscribed in K
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N

Figure 1.8: Dimensions in K

Definition 1.3.3 A set of triangulations {Th} L of Q is said to be regular family if the discretization
parameter h tends to zero while the size of the triangles decreases, and there exists a constant

o, independent of h, such that

VK € T", hi <opk.

We now consider approximations by linear finite element spaces. Denote by {z; 5\21 cQ
the set of the vertices of the elements in the partition 7", and let ¢; be the corresponding
finite element basis function, which is linear on each element K, represented in Figure 1.9 and

satisfies the Kronecker delta property
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Vi

-
X
i XX

Figure 1.9: The Lagrange basis function

Let K, ; be the patch of the elements K that contain x; as a vertex, for each ;. Then the basis
function ¢; has a nonzero value only on K;. A continuous function v € C (Q) has the following

finite element interpolant

We will need the following discrete versions of the Gronwall inequality to approximate the

variational inequalities that arise in contact problems numerically.

Lemma 1.3.6 Given'T > 0, we define k = T/ N for a positive integer N . Assume that { fn}nN:1

and {un}nN:1 are two sequences of nonnegative numbers that satisfy
n—1
uy <dify+di Yy ku;, n=1...N

J=1

for a positive constant d; that is independent of N and k. Then there exists a positive constant

ds, independent of N and k, such that

n—1
un§d2 (fn+2kf]>, n:].,...,N.
j=1
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Therefore, if k is sufficiently small. Then there exists a positive constant ¢, independent of N
and k, such that

max u, < c¢ max f,.

1<n<N 1<n<N
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Chapter 2 Frictional Contact Problem

2.1 Introduction

This chapter is composed of two sections

In the first section, we consider a general elastic-viscoplastic body in adhesive frictional contact
with a reactive foundation, in the case when the external forces vary slowly and the quasistatic
process is valid. An equation of first order ordinary differential type can be used to describe the
evolution of the bonding field. The contact is described with a normal damped response and
two internal variables that represent a temperature parameter and the damage of the contacting
surface. In order to prove that the problem has an unique solution, we derive a variational
formulation of the problem. The proof is provided by the use of evolution equations with
monotone operators, a fixed point, and a standard existence and uniqueness result for parabolic
inequalities.

In the second section, we suggest studying a frictional contact between two viscoelastic piezoelectric
bodies with adhesion and damage. An inclusion of the parabolic type describes the progression
of the damage. The process is quasistatic, the material’s behavior is predicted by a nonlinear
electro-viscoelastic constitutive law, and the contact is characterized by a normal damped response
condition. The problem is formulated as a coupled system in displacement, stress, electric
potential, adhesion, and damage field. We construct a variational formulation of the issue
and demonstrate that the model has a single weak solution. The arguments used in the proofs
come from evolution equations with monotone operators, a traditional existence and uniqueness

conclusion based on parabolic inequalities, differential equations, and fixed point theory.

2.2 Contact Problem on Elasto-Viscoplasticity with Thermal

Effects and Damage

Here, we look at a frictional contact problem between an elastic-viscoplastic body and a
deformable foundation with a normal damped response and a local friction law in a quasistatic

process. Two internal variables that can define a temperature parameter and the damage to
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the contacting surface are included in the model for the material. The problem is stated as a
coupled system in terms of temperature, displacement, stress, and damage field. In order to
prove that the model has a unique weak solution, we create a variational formulation of the
problem. This section is divided into three paragraphs. In the first paragraph, we describe the
mechanical issue before indicating the assumptions based on the information. The variational
formulation of the mechanical problem is then provided in the second paragraph. Finally, in
the third paragraph, we demonstrate that the model has a unique weak solution. The arguments
of evolution equations with monotone operators, a classical existence and uniqueness result on

parabolic inequalities, and fixed point theory are used in the proofs.

2.2.1 Mechanical Problem and Assumptions

The physical setting corresponds to that introduced in Subsection 1.2.1 As a reminder, We
take a domain €2 with a regular surface I" that an elastic-thermo-viscoplastic body occupies. We
next divide I" into three disjoint measurable sections I'y, I'; and I's such that meas (I';) > 0. Let
T > 0 and [0, T'] represent the temporal interval under consideration. Assuming that the body is
fixed on I'; x (0, T"), the displacement field is shown to vanish there. A volume force of density
fo acts on © x (0,7T) and surface tractions of density f, operate on on I'y x (0,77). We accept
the possibility of an external heat source applied inf2 x (0,7"), according to the function q. We
assume that the body forces and tractions vary gradually over time, thus we may ignore the
system’s accelerations, and the quasistatic approach to the process is adopted. Finally, the body
comes in contact with a reactive foundation over the potential contact surface I';5. According
to our assumption, the normal stress o, satisfies the condition for a general normal damped

response.

— o, =p,(0,), (2.2.1)

where p, is a specified function and 1, stands for the normal velocity, on which the normal

pressure is often dependent, according to equality (2.2.1).
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The resistance of the foundation to penetration is proportional to the normal velocity in the
situation where p, (r) = kr, with k > 0. When simulating the motion of a deformable body on

sand or another granular material, this type of behavior was taken into account in [49].

The frictional aspect of the contact leads to the selection of the following friction law:

— o, =p, (i), (2.2.2)

where p.- indicates the prescribed vector-valued function, i, represents the tangential velocity
and o, is the tangential force acting on the contact boundary, A differential inclusion of the
parabolic type is used to describe the evolution of the damage, and a thermo-elastic-viscoplastic
constitutive law with damage is used to simulate the behavior of the material. The following
is a typical formulation of the mechanical issue of the quasistatic contact with normal damped

response under the above assumptions.

40



Chapter 2 Frictional Contact Problem

Problem P

Determine the stress field o : Q x [0, 7] — S¢, the displacement field u : Q x [0, 7] — R, the

temperature 6 : Q0 x [0, 7] — R and the damage field 5 : 2 x [0, 7] — R such that

o(t) = A(e(u(t))) + B(e(u(t))) (2.2.3)

—i—/o Q(U(s) — A(e(ﬁ(s))),e(u(s)),9(5),5(5))615, inQ x (0,7),

Dive + fo =0, inQx (0,7), (2.2.4)
0 — koA = (o,2(0),0,8) +q, inQx(0,7), (2.2.5)
B =k AB+ 0ok (B) 3 ¢(o,2(u),0,8), inQx(0,7T), (2.2.6)
u=0 only x (0,7), 2.2.7)
ov=fy, onlyx(0,T), (2.2.8)
—o,=p,(), —o.=p(a;), onlzx(0,T), (2.2.9)
k:[)% +BA#=0, onl x(0,T), (2.2.10)
% =0, onl x(0,7), (2.2.11)
u(0) =uy,  B0)=LF,  0(0) =6, inQ. (2.2.12)

This problem illustrates the quasistatic progression of damage in thermoelastic viscoplastic
materials. The thermo-elastic-viscoplastic constitutive law, which was already covered in the
first section, is represented by Equation (2.2.3). Since we presume that the process is quasistatic,
we employ the relation (2.2.4), which serves as the equilibrium equation. Energy conservation
is represented by equation (2.2.5), where ¢ is a specified volume heat source and ) is a nonlinear
constitutive function that reflects the heat produced by the work of internal forces. The evolution
of the damage field is described in inclusion (2.2.6), which is determined by the source damage
function ¢, where Opk represents the subdifferential of indicator function of the set K of

acceptable damage functions.

The displacement and traction boundary conditions are specified in conditions (2.2.7) and

(2.2.8), respectively. On I3, (2.2.9) represents the normal damped response condition and its
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corresponding friction law. The temperature on I' denotes a Fourier boundary condition in
Equation Equation (2.2.10). An homogeneous Newman boundary condition for the damage
field on I' is represented by equation (2.2.11). The initial data are finally represented by the

functions ug, 3y and 6, in (2.2.12).

We require additional notation in order to achieve the variational formulation of the problem

(2.2.3)—(2.2.12). Let V' be the closed subspace of H; defined by

V={veH |v=0onTi}.

Due to the fact that meas(I’;) > 0 and T is Lipschitz, Korn’s inequality states that there

exists a positive constant C' that solely depends on €2 and I'; such that

(W)l > C vy, Yvev. (2.2.13)

We refer the reader to [47, p. 79] for the proof of this inequality

We consider the inner product of V' and the corresponding norm provided by

(V) = (), e(V)n, Yuvev. (2.2.14)

V], =le(V)ly, VYveV (2.2.15)

Additionally, according to the Sobolev trace theorem and (2.2.13), we have a posetive

constant Cy > 0 that only depends on €2, I'1, and I'5 so that

VIperge < Colvly, WYveV. (2.2.16)

We take into account the following assumptions when studying the mechanical problem

(2.2.3)~(2.2.12).
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The plasticity operator G : 2 X Sg x Sy x R x R — S satisfies

)
(a) There is a constant Lg > 0 such that

G(z,01,61,01,51) — G(x, 02,62, 03, B2)| < Lg(|lor — o2

+ler — o] + |01 — 0o + 81 — Bal),

Voi,00€ Sy, Ve, e0 € S5, V01,00 e R, V51,68 €R, ae. x e (2.2.17)
(b) x+— G(x,0,¢,0,0) is a Lebesgue measurable mapping on 2,

Vo,c€ 54, V0,8 e€R.

(¢) z+— G(x,0,0,0,0) is a map belonging to H.

\

The elasticity operator 3 : 2 x S; — S satisfies

;

(a) There is a constant L > 0 such that
[B(x,e1) = B(x,€2)| < Li(ler — &2,
Ver,69 € Sy, ae. x € S
(2.2.18)
(b) x> B(z,e¢) is Lebesgue measurable mapping on 2,

Veels,.

(¢) =+ B(z,0,) is a map belonging to H.

\
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The viscosity operator A : {2 x S; — Sy satisfies

(
(a) There is a constant L 4 > 0 such that

|A(x,e1) — Az, e9)| < Laler — &2,
Vei,690 € Sy, ae.x € Q.
(b) There is a constant m 4 > 0 such that
(A(x,e1) — Az, 2)) - (61 — €2) > Mg le1 — o, (2.2.19)
Ve, e9 €8y, ae. x €.
(¢) x+— A(z,e) is Lebesgue measurable mapping on (2,

Ve e Sd.

(d) The mapping = — A(z,0) is a map belonging to H.

\

The tangential contact function p, : I's x R? — R? satisfies

(

\

(a) Thereis a constant L, > 0 such that
p-(z,11) — pr(2,79)| < Ly |ry — 12| Vry,ry € R ae. x €T

(b) (pr(x,71) — pr(x,79)) - (11 —12) >0 Vry,ro € RY ae. x €T3

(¢) x = p,(z,7) is Lebesgue measurable mapping on I's, (2.2.20)
Vr e R

(d) 7+ p,(z,r)is a map continuous on R%, a.e. x € T's.

(e) pr(x,7).v(z) =0 Vr € R such that r.v(z) = 0, a.e. v € Ts.
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The normal contact function p, : I'3 x R — R satisfies

)
(a) There is a constant L, > 0 such that

lpo(x, 1) —pu(x,re)| < Ly ry —re|, Vri,ra € R, ae.x €T,

(0) (pu(z,1m1) — pu(x,72))(r1 —12) >0 Vry,r € R, ae x €Ty,

(2.2.21)
(c¢) The = — p,(x,r) is Lebesgue measurable mapping on I's,
VreR.
\ (d) r+ p,(x,r)is a map continuous on R, a.e. x € I's.
The damage source function ¢ : 2 x Sy x S5 X R x R — R satisfies
(
(a) There is a constant L, > 0 such that
|9(x,01,61,01, 81) — ¢(x, 02, 62,02, B2)| < L¢(|0'1 — 03
+le1 — &2 + |01 — O] + [B1 — Bal),
Voi,006€ Sy, Ver,e0 € Sy, V01,0, eR, VB, Br €R, ace. z € Q. (2.2.22)

\

(b) x> ¢(z,0,¢,0, ) is Lebesgue measurable mapping on 2,
Vo,ee€ 5, V0,6 eR.

(¢) z— ¢(z,0,0,0,0) is a map belonging to H.
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The nonlinear constitutive function ¢ : {2 X S3 X Sg X R x R — R satisfies

p

(a) There is a constant L,, > 0 such that

(2, 01, 61,01, B1) — Y(x,02,62,02, B2)| < L¢(|0'1 — 02

+ler — ea| + |01 — O2] + |81 — Bal),

Voi,00€ Sy, Ve, 60 € Sy, V01,00 e R, V51,582 €R, ae. x €. (2.2.23)
(b) x> Y(z,0,¢,0,5) is Lebesgue measurable mapping on 2,

Vo,c€ 54, V0,58 €R.

(¢) x+— 1(x,0,0,0,0) is a map belonging to H.

\

We assume that the surface tractions and body forces satisty

fo € L*(0,T; L*(Ty)%), fo € L*(0,T; H). (2.2.24)
The volume heat source ¢ satisfies
q € L*(0,T; L*(Q)). (2.2.25)
We also assume that
k;>0 (i=0,1), B> 0. (2.2.26)
In end, we assume that the initial data meets the following conditions.

u eV, eV, [ekK. (2.2.27)

Next, f(t) represents the element of V' given by

(f(t),v)vfxv:/Qfo(t).vdm+/F fo(t).vda VveV. (2.2.28)
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We observe that the assumptions (2.2.24) imply

f e L*0,T; V).

The bilinear forms aq and a; are defined as follows

ap: V xV =R, aO(C,f):kO/QVC-Vfdx—l—B/F(&l%

a; VXV —=>R, CL1(<,€):]€1/VCV£CZ[E
Q

Let 5 : V x V — R be the functional defined by

jlu,v) = / po(w,)v, da +/ p-(u;) - v,yda, Yu,vevV.
F3 FB

Lett € [0,7] and v € V. Using Green’s formula (1.3.1) and (2.2.4) we obtain

(o(t),e(v))y = /Qfg(t) -vdr + /Fa'(t)u -vda, VYveV.
As a result of applying the boundary conditions (2.2.7) and (2.2.8), we find
/a‘(t)u vda= [ fot)-vda+ / o(t)v - v da.
r Iy I3
From (2.2.33), (2.2.34) and (2.2.28) it is now obvious that
(@O = (O + [ ol -via, WeV.
3

On the other hand, from (1.2.1), (1.2.2) and (2.2.9) we have

ot)v-v=—p,(a,(t)v, —p (0, (t))-v,, on ;.

(2.2.29)

(2.2.30)

(2.2.31)

(2.2.32)

(2.2.33)

(2.2.34)

(2.2.35)

(2.2.36)
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Finally from (2.2.32), (2.2.35) and (2.2.36) we find

(a(t), (V) +j(a(t),v) = (f{t), V)vrxv.

2.2.2 Variational Formulation

The variational formulation of the quasistatic problem with normal damped response, friction,

and damage can be constructed as follows.

Problem PV

Determine the stress field o : [0,7] — H, the displacement field u : [0,7] — V, the damage

field 3 : [0, 7] — H'(Q) and the temperature 6 : [0, 7] — V such that

a(t) = B(e(u(t) + A(=(a(?))) (2.2.37)

+/0 g<a'(s)—A(s(ﬁ(s))),s(u(s)),0(3),6(5))d$, ae. te(0,7T),

(F(0),V)viy = (@), e(V)a + (), v), ¥v eV, ¥t e [0,T], (2.2.38)

(@ (1)),2(a()), 0(1), BE), v) iy + (a8) VIvir = (08, Ve (2.2.39)
+ag(b(t),v) Wv eV, ae. te(0,T),

Bt) €K, (d(a(t),e(u(t),0(t), B(t), & — B(1)) 1 (2.2.40)
< (B(),€ = B(t) 2y + a(B(1),£ = B(t), VEE€K, ae t€(0,7),

B(0) =By,  u(0) = uy, 0(0) = 6. (2.2.41)

We note that the stress field, displacement field, temperature, and damage field are used to

formulate the variational problem PV.

2.2.3 Existence and Uniqueness Results

The following is our main result, that we present here and justify in the paragraph below.

48



Chapter 2 Frictional Contact Problem

Theorem 2.2.1 suppose (2.2.19)—(2.2.20) are true. Then the problem PV has a unique solution

{o,u, 8,0}. Additionally, the solution has the regularity

o€ C(0,T;H,y), (2.2.42)
ueCY0,T;V), (2.2.43)
B e Wh0,T; L*()) N L*(0, T; H(Q)). (2.2.44)
0 c Wh(0,T; L*(Q)) N L*(0,T; V), (2.2.45)

The solution {o,u, 3,0} that satisfies (2.2.37)-(2.2.41) is said to as a weak solution to the
contact problem P. We come to conclusion that problem (2.2.3)—(2.2.12) has a unique weak

solution satisfying (2.2.43)—(2.2.44), under the mentioned assumptions.

Proof of Theorem 2.1.1

Theorem 2.2.1 will be proved in steps using arguments from evolution equations with monotone
operators, a standard existence and uniqueness result on parabolic inequalities, and fixed-point.
For this reason, we’ll assume in the next part that (2.2.19)—(2.2.20) are true and that, everywhere
in this section, C' will stand for a strictly positive integer whose value may vary depending on
the problem’s data but is independent of time. Additionally, we hide the explicit dependence of

various functions on x € €2 U I" in the following for the purpose of simplicity.

Letn € L%(0,T; V') be provided . The following variational problem is considered in the first step.

Problem PV,. Determine a displacement field u,, : [0, 7] — V so that

(A1), (V) 5, + (1), V)i + 5 (y(8), v) = (f(2), V)vrxv, (2.2.46)
VeV aete(0,7T),

u,(0) = uy. (2.2.47)

The study of Problem PV}, produced the next result.
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Lemma 2.2.1 Problem PV, has an unique solution, and it satisfies the regularity given in
(2.2.43). Additionally, if v, is the solution to these problems PV, forn; € L*(0,T; V"), i = 1,2

then there is a C' > 0 such that
t
as(t) ~ ws(®ly <€ [ m(s) = o)y (2248)
0

Proof. We use the Riesz’s representation theorem to determine the element f, (t) € V' and the

operator T : V' — V' by

(T, v)yixy = (Ale(n)),e(v))y + j(u,v), (2.2.49)

(fo(t); V)vixy = (f(£), V)visv — ((t), V)vixv, (2.2.50)

forallu,v € V, t € [0,T]. Let uy, uy € V. Using (2.2.49) and (2.2.32) we find

(Tuy — Tug, ug — ws)yry = (Ale(uwy)) — Ae(ug)), e(uy) — 5(u2))H

+ /F (P (1) = po(02,)) (01, — w2, )da

+ [ (prle) = pr{var)) sy = o)
Additionally, by taking into account (2.2.19)(b), (2.2.21)(b) and (2.2.20)(b) leads to
(Tu; — Tug, vy — Wg)yrxy > my|ug — uglf, . (2.2.51)
The relations (2.2.49) and (2.2.32) are used once more to find

(Tuy =Ty, v)yrcy = (A(e(w)) — Ale(ug)), e(v)),,
T / (P (1) — po(u2,)) (v)da + / (p+(wsr) — pr(u2,)). (v, )da.

I's
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And, we use ((2.2.19)(a) to infer that

Vuj,u, €V [Tuy —Tusly < Lajug — gy, (2.2.52)

The operator 7' : V' — V' is a strongly monotone, as established by inequality (2.2.51).
Inequality(2.2.52) also implies that T is a Lipschitz continuous. As a result, using a standard
result for nonlinear equations (see, for example, [12]), there exists a singular element w,, which

satisfies

Tw,(t) = f,(t) a.e.te(0,1), (2.2.53)

w, € C(0,T;V), (2.2.54)

Now we define the function u,, : [0,7] — V by
t
u, = / w,,(s)ds + uy. (2.2.55)
0

The relations (2.2.49), (2.2.53)—(2.2.55) imply that u,, is a solution of the equation (2.2.46)

and it satisfies (2.2.43).

Now let’s look at the proof of estimate (2.2.48). For this purpose we use the notation u,, =

u; fori =1,2. and let 1,7, € L*(0,T,V")

We use (2.2.46) and subtract the two obtained equations, we choose v = 11; — 0, as test

function to find

(A(a(fu(t))) ~ A(e(a(t))), (i (1)) — a<u2<t>>)

H
+ (), ur(t) — aa(t)) — 7 (0x(t), i (¢) — a(t)) (2.2.56)

= (ma(t) — m(t), y(t) — (1)), e VEE[0,T].
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Considering (2.2.15) and (2.2.19)(b) we conclude that

(A(a(wl<t>>> ~ Ale(wa(t))), ewi (1)) — e(th») 2.257)

H

> Clwi(t) = wa(t)ly, ¥t e[0,T].

From (2.2.32), (2.2.21) and (2.2.20), we find

Jwi(t), wi(t) — wa(t)) — j(walt), wi(t) — wo(t)) >0, Vtel0,T]. (2.2.58)
The Cauchy-Schwartz inequality also allows us to obtain

(m2(t) = m(t), au(t) = 92(8)) < [m2(t) — () [Wi(E) — wa(t)]y, - (2.2.59)
We Combine (2.2.56 )—(2.2.59) with some algebraic manipulations to obtain

(wi(t) = wa(t)ly < Cmi(t) = ma2(t)]y - (2.2.60)

Given that u; (0) = uy(0) and w;(t) = fot w;(s)ds + up we have

() = ety < [ wr(s) = wals)ly ds.

We deduce from the two previous inequalities the estimate (2.2.48). m

Let Y € L?(0,T,V’) be provided. The following intermediate variational problem is

considered in the second step.
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Problem PV,

Determine the temperature 6, : [0,7] — V such that

(x(®) +q(t),v)vixy = (B, (1), V) vy + ao(By (), V) (2.2.61)
Vv eV, aete(0,T),

0,,(0) = 6. (2.2.62)

Lemma 2.2.2 The auxiliary Problem PV, has an unique solution 0, , and it satisfies the
regularity given in (2.2.45). Additionally, if 0; is the solution to these problems PV, for
Xi € L*(0,T; V"), i = 1,2 then there is C' > ( such that

|01 (t) — 62(15)]%/ < C’/Ot Ix1(s) — XQ(S)‘%// ds. (2.2.63)
Proof. We Use the definition of the bilinear form ag given in (2.2.30) to obtain
oo(6.€) = ko [ [VEP dot B [ ¢ an.
Q r
By applying the Friedrichs-Poincaré inequality, there is a constant /' > 0 such that

/ Vel de+ 2B / Pdy>F / € da.
0 kO I Q

Consequently, a constant C' > 0 exists that satisfies
a0(§7€) Z C |§|%// ) VS € ‘/7

It shows that ag is V-elliptic. Thus, the variational equation (2.2.61) has a unique solution 6,
that is satisfying (2.2.45) based on traditional considerations of functional analysis concerning

parabolic equations .
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Now let’s look at the proof of estimate (2.2.63). For this purpose we use the notation 6, = 0;
for i = 1,2. and let x1,x2 € L%*(0,T;V’). We use (2.2.61) and subtract the two obtained

equations, we choose v = 6; — 6, as test function to find

(91 — 92, 0y — 02) vy + ap(0y — 02,601 — 62) = (x1 — x2,601 — 02)vrsv, (2.2.64)

ae. t e (0,7).
Considering the inequality ag (6, — 02,60, — 65) > 0 we discover that
(01 — 02,01 — Oa)vrsv < (X1 — X2, 01 — Oa2)vrxy. (2.2.65)
We find using Cauchy—Schwartz inequality
(61 — 02,01 — O2)vrev < |x1 — Xaly |01 — Oaly - (2.2.66)

Using initial conditions 6, (0) = 65(0) = 6, we integrate the previous inequality with regard

to time and arrive to the conclusion that
1
5 101(2) — ba(t |X1 2(8)ly |01(5) — Ba2(s)ly ds. (2.2.67)

Applying the inequality: 2ab < a? + b* Va,b € R after multiplying the members of the

previous inequality by 2, allow us to find
06 = 020 < [ Tals) = el ds + [ 1nls) = 0 s
Now from a Gronwall-type argument, it follows that

101(t) — O2(t)]5, < C/ Ix1(5) — x2(8)|% ds. (2.2.68)
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Let 1 € L*(0,T; L*(Q) be provided. The following variational problem for the damage

field is considered in the third step.

Problem PV,

Determine the damage field 3, : [0, 7] — H'(Q2) such that

B,U»(t) € K? (Bu(t)ag - Bﬂ(t))L2(Q)+a1 (6M(t)a§ - 5#(”) (2269)
> (u(t),€ = B(t) oy VEEV, acet €(0,T),
3,(0) = Bo. (2.2.70)

We apply Theorem 1.3.7 to problem PV,.

Lemma 2.2.3 The auxiliary Problem PV, has an unique solution 3, , and it satisfies the
regularity given in (2.2.44). Additionally, if [3; is the solution to these problems PV, for
wi € L*(0,T; L*(2)), i = 1,2 then there is C' > 0 such that

t
B1(t) — ﬁ2(t)’i2(9) < C/o | (s) — /Lz(s)’;(g) ds. (2.2.71)

Proof. L?(12) is associated with (L?(Q2))" and it is identified with a subspace of (H'(Q))’, where
(L*(9)) and (H'(9))' represent the dual of L?(2) and H' (), respectively. The inclusion map
is continuous and H'(€2) is dense in L?(2). The duality pairing between (H'(2)) and H'(Q)

is denoted by the notation (., .)(Hl(Q))/XHl(Q), we can write

/

HY(Q) € L*(Q) C (H'(Q))

(B, &)y <) = (8,612 V€ € HY(Q).

Furthermore, we observe that K is a closed convex set in H'(Q2). The definition of the
bilinear form @, in (2.2.31), along with the knowledge that 5, € K in (2.2.27), make it simple

to see that lemma 2.2.3 is a direct consequence of Theorem 1.3.7.
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Now let’s look at the proof of estimate (2.2.71). For this purpose we use the notation 3, = 3;
fori = 1,2, and let uy, uo € L*(0,T; L*(Q)), we use (2.2.69) and subtract the two obtained

equations, we choose £ = (3, — (3, as test function to find
(1 — o, Br — B2)r2@) > (ﬁl — B2, 1 — B2)r2) +a1(Byr — P2, b1 — B2) ae.t € (0,T).
Considering that aq (8, — (2, 81 — f2) > 0, we arrive at

(Br = B, B1 = Bo) 2y < (11 — pia, B1 — Ba) 2. (2.2.72)

Using the initial conditions 3;(0) = 52(0) = /3 and integrating the previous inequality with

respect to time and , Permit us to obtain
1 t
310 = B0 L2(@) < [ o1 = g, Br = Bz . 22.73)
0
We use inequalities of Holder and Young to find
0= 320y < [ 1)~ 1l6) s+ [ 116) = 5(5) g .

Combining the previous inequality with Gronwall’s inequality lead to

t
1Bu(t) = Balt) ey < C / () — 112(5) oy . (2.2.74)

In the last step, we create the following problem for the stress field using u,;, ¢, and 3, the

values obtained above.
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Problem PV, ,. Determine the stress field o, : [0,7] — # such that

Tiu(t) = B(e(uy(t)) "’/0 g(anxu(s) - A(e(u(s))),e(un(s)),GX(S),5M(s)>ds,

vt € [0,T]. (2.2.75)

To study Problem PV}, we have this result.

Lemma 2.2.4 The Problem PV, has an unique solution , and it satisfies o ,,, € W2(0,T; H).

PV,

Additionally, if u;, 0;, B; and o;, is the solutions of these problems PV, is

i

PV, and
PV, respectively, for (n;, xi, i) € L*(0,T;V' x V' x L*(Q)), i = 1,2, then there is
C > 0 such that ¥t € [0, T

ou(t) — oa(t)E, < c( a(t) — walt)? (22.76)

t
[ 0(6) = o)+ 16106) = 0o+ 1515 o) s ).
Proof. We consider the operator A, ,, : L*(0,T;H) — L*(0,T;H)

Ao (t) = Ble(w, (1)) + / G(o(s) = A(((s))). £(1y(5)). 0,(5). Bu(s) ) ds.

Vo € L*(0,T;H), vt € (0,T). (2.2.77)

We us the inequality of Holder, hypothesis (2.2.17) and (2.2.77) to obtain for o; € L*(0, T; H), i =
1,2,

t
A1 (8) = Ayt < Lo [ 11(s) = aalolyds, Ve (0.T).
0
It follows that
t 2
Ay () — AppoaDI, < (Lg [ loas) = (o)l ds)
0

< (LT / o4(3) — ara(s), ds

< 0/0 1(s) — orals)[2, ds.
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We can conclude from lemma 1.3.1 that exists a unique element o, ,, € L*(0,7; H) which

satisfies A,y 0y = Oy, therefore o, ,, is the unique solution of problem PV, ,.

we use the regularity of u,,0,,3,, and (2.2.77), (2.2.18), (2.2.17) to see that o,,, €
Wh2(0.7;H). Consider now (01, X1, f11), (N2, X2, pt2) € L*(0,T; V' x V' x L?*(f2)), and for

i = 1,2 denote u,, = w,, 0,, = 0;, 3,, = B; and 0,,,,,, = 0;. Thus we have

m:B@@ﬁ»+Ag@m@—A@m@m@m@»@@Mﬂ@ﬁ& vt e (0,T),

and using the properties (2.2.18) and (2.2.17) of the operators 5 and G, we find

1(8) = a0l < € Jui(0) - w0
[ () = wa(o)ff + 161(5) = 6a(s) s 22.78)

[ 18106) = Balo) g + o) - az<s>|i>ds), vt € 0,7].

We use now a Gronwall argument in the previous inequality and deduce (2.2.76), which

concludes the proof. m

In view of these results and utilizing the characteristics of the operators 3 and G, as well as

the functions ¢’ and ¢, we may finally consider the operator

L:L*0,T;V' x V' x L*(Q)) — L*(0,T; V' x V' x L*(Q))

L, x( ) () = (La(n,x, w)(#), La(n, X, 1) (1), La (0, x, 1)), (2.2.79)

where, for all ¢ € [0, T'] the mappings L1, L and L3 are given by

(L1(n, 5 1)(8), V) oy = (B(e(un(t))) (2.2.80)
+ / G (0 uls) —A(s<u<s>>>,e<un<s>>,9x<s>,ﬁu<s>)ds,e<v>)ﬂ,

La(1, X 1) (t) = 9 (Fnyu(t), (@y(1)), 05 (£), Bu(t)).- (2.2.81)

L3, 1) (1) = S(Tu(t), e(un(1)), Ox (1), Bu(t)). (2.2.82)
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Let (n, x, 1) € L*(0,T; V' x V' x L*()), we have the following result.

Lemma 2.2.5 The operator L has a unique fixed point, in other words, there exists a unique

element (n*, x*, w*) € L*(0,T; V' x V' x L*(Q)) such that L(n*, x*, w*) = (", X*, u*).

Proof. It is evident from Lemmas 2.2.1, 2.2.2, 2.2.3 and 2.2.4, that the operator £ has a clear

definition and takes values in L?(0,T; V' x V' x L*(Q)).

Let (1, x1, 1), (m2, X2, p2) € L*(0,T5 V' x V' x L*(2)) and t € [0, T'], we use the notation

w, =w,0,, =0, 03, =08 ando,,,, =0;fori =12

We (2.2.16), (2.2.18), (2.2.17) and elementary algebraic manipulations to discover that

| L1 (n1, X1, ) (8) — £1(7727X2,M2)(t)ﬁ// < C( s (1) — wa (1),
+ /0 (Jui(s) — uy(s)[7 + [01(s) — Oa(s)|3)ds (2.2.83)

#1816 = o)+ o1(5) — (o) ) )

Additionally, using assumptions (2.2.23) on v, the definition (2.2.81), we find

|Lo(m, xas 102) (8) — Lo, xa, pi2) (1],

< [ (o (1). 281 (6)). 02(0). 5o (1)) — b (20). £(a(0)). Oa(0). o) [, (2:2.84)

< C( o1 (t) — oo ()5, + [ (1) — ta(t)]3 + [61(t) — Oo(2)]3,

+|Bui(t) — 52(?5)@2(9))-
Similarly, using definition (2.2.82), assumptions (2.2.22) on ¢ we find

[ Lalms Xt )() = Lo 2. 12) (D) 12
< |p(o1(t),e(ui(t)), 61(t), Bi(t) — ¢(o2(t), e(ua(t)), b2(t), Ba(t)) |iQ @ (2.2.85)

< c( o1 (1) — oo ()2 + (1) — ua(D)]2

+1600(t) — B2 (1)} + [B1(t) — Ba(t) 720 )

59



Chapter 2 Frictional Contact Problem

It follows from (2.2.83)—(2.2.85) and (2.2.79) that

2

0m,x001) (0) — £ 2, 12)(1) < ¢(Jou(t) - aalol

L2 (0,T;V’><V’><L2(Q))
[ (8) = (D + [wi (1) — ua(t)[5,
+161(8) = O2(D)[7 + 181(1) = Ba()] T2 (2.2.86)

n / (ur(s) = als) 2 + 61 (5) — Oa(s)[2)ds
+ [ 18106) = (o) + o) - az<s>|i>ds).

Inserting (2.2.76) in (2.2.86) yields

2
(2.2.87)

L t)—L t
L1 )0 = £xa O]

< C( i (1) — ao(8)[3 + [wa () = wa(B)[3, + 102(t) — B2 (B[} + 181(1) — Ba(t) [0y

t
+ / (Jui(s) = wa(s)[y, + 162(s) = ba(s) Iy, + [Ba(s) — ﬁz(S)IQLzm))dS)-
0
However, by applying (2.2.48) we may deduce that there exists C' > 0 such that
luy () —wa ()]}, < C’/ Im(s) (5)[3 ds. (2.2.88)

Taking into account that [w1(t) — wa(t)|,, < C'|mi(t) — n2(t)],. , applying the estimates

(2.2.63), (2.2.71), (2.2.88) and substituting in (2.2.87) we find

‘,c(m, X1, 1) (8) = L2, X2, p2) (1) ; (orvrevri2(@) (2.2.89)
< ([ ()= )+ ha(s) = e+ i) = o) )
b [ ) = R+ has) = xa i) = o) s )
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Using some algebraic manipulations, leads us to conclude that there exists C' > 0 such that

L0, 1) (8) — L2, x20 12) ()]

t
sc/
0

We conclude that the operator £ has a unique fixed point in L? (0, T, V' x V' x LQ(Q)) by

L2 (o,T;V/x\//xL?(Q))
2

(M1, X1, 1) (t) — (M2, X2, pi2) (t) ds. (2.2.90)

L2 (0,T;V’><V’><L2(Q))

applying Lemma 1.3.1. This means that there exists a unique element (1*, x*, %) € L*(0,T; V'

V' x L*(Q)) such that £(n*, x*, 1*) = (n*, x*, u*). ®

We now have all the ingredients to prove the Theorem 2.2.1 which we now complete .
Proof of Theorem 2.2.1. Let u,-, 0,~, 3,+, 0y, be the solutions of the problems PV,,
PV,, PV, and PV,,, respectively, for £(n, x, 1) = (n*, x*, u*) € L*(0,T; V' x V' x L*(Q))

and we denote

u=u,, o=A(0)+ 0\, (2.2.91)

0 =0y, B=70 (2.2.92)

We will demonstrate that the quadruple {u, o, 6, 5} is the unique solution of Problem PV.
Indeed, we we utilize (2.2.91) to prove that (2.2.37) is satisfied, and we write (2.2.75) for n =
n*,x = x*, and ; = p*. Then we use the first equality in (2.2.91) and (2.2.46) for n = n* to

obtain

(Ae(a(®)),e(v)),, +i(alt),v) + (" (1), V)viy = (f(), V)vixv, (2.2.93)

VeV aete(0,T).

Combining (2.2.80) with £1(n*, x*, u*) = n* results in

+ /0 Q(a’nxu(s)—A(s(un(s))),e(un(s)),QX(S),ﬂu(s)>ds. (2.2.94)
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We replace (2.2.94) in (2.2.93) and utilize (2.2.37) to arrive at the conclusion that (2.2.38)

is satisfied.

In addition, using equalitiesCo(n*, x*, u*) = x* and L3(n*, x*, u*) = p©* in combination

with (2.2.81) and (2.2.82), we discover that

X" = (a(t),e(at)),o(t), B(t)). (2.2.95)
o(a(t),e(u(t)),0(t), B(t)). (2.2.96)

Using the first equality in (2.2.92) and writing (2.2.61) for y = x* leads to

(9(15), V)visy +ao(0(t), v) = (X*(t) + q(t), v)vixv, (2.2.97)

Vv eV ae te(0,T).

We replace (2.2.95) in (2.2.97) to arrive at the conclusion that (2.2.39) is satisfied.

Using the second equality in (2.2.92) and writing (2.2.69) for © = p* leads to

(6<t>’§ - ﬂ(t))L2(Q) + a; (B(t)ag - B(t)) Z (M*(t)7§ - B(t))L2(Q)a
VEEV, ae.te(0,T). (2.2.98)

Now that (2.2.98) and (2.2.96) have been combined, we can verify that (2.2.40) is satisfied,
which completes the existence part of Theorem 2.2.1. The uniqueness part of Theorem 2.2.1
is a consequence of the unique solution of the problems PV,, PV,, PV, and PV,,, and the

uniqueness of the fixed point of the operator £, which concludes the proof. m
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2.3 Contact Problem on Vicoelasto-Piezoelectriicity with Adhesion

and Damage

The frictional contact between two viscoelastic piezoelectric bodies with adhesion and
damage is described by a mathematical model that we take into consideration. A parabolic
type inclusion illustrates the evolution of the damage. The process is quasistatic, the material’s
behavior is modeled with a nonlinear electro-viscoelastic constitutive law, and the contact is

described with a normal damped response condition.

In order to prove that the model has a unique weak solution, we create a variational formulation
of the problem. The reasons used in the proofs are derived from evolution equations with
monotone operators, a classical existence and uniqueness result based on parabolic inequalities,
differential equations, and fixed point. This section is divided into three paragraphs. In the first
paragraph, we start by the mechanical problem and assumptions. Then, in the second paragraph
we give the variational formulation of the mechanical problem. Finally, in the third paragraph,

We demonstrate that the model has a unique weak solution.

2.3.1 Mechanical Problem and Assumptions

The physical setting corresponds to that introduced in Subsection 1.2.1 As a reminder, We take
into account two electro viscoelastic bodies that are located in two bounded domains2', 22, of
the space R (d = 2, 3). We use the superscript / to show that the quantity is associated with the
Q). The superscript [ in the following varies between 1 and 2. The boundary I'! of each domain
Q) is assumed to be Lipschitz continuous and is divided into three disjoint measurable parts, 11,
12, and 1 3, on the one hand, parts I}, T'; and T'} on one hand, and on two measurable parts ',
and T, on the other hand, such that meas (I‘ll) > 0, meas (Ffz) > (. The O body is submitted
to f} forces and volume electric charges of density ¢} . The bodies are assumed to be clamped
on I'}, so the displacement field vanishes there. The surface tractions f} act on I',. We also
assume that the electrical potential vanishes on I'!, and a surface electric charge of density ¢, is

prescribed on I'}. The two bodies are in contact along the common part I'} = I'Z, which will be
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denoted I's below. The bodies is in adhesive contact, over the contact surface I'3, We assume

that the normal stress o, satisfies a general normal damped response condition with adhesion

—0, = pu([uu]) - /71/52R1/([uu])7

where v, represents the adhesion coefficient, assumed positive, 1, represents the normal velocity
and [u,] = u! + u?. p, is a prescribed function, as an example, we may consider p,(r) = kr,
with k£ > 0, the resistance of the foundation to penetration is proportional to the normal velocity.
This type of behavior was considered in [?] when modeling the motion of a deformable body

on sand or a granular material. The associated friction law is chosen as follows

—O0; = pﬂ-([u‘r]) + %’(ﬁ)RT([uTDa

where o, represents the tangential force on the contact boundary, u, denotes the tangential

velocity, ¢, is a given positive function and p, is a prescribed vector-valued function.

Let 7" > 0 and let [0, 7] be the time interval of interest. Under the previous assumptions, the
classical formulation of the quasistatic problem for frictional adhesive contact problem between

two electro-viscoelastic bodies with damage and normal damped response is the following.
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Problem P

For I=1,2, determine a displacement field u’ : Q! x [0, 7] — R?, a stress field o' : Q! x [0, T] —
S¢, an electric potential field ¢! : Q' x [0, T] — S% an electric displacement D' : Q' x [0, T] —

R?, a bounding field 3 : I's x [0, 7] — R and a damage field o' : Q! x [0, 7] — R such that

o' = Ae(d') + B(e(d), o) — () E(¢) in Q' x (0,7), (2.3.1)
D' = &'s(u') + C'E(¢)) in Q' x (0,7), (2.3.2)
Dive' + fL =0 in Q' x (0,7), (2.3.3)
divD' — g} =0 in Q' x (0,7), (2.3.4)
&' — K'Ad! + 9 (al) 3 ¢ (e(uh), o) in Q' x (0,7), (2.3.5)
u'=0 onT) x(0,7), o'v'=f onTh x (0,7), (2.3.6)
©'=0 onl' x(0,7), D'W'=¢ onT% x (0,T),  (2.3.7)
0, = 0, = 0y, where — 0, = p,([t]) — 7,5° Ry ([uy]) onl; x (0,7)  (23.8)
o, = —0, = 0., where — o> = p-([]) + ¢-(B)R-([u;]) onT3x(0,7), (239
= —(5(%(&([%]))2+%|RT([UT])|2) —Ea)+ onl's x (0,7), (2.3.10)
%—Oj =0 onT! x (0,T), (2.3.11)
u'(0) = ub, a'(0) = o} in O, (2.3.12)
B(0) = By in . (2.3.13)

First, equations (2.3.1) and (2.3.2) represent the electro-viscoelastic constitutive law with damage,
A! and B' are the viscosity and the elasticity operators, respectively, and C' denotes the electric
permitivity tensor, F(p) = —V is the electric field, £ represents the third order piezoelectric
tensor, £ is its transposition. The equilibrium equations for the stress and electric-displacement
fields, respectively, are represented by the relations (2.3.3) and (2.3.4). The evolution of the

damage field is described in inclusion (2.3.5), where K signifies the set of acceptable damage
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functions established by

K= {¢e H'(Q); ¢ €0.1]ae in Q'

the indicator function of the set X! and Oy, denotes its subdifferential. «' stands for the

microcrack diffusion coefficient, which is assumed to be positive, ¢' is a specified constitutive
function that identifies the sources of the damage in the system. Equations in (2.3.6) are the
displacement and traction boundary conditions, while equations in (2.3.7) represent the electric

boundary conditions.

The normal damped response condition with adhesion and its corresponding friction law are
represented by (2.3.8) and (2.3.9) on the contact surface I'3. Next, equation (2.3.10) represents
the ordinary differential equation that explains the evolution of the bonding field with given
positive material parameters v,,, and €,, in which r, = max {r,0}. We observe that the
adhesive process is irreversible and, in fact, that once debonding takes place, bonding cannot be
restored because 5 < 0. A homogeneous Neumann boundary condition for the damage field on
I'! is represented by the relation (2.3.11). (2.3.12) represents the initial displacement field and
the initial damage field. Finally (2.3.13) represents the initial condition in which f is the given

initial bonding field.

The following spaces are required in order to proceed with the variational formulation of

the problem (2.3.1)—(2.3.13):

H' = 1) = {u' = (u); ul € L*(Q)}, Hi={u' € H; ¢(u') e H'},

H = {T _(TZZJ) TZIJ_T ELQ(Q)}, H; —{T et m GHZ}

These are real Hilbert spaces that are provided with the canonical inner products that are

provided by

Q\Q

T, (ul,vl)Hi :/ u . vidr + [ Vu.Vv!dz,
Q

1 Ol

Q\
q
\‘
&
9
Ny

£
I
S~

ol 7! dm—l—/ Div o'. Div 7! dz,
Ql
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and the associated norms | - |1, |- |1, || i and |- |Hl1 , respectively. Then we use the notation

1
e(u) = (g55(u')), ey(u') = §(U§,j + u;i), Vo' = (uf;) vu' e Hi,

Z?]

For every element u' € H! we denote by u' its trace on I'" and by u!, and u! its normal and

the tangential components on I'! given by

Similarly, for a regular tensor field o : Q! — S? we define its normal and tangential components

on H! by

ol = (e -V, o =o'V - oV,

and the following Green’s type formula holds:

(o', e(u)))y + (Dive', u')y = / o'vt-ulda W' € HL. (2.3.14)

T

To obtain the variational formulation of problem P we introduce the set of admissible

bounding field, defined by
Z={ceL>(0,T;L*('3)); s €[0.1] ae. inQ'},
and we need the following spaces

Vi={vle H{; vl =00onT}}, Wh={y' e H'(Q'); ' =0onT%},

W' ={D'= (D}); D} € L*(), divD' € L*(Q")}.

The spaces V!, W' and W' are reel Hilbert spaces with the inner products given by
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(u' vy = e(ud, e(v)) e, (o' P Yy = / V' V'l de,
Ol

(D', E"yy = Dl.Eldx+/ div D'. div E' dx,
Ql

Ql

where div D' = (DiJ’ and the associated norms | - |\,i , | - |y, and | - |,,., respectively. Notice

that, since meas(I'}) > 0, the following Korn’s inequality holds:

‘s(ul)|w > ¢k |u vu' eV (2.3.15)

|
i

where cx stands for a positive constant that is dependent only on 2! and I"! (see [23]), and since

meas(T) > 0, the following Friedrichs-Poincare inequality holds:
VO oy = [V iy VU €W, (2.3.16)

where cr is a positive constant depending only on ' and T". Additionally, according to the

Sobolev trace theorem, two positive constants, ¢y and ¢, exist such that

'] o S o]l VUl e VY, (2.3.17)

[0 poa <o [ ]y VO e W (2.3.18)
Moreover, when D' € W'is a regular function, the following formula of Green’s type holds

(D", V') g + (div D ) oy = [ D'Wptda Wy € HY(Q). (2.3.19)
T!

We define the product spaces to make the notations more explicit.

H=H'xH* H=H'xH? H =H xH) H =H xH,
V=VIxV2 W=W'xW? W=W xw?

My = L3(QY) x L2(Q?), M, = H(QY) x H'(Q?), K =K'x k2
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We take into account the following suppositions when studying the mechanical problem P

The elasticity operator B' and The viscosity operator A’ satisfy

A1) : (a) A QF x S? — s
(b) There is L 4 > 0 such that
|Al(x,51) — Al(x,52)| < Laler —ey| Ve, €8% ae z el
(¢) There exists m 4 > 0 such that
(Al (z,e1) — AYw,€9)) - (€1 — €2) > o |61 — ea*, Ver,e0 €S% ae. z € Q.
(d) x+ A'(x,¢) is a Lebesgue measurable mapping on €2, Ve € S
(e) x — Al(x,0) is a map belonging to 7.
A@2): (a) B : ' x ST xR — §°
(b) There is L > 0 such that
|Bl(:1:',51,041) — Bl(ﬂf,&'g,az)‘ < Lgi|ey — ea] + |ag — ay
Ve e €S oy, a0 €R, ae. z € QL
(¢) z +— B'(x,¢, ) is Lebesgue measurable mapping on €, Ve € S%.

(d) x — B'(x,0,0) is a map belonging to #'.
The electric permitivity tensor C! and The piezoelectric tensor £ satisfy

A(3): (a) &' = (eéjk) (O x §T - RY

(b) €l = €l € L=(), 1 < i, 5,k < d.
A(4) : (a)C' = (cﬁj) Q' x R - R?

(b)cl; =eh € L), 1<i,j<d

(¢) There is me > 0 such that

i(2)E;E; > me |Ef forany E = (E;) € R ae. z € Q.
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The damage source function ¢' satisfies

AB):(a) ¢ : U x ST xR =R

(b) There is L, > 0 such that
0! (z, 61, 01) — ¢ (@, €2, 00)| < Ly o1 — 2] + |ar — a2
Ver,eo €S Vg, a0 €R, ace. z € Q.

(c) x> ¢'(x,e,a) is Lebesgue measurable mapping on €2,
foranye € S’anda € R

(d) z+ ¢'(x,0,0)is a map belongs to L*(Q).

The normal damped response functions p, (r = v, 7) satisfy

A(6) :

(@) p, : T3 xR =Ry
(b) There is a constant L, > 0 such that

Ipr(z,u1) — pr(x,us)| < Ly Jup — ug]  YVug,us € R, ae. x € Ts.
(¢) (pr(zyw1) — pr(@,u2)) (w1 —us) >0 VYug,us €RR, ace. z € I'y
(d) x + p.(z,u) is measurable mapping on I's, Vu € R.

(e) pr(x,u) =0forall u <0, a.e. z € I's.

The tangential contact function ¢, satisfies

A(7) -

(a) gr : T3 xR =Ry
(b) There is a constant L, > 0 such that
lg-(z,u1) — gr(x,u2)| < Ly |ug —ug| Vup,ug €R, ae x €T
(¢) There is a constant M, > 0 such that
lg-(z,u)| < M, VYu€eR, ae xels.
(d) x — q.(x,u) is measurable mapping on I's, Vu € R.

(e) x> qr(z,0) € L*(T3),
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We assume that the densities, tractions and the forces satisfy

A8) : (a) fo € L*(0, T, LX(Q)"), (o) f € L*(0, T3 L*(Ty)")

(b) 4o € C(0,T5 L*(2)), (d) 4 € C(0,T; L*(T)).
Finally we assume that

A(9) : (a) The adhesion coefficients and the limit bound satisfy:
€ € L*(T3), 7,7 € L(T3), 7,7 €a >0, aeonTs.
(b) The microcrack diffusion coefficient verifies: x' > 0.
(c) The initial data satisfy:

abe K uh eV ByeLl*(T3), 0<pB; <1, ae onls.

Using the Riesz representation theorem, we have the linear mappings
q=1(q¢"¢* :[0,7] = Wand f = (f', £) : [0,T] — V defined by:
2

2
(F&),v)v=>_ y o) vde+> 3 folt)vida Vv=('v})eV. (2320
=1 2

=1

2 2
@O0 =3 [ dow'ar > [ woud vo—@hew. @3
=1 /¢ =1 7T%

The bilinear form a : is given by

2

a(p,§) =Y k| V. Vede Vo= (o' ¢"), = (¢,&) € M. (2.3.22)

l
=1 Q

The adhesion functional is denoted by j, : L>(I'3) x V' x V' — R and defined by

jalB,u,v) = / (= AR ((w))o) + 4, (B)R. () - [v,]) da. (23.23)
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Also, we define the normal damped response functional

JiVXV SR, juv) = / (po ([ ]) 0] + e () - [v]) da (2.3.24)
I's
we observe that the conditions A(8) lead to

felL*0,T;V), qeC0,T:W). (2.3.25)

2.3.2 Variational Formulation

Using Green’s formulas, We can obtain the variational formulation of the frictional contact

between two viscoelastic piezoelectric bodies with adhesion and damage, as follows.

1

Problem PV. Determine an electric potential field p = (o', ¢?) : [0, 7] — W, a displacement

field u = (u',u?) : [0,7] — V, a damage field o = (a',a?) : [0,7] — M; and a bounding
field 5 : [0,7] — L°°(I'3) such that

D (Ae(@ (1), e(v))p + Y (Bl (1)), 0! (1), £(v1)),

+ 3 (VL (1), (V) + dalBE),ut), v) +j(a(t),v) = (f(t). vy (23.26)

VveV, ae. te (0,7),

2 2

D CV (), Ve = Y (e Vi) = (q(t), )w (2.3.27)

=1 =1

VipeW, ae. t€(0,T),
2

alt) €K, D (6!(t), & — ol (t) 2y + ala(t), £ — aft) > (2.3.28)

=1

Y (@ ®),a ()€ = (1) oy, YEEK, ae te(0,T),

=1

Blt) = ~ (5@) (o (B[t (0))))? 4 7 | R ([ (D)) — ) (2329)

_l’_

ae. te(0,7), pt)eZ,

u(0) = uy, a(0) = ay, £(0) = Bo. (2.3.30)
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We will now consider this remark that is made below, which appears in many places in this

subsection

Remark 2.3.1 We observe that the limitation 0 < 5 < 1 does not need to be imposed explicitly

in the problems P and PV.

Since equation (2.3.29) ensures that (z,t) < Po(x) , assumption 5y € Z in A(9)(c)

demonstrates that B(x,t) < 1fort > 0,a.e. v € I's.

On the other hand, if (x, t0) = 0 at time t0, then (2.3.29) dictates that (x, t) = 0 for all t t0
and, thus, (x, t) = 0 forall t 0, i.e. x 3.

On the other hand, if 3(x,t,) = 0 at time to, then it (2.3.29) dictates that (3(z,t) = 0 for
all t > to and thus, 5(x,t) = 0 forallt > 0, a.e. x € I's. We come to the conclusion that
0 < pB(z,t) <1foreveryt €[0,T], a.e. x € T's.

2.3.3 Existence and Uniqueness Results

The following is our main conclusion, which we assert here and support in the paragraph after.

Theorem 2.3.1 Suppose that A(1)-A(9) hold. Then there is a unique solution {u, p,«, B} to

Problem PV. Moreover, the solution satisfies

uecCH0,T;V), (2.3.31)
0 € C0,T; W), (2.3.32)
o € WH2(0,T; My) N L*(0,T; M), (2.3.33)
peWhr=(0,T;L*('s))N 2. (2.3.34)

The functions u, o, ¢, D, o and [ which satisfy (2.3.1)—(2.3.2) and (2.3.26)-(2.3.30) are called
a weak solution to the frictional contact problem P. We conclude by Theorem 2.3.1 that, under

the stated assumptions, the mechanical problem (2.3.1)-(2.3.13) has a unique week solution

(u7 0-7 907 ‘D7 a? /B)'
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To precise the regularity of the week solution , we note that the constitutive relations (2.3.1)
and (2.3.2), the assumptions A(1)-A(4) and the regularities (2.3.31)—(2.3.32) show that o €
C(0,T;H),D € C(0,T; H); moreover, using (2.2.12), (2.2.13) and notations (2.2.4), (2.2.5),

we obtain

Divel(t) = —fL(t), divD'(t) = ¢\(t) Vte0,T],1=1,2.

It follows now from the regularities A(8) that Div o' € C(0, T; H') and div D' € C(0, T; L*(})),

which shows that

o€ C(0,T;H,), (2.3.35)

D€ C(0,T;W). (2.3.36)

We conclude that the week solution (u, o, ¢, D, «, [3) of the electro-viscoelastic contact problem

with adhesion and damage has the regularity (2.3.31)-(2.3.36).

Proof of Theorem 2.3.1

Theorem 2.3.1 will be proved in steps using arguments from nonlinear equations with monotone
operators and a standard result for parabolic variational inequalities coupled with fixed point
arguments. To achieve this, we’ll make the following assumptions: A(1)-A(9) hold; C' represents
a strictly positive constant that may depend on the problem’s data but is independent of time,

and whose value may vary from place to place.

The following auxiliary problem for the displacement field, where n € C'(0,T’; V)is given,

is taken into consideration in the first step
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Problem PV,!. Determine a displacement field u, = (u,,u?) : [0, 7] — V such that

Z (Ale(u) (1)), e(v") 0 + 3 (0y(1),v) + (n(t),v)v = (f(t),v)y Vv eV aete(0,T),

=1

(2.3.37)
w,,(0) = ug
The study of Problem Pan produced the next result

Lemma 2.3.1 Problem P an has an unique solution, and it satisfies u,, € C*(0,T; V). Additionally,
if u,, is the solution of these Problems Pan form; € L*(0,T;V), i = 1,2 then there is C > 0

such that
2 ¢ 2
fa (6) = (0} <€ [ fnls) = mlo)f ds. (2338)
0

Proof. We use the Riesz’s representation theorem to determine the element f,(¢) € V and

the operator 7' : V' — V by
(Tu,v)y =Y (Ae(u),e(v) + j(u,v), (2.3.39)
(fo();v)v = (f(),v)v = (n(t),V)v, (2.3.40)

forevery u,v € V, ¢t € [0, T]. Let uy, us € V. Using (2.3.39) we obtain

2
(Tuy — Tug, uy — wp)y = Y (Ale(ul) — Ale(uh), e(u)) — (uh)),, (2.3.41)

=1

+j(u,ur —ug) — j(ug, uy — uy)
Using (2.3.24) and A(6)(c) we obtain

(01, 1y — ug) — (g, Uy — 1g) = / (o) — po (s )y — ) da  (23.42)

I's

n / (p-([w3r]) = po([]) - [ = wz]) o >0,
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And taking into account (2.3.41), (2.3.42) and A(1)(c), we get
(Tu; — Tuy,uy —uy)y > mluy — ug\%/ Yup,uy €V, (2.3.43)
where constant m = min(m 41, m 42) > 0. Using again (2.3.39) leads to

2
(Tu1 — TUQ,V)V = Z (Al{—j(llll) — Alg(ué),s(vl))w —|—j(u1 — Ug, V) (2344)

=1

for all v € V and, by (2.3.24) and A(6)(b) we find

jﬁh—U%V%:A:@AMMD—PAWwM%MM (2.345)

[ (orlland) = peusd) - fve]) do < C s = sl
I's
and, keeping in mind (2.3.44), (2.3.45) and A(1)(b), we find
|Tu; — Tyl < (CH+ L) |lug —uzf, Vu,ug €V, (2.3.46)

where the positive constant L 4 = max(L .41, L 42).

The operator 1" : V' — V is strongly monotone , as demonstrated by inequality (2.3.43).
Moreover, Inequality (2.3.46) also suggests that 7" is a Lipschitz continuous. According to a
standard result for nonlinear equations (see, for example, [12]), there exists an unique element

v, € C(0,T,V) that satisfies
Tv,(t) = f,(t) ae.te(0,1). (2.3.47)
We consider the function u,, : [0,7] — V defined by
t
u, = / v, (s)ds + uy. (2.3.48)
0

It follows from (2.3.39), (2.3.47)—(2.3.48) that u,, is a solution of the equatiom (2.3.37) and it

satisfies u,, € C''(0,T; V). It remains to show estimate (2.3.38). Let ny,72 € C(0,7,V) and
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use the notation u; = u,,, v; = v,, = u,, for 7 = 1, 2. Moreover, using (2.3.37) we obtain

D (Ae(ui()), e(vh) i (), v) + (i), Vv = (F(E), V)

=1
We Subtract the two obtained equations, by choosing v = u; — 05 as test function, to find

2

D (Ale(vh) — Ale(vh)e(vh) = e(vh)),p + 5 (Vi,vi = va) = (v, vi —v2)  (2.3.49)

=1

= (2 — N1, v1 — V2)V-
It follows from (2.3.24) and A(6) that
J(vi,vi —Va) — j(vo,vi —Va) > 0. (2.3.50)
Keeping in mind (2.3.17) and A(1)(c) we deduce that

D (Ale(vh) = Ale(vh) e(Vh) — e(¥h)),, = CIvi(t) = va(t);, Wt € [0,T].  (23.51)

=1

The Cauchy-Schwartz inequality also allows us to obtain
(m2(t) = m(8), vi(t) = va(t)) y < In2(t) = m(B)lys [vi(t) — va(t)],, - (2.3.52)
We Combine (2.3.49 )—(2.3.52) with some algebraic manipulations to obtain
Vi (t) = va(t)ly, < Clm(t) —na(t)]y -

Since w;(t) = ft

o Vi(s)ds +ug and u; (0) = uy(0) = ug we have

i (t) — wa(B)]y < / va(s) — va(s)ly ds.

From the two previous inequalities we deduce (3.2.39) , which concludes the proof. m

77



Chapter 2 Frictional Contact Problem

Letn € C(0,T;V) be provided. The following intermediate variational problem is considered

in the second step

Problem PVW2

Determine an electric potential field ¢, = (,, ¢;) : [0, T] — W such that

N
V)

V), VY ) =Y (e Vo g = (q(t), )w (2.3.53)

=1 =1

VipeW, ae.t€(0,T).

We have the following existence and uniqueness result.

Lemma 2.3.2 Problem PVW2 has a unique solution ¢, which satisfies the regularity (2.3.32).
Moreover, if ,, represents the solution of problem (2.3.53) for n; € C(0,T;V), i = 1,2 then

there exists C' > 0 such that
|Q0771 (t) — Pno (t) |%/ <C |u771 (t) — Uy (t> |%/ ds. (2.3.54)
Proof. Let i(.,.) : W x W — R be a bilinear form defined by

2
= (C'V (1), Vi) . (2.3.55)
=1

We demonstrate that the bilinear form A(., .) is continuous, symmetric, and coercive on W,
using A(4) and the Friedrichs-Poincare inequality (2.3.16). Additionally, we may define an

element g, : [0, 7] — W using the Riesz Representation Theorem, in order that

2

(q77(t)7 w>W = Z(gl€<u§7<t>)7 VW)HI + (Q(t)7 w)W V(b € W? IS (OvT)

=1
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By using the Lax-Milgram Theorem, we may conclude there is only one element ¢, (t) € W

such that

hon(t),0) = (g,(8), V)w Vo e W. (2.3.56)

From (2.3.56) it is evident that ¢, is a solution of PVW2. Let t1,ty, € [0,T], using (2.3.18),

(3.2.53) and A(4) we obtain

a(t) — ult2)ly < CJuy(tr) = wy(t2)ly, + lalt) — alta)lyy )- (2:3.57)

It follows from (2.3.57), the regularity of u, and ¢ that ,, € C*(0,T; W). It remains to show
estimate (2.3.56). Let )y, 72 € C(0,7, V') and use the notation w; = u,,, ¢; = ¢,, fori =1,2.

Moreover, using (2.3.55) we obtain

2

SEVEE), V) — S (Ee(ul(t)), Vi) = (a(t), &)

=1
We subtract the two obtained equations, by choosing 1) = ¢, — 5 as test function, to find
2

D (€'Yl — C'Vh, Vi, — Vih)
=1 l:1

(ulz)a VSOZ1 - v@é)Hl

Mw

Keeping in mind (2.3.18), the properties of the operators C', £ and using Cauchy-Schwartz
inequality we find

lo1(t) — pa(B)]? < C Juy (t) — ug(t)]2 ds.

In the third step, we construct the following Cauchy problem for the bonding field.
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Problem PV;73

Determine a bonding field 3, : [0, 7] — L?(I's) such that

Mﬂ=—(&@M%Uﬁ@%ﬁmV+WJRANm@mV)—%) 23.58)

_l’_

B,(0) = (0). (2.3.59)
We have the following result

Lemma 2.3.3 The Problem PV;]?’ has an unique solution , and it satisfies the regularity given in
(2.3.34). Additionally, if 5; is the solution of these problems PV,]% forn; € C(0,T;V),i=1,2

then there is C' > 0 such that
2 ' 2
1B1(t) = B2(t) 121y < C/ lu(s) —ua(s)]y ds. Vtel0,T]. (2.3.60)
0
Proof. Consider the mapping H,, : [0, 7] x L*(T'3) — L*(I's) defined by

#(8.8) = = (B0) G Rl + - R fr ) — )

+

for each t € [0,7] and B € L*T3). The characteristics of the truncation operator R, and
R, imply that H, is Lipschitz continuous with respect to the second variable, uniformly in
time. In addition, the mapping ¢ — H,(t, 8) for any § € L*(I'3), belongs to L>(0, T, L*(T3)).
Therefore using a version of Cauchy-Lipschitz theorem (see, for example, [54, p.48]) leads us to
conclude that there exists an unique function 8, € W>(0, T, L*(T'3)) that satisfies (2.3.58) and
(2.3.59). Additionally, the justifications provided in Remark 1 demonstrate that 0 < 3, (t) <1
forevery t € 0,7, a.e onI'5. Asaresult, we discover that 3, € Z, from the definition of the

set Z , which completes the demonstration of the first part of the lemma.
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On the other hand, let ¢t € [0,7] and u;,uy € C(0,7,V). We from the Cauchy problem
(2.3.58)—(2.3.59)

a0 =5 | (WS)(%(RV([UW(S)]))Z+%|Rr([uw(8)])l2)—€a> s,

+

and then

2

ds

L2(T3)

81(8) = B2(8) | p2(py) < C/ ‘/31(3)(Ru([ulu(3)]))2 — Ba(8) (R ([u2n(5)]))

2 ds.
L2(T'3)

([wr(s))” = (Rr([ws-(s)]))

We use the definition of the truncation operators R, and R, and write 8; = 31 — B2 + (2 to

obtain

|B1(8) — Pa(2) |L2 ry) = (/ |B1(s) — Ba(s ’LQ(I‘ d5+/ [ui(s) — ua(s )’LQ ddS)

Applying Gronwall’s inequality leads to

51(6) = 300 < € [ T (9) = 0] e

also, from the relation (1.2.26) we discover

1Bu(t) = Bolt) oy < C / i (s) — wy(s)[% ds. Wt e[0,T].

Let u € C(0,T; M) be provided. The following variational problem for the damage field

is considered in the next step
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Problem PV,

Determine the damage field o, : [0, 7] — M, such that

O‘M(t) G’C, Z (ai,t(t)7 fl - O‘L(t))Lz(Ql) + a(au(t)vf - Oéu<t)) (2~3-61)

a,(0) = ag. (2.3.62)

We apply Theorem 1.3.7 to problem PV,.

Lemma 2.3.4 The auxiliary Problem PV, has an unique solution v, and it satisfies the regularity
givenin (2.3.33). Additionally, if ; is the solution of these problems PV, for u; € L*(0,T; M),

i = 1,2 then there is C' > 0 such that
2 ! 2
o (t) — az(t)[yy, < C/O [11(s) — pa(s)[yy, ds. YVt €[0,T]. (2.3.63)

Proof. We denote by M the dual space of M; and, identifying M/ with M,, the inclusion
mapping of (M, |.],,) into (Mo, |.],, ) is continuous and its range is dense. Thus we can

write the Gelfand triple
M, C My = M} C M;.

We denote by (., . ) M x My the duality pairing between M, and M, we note that K is a closed

convex set in M, thus we have

(O[7§)M{><M1 = (aag)MO VQ{ S M0,§ € Ml'

Taking into consideration the fact that oy € K in A(9)(c), using (2.3.22) the definition of the
bilinear form a, A(9)(b), it is easy to see that Lemma 2.3.4 is a direct consequence of Theorem

1.3.7.
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Now we use the notation o, = «; for i = 1,2. and let 11, 1o € C(0,T; M), we take the

substitution 1 = pq, = pe in (2.3.61) and subtract the two obtained equations, we choose
& = ay — ap as test function to find
(G — Qo, 1 — ) gy + al — g, — @) < (g — plo, 00 — o) pg,  a.e. t € (0,7).
Taking into account that a(a; — aw, a; — ap) > 0, we obtain

(Oél — O./Q, a1 — OZQ) (,u1 U2, O — O{Q)MO. (2364)

Using the initial conditions «;(0) = a2(0) = « and integrating the previous inequality

(2.3.64) with regard to time, allow us to obtain

% o (1) — aa(t) [, < /0 (1 — 2, B — B2) mds.

Through the use of Holder’s and Young’s inequalities, we deduce that
) = s, < [ n(s) = a(o s+ [ (o) = o)y .
Combining the previous inequality with Gronwall’s inequality results in

jaa(t) — az(®)l, <0/ () — ) ds ¥t e [0,1).

We now pass to the final step. For every (n, 1) € C(0,7;V x M) we denote by u,,, ©,, 5,
and o, the displacement, the potential electric, the bonding and the damage fields obtained
in Lemmas 1,2,3,4 respectively. Using the properties of the operators B!, £, the adhesion

functional j; and the function ¢', for t € [0,7T], we apply the Riesz representation theorem
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to define the function A : ¢t — V' x M, by

A(n, ) (t) = (Ar(n, 1)(t), Aa(n, p) (1)), (2.3.65)

(As(n, ) (£), vy = Ja(By(t), uy(t),v) + > (Be(ul (1)), ol (1), e(V)),,  (2.3.66)

Aa(n, p)(t) = (&' (e(uy (1)), e, (1)), &7 (e (uy* (1)), cu(1))). (2.3.67)
We have the following result

Lemma 2.3.5 The function A : t — V x My is continuous, for each (n, i) € C(0,T;V x My).

Additionally, there is a a unique element (n*, i*) € C(0,T;V x My) that A(n*, u*) = (n*, 1*)

Proof. Let t1,t, € [0,7] and (n, u) € C(0,7;V x My). Using (2.3.66) and (2.3.23) we obtain

[As(n, 1) (1) = Aa(n, 1) (22))] <§]H ol (t1)) — B'(e(ul) (), oL, (12)) |,
+ > [EY VL (h) = €YV (t)] (2.3.68)

+ C|B3 () R (t1)]) = By (82) Ro ([ (£2)))] oy

+ C}QT(Bn(tl))RT([UUT(tl)]) - QT(Bn(tQ)) ([uﬁT t2 ‘LQ (I'z)"

Keeping in mind the inequality 0 < 3, < 1, the properties of the operators B, £, R, and R,

and (2.3.17), A(6)-(7), we find

[AL(n, 1) (t1) = A (n, ) (t2)]y < O wy(tr) — wy(ta)ly + g (1) = @q(t2)ly

+18y(t1) = By(t2)l pory) + lau(ts) — aulta)lyy, )- (2.3.69)

Next, we conclude from (2.3.69) that Ay(n,u) € C(0,7;V), based on the regularities of
u,, ¢y, By and o, expressed in (2.3.31), (2.3.32), (2.3.33) and (2.3.34), respectively.
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A similar argument from (2.3.67) and A(5) leads to the conclusion that

[Aa (1, 12)(t1) — Na(n, 1) (t2)|pyy < C(Twy(t) = wy(ta)]y + lau(ts) — aulta)ly, ). (2.3.70)

Thus Ay(n, u) € C(0,T; My) and A(n, ) € C(0,T;V x My).

Let now (11, 1), (12, p2) € C(0, T3V x My) and denote w; = u,,, v; = v,, = 0, ¢; =
©On;s Bi = By, and o; = vy, fori = 1,2,

Arguments similar to those used in the proof of (2.3.69) and (2.3.70) yield

A (0, 1) (8) — A, p2) (B) [
< C ([ (t) — w5 + ler(t) — a(b)ly (2.3.71)

+ [Bu(t) = 52(t>|i2(r3) +laa(t) - 042(75)|?\40 )-

We substitute inequalities (2.3.38), (2.3.54), (2.3.60) and (2.3.63) in (2.3.71) to find

A1, 1) (8) = A, p2) (8) [ pg, < C/O (1, 12)(5) = (s 182) ()3, s

If we repeat this inequality m times, we get

A (1, p11) = A™ (M2, 12) o v ety < o 1) = (112, 142) [Ex0.2, ) -
As a result, for sufficiently large m, A™ is a contraction on the Banach space C'(0,7;V x M),

and therefore A has a unique fixed point (n*, 1*). m

We now possess the necessary elements to demonstrate Theorem 2.3.1. Proof of Theorem
23.1. Let (n*,p*) € C(0,T;V x M) be the fixed point of the operator A defined by (
2.3.65)—(2.3.67) and let u,-, @,-, B+, a,,» be the solutions of the four intermediate problems

defined above. We denote

W = Wy, Pu = Py, Ba = By Qe = . (2.3.72)
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We consider the functions o, : [0, 7] — H and D', : [0,T] — H defined by

o' = Ale(i) + B'(e(a'), ') + (E)'V(¢) 1=1,2 (2.3.73)

D' =¢&le(u) - C'V () 1=1,2. (2.3.74)

we will demonstrate that the quadruple {u,, ., 5., .} is the only solution to Problem PV

that satisfies the regularities (2.3.31)—(2.3.34).

Indeed, we write (2.3.37), (2.3.53), (2.3.58) and (2.3.61) for n = n*, u = p* and use (3.2.76)

to obtain

Z (Ale(lli(t)),e(vl))w + (0. (t),v)+ (" (t),v)y = (f(t),v)y YveV aete(0,T),

(2.3.75)

Vi = (q(t),V)w VY €W, ae. t € (0,T),

Mw

2
> €V (1), Vi) —
=1

: (2.3.76)

516) = = (3O Rl O+ Rl D) =) e e € [0.7]
(2.3.77)
D (1), = al()) oy +alan(t), € — au(?)) (2.3.78)

2
> (), ¢ - A4 (t)) oy VEE K, ae.t €[0,T].

=1

Using equality A;(n*, u*) = n* combined with (2.3.66) leads to

VL), e(v) 0 = (0 (1), V)v

Mw

2
Ja(Ba(t) )+ > (B'(e e
=1

N
Il
—

(2.3.79)
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From the equality Ao(n*, 1) = p* and (2.3.67) we can write for [ = 1,2
B (e(u, (1), al () = . (2.3.80)
We now substitute (2.3.79) in (3.2.79) to obtain

D (Ae(@l(t),e(v))a + Y (B(ui(t), al(t)), e(v1)) 0 + (0 (), v)
=1

+ D ((EYVel(t),2(v), 0 + Ja(Ba(t), wa(t), v) = (£(2),v)v (2.3.81)

VveV, ae. t€(0,7).

Substituting (2.3.80) in (2.3.78) yields to

a.(t) €K, Y (ah(8),€ = al(t)) g +alan(t),€ = ax(t)) (2.3.82)
> S (o' (e (1), ol (1), € — ol () oy VEEK, ae.te (0,T).

According to the relations (2.3.76)-(2.3.77) and (2.3.81)-(2.3.82) we can infer that
{u., s, Ps, . } satisfies (2.3.26)-(2.3.29). Next, (2.3.30) and the regularities (2.3.31)-(2.3.34)
follow from Lemmas 2.3.1, 2.3.2, 2.3.3, and 2.3.4. Since u, and ¢, satisfy (2.3.31)-(2.3.32), it
follows from (2.3.73) that o, € C'(0,T;H). Let now ¢4, 1o € [0, T, from (2.3.16), (3.2.78) and
A3)-A(4) we deduce that

[D..(t1) = Di(ta) |y < C(lps(tr) — pulta)lyy + [0 (tr) — wa(t2)ly)- (2.3.83)

The regularity of u, and ¢, given by (2.3.31)-(2.3.32) and the inequality (2.3.83) entail
D, € C(0,T;H). Forl = 1,2 we test (2.3.81) with v! = ' € C°(Q, R?), then we take
Pl € C°(Q!) in (2.3.76) to obtain that

Divel(t)+ fi(t) =0, divD'(t)=q¢\(t) ae.te (0,T).
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Then, based on the assumptions in A(8), we conclude that Diveal € C(0,T;H) and
divD. € C(0,T : L*(Y)), and as a result o, € C(0,T;H;) and D, € C(0,T;W).
We deduce from the preceding that the weak solution (., o, ¢«, D, ., ;) of the frictional
contact problem P satisfies (2.3.31)-(2.3.36), which completes the existence part of the theorem.
The uniqueness part results from of the uniqueness of the fixed point of the operator A defined

by (2.3.65)-(2.3.67). m
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Chapter 3 Frictionless Contact Problem

3.1 Introduction

We look into the process of quasistatic frictionless contact between a viscoelastic piezoelectric
body with long memory and a foundation, in this chapter. The contact is modeled with normal
compliance. Here, the objective is to include material damage, numerically analyze the model,
and interact mechanical and electrical fields with viscoelasticity under normal compliance condition.
We offer a variational analysis of the mechanical problem and demonstrate that the model has a
single weak solution. The problem is then numerically analyzed, and error estimates are derived

for the numerical approximations based on discrete schemes.

This chapter is structured as follows. In Section 3.2 we present the variational analysis
on electro-viscosity with long memory and normal compliance, we comment on the contact
boundary conditions, determine the fundamental data assumptions, and develop the variational
formulation before demonstrating the existence and uniqueness of the solution. In Section 3.3,
we analyze a fully discrete scheme and derive error estimates under suitable solution regularity

conditions.

3.2 Variational Analysis on Electro-Viscosity

Here, we concentrate on a frictionless contact problem between an electro-viscoelastic body
and a deformable foundation with long memory and normal compliance condition. The problem
is stated as a form of a coupled system for the displacement, stress, electric potential, and
damage fields. We come at a variational formulation of the problem and demonstrate that the
model has a single weak solution. This section is divided into three paragraphs. In the first
paragraph, we propose the mechanical problem and indicate the hypotheses on the data. The
variational formulation of the mechanical problem is then provided in the second paragraph.

Finally, in the third paragraph, we demonstrate that the model has a single weak solution.
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3.2.1 Mechanical Problem

The physical setting corresponds to that introduced in Subsection 1.2.1 As a reminder, We
look at an electro-viscoelastic body that, in the reference configuration, resides in a bounded

domain Q C R? (d = 2, 3) with a Lipschitz boundary and dimensions T

To provide the boundary condition for the problem, we divide I into three measurable and
mutually disjoint parts I'y, I'; and I'3 on one hand, and a partition of I'; UI's into two open parts

', and T';, on the other hand, such that meas(I';) > 0 and meas(T',) > 0.

The unit outer normal on I" is denoted by the symbol v. Let [0, 7] represent the time interval
of interest with 7' > 0. We suppose that the displacement disappears at I'; x (0,7") where
the body is clamped. A surface tractions of density f; act on I'y x (0,7"), and volume force of
density fj actsin Qx (0, 7). We also suppose that the electrical potential vanishes on ', x (0, T')
and a surface electric charge of density ¢ is prescribed on I', x (0,7"). The body is in contact
with an insulator obstruction, the so-called foundation, on the potential contact surface I's.
The following is the classic formulation of the mechanical problem of electro-viscoelastic with

damage.
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Problem P

Determine a stress field o : Q x (0,7) — S¢, a displacement field u : Q x (0,7) — R?, an
electric displacement field D : © x (0,7) — R? an electric potential field ¢ : Q x (0,7) — R,
and a damage field o : Q x (0,7") — R, such that

or(t) = Ae (1)) + Bz (u(t)) — £ E(y)
in Q x (0,7), (3.2.1)
/Mt—sa (u(s)), a(s)) ds

D = Ee(u) + BE(y) in Q x (0,7), (3.2.2)
& — kAa + dpx(a) 3 O (e(u),a), inQx (0,7), (3.2.3)
Dive + fy =0 in Q x (0,7), (3.2.4)
divD — gy = 0 in Q x (0,7), (3.2.5)
u=0 onT, x (0,7), (3.2.6)
ov=fy on Ty x (0,7), (3.2.7)
— o, =p(uy—g), o,=0 onTyx(0,T), (3.2.8)
g—‘;‘ ~0 onT x (0,7), (3.2.9)
) onT, x (0,7), (3.2.10)
Dv =g onT, x (0,7), (3.2.11)
u(0) = uo, a(0) = a, in Q0. (3.2.12)

First, the electro-viscoelastic constitutive law with long term memory and damage is represented
by equations (3.2.1) and (3.2.2), where A, B and M are, respectively, nonlinear operators
characterizing the purely viscous, the elastic, and the relaxation properties of the material, and
« is the damage field. The electric field E(p) = —Vp, € = (gi;x) represent the third order

piezoelectric tensor, £ is its transposition.

The evolution of the damage field is described in inclusion ((3.2.3), where px(«) indicates

the subdifferential of the indicator function of the set K of acceptable damage functions established
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by

K={aecH(Q):0<a<lae. inQ},

and O is the mechanical source of the damage.

Equations (3.2.4) and (3.2.5) represent the equilibrium equations for the stress and electric

displacement fields. Equations (3.2.6)-(3.2.7) are the displacement-traction conditions.

The contact (3.2.8) is described in a normal compliance. Here, o, stands for the normal
stress, u,, for the normal displacement, g for the gap between the body and the obstacle measured
along the normal direction v, and p is a predetermined function whose characteristics will be

discussed below. Finally, we suppose that the contact is frictionless and therefore, o, = 0.

A homogeneous Neumann boundary condition is described in relation (3.2.9). The electric
boundary conditions are shown in (3.2.10) and (3.2.11). Finally, u is the initial displacement,

and « is the initial damage in equation (3.2.12).

3.2.2 Vartional Formulation

To follow the variational formulation of the problem (3.2.1)—(3.2.12), We denote by S¢ the

space of second order symmetric tensors on R?, The inner product and norm on R? and S¢ are

defined by

wv =uw;, ||u| = (ww)/? Yu,v € RY,

o.T =074, |T|= (T.T)l/Q,VO',’T e S

Here and below the indices ¢, 7 and k& run between 1 and d, unless otherwise stated, the summation
convention over reiterated indices is used. Let 2 C S%(d = 1,2, 3) be a bounded domain with

a regular boundary I" and let v denote the unit outer normal on I'. We define the Hilbert spaces

H=LQ'={u=(u)|wel*Q}, H={u=(u)|e(u)eH},
H:{O':(O'ij)|O'ij:O'jZ'€L2(Q)}, le{UGH‘DiVUEH}.
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and we are reminded of the fact that Green’s formula holds

(,e(w))y + (Dive,w)y = /Jl/.wda, Yw € H;.
r

where da is the surface measure element. Now, we introduce the closed subspace V of H* ()¢
defined by
V={weH () w=00nT}.

We have meas (I';) > 0, thus the following Korn’s inequality holds,
le(w)||s > Collw|| gy, Yw €V,

where ¢, stands for a positive constant that is dependent only on €2 and ',

On V, we take into account the inner product and the accompanying norm provided by

(u,w)y = (e(u),e(w))y, ||w|lv =|le(w)|x, w,w e V. (3.2.13)

Additionally, we present the spaces

W={CeH(Q),(=00nT,},

W={DeH|divD € L*(Q)},

where divD = (D,;). The spaces W and W are real Hilbert spaces with the inner products

given by

(0. E)w = /ﬂ V. Védr,

(D,E)W:/D-Eda:+/divD-divEdm.
Q Q

The respective associated norms will be indicated by the notations |||y and ||.||yy , respectively.
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Since meas (I';) > 0, the following Friedrichs-Poincaré inequality holds:
V¢l = crllClla e, Y¢CeWw, (3.2.14)

where cr stands for a positive constant that is dependent only on 2 and [',,.

Additionally, according to the Sobolev trace theorem, two positive constants, ¢y and ¢y, exist

such that

||’U.7||L2(F3)d <olwl|v, YweV, |élry) < Gollllw, VoeW. (3.2.15)

In addition, if D € WV is a regular function, so the following Green’s type formula holds

(D, V&) u + (divD, &) 2 /D véda, VEe€ HY(Q). (3.2.16)

When T > 0, we designate the space of continuous and continuously differentiable functions
from [0, 7] to X, respectively,C(0,T; X') and C*(0,T; X), with the norms
lgllcorx) = max llg®)llx-

lgler 00 = max llg(t)]x + masx ()]

We take into account the following suppositions when studying the mechanical problem P

The elasticity operator B : Q x S¢ — S9 satisfies

(

(a) There is Lg > 0 such that
[|B(z,91) — B(x,92)|| < Lg|[1 — 2],
for all 91,9, € S%, ae. x € Q.
(3.2.17)

(b) x — B(x, ) is Lebesgue measurable mapping on €2,

for all 9 € S%.

(c) The mapping x — B(x,0) € H.
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The viscosity operator A : Q x S — S? satisfies

(

(a) Thereis L4 > 0 such that

[A(z, 91) — Az, 9,)|| < Lal9r — 9],
for all 91,9, € S, aex € Q.

(b) There exists m 4 > 0 such that

(A(x,91) — Az, 92)).(91 — 2) > ma|9 — 9a?, (3.2.18)
for all 9,9, € S¢, aex € Q.

(¢) ©+— A(zx,9)is Lebesgue measurable mapping on 2,

for any 9 € S%.

| (d) The mapping @ — A(x,0) € H.
The relaxation function M : Q x (0,T) x S x R — R satisfies

.
(a) There is a constant L s > 0 such that
M (@, t,91,01) = M (2,1, 02, qo) || < La([|[91 — Do + [|en — azf),
forallt € (0,7),91,9, € S%, a1, 00 €ER, ae. x € Q.
(b) x — M(x,t,9,«)is Lebesgue measurable mapping on 2,
(3.2.19)
forall9 € St € (0,T), forall a € R.

(c) x — M(x,t,9, ) is continuous mapping in €2,

forall 9 € S*,¢ € (0,T), forall a € R.

(d) The mapping  — M(x,t,0,0) € H.

The piezoelectric operator £ :  x S¢ — R? satisfies

(a) € =1(giju), 91 € L=(Q),1 <i,j5,k <d.
(3.2.20)

(b)) Ex)o-T=0 &, forallo € S% andall T € R
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Electric permittivity operator B = (p;;) : Q x R — R? satisfies

(a) B(e, E) = (pij(e)E;) forall E = (E;) € R%, ae. € € Q.

(b) pij = pji € L>(2),1 <id,5 < d.
(3.2.21)

(c) There exists a constant mpg > 0 such that

BE.E > mp|E|? forall E = (E;) € R, ae.in (.

The function © :  x S% x R — R satisfies

(
(a) There exists a constant Lg > 0 such that

16 (@, 91, 1) = O (z, 92, )| < Lo (|91 — Faf| + [lar — azl]) ,
for all 9,9, € %, forall ay,a € R, ae. x € Q.
(3.2.22)

(b) x — O(x, Y, ) is Lebesgue mapping measurable on €2,

forall 9 € S¢, forall a € R.

| (©) The mapping = — ©(x,0,0) € L*(Q).

The function p, : I's x R — R, , e = v, 7 satisfies

(

(a) There is L, > 0 such that

[pe (,71) — pe (@, 72)|| < Le |11 — 72|
() (pe (Xx,71) — pe (X, 72)) - (11 —1r2) > 0,Vr, 79 € R, ae.,on 3. (3223)
forall ri,r € R, ae. ¢ € I'3

(c) Forany r € R, — p.(x,r) is Lebesgue measurable on I';

(d)  — pe(x,0)is a map belongs to L*(T'3).
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We suppose that the initial data u, and o the volume of forces f; and f, and the charges

densities qq, g2, satisfy

w €V, ap€Kk, (3.2.24)
fo€ C(0.T; L)), f2€ € (0,7:L2 (T2)"), (3.2.25)
9 € C(0,T;L*()), ¢2 € C(0,T; L* (I'y)) . (3.2.26)

We have the bilinear form ¢ : £ X £/ — R given by

a(é,¥) =k /Q V. Vihdr, (3.2.27)

where, the microcrack diffusion coefficient verifies: k& > 0

Next. three mappings j : V x V — R, f:[0,T7] -V, q:[0,T] — W, are defined by

J(u, w) = /F p(uw, — g)w, da, (3.2.28)

(f(t),w)vszo(t)-wda:+/ £,(t) - wda, (3.2.29)
Q s

= dx — d 3.2.30

(4(t). O / Qo(t)E da / (b da (3.2.30)

forallu,w € V,¢{ € Wand t € [0, T]. Note that

feC(,T;V), qeC0,T;W). (3.2.31)

Standard arguments allow us to come at the variational formulation of the quasistatic frictionless

problem with long memory, normal compliance, and damage, which is as follows
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Problem PV

Determine a stress field o : (0,7) — H, a displacement field w : (0,7) — V/, an electric

potential ¢ : (0,7) — W, and a damage field a : (0,7) — H'(Q), such that

o(t) = As (u(t)) + Be (u(t)) + EVo(t)

(3.2.32)

/M (t - 5,2 (u(s)) als)) ds.

(o(t),e(w))y + j(ut),w) = (F(t),w)y, Yw eV, (3.2.33)
(BVo(t),Vo)u — (Ee(u(t),Vo)u = (q(t), o)w, Yoe W, te (0,T), (3.2.34)
alt) € K, (&(t),§ — a(t)) 2 + ala(t),§ — a(t))

(3.2.35)
> (O (e(u(?),a(t) ,§ — alt)) 12q), VE € K.t € (0,T),
’U,(O) = Uy, Oz(O) = Q. (3236)

The next subsection contains our main existence and uniqueness result for Problem P V.

3.2.3 Existence and Uniqueness Results

Theorem 3.2.1 suppose (3.2.18)-(3.2.26) are true. Then the problem PV has a unique solution

(u, o, p,0, D). Additionally, the solution has the regularity

uec CH0,T;V), (3.2.37)
0 e C0,T;W), (3.2.38)
ocC0,T;H), (3.2.39)
a€ H'(0,T;L*(Q)) N L* (0, T; H'(Q)) , (3.2.40)
D < C(0,T;W). (3.2.41)
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The solution (u, o, , 0, D) that satisfies (3.2.32)-(3.2.36) is said to as a weak solution to the
contact problem P. We come to conclusion that the mechanical problem (3.2.1)-(3.2.12) has a

unique weak solution satisfying (3.2.37)-(3.2.41), under the mentioned assumptions.

Theorem 3.2.1 will be proved in steps using arguments from evolution equations with
monotone operators, a standard existence and uniqueness result on parabolic inequalities, and

fixed-point.

In this section, C will stand for a strictly positive integer whose value may vary depending

on the problem’s data but is independent of time.

Let n € C(0,7;H) be provided. The following variational problem is considered in the

first step

Problem P,

Determine a displacement field w,, : [0, 7] — V such that for all ¢ € [0, T]]

(Ae (un(1)) ;€ (w))y, + (0(t), e(w))y, = (F(1), w)y

Vw eV, ae. t € (0,7),

(3.2.42)

u,(0) = uy. (3.2.43)

The study of Problem 73% produced the next result
Lemma 3.2.1 Problem 77,% has an unique solution, u,, € C*(0,T;V)

Proof. We use Riesz Representation Theorem to determine the element f,, € C(0,7; V') and

the operator A : V' — V by

(Au,v)y = (Ae(u),e(v))n, Vu,v eV, (3.2.44)

(£,(t),w)y = (£(t),w)y — (n(t),w)y aet €[0,T]. (3.2.45)
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For all w € V we have

[(Au — Av, w)v[| = [[(As(u) = As(v), e(w))||
< [lAs(u) = Az(v)|le(w) ]l

< Lallu —vflvllwl,  Yu,v eV,

which shows that A : V' — V is Lipschitz continuous. Now, by (3.2.45) and (3.2.18), we find

(Au — Av,u —v)y, = (A(e (u) = A(e (v)) & (u) — € (v))y
> ma e (u) —e ()3 = Cllu— oy,
i.e., that A : V — Vis a strongly monotone operator on V. As a result, A is inversible and its
inverse A~! is also strongly monotone Lipschitz continuous on V.

Therefore, there exists a unique function v,, € C'(0,7’; V') that satisfies
Av, (t) = £,(1). (3.2.46)
We consider the function w,, : [0,7] — V defined by

t
w(t) = /0 vy (s)ds + wo, Vi € [0, 7). (3.2.47)

It follows from (3.2.42)-(3.2.47) that u,, is a solution of Pr} and it satisfies (3.2.37), then the
existence part of lemma 3.2.1 is now complete. The uniqueness of the solution follows from the

uniqueness of the solution of the problem (3.2.46). m

We use the solution u,, obtained in Lemma 3.2.1, to construct the following variational

problem for the electrical potential in the second step.
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Problem 73%

Determine an electrical potential ¢, : (0,7') — W such that
(BViy(t), V&) iy — (€& (uy(t)) , VE) y = (a(t),§)w, forallg € Wit € (0,T).  (3.2.48)

We have the following existence and uniqueness result for problem 732

Lemma 3.2.2 Problem (3.2.48) has a unique solution ,, that satisfies the regularity (3.2.38).
Additionally, if v, represents the solutions of problem (3.2.48) for n; € C([0,T);H),i = 1,2,

then there exists C' > 0 such that

1@n (8) = P (W)l < Cllg, () = 2w, @)y, VL€ [0,T]. (3.2.49)

Proof. Let W : W x W — R be the form given by
U(p,&) = BV, V&), Ve £eW, (3.2.50)

We show that the form V¥ is symmetric, coercive and bilinear continuous on W, using (3.2.14),
(3.2.21), (3.2.50) and defined (¢, &) In addition, we may define an element ®,, : [0,7] — W

using (3.2.29) and the Riesz Representation Theorem, in order that
(©4(8), Oy = (q(t), Ow + (€& (uy(t) , V&), VE€ Wt e (0,T),

By applying the Lax-Milgram Theorem, we may conclude there is only one element ¢, (t) €

W such that

Y pn(1),6) = (Py(1), &)y, VEEW. (3.2.51)
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It follows from (3.2.51) that ¢, is a solution of the equation (3.2.48). Let ¢,, = ¢;, and u,, = u;

fort = 1, 2. We use (3.2.48) to obtain

le1(t) = 2(t)llyy < Cllua(t) —ua(B)lly,,  VE€[0,T].

Considering that w,, € C*(0,7T; V) implies that ¢, € C(0,T; W), and then the proof is now

complete. m

We let 0 € C(0,T; L*(2)) , and construct the following problem for the damage field, in

the third step

Problem Py

Determine the damage field ay : (0, 7) — L?(2) such that a(t) € K and

(co(t),€ — a9) o) +al(ao(t), € — ao(t))

> (0(t),6 — ag(t) o VEEK, ae. te(0,T),

(3.2.52)

ay(0) = ap. (3.2.53)

We apply Theorem 1.3.7 to problem P
Lemma 3.2.3 The auxiliary problem Py has an unique solution oy and it satisfies (3.2.40).

Proof. We denote by (H'(£2))’ the dual space of H'({2) and, identifying the dual of L*(2) with
itself, the inclusion mapping of (H'(2),]| - |1 () into (L*(Q), || - || z2()) is continuous and

its range is dense. Then we can write the Gelfand triple

EcCYCFE.
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We denote by (., .)(x1(0)) xm1(q) the duality pairing between (H'(£2))" and (H'(£2)), we note

that K is a closed convex set in( H*(2)), thus we have

(@ Oy <m@) = (@, Oy, Ya e L*(Q),( € H(Q),

Taking into consideration the fact that cpy € K in (3.2.24), using (3.2.27) the definition of the

bilinear form a, leads us to see that Lemma 2.3.4 is a direct consequence of Theorem 1.3.7. m

Finally, in light of these results and utilizing the characteristics of the operators M, £ as

well as the function © for t € (0,7"), we consider the operator
A:C(0,T;H x L*()) — C (0, T;H x L*()) (3.2.54)
defined by
A(n,0)(t) = (A'(n,0)(t), A*(n,0)(t)) € H x L*() (3.2.55)

and

(A (1,0)(£),v) 1y, = (B (e (uy (1)), e(w))y, + (E7Vipy (1), e(w))y,

+(f Mt — ). (t(5), () Bsw)) 4w, YweV

H

(3.2.56)

A (1,0)(t) = © (¢ (uy(t)) (1)) - (3.2.57)

Here, for each (n,0) € C(0,T;H x L*(Q)), the displacement field, the electric potential
field and the damage field determined in Lemmas 3.2.1, 3.2.2 and 3.2.3 respectively, are represented

by the symbols u,, ¢,, and oy represent We have the following result.

Lemma 3.2.4 The operator A has a fixed point (n*,0*) € C(0,T;H x L*(QQ)), such that

A(n*,0%) = (n*,0").

Proof. Let (n*,,07), (n*y,05) € C(0,T;H x L?*(Q)) and t € (0,T). Fori = 1,2, we use

the notation: u,, = u;, u,, = w; = v;, qy, = o, and @, = @;,
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Let us start by using (3.2.15), (3.2.17), (3.2.19), (3.2.20) and (3.2.23), we have

A 01,00)(8) — A1, ) 1) B, < 1B (ai(0)) — Be(awa(0)
[ M0 = (a5 a(60) ~ M1 = s, ol )y s
FIE V(D) — E VO, + Ip(un, — 9) — plua, — 95 (3258)
< (la(t) = a®)IEy + nt) — w0

t
[ 100(s) — as(6)E g + us(s) — walo)l ).
0
We use estimate (3.2.49), to obtain

1A (121, 60) (1) — A (12, 62) (D3, < C (lun (B) — wal(®) 3,

¢ (3.2.59)
2 2
[ lan(s) = ax(olE gy + s(s) — walo)l s ).
By similar arguments, from (3.2.57), (3.2.22) we obtain
1A% (171, M) (1) — A% (1, A2) ()13,
(3.2.60)

< Clur(t) —ua ()} + [len(t) — aa(®)l|72), ae. t € (0,T).
It follows now from (3.2.55), (3.2.59) and (3.2.60) that

[A (11, A1) (8) — A (2, A2) (t)||i¢XL2(Q)

< C(llwr(t) = ua(®)|ly + llon (t) — a2(t)llz2(q) (3.2.61)

+ /O ls (5) = @a(5) 120 + llwa(s) — wa(s)ds]ly,)

Since w,(t) = [}

0 Un(8)ds +ugVt € [0,T7], we obtain

t
||u1(t)—u2(t)||2vg/ Jv1(s) — va(s)|3 ds, ¥t € [0,T). (3.2.62)
0
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Moreover, from (3.2.42) we obtain that
(Ae (v1) — Ae (v2) e (v1 — 02))7{ + (m — 2, e (v1 — U2))7—[ =0.
Using the assumption (3.2.18), we determine that
lor () = v ()15 < Cllna () — m2(8) 3 - (3.2.63)

We conclude from (3.2.52) that

(61 — 92, ) — OCQ)Lz(Q) > (al - d2; aq — O‘Z)L?(Q)

+a (Oél — Qg, (] — 062) , a.C. t e (O,T)

Using the initial conditions «; (0) = a3 (0) = ay, integrating this inequality with respect to
time, keeping in mind a (a; — a, ay — ap) > 0 leads us to discover that

t

3 llar (t) = a2 (D 72) < C/ (61 (s) = 02 (5), 1 (5) = @2 (5)) 2 () ds-

This implies that

oy () = a2 ()72

t t
<C| 10005 = 0293y ds+ [ llar () =z (9 s
0 0
This inequality combined with the Gronwall inequality leads to

t
oy (£) = 2 (8)][72(0 < C/ 161 (s) = 0 ()| 72y ds , ¥t € [0,T]. (3.2.64)
0
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Form estimates (3.2.61), (3.2.63) and the previous inequality it follows now that

HA (771’ 91) (t) —A (T]2> 92) (t) H?—[XLQ(Q)

T (3.2.65)
<c / 110,61) (5) — (13, 02) (5)]2e o 5

If we repeat this inequality m times, we get

[A™ (1,01) — A™ (0, QQ)HQC(O,T;HXLQ(Q))
cmrm 2
< m (71, 61) — (o, 92)||C(0,T;HxL2(Q)) :

Thus, for m sufficiently large, A™ is a contraction on the Banach space C(0, T'; H x L*(9)),

and so A has a unique fixed point. m

We now have all the necessary elements to demonstrate Theorem 3.2.1.

Existence

Let (n*,0*) € H? (0, T;H x L*(Q)), be the fixed point of A and denote

U=Upy, Q=0p, Q=Ppr, (3.2.66)
t
o = As(i) + Be(u) + EVop(t) + / M (t —s,e(u(s)),a(s))ds, (3.2.67)
0
D = Ee(u) + BY(y) (3.2.68)

we use : Al(n*, 0%) = n*, A%(n*,0%) = 0%, it follows

(3.2.69)

0 (t) = O (u(t),a(t). (3.2.70)

We demonstrate that (u,,,, D) meets the regularities (3.2.32) to (3.2.36) and (3.2.37). (3.2.41).
In fact, we write (3.2.42) for = and apply (3.2.63) to find
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We demonstrate that (u, o, o, ¢, D) meets (3.2.33)—(3.2.36) and the regularities (3.2.37)—(3.2.41).

In fact, we write (3.2.42) for n = n* and apply (3.2.63) to obtain

(Ae(u(t)), e(w))y + (0" (1), w)y, = (F(1), w)y,
ae. t € (0,7), forallw € V.

(3.2.71)

Substitute (3.2.69) in (3.2.71) to obtain

(), e(w))y + (Be(u(t)), e(w))y + (E"Ve(t),e(w))n
(/ F(t—s,e(u(s)),a (s))ds,e(w))HJrj(u(t),w) (3.2.72)

(f(t),w),, aete(0,T), forallveV.

and we write (3.2.52) for 8 = 6* and use (3.2.66) to find

aft) € K, (a(t), & — a(t) 2(q) + a(a(t),§ — alt))

(3.2.73)
> (07(t), & — oz(t))LQ(Q) Ve e K, aet €(0,7).
We substitute (3.2.70) in (3.2.73) to obtain
a(t) € K, (a(t), § — a(t)) 2y + a(a(t), § — alt))
(3.2.74)

> O u(),a),§—al) g€ € K, aet €(0,T).

We write now (3.2.48) for n = n* and use (3.2.66) to find

(BV@(t),Vo)u — (Ee(u(t), Vo)u = (q(t), ))w, Yo e Wt e (0,T) (3.2.75)

Given the relations (3.2.71)-(3.2.75), we can now say that (u, o, a, , D) satisfies (3.2.32)-(3.2.35).
Since wu, ¢ and « satisfies (3.2.37)-(3.2.38) and (3.2.40) , respectively, we can conclude from
(3.2.67) that

oceC(0,T;H), (3.2.76)
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we select v = u + ¢ in (2.3.68), with ¢ € D(£2)? to obtain

Div o (t) = fo(t),Vt € [0, T, (3.2.77)

where D((2) represents the space of infinitely differentiable real functions with a compact

support in €). The regularity (3.2.39) follows from (3.2.25), (3.2.76) and (3.2.77).

Let now t1,ty € (0,7, from (3.2.14), (3.2.21), (3.2.20) and (3.2.68), we infer that there

exists a positive constant C' > 0 that satisfies

1D (1) = D (t2)] 5 < C(le (t1) = @ () Iy + llw (t2) —w (E)]]y) -

The regularity of w and ¢ implied by (3.2.37) and (3.2.38) implies

D € C(0,T; H). (3.2.78)

Using (3.2.30) and choosing ¢ € D(€2)? lead us to obtain

div D(t) = qo(t), Vt e [0,T), (3.2.79)

The existence part of the theorem 3.2.1 is concluded by the property D € C(0,7; W),
which follows from (3.2.26),(3.2.78) and (3.2.79).
Uniqueness

The proof is complete since the uniqueness of the solution follows from the uniqueness of the

fixed point of operator A.
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3.3 Numerical Analysis on Electro-Viscosity

In this section, we introduce a fully scheme for the numerical solutions of the frictionless
contact problem between an electro-viscoelastic body with long memory and a deformable
foundation. This scheme is based on the Euler scheme to discretize the time derivatives and
the finite element method to approximate the spatial variable. Next, we get error estimates for
the approximate solutions. The simulation of certain numerical results for two-dimensional test

problems is offered at the end.

This section is divided into three paragraphs. In the first paragraph, we introduce finite
element spaces and basic notations. In the second paragraph we give the approximate variational
formulation of the mechanical problem. Finally, in the third paragraph, we present error estimates

on the approximate solutions.

3.3.1 Notations and Discrete Spaces

We employ uniform partitions of the time interval [0,7]: 0 = tg < t; < --- < tiy = T, where
t, = nk,and k = T/N is the time step characterizing the partition. We write f,, = f(t,)
for a continuous function f(¢). Additionally, letlet dw,, = (w,, — w,_1)/k signify the divided

differences for a sequence {w, }\_,.

The tangential part of w,, on the boundary and its normal component are indicated by

Fully discrete approximations will be associated with the superscript “hk  to indicate the

discretizations in space (h) and in time (k). As an example, u"*

1s an approximation of u,,, and
its normal component and tangential part on the boundary are denoted by u/", and u" . Note

that this notation will be used only when we deal with the numerical analysis of problems.
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We will suppose that the domain 2 is polygonal or polyhedral its boundary I is divided
into three subsets [';, I'; and I's, with mutually disjoint interiors, when we discretize the spatial
derivatives. The unit outward normal vector is constant for each F;, thus we write I'; = Uﬁjzl F;

Let 7" be a regular family of finite element partitions of () that are presumed to be consistent

3

with the decomposition I' = | ;=1 1'j, in the sense that if the intersection of one side of an

element with one of the three sets has a positive surface measure, then the side lies wholly in

that set. We have introduced above in Section 3.2 the following spaces and we recall them here

V={weH Q) w=00nT},
W={CeH(Q):¢(=00nT,},

K={aeH'(Q):0<a<lae inQ}.

Let V" c V, W" c W and K" C K be a finite-dimensional spaces defined by

Vi ={w" e CQ)*: waKlinear VK e T", w"=0onT,},
wh={c"eCc(@Q): C‘}}( linear VK € 7", (" =0onT,},

K'={a" € C(Q): a‘hK linear VK € T"} .

Then , using the above finite element discretization for the spatial variables and the backward
Euler scheme for the time derivatives, we obtain the following fully discrete scheme which

approximates Problem PV.

3.3.2 Discrete Problem

Problem PV "*

: : . N .
Determine a discrete displacement field u"* = {u/*} " ' V", a discrete damage field " =

{alk }ivzo C K" and a discrete electric potential field p"* = {go’n’k}gzo C W", such that

111



Chapter 3 Frictionless Contact Problem

ult = ul, af* = ol andforn =1,..,N

Jaltk gh — ofky ho_ o hk
(G, 6% = ) gy + (0, € = o) (3.3.1)
> (0 (e (unty)  anfy) € — ) o) VE" KN,

(Ae (v7) & (w"))y, + (Be (i) & ("), + €7V e (w"))y + 5 (w0

= (fu,w (Zk/\/l (tn — i1, € (u)) o)) | e(wh)> V" € V",
H
(3.3.2)

BVl V) — (e (ulh) , Vo), = (g, "), V" e W™ (3.3.3)

We discover that Problem PV"* admits a single solution using classic results of nonlinear

variational equations ( see [32] ), which we summarize below.

Theorem 3.3.1 Assume that (3.2.18)—(3.2.23) hold. Then, Problem PV"* has a unique solution
(ulk, oh* ahk)y c Vi x W x Kh,

3.3.3 Numerical Approximation

The purpose of this section is to to estimate the numerical errors ||w, — w*||y, ||©, — |y

thY

and ||a,, — « Let’s start by getting an error estimation on the electric potential. As we

continue as in [7], by subtracting (3.3.3) from (3.2.34) at time ¢t = t,, for ¢y = " € W", itis

evident that
(BY (o —@0") , VU") = (€ (wn —u®) , VO") =0, Wy e WP

Thus, we have

(BY (20 = 90) V(00 = &%) = (€ (wn — i),V (00— 22"))

= (BY (00 —90) V(00 = 0")) y = (€ (w0 —w") , V (00 —0")) , V" € WP
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We apply the Cauchy’s inequality and use properties (3.2.21) and (3.2.20), after some

algebra to find that
low = @5 < ¢ (e = w5+ llon = vl ) . vo e W™ 334

Secondly, allow us to estimate the numerical errors on the displacement field. In order to

have, we therefore replace (3.2.32) in (3.2.33). (3.2.32) in (3.2.33)

(Ae (u(t)) , & (w))y, + (Be (u(t) € (w))y, + (E"Vp, e (w))y, + 5 (u(t), w)

( M(t — s, e(u(s)), (5))ds,w)H—(f(t),w)V, Yw eV,

(3.3.5)

h

We rewrite (3.3.5) at time ¢t = ¢, for w = w" € V" and we subtract it to variational

equation (3.3.2) to find

(Ae (n — ) e (W), + (B (un — ) = (w')),,

+(EV(en =) e (W), +J (tny ")
5 attwt)+ ([ MG s etute).alo)as
_ikM tji-1,€ (?kl)aa?k1)a€(wh)> =0, Yw'eV

H
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Therefore we have

(Ae (@, — 6uﬁk) e (un — uﬁk))

H

+ (E°V(on — i) (un — ult)),,

+ 7 (s wn — ul¥) — j (¥, u, </ M(t (u(s)), a(s))ds
SN =t () ) o= >)

5 (U — ") — j (ul u, — ") (/ Mty — 5, e(u(s)), a(s))ds

— Zk:/\/l (tn —tj_1,€ ('u,;lﬁl) ,a?fl) ,E (un — 'wh)) . Yw' e V"
H

From the property (3.2.23), it is easy to check that

j (un,un — uhk) -7 (uhk U, — uhk) >0

n n n

: h hk h h hk
i (v —w") = (w, un = w") < effun —w"|[ fJun =),
Using the properties (3.2.18)-(3.2.19), (3.2.20)-(3.2.23) and applying the inequality
2 1oy
ab < ea —|—4—b , a,bjee R e >0, (3.3.6)
€

we obtain the following inequality

o=l < (S5 e = o o ) + e
j=1 (3.3.7)
L A A )

where [, 1s the integration error

ds—ZkM tine (ug1) o)
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We utilize (3.2.35) at time ¢t = ¢, with the choice £ = £ and add it to (3.3.1) with
&h = ¢h, after applying some algebraic operations (see [32] for details), in order to estimate

[Jon — O‘Zkam)

o — @[ ago +’*CZHV (] s
SC{HO‘U O‘OHL2 +k2”50@ O‘JHL2 Haj_a?kHH(Q)

+ ||an — aZkHLg(Q) Han - ggHLQ(Q) + Hao - @gk||L2(Q) HOq N SilHLQ(Q)

+ ’fz oy = a5 | 2y Nl (@ier = 1) = (@5 = &) || 2
—i—kZHV ||L2 Q)Hv(aj_gjh)HLQ(Q)

+ kZ o (e —oa; + ”AO‘J”H Haj - SJ}'LHLQ(Q)

+kz (et = 4oy + s = 0¥y ) (llos = 2oy + s —smzm))}

(3.3.8)

Next, since

tk

n—1
u, —uﬁklzuo—l—/ v(s)ds—ug—ka?k
0 .
n—1 n—1 t
kZ ~|—u0—u3—l—z</

tn
s)ds — v]k> +/ v(s)ds,
tn—1

j=1 Jj=1 -
we have
n—1
ot — sl < 53 (o = 4]+ o — ] + kol o
j=1
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thus,

n—1

|wn — ! Hv <c {kz |v; — vthV + ||wo — ung/ + k2‘|UH%jvl,l(07T;V)} . (339

7j=1

We conclude from(3.3.8) that &« € C ([0, T]; L*(€2)), hence
lom = an® 1|2y < N1 = aREal| 2y + Flldlleqomiz@- (3.3.10)

We combine (3.3.8)-(3.3.10) to obtain

ln = a2l +’fZHV ]

< cff|oo = af [y + o = & agq + o —

+ 82 (ol oy + Il sy ) + kz 90; = 511320
L2 n . (3.3.11)
+ Han - €n||L2(Q) + k’Z ¢ (¢ (u;) , ;) — doy; + ’fAO‘jHB(Q) HO‘J — & HL2(Q)

RNV (@ = ) oy T+ ZH ajn = &) = (0 = &) [y
=1

+’fZH%—Oé?’“Hiz(m+’fZ||vj—v?’“\\2v}
=1 i=1

combining (3.3.7), (3.3.11) and (3.3.4), leads us to the following estimate for all w € V"
and {¢!}0_, C K"
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o = 0B+ llam = @ [agy + 5 D2V (o5 = o) 1y + llen = [l
j=1

<c (Z k [Huj—l - u;lﬁle/ + Haj—l - O‘ﬁ‘lﬁlniz(m] + I/z\/l,n + an o wh“?/
j=1
B2 hl12 h[2 h||2
+ HOéo - OZ()HLQ(Q) + Hal - gl ||L2(Q) + HO&n - anLQ(Q) + HUO o uO”V

n n—1 n
kD oy = ey + 5D o = oI+ 8 D1V (@ = ),
j=1 j=1 J=1

. 3.3.12
+k? <||”||12/V1,1([0,T};V) + ||a\|é([o,T};L1<m>> R
1 n
+E Z H(O‘J'Jrl - §]h+1) - (O‘j - gjh) ||iz(9)
=1
v N
+k Y 160y = a5l 7o) + R 10 (e (uy), ay)
P =1
1 h
=7 (@ — ) + kA 2| @5 = &} ll2@)
o ot = w5+ on = 15, )
where
A TR 15 i O P SR
j=1

Utilizing 1.3.6, we arrive at the main error estimates listed below

Theorem 3.3.2 Assume that (3.2.18)-(3.2.26) and the regularity (3.3.13) hold. Let (u,«, ) €
V x K x W and (u"* o o) € Vi x Kh x W be the respective solutions to Problems PV

and PV"*_ Then, we have the following error estimates

Forall w" = {wh}}, Cc V", {o?}T, C K" and {4}, c W
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max (e — [+ [l — b [+ [l — 02|70, + lleon = 103

n
RS - < e (s, e

o gmas {[|on = [§ o+ [luo — ¥l + flao = ag|[fagq) + o = 01120}

0<n<N 0<n<N

N
DI, = il + gl €80+ s, o~ 1

+k? (HUHWLI([O,T];V) + |’d\|0([o,T};L2(Q))>

+ max kY ||V(e —5?)”12(9)
=1

0<n<N

1

n
2
b g 2l i) = (s = o)l

0<n<N

- 1
+ max kJZ ||@ (8 ('U,j) ,aj) - E (Odj - OZj_l) + IiAOZj HLz(Q)H Q; — fjh||L2(Q)> .
j=1

(3.3.14)

Corollary

Let’s choose the discrete initial conditions o = 7" and uf = IT"ug, where 7" : C(Q) — K"
is the standard finite element interpolation operator ( see, e.g., [18] ) and II" = (xM)4, :
[C(Q)]? — V", Under the assumptions of Theorem 3.2.1 the following is our estimation of the
error

(w0 + lw — el <ethr ). 3315)

Proof.

In the beginning, we must estimate the errors produced by the approximation of the finite

element spaces Vh, KCh and WP,
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We have

. h
e nf o, —wnll, < chlfuloorym @)

. h
ogangg,églgh Han - 5”“[,2(9) < ChHOéuc([O,T];H%Q));

. h
gax b {low = ally < chlleleqorm.

We obtain from the definition of the operators 7" and I1"

HUO - ungv < Ch”“(o)H[H?(Q)]’i
HaO - agHL2(Q) < ch? ||a0||H2(Q) :

Finally, using the ideas in [34] we find that the terms corresponding to the damage field are

bounded, for example since o € H?(0,T; L*(Q)),

1 t; 1 t; t

j—

Thus, it follows Zjvzl k|l — da; Hig(m < ck?|| a3 (o 7,12 (> 2lso the following estimate

was obtained,

=

-1

ey = & = (ajin —€}1y) HiQ(Q) < ch?||all o r)-
1

E

<.
Il

Proceeding as in [17] we find that

I < ck (JJullwre o) + 1< H20.750200))) -
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3.3.4 Numerical Simulations

Some simulation results in test problems including examples in one, two, and three dimensions,
have been performed in order to test the accuracy of the numerical method given in the previous
section. In this part, we provide a description of the numerical results that demonstrate the

algorithm’s effectiveness.

The one-dimensional test example

We take into consideration an electro viscoelastic rod 2 = (0, L) with a fixed left end 2 = 0,
and a body force of density f,(z,t) acting in the x-direction. A gap g exists between its right

end x = L and arigid foundation. The contact is modeled with normal compliance and damage.

The long memory operator has the same form as in ([61])

t t
/ Mt — 5,2 (u(s)) , a(s)) ds = / (@) Az (u(s)) ds,
0 0
where 7, : R — R is a function defined by

a, if a<a,
) =9 a ifa.<a<l

1 ifa>1

Thus, the electro-viscoelastic constitutive law with long term-memory and damage 3.2.1

can also be expressed in the rate-type law as follows

&= Be () — EE(¢) + ne(a)Ace (u)

We use here the linear case as follow

d=ac(u)+be(w)—cEp),
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where € (u) = %, while a, b and c are positive material constants, independent of = and ¢.

In the simulations, the normal compliance function given below is used,

p(r):_r )
M+

where ;. = max{0, r} and 1 is a positive constant which represents a deformability coefficient.

We consider the following problem as a first example

Problem 71D

Determine a displacement field w : [0, 1] x [0, 1] — R, an electric potentiel ¢ : [0, 1] x [0, 1] —

R, and a damage field « : [0, 1] x [0, 1] — R such that

do(x,t)  Ou(z,t) N Pu(z,t)  0*p(x,t)

5~ 3o St o in (0,1) x (0,1), (3.3.16)
_ Ou(x,t) B dp(x,t) )
D(z,t) = o 2 o in (0,1) x (0,1), (3.3.17)
& — kAa = =3¢ in (0,1) x (0, 1), (3.3.18)
agé‘z’ b _ 2(3e" — 1) in (0,1) x (0,1), (3.3.19)
9D(x,t) _ 2(ef — 1) in (0,1) x (0, 1), (3.3.20)
ox
u(0,t) =0 fort € (0,1), (3.3.21)
©(0,t) =0 fort € (0,1), (3.3.22)
o(1,t) = —% max (0, u(1,t) — g) fort € (0,1), (3.3.23)
o
%(1,75) =0 fort € (0,7), (3.3.24)
o(x,0) =2% w(x,0)=0, afz,0)= in (0,1). (3.3.25)
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For the numerical computation, the following data have been considered

Q: (071>7 Fl :Fa:{0}7 F2:@7 F3:Fb:{1}7
T=1, a=b=c=1, B =2, g=0m, pu=100,
fo=2(t — 3¢"), qo = 2(e' — 1), O (s(u),a) = =3¢,

po(x) = 2° N/m, uo(z) = 0m, ag(z) = 1.

The fully discrete scheme was implemented by using the spaces V?, W" K" We used the

discretization parameters h = k£ = 0.01.

Our numerical results are plotted in Figures 3.1, 3.2, and 3.3. In Figure 3.1 the displacement
fields, electric potentials, and the damage function at several times (f = 0.2,0.4,0.6,0.8,1
second) are shown. In Figure 3.2 the displacement, the electric potential and the damage of the
right end x = 1 are drawn through the time. The evolution of the displacement and the electric

potential are plotted in Figure 3.3.
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Figure 3.1: Displacements, electric potentials, and damage function at several times
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(a) Evolution in time of the displacement of the right end
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(c) Evolution in time of damage of the right end

Figure 3.2: Evolution in time of the displacement, the electric potential, and the damage of the
right end
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(b) Evolution of the electric potential field

Figure 3.3: Evolution of the displacement and the electric potential fields
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GENERAL CONCLUSION

I General Conclusion

Along this thesis, numerous quasistatic contact problems involving various materials are examined.
in the second chapter we have studied two frictional contact problems with normal damped
response and damage, The first problem is a thermo-mechanical problem of contact between an
elastic-viscoplastic body and a deformable foundation with thermal effects, the second problem
is an electro-mechanical problem between two viscoelastic piezoelectric bodies with adhesion.
in the third chapter we have studied a frictionless purely mechanical problem with normal
compliance and damage, between a viscoelastic piezoelectric body with long memory and a
foundation. We used Green’s formula to obtain the variational formulation of these problems,
and we obtained results of existence and unicity of the weak solution, by using the following
arguments: variational equation depending on time, variational equation of evolution, variational
inequality of evolution of the parabolic type, differential equation and fixed point. For some
cases, we have considered a numerical approximation of the contact problems using a uniform
temporal discretization and a spatial discretization by the finite element method. At the end of
these discretizations, we showed the existence and uniqueness of the approximate variational
problems. Finally, for these schemes, we obtained error estimation results under hypotheses
of regularity of the solution. To continue the work accomplished in this thesis, it would be
interesting to consider the dynamic contact processes associated with the different contact laws
studied. The variational analysis of these problems represents an open research topic that
deserves to be addressed in the future. To verify the error estimates obtained in this thesis
and to illustrate the behavior of the models studied, simulations and numerical examples based
on efficient methods will be welcome. This objective will be realized in further works which

will represent a natural continuation of this thesis
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Résumé:
L’objet de cette these est la modelisation, 1’étude variationnelle et numerique de quelques problemes
de contact avec ou sans frottement , entre un corps deformable et une fondation, ou entre deux corps
deformables. Ici nous considérons des lois de comportement non linéaires pour des matériaux elastic
viscoplastiques, électro viscoélastiques, et viscoélastiques piezoelectriques avec memoire longue. Pour
ces problémes nous obtenons des formulations variationnelles suivies des résultats d’existence et d’unicité
des solutions faibles. Les techniques employées sont basées sur la théorie des opérateurs monotones
suivis d’une version du théoréme de Cauchy Lipschitz et des arguments du point fixe de Banach. Enfin,
nous proposons une approximation numerique du probleme purement mecanique a I’aide de schemas

discretises. Pour ces schemas, nous obtenons des resultas d’estimation de 1’erreur.

Mots clés: Elasto-viscoplasticité, électro-viscoélasticité, adhésion, endommagement, réponse
amortie normale, compliance normale, point fixe, elements finis.

Abstract :

The object of this thesis is the modeling, the variational and numerical study of some contact problems
with or without friction, between a deformable body and a foundation, or between two deformable
bodies. Here we consider nonlinear laws of behavior for elastic-viscoplastic, electro-viscoelastic, and
viscoelastic piezoelectric materials with long memory. For these problems we obtain variational formulations
followed by existence and uniqueness results of weak solutions. The techniques employed are based on

the theory of monotone operators followed by a version of the Cauchy-Lipschitz theorem and Banach’s
fixed point arguments. Finally, we propose a numerical approximation of the purely mechanical problem
using discrete schemes. For these schemes, we obtain error estimation results.

Key-words: Elasto-viscoplasticity, electro-viscoelasticity, adhesion, damage, normal damped
response, normal compliance, fixed point, finite elements.
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