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Notations

We will use the following notations throughout this thesis:

General notations

o L: A continuous linear operator.

e D(L): Domain of the operator L.

e L~!: The inverse application of L.

o N: The set of natural numbers.

e Z: The set of whole numbers.

e R: The set of real numbers.

e [a,b]: The closed interval a < z < b.

e (a,b): The open interval a < x < b.

. %: The ordinary derivative with respect to t.

o a.e.: Almost everywhere.

e i.e.: That is to say.



Spaces
o  C R™ open set in R".
« Q: closure of (.
o 09 boundary of €.
« LP(Q) = {u measurable on Q and [, Juldz < oo}, 1 < p < 0.
« C(Q): Space of continuous functions on 2.
« C™(Q): Space of n times continuously differentiable functions on €.

o W™P: Sobolev space of functions in I” with derivatives up to the order m in LP.

In this memory, we will specifically use the following spaces:

« C([0,1],R): Banach space of continuous functions u : [0,1] — R, equipped with the

[ulloe = sup{[u(?)], ¢ € [0, 1]}.

« C'([0,1],R): Space of functions u : [0, 1] — R such that u, u’ are continuous functions

on [0,1], equipped with the norm
[Jull = max{[[ul|sc, [|t]|oc }-

« L'([0,1],R): Space of Lebesgue integrable functions u : [0,1] — R equipped with the

norm

1
el = [l = / () dt.
0

o W2Y0,1) = {u : [0,1] — R; u, v’ are absolutely continuous in [0, 1], v” € L'(0,1)},
equipped with the norm

Hqu,1=/0 ()] + [ ()] + [u”(2)])dt.



Introduction

Introduction

Boundary value problems involving ordinary differential equations arise in physical sci-
ences and applied mathematics. In some of these problems, additional conditions such that
n-point boundary conditions are important in practice since the measurements.For example,

the classical Robin problem with local conditions is given by

u"(t) + f(t,u(t),/(t)) =0, te(0,1)
u(0) =0, uw'(1) =0.

If the local condition /(1) = 0 is replaced by the condition u(1) = u(n) (where n € (0,1)),

then the problem

{ W)+ f(tut), () =0,  te(0,1)

u(0) =0,  u(l) =wu(n),
is a three point problem. On the interval (0,1), by the Rolle theorem, local problem can
be thought as the limiting case of n-point problem as n — 17. In the process of scientific
experiment and numerical computation, it is more difficult to determine the value of u/(1)
than that of % So the nonlocal problem gives better effect than the local problem.

It can also be extended to a n-point condition u(t) = g(u), where g is a mapping defined
on some space consisting of certain functions with g(u) := g(&1, ..., &, u(.)), p € N*, where
0<& <...<§ < +oo. The symbol g(&,...,&,u(.)) is used in the sense that in place
of (.) we can put only elements of the set {&;,...,&,}. For example g can be defined by the
formula g(u) = Zp: Biu(&;), where f;, i = 1,2,..., p are given constants.

Three-point ZE\l/ps and more generally n-point boundary value problems were initiated
in the early 1960s by Bitsadze [2] and later by Il'in and Moiseev [11]. In the simplest
case of a three-point boundary value problems, Gupta [7], [8] has first applied functional
analytical methods to prove existence of solutions, he was then followed by Ma [13], Marano
[16], and others. Since then, the existence of solutions for nonlinear three-point, n-point,
integral boundary value problems has been studied by several authors by using the nonlinear
alternatives theorem of Leray-Schauder. We refer the reader to [2], [8, 10, 13, 14, 15, 16, 17]
and the references therein. However, most of those papers have studied the existence and
multiplicity of solutions to bvps with boundary conditions specified as solution values or the
slope of solution values at given points.

n-point boundary value problems have been well studied especially on compact intervals;

in this context, we refer to [15] for a survey of some of the related research works and for

8



Introduction

references to many further contributions.

For instance, integral boundary conditions appear in blood flow models as well as in
chemical engineering.

In this memory, we given some results on the existence and multiplicity of solutions for
n-point boundary value problems of second order ordinary differential equations on bounded

intervals.

This memory is organized as follows.

The first chapter is devoted to presenting some preliminaries and general notions
used throughout. Some basic tools from functional analysis, and Leray-Schauder’s nonlinear
alternative fixed point.

In the second chapter, we discuss the three-point boundary value problems:

I//(t) = f(tv x(t)v I/(t))a te (07 1)7
z(0) =0, z(1) = z(n).

2(8) + f(tx(t), 2/ () =0, te(0,1),
20)=0,  a()=ax(),  (a#£1)

z"(t) + f(t,x(t),2'(t)) =0, te(0,1).
2(0) =0, xz(1)=ax(n)

where f:[0,1] x R? - R is a given function n € (0,1) and o € R with 1 < a < %
In the third chapter, we studyed the existence solutions of the second order differential
equation with multi-point boundary conditions in general case which represented in the

folowing problem:

{ﬂ@=ﬂmmwm% te (o, 1)
2(0) = Y ew(€), a(l) = Y0P agalry),

such that f : [0, 1] x R?> — R is a continuous function and ¢;, a; € R, &, ; € (0, 1),
1=1,2,..m—2,j=12..n—2,

0<§<EH <. <0< ,0<<m<..<Thao<lLl

Every time when studying any problem, we transform each given differential equation into

an equation with the operator and by means of the Leray-Schauder nonlinear alternative
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theorem, sufficient conditions are obtained that guarantee the existence of solutions to the

above problems. As applications, some examples are included to illustrate the existence

results.

10



Chapter 1

Preliminaries

1.1 Some basic tools

Definition 1.1. We say that f : [0,1] x R™ — R" is a L'-Carathéodory function if
(i) t+— f(t, u) is measurable on [0, 1] for each u € R™

(ii) ww— f(t, u) is continuous on R™ for a.e. t € [0, 1]

(iii) for each r € (0, +00), there exists an g, € L'[0, 1] such that

|f(t, w)| < g.(t) for a.e. t €]0,1] and all u € R™ with ||u| < r.
Theorem 1.1. (Rolle’s theorem)
Let f an application of the interval [a,b] on R verifying the following conditions
1. f is continuous on [a,b].
2. f is derivable on |a,b|.
3. fla) = [(b).
So, it exists ¢ € |a,b| such that f'(c) = 0.

Theorem 1.2. (finite increments)

Let f an application of the interval [a,b] on R verifying the following conditions
1. f is continuous on [a,b].

11



Some basic tools

2. [ is derivable on a,b.

So, it exists ¢ € |a,b| such that

Wirtinger Inequalities:
Let a,b be two real numbers such that a < b, and let u be a continuously differentiable

function C' on [a,b] to real values. We have

/ab u(t) — u(a)? dt < 4 (b — “)2 /ab /(t)]? dt.
/ab lu(t) — u(b)|?dt < 4 (b - a>2/ab ! (£)]2 dt.

1.1.1 Important theorems

3

3

Ascoli-Arzela theorem

Let (X,dx) be a compact metric space and (Y,dy) be a complete metric space. By C(X,Y)

we denote the vector space consisting of all continuous function f: X — Y.

Definition 1.2. The family FF C C(X,Y) is called equicontinuous if for every e > 0 there
exists 6 > 0 such that dy(f(t), f(s)) < e for all t,s € X satisfying dx(t,s) < § and all
fekrF.

Theorem 1.3. ([}]) The family F C C(X,Y) is relatively compact if and only if
1. F s equicontinuous
2. for allt € X, the set

M(t) = {x(t); 2(.) € F}

is relatively compact in'Y .

Remark 1.1. 1. IfY is a finite dimensional Banach space, the second condition of Ascoli-
Arzela theorem is equivalent to F is uniformly bounded i.e., there exists M > 0 such that
forallx € F
2] o = sup [|z(t)]| < M.
teX

2. If X is a compact metric space, then Ascoli-Arzela theorem can be expressed as follows:

the family F C C(X,Y) is relatively compact if and only if F' is equicontinuous.

12



Some basic tools

1.1.2 Lebesgue dominated convergence theorem

Theorem 1.4. (/3]) Let (f,) be a sequence of functions in L'(Q)) that satisfies

(i) fu(t) = f(t) for almost every t €

(ii) There is a function g € L*(Q) such that |f.(t)| < g(t) for all n € N and for almost
every t € ().

Then f € LY(Q) and ||fn — fll1 — 0.

1.1.3 Operators

Let X and 'Y be two normed vector spaces and £ an open set of X.

Definition 1.3. A continuous mapping T : @ C X — Y is called compact if T(Q) is
relatively compact. If the image of any bounded subset B of Q) is relatively compact, then T

is said to be completely continuous.

Definition 1.4. The operator T : 2 C X — Y s said to be of finite rank, if there exists a
finite dimensional subspace F such that Im(T) C F CY.

Remark 1.2. (a) Any compact mapping is completely continuous. (Because for every
bounded B C ), we have T(B) C T(Q)). The converse is true if Q is bounded.

(b) Let X, Y be two Banach spaces, T : X — Y be a linear mapping. If at least one of

spaces X or'Y has finite dimension, then T is compact if and only if T is continuous.

1.1.4 The Green Function

Let p, q, f € C([a,b]) where p € C'([a,b]), (a <b) and (a4, B;) € R? such that
Vi=1,2, |ai| + |aal, | 51| + | 52| # 0. Consider the ordinary differential equations

(H) (py) +qy=0
(NH) (0y) +ay=f

and the associated edge conditions

ay(a) + ay'(a) =0

(CB)n {
Bry(b) + Bay'(b) =0

13



Some basic tools

Biy(b) + Boy/(b) = 4.
Definition 1.5. We call the Green’s function associated with the homogeneous problem
(H) — (CB)y, a function G: la,b] X [a,b] — R satisfied The following properties

(CB). { ay(a) + ay'(a) =~

(a) G is continuous on [a,b] X [a,b].

(b) G is symmetric: G(x,y) = G(y, 1), V(z,y) € [a,b]*.

(c) g(x,y) is continuous for all x # .

@ G0 = o) = forally € ]

(e) Partial Function x — G(z,y) is the solution of the equation (H) for all x # y.

(f) Partial Function x — G(x,y) satisfied the conditions (CB)y, for all y € [a,b].

Theorem 1.5. ((Existence and uniqueness of the Green function)) Suppose that
the homogeneous problem (H) — (CB)y, does not admit of a non-trivial solution. Then there
exists a (and only one) function G that does not depend on f, and is called Green’s function,
such that, for any function f, the solution y of the non-homogeneous problem (NH)—(CB)p,

is uniquely written as

Proof

(i) Existence of the function G: Let ¢ and ¢o the respective solutions of the problems

with initial conditions.

P1(a) = ay $2(b) = Ba
H and (H
()+{¢mw:—m. ()+{

Then, ¢1, ¢ # 0 are linearly independent because otherwise ¢1 (and also ¢o) would
be the solution to the problem (Fy) : (H) + (CB)y, a contradiction hypotheses . So be
it W = 10 — @2 # 0 their Vronskian and G the Green function defined by

$1(5)pa()
PeW(s) STST

é1(x)pa2(s)
P TSl

G(z,s) =

14



Some basic tools

Because, for any solution y of the non-homogeneous problem (NH)— (CB),, is written

y(x) = L

-/ "G (5) ds.

in the form

¢1(5)ga(x) ¢1(z)Pa(s)
D

()W (s) ¢ (58 v/ p(s)W(s) 1 (8) 8

Note that the product pW is constant because p(x)W (z) = p(s)W(s) = p(a)W(a) =
p(O)W(b) #0, Vx,s € [a,b]. Indeed, according to Lagrange’s formula, we have

G2(pg)) — ¢1(pg1) =0 & (pP2ty) — (pd19)" = 0
& [p(p20) — 193)] =0
& pW = cte.

Finally, G satisfies the hypotheses of the Green function.

(ii) Uniqueness of the function G: Let G, H two Green functions then
b
/ G(z,s) — H(z,9)|f(s)ds = 0, Yo € [a,b] and ¥V f: [a,b] — R continuous func-

b
tion. For x fixed, let’s put down f(s) = G(x,s) — H(z,s); We have / G(z,s) —
H(z,s)]?ds = 0, Vo € [a,b]. As G and H are continuous , G EaH, that is
(Gle, ) = H(z, ), ¥z € [a,1)

(iii) Existence and uniqueness of a solution: The function F' defined by

b T x e b
Fo) = [ 6t f5)s = A [ ont5)ppas + 2 [0
is the solution to the problem (NH) + (CB).Indeed
F'(x) = g—i(:v,s)f(s) ds
b 52 ¢
and F"(x) :/ %(z,s)]‘(s) ds + f(x)[%(x,x) — %(w,x*)]

15



Some basic tools

Or
oG, . oG,
") = @)
G, _ oG,
" = @)
oG, . oG, 1
3 T R =g

From this we deduce the expression

b 92 .
F”(a:):/ %(:ﬂ,s)f(s)dst%

As well as

oy = [ (52) @)ty ds + 1)

As a result

weyvar = [ [(052) +a) a5+ 50
(by definition of G) = —/ab 0f(s)ds + f(z)

The uniqueness of the solution y results from the hypothesis on the homogeneous prob-

lem as well as from Fredholm’s Alternative.

Example 1.1. Consider the two-point problem posed over an interval |a, b].

{y”:f(x), a<z<b
y(a) =0, y(b) =0.

Let’s build the functions ¢y et py solution of Cauchy problems

w1 =0 P2 =0
¢1(a) =0 ©a(b) =0
¢i(a) = —1 ©h(b) = —1.

Then, p1(z) = (a — ), pa(x) = (b—x) et W(p1,p2) =b—a.

16



Some basic tools

Hence the function of Green

(x —=b)(s —a)

sta<s<ux,

_ <b_a) |
G(z,s) = (@—a)(s—b) six <s<b
G-y TTSIED

The unique solution of the problem (1.1) is therefore given by

) T —a

b T b
o) = [ Glasppds == [ (s afs)ds+ 52 [ (= bs(s)as

1.2 fixed point theorems

We recall the following fixed point theorems: nonlinear alternative for Leray-Schauder.

Definition 1.6. Let E be a Banach space equipped with the norm ||.|| and T : E — E a

mapping. An element x of E is said to be a fixed point of T if Ta = x.

Theorem 1.6. (/1])(Leray-Schauder nonlinear alternative theorem). Let C' be a convex

subset of a Banach space and 2 an open subset of C' with 0 € Q. Then every completely

continuous map N : Q — C satisfies at least one of the following two properties:
(A1) N has a fived point in Q, or
(A2) There is an x € 02 and X € (0, 1) with x = ANz.

Remark 1.3. Hypothesis (A2) indicates that the set S = {x € Q : x = A\Tx; A € [0,1]} is

not bounded. So to apply the nonlinear alternative of Leray-Schauder, one can just show

that T is completely continuous by checking the following a priori estimate
dR > 0,Vx € E\VA € [0,1] : (z = ATz = ||z|| < R)

to assert that T admits at least one fized point in B(0, R).

17



Chapter 2

Second-order three-point boundary value

problems

In this chapter, we consider the following two three-point boundary value problems

{ "(t) = f(ta(t),2'(1)),  t€(0,1), (2.1)
2(0) =0,  z(1) =z(n).
{ () + f(t, x(t),2'(t) =0, te(0,1), (2.2)
z(0) =0, (1) = ax(n), (o #1)
{x"(t) f(t,2(t),2'(t)) = 0, t€(0,1) (2.3)
2'(0) =0, (1) = az(n)

where f:[0,1] x R? = R is a given function n € (0,1) and a € R with 1 < a < %

2.1 Results for the Boundary Value Problem (2.1)

We can formulate the reference equation in the form of an operator equation

Lx = Nx

where L : D(L) C X — Y is a linear operator with

18



Second-order three-point boundary value problems

D(L) = {x € W*'(0,1),2(0) = 0, z(1) = z(n)}

and for

N : X =Y be a nonlinear operator such that

(N?L’)(t) = f(t,:L‘(t),:L‘,(t)), le [O’ 1]

with
X =CY([0,1]), [|z]lx = maz {]|z[|s, ||2"]|c }
Y = LA(0,1)), [zl = fy le(®)ldt
and the Sobolev space
W210,1) = {z :[0,1] = R, z, 2’ are absolutely continuous in [0,1] and =" € L'([0,1])}

Ilfvllz,l—/0 ()] + ()] + |="(1)])dt

Lemma 2.1. Let h €Y andx € X In such a way that is

2"(t) = h(t), te(0,1),
{x(O) =0, z(1) = z(n).
So . . . . .
x(t) = /0 (t — s)h(s)ds — =), (1 —s)h(s)ds + =0/ (n — s)h(s)ds
Proof

From 2" (t) = h(t),we have z'(t) = 2'(0) + fot h(s)ds
which implies that

z(t) = 2'(0)t + /0 (t — s)h(s)ds

and of (1) = x(n),we have

19
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Second-order three-point boundary value problems

e I
2(0) = ——— 1—s)h(s)ds + —— n — s)h(s)ds
O = [ oneas+ [ sne
S0
t t 1 t n
x(t) = / (t —s)h(s)ds — —— | (1 —s)h(s)ds+—— [ (n— s)h(s)ds
0 L=nJo L=nJo
Lemma 2.2. Under the assumptions of Lemma (2.1), the solution of problem (2.1) is writ-

ten in the form

o(t) = /0 G(t, s)h(s)ds

Such that G(t,s) (the associated Green’s function) is given as follows

)
—S, s <min{n,t}
s(t—1 s—
e
(t’ 8) =
—t, t<s<n
—ti=s) s > max {n,t}.

Proof

1. Fort < the solution to the problem in Lemma (2.1) can be written as

(1) :/Ot(t—s)h(s)ds—% (/Ot(l—s)h(s)ds—ir/tn(l—s)h(s)ds+/nl(1—s)h(s)ds>

-1
t ! 7
+ = (/0 (n — s)h(s)ds + /t (n— s)h(s)ds)
— ﬁ i (L=n)(t—s)—t(l—=s)+t(n—s)) h(s)ds
t t !
t s [ =9 heis = [0 neas

1—
= /01 G(t, s)h(s)ds.

20



Second-order three-point boundary value problems

2. Forn <t the solution to the problem in Lemma (2.1) can be written as
n t
x(t) = / (t — s)h(s)ds + / (t — s)h(s)ds
0 "

s ([a-smess [a-anes [ a-ne)

t n

—l—m i (n — s)h(s)ds
[ =)~ = ) by
*ﬁ i (<1—”><t—8>—t<1—s>>h(s)d8—ﬁ (1= 9)h(s)as

= /01 G(t, s)h(s)ds.

From 1 and 2 we obtain

—s, s < min{n, s},
Ul - <5 < o
G(t,s) = K
—t, t<s<mn,
—t(1—s
\ tl(fn ) s > max{n,t}.

Lemma 2.3. For everything x € W>(0,1) with z(0) =0, (1) = z(n) . Thereis& € (0,1),
n < & <1 such that '(§) =0 and

lzlloo < [l2"l|oo < [|2"]ls.

Proof
Let x € W*Y(0,1) and according to Rolle’s theorem, there are & € (n,1) such as
7€) = 0.
From
t

/ 2'(s)ds = z(t) — z(0) = z(¢)

0
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Which implies that

|llo0 < ll"]]1-

On the other hand, we have

1 ¢
tel0,1], 2" = / 2" (s)|ds > / 2"(s)ds = 2'(t).
0 13

Which implies that

12 o0 < {21

Theorem 2.1. That is f : [0,1] x R*> — R a function L'- Caratheodory.
Suppose that there are functions p,q,r in L'(0,1) such as

£t 0)] < ()l + q(O)e] + (), for everything t € [0,1], (u,0) € R ety € (0,1).
So, the problem (2.1) admits at least one solution in C'[0, 1] provided that
Iplly + llgll < 1.

proof
Let X = C([0,1]), Y = L*([0, 1]).
We define the linear operator L : D(L) C X =Y as

D(L) ={z € W*(0,1) | 2(0) =0, z(1) = =(n)}
and for x € D(L),

L(x) ="

Also, we define the nonlinear operator N : X =Y as

(Nx)(t) = f(t,z(t),2'(2), te01].

Next, we assume the linear operator K :'Y — X is defined fory € Y by

Ko)0) = [ == [0 =ae)is + 7= [0 sus)is

n 0
22



Second-order three-point boundary value problems

Fory €Y, we have Ky € D(L) and LKy =y, and for x € D(L), K Lx = z, which implies
that L= = K. We have

(x € C*0,1] is a solution of (2.1) ) & (x is a solution of the operator equation Lx = Nz)
& v = KNz, We apply the Leray-Schauder alternative theorem to obtain the existence of
a solution to the equation x = KNzx.

To do this, it is sufficient to verify that the set of all possible solutions of the family of

equations

2"(t) = Af(t,x(t), 2'(t)), te(0,1)
z(0) =0, (1) ==z(n)

is bounded in X by a constant independent of A\ € [0,1]. First, we show that KN is

(2.3)

completely continuous.

o KN is continuous

[ KNz S/ !G(t,S)f(sax(S)yﬂf’(S))ldS

< max G(t,s)l| h,
e Gt

This proves that KN is bounded, hence continuous.

o Moreover, using the ArzelaAscoli theorem, we conclude that KN is compact.

Let Q= {x € X, ||z|| < r}, where r > 0 is a bounded set of X.

Since ||[KNzx|| < I)ne[mgil]z G(t,s)||h||1 for all x € Q | for all t € [0,1],s0 the functions in
are uniformly bounded

Furthermore, for any € > 0, since G(t,s) is continuous on [0,1] x [0, 1] (which is compact),
so G(t,s) is uniformly continuous.

Thus, there exists § > 0 such that |G(t1,s) — G(ta, )|

fized in [0,1] , we have for x € Q

|t1 —ta| < 8, and for all s
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[KNa(ty) - KNa(ty)] < / Gltr,5) = Glta, )| - |f(s,(s), 2/ (s))|ds

€ /1
<= [ hlhds =<
1Al Jo

which proves that the functions in ) are equicontinuous.

By the ArzelaAscoli theorem, K N (Q) is relatively compact, so KN transforms every bounded
set into a relatively compact set, proving that KN is compact.

Since KN is continuous, we conclude that it is completely continuous.

Now, let x be a solution of (2.2) for some X\ € [0,1] :

2l = M@ 2(8), 2" (1) ]
< lpllilizllo + llallllzllo + [Irlh
< (llpll + llgll) Nzl

Thus
(L= 1lpllx + lall)lzllx < {lrfl
Hence
1
x|l < |I7|li = C (constant)
L —(llplls + llgll)

Which implies that ||z||. < C and ||2' || < C', therefore ||z||x < C.

We now give the uniqueness result for the problem (2.1).
Example 2.1: We consider the problem

l‘”(t) = %x—l—%x’_kﬁ, te (O,l),
z(0) =0, z(1) = z(L).

2

1

In this case,n = 5 and we chose

t 1
ft,u,v) = -u+ -v+

1
3 5 V1+u?
Then, we have fis L' — Caratheodory and
t 1
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Then we chose ,p(t) = £,q(t) = £,7(t) =1 these functions are on L'([0,1]).
We have

11

ol + llalls = = + = =
Pl Q1—6 5—30

then we have

Il + gl < 1.

Thus all condition of theorem (2.1) are satisfied ,then the problem admits a solution on

c([0,1]).
Theorem 2.2. Let [ : [0,1] x R? — R be a function of L' Caratheodory. Assume that
a>0,b> 0 such that

(k%) | f(t,u,v1) — f(t, uz, v2)| < auy — ug| + blvy — vo]

almost everywhere t € [0, 1], for all (uy,vy), (ug, v2) € R2. Then the problem (2.1) admits a
unique solution in C*(0, 1] provided that

dam/n + 27r2\/ﬁb + 4a + 4ab?w + 27263

5 < 1.

™

Proof

We have from (x * %),
|F(t,u,0)] < aful + o] + | £(2,0,0)]

then, the problem (2.1) admits at least one solution by Theorem (2.2). Now, let x1,x5 are

two solutions of problem (2.1) on C[0,1] and put z = x1 — x4, we get

Z(t) = [t (t), 21(8) = St 2a(t), 25(1)), ¢ € (0,1)
2(0) =0, =z(1)=2(n).

From

2(t) = [t a(t), 21(8) = S w2(t), 25(1))

and multiplying this equation by z, after integrating from 0 to 1, we get
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Second-order three-point boundary value problems

0=— /0 2(#)2(t)dt + /0 (f(t 20 (t), 24(8)) = f(t, 2a(t), 5(8))2(¢) dt.

—4nan+1ﬂzm&ﬁ—grﬂum@aum—fwmaw%wmu@ut

> =[] +12']]3 —/ (aly(t) — z2()]* + blay (1) — 25 ()] |21 (t) — 2a(t) )t

0
1
> =yl 112201271l + 1121113 —/O (alz(@)* + bl ()] 2(t)])dt

> =2yl 01271 + 112113 = allz@112 + 012" loo 2] -

But

4
allll; < a—|'l13
s

because, by Wirtinger’s inequality

/|z (0 \dt<4( )/yz )2t

i,e

213 < 1213
And

[l2lloe < [127]l2

[12lloo < 2[]2"]]1-

Then
bl12'[ool|2]l00 < 20[12"[l2]12" 11

Also

121l = [1f (&, 21 (8), 24 () = F(E 22 (t), 25(8) [

< allzlly + bll2']lx

2
< a—|[Z'lla + 0[]l

2
s(a+0wm.
e
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Then

0> =2/1ll2'l[2]l2" [l + 112115 — allzll3 — bl oIzl

2a 4a 2a

> —2 il (— i b) 10+ 1218 — 2922 - 2 (— i b) 112
T T T

2a 4a 2a

> (=2 A 1—— —20(=+d 2.

> (-evi (2 o) r1-Z-m (2 n) ) g

(1 dam/n + 272\/7_7b+4a+4a7rb—|—27r2b2) || /||2
- Z 2.

T2

This implies that
12']]2 = 0.

From the condition z(0) = 0, we obtain

Since we also have
it follows that

Thus, we conclude that

1 = T9g.
Example 2.2: We consider the problem
2"(t) = sx + 52" + cos(x), te(0,1),
z(0) =0, z(1) = z(3).

In this case, n = }L and we chose

1 1
ft,u,v) = g + v + cos(u).

Then, we have f is L' — Caratheodory and

1 1
[t u,0)l < Slul+ Sl +1
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Then we chose ,p(t) = %, q(t) = 3, r(t) =1 these functions are on L*([0,1]).
We have

5
8

DN | —

1
Il + lall =  +

Then we have ||pll1 + ||q|x < 1.
Then the problem admits a solution on C*([0,1]).
We have
|f(t, ur,v1) — f(t ug, v2)| < alu; — ug| + blvy — vy

We chosea:%,b:%,n:%

dam\/n + 27\ /b + 4a + 4ab’m + 27700 %w\/%—l—%rz\/%x%+4x%+4x%x}l7r+27r2x%
o 2

2 T
Thus all condition of theorem (2.2) are satisfied , then the problem admits a unique solution
on C1([0,1]).

2.2 Results for the Boundary Value Problem (2.2)

Lemma 2.4. Let h € L'([0,1]), o € R with n(0,1) and x € C([0, 1]).

If
() + h(t) = 0, te(0,1), o
z(0) =0,  z(1)=ax(n), (a#1)
Then
() = /0 (t — s)h(s)ds — - _‘“an /On(n ~ $)hs)ds + — Om/o (1— s)h(s)ds
Proof

From x"(t) = —h(t) with integration we find

and with integration again
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Now, using the condition x(1) = ax(n) , with

We get

Then

at

o(t) = —/Ot(t— $)h(s)ds — /01(1 — $)h(s)ds

Lemma 2.5. Under the assumption of Lemma (2.4),the solution to problem can be writen as

n
— s)h(s)d
[ ones+

1
x(t) = / G(t,s)h(s)ds
0
Where G(t, s) is the Green’s function defined by

.

s —ams+ats —ts, s <min{t,n},
G(t ) 1 —atn+ats+t—ts, t<s<n,
78 -
1 —an ant — ans, n<s<H{,
[ —ts, s > max{t,n}.

proof

We have two cases

(a) Ift <mn ,the solution of problem (2.2) can be expressed as
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(1) :/Ot(t—s)h(s)ds— at (/Ot(n—s)h(s)ds+/tn(n—s)h(s)ds>

1—an

+r _tom </Ot(1 — $)h(s)ds + [(1 — $)h(s)ds + /nl(1 - s)h(s)ds)

1 t
= 1_0”7/0 (—(1—=an)(t—s)+at(n—s)+t(1—s))h(s)ds

1

/tn (—at(y— 5) + (1 — 8)) h(s)ds + / (1= )h(s)ds

1—an 1—an
1 t
=1 o /0 (s —ans + ats — ts) h(s)ds
1 " !
+ = an /t (—atn + ats +t —ts) h(s)ds + = o /n (1 —s)h(s)ds

_ /0 Gt $)h(s)ds.

(b) Ift > n ,the solution of problem (2.2) can be expressed as

2(t) = /On(t _ $)h(s)ds — /nt@ _ $)h(s)ds

- _tom (/0”(1 — 8)h(s)ds + /nt(1 — s)h(s)ds + /tl(l — s)h(s)ds)

at n
-1 o /0 (n — s)h(s)ds
=7 _10”7 /0 (=1 —an)(t —s) —at(n—s) + t(1 = s)) h(s)ds
1 t 1
e / (~( =t = s) + o1 = ) hshds + —— [ (1= s)h(s)ds

N o __ _ t _ 1 o
_ / s —ans + ats tsh(s)ds L / ant Cmsh(s)ds . / t—ts h(s)ds
0 1—an p L —an P

- /0 1 G(t, s)h(s)ds.

Lemma 2.6. If 1 < a < % with n € (0,1), then the Green’s function to problem (2.2)

satisfies
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Proof

stepl: We show that G(t,s) > 0.

o For0<s<min{t,n} we have

s—ans+ ats —ts

G(t,s) =

1—an

_ (1—an)s+ (a—1)ts -0
1—an -

o For0<t<s<mn, weget

—atn +ats +t—1ts

G(t,s) =
(78) 1_0”7
:(1—an)t—|—(a—1)ts>0
1—an -
o For0<n<s<t, we have
t —
G(t,s) = L2403
1—an
ZM>0
l—an —
e For s> max{t,n} >0
t—ts
G(t,s) =
1—an
:t(l—s)>0
1—an) ~

step2:  We show that G(t,s) < %(a”2’1)2, fort,s e (0,1):

an—1
In fact

@(t):/o G(t,s)ds

then
[elloo = 1G 0o
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and we have that ¢ is a solution to problem

{ —¢'(t) =1
©(0) =0, (1) = ap(n).

This is implies,

©'(t) = ¢'(0) — t with ©(0) =0, p(1) = ap(n)
and p(t) = @' (0)t — 5> with ~ 9(0) =0, (1) = ap(n)
then

o) = 5t + 5o

it is who gives

Il = sup (1)) = Iw(%osj__ll)l
— S =Gl
Lemma 2.7. Ifl < a < %, then
a(l —n)

17]lo0 < 12" ]|oo < 12"+

1—

Proof
Let x € C'([0,1]) with x(0) =0, z(1) < x(n), and 1 < a < % From the finite increment
theorem, there exists € € (n,1) such that

r(1) —z(n) = 2'(§)(1 —n)

and from x(1) — z(n) = (o — 1)x(n), then
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We have

t
Hx"H12/ " (s)|ds vt € [0,1]
13

t
> ‘/ z"(s)ds| Vte|0,1]
3
> |2'(t) — 2'(§)] vt e [0,1]
a—1
= |2 = sup [o'(t)] = 37— (1)
te[0,1] )
a—1
é 1 > / o —
2"l = [l = 3= 7795(77)
And from alz(n)| < |[2'[l1, and |[2"[|y < ||2"]e , we get
a—1 1
" > / o — R / ~
Il > o — S S
a—1 1
2 [|2lloo = 7= =12”ll
n
)
a(l—n)
1—an
= [|2]|oo < [EIP
a(l—n)
and from ||z||s < ||7||o then
a(l —n)
2lloo < fla"lloo < =" l" -

Theorem 2.3. Let f:[0,1] x R? — R is L'-Caratheodory function.
Assume that it exists the function p,q,r on L'[0,1] such that,

|[F(tu,0)] < p()|ul +q(t)]v] +7(2)

a,e t €[0,1] and for (u,v) € R%, (almost everywhere)

And let o € R, n € [0,1] such that 1 < a < % , are given.

Then, the problem (2.2) admits a solution on C'[0,1] provided that
1—an

Pl + llglh < —F—-
a(l —n)
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Proof
Let X = C'([0,1]), Y = L*([0,1]).Note that Lv = x" and N : X — Y with (Nx)(t) =
ft,z(t),2'(t), ¢ €0,1]

We have that x € X is a solution of problem (2.2) if and only if x is a solution of equation

Lx+ Nx =0
To do this, just check that the set of all possible solutions of the family of equations

"(t) = MNf(t,x(t),2'(t)), te€(0,1)

(2.5)
2(0) =0, (1) ==(n)

is bounded on C1([0,1]) by a constant independent of X € [0,1]. If x is a solution of problem
(2.2) , we have

12"l =AILF(E, 2 (2), 2 (8) 12
< [1PLlzlloe + QUL oo + Iy

a(l—n
< (IIP[lx + HQH1)1(_—O”])H37”H1 +Irlli (by lemma (2.7)
1—05?7 04(1—77) "
= (S = el + 1)) 2 e < el
1
= [l2"[1 < 5= —C
s = C(IPl: + 1Qlh)

Then
[7]ee £C and 2’| < C.

This implies
Jull < C.

We conclude by the theorem of LeraySchauder the problem (2.2) admits at one solution on
C*([0,1]) provided that

1—ax

< —.
Ipll + el < =55
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Example2.3: We consider the problem

2" (t) = &z + 2’ + sin(z), t€ (0,1),
z(0) =0, z(1) = 3x(3).

1

In this case, a = 3, = ; and we chose

t 1
flt,u,v) = Nk + Tog? + sin(u).

Then, we have fis L' — Caratheodory and

t 1
t < — — 1

Then we chose ,p(t) = &, q(t) = 15, r(t) = 1 these functions are on L*([0,1]).

100°

We have
ol + lalh = — + — = =
Plc 9= 960 ™ 100 ~ 50
and
l—an 1
all—n) 9

then we have

1—an
Il + llalh < ——.
a(l—n)

Thus all condition of theorem (2.3) are satisfied ,then the problem admits a solution on

C*(]0,1]).

2.3 Results for the Boundary Value Problem (2.3)

Now we consider the problem
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Lemma 2.8. Let h € L')0,1], a e R (o« #1), n € (0,1) and z € C[0,1].

If
{x”(t) +h(t) =0, te(0,1)
2(0) =0, z(1) =azx(n)
Then
x(t) = —/0 (t—s)h(s)ds — . fa /On(n — s)h(s)ds + — - /0 (1 —s)h(s)ds
proof

and

We get )
(1 - a)z(0) = —a/o (n — $)h(s) ds+/0 (1— s)h(s) ds
2(0) = —1f‘Q/0n(n—s)h(s) ds + _a/O (1 — s)h(s)ds
Then
x(t) = —/0 (t — s)h(s)ds — . iya /On(n — s)h(s)ds + | i - /0 (1 —s)h(s)ds

Lemma 2.9. Under the assumption of Lemma (2.8), the solution to problem can be written
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as
1
x(t) = / G(t,s)h(s)ds
0
Where G(t, s) is the Green’s function defined by

(
—t+at—an+1, s <min{t, n},
1 —ant+as+1—s, t<s<n,

l—a at—as—t+1, n<s<t

1—s, s > max{t,n}.

Proof

We have two cases

(a) Ift <n, the solution of problem (2.3) can be expressed as

x(t):—/ot(t—s)h(s)ds— o (/Ot(n—s)h(s)der/tn(n—s)h(s)ds)

= [ — a9+ (- ) bishds
b [ otk - o= o
_ 1ia/0t(—t+oaﬁ—om+1)h(s)ds
+1_&/tn(—an+as+1—s)h(s)ds+1ia/nl(1—3)h(3)d5

- /0 1 G(t, s)h(s)ds.

(b) Ift > n , the solution of problem (2.3) can be expressed as
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ﬂﬂ:v—AQt—Qh@Ms—[?t—@h@Ms
- (AQl—ﬁh@ﬂ&+é%l—@h@ﬂ&+[%1—$h@ﬂ%

11—«

‘1faAQ"_QMQ“
— 1ia/0n(—(1—a)(t—s)—a(n—5)+(1—5))h(5)d3
b [ a9+ 1= ks = [ nas

T"—t+at—an+1 Pat —as—t+1 Y15
/0 T o h(s)cls%—/77 T—a h(s)ds—i—/t 1 ah(s)ds

:A%ﬂugmg@.

Lemma 2.10. Let z € (0,1),a € R and x € C'([0,1]) with (1) = az(n) , Then
o Ifa <0 ,it exist £ € [n,1] such that x(§) = 0.

o If0<a#0 it erist & € [n,1] such that x(n) = —La'(§).

Proof
o Ifa=0then z(1)=01ie=1.

o Ifa <0 withz(n) #0 then x(1) x z(§) <0
and by the intermediate value theory, it exists & € (n,1) such that x(§) =0

e ifa>0,a# 1 by the theory of finite increments, it exist & € (n,1) such that (1) —
z(n) = (1 —n)z'(¢)

it’s who gives
z(n) = 732 (€)

Theorem 2.4. Let f:[0,1] x R? — R be an L'-Caratheodory function.
Assume that there exist functions p,q,r € L'[0,1] such that:

|[F(tu,0)| < p()fu] + q(t)[o] +7(2)
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a.e. t € [0,1] and for all (u,v) € R?, let « € R and n € (0,1). Then the problem (2.3)
admits a solution on C*0,1] provided that

Iplls + gl <1 if a <0,

(1+ max {82, =2 Dy pll + lglh <1 0 <a #1.

Proof
Let X = CY[0,1], Y = L0,1]. We note that the linear operator

L:D(L)C X =Y with

D(L) = {a: c W>10,1) : 2/(0) = 0, x(1) = ax('r])}

and for all x € D(L), we have Lx = x". We define the nonlinear application

N:X—=Y by

(Nz)(t) = f(t,z(t),2'(t)), te]0,1].

and define the linear application
K:Y—=X by

(0%

Gl = = [ (= oieds = 2 [ ey + =

—

/On(l — s)y(s)ds.

11—«

According to above,it can be proven that KN : X — X is completely continuous.
By theorem of Leray-Schauder

(4 { o = At (000
2’ (0) =0, z(1) = az(n).

Then we have tow cases :

case 1:  [fa <0, from lemma (2.10),it exist £ € (n,1) such that z(§) =0 ,and form
x(t) = f; 2'(s)ds, 0 <t <1 which implies that

t
|x(t)|§/ (s)ds, O0<t<l
3
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Then, ||z]|c < ||7'||co and from |2'(t)| < fl "(s)ds, 0 <t <1
we get [|2']|oe < [[2”[]1,then
[2lloe < 12" loo < [l2"[h

If x is a solution of problem (4,) we have

12"l < llplhllzllee + llallllz"lloo + lI7lls
< (Il + Nl ="l + Il

then
1

Iplly + [lqll)

Il =C

1
<
I lh < 1=

Thus ||zl < C |7 ||l < C and ||z||e < C on C*([0,1]).

case 2: If0 <« #1, from lemma (2.10), it exist £ € [n,1] such that x(§) =

and by x(t) = +f s)ds, 0 <t <1
then x(t) = =14/ (€) + f s)ds which implies that

L—n
\mus(m_u+0wmm

And form ||7']| < ||2"||1 we get

L—n
ol < (= +1) I

On the other hand

z(t) = ax(n) — /t Z'(s)ds, 0<t<l1
Then .
(1) S__ln) (©) —/t Y(s)ds,  0<t<l

40
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wich implies that

a(l—n)
ol < (SEZ2 +1) 1

e

a(l _77> /
<[ —7-—<4+1
< (=gt +1)

then we have

mmms(1+mwm“1‘m “‘”wnfm

a—1] Ja—1]

If © is a solution of problem (4)) we have

a(l—n) (1-n)
ol < (il (14 mae(Go =12 B ) ) el +
Then
1
I+l < o(lon) (i
1= (Ilplh (1 + maz(S82, 952 + llgll)
Thus [l < ', oo < €

and ||z]|. < C" on C1([0,1]).
Exemple2.4: We consider the problem

a"(t) =tz + 12/ + \/2%, t e (0,1),

z(0) =0, z(1) = 5z(3).

In this case, o = 5, = % and we chose

t 1 2025
ft,u,v) = -u+ —v+

4 2 V1+uZ

Then, we have f is L' — Caratheodory and

t 1
|f(t,u,v)] < Z\u! + E\v\ + 2025
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Second-order three-point boundary value problems

Then we chose , p(t) = £,q(t) = 5,r(t) = 2025 these functions are on L*([0,1]).
We have

1+1_35<1
6’8 2 48

e J@L=n) 1—7 4D
(1 max { S 2 Dl ol = (14 )

Then we have

al —m) 1-n
(L ma { S Dl 4l < 1

Thus all condition of theorem (2.4) are satisfied , then the problem admits a solution on

C*(]0,1]).
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Chapter 3

Solvability of Second-Order Boundary Value
Problems at N-Points

3.1 Introduction

This chapter deals with the results concerning the existence of a solution for boundary value

problems at n-points. For example, we consider the boundary value problem at multi-point:

{ 2(t) = [t x(t), 2'(1),  t€(0,1)
2(0) = 17" cin (&), (1) = 3077 aja(ry),

or f:1]0,1] x R? = R is a continuous function or a Caratheodory function and c;, a; € R,
&, 1,€(0,1),i=1,2,...,m—2,j=1,2,...,n—2,

0<§ <EH <. < ao<,0<<m<..<T o<l

In one case, we assume that each of the c,s, and each of the a;s, have the same sign, and
in another case, we assume that the c;s and the ags do not have the same sign.

In certain cases, or in the general case, we study the existence of solutions to this problem.
In several cases, in order to study the existence of solutions for the multi-point boundary
value problem as described above, we can use (as we will study in the third section of this
chapter) a priori estimates obtained for the corresponding four-point boundary value problem

given below.

{ () = f(t,z(t), (1), te(0,1)
z(0) = yz(¢), z(1) = az(n),
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Solvability of Second-Order Boundary Value Problems at N-Points

with v =S¢, a = Z;:l? aj, and ¢ € (&1, Em—2], N € [T1, T2
In the case where v = Z:ZQ ci = 0, the first problem is called an n-point boundary value
problem. It can be studied directly or reduced to a three-point problem.

The study of n-point boundary value problems was initiated by Il’in and Moiseev [12].
Motivated by the work of Il'in and Moiseev [12], Gupta [8] studied nonlinear three-point
boundary wvalue problems for nonlinear ordinary differential equations. Since then, more
general nonlinear n-point boundary value problems have been studied by several authors using
the nonlinear alternative theorem of Leray-Schauder. Some recent results for nonlinear n-

point boundary value problems can be found in ([7, 8, 9, 10, 15, 16]).

3.2 N-point boundary value problems: Reduction to

three points

Let f:]0,1] x R? — R be a continuous function or an L'— Caratheodory function,

a; € R, with all the a}s having the same sign,
fiE(O, 1),i:1,2,...,n—2; 0<& < <<€ 9< 1

We consider the following second-order differential equation

2(t) = ft,a(t), 2 (1),  te(0,1) (3.1)

subject to one of the following boundary conditions

z(0) = 0, x(l):iaix(&), (3.2)
Z'(0) = 0, x(l):iaix(&), (3.3)

z(0) = 0, fm:ZMmJ (3.4)

It is well known that the existence of a solution to these problems can be studied through

the existence of a solution to equation (3.1) , subject to one of the following three-point

44



Solvability of Second-Order Boundary Value Problems at N-Points

boundary conditions

where o = Y2 a; and n € [€1, &, ).
Indeed, for each solution x(t) of problem (3.1) , (3.2), let us denote

m= min x(t), M= max z(t).

te[flfn—z] te[f1 7571—2]

-Ifa; €0, 400), i € {1,2,...,n — 2} so0

-Ifa; € (=00, 0], i€ {1,2,....n—2} so

It follows that there exists n € [&1, Em—a] such that x(n) = @, which implies that

x(t) is also a solution of the boundary value problem (3.1) , (3.5) .



Solvability of Second-Order Boundary Value Problems at N-Points

Existence results for the problem (3.1) , (3.2)

Now we are studying the n-point problem (3.1) , (3.2) with & € (0, 1) for

1=1,2,...,n—2 satisfies 0 <& <& <. <€ o<landa; €R; i=1,2,...,n— 2,

that satisfy the conditions and have the same sign o = Z?:_f a; # 0.

We are now studying the n-point problem (3.1) , (3.2), with solutions that satisfy the condi-

tions and have the same sign.

Lemma 3.1. Let h € L'[0, 1], and & € (0, 1) fori=1,2,...,n —2
such that O <L <& <<€, o<landa; R, 1 =1,2,...,n — 2, have the same sign
with 12 a; # 0 and 1= 7 a6 # 1 for any

{ 2"(t) = h(t), te(0,1)
z(0) =0, z(1) = Zl 1 i (&)
Then .
x(t) = / (t — s)h(s)ds + At,
where A is given by
n—2 n—2 3 1
A (1 — Za@Z) = Zai/o (& — s)h(s)ds — /0 (1 —s)h(s)ds.

Proof
We have (x"(t) = h(t)) = (x(t) = 2/(0)t + fot(t — s)h(s)ds),

from which we obtain
1
z(1) = 2/(0) + / (1 —s)h(s)ds
0

and
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And from x(1) = 317 a;x(&;) we obtain,
n—2 n—2 & 1
#(0) (1 —Z%) =S [ 6 ol — [ 1= sntsyas,
i=1 i=1 0 0

Then .
z(t) = / (t — s)h(s)ds + At,

where A is given by,

n—2 n—2 & 1
A (1 — Za@) = 2%/0 (& — s)h(s)ds — /0 (1 — s)h(s)ds.

=1

Theorem 3.1. Let f: [0, 1]R? = R be an L'-caratheodory function.
Assume that there exist functions p, q, r in L0, 1] such that ,

(8w, 0)] < p(0)]ul + ¢ (@) |v] + (D),

p.p. t €0, 1] and for all (u,v) € R?, and let « = 31" 7 a;, and n € (0, 1) are given .
Then, the problem (3.1) ,(3.2) admits a solution in C*[0, 1] provided that

ol +llali <1, Fa<
ol + llglh < S582, i1 < a < £

Proof

Leta=3Y""2a; <1.
Let X Banach space C*(0, 1] and Y represent the Banach space L*(0, 1) with their usual
norms.

We note that the linear operator L : D(L) C X — Y, with

D(L) = {x € W*H0,1) : 2(0) = 0, z(1) = Zaix(fi)} ,

i=1

and for x € D(L),

Lz =2".
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Solvability of Second-Order Boundary Value Problems at N-Points

We have also defined a nonlinear mapping N : X — Y par

(Nx)(t) = f(t,l’(t),l‘/(t)), le [07 1]

N is a bounded operator from X to Y, and L is an injective operator .

Then we defined the linear operator K : Y — X, fory €Y by

o) = [ (t = $)y(s)ds + At,

where A is given by,

n—2 n—2 & 1
A (1 - ; ai§i> = Z;ai/o (& — s)y(s)ds — /0 (1 —s)y(s)ds.

We have fory € Y, Ky € D(L) and LKy = y; and for uw € D(L), K Lu = u.

Moreover, the application KN : X — X is compact. We have that,

(x € CY0, 1] is a solution of problem (3.1) ,(3.2) , if and only if, (x is a solution of the
operator equation: Lx = Nx), and (Lv = Nx) is equivalent to (x = KNzx).

We apply the Leray-Schauder theorem to obtain the existence of a solution to the equation
r=KNux.

To do so, it is sufficient to verify that the set of all possible solutions of the family of

equations

{ 2(t) = Af(t,(t),2'(t),  te(0,1) (3.8)

2(0)=0, (1) = aw(&),

is, a priori, bounded in X = C'[0, 1] by a constant that is independent of X € [0, 1].
Let z(t) be a solution of problem (3.8)for some X\ € [0, 1], such that x € W?(0, 1) with
2(0) = 0, z(1) = "2 a(&;), There exists ) € (&1, En_a] such that x(t) is a solution of
problem (3.8) which is bounded in X = C'(0, 1] by a constant C' that is independent of
A € [0, 1], such that

17]lo0 < [l2]lo0 < [l2"[l < C.

Then the set of all possible solutions of the family of equations (3.8) is, a priori, bounded
in X = C'[0, 1] by a constant that is independent of X € [0, 1].
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Solvability of Second-Order Boundary Value Problems at N-Points

Exemple3.1: We consider the problem

a"(t) = Lo + 32’ + cos(x), t e (0,1),
z(0) =0, x(1) = 4z(3) + 3z(3).

and we chose

t 1
ft,u,v) = U + 3Y + cos(u).

Then,we have f is L' — Caratheodory and
t 1

Then we chose ,p(t) = £,q(t) = 5,7(t) = 1 these functions are on L'([0,1]).
We have
Ipli +llalli < s +3=2<1  ifa=1

1-4(L )
Iplly + llglls < W(—s;)) =006 ifl<a<s5.

Thus all condition of theorem (3.1) are satisfied ,then the problem admits a solution on

C*(]0,1]).

3.3 N-point boundary value problems: Reduction to

four points

Let f :]0,1] x R* — R is a continuous function or a Carathéodory function, with |
ci, aj € R, and each of the ¢js, and each of the a’s, having the same sign, &, 7; € (0, 1),
1=1,2,..m—2, =1,2,....n— 2,
0<& <EH << 20<,0<<m<..<Tp o<l

Let us consider the following second-order ordinary differential equation (3.1) subject to one
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Value Problems at N-Points

of the following boundary conditions:

Z cir' (&),

n—2

p(1) = ax(r),

Jj=1

n—2

(1) =) aza'(1y),
j=1
n—2

z(1) = Zaﬁ(ﬁ'%

n—2

P(1) = a (1)),

j=1

o(1) = Y ajelr),

n—2

P (1) =) aa'(r).

j=1

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

It is well known that if a function x € C' satisfies one of the boundary conditions (3.14)

-(3.19) and ¢;, a;, i =

1,2,om — 2, j

C €&, &nsl, n € [T, Tnos| such that

(0)
(0)
(0)
2(0)
(0)
(0)

8

8

8

2'(0

/

z (0

m—2

respectively with v =" " ¢;, a = 2"72 aj.

j=1

z(1) = az(n),
(1) = a2’ (n),
z(1) = ax(n),
(1) = az’(n),
z(1) = az(n),

1,2,....,m — 2 are as above, then there exist

As in the case of the m-point problem which is reduced to the three-point problem, we will

prove an existence result for the problem (3.1) ,(3.14) for example, which first establishes an

existence result for the problem (3.1),(3.20) ,and by using the a priori bounds obtained for
this problem, for the problem (3.1),(3.14).
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Existence results for the problem (3.1),(3.20)

For each solution x of the problem (3.1),(3.14) there exist ¢ € [&1, &m—2], n € [T1, Ta—2] such
that x is a solution (3.1),(3.20) with a = 1. We will prove that all the solutions of the
problem

{ 2(t) = Af(t, x(t),2'(t),  te(0,1)

2(0) =y2'(¢),  2(1) = z(n),

is, a priori, bounded in X = C[0,1] by a constant independent of X € [0, 1].
Lately, we have studied the above problem when v =0 (for some recent results on the three-
point problem,).
Here, we extend the results to the general case (7 # 0).

In the following lemma, we obtain the necessary a priori estimates which are independent
of ¢ and n, for the problem. (3.1),(3.20).

Lemma 3.2. Let (,n € (0, 1) are given and z(t) € W?'(0, 1) such that
£(0) = 72'(Q), (1) = x(n). Then

//||

[2lloe < (14 [7DlI2lloo, 2']o0 < [l

Proof
Since x(1) = x(n) there exists w € (n, 1) with 2'(w) = 0.

Therefore HSE'HOO < Hl'””

Also, since x(t )+ fo s)ds = va'(¢) + fo s)ds, Then ||z||oo < (14 |7])]|2']|co-

Lemma 3.3. Lety € L'[0,1] and v € R; n,¢ € (0,1), and x € C*[0, 1],

in such a way that if

Then,
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Solvability of Second-Order Boundary Value Problems at N-Points

Proof

From 2" (t) = y(t) we have
2 (t) =2'(0) + fot y(s)ds which implies that x(t) — x(0) = 2'(0)t + fot(t — s)y(s)ds,
Since £(0) = va'(¢) and 2'(¢) = Ug x"(s)ds + 2'(0) = foc y(s)ds + 2'(0) then

t

¢
2(t) = 2'(0)(t +7) + 7 / y(s)ds + [ (¢ — s)y(s)ds,

S~

We have, x(1) = ax(n) which implies that

¢ 1
£(0)(1+7) + 7 / y(s)ds + / (1 s)y(s)ds =

¢ n
2 0)(n+ ) + 7 / y(s)ds + / (n— s)y(s)ds,

So we obtain

Then

x(t) = /Ot(t —s)y(s)ds + /OC y(s)ds

T = sty

-/ (1 y(s)ds).

_|_

Theorem 3.2. Let f: [0, 1]R? = R It is an L*-Carathéodory function.
Suppose that there exist functions p, q, r in L[0,1] such that

(8w, 0)| < p(B)]u] + q(B)]o] +7(2),

p.p. t €10, 1] and For all (u,v) € R?, and let {,n € (0, 1), a,y € R with 1+~ # a(y +n).
Then the problem (3.1),(3.20) admits a solution in C*[0,1] provided that

(1+ Dl + gl < 1.
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Proof
Let X = C'0,1], Y = L]0, 1].
We note that the linear operator L : D(L) C X — Y, with

D(L) = {z € W*1(0,1) : 2(0) = 72/(C), z(1) = z(n) } ,

and for x € D(L),

Lx = 2",

We also define a nonlinear application N : X — Y by

(Nx)(t) = f(t,I(t),:L‘/(t)), le [07 1]

N is a bounded application from X toY, and L is an injective application.

Then we define the linear application K 1Y — X, fory €'Y by

o) = [ - swns +7 [ vy
H25H [ ptsias
—/01(1 — s)y(s)ds] : t €0, 1]

ForyeY,Ky € D(L) and LKy =y, and for w € D(L), K Lu = u.

Moreover, the application KN : X — X is compact, We have

(x € C'0,1] is a solution to the problem (3.1),(3.20) <= z is a solution of the operator
equation: Lx = Nz ), which is equivalent to the equation v = KNzx.

We apply the Leray-Schauder theorem to obtain the existence of a solution to the equation
r=KNz.

To do this, it is sufficient to verify that the set of all possible solutions of the family of

equations

(3.21)

It is, a priori, bounded in X = C[0,1] by a constant independent of X € [0, 1].
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e Suppose that o < 0, v =0, According to Lemma (3.2) we have
[1#]loo < {1200 < [l2"]1-

Now let x(t) be a solution of problem (3.21) for some A € [0, 1]
such that x(0) = v2'(¢), (1) = az(n), then we have

="l = Al (@), 2(8) [l
Pl l12lls + llallll’loo + lI7{l2
(Ipll + gl ="l + li7{l-

<
<
Since ||p|l1 + |lglli < 1, there exists a constant C' independent of X € [0,1] such that
=" < C.
According to Lemma (3.2) we have

17]loe < (L4 VD2 loor 12" lloo < 12" ]]1,

therefore we have
l2"([x = AlLf (8, =(t), 2 (1))
< llpllillzllo + lglallz"lloo + lI7llx
< [+ DIIpll + gl izl + (7]

Since (1+ |v])|plls + ll¢lli < 1, there exists a constant C' independent of X € [0, 1] such that

"]l < €.

Exemple3.2: We consider the problem

' (t) = ix+%x’+ﬁ7 te(0,1),
2'(0) = x’(%), (1) = 2x’(%).

In this case, a =2,v=1,n= }l, (= % with this condition 1+~ # a(y +n) satisfied

We chose

t 1
ft,u,v) = —u+ -v+

1
4 7 V1+ut
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Then, we have f is L' — Caratheodory and
f(t,u,v 1 U 7 v

Then we chose ,p(t) = +,q(t) = %
We have (1 + |v|)(||p1 + lqll) <1

Then we have (1 + ]1|)§ + % = 2_1 <1
Thus all condition of theorem (3.2) are satisfied , then the problem admits a solution on

C*(]0,1]).

r(t) =1 these functions are on L'([0,1]).

3.4 Existence Results for Multi-Point Boundary Value

Problems

We have already studied the problem (3.1),(3.11) when v = 0, a = 1, now we present an
existence result for the problem (3.1),(3.11).

First, we have the following lemmas

Lemma 3.4. Let ¢;,a; € R, &, 7, € (0,1), fori=1,2,..m—2, j=1,2,...,n—2, with

0<& << <<, 0K <Tm<..<Tho<l,

Let z(t) € W2(0,1) such that z(0) = .77 c;x (&), x(1) = Y27 aja(r;). Then

7=1

such that

”xHoo < M||x”||oo-
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where

_ n—2
2@12 ci&i |a]( TJ)|
’1_21':12Ci| ZH_Z a3|

with \; = max{&,1 —¢&},i=1,2,....m—2, yj =max{r;,1 —7;}, j=1,2,...,n—2.

Proof From the hypothesis

(Z ci&) <1—Zaj> + (1— ' c,-) (Za]’Tj_l),

we observe that each of (1 — me ci) and (1 — Z;:f aj> is nonzero, hence M < +o00.
Also, since x(&) —x(0) = [ 2'(s)ds fori=1,2,...,m—2, and since x(0) = > " (&),
we obtain (1 — 37" CZ) z(0) = Zinlz & 0& (s )ds thus

(0] < (%) .
=1

Also, since x(t) = (&) + ff s)ds, we have

i cix(t) = Z_ cix (&) + Z_ ¢ /£ 2'(s)ds = x(0) + Z cz-/ ' (s)ds,

t
/a:’sds
13

i

thus

m—2
o(t)| < |2(0)]+ ) el
i=1

leading to

1= 1 i

Z |C’l€l /
< <|1 T Z |cZ|A) oo
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which implies

1 Z |Cz€z /
7]l < ST ((1 = ZLQ . + Z |c,|A> [& ||oo>

Similarly, starting from x(1) = x(7;) + f s)ds fO?“j 1,2,...,n—2, and since x(1) =
Z?j a;x(7;), we obtain (1 — 37" Ta “Z2a;)z(1) > 2 a; f s)ds, thus

S a1 —Tj)| ,
lz(1)] < -y 7a 2| oo

Also, since x(t) = z(7; —i—f s) ds, we have (Z;:f aj> x(t) = Zn a;r(Ti)+ 5 2a, fT
or <Z;:12 aj) z(t) = z( f a;x'(s)ds thus

ECIEELY +2ﬁm/

Sl n) $2 Y|
S( |1_Z ol +ZGJHJ> 2| oo

j=1

which implies

1 Z |a]
7] < + ajij | |12 ]|oo.
’ 2 ‘1 - Z] 1 J Z

i—1 Qj

Since x(t )+ f s)ds, we have

|1_Z7, 1 Ci|

Also, starting from x(t) = z(1) — ftl x'(s)ds, we obtain
n—2
2 a,](1 — 7
mms(zj””( )+Qwﬁw
1= g
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Conclusion

[2lloe < M|2"]|oo,

o Z:ZQICKJ
M‘"””{m -(Z'CZ Z |1—zz';fci|>’

— Z;:f la;(1 — ;)]
D (Z‘ 1=y 7a) >

J=1

2?512 |ci&il 14 Z;:f |a;(1 _Tj)|}
1= el 1=l [

Lemma 3.5. Let ¢;,a; € R, &,7;, € (0,1), i =1,2,....m—2, j =1,2,...,n— 2, with
0<&§ << <po<landd<n<m<---<T, o<1, and

Let z(t) € W2H0,1) such that x(0) = .7 % c;x(&), x(1) = Z;:f a;jz(7;). Suppose that M

s as in the previous lemma such that

where

1+

m—2 m—2 n—2
ch-fi > M 1—201, Za]( >M F—1.
i=1 i=1 j=1
Then
7" |oo < Q"]
where )
Q = min >imy el —
|Z =1 ngz‘ M|1_Zi:1 Ci|
S lai (1= 7)) }
‘Z] 1“3( )| — M’Z] 1% 1]
Proof

First, note that for each i =1,2,...,m — 2, there exists n; € (0,&;) such that
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x(&) — x(0) = &a'(n;), which implies

thus
Z ci&x (n;) = (1 — Z cl-) z(0).

We also observe from the equation x'(t) = x'(n;) + f; 2" (s) ds that

t

(Z Cigi) () = i: ci&' (i) + Z Ci&i / x"(s)ds

i=1 i=1 i
m—2 m—2 t
= (1 — Z ci> x(0) + Z c,-fi/ 2" (s)ds.
i=1 i=1 i
As a consequence
m—2 m—2 m—2 1
D ocil e < 1= a (Ix(O)I + ) e / 2" (s)ds )
i=1 i=1 i=1 0
m—2 m—2
< 1= alllale+ > el
i=1 i=1

m—2
<M 1210 + Y lesilll” 2
=1

m—2
1-— E C;
=1

which implies that

2222 |Cz‘§z‘|
Sk = ML=

[EauF

Hx/Hoo <

Similarly, for each j =1,2,...,n — 2, there exists (; € (75,1) such that
x(1) — z(1j) = (1 — 73)2'((;), which implies

iajx(l) — 2(@:{;(7}-) = iaj(l —17)2'((5),
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thus B
Zajl—T] (Z@—l)
7=1

We observe in the equation, '(t) = z'({;) + fc s)ds, that

(1= )2 () = (1= 7)a(G;) + (1 = 75) / (s)ds

G

(1= ) (1) = Y0l = ) (G) + s =) [ (o)
= ( aj — 1) (1) + Zaj(l — T])/< 2" (s)ds

As a consequence

n—2
5 aj 1 — 7']
Jj=1

o'l < \Z; = 1"20; — 1| el +Z a1 7))

/: 2" (s)ds

SM —1

[ 7]]0 + Z Ja; (1 = 75)[[|"[|:
j=1
which implies that

Z}j ’%’(1 - 75)|
’Z] 145 —

[2']lo0 <

‘Z 2" |1
j=1 a;(1 ‘

Conclusion

[2']loe < Qll2"I1,

where

Y

. ZZ?‘QSA
0= min| e

)

ZH_QMJ’( —75)]
)z;?;faju _ ‘ZJ 2q - 1‘

Lemma 3.6. Let y € L'[0,1] and let ¢;,a; € R, &,1; € (0,1), i = 1,2,

oam =2, 7 =
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Solvability of Second-Order Boundary Value Problems at N-Points

1,2,....,n—2, wzth0<§1 <§2 < ... <§m—2 <1L,0<mm<m<...<Tho <L We

and x € C')0,1], such that if

assume that

{x”(t) — (), te(0,1),
2(0) = Y2 en(€), 2(1) = 02 aja(ry),

then

where

Proof From 2”(t) = y(t) we have:
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which implies
t
z(t) = z(0) + 2'(0)¢ +/ (t —s)y(s)ds.
0
Thus, we have:

&
a@:x@+fmm+l<@—mmwa

m—2 m—2 m—2 m—2 &
Z c;(&;) = 2(0) Z ¢; + 2'(0) Z cili + Z ¢ /0 (& — s)y(s)ds. (R1)

Since x(0) = 3.7 cix(&), we get

m—2 m—2 m—2 &
(1 - Z ci> z(0) = 2(0) Z ci&i + Z Ci/o (& — s)y(s)ds.

On the other hand: o
o) =(0) + 2O + [ (55 = us)ds.
0

z(1) = z(0) + 2'(0) + /0 (1—s)y(s)ds.

Since (1) = 3" a;x(r;), then

(1 - z_:a]) z(0) = 2/(0) (2_: a7 — 1) - /0 (1 —s)y(s)ds + z_: a; /OTj (15 — s)y(s)ds.
Jj= Jj= Jj=1 (R2)
As a consequence, we get from (1 — Z;:f a;) x (R1) and (1 = 7% ¢;) x (R2) that
(G2 ()
n—2 m—2 &
- (1 N Z aj) (Z Ci/o (& — S)Q(S)ds)
+ (1 e CZ> <'_ a; /OTj(Tj — s)y(s)ds —/0 (1— s)y(s)ds) :
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Solvability of Second-Order Boundary Value Problems at N-Points

and also of (77 a;r; — 1) x (R1) and (3217 ¢:&;) x (R2), we have

[E)0E) 6 E)En )

+ @?Cé) (n: 0 /0 7 (s — $)y(s)ds — /0 e —s)y(s)ds)

We note that 2'(0) = A and z(0) = B.

Theorem 3.3. Let f:[0,1] x R? — R be an L'-Carathéodory function. Suppose there exist
functions p,q,r € L*[0,1] such that

[ (#u,0)| < p(t)]u] +q(B)]v] +7(2),

for almost every t € [0,1] and for all (u,v) € R?, and let ¢;,a; € R, with all the ¢;&;
(respectively, a;T;) having the same sign, &, 7; € (0,1),1=1,2,....m—2,j=1,2,...,n—2,
0<& <& << ao<,0<<m<- - <Tho<l1. We suppose that

Then problem (3.1)-(3.11) admits a solution in C'[0,1] under the condition

Q(M|pllx +llgll) <1

where
) Z ‘Cz&’
M = il AN+ ,
m’m{|z ' <Z|C | ‘ ZZ X Cz‘)

1 — >0 lai(1—75)]
> lajlu+ — :
[ 0l i=1 ‘1 — 214y

7=1
m— n—2
1+ Z ? |Cz§z| 1+ Ej:l |a’j(1 o Tj)’
LD -
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N =mar{&, 1 =&}, i=1,2,...,m—2, pj =max{r;, 1 — 73}, j=1,2,...,n—2 and

o 27‘1_12|Ci§i|
Q‘”’””{»zl et - M-y

Y

n—2
> lai(1=75)|
n—2 n—2
i a(1 M| a; 1]

Proof
Let X = C'0,1], Y = L'[0,1]. We assume the linear operator L : D(L) C X — Y, with

D(L) = {x e W240,1) Zcz (&), =(1)= Zajx(fj)},

and for x € D(L), Lx = z”. We also define a nonlinear mapping N : X —Y by

(Nx)(t) = f(t,z(t), 2'(2), tel01],

N is a bounded mapping from X toY, and L is an injective operator. Then we define the

linear operator K :' Y — X, fory €Y, by

(Ky)(t) = /Ot(t —s)y(s)ds + At + B,

() (5 (£ 5
by

Where



Solvability of Second-Order Boundary Value Problems at N-Points

Lety €Y, then Ky € D(L) and LKy = y; and foruw € D(L), KLu = u.

Moreover, the application KN : X — X is compact.

We have x € C*0,1] is a solution to problem (3.1),(3.11) if and only if ( = is a solution to
the operator equation Lz = Nz ), which is equivalent to the equation x = KNzx.

We apply the LeraySchauder theorem to obtain

the existence of a solution to the equation x = KNx.

To do this, it is sufficient to verify that the set of all possible solutions of the family of

equations
{ (1) = ML (0) /(1) Le (0.D),
2(0) = Y (&), @) = X7 aja(ry).
is, a priori, bounded in X = C*[0,1] by a constant independent of A € [0,1]. We observe
that if x € W1(0,1), with x(0) = X7 * cx(&),  x(1) = Z?’:—f a;z(7;),

then we have the inequalities
[2lloe < Ml2llo,  [12"llo0 < Q2”1

(according to the previous lemmas).
Let now z(t) be a solution of (3.4) for some X\ € [0,1], so that x € W*1(0,1), with z(0) =

Y&, w(1) = Y0 aga(ry).

We then obtain

2"l = Allf(t, (t), (1))
< il + llglhll2lloe + 17 [l
< Q(Mllpll + llglo) ="l + [Irflz-

As Q (M||pl|lx + llqll1) < 1, there exists is a constant C' independent of X € [0, 1],
such that
="l < €.

Conclusion: the set of solutions of the family of equations is, a prior, limited in X = C*[0, 1]

by a constant independent of A € [0, 1].
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Solvability of Second-Order Boundary Value Problems at N-Points

Exemple3.2: We consider the problem

a(t) = Lo + o’ + sin, t e (0,1),
z(0) = 390(%1) + 490(%), z(1) = Qx(é) + 4x(3).

Wl

. 1 1 1
In this case, 71 = g, 7o = 3c1 =3, ca = 4,01 = 2,02 =, (1 = 7,(2 =

We chose

1
2

t 1
flt,u,v) = ke + g? + sinu.

Then, we have fis L' — Caratheodory and
(8, 0,0)] < hul + 5ol +1
V)| < Jlul + 2
Then we chose ,p(t) = %,q(t) = 5,7(t) = 1 these functions are on L'([0,1]).

We have m—2 n—2 m—2 n—2
(Z CZ&) (]_ — CLj) 7é (1 — Z Ci) (Z a;T; — 1) .
i=1 j=1 i=1 i=1

By substitution,we find

11 2
) (=5) £ (—6)(=
(D5 # o)
55
— £ 4
1 £
Then we have Q(M]||p|l1 + ll¢ll1) < 1,
Such that ||p|, = L, [lg) = L, M = 118 @ = 28

Thus all condition of theorem (3.2) are satisfied , then the problem admits a solution on

C*(]0,1]).
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Conclusion and perspectives

In the present memory, we have considered some boundary value problems of second or-
der differential equations posed on bounded intervals and associated with n-point boundary
conditions. Most of these problems stem from some physical phenomena.

We studied at the beginning three point at nonlinear boundary value problems of second-
order over bounded intervals.

Some methods have been employed to prove existence of solutions. These are methods
based on the study of the corresponding Green’s function, some of its properties and fixed
point theorems. For this, some sufficient conditions on the nonlinear term are assumed
throughout.

All of our existence results are supported by examples of applications.

Through the results obtained in this memory, we hope that we have contributed to the
study of some classes of n-point boundary value problems for second order differential equa-
tions.

In the future, we intend to investigate some questions related to the properties of solutions

for such classes of problems.
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Abstract

In this memoire, we studied the existence and uniqueness of solutions to some
boundary value problems of second order differential equations posed on bounded
intervals and associated with n-point boundary conditions. Some methods have
been employed to prove existence of solutions. These are methods based on the
study of the corresponding Green’s function, some of its properties and and we
transformed differential equation into an operational equation and applied the fixed
point theory to find the solutions. On the other hand, we chose sufficient conditions
to demonstrate our results. In all phases of our work we have submitted some
examples that give applications for the results obtained.
key words: Differential equation, existence, uniqueness, boundary value problem,
bounded interval, fixed point theorem.

Résumé

Dans ce mémoire, nous avons étudié ’existence et 'unicité des solutions & cer-
tains problémes aux limites d’équations différentielles du second ordre posées sur des
intervalles bornés et associées a des conditions aux limites & n points. Des méthodes
ont été employées pour prouver l'existence de solutions. Ces méthodes reposent sur
I’étude de la fonction de Green correspondante et de certaines de ses propriétés.
Nous avons transformé ’équation différentielle en équation opérationnelle et appli-
qué la théorie du point fixe pour trouver les solutions. D’autre part, nous avons
choisi des conditions suffisantes pour démontrer nos résultats. A chaque étape de
notre travail, nous avons présenté des exemples illustrant les applications des résul-
tats obtenus.

Mots clés : Equation différentielle, existence, unicité, probléme aux limites, inter-
valle borné, théoréme du point fixe.
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