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Abstract

     In this thesis, some fixed point theorems are studied on different spaces,

using a class of functions, new contractions are introduced on dislocated

 quasi b-metric spaces and on dislocated b-metric spaces, and the fixed

point theorem is presented for a self mapping satisfying a generalized con-

traction condition. Finally, two applications are presented to prove the ex-

istence of solutions to: integral equations of the Volterra type and the

boundary value problem of fractional differential equations.

Keywords:

Dislocated quasi b-metric space, dislocated b-metric spaces, fixed point

theorem, contractives mappings.



Résumé

     Dans cette thèse, certains théorèmes des points fixes sont étudiés dans

différents espaces, en utilisant une classe de fonctions, de nouvelles con-

tractions introduites sur les espaces quasi b-métriques disloqués et sur les

espaces b-métriques disloqués, et présenté théorème du point fixe pour une

auto-application satisfaisant une condition contractive généralisée. Enfin,

présentées deux applications  pour l'existence de solutions: d’équation in-

tégrale de type Volterra  et d’un problème de valeur aux limites des équa-

tions différentiels fractionnaires.

Mots clés:

Espace quasi b-métrique disloqué, espaces b-métriques disloqués,

théorème du point fixe, applications contractions.
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GENERAL INTRODUCTION

In 1906, Frechet introduced the notion of metric space, which is one of the cornerstones

of not only mathematics but also several quantitative sciences. Due to its importance

and application potential, this notion has been extended, improved and generalized in

many different ways.

Inl1989, Bakhtin [11] introduced the verylinterestinglconcept of a b-metriclspace as an

analog of metric space. He proved the contraction mapping principle in b-metric space

that generalizes the famous Banach contraction principle in metric spaces. Since then

many mathematicians have done work involving fixed points for single-valued and

multivalued operators in b-metric spaces.

Hitzler and Seda [29] are the first who considered the concept of metric-likel(or dis-

locatedlmetric) spaces. LaterlAmini-Harandi [8] established some fixed point results

in the class of metric-like space. Very recently many fixed point results on metric-like

spaces have been provided.

In [63], Wilsonlinitiated the concept of quasi-metriclspace (also knownlas asymmetric

metric space) as an extensionlof the metriclspace.

For another thing, from spaces, there are too manylgeneralizations of metriclspaces.

For instance, we have the quasi-b-metric space, dislocated b-metric space (or b-metric-

like space), dislocated quasi-metric space (or quasi-metric-like space), and the dislo-

cated quasi-b-metric space (or quasi-b-metric-like space) (see [65] [62]).

In the field of fixed point theory, fixed point theory has become the focus of many
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Chapter General Introduction

researchers in the last coupleldecades and that is due to its applications in the exis-

tencelandluniqueness of solutionslof differential and integral equations, engineering,

mathematical economics,dynamical systems, neural networks and many other fields.

In 1922, a very stronglresult in the history of mathematicslwas given by a Polish math-

ematician, Stefan Banach, [12] known as "Banach ContractionlPrinciple". According to

this "everylcontraction has a unique fixed point in a complete metric space". Mathe-

matically we can say:

If (X, ld) is a metriclspace and T l : lX → Xlbelalself map, whichlsatisfieslthe follow-

inglinequality for αl ∈ l[0, l1),

d(Tx, lTy) ≤ αd(x, ly) ∀x, ly ∈ X;

thenlT has uniquelfixed point.

ThelBanachlcontractionlprinciple is one of the simplest and mostlapplicablelresults of

metric fixedlpoint theory. It is a popularltool for proving the existence of solution

of problems in different fields of mathematics. There are several generalizations of

thelBanach lcontractionlprinciplelin literature onlmetriclfixedlpoint theory [5, 40].

Banach’s fixedltheorem has been generalizedlby expanding the underlying metric space

or by changing the contraction condition.

In 1973, Hardyland Rogers [28] presentedla fixed pointsltheorem using a more wider

contractive expression which improved the fixed point result.

Berinde [15] introduced the conceptlof almostlas a generalizationlto weaklcontraction

in the context of single valued mappings, laterlsomelresultslhavelbeenlobtainedlusing

lthislconcept.

Sametlandlal.[58]lfurnished a newlconcept calledlaslα-ladmissible andlobtainedl some

fixedlpoint resultslforlα − ψ-contractionlmaps,llaterlsomelresultslwerelestablishedlin

lthisldirection, see [[9], [32]].

Recently, JlelilandlSamet [34] introduced a new lcontractions typel called θ-contraction

ltolprovelthelexistenceloflfixedlpointslforlsuchlcontractions. Itlislworthlmentioning here,

lthatlalcontractionlinlthelsenseloflBanachlislalparticularloflθlcontraction, example see

[13, 47].

Chandok [23] wholintroduced the concept of (α, β)-admissiblelGeraghtyltype contrac-

tive mapping, which sufficientlconditionlforlthelexistenceloflalfixedlpointlforlsuch class

2



Chapter General Introduction

of generalized non-linear contractive mapping in metric space proved some fixed point

results

Khojasteh,lShukla andlRadenovic[41] presentedlthelnotion of Z-contraction with re-

spect to Γ , that is a non-linear contraction involving a new class of mapping namely

simulation function. The Z-contraction generalized the Banach contraction and unify

several known type of contractions involving the combination of d(Tx, lTy)landld(x, ly)

landlsatisfies some particular conditions in complete metric space. They studied the

existencelandl uniqueness oflfixedlpointlfor Z-contractionltypeloperators.

Thislthesislisldividedlinto four chaptersldividedlaslfollows:

Chapterl1: This chapter includes contains the definition and examples andltopologylall

of metric space and generalizedlspaces, In addition to the fixed point theorem for ev-

ery space.

Chapter 2: We willlpresent the fixedlpointltheorem for almost JS-contractionsloflHardy-

Rogersltypelinldislocatedlb-metriclspaces and their proof,linladdition to practical ex-

amples of theorem, and corollary of fixedlpointlonlpartiallylordered dislocatedlb-metric

lspaces.

Chapter 3: we present fixedlpointltheorem in dislocatedlquasilb-metric space for gen-

eralized (α, β, ϵ, ψ, ϕ,Γ) contraction mapping, in addition to practical examples of the-

orem, and some corollarys.

Chapter 4: Thislchapter willlbeldevoted to somelapplicationslconcerning the study of

some problems such as:

1. Thelexistence oflsolutions for a Volterralintegrallequations.

2. Thelexistence oflsolutions of boundarylvalue problems of fractionalldifferential

equations.

3



CHAPTER

1

METRIC SPACES AND THEIR

GENERALIZATIONS

The concept of metric space has been expanded, improved, and generalized in several

different ways.

This chapter is reserved to present somefdefinitions, conceptsland properties to metric

spaces with their recentlgeneralizations, where we give some.

1.1 Metric Space

A metric space is a set in which we can talk of the distance between any two of its ele-

ments. Theidefinition below imposes certain natural conditions on the distancelbetween

the points.

Definition 1.1.1 [45] A metriclon thelsetlXlis a functionldl : X × X → [0, l∞)lsuch that

thelfollowing conditionslarelsatisfiedlforlalllx, ly, lz ∈ X :

4



Chapter 1 Metric spaces and their generalizations

(M1) Positivelproperty: d(x, y) = 0liflandlonlyliflx = y,

(M2) Symmetrylproperty:ld(x, ly) = d(y, lx) and,

(M3) Trianglelinequality:ld(x, ly) ≤ d(x, lz) + d(z, ly).

The pair (X, d) is called a metriclspace.

Example 1.1.1 The set X = R withld(x, ly) = |x − y|,lthe absolutelvalueloflthe difference

x− y, for each x, y ∈ Properties (M1) and (M2) are obvious, and

ld(x, ly) = |x− y| = |(x− z) + (z − y)| ≤ |x− z|+ |z − y| = d(x, z) + d(z, y).

Example 1.1.2 Let X belendowed with the metric d : X −→ R+ defined by:

d(x, y) =
|x− y|

1 + |x− y|

for each x, y ∈ X is a distance because:

(1)

ld(x, ly) = 0l ⇒ l|x− y| = 0

l ⇒ lx = y

and for

lx = yl ⇒ ld(x, ly) = 0.

(2) for the condition of symmetric we have:

ld(y, x) = l
l|y − x|l

l1 + |y − x|l

= l
l|(−1)(x− y)|l

l1 + |(−1)(x− y)|l

= l
l|x− y|l

l1 + |x− y|l

= ld(x, ly).

5



Chapter 1 Metric spaces and their generalizations

(3) We define F : [0, l∞[−→ [0, l∞[l by F (x) = x
1+x

then:

d(x, ly) = F (|x− y|) and as F is increasing lthen:

ld(x, ly) = F (|x− y|) ≤ F (|x− z|+ |z − y|)

=
|x− z|

1 + |x− z|+ |z − y|
+

|z − y|
1 + |x− z|+ |z − y|

≤ |x− z|
1 + |x− z|

+
|z − y|

1 + |z − y|

= d(x, z) + d(z, y).

1.1.1 Topology Of Metric Spaces

Definition 1.1.2 [45] Letl(X, ld) be a metriclspace.lLet {xn}lbela sequencelinlX .lWelsaylthat

the sequence {xn}lconvergeslto x ∈ Xlif limn→∞ d(xn, lx) = 0.lInlthislcase, we say that xlis

thellimit ofl{xn}.

In otherlwords,lthe sequencel(xn)n converges tolx ∈ X ifland only if:

∀ϵ > 0,∃n0 ∈ N,∀n ∈ N : n ≥ n0 ⇒ d(xn, x) < ϵ.

Definition 1.1.3 [45] Let (X, d) be a metriclspace. {xn}∞n=0 a sequence of X . The sequence

{xn}∞n=0 is Cauchy ifland onlylif :

(l∀ε > 0), l(∃N ∈ N), (∀n,m ∈ N), [n,m > N ⇒ d(xn, xm) < ε].

Proposition 1.1.1 Any convergentlsequence is Cauchylsequence.

Proof 1 let xn −→ x, then ∀ϵ > 0,∃n0 ∈ N,∀n ∈ N : n ≥ n0 ⇒ d(xn, x) <
ϵ
2
,

For n,m > n0, we have:

d(xn, x) <
ϵ
2

and d(xm, x) < ϵ
2
, so

d(xn, xm) ≤ d(xn, x) + d(x, xm) <
ϵ

2
+
ϵ

2
= ϵ.

Definition 1.1.4 [45] Thelmetriclspacel(X, d) islsaidlto belcomplete iflany sequence delCauchy

inlX islconvergent.

Definition 1.1.5 [45] AlsubsetE ofla metriclspace (X, d)lis completelif for any Cauchylsequence

{xn} in Eltherelexists x ∈ E suchlthatllimn→∞ d(xn, lx) = 0.

6



Chapter 1 Metric spaces and their generalizations

Definition 1.1.6 [45] Letl(X, ld) be a metriclspace.lA non-emptylsubset AloflX is said to be

closed if for anylsequence {xn} of A, we have

lim
n→∞

d(xn, x) = 0, x ∈ X ⇒ x ∈ A.

Proposition 1.1.2 Let (X, d)lbe a metric space, and let E be a subset of X .

(i) If E is complete then E is closed.

(ii) IflX is complete and Elclosed, then E is complete.

Definition 1.1.7 [45] Let (X1, d1) and (X2, d2) be two metriclspaces and T : X1 −→ X2 is

anlapplication, we say that T is continue in a ∈ X1 if and only if,

∀ε > 0,∃α > 0,∀x ∈ X1, d1(x, a) < α =⇒ d2(T (x), T (a)) < ε.

Remark 1.1.1 The mapping T lislcontinuous on X1 iflandlonlylif itlis continues at any point

a of X1.

Definition 1.1.8 [45] Let (X1, d1) and (X2, d2) be two metric spaces. Almapping

T : X1 → X2 is said to belcontinuous at point x ∈ X1 if and only if for every sequence

{xn} ⊂ X1 which is convergent to x in X1, we have the sequence {Txn} is convergent to Tx

in X2 .

1.2 b-MetriclSpaces

It is wellknown thatlin somelfunctional spaces,lthe naturallnorml cannotlsatisfylthe

trianglelinequality forlexample, onlLp(Rn) whenlp ∈]0, 1[. Inlview oflthis observa-

tion,lBakhtin [11] proposedla generalizationlof metric spaceslcalled b-metriclspaces

inla waylthat allowslthe extensionlof fixedlpoint theory tolcover theselspaces oflfunctions.

As alresult, Czerwik [25]lused thelnotion oflb-metric tolgeneralize Banach’slprinciple

oflcontraction.

Definition 1.2.1 [11] Forla nonemptylset Xland algivenlreal numberlwith s ≥ 1. A function

bd : X ×X → [0,∞) is a b-metric on X if for all x, y, z ∈ X , the followinglconditions hold:

• bd(x, ly) = 0 if and only if x = y,

7



Chapter 1 Metric spaces and their generalizations

• bd(x, ly) = bd(y, lx),

• bd(x, lz) ≤ s[bd(x, ly) + bd(y, lz)].

Altripletl(X, bd, s) islcalled alb-metriclspace.

Remark 1.2.1 lAlso, everylmetriclspace isla b-metriclspace butlthe converselis notlnecessarily

true.

Example 1.2.1 LetlX = [0; 1] andlbd : lX ×X → R+ suchlthat bd(x, ly) = |x − y|2 forlall

x, ly ∈ X .lClearly, (X, lbd, l2) islalb-metriclspace, butlit islnot metric.

Example 1.2.2 [11] lSpacellp(R)l =

{
{xn} ⊂ R : l

∞∑
n=1

|xn|p <∞

}
l( where p ∈]0, 1[), suchlas

thelfunction bd : ll
p(R)× lp(R) → Rlis givenlby:

bd({xn}, {yn}) =

(
∞∑
n=1

|xn − yn|p
) 1

p

,

for all {xn}, l{yn} ∈ lp(R) isla b-metriclspace.

lIndeed, bylan elementarylcalculation welget:

bd(x, lz) ≤ 2
1
p [bd(x, ly) + bd(y, lz)].

Therefore,ls = 2
1
p > 1 inlthislcase.

But (lp(R), bd) is not metric.

Definition 1.2.2 [22] Letl(X, bd, s) belalb-metriclspace. Thelfollowing conceptslarelnatural

deductionslfromlthe correspondinglmetriclversions:

1. Alsequence {xn}lin Xlconverges tola pointlx ∈ X if

lim
n→∞

lbd(xn, lx) = 0.

2. Alsequence {xn}lin Xlis Cauchylif forlall lϵ > 0, therelexists N ∈ Nlsuch thatl

∀n, lm ≥ N bd(xn, xm) < ϵ.

3. Welsay thatl(X, lbd, ls) isla completelb-metric spacelif everylCauchy sequence islconvergent

inlX .

8



Chapter 1 Metric spaces and their generalizations

Proposition 1.2.1 [19] In alb-metriclspace (X, bd), thelfollowing assertions hold:

1. lA convergentlsequence has a uniquellimit.

2. Every convergentlsequence is a Cauchylsequence.

Proof 2 1. By contradiction.

We hope to prove ”For all convergentlsequences the limit is unique. Thelnegation of this

is ”There exists at least one convergentlsequence which does not have a unique limit”.

This is what we assume. On the basis of this assumption let {xn} denote a sequence with

more than one limit, two of which are labelled as z1 and z2 with z1 ̸= z2.

Chooselϵ = 1
3s

bd(z1, z2) which is greater than zero since z1 ̸= z2. Since z1 is a limit of

{xn} we can apply the definition of limit with ourlchoice of ϵ to find N1 ∈ N such that

bd(xn, z1) < ϵ ∀n ≥ N1.

Similarly, as z2 is a limit of {xn} we can apply the definition of limit with our choice of ϵ

to find N2 ∈ N such that

bd(xn, z2) < ϵ ∀n ≥ N2.

There is no reasonlto assume that in the two uses of the definition of limit we should

find the same N ∈ N for the different z1 and z2. Choose any m0 > max(N1, N2), then

bd(xm0 , z1) < ϵ and bd(xm0 , z2) < ϵ. Using the b-trianglelinequality, we have

bd(z1, z2) ≤ s[bd(z1, xm0) + bd(xm0 , z2)]

< s[ϵ+ ϵ]

= 2sϵ

=
2s

3s
bd(z1, z2)

=
2

3
bd(z1, z2).

So we find that bd(z1, z2), which is not zero, satisfies bd(z1, z2) ≤ 2
3
bd(z1, z2), which is a

contradiction.

Hence our assumption must be false, that is, there does not exists a sequence with more

than one limit. Hencelfor all convergentlsequences the limit is unique.

9



Chapter 1 Metric spaces and their generalizations

2. Suppose {xn} is a convergentlsequence with limitlz. Forlϵ > 0 there is N ∈ N suchlthat

bd(xn, lz) <
ϵ
2
.

We introduce xm by bd(xn, xm) and use the b-trianglelinequality:

bd(xn, xm) ≤ s[bd(xn, z) + bd(z, xm)]

< s[
ϵ

2
+
ϵ

2

= sϵ

= ϵ́,

whenever n,m ≥ N.

Thus the convergent {xn} is Cauchy.

Definition 1.2.3 [59] Let (X1, bd1) and (X2, bd2) be two b-metriclspaces with coefficient s and

ś, respectively. A mapping T : X1 → X2 is calledlcontinuous if each sequence {xn} in X1,

whichlconverges tolx ∈ X1 withlrespectlto bd1 , thenl{Txn} converges to Tx ∈ X2 withlrespect

to bd2 .

Remark 1.2.2 In the general case, a b-metriclis not continuous.

1.3 Partial MetriclSpaces

Partial metriclspaces were introducedlbylMatthews in [48] asla partlof thelstudy of de-

notationallsemantics ofldataflowlnetworks. Theselspaces are algeneralization oflusual

metriclspaces where thelselfldistance for any point need not be equal to zero.

Definition 1.3.1 [51] LetlX bela nonemptylset. Almapping p : lX ×X → [0,+∞) is said to

bela p-metric if thelfollowinglconditions hold forlall x, ly, lz ∈ X :

(1) x = ylif andlonlylif p(x, x) = p(y, x) = p(y, y);

(2) p(x, x) ≤ p(x, y);

(3) p(x, y) = p(y, x);

(4) p(x, z) ≤ p(x, y) + p(y, z)− p(y, y).

Then,lthe pairl(X, p) is calledla partiallmetriclspace.

10



Chapter 1 Metric spaces and their generalizations

Observe that from (1) and (2) it follows that if p(x, y) = 0 then x = y. But if x = y,

p(x, y) may not be 0.

Example 1.3.1 LetlX = R+ andlp on X defined by p(x, ly) = max{x, ly} for all x, ly ∈ X .

Then (X, lp) isla partiallmetric space.

Example 1.3.2 LetlX = R andlp on X defined by p(x, ly) = expmax{x,ly} for all x, ly ∈ X .

Then (X, lp) is a partiallmetriclspace.

Each dualisticlpartial metric p on X generates a topology τp on X which has as a base

the familylof openlp-balls Bp(x, ϵ) : {x ∈ X, ϵ > 0}, where

Bp(x, ϵ) = {y ∈ X : p(x, y) < p(x, x) + ϵ},

forlall x ∈ Xland ϵ > 0l

Definition 1.3.2 [7] Letl(X, lp) be a partiallmetriclspace.

1. alsequence {xn}lin alpartiallmetriclspace (X, lp) convergeslto alpoint x ∈ Xlif andlonly

iflp(x, lx) = limn→∞ lp(x, lxn).

2. Alsequence {xn}lin a partiallmetric space (X, lp) is called a Cauchylsequence if

limn,m→∞ p(xn, xm). existsland islfinite.

3. (X, lp) islcalled completelif everylCauchylsequence {xn}n∈N inlX converges, withlrespect

tolτp, tola pointlx ∈ X suchlthat p(x, lx) = limn,m→∞ lp(xn, lxm).

Iflplis a partiallmetric onlX ,lthenlthe functions ps, pw : lX ×X → R+; givenlby

lps(x, ly) = 2p(x, ly)− p(x, lx)− p(y, ly),

and

pw(x, ly) = max{p(x, ly)− p(x, lx), p(x, ly)− p(y, ly)}

= p(x, ly)−min{p(x, lx), p(y, ly)},

are ordinarylmetrics on X . It is easy to see that ps and pw are equivalentlmetrics on X.

Lemma 1.3.1 [7] Let (X, p) be a partial metric space.

11
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1. {xn} is a Cauchylsequence in (X, p) if and only if it is a Cauchylsequence in the met-

riclspace (X, ps).

2. (X, p) islcompletelif andlonly ifl(X, lps)lislcomplete.

Lemma 1.3.2 [7] Letl(X, p)lbela partiallmetriclspace. Alsequence {xn}n∈Nlin X isla Cauchy

lsequence in (X, p) if and only if it satisfieslthe following condition:

for each lϵ > 0 therelis n0 ∈ Nlsuch that

p(xn, lxm)− p(xn, lxn) < ϵl,

whenever n0 ≤ n ≤ m.l

Definition 1.3.3 Let (X, lp) be a partiallmetriclspace, A sequence {xn}n∈N in a partial met-

riclspace (X, lp) islcalled l0-lCauchy if

lim
n,m→∞

lp(xn, lxm) = 0.

and (X, lp) islcalled 0-completelif everyl0-Cauchylsequence in X converges,lwith respectlto τp,

to a point z ∈ X suchlthat p(z, lz) = 0.

Remark 1.3.1 It is clear that every completelpartiallmetric space is 0-complete, but as it was

shown in [57] the converse is not true.

1.4 DislocatedlMetric Spaces

In 2012, Amini Harrandi [8] introduced a generalization to the partial metric spaces,

which is called metric-llike spaces (dislocated metriclspaces). The motivation of defin-

ing this newlnotion is to getlbetter results the fixed point theory in such spaces.

Definition 1.4.1 [8] LetlX bela nonemptylset, alfunction:lσ : lX × X → R+ islsaid tolbe

aldislocated metriclon Xliflthe followinglconditionslsatisfied:

• σ(x, y) = 0 implies that x = y.

• σ(x, y) = σ(y, x).

• σ(x, z) ≤ σ(x, y) + σ(y, z).

12
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The space (X, σ) is said to be a dislocated metric lspace.

Remark 1.4.1 Every partiallmetric is a dislocated metric.

Example 1.4.1 LetlX = R andldefine σ for all x, ly ∈ X by:

σ(x, ly) =
|x− y|+ |x|+ |y|

2
,

Thenl(X, lσ) isla dislocated metriclspace.

if X = (0,∞), so clearly that σ(x, y) = max{x, y} and also σ is a partiallmetric.

Example 1.4.2 [8] LetlX = {0, l1}, define σ : lX ×X → R+ as follows:

σ(x, ly) =

 2, ifl xl = yl = 0,

1, lotherwise.

Thenl(X, lσ) isla dislocated metriclspace, but since σ(0, 0) > σ(0, 1) then (X, σ) is not partial

metric space.

Eachl dislocated metric σ on X generatesla topology τσ on X which has as a base the

family of open σ-balls {Bσ(x, ε);x ∈ X, ε > 0}, where Bσ(x, ε) = {y ∈ X, |σ(x, y) −

σ(x, x)| < ε},lforlall x ∈ Xland ε > 0.

Definition 1.4.2 [14] Letl(X, σ) bela dislocated metriclspace.

1. Alsequencel{xn}lin dislocated metriclspace (X, lσ) islsaid tolbe convergentlto alpoint

x ∈ X, ifland onlylif

lim
n→∞

lσ(x, lxn) = σ(x, lx).

2. Alsequence {xn}lin Xlis saidlto be alσ-Cauchy sequencelif lim
n→∞

lσ(xn, lxm) existsland

is finite.

3. (X, σ) is said to be σ-completelif every σ-lCauchylsequence {xn} in X is convergent to a

point x ∈ X such that lim
n→∞

σ(x, xn) = σ(x, x).

Definition 1.4.3 [14] Let (X, σ) and (Y, λ) belaldislocated metriclspaces, andlletlT : X → Y

bela continuouslmapping at point x ∈ X if and only if for everylsequence {xn} ⊂ X which is

convergent to x in X , we have thelsequence {Txn}lislconvergentlto Tx in Y .

lim
n→∞

lxn = x⇒ lim
n→∞

T (xn) = T (x).
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1.5 Dislocatedlb-Metric Spaces

[6] introduced a new generalization of dislocatedlmetric space andlpartiallmetriclspace

whichlis called a dislocatedlb-metriclspace. Then, givenlsomelfixed point results in

such spaces. fixed pointltheorems, generalize and improve some well-known results

in the literature.

Definition 1.5.1 [8] Let s ≥ 1 be a constant andlX bela nonemptylset. Alfunction σb :

X × X → R+lis referredlto as dislocated b-metric if the subsequentlrequirements are true

for every x, ly, lz ∈ X :

• σb(x, ly) = 0 implieslx = y;

• σb(x, ly) = σb(y, lx);

• σb(x, lz) ≤ s[σb(x, ly) + σb(y, l, z)].

With parameter s ≥ 1, the pair (X, σb, s) is referred to as a dislocatedlb-metric space.

In the dislocatedlb-metric space (X, lσb, s), x = ly if x, ly ∈ X and σb(x, ly) = 0; on the

other hand, the opposite may not hold as σb(x, lx) may be positive for some x ∈ X .

Example 1.5.1 [8] Let p ≥ 1 be a constant and X = lR+. Create alfunction σb : lX ×X →

R+ by defining it as either σb(x, ly) = (max{x, ly})p or σb(x, ly) = (x+ly)p. then a dislocated

b-lmetric space with parameter 2p−1 is (X, σb, s).

Definition 1.5.2 [6] Given a dislocatedlb-metriclspace (X, σb, s), {xn},lalsequence inlX , and

x ∈ X , let s ≥ 1. We say:

1. Alsequence {xn}lin X islsaid tolbe σb-convergent sequencelif

l lim
n→∞

σb(xn, lx) = σb(x, lx);

2. Alsequence {xn}linXlis saidlto bela σb-Cauchylsequence ifl lim
n,m→∞

σb(xn, lxm) existsland

is finite;

3. (X, σb, s) islsaidltolbe σb-completeliflevery σb-Cauchylsequencel{xn} inlX , therelexists

x ∈ Xlsuchlthat

σb(x, lx) = l lim
n→∞

σb(xn, lx) = lim
n→∞

σb(xn, lxm).
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Definition 1.5.3 [6] Given a dislocated b-metric space (X, σb, s)land almapping T l : X → X ,

let s ≥ 1. Iflfor each sequence {ξn} in X such σb(ξn, xi) → σb(ξ, ξ) as n → ∞, we have

σb(T ξn, T ξ) → σb(Tx, Tx) as n→ ∞. Then T is σb-continuous.

Remark 1.5.1 If lim
n→∞

σb(xn, lxm) = 0 and the limit of {xn} exist in a dislocated b-metric

space, then the limit is unique.

Letl(X, lσb, ls) bela dislocatedlb-metriclspace. Define σs
b : X

2 → [0,∞) by

σs
b(ξ, ζ) = |2σb(x, ly)− σb(x, lx)− σb(y, ly)|. (1.1)

Clearly, σs
b(x, lx) = 0lforlalllx ∈ X .

1.6 QuasilMetric Spaces

[63], Wilson initiated the concept of quasi-lmetric space (also known as alsymmetriclmetric

space) as an extension of the metric space. Thislis definedlas almetric spacel(X, lq),lbut

q is not required to belsymmetric. Thel intuitivelexample of a quasi-metric space is a

circle, where the distance q between two points A and B on the circle is defined as

the length of the shortest arc measured in the clockwiseldirection. Clearly, q(A,B) ̸=

q(B,A) unless A and B are diametricallylopposite on the circle. Recentldevelopments

in appliedlmathematicslhave seen a wide range of applications for quasi-lmetric spaces.

Definition 1.6.1 [63] Let X be a non-empty and let q : X ×X → [0,∞) be a function which

satisfies:

1. q(x, ly) = 0lif andlonly iflx = y;

2. q(x, ly) ⩽ q(x, lz) + q(z, ly).

lThen q islcalledla quasi-lmetric and thelpairl(X, lq) islcalled alquasil-metriclspace.

Remark 1.6.1 Anylmetriclspacelisla quasi-lmetric space,lbutlthe converselis not true in gen-

eral.

Definition 1.6.2 [35] Letl(X, lq) bela quasi-metriclspace, {xn} be alsequence in X ,land x ∈

X . lThe sequencel{xn} convergeslto xliflandlonlylif

lim
n→∞

q (xn, lx) = lim
n→∞

q (x, lxn) = 0.

15



Chapter 1 Metric spaces and their generalizations

Example 1.6.1 Let X be a subset of R containing [0, l1]land define, forlall x, ly ∈ X ,

q(x, ly) =

x− y if lx ⩾ y,

1 otherwise.

Thenl(X, q) is a quasi-lmetric space. Notice that {q(1/n, 0)} → 0 but {q(0, 1/n)} → 1.

Therefore, {1/n} right-converges to 0 but it does not converge from the left.

We also point out that this quasi-metric verifies the following property: if a sequence

{xn} has alright-limit x, then it is unique.

Definition 1.6.3 [35] Letl(X, q) bela quasi-metric spacelandl{xn} be alsequence inlX . We say

that {xn}lis left-Cauchylif and only iflfor everylε > 0 therelexists a positive integerlN = N(ε)

suchlthatlq (xn, xm) < ε forlall n ⩾ m > N .l

Definition 1.6.4 [35] Letl(X, q) bela quasi-metric spacelandl{xn} be alsequencelinlX . We

say that {xn}lis right-Cauchylif and only iflfor everylε > 0 therelexists a positive integerlN =

N(ε) suchlthat q (xn, lxm) < εlforlall m ⩾ n > N .l

Definition 1.6.5 [35] Letl(X, q) bela quasi-metriclspace andl{xn} be alsequencelinlX . We

say that {xn} is Cauchy if and only if for every ε > 0 there exists a positive integer N = N(ε)

such that q (xn, xm) < ε for all m,n > N .

Remark 1.6.2 A sequence {xn} in a quasil-metriclspace is Cauchy if and only if it is left-

lCauchy and right-Cauchy.

Definition 1.6.6 [35] Letl(X, q) bela quasi-metriclspace. Welsaylthat:

1. (X, q)lis left-lcompletelif and only if each left-Cauchylsequence in X is convergent.

2. (X, q) is right-complete if and only if each right-lCauchylsequence in X is convergent.

3. (X, q) is complete if and only if each Cauchylsequence in X is convergent.

Definition 1.6.7 [35] Letl(X, q) bela quasi-metriclspace. The map T : lX → Xlislcontinuous

iflforleach sequencel{xn} inX converginglto x ∈ X , thelsequence {Txn} convergeslto Tx,lthatlis,

l lim
n→∞

q (Txn, Tx) = l lim
n→∞

q (Tx, Txn) = 0.
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1.7 Quasi-PartiallSpaces

In 2006, Kunzi et al. [46] provided the concept of quasi-partiallmetric spaces and

showed that the partiallmetric space due to Matthews [48] can be connected to com-

plexity analysis. In 2016, Mohammadia and Valero [50] presentedlresults more gener-

alized than the fixedlpoint results due to Kunzi et al. They proved some resultslrelated

to the fixedlpoint for continuous and monotone self-mappings in 0-completelquasi-

partiallmetric spaces.

Definition 1.7.1 [39] A quasi-partiallmetric is alfunction q : lX ×X → R+ satisfying

1. q(x, x) ≤ q(y, x) (smalllself-distances),

2. q(x, lx) ≤ q(x, ly) (smalllself-distances),

3. x = y iff q(x, lx) = q(x, ly) and q(y, ly) = q(y, lx) ( implieslequality and vicelversa),

4. q(x, z) + q(y, y) ≤ q(x, y) + q(y, z) (triangularity),

for all x, y, z ∈ X. The pair (X, q) is called a quasi-partial metric space.

Karapinar et al have taken:

(3̀) ifl0 ≤ q(x, lx) = q(x, ly) = q(y, ly), then x = y (equality), in place of (3).

If q satisfies all these conditions except possibly (1), then q is called a lopsidedlpartiallquasi-

metric. Itlis interesting tolsee here thatlfor q(x, y) = q(y, x), (X, q) becomes a par-

tiallmetric space. Also for a quasi-partiallmetric q onlX, thelfunction dq : lX×X → R+

definedlby

dq(x, ly) = q(x, ly) + q(y, lx)− q(x, lx)− q(y, ly),

isla (usual) metriclon X.

Example 1.7.1 [39] The pair (R+, q) with

1. q(x, ly) = |x− y|+ |x|;

2. q(x, ly) = max{y − x, 0}+ x;

is a quasi-partiallmetric space.
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Definition 1.7.2 [39] Let (X, q) be a quasi-partiallmetric space.

1. A sequence {xn} ⊂ X in a quasi-partiallmetriclspace converges to a point x ∈ X iff

q(x, x) = lim
n→∞

q(x, xn) = lim
n→∞

q(xn, x).

2. Alsequence {xn} ⊂ X islcalled a Cauchylsequence if and only if lim
n,m→∞

q(xn, lxm) and

limn,m→∞ q(xm, xn) exist (and are finite);

3. The quasi-partiall metriclspace (X, q) islsaid to be completelif everylCauchylsequence

{xn} ⊂ Xlconverges, withlrespect to τq, to a point x ∈ X suchlthat

q(x, x) = lim
n,m→∞

q(xm, lxn) = lim
n,m→∞

q(xn, lxm).

4. Almapping f : lX → X islsaid to belcontinuous at x0 ∈ X if, forlevery ϵ > 0,

therelexists δ > 0 suchlthat f(B(x0, δ)) ⊂ B(f(x0), ϵ).

Lemma 1.7.1 [38] Let (X, q) be a quasi-partiallmetriclspace. Thenlfollowing hold

1. If q(x, ly) = 0, then x = y;

2. If x ̸= y, then q(x, ly) > 0 and q(y, x) > 0.

1.8 DislocatedlQuasilMetriclSpaces

Zeyada et al. [64] initiated the concept of dislocatedlquasi-metric space and gener-

alized the result of Hitzler and Seda in dislocated quasi-metriclspaces. Recently, the

study in such spaces followed by Isufati and Aage and Salunke [1]. In [33], the author

proved some fixed point results in dislocatedlquasi-metric spaces involving continu-

ouslcontraction mappings exist in the literature of usual completel metric space.

Definition 1.8.1 [64] LetlX bela nonempty set andllet dq : X × X → [0,∞) bela function

satisfyinglfollowinglconditions:

1. dq(x, ly) = d(y, lx) = 0,limplies x = y,

2. dq(x, y) ≤ d(x, z) + d(z, y), for all x, y, z ∈ X .

Then dq is called a dislocatedlquasi-metric on X . If dq satisfies dq(x, ly) = dq(y, lx), thenlit

islcalledldislocatedlmetric.
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Definition 1.8.2 [64] Alsequence {xn} in dq-metriclspace (dislocated quasi-metriclspace) (X, dq)

islcalled Cauchylsequence iflfor given ε > 0,∃n0 ∈ N , suchlthat ∀m,n ≥ n0,implies dq (xm, lxn) <

ε or dq (xn, xm) < ε i.e. min {dq (xm, xn) , dq (xn, xm} < ε .

Definition 1.8.3 [64] A sequence {xn} dislocated quasi-converges to xlif

l lim
n→∞

dq (xn, lx) = l lim
n→∞

dq (x, xn) = 0.

Inlthis case x islcalled a dq-limit of {xn} andlwelwrite xn → x.

Lemma 1.8.1 [64] dq-dqlimits in a dq-metric space are unique.

Definition 1.8.4 [64] A dq-metriclspace (X, dq) islcalledlcomplete ifleverylCauchylsequence

inlit is a dq-convergent.

Definition 1.8.5 [64] Let (X, dq1) and (Y, dq2) be dq-metriclspaces and let T : X → Y

be a function. Then T is continuous to x0 ∈ X , if forleachlsequence {xn}lwhichlis dq1-q

lconvergent to x0, the sequence {T (xn)} is dq2-q convergent to T (x0) in Y .

1.9 DislocatedlQuasi b-MetriclSpaces

In 2013, Shukla [60]lgeneralized the notionlof lb-metriclspaces and introduced the con-

cept of partial b-metriclspaces. Recently, Rahmanland Sarwar [55] further general-

izedlthe concept of b-metriclspace and initiated the notion of dislocated quasi-b-metric

space

Definition 1.9.1 [25] LetlX bela nonemptylset, and s ≥ 1 a constant. A function:

σq : lX×X → R+ isla dislocated quasilb-metric iflfor all x, ly, lz ∈ X , thelfollowinglconditions

are satisfied:

• σq(x, ly) = 0 implies x = y,

• σq ≤ s[σq(x, y) + σq(y, z)].

A triplet (X, σq) islcalled a dislocatedlquasi b-metric space.

Thelpair (X, σq, s) isla dislocatedlquasi b-metriclspace with parameter s ≥ 1.
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In a dislocatedlquasi b-metric space (X, σq, s), if x, y ∈ X and σq(x, y). Then x = y,

however, the converse need not be true, since σq(x, x) may be positive for some x ∈ X .

Example 1.9.1 Let X = R, and p ≥ 1 be a constant. Define a function σq : X × X →

R+ by σq(x, y) = (x − y)2 + 2|y| or σq(x, y) = (max{|x|, |y|}) + |x|. Then (X, σq, s) is a

dislocatedlquasi b-metric space with parameter s = 2.

Example 1.9.2 For X = R+, the function σq : X×X → R+ defined by σq(x, y) = (x−y)2+

(2x+ y)2 is dislocatedlquasi b-metric with parameter s = 2.

Example 1.9.3 [56] For X = R, the function σq : X × X → R+ defined by σq(x, y) =

(2x− y)2 + (2x+ y)2 is dislocatedlquasi b-metric with parameter s = 2.

Definition 1.9.2 [25] Letl(X, σq, s) bela dislocated quasilb-metriclspace with parameter s ≥

1, {xn} a sequencelin X and x ∈ X . Welsay:

1. A sequence {xn}lin X islsaid tolbe convergent sequence if

lim
n→∞

σq(xn, lx) = lim
n→∞

σq(x, lxn) = σq(x, lx).

2. Alsequence {xn} inX islsaid tolbe alCauchylsequence ifl lim
n,m→∞

σq(xn, lxm)land lim
n,m→∞

σq(xm, xn)

exist and finite.

3. (X, σq, s) is said to be complete if every σq-Cauchy sequence {xn} in X , therelexists

x ∈ X suchlthat

σq(x, x) = lim
n→∞

σq(xn, x) = lim
n→∞

σq(x, xn) = lim
n,m→∞

σq(xn, xm) = lim
n,m→∞

σq(xm, xn).

4. Alsequence {xn}lin (X, b)lis calledla 0-Cauchylsequencelif

lim
n,m→+∞

σq (xn, xm) = lim
n,m→+∞

σq (xm, xn) = 0.

5. Aldislocatedlquasi-b-metric space (X, b) islcalledlto be 0-complete if for everyl0-Cauchy

sequence {xn}lin X , therelexists some x ∈ X such that

lim
n→+∞

σq (xn, lx) = lim
n→+∞

σq (x, lxn) = σq(x, lx) = 0 = lim
n,m→+∞

σq (xn, xm)

= lim
n,m→+∞

σq (xm, lxn) .
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Remark 1.9.1 Itlis obviouslthatlevery 0-Cauchylsequence is a Cauchy sequence in theldislocated

quasi b-metriclspace (X, σq),landleverylcompleteldislocatedlquasi- b-metric space is a 0 -complete

dislocated quasi- b -metric space, but the converse assertionslofltheselfacts maylnotlbe true.

Definition 1.9.3 [56] Letl(X, σq, s) be aldislocatedlquasilb-metriclspace withlparameter s ≥ 1

and T : lX → X bela mapping.lWelsay that T lislcontinuous iflfor eachlsequence {xn} inlX

with

lim
n→∞

σq(xn, lx) = σq(x, lx) = lim
n,m→∞

σq(xn, lxm),

we have

lim
n→∞

σq(Txn, lTx) = σq(Tx, lTx) = lim
n,m→∞

σq(Txn, lTxm).
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CHAPTER

2

SOME FIXED POINT THEOREMS IN

VARIOUS METRICAL STRUCTURE

The famous Banachlcontraction principle is one of the powerfulltools in fixedlpoint

theory, which is an important tool in the study of nonlinearlanalysis, as it serves as the

main link between pure and applied mathematics.lThelBanachlcontractionlprinciplelhas

lbeenlextendedlandlgeneralizedlinlvariousldirectionslby different researchers. Fixed

point is a useful tool in mathematics which can be used to prove the existence of so-

lution of a differential equation, integral equation and eigen value equation. Present

section is providing the de definition of fixed point.

2.1 Banach Principle

In 1922, Banach[12] provedla fixedlpoint theorem for metric spaces, which later on

came to be known as the famous "Banach contractionlprinciple". Since then generaliza-

tions of the contractionlprinciple in different directions aslwelllas many new fixedlpoint
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Chapter 2 Some Fixed Point Theorems In Various Metrical Structure

lresultslwith applications.

Definition 2.1.1 Alfixed pointlof almapping T : X → X ofla set X into itself is an x0 ∈ X

which is mapped onto itself (is kept fixed by T ),

that is,

Tx0 = x0,

the image T (x0) coincides with x0.

Example 2.1.1 Consider T : R → R be a mapping which is defined as

T (p) = x2 − 3x+ 3;

then x = 1; 3 are the fixedlpoint of the givenlmapping.

Definition 2.1.2 (Contraction)

Letl(X, ld)lbe almetric space. A mapping T : X → X is called a contraction on X if there

exists a positive constant k < 1 such that

d(Tx, lTy) ≤ kd(x, ly)

for all x, ly ∈ X,

Theorem 2.1.1 ( Banach’s Fixed Point Theorem ) [44]

Consider a metric space (X, ld). Suppose that X is complete and let T : X → X be a contrac-

tion on X . Then T has a unique fixed point x ∈ X .

Proof 3 Choose x0 ∈ Xland define {xn} inductivelylby iteratinglprocess

xn+1 = Txn. (2.1)

From (2.1), starting with x0, we have

lx1 = Tx0

lx2 = Tx1 = T 2x0
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x3 = Tx2 = T 2x1 = T 3x0

.

.

lxn = T nx0.

Since, T is a contraction, it follows that

d(xn, lxn+1) = d(Txn−1, lTxn) ≤ kd(xn−1, lxn)

= kd(Txn−2, lTxn−1)

≤ k2d(xn−2, lxn−1)

≤ k3ld(xn−3, lxn−2)

.

.

≤ knd(x0, x1)

⇒ d(xn, lxn+1) ≤ knd(x0, x1).

Now suppose that m > n and then by triangular inequality, we have

d(xn, xm) ≤ d(xn, xn+1) + ...+ d(xm−1, xm)
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≤ knd(x0, x1) + kn+1d(x0, x1) + ...+ km−1d(x0, x1)

≤ (kn + kn+1 + ..)d(x0, x1)

=
kn

1− k
d(x0, x1).

Since, k < 1 ⇒ kn

1−k
→ 0 as n→ ∞.

It follows thatlthe sequencel{xn} islCauchy. But Xlis alsolcomplete. Then, an x ∈ X exists

there such that xn → x.

Then we claim the point x is a fixed point of the mapping T .

Since

lim
n→∞

xn = x,

and

lim
n→∞

xn+1 = x,

Now,

Tx = T ( lim
n→∞

lxn) = lim
n→∞

lTxn

= lim
n→∞

lxn+1 = x.

Hence,lx is a fixedlpoint of T .

Example 2.1.2 Consider the complete metric space (R, d) where d is the Euclidean distance

metric, i.e.

d(x, y) = |x− y|.

The function T : R → R where

T (x) =
x

a
+ b

T is a contraction if a > 1.

In this specific case we can find a fixed point, it is given us ab
a−1

.
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2.2 CzerwiklFixed Point Theorem

Definition 2.2.1 Let (X, d) be a b-metric space and T : X → X be a self mapping on X . We

say that T is an ψ-contractive mapping if satisfies

d(Tx, Ty) ≤ ψ(d(x, y)),

for all x, y ∈ X ,

where ψ : R+ → R+ is a increasingl function such that

lim
n→∞

ψn(t) = 0,

for all t ≥ 0.

Theorem 2.2.1 [25] Let (X, d) be a completelb-metric space with constant s > 1, and suppose

that T : X → X be a ψ-contractive mapping.

Then, T hasla uniquelfixed pointlx̃land

lim
n→∞

lT n(x) = x̃.

Example 2.2.1 Let X = [0,+∞) and d(x, y) = |x− y|2, for all x, y ∈ X.

It is easy to see that d is a b-metric with parameter s = 2. Also, it is easy to see that d is not a

metric.

Define a mapping T : X → X as follows

Tx =
1

3
x+ 1, ∀x ∈ X,

and let ψ : R+ → R+ where

ψ(t) =
1

9
t.

Clearly, we have

d(Tx, Ty) ≤ 1

9
d(x, y) = ψ(d(x, y)),

for all x, y ∈ X ,

Then, T hasla uniquelfixed point x = 3
2
.
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2.3 MatthewslFixed Point Theorem

Definition 2.3.1 Let (X, p) be a partial metric space and T : lX → X be a self mapping on

X . We say that T is a contraction mapping if therelexists k ∈ [0, l1)lsuchlthat

p(Tx, lTy) ≤ max{kp(x, ly), p(x, lx), p(y, ly)},

for all x, y ∈ X .

Theorem 2.3.1 [48] Letl(X, lp) bela complete partiallmetric spaceland T : lX → Xlbe

alcontraction mapping. ThenlT lhas aluniquelfixed point.

Example 2.3.1 Let X = [0, 2] and define p : X ×X → R by

p(x, y) = max{x, y}, for all x, y ∈ X.

Then (X, lp) is a complete partial metric space.

Define T : X → X by

Tx =
x

5
, for all x ∈ X.

Now

p(Tx, lTy) ≤ max{kp(x, ly), p(x, lx), p(y, ly)}, ∀x, y ∈ X,

where 1
5
< k < 1.

By theorem (2.3.1) the mapping T hasla uniquelfixed point x = 0.

2.4 Amini HerandilFixedlPoint Theorem

LetlΨ belthe setlof alllfunctionslψ : R+ → R+lsuch that:

1. ψlislnon decreasing.

2. lψ(t) < t forlalllt ≥ 0.

3. lim
n→∞

(t− ψ(t)) = ∞.
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Example 2.4.1

1. ψ = kt, k ∈ [0,∞).

2. ψ(t) = t− ln t, for all t > 0.

Definition 2.4.1 Let (X, σ) be a ldislocated metric space, and let T : X → X be a self mapping

on X . We say that T is a σ-contraction mapping if satisfy

σ(Tx, Ty) ≤ ψ(M(x, y)),

for all x, y ∈ X ,

where ψ ∈ Ψ and

M(x, y) = max{σ(x, y), σ(x, Tx), σ(y, Ty), σ(x, Ty), σ(y, Tx)}.

Theorem 2.4.1 [8] Let (X, σ) be a completeldislocated metric space, and T : X → X be a

σ-contraction mapping. Then T has a fixedlpoint.

Example 2.4.2 Let X = {0, 1, 2} and define σ as follows

σ(0, l0) = 0, σ(1, l1) = 3, σ(2, l2) = 1,

σ(0, l1) = σ(1, l0) = 7, σ(0, l2) = σ(2, l0) = 3, σ(1, l2) = σ(2, l1) = 4.

Define T : lX → X as

T (0) = 0, T (1) = 2, T (2) = 0.

We have

σ(T0, lT0) = σ(1, l1) = 0 = σ(0, l0)

σ(T1, lT1) = σ(2, l2) = 1 ≤ σ(1, l1)

σ(T2, lT2) = σ(0, l0) = 0 = σ(2, l2)
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σ(T0, lT1) = σ(T1, lT0) = σ(0, l2) = 3 ≤ 3

4
σ(0, l1)

σ(T1, lT2) = σ(T2, lT1) = σ(0, l2) = 3 ≤ 3

4
σ(1, l2)

σ(T0, lT2) = σ(T0, lT1) = σ(0, l2) = 3 ≤ 3

4
σ(0, l1).

Thenlfor all x, ly ∈ X , x ̸= y welhave

σ(Tx, lTy) = 3 ≤ 3

4
σ(x, ly),

and forlalllx ∈ X welhave

σ(Tx, lTx) = σ(x, lx).

Then for all x, ly ∈ X welhave

σ(Tx, lTy) ≤ 3

4
σ(x, ly) ≤ 3

4
M(x, ly).

HencelT hasla fixedlpoint whichlisl0.

2.5 FixedlPointslFor Quasi Contraction Type Mappings

2.5.1 Contractive Conditions And Fixed Point Results

It is well known thatlalself-map T onla metriclspace (X, ld)lis said to be a Banach con-

tractionlmapping, iflthere existsla number k ∈ [0, l1) suchlthat

d(Tx, lTy) ≤ kd(x, ly),

for all x, ly ∈ X .

Almapping T : lX → Xlis calledla quasilcontractionlif for some constantlα ∈ [0, l1)land

for every x, ly ∈ X

ld(Tx, lTy) ≤ αlmax{d(x, ly), d(x, lTx), d(y, lTy), d(x, lTy), d(y, lTx)}.
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This concept was introduced and studied by Ciric in 1974 [24]. A result of Ciric shows

that every quasilcontraction in a complete metric space T lhasla uniquelfixedlpoint.

Theorem 2.5.1 [31] lLet (X,⪯, σb) bela completelpartiallylordered dislocatedl b-metriclspace.

If T : lX → X isla nondecreasing andlcontinuouslself-map on X suchlthat,lfor all elements

x, ly ∈ Xlwith x ⪯ y,

σb(Tx, Ty) ≤ αM(x, y), (2.2)

where α ∈ [0, 1
2s2

), and

M(x, y) = max{σb(x, y), σb(x, Tx), σb(y, Ty), σb(x, Ty), σb(y, Tx)}.

Then T has a fixed point.

Example 2.5.1 [31] LetlX = [0, l1] be endowedlwithlthelusual order. Define σb : lX ×X →

R+ by

σb(x, ly) = x2 + y2 + |x− y|2l,

forlall x, ly ∈ X. Thenl(X, lσb) isla completeldislocatedlb-metriclspacelwith coefficientls = 2

Let T : lX × X be defined by Tx = ln(1 + x
4
). It is easy to see that T is a nondecreasing

and continuous self-map on X , and 0 ∈ Fix(T ). Using the MeanlValue Theorem for any

x, ly ∈ Xlwith x ≤ yland thatlTx ≤ x/4, welhave

σb(Tx, lTy) = T 2x+ T 2y + |Tx− Ty|2l

=
(
ln(1 +

x

4
)
)2

+
(
ln(1 +

y

4
)
)2

+ | ln(1 + x

4
)− ln(1 +

y

4
)|2

≤
(x
4

)2
+
(y
4

)2
+ |x

4
− y

4
|2

=
1

16

(
x2 + y2 + |x− y|2

)
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=
1

16
σb(x, y) ≤

1

16
M(x, y).

Thus (2.2) is satisfied with α = 1/16 ∈ [0, 1/8).

Thuslall conditionslof Theoreml(2.5.1) arelsatisfied. Moreover, 0 is the unique fixed point of T .

2.6 Banach Contraction Principle On Quasi Metric Space

Remark 2.6.1 Everylquasi-metriclinduces a metric, that is, if (X, lσ)lisla quasi-metriclspace,

thenlthelfunction d : lX ×X → [0,∞)ldefinedlby

d(x, ly) = max{σ(x, ly), σ(y, x)l},

for all x, y ∈ X ,

isla metric on X ; see Jleli-Samet [43].

Theorem 2.6.1 [52] A self map T : X → X ofla quasi-metric space (X, σ) has a fixedlpoint

z ∈ X if and onlylif zlis a fixedlpoint of the self map T oflthe inducedlmetric space (X, d).

Proof 4 If z = Tz in (X, σ), then

d(z, lT z) = max{σ(z, lT z), σ(Tz, lz)} = 0,

andlhence d(z, lT z) = 0. The converse is true for d = σ.

Definition 2.6.1 [43] Let (X, σ) be a lquasi-metriclspace and T : X → X be a mapping. We

say that T is a contraction if,

σ(Tx, Ty) ≤ ασ(x, y)

for all x, y ∈ X , with 0 < α < 1.

Theorem 2.6.2 Let (X, σ) be a completelquasi-metriclspace and let T : X → X be a

contraction. Then T has a uniquelfixed point x ∈ X.

Example 2.6.1 Let X = [0, 1] endowed with the quasi-metric

σ(x, y) =

x− y if x ≥ y,

x if x < y.
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It is clear that (X, σ) is a complete quasi-metric space. Consider the mapping T : X → X

defined by

Tx =
x

2
for all x ∈ X,

1. if x ≥ y then σ(x, y) = x− y and Tx ≥ Ty where

σ(Tx, Ty) =
1

2
(x− y) ≤ 3

4
σ(x, y),

2. if x < y then σ(x, y) = x and Tx < Ty where

σ(Tx, Ty) =
1

2
x ≤ 3

4
σ(x, y).

So, for all x ∈ X

σ(Tx, Ty) ≤ 3

4
σ(x, y)

therefore T has a unique fixed point is x = 0.

2.7 The Fixed Point On PartiallQuasi-Metric

Definition 2.7.1 [46] LetlXlbe a setlequippedlwith some partiallquasi-metric

q : X × X → [0,∞). We say that a maplT : lX → X isla contractionlif there is a positive

reallconstant k < 1 suchlthat

q(Tx, lTy) ≤ kq(x, ly),

whenever x, yl ∈ X.

Theorem 2.7.1 [46] LetlT : l(X, q) → (X, q) be alcontraction definedlon al completelpartiallquasi-

metric space (X, q). ThenlT hasla unique fixedlpoint.

Example 2.7.1 Let X = [0, 1]. Define q : X ×X → [0,∞) by

q(x, y) = |x− y|+ |x| ∀x, y ∈ X.

Clear that (X, q) is a complete partiallquasi-metric space. Consider the mapping T : X → X

defined by

Tx =
x

3
for all x ∈ X,
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then

q(Tx, lTy) =
1

3
(|x− y|+ |x|) ≤ 1

2
q(x, ly).

Then T has a unique fixed point is x = 0.

2.8 BanachlContraction Principle On Dislocated Quasi

Metric Space

Definition 2.8.1 [64] Letl( X, dq ) bela dislocated quasi metriclspace.lA map T : lX → X is

called dq-contraction iflthere exists 0 ≤ λ < 1 such that

dq(Tx, Ty) ≤ λdq(x, y),

forlall x, ly ∈ X .

Theorem 2.8.1 [64] Letl(X, dq) bela complete dislocated quasi metriclspaceland let T : lX →

X bela dq-contractionlmapping. ThenlT hasluniquelfixed point.

Example 2.8.1 Let X = R and dq : X ×X → [0,∞) defined by

dq(x, y) = |x| ∀x, y ∈ X.

Then (X, q) is complete dislocated quasi-metric space.

Consider the mapping T : X → X defined by

Tx =
x− 1

2
for all x ∈ X,

then

dq(Tx, lTy) =
1

2
|x− 1| ≤ 1

2
|x| = 1

2
dq(x, ly).

Then T has a unique fixed point is x = −1.

2.9 Fixed Point On Dislocated Quasi- b-Metric Space

Definition 2.9.1 Letl(X, σq) bela dislocatedlquasi-b-metric space withlthelcoefficientls ≥ 1,

and let T : X → X be a mapping, T is called σq-contraction if satisfy

σq(Tx, Ty) ≤ φ(σq(x, y)),
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forlall x, ly ∈ X ,

where φl : [0,+∞) → [0,+∞) satisfy:

1. φ is a continuous mapping,

2. φ(t) = 0 ifland only if t = 0,

3. φ(t) < t for all t > 0.

4.
∑∞

n=1 s
nφn(t) converges for all t > 0, wherelφn islthe nth iteratelof φ.

Theorem 2.9.1 [65] Letl(X, σq) bela 0-completeldislocatedlquasi-b-metric space withlthelcoefficientl

s ≥ 1, and let T : X → X be a σq-contraction mapping. ThenlT lhas a unique fixed point.

Moreover, for any x0 ∈ X , the iterative sequence {T n (x0)} converges to the fixed point.

Example 2.9.1 Let X = [−1, 1]]. Define σq : X ×X → R+ by

σq(x, y) = |x− y|2 + 3|x|+ 2|y|,

for all x, y ∈ X . Then (X, σq) is a complete dislocated quasi b-metric space with the coefficient

s = 2.

Define the mapping T : X → X defined by

Tx =
x

6
for all x ∈ X,

and φl : [0,+∞) → [0,+∞) where

φ(t) =
1

6
t ∀t ∈ [0,+∞),

then

σq(Tx, lTy) =
1

36
|x− y|2 + 3

6
|x|+ 2

6
|y|,

≤ 1

6

(
|x− y|2 + 3|x|+ 2|y|

)
,

=
1

6
σq(x, ly) = φ(σq(x, y)).

Then T has a unique fixed point is x = 0.
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CHAPTER

3

ALMOST JS-CONTRACTIONS AND

FIXED POINT RESULTS IN

DISLOCATED b-METRIC SPACES

In thislchapter, welcombinelthe notionlof α-admissiblelmappingslwith thelconceptslof

ϑ-contractionlandlBerinde typelcontractionlto developlalnovellclass oflcontractions and

lrelatedlfixedlpoint resultslin completeldislocatedlb-metric spaces. Additionally, we l

demonstratelthe presencelof fixed points in partially ordered metric spaceslusinglourl

primary findings.lIn orderltolillustratelthelimportance of the findings,lwelprovide an

example.
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3.1 Almost Contractions

Definition 3.1.1 [16]Consider a metric space (X, d). If γ ∈ [0, 1) andlL ≥ 0lexistlsuch that

d(T x, lT y) ≤ γd(x, ly) + Ld(y, lT x),

for all x, yl ∈ X , thenlT : X → Xlislconsideredlalmost ((δ-L)lweak).

Remark 3.1.1 [16] due to thelsymmetry of theldistance, the weak contractionlprevious lcondition

limplicitly includeslthelfollowing duallinequality

ld(Tx, lTy) ≤ δd(x, ly) + Ld(x, Ty),

forlall x, yl ∈ X :

Theorem 3.1.1 [16] Letl(X, ld) bela completelmetriclspaceland T : X → Xlbe a weak con-

tractionlsuch thatlthere exists δ ∈ [0, l1[ and L ≥ 0 suchlthat, forlall x, yl ∈ X,

d(Tx, lTy) ≤ δd(x, ly) + Ld(y, lTx);

ThenlT lhas a unique fixedlpointlinlX .

Definition 3.1.2 [10] If there exist γ ∈ [0, l1) and L ≥ 0lsuch thatlfor any x, yl ∈ lX ,

welhave

d(T x, lT y) ≤ γd(x, ly) + Lmin(d(x, lT x), ld(y, lT y), ld(x, lT y), ld(y, lT x),

then a self mapping T on a metriclspace (X, ld) islsaid to satisfylthe condition (B).

Theorem 3.1.2 [10] Let (X, ld) bela completelmetriclspace andlT : lX → X be a satisfylthel

condition(B)lsuch thatlthere exists δ ∈ [0, l1[ and L ≥ 0lsuch that, forlall x, ly ∈ lX,

d(T x, lT y) ≤ γd(x, ly) + Lmin(d(x, lT x), d(y, T y), ld(x, T y), d(y, lT x),

ThenlT hasla uniquelfixedlpointlin X .

Definition 3.1.3 [17] For each x, ly ∈ X , a selflmappinglT onlmetriclspace (X, ld) islsaid

tolhave a Ćiric typelstrong contractionlif there existlδ ≥ 0 and L ≥ 0 such that

d(T x, lT y) ≤ δM(x, y) + Ld(y, lT x),

for any x, y ∈ X where

M(x, ly) = max{d(x, ly), d(x, lT x), d(y, lT y), 1
2
(d(x, lT y) + d(y, lT x))}.
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Theorem 3.1.3 [17] Let (X, ld) be alcomplete metriclspace and T : X → X be a strong Ćiric

almostlcontraction, thatlis, a mapping for which there exist two constants δ ≥ 0 and L ≥ 0

such that

d(T x, lT y) ≤ δM(x, ly) + Ld(y, lT x),

for any x, y ∈ X where

M(x, ly) = max{d(x, ly), d(x, lT x), d(y, lT y), 1
2
(d(x, lT y) + d(y, lT x))}.

F ix(T ) = x ∈ X : Tx = x ̸= ∅.

3.2 Hardy And RogerslContraction

Definition 3.2.1 [28] Letl(X, ld) bela metriclspace. Almapping T : lX → X is saidlto be

a Hardy andlRogers contractionlif there existlnonnegative numbers α, lβ, lγ, lδ, lη ≥ 0 with

α + β + γ + δ + η < 1, and the following inequality holds:

d(Tx, lTy) ≤ lαld(x, ly) + βd(x, lTx) + γd(y, lTy) + δd(x, lTy) + ηd(y, lTx),

forleach x, y ∈ X .

Theorem 3.2.1 [28] Letl(X, ld) bela completelmetric spaceland T : lX → X bela Hardyland

Rogers contraction.

Then,lT has alunique fixed pointlin X .

3.3 Admissible Mappings

3.3.1 α-Admissible Mappings

Denote withlΨ thelfamily of nondecreasinglfunctionslψ : [0,+∞) → [0,+∞) suchlthat∑+∞
n=1 ψ

n(t) < +∞lfor each t > 0,lwhere ψn islthe n-th iteratelof ψ.

Lemma 3.3.1 [58] For everylfunction ψ : [0,+∞) → [0,+∞)lthe followinglholds:

if ψlislnondecreasing, thenlfor eachlt > 0, limn→+∞ ψn(t) = 0limplieslψ(t) < t.
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Definition 3.3.1 [58] Letl(X, ld) bela metriclspaceland T : X → X be a givenlmapping.

Welsay thatlT islan α - ψ-contractivelmapping iflthere existltwo functions α : lX × X →

[0,+∞) andlψ ∈ Ψ suchlthat

α(x, ly)d(Tx, lTy) ≤ ψ(d(x, ly)), (1)

for all x, yl ∈ X .

Remark 3.3.1 IflT : X → Xlsatisfies thelBanach contraction principle,lthen T lis anlα −

ψ-contractivelmapping,lwhere α(x, y) = 1 for all x, y ∈ X and ψ(t) = kt for all t ≥ 0

andlsomelk ∈ [0, 1).

Definition 3.3.2 [58] LetlT : X → X and α : X × X → [0,+∞).lWelsay that T lis α-

admissiblelif

x, ly ∈ X, lα(x, ly) ≥ 1l =⇒ α(Tx, lTy) ≥ 1.

Example 3.3.1 LetlX = (0,+∞).lDefinelT : lX → X andlα : X × X → [0, l + ∞) by

Tx = lnx forlall x ∈ X and

α(x, ly) =

2 if x ≥ y,

0 if x < y.

Then, T lis α-admissible.

Example 3.3.2 LetlX = [0, l + ∞). DefinelT : lX → X andlα : lX × X → [0, l + ∞) by

Tx =
√
x for all x ∈ X and

α(x, ly) =

e
x−y if x ≥ y,

0 if x < y.

Then, T islα-admissible.

Remark 3.3.2 Inlthe setting oflExamples (2.1) and (2.2) everylnondecreasing self-mapping T

islα-admissible.

Theorem 3.3.1 [58] Letl(X, ld) bela completelmetric spaceland T : lX → X be an α − ψ-

contractive mappinglsatisfying thelfollowing conditions:

1. T islα-admissible;
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2. therelexists x0l ∈ X suchlthat α (x0, lTx0) ≥ 1;

3. T islcontinuous.

Then, T hasla fixedlpoint, thatlis,lthere existslx∗ ∈ X suchlthat Tx∗ = x∗.

Proof 5 Letlx0 ∈ X suchlthat α (x0, Tx0) ≥ 1.

Define thelsequence {xn} in Xlby

xn+1 = Txn, l for all n ∈ N.

Iflxn = xn+1 forlsome n ∈ N, then x∗ = xn is a fixedlpoint for T . Assumelthat xn ̸= xn+1

forlall n ∈ N. Since T islα-admissible, welhave

α (x0, lx1) = α (x0, lTx0) ≥ 1 ⇒ α (Tx0, lTx1) = α (x1, lx2) ≥ 1.

Bylinduction, welget

α (xn, lxn+1) ≥ 1, for all n ∈ N. (2)

Applying thelinequality (1) withlx = xn−1 and y = xn, andlusing (2), welobtain

d (xn, lxn+1) = d (Txn−1, lTxn) ≤ α (xn−1, lxn) d (Txn−1, lTxn) ≤ ψ (d (xn−1, lxn)) .

By induction, welget d (xn, lxn+1) ≤ ψn (d (x0, x1)) , for all n ∈ N.

Fix ε > 0 andllet n(ε) ∈ N such that
∑

n≥n(ε) ψ
n (d (x0, x1)) < ε. Let n,m ∈ N with

m > n > n(ε), using theltriangular inequality, we obtain

d (xn, xm) ≤
m−1∑
k=n

d (xk, xk+1)

≤
m−1∑
k=n

ψk (d (x0, x1))

≤
∑

n≥n(ε)

ψn (d (x0, x1)) < ε.

Thus welprovedlthat {xn} isla Cauchylsequence inlthe metriclspace (X, ld). Since (X, d) islcomplete,

therelexists x∗ ∈ X suchlthat xn → x∗ as n → +∞. From thelcontinuity of T , it follows that

xn+1 = Txn → Tx∗ as n → +∞. Bylthe uniqueness of thellimit, welget x∗ = Tx∗, that is, x∗

is a fixedlpoint of T .
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Inlthe nextltheorem, we omit the continuitylhypothesis of T .

Theorem 3.3.2 [58] Letl(X, d) be a completelmetric spaceland T : lX → X be an α − ψ-

contractive mappinglsatisfying the followinglconditions:

1. T lis α-admissible;

2. therelexists x0l ∈ X suchlthat α (x0, lTx0) ≥ 1;

3. if {xn}lis a sequencelin X suchlthat α (xn, lxn+1) ≥ 1 forlall n and xn → x ∈ X as

n→ +∞, then α (xn, lx) ≥ 1 forlall n.

Then,lT has alfixed point.

Proof 6 Followinglthe proof of Theorem (3.3.1),lwe know that {xn}lis a Cauchylsequence in

thelcomplete metriclspace (X, d). Then, therelexists x∗ ∈ X suchlthat xn → x∗ as n → +∞.

Onlthe otherlhand, from (2) and thelhypothesis (iii), welhave

α (xn, lx
∗) ≥ 1, lfor all n ∈ N. (3)

Now, using the triangularlinequality, (1) and (3), we get

d (Tx∗, x∗) ≤ d (Tx∗, Txn) + d (xn+1, x
∗)

≤ α (xn, x
∗) d (Txn, Tx

∗) + d (xn+1, x
∗)

≤ ψ (d (xn, x
∗)) + d (xn+1, x

∗.)

Letting n→ +∞, since ψ islcontinuous at t = 0, we obtain d (Tx∗, x∗) = 0, that is, Tx∗ = x∗.

Example 3.3.3 LetlX = R endowedlwith the standard metricld(x, ly) = ∥x − y∥ for all

x, ly ∈ R. Definelthe mapping T : lX → X by

Txl =


2x− 3

2
ifl x > 1,

x
2

ifl 0 ≤ x ≤ 1,

0 if x < 0.

Atlfirst,lwe observe that the Banachlcontractionlprinciple cannot belapplied in this caselsince

welhave

d(T1, lT2) = 2 > 1 = d(2, l1).
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Now, we define thelmapping α : lX ×X → [0,+∞) by

α(x, ly) =

 1 ifl x, y ∈ [0, 1],

0 lotherwise.

Clearly T islanlα − ψ-contractivelmapping with ψ(t) = t/2 for all t ≥ 0. In fact, forlall

x, y ∈ X , we have

α(x, y)d(Tx, Ty) ≤ 1

2
d(x, y).

Moreover, therelexists x0l ∈ X suchlthat α (x0, lTx0) ≥ 1. In fact, for x0 = 1, welhave

α(1, T1) = α(1, 1/2) = 1

Obviously T is continuousland so it remains to show that T islα-admissible. In so doing, let

x, y ∈ X suchlthat α(x, y) ≥ 1. Thislimplies that x, y ∈ [0, 1] and by theldefinitions of T and

α,lwe have

Tx = x/2 ∈ [0, 1], T y = y/2 ∈ [0, 1], and α(Tx, Ty) = 1.

Then, T islα-admissible. Now, all the hypotheses of Theorem (3.3.1) arelsatisfied. Conse-

quently,lT hasla fixedlpoint. Note that Theorem (3.3.1) (also Theorem (3.3.2) guarantees only

the existencelof a fixedlpoint but not theluniqueness. In this example, 0 and 3/2 are two

fixedlpoints of T .

Now, we give an example involving a functionlT that is not continuous.

Example 3.3.4 LetlX = R endowedlwith thelstandard metric d(x, ly) = |x− y| forlall x, y ∈

R. Definelthe mapping T : X → X by

Tx =


2x− 3

2
if x > 1,

x
4

if 0 ≤ x ≤ 1,

0 if x < 0.

It is clearlthat T is notlcontinuous at 1. Then, thelBanachlcontractionlprincipleland also

Theorem (2.1) are not applicable in this case. Define the mappinglα : lX ×X → [0, l +∞) by

α(x, ly) =

 1 ifl , x, y ∈ [0, 1],

0 lotherwise.
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Clearly T is an α − ψ-contractivelmapping with ψ(t) = t/4 for all t ≥ 0. In fact, forlall

x, ly ∈ X , we have

α(x, ly)d(Tx, lTy) ≤ 1

4
d(x, ly).

Moreover, therelexists x0 ∈ X suchlthat α (x0, lTx0) ≥ 1, andlso, for x0 = 1 we have

α(1, lT1) = α(1, 1/4) = 1.

Now,llet x, ly ∈ X suchlthat α(x, ly) ≥ 1. This implies that x, y ∈ [0, 1] and by the definitions

of T and α, welhave

Tx = x/4 ∈ [0, 1], T y = y/4 ∈ [0, 1], and α(Tx, lTy) = 1,

that is, T islα-admissible. Finally, let {xn} be alsequence in X such that α (xn, lxn+1) ≥ 1lfor

all n and xn → x ∈ X as n → +∞. Since α (xn, lxn+1) ≥ 1 for all n, by the definition of α,

welhave xn ∈ [0, l1] for all n and x ∈ [0, 1]. Then,lα (xn, x) = 1. Therefore, all the required

hypotheses oflTheorem (3.3.2) are satisfied, and so T has a fixedlpoint. Here, 0 and 3/2 are two

fixed points of T .

Now, we will show that Banachlcontraction principle can be deducedleasily fromlour

theorems.

Theorem 3.3.3 [58] Let (X, ld) be alcomplete metriclspace and T : lX → X be algiven map-

ping satisfying

d(Tx, Ty) ≤ kd(x, y) for all x, y ∈ X,

where k ∈ [0, 1). Then T has alfixed point.

Proof 7 Letlα : lX ×X → [0,+∞) be thelmapping definedlby

α(x, ly) = 1,

for all x, yl ∈ X and ψ : [0, l +∞) → [0, l +∞) definedlby

ψ(t) = kt.

Then T is an α−ψ-contractivelmapping. It is easy tolshow that all the hypotheseslof Theorems

(3.3.1) are satisfied. Consequently, T has a fixed point.

Remark 3.3.3 InlExample (3.3.3), as we have said before, so we repeat, thelBanach contrac-

tionlprinciple cannot belapplied since d(T1, T2) > d(2, 1).lHowever, using ourlTheorem (3.3.1),

welobtain the existencelof alfixed point of T .
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3.4 FixedlPoint ResultslIn Ordered MetriclSpaces

Theorem 3.4.1 [58] Let (X,⪯) be a partiallylordered setland suppose that therelexists a met-

ric d in X such that the metriclspace (X, d) islcomplete. Let T : X → X be a continuous

andlnondecreasing mapping w.r.t. ⪯. Supposelthat the following two assertions hold:

1. Therelexists k ∈ [0, 1) such that d(Tx, Ty) ≤ k(d(x, y)) for all x, y ∈ X with x ⪯ y;

2. there exists x0 ∈ X suchlthat x0 ⪯ Tx0;

3. T islcontinuous.

Then T has alfixed point.

Proof 8 Define thelmapping α : X ×X → [0, l +∞) by

α(x, y) =

 1 if x ⪯ y,

0 otherwise.

From (1), we have

α(x, y)d(Tx, Ty) ≤ kd(x, y), for all x, y ∈ X.

Then T is an α − ψ-contractivelmapping with ψ(t) = kt for all t ≥ 0. Now, let x, y ∈

X such that α(x, y) ≥ 1. By the definitionlof α, this implies that x ⪯ y. Since T is a

nondecreasinglmapping w.r.t. ⪯, we have Tx ⪯ Ty, which giveslus that α(Tx, Ty) = 1.

Then T islα-admissible. From (2),lthere existslx0 ∈ X suchlthat x0 ⪯ Tx0. This implies that

α (x0, Tx0) = 1. Therefore,lall the hypotheses of Theorem (3.3.1) are satisfied, and solT has a

fixed point.

Remark 3.4.1 Algeneralization oflTheorem (3.4.1) can be given, replacinglcondition (1) with

the following: (1’) There exists ψ ∈ Ψ suchlthat d(Tx, Ty) ≤ ψ(d(x, ly)) for all x, yl ∈ X

with x ⪯ y.

Example 3.4.1 Let X = [0, l +∞) endowed with the standard metric d(x, ly) = |x − y| for

all x, ly ∈ X , and T : lX → X be the mapping defined by

Tx = 2x, for all x ∈ X.
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ClearlylT is a continuouslmapping. We endowX with the usuallorder ≤ in R. Now,lcondition(1)

of Theorem (3.4.1) is not satisfied for x = 1 ≤ 3 = y. Then,lwe cannot apply Theorem (3.4.1)

to provelthe existencelof a fixed point of T .

Define α : lX ×X → [0,+∞) by

α(x, ly) =

 1/4 ifl (x, y) ̸= (0, 0),

1 ifl (x, y) = (0, 0).

It is clear that

α(x, ly)d(Tx, lTy) ≤ 1

2
d(x, ly), for all x, yl ∈ X.

Then T islan α− ψ-contractivelmapping with ψ(t) = t/2 for all t ≥ 0. Now,llet x, yl ∈ X

such that α(x, y) ≥ 1. By the definition of T , this implies that x = y = 0. Then we

have α(Tx, lTy) = α(0, l0) = 1, and so T is α-admissible. Also, for x0 = 0, we have

α (x0, lTx0) = 1. Consequently,lall the hypotheses of Theorem 3.3.1 are satisfied, then we

deduce the existencelof a fixed point of T .lHere 0 is a fixed point of T .

Theorem 3.4.2 [58] Letl(X,⪯) be a partiallylordered set and suppose that therelexists a met-

ric din X suchlthat the metric space (X, d) islcomplete. Let T : X → X be a nondecreas-

inglmapping w.r.t. ⪯. Suppose that thelfollowing assertions hold:

1. Therelexists k ∈ [0, 1) suchlthat d(Tx, Ty) ≤ kd(x, y) for all x, yl ∈ X with x ⪯ y;

2. therelexists x0 ∈ X suchlthat x0 ⪯ Tx0;

3. ifl{xn} is alnondecreasinglsequence in X such that xn → x ∈ X as n→ +∞, thenl

xn ⪯ x for all n.

Then T lhas a fixed point.

Proof 9 lDefine thelmapping α : lX ×X → [0,+∞) by

α(x, ly) =

1 ifl x ⪯ y,

0 otherwise.l

The reader can show easily that T islα − ψ-contractivelandlα-admissible.lNow, let {xn} be

alsequence in X suchlthat α (xn, xn+1) ≥ 1 for all n and xn → x ∈ X as n → +∞. By

the definition of α, welhave xn ⪯ xn+1 forlall n. From (3), this implieslthat xn ⪯ x forlall
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n, whichlgives us that α (xn, lx) = 1 for all n. Thus all the hypotheseslof Theorem (3.3.2) are

satisfied, and T has alfixedlpoint.

Remark 3.4.2 lAgain, a generalization of Theorem (3.4.2) can be also given,lreplacing condi-

tionl(1) with the following: (1’) There exists ψ ∈ Ψ suchlthat d(Tx, lTy) ≤ ψ(d(x, ly)) for all

x, ly ∈ X withlx ⪯ y.

Remark 3.4.3 In the previous Example (3.4.1), also Theorem (3.4.2) cannot be applied since

condition (1) is not satisfied.

3.5 JS-Contractions Mappings

In 2014, Jleliland Samet [34]lintroduced a newltype of single-valuedlcontraction calledlθ-

contraction and established newlfixedlpoint theorems for such alcontraction in the con-

text oflgeneralizedlmetric spaces.

Definition 3.5.1 [34] Assume that ∆ the set of all functions ϑ : (0,+∞) → (1,+∞) satisf-

ing:

(ϑ1) : ϑ is nonldecreasing,

(ϑ2) : forleachlsequence {εn} in (0,+∞),l lim
n→∞

εn = 1 ifland onlylif lim
n→∞

εn = 0,

(ϑ3) : therelexist ρ ∈ (0, l1) and ϱ ∈ [0, l∞) such thatl lim
t→0+

ϑ(t)− 1

tρ
= ϱ.

Example 3.5.1 The functions listed below are components of ∆.

1) ϑ1(t) = et.

2) ϑ2(t) = ete
t .

3) ϑ3(t) = e
√
t.

4) ϑ4(t) = e
√
tet .

Definition 3.5.2 [34] Letl(X, ld) be a metriclspace. A map T : lX → X islcalledlθ-contraction,lif

therelexists k ∈ ]0, l1[ suchlthat forlall x, y ∈ X ,

d(Tx, lTy) ̸= 0 =⇒ θ(d(Tx, lTy)) ⩽ [θ(d(x, ly))]k , (3.1)

for each x, ly ∈ Xlwith d(Tx, lTy) > 0.

45



Chapter 3 Almost JS-contractions, fixed point results in dislocated b metric spaces

Theorem 3.5.1 [34] Letl(X,ld) be alcomplete metriclspace and T : X → X islθ-contraction,

ThenlT hasla fixedlpoint in X .

Definition 3.5.3 [34] Letl(X, ld) bela metric space. a maplT : lX → X is calledlθ-contraction

if therelexistslθ ∈ Θ and k ∈ (0, l1) such that

θ(d(Tx, lTy)) ≤ [θ(d(x, ly))]k . (3.2)

for all x, yl ∈ X, d(Tx, lTy) > 0.

Theorem 3.5.2 [34] Letl(X, ld) bela completelmetriclspace, and T : lX → X is alθ-contraction.

ThenlT lhas a single fixedlpoint inlX .

Remark 3.5.1 Theltheorem 3.5.2 is a modifiedlversion of Banach’slprinciple of contraction.

Indeed, iflT : X → X is alcontractivelBanach maplwith a contractivelconstant ρ ∈ (0, l1), i.e.,

d(Tx, lTy) ≤ λd(x, ly), ∀x, ly ∈ X.

Welhave θ(t) = e
√
t ∈ ∆, t > 0, passinglto thelabove inequality,lwe find

e
√

d(Tx,lTy) ≤ e
√

ρd(x,ly) =
[
e
√

d(x,ly)
]√ρ

=
[
e
√

d(x,ly)
]k
,∀x, ly ∈ X,

where k =
√
ρ.lWe follow from theorem 3.5.2 that T has alfixed pointlin X .

3.6 Existence Of FixedlPointlFor AlmostlJS-ContractionslIn

Dislocatedlb-Metric Space

Definition 3.6.1 Iflthere exist ψ ∈ Ψ, ϑ ∈ ∆, then a selflmapping T on a dislocatedlb-metric

space (X, σb, s) islcalled an almost (α, ψ, ϑ)-contraction of Hardy-Rogers type, where ε ≥ 1

and κ ∈ [0, 1), L ≥ 0, α : X ×X → [0,+∞) and non-negative real numbers ai, i ∈ {1, .., 5}

with a1 + a2 + a3 + 2sa4 + 2sa5 = 1, a3 ̸= 1, such thatlσb(T x, lT y) > 0 implies

α(x, ly)ψ(ϑ(sεσb(T x, lT y))) ≤ ψ
(
[ϑ(M(x, ly))]κ

)
+ LN(x, ly), (3.3)

forlall x, yl ∈ X ,lwith α(x, ly) ≥ 1 where

M(x, ly) = a1σb(x, ly) + a2σb(x, lT x) + a3σb(y, lT y) + a4σb(x, lT y) + a5σb(y, lT x),

and N(x, ly) = min{σs
b(x, lT y)), σs

b(y, lT x)}.
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Theorem 3.6.1 For a complete dislocated b-metric space (X, σb, s) and an almost (α, ψ, ϑ)-

contraction of Hardy-Rogers type, if the following assertions satisfied:

(i) there exists x0 ∈ X such that α(x0, T x0) ≥ 1;

(ii) T is α-admissible;

(iii) Xlis α-regular, that is, for everylsequence {xn} in X suchlthat xn → x andl

α(xn, lxn+1) ≥ 1, then α(xn, lx) ≥ 1.

Then,lT haslfixed pointlin X .

Proof 10 Froml(i)lthere islx0 such α(x0, x1) ≥ 1, where x1 = T x0. If x0 = x1 then x1lis

alfixedlpoint, supposelthe contrarylso σb(T x0, lT x1) = σb(x1, lT x1) > 0, then (4.1) gives

ψ(ϑ(sεσb(T x0, lT x1))) ≤ ψ
(
[ϑ(M(x0, lx1))]

κ
)
+ L(N(x0, x1)).

M(x0, lx1) = a1σb(x0, lx1)+a2σb(x0, lT x0)+a3σb(x1, lT x1)+a4σb(x0, lT x1)+a5σb(x1, lT x0),

with x2 = T x1, we get

M(x0, x1) ≤ (a1 + a2 + sa4)σb(x0, x1) + (a3 + sa4)σb(x1, x2) + a5σb(x1, x1)

≤ (a1 + a2 + sa4)σb(x0, x1) + (a3 + sa4 + 2sa5)σb(x1, x2),

and

N(x0, x1) = min{σs
b(x0, x2), σ

s
b(x1, x1)} = 0.

Then we have

ψ(ϑ(sεσb((x1, x2)x1, x2))) ≤ ψ
(
[ϑ(M(x0, x1))]

κ
)
< ψ

(
ϑ(M(x0, x1))

)
,

since ψ and ϑ are non decreasing functions, we get

sεσb(x1, x2) < M(x0, x1) ≤ (a1 + a2 + sa4)σb(x0, x1) + (a3 + sa4 + 2sa5)σb(x1, x2),

which implies that

σb(x1, x2) <
(a1 + a2 + sa4)

sε − a3 − sa4 − 2sa5
σb(x0, x1) ≤

(a1 + a2 + sa4)

1− a3 − sa4 − 2sa5
σb(x0, x1) = σb(x0, x1).

Hence

ϑ(σb(x1, x2) = ϑ(σb(T x0, lT x1)) <
[
ϑ(σb(x0, lx1))

]κ
,
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whichlimplies that

ψ
(
ϑ(σb(x1, lx2)

)
= ψ

(
ϑ(σb(T x0, lT x1))

)
< ψ(

[
ϑ(σb(x0, lx1))

]κ)
.

SincelT lislα-admissible we have α(x1, lx2) ≥ 1, where x2 = T x1. If x1 ̸= x2 we get

σb(T x1, lT x2) > 0, then bylusingl(4.1)lwe get

ψ(ϑ(sεσb(T x1, lT x2))) ≤ ψ
(
[ϑ(M(x1, x2))]

κ
)
+ L(N(x1, x2)),

as in the first step with x3 = T x2, we obtain

ϑ(σb(x2, x3) = ϑ(σb(T x1, T x2) <
[
ϑ(σb(x1, x2))

]κ
<
[
ϑ(σb(x0, x1))

]κ2

.

Which implies that

ψ(ϑ(σb(x2, x3)) = ψ(ϑ(σb(T x1, T x2)) < ψ(
[
ϑ(σb(x0, x1))

]κ2

).

Maintaining this approach, we create alsequence (xn) defined as xn+1 = T xn forlall nlinlN. If

therelexists n0 ∈ N suchlthat xn0 = xn0+1,lxn0 is a fixed point. If xn ̸= xn+1 for all n in N

verifies α(xn, lxn+1) ≥ 1 and σb(xn, lxn+1) > 0, so we have

1 < ψ(ϑ(σb(xn, xn+1)) = ψ(ϑ(σb(T xn−1, T xn)) < ψ
([
ϑ(σb(x0, x1))

]κn
)
.

Letting n→ ∞, we get

lim
n→∞

ψ(ϑ(σb(xn, xn+1))) = 1,

which implies that

lim
n→∞

σb(xn, lxn+1) = 0.

We establish that {xn} is a Cauchylsequence by showing that, given (ϑ3), there exist ρ ∈ (0, 1)

and ϱ ∈ [0,∞] such that

lim
n→∞

ϑ(σb(xn, xn+1))− 1

(σb(xn, xn+1))ρ
= ϱ.

If ϱ < ∞, let 2ε = ϱ, the definition of limit implied the existence of n0 ∈ N such that for all

n ≥ n0, we have

ε = ϱ− ε ≤ ϑ(σb(xn, xn+1)− 1)

(σb(xn, xn+1)ρ)
= ϱ,

hence

σb(xn, xn+1)
ρ ≤ ϑ(σb(xn, xn+1))− 1

ε
,
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which implies

nsnρ(σb(xn, xn+1))
ρ ≤ nsnρ(ϑ(σb(x0, x1))

κn − 1)

ε
. (3.4)

If ϱ = ∞, ifA is any positive real number, then according toltheldefinitionloflthellimitltherelexists

n1 ∈ N such that for all n ≥ n1 welhave

ϑ(σb(xn, xn+1))− 1

(σb(xn, xn+1))ρ
> A,

which implies that

nsnρ(σb(xn, xn+1))
ρ ≤ nsnρ(ϑ(σb(x0, x1))

κn − 1)

A
. (3.5)

Letting n→ ∞ in (3.4)(resp in (3.5) ), we obtain

lim
n→∞

nsnρ(σb(xn, xn+1))
ρ = 0.

According to the definition of the limit, for any n ≥ n2, there exists n2 ≥ max{n0, n1} such

that

snσb(xn, xn+1) ≤
1

n
1
ρ

.

Then the series
∞∑
n=1

snσb(xn, xn+1) is convergent, so its rest tends to 0, which implies that

for all n ≥ m ≥ n0, we have

σb(xn, xm) ≤
m−1∑
i=n

si+1−nσb(xi, xi+1) ≤
∞∑
i=n

si+1−nσb(xi, xi+1) → 0.

This yields {xn} islalCauchylsequence.

Sincel(X, σb) islcomplete, so {xn}lconvergesltolsome x ∈ X and we have

lim
n,m→∞

σb(xn, xm) = lim
n→∞

σb(xn, x) = σb(x, x) = 0.
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By (iii), we have α(xn, x) ≥ 1, then using (4.1) welget

1 < ψ(ϑ(σb(xn+1, lT x))) ≤ ψ(ϑ(sϵσb(xn+1, T x))) ≤ ψ(
[
ϑ(M(xn, x))

]κ
) < ψ(ϑ(σb(xn, x))).

Letting n→ ∞ we obtain

lim
n→∞

ψ(ϑ(σb(xn+1, T x))) = 1,

so

lim
n→∞

ϑ(σb(xn+1, T x)) = 1,

applying (ϑ2) we obtain

lim
n→∞

σb(xn+1, T x)) = σb(x, T x) = 0.

Then x = T x.

So, T has a unique fixed point x∗ ∈ X

Iflα(x, ly) = 1,lforlalllx, ly ∈ X welget thelfollowinglcorollary.

Corollary 3.6.1 Letl(X, lσb, s) bela dislocated b-metriclspace and let T : lX → X be a

selflmapping suchlthatlforlall x, ly ∈ X , welhave

ϑ(sϵσb(T x, lT y)) ≤
[
ϑ(M(x, ly)

]κ
+ LN(x, y),

where ϵ ≥ 1, ϑ ∈ ∆ and κ ∈ (0, 1). ThenlT lhas alfixed pointlinlX .

Corollary 3.6.2 Letl(X, σb,⪯) be a partially ordered dislocated b-metric space and let T :

lX → X be an increasing self mapping such that forlall x, ly ∈ X with x ⪯ y, welhave

ϑ(sϵσb(T x, lT y) ≤
[
ϑ(M(x, ly)

]κ
+ Llmin{σs

b(x, lT y), lσs
b(y, T x)},

where ϵ ≥ 1, ϑ ∈ ∆ and κ ∈ (0, 1).

If the following assertions hold:

1. therelexists x0 ∈ X suchlthat x0 ⪯ Tx0.

2. For every nondecreasing sequencel{xn}linlX with xn → x, welhavelxn ⪯ x.
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ThenlT lhaslalfixed point in X .

Proof 11 Definelalfunctionlα : lX ×X → R+lby

α(x, ly) =

 1, ifl x ⪯ y,

0, otherwise.l

Now, we check the conditions of Theorem (4.3.1 ), in fact, the existence of x0 ∈ X with x0 ⪯

T x0 implies that α(x0, T x0) = 1, also the monotony of T implies that it is admissible.

Consequently,lall the conditionsloflTheorem (4.3.1) are satisfied,lthenlT lhaslalfixedlpoint.

Example 3.6.1 Let X = R, ϵ ≥ 1 and σb(x, ly) = (x + y)2, thenl(X, σb, s) is a complete

dislocated b-metriclspace with s = 2. Define T : X → X and α : X ×X → [0,+∞)lby

T x =
2x

3× 2
(
ϵ

2
)

,

and

α(x, y) = 1, ∀(x, y) ∈ X.

Taking ψ(t) =
√
t, ϑ(t) = et, a1 = 5

6
, a2 = 1

6
, a3 = a4 = a5 = 0, L = 0 and k = 4

5
.

Let x, y in X such that α(x, y) ≥ 1, so we have: T x, T y ∈ X which implies that

α(T x, T y) = 1 ≥ 1.

Then T is α-admissible.

For x, y ∈ X we have

√
e2

ϵσb

(
T x,T y

)
=

√
e
2ϵ
(

2x

3×2
( ϵ2 )

+ 2y

3×2
( ϵ2 )

)2
=

√
e

4
9

(
x+y
)2

≤
√
e

2
3

(
x+y
)2

≤

√(
e

5
6

(
x+y
)2) 4

5

≤
√(

eM(x,y)
) 4

5 .

Then all hypotheses oflTheorem 4.3.1 hold, so T admits alfixedlpoint,lwhichlisl0.
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Example 3.6.2 Let X = [−1
3
, 5], ϵ ≥ 1 and σb(x, ly) = (x + y)2, thenl(X, σb, s) is a complete

dislocated b-metriclspace with s = 2. Define T : lX → X and α : lX ×X → [0,+∞) by

T x =
x− 1

2
(
ϵ

2
+1)

∀x ∈ X,

and

α(x, y) = 1, ∀(x, y) ∈ X.

Taking ψ(t) = t, ϑ(t) = et, a1 = 1
2
, a2 = 1

2
, a3 = a4 = a5 = 0, L = 0 and k = 1

2
.

Let x, y in X such that α(x, y) ≥ 1, so we have: T x, T y ∈ X which implies that

α(T x, T y) = 1 ≥ 1.

Then T is α-admissible.

For x, y ∈ X we have

e2
ϵσb

(
T x,T y

)
= e

2ϵ
(

x−1

2
( ϵ2+1)

+ y−1

2
( ϵ2+1)

)2
≤ e

2ϵ
(

x

2
( ϵ2+1)

+ y

2
( ϵ2+1)

)2
≤ e

1
4

(
x+y
)2

≤ e

(
1
2
(x+y)2

) 1
2

≤
(
eM(x,y)

) 1
2 .

Then all hypotheses oflTheoreml(4.3.1) hold, so T lhaslalfixedlpoint, which is −1

2(
ϵ
2+1)−1

.
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CHAPTER

4

FIXED POINT RESULTS IN

DISLOCATED QUASI B-METRIC

SPACES

In this chapter, using a class of functions in dislocated quasi b-metric spaces, we show

a fixedlpoint theorem for a self mapping satisfying a generalized contractive condition

which the utilization of a class of simulation functions.

4.1 Some BasiclDefinitions And Concepts

4.1.1 SimulationlFunctions

Khojasteh et al. [41] defined a new class of simulation functions as follows.

Definition 4.1.1 let Γ : R+ × R+ → R bela function which satisfies thelfollowing assertions:

(Γ1) : Γ(0, 0) = 0,
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(Γ2) : Γ(s, t) < t− s,

(Γ3) : For two sequences (sn), (tn) ⊂ R+ such that lim
n→∞

sn = lim
n→∞

tn > 0, then

lim
n→∞

supΓ(sn, tn) < 0.

Weldenote the set of alllsimulation functions by ∆̃.

Example 4.1.1 [58] The following functions Γi : R+×R+ → R satisfying (Γ1)− (Γ3), for all

s, t ∈ [0,∞):

1. Γ1(s, t) = ϑ1(t) − ϑ2(s), where ϑ1;ϑ2 are two continuous functions from R+ into itself

such that ϑ1(s) = ϑ2(s) = 0 if and only if s = 0 and ϑ1(s) < s < ϑ2(s), for all s > 0.

2. Γ2(s, t) = η(t) − s, where η is an upper semilcontinuous function from R+ into itself

such that η(s) < s and η(0) = 0.

3. Γ3(s, t) = λt− s, where 0 ≤ λ < 1 and t, s ∈ R+.

4. Γ4(s, t) = t− ϖ1(s,t)
ϖ2(s,t

s, ϖ1, ϖ2 : R+ ×R+ → R+ are two continuous functions such that

ϖ1(s, t) > ϖ2(s, t), for all s, t > 0.

5. Γ5(s, t) = t −
∫ s

0
ω(σ)dσ, where ω : R+ → R+ is a continuous function such that∫ µ

0
ω(σ)dσ > µ for each µ > 0.

Definition 4.1.2 [41] Let (X, d) be a metric space, T is a self-mapping and Γ ∈ ∆̃. Then T is

called a ∆̃-contraction by respect to Γ if thelfollowing condition holds:

Γ(d(Tx, Ty), ld(x, y)) ≥ 0,

where x, ly ∈ X , with x ̸= y.

Remark 4.1.1 [41] If we take Γ(s, t) = λt − s for all s, t ∈ R+ with λ ∈ [0, 1) in above

definition, then the ∆̃-contraction become to the Banach contraction.

Remark 4.1.2 Itlis clear from theldefinition simulationlfunction that Γ(s, t) < 0 forlall s ≥

t > 0. Therefore, if T is a ∆̃-contractionlwith respect to Γ ∈ ∆̃ then

d(Tx, lTy) < d(x, ly) for all distinct x, yl ∈ X.

Thislshowslthat every ∆̃ mappinglislcontractive, therefore it is continuous.
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Theorem 4.1.1 [41] Letl(X, d) be a completelmetriclspace and T : X → X be a ∆̃-contractionl

with respect to Γ. Then T has a uniquelfixed point u in X and for every x0 ∈ X the Pi-

cardlsequence {xn}; where xn+1 = Txn for all n ∈ Nlconverges to the fixedlpoint of T .

Followinglexample shows that the aboveltheorem is a proper generalizationlof Ba-

nachlcontraction principle.

Example 4.1.2 LetlX = [0, l1] and d : lX ×X → R be defined by d(x, ly) = |x − y|. Then

(X, ld) is a completelmetric space.lDefine a mapping T : lX → X as Tx = x
x+1

for all x ∈ X .

T is a continuous function but it is not a Banach contraction. But it is a ∆̃-contraction with

respect to Γ ∈ ∆̃, where

Γ(s, t) =
t

t+ 1
− s for all t, s ∈ [0,∞).

Indeed, if x, y ∈ X , then

Γ(d(Tx, Ty), d(x, y)) =
d(x, y)

1 + d(x, y)
− d(Tx, Ty)

=
|x− y|

1 + |x− y|
−
∣∣∣∣ x

x+ 1
− y

y + 1

∣∣∣∣
=

|x− y|
1 + |x− y|

−
∣∣∣∣ |x− y|
(x+ 1)(y + 1)

∣∣∣∣ ≥ 0.

Notelthat, all the conditionslof Theorem (4.1.1) are satisfied and T has a uniquelfixed point

u = 0 ∈ X .

Corollary 4.1.1 (Banach Contraction principle)[41]

Letl(X, d) be a completelmetric space and T : X → X be a mappinglsatisfyinglthe following

condition:

d(Tx, Ty) ≤ λd(x, y) for all x, y ∈ X,

where λ ∈ [0, 1). Then T has a unique fixed point in X .

Proof 12 Define ΓB : [0,∞)× [0,∞) → R by

ΓB(s, t) = λt− s for all s, t ∈ [0,∞).

Note that, the mapping T is a ∆̃-contraction with respect to ΓB ∈ ∆̃. Therefore the result

follows by taking Γ = ΓB in Theorem (4.1.1).
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4.1.2 Admissible Mappings

Definition 4.1.3 [58] Let α : X ×X → [0,∞) be a function and let T be a self-mapping on

X . If

α(ξ, ζ) ≥ 1 ⇒ α(T ξ, T ζ) ≥ 1,

forlall ξ, ζ ∈ Xlthen T is a α-admissible mapping.

Example 4.1.3 Let X = R. DefinelT : X → X andlα : lX ×X → R+ by

Tx =

 ln |x|, l if x ̸== 0,

3, l if x = 0,

and

α(x, ly) =

 3, l if x ≥ y,

0, l if x < y.

Then, T is α-admissible.

Example 4.1.4 LetlX = [0, l +∞).lDefine T : lX → X etlα : X ×X → [0, l +∞) by

Tx =
√
x for all x ∈ X,

and

α(x, ly) =

 ex−y, l if x ≥ y,

0, l if x < y.

Then, T is α-admissible.

4.1.2.1 (α, β)-Admissible Mappings

Definition 4.1.4 [23] LetlX be a nonempty set, T : lX → X and α, β : lX ×X → [0,∞).

T islsaid to be an (α, β)-admissible if α(x, ly) ≥ 1 and β(x, ly) ≥ 1limplieslα(T x, lT y) ≥ 1

and β(T x, lT y) ≥ 1, for all x, ly ∈ X .

Example 4.1.5 LetlX = [0,∞) endowed withlthe usual metric d(x, ly) = |x− y|. Define

Tx =

 1−x2

8
, ifl x ∈ [0, 1],

9x, ifl x ∈ (1,∞),
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α(x, ly) =

 1, ifl x ∈ [0, 1],

0, ifl x ∈ (1,∞),

and

β(x, ly) =

 1, ifl x ∈ [0, 1],

0, ifl x ∈ (1,∞).

For x ∈ [0, l1] we have α(x, y) ≥ 1 and β(x, ly) ≥ 1.

If x ∈ [0, l1] we have Tx < 1, so α(x, y) ≥ 1 and β(x, y) ≥ 1.

Lemma 4.1.1 [18] Let {xn} be a sequence in a metric space (X, d). If {xn} is not a Cauchy

sequence, then there exist an ϵ > 0 and two subsequences {xn(k)} and {xm(k)} of {xn} such

that k ≤ m(k) < n(k), d(xm(k), xn(k)) ≥ ϵ and d(xm(k), xn(k)−1)) < ϵ, ∀k ∈ N.

Furthermore, limk→∞ d(xm(k), xn(k)) = ϵ, provided limk→∞ d(xn, xn+1) = 0.

Theorem 4.1.2 [61] Letl(X, σ) belalcompleteldislocated metriclspaceland a continuous map-

ping T : X → Xlbelal(α, lβ)-admissible ∆̃-contractionlwith respect to Γ simulation function

satisfying as

Γ (α(Tx, lTy)β(Tx, lTy)σ(Tx, lTy), σ(x, y)) ≥ 0, (1)

and there exist x0 ∈ X suchlthat α (x0, lTx0) ≥ 1, β (x0, lTx0) ≥ 1. Then T has a unique

fixed point u ∈ X .

Proof 13 Let {xn} be a sequence in X such that xn+1 = Txn for all n = 0, 1, 2, . . .. If

xn = xn+1 then fxn = xn+1 = xn i.e. xn is a fixed point of T . So proof is trivial. Now, we

consider xn ̸= xn+1 for all n ∈ N. Since α (x0, lTx0) ≥ 1 ⇒ α (x0, x1) ≥ 1 and f is an

(α, β)-admissible, so

α (Tx0, Tx1) ≥ 1 implies α (x1, x2) ≥ 1.

Continuing, we have for all n ≥ 0

α (xn, lxn+1) ≥ 1. (2)

Similarly forlallln ≥ 0, we obtain

β (xn, lxn+1) ≥ 1. (3)
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From (1), we have

0 ≤ Γ
(
α (Txn−1, Txn) β (Txn−1, Txn)σ (Txn−1, Txn) , σ (xn−1, xn)

)

= Γ
(
α (xn, xn+1) β (xn, xn+1)σ (xn, xn+1) , σ (xn−1, xn)

)

< σ (xn−1, xn)− α (xn, xn+1) β (xn, xn+1)σ (xn, xn+1)

α (xn, xn+1) β (xn, xn+1)σ (xn, xn+1) < σ (xn−1, xn) . (4)

We know

σ (xn, xn+1) ≤ α (xn, xn+1) β (xn, xn+1)σ (xn, xn+1) , (5)

since α (xn, xn+1) ≥ 1 and β (xn, xn+1) ≥ 1 From (4) and (5) for all n ≥ 0, we have

σ (xn, xn+1) ≤ α (xn, xn+1) β (xn, xn+1)σ (xn, xn+1) < σ (xn−1, xn) , (6)

then

σ (xn, xn+1) < σ (xn−1, xn) . (7)

The sequence {σ (xn, xn+1)} is non increasing i.e. decreasing. So, there exist r ≥ 0 such that

lim
n→∞

σ (xn−1, xn) = r.

We prove that

lim
n→∞

σ (xn−1, xn) = 0. (8)

Now, we assume on the contrary such that r > 0. By (6), we have

lim
n→∞

{α (xn, xn+1) β (xn, xn+1)σ (xn, xn+1)} = r.

Since r > 0 and letting sn = α (xn, xn+1) β (xn, xn+1)σ (xn, xn+1) and tn = σ (xn, xn+1) such

that limn→∞ sn = limn→∞ tn = r. then by (Γ3)

lim
n→∞

supΓ (sn, tn) < 0.

Since Γ (sn, tn) ≥ 0, so

0 ≤ lim
n→∞

supΓ (sn, tn) < 0.
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Which is contradiction. So our assumption is false. Hence r = 0. Again we show that {xn} is

a cauchy sequence in (X, σ) i.e.

lim
n,m→∞

σ (xn, xm) = 0. (9)

Suppose on the contrary i.e. {xn} is notla cauchy sequence.lThen therelexist ε > 0 for which

we can assume subsequenceslxn(k) and xm(k) of xn withln(k) > m(k) > k such that for every

k ∈ N

σ
(
xn(k), xm(k)

)
≥ ε, (10)

and n(k) is the smallest number suchlthat (10) holds. From (10), welget

σ
(
xn(k)−1, lxm(k)

)
< ε. (11)

Then byltriangular inequality and (10), we have

ε ≤ σ
(
xn(k), lxm(k)

)
≤ σ

(
xn(k), lxn(k)−1

)
+ σ

(
xn(k)−1, lxm(k)

)

< σ
(
xn(k), lxn(k)−1

)
+ ε.

Taking n→ ∞ in above equation and applying (8), we get

ε ≤ lim
n→∞

σ
(
xn(k), xm(k)

)
< ε.

Hence

lim
n→∞

σ
(
xn(k), xm(k)

)
= ε. (12)

Fromlthe triangularlinequality, welhave

σ
(
xn(k)+1, xm(k)

)
≤ σ

(
xn(k)+1, xn(k)

)
+ σ

(
xn(k), xm(k)

)
taking limit n→ ∞ and using (8), (10) and (12) we have

lim
n→∞

σ
(
xn(k)+1, xm(k)

)
= ε. (13)

Similarly, it is easy to show that

lim
n→∞

σ
(
xn(k)+1, xm(k)+1

)
= ε. (14)
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Since T is an (α, β)-admissible ∆̃-contraction with respect to Γ and using (Γ3) we have

0 ≤ lim
n→∞

supΓ
(
α
(
Txn(k), Txm(k)

)
β
(
Txn(k), Txm(k)

)
σ
(
Txn(k), Txm(k)

)
, σ
(
xn(k), xm(k)

) )
< 0.

Hence

0 ≤ lim
n→∞

supΓ
(
α
(
xn(k)+1, xm(k)+1

)
β
(
xn(k)+1, xm(k)+1

)
σ
(
xn(k)+1, xm(k)+1

)
, σ
(
xn(k), xm(k)

) )
< 0.

Which is contradict due to our assumption. So {xn} is a cauchy sequence. Since (X, σ) be a

complete metric-like space, then there exist x ∈ X and using (9) such that

lim
n→∞

σ (xn, x) = σ(x, x) = lim
n,m→∞

σ (xn, xm) = 0. (15)

We show that x is fixed point of T . Since T is continuous and xn → x as n → ∞. So, from

(15)

lim
n→∞

σ (xn+1, lTx) = lim
n→∞

σ (Txn, lTx) = σ(Tx, lTx) = 0. (16)

Using (16), we have

lim
n→∞

σ (xn+1, Tx) = σ(x, Tx). (17)

From (16) and (17)

σ(x, Tx) = σ(Tx, Tx) = 0. (18)

Hence Tx = x, that is x is a fixedlpoint of T . Now, we shall show that x islunique. We argue

by contrary. Assume that there exist y ∈ X such that Ty = y and x ̸= y. Now,

0 ≤ Γ
(
α(Tx, Ty)β(Tx, Ty)σ(Tx, Ty), σ(x, y)

)

≤ σ(x, y)− α(Tx, Ty)β(Tx, Ty)σ(Tx, Ty)

= σ(x, y)− α(x, y)β(x, y)σ(x, y)

= σ(x, y) [1− α(x, y)β(x, y)] < 0.

Since α(x, ly) ≥ 1, β(x, ly) ≥ 1. Which is contradiction. Solx = y, hence T lhaslaluniquelfixedlpoint.
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Corollary 4.1.2 Let (X, σ) be a complete metric-like space and let T be a self-mapping on X

satisfying the following conditions:

1. T is (α, β)-admissiblel∆̃-contraction;

2. therelexists x0 ∈ X such that α(x0, Tx0) ≥ 1 and β(x0, Tx0) ≥ 1;

3. α(Tx, lTy)β(Tx, lTy)σ(Tx, lTy) ≤ λσ(x, y), for all x, y ∈ X and λ ∈ [0, 1);

4. T islcontinuous.

Then T lhaslaluniquelfixed point u ∈ X with σ(u, u) = 0.

Example 4.1.6 let X = [0,∞) endowed with the metric like σ(x, y) = x + y. Consider the

mapping T : X → X given by

Tx =

 x
3
, if x ∈ [0, 1],

3x, otherwise.

Note that (X, σ) is complete metric-like space. Define mappings α, βl : X ×X → R+lby

α(x, ly) = β(x, ly) =

 1, lif x ∈ [0, 1],

0, lotherwise.

Note thatlT lis an (α, lβ)-admissibleliflα(x, ly) ≥ 1 and β(x, ly) ≥ 1 ⇒ α(Tx, lTy) ≥ 1

and β(Tx, lTy) ≥ 1, forlall x, ly ∈ X. By definition of α, β and x, ly ∈ [0, l1], we have

α(Tx, lTy) = β(Tx, lTy) = 1 From above, it is clear that T is an (α, β)-admissible mapping.

Let Γ(t, s) = λs − t, λ ∈ [0, 1], for all s, t ≥ 0. Also, for x, y ∈ X such that α(x, y) ≥ 1 and

β(x, y) ≥ 1. So, x, y ∈ [0, 1]. In this case we have

Γ
(
α(Tx, Ty)β(Tx, Ty)σ(Tx, Ty), σ(x, y)

)
= λ(x+ y)− (

x

3
+
y

3
).

If we take λ = 1
2
, we get

x+ y

2
− (

x

3
+
y

3
) ≥ 0,

ie

Γ
(
α(Tx, Ty)β(Tx, Ty)σ(Tx, Ty), σ(x, y)

)
≥ 0.

Thus, all the conditions of corollary are verified. Here x = 0 is the unique fixed point of T .
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Let Ψ be the set of all continuous functions ψ : [0,+∞) → [0,+∞) satisfying the fol-

lowing conditions:

• (ψ1) : ψ(0) = 0;

• (ψ2) : ψ(t) < t, for all t > 0;

• (ψ3) : ψ is non decreasing.

Example 4.1.7 Let ψj : [0,+∞) → [0,+∞), for j = 1, 2 be continuous functions:

1. The function ψ1(t) = at where 0 < a < 1.

2. ψ2(t) =
t

t+1
for all t > 0.

Then ψ1, ψ2 ∈ Ψ.

Let Φ denote the set of functions ϕ : R+ → R+ satisfying the following conditions:

• ϕ is continuous.

• Satisfying ϕ(0) = 0.

Example 4.1.8 Let ϕ : R+ → R+ be functions such that

• ϕ1(t) = αt with 0 < α < 1.

• ϕ2(t) =
√
t.

So ϕ1, ϕ2 ∈ Φ.

4.2 FixedlPointlTheorems For (ψ, φ)-Contractions

In 1969, Boyd and Wong [20]lprovedlthelfollowing generalizationlof the Banachlcontraction

lprinciple.

Theorem 4.2.1 (Boyd–Wong) Letl(X, d) bela complete metriclspace and let T : X → X be a

mappinglsatisfying the following contractive condition:

d(Tx, Ty) ≤ φ(d(x, y)) for all x, y ∈ X,

where φ : [0,∞) → [0,∞) satisfies the following conditions:
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1. φ(t) < t for all t > 0;

2. lims→t+ supφ(s) < t for all t > 0.

ThenlT lhaslaluniquelfixedlpoint.

Theorem 4.2.2 [54] Letl(X, d)lbelalmetriclspacelandlT l : X → X be a mapping satisfying

alcontractive-type condition

ψ(d(Tx, Ty)) ≤ φ(d(x, y)),

for all x, y ∈ X with d(Tx, Ty) > 0,

where the functions ψ, φ : (0,∞) → R satisfy the following conditions:

1. ψ is nondecreasing;

2. φ(t) < ψ(t) for any t > 0;

3. limt→ϵ+ supφ(t) < ψ(ϵ+) for any ϵ > 0.

ThenlT lhasla uniquelfixedlpoint.

4.3 Existence Of FixedlPointlFor GeneralizedlContractionslIn

Dislocated Quasilb-MetriclSpace

Definition 4.3.1 Let (X, lσq, s) be a completeldislocatedlb-metric space and ϵ > 1. And

α, β : X × X → R+ be two functions, and T : X → X be a given self map. We say that T

is called a generalized (α, β, ϵ, ψ, ϕ,Γ) contractionlmapping, if there existlalfunction ψ ∈ Ψ,

ϕ ∈ Φ and Γ ∈ ∆̃ such that:

α(x, y)β(x, y)ψ(sϵσq(T x, T y)) ≤ Γ
(
ϕ(σq(x, y)), ψ(σq(x, y))

)
, (4.1)

.

Theorem 4.3.1 Letl(X, σq, s) belalcomplete dislocated b-metriclspacelandlT : lX → X gen-

eralized (α, β, ϵ, ψ, ϕ,Γ) contraction mapping, with ψ ∈ Ψ and Γ ∈ ∆̃.

Suppose thatlthelfollowinglconditionslarelsatisfied.
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(H1) : T lisl(α, β)-admissible.

(H2) : Therelexists x0 ∈ X such that α(x0, T x0) ≥ 1 and β(x0, T x0) ≥ 1.

(H3) : T is continuous.

ThenlT has a fixed point.

Proof 14 Fromlhypothesis (H2) therelislx0 ∈ Xlsuchlthatlα (x0, lx1) ≥ 1 and β (x0, lT x0) ≥

1, where x1 = T x0. If x1 = x0 so x0 is a fixed point. Assume x0 ̸= x1, then by putting

x2 = T x1, the equation (4.1) gives

ψ(sϵσq(x1, lx2)) = ψ(sϵσq(T x0, lT x1)) ≤ α(x0, lx1)β(x0, lx1)ψ(s
ϵσq(T x0, lT x1))

≤ Γ
(
ϕ(σq(x0, lx1)), ψ(σq(x0, x1))

)

< ψ(σq(x0, lx1))− ϕ(σq(x0, x1))

≤ ψ(σq(x0, lx1)).

Since ψ is non decreasing, we get

σq(x1, x2) ≤
1

sϵ
σq(x0, x1).

Since T is (α, β)-admissible, for α(x0, x1) ≥ 1 and β(x0, x1) ≥ 1 implies that α(x1, x2) ≥ 1

and β(x1, x2) ≥ 1; then by putting x3 = T x2, the equation (4.1) gives

ψ(sϵσq(x2, x3)) = ψ(sϵσq(T x1, T x2)) ≤ α(x1, x2)β(x1, x2)ψ(s
ϵσq(T x1, Tx2))

≤ Γ
(
ϕ(σq(x1, x2)), ψ(σq(x1, x2))

)

< ψ(σq(x1, x2))− ϕ(σq(x1, x2))

≤ ψ(σq(x1, x2)),
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which implies that

σq(x2, x3) <
1

sϵ
σq(x1, x2) <

1

s2ϵ
σq(x0, x1).

Continuinglinlthislmanner,lwelconstructlalsequencel(xn) with xn+1 = T xn for all nlinlN.

Ifltherelexists n0 ∈ Nlsuchlthatlxn0 = xn0+1, then xn0 is a fixed point. Iflxn ̸= xn+1lforlallln

inlN, welhavelα(xn, xn+1) ≥ 1 β(xn, xn+1) ≥ 1land σq(xn, lxn+1) > 0, then from (4.1), we

get

ψ(sϵσq(xn, xn+1)) ≤ α(xn−1, xn)β(xn−1, xn)ψ(s
ϵσq(T xn−1, T xn))

≤ Γ
(
ϕ(σq(xn−1, xn)), ψ(σq(xn−1, xn))

)

< ψ(σq(xn−1, xn))− ϕ(σq(xn−1, xn))

≤ ψ(σq(xn−1, xn)).

Since ψ is non decreasing, we get:

σq(xn, xn+1) <
1

sϵ
σq(xn−1, xn),

which implies that

σq(xn, xn+1) <
1

snϵ
σq(x0, x1).

Passingltolthellimitlwelget

lim
n→∞

σq(xn, lxn+1) = 0.

Using the same argument, we get

σq(xn+1, xn) <
1

snϵ
σq(x1, x0),

which gives

lim
n→∞

σq(xn+1, xn) = 0.
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Now we show (xn) is a Cauchy sequence, in fact, for each n,m ∈ N with m > n we get

σq(xn, xm) ≤ sσq(xn, xn+1) + s2σq(xn+1, xn+2) + s3σq(xn+2, xn+3) + ...+ sm−nσq(xm−1, xm)

≤ σq(x0, x1)s
−nϵ+1

(
1 + (

s

sϵ
) + (

s

sϵ
)2 + ...+ (

s

sϵ
)m−n−1)

= σq(x0, x1)s
−nϵ+1

m−n−1∑
i=0

(
s

sϵ
)i ≤ σq(x0, x1)s

−nϵ+1

∞∑
i=0

(
1

sϵ−1
)i.

Since ε > 1 then the geometric series
∞∑
i=0

(
s

sϵ
)i converges and so σq(xn, xm)) → 0. Conse-

quently, (xn) is a left 0-Cauchy sequence.

By the same argument, we get

lim
n,m→∞

σq(xm, xn) = 0,

which implies that {xn} is a right 0-Cauchy sequence. Hence (xn) is a Cauchy sequence.

The completeness of (X, σq) implies the convergence of (xn) to some point x ∈ X .

So, we have

σq(x, x) = lim
n,m→∞

σq(xn, xm) = lim
n→∞

σq(xn, x) = lim
n→∞

σq(x, xn) = 0.

Since T is continuous, we get

T x = lim
n→∞

T xn = lim
n→∞

xn+1 = x,

Then x = T x.

Remark 4.3.1 Under the hypotheses of Theorem4.3.1 the fixed point is unique provided, one

of the following conditions is satisfied:

1. For all x, y ∈ X we have α(x, y) ≥ 1 and β(x, y) ≥ 1;

2. for each x, y ∈ Fix(T ), we have α(x, z) ≥ 1 and β(x, y) ≥ 1.

In fact, suppose there exists two fixed point, x and x, then from additionally condition
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and (4.1), we get

ψ(sϵσq(T x, T x)) ≤ α(x, x)β(x, x)ψ(sϵσq(T x, T x)) ≤ Γ
(
ϕ(σq(x, x)), ψ(σq(x, x))

)

< ψ(σq(x, x))− ϕ(σq(x, x))

≤ ψ(σq(x, x)),

which implies that

σq(x, x) ≤
1

sϵ
σq(x, x),

so

σq (x, x) = 0.

Then x = x.

Corollary 4.3.1 Let (X, σq, s) be a complete dislocated quasi b-metric space and ϵ > 1. Let

T : X → X be a mapping such that for x, y ∈ X :

ψ(sϵσq(T x, T y)) ≤ ψ(σq(x, y))− ϕ(σq(x, y)),

suppose that the following conditions are satisfied.

1. T is ( α, β)-admissible.

2. There exists x0 ∈ X such that α(x0, T x0) ≥ 1 and β(x0, T x0) ≥ 1.

3. T is continuous.

Then T has a fixed point.

Corollary 4.3.2 Let (X, σq, s) be a complete dislocated quasi b-metric space, and ϵ > 1. Let

T : X → X be a mapping such that for x, y ∈ X :

sϵσq(T x, T y) ≤ ψ(σq(x, y)),

suppose that the following conditions are satisfied.

1. T is ( α, β)-admissible;
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2. There exists x0 ∈ X such that α(x0, T x0) ≥ 1. and β(x0, T x0) ≥ 1;

3. T is continuous.

Then T has a fixed point.

Example 4.3.1 LetlX = [0,∞)landlσq(x, ly) = l(x − y)2 + (2x + y)2, then (X, σq, s) is a

complete dislocated b-metric space with s = 2. Define T : X → X and

α, β : X ×X → [0,+∞) by

T x =
2x+ 1

23ϵ+1
,

withlϵ ≥ 1land

α(x, ly) = β(x, ly) =

 1, lx+ 2y ≥ 2,

0, otherwise.

Taking ψ(t) = 1
4
t, ϕ(t) = 1

24
t, and Γ(r, t) = 1

2
t− r.

Let x, y in X such that α(x, y) = β(x, y) ≥ 1, so 2x+ y ≥ 2 and

α(x, y)β(x, y)ψ (sϵσq(T x, T y)) = ψ (2ϵσq(T x, T y))

= ψ

(
2ϵ
(
(x− y)2 + (4x+ 2y + 3)2

26ϵ+2

))

= ψ

(
1

25ϵ+2
((x− y)2 + (

4x+ 2y + 3

2
)2
)

=
1

25ϵ+4

(
(x− y)2 + (

4x+ 2y + 3

2
)2
)
,

since

(
4x+ 2y + 3

2

)2

≤ 4(2x+ y)2,

for 2x+ y ≥ 2,
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we have

α(x, y)β(x, y)ψ (sϵσq(T x, T y)) =
1

25ϵ+2

(
(x− y)2 + 4(2x+ y)2

)

≤ 1

25ϵ+2

(
4(x− y)2 + 4(2x+ y)2

)
=

1

25ϵ
σq(x, y)

≤ 1

25
σq(x, y)

≤ Γ (ϕ(σq(x, y)), ψ(σq(x, y))) =
1

23
σq(x, y)−

1

24
σq(x, y)

=
1

24
σq(x, y).

Then all hypotheses of Corollary (4.3.1) hold, so T has a fixed point, which is 1
23ϵ+1−2

.

Example 4.3.2 Let X = R and σq(x, y) = (2x− y)2+(2x+ y)2, then (X, σq, s) is a complete

dislocated quasi b-metric space with s = 2. Define T : X → X , and

α, β : X ×X → [0,+∞) by

T x =
x

2ϵ
.

with ϵ ≥ 1 and

α(x, y) = β(x, y) = 1 ∀x, y ∈ X.

Taking ψ(t) = 1
2
t, ϕ(t) = 1

23
t, and Γ(r, t) = 1

2
t− r.
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Let x, y in X such that α(x, y) = β(x, y) ≥ 1, so

α(x, y)β(x, y)ψ(sϵσq (T x, T y)) = ψ (2ϵσq(T x, T y))

= ψ

(
2ϵ
(
(2x− y)2

24ϵ
+

(2x+ y)2

24ϵ

))

= ψ

(
1

23ϵ + 1
((2x− y)2 + (2x+ y)2)

)

=
1

23ϵ+1
σq(x, y)

≤ 1

24
σq(x, y)

≤ Γ (ϕ(σq(x, y)), ψ(σq(x, y))) =
1

2

1

2
σq(x, y)−

1

23
σq(x, y)

=
1

23
σq(x, y).

Consequentlylall hypothesesloflTheorem (4.3.1) hold,lso T lhaslalfixedlpoint. Hence T lhaslalfixed

point 0.
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CHAPTER

5

APPLICATIONS TO

INTEGRO-DIFFERENTIAL

EQUATIONS

Fixed point theorems have numerous applications in mathematics and are applied in

diverse fields as biology, chemistry, economics, engineering, game theory, and physics.

They constitute an important field of research. It should be noted that most papers

dealing with the existence of solutions of nonlinear oflseveralltypeslintegral, differ-

ential,lintegro-differential,lfractional integrals mainly use the techniques of nonlinear

analysis such as fixed point techniques.

In this chapter, we will apply theorem (3.1.1) tolstudylthelproblemloflexistencelof the

solution of integral equation of the Volterra type and boundary value problem frac-

tional differential equation.
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5.1 Solvability Of Integral Equations

5.1.1 Integral Equations

An integral equation can be classified as either a linear integral equation or a nonlinear

integral equation.

The most commonly used integral equations are the Volterra and Fredhlom integral

equations.

Definition 5.1.1 An integral equation is any equation of the form

λx(t) = f(t) +

∫
E

K(t, s, x(s))ds, (5.1)

with

E : is a measured space, f a measurable function given on E,

λ : a given scalar which can be real or complex (a numeric parameter).

K : a measurable function on E3 called the kernel of the integral equation.

x(t) : is an unknown function.

With all these data, our problem is to find the function x that satisfies equation (5.1), where f,

K are known functions and x the unknown function.

Lemma 5.1.1 Let K be a function of space L2(]a, b[×]a, b[), then the integral operator T de-

fined by:

Tx(s) =

∫ b

a

K(t, s)x(s)ds t ∈ [a, b],

with kernel K is compact in L2(]a, b[) in itself.

Remark 5.1.1 Note that

1. To study this equation, we restrict ourselves to the spaces Lp(E) with (1 ≤ p ≤ ∞).

Implicitly, for the functions f ∈ Lp(E), we seek the functions x in Lp(E) verifying (5.1).

2. If we take

K(t, s, x(s)) = K(t, s)x(s).
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The integral equation (5.1) becomes

λx(t) = f(t) +

∫
E

K(t, s)x(s)ds,

which is said to be a linear integral equation.

3. Note that equation (5.1) can be written in operator form

Tx = λx− f.

Where the operator T is written as follows

Tx(s) =

∫
E

K(t, s)x(s)ds.

5.1.2 Classification Of Integral Equations

Integral equations are classified by their characteristics according to three dichotomies:

1. integration limits

If we take E = [a, b] an interval of R.

Any integral equation with constant limits is called a Fredholm equation.

λx(t) = f(t) +

∫ b

a

K(t, s, x(s))ds a ≤ t ≤ b.

If one of the two limits of integration is variable, the equation becomes a Volterra

equation

λx(t) = f(t) +

∫ t

a

K(t, s, x(s))ds a ≤ t ≤ b.

It is clear that the Volterra equation can be considered as a Fredholm equation

where the function K satisfies the condition

K(t, s) = 0 s > t.

2. The integral operator T

The equation defined by

Tx = f,

is said to be an equation of the first species.

If the equation is defined by

x− Tx = f.

This equation is called an equation of the second species.
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3. The second member of the equation

If f = 0 the equation is a homogeneous equation. Otherwise this equation is

called a non-homogeneous equation.

5.1.3 Existence Of Solutions For Integral Equations

Between linearity and non-linearity, the analytical and numerical studies of equations

are totally different.

5.1.3.1 Existence Of The Solution Of Linear Integral Equations

To solve an integral equation with classical methods or with numerical methods, it is

necessary to know the existence of the solution; Fredholm’s alternative theorem gives

conditions on the space E and the linear operator K to say that our problem

(λ− T )x = f x, f ∈ E,

is solvable.

Theorem 5.1.1 [49] LetA be a compact operator of a normed spaceX in itself then the operator

T = I − A is injective if and only if it is surjective and consequently it is bijective, moreover

the inverse operator T−1 = (I − A)−1 defined from X to X is bounded.

Theorem 5.1.2 (Fredholm Alternative) [3]

Assume that X is a Banach space

Let T : X → X be a compact operator, then for the non-homogeneous equation

(λ− T )x = f λ ̸= 0,

admits a unique solution x ∈ X , for all f ∈ X, it is necessary and it suffices that the equation

homogeneous

(λ− T )x = 0,

admits the trivial solution x = 0.

In this case the operator (λ− T ) is invertible and bounded.
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Theorem 5.1.3 [26] Let X be a Banach space and A be a bounded operator in X with the

following property

∥Ax1 − Ax2∥ ≤ r ∥x1 − x2∥ ,

then the following equation

λx− Ax = f,

admits a unique solution for any f ∈ X.

5.1.3.2 Existence Of The Solution Of The Nonlinear Integral Equation Of Volterra:

Let us first consider the nonlinear integral equation of Volterra

φ(x) = f(x) +

∫ x

x0

K(x, t, φ(t))dt x ∈ [x0, x0 + a] a > 0. (5.2)

Our goal is to prove the existence of solutions for (5.2), at least on a subinterval of

[x0, x0 + a], say [x0, x0 + δ], with δ ≤ a.

we assume that the following conditions are true:

1. f is a continuous function from [x0, x0 + a] to R.

2. K is a continuous function of ∆×Br, in R where

∆ = {(x, t);x0 ≤ t ≤ x0 + a},

and

Br = {φ ∈ R; |φ| ≤ r, with r > 0}.

3. K satisfies the Lipschitz condition in ∆×Br

|K(x, t, φ)−K(x, t, ψ)| ≤ L|φ− ψ| L > 0.

4. if b = sup |f(x)|, x ∈ [x0, x0 + a] then b < r.

Theorem 5.1.4 [4] If we assume that conditions (1)-(4) hold, then there exists a unique solu-

tion of equation (5.2), defined and continuous on the interval [x0, x0 + δ].

Theorem 5.1.5 [4] Let the following nonlinear Volterra integral equation be:

φ(x) = f(x) +

∫ x

0

K(x, t, φ(t))dt 0 ≤ x ≤ a. (5.3)

Suppose the following conditions are true:
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1. f : [0, a] → R is continuous.

2. K : [0, a] × [0, a] → R, is a continuous function satisfies the following Lipschitz condi-

tion:

|K(x, t, u)−K(x, t, v)| ≤ L|u− v| such as L > 0,

0 ≤ x ≤ a 0 ≤ t ≤ x and u, v ∈ R.

Then, equation (5.3) has a unique solution.φ ∈ C([0, a],R).

5.1.3.3 Existence Of The Solution Of The Nonlinear Fredholm Integral Equation

Let the nonlinear integral equation of Fredholm:

φ(x) = f(x) + λ

∫ b

a

K(x, t, φ(t))dt x ∈ [a, b]. (5.4)

Theorem 5.1.6 [4] assume that∥∥∥∥∫ b

a

K(x, t, φ(t))dt

∥∥∥∥ ≤M |φ(t)| M > 0,

and

|K(x, t, u)−K(x, t, v)| ≤ N(x, t)|u− v|,

where ∫ b

a

∫ b

a

|N (x, t)|2 dxdt = p2 <∞.

If f(x) ∈ L2 [a, b] then (5.4) has a unique solution in L2 [a, b], if |λ|p < 1.

Theorem 5.1.7 [4] Consider the following conditions on K(x, t, φ):

1. φ→ K(x, t, φ) is Lipschitzian with constant k and

|K(x, t, φ)| ≤ N(|φ|, x), where ∀e ∈ R, N(e, •) ∈ L1.

2. (x, φ) → K(x, t, φ) is measurable for all x.

3. t→ K(x, t, φ) is continuous p.p. at x.

Under assumptions (1), (2) and (3), the equation (5.4) has a unique solution.
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Theorem 5.1.8 [4] If the following conditions are true:

1. The function f(x) is bounded, |f(x)| < R in a ≤ x ≤ b;

2. The function K(x, t, φ(t)) is integrable and bounded where

|K(x, t, φ(t))| ≤ L a ≤ x, t ≤ b;

3. The function K(x, t, φ(t)) satisfies the Lipschitz condition

|K(x, t, φ)−K(x, t, ψ)| ≤M |φ− ψ|.

Then equation (5.4) has a unique solution if λ < 1
H(b−a)

, with H = max{L(1 + R
|λ|L(b−a)

),M}.

5.2 Application To Volterra’s Nonlinear Integral Equations

We consider the following problem

x(t) = g(t) +

∫ t

0

K(t, s, x(s))ds, s, t ∈ [0, 1], (5.5)

where g ∈ C([0, 1],R) and K : [0, 1]× [0, 1]× R → R are given continuous functions.

Clearly that X = C([0, 1]) with the dislocated b-metric

σb(x, y) = sup0≤t≤1(|x(t)|+ |y(t)|)2 is a complete dislocated b-metric space.

We introduce the following hypotheses with ϵ ≥ 1:

H1 : For all x1(t), x2(t) ∈ X and for each s, t ∈ [0, 1]

(|K(t, s, x1(t))|+ |K(t, s, x2(t))|)2 ≤
1

2(ϵ+3)
(|x1(t)|+ |x2(t)|)2,

H2 : For all t ∈ [0, 1]

sup
0≤t≤1

|g(t)|2 ≤ 1

2(ϵ+5)
(|x1(t)|+ |x2(t)|)2.

Theorem 5.2.1 Under (H1) and (H2) the problem (5.5) has a solution in C([0, 1]).

Proof 15 Define an operator

T x(t) = g(t) +

∫ t

0

K(t, s, x(s))ds for all t ∈ [0, 1],
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It clear that our problem (5.5) has a solution if and only if T has a fixed point.

For all x, y ∈ X and t ∈ [0, 1] we have

(|T x(t)|+ |T y(t)|)2 =
(∣∣∣∣g(t) + ∫ t

0

K(t, s, x(s))ds

∣∣∣∣+ ∣∣∣∣g(t) + ∫ t

0

K(t, s, y(s))ds

∣∣∣∣)2

≤
(
2|g(t)|+ |

∫ t

0

K(t, s, x(s))ds|+ |
∫ t

0

K(t, s, y(s))ds|
)2

≤
(
2|g(t)|+

∫ t

0

|K(t, s, x(s))|ds+
∫ t

0

|K(t, s, y(s))|ds
)2

=

(
2|g(t)|+

∫ t

0

(|K(t, s, x(s))|+ |K(t, s, y(s))|)ds
)2

≤ 2

((
2|g(t)|

)2
+
(∫ t

0

(|K(t, s, x(s))|+ |K(t, s, y(s))|)ds
)2)

≤ 2

((
2|g(t)|

)2
+

∫ t

0

(
|K(t, s, x(s))|+ |K(t, s, y(s))|

)2
ds

)
≤ 8|g(t)|2 + 2

∫ t

0

(
|K(t, s, x(s))|+ |K(t, s, y(s))|

)2
ds

≤ 8 sup
0≤t≤1

|g(t)|2 + 2
1

2(ϵ+3)
sup
0≤t≤1

(|x(t)|+ |y(t)|)2

≤ (
8

2(ϵ+5)
+

1

2(ϵ+2)
) sup
0≤t≤1

(|x(t)|+ |y(t)|)2

≤ 1

2(ϵ+1)
sup
0≤t≤1

(|x(t)|+ |y(t)|)2.

Which follows that:

sup
0≤t≤1

(|T x(t)|+ |T y(t)|)2 ≤ 1

2(ϵ+1)
sup
0≤t≤1

(|x(t)|+ |y(t)|)2.

Consequently we obtain

2ϵσb(T x, T y) ≤
1

2
σb(x, y) =

2

3

3

4
σb(x, y) ≤

3

4
M(x, y).

Hance we have

e2
ϵσb(T x,T y) ≤ (eM(x,y))

3
4 .

Then all the hypotheses of Corollary (2.1) are satisfied with ψ(t) = t, ϑ = et, a1 = 2
3

and κ = 3
4
,

L = 0. So T has a fixed point which is a solution of the problem (5.5).

Example 5.2.1 Let I = [0, 1], and X = C([0, 1]) with the dislocated b-metric

σb(x, y) = sup0≤t≤1(|x(t)|+ |y(t)|)2 is a complete dislocated b-metric space.
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Consider a function g ∈ C([0, 1],R) defined by g(t) = 1

6×2(
ϵ
2
tx(t) with ϵ ≥ 1.

Hence, we obtain

sup
0≤t≤1

|g(t)|2 ≤ 1

36× 2ϵ
(|x(t)|+ |y(t)|)2 ≤ 1

32× 2ϵ
(|x(t)|+ |y(t)|)2

=
1

2(ϵ+5)
(|x(t)|+ |y(t)|)2.

Now, we define K : [0, 1]× [0, 1]× R → R by

K(t, s, x(s)) =
1

2(
ϵ
2
+2)

(t− s)x(s).

Let T be a self-mapping on X by:

T x(t) = g(t) +

∫ t

0

K(t, s, x(s))ds, s, t ∈ I.

Observe that,

σb(T x, T y) ≤
1

2(ϵ+1)
σb(x, y),

so

2ϵσb(T x, T y) ≤
1

2
σb(x, y) ≤

3

4
M(x, y),

for all x(t), y(t) ∈ X.

Hance we have

e2
ϵσb(T x,T y) ≤ (eM(x,y))

3
4 .

Thus, all of the hypotheses of Corollary (2.1) are satisfied with ψ(t) = t, ϑ = et, a1 = 2
3
,

κ = 3
4
, L = 0.

So T has a fixed point which is a solution of the problem (5.5).

Example 5.2.2 Let I = [0, 1], and X = C([0, 1]) with the dislocated b-metric

σb(x,Xy) = sup0≤t≤1(|x(t)|+ |y(t)|)2 is a complete dislocated b-metric space.

Consider a function g ∈ C([0, 1],R) defined by g(t) = 1√
2(

ϵ
2+5)

x(t) with ϵ ≥ 1.

Hence, we obtain

sup
0≤t≤1

|g(t)|2 ≤ 1

2(ϵ+5)
(|x(t)|+ |y(t)|)2.

Now, we define K : [0, 1]× [0, 1]× R → R by

K(t, s, x(s)) =
1

2(
ϵ
2
+1)

√
2
(t− s)x(s).

79



Chapter 5 Applications to integro-differential equations

Let T be a self-mapping on X by:

T x(t) = g(t) +

∫ t

0

K(t, s, x(s))ds, s, t ∈ I.

Observe that,

σb(T x, T y) ≤
1

2(ϵ+1)
σb(x, y) ≤

3

4
M(x, y),

for all x(t), y(t) ∈ X.

Hance we have

e2
ϵσb(T x,T y) ≤ (eM(x,y))

3
4 .

Thus, all of the hypotheses of Corollary (2.1) are satisfied with ψ(t) = t, ϑ = et, a1 = 2
3
,

κ = 3
4
, L = 0.

So T has a fixed point which is a solution of the problem (5.5).

5.3 Existence Of Solutions Of BoundarylValue Problems

Of Fractional Differential Equations

5.3.1 Some Elements Of FractionallCalculus

We give an over view around the fractionallderivative and the fractionallintegral with

some properties.

5.3.1.1 Gamma Function:

Definition 5.3.1 [42]

The gamalfunction Γ(z) is defined by the integral :

Γ(z) =

∞∫
0

e−ttz−1dt.

z is complex number : Re(z) > 0.

properties

we have some basic properties

1 The function Γ(z) is continuous for p > 0.
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2 The function Γ(z) obeys the property:

Γ(z + 1) = zΓ(z).

3 The following relations are also valid:

Γ(z + 1) =(z + n− 1) · · · (z + 1)zΓ(z),

Γ(1) =1,

Γ(n+ 1) =n!,

Γ(0) = +∞.

5.3.1.2 FractionallIntegral Of Order α

Definition 5.3.2 [42] For every α > 0 and a local integrable function f , the right of order α

is defined:

Iαa f(t) =
1

Γ(α)

∫ t

a

(t− s)α−1f(s)ds, −∞ ≤ a < t <∞. (5.6)

Alternatively, it can beldefined also the left as:

Iαb f(t) =
1

Γ(α)

∫ b

t

(t− s)α−1f(s)ds, −∞ < t < b ⩽ ∞. (5.7)

properties

we have the following properties:

i) I0f(t) = f(t).

ii) IαIβf(t) = Iα+βf(t).

iii) integral Operator Iα is:

Iα(λf(t) + g(t)) = λIαf(t) + Iαg(t), λ ∈ R+, λ ∈ C.

iiii)
d

dt
(Iαf)(t) = Iα−1f(t).
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5.3.1.3 Riemann-LiouvillelFractional Derivative

For a continuouslfunction f : (0,∞) → R f ∈ L1, the Riemann-Liouvillelderivative of

fractional order α > 0, n = [a] + 1 ([a] denotes the integer part of the real number a) is

defined as:

RLDαf(t) =
1

Γ(n− α)

(
d

dt

)n
t∫

0

(t− s)n−α−1f(s)ds,

=

(
d

dt

)n

In−αf(t).

In particular, if α = 0, then:

(
D0f

)
(t) = I0f(t) = f(t).

If α = n ∈ N, then:

(Dnf) (t) = f (n)(t).

If 0 < α < 1, then n = 1,

RLDαf(t) =
1

Γ(1− α)

d

dt

t∫
a

(t− s)−αf(s)ds, t > a.

5.3.1.4 CaputolFractional Derivative

Definition 5.3.3 [42] The Caputolderivative of order α for a function f ∈ ACn(J,E) abso-

lutelylcontinuous is defined by:

CDαf(t) =
1

Γ(n− α)

t∫
0

(t− s)n−α−1f (n)(s)ds,

= In−αf (n)(t), t > 0, n− 1 ≤ α < n.

If 0 < α < 1, then :

CDαf(t) =
1

Γ(1− α)

t∫
0

(t− s)−αf
′
(s).ds

Lemma 5.3.1 [42] If f ∈ ACn[0, 1], then the Caputolderivative CDαf(t) exists almost ev-

erywhere on [0,1], where ACn[0, 1] =
{
f ∈ Cn−1[0, 1], f (n−1)is absolutely continuous

}
and n

is the smallestl integer greater than or equal to α.
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Lemma 5.3.2 [42] Let α ≥ 0 and n = [α] + 1. Then:

Iα(cDαf(t)) = f(t) +
n−1∑
k=0

fk(0)

k!
tk.

Lemma 5.3.3 [42] Let α > 0. Then the differentiallequation:

cDαf(t) = 0,

has a solutions :

f(t) = c0 + c1t+ c2t
2 · · ·+ cn−1t

n−1,

where

ci ∈ R, i = 1, 2, 3 · · ·n− 1, n = [α] + 1.

Lemma 5.3.4 [42] Let α > 0 and n = [α] + 1.

Then:
cDαx(t) = f(t),

equivalent to:

Iα(cDαx(t)) = Iαf(t) + c0 + c1t+ c2t
2 · · ·+ cn−1t

n−1, (5.8)

where :

ci ∈ R, i = 1, 2, 3 · · ·n− 1.

5.4 RelationshiplBetween Fractional Derivatives :

1) Let α ∈ R+, n ∈ N∗, and n = [α] + 1, if cDαf(t)) and RLDαf(t)) exist,so:

i) CDαf(x) =RL Dαf(x)−
n−1∑
i=0

f (i)(a)(x− a)i−α

Γ(i− α + 1)
,

we deduce that if f (i)(a) = 0 for all i = 0, 1, . . . n− 1, we will have

CDαf(x) =RL Dαf(x).

ii) CDαf(x) =RL Dα

(
f(x)−

n−1∑
i=0

f (i)(a)

i!
(x− a)i

)
.
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2) Let 0 < α < 1, the fractionallderivative of Riemann-Liouvilleland that of Caputo

are defined respectively by:

RLDαf(x) = d
dx

(
RLD−(1−α)f(x)

)
= 1

Γ(1−α)
d
dx

∫ x

a
(x− t)−αf(t)dt.

CDαf(x) =RL D−(1−α)
(

df(x)
dx

)
= 1

Γ(1−α)

∫ x

a
(x− t)−αf ′(t)dt.

5.5 Study Of Problems Of FractionlDifferentiallEquations

Consider the following boundary value problem:
CDpx(ρ) = f(ρ, x(ρ)), 0 < ρ < 1,

x(0) = 0,

x(1) =
∫ 1

0
g(t, x(t))dt,

(5.9)

where CDp with 1 < p ≤ 2 is the Caputolfractional derivative, and f : J = [0, 1]×R →

R.

Let X = C(J ,R) be the space of all continuous functions from J into R, we consider

on X the b-metric-like

σq(x, y) = |x(ρ)− y(ρ)|)2 + 2|y(ρ)|,

for all x, y ∈ X.

Clearly, (X, σq, s) is a completeldislocated quasi b-metric space with parameter s = 2.

Lemma 5.5.1 A function x is a solution of the problem (5.9) if and only if, x is a solution of

the following integral equation:

x(ρ) = ρ

∫ 1

0

g(t, x(t))dt+

∫ 1

0

G(ρ, t)f(t, x(t))dt,

for all t ∈ [0, 1], where

G(ρ, t) =
1

Γ(p)

 (ρ− t)p−1 − ρ(1− t)p−1, 0 ≤ t ≤ ρ ≤ 1

−ρ(1− t)p−1, 0 ≤ ρ ≤ t ≤ 1.

Proof 16 We have

Ip(CDpx(ρ)) = x(ρ)− c0 − c1ρ =
1

Γ(p)

∫ ρ

0

(ρ− t)p−1f(t, x(t))dt,
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by the boundary values we get

x(0) = c0 = 0.

x(1) = c1 +
1

Γ(p)

∫ 1

0

(1− t)p−1f(t, x(t))dt =

∫ 1

0

g(t, x(t))dt.

Then

c1 = − 1

Γ(p)

∫ 1

0

(1− t)p−1f(t, x(t))dt+

∫ 1

0

g(t, x(t))dt.

Which gives

x(ρ) = − ρ

Γ(p)

∫ 1

0

(1− t)p−1f(t, x(t))dt+ ρ

∫ 1

0

g(t, x(t))dt+
1

Γ(p)

∫ ρ

0

(ρ− t)p−1f(t, x(t))dt,

which implies that

x(ρ) =

∫ 1

0

G(ρ, t)f(t, x(t))dt+ ρ

∫ 1

0

g(t, x(t))dt,

where

G(ρ, t) =
1

Γ(p)

 (ρ− t)p−1 − ρ(1− t)p−1, 0 ≤ t ≤ ρ ≤ 1,

−ρ(1− t)p−1, 0 ≤ ρ ≤ t ≤ 1.

∫ 1

0

G(ρ, t)dt =
1

Γ(p)

[∫ ρ

0

(ρ− t)p−1 − ρ(1− t)p−1dt−
∫ 1

ρ

ρ(1− t)p−1dt

]

=
1

Γ(p)
[ρp + 1] ≤ 2

Γ(p)
.

Putting G0 =
2

Γ(p)
.

Assume that the following assumptions hold:

(A1) : f and g are continuous.

(A2) : There exist two functions κ1, κ2 : [0, 1] → R such that for all x, y ∈ R, we have

|f(ρ, x(ρ))| − f(ρ, y(ρ))| ≤ κ∗1|x− y|,

|g(ρ, x(ρ))− g(ρ, y(ρ))| ≤ κ∗2|x− y|,

where κ∗i = sup
ρ∈[0,1]

|κi(ρ)|.
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(A3) : There exists M1 > 0 and M2 > 0 such that

|f(ρ, x(ρ)| ≤M1|x(ρ)|, and |g(ρ, x(ρ)| ≤M2|x(ρ)|,

for all ρ ∈ [0, 1] and x ∈ R with M1G0 +M2 ≤ Λ and Λ = (κ∗1G0 + κ∗2)
2 < 1

23ϵ
, for

ϵ ≥ 1.

Theorem 5.5.1 Under the assumptions (A1)− (A3), the problem (5.9) has a solution in X .

Proof 17 Define a mapping

Tx(ρ) =

∫ 1

0

G(ρ, t)f(t, x(t))dt+ ρ

∫ 1

0

g(t, x(t))dt,

For x, y ∈ X and for all ρ ∈ [0, 1] we have

|T x(ρ)− T y(ρ)| ≤
∫ 1

0

G(ρ, t)|f(t, x(t))− f(t, y(t))|dt+ ρ

∫ 1

0

|g(t, x(t))− g(t, y(t))|dt

≤
(
κ∗1

∫ 1

0

G(ρ, t))dt+ κ∗2

)
|x− y|,

which follows that

|T x(ρ)− T y(ρ)|2 ≤ (κ∗1G0 + κ∗2)
2|x− y|2 = Λ|x− y|2.

On other hand, we have

|T y(ρ)| = |
∫ 1

0

G(ρ, t)f(t, y(t))dt+

∫ 1

0

g(t, y(t)dt|

≤M1G0|y|+M2|y| = (M1G0 +M2)|y|.

Then we have

σq(Tx, Ty) = |Tx− Ty|2 + 2|Ty| ≤ Λ|x− y|2 + 2(M1G0 +M2)|y|,

since

M1G0 +M2 ≤ Λ,

we get

σq(Tx, Ty) ≤ Λ(|x− y|2 + 2|y|) = Λσq(x, y) ≤
1

23ϵ
σq(x, y).
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So we have

2ϵ−1σq(T x, T y) ≤
1

22ϵ+1
σq(x, y).

Then all the hypotheses of Theorem (4.3.1) are satisfied with

ψ(ρ) =
1

2
ρ, ϕ(ρ) =

1

22ϵ+1
, Γ(r, ρ) =

1

22ϵ−1
ρ− r andα = β = 1.

So T has a fixed point which is a solution of problem (5.9).
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CONCLUSION AND PERSPECTIVES

The general conclusion of this study is the interest in finding fixed points of some the-

orems in a generalized metric space, which is the dislocated quasi b-metric space. By

utilizing a some class of simulation functions, we have provided a new generalized

contractions type and related fixed point results which enhance and generalize some

findings from previous research. To demonstrate our findings, two examples were of-

fered. Finally, we have used our findings to demonstrate the existence of solutions for

a boundary value problem of fractional differential equations with integral boundary

conditions.

In the future, we will look at the following issues as examples:

1. We will try to produce some results in the field of fixed point theory, by making

changes in the used spaces or the conditions of contraction.

2. We will try to apply the obtained results to study the existence problem of the

solution of integral equations.
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