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Abstract

In this thesis, some fixed point theorems are studied on different spaces,
using a class of functions, new contractions are introduced on dislocated
quasi b-metric spaces and on dislocated b-metric spaces, and the fixed
point theorem is presented for a self mapping satisfying a generalized con-
traction condition. Finally, two applications are presented to prove the ex-
istence of solutions to: integral equations of the Volterra type and the

boundary value problem of fractional differential equations.

Keywords:

Dislocated quasi b-metric space, dislocated b-metric spaces, fixed point

theorem, contractives mappings.



Résumé

Dans cette these, certains théorémes des points fixes sont étudiés dans
différents espaces, en utilisant une classe de fonctions, de nouvelles con-
tractions introduites sur les espaces quasi b-métriques disloqués et sur les
espaces b-métriques disloqués, et présenté théoréme du point fixe pour une
auto-application satisfaisant une condition contractive généralisée. Enfin,
présentées deux applications pour l'existence de solutions: d’équation in-
tégrale de type Volterra et d’un probléme de valeur aux limites des équa-

tions différentiels fractionnaires.

Mots clés:

Espace quasi b-métrique disloqué, espaces b-métriques disloqués,

théoreme du point fixe, applications contractions.
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GENERAL INTRODUCTION

In 1906, Frechet introduced the notion of metric space, which is one of the cornerstones
of not only mathematics but also several quantitative sciences. Due to its importance
and application potential, this notion has been extended, improved and generalized in
many different ways.

In 1989, Bakhtin [11] introduced the very interesting concept of a b-metric space as an
analog of metric space. He proved the contraction mapping principle in b-metric space
that generalizes the famous Banach contraction principle in metric spaces. Since then
many mathematicians have done work involving fixed points for single-valued and
multivalued operators in b-metric spaces.

Hitzler and Seda [29] are the first who considered the concept of metric-like (or dis-
located metric) spaces. Later Amini-Harandi [5] established some fixed point results
in the class of metric-like space. Very recently many fixed point results on metric-like
spaces have been provided.

In [63], Wilson initiated the concept of quasi-metric space (also known as asymmetric
metric space) as an extension of the metric space.

For another thing, from spaces, there are too many generalizations of metric spaces.
For instance, we have the quasi-b-metric space, dislocated b-metric space (or b-metric-
like space), dislocated quasi-metric space (or quasi-metric-like space), and the dislo-

cated quasi-b-metric space (or quasi-b-metric-like space) (see [65] [62]).

In the field of fixed point theory, fixed point theory has become the focus of many



Chapter General Introduction

researchers in the last couple decades and that is due to its applications in the exis-
tence and uniqueness of solutions of differential and integral equations, engineering,
mathematical economics,dynamical systems, neural networks and many other fields.
In 1922, a very strong result in the history of mathematics was given by a Polish math-
ematician, Stefan Banach, [12] known as "Banach Contraction Principle". According to
this "every contraction has a unique fixed point in a complete metric space". Mathe-
matically we can say:

If (X, d)is a metric space and 7' : X — X be a self map, which satisfies the follow-
ing inequality for @ € [0, 1),

d(Tz, Ty) < ad(z, y) Vx, y € X;

then T" has unique fixed point.

The Banach contraction principle is one of the simplest and most applicable results of
metric fixed point theory. It is a popular tool for proving the existence of solution
of problems in different fields of mathematics. There are several generalizations of
the Banach contraction principle in literature on metric fixed point theory [5, 40].
Banach’s fixed theorem has been generalized by expanding the underlying metric space
or by changing the contraction condition.

In 1973, Hardy and Rogers [28] presented a fixed points theorem using a more wider
contractive expression which improved the fixed point result.

Berinde [15] introduced the concept of almost as a generalization to weak contraction
in the context of single valued mappings, later some results have been obtained using
this concept.

Samet and al.[55] furnished a new concept called as a- admissible and obtained some
tixed point results for @ — 1-contraction maps, later some results were established in
this direction, see [[9], [32]].

Recently, Jleli and Samet [34] introduced a new contractions type called #-contraction
to prove the existence of fixed points for such contractions. It is worth mentioning here,
that a contraction in the sense of Banach is a particular of 6 contraction, example see
[13, 47].

Chandok [23] who introduced the concept of («, 3)-admissible Geraghty type contrac-

tive mapping, which sufficient condition for the existence of a fixed point for such class

2



Chapter General Introduction

of generalized non-linear contractive mapping in metric space proved some fixed point
results

Khojasteh, Shukla and Radenovic[41] presented the notion of Z-contraction with re-
spect to I' , that is a non-linear contraction involving a new class of mapping namely
simulation function. The Z-contraction generalized the Banach contraction and unify
several known type of contractions involving the combination of d(T'z, Ty) and d(z, y)
and satisfies some particular conditions in complete metric space. They studied the

existence and uniqueness of fixed point for Z-contraction type operators.

This thesis is divided into four chapters divided as follows:
Chapter 1: This chapter includes contains the definition and examples and topology all
of metric space and generalized spaces, In addition to the fixed point theorem for ev-
ery space.
Chapter 2: We will present the fixed point theorem for almost JS-contractions of Hardy-
Rogers type in dislocated b-metric spaces and their proof, in addition to practical ex-
amples of theorem, and corollary of fixed point on partially ordered dislocated b-metric
spaces.
Chapter 3: we present fixed point theorem in dislocated quasi b-metric space for gen-
eralized (o, 3, €,7, ¢,I') contraction mapping, in addition to practical examples of the-
orem, and some corollarys.
Chapter 4: This chapter will be devoted to some applications concerning the study of

some problems such as:
1. The existence of solutions for a Volterra integral equations.

2. The existence of solutions of boundary value problems of fractional differential

equations.



CHAPTER

METRIC SPACES AND THEIR
GENERALIZATIONS

The concept of metric space has been expanded, improved, and generalized in several
different ways.
This chapter is reserved to present some definitions, concepts and properties to metric

spaces with their recent generalizations, where we give some.

1.1 Maetric Space

A metric space is a set in which we can talk of the distance between any two of its ele-
ments. The definition below imposes certain natural conditions on the distance between

the points.

Definition 1.1.1 [45] A metric on the set X is a function d : X x X — [0, co) such that

the following conditions are satisfied for all z, y, z € X:
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(M1) Positive property: d(x,y) = 0 if and only if x =y,
(M2) Symmetry property: d(z, y) = d(y, x)and,
(M3) Triangle inequality: d(x, y) < d(z, z) + d(z, y).

The pair (X, d) is called a metric space.

Example 1.1.1 The set X = R with d(x, y) = |x — y|, the absolute value of the difference
x — vy, for each x,y € Properties (M1) and (M2) are obvious, and

d(z, y) = |z —yl =[x =2) + (z —y)| < & = 2[ + |z —y| = d(z, 2) +d(z,y).
Example 1.1.2 Let X be endowed with the metric d : X — R defined by:

[z =y
d =

for each x,y € X is a distance because:

(1)

d(z, y) =0 = [z —y| =0

= =Y

and for
r=y = d(z, y)=0.

(2) for the condition of symmetric we have:

ly — 2
d = -

[(=1)(z —y)|

1+ |(=1)(z —y)|
_ |-yl

1+ [z -y

= d(z, y).
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() Wedefine I : [0, oo[— [0, oo by F(z) = ; then:
d(z, y) = F(|x — y|) and as F is increasing then:

d(z, y) = F(lz —y|) < Flz — 2| + |z = y)
_ |z — 2| 12—yl
= -
Ttfe—zl+]z—yl  1+]z—z[+]z -y
|z — 2| 12—yl

T l4lr—2z 1+4+1]z—1y|
= d(z,2) +d(z,y).

1.1.1 Topology Of Metric Spaces

Definition 1.1.2 [45] Let (X, d) be a metric space. Let {x,,} be a sequence in X. We say that
the sequence {x,} converges to x € X if lim,,_,o d(x,, x) = 0. In this case, we say that x is
the limit of {x,,}.

In other words, the sequence (x,,),, converges to x € X if and only if:
Ve > 0,3dng e N,Vn € N:n > ng = d(x,, ) < e

Definition 1.1.3 [45] Let (X, d) be a metric space. {x,}>, a sequence of X. The sequence
{zn}52, is Cauchy if and only if :

(Ve >0), (AN e N),(Yn,m € N),[n,m > N = d(x,,x,) < €]
Proposition 1.1.1 Any convergent sequence is Cauchy sequence.

Proof 1 let v, — x, then Ve > 0,3ng € N,Vn € N:n > ng = d(z,, ) < §,
For n, m > ng, we have:
d(xp,x) < § and d(x,,, ) < §, 50

A7) < A, ) + d(, 1) < 5+ 5 =

Definition 1.1.4 [45] The metric space (X, d) is said to be complete if any sequence de Cauchy

in X is convergent.

Definition 1.1.5 [45] A subset E of a metric space (X, d) is complete if for any Cauchy sequence

{x,} in E there exists x € E such that lim,,_,, d(x,, x) = 0.

6
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Definition 1.1.6 [45] Let (X, d) be a metric space. A non-empty subset A of X is said to be

closed if for any sequence {x,,} of A, we have

lim d(z,,z) =0,z € X = z € A

n—oQ

Proposition 1.1.2 Let (X, d) be a metric space, and let E be a subset of X.
(1) If E is complete then E is closed.

(17) If X is complete and E closed, then E is complete.

Definition 1.1.7 [45] Let (X,,d;) and (Xs, d2) be two metric spaces and T : X1 — Xy is

an application, we say that T is continue in a € X if and only if,
Ve > 0,3a > 0,Ve € Xi,di(z,a) < a = do(T(x),T(a)) <e.

Remark 1.1.1 The mapping T is continuous on X, if and only if it is continues at any point

a Ole.

Definition 1.1.8 [45] Let (X1, dy) and (Xs, d2) be two metric spaces. A mapping
T : Xy — X, is said to be continuous at point x € X if and only if for every sequence
{z,} C X, which is convergent to x in X, we have the sequence {T'x,} is convergent to T'x

inXQ.

1.2 b-Metric Spaces

It is wellknown that in some functional spaces, the natural norm cannot satisfy the
triangle inequality for example, on LP(R") when p €]0,1[. In view of this observa-
tion, Bakhtin [11] proposed a generalization of metric spaces called b-metric spaces
in a way that allows the extension of fixed point theory to cover these spaces of functions.
As a result, Czerwik [25] used the notion of b-metric to generalize Banach’s principle

of contraction.

Definition 1.2.1 [11] For a nonempty set X and a given real number with s > 1. A function

by : X x X — [0,00) is a b-metric on X if for all x,y,z € X, the following conditions hold:

* by(z, y)=0ifandonly ifz =y,
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° bd($, y) = bd(y> x)>
o by(z, 2) < s[ba(z, y)+ baly, 2)].

A triplet (X, by, s) is called a b-metric space.

Remark 1.2.1 Also, every metric space is a b-metric space but the converse is not necessarily

true.

Example 1.2.1 Let X = [0;1] and by : X x X — R* such that by(x, y) = |z — y|* for all

z, y € X. Clearly, (X, by, 2)is a b-metric space, but it is not metric.

Example 1.2.2 [11] Space IP(R) = {{xn} cR: Z |z, P < oo} (where p €0, 1]), such as
n=1

the function by : IP(R) x [P(R) — R is given by:

[un

P

ba({zn}, {yn}) = (Z |Tn — yn‘p> )

forall {z,}, {yn} € [P(R) is a b-metric space.

Indeed, by an elementary calculation we get:
bu(z, 2) < 27[ba(, ) +baly. 2)].

Therefore, s = 2v > 1 in this case.

But (IP(R), b,) is not metric.

Definition 1.2.2 [?7] Let (X, by, s) be a b-metric space. The following concepts are natural

deductions from the corresponding metric versions:

1. A sequence {x,} in X converges to a point x € X if

lim by(z,, z)=0.

n—o0

2. A sequence {x,} in X is Cauchy if for all € > 0, there exists N € N such that

Vn, m > N bg(x,, ) < €.

3. We say that (X, by, s)is acomplete b-metric space if every Cauchy sequence is convergent

in X.
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Proposition 1.2.1 [19] In a b-metric space (X, by), the following assertions hold:
1. A convergent sequence has a unique limit.

2. Every convergent sequence is a Cauchy sequence.

Proof 2 1. By contradiction.
We hope to prove “For all convergent sequences the limit is unique. The negation of this
is “There exists at least one convergent sequence which does not have a unique limit”.
This is what we assume. On the basis of this assumption let {z,,} denote a sequence with
more than one limit, two of which are labelled as z, and zo with 2y # 2.
Choose € = %bd(zl, 29) which is greater than zero since zy # zo. Since zy is a limit of

{z,,} we can apply the definition of limit with our choice of € to find N, € N such that
by(r,,z) <e€ Vn > Nj.

Similarly, as z, is a limit of {x,,} we can apply the definition of limit with our choice of €

to find N, € N such that
by(z,,2) <€ Vn > Ns.

There is no reason to assume that in the two uses of the definition of limit we should
find the same N € N for the different z; and z,. Choose any mgy > max(N1, N2), then

ba(xm,, 21) < €and by(z,,,, 22) < €. Using the b-triangle inequality, we have

ba(z1, 22) < s[ba(z1, Tmgy) + ba(Tmg, 22)]
< sle+ €

= 2s¢

2s
= gbd(zl, 22)

2
= =by(z1, 22).
3 d( 1 2)
So we find that by(zy, z2), which is not zero, satisfies by(z1, z2) < %bd(zl, 29), which is a
contradiction.
Hence our assumption must be false, that is, there does not exists a sequence with more

than one limit. Hence for all convergent sequences the limit is unique.
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2. Suppose {x,} is a convergent sequence with limit z. For e > 0 there is N € N such that
bi(xn, 2) < 3.

We introduce x,,, by by(z,,, x.,) and use the b-triangle inequality:

ba(xn, xm) < s[bg(zn, 2) + ba(z, 2]

- [e+e
8_ f—
2 2

= S¢€

whenever n, m > N,

Thus the convergent {x,,} is Cauchy.

Definition 1.2.3 [59] Let (X1, by, ) and (Xs, by, ) be two b-metric spaces with coefficient s and
$, respectively. A mapping T : X1 — X, is called continuous if each sequence {x,} in X,
which converges to x € X, with respect to by, , then {T'x,,} converges to Tx € X, with respect

to bd2.

Remark 1.2.2 In the general case, a b-metric is not continuous.

1.3 Partial Metric Spaces

Partial metric spaces were introduced by Matthews in [45] as a part of the study of de-
notational semantics of dataflow networks. These spaces are a generalization of usual

metric spaces where the self distance for any point need not be equal to zero.

Definition 1.3.1 [51] Let X be a nonempty set. A mappingp: X x X — [0, +00) is said to
be a p-metric if the following conditions hold for all x, y, z € X :

1) z =y ifand only if p(z,z) = p(y, x) = p(y,y);
(2) p(z,z) < plx,y);
G) p(z,y) = p(y, z);

@) p(x,z) <p(e,y) +ply, 2) = p(y, y)-
Then, the pair (X, p) is called a partial metric space.

10
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Observe that from (1) and (2) it follows that if p(z,y) = 0 then 2 = y. Butif x = y,
p(x, y) may not be 0.

Example 1.3.1 Let X = R" and p on X defined by p(x, y) = max{z, y} forall z, y € X.

Then (X, p) is a partial metric space.

Example 1.3.2 Let X = R and p on X defined by p(z, y) = exp™>{= ¥} forall v, y € X.
Then (X, p) is a partial metric space.

Each dualistic partial metric p on X generates a topology 7, on X which has as a base

the family of open p-balls B,(z,¢) : {x € X,e > 0}, where

By(x,€) ={y € X : p(a,y) < p(x,x) + €},
forallz € X ande >0
Definition 1.3.2 [/] Let (X, p) be a partial metric space.

1. a sequence {x,} in a partial metric space (X, p) converges to a point x € X if and only

if p(x, x) =lim, oo p(z, x,).

2. A sequence {x,} in a partial metric space (X, p) is called a Cauchy sequence if

My, 100 D(Tn, Tm). exists and is finite.

3. (X, p)is called complete if every Cauchy sequence {x,, }nen in X converges, with respect

to 7, to a point x € X such that p(x, x) = lim, e P(Tn, Tm)-
If p is a partial metric on X, then the functions p°,p* : X x X — R™; given by
p*(; y) = 2p(x, y) — p(z, ©) = ply, y),
and
p*(z, y) = max{p(z, y) — p(z, ), p(z, y) —p(y, y)}
= ple, y) —min{p(z, =),p(y, y)},
are ordinary metrics on X. It is easy to see that p® and p" are equivalent metrics on X.

Lemma 1.3.1 [/] Let (X, p) be a partial metric space.

11
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1. {x,} is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in the met-
ric space (X, p®).

2. (X, p) is complete if and only if (X, p®) is complete.

Lemma 1.3.2 [/] Let (X, p) be a partial metric space. A sequence {x, }nen in X is a Cauchy
sequence in (X, p) if and only if it satisfies the following condition:

for each € > 0 there is ny € N such that

p(xm xm) _p(xm xn) <€ )

whenever ng < n < m.

Definition 1.3.3 Let (X, p) be a partial metric space, A sequence {x, }nen in a partial met-

ric space (X, p) is called 0- Cauchy if

lim p(x,, x,)=0.
n,M—00

and (X, p) is called 0-complete if every 0-Cauchy sequence in X converges, with respect to 7,

to a point z € X such that p(z, z) = 0.

Remark 1.3.1 It is clear that every complete partial metric space is 0-complete, but as it was

shown in [57] the converse is not true.

1.4 Dislocated Metric Spaces

In 2012, Amini Harrandi [8] introduced a generalization to the partial metric spaces,
which is called metric- like spaces (dislocated metric spaces). The motivation of defin-

ing this new notion is to get better results the fixed point theory in such spaces.

Definition 1.4.1 [5] Let X be a nonempty set, a function: o : X x X — R is said to be

a dislocated metric on X if the following conditions satisfied:
* o(x,y) = 0 implies that v = y.
* o(z,y) =o(y,z).
* o(z,z) <o(x,y)+ oy, 2).

12



Chapter 1 Metric spaces and their generalizations

The space (X, o) is said to be a dislocated metric space.
Remark 1.4.1 Every partial metric is a dislocated metric.

Example 1.4.1 Let X = R and define o forall x, y € X by:

_ e =yl + [z + ]yl
2 Y

o(z, y)

Then (X, o) is a dislocated metric space.

if X = (0,00), so clearly that o(x,y) = max{x,y} and also o is a partial metric.

Example 1.4.2 [8] Let X = {0, 1}, definec : X x X — R, as follows:

2, ifx =y =0,
oz, y) = ,
1, otherwise.

Then (X, o) is a dislocated metric space, but since o(0,0) > (0, 1) then (X, o) is not partial

metric space.

Each dislocated metric o on X generates a topology 7, on X which has as a base the
family of open o-balls {B,(z,c);x € X,e > 0}, where B,(z,¢) = {y € X, |o(z,y) —

o(xz,x)] <e}, forallz € X and e > 0.
Definition 1.4.2 [14] Let (X, o) be a dislocated metric space.

1. A sequence {x,} in dislocated metric space (X, o) is said to be convergent to a point
x € X, if and only if

lim o(x, z,) =o(z, x).
n—oo

2. A sequence {x,} in X is said to be a o-Cauchy sequence if im o(z,, x.,) exists and
n—o0

is finite.

3. (X, o) is said to be o-complete if every o- Cauchy sequence {x, } in X is convergent to a

point x € X such that lim o(x,x,) = o(z,z).

n—o0

Definition 1.4.3 [14] Let (X, o) and (Y, \) be a dislocated metric spaces, and let T : X —'Y
be a continuous mapping at point x € X if and only if for every sequence {x,} C X which is

convergent to x in X, we have the sequence {Tx,} is convergent to Tx in'Y .

lim z,=2= lim T(z,) =T (z).

n—oo n—oo

13
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1.5 Dislocated b-Metric Spaces

[6] introduced a new generalization of dislocated metric space and partial metric space
which is called a dislocated b-metric space. Then, given some fixed point results in
such spaces. fixed point theorems, generalize and improve some well-known results

in the literature.

Definition 1.5.1 [5] Let s > 1 be a constant and X be a nonempty set. A function oy, :
X x X — Ry is referred to as dislocated b-metric if the subsequent requirements are true

forevery x, y, z € X:

* op(x, y) = 0implies x = y;
* oy(z, y) = oy, z);
e oy(x, 2) < sloy(z, y) + ou(y, ,2)]
With parameter s > 1, the pair (X, oy, s) is referred to as a dislocated b-metric space.

In the dislocated b-metric space (X, oy,s), 2 = yifz, y € X and o(x, y) = 0; on the

other hand, the opposite may not hold as o,(x, z) may be positive for some = € X.

Example 1.5.1 [5] Let p > 1 be a constant and X = R,. Create a function o, : X x X —
R by defining it as either oy (x, y) = (mazx{x, y})? or op(x, y) = (x+ y)P. then a dislocated

b- metric space with parameter 20~ is (X, 0y, 5).

Definition 1.5.2 [6] Given a dislocated b-metric space (X, 0y, s), {x,}, a sequence in X, and

r € X, let s > 1. We say:
1. A sequence {x,} in X is said to be o,-convergent sequence if

lim oy(x,, ) = op(x, );
n—oo

2. A sequence {x,} in X issaid to be a o,-Cauchy sequenceif lim o,(x,, x.,)exists and

n,m—00
is finite;
3. (X, ov,s) is said to be o,-complete if every o,-Cauchy sequence {x,} in X, there exists

x € X such that

op(x, ) = nlggo op(Tp, ) = nh~>I£lo 0b(Tny Ti).

14
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Definition 1.5.3 [0] Given a dislocated b-metric space (X, 0, s) and a mapping T : X — X,
let s > 1. If for each sequence {,} in X such o,(&,, xi) — 0,(&,€) as n — oo, we have

oo(T&n, TE) = op(Tw, Tx) as n — oo. Then T is oy-continuous.

Remark 1.5.1 If lim oy(z,, ) = 0 and the limit of {x,} exist in a dislocated b-metric
n—oo

space, then the limit is unique.
Let (X, o3, s)be a dislocated b-metric space. Define o} : X? — [0, 00) by

0—2(57 C) = |20—b<x7 y) - Ub(f,E, .1') - Ub(y7 y)’ (11)

Clearly, o;(x, ) =0 for all z € X.

1.6 Quasi Metric Spaces

[63], Wilson initiated the concept of quasi- metric space (also known as a symmetric metric
space) as an extension of the metric space. This is defined as a metric space (X, ¢), but
q is not required to be symmetric. The intuitive example of a quasi-metric space is a
circle, where the distance ¢ between two points A and B on the circle is defined as
the length of the shortest arc measured in the clockwise direction. Clearly, ¢(A, B) #
¢(B,A) unless A and B are diametrically opposite on the circle. Recent developments

in applied mathematics have seen a wide range of applications for quasi- metric spaces.
Definition 1.6.1 [03] Let X be a non-empty and let g : X x X — [0, 00) be a function which
satisfies:

1. q(z, y) =0 ifand only if v = y;

2. q(z, y) <qlz, 2) +4(z, y).
Then q is called a quasi- metric and the pair (X, q) is called a quasi -metric space.

Remark 1.6.1 Any metric space is a quasi- metric space, but the converse is not true in gen-

eral.

Definition 1.6.2 [35] Let (X, q) be a quasi-metric space, {z,} be a sequence in X, and x €

X. The sequence {x,} converges to x if and only if

lim ¢ (z,, )= lim ¢ (z, z,) =0.
n—oo n—oo
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Example 1.6.1 Let X be a subset of R containing [0, 1] and define, for all x, y € X,

r—y if x>y,
q(z, y) =
1 otherwise.

Then (X, q) is a quasi- metric space. Notice that {q(1/n,0)} — 0 but {q(0,1/n)} — 1.
Therefore, {1/n} right-converges to 0 but it does not converge from the left.
We also point out that this quasi-metric verifies the following property: if a sequence

{z,} has a right-limit z, then it is unique.

Definition 1.6.3 [35] Let (X, q) be a quasi-metric space and {x,,} be a sequence in X. We say
that {x,} is left-Cauchy if and only if for every ¢ > 0 there exists a positive integer N = N (¢)

such that q (x,, xy,) < eforalln >m > N.

Definition 1.6.4 [35] Let (X, q) be a quasi-metric space and {x,,} be a sequence in X. We
say that {x,} is right-Cauchy if and only if for every € > 0 there exists a positive integer N =

N (e) such that q (x,, %) <€ forallm >n > N.

Definition 1.6.5 [35] Let (X, q) be a quasi-metric space and {x,,} be a sequence in X. We
say that {x, } is Cauchy if and only if for every € > 0 there exists a positive integer N = N (¢)

such that q (v, x.,) < € forall m,n > N.

Remark 1.6.2 A sequence {x,} in a quasi -metric space is Cauchy if and only if it is left-
Cauchy and right-Cauchy.

Definition 1.6.6 [35] Let (X, q) be a quasi-metric space. We say that:
1. (X, q) is left- complete if and only if each left-Cauchy sequence in X is convergent.
2. (X, q) is right-complete if and only if each right- Cauchy sequence in X is convergent.
3. (X, q) is complete if and only if each Cauchy sequence in X is convergent.

Definition 1.6.7 [35] Let (X, q) be a quasi-metric space. Themap T : X — X is continuous

if for each sequence {x, } in X converging tox € X, the sequence {1z, } converges to Tz, that is,

lim ¢ (Tx,,Tz) = lim q¢(Tz,Tx,)=0.

n—oo n—oo

16



Chapter 1 Metric spaces and their generalizations

1.7 Quasi-Partial Spaces

In 2006, Kunzi et al. [46] provided the concept of quasi-partial metric spaces and
showed that the partial metric space due to Matthews [45] can be connected to com-
plexity analysis. In 2016, Mohammadia and Valero [50] presented results more gener-
alized than the fixed point results due to Kunzi et al. They proved some results related
to the fixed point for continuous and monotone self-mappings in 0-complete quasi-

partial metric spaces.
Definition 1.7.1 [39] A quasi-partial metric is a function q : X x X — R™ satisfying
1. q(z,x) < q(y,x) (small self-distances),
2. q(z, z) < q(x, y) (small self-distances),
3. x=yiffq(z, x) = q(z, y) and q(y, y) = q(y, x) (implies equality and vice versa),
4. q(2,2) + q(y,9) < q(z,y) + aly, 2) (triangularity),

forall z,y, z € X. The pair (X, ¢) is called a quasi-partial metric space.
Karapinar et al have taken:

(3)if 0 < q(z, =) = q(x, y) = q(y, y), then x = y (equality), in place of (3).

If g satisties all these conditions except possibly (1), then ¢ is called a lopsided partial quasi-
metric. Itis interesting to see here that for ¢(z,y) = q(y,z), (X, q) becomes a par-
tial metric space. Also for a quasi-partial metric ¢ on X, the functiond, : X x X — R*

defined by
do(z, v) = q(z, y) + q(y, =) —q(z, ) —qly, v),

is a (usual) metric on X.

Example 1.7.1 [39] The pair (R", q) with
L q(z, y) = |z —y[ + |z[;
2. q(z, y) = max{y — x,0} + x;

is a quasi-partial metric space.
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Definition 1.7.2 [39] Let (X, q) be a quasi-partial metric space.

1. A sequence {z,} C X in a quasi-partial metric space converges to a point x € X iff

¢(z,2) = lim g(z,z,) = lim ¢(z,, ).

2. A sequence {x,} C X is called a Cauchy sequence if and only if lim q(z,, ©,,) and
n,m—00

limy, 100 ¢(Tm, ) exist (and are finite);

3. The quasi-partial metric space (X, q) is said to be complete if every Cauchy sequence

{zn} C X converges, with respect to 1,, to a point x € X such that

q(x,x): lim Q(-Tm, xn): lim Q(xna -rm)
n,M—00 n,m—00

4. Amapping f : X — X issaid to be continuous at v, € X if, for every e > 0,
there exists 6 > 0 such that f(B(zo,9)) C B(f(zo),¢€).

Lemma 1.7.1 [38] Let (X, q) be a quasi-partial metric space. Then following hold
1. If q(z, y) =0, then x = y;

2. Ifx #y, then q(x, y) > 0and q(y,x) > 0.

1.8 Dislocated Quasi Metric Spaces

Zeyada et al. [64] initiated the concept of dislocated quasi-metric space and gener-
alized the result of Hitzler and Seda in dislocated quasi-metric spaces. Recently, the
study in such spaces followed by Isufati and Aage and Salunke [1]. In [33], the author
proved some fixed point results in dislocated quasi-metric spaces involving continu-

ous contraction mappings exist in the literature of usual complete metric space.

Definition 1.8.1 [64] Let X be a nonempty set and let d, : X x X — [0,00) be a function

satisfying following conditions:
1. dy(z, y) =d(y, x) =0, implies x =y,
2. dy(z,y) < d(z,z) +d(z,y), forall z,y,z € X.

Then d, is called a dislocated quasi-metric on X. If d, satisfies d,(z, y) = d,(y, x), then it

is called dislocated metric.

18
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Definition 1.8.2 [64] A sequence {x,,} in d,-metric space (dislocated quasi-metric space) (X, d,)
is called Cauchy sequence if for given € > 0,3ng € N, such that Vm,n > ng,implies  dy (2, ) <

e or dy(zp, ) <e ie min{d,(zm,x,),d; (Tn,zm} <ce.
Definition 1.8.3 [64] A sequence {x, } dislocated quasi-converges to x if

lim d, (z,, ) = lim d,(z,x,) =0.
n—oo n—oo

In this case x is called a d,-limit of {x,,} and we write x,, — .
Lemma 1.8.1 [64] d,-d,limits in a d,-metric space are unique.

Definition 1.8.4 [64] A d,-metric space (X, d,) is called complete if every Cauchy sequence

in it is a d,-convergent.

Definition 1.8.5 [64] Let (X,d,1) and (Y, d,2) be d,-metric spaces and let T : X — Y
be a function. Then T is continuous to xo € X, if for each sequence {x,} which is d,1-q

convergent to x,, the sequence {1 (x,,)} is d,2-q convergent to T (zo) in Y.

1.9 Dislocated Quasi b-Metric Spaces

In 2013, Shukla [60] generalized the notion of b-metric spaces and introduced the con-
cept of partial b-metric spaces. Recently, Rahman and Sarwar [55] further general-
ized the concept of b-metric space and initiated the notion of dislocated quasi-b-metric

space

Definition 1.9.1 [?5] Let X be a nonempty set, and s > 1 a constant. A function:
o, XxX — Ry isadislocated quasi b-metricif forall x, y, z € X, the following conditions

are satisfied:
* o,(x, y) =0implies x =y,
o 0q < slog(x,y) + o4(y, 2)].
A triplet (X, 0,) is called a dislocated quasi b-metric space.

The pair (X, 04, s) is a dislocated quasi b-metric space with parameter s > 1.
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In a dislocated quasi b-metric space (X, 0, s), if z,y € X and o,(x,y). Then z = y,

however, the converse need not be true, since o,(z, ) may be positive for some = € X.

Example 1.9.1 Let X = R, and p > 1 be a constant. Define a function o4 : X x X —
R, by oy(z,y) = (x — y)? + 2|yl or o,(,y) = (max{le], [y}) + [al. Then (X,0,,5) is a

dislocated quasi b-metric space with parameter s = 2.

Example 1.9.2 For X = R, the function o, : X x X — R, defined by o,(z,y) = (v —y)>+

(2z + y)? is dislocated quasi b-metric with parameter s = 2.

Example 1.9.3 [50] For X = R, the function o, : X x X — Ry defined by o,(x,y) =
(22 — y)? + (2x + y)? is dislocated quasi b-metric with parameter s = 2.

Definition 1.9.2 [25] Let (X, 04, s) be a dislocated quasi b-metric space with parameter s >

1, {x,} a sequence in X and x € X. We say:

1. A sequence {z,} in X is said to be convergent sequence if

lim oy(z,, z) = lim o,(x, x,) = 0,(z, z).
n—oo n—oo

2. A sequence {x,} in X is said to be a Cauchy sequenceif lim oy (x,, x,,)and lm o,(Ty,,2,)
n,m—00

n,Mm—00

exist and finite.

3. (X,04,s) is said to be complete if every o,-Cauchy sequence {x,} in X, there exists

x € X such that

oy(x,x) = nh_}rr;() 0g(Xn, x) = nh_>nolo og(x,x,) = n71711r—r>100 0o(Tp, Tm) = ml?ilr_rgoo (T, Tn,).

4. A sequence {x,} in (X,b) is called a 0-Cauchy sequence if

s 70 () = 080 (o ) =0

5. A dislocated quasi-b-metric space (X, b) is called to be 0-complete if for every 0-Cauchy

sequence {x,} in X, there exists some x € X such that

nl_l}I}_loo oy (zn, x) = n1—1>1:11—100 o, (x, ) = 0y(x, ) =0= n’nlzl—I)r—li-oo g (T, )

= n,wllli)r—lf—oo 0y (T, x,) .
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Remark 1.9.1 It is obvious that every 0-Cauchy sequence is a Cauchy sequence in the dislocated
quasi b-metric space (X, o,), and every complete dislocated quasi- b-metric space is a 0 -complete

dislocated quasi- b -metric space, but the converse assertions of these facts may not be true.

Definition 1.9.3 [56] Let (X, 0, s) be a dislocated quasi b-metric space with parameter s > 1
and T : X — X be a mapping. We say that T is continuous if for each sequence {x,} in X
with

lim oy(x,, ) =04(z, z) = Um o4(z,, Tm),
n—00 n,Mm—00

we have

lim o,(Tx,, Tz) =0,(Tx, Tz) = lim o,(Tv,, Try).

n—oo n,m—oo
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CHAPTER

2

SOME FIXED POINT THEOREMS IN
VARIOUS METRICAL STRUCTURE

The famous Banach contraction principle is one of the powerful tools in fixed point
theory, which is an important tool in the study of nonlinear analysis, as it serves as the
main link between pure and applied mathematics. The Banach contraction principle has
been extended and generalized in various directions by different researchers. Fixed
point is a useful tool in mathematics which can be used to prove the existence of so-
lution of a differential equation, integral equation and eigen value equation. Present

section is providing the de definition of fixed point.

2.1 Banach Principle

In 1922, Banach[12] proved a fixed point theorem for metric spaces, which later on
came to be known as the famous "Banach contraction principle". Since then generaliza-

tions of the contraction principle in different directions as well as many new fixed point
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results with applications.

Definition 2.1.1 A fixed point of a mapping T : X — X of a set X into itself is an xy € X
which is mapped onto itself (is kept fixed by T'),
that is,

T$0 = 2y,

the image T'(x) coincides with x.

Example 2.1.1 Consider T : R — R be a mapping which is defined as
T(p) = 2* — 3z + 3;

then x = 1; 3 are the fixed point of the given mapping.

Definition 2.1.2 (Contraction)
Let (X, d) be a metric space. A mapping T : X — X is called a contraction on X if there

exists a positive constant k < 1 such that
d(Tz, Ty) < kd(z, y)

forallz, y € X,

Theorem 2.1.1 ( Banach’s Fixed Point Theorem ) [44]
Consider a metric space (X, d). Suppose that X is complete and let T' : X — X be a contrac-
tion on X. Then T has a unique fixed point x € X.

Proof 3 Choose x¢ € X and define {x,,} inductively by iterating process
Tpi1 = Tx,. (2.1)
From (2.1), starting with x, we have
x1 = Tx
xo = Tx; = T?x0
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a3 = Tas = T?x; = T3xq

T, =T "xg.

Since, T' is a contraction, it follows that

d<xna anrl) = d<Txnfla Txn) < kd(xnfh xn)

= kd(T2n_, Ton_1)

S kzd(xn—% xn—l)

S k3 d(xn—?n xn—Q)

S knd(:pOu xl)

= d(l’n, $n+1> < k’nd<xo,l’1>.

Now suppose that m > n and then by triangular inequality, we have

ATy, Tm) < d(Tp, Tps1) + oo + dA(Tpm_1, Tm)
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S k?nd<l’0, $1> + kn+1d($0, .171) + ...+ ]fm_ld(l’o, 1’1)

< (l{in + kn+1 + ..)d(l’g,.ﬁl)

= d(xg, 7).

Since, k < 1= = — 0asn — oc.
It follows that the sequence {x,} is Cauchy. But X is also complete. Then, an x € X exists
there such that x,, — x.

Then we claim the point x is a fixed point of the mapping T

Since
lim z, =z,
n—oo
and
lim z,41 = =,
n—oo
Now,

Tx=T(lim z,) = lim Tz,

n—o0 n—oo

= lim =z, ==
n—oo

Hence, x is a fixed point of T.

Example 2.1.2 Consider the complete metric space (R, d) where d is the Euclidean distance
metric, i.e.
d(z,y) = |z —yl.
The function T : R — R where
x
T(x)=—+b
(0) =2+

T is a contraction if a > 1.

In this specific case we can find a fixed point, it is given us 2.
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2.2 Czerwik Fixed Point Theorem

Definition 2.2.1 Let (X, d) be a b-metric space and T : X — X be a self mapping on X. We

say that T' is an v-contractive mapping if satisfies

d(Tz, Ty) < ¢(d(zx,y)),

forall z,y € X,

where ¢ : Ry — R is a increasing function such that

lim ¢"(t) =0,

n—oo

forallt > 0.

Theorem 2.2.1 [?5] Let (X, d) be a complete b-metric space with constant s > 1, and suppose
that T : X — X be a 1)-contractive mapping.
Then, T' has a unique fixed point * and

lim T"(z) ==.
n—oo

Example 2.2.1 Let X = [0, +00) and d(z,y) = |z — y|?, forall z,y € X.
It is easy to see that d is a b-metric with parameter s = 2. Also, it is easy to see that d is not a
metric.

Define a mapping T : X — X as follows

1
T:L’:§33+1, Vo e X,

and let ¢ : R, — R, where
V() = gt
Clearly, we have
A(Te, Ty) < sd(e,y) = (d(z,v)),

forall z,y € X,

Then, T has a unique fixed point x = 2.
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2.3 Matthews Fixed Point Theorem

Definition 2.3.1 Let (X, p) be a partial metric space and T : X — X be a self mapping on
X. We say that T is a contraction mapping if there exists k € [0, 1) such that

p(Tw, Ty) < max{kp(z, y),p(z, =),p(y, ¥)},

forall z,y € X.

Theorem 2.3.1 [48] Let (X, p) be a complete partial metric space and T : X — X be

a contraction mapping. Then T' has a unique fixed point.
Example 2.3.1 Let X = [0,2] and definep : X x X — Rby

p(z,y) = max{z, y}, forall z,ye X.

Then (X, p) is a complete partial metric space.
Define T : X — X by
sz%, forall e X.

Now

p(Tz, Ty) < max{kp(z, y),p(z, x),p(y, ¥)}, Va,y € X,

where + < k < 1.

By theorem (2.3.1) the mapping T has a unique fixed point x = 0.

24 Amini Herandi Fixed Point Theorem
Let ¥ be the set of all functions ¢ : R, — R, such that:

1. v is non decreasing.

2. Y(t) <tforallt>0.

3. lim (t — ¢(t)) = oo.

n—oo
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Example 2.4.1
1. ¢ =kt k € [0,00).
2. Y(t) =t —Int, forall t > 0.

Definition 2.4.1 Let (X, o) bea dislocated metric space, and let T : X — X be a self mapping
on X. We say that T is a o-contraction mapping if satisfy

o(Tx, Ty) < Y(M(x,y)),

forall z,y € X,
where 1 € V and

M(z,y) = max{o(z,y),0(x,Tx),0(y, Ty), oz, Ty),o(y, Tx)}.

Theorem 2.4.1 [5] Let (X, o) be a complete dislocated metric space, and T : X — X be a

o-contraction mapping. Then T has a fixed point.
Example 2.4.2 Let X = {0, 1,2} and define o as follows
o(0, 0) =0, o(1, 1) =3, (2, 2) =1,

00, 1)=0(1,0)=7, 0(0, 2) =0(2, 0)=3, o(l, 2) =0(2, 1) =4.

Define T : X — X as

We have

o(T0, T0) =0(1, 1) =0=0(0, 0)

o(T1, T1) =0(2, 2)=1<o0(1, 1)

o(T2, T2) = (0, 0) =0 =0(2, 2)
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3

o(T0, T1) =0(T1, T0) =0(0, 2) =3 < ZO‘(O, 1)
3

o(T1, T2) =0(T2, T1) =0(0, 2) =3 < 10(1, 2)
3

o(T0, T2) = o(T0, T1) = 0(0, 2) =3 < J0(0, 1).

Then forall z, y € X, x # y we have

w

O'(Till', Ty) =3< Za(xa y)a

and for all x € X we have
o(Tx, Tx) =o(x, x).

Then for all z, y € X we have

3 3

Hence T has a fixed point which is 0.

2.5 Fixed Points For Quasi Contraction Type Mappings

2.5.1 Contractive Conditions And Fixed Point Results

It is well known that a self-map 7" on a metric space (X, d) is said to be a Banach con-

traction mapping, if there exists a number k € [0, 1) such that
d(Tz, Ty) < kd(, y),

forall z, y € X.
A mappingT': X — X iscalled a quasi contraction if for some constant o € [0, 1) and

forevery z, y € X
d(Tz, Ty) < a max{d(z, y),d(z, Tz),d(y, Ty),d(z, Ty),d(y, Tx)}.
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This concept was introduced and studied by Ciric in 1974 [24]. A result of Ciric shows

that every quasi contraction in a complete metric space 7" has a unique fixed point.

Theorem 2.5.1 [31] Let (X, =<, 0,) be a complete partially ordered dislocated b-metric space.
IfT : X — X is a nondecreasing and continuous self-map on X such that, for all elements
x, y € X withx <y,

op(Tx, Ty) < aM(x,y), (2.2)

where a € [0, 35, and

M(ZL’, y) = max{ab(x, y)? O-b('xa T.CL’), O-b(yu Ty)7 O-b('ru Ty)7 Ub(Z/; T.I‘)}
Then T has a fixed point.
Example 2.5.1 [31] Let X = [0, 1] be endowed with the usual order. Define o, : X x X —
R* by
on(z, y) =2’ +y’ + |z —y*

forall x, y € X. Then (X, oy) is a complete dislocated b-metric space with coefficient s = 2
Let T : X x X be defined by Tvx = In(1 + 7). It is easy to see that T' is a nondecreasing
and continuous self-map on X, and 0 € Fix(T). Using the Mean Value Theorem for any
z, y € X withx < yand that Tx < x/4, we have

op(Tx, Ty) = T?x + T?y + [Tz — Ty|*

— (n(1+ %))2 + (L Q))Q (1 + 7)1+ 4P
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1 1
= — < —M .

Thus (2.2) is satisfied with « = 1/16 € [0,1/8).
Thus all conditions of Theorem (2.5.1) are satisfied. Moreover, 0 is the unique fixed point of T

2.6 Banach Contraction Principle On Quasi Metric Space

Remark 2.6.1 Every quasi-metric induces a metric, that is, if (X, o) is a quasi-metric space,

then the function d : X x X — [0, 00) defined by

d(z, y) = max{o(z, y), 0y, =) },

forall z,y € X,

is a metric on X; see Jleli-Samet [43].

Theorem 2.6.1 [57] A self map T : X — X of a quasi-metric space (X, o) has a fixed point
z € X ifand only if = is a fixed point of the self map T of the induced metric space (X, d).

Proof 4 If = =Tz in (X, o), then
d(z, Tz) =max{o(z, Tz),0(Tz, z)} =0,
and hence d(z, Tz) = 0. The converse is true for d = o.

Definition 2.6.1 [43] Let (X, 0) be a quasi-metric space and T' : X — X be a mapping. We
say that T is a contraction if,

o(Tz,Ty) < ao(z,y)

forallz,y € X, with0 < o < 1.

Theorem 2.6.2 Let (X, o) be a complete quasi-metric space and let T : X — X bea

contraction. Then T has a unique fixed point v € X.

Example 2.6.1 Let X = [0, 1] endowed with the quasi-metric

o(z,y) =
x ifx <uy.
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It is clear that (X, o) is a complete quasi-metric space. Consider the mapping T' : X — X
defined by

Tx = forall z e X,

N8

1. ifx > ythen o(z,y) = x —y and Tx > Ty where

1 3
o(Tz, Ty) = 5(95 —y) < ZU(%?J),

2. ifx <ythen o(x,y) = x and Tx < Ty where

o(Tz,Ty) = s <

o(z,y).

N | —
B~ w

So, forall x € X
o(Tz,Ty) < za(x,y)

therefore T' has a unique fixed point is x = 0.

2.7 The Fixed Point On Partial Quasi-Metric

Definition 2.7.1 [46] Let X be a set equipped with some partial quasi-metric
q: X xX —[0,00). Wesay that amap T : X — X is a contraction if there is a positive

real constant k < 1 such that
q(Tx, Ty) < kq(z, y),

whenever x,y € X.

Theorem 2.7.1 [46]Let T : (X, q) — (X, q) bea contraction defined ona complete partial quasi-
metric space (X, q). Then T has a unique fixed point.

Example 2.7.1 Let X = [0, 1]. Define g : X x X — [0,00) by

q(z,y) = |z —y|+|z| Vz,ye X

Clear that (X, q) is a complete partial quasi-metric space. Consider the mappingT : X — X
defined by
szg forall z e X,
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then
1 1
o(Tw, Ty) = 51z — ol +I2]) < Sale, ).

Then T has a unique fixed point is x = 0.

2.8 Banach Contraction Principle On Dislocated Quasi
Metric Space

Definition 2.8.1 [64] Let ( X, d, ) be a dislocated quasi metric space. Amap T : X — X is
called d,-contraction if there exists 0 < \ < 1 such that

dq(TZI}, Ty) S /\dQ(x7 y)7
forallz, y € X.

Theorem 2.8.1 [04] Let (X, d,) be a complete dislocated quasi metric space and let T : X —
X be a d,-contraction mapping. Then T has unique fixed point.

Example 2.8.1 Let X =Rand d, : X x X — [0, 00) defined by

dq(ZL’,y) = ’I| V%?JEX-

Then (X, q) is complete dislocated quasi-metric space.

Consider the mapping T : X — X defined by

xr —

Tx = forall x e X,

then
1 1 1
dy(Tz, Ty) = §|x -1 < §|x| = §dq(a:, ).

Then T' has a unique fixed point is v = —1.

2.9 Fixed Point On Dislocated Quasi- b-Metric Space

Definition 2.9.1 Let (X, 0,) be a dislocated quasi-b-metric space with the coefficient s > 1,
and let T : X — X be a mapping, T is called o ,-contraction if satisfy

O-Q(Tx7 Ty) S QO(CTq(ZL’, y)),

33



Chapter 2 Some Fixed Point Theorems In Various Metrical Structure

forallz, y € X,
where ¢ : [0, +00) — [0, 4+00) satisfy:

1. ¢ is a continuous mapping,
2. ¢(t) =0ifand only if t = 0,
3. ¢(t) <tforallt > 0.

4. > ™" (t) converges for all t > 0, where ™ is the nth iterate of .

Theorem 2.9.1 [65] Let (X, 0,) be a O-complete dislocated quasi-b-metric space with the coefficient
s> 1,andletT : X — X be a o,-contraction mapping. Then T has a unique fixed point.

Moreover, for any x, € X, the iterative sequence {1 (x¢)} converges to the fixed point.

Example 2.9.1 Let X = [—1,1]]. Defineo, : X x X — Ry by
0q(%,y) = |z — y[* + 3lz| + 2lyl,

forall x,y € X. Then (X, 0,) is a complete dislocated quasi b-metric space with the coefficient
s =2.
Define the mapping T' : X — X defined by

T;z::g forall z e X,
and ¢ : [0, 4+00) — [0, +00) where
1
o(t) = ét vt € [0, 4+00),

then

1 3 2
o (T, Ty) = %Vf —yl*+ 6|~’C’ + 6|y\,

< = (Jlz =yl + 3]z + 2ly]) ,

|

1

= éo'q(x, y) = @(Uq(xay»'

Then T has a unique fixed point is x = 0.
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CHAPTER

3

ALMOST JS-CONTRACTIONS AND
FIXED POINT RESULTS IN
DISLOCATED 0-METRIC SPACES

In this chapter, we combine the notion of a-admissible mappings with the concepts of
v-contraction and Berinde type contraction to develop a novel class of contractions and
related fixed point results in complete dislocated b-metric spaces. Additionally, we
demonstrate the presence of fixed points in partially ordered metric spaces using our
primary findings. In order to illustrate the importance of the findings, we provide an

example.
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3.1 Almost Contractions

Definition 3.1.1 [16]Consider a metric space (X, d). If v € [0,1) and L > 0 exist such that
d(Tx, Ty) < yd(x, y)+ Ld(y, Tx),
forall z,y € X, then T : X — X is considered almost ((5-L) weak).

Remark 3.1.1 [16] due to the symmetry of the distance, the weak contraction previous condition

implicitly includes the following dual inequality
d(Tz, Ty) < od(z, y) + Ld(x, Ty),
forallz,y € X:

Theorem 3.1.1 [10] Let (X, d) be a complete metric space and T : X — X be a weak con-
traction such that there exists 6 € [0, 1[and L > 0 such that, forall x,y € X,

d(Tz, Ty) < dd(x, y)+ Ld(y, Tx);
Then T has a unique fixed point in X.

Definition 3.1.2 [10] If there exist v € [0, 1) and L > 0 such that for any z,y € X,

we have
d(Tx, Ty) <vd(z, y) + Lmin(d(z, Tz), d(y, Ty), dz, Ty), dly, Tx),
then a self mapping T on a metric space (X, d) is said to satisfy the condition (B).

Theorem 3.1.2 [10] Let (X, d) be a complete metric space and T : X — X be a satisfy the
condition(B) such that there exists § € [0, 1[and L > 0 such that, forall z, y € X,

d(Tx, Ty) <~d(x, y)+ Lmin(d(z, Tx),dy, Ty), d(z,Ty),dy, Tx),
Then T has a unique fixed point in X.

Definition 3.1.3 [1/] For each x, y € X, a self mapping T on metric space (X, d) is said

to have a Ciric type strong contraction if there exist § > 0 and L > 0 such that
d(Tx, Ty) < M(z,y) + Ld(y, Tx),

forany x,y € X where
1
Mz, y) = max{d(e, y), d(z, Tw)d(y, Ty),5(d(z, Ty) +dly, Tz))}
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Theorem 3.1.3 [17] Let (X, d) be a complete metric space and T : X — X be a strong Ciric
almost contraction, that is, a mapping for which there exist two constants 6 > 0 and L > 0
such that

d(Tz, Ty) < oM(z, y) + Ld(y, Tx),

forany x,y € X where
1
Mz, y) = max{d(e, y),d(z, Tw)d(y, Ty),5(d(z, Ty)+dly, Tz))}

Fix(T)=2z€ X :Tx =x # 0.

3.2 Hardy And Rogers Contraction

Definition 3.2.1 [28] Let (X, d) be a metric space. A mapping T : X — X is said to be
a Hardy and Rogers contraction if there exist nonnegative numbers o, 3, v, 0, n > 0 with

a+ B +v+9d+n <1, and the following inequality holds:
d(Tz, Ty) < ad(z, y) + pd(z, Tz) +yd(y, Ty) + dd(z, Ty) + nd(y, Tx),
foreach z,y € X.

Theorem 3.2.1 [28] Let (X, d) be a complete metric space and T : X — X be a Hardy and
Rogers contraction.

Then, T has a unique fixed point in X.

3.3 Admissible Mappings

3.3.1 a-Admissible Mappings

Denote with ¥ the family of nondecreasing functions 1 : [0, +00) — [0, +00) such that

o (t) < +oo for each t > 0, where 9" is the n-th iterate of 1.

Lemma 3.3.1 [58] For every function 1 : [0, +00) — [0, +00) the following holds:
if ¢ is nondecreasing, then for each t > 0, lim,,_, o, ¢¥"(t) = 0 implies (t) < t.
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Definition 3.3.1 [58] Let (X, d) be a metric space and T : X

— X be a given mapping.

We say that T is an o - i-contractive mapping if there exist two functions o : X x X —

[0, +00) and ¢ € ¥ such that

a(r, y)d(Tz, Ty) < ¢(d(z, y)),

forall z,y € X.

(1)

Remark 3.3.1 If T' : X — X satisfies the Banach contraction principle, then T is an o —

Y-contractive mapping, where o(x,y) = 1 for all z,y € X and (t) = kt forall t > 0

and some k € [0, 1).

Definition 3.3.2 [58] Let T : X — X and o : X x X — [0,+00). We say that T is a-

admissible if

r,ye X, alzr,y) >1 = oTz, Ty) > 1.

Example 3.3.1 Let X = (0,+00). DefineT : X — X and «

Tx =Inz forall x € X and
2 ifx >y,
oz, y) =
0 ifz<uy.

Then, T is c-admissible.

Example 3.3.2 Let X = [0, + o0). DefineT : X — X and o :

Tz =+/x forallz € X and

er v ifx >y,
az, y) =
0 ifx <uy.

Then, T is a-admissible.

: X x X — [0, + o0) by

X xX — [0, +o0)by

Remark 3.3.2 In the setting of Examples (2.1) and (2.2) every nondecreasing self-mapping T

is a-admissible.

Theorem 3.3.1 [58] Let (X, d) be a complete metric space and T : X — X be an o — -

contractive mapping satisfying the following conditions:
1. T is c-admissible;
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2. there exists xo € X such that o (xg, Txg) > 1;
3. T is continuous.

Then, T has a fixed point, that is, there exists x* € X such that Tx* = x*.

Proof 5 Let zy € X such that o (zo, T'zg) > 1.
Define the sequence {x,} in X by

Tpy1 =T,  foralln € N.

If x, = %41 for some n € N, then x* = x,, is a fixed point for T. Assume that x, # T,

for all n € N. Since T is a-admissible, we have
a(zg, 1) = a(xe, Txo) > 1= a(Txy, Tr1) = a(xy, x2) > 1.
By induction, we get
a(Tn, Tny1) > 1,  foralln € N. (2)
Applying the inequality (1) with x = x,,_y and y = x,,, and using (2), we obtain
d(zp, Tpi1) =d(Trpq, Try) < a(x,_1, v,)d(Tx,_1, Tx,) < (d(x,_1, T,)) .

By induction, we get d (x,, xp11) < Y™ (d(xg,21)), foralln € N.
Fix e > 0 and let n(e) € N such that 3 . ¥" (d(zo,71)) < €. Let n,m € N with
m > n > n(e), using the triangular inequality, we obtain

-1
d(2n, Tp) < d (Tg, Tht1)

3

k=n
m—1
S @Dk (d(x()wxl))
k=n
< 1/)” (d(l’g,xl)) <eE&.
n>n(e)

Thus we proved that {x,} is a Cauchy sequence in the metric space (X, d). Since (X, d) is complete,
there exists v* € X such that x,, — x* as n — +oo. From the continuity of T, it follows that
Tp1 = Tx, — Tx* as n — +oo. By the uniqueness of the limit, we get x* = T'x*, that is, x*

is a fixed point of T
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In the next theorem, we omit the continuity hypothesis of 7T'.

Theorem 3.3.2 [58] Let (X, d) be a complete metric spaceand T : X — X be an o — -

contractive mapping satisfying the following conditions:
1. T is a-admissible;
2. there exists xog € X such that o (zo, Txo) > 1;

3. if {x,} is a sequence in X such that o (xy,, xpy1) > 1 forall nand z, — x € X as

n — +oo, then a (x,,, x) > 1 for all n.

Then, T has a fixed point.

Proof 6 Following the proof of Theorem (3.3.1), we know that {x,} is a Cauchy sequence in
the complete metric space (X, d). Then, there exists x* € X such that x, — x* as n — +oo.

On the other hand, from (2) and the hypothesis (iii), we have
a(z,, 2*)>1, foralln € N. (3)

Now, using the triangular inequality, (1) and (3), we get

d(Tx*,z*) < d(Tx*,Tx,) + d(Tps1,2)

IN

a(xp, ) d(Ten, Tx") + d (x4, 27)

U (d(zn, 27)) + d(2p4r, 27

IN

Letting n — +o0, since v is continuous at t = 0, we obtain d (T'x*,x*) = 0, that is, Tx* = x*.

Example 3.3.3 Let X = R endowed with the standard metric d(z, y) = ||l — yl|| for all
z, y € R. Define the mappingT : X — X by
(

2x—% if ©>1,

Tr =z if 0<x <1,
0 if x < 0.

\
At first, we observe that the Banach contraction principle cannot be applied in this case since

we have

d(T1, T2) =2 >1=d(2, 1).
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Now, we define the mapping o = X x X — [0, +00) by

1 if x,y €]0,1],
alz, y) = ,
0 otherwise.

Clearly T is an a — v-contractive mapping with (t) = t/2 for all t > 0. In fact, for all
x,y € X, we have
(e, y)d(Te, Ty) < 2d(z,y).

Moreover, there exists v € X such that o (xg, T'xg) > 1. In fact, for xo = 1, we have
a(1,T1) = a(1,1/2) = 1

Obviously T is continuous and so it remains to show that T is a-admissible. In so doing, let
x,y € X such that a(x,y) > 1. This implies that x,y € [0, 1] and by the definitions of T and

«, we have
Tex=z/2€[0,1], Ty=y/2€](0,1], and o(Tz,Ty)=1.

Then, T is a-admissible. Now, all the hypotheses of Theorem (3.3.1) are satisfied. Conse-
quently, T has a fixed point. Note that Theorem (3.3.1) (also Theorem (3.3.2) guarantees only
the existence of a fixed point but not the uniqueness. In this example, 0 and 3/2 are two

fixed points of T
Now, we give an example involving a function 7' that is not continuous.

Example 3.3.4 Let X = R endowed with the standard metric d(z, y) = |x —y| forall x,y €
R. Define the mapping T : X — X by

(

20 — 3 ifx>1,

~
8
I

ifo<z<1,

=8

0 ifx < 0.

\
It is clear that T is not continuous at 1. Then, the Banach contraction principle and also
Theorem (2.1) are not applicable in this case. Define the mapping oo : X x X — [0, + o0) by
1 lf,l',yE[O,l],

alz, y) = '
0 otherwise.
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Clearly T is an o — vp-contractive mapping with ¢(t) = t/4 for all t > 0. In fact, for all
x, y € X, we have
a(z, y)d(Tz, Ty) < %d(lw Y)-

Moreover, there exists o € X such that o (xo, Txo) > 1, and so, for xy = 1 we have
a(l, T1) = a(1,1/4) = 1.

Now, let x, y € X such that a(x, y) > 1. This implies that x,y € [0, 1] and by the definitions

of T and o, we have
Tex=x/4€[0,1], Ty=y/4e]0,1], and o(Tz, Ty)=1,

that is, T is a-admissible. Finally, let {x,,} be a sequence in X such that « (z,,, x,+1) > 1 for
all nand x, — x € X asn — +oo. Since a (x,, Tny1) > 1 for all n, by the definition of o,
we have x,, € [0, 1] for all n and x € [0,1]. Then, o (x,,x) = 1. Therefore, all the required
hypotheses of Theorem (3.3.2) are satisfied, and so T has a fixed point. Here, 0 and 3/2 are two
fixed points of T.

Now, we will show that Banach contraction principle can be deduced easily from our

theorems.

Theorem 3.3.3 [58] Let (X, d) be a complete metric space and T': X — X be a given map-

ping satisfying
d(Tz,Ty) < kd(xz,y)  forall z,y € X,

where k € [0,1). Then T has a fixed point.
Proof 7 Let o : X x X — [0, +00) be the mapping defined by
a(z, y) =1,
forallz,y € Xand : [0, +o00) — [0, + oo) defined by
() = kt.

Then T is an « —1p-contractive mapping. It is easy to show that all the hypotheses of Theorems
(3.3.1) are satisfied. Consequently, T has a fixed point.

Remark 3.3.3 In Example (3.3.3), as we have said before, so we repeat, the Banach contrac-
tion principle cannot be applied since d(T'1,T2) > d(2,1). However, using our Theorem (3.3.1),

we obtain the existence of a fixed point of T
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3.4 Fixed Point Results In Ordered Metric Spaces

Theorem 3.4.1 [58] Let (X, =) be a partially ordered set and suppose that there exists a met-
ric d in X such that the metric space (X, d) is complete. Let T : X — X be a continuous

and nondecreasing mapping w.r.t. <. Suppose that the following two assertions hold:
1. There exists k € [0, 1) such that d(Tx,Ty) < k(d(z,y)) forall z,y € X withx < y;
2. there exists xy € X such that vy =< Txg;

3. T is continuous.

Then T has a fixed point.

Proof 8 Define the mapping o : X x X — [0, + o) by

a(r,y) = { AL

0 otherwise.

From (1), we have
a(z,y)d(Tz,Ty) < kd(z,y), forallz,y e X.

Then T is an o — 1p-contractive mapping with (t) = kt for all t > 0. Now, let z,y €
X such that o(x,y) > 1. By the definition of «, this implies that x < y. Since T is a
nondecreasing mapping w.r.t. <, we have Tx < Ty, which gives us that o(T'z,Ty) = 1.
Then T is a-admissible. From (2), there exists xo € X such that xy < Txq. This implies that
a (zg, Txg) = 1. Therefore, all the hypotheses of Theorem (3.3.1) are satisfied, and so T has a
fixed point.

Remark 3.4.1 A generalization of Theorem (3.4.1) can be given, replacing condition (1) with
the following: (1°) There exists ¢ € ¥ such that d(Tz,Ty) < ¢¥(d(z, y)) forall x,y € X
with x < y.

Example 3.4.1 Let X = [0, + oo) endowed with the standard metric d(z, y) = |z — y| for
allz, ye€ X,and T : X — X be the mapping defined by

Tx =2z, forallzeX.
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Clearly T is a continuous mapping. We endow X with the usual order <in R. Now, condition(1)
of Theorem (3.4.1) is not satisfied for v = 1 < 3 = y. Then, we cannot apply Theorem (3.4.1)
to prove the existence of a fixed point of T

Define o : X x X — [0, +00) by

14 if  (x,y) # (0,0),
alz, y) = ,
It is clear that
1
alz, y)d(Tz, Ty) < id(:z;, y), forallz,y € X.

Then T is an o — vp-contractive mapping with | (t) = t/2 forall t > 0. Now, let z,y € X
such that o(x,y) > 1. By the definition of T, this implies that + = y = 0. Then we
have o(Tx, Ty) = «(0, 0) = 1, and so T is a-admissible. Also, for xo = 0, we have
a (g, Twg) = 1. Consequently, all the hypotheses of Theorem 3.3.1 are satisfied, then we
deduce the existence of a fixed point of T'. Here 0 is a fixed point of T

Theorem 3.4.2 [55] Let (X, =) be a partially ordered set and suppose that there exists a met-
ric din X such that the metric space (X, d) is complete. Let T : X — X be a nondecreas-

ing mapping w.r.t. <. Suppose that the following assertions hold:
1. There exists k € [0,1) such that d(Tx, Ty) < kd(x,y) forall z,y € X withx < y;
2. there exists xq € X such that xqg < Txo;

3. if {x,} is a nondecreasing sequence in X such that x,, — x € X asn — +oo, then

x, = for all n.

Then T has a fixed point.
Proof 9 Define the mapping o : X x X — [0, +00) by

1 if v =y,
a(z, y) =
0  otherwise.
The reader can show easily that T is o« — -contractive and a-admissible. Now, let {x,,} be

a sequence in X such that o (z,, p41) > 1 forall nand x, — x € X as n — +oo. By

the definition of o, we have x,, < x4, for all n. From (3), this implies that x, =< x for all
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n, which gives us that o (z,,, x) = 1 for all n. Thus all the hypotheses of Theorem (3.3.2) are
satisfied, and T has a fixed point.

Remark 3.4.2 Aguain, a generalization of Theorem (3.4.2) can be also given, replacing condi-
tion (1) with the following: (1’) There exists ¢ € U such that d(Tx, Ty) < ¥(d(x, y)) for all
x, y € X withx <.

Remark 3.4.3 In the previous Example (3.4.1), also Theorem (3.4.2) cannot be applied since

condition (1) is not satisfied.

3.5 JS-Contractions Mappings

In 2014, Jleli and Samet [34] introduced a new type of single-valued contraction called -
contraction and established new fixed point theorems for such a contraction in the con-

text of generalized metric spaces.

Definition 3.5.1 [34] Assume that A the set of all functions ¥ : (0, 4+00) — (1, +00) satisf-
ing:
(1) : 9 is non decreasing,

(¥s) = for each sequence {e,} in (0,+00), lim ¢, = 1 if and only if lim ¢, =0,
n—0o00 n—oo

(U3) : there exist p € (0, 1) and g € [0, oo) such that lim v -1 _ 0

t—0+ te

Example 3.5.1 The functions listed below are components of A.

1) ¥4 (t) = €.

2) Vy(t) = €',
3) O5(t) = eV'.
4) 4(t) = eVie',

Definition 3.5.2 [34] Let (X, d) bea metric space. AmapT : X — X is called 6-contraction, if
there exists k € 10, 1[ such that forall x,y € X,

d(Tw, Ty) # 0 = 6(d(Tz, Ty)) < [B(d(x, y)))", (3.1)
foreach z, y € X with d(Tz, Ty) > 0.
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Theorem 3.5.1 [34] Let (X, d) be a complete metric space and T' : X — X is §-contraction,
Then T has a fixed point in X.

Definition 3.5.3 [34] Let (X, d) be a metric space. amap T : X — X is called 6-contraction
if there exists 0 € © and k € (0, 1) such that

0(d(T, Ty)) < [(d(z, y))]". (3.2)
forallz,y € X,d(Tx, Ty) > 0.

Theorem 3.5.2 [34] Let (X, d) be a complete metric space,and T : X — X isa §-contraction.
Then T has a single fixed point in X.

Remark 3.5.1 The theorem 3.5.2 is a modified version of Banach’s principle of contraction.

Indeed, if T : X — X is a contractive Banach map with a contractive constant p € (0, 1), i.e.,
d(Tz, Ty) < Md(z, y),Vz, y € X.

We have 0(t) = e¥' € A,t > 0, passing to the above inequality, we find

eV Tz, Ty) <eV pd(z, y) _ [e d(z, y)] VP — [ex/d(:r, y)}]f YV, y € X,
where k = /p. We follow from theorem 3.5.2 that T" has a fixed point in X.

3.6 Existence Of Fixed Point For Almost JS-Contractions In
Dislocated b-Metric Space

Definition 3.6.1 If there exist 1 € ¥, € A, then a self mapping T on a dislocated b-metric
space (X, oy, s) is called an almost («, 1, V)-contraction of Hardy-Rogers type, where ¢ > 1
and k € [0,1), L >0, a : X x X — [0, 4+00) and non-negative real numbers a;,i € {1,..,5}
with ay + as + as + 2sa4 + 2sa; = 1, a3 # 1, such that o,(Tx, Ty) > 0 implies

a(z, Y)Y((son(Tz, Ty))) < ¢(W(M(z, y))) + LN(z, y), (3.3)
forall z,y € X, with a(x, y) > 1 where
M(z, y) = ar00(z, y) + agop(x, Tx) + asou(y, Ty) + asop(z, Ty) + asop(y, Tx),
and N(z, y) = min{oj(z, Ty)),oi(y, Tx)}.
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Theorem 3.6.1 For a complete dislocated b-metric space (X, 0y, s) and an almost (o, 1, 1)-

contraction of Hardy-Rogers type, if the following assertions satisfied:
(1) there exists xo € X such that a(xy, Txo) > 1;
(13) T is a-admissible;
(i13) X is a-reqular, that is, for every sequence {x,} in X such that x,, — x and
a(xy, Tpy1) > 1, then oz, x) > 1.
Then, T has fixed point in X.

Proof 10 From (i) there is xo such a(xg, 1) > 1, where x1 = Txo. If v = 1 then xy is

a fixed point, suppose the contrary so o (T xo, Tx1) = op(x1, Tx1) > 0, then (4.1) gives
Y(I(s o (Txo, Ta1))) < ([9(M(xo, 21))]") + L(N (o, 71)).

M (zo, x1) = arop(x0, x1)4as0u(xo, Txo)+asop(z1, Tr1)+ason(zo, Tr1)+asop(z1, Txo),

with o = Txy, we get
M (zg, 1) < (a1 + as + sag)op(xg, 1) + (ag + saq)op(1, x2) + asop(z1, 1)

< (a1 + ag + sayq)op(xg, 1) + (ag + saq + 2sa5)op(x1, 2),

and

N(zg, 1) = min{o} (o, x2), 05 (1, 21)} = 0.

Then we have
Y(I(s"op((w1, m2) 21, 72))) < W ([I(M (w0, 21))]") < (I (M (20, 21))),
since ¢ and ) are non decreasing functions, we get
s*oy(x1,2) < M (2o, 21) < (a1 + ag + sa4)04(T0, 1) + (as + sag + 2sa5)0p (21, 22),

which implies that

(a1 + (05} + SCL4)

. O'b(:L’O, 1’1) < (a1 + a9 + S(I4)
s —ag — sas — 2sas

T 1—as—say — 25@501’(%’ 1) = ov(x0, 71).

op(x1,22) <

Hence

V(op(21, 22) = I(op(Tao, Txr)) < [I(op(20, 71))]",
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which implies that

Yo, 22)) = L(o(Tao, Ton)) < ol [don(ao, 21))]).

Since T is a-admissible we have o(xy, xa) > 1, where vo = Tuxy. If x1 # x9 we get

op(Tx1, Txg) > 0, then by using (4.1) we get
V(I(s*op(Tar, Tw))) < (WM (21, 22))]") + L(N (21, 22)),

as in the first step with x3 = T x4, we obtain

K2

I(0y(ws, x3) = Doy(Tar, Tas) < [19<ab(x1,x2))]“ < [ﬂ(ab(xo,xl))}

Which implies that

(02, 25)) = Y(I(o(Tar, Taa)) < 0 [9(en(z0, 1)) ).
Maintaining this approach, we create a sequence (x,,) defined as x,, .1 = T x,, for all n in N. If
there exists ng € N such that x,, = Tp,+1, Tn, 1S a fixed point. If x,, # x,41 for all nin N

verifies a(x,, Tpy1) > 1and op(xy, xpe1) > 0, s0 we have

1< 0000, 2s1)) = GO0 (Tanr, Ton)) < v [Don(zo, 2))] ).

Letting n — oo, we get

lim 4(0(0 (2, 7041))) = 1.

n—oo
which implies that

lim oy(x,, 1) =0.
n—oo

We establish that {x,} is a Cauchy sequence by showing that, given (Vs3), there exist p € (0, 1)
and o € [0, oo] such that

oo D0 7))~ 1

oo (04 (n, Tni1))?

If o < o0, let 2e = g, the definition of limit implied the existence of no € N such that for all

n > ng, we have
19(0'1,(137“ xn+1) - 1)
(O-b(xny $n+1>p>

e=p—¢e< =0,

hence

19 nsy4n —1
O'b(xnyxn—f—l)p S (O-b(x ’ +1)) )
£
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which implies

n

ns"(Y(op(xo, 1)) — 1)‘
5

(3.4)

00T, Tus))’ <

If 0 = o0, if A is any positive real number, then according to the definition of the limit there exists

n1 € N such that for all n > ny we have

Hop(xp, Tpa)) — 1
(00 (2n, Tny1))”

> A,

which implies that

ns™ (9(oy (g, 21))"" — 1)'

1S (03, 1)) < A

(3.5)

Letting n — oo in (3.4)(resp in (3.5) ), we obtain

lim ns"(oy(zn, Tni1))” = 0.
n—oo

According to the definition of the limit, for any n > ns, there exists ny > max{ng,ni} such

that
n 1
§ Ub($n,$n+1) < 1
ne

Then the series Z s"op (X, Tni1) IS convergent, so its rest tends to 0, which implies that

n=1

for all n > m > ngy, we have

m—1 0o
(T, T) < Z 8i+1_nab($i,xi+1) < Zs”l_nab(xi,xiﬂ) — 0.
i=n i=n

This yields {x,} is a Cauchy sequence.

Since (X, ay,) is complete, so {x,,} converges to some x € X and we have

lim oy(zp, ) = lim oy(z,, 2) = op(z,z) = 0.
n,Mm—00 n—00
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By (iit), we have oz, x) > 1, then using (4.1) we get
1< B0 (i1, To)) < GO 0p(@nsr, T2))) < 6([0(M (@0, 2)] ) < $(0(1(20,2)).

Letting n — oo we obtain

lim ¢(J(0p(2n41, Tw))) =1,

n—o00
S0

lim 19(0'5(.%'71+1,TZE)) = 1,

n—00
applying (V) we obtain
lim o4(zpi1, Tx)) = op(z, Tx) =0.

n—o0

Then x = T .
So, T has a unique fixed point z* € X

If a(x, y) =1, for all z, y € X we get the following corollary.

Corollary 3.6.1 Let (X, o0y,s) be a dislocated b-metric space and let T : X — X be a
self mapping such that for all z, y € X, we have

I(s‘os(Tx, Ty)) < [0(M(z, y)]" + LN (2,y),
wheree > 1,9 € Aand k € (0,1). Then T has a fixed point in X.

Corollary 3.6.2 Let (X, 0y, <) be a partially ordered dislocated b-metric space and let T :

X — X be an increasing self mapping such that for all x, y € X with x < y, we have
Ws‘oy(Ta, Ty) < [9(M(z, 9)]" + L minfoi(e, Ty), ojly, Ta)},

wheree > 1,9 € Aand k € (0,1).

If the following assertions hold:
1. there exists xy € X such that vy =< T'xy.
2. For every nondecreasing sequence {z,} in X with x, — x, we have x,, < x.
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Then T has a fixed point in X.

Proof 11 Define a function ov: X x X — Ry by

Lif x =y,

0, otherwise.

afz, y) =

Now, we check the conditions of Theorem (4.3.1 ), in fact, the existence of vy € X with zy <
T xy implies that a(xg, Txg) = 1, also the monotony of T implies that it is admissible.

Consequently, all the conditions of Theorem (4.3.1) are satisfied, then T has a fixed point.

Example 3.6.1 Let X = R, ¢ > 1and oy(z, y) = (x + y)?, then (X, 0y, ) is a complete
dislocated b-metric space with s = 2. Define T : X — X and o : X x X — [0, +00) by

2

and

a(r,y) =1,  V(z,y) € X.

Taking 1 (t) = V() =€, ay = %, ay = é, azs=as=a5=0,L=0and k = %.
Let z,y in X such that a(x,y) > 1, so we have: Tx, Ty € X which implies that

a(Tz, Ty)=1>1.

Then T is a-admissible.

For x,y € X we have

2
Jeralram) G2 o) < o) < i)

IA
]

(eM(L?J))

Then all hypotheses of Theorem 4.3.1 hold, so T admits a fixed point, which is 0.
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Example 3.6.2 Let X = [Z4,5], ¢ > Land oy(z, y) = (x +y)?, then (X, oy, s) is a complete
dislocated b-metric space with s = 2. Define T : X — Xando: X x X — [0,400) by

-1
Tx= :L‘€ Ve e X,
2(§+1)

and

a(r,y) =1,  V(z,y) € X.

Taking ¥(t) =t, 9(t) = €', a1 = %, as = %, as=ays=as=0,L=0andk = %
Let z,y in X such that a(x,y) > 1, so we have: Tx, Ty € X which implies that

a(Tz, Ty)=1>1.

Then T is c-admissible.
For x,y € X we have

y—1 2

2o (Te7y) _ e*(ﬁ%n*@)? <¢

€

2
Gt atm) < oien)

Nl

< 6(%(14‘1/)2)

< (GM(x,y)) %

Then all hypotheses of Theorem (4.3.1) hold, so T has a fixed point, which is 2(21—11)_1
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CHAPTER

4

FIXED POINT RESULTS IN
DISLOCATED QUASI B-METRIC
SPACES

In this chapter, using a class of functions in dislocated quasi b-metric spaces, we show
a fixed point theorem for a self mapping satisfying a generalized contractive condition

which the utilization of a class of simulation functions.

4.1 Some Basic Definitions And Concepts

4.1.1 Simulation Functions

Khojasteh et al. [41] defined a new class of simulation functions as follows.
Definition 4.1.1 let I' : R x Ry — R be a function which satisfies the following assertions:
(T'y) : T(0,0) =0,
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() : D(s,t) <t —s,

(I's) = For two sequences (s,,), (t,) C Ry such that lim s, = lim ¢, > 0, then

n—oo n—oo

lim sup I'(sy, ty) < 0.
n—oo
We denote the set of all simulation functions by A.

Example 4.1.1 [58] The following functions I'; : Ry x Ry — R satisfying (I'1) — (I's), for all

s,t € [0,00):

1. T'i(s,t) = ¥4(t) — U4(s), where ¥y; 9, are two continuous functions from R, into itself

such that ¥, (s) = ¥,(s) = 0 ifand only if s = 0 and ¥,(s) < s < Uy(s), forall s > 0.

2. Ty(s,t) = n(t) — s, where n is an upper semi continuous function from R into itself

such that n(s) < s and n(0) = 0.
3. T's(s,t) = At — s, where0 < X\ < land t,s € R,.

4. Ty(s,t) =t — %(Ss’?s, wy,ws : Ry x Ry — Ry are two continuous functions such that

wi(s,t) > wa(s,t), forall s,t > 0.

5. Ts(s,t) = t — [ w(o)do, where w : Ry — Ry is a continuous function such that

Jo w(o)do > p for each ju > 0.

Definition 4.1.2 [41] Let (X, d) be a metric space, T is a self-mapping and T' € A. Then T is
called a A-contraction by respect to T if the following condition holds:

[(d(Tz, Ty), d(z,y)) =0,
where x, y € X, with x # y.

Remark 4.1.1 [41] If we take I'(s,t) = Xt — s for all s,t € R, with A € [0,1) in above

definition, then the A-contraction become to the Banach contraction.

Remark 4.1.2 It is clear from the definition simulation function that I'(s,t) < 0 for all s >
t > 0. Therefore, if T is a A-contraction with respect to T' € A then

d(Txz, Ty) < d(xz, y)  forall distinct r,y € X.

This shows that every A mapping is contractive, therefore it is continuous.
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Theorem 4.1.1 [41] Let (X, d) be a complete metric spaceand T : X — X bea A-contraction
with respect to I'. Then T has a unique fixed point v in X and for every xy € X the Pi-

card sequence {z,}; where x, 1 = Tz, for all n € N converges to the fixed point of T

Following example shows that the above theorem is a proper generalization of Ba-

nach contraction principle.

Example 4.1.2 Let X = [0, 1jand d : X x X — R be defined by d(x, y) = |v — y|. Then
(X, d) is a complete metric space. Define a mapping T : X — X asTx = 5 forall x € X.
T is a continuous function but it is not a Banach contraction. But it is a A-contraction with

respect to 1" € ﬁ, where

[(s,t) = L sforallt,s € [0,00).

t+1
Indeed, if x,y € X, then
d(x,

z—yl | @y
I+jz—yl |z+1 y+1

B | N O el /N PP
1+ ]z —y| |[(z+1)(y+1)

Note that, all the conditions of Theorem (4.1.1) are satisfied and T has a unique fixed point
u=0¢€X.

Corollary 4.1.1 (Banach Contraction principle)[41]
Let (X, d) be a complete metric space and T' : X — X be a mapping satisfying the following
condition:

d(Txz,Ty) < Xd(z,y) forall z,y € X,

where \ € [0,1). Then T has a unique fixed point in X.
Proof 12 Define 'y : [0, 00) x [0,00) — R by
I'p(s,t) =AMt —sforall s,t € [0,00).

Note that, the mapping T is a A-contraction with respect to T'z € A. Therefore the result
follows by taking I' = I'p in Theorem (4.1.1).
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4.1.2 Admissible Mappings

Definition 4.1.3 [58] Let o : X x X — [0, 00) be a function and let T be a self-mapping on
X.If
a(§,¢) =2 1=a(TETC) =1,

forall §,¢ € X then T is a a-admissible mapping.
Example 4.1.3 Let X =R. DefineT : X — Xanda: X x X — R, by

In|x|, ifx#=0,
[l e
3, ifx=0,

and

afz, y) { s yezy

0, ifx <uy.

Then, T is a-admissible.

Example 4.1.4 Let X = [0, + o0). DefineT : X — Xeta: X x X — [0, + o0) by

Te=+x  forall z€X,

and

6x7y7 fo 2 Y,
alz, y) =

0, ife <uy.
Then, T is a-admissible.
41.21 (a,f)-Admissible Mappings

Definition 4.1.4 [23] Let X be a nonempty set, T : X — Xand o, : X x X — [0, 00).
T is said to be an («, B)-admissible if a(x, y) > 1 and f(x, y) > 1implies o(Tz, Ty) > 1
and (Tz, Ty) > 1, forall z, y € X.

Example 4.1.5 Let X = [0, 00) endowed with the usual metric d(z, y) = |z — y|. Define

1’“2,1' x € |0,1],
Tx{ £ 201

9z,if x € (1,00),
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Lif xe€l0,1],
Oé(iL‘, y) = .
0,if x € (1,00),
and
8o, 4) = 1,1:f x € [0,1],
0,if =€ (1,00).

For x € [0, 1] we have a(z,y) > 1 and B(z, y) > 1.
If v € [0, 1) we have Tx < 1,50 a(z,y) > 1and f(z,y) > 1.

Lemma 4.1.1 [18] Let {x,,} be a sequence in a metric space (X,d). If {x,} is not a Cauchy
sequence, then there exist an ¢ > 0 and two subsequences {xnu} and {xpu} of {xn} such
that k < m(k:) < n(k), d(:z:m(k), :L’n(k)) > eand d(:cm(k),a:n(k)_l)) <e¢ Vk €N,

Furthermore, limy, o (X (k), Tnk)) = €, provided limy_,oc d(2p, Tny1) = 0.

Theorem 4.1.2 [01] Let (X, o) be a complete dislocated metric space and a continuous map-
ping T : X — X bea (a, B)-admissible A-contraction with respect to T’ simulation function
satisfying as

['(a(Tz, Ty)8(Tx, Ty)o(Tz, Ty),o(x,y)) >0, (1)
and there exist vo € X such that a (zo, Txg) > 1,8 (xo, Txg) > 1. Then T has a unique

fixed point u € X.

Proof 13 Let {x,} be a sequence in X such that .,y = Tz, foralln = 0,1,2,.... If
Ty = Tp4q then fx, = .11 = x, i.e. x, is a fixed point of T. So proof is trivial. Now, we
consider x,, # x,41 for alln € N. Since o (xg, Txg) > 1 = a(xg,z1) > land f is an
(o, B)-admissible, so
a(Txg, Txy) > 1implies o (1, x2) > 1.

Continuing, we have for all n > 0

«Q (xna 'TTL+1) > 1 )
Similarly for all n > 0, we obtain

6 (Ina xn—l—l) > L. (3)
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From (1), we have

0< F(a (Txp_1,Tx,) B (Txpn1,Try) o (Txn1,Txy),0 (Th_1, xn))

= F(Oz (xna xn—i—l) B (:Bna fpn-i-l) o (:En, xn—&-l) O (xn—h xn) >
<0 (xn—h xn) -« (l‘na :L‘n-l—l) 6 (xnv xn—&—l) o (x’m xn—l—l)

«Q (SL’n, anrl) ﬁ (xna anrl) o (xny anrl) <o (xnfb xn) . (4)

We know
o (xm xn—l—l) S a (xna xn—i-l) B ($n, xn—O—l) o (xm xn—i—l) ) (5)

since o (xp, Tpy1) > Land B (z,, Tpi1) > 1 From (4) and (5) for all n > 0, we have

o ($n7 wn«H) S (07 (xrw anrl) B (iUn, anrl) o (znv mn«H) <o (xnfla xn) ) (6)

then

0 (T, Tny1) < 0 (Tp_1,Ty) - (7)
The sequence {o (%, Xn11)} is non increasing i.e. decreasing. So, there exist r > 0 such that

lim o (z,_1,2,) =T
n—oo

We prove that
lim o (z,_1,%,) = 0. (8)

n—o0

Now, we assume on the contrary such that r > 0. By (6), we have

nll—>nc>10 {a (xTU xn+1) 5 (x'm xn—i-l) 9 (flfn, In—l—l)} =T

Sincer > 0 and letting s, = a (Ty, Tni1) B (Tn, Tni1) 0 (T, Tpi1) and t,, = o (2, Tpy1) Such

that lim,,_,~ s, = lim,,_,oo t,, = 7. then by (I's)

lim sup " (s,,,t,) < 0.

n—oo

Since I' (s, t,) >0, s0
0 < lim sup I (s,,t,) <O0.

n—o0
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Which is contradiction. So our assumption is false. Hence r = 0. Again we show that {x,} is

a cauchy sequence in (X, o) i.e.

lim o (z,,z,)=0. )

n,M—00
Suppose on the contrary i.e. {x,} is not a cauchy sequence. Then there exist ¢ > 0 for which
we can assume subsequences T,y and T, of x, with n(k) > m(k) > k such that for every

keN

o (xn(k),ivm(k)) > g, (10)

and n(k) is the smallest number such that (10) holds. From (10), we get
0 (Tn)—1, Tmw)) < . (11)
Then by triangular inequality and (10), we have

e<o (xn(k), $m(k)) <o (In(k)a $n(k)—1) +o (xn(k)—h SCm(k))

<o (ZL’n(k), xn(k),l) +e.

Taking n — oo in above equation and applying (8), we get
e<lim o (xn(k),xm(k)) < €.

n—oo

Hence

lim o (a:n(k),xm(k)) = £. (12)

n—o0

From the triangular inequality, we have

o (ifn(k)+1>$m(k)) <o (xn(k)Jrlaxn(k)) +o (ﬂfn(k),ﬂfm(k))

taking limit n — oo and using (8), (10) and (12) we have

nhg)loff (T 415 Timr)) = €. (13)
Similarly, it is easy to show that
JL@}OU (Zo(e) 415 Tm(k)+1) = €. (14)
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Since T is an (o, B)-admissible A-contraction with respect to I' and using (I's) we have

0 S lim supF(a (Tl’n(k), Tl‘m(k)) ﬂ (Txn(k), T:L’m(k)) o (Txn(k), T:L’m(k)) , 0 (l‘n(k), l’m(k)> ) < 0.

n—oo

Hence

0 < lim SUPF<04 (Za()+1> Tm)+1) B (Tne)+15 Tm+1) & (Ta)+1: Tmy+1) > 0 (T, Tmer)) > < 0.

n—oo

Which is contradict due to our assumption. So {x,} is a cauchy sequence. Since (X, o) be a

complete metric-like space, then there exist x € X and using (9) such that

Jim o (zn,2) = o(z,2) = lm o (zn,2m)=0. (15)

We show that x is fixed point of T. Since T is continuous and x, — x as n — oo. So, from

(15)

lim o (zy41, T2) = lim o (Tx,, Tx) =oc(Tz, Tx) = 0. (16)
n—oo n—o0
Using (16), we have
lim o (xy41,T2) = oz, Tx). (17)
n—oo
From (16) and (17)
o(x,Tx) =o(Tx,Tz) =0. (18)

Hence T'x = x, that is x is a fixed point of T. Now, we shall show that x is unique. We argue

by contrary. Assume that there exist y € X such that Ty = y and x # y. Now,

0< F(a(T:c, Ty)5(Tx, Ty)o(Tx,Ty),o(z, y))
< o(x,y) — a(Tz, Ty)3(Tx, Ty)o(Tx, Ty)
= o(z,y) — a(z,y)B(z,y)o(z,y)

= o(x,y) [1 o Oz(a:,y)ﬁ(:z:,y)] < 0.

Since a(x, y) > 1, B(x, y) > 1. Which is contradiction. So x =y, hence T' has a unique fixed point.
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Corollary 4.1.2 Let (X, o) be a complete metric-like space and let T be a self-mapping on X
satisfying the following conditions:

1. T'is (v, B)-admissible A-contraction;

2. there exists xq € X such that a(xo, Txo) > 1 and B(xo, T'xo) > 1;

3. a(Tx, Ty)B(Tx, Ty)o(Tx, Ty) < Xo(z,y), forall z,y € X and X € [0, 1);
4. T is continuous.

Then T' has a unique fixed point u € X with o(u,u) = 0.

Example 4.1.6 let X = [0, 00) endowed with the metric like o(x,y) = x + y. Consider the
mapping T : X — X given by

{ if we 0,1,

3z, otherwise.

1, if v €]|0,1],

0, otherwise.

Note that T is an («, p)-admissible if a(x, y) > 1and f(z, y) > 1 = a(Tz, Ty) > 1
and B(Tx, Ty) > 1, forall x, y € X. By definition of ., 5 and x, y € [0, 1], we have
a(Tz, Ty) = (Tx, Ty) = 1 From above, it is clear that T is an («, 3)-admissible mapping.
Let I'(t,s) = As —t, A € [0, 1], forall s,t > 0. Also, for x,y € X such that a(z,y) > 1 and
B(z,y) > 1. So, z,y € [0, 1]. In this case we have

F(a(Tx,Ty)ﬁ(Ta:,Ty)a(Tx,Ty), a(:z:,y)) =Nz +y)— (g + %)

If we take X = 3, we get

ie
r <a(Tx, Ty)5(Tx, Ty)o(Tx,Ty), o(z, y)) > 0.

Thus, all the conditions of corollary are verified. Here x = 0 is the unique fixed point of T'.
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Let ¥ be the set of all continuous functions ¢ : [0, +00) — [0, 4+00) satisfying the fol-

lowing conditions:
o (1) :9(0) = 0;
* (¢2):9(t) <t, forallt > 0;
* (¢3) : ¢ is non decreasing.
Example 4.1.7 Let ¢); : [0, +00) — [0, +00), for j = 1,2 be continuous functions:
1. The function ¢, (t) = at where 0 < a < 1.
2. y(t) = 75 forall t > 0.
Then i, 1y € W.
Let ® denote the set of functions ¢ : R, — R, satisfying the following conditions:
® ¢ is continuous.
e Satisfying ¢(0) = 0.
Example 4.1.8 Let ¢ : R, — R be functions such that
* ¢1(t) =atwith) < o < 1.
* Goft) =Vt

S0 ¢1, 9 € .

4.2 Fixed Point Theorems For (¢, p)-Contractions

In 1969, Boyd and Wong [20] proved the following generalization of the Banach contraction

principle.

Theorem 4.2.1 (Boyd—Wong) Let (X, d) be a complete metric space and let T : X — X bea

mapping satisfying the following contractive condition:
d(Tz,Ty) < e(d(x,y))  forall z,ye X,
where ¢ : [0,00) — [0, 00) satisfies the following conditions:
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1. p(t) < tforallt>0;
2. limg 4+ sup (s) < tforallt > 0.

Then T has a unique fixed point.

Theorem 4.2.2 [54] Let (X, d) be a metric space and T' : X — X be a mapping satisfying

a contractive-type condition

W(d(Tz, Ty)) < p(d(z,y)),

forall x,y € X with d(Txz,Ty) > 0,
where the functions 1, ¢ : (0, 00) — R satisfy the following conditions:

1. v is nondecreasing;
2. o(t) < (t) forany t > 0;
3. limy_,+ sup (t) < ¢(et) for any e > 0.

Then T has a unique fixed point.

4.3 Existence Of Fixed Point For Generalized Contractions In

Dislocated Quasi b-Metric Space

Definition 4.3.1 Let (X, oy, s) be a complete dislocated b-metric space and € > 1. And
a,B: X x X = Ry be two functions, and T : X — X be a given self map. We say that T
is called a generalized (o, B, €,1, ¢,I") contraction mapping, if there exist a function ¢ € ¥,
¢ € ®and ' € A such that:

()3, 9)0 (0o (T, Ty)) < Ty, 9), ol 1)), @)

Theorem 4.3.1 Let (X, 0y, s) be a complete dislocated b-metric space and T : X — X gen-
eralized (o, 3, €,v, ¢,I") contraction mapping, with € Vand I € A.
Suppose that the following conditions are satisfied.
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(Hy) : T is («a, 5)-admissible.
(Hs) : There exists xq € X such that a(xg, Txo) > 1 and 5(xg, Txo) > 1.
(Hs) : T is continuous.

Then T has a fixed point.

Proof 14 From hypothesis (Hs) there is xy € X such that « (zo, x1) > 1and § (zo, Txo) >
1, where x1 = Txo. If xv1 = x0 50 g is a fixed point. Assume xo # w1, then by putting

xy = T xq, the equation (4.1) gives

Y(soq(w1, x2)) = V(504 (Two, Tw1)) < awo, x1)B(w0, 1)Y(5°0(Txo, T1))
< F(ﬁb(%(fﬂm xl))ﬂﬂ(aq(fﬂoaxl)))
< P(og(wo, 1)) — dog(z0,71))

< P(aq(zo, 1))
Since 1 is non decreasing, we get

1
oq(21,22) < ;UQ(xoaxl)'

Since T is («, B)-admissible, for a(xg,x1) > 1 and [(xo,x1) > 1 implies that oz, z2) > 1

and [(xq,xe) > 1; then by putting x3 = T x4, the equation (4.1) gives

P(s04(x2, x3)) = V(04 (T 21, Tr2)) < @y, ) B (w1, 22) (504 (T w1, T'x2))
< D(9loy (01, 22), ¥(0y(21,22)))
< Y(0g(w1,72)) — Plog(21, 22))

< P(og(71,22)),
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which implies that

1 1
o4(x2,23) < ;aq(:cl,m) < an(:cg,xl).

Continuing in this manner, we construct a sequence (x,,) with x,+1 = Tz, for all n in N.
If there exists ny € N such that x,,, = xy+1, then x,, is a fixed point. If x,, # x,41 for all n
in N, we have a(zy,, Tpi1) > 1 B(xp, 2py1) > 1Land o (z,, p41) > 0, then from (4.1), we

get
w(segq(xm xn—i—l)) < a(xn—lv xn)ﬁ(xn—la xn)¢<SEUQ<TZEn—17 Txn))

< D (00 (@n-1,20)), Y0y (2-1,2))
< @D(Uq(%w—lvzn)) - ¢(0q(93n—17$n))

< P(0g(Tn-1,7n)).

Since 1 is non decreasing, we get:

1
O-q(xny xn—&-l) < ;O-q(xn—ly xn)7

which implies that

1
Uq<xna xn+1) < an(l’m 371)-

Passing to the limit we get

lim oy(zn, Tnt1) = 0.
n—oo

Using the same argument, we get

1
O—q<xn+1a an) < an(xb 370)7

which gives

nh_)rrgo 0y(Tni1, xn) = 0.
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Now we show (x,,) is a Cauchy sequence, in fact, for each n,m € N with m > n we get

(T, Tm) < 50(Tn, Tnp1) + 5°0¢(Tni1, Tnga) + 5 0g(Tnta, Tngs) + o+ 8™ "0 (Tmo1, Tm)

—ne S S S \m—n—
< 04(wo,21)5 H(1+(;>+(;)2+--~+(;) Y

m—n—1 s 00 1
_ 1 - 1 ]
= 0,(wg,1)s " Z (36) < o,(wg,1)s ™" Z(F)Z
=0 =0
Since € > 1 then the geometrzc series Z converges and so O'q(.rn, l’m)) — 0. Conse-

quently, (x,) is a left 0-Cauchy sequence
By the same argument, we get

n, }%Igoo Uq(xm’ ;L’n) n 07

which implies that {x.,,} is a right 0-Cauchy sequence. Hence (x,,) is a Cauchy sequence.

The completeness of (X, o,) implies the convergence of (x,,) to some point x € X.

So, we have

oi(z,x) = lim oz, xm) = lim oy(z,,z) = lim oy(x, z,) = 0.
7,M—00 n—oo n—oo

Since T' is continuous, we get
Tr= lim Tx, = hm Tyl = T,

n—o0

Then x = Tx.

Remark 4.3.1 Under the hypotheses of Theorem4.3.1 the fixed point is unique provided, one
of the following conditions is satisfied:

1. Forall x,y € X we have a(x,y) > land f(x,y) > 1;

2. foreach z,y € Fix(T), we have a(x, z) > 1 and f(z,y) > 1.

In fact, suppose there exists two fixed point, z and 7, then from additionally condition
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and (4.1), we get

U(s0y(Ta, TE)) < e, D)3, D)0y (Ta, TH) < T(6(0y(,7)), 9oy (0, 7)) )
< b(o,(2,7)) — Blo(x, 7))

< ¢(0q<x7f))a

which implies that
1
o4(x,T) < ;O'q(l',f),
SO
o, (z,7) =0.
Then z = 7.

Corollary 4.3.1 Let (X, 0,,s) be a complete dislocated quasi b-metric space and ¢ > 1. Let
T : X — X be a mapping such that for x,y € X:

U(s°oq(T, Ty)) < 9(og(x,y)) = ¢log(x,y)),
suppose that the following conditions are satisfied.
1. T is ( «, B)-admissible.
2. There exists xo € X such that a(xo, Txo) > 1 and B(xg, Txo) > 1.
3. T is continuous.

Then T has a fixed point.

Corollary 4.3.2 Let (X, 0,,s) be a complete dislocated quasi b-metric space, and € > 1. Let
T : X — X be a mapping such that for x,y € X:

SEUQ<T$7 Ty) S w(U(I('xv y)>7
suppose that the following conditions are satisfied.
1. T is ( o, f)-admissible;
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2. There exists xo € X such that a(xo, Txo) > 1. and f(xg, Txo) > 1;
3. T is continuous.

Then T has a fixed point.

Example 4.3.1 Let X = [0,00) and o,(z, y) = (v —y)* + 2z + y)?, then (X, 0,,5) isa
complete dislocated b-metric space with s = 2. Define T : X — X and

a,f: X x X —[0,+00) by

20+ 1
Tl’ = 236-‘1—1 )

with e > 1 and

1, 2 > 2,
a(r, y) = Bz, y){ T

0, otherwise.

Taking ¢(t) = 3t, ¢(t) = 5zt, and T(r,t) = it —r.

— 1
Let x,y in X such that o(x,y) = B(x,y) > 1,50 2z +y > 2 and

oz, y)B(z, Y)Y (s°0y (T, Ty)) = ¢ (2°0,(Tx, Ty))

266+2

o <(a:—y)2+ (41‘—1—2y+3)2>)

4z 42y + 3

el =0+ ()

since

for2x +y > 2,

68



Chapter 4 Fixed point results in dislocated quasi b-metric spaces

we have

ol )8, ) (00T, Ty) = g (2~ 9)* + 427 +9)?)

< sarzg (4(r — ) + 42 +9)?) = sp04(r,)
1
< 504(1'73»
1 1
< T (@(og(z,y)), Y(og(,y))) = 53%a(%,Y) = 5794(2,y)
|
= ﬂaq(x,y).

Then all hypotheses of Corollary (4.3.1) hold, so T has a fixed point, which is 5=H—;.

Example 4.3.2 Let X = Rand o,(z,y) = 2z —y)*+ (2z+ y)?, then (X, 0, s) is a complete
dislocated quasi b-metric space with s = 2. Define T: X — X, and
a,f: X x X —0,400) by

with e > 1 and

alz,y) = B(z,y) =1 Va,y € X.

Taking ¢(t) = 1t, ¢(t) = 55t, and T'(r,t) = 3t — .

23
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Let x,y in X such that o(x,y) = B(x,y) > 1, so

oz, y)B(x, y)Y(soy (T, Ty)) = ¢ (2°0,(Tx, Ty))
B fCr—y)? (20 +y)?
(= (PE )

o (g (oo + o v )

2% 41

1
= qu(%y)

< 204(e0)
< T (68(03 (), 900, ))) = 5 57a(7.) — 504 )
= roule,y).

Consequently all hypotheses of Theorem (4.3.1) hold, so T has a fixed point. Hence T has a fixed
point 0.
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CHAPTER

5

APPLICATIONS TO
INTEGRO-DIFFERENTIAL
EQUATIONS

Fixed point theorems have numerous applications in mathematics and are applied in
diverse fields as biology, chemistry, economics, engineering, game theory, and physics.
They constitute an important field of research. It should be noted that most papers
dealing with the existence of solutions of nonlinear of several types integral, differ-
ential, integro-differential, fractional integrals mainly use the techniques of nonlinear
analysis such as fixed point techniques.

In this chapter, we will apply theorem (3.1.1) to study the problem of existence of the
solution of integral equation of the Volterra type and boundary value problem frac-

tional differential equation.
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5.1 Solvability Of Integral Equations

5.1.1 Integral Equations

An integral equation can be classified as either a linear integral equation or a nonlinear
integral equation.
The most commonly used integral equations are the Volterra and Fredhlom integral

equations.

Definition 5.1.1 An integral equation is any equation of the form

Azx(t) = f(t) +/EK(t,5,:z:(s))ds, (5.1)

with

E :is a measured space, f a measurable function given on E,

A 1 a given scalar which can be real or complex (a numeric parameter).

K : a measurable function on E® called the kernel of the integral equation.

x(t) : is an unknown function.

With all these data, our problem is to find the function x that satisfies equation (5.1), where f,

K are known functions and x the unknown function.

Lemma 5.1.1 Let K be a function of space L*(]a,b[x]a, b|), then the integral operator T de-
fined by:
b
Ta(s) = / K(t, s)a(s)ds  te b,

with kernel K is compact in L*(]a, b]) in itself.

Remark 5.1.1 Note that

1. To study this equation, we restrict ourselves to the spaces LP(E) with (1 < p < o0).
Implicitly, for the functions f € LP(E), we seek the functions x in LP(E) verifying (5.1).

2. If we take
K(t,s,z(s)) = K(t,s)z(s).
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The integral equation (5.1) becomes

Ax(t) = f(t) —i—/EK(t,s)x(s)ds,

which is said to be a linear integral equation.
3. Note that equation (5.1) can be written in operator form
Tx = X\x — f.
Where the operator T is written as follows

T$(3)=/EK(1€,S):U(3)ds.

5.1.2 Classification Of Integral Equations

Integral equations are classified by their characteristics according to three dichotomies:

1. integration limits
If we take E = [a, )] an interval of R.

Any integral equation with constant limits is called a Fredholm equation.
b
Ax(t) = f(t) +/ K(t,s,x(s))ds a<t<b.

If one of the two limits of integration is variable, the equation becomes a Volterra
equation
t
Ax(t) = f(t) +/ K(t,s,z(s))ds a<t<b.
It is clear that the Volterra equation can be considered as a Fredholm equation

where the function K satisfies the condition

K(t,s)=0 s>t

2. The integral operator T
The equation defined by
Tz = f,

is said to be an equation of the first species.
If the equation is defined by
x—Tr = f.

This equation is called an equation of the second species.
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3. The second member of the equation
If f = 0 the equation is a homogeneous equation. Otherwise this equation is

called a non-homogeneous equation.

5.1.3 Existence Of Solutions For Integral Equations

Between linearity and non-linearity, the analytical and numerical studies of equations
are totally different.

5.1.3.1 Existence Of The Solution Of Linear Integral Equations

To solve an integral equation with classical methods or with numerical methods, it is
necessary to know the existence of the solution; Fredholm’s alternative theorem gives

conditions on the space I and the linear operator K to say that our problem
(A_T)'I':f xafEEa
is solvable.

Theorem 5.1.1 [49] Let A be a compact operator of a normed space X in itself then the operator
T = I — A s injective if and only if it is surjective and consequently it is bijective, moreover

the inverse operator T—' = (I — A)~! defined from X to X is bounded.

Theorem 5.1.2 (Fredholm Alternative) [3]
Assume that X is a Banach space

Let T : X — X be a compact operator, then for the non-homogeneous equation
A=T)z=f A #0,

admits a unique solution v € X, for all f € X, it is necessary and it suffices that the equation
homogeneous

(A=T)x =0,

admits the trivial solution © = 0.

In this case the operator (A — T') is invertible and bounded.
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Theorem 5.1.3 [26] Let X be a Banach space and A be a bounded operator in X with the
following property

|Azy — Azo|| <7 |2 — 22,

then the following equation
A — Ax = f,

admits a unique solution for any f € X.

5.1.3.2 Existence Of The Solution Of The Nonlinear Integral Equation Of Volterra:
Let us first consider the nonlinear integral equation of Volterra
o(x) = f(x) —I—/ K(z,t,o(t)dt  x € [xg, 0+ a] a> 0. (5.2)
zo

Our goal is to prove the existence of solutions for (5.2), at least on a subinterval of
[z0, o + a], say [zo, z9 + 0], with § < a.

we assume that the following conditions are true:

1. fis a continuous function from [z, z¢ + a] to R.
2. K is a continuous function of A x B,, in R where
A ={(z,t);x0 <t <xo+a},

and

B, = {p € R;|p| < r, withr > 0}.
3. K satisfies the Lipschitz condition in A x B,
[K(z,t,0) = K(z, t, )| < Llp =] L>0.
4. if b=sup|f(x)|, z € [xo, 70 + a] then b < 7.

Theorem 5.1.4 [4] If we assume that conditions (1)-(4) hold, then there exists a unique solu-

tion of equation (5.2), defined and continuous on the interval [xg, xo + 0].
Theorem 5.1.5 [4] Let the following nonlinear Volterra integral equation be:

o(x) = f(z) + /Om K(z,t,0(t))dt 0<z<a. (5.3)
Suppose the following conditions are true:
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1. f:[0,a] — R is continuous.

2. K :]0,a] x [0,a] — R, is a continuous function satisfies the following Lipschitz condi-
tion:

|K(z,t,u) — K(x,t,v)| < Llu — v such as L >0,

0<zx<a 0<t<z and u,veR.

Then, equation (5.3) has a unique solution.o € C([0, a],R).

5.1.3.3 Existence Of The Solution Of The Nonlinear Fredholm Integral Equation

Let the nonlinear integral equation of Fredholm:

b
o(x) = f(z) + )\/ K(xz,t,o(t))dt x € [a,b]. (5.4)

Theorem 5.1.6 [4] assume that

/ab K(a:,t,go(t))dtH < Mlp(t)] M >0,

and

|K(x,t,u) — K(x,t,v)| < N(z,t)|u—v|,

b b
//\N(az,t)]zdxdt:p2<oo.

If f(z) € L?[a, b] then (5.4) has a unigue solution in L* [a,b], if |\|p < 1.

where

Theorem 5.1.7 [4] Consider the following conditions on K (x,t, p):

1. ¢ — K(z,t,) is Lipschitzian with constant k and
|K(z,t,0)| < N(|p|,z), where Ve € R, N(e o) € L
2. (z,¢) = K(x,t, ) is measurable for all x.

3. t — K(x,t,p) is continuous p.p. at x.

Under assumptions (1), (2) and (3), the equation (5.4) has a unique solution.
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Theorem 5.1.8 [4] If the following conditions are true:
1. The function f(x) is bounded, | f(z)| < Rina < x < b;
2. The function K (z,t,¢(t)) is integrable and bounded where

|K(z,t,0(t)] < L a<uz,t<b

3. The function K (x,t,¢(t)) satisfies the Lipschitz condition

|K([E,t,g0) _K("Evt’#}” < M|90_77Z)|

Then equation (5.4) has a unique solution if \ < g, with H = max{L(1 + xgo=ay), M}

5.2 Application To Volterra’s Nonlinear Integral Equations

We consider the following problem
t
z(t) = g(t) +/ K(t,s,xz(s))ds, s,te]0,1], (5.5)
0

where g € C([0,1],R) and K : [0, 1] x [0,1] x R — R are given continuous functions.
Clearly that X = C([0, 1]) with the dislocated b-metric
op(x,y) = supg<,<1 (|2(t)| + |y(t)])? is a complete dislocated b-metric space.

We introduce the following hypotheses with € > 1:

H; : For all z1(t), xo(t) € X and for each s, ¢ € [0, 1]

1

(Kt s, 21(0))] + K (E s, 22()))* < 5oz (|21 + [22(0)])7,

2

H,: Forallt € [0,1]

1
H12 < t 2.
Sup lg(t)]" < 2(6+5)(\:v1( )+ [z2(t)])

Theorem 5.2.1 Under (H,) and (Hs) the problem (5.5) has a solution in C(]0, 1]).

Proof 15 Define an operator

Tx(t) =g(t) + /Ot K(t,s,x(s))ds forall t € [0,1],
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It clear that our problem (5.5) has a solution if and only if T has a fixed point.

‘ /Ktsy

< (2190t |+|/Kt,s,:c()ds\+\/[(tsy( ))ds|)

(
< |+/|Ktsx |ds+/|Ktsy))|ds>2
- (w0
<2

Forall z,y € X and t € [0, 1] we have

(1 T2(0)] + [ Ty(t) (‘ /Ktsx V)ds| +

[5G 6+ 50 s )
((2|g< >|) # ([ 0o+ s ptnas))
<2 ((2a0l) "+ [ (1K Csn]+ K0 st s

<SloOF +2 [ (K52 + K0 9()]) s

<8 sup g0 + 25 sup (2] + ly(0)?
0<t<1 0<t<1

8 1
< (g + govm) S, (2(0)] + y(0))°

< e S (10 + Wl

Which follows that:

sup (ITa(0)] + [Ty(O)? < 525 sup (Je(t)] + [w(0)])”

0<t<1 26 g
Consequently we obtain

1 23 3
2°04(Tx, Ty) < Eab(ﬂf,?/) = gzab(m y) < ZM(JU Y)-

Hance we have
2 n(TeTy) < (M@w))3,

Then all the hypotheses of Corollary (2.1) are satisfied with )(t) = t,9 = €', a; = % and k = %,
L =0.S50T has a fixed point which is a solution of the problem (5.5).

Example 5.2.1 Let [ = |0, 1], and X = C(][0, 1]) with the dislocated b-metric

op(x,y) = supg<i<i ([2(1)] + |y(t)])? is a complete dislocated b-metric space.
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Consider a function g € C(|0, 1], R) defined by g(t) =

Ltx(t) with e > 1.
6x2'2

Hence, we obtain

Sup 9OI° < 375 (2@ + [y < g5 (O] + y()])*
= sy (0] + (o))
Now, we define K : [0,1] x [0,1] x R — R by
1
K(t,s,z(s)) = e (t — s)x(s).

Let T be a self-mapping on X by:
t
+/ K(t,s,x(s))ds, s,t€l.
0

Observe that,
S0

forall z(t),y(t) € X.

Hance we have

e2oo(T2.Ty) < (eM(x,y))%.

Thus, all of the hypotheses of Corollary (2.1) are satisfied with ¢(t) = t, 0 = €', a; = 2
K= %, L=0.
So T has a fixed point which is a solution of the problem (5.5).

Example 5.2.2 Let I = [0, 1], and X = C([0, 1]) with the dislocated b-metric
+ |y(¢)])? is a complete dislocated b-metric space.

|
[0, 1], R) defined by g(t) = ————ux(t) with e > 1.

O'b(17 %y) = SUP0<t<1(| (t)
( 2(%+5)

Consider a function g € C

Hence, we obtain

sup [g(1)? < sz (2(0)] + (D))

0<t<1

Now, we define K : [0,1] x [0,1] x R — R by

1

K(t,s,2(s)) = G

(t — s)z(s).
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Let T be a self-mapping on X by:
t
Tx(t) = g(t) —i—/ K(t,s,z(s))ds, s,tel.
0

Observe that,

1 3
oo(Tw, Ty) < grpyoe(e,y) < 7M(z,y),

forall z(t),y(t) € X.

Hance we have

2 oo(T2.Ty) < (eM(:v,y))%.

Thus, all of the hypotheses of Corollary (2.1) are satisfied with ¢(t) = t, 9 = €, a; = 2,
K= %, L=0.

So T has a fixed point which is a solution of the problem (5.5).

5.3 Existence Of Solutions Of Boundary Value Problems

Of Fractional Differential Equations

5.3.1 Some Elements Of Fractional Calculus

We give an over view around the fractional derivative and the fractional integral with

some properties.

5.3.1.1 Gamma Function:

Definition 5.3.1 [47]
The gama function I'(z) is defined by the integral :

o0

I'(z) = /ettZ1dt.

0

z is complex number : Re(z) > 0.

properties

we have some basic properties
1 The function I'(2) is continuous for p > 0.
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2 The function I'(z) obeys the property:

I'(z+1) ==2I(2).

3 The following relations are also valid:

5.3.1.2 Fractional Integral Of Order o

Definition 5.3.2 [47] For every a > 0 and a local integrable function f, the right of order a
is defined:

ITf(t) = ﬁ /at(t —5)* 1 f(s)ds, —o00o<a<t<oo. (5.6)
Alternatively, it can be defined also the left as:
1 b
LYf(t) = m/t (t —s8)* L f(s)ds, —o00 <t <b< oo (5.7)

properties

we have the following properties:
i) 1°f(t) = f (D).
i) 1°I°f(t) = I°TPf(¢).
iii) integral Operator [ is:

IO () + g(t)) = MOF(t) + I°g(t), A € Ry, A € C.

iii) %(1& £t = I (1),
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5.3.1.3 Riemann-Liouville Fractional Derivative

For a continuous function f : (0,00) — R f € L', the Riemann-Liouville derivative of
fractional order o > 0, n = [a] + 1 ([a] denotes the integer part of the real number a) is

defined as:

t

RL Do f(g) = ﬁ (%)n/(t — sy (s)ds,

- (2) s

In particular, if o = 0, then:

If « = n €N, then:

IfOo<a<l1,thenn=1,

RL o f(1) = m;_a)%/(t— S f(s)ds,  t>a.

5.3.1.4 Caputo Fractional Derivative

Definition 5.3.3 [42] The Caputo derivative of order « for a function f € AC™(J, E) abso-

lutely continuous is defined by:

C’Daf( n_a/t_snalf ()

0

= [ fm (), t>0, n—1<a<n.

If0 < a<1,then:
C’Daf _ /t—S af
0

Lemma 5.3.1 [42] If f € AC"[0,1], then the Caputo derivative © D* f(t) exists almost ev-
erywhere on [0,1], where AC™(0, 1] = {f € C"*(0, 1], f"~Yis absolutely continuous } and n

is the smallest integer greater than or equal to c.
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Lemma 5.3.2 [4?] Let « > 0 and n = [a] + 1. Then:

("D (1)) = (1) +
Lemma 5.3.3 [47] Let a > 0. Then the differential equation:
‘Df(t) =0,

has a solutions :
f(t) =co+crt +cot? -+ cpgt™ L,
where

 €Ri=1,23--n—1,n=[a]+ 1.

Lemma 5.3.4 [42] Let « > Oandn = [a] + 1.
Then:

Da(t) = f(1),
equivalent to:

I1°(°D%z(t)) = I*f(t) + co + it + cot? -+ -+ cpyt™ (5.8)

where :

G €Ri=1,23n—1.

5.4 Relationship Between Fractional Derivatives :

1) Leta € R,,n e N andn = [a] + 1,if ¢Df(t)) and BL D> f(t)) exist,so:

L0 (a)(x — )i
D" () =" D) - 3 T

=0

we deduce that if f)(a) = 0foralli =0,1,...n — 1, we will have

D" f(x) = D f(x).

n—1 (7,) a '
ii) D" f(z) = D° (f(x) - @, a)l) .
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2) Let 0 < a < 1, the fractional derivative of Riemann-Liouville and that of Caputo

are defined respectively by:

REDe f(a) = & (D07 (@) = bk [ - ) (2t

CDaf(I) —RL p—-(1-a) (@;(;)) _ F(ll—a) fax(x o t)fo‘f/(t)dt.

5.5 Study Of Problems Of Fraction Differential Equations

Consider the following boundary value problem:
“Drz(p) = fp,2(p)),0 < p <1,
z(0) =0, (5.9)
2(1) = [ g(t, 2(0))dt,
where “D?P with 1 < p < 2 is the Caputo fractional derivative, and f : 7 = [0,1] x R —
R.

Let X = C(J,R) be the space of all continuous functions from .7 into R, we consider

on X the b-metric-like

o (z,y) = |z(p) — y(p)])* + 2ly(p)|,

forall z,y € X.

Clearly, (X, gy, s) is a complete dislocated quasi b-metric space with parameter s = 2.

Lemma 5.5.1 A function x is a solution of the problem (5.9) if and only if, x is a solution of

the following integral equation:

oo =p [ attayie+ [ o nseat)
forallt € [0,1], where
1 == p(l =t 0<t<p<
Glont) = I'(p) { —p(1 —t)P 1, 0<p<t<l.

Proof 16 We have

1

PEDa(p) = alp) = 0= 1p = 7= / "o — P f(t x(t))dt,
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by the boundary values we get

z(0) = ¢y = 0.
x(l):cl—kﬁ/o (1—t)p‘1f(t,x(t))dt:/0 ot (1)) dt.
Then
1 1 bt 1
cl:_W/o (1-1) f(t,x(t))dt+/0 ot (1)) dt.
Which gives

) =~ / (L= 0P f(t 2(t))dt + p / g(t,fﬁ(t))dHﬁ / "o — 0y (2 a(t))dt,

which implies that

where
L et (-t 0t <p <L,
G(/L t) o F(p) { —p(l _ t)pfl’ <p<t< 1
/0 G(p,t)dt = ﬁ Uop(p =) = p(l =ty dt — / p(1— t)p_ldt]
1 2
= W [Pp + 1] < m
Putting Gy = ﬁ.

Assume that the following assumptions hold:
(A;) : fand g are continuous.

(As) : There exist two functions x4, ks : [0, 1] — R such that for all z,y € R, we have

|f(p,x(p))| = f(p.y(p)| < Kilz —yl,
l9(p, 2(p)) — g(p,y(p))| < K3lz —yl,

where kf = sup |ki(p)].
p€[0,1]
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(A3) : There exists M; > 0 and M, > 0 such that

| f(p,z(p)| < Mi|z(p)|,and |g(p, z(p)| < Ma|z(p)],

forall p € [0,1] and = € R with M1Go + M, < A and A = (k{Go + k3)* < 5=, for

e>1.
Theorem 5.5.1 Under the assumptions (A;) — (As), the problem (5.9) has a solution in X.
Proof 17 Define a mapping

Ta(p) = / Glp, 1) f(t,x(8))dt + p / g(t, (),

For xz,y € X and for all p € [0, 1] we have

Tz(p) — Ty(p)| S/O G(p,t)|f(t, x(t)) — f(t,y(t))\dter/o lg(t,z(t)) — g(t, y(t))|dt

1
< (i1 | Glo.0pdt-+ 3 o~ .
0
which follows that
Tx(p) = Ty(p)l® < (K1Go + #3)*|z — y* = Alw — y|*.

On other hand, we have

1 1
Tool =1 [ Glonftty@yi+ [ ot.ya
0 0
< MiGoly| + Maly| = (M1Go + Ma)lyl.
Then we have
o,(Tx, Ty) = [Tz — Ty|* + 2|Ty| < Az — y|* + 2(M,Gy + Ma)ly|,

since

MiGo+ My < A,
we get

1
04Tz, Ty) < Alz — y|> + 2Jy|) = Aoy(z,y) < 53%4(Y).
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So we have
~ 1
2 1aq(7':c,7'y) < Waq(x,y).
Then all the hypotheses of Theorem (4.3.1) are satisfied with

1 1

1
V(p) = 50, 0(p) = Goeg T p) = ggemgp —vanda = f = 1.

So T has a fixed point which is a solution of problem (5.9).
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CONCLUSION AND PERSPECTIVES

The general conclusion of this study is the interest in finding fixed points of some the-
orems in a generalized metric space, which is the dislocated quasi b-metric space. By
utilizing a some class of simulation functions, we have provided a new generalized
contractions type and related fixed point results which enhance and generalize some
findings from previous research. To demonstrate our findings, two examples were of-
fered. Finally, we have used our findings to demonstrate the existence of solutions for
a boundary value problem of fractional differential equations with integral boundary
conditions.

In the future, we will look at the following issues as examples:

1. We will try to produce some results in the field of fixed point theory, by making

changes in the used spaces or the conditions of contraction.

2. We will try to apply the obtained results to study the existence problem of the

solution of integral equations.
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