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Abstract

In this thesis, we are concerned with the long time behavior of some systems in porous
and non-simple thermoelasticity. For porous systems, we studied three problems. The first
problem involves a delay term, for which we proved exponential decay under appropriate
assumptions on the coefficients of the dissipation and the delay. The second problem is
concerned with a porous system with the Gurtin-Pipkin law. The third system is a porous
system with microtemperature. We proved exponential stability for both systems. The
fourth, fifth, and sixth problems are concerned with non-simple systems with and without
porosity, as well as the presence of thermal effects of second sound type. We proved various
stability results.

For the well-posedness, we used a semigroup approach and the Hille-Yosida and Lax-
Milgram theorems. Additionally, for stability, we employed the multiplier method, Lyapunov
functionals, and the Gearhart-Priis theorem.

Keywords: Porosity, elasticity, non-simple materials, well-posedness, exponential decay,

lack of exponential decay, slow decay.
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Résumé

Dans cette thése, nous nous intéressons au comportement a long terme de certains sys-
témes de thermoélasticité poreuse et non simple. Pour les systémes poreux, nous avons
étudié trois problémes. Le premier probléme concerne un terme de retard, pour lequel
nous avons montré un résultat de décroissance exponentielle sous des hypothéses sur les
coefficients de la dissipation et du retard. Le deuxiéme probléme concerne un systéme ther-
moélastique poreux dont la température est modilarisé par la loi de Gurtin-Pipkin. Le
troisiéme probléme est un systéme poreux avec microtempérature. Pour les deux systémes,
nous avons prouvé la stabilité exponentielle, sous certains conditions sur les coefficients. Le
quatriéme, le cinquiéme et le sixiéme problémes concernaient des systémes de matériaux
non simples avec et sans porosité, ainsi que en présence d’effets thermiques de deuxiéme
son. Pour ces problémes, nous avons prouvé quelques résultats de stabilité.

Pour la bien-posé, nous avons utilisé une approche de semi-groupe et les théorémes de
Hille-Yosida et Lax-Milgram. De plus, pour la stabilité, nous avons utilisé la méthode des
multiplicateurs, des fonctionnelles de Lyapunov et le théoréme de Gearhart-Priis.

Mots clés: Porosité, élastique, matériaux non simples, existence unicité, décroissance

exponentielle, absence de décroissance exponentielle, décroissance lente.
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Notation

H', Hy, H* H* WP WP
<'7'>

Sobolev Spaces,

The inner Product,

The operator of partial differentiation,

The domain of the operator A,

The resolvent set of the operator A,

The spectrum of operator A,

The euclidean norm on R,

The kernel of the operator A,

The range of the operator A,

The euclidean norm on R,

The norm on a normed space X,

The space of bounded linear operators from XintoX,
The dual space of X,

The real part of the inner product,

The test functions space,

A semigroup,

The space of all continuous functions from X into Y,
A domain of RV,

The boundary of €.
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Introduction

The theory of porous materials is a significant generalization of the classical theory of
elasticity. It is used to analyze and process elastic solids, where the skeleton of the material
is thermoelastic and the interstices are empty of material. This theory is concerned with
materials that contain small pores or vacuums.

The fundamental concept of this theory is that the apparent density is determined by
the product of two factors: the density of the material and the volume fraction. This
representation of the apparent density defines an supplimentary level of kinematic freedom
in the theory. It was early used by Goodman and Cowin [36] to address the failing of the
classical theory of elasticity in describing the deformation caused by the micro-structure
contribution.

The theory of materials with voids, formulated by Goodeman and Cowin [36], is also
valid for porous materials and it was motivated by physical reasons. In this theory, a high
order stress and body force were introduced to calculate for the energy flux and energy
supply combined with the time rate of the volume fraction. Similar terms are also present
in the higher level elasticity theories formulated by Mindlin [61], Toupin [94], Green and
Rivlin [38].

Nunziato and Cowin [63] utilized the constitutive equations established by Goodman
and Cowin [36] to propose a nonlinear theory for the comportment of porous solids. This
theory allows for both finite deformations and non-linear constitutive equations. Jari¢ and
Golubovi¢ [44] and Jari¢ and Rankovi¢ [45] discussed the non-linear theory of thermoelastic
materials with vacuums. Cowin and Nunziato [I6] formulated a linear theory of elastic
materials with vacuums to mathematically study the mechanical comportment of porous
solids. An expansion of this theory to linear thermoelastic materials was suggested by Iesan
[41]. Furthermore, Iegan [42], [43] included the micro-temperature elements to this theory.

Based on the micro-morphic continua theory, Grot [39] formulated a theory of the ther-
modynamics of elastic materials with internal structure. In this theory, the micro-elements
not only undergo micro-deformations but also have micro-temperatures.

The importance of materials with micro-structure has been showen by the great num-
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ber of papers that have been published in different fields of application, such as biology,
petroleum industry, material science, and many others.

As these type of materials have both microscopic and macroscopic structures, scientists
have examined the coupling and its strength. In addition, mathematicians have shown an
increasing interest in analyzing the long-time behavior of solutions to thermoelastic and
porous systems.

One of the earlier contribution in this field was the thermoelastic coupling suggested by
Slemrod [86]. In the one-dimensional case, it was observed that the solutions decay in an
exponential rate. Since then, many problems have been examined by considering various
dissipation mechanisms at microscopic and/or the macroscopic states. Many papers have
appeared in which the authors attempted to determine both the type and rate of decay of
solutions in porous elasticity theory.

In continuum mechanics, when describing the motion of a material body, the constitutive
equations characterize the properties of the material. Typically, a constitutive equation
describes the response of the material to various stimuli applied to it.

In the classical theory of elasticity, the microscopic structure is ignored, only the macro-
scopic properties are analyzed; consequently, the field equations obtained are in the form of
strain-stress relations. However, when dealing with non-classical elasticity, such as in the
case of non-simple or porous materials, the microstructure takes part in the constitutive

equations.

Thermal effects

In this section, we will give some explanations about the different laws which govern the

transfer of the heat within a material body.

Classical Fourier law

The transfer of the heat within a material body is generally formulated by Fourier’s law

of thermal conductivity. It relates the heat flux vector ¢ to the temperature gradient V6
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through the equation
q = —rVo.

Along with the conservation of energy law
cty + divg = 0.
These lead to the well-known parabolic heat equation
b, = kA0

where c is the specific heat capacity and k is the thermal conductivity of the material.

The parabolic heat equation predicts the paradox of infinite speed: that is, the thermal
signals propagate with infinite speed, which is physically inexact.

To address this paradox, many theories have been introduced, such as: second sound

thermoelasticty, Green and Naghdi three theories, Gurtin-Pipkin theory and Coleman-
Gurtin theory.

Second sound

The first theory suggested to correct the defect of infinite speed is to replace Fourier’s

law by the following Cattaneo law:
q+ 79 =—kV0

where 7 is a non-negative constant that represents the time delay in the reaction of the heat

flux to the temperature gradient. The corresponding heat transport system reads as:
Copet + V- q = 0

q+7q+kVH =0,

which is hyperbolic type system that predicts a finite speed equal to v = , /=

copT”

Green and Naghedi theories

The basic feature of Green and Naghdi is the introduction of a new independent variable

called the thermal displacement given by

¢
a(z,t) = ag +/ 0(x, s)ds,
0
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where «q is the initial value of the thermal displacement « at the reference time ¢y and
do

i 0. The theory is subdivided into three types, labelled types I, II, and III.

Thermoelasticity of type I

The standard assumption is ¢ = Tyh, which relates the heat flux vector ¢ to the entropy
flux vector h = —cV#. Here, Ty represents the absolute temperature.

This equation leads to the same law deduced from the classical theory
q = —rVeo.

As a result, the heat equations of the classical and of the type I theory look the same from
the mathematical point of view. However, the physical meaning is not the same.

This, with pTy6;, = —divq, gives the parabolic type equation

pTob; = KAG.

Thermoelasticity of type II
The constitutive relation for the entropy flux h is given by
h = —koVa.
The resulting hyperbolic heat equation
pcly = peayy = KoAav.

This shows that the heat propagates without energy dissipation at a wave speed of ’Z—;.

Thermoelasticity of type III

The heat flux is expressed as follows:
q = —kK3Va — ky V0.

The heat equation reads:
pcly = pcayy = k3Aa — kg AD.

This implies that the heat propagates with energy dissipation at a wave speed of v = 'c"—/j
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Gurtin and Pipkin

Gurtin and Pipkin have formulated a general non-linear theory of heat conduction that
admits the second sound thermoelasticity. They assumed that the heat flux depends on the
accumulated history of the temperature gradient. In the linear approximation, the law of
heat conduction of this theory is given by

t
o(t) = —6o / Kt — 5)VO(s)ds,

where k is relaxation function that depends on the material.

Some literature results

The study of the long-time behavior for porous systems was investigated previously by

many scientists for example, Quintanilla [72] studied the system

PUit = HUgy + B¢x7 n (07 L) X (Oa +OO)7

. (1)
P"‘fﬁbtt = a¢xm - 51% - €¢ - 7—¢t7 m (Oa L) X (Oa +OO)7

and showed that the solution decays slowly. Precisely, he proved that the frictional damping
T¢; is not sufficient to create an exponential stability. The same result was obtained by
Magana and Quintanilla [54], when the porous damping was replaced by the visco-elastic
damping yu., acting on the first equation of , and they obtained an exponential decay
when the two equations were linearly controlled.

Quintanilla and co-authors [14] [15], [78] coupled of the system with thermal effects.
More specifically, they considered the following system

Pl = [Uzy + by — 504, in (0,7) x (0, +00),
Jou = 0y —buy, —E@ +mb — 7@y, in (0,7) X (0, +00), (2)
cly = k*0,, — Buy — moy, in (0,7) x (0,+00),

with the boundary conditions

u(07 t) = u(ﬂ-7 t) = 901(07 t) = 9093(7(7 t) = ‘gr(()v t) = Qr(ﬂa t) =0, (3)
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where 6 represents the temperature variation from the equilibrium reference value. They
obtained an exponential rate of decay for 7 # 0 in [I4], and polynomial rate for 7 = 0 in
[78].

A porous thermoelasticity coupling with a weaker dissipation of memory type was con-

sidered by Messaoudi and Fareh [56],[57]. They studied the system

prpw =k (pp +10), + 0, =0 in (0,1) x Ry,
P2t — Qe + k (r +10) — 0 + fg g(t — $)ez(s)ds =0 in (0,1) x Ry,
pSQt - K/ea:x + (,qut + /é/}t — 0 ln (0, 1) X R+,

where ¢ is a relaxation function satisfying ¢'(¢) < —£(t)g(t), for a non-increasing positive
function ¢ and established general decay results depending on the rate of decay of g, for
equal and non-equal speeds.

Later, in 2017, Apalara [9] and Santos et al. [82] improved, separately, the result of [72].
They acheived an exponential stability of the solution of provided that

The same result was obtained by Santos et al. [82] if the damping —7¢; is replaced by the
elastic damping ~yu, in the first equation.
Apalara [I0] investigated , in a bounded domain, the following porous system with

memory

Pt — gy — by = 0,
! (4)
Tou =80+ €0+ [ (e = $)0uu(5)ds =0,
where g is a C'— decreasing relaxation function satisfying ¢'(s) < —n(s)g(s) for a nonin-
creasing function 7. In the case where the speeds are equal H_ 7 he established a general
decay result depending on the relaxation function g. Feng and Apalara [26] improved the
result of [I0] by assuming a more general relaxation function g € L'(0,00) that satisfies
g'(s) < —n(s)H(g(s)), for an increasing and convex function H. They established optimal
explicit and general energy decay results. In fact, the authors of [9] 0] 26, 82] improved
significantly the results of Quintanilla and co-authors [14, [54]. Precisely, they proved that a
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single dissipative mechanism can exponentially stabilize a porous system provided the wave
speeds are equal.

In the heat conduction is given through Fourier’s law
q+ K0, =0, (5)

which leads to a coupled system of hyperbolic-parabolic type. Several results on existence,
uniqueness and asymptotic behavior of thermoelastic systems in the framework of afore-
mentioned law can be found in [14} [15], 25] 28, 29| 56l 57, 58, 66, 88|, 89, O0].

We would like to point out that the model based on Fourier’s law (5 predicts the paradox
of infinite-speed heat propagation. To address this physical paradox, numerous alternative
models of heat conduction have been proposed. Lord and Shulman [52] suggested replacing
(b)) with Cattaneo’s law

T+ q+ kYO =0, (6)

which is an improvement of the classical Fourier law.
In the context of this theory, Messaoudi and Fareh [24] [55] considered the following
porous thermoelastic system of second sound

(

PUie = Hgy + by — YUy,

SOt = APpe — by — E@ — B0,
ety = =Gz — Bt — 00,

Toqt +q + kb, =0,

\

where p, u, J, o, &, B, ¢,k and 7y are positive constants. for v # 0, they obtained an expo-
nential decay result without any restrictions on the coefficients. However, for v = 0 and

ué = b2, the exponential decay was obtained provided that

Regarding the nonsimple elasticity theory, Liu et al. [50] combined the non-simple

elasticity with porosity. They considered the system

PU = AUgy + b¢r — CUggar — d¢x:€xa in (07 7T) X (07 +OO)7
e](btt = du;m;x + 5¢:m: - f(b — bux, n (0, 7T) X (O7 —|—OO),
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subjected to the boundary conditions

U(O, t) = U(ﬂ-> t) = uxw(07 t) = uxz(ﬂ-a t) = ¢x(07 t) = ¢:c(7rv t) =0, I (07 +OO)>

with various dissipation mechanisms. They obtained exponential decay results when they
employed the dissipation dt,,, —0Uizzes and M@y, provided that b+dn? # 0 for all n € N,
and slow decay for the dissipation —7¢,. In fact, the exponential stability is a consequence
of the strong coupling between the equations of system reached by the presence of ¢, .
Whereas, if d = 0 the coupling is weak and the solution decays slowly.

Fernandez Sare et al. [34] studied the system

PUty — UUgy + QUggzr — 6‘932 = 07
Cet - "‘iemc - ﬁuta: = 07

(9)

with several boundary conditions. They proved that the thermal dissipation alone suffices
to bring the whole system to an exponential decay.

Recently, Fernandez et al. [31] examined the system

PU = —CUggrx — d¢:m:x + Uz, + b¢x - ﬂ*exa
J(,btt = ﬂ¢xm + dummz - &P - bum +mb — T(bta (10)
C*Ht = _ﬂ*utx - m¢t + kj*g:vac;

and obtained an exponential decay result.
In the framework of second-sound thermoelasticity, Fernandez Sare and Munoz Rivera

[33] studied the time behavior of the following plate system in R?

Py — AUy +yA?u 4+ af =0, in Q,
cby + kdivg — aAu, = 0, in €, (11)
Tq + Koq + kKVO =0, in Q.

They established an exponential rate of decay for ;> 0. The same result for v > 0 was

obtained in [80] for the system

PUtt — YUttze — MUzey + QUggry — ﬁem - 0, in (0, ‘g) X ]RJF,
bt + ¢z — Pur = 0, in (0,0) x R, (12)
g+ g+ K, =0, in (0,0) x R,.
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This thesis is divided into two parts and is organized as follows: In the first chapter,
we give some functional preliminaries and tools that we used in the subsequent chapters.
The first chapter of the part one is devoted to the study of a porous thermoelastic system
with delay. In the second chapter of this part, we investigate a porous system with thermal
effects given by Gurtin-Pipkin law. The third chapter is devoted to the study of a porous
thermoelastic system with microtemperature. In the first chapter of the second part, we
consider a non-simple system with thermoelasticity of second sound. The second chapter is
assigned to the study of some non-simple porous system. The third chapter is devoted to

the study of non-simple porous systems with second-sound thermoelasticity.
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]_ Preliminear

In this chapter, we recall some mathematical concepts that will be used throughout this
thesis.
Hereafter in this chapter, we denote by 2 a bounded domain of R™ and by X a Hilbert

space.

1.1 Sobolev Spaces
Let’s begin by the LP spaces
Definition 1.1. [13] Let p € R with 1 < p < +00, we define the space
LP(Q) = {f :Q = R; f is measurable and /Q\f(:c)|p dx < —i—oo} :

which is a Banach space with respect to the norm

1/p
il = 11, = [ / |f<x>rpda:} |

for p = oo,

L% () = f:Q—=R;f s measurable and Jc > 0 suth that
lf(z)| <cae onf ’

which is a Banach space with respect to the norm

[l = [Iflloe = mf{C; [f(2)] < C a.e. onQ}.

Remark 1.1. For p =2, L*(Q) is a Hilbert space with respect to the inner product

(f9)12 = /Qf(x)g(x)dx.

10



1.1. SOBOLEV SPACES CHAPTER 1

Lemma 1.1. The subspace L? () of L*(Q)), defined by

2@ ={re @y [ fwd=o}.
Q
1s a Hilbert space.

Proof. Let (¢,) C L?(Q) be a convergent sequence to ¢ in L?(£2), then

/Qcp(:v)dx /Qcp(x)dx—/ﬂgon(ac)dx

/Q o () — gn (2] da.

Using the Cauchy-Schwarz inequality, we obtain

/ng(x)dx

Since lim [ | (z) — ¢, (z)]* dz = 0, we get

n—oo Q
/ o () dz =0,
Q

which implies that ¢ € L2(Q). Consequently L? (Q) is closed in L? (), which completes

<mes(®) | [ lo (o) = on (0 ] "

the proof. n

Definition 1.2. [95] For k € N and 1 < p < oo, we define the Sobolev space W*P(Q) by
Whe (Q) = {u e LP(Q); D e LP(Q), Ya € N with |a| < k;}
where |a| = ay + ... + o, and D*u is the a—th weak derivative of u which is defined as
/Qu (x) D*v(x)dx = |—1|* /Q o(x)v (z) du, Yo e C(Q)
and

dlely
-0zt 0o

The space WHEP(Q), equipped with the norm

= D%

B =

lull, = { D ID%lp |+ 1<p<oo

|| <k

11



1.1. SOBOLEV SPACES CHAPTER 1

and

[tlly 00 = max [ D%ullog

are Banach spaces. The space W*2(Q) is denoted by H*(Q) and it is a Hilbert space with

respect to the inner product

(U, V) g = Z /QDau (z) D*v(z)dx,  Yu,v € H*(Q).

lal<k

Remark 1.2. We denote by HX(Q2) and H2(Y), the Hilbert spaces
HYQ)=H " (Q)NL2(Q) = {u € H'(Q); / u(z)dr = 0} :
Q

2000y — 2. M _ _ o, 94 _ g
H*(Q)—{UGH(Q), 877—Om89}—{Vu€(H ()" an—Om@Q},

where 1 is the unit outward vector on OS2.

Definition 1.3. [13/ Given 1 < p < oo, we denote by WiP(Q) the closure of C°(Q) in
WHkP(Q).
For p =2, we note

HEQ) = We3(9).

Notation 1.1. For 1 < p < oo and 1/p+1/q = 1. The dual space of WJ™(Q) is denoted
by W=r4(Q) and the dual space of HE(Q) is denoted by H ().

Theorem 1.2. [13] (Lax Milgram)
Assume that b(z,y) is a continuous and coercive bilinear form on X. Then, given any

¢ € X', there exists a unique element x € X such that

b(z,y) = (p,y), Vye€X.
Moreover, if a is symmetric, then x is characterized by the property
SH(r.2) — (6,2) = min { by ) — (6,9)
=b(z,r) — (¢, x) = min q = — .
2 Y ) ’yeX 2 y?y 7y

Theorem 1.3. (Rellich-Kondrachov)[1] Suppose that Q is bounded and of class C*.

Then, we have the following compact embedding:

H™(Q) C H(Q), Vj <m.

12
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1.2 Some inequalities

In this section, we recall some inequalities which are of major importance and to be

frequently used in the rest of the thesis.
Theorem 1.4. (Young’s inequality)[13] Let 0 < p,q < oo be real conjugates, then
P |ple
Va,b e R, |ab] < ﬂ%— u
q
As a consequence, if p = q =2, we have

1
lab|] < ea® + 4_5b2’ Ve > 0.

Theorem 1.5. [13/(Hdélder’s inequality) Suppose that uw € LP and v € LY where 1 < p <
1 1
oo and =+ = = 1. Then, uv € L' and

p q
/ ju] < Jlull, lo]l,

Theorem 1.6. (Cauchy-Schwarz inequality)[13] Let X be a Hilbert space and (-,-) be

its inner product, then

L) < U )29, 9)%, VYfgeX.

Theorem 1.7. (Poincaré’s inequality) Suppose that Q0 is bounded in R™ and let u €
Hi (), then there exists a constant C > 0, depending only on mes(Q) such that

ullr2) < Cl|Vull 2@,  Vu € H ().

Remark 1.3. Poincaré’s inequality also holds for all w € H' () that satisfy
/ u(z)dx = 0.
Q

1.3 Some Semigroup arguments

Definition 1.4. Let B € L(X) be a bounded operator. The resolvent set p(B) of B is the
set of all X in C for which (B — X\ )™! exists and bounded

pB)={reC; (B-A)"'eL(X)}.
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The spectrum of B, denoted by o(B), is the complement of the resolvent set, i.e.,

o(B) = C\p(B).

A complex number X\ is an eigenvalue of B if
N(B — \I) # {0},

Theorem 1.8. Let X be a Banach space and B € £ (X). If the operator B satisfies | B|| < 1,

then I — B is invertible and its inverse is given by
(I-B)7'=) 8"
n=0

Definition 1.5. [67] Let X be a Banach space. A semigroup of bounded linear operators is
a family of bounded linear operators T'(t) € L(X), which depend on a parameter 0 <t < oo
and that satisfies the following properties

T(0) = I, (I is the identity operator on X ).

T(t+s)=T(t)T(s) for every t,s >0 (the semigroup property).

A semigroup of bounded linear operators T'(t) is uniformly continuous if

lim |T(t) — I|| = 0.

t—0

The infinitesimal generator of a semigroup T'(t) is the operator B defined on

D(B) = {Jc € X: limw exists}

t—0

by

B — lim L)z —
t—0 t

, for x e D(B).

Definition 1.6. [13/(Maximal Monotone Operators): Let X be a Hilbert space, an
unbounded linear operator B : D(B) C X — X 1is said to be monotone (accretive) if it
satisfies

Re (Bv,v) >0, Vv e D(B).

In addition, the operator is called mazximal monotone, if R(I + B) = X i.e.,

Vf e X, Jue D(B),such that u + Bu = f.

14
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Remark 1.4. If —B is monotone, we say that B is dissipative.

Proposition 1.1. [13/ Let B be a mazimal monotone operator on a Hilbert space. Then
1) D(B) is dense in X.
2) B is a closed operator.

3) For every X\ > 0, (I + A\B) is bijective from D(B) into X, (I + A\B)™! is a bounded
operator, and |[(I +AB)~ |z x) < 1.

Theorem 1.9. (Hille-Yosida)[13] Let B be a mazximal monotone operator. Then, given

any ug € D(B) there exists a unique function
u € C([0,+00); X) N C([0, +o0); D(B))

satisfying
du
7 TBu=0 on[0,+00), (1.1)
u(0) = uo.

Theorem 1.10. (Lumer-Phillips) [67,195] Let B : D(B) C X — X be a densely defined
operator on a Hilbert space X. Then B generates a Cy-semigroup of contractions on X if

and only if
(1) B is dissipative;
(i1) there exists A > 0 such that \I — B is surjective.

Remark 1.5. Suppose that assumptions (i) and (ii) of Theorem are satisfied, then
D (B) is dense in X.

For the proof see [13]

Theorem 1.11. [51] Let B: D(B) C X — X, is a linear operator and X Hilbert space.
If D(B) is dense in X, B is dissipative and 0 € p(B). Then, B is the infinitesimal

generator of a Cy—semi-group of contractions on X.

For the proof see [51]

15
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Theorem 1.12. [95] Let X be a Banach space and B : D(B) C X — X be the infinitesimal
generator of a Cy-semigroup {S(t);t > 0} on X. Then, for each & € D(B) and each t > 0,
we have S(t)§ € D(B), and the mapping

t — S(t)¢
is class C* on [0,4+00) and satisfies
d
5 (8()€) = BS(t)¢ = S(1)BE. (1.2)

1.4 Exponential stability notions

Definition 1.7. The solution U(t) = ePU, of 15 said to be exponentially stable if there

exist two positive constants o and M > 1 such that
U @)]| < Me™, vt > 0.

Theorem 1.13. [35, [51] A Cy—semigroup of contractions S (t) = €5 generated by an
operator B in a Hilbert space X is exponentially stable if and only if
i) iR = {i\, X € R} C p(B),

i) lim ||(iA — B)7!| < oo.
[A| =00

Theorem 1.14. [7] Let B (unbounded operator) be the infinitesimal generator of a semi-
group of contractions S(t) = eP. Then, S (t) is exponentially stable if and only if there exists

a positive constant m such that
0t (1A~ B)U| > m|U, YU € D(B). (1.3)

Theorem 1.15. [35, [51] A Cy—semigroup of contractions S (t) = €5, generated by an
operator B in a Hilbert space H, is analytic if and only if

i) iR C p(B),

i) \A@m NG — B)7Y| < oo.

Theorem 1.16. (Hurwitz) [22] Let

f(z) =ap+ a1z + ax® + ... 4 apa™, (ag > 0).

16
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All the zeros of the polynomial f(x) have negative real parts if and only if all the determinants

ay ap 0 0 ... 0
as a9 ay ao . 0

A; = det as a4 as as .. .. Vi > 1
A2;—1 A2;—2 Q2-3 A2—4 .. a4

are positive.
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Stability of some porous thermoelastic
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chapter

2 A porous thermoelastic system
with delay

2.1 Introduction

The results of this chapter were published in [4].

In this chapter, we investigate the long-time behavior of the following system

pus (,t) = aug, (x,t) + bo(x,t), in (0,7) x (0,00),
Joi (2,1) = apuy (2,1) — bu, (x,t) — Ep (2, 1) — BO,(2,t), in (0,7) x (0,00), (2.1)
by (x,t) = Kby (T, ) + kb (2, — 7) — Bue(, 1), in (0,7) x (0, 00),

where u, ¢ and 6 are, respectively, the transversal displacement, the volume fraction and
the difference of the temperature. The coefficient p is the mass density, J is the product of
the mass density by the equilibrated inertia, a is a constant that depends on the geometry
of the material, « is the volume distributed density, ¢ is the thermal conductivity and b and

B are non zero coupling constants such that
p>0,a>0,J>0,aa>0>0,c>0, k>0, and af > b% (2.2)
The system ([2.1)) is supplemented with the following initial, history and boundary conditions

u(z,0) = ug(z), u (2,0) = ur(z), ¢ (2,0) = ¢o(x), ¢ (2,0) = ¢1(x), € (0,m),
0 (z,0) =00(x), 0 (x,t —7) = folx,t — 1), t e (0,7),
u(0,t) =u(m,t) = ¢, (0,t) = ¢, (m,t) =0(0,t) =0 (m,t) =0, t>0.
(2.3)
In the real world, the current state of a material depends on some past occurrences, because

in most instances, the response of the material to an applied force is often delayed. Therefore,

time-delay appears in many control systems in practical engineering, chemistry, biology and
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economy. To the best of our knowledge, the first contribution that studied the effect of
the time delay on the stability of an equation was made by Datko [20]. He considered the
equation

U (2, 1) = U (x, 1) — 2uy(x,t — 7), in (0,1) x (0, +00),
where the delay is acting on the velocity. He proved that the time delay in the damping

term can destabilize the system. He also considered the equation
U (2, 1) = Uge(x, 1) — Bug(x,t) — ug(x,t — 7), in (0,1) x (0, 4+00),

and showed that the solution is exponentially stable. Also, Datko et al. [19] considered the

problem
U — Uy + 2at; + a?uy = 0, in (0,1) x (0,400), (2.4)
w(0,8) =0, u, (1,1) = —kuy(1,t —7), in (0, 400), |
1— —2a
where the delay is acting on the boundary. They proved that for a > 0 and k > H—e_Q,
e a

there exists a sequence of delay terms for which the solutions of ([2.4)) can not be exponentially

stable. Nicaise and Pignotti [62] considered the wave equation with dissipation and delay:
u(x,t) — Au(z, t) + a(x) [pulz, t) + pou(z,t — 7)) = 0, in Q x (0, +00),

where a € L>*(Q2) and a(z) > 0, a.e in 2, and showed that the energy decays exponentially
to zero, provided that 0 < pus < py. In the case where us > py > 0, they constructed a
sequence of small delays that destabilize the system. They, also, obtained a similar result
when the delay is acting on the part of the boundary of €.

For coupled thermoelastic systems, Racke [75] considered the system
U (x,t) — auge(x,t — 1) + b0, (2, t) =0, in (0,L) x (0, 00), 2.5)
O — dOp(x,t — T9) + buy(z,t) =0, in (0,L) x (0,00),
for 1 > 0 or 75 > 0, and showed that system is not well-posed and instable. However,

for m = m = 0, the system is exponentially stable. Liu and Chen [49] considered the

following porous thermoelastic system with second sound and time-varying delay

( Polst — Aag — by + Yiur + Your (-t — 7(¢)) = 0, in (0,1) x (0,00),
SO — @y + buy + 5P — B0, =0, in (0,1) x (0, 00),
cly + @@ — BPie + 060 = 0, in (0,1) x (0, 00),

[ 70q: +q+ kb, =0, in (0,1) x (0, 00),
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and established an exponential decay result under specifie assumptions on the weights of
the damping and delay. Borges and Santos [12] investigated the porous elastic system with

time-varying delay term

PUty — UUgy — b¢x =0, n (Oa ]-) X (07 OO),
J¢tt — 5¢xx + bug; + £¢ + //L1¢t + M2¢t (t — T (t)) = 0, n (O, 1) X (0, OO),

with Dirichlet boundary conditions, and established an exponential rate of decay. Ouchenane

et al. [64] considered the following system

PrUy = [Ugy + by,
p2¢tt - 5¢xa¢ - bua; - €¢ - ﬁear - ,ulgbt - / |:U’2 (S)| ¢t (I7 t— 8) dS,

T1

P30 = 1050 — Ybue + KOy,

under the assumption

/ 2 (3)] ds < o, (2.6)

T1

and proved an exponential stability result in the case when L i and a polynomial decay
result otherwise. S

In this chapter, we are concerned with a porous thermoelastic system that includes a
single dissipation induced by thermal effects, as described by Fourier’s law. In addition,
the system includes a delay term that impacts the thermal velocity. Under the assumption
|k| < K, we establish an exponential decay result if ¢ %.

To the best of our knowledge, porous thermoelapstic problems with only macrothermal
dissipation were never considered before. Our result improves those of [14] [54], in which
they considered two dissipative mechanisms, and extends the results of [9, [82] to the case
of thermal dissipation and in the presence of delay.

The rest of this chapter is organized as follows: In Section 2, we use a semigroup approach
to prove the existence of unique solution to problem , . Section 3 is devoted to the

proof of the exponential decay. In Section 4, we prove the lack of the exponential decay in

the case of nonequal speed of propagation.
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2.2  Well posedness

In this section, we adopt a semigroup approach to prove the existence of a unique solution
to the problem (2.1)),(2.3). Note, first, that the Neumann boundary conditions, assumed for
¢, prevent the use of Poincaré’s inequality. To overcome this defect, we proceed as follows.

From the second equation of (2.1)) and the boundary conditions (2.3)), we have

d2 ™ T
J@/o qb(x,t)dx—i—{/() ¢ (z,t)dx =0,

which gives

W(b(m,t)dx: Wgzﬁo(a:)dx cos %t + J qul(x)dx sin %t.
0 0 £ \Jo

Consequently, if we set

3 (x.1) :qﬁ(x,t)—%(/oﬂ%(x)dm) cos< %t) ‘%\/%(/Oﬂ@ (a:)da:) sin <\/§t> |

then, (u,a, 6) satisfies {D the boundary and initial conditions 1' with

6(0.0) = fa) = énfo) — + [ (o)

_ _ 1 n
5.0.0) =5,(0) = n(o) — 1 [ orlads
T Jo
and, more importantly,

/ﬂa(x,t)da: =0,
0

which allows the use of Poincaré’s inequality for ¢.
In the sequel, we work with (u, ¢, ) but, for convenience, we write (u, ¢, ).

To deal with the delay term, we follow [62] and introduce the new variable
z(r,w,t) =0(x,t —Tw), we(0,1),ze(0,7),t>0.
Clearly, we have

Tz (T, w,t) + 2, (r,w,t) =0, we(0,1), € (0,m),t>0. (2.7)
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Then, (2.7)), together with (2.1]), can be written as

4

Py (2, 1) = aug, (x,t) + bdy(x,t), in (0,7) x (0, +00),
Jou (x,t) = apyy (x,t) — buy (z,t) — b (2, t) — BO,(x,t), in (0,7) x (0,+00),
cly (2,1) = KOy (2,1) + kzgo (2,1, 1) — Bpge(, 1), in (0,7) x (0, +00),
| 72 (2, w,t) + 2 (2,0, 1) = 0, in (0,7) x (0,1) x (0, +00),
(2.8)
and

u(z,0) = uo(x), w(x,0) =ui(z), d(x,0) = do(z), ¢i(z,0) = d1(x),
0 (x,0) = 0y(x), 2(z,w,0) = zo(x,w) = 0 (z, —Tw) = fo(z, —Tw),
0,t) =0(x,t), z(x,1,t) =0(x,t —7), t € (0,7), (2.9)
u(mt) = ¢z (0,1) = ¢u (7, 1) = 0,
=0 (mt)=2(0,w,t) = 2(m,w,t) =0, t—7Tw >0.

Next, in order to apply the Hille-Yosida Theorem we introduce the new variables
v =u; and ¥ = ¢, and define the Hilbert space

H = Hy (0,m) x L*(0,7) x H} (0,7) x L} (0,m) x L*(0,7) x L* ((0,1); Hy(0,7)) .
The space H is equipped with the inner product

(U, U")y = p/o Uvda:+a/0 uxudaj—l—ﬁ/ ¢¢d;1:+oz/ qu(bdx—irJ/ Y dr

—l—b/ ¢ud:z:—|—b/ uxd)*dx—irc/ 09dx+7]k]//zxa:wt) *(x,w, t)dwdz,

where U = (u,v, ¢,1,0,2)T, U* = (u*,v*, ¢*,v*, 0%, 2%)T € H.
Thus, the problem ({2.8))-(2.9) can be written as follows:

Ut+AU:0, t>0,

(2.10)
U (0) =Uy = (U07U1,¢0, ¢1:90720)T:
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where A : D(A) C H — H is the operator given by

AU — o b ¢ B , (2.11)

with domain

UeH:ue H*0,7)NHY0,7), v e H0,7), ¢ € HX(0,7) N H(0,7),

D(A) = Y€ HH0,7), zGHl((OaD;Hé(O’W))

Our well-posedness result reads as follows:

Theorem 2.1. Assume that |k| < k. Then, for any Uy € D(A), there exists a unique
solution U = (u, ¢, 0, z) to the problem (2.10) such that

U € C([0,+oc[; D(A)) N C* ([0, +o0; H) .
The proof of Theorem [2.1] is based on Hille-Yosida theorem.

Proof of Theorem[2.1 In the light of Theorem [1.9] it suffices to show that the operator A
is monotone and maximal.

First, a direct calculation, using integration by parts and the boundary conditions, yields,

YU € D(A),

<.AU,U)H:a/oﬂumvxdx—b/ﬂqﬁmvdx—a/Oﬂvxumdx—§/ﬂ¢¢dx—oz/ﬂwm¢xdx
+a/ gbxwxd:v+§/ gb@bdaerb/ ux¢dx+6/ xwd:r—b/ Yu,dx
—l—b/o vqﬁxdx—i-/f/ Gﬁdx—i-ﬁ/ ¢x9dx+k/wzx(x,l,t)6dx

—l—\k\/ / Zaw (T, W, 1) 2y (w0, 1) dwdx
o Jo

:l{/ 9§dm+k/ 2p (x,1,1) 0,dx —1—’ ’/ (x,1,t)d E/ 02d.
0 0 2 Jo
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Applying Young’s inequality to the second term in the right-hand side, we get
(AU, UY,, > (k — yky)/ 02dx > 0, (2.12)
0

which shows the monotonicity of the operator A.
Secondly, to establish the maximality of A, we take F = (f*, 2, f3, /4, 5, " € # and
seek U = (u,v, 9,1, 0, z)T € D(A) such that (I + .A) U = F; that is,

)
u—v = fl,

PU — AUy — by :)Of27
o—v =f

(2.13)
Jw_a¢a:x+£¢+buaz+ﬁ9:ﬁ :Jf47
Ce—’iemz_kzx:v(xvlat>+ﬁwx :Cf57
\ Tz + 2, =T1fC.
Form the first and third equations of (2.13)), we get
v=u— f', v=¢— f> (2.14)

Solving the sixth equation of (2.13)) with the initial condition z(0) = 6, we infer that
2(z,w,t) = e 70(x, t) + 7'/ eTW=) f5 (1 g, t)dy. (2.15)
0

Next, plugging (2.14) and (2.15)) into the second, fourth and fifth equations of (2.13)), re-

spectively, we obtain
pU — QUyy — by = g1,
Jo — adyy + £ + bu, + B0, = go, (2.16)
cl — (K + ke )0 + B = g3,
where
g=p(f' + ) eL?0m),  g2=J(f+f") € Li0,m) (2.17)
and

1
g3 =cf’ + Bf2+ kTG_T/ e fo.(z,y, t)dy € H(0, ). (2.18)
0

Introducing the space

W = H; (0,7) x H (0,7) x Hj (0, )
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and considering the following variational problem
B(U,U*) = L(U"), VU™ eW, (2.19)
where U = (u, ¢,0) € W, B is the bilinear form defined on W by

B(U,U*) = a/ﬂuxu d:c+p/7ruu d:c+b/7r(¢u + u @ )dx + (J + &) qﬁd) dx

0 x YO

+/3 (00" — 90, )d:v+oz/ bpdidr + (k + ke )/ 9z9;dx+c/ 06*dzx,
0 0

and L is the linear form

L(U*):/ gw*dm—k/ 929" dx + (93, 0") 1 <z
0 0

it is easy to check that B and L are continuous. Furthermore, straightforward calculations

show that
B(U,U) = a/ u2dx+p/ 2dx+2b/ <buxdx—|—04/ P2dx
0 0 0 -
J+§/d)2dx+(m+ke T)/ egdg;+c/ 62du.
0 0

Young’s inequality and ({2.2)) yield

™ 2 T - .
B(U,U) Zp/ uzda:+1(a—b—>/ uid:c+J/ ¢2dx+a/ P2da
% 2 § B 0 0

+c 62dx+(/f+k67)/ 02dx
0 0
> CUIRy-

Thus, B is coercive. Consequently, Lax-Milgram theorem guarantees the existence of a
unique (u, ¢,0) € W satistying ([2.19)), for all U* € W.
By taking (u*, ¢*,6*) = (u*,0,0) in (2.19), we arrive at

a/7r ugurdr = /W[gl — pu + bd,|udzr, Yu* € HY(0,7), (2.20)
0 0
By the elliptic regularity theory, we infer
u € H*(0,7) N Hy(0,7).
Moreover, integration by parts of the left-hand side of yields

PU — AUz — b¢ac = g1-
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Using (2.14) and (2.17)), we get

PU — QUgy — b(bx = pf2

Similarly, by taking (u*, ¢*,0*) = (0,0,60*) in (2.19), we obtain

(k+ k:eT)/ 0.0 dx = / (95 — ¢ — B, |0*dx, V0" € Hy(0,7), (2.21)
0 0

therefore,

0 € H*(0,7) N Hy(0, ).
Again, the integration by parts of the left hand side of (2.21]) leads to
— (k4 ke )0y = g3 — c — Bo,, in L*(0,7), (2.22)

which solves the third equation of ([2.16]).
Inserting g3 from ([2.18) and recalling ([2.14)),(2.15]), we get

O — Kbpe — kzpe(x,1,1) + Biby = cf.
Finally, inserting (u*, ¢*,6*) = (0, ¢*,0) into (2.19)), we get
a/ bpddr = / (g2 — buy — (J +&)¢ — B0,)¢*dx, Vo € HL(0, 7). (2.23)
0 0

Here, we are not able to apply the elliptic regularity directly. To overcome this difficulty,
let ® € H}(0,7) and set ¢* = ® — %/Oﬂ O(x)dz.

Clearly ¢* € H!(0, ). Substituting ¢* in , bearing in mind that g, € L(0,7), we
infer that

oz/7r G, P dr = /”[g2 —bu, — (J +&)¢ — B0,)®dx, YV € H)(0,7),
0 0

which shows that
¢ € H*(0,7).

An integration by parts leads to

_a¢zm =02 — bum - (J + f)¢ - ﬁex = Q € L2(077T)7
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hence, ¢ solves the third equation of . We use and to arrive at

JU = Qg + bug +£¢ + 50, = Jf*.
On the other hand, since —ag,, = Q € L?*(0,7), then

—04/7r OpxVdr = /7T QVdr, V¥ c HY(0,7).

0 0

Integration by parts gives
0, U Z + oz/7r b0, dr = /7r QUdr, YU e HY(0,7),
0 0

hence,

—ap,P* ;T+ a/ G rdx :/ Qo*dr, Vo' € HN0,7),
0 0
and therefore, by , we obtain
—agp, (T)¢* (1) + ag.(0)¢*(0) =0, Vo* € H}(0,T).

As ¢* is arbitrary, we get
which means that

¢ € H2(0,7).
Substituting u, ¢, 6 in (2.14]) and (2.15)), we obtain
ve HY0,7), ¥ € H0,7) and 2 € Hl((o, 1); Hg(o,w)). (2.24)

Therefore A is maximal, which completes the proof of Theorem 2.1] O

2.3 Exponential Stability

In this section, we state and prove our main stability result. First, we define the energy

associated to the solution of (2.1]) by

1 g 1
E(t) := 3 / [puf + J¢7 + au? + £ + 2buy g + ad? + b + 7 |k| / 22 (2, w,t) dw] dzx,
0 0
(2.25)
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and introduce the stability number

(2.26)

Our stability result reads as follows.

Theorem 2.2. Assume that x = 0 and suppose that |k| < k. Then, the energy functional
E (t) satisfies, along the solution of (@),@, the estimate

E(t) <oe ™, Vt >0,
where o and w are two positive constants.
The proof of Theorem [2.2 will be established through several lemmas.

Lemma 2.1. Assume that |k| < k, then the energy E (t) satisfies, along the solution of

@,@, the estimate
E'(t) < —(k— |k:|)/ |0, (90,15)|2 dx <0. (2.27)
0

Proof. Taking the L2-inner product of the three first equations of (2.8]) by uy, ¢, 0 respec-
tively, we get

PA " ey 0 [T 2ge gy [ _
5 0 u;dx +2d uzdx b/ Grurdr = 0, (2.28)

th/ drde +§E/ ¢dx+b/ “z¢tdx+§a/ ¢*da +ﬁ/ Opedz =0 (2.29)

cd

92dx + /{/ 02dx + k/ 2y (x,1,t) 0,dx + B/ ¢tfdr = 0. (2.30)

Next, we perform the inner product of the fourth equation of (2.8)) with |k|z(x,w,t) in
L*((0,1); H}(0,7)), we arrive at

™ 1 - 1
7|kl d / / 22 (z,w, t) dwdz + |k|/ / Zow (T, w, 1) 2 (2, w, 1) dwdz = 0,
2 dt Jy Jo -

which gives

Tkl d [T, R T g
zi (z,w,t) dwdx + x,L,t)de — — [ 65 (z,t)de=0. (2.31)
2 dt 0 2 0
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Adding (2.28)-( [2.31]), we entail that

E’(t):—(m—@)/o 9§(x,t)dx—|—];|/0 zfc(x,l,t)dx—k/o 2e (2, 1,1) 0, (2, t) du.

Thanks to Young’s inequality, we infer that

B (#) < — (k- |k;|)/0ﬂ 02 (z,1) da.

]

Remark 2.1. We note that the presence of the delay weakens the dissipation caused by

thermal damping. Thanks to the assumption |k| < k, the energy E(t) is still dissipative at a

lower rate, similarly to the case of frictional damping. If |k| > k, the system becomes

non—dissipative.

To the best of our knowledge, there is no result on the stability or instability related to

this situation. However, in the light of [62], we expect that the energy will lose its exponential

stability.

Lemma 2.2. Assume that x = 0, then, the functional

vy J vy ™ ™ x
Fi(t) = %/{J quutdquTa/O qbtuxdquQJ/O (bgbtdx—p—bf/() Uy (/0 gzﬁ(y)dy) dx (2.32)

satisfies, along the solution of @,(@ and for any €5 > 0, the estimate

2

b 2 2 2
—=0|| =218l = 5 loal® + 2 el

Ja
1
+MMW+M@+5)mm

Fi(t) < =m |[Vau, + —=¢

where 1,72 and M are positive constants.

Proof. Direct differentiation, using (2.8)); and integration by parts, yields

dap [T ap [T ap ("
E?p/o quutdl' = Tp/o ¢twutdx + Tp\/o gbwuttdx

= %/ Orptpdr + g/ O (agy + bo,) dz
b Jo b Jo

:%/ gbmutdasjt%/ Goizzdr + ol a2
b Jo b Jo

(2.33)

(2.34)
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Similarly, using ({2.8)2, we have

dJa [T
ET/O (btul'dx = —/ gbttuxdx + _/ ¢tuxtdx

= Z/ [a¢xz - — & — p0, ]ul‘d‘(p + _/ Prugda,
/ T T R A
— T i 9 Uydr + —/ Ortugdr (2.35)

and

d s 2 T
/Oqzw =27 |ul® + /quqﬁt .
—2J\|¢t|]2+2/0 ¢ [adgy — by — E¢ — B0,] dx:
=27 (|42 — 20 [, — 26 / dupdz — 26 ||6||* — 26 / o0,dr.  (2.36)
0 0

The exploitation of (2.8} .1 leads to

_%p_bé ut(/¢ dy)dx_—— utt(/aﬁ dy)dx——/ w(/ Oy dy>
--¢ / (@t1zs + bS] ( / ¢<y>dy> da

_P_f ut(/ i (y dy>dl’
_af/ uadda + & [|))* — == “t(/ iy dy)

The addition of (2.34))-(2.37)) yields
Fi (t) = —alue|® = €10° — 25/ Gupdz — a||do | + 27 [

—26/ o0, dr — aﬁ/ Huxdq:—— ut(/ oy dy)
+( a;”)/g Ugsrde.

Therefore, since Y = 0, we obtain

b 2
—H\/Eum+7¢ (5——) 161 — o 6> + 27 64]

—i-QB/Oﬂgzﬁde ——/ 0,u xdm— Uy (/ oy dy) dz. (2.38)

(2.37)
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Cauchy-Schwarz and Young’s inequalities yield

6271—2

0d.dr < — a.1-. 2.
8 [ 0oude < S0 + ) (239
Similarly, for any e > 0 and €3 > 0,
s xT M
[ ( / @(y)dy) dr < 2l + 2L g2 (2.40)
0 0 €2

and

VO [ ausbude < o |V + 2 0.
0 3

2

b b2 s M
<9 — 2— —16,*. 2.41
< 22 Je0|| + el + N6l (2.41)

The substitution of (2.39)-(2.41)) into (2.38)) gives

Vaug +

R0 < -0 -205) |Vau + o - (6= & —o%e) hol - 2 ol
1= s CVa a a ® 2
1 1
+ M (1 + 6—) el + &2 flull* + M (1 + 5—) 162 (2.42)
2 3
2 2 2
Since £ — — > 0, we can choose e3, small enough, such that ¢ — — — 2—e3 > 0 and
a a a
1 — 2e3 > 0, and, hence, the estimate (2.33)) follows. ]

Lemma 2.3. Let (u, ¢,0,z) be the solution of (2.8),(2.9). Then, the functional

= [ watr = [ ([ o)

satisfies the estimate

2

b 2
J20| Ml (2.43)

g@)g—gwMﬁ+H¢a%+

where M s a positive constant.

Proof. By differentiating F5(t) and using (2.8));, we arrive at

s b ™ xT
By = =pllul? = [ lonas + b0t ude = 2 [ o 001 ([ otiy) do

0
B bp T X
" ; Uy </0 ¢t(y)dy) dx
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T b2 b T x
=~ plwell® + a ugll? + 25 / wedde + = o2 - 22 / u( ¢t<y>dy) dz
0 a a Jo 0

v 2—%/0”ut(/ox¢t<y>dy)dx.

Young’s and Cauchy Schwarz inequalities give

b
_EP ut(/ oy dy)d:z;<—||ut|| + M |||

and ([2.43) follows immediately. O

ol + Hfu

Lemma 2.4. Let (u, ¢,0,z) be the solution of (2.8), (2.9). Then, the functional

Fy(t) = —% ;9 (/Ox ¢t(y)dy) dx

satisfies, for any €1 > 0, the estimate

J b ?
B0 < —3 P+ |V + o]+ ol
Jk2
b6 + T (1, O +M( )He 2 (2.44)

where M s a positive constant independent of €.

Proof. Differentiating F3(t), then using (2.8)s, (2.8])3 and integration by parts, we get

= [ ([ o) [ ([ sa) s

_ 1 [0 + 2w (1,1) — B ( /0 @(y)dy) o

B Jo
C s T

J/i 7T )

0,0.d — xlttd—Jt— 0o.d 0
/ dudr + / Vet — T || / bod + |9
b dy | d
B/ (/ Uy + EP) y) T
Thus,
Fy(t) == Jlloel* + = / x¢td$+J—k 2a(1, ) dpd
0

s [ (s )

6(&——) / ( / ¢y>dy) dy— 2 / Opuds + o). (2.45)
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Young’s inequality yields

Jr [T J
T Outuda < S lonl* + M0, (2.46)
B Jo 4
and
Jk Jk:2
) (1, 1) ged < — ||¢t|| + 5z (L, )]
Similarly, for any £; > 0, we have
ch [T M. b |I?
aly + — dy | de < — |0, + ¢ au, + — , 2.47
e [0 ([ (Van+ Jeo) y) o < 2o+ o) |vau + ool (2an
c b? T v M
S(e=5) [To( [ stnar) o< po.if + arfol? (2.48)
a 0 0 81
and
o 9
6 9¢xd$ < ||9 I” + exll . (2.49)
The substitution of ([2.46 — into - ylelds . O]
Lemma 2.5. Let (u,¢,0,2) be the solution of (@,. Then, the functional
1 s
t) = 7'/ / e 722 (z,w,t) drdw
o Jo
satisfies the estimate
s 1 T
Fl(t) < H9x||2—e_T/ 2 (01,1 dx—Te_T/ / 2 (2,0, 1) deduw. (2.50)
0 0o Jo

Proof. Differentiating Fy(t), then using (2.8])3 and integration by parts, we infer that

Fy(t —27'/ / Zp (T, w, ) 2 (7, w, 1) dedw.

Consequently, we get, from ([2.7)),

——2// 2 (T w0, 1) 240 (7, w, ) dedw
// 2 (2, w,t) dedw
1 T d
// (e79722 (z,w, 1)) dxdw—T// T2 (1, w, t) dedw
0 0 dw
2 (

x,l,t)dx—i—/ 02(5L‘td$—7'// T2 (2, w,t) drdw
0

0
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and, finally, we obtain
™ ™ 1 ™
Fi(t) < —eT/ 22 (2, 1,t) dx + / 02 (x,t) dx — TBT/ / 22 (z,w,t)dzdw  (2.51)
0 0 o Jo
and ([2.50)) follows immediately. O

At this stage, we introduce the Lyapunov functional

L(t) = NE () + L-Fi (1) + B (1) + iF () + NaFy(t),
where N, Ny, €1 and €5 to be determined later.
Lemma 2.6. The functional E and L satisfy, for a positive constant Cg, .,, the estimate
(N =Cere) E(t) S L(t) < (N +Cep ) E(E), VE>0.
Proof. Let K (t) := L(t) — NE(t), then

K@:—Jﬂ)+&@+§&@+MH@

4eq

/ O urdr| + / Prudr| + / opdx| + / ' upudx
U )dy | dz| + «(y)dy | dx
(o) | [Co ([ o) ]

//e_wzi(x,w,t)dxdw.
o Jo

Therefore, Cauchy-Schwarz and Young’s inequalities yield

and

K ()] < [

|

+ 5152|:

€1,€2

[L(t) = NE(t)] < C:, o, B(1), (2.52)
where C., ., > 0. Thus,

(N - 081752) E (t> < L (t) < (N + C€1,€2) E(t>
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Proof of Theorem [2.2]
By differentiating £(¢) and using (2.27)), (2.33)), (2.43)), (2.44])), (2.50)), we get

2

2

482

7

< (

(-

(- +i) —M) H<bt\|2
-(

- (e

Vo=t -2 (14 2) -3 L - ) pol?
1

€1 462

5B2>/ 22(z,1,t)dx
—T€_TN4/ / 22(z,w, t)drdw.
0 Jo

First, we choose €5 > 0, small enough, such that

. {P% P2 POé}
o <mingy —,—,— ¢ .
8§ 48
Then, we pick €; > 0, small enough, such that
J
g1 < P P .
2\ M — +— M
() )
Next, we take N4 so large
Ny > i
T efe

Finally, we select N such that

M 1
N(/{—|k‘|)>—(1+—)—|—M£—|—N4
€1 €1 4 E9

and

N-C.,., >0. (2.53)

Thus, there exist A\, my, mo > 0, such that

2

(1) < A (Hm i %Gb I+ el + 6l + el + ||e$||2>

™ 1 s
- )\/ / 22 (2, w,t) dwdz — )\/ 22(z,1,t)dx (2.54)
o Jo 0
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and

miE (t) < L (t) < moE(t), Vt> 0. (2.55)

Therefore, there exists 6 > 0, such that

L'(t) < —=0E(t), t > 0.

Using ([2.55)), we have, for a constant w > 0,
L'(t) < —wL(t), t > 0.
An integration over (0,%) and the use of (2.55)) again lead to

E(t) <oe ™', t>0,

for some o > 0, which completes the proof of Theorem [2.2]

2.4 Lack of Exponential Stability

In this section, we suppose that x # 0 and prove the lack of the exponential decay. The
proof is based on the Theorem [1.14]

Our result is the following:

Theorem 2.3. Suppose that x # 0. Then, the solution (u,,0,z) of problem (2.8)-(2.9)

can not be exponentially stable.

sin(nx)

Proof. Choose F,, = (0, ,0,0,0,007 € H and let U, = (Un,Vn, Pry ¥n, O, 20)T €
D(A) be the solution of (i\,I + A)U, = F,, then

s
[ Flle = 2
and )
AU, — v, =0,
IPARUn — QUpgy — bOpe = sin(nx),
An@n — by =0,

(2.56)

ZC)\nen - Henxz - kznmm<x7 17 t) + B¢nx = 07

ITA 2 + Znew = 0.
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Substituting the first and third equation of (2.56|) into the second, the fourth and the fifth
equation of (2.56)), we obtain

y

PA2 Uy + QUpgy + 0bpy = —sin(nz),
JNZ — n + QQnay — DUy — enx :07
(JA, —&)o ¢ g (2.57)
ZC/\nen + ZﬁAnqbna: - ’igna:m - kzn:c:r (xu 1, t) =Y
L ITAZn + Zne =
Taking into account the boundary conditions, we set
u, = Apsin(nz), ¢, = B, cos(nx),
0, = Cpsin(nzx), 2z, = D, (w)sin(nz), (2.58)

where A, B,,,C,, and D,, : (0,1) — C, such that D,, (0) = C,,. Substituting (2.58) into

(2.57), we get
(an® — p\2) A, +bnB, =1,

bnA, + (an®* + ¢ — JN2) B, + BnC,, =0,

(ich, + kn?) Cy, — iB\,nB, + kn?D, (1) =0,

{ iTAn Dy (W) + Dy, (w) =0.
Solving the fourth equation of , we have

(2.59)

D, (w) = Cpe~ 1,
The substitution of D, (w) into the third equation of (2.59) yields

(an2 - p/\31> Ap+bnB, =1,
bnA, + (an?® + & — JX2) B, + BnC, =0, (2.60)
—ifAn By, + (ich, + kn? + kn?e™7) C,, =0,

which can be written as

P\ bn 0 A, 1
bn  Py(\)  Bn B, |=1]10[, (2.61)
0 —ifAn Py()) Cy 0

where

Pl ()‘n> :CLTLQ—p)\%, P2 ()‘n) :om2—|—§—J)\$“
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Py (\n) = icA, + kn? + kn2e~ a7

From ([2.61)), we entail that

P2 ()\n> p3 ()\n) + i)\nnzﬁ2
Py () [Po () Ps () + iAgn2B%] — n2b2P; (M)

an?
Taking A\, = y/—, then P, (\,) =0 and
p

A, =

A= PO PO +ide’B K
n _n2b2P3 ()\n) R’
where
. 1 1 j
K= 2 (o) i (0 oo = ) 3+ 2 ) i,
a a a @
and
27,2 2
R % (1 — ke ™) AL _iw,\i'
a a
Therefore,
A 1 A 1 1
A = L (i = ke ™) 4 (6% + Leap — Jc) | % (o he™™) 53 +iekss
o ﬁ(/{—ke*i”‘ )_ZbQﬁi
a2 a A,

As n — 400, \,, — +00, we get e~ — 0, then
AnH%X:A#O, as n — 00.
P

Consequently

U7 > p/ \vn\2d:c:p/ |>\nun|2dx:p/ IAn A, sinnz|” dx
0 0 0

T A Il
> plAdP I [ sl e = A L
0 2
Thus,
A + AU, E, 1
1Al + AU [IF5 > o
[Un]| 1Unll — plAnl[An]
which contradicts the statements of Theorem [1.14] Therefore, Theorem is established.

]
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chapter

3 A porous thermoelastic system
with Gurtin-Pipkin law

3.1 Introduction

In this chapter, we are concerned with the following porous thermoelastic system

(

Py = gy + DOy, in (0,7) x (0,400),
J¢tt = a¢zx - buz - €¢ - Bea:a in <O77T) X (07 +OO>7
Cet = —qy — ﬁ‘bxta iIl (0771-) X (07 +OO>7 (31)
q= —/ g(t — )0, (x,s)ds, in (0,7) x (0,400).
together with the initial and boundary conditions:
u(z,0) = uo(x), ¢(x,0) = ¢o(x), 0(z,0) = bOo(x),
ug(z,0) = ui(x), ¢u(x,0) = d1(x),
uw(0,t) = u(m,t) = ¢.(0,t) = ¢ (m,t) = 0(0,t) = 6(m,t) = 0. (3.2)

This system models a one-dimensional porous elastic material of length 7, subjected to
thermal effects modelled by the Gurtin-Pipkin law of thermal conductivity. Here, u is the
transversal displacement, ¢ is the volume fraction, # is the difference of temperature from
an equilibrium reference value and ¢ is the heat flux.

The coefficients p, J, ¢, i, b, and & are positive constitutive constants. Moreover, to
ensure that the energy associated with the solution of is a positive definite form, we
assume that p& > b?. The coefficient 3 is a non-zero coupling constant, but its sign does
not matter in the analysis.

The basic evolution equations in the theory of thermoelastic materials with voids were

developed by Iesan [41, 43]. In the one dimensional case these equations are written as
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follows

puy =Ty, Jou=H, — G, png = qu, (3.3)
where T is the stress tensor, H is the equilibrated stress vector, G is the equilibrated body
force and 7 is the entropy.

In the linear theory, and assuming that the body is free from stresses and has zero

intrinsic equilibrated body force, the constitutive equations are (|41}, 43])

G:bux—i_f(ba PN = _Ce_ﬂ(bxa
The substitution of the constitutive equation (3.4)) into the evolution equations (3.3)) leads

to the first three equations of the system (3.1). The fourth equation of (3.1)) represents the
heat conduction modeled by the Gurtin-Pipkin thermal law (3.7)), which will be introduced

(3.4)

later.

Note that the heat conduction described by Fourier’s law
q= —kKb,, (3.5)

leads to a parabolic equation. Consequently, the heat propagates at an infinite speed, which
is unrealistic. To overcome this physical paradox, many alternative theories have been

developed. Lord and Shulman [52] replaced Fourier’s law (3.5 with Cattaneo’s law
Tog +q + Kby =0, (3.6)

where the positive constant 7y represents the time lag in the response of the heat flux to the
temperature gradient. According to this theory, called second sound thermoelasticity, the
system becomes fully hyperbolic, and heat propagates as a wave with finite speed. Conse-
quently, the speed of the heat equation is involved in the exponential stability condition.
Moreover, the theory of thermoelasticity with second sound is incapable of depicting the
memory effect that prevails in some materials, particularly at low temperature. This fact
leads to the search for a more general constitutive hypothesis that links the heat flux to
the thermal memory. Gurtin and Pipkin [40] proposed that the heat flux depends on the
cumulative history of the temperature gradient weighted by a relaxation function called the

heat flux kernel. They formulated a general nonlinear theory in which thermal perturbations
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disseminate with finite speed. According to this theory, the linearized constitutive equation

for ¢ is written as follows

q:—/t g(t—13s)0,(x,s)ds, (3.7)

—00

where ¢(s) is the heat conductivity relaxation kernel. The presence of the convolution term
in the heat equation renders the system into a fully hyperbolic system. This allows
heat to propagate at a finite speed and enables the description of the memory effect of heat
conduction. We note that several constitutive models arise from different choices of g (s).
In particular, if we take g (s) = kd (s), where ¢ is the Dirac mass weighted at 0, then
becomes Fourier’s law , and if we let

g(s)= ie_%, T >0,
70

we recover Cattaneo’s law . Therefore, is a generalized form of Fourier’s and
Cattaneo’s laws.
In the context of Gurtin-Pipkin theory, Pata and Vuk [66] considered the linear ther-
moelastic system
U (T, 1) = U (x, 1) — O (2, 1),
O (z,1) = —uge (z,1) — qu(z, 1),
where the heat flux ¢ is modeled by . They used the semigroup theory and established
an exponential stability result under certain assumptions on u(s) = —¢'(s). Fatori and

Munoz Rivera [25] studied the system

Ugp — Algy + by = 0, in (0;L) x Ry,
0, — k * 0,y + gy = 0, in (0;L) x Ry,
where
t
(k*0.)(t) = / k(t—7)0. (T)dT.
0
They obtained an exponential decay result, provided that the kernel k£ is positive definite

and decays exponentially.

Concerning Timoshenko type systems with heat flux given by Gurtin-Pipkin law, Dell’Oro
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and Pata 2] considered the following system

prw — k(s + 1), =0,

/)2?/% - bw:m + K (()O:Jc + w) + 6937 = 07 (38)
1 o
psb — 3 9(8) sz (t = s)ds + 6t =0
0

and proved that the solution of system (3.8]) is exponentially stable if and only if

X:{ﬂnnﬁﬁ[&_@}_llﬂﬁzo
psk g(0)] L b g (0) pskb

Recently, Fareh [23] considered the porous thermoelastic system

Py = [lyy + Doy — B0, in (0,7) x (0,4+00),

Jsott - O“Pm - buac - 590 + m‘g - T‘ph in (07 7T) X (Oa +OO)7 (39)
0

b= [ gt = 5)0ualo)ds — B = mir, in (0.7) x (0,0%),

and proved the exponential stability of the solution of without any restrictions on the
coefficients of the system.

The system (3.1)) considered in the present paper is a (weak) version of , where
the coupling porosity-temperature is direct, however, the coupling elasticity-temperature
is through the porosity equation. Moreover, system contains only one dissipative
mechanism, which is produced by the heat equation of hyperbolic type. Our result improves
that of [21] obtained for Timoshenko system and generalizes the results of [24] and [78] since
subsumes and (3.6)).

The rest of this chapter is organized as follow: in Section 2, we introduce some prelimi-
naries. Section 3 is devoted to the proof of the existence of a unique solution to ,.
In Section 4, we state and prove our stability result provided that x, = 0. Finally, in Section

5, we prove the lack of the exponential decay whenever v, = 0 or x, # 0.

3.2 Preliminaries
Before we establish our well-posedness result, we introduce the new variables

0'(x,s) :==0(x,t —s), s >0,
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and
n(e,s) = iz, s) = / 0! (2, 7)dr, s > 0,
0

which denote the past history and the integrated past history of 6 up to t, respectively.
Clearly, n' (x, s) satisfies the boundary conditions

n(0,s) = n(m,s) = 0.

Moreover, we assume that g (c0) = 0 and n(z,0) = limont(x, s) = 0, then
5—>

—00

t +00
q:—/ g(t—s)@x(x,s)ds:/ g (s)nt (x,s)ds.
0
Further, we have
m(z, s) =6 —ns(, s). (3.10)

Setting k (s) = —¢'(s), system (3.1)) becomes

;

Pl = [y + DDy, in (0,7) x (0,400),
Joy = Qg — buy, — Ed — B0, in (0,7) x (0,4+00),
+oo (3.11)
Cet — _6¢xt +/ K(S)nfvw<‘r7 S)d87 iIl (07 7T> X (07 +OO)7
0
nt=6-n, in (0,7) x (0,400).

From (3.11))2 and the boundary conditions (3.2]), we have

d2 m L
J@/o qﬁ(x,t)dx—i—«ﬁ/o ¢ (x,t)de =0,

which gives

Consequently, if we set

E(x,t):gb(x,t)—%(/Oﬂqbo(:v)dx)cos( %t)—% %(;@(x)dx)sin(\/gt),

we find
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Moreover, we easily check that (u, ?,0, 77) solves 1) subjected to the following boundary

and initial conditions
ul(,0) = (o), 2,0) = dn(w) — + [ dula)de, 0(,0) = e,
0 ™
w(r.0) = (o), G0) = on(w) = = [ 61 (@)d, 1°(a5) = ).

U(O,t) = U(W,t) = ¢x(07t) = ¢x(7ra t) = 9(07t) = 9<7Ta t) = 77(07 S) = 77(7T’ 8) =0,
(3.12)

and, more importantly, Poincaré’s inequality can be applied for ¢. In the sequel, we work
with (u, ¢,6,7), but we write (u, ¢, 0,7) for convenience.

Regarding the memory kernel, we assume the following set of hypotheses:
(h1) k € C(RT) N LY(RT).
(h2) s (s) >0, K (s) <0, Vs >0.

(h3) [ k(s)ds = g(0).

(h4) k is differentiable almost everywhere and there exists 6 > 0 such that &'(s) <
—0k(s), Vs > 0.

At this point, let A : D(A) C L*(0,7) — L?(0,7) be the positive self-adjoint operator
defined by Au = —0,,u, with domain D(A) = H?*(0,7) N H(0, ). Therefore, it is possible
to define the powers A" of A for » € R and the Hilbert space V,, = D (A’"/ 2) equipped with

the inner product

(u,v), = (A"Vu, A7),
and let |lu||, be the associated norm. In particular, Vo = L*(0,7), V.1 = H 1(0,7), V; =
H}(0,7) and
<A1/2u, A1/2v> = (Du, Dv) , Yu,v € Hy(0, 7).
For r; > ry the injection V,, — V,, is continuous.
Next, we introduce the weighted Hilbert space

V = L2((0,+00); Hy (0, 7)),

with inner product

<mOV=AmM$WA$Q$D%,
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and the norm
HW:ﬁm@M@W&

We introduce the space
H = H) (0,7) x L*(0,7) x H} (0,7) x L2 (0,7) x L* (0,7) x V.
It is a Hilbert space with respect to the inner product
(U,U*) = p/owvv*dx +u/owuxu;dx +§/O7rgb¢*dx+ oz/wgbmgb;dx—i— J/OW¢¢*dI
+b /7r ourdr + b/7r up*dr + c/7r 00" dx + /&> K(s) /7r Nz (8)ns(s)dxds,
0 0 0 0 0
where U = (u, v, ¢,1,n)T and U* = (u*,v*, ¢*, v*, n*)T.

Remark 3.1. Under the hypothesis ué > b2, we have

i b b2
/ (pul + €07 + 2buy¢) do = ||\ /B, + 7¢ + <§ - —) o||?
0 NS 2 (3.13)
- e _ 2
—$@+ﬁ%4(u€www

3.3 Well-posedness

In this section, we prove that the problem given by (3.11f), (3.12) has a unique solution.
The proof is based on the theory of semigroups and Hille-Yoside Theorem.

To rewrite the problem in the semigroup setting, we introduce two new independent

variables u; = v and ¢; = ¥. Then, the system (3.11)), (3.12]) can be written as follows

U+ AU =0,
. (3.14)
U (0) = UU = (u07 Uy, ¢Oa ¢17 007 T]O) p
where A is the operator defined on H by
—v
p
AU v (3.15)
= o 13 b 6] ) .
—— = - —0
%Y TT d
Y R CLOLe
—0 + ns(s)

46



3.3. WELL-POSEDNESS CHAPTER 3

with domain
UeH: u,¢e H*0,7), v,0 € H(0,7), ¢ € HX0, ),
D(A) = +oo
n,ms € L2((0,+00); Hy), / K(8)1ea(s)ds € L*(0,m), n(0) =0
0

The well-posedness result reads as follows:

Theorem 3.1. Suppose that k satisfies the hypothesis (h1)-(h4). Then, for any Uy € D (A),
the problem has a unique solution U € C ([0, +o0[; D (A)) N C* ([0, +o00[; H) .

The proof of Theorem is based on the Hille-Yosida Theorem and will be established

through several lemmas.

Lemma 3.1. Let T' be the operator defined on V' by

T'n = —ns,
with domain
D(T) = {77 eV:in, eV, lim|n,| = O} .
s—0

Then, for every n € D(T), we have

1

+o0 5
3] RO < =5l <o (3.16)

(T, )y = 5

Proof. By the use of integration by parts, we have
+00 ™
2Ty = <2 [ k) [ sl s, s)dads
0
o d
- - / (5) o e(s) s

+oo
N e [ b / (5)|Ine (5)2ds,
then,
2 2 oo 2
2T, m)y = lim w(3)na ()12 — lim (), (5) 2 + / K n(s)Pds.  (3.17)
0

Since n € H} (0,+00; Hj(0,7)) and 1,(0) = 0, then s (-) |n.s (-) |*> € L' (RT) and conse-

quently, the first term in the right hand side of (3.17]) worths

s 2

i (5) . ()]* = i () | | ()

2

< timsup ([ w6 )l dr)
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Applying Cauchy-Schwarz inequality and the fact that x(s) < k(1) for 7 € [0, 5|, we arrive

at

lim /@'(5‘)”7]35(3)“2 < lim sups/ K(T) ||77$s(7')||2 dr = 0.
s—0 5—0 0

Therefore,
+o00
2Ty = = lim () + [ K)o
S o0 0
The left-hand side of the last equation is bounded, and according to (h2), both terms on the

right-hand side are non-positive. Therefore, we infer that the limit mentioned above exists

and is finite. Consequently, it equals zero. Thus
1 > ! 2
(In,mpy =5 | K()lna(s)[ds.
0
Moreover, the use of the assumption (h4) on & leads to (3.16]), which completes the proof. [

Lemma 3.2. The operator A defined by s monotone.

Proof. A direct calculation, using integration by parts and the boundary conditions, yields,

VU € D(A),

(AU U), = — u/oﬂ Uy 0dT — /07r bovdr — u/oﬂ Vplpdr — 5/()” Yodr — 04/07r Yyt dr
—a/owgbmwdx+f/07r¢wdx+b/oﬂu$wdx+ﬁ/0w€z@/)dx—b/Oﬂﬁbuxda:
— b/o7T v pdx + B/Oﬂ Y 0dx + /07r /OOO K($)n: (s) Opdsdx
[t [0t + [ s 5 dods.
= /O+OO K($) /07r Nes(8)n:(s)dsdz,
=— (Tn.n)v.

From Lemma [3.1| and the hypothesis (h4), we infer that

1 +o00 , )
AU == [ R @) na(s) s = Gl

Lemma 3.3. The operator A defined by 18 maximal.
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Proof. Let F = (fY, f2, f2, f4 f5, [T € H, we seek U € D(A) such that (I + A)U = F;
that is,

uw—uv=f (3.18)
PU — HUgzy — bqu = pfzv (319)
¢o—1=[ (3.20)
J — gy + EG + buy, + B0, = Jf*, (3.21)
ch + P, — /00 #(8)Nee(8)ds = cf?, (3.22)

0
n(s) — 0 +n4(s) = f°. (3.23)

By solving subject to the initial condition n(0) = 0, we get
n(s)=(1—-e*)0+ / eV~ fO(y)dy. (3.24)
0

Next, inserting v and v from (3.18)), (3.20)) into (3.19)), (3.21)) and (3.23)), we get

PU — UUgy — bgbx = P(fl + f2)7
(J + )¢ — Ayy + bty + B0, = J(f> + fY), (3.25)
+oo
0+ Bou = BfF +cf° + / ()0 (5)d,
0

At this point, we define the space
W = H; (0,7) x H (0,7) x HL(0,7),
and consider the following variational problem associated with the system (3.25)),

B((u, 6,0), (u*,gb*,@*)) — L(u*, 6%, 0%), Y(u*, 6", 0%) € W, (3.26)

where B and L are the bilinear and the linear form defined over W by

™

B((u,6,0), (u*, &, 07)) = u/wuzu dr+b [ our dx+p/ i dz
+a/ ¢$¢dx+b/0 deﬁ/ 6,0" da
J+5/¢¢dx+c,€/0 0,0" dx
te /0 06%dz + 3 / 6.0"da
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with
+o00 +o0
Co = / K(s)(1 —e %)ds < / k(s)ds < oo,
0 0

and
H e p/o:(f1 . fju*dx : J/oﬂ (f*+ f1) &"du + /Ow(ﬁfi’ +cf*)0da
_/0 9;/0 K(‘S)(/O eyfsff(y)dy) dsdz.

Clearly, B and L are bounded. Moreover,

B((u,¢, 9), (u, ¢,9)> :M/ ugdx+2b/ qﬁuxda:—l—p/ u2d;1:+a/ $2dz
0 - 0 . o 0
+(J + 5)/ *dx + cﬁ/ 02dx + c/ 6?dzx,
0 0 0
which, by (3.13)), leads to
b2 ™ ) ™ ) ™ )
B ((u, 0,0), (u, ¢, 9)) >|p—— uzdr + ¢, Oidr + « ¢rdx
£/ Jo 0 0

> Cll(u, ¢,0) 3y,

for some C' > 0; hence, B is coercive. Consequently, Lax-Milgram theorem guarantees the
existence of a unique solution (u, ¢, 6) € W satisfying (3.26]).
Next, we take (u*, ¢*, 0%) = (u*,0,0) in (3.26) to get

,LL/O7r u i dr = /Oﬂ(b@ —pu+p(f'+ f))u'de, Vu* € Hy(0, ).
Standard arguments of elliptic equation infer that w € H?(0,7) N H(0,7) and
[y = —(boy — pu+p (f' + f7)).
Therefore, by using , we arrive at
pU — ity — b, = pf>.
Similarly, by taking (u*, ¢*, 6*) = (0, ¢*,0) in , we get

o /0 bt = /0 (b 4 B, — (T4 0+ T (F 4 1) 6, Yo € HA0 7). (3.27)

20



3.3. WELL-POSEDNESS CHAPTER 3

Here, we cannot apply the elliptic regularity directly. To do so, we proceed as follows:
1 ™

Let ¢ € H}(0,7) and set ¢* = ¢ — —/ o(z)dr. We easily check that ¢* € H(0,r).
T Jo

Plugging ¢* in (3.27)), taking into account that

—bu, + B0, — (J+ o+ J (f*+ f*) € L2(0,7),
we obtain
a/ﬂ Gpppdr = /7r (—buw +80,— (J+&op+J (f3 + f4)) odr, Yo € Hy(0,7);
0 0

which means that

¢ € H*(0,7) N H0,7).

An integration by parts leads to

gy = bty — B, + (J + )0 — J (f° + f*) = R e L*(0, 7). (3.28)
The use of ([3.20]) leads to

Thus, ¢ satisfies (3.21]).
On the other hand, since a¢,, = R € L*(0,7), then

a/ gbmd)dx:/ Rddz, V&€ HY(0,7).
0 0

Integration by parts gives

ap,d

i a/ 6, @, dx :/ Rbdz, ¥ e HY(0,7).
0 0 0

Since H!(0,7) C H'(0, ), we have

ap,P

T a/ 6.0, dx :/ R®dz, ¥b e HY(0,7).
0 0 0

The use of (3.27)) leads to

p, (T)®(7) — ag,(0)P(0) =0, V& € H(0,7).

As @ is arbitrary, then
ag,(m) = ap,(0) =0,
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and, hence,

¢ € H(0, 7).
Back to (3.18),(3.20) and (3.24) taking into account the last results, we get

ve Hy(0,7), ¥eH (0,m) and n€ HL((0,+00); Hy).
Furthermore, (3.22)) yields

+o00
/0 K (s)nt, (s)ds € L*(0,7).

Hence, the solution U belongs to D(A), then A is maximal, which completes the proof of
the Lemma. N

Proof of Theorem From the Lemmas 3.2 and by Hille-Yoside Theorem [1.9]
the problem ([3.14) has a unique solution.

3.4 Exponential stability

In this section, we state and prove the stability result of our problem.

First, let
Vg = ci— pg (0) (3.29)

and for 7, # 0, we introduce the stability number

J 2
=22 0 (3.30)

pooa o ay
Next, we define the energy associated with the solution (u, ¢, 8,7n) of problem (3.11]), (3.12)),

E(t) = E /Tr [puf + J¢7 + pul + £¢% + 2buyd + gl + b + /OO m(s)ni(s)ds} dx.
2 ’ (3.31)

Lemma 3.4. The energy E(t), defined by , satisfies, along the solution (u,®,0,n),
the estimate

%E(t) = (Tn,n). (3.32)
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Proof. Taking the L?—inner product of the first three equations of (3.11) by wuy, ¢y, 0, re-
spectively, and the V—inner product of the forth equation by 7, then adding the obtained
equations and using integration by parts, (3.32)) follows immediately. ]

Remark 3.2. According to and , the energy E(t) satisfies

d 1

GEO =5 [ Pas <o (3.33)

The main result reads as follow:
Theorem 3.2. Let (u,$,0,n) be the solution of problem , and assume that
(h1)-(h4) and that v, # 0 and x, = 0. Then, the energy functional satisfies

E(t) < oE(0)e ", Vt >0,
where o and w are two positive constants.

The proof of Theorem [3.2] will be established by the multipliers method through several

lemmas.
Lemma 3.5. Let (u, ¢,0,n) be the solution of , . Then, the functional

Fi(t) = —%/0 Oo/i(s) /07r O(x,t)n' (z, s)dxds

satisfies, for any €1 > 0, the estimate

d

1 teo
GRO < —elol =+ enlod? -1 (14 2) [T R @Il 630
0

where M s a positive constant independent of ;.
Proof. Differentiating Fi(t), using the third and fourth equation of (3.11)) and integration

by parts, we obtain

%Fl(t) o /0 ) /0 "0y (e, 8)dnds — —5 /0 ) /0 " 0w (o, s)dads

9(0) 9(0)
= —% /0+°° Kk(s) /07r (—ngwt(x,t) + /0+0° K(8)Nee () s)ds) n(x, s)dxds
_ % /;OO K($) /07T (O(x,t) — ns(x, s)) O(x, t)dxds 2
— _% /;Oo K(s) /07r b, )0y, s)dads + % ’ /Om K(s)n.(s)ds
—2¢|6))* + % /;oo k(s) /Ow 0(x, t)ns(x, s)dads. (3.35)
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Now, integrating by parts in the last term of (3.35)) with respect to s, using Cauchy Schwarz,

Young’s and Poincaré’s inequalities, we get

2c [T " 2c [T too
m/o /4;(3)/0 O(z,t)ns(x, s)dxds = —m/o 9(:6,75)/0 K (s)n(, s)dsdz
+oo
<clof -0 [ RElnPs (339

Next, Young’s inequality and - 3.16|) yield

_%/; / 6l s, 8)dads = — 2 28 / iz, ) /M (8)1s (v, 5)dsd

+o0
<allol == [ WG Inl . 630
Also, Cauchy-Schwarz’ inequality and (3.16)) give
S et 2<2|| 12 <~ Il - 3/+°° K(8) a9
— k(8)n.(s)ds < - (s s
ON Y S =TS !
+oo
ol = [ R Il ds (339
Substituting (3.36) into , estimate (| - ) follows immediately. O
Lemma 3.6. Let (u,®,0,n) be the solution of , (3-19). Then, the functional
CJ sy T
Rt =5 [ 8.0 [ oty tdyds
B Jo 0
satisfies, for any €9 > 0, the estimate
+oo 1
LR < -2l - m / (o)1 ds 1 (14 2 ) o
+ &9 ||V au, + +62H<bH + &9\ b2 |I%, (3.39)

where M s a positive constant independent of e5.

Proof. Differentiating Fg(t) using (3.11))2, (3.11))3 and integration by parts, we get
d J
—Fy(t) = —C— Qt (x,t) / oy, t)dyde — —/ x,t) / ou(y, t)dydz

dt
B g (%“’” )+ / <>nm<a:sds) / o1y, ) dyds

Y 9(1‘, t)/ (a¢mx - bu:c - €¢ - /6990) (y7 t)dydx
0 0
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- —Juast||2+§/0+°°n<s>/;m<x o ds [ 02,00, (2.1
+c||9||2+%/0 (9(;5,75)/0 (b + £6) (y, t)dyda.

Notice that

5/ Qazt/ (bu, + £9) (v, dyd:c—

/ ) (ﬁux " %¢) (4, 1) dydz
Therefore,

U
d

J “+o0 T
_ . 2 < t
Fat) = T o + 5 / k(s) / (2, )bz, 1) drds

dt
;\br ' 0(z, 1) /0 (\/ﬁugﬂr%ﬁb) (y,t) dydzx

2 (g - ;> /Oﬂe@,t) /0 ol )dyde — 5 /Oﬂe(x,t)gzﬁx(x,t)dx 0P (3.40)

Young’s and Cauchy Schwarz inequalities and m 3.16]) give

+o0 ™ +oo
y / (s / ne(@, 8)u(x, t)da:ds<—||¢t|| / ) e ds

<< ||¢t|| + M |l

+o00
<Ll - M / 9 Ina(s)|Pds.  (341)

Similarly, for any €5 > 0, we have

2

cb i v b M b
O(x,t / < uux—i——gb) y, t) dyde < — ||0]]* + ¢ W, + —o| , (3.42
ﬁ\/ﬁo()o\/_ \/ﬁ() 82HH 2 ||V N (3.42)
c b? r M
: (g— —) [ 00 [ otwnayas < Z o+ ol (3.43)
a 0 0 62
and
ca [T M
=G | bodn < 01 + <ol (3.44)
B Jo €2
The substitution of (3.41))-(3.44]) into (3.40) yields (3.39)). O

Lemma 3.7. Let

s J ™ u i r
0= [ e+ 2 [ oo 27 [“ovde =2 [ [ staui
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1 [t T b
L) = [ e [ o) (Vo) + <-ote.)) dods.
2 i), ( i )| Vi i
I3(t) = ﬁp/ Oudz,
b Jo
and
c
F3(t) = L(t) + ’f—“h( £+ 1), (3.45)
Vg Vg
Suppose that x4 = 0, then, for all ¢ > 0, the functional Fs satisfies, along the solution of
3.11)),
d 2
—F5( - = - — - = M
] N I G [ T e (R M Y
+oo
+ &g [[udl|* + M ||0]]* = M (1+ 83)/ K (s)|me]*ds, (3.46)
0

where x, and vy, are given in (3.29)) and (3.30).

Proof. Direct differentiation, using (3.11)); and integration by parts, yields

d o g Q g o g
T bp / Ppudr = Tp /O ¢mutd:c+7p /O Gpuydz

o 4 a [7
0 0
= %/ Opupdr + %/ Gopizzdr + ol (3.47)
0 0

Similarly, using (3.11)),, we have

dJu

s J ™ i
G [Cwode =L [Cwsondo v 5 [ Jode

_ % / Uy (hyy — buy — ¢ — BO,) dx + % / Upy bpdr
0

B Uy Prpdx — [ HuxH — Mé xqﬁd — % uxezd:c
b 0 0 b Jo
J
+ TM Uz PrdT (3.48)
0

and
d s T
QEJ/O ¢¢tdx:2j||q5t||2+2j/0 bbydr
=2J ||oe|]* + 2/0 ¢ (agy — by — E¢ — B0,) da
=27 ||¢e|* — 2a || ])* — 26 ||| * — 20 / puydr — 23 / ¢0,dx.  (3.49)
0 0
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By exploiting (3.11]);, we infer that

i/ ut(/o ¢(y)dy)dfﬂ—_F 0 (/ *y )dx_ b
_ &
= ut(/ ¢t >
:%f / wodo+ €l =55 [Cu( [ ) o

(3.50)

/ ( / ) d)t(y)dy) da
dx

The addition of ((3.47))-(3.50) yields

d T T
—h(>:—u||ux||2—§||¢||2—2b/ ¢uxdm—a||¢x||2+2J||¢t|2—2ﬁ/ ¢0,.da

dt
ubﬁ Pf/ » (/ iy dy) da:+(——7)/ Ut Gy

Therefore, m leads to

d
0 ) == Vi + - (5——) 617 = ol +2 0 ~ 20 [ g

/ 0,u mda:—— s (/ iy dy> dz + (‘%—%) /Oﬂutxqbtdx. (3.51)

The differentiation of I, (¢) and integration by parts yield

d 1 too T b
Elg(t) = _ﬁ i /1(3)/0 N (2, 5) (\/ﬁum(x,t) + ﬁgb(x,t)) dxds

_ % 0+°° w(s) /0 " ne(z, ) (\/ﬁum(m, 0+ %gﬁt(x,t)) drds
— % /;Oo Kk(s) /07r ni(z, s) <\/ﬁum(1’,t) + %Gﬁx(x,t)) dzds

1

+ ﬁ/ / Vi (x, E)ng, (x, s)dzds
I T b

— ﬁ i K(S) ) \/[_/]m(x ,8)b¢(z, t)dxds.
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By using (3.11))3, (3.11))4 and integration by parts, we get

d _g(0)
Sl (1) -
1

WV
T +oo ™

—i—/o (cOr + Bdar) updx — 3/0 /1(3)/0 ne(x, s)o(x, t)dxds

™ b v

— —4(0) /0 butad + 2 4(0) /0 0,da
1ot T b

_ ﬁ i K(S)/O ns(x, s) (\/ﬁum + ﬁ%) dxds

+ C/OTr Oyupdx — ﬁ/oﬂ Oz dr — %/0+00 K($) /07r Ne (2, 8) Py (x, t)dzds.

/07T O(x,t) (\/ﬁum(:c,t) + %%(% t)) dx

The integration by parts with respect to s then with respect to = gives

IR A (s) /OW 1s(1, ) (\/ﬁum(x,t) n %@(:ﬁ,t)) dzds

i
_ # /0 ) /0 (s s) (\/ﬁum(x,t) + %%(I,t)) duds
= [ [Tt (Vi) + oot doas.

_ﬁ :
Consequently, we obtain
S0 = ~9(0) [ s + 2g(0) [ 06,
dt 0 H 0
1 [T, T b
- ﬁ i K (s)/o Nz, s) (\/ﬁux(x,t) + ﬁgf)(x,t)) dxds

+ C/O7r Oyurdx + ﬂ/oﬂ Grrurdr — S/OJFOO K(S) /07r Ne (2, 8)pe(x, t)dzds. (3.52)

Finally, using (3.11));, we get

i[g (t) = —@/ Qtutdx — %/ Quttd:v
0 0

dt b
— _@/ Qtutdx—é/ 0 (Htige + b9,) d
b ), A
_ O / by + 2 / Opttad — / 0. (3.53)
b 0 b 0 0
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Combining (3.51))-(3.53)) with (3.45]), we infer

00 = = |V (5——) oI — a6l + 27
—25/ (b@dm—ubﬁ O = ut(/ b (y dy)dx
Juap\ [T ~ pBug(0 ) /)59( )

(L) [ e - 252 /0 e
“+o0 ™
_pgT\jﬁ i n’(s)/o (2, s) (\/_u:D (z,t) —|——¢ xt)dxds
2 ™
+ 2 e+ 220 [ oo =22 [ ts) [ty 1) o
pepp [T Bpe pep
- et td 0:1: a:d - 0 :cd )
b'Yg/O s b’Yg/O Yg Jo P
then,
dF B b 2,97 2
250 =~ v+ o] = (6= £) ol - allonl? + 2710

p(pe _ pBg(0) _ ) " g ( )
+b<’yg Y o) /OHUId;E Uy /¢t )dy

+(pﬁg() ucﬁ 6)/ 06, —xg/ brundi

Vg 79
PB\/I "
e ), K (s)/o n.(z, 8) <\/ﬁux(m,t) + ﬁqﬁ(x,t)) dxds
_

+o0 T
Yo Jo R(S)/O 77x<1773>¢t($,t)d$d8.

Taking into account that x, = 0, we obtain

d

2 ry0 = [V + ! kG (s——) 161 = a ol + 2 ]
IR [ [t (Vo) + ol o
£ u(/ by dy)da:Jrﬁ/ 0,
_% [ /0 " e, 8)u (1) dads. (3.54)
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Cauchy-Schwarz and Young’s inequalities yield

—piTg\/ﬁ /:OO K'(s) /ﬂ M (2, 5) (\/ﬁux(flf,t) + %Gﬁ(x,t)) drds <

3 v+ ol - [ R s

Similarly, for any 3 > 0,

K x M
S ([ owar) ao < caul? + 2l
0 0 €3

T o
8 [ bouds < 5 lloul+ M
0
Using (3.16)), we have, for any 3 > 0,

B

4 1
H(S)/ e (2, 8) e (, t)ds < ||¢t||2 +esM [|n|f5,
Yg Jo 0

+0c0
< el —eadd [ R0 Il ds

Therefore, ((3.46|) follows from ((3.54))-(3.58)).

Lemma 3.8. Let (u,¢,0,n) be the solution of . (3-19). Then, the functional

Fu(t) = —p /Oﬁ wpuds — Z—”/Oﬂ " (/0 gb(y)dy) da

2
+M||¢t”2’

satisfies,

d P 2 b
G0 < Sl + | Vn+ 2o

where M s a positive constant.

Proof. By differentiating F(t) and using (3.11]), we arrive at

Rty = —p / (s + b6) e — / (it + b5,) / o(y)dydz

dt
- — U (b d dx

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

™ b2 b ™ x
— ||ut||2 fu ||ux||2 2 / wpdde + o) = 22 / " ( @(y)dy) da
0 % HoJo 0

—bf/ (/O%t(y)dy) dr.

b
2

ol +H i

¢ \/_ \/ﬁ
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Young’s and Cauchy Schwarz inequalities yield
bp
/. Uy th )dy | dz < 5 ||Ut|| + M ||
and (3.59) follows immediately. O

At this stage, we introduce the Lyapunov functional

()= NE (1) + NiFy (0) + —Fy (6) + = F5 (1) + Fy(0),

where N, Ny, e9 and €3 are positive constants that will be determined later.
Lemma 3.9. The functional E and £ satisfy

(N—Coe) E(t) L (t) < (N +C.,.,) E(t), Vt >0,
for a positive constant Cs, .,, depending on €q, €3 only.
Proof. Let # (t) := £ (t) — NE(t), then

K (t) == NiFy (t) + %Fz (t) + ﬁF?) (t) + Fu(t),

(/ &y dy) dz

and

|%<>|<c€2€3{

/ O(x,t)n'(x, s)drds| +

Ceyres { / Opdz| + /o utudx}
+C%; e { Uy </ oy dy> dr| + / Hutda:} }

Cores { ) (x, 5) <\/ﬁum(x,t) + ﬁqb(x,t)) o

Therefore, Cauchy-Schwarz and Young’s inequalities yield

|

tuzd:c

udx| +

where C., ., is a positive constant. Consequently,

(N - 052,63) E (t) < <z (t) < (N + 052,53) E<t)
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Proof of Theorem [3.2] By differentiating . (¢) and using (3.33), (3.34), (3.39), (3.46)),(3-59),
we get
;1) v

< 2 Kg—bf)i—l] 1617 = £ s
€3 \//_‘ des 4 t
) J p P 2
(& 1) 1o - (- (1) e

1 1
~(em—ar (14 ) Lo ar LY o -

+ (5 — MN, (1 1) M Moy 53)) /;OO K (s) .|| ds.

€1

Q

First, we choose €3 > 0, small enough, such that

p pa b?
< - —
€3 < min { 6 8" (§ p >

Je?
M [pes + p + 4e3]’

J p p p P
— M5+ 4+1)=M5++1
262 (4§+4 +) (42+43+

Next, we pick N, so large
1\ 1
Ny > M [<1+—) —+i1
€2 483

Then, we select &5,

E9 =

to get

After that, we choose £; small enough, such that

P P
M|{-—+-—+1) >¢eN;.
(42-1—43-1—) €14V1

Finally, we choose N large enough, such that

1 M M
N > MN; <1+€—)+_+4—p(1+€3)
1 €3

and

N>C(C,,.,.

Thus, there exists w, \, my, my > 0, such that

b 2
Low < = (H\/ﬁu .- +||¢||2+||ut||2+||¢$||2+||¢t||2+||0||2+||n||i>
+/\/ K (s) ||na ) ds. (3.60)
0
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and

miE (t) < Z (t) <meE(t), Vt>0. (3.61)
Therefore, there exists v > 0, such that

Loty < —vE®), t>0.

dt
Using (3.61]), we infer that there exists w > 0, such that
d

ZL(t) < —wZ(b), t>0.

An integration over (0,%) leads to
L)< ZL0)e ™ t>0.

Using (3.61)) again, we get
E(t) < oE(0)e, t >0,

for o > 0, which completes the proof of Theorem [3.2]

3.5 Lack of exponential stability

In this section, we examine the cases when v, = 0 or x, # 0 and prove that the solution

(u, ¢,0,n) looses its exponential stability.

Theorem 3.3. Suppose that x, # 0. Then, the solution (u,$,6,n) can not be exponentially
stable.

Proof. Taking F,, = (0,220 0.0,0,0)7, then

p

s
Folly=./—.
Il =[5
Let U, = (tn, U, Gn, Un, Onymn) € D(A) be the solution of (i\,I + A)U, = F,,, then

¢

AUy, — v, = 0,
IPAUn — Wlpge — bOpe = sin(nm),
ZAn(bn - wn = 07

+o0
icA, 0, + B,y — / K(8)Nnaa(s)ds = 0,
0

ATy — O + s = 0.
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Removing v, 1, from (3.62), we obtain

(

PA2 Uy + WUy + DPpe =  — sin(nm),

+00 (3.63)
icAnOn + N Bbrz — / K($)Nnaz(s)ds = 0,
\ 0 AT — On 4+ Nns = 0.
Taking into account the boundary conditions , we set
(u, = A, sin(nz),
¢n = By, cos(nx), (3.64)

0, = Cpsin(nx),

[ 7 = Dy(s)sin(nz),

where A,,, B,,,C,, € C and D,, : Ry — C such that / #(s)n*|Dy(s)?ds < oo, and D,,(0) =
0
0. Plugging (3.64)) into (3.63)), we infer

(

(pA2 —un?®) A, —bnB, = —1,

(JX2 — & —an?)B, — bnA, — nC, = 0,
oo (3.65)
icA,Cy — i8N, By, + n2/ k(s)Dy(s)ds = 0,
0

iXDy (s) — Cp+ D;, (s) = 0.

\

Solving (3.65)4, we get
C :
D, (s) = —(1— e ™).
(5) = (L= em™)

The substitution of D, (s) into (3.65))3 yields
(pA2 — un?) A, — bnB,, =—1,

(JA2 — & —an?)B,, — nA, — nC, =0,
BnXNEB, —[cA2 —n?(g(0) =R (\.))]C =0,

where R(\,) = [[" k(s)e~?*ds and [R(\,)| < [, k(s)ds < oo, which can be written as

p(\)  —bn 0 A, —1
—bn  py(\,) —fBn B, | = 0 ) (3.66)
0 BnA2 p3(\n) Ch 0
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where

pr(An) = (pA% — i), pa(Aa) = (JAL =€ —an?),  ps3 (M) = =Xy +1%(g (0) — B(M))-

It follows that
K,

An - 3
p1 (M) K1 — Ky

where
K1 = pa (M) ps (An) + (Bn,)?, Ky = (bn)* ps(An).

Taking A, such that p; (\,) = 0, that is n? = B)\%, then
p

A, = —. .
"= (3.67)
where
afp J & . 1, PP
Ki=—|=—— —pg (0 An)] A ,
=22 d e ) e O+ RO +
An )\, — 400, then % — 0, consequently,
J 2 J\
K=f Kﬁ——) Vg+£+ <£——) pﬂ(%)] ¥ (3.68)
pl\p « a oo«
and

v’p 4 N
Ky = ?An(—cwrpg(o)—pff(kn))

O R (W) AL (3.69)

Substituting (3.68) and (3.69)) into (3.67)), we get

ap [xao + (£ = 2) R O]
B = ey W) R

oIfB—J—Oand797é0 since lim & (\,) = 0, we have
12 « n—700
B B
A, ~ — — =A+#0,
=0 (g +pE (M) =0y

where A is a constant.
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J
oIfB——#Oandvg:O,then
JTRG

I
T, = AFD
° If’yg:Oa,ndB—izO,then
JVRe"
2 b2 2
K= PR+ 200 K, - Tl R ()N
7 7 7
Since lim & (A,) = 0, we obtain
n——oo
B
An >~ — .
—b2pk (\,) e

o If v, # 0 and x4 # 0, then

) RO
ot () o]

p2p (14 p2)

n —

Vg

and

Ay — X _ gy,
b%p

Therefore, if A,, — A, we have

U, |I” Zp/ |vn]2da7:p/ \)\nun\2d9§:p/ A A, sinnz| dx
0 0 0

v A Al
>p |)\nA|2/ |sinnz|* dz = % — 00,
0

and if A,, — oo, we have

2

w . - A
U = N/ [n | d = ﬂ/ | A, sinnz|® dv = u|An|2/ jsinna|® de = 5 |2 C_, 00,
0 0 0
which completes the proof of Theorem [3.3] 0
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chapter

4 A porous thermoelastic system

with micro-temperature

4.1 Introduction

The results of this chapter were published in [3].

In this chapter, we consider the following porous thermoelastic system

PUt = HUgy + bgbx in (07 7T) X (07 OO),
J¢tt = 5¢xa: - bu:c - £¢ - ﬂwx in (07 7T) X (07 OO), (41)
QW = RWgy — /B¢xt in (07 7T> X (07 00)7

where u is the transversal displacement, ¢ is the volume fraction and w denotes the micro-
temperature at the point of abscissa x and time t of a porous material of length 7. The
coefficient p is the mass density, J is the product of the mass density by the equilibrated
inertia, p is a constant that depends on the geometry of the material, J is the volume
distributed density, a the micro-thermal conductivity and b and S are the coupling constants.

In order for the stored energy of the system to be positive definite, we require that

the constitutive coefficients satisfy the following conditions
p>0,10>0,a>0,J>0,6>0,0>0,k>0,b#0, 8#0, and pé > b°.

We also assume that the unknown functions u, ¢ and w satisfy the following initial and

boundary conditions

U(ZE,O) = uO(x)v Ut (x,O) - ul(x)v ¢($7 O) = ¢0(‘T>a
¢ (2,0) = p1(x), w(x,0) =wo(z),

u(0,t) =u(mt) = ¢, (0,t) = ¢y (m,t) = w (0,t) = w (7w, t) = 0. (4.3)
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Since the boundary conditions on ¢ are of Neumann type, then they prevent the application
of Poincaré’s inequality. To overcome this inconvenience, we make some changes on ¢ as
follows:

From the second equation of (4.1)) and the boundary conditions (4.3)), we obtain

d2 ™ ™
J@/o ¢(x,t)da:—|—£/0 ¢ (z,t)dx =0,

which entails

qu(x,t)dx: ngo(x)dx cos %t + J ngl(x)dx sin %t.
0 0 £ \Jo

Consequently, if we set

5.0 =0(w0) ~ = [ on(eyde) cos <\/§t>
_ %\/% (/Oﬂopl (x)dx) sin (\/§t> ,

then, (u, o, w) solves 1)1 , with the following initial condition for ¢:

5.0 =G0 =)~ 1 ( [(an)ar),

6 (2,0) = ¢y (x) = ¢ (2) —% </0 o1 (ZE)dJ]) .
and more importantly,

/Wg_b(x,t)dx =0,
0

which allows the application of Poincaré’s inequality for ¢. In the sequel, we work with
(u, ¢, w), but for convenience, we write (u, ¢, w).

The coupling with micro-temperature was first considered by Iegan [42] for microstretch
elastic materials and later extended by Quintanilla and co-authors [54} [I5] to porous-elastic

materials. Magana and Quintalilla [54] studied the system

PUt = Mgy + DOy + YVigg,
Jgott - 59033&: - bum - 590 + dwa: — TP, (44)

QW = KyWay — APy — KoW.
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o
Under the assumption K i they established an exponential rate of decay in the case
p
where 7 = 0 and v > 0, and a slow decay in the case where v =0 and 7 > 0.
Santos et al. [81] considered (4.4) with v = 0. They established an exponential rate of

1/2 in the opposite case.

decay when K 7 and an optimal rate of decay ¢~
p
Apalara [11] improved the results of [54, 1] and established the exponential stability of

the solution of the system

PUt = UUgy + b@x,

QW = R4Wgey — d(;oa:t — RaW,

provided that

=2 _ —=0. 4.6
X=_"73 (4.6)

He also obtained an optimal polynomial rate of decay of ¢t~/ in the case when (4.6)) does
not hold.

Recently, Feng et al. [29] considered an inhomogeneous porous-thermoelastic system with
micro-temperatures. In their system, the dissipation was produced from the temperature
and the micro-temperature dampings. They proved an exponential stability result regardless
of any relation between the wave speeds of the system.

From a thermomechanical perspective, the coefficient ko in the third equation of
represents the difference ko = ki — ko between the coefficients of the heat flux ¢ and the
mean heat flux Q).

In this work, we assume 3 = 0 and aim to enhance the findings of [11, 81]. Specifically,
we demonstrate that the dissipation produced by the gradient of the micro-temperature
alone can exponentially stabilize the system , given that condition is satisfied.

In this chapter, we study the well-posedness and the exponential stability of system
—. By using the Hille-Yosida theorem, we prove the existence and uniqueness of
the result. On the other hand, we utilize the multiplier method to demonstrate that the
single dissipation produced by the gradient of the micro-temperature can exponentially
stabilize the system. Our result improves the results of [11, BI] and extends the results of

[9, [84] to the case of micro-thermal dissipation.
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This chapter is organized as follows: In Section 2, we prove the well-posedness of the

system. In Section 3, we show that the system is exponential decay.

4.2 Well-posedness

In this section, we use a semigroup approach to prove that the problem (4.1)-(4.3) has
a unique solution.

First, we define the Hilbert space
H := Hy (0,7) x L*(0,7) x H} (0,7) x L2 (0,7) x L*(0,7),
equipped with the following inner product
(U, U*)y = p/ VU dx—l—u/ (T dw+6/ olo dx—l—é/ O Prdx
—i—J/ Y daz+b/ ou dx+b/ Uz P* d:v+a/0 ww*dz,

where U = (u,v, ¢, ¢, w)T, U* = (u*,v*, ¢*,¢*, w*)T € H.
Next, introducing the new variables v = u; and ¥ = ¢;. The system (4.1)-(4.3]) becomes

Ut+AU:0, t>0,

(4.7)
U (0) = Uy = (uo, u1, ¢o, d1,wo)"
where A is the operator defined on H by
0 -1 0 0 0
Po 0 by 0 0
p
A= 0 0 0 -1 0 : (4.8)
3 B
Jax 0 J&m + 7 50 {fa,,c
0 0 0 —0p —— Oy
a !

with domain

D(A) = UeH: u,we H*(0,7) N Hy(0,7), v e Hy0,),
6 € H(0,7), ¥ € H!(0,7) |

where H! and H? are given in Remark [1.2]

The existence and uniqueness result reads as follows:
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Theorem 4.1. Let Uy € D(A). Then, the problem (4.1))-[.3) has a unique solution U €
C ((0,+00); D(A)) N C* ((0, +00); H).

The proof of Theorem [4.1] is based on the Hille-Yosida theorem.

Proof. By virtue of Theorem [1.9] it suffices to prove that A is maximal and monotone.

First, suppose that U € D(.A), then a direct calculation implies that

(AU, U),, = ,u/oﬂuxvxcm - b/ﬂquvdx - ,u/oﬂvxuxd:v - f/ﬂwgbda:
—5/ 1/Jx<bmdx+5/ ¢w¢mdx+§/ ¢¢dx+b/ ugtdz

+6/ wxwda:—b/ wuxdx—b/ vx(bdx—i-/@/ow w2dzx

+BA1%WM

= ,u/ UgUpdr — b/ dvdr —u/ Vgl dr — (5/ UV Prdx
0 0 0 0

—1—5/ gbzl/de:L‘-f-b/ ulwdx—i—ﬁ/ wxg/)dx—b/ Yuzdr
0 0 0 0

—b/ Ux¢d$—|—/1/ wfcdxth/ Ppwde,
0 0 0

using the integration by parts and the boundary conditions, we get
(AU, U),, = /1/ w2dx > 0. (4.9)
0

Therefore, the operator A is monotone.
Next, to prove that A is maximal, we have to show that for any F' = (f1, f2, f3, f4, f5)"
H, there exists U = (u, v, qﬁ,z/),w)T € D(A) such that (I + A)U = F; that is,

)
u—v = fh

pU — [y — by = pf?,

o— =f3 (4.10)
J — 0¢pe + P + buy + fw, = Jf4
QW — KWy + by = af®

\

From the first and third equation of (4.10)), we get

v=u—fl, p=¢- (4.11)
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Substituting (4.11)) into the second, fourth and fifth equations of (4.10]), we obtain

pU — gy — by = hy,
QW — KWy, + By = hs,
where
hy = p(f' + f?) € L*(0,m), hy = J(f*+ f?) € L}(0,7), hs=af>+Bf e L*0,n).
(4.13)
To solve (4.12)), we consider the following variational formulation
B((u, ¢, w), (@,6,@)) = L(@,¢,@) V(@ 0,d) €W, (4.14)
where W = H}(0,7) x HL(0,7) x H}(0,7), B is bilinear form and L is a linear form on W
given by
B((u, ¢, w), (@, &, @)) = p/ uadx+u/ Uglipda + b/ (o1 + u. ) dx+5/ uhod
s 0 s 0 s 0 s — 0
+ (J—l—f)/ oopdx + /'i/ Wy Wedx + a/ wwdz + 5/ (wx¢+ gbxzﬂ) dx
0 0 0 0
and
L((@, 6. 7)) = / hiide + / hoddz + / hyfdz.
0 0 0
We can easily show, by using Cauchy-Schwarz inequality, that B and L are continuous forms

over W.

Moreover,
B((w o), (wow)) = p [ wdoin [ e [ oudars [ g
0 0 0 0
—l—(J—l—f)/ ¢2dx+/-c/ widxjta/ w?dx
0 0

0
Noting that

s s e 1 2 T 1 2 Iy
o [l dore [CloR are [ ¢uxdév2—<u—b—) [ <5—b—) [ 1oa,
0 0 0 2 § 0 2 ¥ 0

and using the fact u& > b*, we have
T 1 b? T 1 b? T
0 2 £/ Jo 2 K/ Jo
—|—(5/ || dx—f—a/ lw|? dz + /<o/ |w,|* dz,
0 0 0
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Thus, there exists C' > 0, such that

B ((u, ¢, w) , (u, , > i L2d ) 2d i 2d i x2d)
(6 0) (1, 6, ) (/O\urx+/0\¢r ot ot [Muf
— Ol (s 6 w)],

which shows that B is coercive. Therefore, Lax-Milgram theorem guarantees the existence
of a unique (u, ¢, w) € W satisfies (4.14)), for every (ﬂ, o, @) ew.
By taking (u, 5, w) = (1,0,0) in (4.14), we obtain

,u/7r UpUpdr = /7r (hy — pu + bo,) udr, Vu € Hy(0,7). (4.15)
0 0
By the elliptic regularity theory, we arrive at
u € H?(0,7)N H(0,7).
Moreover, integration by parts of the left-hand side of yields

PU — [UUzy — by = hy.

Using (4.11)) and (4.13]), we get

PU — AUy — by = pf>.
Similarly, by taking (u, (Z, w) = (0,0,w) in (4.14)), we obtain
Ii/ W Wedr = / (hs — aw — Bé,) wdr, Yw € Hy(0,7), (4.16)
0 0

therefore,

w e H*(0,7)N H(0,7).

Again, the integration by parts of the left-hand side of (4.16]) leads to

—KWgy = hy — aw — Bo,.

Using (4.11)) and (4.13]), we obtain

QW — KWgy + By = af’.
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Finally, by taking (az &, w) = (0,0,0) in (4.14), we get

5 / ’ bpbpdr = / ’ (he — (J + &) ¢ — buy — Pw,) pdz, Vo € HL(0, 7). (4.17)
0 0

Here, we are not able to apply the elliptic regularity directly. To do so, we proceed as
follows:

Let ¢ € HY0,7), and set ¢ = ¢ — %/Oﬂcp(a:) dz. Then ¢ € H'(0,7). Plugging ¢ in
, taking into account that

hy — (J + &) ¢ — bu, — Pw, € L*(0,7),

we obtain

5/ Gpppdr = / (ha — (J 4+ &) ¢ — bu, — Pw,) pdx, Yo € H&(O, ), (4.18)
0 0
which means that

¢ € H*(0,7)N HL0, ).

An integration by parts leads to
0hue = B+ (J + &) ¢+ buy — hy = R € L*(0,7),
hence, ¢ solves the third equation of . We use and to arrive at
J = 6bua + bty + E¢ + B, = J [,
On the other hand, since d¢,, = R € L*(0, ), then
5/: GppVdx = /07r RVUdz, YU e H'(0,n).
Integration by parts gives
5@\11); _ 5/; R /Oﬂ RVdzr, YW e HY(0,).
Since H!(0,7) C H'(0, ), we have

5@\1/)2 - 5/ b, U da :/ RVdzr, YW e HY(0,).
0 0
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The use of (4.18]) leads to
ag, (m) ¥ (1) — ap, (0) ¥ (0) =0.
As U is arbitrary, we obtain
o <7T) = ¢y (O) =0,

and, hence,

¢ € H*(0,).
Substituting u, ¢, w in (4.11)), we get
v € Hy(0,7) and ¢ € H}(0,7). (4.19)

Finally, we conclude that A is maximal and monotone. Consequently, the well-posedness

result follows from Theorem [1.0l O

4.3 Exponential stability

In this section, we prove the exponential stability of the solution of system (4.1). We
use the multiplier method to achieve our goal.

First, we define the energy associated to the solution of (4.1})—(4.3)) by

1 ™
E(t) = 5 /0 [pui + Jo; + pul + E¢° + 2buyd + 697 + aw?] dx. (4.20)

Recalling that & > b2, we have

2
pui + Jo? + (\/ﬁux + i,u(b) + <§ - b—z) ¢* + 06> + aw® | dx. (4.21)

Vi iz

Thus, E(t) is positive definite form. Moreover, we have the following:

Lemma 4.1. The energy E(t), defined by ([4.20), satisfies, along the solution (u,$,w) of

, the estimate
d s
Ly —m/ | dz < 0. (4.22)
dt 0
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Proof. Taking the L% inner product of the equations of (4.1]) by wu;, ¢; and 6, respectively,
then, using integration by parts and boundary conditions (4.3)), we get

pd [T, pd /7r 2 /7r
—— de + =— dr —b LUurdr = 0, 4.2
2dt0utx+2dt0uxx O(butl’ 0 (4.23)
5 dt/ ¢rdx + / ¢2dx—|—b/ Uy Prdr + 5%/ q§2dx+ﬁ/ wyprdr =0 (4.24)
—— | widr+k [ wide+p [ ¢pwdr=0. (4.25)
The addition of (4.23))-(4.25) gives (4.22)). O

Our stability result reads as follows:

Theorem 4.2. Assume that (@) holds and let (u,®,w) be the solution of the problem

“-1)-{4-3), then, the energy functional satisfies
E(t) <oe ™ Vt>0.
for two positive constants o and w.

The proof of Theorem will be established through several lemmas.

Lemma 4.2. Let (u, ¢, w) be the solution of {{.1)). Then, the functional

r == [Co( [ awar)a

satisfies, for any €1 > 0, the estimate

J b |I?
Fl(t) < —Z ||o])* + ¢ Uy +e1 |92
1) < =5 el +en || Vi i 1ol
1
e a2+ M (1 " 5—) o 2, (4.26)
1

where M s a positive constant independent of ;.

76



4.3. EXPONENTIAL STABILITY CHAPTER 4

Proof. Differentiating F(t), then, using the second and third equations of (4.1 and inte-
gration by parts, we get

-5 [ ([ w2 o[ )

:—% [ = 0.) [ entwyinis

—% " (/ (5¢m—buw—§q§—ﬁwz)dy) d

=% wodrde — J |64 —C;f w¢xdx+a||w||2+%/o w(/ (bux+§¢)dy> du

Note that

([ o) ([ (e ) )
a2 [o( o)

R0 == T+ 5 [ wonds+ % ' ( | <\/ﬁux ¥ \iﬂzs) <y>dy> dr

g (5 - _> / (/ Py dy) de = _/ wopdr + afwll* (4.27)

Young’s and Cauchy Schwarz inequalities lead to

consequently, we infer that

JK

g JK
— [ wepdr < — HM [[we |
B Jo

J
<35 19ell” + Mg . (4.28)

Similarly, for any £; > 0, we have

vl oL (s o) i) ar< al
Uy + —0¢ de < — ||w,||" +¢ Uy + — 4.29
2o [ | [ (v 6 ) )y e < ol [+ oo
a b? T v M
Se=) [T [ oo < o+ ol (4.30)
B r /) Jo 0 €1
and
ad [T M
- — | woudr < — fw, || + 1 ||l (4.31)
B Jo €1
The substitution of (4.28)-(4.31]) into (4.27)) yields (4.26]). O
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Lemma 4.3. Assume that x = 0, then, the functional

6 ™ J ™ ™ ™ xX
F(t) = ?p/o ¢zutdx+7'u/0 ¢tuxd:c+2J/0 (b@dx—p—;/o Uy (/0 ¢(y)dy> dx (4.32)

satisfies, for any €5 > 0, the estimate

b7 b}
Fy(t) < = |[vVius + ﬁ(b — 72 [lgl* — 5 * + £ flue]”
1
+ M ||w,||* + M <1+5_2) [reni (4.33)

where vy, v2 are positive constants.

Proof. Direct differentiation, using (4.1)); and integration by parts yields

dop [™ dp [T N
E?p/o‘ ¢xUtdl’ = ?10/0‘ ¢tazutdm + ?p/o ¢Iuttdx

op [T o [T
b Jo b Jo
op [T o [T
— ?p/ Orpurdr + %/ Gptlzedr + 6|02 |- (4.34)
0 0

Similarly, using (4.1))2, we get

dJu [T Ju [T Ju "
ETM/O Oiu dr = T’u/g ¢ttua:d33+71u/o Prugpd

™ J s
= H / (5¢m: — bu, — §gb - ﬁwz) uzpdr + _,U / ¢tua:td$
b Jo b Jo

5 [T ™ T
B _'u_/ ¢xuwxd$ — M HU:B||2 o ,u_g/ ¢de$ - @ Wyl dx

b Jo b Jo b Jo

J ™
0

and
d ™ B 9 K
0
=27 [|6l|* — 26 [|¢a]|* — 20 / dugdr — 2¢ ||6]|* — 2 / pw,dr.  (4.36)
0 0
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The exploitation of (4.1]); and integration by parts lead to

([0 [([ron)a ([ )
= —% 1t + D] ( / <b(y)dy) dzx
[
s / s + 1ol =2 [T ([ ity

The addition of (4.34))-(4.37) yields
Fy(t) = —pllua® = €ll9lI* — 2b/ Suzde =8 || do || + 27 [|¢4]* — 25/ pwydx
0

s Ju—2adp\ [T
—5 i wgcumdx—— Uy (/ oy dy) ( b )/0 Uy Prd.

Therefore, since xy = 0, we end up with

(4.37)

b
—H\/ﬁux - (5——)||¢||— 6] + 2.7 16417

+ 20 /0” G wdr — % /O7r Wylydr — — g (/ oy dy) (4.38)

Cauchy-Schwarz, Young’s and Poincaré’s inequalities give

B2C
ﬁ/ weydr < o IIquII + PII we |, (4.39)
where Cp is the Poincaré constant.
Similarly, for any 5 > 0 and 3 > 0, we infer
m Uy (/ &y dy) dr| < &9 HutH —i— — H(ﬁtH (4.40)

and, using the inequality a® < 2(a + b)? + 2b%, we get

i M
’%/ wmuxdx‘ =Y uzdr| < g3 H\/ﬁumHQ—l——ngﬁH2
0
<oy | e + || 2%y o2 # X le, @y
3 N i
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The insertion of (4.39))-(4.41]) into (4.38)) yields

R (0) = — (1= 220) v + 0| — (6= Z—2Z,) ol = Lol
2 - 3 HUgy \/— L 1 3 2 x
1
+ M <1 + ) lel|* + 2 ||we|” + M (1 + g—) (w2 (4.42)
3
2 2 2
Since £ —— > 0, we can choose €3, small enough such that £ —— —2—e3 > 0 and 1—2¢3 > 0.
7 T
Therefore the estimate (4.33)) follows immediately. ]

Lemma 4.4. For (u, ¢, w), the solution of , the functional

Fs(t) == —p /O7r upudr — l;_p/oﬂ Uy (/Ox ¢(y)dy) dx

P
B0 < =5 ful? + Vi

where M 1s a positive constant.

satisfies,

2
+ Mg, (4.43)

b
Vi
Proof. By differentiating F3(t) and using the first equation of (4.1)), we arrive at

T b T xT
Fg<t>:—p||ut||2— / (s + b s = / [uuerbcbx](O ¢<y>dy) da

- — ut(/ oy dy)dx
=—p||ut||2+m|ux||2+2b / um¢dx+—||¢|| - / u ( / oily dy)

Z—pHUtH2+H\/ﬁuaz+%¢2—@/ w( [ ety do

Young’s and Cauchy Schwarz’ inequalities give

" ( I ast(y)dy) i

and (4.43)) follows immediately. O

P
§ Hut” +M ||¢t”

At this stage, we introduce the Lyapunov functional

L) = NE (1) + = Fy (1) + -5 () + Fy(o)

where N, 1, g9 are positive constants to be specified later.
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Lemma 4.5. For N sufficiently large, there exist two positive constants my and mo such

that the functional L satisfies
Proof. Let K (t) := L (t) — NE(t), then

/C(t):éFl()—i-éFﬂ)—i-Fg(t)

( / iy dy) dz| + / dpuydr| +
/Outuda: /ut</ oy dy)da:

Therefore, Cauchy-Schwarz and Young’s inequalities yield

and

koi<c| [

/ dupdz| +

|L(t) - NE(t)| < CE(1), (4.45)

/0 ' pPidx

|

we|

for a positive constant C;, .,. Thus,
(N = C o) E(t) < L(T) < (N +C, ) E(1).
It suffices to pick N large such that
N >C; .,

and take m; = N — C;, .,, ma = N + C, ,. O

4.3.1 Proof of Theorem 4.2

By differentiating £ and using (|4.22|),(|4.26|),(|4.33|) and (4.43)), we get

£ < (2 -2) |ane+ o - (221 holP - £

po J pM (1 1
~(E -t - (- (S + ) - ) e
— (KJN _M <1 + i) - ﬂ) |we ||
&1 €1 452
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Now, we choose the constants €1, and N carefully.

First, we choose 5, small enough, such that

. %)
e, < min {% a8 %} | (4.46)

Next, we choose

(4.47)

Finally, we pick NV large such that

M 1 M
N > max{— (1—1— —> + '0—,6'51,52}.

RE1 €1 4/@52

Therefore, there exist A > 0, such that

2

b
1) < A <H\/ﬁu T I L T R e wa\f) .

7

Using Poincaré’s inequality, we infer that there exists w > 0, such that

L'(t) < —wE(t), t > 0.

Using (4.44)), we arrive at
L'(t) < —wL(t), t >0,

for some w > 0.

An integration over (0,%) gives
L(t)<LO0)e ™, t>0.
Again, the fact that £ (t) ~ E (t) yields

E(t)<oe ™, t>0,

for some constant o > 0, which completes the proof of Theorem [4.2]
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Stability of Some Non-simple Systems
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Introduction

In this second part of the thesis, we investigate the coupling between non-simple elastic-
ity, porosity and thermal effects of hyperbolic type. The non-simple elasticity is character-
ized by the presence of higher-order derivatives of the displacement u in basic postulates,
which provides more details on the configuration of the material, the thermal effect is char-
acterized by wave-like heat conduction.

The general non-linear form of the theory of non-simple materials (also called strain-
gradient theory) was introduced by Toupin [94]. Mindlin [6I] and Mindlin and Eshel [60]
used the basis of the conservation principle and obtained the linear theory in which the
potential energy density depends on the stain and also on the gradient of the strain.

The study of the long-time behavior of the solutions of thermoelastic systems has been
of interest to scientists since Dafermos published his pioneer paper [I8]. As a result, a lot
of papers have appeared with the aim to discuss the asymptotic behavior of the solutions

to elastic equations coupled with porosity and/or thermoelasticity.
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5 A non-simple system with ther-

moelasticity of second-sound

5.1 Introduction
In this chapter, we consider the following one-dimensional thermoelastic system

Pl = UUgy — OQUgryy + 69:6 in (O’ L) X (07 OO),
By = —Vqy + Btins in (0,L) x (0,00), (5.1)
Tq +q+ kb, =0 in (0,L) x (0, 00),

where u is the transversal displacement of a nonsimple material of length L, ¢ is the heat
flux, 6 is the difference of the temperature, x is the coefficient of thermal conductivity and
T represents the time lag in the response of the heat flux to the temperature gradient.

The system ([5.1)) is supplemented with the following initial and boundary conditions

u(z,0) = ug(x), u(x,0) =uy(z),0(x,0) = b(x), for x € (0, L),
q(x,0) = qo(z), for z € (0,L), (5:2)
u(0,t) = u(L,t) = Uz (0,t) = uze (L, t) = q(0,t) = q(L,t) =0 in (0,00).

Integrating (5.1))s with respect to x and bearing in mind the boundary conditions on u

and ¢, we obtain

d L
— O(z,t)de =0 5.3
5 [ ot =o, (5.3
which entails
L L
/ 0 (z,t)dx :/ O () dz.
0 0
Thus, if we set ;
— 1
A1) =0, 1) — / 0o () dz, (5.4)
0
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then, (u, 0, q) solves (5.1)-(5.2)), with the initial condition

1

u(z,0) = up(w), us(z,0) = uy (), O(x,0) = Oy(x) — Z/o 0o (x)dz, q(z,0) = qo(x) (5.5)

and, more importantly, .
/ 0 (z,t)dx =0,
0
which enables the application of Poincaré’s inequality on #. In the sequel, we work with
(u,0,q), but for convenience, we write (u, 0, q).

The rest of this chapter is organized as follows. In Section 2, we state and prove a

well-posedness result by the use of a semigroup approach. In Section 3, we prove the lack

of analyticity of the solution of problem (/5.1),(5.2]).

5.2 Well-posedness

In this section, we state and prove the existence and the uniqueness of a solution to the

problem , , .

First, we introduce the space
H = (H*(0,L) N Hy (0, L)) x L*(0, L) x L2(0,L) x L*(0, L),
The space H equipped with the inner product

L
<U7 U*>’H - / (pUU* + ,LLUCEU; + aumz“ix + 609* + 77— qq*) d[L',
0

K
for U = (u,v, 6, q)T and U* = (u*,v*, 0", q*)T, is a Hilbert space. The associated norm is
2 2 2 2 2 | 7 2
U5 = plloll” + o lua™ + o fluwe [ + 1617 + - llql|”

To rewrite the problem (5.1) in the semigroup setting, we introduce the new variable v = w,
then the system (5.1)) becomes

(

ug — v =0,
1
Vg — — (,uuma: — QUgggr + 661) - 07
p
1 (5.6)

0 + - (vgz — Bug) = 0,

1
qt+;(q+/@9x):0.

\
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The system (5.6) with the initial conditions (5.5)), can be written in the form

(I)t +A(I)t - O,

5(0) = &, (5.7)

where ® = (u,v,é’,q)T, o) = (uo,ul,é’o,qo)T and A : D(A) C H — H is the operator

given by
0 —1 0 0
A= , (5.8)
0 Po, 0 g,
¢ K Cl
0 0 -0, —
T T

with domain

w e HY0,L) N HE(0,L), v e HX0,L) N HL0, L),

DA =<PecH

Our well-posedness result is the following theorem.

Theorem 5.1. For any &, € D(A), the problem has a unique solution ® € C ([0, 4o00[; D(A))N
C' ([0, 4+o00[; H) .

Remark 5.1. If &g € H. Then, the solution of the problem satisfies ® € C ([0, +o00[; H) .
Our main tool for the proof of Theorem is Hille-Yosida theorem [1.9]

Proof of Theorem[5.1] According to Theorem [1.9] it suffices to prove that A is monotone
and maximal.
A straightforward calculation shows that, Y& € D(A),

L

L L L
(AD, D), :,u/ Uy UpdT + a/ Uy Ve AT — ﬁ 0,vdx — u/ Vplpdr
0

0

L L L
- a/ Vg Upr T + 'y/ q.0dx — ﬁ vxedrlr + ’y/ 0,.qdx

0
+1/ /yq| dz > 0,
K

which shows the monotonicity of the operator A.
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On the other hand, to prove that A is maximal, we have to show that for any F' =

(Y12 13 9" € H, there exists ® = (u,v,0,q)" € D(A) such that (I + A)® = F; that

is,

(w—v=f",

PO = gy + Vligpey — B0, = pf?,
et + V¢ — fu. = cf?,

\ Tq+ q+ KO, = 7L

From the fourth equation of (5.9)), we get

-
147

K
147

q(x) = f(x) - 0. (x).

Substituting v = u — f! and (5.10)) into (5.9)), and (5.9))3, respectively, we get

o) — T =0ss — Btz = g,
where
o+ ) € L0, L)
and
=cft———fi—Bfr e H'(0,L).

1+

To solve (5.11)), we consider the variational formulation
a(V,V) = L(V), YV e W,
where, for V = (u,0) and V = (1, 0),

L L L
(V V) = ,0/ uudr + ,u/ Uy Uy dr + oz/ Upg Upr AT + B Quwdx
0

B/ u Odz
L L L L
L(V) —/ glﬂdx+c/ f39dx+l/ f49xdfv—5/ R
0 0 1+7 /) 0

are, respectively, bilinear and linear forms defined on the Hilbert space

+c

and

W = (H*(0,L) N Hy(0, L)) x HX(0, L),

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)
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equipped with the norm

R 2
16:1° -

VI = pllul® + s * + o fluse|* + c 01 + £ g

A simple calculation, using the Cauchy-Schwarz inequality, shows that
o (n7)] < |7,

and

(7)<

.,
w
for positive constants C' and C*. Moreover,
2 2 2 R 2 2 2
a(V.V) = pllull” + pllue]” + allttas||” + —7 [10[" + 1017 = V'llsy -

Therefore, a (-,-) and L fulfil the assumptions of Lax-Milgram theorem and, consequently,

there exists a unique (u,6) € (H? (0, L) N H} (0, L)) x H! (0, L), such that

a ((u,@),(ﬂ,5>> -y (aé) , v(a,é) W,

From (5.9);, we get
v=u— f'e H*(0,L)N H; (0,L).

Furthermore, if we take (17, 5) = (u,0) in (5.14]), we arrive at
L 1 L
/ Ugp Uy AT = —/ (gl — pu + gy + ﬁ@x) udz, Vu € H*(0, L) N Hy(0,L).  (5.15)
0 @ Jo
Then, the regularity theory implies that
u € H*0,L)N H(0, L).
Moreover, since C5°(0, L) C H?(0, L) N H}(0, L) then, simple integrations yield
L 1 L
/ Uy VAT = —/ (g1 — pu + pug, + B0,) udx, Yu € C5°(0, L).
0 @ Jo

Therefore,

1
= — (g1 — pu + pug, + B0,) € L*(0, L). (5.16)

Ugzax -
[0
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Substituting ¢; from (5.12)), we obtain
PU — PlUgze + QUgpgzs — 5995 = pf2

Thus, u satisfies ((5.9))s.
Next, an integration by parts in (5.15)) yields, for all w € H?(0, L) N H}(0, L),

Uz (D) (L) — gy (0),(0) + /OL UgzgaUdT = é/OL (g1 — pu + pug, + 56,) udx.

The use of leads to

Uz (L) g (L) — U0 (0)1z(0) = 0.
Asw € H?(0,L) N H}(0, L) is arbitrary, then

Usa(L) = tz5(0) = 0.
From the third equation of , we get
Qe = % (cf® + B, — cf) € L*(0, L). (5.17)
An integration over (0, z) gives
0@ =< [ Pwdy+ L@ - [owa
7 Jo v 7 Jo

then,
q(0)=¢q(L) =0, (5.18)
which implies that

q € Hy(0,L).

Thus, (v,q,0) solves (5.9)3, and, consequently, ® = (u,v,,q)" € D(A). Therefore, A is

maximal and monotone and Theorem ensures the existence of a unique solution to (5.7)),

which, in turns, proves that the problem (5.1)), (5.2)) and (5.5 has a unique solution (u, 8, q)
with the desired regularity. ]
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5.3 Lack of analyticity

In this section, we prove that the semigroup associated to the system ([5.1]) is not analytic.
The proof is based on Theorem [1.15]

Our result is reads as follows:
Theorem 5.2. The semigroup S (t) = e~ associated to the problem (5.7) is not analytic.

Proof. Tt suffices to show that, there exists a bounded sequence (F,) C H and a sequence
(An) C R, such that
Lim || A, (iXe I + A) 7 F || = oo

[An|—o0

Let F, = (0,sin("f2),0,0)" € H and for A\, € R, let U, € D(A) be the solution of
(i + A)U,, = F,, then

(it — v, = 0, H2(0,L) N HY0, L),
1PA U — Pz + 0lUpgeze — B0pe = sin(®x), L*(0, L), (5.19)
icAnbn + YGne — Pne =0, L3(0, L),
INTGn + G + KOpe = 0, L0, L).

\

Bearing in mind the boundary conditions (5.2)), we take

Uy, = Ay sin(Fx),
0, = B, cos(“Fx),
¢n = Cpsin("Fx).

The substitution into (5.19) gives

N2 A, +p (%) A, + o () A, + BB, = 1,
icAn By + 5 Cy — BiN,"FA, =0, (5.20)
(iAT+1)C,, — KB, = 0.
Using the third equation of ([5.20|) and eliminating C,,, we obtain
nm
p1(An)An — BTBn =—1,
(5.21)
(=180 A+ p2 (M) By =0,
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where

n-=m n-m nN-"mT K
A,) = pA2 — — A,) = i\, A —
p1(An) = pA;, — 1 o p2(An) =i C+7(¢An7+1)L2

L? LA
Solving (5.21)), we have

—pa (A
A, = P2 () .
/(TN
(p1 (A) p2 (A) — i (f> BQAn)
and nr
— Bidy—
B, = L .
" (N2
) =i () A
. , nt (g an’m?
Let A, be a solution to p; (A\) = 0, for instance A, = —4 /= + — , then, we get
L\ p p L?
L2 (C"—Kl"—lKg) L
A, = d B,=—. 5.22
[2m2n? an mnf ( )

where

K= TrpL?y

72 (nL? + an’n?) + ,fgL;z
and A
L
K2 = — p\/ﬁ K'P)/ L4 .
nmy/(L2p + an?m?) (72 (uL? + an?m?) + 7527r2>

Recalling that
2 2 2 2 2 T 2 L 2
U™ = pllvall” + pllunall” + o [ltnaall” + 1" + - llgull” = o i Unea|” d,

we get

L
4
O 2 o (20 4, / sin "7 "

2 L 2
((C+K1) —l—KQ)ng N;—Bzczn—ﬂ —» 00, as n —» 09,

«
> 252
since K1 — 0 and Ky — 0 as n — oo. By noting that A\, — oo, we deduce that
lim || AU = oo.
n—oo

This completes the proof of Theorem [5.2 O
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6 Non-simple porous thermoelastic

systems with weak coupling

6.1 Introduction

In this chapter, we study two problems where the coupling elasticity-porosity is weak
and establish an exponential stability result. The first problem is a nonsimple porous elastic
system with viscoelastic and porous dissipative mechanisms, whereas in the second problem
the viscoelastic dissipation is replaced by a thermal dissipation. The coupling between
nonsimple elasticity and porosity was considered by Liu et al. [50], where they studied the

longtime behavior of the system

~—

PUtt = AUy + bgbx — CUggga — dgbxmca in <Oa m™) X (07 OO),

(6.1)
J¢tt = dumx:c + 6¢x:c - £¢ - buaz - 7—¢t7 in (Oa 71') X (07 OO),

subjected to the boundary conditions
w(t,0) = u(t, m) = Ug(t,0) = Uge(t,m) = ¢2(¢,0) = o (t, 7)) =0, in (0,00),

and proved that the solution decays slowly. They also examined the case of a viscoelastic
dissipation acting on the first equation and obtained an exponential stability result provided
that b+dn? # 0 for all n € N. In fact, the exponential stability is a consequence of the strong
coupling between the equations of system reached by the presence of ¢,.,. Whereas,
if d = 0, the coupling is weak and the solution decays slowly.

The rest of the chapter is organized as follows: in the second section, we prove the
well-posedness of the first problem. Section 3 is devoted to the exponential decay of the
first problem. Finally in the fourth section, we prove the exponential decay of the second

problem.
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6.2 A Non-Simple Porous Elastic Problem

In this section, we study the well-posedness and exponential stability for the following

problem
Putt = QUgy + b¢x — ClUggzx + 5utmc7 il’l (Oa 7T> X (07 OO)? (6 2)
Jby = Bge — EG — buy — Ty, in (0,7) x (0,00),
where a, b, c, p, 5,0,&,J and T are constitutive coefficients satisfy
p>0 a>0¢>0,J>0, >0 6>0,>07>0, and a& > b* # 0. (6.3)

The unknown functions in system ([6.2)) are assumed to be subjected to the following bound-

ary and initial conditions

w(0,t) = u(m,t) = Uz (0,t) = Uge(m,t) = ¢2(0,t) = ¢y (m,t) =0, in (0,00),

u(z,0) = ug(x), w(x,0) =ui(z), ¢(x,0) = ¢o(x), ¢4(x,0) = ¢1(z), inx € (0,m).
(6.4)

We notice that system ([6.2)) is the merging of two slowly decaying systems.
It is worth noting that whenever boundary conditions ((6.4) are imposed, there exists a

solution that do not decay. To avoid this possibility we solve the differential equation

d2 ™ d ™ ™
Jﬁ/o ¢(x,t)dx+¢a/o gb(:v,t)dm+§/0 ¢(z,t)dxr =0,

and introduce the new variable

B, 1) = 6, 1) — /0 " (o, Dda.

6.2.1 Well-Posedness

In this subsection, we will prove that the problem (6.2)), (6.4 has a unique solution. To

do this, we first introduce the new variables v = u; and ¥ = ¢; and define the Hilbert space
H o= <H2(0,7T) N H&(O,w)) x L2(0,7) x HY(0,7) x L(0,7),
endowed by the inner product

(U, Uy = /0 ' [pv* + augul + cugeul, + JUU* + Boa ¢t + Ed* + b (ug¢* + pul)] du,
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for U = (u, v, ¢, w)T and U* = (u*,v*, ¢*,¢*)T, and the associated norm
HUH?H = p/ \v[2 dr + a/ ]ux\de +c/ |um\2dx + J/ ]wlzd:v
0 0 0 0

+€/ |6 dz + 6/ |6, da + Qb/ Uppd.
According to the above notation, the problem ([6.2))-(6.4) can be written

Ut+AU:O,

. (6.5)
U (0) = (uo, u1, do, b1)"
where A is the operator defined on H by
0 -1 0 0
b
A= p p p , (6.6)
0 0 0 -1
b & p T
7% A A

with domain

D(A) - UeH:ue HY0,7)N HL0,7),v € H*(0,7) N HL(0, ),
¢ e H20,m)NHN0,7),v0 € HX0,7), uzz(0) = tgs(m) =0

Our well-posedness result reads as follows:

Theorem 6.1. For any Uy € D(A), the problem , has a unique weak solution
U € C([0,+0c[; D(A)) NC ([0, +o00[; H) .

Proof. We use the semigroup approach (see [67], [51]). So, we prove that A is a maximal

monotone operator.
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1) First, we prove that A is monotone, thus for any U € D(A), we have

(AU, U),, = —a/ UgpdT — b/ ¢ vdr + c/ Uppra VAT — 5/ Ve VAT
0 0 0 0

—a/oﬂvxuzdx—c/oﬂvmumdx—ﬁ/qubmwd:n+§/07r¢@/)d:v+b/07rux1/}d:v
—i—T/Oﬂl/dex—f/oﬂwgzﬁdx—b/oﬂvmgzﬁdx—b/oﬂwuxdm—ﬁ/oﬂl/)xqudx.

= —a/ Uy VAT — b/ gbwdz%—c/ Upprs VAT —5/ Ve VAT
0 0 0 0
—a/ Uzuxdx—c/ vmumdac—b’/ gzﬁmwdx—i-T/ Ypdx
0 0 0 0
—b/ vxqﬁdw—ﬁ/ Yy ppdr.
0 0

Using integration by parts and the boundary conditions, we obtain

Re (AU, U),, = 5/ |vx|2dx+7'/ WP dz > 0.
0 0

Therefore, A is monotone.
2) Secondly, we prove that the operator (I + .A) is surjective.
Let FF=(fY f% 2, /YT € H and find U = (u, v, ¢,¥)" € D(A), such that (I + A)U =
F'; that is,
u—v = f
PU = Qg + Cllggzy — by — OVze = pf?,
p—v =[7
(Ve + (J+ 7)Y = Bbue + 50 = TSN
Substituting v and v from 1, 3 into 2 and 4, we get

pu—(a+5)uxx+cuxxxx_b¢x :p(f2+f1)_5f;307

(6.8)
bug + (J+7+E) ¢ — Bowe =J(f*+ f2)+ 7S
At this stage, we consider the following variational formulation
B((u,9),(u",¢") = L(u",¢"), V(' ,¢")eW, (6.9)

where B and L are the bilinear and linear forms defined over the Hilbert space W =

(H? (0,7) N H (0,7)) x H! (0,7) by

B((u, ), (u",6") = p /

0

wu*dr + (a + 9) / ugurdr + c/ Uz Wy AT
0 0
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_b/o o7 dx—i—b/o Uy da:+(J—|—T+§)/O [010) dx—i—ﬁ/o GpPrdx
and
L((u*,(b*)):/o glu*dx—i—/o g™ dr,
where

=p(fP+ ") —0fr, € L2(0,m) and go = Jf* + (J+7)f> € L*(0,m). (6.10)

We can easily show, by using Cauchy-Schwarz inequality, that B and L are continuous.

Moreover,
B((1:0).(w0) =p [ aldot @8 [ iddove [ il
0 0 0

+2b/ uppdr + (J + 7+ &) / P*dx + ﬁ/ P2dx.
0 0 0
Recalling that
a/ uidr + €& | ¢*dx + 2b/ Uy pdr =

0

0

%(a—zj)/oudx—i-l(ﬁ——)/ﬁbzdx
+g/0ﬂ(x+ qﬁ) d:c+§/ (¢+£ux) dx >0,

B(6).(w,0) 2 p [ wdois [ adore [T
0 0 0

+(J+r)/0 \¢|2d:r;+ﬁ/0 b | dz.

Thus, there exists a > 0 such that

we infer that

B ((u,9), (u,0)) 2 a ([ual® + llual* + 61" + |6:1") = ll(w, 0)llyy .

which shows that B is coercive. Therefore, Lax-Milgram theorem guarantees the existence
of a unique (u, ¢) € W satisfies (6.9), for every (u*, ¢*) € W.
Back to the system (6.7)), we get
v=u— f'e H*(0,7) N HL0,7),
b =¢— [ e H/(0m),
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If we take (u*, ¢*) = (0, ¢*) in , we get

5/ﬂ¢xd);d1’ = /ﬁ [T+ (T +7)f° —buy — (J+ 7+ )] ¢*dw, V¢* € H} (0,7).
’ ’ (6.11)
We cannot use the regularity theory directly here, because ¢* € H!(0,7). So, let ® €
H}(0,7) and set
¢t = — %/;@(x)dx.
It’s clear that ¢* € H!(0, 7). Substituting ¢* in leads to
B/W GpPrdr = /W r®dr, Vo € H}(0,7), (6.12)
0 0

where

r=Jf+ (J+7)f° —bug — (J+7+&)¢ € L2(0, ).

The regularity theory, then, implies that
¢ € H*(0,7)

and

By = Jf (T +T) P —buy — (J+T+Ep =1

We use the first and third equation of to get
bz + (7 + J)tb = Baa + €6 = Jf*.
On the other hand, since —f¢,, = r, then
—p /07r Gz Vdr = /07r rWdz, YU € HY(0,7).
Integration by parts yields
5/; bV — 5%@(2 - /07r rUdr, YU e HY(0,7).
As H}(0,7) € H'(0,7), we have

5/ bV da — 5%\11(” :/ rVdr, YU € HY(0,7),
0 0 0
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therefore, by (6.11]), we obtain
~B. (1)U (1) + B (0)W(0) =0, VT € H(0,).

Since WV is arbitrary, then
¢2(0) = ¢.(m) = 0.
Therefore,

¢ € H*(0,7).

Next, taking ¢* = 0 in , we arrive at

c/ Uz Uy dx = / (g1 — pu+ (a+ 0) Uy + b)) u*dr, Yu* € H*(0,7) N H(0,7).
0 0

(6.13)
Consequently, the regularity theory implies that
w € H*0,7) N H(0, 7).
Furthermore, since C5°(0,7) C H?(0,7) N H{(0,7) then, simple integration lead to
c/ Ugpwa W dT = / (91 — pu+ (a+9) Uy + bpy) u*dx, Yu* € C;°(0,7).
0 0
Therefore,

We use (6.7)); and (6.10]) to get

PU — QUgy + ClUgzgr — b¢x - 5'sz = sz
On the other hand, an integration by parts in (6.13)), leads to

ClUyr Uy

7r+c/ Ugpwr W dT = / (g1 — pu+ (a+0) Upy + b)) u*dr, Vu* € H*(0,7)NH,(0,7),
0 0 0

we use (6.14])), we obtain

ClUgy ()l (T) — Uz (0)u(0) = 0.

Since u* € H*(0,m) N H}(0, ) is arbitrary, so
Uz (T) = Uy (0) = 0.

Therefore, we deduce that U = (u,v,$,9)" € D (A) and consequently, the well-posedness
result follows from Theorem [6.1] ]
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6.2.2 Exponential stability

In this subsection, we prove the exponential decay of the solution of Problem (6.2))-(/6.4]).

Our stability result reads as follows

Theorem 6.2. Let (u, ¢) be the solution of —, then, there exists two positive con-
stants n and w, independent of t and the initial data, such that

E(t) <ne @ t>0.

The proof of Theorem is based on Gearhart Priiss [51], and will be established

through the following two lemmas.

Lemma 6.1. The operator A defined by satisfies the following property,
iR={i\,\ € R} C p(A).

Proof. First, notice that by a similar method as in the proof of Theorem [6.1] we easily check
that 0 € p(A). Thus, A~ € L(H).

Secondly, we prove that A~! is compact. Indeed, let (F},) be a bounded sequence in
H such that ||F,| < Cy and (U,) the sequence in D(A) that satisfies F,, = AU,,, where
Un = (tn, U, nyn)T. Since A™! € L(H), we have || A7 < Cy and

||Un||D(A) - HA_IFnHH + HFnHH < (Cl + 1)02-

Therefore U,, = (U, Un, ¢, ¥n)? is bounded in D(A).
Recalling that, the injection of H™(0; ) into H’(0;7) is compact for m > j then, there

exists a subsequence U, = (u, vy, ¢,,¥,)" and a function U = (u,v, ¢,%)? such that:

(thy, U, by )T 25 (w0, 6, 00)7

which shows that the subsequence U, = A~1F, converges in H. Thus, A~! is compact.
Suppose that there exists A € R (X # 0) such that i) is in the spectrum of A. As A~ is

compact, iA must be an eigenvalue of A. Then, there exists a vector U = (u;v, ¢, )T # 0
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such that iA\U + AU = 0; that is,

tAu —v =0,
IAPU — Qlgy — bOy + Clpgry — OVsy = 0,
P ¢ (6.15)
iAp —1p =0,
First, we have
Re((iA] + A)U,U)y = 5/ v, |*dx + 7'/ p|” dz = 0,
0 0
therefore,
w - 07 Uy = 07
Poincaré’s inequality leads to
v=0.
Substituting v = 0 in (6.15)); and ¥ = 0 in (6.15))3, we get
u=0 and ¢ =0,
this is a contradiction with U # 0, and the proof is complete. n
Lemma 6.2. Let A be the operator defined in . Then,
T . —1
lim [|(iX] + A) Hx(%) < 0. (6.16)

[A| =00

Proof. Let A € R be given and let F' = (f,g,p, h)T € H, then, there exists a unique
U = (u,v,6,0)" € D(A), such that (i\X] + A)U = F, that is,

(

iAMu—v=f,

IAPU — QUgy — by + Clgzrr — OVze = pg,
IAG — P =,

INY — Bpyy +EP + buy, + T = Jh.

(6.17)

First, recall that

Re((GA + AU, Uy, = 5/ v [2de + T/ WP dz = Re(F, Uy,
0 0
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Therefore,
5/ |vx|2dx+7/ WP dz < | FI| U] (6.18)
0 0

Further, Poincaré’s inequality leads to

/0 lv]2dz < C’p/o v, [?dx < C||F||||U]]. (6.19)

Taking the L?—product of (6.17), by u, and (6.17)4 by ¢ and, using (6.17); and (6.17))3, we

obtain

a[ug|® + ¢ ugel” + Bl ¢all” + € 6117 + b(($, wz) + (s, §))
= p{g.u)+p (v, f) + T (hd) + T @, p) + p vl + T [0]* = 6 (va, us) — T(¥, &)

Cauchy-Schwarz and Young’s inequalities and ((6.18)) entails that

a 2 2 o S 2

lual® + ellwal® + Blléa ]2 + 612 +b((6, w) + (wy6)) < CIFIIUN. (6:20)
Adding (6.18)),(6.19) and ((6.20]), we obtain

P+ % Il + el + B 1106l + 5 191 + (46,1 + (o, 8)) + 17 < CUFI U],

(6.21)
which gives
Ul < C|IF|.
Thus, is satisfied and the proof of Lemma is completed. O

The assertion of Theorem [6.2] follows from the two above Lemmas.

6.3 Exponential Stability of a Porous thermoelastic sys-
tem

The second problem, we consider in this chapter, is the following

Pl = AQUgy + 0Oy — Cligrpe — YOz, in (0,7) x (0, 00),
Joy = Bbgw — ED — buy, +mb — 7, in (0,7) x (0, 00), (6.22)

c*0; = KO,y — YUz — My, in (0,7) x (0, 00).
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Here, 6 represents the temperature variation from an equilibrium reference value. The

unknown functions are subjected to the following boundary and the initial conditions
w(0,t) = u(m,t) = Ugs(0,t) = Uge (7, t) = ¢2(0,1) = ¢p(m,t) = 0,(0,t) = 0, (m,t) =0,
6.23)

(
U(QS,O) = Uo(ﬂf)a ut(x,()) = ul(‘r)’ ¢($70) = ¢0($>7 Cbt(:v?o) = ¢1<ZL‘), Q(IB,O) = 90(x>
(6.24)

The coefficients of the system are assumed to satisfy v, m,b # 0 and
p>0,a>0,¢>0,¢">0,J>0,8>06>0,k>0,7>0, al > b

Here, we consider the Hilbert space
H = <H2(0,7T) N Hg(o,w)) x L2(0,7) x HY(0,7) x L*(0,7) x L2(0, ),

with the inner product

(U, U"),, = /O7r [pov” + augul + cugul, + JVY* A+ Bopdh + EPPt + 00" + b (u 0" + Pul)] dx,

where U = (u,v, ¢,v,0)T, U* = (u*,v*, ¢*,v*,0*)T. The energy associated to the solution
of [E22)-([62) is given by

1 s
E(t) = 5/ [puf +au? + cul, + J¢7 + EQ° + BoL + 07 + Zbuwgﬁ] dx.
0

We have the following estimate

E s s
d—(t) = —7'/ rdr — li/ 02dzx.
dt 0 0

Before stating the stability result let us rewrite problem (6.22)-(6.24)) in the setting of an
abstract Cauchy problem. First, we introduce the new variables v = u; and ¥ = ¢;, then

problem (6.22)-(6.24) can be written as the abstract Cauchy problem,

Ut == BU, t > O,
U(O) = (u07u17¢07¢1760>T7
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where B : D (B) C H — H is the operator defined by

0 I 0 0 0
p p
B= 0 0 0 I 0 : (6.25)
b 6] ¢ T m
% NI B A
C C C

with domain
D(B) = {U €M :ue HY0,m),v € HX0,7)N H0,7), 6,0 € HX(0,7),4 € Hj(o,w)}.
Our well-posedness result is the following theorem.

Theorem 6.3. For any Uy € D(B), the problem (6.29)- has a unique solution U €
C ([0, +oo[; D(B)) N C* ([0, +o0[; H) -

The proof of the Theorem [6.3] is familiar, we will omit it for simplicity.

Our stability result reads as follows:

Theorem 6.4. Let (u, ¢,0) be the solution of (6.29)- , then, there exist two positive

constants n and w, independent of t and the initial data, such that
E(t) <ne ', t>0.

The proof of Theorem [6.4] will be done again, by the use of Theorem [I.14]

First, we have
Lemma 6.3. The operator B defined by satisfies the following property
iR = {i\, X € R} C p(B).

Proof. We can show easily that 0 € p(B) the resolvent set of B, then B~! € L(H) and
1B~ < Ch.

Next, we prove that B~! is compact. Indeed, let (F},) be a bounded sequence in H and
(U,) the sequence in D(B) such that, F,, = BU,,, where U, = (un, Uy, On, ¥, 0,)T. Thus,

”UnHD(B) = HUnH’H + ”BUnHH = HB_anH + HFnH <C,
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for a positive constant C. Therefore U, = (ty, VUn, @n, ¥n, )" is bounded in D(B).

Since the injection H™(0,7) < H’(0,7) is compact for m > j then, there exists a
subsequence (U,) = (u,, vy, ¢, ¥, 0,)T = (B7LEF}) and a vector U = (u,v,¢,,0)T such
that:

(p, vr, Srs oy, 0)7 5 (u,0,6,0,6)7,
which shows that B~! is compact.
Suppose that there exists A € R (A # 0) such that ) is in the spectrum of B. Since B!

is compact, ¢\ must be an eigenvalue of B.

Therefore, there exists a vector U = (u; v, ¢,v,0)T # 0 such that iA\U = BU; that is,
tAu —v =0,
IAPU — AUy — by + Clppee + 70, = 0,
A — 1 =0, (6.26)
INT — Bbaw + EP + buy —mb + T1h =0,
IAC*0 — Kby + 0V, + map = 0.

We have
Re{(iXl = B)U,U)y =7 /W Yidx + v /7r 02dr = 0.
therefore 0 0
¢Yp=0 and 6, =0, (6.27)
Poincaré’s inequality leads to
6 =0.

Substituting # = 0 and ¥ = 0 in 5, we infer that
—Kblp + v, = 0.
Integration over (0, x) and yield
v=0.
Plugging v = 0 in (6.26); and ¢ = 0 in ([6.26)3, we get
u=0 and ¢ =0.

Thus, U = 0, which contradicts the fact that U is an eigenvector, and then the proof of

Lemma [6.3] is complete. O
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Secondly, we have

Lemma 6.4. Let B be the operator defined in . Then

lim ||(iA —B)™

[A| =00

o < 00 (6.28)

Proof. Let A\ € R be given and let F' = (f,g,p, h,q)T € H, then there exists a unique
U = (u,v,0,0,0)" € D(B), such that (i\XI — B)U = F; that is,

[ iu—v= f,

IAPU — QUgy — by + CUgrrr + V0 = pg,

iNb— = p. (6.29)
iINJY — BPyy + ED + buy — mb + 79 = Jh,

A0 — KO, + v, + M) = c*q.

Recall that

Re((iA] — B)U,U)y = / Vidx + Ii/ 02dr = Re(F,U)y.
0 0

Therefore,
T/ de.T—l—li/ 02dx < ||F|||U||. (6.30)
0 0
Poincaré’s inequality leads to
T/ w?dxm/ 62z < C||F|| |U] . (6.31)
0 0

Taking the L?—product of (6.29), by u, (6.29)4 by ¢, then, adding the obtained equations
and using (6.29)1,(6.29))3, we arrive at

al[ug]]® + ¢ uge|* + B ll6all” + € 11% + ({8, wa) + (s, 9))
= p{g,u) +p{, f) + T (h, @) + T (0, p) + p[v]|* + T0I° + 7 (0, us) +m (0, 6) — 7 (¥, 6) .

Cauchy-Schwarz and Young’s inequalities and ((6.30)) lead to

ol 4+ e + 61+ U617 + (46,021 + s 8)) < o ol + CIFNIT. (6:32)
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At this point, we estimate ||v||;.. For this, we define the functions ¢, w,z and y as

solutions of the following problems:

— Pz =, 0z (0) = pu(m) =0, (6.33)
—wyy =0, w, (0) = w, (1) = 0, (6.34)
e =4, 2(0) = 2(7) = 0, (6.35)
Yoz = 9, y(0) = y(m) = 0. (6.36)

Taking the L?—inner product of (6.35)) by z and (6.36]) by y, using integration by parts, the

Poincaré and Cauchy-Schwarz inequalities, we get
Izzll < Cpllgll and  [jyall < Gy gl - (6.37)
Multiplying (6.29)s by ¢, in L*(0, ), we obtain
(IAC"0, a) = K (Ozas Pu) + 0 (Vo ) + M, 00) = (¢, Pu)- (6.38)

Now we estimate ([6.38]) term by term.
First, integrating by parts, using (6.33)) and (6.34)), we infer that

I = (iAC"0, pr) = iAWy, Pre) = (W, iAV).

Replacing iAv from (6.29), and using (6.36)), we obtain

ac* bc* cc* c*
]1 - <wa:7 uzx) + _<wxa ¢ac> - <U)z, ucca:a:x) - L <wcc7 0w> - C* <wa:7 ywx> .
p p p
Integration by parts and ([6.34]) lead to
ac* bc* cc”* vE
I, = 0, u,) + 0,p) + O, Upy) — 0 —c* (0, y,) . 6.39
1 p< ) p() p( ) p|||| (0, y.) (6.39)
Similarly, we get
Iy = =k (Ops, pu) = KOs, o) = —K (0, 0), (6.40)
I3 =0 (vg, 00) = =0 (v, Paa) = 6 ||0]|? (6.41)
and
Iy = {q, 00) = —C (2w, pz) = " {2z, Paz) = —C" (24, 0) . (6.42)
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Substituting ((6.39) into -, we get

* bc* cc* ~yc*
3 l[0ll” = =" (0, ) — < (0,6) — S (B vea) +
o] ; (0, us) p( ) ; { )
+ 0, y,) + £ (0, 0) — m(, o) — ¢ (24, 0) . (6.43)

Cauchy-Schwarz and Young inequalities, and (| - 6.31]) yield

*

ac
el < g u w |+ CI P U], (6.44)
"0, 0)1 < =2 ol + CIENU] (6.45)
P . 16 '
and
cc* co 9
— (O, uge)| < — ||uza||” + C||F|||U]|. 6.46
10wl < e+ CIEN U (6.46)
Similarly, we have
¢ (100, 3) + 1z ) < G (0NNl + Nallell) < CIENI] (6.47)
and
)
5 (02, 0)| < 5 I0IP + CIF U] (6.48)

Finally, we arrive at

2 m? 2 2 m? 2
(o] < ellgel? + NI < <Cyllpeell? + 1

) m?2C, )
< Il + = wl* < lol” + CI U] (6.49)
4 ) 4
Substituting (/6.44] into -, we get
5 || I* < K oz | + || thgs|” + |I¢H +CE U
Thus,
2 _ @ 2 € 2, & 2
2plloll” < 7 lluall™ + 5 lluaal” + 7 1617 + CHEIIU] (6.50)

The addition of (6.31)), (6.32) and (6.50]) yield

1 a c 13
TIUIZ < Sl Sl + 167 + S1617 + b((0,ua) + s ) + p ol + 7 [ + 61
< CIIFU]
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which yields
U < CIF.

Thus, (6.28) is satisfied and the proof of Lemma is completed.

The assertion of Theorem [6.4]is a consequence of Lemmas [6.3] [6.4}
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chapter

7 Non-Simple porous thermoelas-

ticity systems with second sound

7.1 Introduction

The results of this chapter were published in [2]
In this chapter, we consider a non-simple porous elastic bar with thermoelasticity of
second sound. The basic equations in the one-dimensional theory are given by

¢

PUty = Ay + by — Clygry — dPyza — 00, in (0,m) x (0, 00),
Jon = dUpzy + Pze — P — buy +mb — pudy, in (0,7) x (0, 00), (7.1)
0y = —qe — OUyy — My, in (0,7) x (0, 00),

[ T +q+ KO, =0, in (0,7) x (0, 00),

where u, ¢,0 and ¢ are, respectively, the transversal displacement, the volume fraction,
the difference of temperature from an equilibrium reference value and the heat flux of an
elastic bar of length . The coefficients p, J, a, c, c*, 8, £, 7, u and k are positive constitutive
constants. The coefficients b, d, m and  are the coupling constants that are different from
zero but their signs do not matter in the analysis. In addition, to ensure that the energy
functional associated to the system is a positive definite form, we assume that the

coefficients a, b, ¢, d, § and &£ satisfy the inequalities
aé > b? and ¢f > d>

In addition, to make the problem given by the system (7.1]) well determined, we impose
the following boundary and initial conditions
w(0,t) = u(m,t) = Uz (0,1) = Uy (7, t) =0, t >0,

(7.2)
¢:E(Ov t) = ¢w(ﬂ>t) = Q(Oﬂ t) = Q<7T7 t) = 07 t> 07
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and
U(l’, 0) = U()(C(]),Ut(l', 0) = UO(J:>7 ¢($7 0) = ¢0(x)7 in ze (07 ﬂ-)a
¢i(x,0) = po(2),0(x,0) = bo(x), ¢(2,0) = @o(x), inxz e (0,).
Here, we will study the problem (7.1)) in two case, p # 0 and p = 0. In both cases, we use

(7.3)

the semigroup approach and prove the existence of a unique solution to . In addition,
we use Gearhart Priiss theorem to prove the exponential stability of the solution in the first
case and the lack exponential stability in the second case.

First, let us deal with the case where the porous dissipation is present, that is pu # 0.
Note that since the Neumann boundary conditions are assumed for ¢ and #, we are not able
to apply Poincaré’s inequality for them. To allow the application of the aforementioned
inequality, we proceed as follows.

Integrating 2 and 3 with respect to x and taking into account the boundary

conditions, we obtain

5 s m ™

dt2/ ¢ (z,t)d j/o <b(a:,t)dx+7/0 Q(x,t)dx—Jdt/ ¢ (z,t)d (7.4)
Ld [T B d [”
ca/o Q(x,t)dx——ma/o o(z,t)d. (7.5)

™

/ 0 (z,t)dx / ¢ (x,t)dr+ C. (7.6)

0
The use of initial conditions leads to

o:/o Gg(x)dx+g/0 o (z) dw

Plugging ((7.6) into ([7.4), we infer
) / 6 (1) d (7.7)

dt2/¢ dx+——/¢xtdx+<
/Oﬂqﬁ(x,t) dr =yg (t) +yp(t),

The solution of | is then
where yp and yy are, respectively, a particular solution of ([7.7) and the general solution of

an

Solving (7.5)), we get

the corresponding homogeneous equation of ([7.7). Therefore,

[ ot dn = =2 G 0)-+ g (0) 4
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Thus, if we set

3.ty = 6 (e.t) = (i () + e (1))

™

and

0 (x,t) =0 (x,t)+ ¢

() -

crm

we reach
/ ¢ (z,t)dr =0 and / 0 (x,t)dx =0,
0 0

which allows the application of Poincaré’s inequality on 5 and 6. Furthermore, (u, QE, 5, q)
satisfies the system (7.1]) with the boundary conditions ([7.3). In the sequel, we work with
(u, 5, 0, q), but for simplicity, we write (u, ¢, 0, q).

7.2 Well-posedness

In this section, we use the semigroup approach to prove the existence and the uniqueness

of a solution to the problem —. First, we consider the Hilbert space
H o= <H2 (0,7) N Hé(O,W)) x L2(0,7) x HM0,7) x L2(0,7) x L2(0,7) x L*(0, 7).
The Hilbert space H is equipped with an inner product
0,0y = /0 ' [pvv* + AU + gy, + TP + Boody +E00" + c*99*] dx
[ Fa b + 0+ d s+ 0., e (7.9
where U = (u,v,¢,1,0,¢)" and U* = (u*,v*, ¢*, 0, 6%, ¢*)7.

Remark 7.1. Under the hypothesis a > b* and cf3 > d?, it’s easy to check that @ defines
the inner product.

In fact; since aé > b* and ¢ > d?, we obtain

/0 ' a2 4667 + 2, i = /O ’ (Vau, + %¢)2d9€ + (e~ %2> /0 " $ds

and

/0 ’ [cuix + B2 + 2dum¢4 dz = /0 ’ (\/Eum + \%%)2@; n (5 . d;) /O " d.
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Therefore,
™ b2 ™ d2 T s
IWMfﬂaUMZg/v%m+@——)/¢%m+@——ﬂ/"@M+J/«Mm
0 a’ Jo ¢/ Jo 0

—l—c*/7r92c1lac+z/ﬂq2dx—i-/7r <\/5u —l—i(b)de
0 K Jo 0 va

Thus, we deduce that (U,U*),, defines an "equivalent” inner product over H.

Now, we introduce the new variables v = u; and ) = ¢;. Then, the system ([7.1)) becomes

(

Uy = 0,

1
VU = ;(aumc + b¢:c — CUggpar — d¢xx:c - 50:{:)7
¢t = ¢7

1
¢t - j(dumcx + ﬁgbxz’ - €¢ - bux +mo — ,U’QZ)),
1
0, = _E(qx + v, + m?ﬂ),

1
qs = ——
\ T

and, with the initial conditions ([7.3]), it can be written in the form

(q + K0,),

Ut — AU,
. (7.9)
U (0) = Uy = (uo, u1, ¢o, d1, 00, 90) "
where A : D (A) C H — H is the operator given by
0 1 0 0 0 0
aa’m: gaxx:r:p 0 an - ia:m:x _éaz 0
P P P
0 0 0 1 0 0
A=l b i ¢ ’ (7.10)
7000 =30 0 GOw—5 =5 G 0
0 —~29, 0 —m 0 =1Ly,
0 0 0 0 -£9, -1

with domain
UeH:ve H*0,7)NH(0,7), ¢ € H*(0,m) N L3(0,7), 0,0 € H(0, ),

The well-posedness of the problem ([7.1))-(7.3) is given by the following theorem.

D(A) =
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Theorem 7.1. For any Uy = (ug, u1, ¢o, ¢1,60,q) € D(A), there exists a unique solution
U € C([0,+00[; D(A)) N C*[0, +00[; H) of the problem (7.1)-(7.3).

The proof of Theorem [7.1] will be established through the following lemma.

Lemma 7.1. The operator A defined by ((7.10)) is the infinitesimal generator of a Cy—semi-

group of contractions on H.

Proof. By virtue of Theorem [1.11], we just need to prove that A is dissipative and maximal.

First, a simple computation implies that, for any U € D(A),

(AU U),, = a/ UgpvdT + b/ P udr — c/ Uppre VAT — d/ Oppzrvdr — 5/ 0, vdx
0 0 0 0 0
0 0 0 0 0

™ ™ L T ™ ™
— b/ uxz/)dqum/ O0pdx — u/ v dr + B/ Yy prdr —I—{/ Yodx —/ q.0dx
0 0 0
- 6/ v0dr — m/ Yodr — —/ ¢dx —/ 0.qdx + b/ vpdr + b/ Yuzdr
0 0 0

+d/ vmgbxdx+d/ Vpllprdx
0

= a/ umvd:v—kb/ orvdx —c/ U VAT — d/ qﬁzmvdx—(S/ 0.vdx
0 0 0 0 0

T s T T L
+ a/ Vplpdr + c/ VU AT+ d/ UgzaPdx + ﬁ/ Qpztpdr — ,u/ V2 dx
0 0 0 0 0

v i i 1 v iy
+ 5/ Ve pdr — / q.0dx — 5/ v 0dr — —/ ¢*dx — / 0.qdx
0 0 0 K Jo 0

+ b/ vpdx + d/ Ve Gpdx + d Vplgedr.
0 0 0

Using integration by parts and the boundary conditions, we get

1 T s
(AU, U),, = ——/ ¢*dx — ,u/ Pide <0,
0 0

K

Therefore, A is dissipative.
Next, we prove that 0 € p(A). Let F = (f1, f2, /3, f4, 5, f*)" € H be given, and find
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U = (u,v,¢,1,0,q)" € D(A) such that AU = F; that is,

¢

v=f
AUgy + b¢:1: — CUggpa — d¢:c:1:x - 56:1: = Pf2,
_ 3
V=75 (7.11)
Gz + 5'01‘ + m@/f = _C*f57
[ g+ K0, = —7f5.
From ([7.11)); and ([7.11))3, we have
v=f'e H*0,7)N Hy(0, ), (7.12)
and
Y= f*e H(0,7). (7.13)
The fifth equation of (7.11]) leads to
Gu = —Cf° = 6fL —mf? e L*(0, ). (7.14)

Simple integration yields
q(z) = —c*/ fo(s)ds — 6 f1(x) — m/ f3(s)ds +co € H(0, ).
0 0
It suffices to take ¢ = 0 and recall ((7.12) to get ¢(0) = 0 and to recall ([7.12)), (7.13)) and

that f° € L%(0,7), tu see that

q(m) = —c* /OW f2(s)ds — §f1(m) — m/o7r f3(s)ds = 0.
Hence,
q € Hy(0, 7). (7.15)

On the other hand, plugging ¢ in the sixth equation of ([7.11]), we get

_ —%(Tfﬁ +q) € I2(0, 7).

0s

Consequently, we conclude that

6 c H(0,).
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By substituting the values of ¢ and € in (7.11)5 and (7.11))4, we get

Ay + b¢a} — CUgggar — d¢xrx =01,
duzx:p + ﬁ(bx:r - f¢ - bua: = g2,

(7.16)

where

g =pff+060, € L*(0,7) and go=Jf* —mb+puf>ec L?(0,7).

To prove the solvability of ([7.16]), we consider the variational problem:
Find (u, ¢) in W, such that

B((u,0), (u",67) = L ((w',00") . ¥(u',¢") € W, (7.17)

where W = ((H? (0,7) N Hy(0,7)) x H}(0,7), B is a bilinear form and L is a linear form

™

on W given by
B(0).wr,0) =c [ wnuideta [ wuides [ o0
0 - 0

O

T / (6" + 1s6") d + d / ($atil, + tpatt) do
07r 0

+§/ oP*dx

0
and

L <(u*, ¢*)T> = /OW (pf? +66,) u*dr + /OW (Jf*—mb + puf?) ¢*da.
Clearly, B (-,-) and L (-) are continuous forms on W.
In fact:
1. Continuity of B(-,-):
B((w0). (6| <o /QT tastlde +lal [ lwazlde 4151 [ 10,6310

b / (I6ut] + [usd®]) di + |d] / (dettul + st ]) de

+lel [ 10o'ldo.
0
Using Cauchy-Schwarz inequality, we obtain

B ((u,0), (u,6) | < lelluasllls | + lalllus s + 18101621l + ellglles]
ol 1191+ Ll ozl + Lallwas N1 + €066
< maz(|cl, lal, 181, bl 1, Il ) (llae | + llall + 19| + 1]
x (Il |+ ezl + 1931+ lle])
< Ol (u, &)l (", &) w-
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So, B(:,-) is continuous.
2. Continuity of L(-): we use Cauchy-Schwarz inequality, we get

L @) | < ol 2 1+ 18116l 1+ 104+ L
mlloller]
< maa (1ol 1721, 1811621, L1 el 1720 o) (e |+ )
< Cll(w*, ") lhw-

Moreover,

B = i 2 d i 24 i 24
(1, ) , (u, &) / u:c+/ umxw/O P
2d 2b 2+d
—|—£/0 o dr + /Od)u T

—|—2d/ Dplhzpdx.
0

a/ﬂuidz—{—{/oﬂgb?dx+2b/ﬂgbuxd:n
o B) [t (B [

c /0 u? dr + f3 / d2dx + 2d / gy d
%( ) u? dr + = (6——)/ P2dx
> b2

and ¢ > d?, we arrive at

Noting that
and

and using the fact a& >

B ((w )" . (u.0)7) > ;(a—%z)/o P+ - (5—%/ Sz
+%(c—%2)/0 u? da:+1(ﬁ——>/ P2du,

This demonstrates that B (-, -) is coercive. Then, using the Lax-Milgram theorem, we infer
that the problem ([7.16]) has a unique solution (u, ¢) € W.
Moreover, by setting (u*, ¢*) = (u*,0) in equation (7.17]), we obtain

/ (cuy +do), ul,dr = / (atiyy + b, + pf* + 66,) u*dz, Yu* € H*(0,7) N Hy (0,7).
0 0

117



7.2. WELL-POSEDNESS CHAPTER 7

This implies that
cu, +do € H*(0, 7).

Moreover, as C3°(0,7) C H?(0,7) N H}(0,7), then, simple integration yield
/ (CUpprr + AGpye)u*dx = / (aum + boy, + pf? + 5«935) uw*dx, Yu* € C5°(0, ).
0 0

Therefore

Thus, u satisfies ((7.11)),.

On the other hand, clearly / (cuy + dp)dz = 0. Therefore,
0

cu, +do € H? (0,7) N L2(0, 7). (7.18)
Similarly, if we take (u*, ¢*) = (0, ¢*), we get
/ " (duy + Bd), Gz = / (b + €6 — Tf +mb — pf?) 'du, Vo' € HA0, 7). (7.19)
0 0

Here, we are unable to apply directly the theory of elliptic regularity. To address this
difficulty, we proceed as follows:
L :
Let W € Hj (0,7) and set ¢* = W — — [" W (z,t) dx. Then, ¢* € H} (0,7). Inserting ¢*
T
in (7.19), bearing in mind that foﬂ (buy + &P — Jf* +mb — pf3) dz = 0, we infer that
/ (du, + Bo), V,dr = —/ (bug + & — Jf* +mb — pf?) Udx, VU € Hy(0,7). (7.20)
0 0

This shows that
du, + Bo € H*(0, 7).

Moreover, integration by parts of equation (|7.20)) yields
dUyzz + BPra :bux+§¢_Jf4+m9_:uf3 =T

By virtue of ((7.13)), ¢ satisfies ([7.11)4.
Since [ (du, + f¢)dx = 0, we get

du, + B¢ € H*(0,7) N L2(0, 7). (7.21)
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From (7.18) and (7.21)), we deduce that

¢ € H2(0,7). (7.22)
On other hand, since (du, + 8¢),, = r € L*(0,7), then
/07r (duy + Bo),, pdx = /07r rodr, Yo € HY(0, ).
Integration by parts and the fact that H! (0,7) C H' (0, 7) yield
(ds + 50), ][ /0 " (dus + ), pudz = /0 Crpdr, Ype HI0T).  (7.23)
Thus, leads to
(dug + B9), (1) ¢ (1) — (dus + B9), (0) ¢ (0) = 0, Vip € H, (0, 7).
As ¢ is arbitrary, we obtain
(A + 80), (x) = (duy + 5), (0) =0 (7.22)
Using (7-11)4, (7.24), the fact that (u,¢) € W and (¥, f*) € [L(0,7)]?, we infer that
/Oﬂe(:p,t)d:c = %/OW (Jf* = duggy — Bduw + £ + buy + pip) dz = 0.

Thus,
0c H(0,7). (7.25)

Therefore, there exists a unique U € D(A) that satisfies (7.11). which proves that 0 € p(A).
Thus A is invertible. Consequently, by virtue of Theorem [I.8] the operator A\ — A =
AMNAT — 1) is invertible for 0 < A < [ A7

By using Lumer Phillips Theorem, the equation U; = AU has a unique solution, which
completes the proof. O

7.3 Exponential stability

In this section, we prove the exponential stability of the solution of the problem ([7.1])-
(7.3). To achieve this, we utilize a tool based on the theorems of Priiss and Gearhart [35].

We start with the following lemma.
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Lemma 7.2. For any (u, ¢,0,q) solution of —, the energy functional

1

E(t) = 3 / [pu? + aufc + cuix + J¢f + 9% + 6@26 + 0% + %qQ + 2buy @ + 2du g, b, | dx
0

satisfies
dE

—(t) = —— qu—,u/ o¢|"dz < 0.
== u e

1
Proof. Multiplying the equations of {D by wg, ¢, 0 and —q, respectively, and integrating
K

with respect of x over (0, ), we obtain

d v iy i iy i i
gl u?d;t:—a/ umutd:c—b/ (bxutd:c—l—c/ ummutdx—i-d/ gbmxutd:c—i-é/ O urdx = 0,
2dt J, 0 0 0 0 0

(7.26)

d v iy vy d i s
i—/ qﬁfdm - d/ Ugpz Prdr — ﬁ/ QraOrdr + §—/ ¢2dx + b/ Uy Dpdx
2dt Jo 0 L Joo o 2db 0 (7.27)

—m/ 9¢>td:1:+u/ ¢dx = 0,
0 0

>k d ™ s T iy
<L 0%dx + / g-0dx + 5/ Uz 0dr + m/ ¢f0dx = 0, (7.28)
2.dt Jo 0 0 0
T4 W2dx+1/ﬁ 2da:+/ﬂ9 dr =0 (7.29)
2k dt [, 1 & Jo 1 0 g =5 ’

Adding ([7.26)-(7.29)), using integration by parts and the boundary conditions, we obtain

d i 1 (7
—E(t) = — 2dy — = 2dx < 0.

Now, we state our main result.

Theorem 7.2. Let (u,¢,0,q) be the solution of (7.1)-(7.3). Then, there exist two positive

constants n and w, independent of t, such that

E(t) <nE0)e " t>0.

The proof of Theorem [7.2) will be established through the following two lemmas.

Lemma 7.3. The set iR = {i\; A € R} is contained in p(A).
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Proof. First, note that since 0 € p(A), then A™' € L(A). Let’s prove that A~! is compact.
Let (F,) be a bounded sequence in H and let (U,,) be the sequence in D(.A) that satisfies
F, = AU,, where U, = (uy, Un, O, Un, On, @n)-
Since A~ € L(H) and F,, is bounded, we deduce that the sequence (U,) = (A™'F,) is

bounded in H. Consequently, there exists a constant C' > 0 such that
1Unllpeay = [Unlls + AUl < C.

Therefore, (U,) = (un, Un, ®n, ¥n, O, qn) is bounded in D(A). Using the fact that the em-
bedding of H™(0;7) into H'(0;m) is compact for m > i, we can extract a subsequence

U, = (U, Upy ¢ Yy, 01, q) and find U = (u, v, ¢, 1,0, q) € H such that

(UT7UT7¢T’¢T79T7QT) — (U7U7¢7¢70>q) in H (730)

Thus, the subsequence (A~'F}) converges in H. This shows that A~! is compact.

Suppose that there exists A € R (X # 0) such that i\ € o (A). As A™! is compact, i\
must be an eigenvalue of A. Then, there exists a vector U = (u, v, ¢, 1,0, q) # 0 such that
AU — AU = 0; that is,

iAu—v =0,
A — =0,
b (7.31)
IANY — dUgyr — BOyz + ED + by —mb + p1p =0,
IACO + qp + dv, +my =0,
IANTq+q+ kKO, =0.
Next, we perform the inner product of (iA\] — A)U and U in H, we obtain
(AU = AU, U)yy = i||U |3, — (AU, U)y, =0,
then
1 ™ s
Re (iA\U — AU, U),, = E/ q|*dx + ,u/ [ih|? dz = 0. (7.32)
0 0
Consequently,
¢g=0 and ¢ =0. (7.33)
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Moreover, ([7.31))3 and (7.31))¢ give
¢»=0, and 6=0. (7.34)

In addition, ((7.31))5 yields v, = 0 and the integration over (0, z), using the boundary condi-
tions, gives

v =0. (7.35)

Finally, the substitution in (7.31]); leads to
u=0. (7.36)

Thus, U = 0, which contradicts the fact that A is an eigenvalue. This completes the proof
of Lemma [7.3] O

Lemma 7.4. The operator A defined by (7.10) satisfies

lim ||(iA] — A)7"|] < oo.

[A| =00

Proof. Tt suffices to prove that there exists a positive constant C' such that
| GX — AT F| < C|F|l, YAER, VFcH.

Let A € R and let F = (fY, f2, 3, 74, 5, )" € H be given. Note that since A is a
contraction, so iAI—A is invertible, then there exists a unique U = (u, v, ¢, 1,0, q)" € D (A),
such that (1A — A)U = F’; that is,

(

iu—uv=f!,
Z)\,OU — QUgy — b¢x + ClUprgs + dgbaxaw + 593: = pf27
Z)‘¢ - ’lvb = f37

7.37

INC*O + @y + Ovy + M) = ¢ f?,
iANTq+q+ KO, = TfC.

First, recall that

1 s s
Re((AL = AU Uhe = [ laPde . [ 0f do = Re(F. U
0 0
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Therefore, _ _

Ny N (7.3%)
where C' > 0 is a constant. Performing the L?-inner product of 2 by u and 4 by
¢, using equations 1, 3, and integration by parts, we obtain

a e ||” + ¢ l[tgel* + BlI¢xl* + E NI + 26(uz, 6) + 2d(tsa, 2)

= p(f2u) + oo, 1)+ T (f0) + T (0, f2) + pllol* + T[]
Equation ([7.38]), Cauchy-Schwarz and Young’s inequalities lead to

a
3 luell® + el ” + Bllda* + gll¢\|2 + 26(uz, §) + 2d(Usa, dz)

2 2 (7.39)

5
< CIFIUI+pllol® + (- + ?)IIF)HQ-

At this point, we need to estimate ||v|| ;.. To this end, we introduce the functions ¢, w, 2

and y as solutions to the following problems:

—Pas =0, 0a (0) = @a(m) =0, (7.40)
Wy = 0, wy (0) = w, (m) =0, (7.41)
—Zgw = f°, 2(0) = z(m) = 0, (7.42)
Yz = [, y(0) = y(7) = 0. (7.43)

Multiplying (7.42)) by z in L?(0, 7) and applying Cauchy-Schwarz and Poincaré’s inequalities,
we obtain

Izl < Cp || 7] (7.44)

where C), is the Poincaré constant. Similarly, we have

lyall < Cp || £?] - (7.45)

Next, we multiply (7.37)5 by ¢, in L?(0,7) to obtain

(A0, 1) + (s Pr) + 6 (Vg i) + MY, o) = (7, ) - (7.46)
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Now, we estimate ([7.46]) term by term. Integration by parts, and equations ((7.40)), (7.41)),
lead to

I = (IAC70, @) = = (iMge, 0r) = (1AW, Prz) = (W, IAV). (7.47)
From ([7.37))2, we get

1

Plugging i\v in ([7.47)), and using ((7.43)), we obtain

*

ac bc* cc
<wx7u$x> + _<wxa ¢x> -
dc* péc*

Wy, gb:cacx — 7 Wy, eac - C* Wy Yxx) -
; ( ) ; ( ) ( )

*

I =

<wxa ua:a:a;ac>

Integration by parts and equation ([7.41]) give

B =" 00, + (0,0 + S o) + O (00,00 — P~ ) (149
p p p p
Similarly, we get
Iy = (e, pz) = = (¢, Paa) = (¢, V), (7.49)
Iy = 6 {vg, ) = =0 (0, 000) = 8 |J0]|° (7.50)
and
I =" {(f°,u) = =" (2ams P2) = " (20, Pua) = —C" (24, 0) . (7.51)

Substituting equations (7.48])-(7.51)) into equation ([7.46[), we obtain

ac* bc* cc* dc*
0 HUH2 = - <07u$> - <07¢> - <9:r7u:m:> - _<9:E7 ¢x>
sh P p p (7.52)
+ P 1011* + ¢* (0, y2) — (g, v) — m(Y, pa) — ¢* (2, 0) .

Young’s inequality yields

ac* ad 5 6ac*? 9
0 < — 0
(0,10} < g ol + 25— 0]
and ,
be* £5 6b%c*
0,0) < =I8lI> + ——101*
1001 < g6l + -1l
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Replacing 0, with the value obtained from equation ([7.37))s, we get

>k %

cc cc
9:1:7 Uge )| = Tfﬁ - Z)‘Tq — 4, Uz
P ( )| P Ii 3}!\ *
cc'T cc*AT e
< T b+ (27 + ) gl
Pk PR Pk
and & de
c c .
P |<Qxa¢:c>|: P |<Tf6_2)‘7q_%¢:c>|
dc*t dc* At dc*
< SN0l + (20 + L) o).
Pk PR
Thus, Cauchy-Schwarz and Young’s inequalities lead to
cc* T 4ec? (1 4+ A1) 2
- 0:1: T < - 6 T T
O et < ] ol + = Nl + 5
and 2 )
dC T (1 + )\7—) 2 5(5 2
— < — || f8 N .
(001 < 0 ol + =Tl + g e

Using equatlon (7.38]), we 1nfer that

*

cc

C(S )
; (0, o) | 16p!lu 1=+ CIENIT

and

dc*
p {0z, ¢a)| 16 ch I*+ ClIFUY.

Similarly, the Cauchy-Schwarz inequality leads to

(10,3 + ¢z, 0)1) < G (0Nl + el o)

Therefore, (7.44) and ([7.45)) yield

ﬁQ&wWH%wWSﬁ%@WWW+WWMD§@WWW-
Next, Young’s and Poincaré’s inequalities, ) and ((7.40)) imply
0 2
g o) < 7 ol + CHETUY

and

2
ml(, ga)| < 6Hs%ll2 IIQZJH2 < eCpllpaall” + - II¥IP
—||v||2 +CHFI|I|UH
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Finally, we substitute the above estimates into equation ((7.52)), we obtain

2 a s £ 2 C s B 2
< = = — —
2ollvll” < g llusll” + G llol” + 7 lluaal” + 7 ll6al

(24@0*2 24h2*2 N (7.53)

52 + €52
The addition of ((7.39) and 1} gives

plvll® +—||uxH L H o + 22 ||¢x|| +—II¢H +c 0l°

4c*) 1612 + C P U1

+J||%D||2 —||(J||2 + 20 (Ug, §) + 2d (U, §z)

24ac*?  24b%c*? 52 m?
< — 4+ — 2 F . .04
<(TqtTgm taat e TOC) W+ CIEN U (7.54)

The next step is to estimate ||0||, . . To this end, we define the functions w and z as in ([7.41])

and ((7.42), and o, n to be the solutions to the following problems:
— gy = ¢, a(0) =a,(m) =0, (7.55)
Nax = f67 n(0) =n(mr)=0. (7.56)

Multiplying the equations (7.55)) by a and (7.56]) by n in L?*(0, 7), using integration by parts,

Cauchy-Schwarz and Poincaré’s inequalities, we obtain

lew || < Cy llall (7.57)
a1l < Cy || £°] - (7.58)

Performing the L?—inner product of equation (7.37))s by w,, using (7.55)), (7.56) and (7.41]),

integration by parts, we get
T <O‘z’l)‘9> - <Oé$, 9> +tK “9“2 =T <77$a ‘9> :

Inserting iA@ obtained from (7.37))5, we arrive at

) T 0T mT
T <04:c)2)\9> =T <axa f5> - E <ax>qx> - ; <aa:avx> - C_*<O‘:z:7w>
T 0T mT

= —7(¢, 2z) — EHQHQ - (q,v) — ?<04x,¢>-

Thus,

T oT mT
S0 =~ (e )+ 742+ 2l + 27 (g0 + " o) + e, 6).
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Let us estimate each term in the obtained relation. First, we have

(102,01 + 1@, 22)1) < CIFI U]

Young’s inequality, ((7.57) and (7.38]) give

70
— (g, v)| < CIFIU|| +ellv]?,

Q

K
(e, O) < CIFIUI+ 5 1017

and
mT
— N, V)| < C|F[U]-

Therefore,
K
S 1017 < CAFIHIU + ol (7.59)

48ac*?  48b*c** 6% 2m*  10c¢*
ac ¢ om + ¢ ) and choosing € such that

Multiplyi 7.59) b —
PG Y ( K02 + KEH? + aK + K&
<48ac*2 N 48b%c*? N ) N 2m? N 10c*> p
R R £ = —
k0?2 KEO? ak  KE 2

Y

we obtain
24ac*?  24b%c*? 5 m? 9 p 9
— 4+ — 0] < F = . 7.60
(Tor+ e tag t g H5¢) IIF < CUFNIUI+ 5 o] (7.60)
Substituting (7.60]) into ((7.54)), we get
5 HUH +3 H I L% H vell” + 2 H%H +3 H¢H + (16 + Tl + HC]H2
+2b (s, §) + 2d (Uga, ) < CIF U],
hence,
1
3 lw|* < cIFul,
which gives
U < CIF,
O

and the proof of Lemma [7.4] is completed.
Proof of theorem[7.2]In view of lemmas|[7.3}[7.4] the result of Theorem|7.2)is established
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7.4 Slow decay

In this section, we consider the problem ([7.1)) without porous dissipation (u = 0), and

prove that the solution of

(

Uty = QUyy + by — Clpzay — dPuze — 00 in (0,7) X (0, 00),
Jou = dugzy + Bbre — EP — buy +mb in (0,7) x (0, 00), (7.61)
0y = —qr — OUgyy — My in (0,m) x (0,00),

(| T +q+ KO, =0 in (0,m) x (0,00),

decays slowly.

Our main result is given by the following theorem.

Theorem 7.3. The solution of the problem determined by the system and the bound-
ary and nitial conditions , decays slowly.

Proof. The purpose is to prove that for all sufficiently small €, there exists a solution of

(7.61]) in the form

u = Kjexp (wt)sin(nz), ¢ = Kyexp (wt)cos(nx), (7.62)
0 = Kjexp (wt) cos(nx), q= Kyexp (wt)sin(nz).
such that Re(w) > —e. Thus, we can always find a solution w as near as we want of the
imaginary axis.

By substituting the values of u, ¢, 6 and ¢ from ((7.62)) into ([7.61)), we get to the following

homogeneous system with the unknowns K, Ky, K3 and K,

( pw?K, = —an*K, — nbKy — en*K, — n3dK, + ndKs,
JU}2K2 = —n?’dKl — ﬂTlQKQ — fKQ — anl + ng,
& wKs=—nK; —néwk, — mwkKs,

TwK,s + K4y — nkK5 = 0.

Therefore,
.

(pw? + an® + en?) Ky + (bn + dn®) Ky — nK3 = 0,
(dn® + nb) K1 + (Jw? + fn? + &) Ky — mK3 = 0,
ndwk,; + mwKsy 4+ ¢ wKs+nky, =0,

—nkK3+ (tTw+1) Ky =0,
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which can be written as

(pw? + an? + cn?) (bn + dn?) —on 0 K, 0
(dn® + nb) (Jw*+Bn*+¢&) —m 0 Ky [ |0
now mw cw n K; a 0

0 0 —nk (Tw+1) K, 0

In order to obtain a non-trivial solution. We assume that the determinant is equal to zero,
that is
A = Py + Pyw + Pyow® + Pyw® + Pyw* + Psw® + Psw® =0,
where
Py = (cmﬂ — d2/£) n® + (akB + ck€ — 2bdr) n® + (cmf — b2li) n?,
P = (cﬁc* — d2c*) n® + (cm2 — 2dmd — 2bdc* + afc* + c&c* + 552) n?
+ (0%€ — 2bmd + am?® + alc® — b*c*) n?,
P, = (CBTC* + Jek — dzTC*) n® + (67‘52 — 2dm76 — 2bdTc* + afrc + Jak
+KBp + cmPT + CTﬁc*) nt+ (cmfc* + 76% — b1t — 2bmTé + KEp + am27') n?,
Py =m’p+ &Epct + (J6% + Bpc* + Jac*) n® + Jec™n?,
Py =mPtp+ 1épc* + (Jrp + Jarc* + Brpct + J16%) n® + Jerern®,
Py = Jpc*,
Ps = Jrpc”.
We can write the determinant equation in the form
A=Py+ PX+PX*+ PX°+ P X"+ PX° + X% =0.

We want to prove that the equation ([7.61]) has solutions as near as we want to the imaginary
axis, that is for all € > 0, the equation (7.61)) has solutions at the right of the line Re(w) =

—e. This is equivalent to prove that the equation
A=Py+P (X —e)+ P, (X -4+ P (X —e)’+ P (X —e)' + P (X —e)’+ P (X —¢)°=0

has all the solutions with positive real parts. We utilize the Hurwitz theorem [I.16], which

states that the necessary and sufficient condition to ensure that the equation

WX+ X+ X'+ X+ X+ X +q¢ =0
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has solutions with negative real part is
@1 q O
q1 4o
A():ql>0, Alzdet > 0, Agzdet q3 G2 1 >0
q3 Q2
s ds g3
and
@1 @ 0 0 O
@1 @ 0 O
3 @ @ q 0
s 44 43 Q2
0 g% ¢ @u g3
0 g 4 @
0 0 0 g g5
@1 @ 0 0 0 O
3 ¢ g q@ 0 0
As = det s 44 43 Q92 q1 Qo >0,
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where

Qo = JTpc,

@ = Jpct(1—67e),

@ = pr(m?+£&c*) +5Jpct (3re — 1) e+ (Jrp + Jarc* + Brpct + J16?) n? + Jercrn?,

g3 = (J6%+ Bpc* + Jac* — 4 (Jkp + Jarc* + Brpc* + J16%) e)n? + Jec* (1 — 4re)nt
+p (m? + &%) — drp (m? + £c¢*) e + 10T pc* (1 — 27¢) €2

g = (cfrc* + Jek — d*7c*)nb + (atéc* + 7626 — bP*rc* — 2bmTd + KEp + am?7) n?
+ (B16% — 2dmTé — 2bdrc* + afTct + Jak + kBp + em?T + ctéc*) nt + Jpct (157 — 10) &3
+6 (m*7p + 7épc* + (Jrp + Jarc* + Brpc* + J16%) n? + Jerc*nt) &2
—3(m?p + Epct + (J62 + Bpc + Jac*) n? 4+ Jec*nt) e,

g = (—20md + am?® + alc* + §%¢€ — b2 c*) n? + (em? — 2dmd — 2bdc* + aBc* + céc* + 362) nt
+ (cBct — d?c*)nb + 3 (m?p + Epct + (J62 + Bpc + Jac*)n? + Jec*n) e
—4 (m21p+ 1€pc* + (Jrp + Jarc* + Brpc + J16%)n? + Jere*nt) €3 + Jpctet (5 — 67¢)
—2(B716% — 2dm7d — 2bdrc* + aBTc* + Jak + kfp + cmAT + créc) nle
=2 ((at&c* + 762 — V7" — 2bm70 + kEp + am?T) n® + (¢B7¢* + Jek — d*1c*) n) g,

g = (CI{B — d2/£) n® + (akB + ck€ — 2bdr) n® + (cmf — b2li) n* + (cﬂc* — dQC*) nSe
(am —2bmd + afc* + 6%¢ — bQC*) n? + (cm2 — 2dmd — 2bdc* 4+ afc* + cc” + 6(52) n4] €
(

-
+ [(aréc* + 76%¢ — b*1c* = 2bmT6 + KEp 4+ am®T) n* + (cBrc* + Jek — d*rc) n°] €7
+ (870 — 2dm7é — 2bdrc* + aBrc* + Jak + £Bp + em?T + cTéc”) nie’

— [me +&pct + (J52 + Bpc” + Jac*) n? + Jcc*nﬂ g3
+ [mPrp+1épc* + (Jrp + Jarc* + Brpc* + Jr6%) n® + Jerc'n'] &t

— Jpc*e® + Jrpctel.

We have the following lemma

Lemma 7.5. For any € > 0 suffictently small, there exists n sufficiently large such that

A2<O.
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Proof. A direct calculation shows that

Ay =an*+ P (5, nQ) )

where
P (e,n%) = —Jpc* (2J7%6% + 2aJ7%ec” + 2kJTep — K p + 2BT7epc’) n°
— 7072723 p*(c*)? + 352712 0% (¢*)? — 5J%ep?(c*)? — 2JmP12ep*c*
—2¢6J71%ep?(c)?
and

a. = —2cJ?7mp(c")%e.

Clearly, for any ¢ > 0 sufficiently small, the term a. satisfies
. = —2¢J*7%p(c*)%e < 0.
By taking n sufficiently large, we note that

Ao =an*+ P (5,n2) < 0.

O

Proof of Theorem [7.1] From the lemma [7.5] the conditions of Hurwitz theorem are not

satisfied. Therefore, there exists a solution to the problem such that w is to the right of the

line Re{z} = —e. Consequently, we cannot obtain a uniform rate of exponential decay for

all the solutions. As a result, the decay of the solutions is slow.
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