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ا۱৕৑ڎاء
اࠍ੅ٺ؇م. و اܳٴڎء আॻ༟ وا݁ٺٷ؇َ؇ وނଲ୍اً ۋٴ؇ Մ៰Ղا ا৵৥ৠڎ
﴾َඔ൹ِ ৎَ ৊؇َْاܳأ ربَِّ ِՄ ّ֟ ՃِՂ ُ ৵َڎْ ৥ৠْا نِ ᕚأ ْܾ ُ د؜َْިا۱َ ُ රඝَِوآ﴿

ا݁ٷ٭؇ت ؇ዛኤ؇ޗ٭ ሒᇭ ᆇᅵܹب اܳأ޺޾ ݿྟ٭ܭ ሒᇭ ݿٷިات دا݁ب و݁ލگ۰ ّأص ًأڎ ً؇ܳڰأܭ اዛውᚶ৖৑؇ء আॻ༟ ނ؇رڣب ڢڎ ଫଐݿ؇ৎ৊ا ᄭᄥ༡ਵਦ
ا৵৥ৠڎ ዻዧو ๮ཚߙߵ أن ڢٴܭ ا৵৥ৠڎ ዻዧ ܾ۳ይዧ؇ڣ، ੅਼ݠاً اܳگٴأ۰ وأرڣؕ ม฀ّأ ஓஇ؇ر أڢޚژُ ሒᇚݠෛູ ؜ٺٴ۰ আॻ༟ أڢژ اܳ٭ިم أَ؇ ؇۱ ، ሒᇿ؇٭ይዧا

: ሒِᇚݠෛِູو ሒᇖ؇෠ຶ ஓஇݠة ا۱ڎي ۋص ႟ၽًو . اෂීݪ؇ ًأڎ ا৵৥ৠڎ ዻዧو رݪ྘ب إذا
َ وݿఈఃۋ۳؇ ܋ڰ؇ح ؇ਃ಻ᄴᄟا أن มฃగఒ༟ ݆݁ ݁گ؇ًܭ َ ఈఃً ሒِᇃ؇وا؜ޚ ༡َڎود ఈఃً มِฃᆇᅦد ،و݆݁ ا৙৑ܳگ؇ب ً؊ᆇᅹܭ اᆙᆊِ޶ દઊز اᄳᄟي ሌᇿا

اڤ֔ۏܽݤ". "واႥ႐يِ : وا଩ଐ༟ازي ੅਼ݠي , ՄّՃՂا ًأڎ وఈః݁ذي ሒᇆިوڢ وݿٷڎي ሒِᇆଫଃފৎ৊ ا৙৑ول داᆇᅦ޶ واৎ৊أݠڣ۰، اܳأ޺޾
واܳލ݄أ۰ اࠍ੆ٷިن اܳگܹص ሌᇿإ، ؇ዛኔ؇༟ࣖࢻ اܳލڎاࢱࣖ ሒᇿ وዝངܹب ࢴ۱ࣖ؇ ڢٴܭ ؇ዛ዇ܹڢ มฃྡྷوأۋٺݯ ،؇ዛᔻاڢڎا ොູب اࠍ੊ٷ۰ Մ៰Ղا ۏأܭ ݆݁ ሌᇿإ

اڤ֔܊מڵ١". ᆃᄷႥ႐وا" :ሌᇿو৙৑ا มฆగఒ݁أ اৎ৊ޙగఒ؇ت ሒᇿ؇٭ይዧا ሒᇭ ሒᇿ ೑಻Ⴄ၍ ปฆܳا
،ঌॻ༠ࢻࣖا وا๤ཛྷ৕৑ار اܳټگ۰ ඔ൹༟زار لݑ اܳޚݠ ሒᇿ દઊ۳ڎᆙᆘ اৎ৊ٺ؇؜ص لࠔࠫ ޗݠ มฃ؜ وأزاۋިا ݪأࠕࠫ ؜ٷڎ ۋص ႟ၽً ሒᇃݿ؇ࢾࣖو ݆݁ ሌᇿإ

ո۝݄ݦ". ոຐدل، ؔמۢڞ، " Մ៰Ղا ۋڰޙ۳ܾ ሒᇃاۊިا ؜ݯڎي ܾዛኞ Մ៰Ղا ނڎّ ݆݁ ሌᇿإ
واܳݱڎاڢ۰ اࠍ੆ص ݁ڰ؇۱ࡗࡲ ଫଃ༚ن ሒᇆఌዳዧا ᄎჼفఈఃৎ৊ا ጥ጑ّ ᄭᄥ٭৵৩ৠا اࠍ੆٭؇ة ޗأܾ ݆ୖ୒ఈః༠ ݆݁ ৙৑؜ਵف ݆ዛኞ Մ៰Ղا มฃرزڢ ᄎჼفఈఃৎ৊ا ሌᇿإ

." ոֿد١ֵ ۰֔מ׿ة، ᄊ჻מ١، જੴᄊ჻ة، ": اܳ؞؇ܳ٭؇ت ሒᇆأۊިا ሒᇆ؇ۋ٭ ሒᇭ واܳފٷڎ
اৎ৊ټ؇ߓߵة আॻ༟ ሒᇃިأ෠ங ݆݁ ሌᇿإ لݑ اܳޚݠ ّأص ۱ިَިا ݆݁ ሌᇿإ لݑ اܳޚݠ ۱ڍا ۊޚިات ሒᇃިނ؇ر܋ દઊِᄳᄟا اෂීوح رڣگ؇ء ๮๎ฺأ ৖৑و

." اڲજੴة ᄊ჻מ١، ،١ֿո്ฝر ٢רոدي، آ١ֵ، ෕ຸوق، " ુળܳـ ᆙᆘٺٷ۰ ඔ൹اܳފٷ رڣگ؇ء ሌᇿإ اৎ৊ފଫଃة وპაႰᎂل
ુળإܳ٭ ،أ۱ڎي ݁ٴڎع ਍ಸ؇ء ۏ٭ܭ ܳྡྷލ؊ت ۬༥و კაႰ؊ً اৎ৊أݠڣ۰ إلݱ؇ل আॻ༟ وරඞݬިا ଫଃاܳـܝټ ܳٷ؇ ڢڎ݁ިا દઊᄳᄟا اܳـଲ୍ام ሒᇆࣕأݿ؇ࣁ ሌᇿإ
ּݫݻل اڤજ੻و༉ؔۻܙر ပ࿮ּر، ෕໒ڲר اႥ႐ټ׫ܙر " : أڢٺڎي ુળగఒًأ و ଫଃأݿ ቕመ؇ۊޚ আॻ༟و ඔ൹݄۳ܹ݁ اᄴᄟوام আॻ༟ ܋ٷࡤࡲ ڣگڎ اࠍ۳੊ڎ ۱ڍا

." اڤۻ֔מ׿
.ુળّ۳ިدا෠੼ ڢڎر আॻ༟ ً ڣލଲ୍ا ુળޖٷ ۋފ݆ ؜ٷڎ َܝިن أن ปฃ݄ڣٷٺ

ոঃఢر إ ؼܙاڲ׿ي
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General notations

φ(x, t) A flow.

f(X) A vector field.

Ẋ The derivative of X with respect t.

C1 The space of continuous and differentiable functions.

Γa the trajectory through a.

(a.s) asymptotically stable.

(e.s) exponentially stable.

(m.s) marginally stable.

V (x) The function of Lyapunov .

µc bifurcation point.

hi the Lyapunov exponent.

Hs s-dimensional Hausdorff measure.

v



List of Figures

1.1 Pendulum model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.2 The phase portrait. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.3 Classification of equilibrium points in R2. . . . . . . . . . . . . . . . . . . . . 12

2.1 the column buckling example . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.2 Example of the saddle-node bifurcation . . . . . . . . . . . . . . . . . . . . . 22

2.3 the vector field as r varies . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.4 the bifurcation diagram for the transcritical bifurcation . . . . . . . . . . . . 24

2.5 the vector field for different values of r . . . . . . . . . . . . . . . . . . . . . 25

2.6 the bifurcation diagram of Supercritical pitchfork bifurcation . . . . . . . . 26

2.7 the bifurcation diagram of Subcritical Pitchfork Bifurcation . . . . . . . . . . 27

2.8 Phase portrait for the Van Der Pol equation with µ < 0. The origin is a

stable home. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.9 Phase portrait for the Van Der Pol equation with µ > 0. The origin is an

unstable focus and there is a stable periodic orbit. . . . . . . . . . . . . . . . 31

2.10 Phase portraits and a family of one-parameter periodic orbits for the Hopf

bifurcation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

2.11 Bifurcation diagrams for (a) the supercritical case and (b) the subcritical case. 33

3.1 Sensitivity to initial conditions . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.2 Regular attractors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.3 Hénon’s strange attractors . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.4 Chaotic attractors of Plykin . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.5 Chaotic attractors of Chua. . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

vi



List of Figures

3.6 Lyapunov exponent of the map xn+1 = axn(1−xn)as a function of parameter a 47

3.7 Lyapunov exponent of the Hénon application for b = 0.3 and 0.2 < a < 1.5 . 49

3.8 Random aspects of the state x of the Lorenz system. . . . . . . . . . . . . . 52

3.9 Lorenz strange attractor. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.10 Lyapunov exponents of the Lorenz continuous chaotic system. . . . . . . . . 53

3.11 The first 100 iterations of xn with a = 1.4 and b = 0.3 with initial condition

A = (x0, y0) = (0, 0) and B = (x0, y0) = (0.001, 0.001). . . . . . . . . . . . . . 55

3.12 The first 100 iterations of yn with a = 1.4 and b = 0.3 with initial condition

A = (x0, y0) = (0, 0) and B = (x0, y0) = (0.001, 0.001). . . . . . . . . . . . . . 56

3.13 The evolution of the Lyapunov exponent λ of the system of Hénon as a

function of a. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.14 Hénon bifurcation diagram. . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.15 Hénon attractor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

vii



Contents

General Introduction 1

1 Preliminaries on dynamic systems 4

1.1 General definitions of dynamical system . . . . . . . . . . . . . . . . . . . . 4

1.1.1 Mathematical representations of dynamic systems . . . . . . . . . . . 4

1.1.2 Trajectory and periodic orbit . . . . . . . . . . . . . . . . . . . . . . 6

1.2 Dynamic system classifications . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.2.1 Continuous time dynamic systems . . . . . . . . . . . . . . . . . . . . 6

1.2.2 Discrete-time dynamic system . . . . . . . . . . . . . . . . . . . . . . 6

1.2.3 Linear dynamic system . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.2.4 Nonlinear dynamic system . . . . . . . . . . . . . . . . . . . . . . . . 7

1.2.5 Conservative and Dissipative Dynamical System . . . . . . . . . . . 8

1.3 Properties of dynamic systems . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.3.1 Equilibrium point of a system . . . . . . . . . . . . . . . . . . . . . . 11

1.3.2 Classification of equilibrium points . . . . . . . . . . . . . . . . . . . 12

1.4 Stability of dynamic systems . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2 Bifurcation theory 19

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.2 Definition of bifurcation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.3 Bifurcation Diagram . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.4 Types of bifurcation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.4.1 Saddle-Node Bifurcation . . . . . . . . . . . . . . . . . . . . . . . . . 22

viii



tableofcontents

2.4.2 Transcritical Bifurcation . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.4.3 Pitchfork Bifurcation . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.4.4 Hopf bifurcation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3 Chaos Theory 37

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.2 Chaotic dynamic systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.3 Characteristics of chaos . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.3.1 Non-linearity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.3.2 Determinism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.3.3 Sensitivity to initial conditions . . . . . . . . . . . . . . . . . . . . . . 40

3.3.4 Random appearance . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.4 The attractors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.4.1 Definitions of attractor . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.4.2 Basin of Attraction . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.4.3 Types of attractors . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.4.4 Different Types of Chaotic (Strange) Attractors . . . . . . . . . . . . 43

3.5 Chaos Detection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

3.5.1 Lyapunov exponents . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

3.5.2 The fractal dimension . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.6 Example of chaotic dynamical systems in continuous time . . . . . . . . . . . 50

3.6.1 Lorenz system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.7 Example of chaotic dynamical systems in discrete time . . . . . . . . . . . . 54

3.7.1 Application of Hénon . . . . . . . . . . . . . . . . . . . . . . . . . . 54

Bibliographie 60

1



General Introduction

General Introduction

In several domains as mathematics, chemistry or physics, a dynamic system is a system

whose evolution over time is described by a law. It can be the evolution of a chemical

reaction over time, the movement of the planets in the solar system (governed by Newton’s

universal law of gravitation) or even the evolution of a computer’s memory under the action

of a computer program. Formally we distinguish between discrete-time dynamic systems

like a computer program and continuous-time dynamic systems like a chemical reaction.

Two important aspects of a dynamic system are that it is:

causal, that is to say that its future depends only on phenomena of the past or present;

deterministic, that is to say that an “initial condition” given at the “present” moment will

correspond to each subsequent moment one and only one possible “future” state.

The modern theory of dynamical systems originated at the end of the 19th century

with fundamental questions concerning the stability and evolution of the solar system. At-

tempts to answer those questions led to the development of a rich and powerful field with

applications to physics,biology, meteorology,astronomy, economics, and other areas.[17]

Between the late 1960s and the beginning of the 1980s, the wide recognition that simple

dynamical laws could give rise to complex behaviors was sometimes hailed as a true scientific

revolution impacting several disciplines, for which a striking label was coined chaos. Math-

ematicians quickly pointed out that the purported revolution was relying on the abstract

theory of dynamical systems founded in the late 19th century by Henri Poincaré who had

already reached a similar conclusion.[6]

Chaos theory is the study of the behavior of dynamical systems that are highly sensitive

to initial conditions (The butterfly effect): A butterfly flapping its wings in China can

cause a hurricane in Texas. In other words, small differences in initial conditions yield

widely diverging solutions for such dynamical systems and the prediction of their behavior

is impossible in general. However, chaos has some patterns such as: Constant feedback

loops, repetition, self-similarity, fractals and self-organization. Chaos theory of dynamical

systems is very complicated and contains a large number of subjects. This theory has many

practical applications, such as secure communications.

2



General Introduction

We have divided the work into a general introduction and three organized chapters as

follows :

• The first chapter gives some basic definitions from the theory of dynamical systems

and the mathematical objects necessary for the discussion.

• In the second chapter, we discussed the concept of ”bifurcation”, its diagram, and its

various types.

• In the third and final chapter, we discussed chaos theory and its mathematical defini-

tion according to Devaney, its characteristics, and the concept of attractors in general,

including chaotic attractors , in addition to methods for discovering chaos, and some

applied examples of chaotic systems .

3



Chapter 1

Preliminaries on dynamic systems

In this chapter, we are first interested in presenting general concepts about dynamic

systems, such as definition, types , equilibrium points , limit cycle , and stability....

1.1 General definitions of dynamical system

Dynamics is a time-evolutionary process. It may be deterministic or stochastic. Dy-

namical systems are generally described by differential or difference equations . Expressed

either as a continuous-time or as a discrete-time-evolutionary process.[11]

1.1.1 Mathematical representations of dynamic systems

Definition 1.1.1. Let X be a metric space of Rn , and let T is the set R+ or N and

φ : U ⊂ X × T → X

(x, t) 7→ φ(x, t)

a function of class C1.

The triplet (X,T, φ) is called a dynamic system if it checks :

1- ∀x ∈ X,φ(x, 0) = x.

2- ∀x ∈ X, ∀t1, t2 ∈ I (x), φ(φ(x, t1), t2) = φ(x, t1 + t2),

4



Preliminaries on systems dynamic

where I (x) = {t ∈ T ; (x, t) ∈ U} .

X : is called the phase space ( or state space) and the variable x represents the initial

state of the system.. In general, the phase space is a structure corresponding to the set of

all possible states of the system considered. It can be a vector space, a measurable space. . . .

For a system with n degrees of freedom, for example, the phase space X of the system has

n dimensions, such that the complete state x (t) ∈ X of the system at time t is in general a

vector with n components.

φ : The flow of the dynamic system or (evolution function). It associates a unique image

with each point of x ∈ X, depending on the variable t, called the evolution parameter.

Definition 1.1.2. The dynamical systems (X,T, φ) is called continuous if T = R+ but

in the case T = N it is called discret .

Example 1.1.1. Let the following Cauchy problemy
′
(t) = y (t)

y(0) = x; x ∈ R

We have:

y
′
= y ⇔ dy

dt
= y ⇒ dy

y
= dt ⇒ exp(ln y) = exp(t+ c)

⇒ y(t) = k exp(t)

y(0) = k exp(0) = x ⇒ k = x

y(x, t) = x exp(t)

1. y(x, 0) = x exp(0) = x.

2. y(y(x, t1), t2) = y(x exp(t1), t2) = x exp(t1) exp(t2) = x exp(t1 + t2) = y(x, t1 + t2).

So our system is a dynamic system.

According to the above, the study of the evolution of a dynamic system therefore requires

knowledge of
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1) its initial state at time t = 0,

2) its law of evolution.

Remark 1.1.1. In general, the law of evolution of a dynamic system is modeled by a system

of first order ordinary differential equations of the form

x′ (t) = f(x (t) , t) with x (0) = x0, (1.1)

where is x (t) the vector of state variables of dimension n and the function f : X −→ Rn is

an n-dimensional vector field.

1.1.2 Trajectory and periodic orbit

Definition 1.1.3. The set Γa = {x ∈ X; x = ϕ(a, t), t ∈ R+}

where ϕ(a, t) solution of (1.1) is called orbit of (1.1) through a ∈ X

The function ϕa : I (a) → Rn defined by ϕa (t) = ϕ(t, a) is called the flow through

a and its graph is the trajectory of (1.1) through a.

Definition 1.1.4. Cycle or periodic orbit of (1.1) is a closed solution curve of (1.1) which

is not an equilibrium point of (1.1).

1.2 Dynamic system classifications

1.2.1 Continuous time dynamic systems

In the general case a dynamic system in continuous time can be represented by a differ-

ential equation . According to the equation we distinguish several types:

This system is called non-autonomous if it depends explicitly on t i.e. when we have
∂f
∂t

6= 0. Otherwise, in the case ∂f
∂t

= 0, the system is called autonomous takes the form:

x′ (t) = f(x (t)) with x (0) = x0.

1.2.2 Discrete-time dynamic system

A discrete dynamic system, denoted (X, N, f) such that f ∈ C1 on an open X ⊂ Rn ,

is defined by a recurring sequence (xn) defined by:

6



Preliminaries on systems dynamic

xn+1 = f(xn).

Thus, we have

xn = fn(x0)

where

fn(x) = fofo...of (x) ( n times), ∀n ∈ N and f 0 = Id.

1.2.3 Linear dynamic system

In the continuous case, a linear system is a system described by the equation of stateẋ(t) = A(t)x(t) + B(t)u(t), t > t0

x(0) = x0

(1.2)

Where A(t) is an n × n matrix with values in Rn , B(t) is an n × m matrix with values in

Rn and u(t) ∈ Rm .

In the discrete case, a linear system is written in the form of recurring equationsx(k + 1) = A(k)x(k) + B(k)u(k), k ≥ 0

x(0) = x0

(1.3)

Where A(k) is an n × n matrix with values in Rn , B(k) is an n × m matrix with values in

Rn and u(k) ∈ Rm .

1.2.4 Nonlinear dynamic system

In the continuous case, a dynamic system can be represented by the equationẋ(t) = f(t, x(t)),

x(0) = x0.
(1.4)

7
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where x : I = [0, h] −→ Rn and f : I × B −→ Rn where

B = {x ∈ Rn such that ‖x‖ ⩽ r} with r > 0.

A system of the form (1.4) is called a non autonomous system, it is said autonomous if it is

written in the form ẋ(t) = f(x(t))

x(0) = x0

(1.5)

In the discrete case a non autonomous dynamic system is written:x(k + 1) = f(k, x(k)),

x(0) = x0.
(1.6)

An autonomous discrete system is written in the formx(k + 1) = f(x(k)),

x(0) = x0.
(1.7)

1.2.5 Conservative and Dissipative Dynamical System

The conservative and dissipative systems are defined with respect to the divergence of

the corresponding vector field, which in turn refers to the conservation of volume or area in

their state space or phase plane, respectively as follows:[11]

Definition 1.2.1. A system is said to be conservative if the divergence of its vector field

is zero. such that the phase volume in a conservative system is constant under the flow.

Definition 1.2.2. A system is said to be dissipative if its vector field has negative diver-

gence. such that the phase volume in a dissipative system occupied by the system is gradually

decreased as the time t increases and tends to zero as t −→ ∞ .

When divergence of vector field is positive, the phase volume is gradually expanding.

Example 1.2.1. (Conservative plane pendulum) Consider the classic case of a plane

pendulum.

8
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Figure 1.1: Pendulum model.

It is a heavy bar of mass m and length l, free to rotate around fixed point O. The move-

ment of this system with one degree of freedom can be concluded as follows:

as we have kinetic energy Ek (t) =
1
2
ml2

3

[
θ̇ (t)

]2
, potential energy Ep (t) = −mg

2
l cos θ (t)

initial energy E0 then,

Ek (t) + Ep (t) = E0 ⇐⇒ d

dt
[Ek (t) + Ep (t)] = 0

⇐⇒ ml2

3
θ̇ (t) θ̈ (t) +

mg

2
lθ̇ (t) sin θ (t) = 0

⇐⇒ θ̈ (t) +
3g

2l
sin θ (t) = 0

⇐⇒ θ̈ (t) + ω2 sin θ (t) = 0

where ω =
√

3g
2l
.

Taking x1 (t) = θ (t) and x2 (t) = θ̇ (t) , then in the dynamical system theory this last

differential equation can be written as ẋ1 (t) = x2 (t)

ẋ2 (t) = −ω2 sin x1 (t)
with the initial condition

 x1 (0) = θ0 = θ (0)

x2 (0) = θ̇0 = θ̇ (0)
.

where the state vector

 x1 (t)

x2 (t)

 is of dimension 2. The phase portrait represents all

possible trajectories in phase space
(
here( x1 = θ (t) , x2 = θ̇ (t))

)
:

9
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Figure 1.2: The phase portrait.

It makes it possible to highlight the essential characteristics of the physics of the nonlin-

ear system. According to Cauchy’s theorem, each initial condition corresponds to a single

trajectory. Different initial conditions can give the same trajectory. The trajectories never

cross each other! Here, the trajectories represent the isovalues of the Hamiltonian H(t)

which is constant and which represents the total energy:

H(t) = Ek(t) + Ep(t) =
1

2

mL2

3
θ̇2(t)−mg

L

2
cos(θ(t)) = E0

where E0 =
1

2

mL2

3
θ̇2(0)−mg

L

2
cos(θ(0)) is the initial energy given to the system.

In other words, the initial conditions which give the same E0 correspond to the same trajec-

tory in phase space.

Two qualitative behaviors of the pendulum can be distinguished depending on the value of

the initial energy:

∗ if E0 > mg
L

2
, the pendulum never stops rotating and never changes direction once

thrown . these are the curves which are not closed .

∗ if E0 < mg
L

2
the pendulum swings around its stable equilibrium positions x̃ = (θ̃, ˙̃θ)

which are such that θ̃(t) = ±kπ and ˙̃θ(t) = 0 with k = 0, 2, 4, ... The set of initial

conditions which give rise to closed trajectories around an equilibrium x̃ is called the

basin of attraction of this equilibrium.

10
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1.3 Properties of dynamic systems

1.3.1 Equilibrium point of a system

If it is possible for the trajectory of a system to correspond, from of a certain moment,

only to a point, such a point is called equilibrium point. We will see that the stability

problems are naturally formulated in relation to the points of equilibrium.[1]

Definition 1.3.1. The vector x̃ ∈ Rn is said to be an equilibrium point of the system (1.4)

(respectively (1.6)) if f(t, x̃) = 0 for all t ≥ 0 (respectively x̃ = f(k, x̃) for all k ∈ N).

Example 1.3.1. Consider the system governed by the equation

ẋ(t) = a

[
1− x(t)

c

]
x(t) where a > 0; c > 0

The equilibrium points of this system are solutions of the algebraic equation

a

[
1− x(t)

c

]
x = 0, which gives two equilibrium points x̃ = 0 and x̃ = c.

Example 1.3.2. Consider the following discrete systemx1(k + 1) = αx1(k) + x2(k)
2,

x2(k + 1) = x1(k) + βx2(k).
(1.8)

An equilibrium point of (1.8) is a vector x̃ = (x̃1, x̃2) solution of systemx1 = αx1 + x2
2

x2 = x1 + βx2

which gives two points equilibrium

x̃ = (0, 0) and x̃ = ((1− α)(1− β)2, (1− α)(1− β)).

11
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1.3.2 Classification of equilibrium points

a- Case of linear systems

Consider the linear system:

ẋ(t) = Ax. (1.9)

where x = (x1, x2, ...., xn) and has an invertible constant matrix. Let λ1, λ2, ....., λn values

properties of A.

Definition 1.3.2. 1. If the eigenvalues λ1, λ2, ....., λn are real and of the same sign,the

solution x = 0 is called a node.

2.If the eigenvalues λ1, λ2, ....., λn are real, non-zero and of different sign, the solution x = 0

is called saddle.

3. If the eigenvalues λ1, λ2, ....., λn are complex with Re (λi) 6= 0, i = 1,..., n, the solution

x = 0 is called focus.

4. If the eigenvalues λ1, λ2, ....., λn are complex with Re(λi) = 0, i = 1,..., n, the solution

x = 0 is called center.

All these cases are grouped together (Figure (1.3)).

Figure 1.3: Classification of equilibrium points in R2.

12
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b- Case of nonlinear systems

Let us now consider the nonlinear system:

ẋ(t) = f(x). (1.10)

Definition 1.3.3. A critical point of x of (1.10) is called a sink if all values properties of

the matrix A = Df (x̃) have negative real parts, it is called sources if all the eigenvalues

of the matrix A = Df (x̃) have real positive parts, it is called saddle if it is hyperbolic and

if A = Df (x̃) has at least one eigenvalue with a positive real part or at least an eigenvalue

with a negative real part.

Theorem 1.3.1. Let ẋ = f(x), x ∈ Rn, f ∈ C1 a continuous time dynamic system . if x̃

a fixed point (f(x) = 0), then if the eigenvalues of Df(x̃) are from negative real part x̃ is

stable, and unstable if one of these eigenvalues of Df(x̃) is of positive real part.

1.4 Stability of dynamic systems

One of the most important concepts in the dynamical system theory is the stability of

its points equilibrium . An unstable system is useless and potentially dangerous. Qualita-

tively a system is stable if each time it is disturbed from its point of equilibrium, it remains

around this point of equilibrium afterwards.[1]

The analysis of the stability of a system involves two methods: the linearization method

and the direct Lyapunov method. The method linearization allows conclusions to be drawn

concerning the local stability of a dynamic system around an equilibrium point, from sta-

bility properties of its linear approximation. As for the direct method, introduced in the

19th century by Lyapunov, it is not restricted to a local character and makes it possible to

determine the properties of stability of a nonlinear system using an energy function.

StabilIty of autonomous systems

When analyzing a system, the study of stability is of paramount importance, and al-

though this notion is quite common, it can have several interpretations depending on the

13
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intended application, which leads to appropriate but generally system-related definitions

considered.

The systems considered in this section are governed by the equation ( 1.5) for the au-

tonomous continuous system and by the equation ( 1.7) for the autonomous discrete system.

1-Definitions- Examples

Let x̃ be an equilibrium point of the system (1.5) (respectively (1.7)).

Definition 1.4.1.

1. x̃ is said to be stable if for all ξ > 0, there exists η > 0 such that,

‖x0 − x̃‖ ⩽ η =⇒ ‖x(t)− x̃‖ ⩽ ξ , ∀t > 0 (1.11)

(respectively ‖x(k)− x̃‖ ⩽ ξ for all k ∈ N).

Otherwise it is said to be unstable.

2. x̃ is said to be asymptotically stable (a.s) if it is stable and if

lim
t−→∞

‖x(t)− x̃‖ = 0. (1.12)

(respectively lim
k−→∞

‖x(k)− x̃‖= 0).

3. x̃ is said to be marginally stable (m.s) if it is stable but not (a.s).

4. x̃ is said to be exponentially stable (e.s) if there exist two real positive constants α and

β as

‖x(t)− x̃‖ ⩽ αe−βt. (1.13)

2- Stability of linear systems

We consider a continuous linear system defined by the following equationẋ = Ax(t),

x(0) = x0 ∈ Rn.
(1.14)

14
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respectively discrete linear systemsx(k + 1) = Ax(k)

x(0) = x0 ∈ Rn

(1.15)

where A is a square matrix of dimension n × n.

Definition 1.4.2. The continuous (1.14) or discrete (1.15) system is said to be stable if

the origin is stable and it is said to be asymptotically stable if the origin is asymptotically

stable. In this case, the matrix of system A is said to be stable or asymptotically stable .

Theorem 1.4.1. the equilibrium point x̃ = 0 of the linear system (1.14) is

1. stable, if A is diagonalizable and its eigenvalues have negative or zero real parts,

2. asymptotically stable, if all the eigenvalues of A have their strictly negative real part,

3. unstable, if at least one of the eigenvalues of A has a strictly positive real part.

Preuve. Case 2) Let λj , j = 1, ..., n, the distinct eigenvalues of A, the solution of the

system (1.14) is written

x(t) =
n∑

j=1

gj(t)e
λjt

where gj(t) is a polynomial in t, so lim
t→∞

x(t) = 0 if and only if R(λj) < 0 , for j = 1, ..., n.

Remark 1.4.1. Case 1) can be expressed differently: the equilibrium point x̃ = 0 of the

linear system (1.14) is stable if for any eigenvalue λ of the matrix A, we have

1. Re(λ) ≤ 0 and

2. Re (λ) = 0 =⇒ dimker(A− λI) = p,

where p is the order of multiplicity of the root λ of the polynomial det(XI − A).

15
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3- Stability of nonlinear systems

Suppose that x̃ is an equilibrium point for the differential system

ẋ(t) = f(x(t)), (1.16)

and that f is differentiable in x̃ . To approximate the function f(x(t)) , let us form its

Jacobian matrix in the neighborhood of x̃ ,

Df(x̃) =

(
∂fi
∂xj

)
1≤i,j≤m

;

where the partial derivatives are calculated at the point x̃ , The affine approximation of f

is written in the form:

f(x) = f(x̃) +Df(x̃).(x− x̃) = Df(x̃).y

where y = x− x̃, which shows that in the neighborhood of x̃ we have

ẏ = ẋ− ˙̃x = f(x) = Df(x̃).y,

because f(x̃) = 0.

Definition 1.4.3. We call the system linearized around x̃ associated with the system non-

linear(1.16) the linear system

ẏ = Df(x̃).y (1.17)

Theorem 1.4.2. If system (1.16) is linearizable around x̃ , then

1. the equilibrium point x̃ is stable if and only if the origin is stable for the linearized

system.

2. the equilibrium point x̃ is asymptotically stable if and only if the origin is asymptoti-

cally stable for the linearized system.

4- Stability in the Lyapunov sense

We therefore cannot say anything about the behavior in the neighborhood of an equi-

librium point if all the eigenvalues of the differential have a negative or zero real part, with
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at least one having a zero real part, even if we can conclude that the linearized system. In

this case, we resort to Lyaponov stability.

a-Case of discrete systems

Consider the system (1.7), recalled below,x(k + 1) = f(x(k))

x(0) = x0 ∈ Rn

(1.18)

and let x̃ be an equilibrium point of this system, then we have the next definition .

Definition 1.4.4. A function V defined on Ω , a region of the system state space discrete

(1.18) and containing x̃ is Lyapunov if it satisfies the conditions:

1 . V is continuous over Ω .

2 . V admits a unique minimum at the point x̃ on Ω .

3 . The function ∆ V (x) = V (f(x))− V (x) ⩽ 0 on Ω .

b-Case of continuous systems

Consider the system again ẋ(t) = f(x(t))

x(0) = x0 ∈ Rn

(1.19)

and let x̃ be an equilibrium point of this system, then we have the next definition .

Definition 1.4.5. A function V defined over a region Ω which contains x̃ is a function of

Lyapunov for the system (1.19) and the equilibrium point x̃ if

1 . V is continuous and its partial derivatives are continuous.

2 .V admits a unique minimum at x̃ over Ω .

3 . The function V̇ (x) = ∇ V (x)f(x) satisfies V̇ (x) ⩽ 0 on Ω.

Theorem 1.4.3. (from Lyapunov) If there is a Lyapunov function for the equation( 1.19),

then the equilibrium point 0 is stable.

if V̇ (x) < 0 , the equilibrium point 0 is asymptotically stable.

17
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Example 1.4.1. Let system (S) be the following:


dx

dt
= x(y2 − 1)

dy
dt

= y(x2 − 1)

x = y = 0 is solution of (S) ( (x,y)=(0.0)equilibrium point). The linearized system has as

matrix

Df(0, 0) =

−1 0

0 −1


We calculate the eigenvalues of the matrix by finding the characteristic polynomial

det(Df(0.0)-λI)=0 :

(-1-λ)(-1-λ)=0 =⇒ λ=-1<0

So, according to the theorem (1.4.1), then it is asymptotically stable.

The existence of a Lyapounov function will also give us information on the domain of at-

traction.let U(x, y) =
1

2
(x2 + y2) ; U̇(x, y) = x2(y2 − 1) + y2(x2 − 1)

•We have U(x,y) as a continuous function on R2 (First condition).

•Let Ω = x2 + y2 < 1 ,On Ω, U̇(x, y) is defined as negative (Third condition)

•We find that 0 is asymptotically stable but in addition that ∀(x0, y0) ∈ Ω the solution

resulting from this point has 0 as its limit (The second condition).

Remark 1.4.2. A non-autonomous equation in Rn can be solved via an auxiliary au-

tonomous equation in Rn+1 .In reality , let us associate with the non-autonomous equa-

tion(1.4) , with f : I × B → Rn , the autonomous equation

ẏ = g(y(t)). (1.20)

with g : I × B → Rn+1 such that g(y) = (1, f(y)) . We verify that x : I → Rn is solution

of (1.4) if and only if, the function y : I × B → Rn+1 defined by y(t) = (t, x(t)) is solution

of (1.20). we can therefore deduce the solutions of(1.4) solutions for(1.20) .On the other

hand, the fact that it can be done in theory implies that it is enough to demonstrate certain

results for the autonomous equations.
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Chapter 2

Bifurcation theory

In this chapter, we will discuss the changes in the nature of critical points and the

bifurcation of solutions when a parameter passes through a certain value, all of this is called

the bifurcation theory.

2.1 Introduction

The fundamental aspect of the study of dynamic systems is the notion of bifurcation.

The term bifurcation was introduced by Henri Poincaré at the beginning of the 20th cen-

tury in this work on differential systems. For certain critical values of the control parameters

of the system, the solution of the differential equation changes qualitatively; we say that

there is a bifurcation.[8]

Bifurcations are one of the most important aspects of a dynamical system. bifurcations tell

you when and how you can expect discrete shifts in behaviour as you change one or more

parameters. There are only a few different types of bifurcation that are possible, and we

will cover the fundamental ones here. In all cases we will see how changing a particular

parameter leads to a change in the stability, or existence of, the equilibria in the model. We

will largely do this by looking at bifurcation diagrams.[2]

Let’s take the column buckling example . If a low weight is placed on the pole, the

"right pole" is a stable equilibrium position. But if the weight exceeds a critical load

µ = µc(bifurcation point), the vertical position becomes unstable and the post buckles.

19



Bifurcation theory

Figure 2.1: the column buckling example
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We have phase portrait : In weight1 a single stable equilibrium in x⋆ = 0 and in weight2

The equilibrium in x⋆ = 0 unstable and two equilibrium positions are affected.

2.2 Definition of bifurcation

Bifurcation means a qualitative change in the properties of a system, such that stability,

the number of equilibrium points or the nature of permanent regimes, during a variation

quantitative of a system parameter.

Definition 2.2.1. (Mathematical definition of bifurcation)

Consider the following equation:

ẋ = f(x, µ), (2.1)

where f ∈ C1(E × J), E is an open set in Rn and J ⊂ R .

We say that a system of differential equations (2.1) has a bifurcation at the value µ = µc,

if there is a change in trajectory structure as the parameter µ passes through the value µc.

That is, there is a change in the number and /or stability of equilibria of the system to the

value of the bifurcation.

-The approach to studying dynamic systems is as follows:

1. Search for fixed points.

2. Study of the stability of fixed points.

3. Bifurcation diagram.

2.3 Bifurcation Diagram

The bifurcation diagram is a functional relationship diagram between points of the fixed

state of the system and the bifurcation parameters. The graphics that explain these bifur-

cations are logically called bifurcation diagram.Usually, a variable state is selected and its

limit value is plotted based on a only bifurcation parameter [18].
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2.4 Types of bifurcation

The theory of bifurcations consists of classifying the different types of bifurcations , in

this section we will present four most common types of Bifurcations :[22]

−→ Saddle-node bifurcation (or noeud-col)

−→ Transcritical bifurcation

−→ Fourche bifurcation (or pitchfork )

−→ Hopf bifurcation

2.4.1 Saddle-Node Bifurcation

The saddle-node bifurcation is the basic mechanism by which fixed points are created

and destroyed. As a parameter is varied, two fixed points move toward each other, collide,

and mutually annihilate.

The prototypical example of a saddle-node bifurcation is given by the first order system

ẋ = r + x2 (2.2)

where r is a parameter, which may be positive, negative, or zero. When r is negative, there

are two fixed points, one stable and one unstable (Figure 2.2(a)).

Figure 2.2: Example of the saddle-node bifurcation
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As r approaches 0 from below, the parabola moves up and the two fixed points move

toward each other. When r = 0, the fixed points coalesce into a half-stable fixed point at

x∗= 0 (Figure 2.2 (b)). This type of fixed point is extremely delicate-it vanishes as soon as

r > 0 , and now there are no fixed points at all (Figure 2.2(c)). In this example, we say that

a bifurcation occurred at r = 0, since the vector fields for r < 0 and r > 0 are qualitatively

different.

2.4.2 Transcritical Bifurcation

There are certain scientific situations where a fixed point must exist for all values of a

parameter and can never be destroyed. For example, in the logistic equation and other simple

models for the growth of a single species, there is a fixed point at zero population, regardless

of the value of the growth rate. However, such a fixed point may change its stability as

the parameter is varied. The transcritical bifurcation is the standard mechanism for such

changes in stability. The normal form for a transcritical bifurcation is

ẋ = rx− x2. (2.3)

We allow x and r to be either positive or negative.

Figure 2.3 shows the vector field as r varies. Note that there is a fixed point at x∗ = 0 for

all values of r.

Figure 2.3: the vector field as r varies

23



Bifurcation theory

For r < 0 , there is an unstable fixed point at x∗ = r and a stable fixed point at x∗ = 0.

As r increases, the unstable fixed point approaches the origin, and coalesces with it when

r = 0. Finally, when r > 0 , the origin has become unstable, and x∗ = r is now stable. Some

people say that an exchange of stabilities has taken place between the two fixed points.

Please note the important difference between the saddle-node and transcritical bifurcations:

in the transcritical case, the two fixed points don’t disappear after the bifurcation-instead

they just switch their stability.

Figure 2.4 shows the bifurcation diagram for the transcritical bifurcation.

Figure 2.4: the bifurcation diagram for the transcritical bifurcation

2.4.3 Pitchfork Bifurcation

We turn now to a third kind of bifurcation, the so-called pitchfork bifurcation. This

bifurcation is common in physical problems that have a symmetry. For example, many

problems have a spatial symmetry between left and right. In such cases, fixed points tend

to appear and disappear in symmetrical pairs.

There are two very different types of pitchfork bifurcation. The simpler type is called su-

percritical, and will be discussed first.

Supercritical Pitchfork Bifurcation

The normal form of the supercritical pitchfork bifurcation is
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ẋ = rx− x3. (2.4)

Note that this equation is invariant under the change of variables x → −x. That is, if we

replace x by −x and then cancel the resulting minus signs on both sides of the equation,

we get (2.4) back again. This invariance is the mathematical expression of the left-right

symmetry mentioned earlier. (More technically, one says that the vector field is equivariant,

but we’ll use the more familiar language.)

Figure 2.5 shows the vector field for different values of r.

Figure 2.5: the vector field for different values of r

When r < 0, the origin is the only fixed point, and it is stable. When r = 0, the origin

is still stable, but much more weakly so, since the linearization vanishes. Now solutions

no longer decay exponentially fast-instead the decay is a much slower algebraic function of

time . This lethargic decay is called critical slowing down in the physics literature. Finally,

when r > 0, the origin has become unstable. Two new stable fixed points appear on either

side of the origin, symmetrically located at x∗ = ±
√
r.

The reason for the term "pitchfork" becomes clear when we plot the bifurcation diagram

(Figure 2.6).
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Figure 2.6: the bifurcation diagram of Supercritical pitchfork bifurcation

Subcritical Pitchfork Bifurcation

In the supercritical case ẋ = rx − x3 discussed above, the cubic term is stabilizing: it acts

as a restoring force that pulls x(t) back toward x = 0. If instead the cubic term were

destabilizing, as in

ẋ = rx+ x3, (2.5)

then we’d have a subcritical pitchfork bifurcation. Figure 2.7 shows the bifurcation diagram.
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Figure 2.7: the bifurcation diagram of Subcritical Pitchfork Bifurcation

2.4.4 Hopf bifurcation

The Hopf bifurcation is the appearance or disappearance of a periodic solution, of an

equilibrium point when the parameter passes through a critical value µ⋆. This occurs when

the pair of conjugate eigenvalues of the linearized system at the equilibrium point become

pure imaginary. This implies that the Hopf bifurcation is for systems of dimension n ≥ 2.

Theorem 2.4.1. Consider the planar system:ẋ = fµ(x, y),

ẏ = gµ(x, y).
(2.6)

Where µ is a parameter.

Suppose (x0, y0) is an equilibrium point of (2.6) which can depend on µ .

λ(µ),λ̄(µ) = α(µ)± iβ(µ), the eigenvalues of the linearized system at the equilibrium point

(x0, y0).

Suppose that for a certain value of µ we takeµ = µ0 the following conditions are satisfied:

1. α(µ0) = 0,β(µ0) = w 6= 0 where sgn(w) = sgn [(
∂gµ
∂x

) |µ=µ0 (x0, y0)].
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2. dα(µ)

dµ
|µ=µ0= d 6= 0. (transversality condition)

3. a 6= 0 where

a =
1

16
[fxxx+fxyy+gxxy+gyyy]+

1

16w
[(fxy(fxx+fyy)−gxy(gxx+gyy)−fxxgxx+fyygyy]

with fxy = (
∂2fµ
∂x∂y

) |µ=µ0 (x0, y0), etc (genericity condition).

So

• There is a single periodic orbit which branches from the origin for µ > µ0 if ad < 0

or µ < µ0 if ad > 0.

• The equilibrium point (x0, y0) is stable for µ > µ0(respectively µ < µ0) and unstable

equilibrium point for µ < µ0 (respectively µ > µ0) if d < 0 (resp d > 0).

• The periodic solution is stable(respectively unstable)if the equilibrium point is unsta-

ble(respectively stable),on the side µ = µ0 where the periodic solution exists.

• The amplitude of the periodic orbit is
√
(µ− µ0).

• The period of the periodic orbit is T =
2π

|w|
.

Example 2.4.1. Consider the Van Der Pol equation

ẍ− (µ− x2)ẋ+ x = 0.

We can write the Van Der Pol equation under the following system:

ẋ = y,

ẏ = −x+ (µ− x2)y.

The equilibrium point (x0, y0) = (0, 0).

The Jacobian matrix of the system originally calculated is:
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Jf(0, 0) =

 0 1

−1 µ

 .

Calculate eigenvalues:

PJ(λ) =

∣∣∣∣∣∣−λ 1

−1 µ− λ

∣∣∣∣∣∣ = λ(λ− µ) + 1 = λ2 − µλ+ 1 = 0.

∆ = µ2 − 4 < 0, µ ∈]− 2, 2[ ,

⇒ ∆ = i2(4− µ2).

So

λ =
µ+ i

√
4− µ2

2
,

λ̄ =
µ− i

√
4− µ2

2
.

than the eigenvalues of the matrix Jf(0, 0) are

λ(µ), λ̄(µ) =
1

2
(µ± i

√
4− µ2).

1. α(µ0) = 0 =⇒ 1

2
µ = 0 ⇒ µ0 = 0, sgn(w) = sgn(

∂gµ
∂x

|µ=0 (0, 0)) = sgn(−1) = −1

=⇒ β(µ0) = −1 = w.

2. dα(µ)

dµ
|µ= 0 =

1

2
= d 6= 0.

3. a =
1

16
[fxxx+fxyy+gxxy+gyyy]−

1

16
[(fxy(fxx+fyy)−gxy(gxx+gyy))−fxxgxx+fyygyy].

gxxy =
∂3g

∂x2∂y
|µ=0 (0, 0) = −2

gxy =
∂2g

∂x∂y
|µ=0 (0, 0) = 0

gxx =
∂2g

∂x2
|µ=0 (0, 0) = 0

We replace in a we obtain:

a =
1

16
[0 + 0− 2 + 0]− 1

16
[(0(0 + 0)− 0(0 + 0))− 0× 0 + 0× 0] = −1

8
.

Since ad = −1

8
.
1

2
= − 1

16
< 0 ⇒ there is a periodic solution for µ > 0.
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since a =
1

2
> 0, the equilibrium point (0,0) is stable for µ < 0 and unstable for µ > 0.

• The periodic solution for µ > 0 is stable and unstable for µ < 0.

• The amplitude √
µ.

• The periodicity T = 2π.

Figure 2.8: Phase portrait for the Van Der Pol equation with µ < 0. The origin is a stable

home.
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Figure 2.9: Phase portrait for the Van Der Pol equation with µ > 0. The origin is an

unstable focus and there is a stable periodic orbit.

Remark 2.4.1. 1. There are three possible cases of Hopf bifurcations: Degenerate Hopf

Bifurcation, Super-critical Hopf bifurcation and Sub-critical Hopf bifurcation.

2. For a super-critical to sub-critical bifurcation, the equilibrium point (x(µ⋆), y(µ⋆)) is a

focus.

3. When µ⋆ is a value such that α(µ⋆) = 0 and β(µ⋆) 6= 0, the equilibrium point

(x(µ⋆), y(µ⋆)) corresponds to a center.

1-Degenerate Hopf Bifurcation:

If one of the conditions of the Hopf Bifurcation theorem is not satisfied, we can have

bifurcation of periodic solutions, we say that the bifurcation is degenerate.

Example 2.4.2. Consider the Van Der Pol equation

ẍ+ µ(x2 − 1)ẋ+ x = 0.

We can write the Van Der Pol equation as the following system:
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Figure 2.10: Phase portraits and a family of one-parameter periodic orbits for the Hopf

bifurcation.
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Figure 2.11: Bifurcation diagrams for (a) the supercritical case and (b) the subcritical case.ẋ = y,

ẏ = −x+ µ(1− x2)y.

The system linearized in (0,0) is ẋ = y,

ẏ = −x+ µy.

The Jacobian matrix of the system originally calculated is:

Jf(0, 0) =

 0 1

−1 µ

 .

We have

PJ(λ) =

∣∣∣∣∣∣−λ 1

−1 µ− λ

∣∣∣∣∣∣ = λ(λ− µ) + 1 = λ2 − µλ+ 1 = 0.

if µ ∈]− 2, 2[ so ∆ = µ2 − 4 < 0.

The eigenvalues of the matrix J are therefore complex conjugate and equal to

λ1,2 =
µ

2
± i

√
4− µ2

2
.
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1. sgn(w) = sgn(
∂gµ
∂x

|µ=0 (0, 0)) = −1, w = −1.

2. dα(µ)

dµ
|µ= 0 =

1

2
= d > 0.

3. a=0.

Since a = 0 therefore the condition a 6= 0 is not verified, we say in this case that the

bifurcation is degenerate.

2- Super-critical Hopf bifurcation:

The super-critical Hopf bifurcation is the destabilization of the stable focus part when

the complex conjugate eigenvalues associated with this part cross the pure imaginary axis

to transform it into an unstable focus part. This destabilization is accompanied by the birth

of a stable limit cycle.

The bifurcation is super-critical if the periodic orbit is stable.

If a < 0 then the bifurcation is super-critical which means that the periodic orbit is

stable.

Example 2.4.3. Consider the following nonlinear dynamic system:
dx

dt
= µx− y − x(x2 + y2),

dy

dt
= x+ µy − y(x2 + y2).

We notice that the origin (0,0) is an equilibrium point of the system.

The Jacobian matrix of the system originally calculated is:

J =

µ −1

1 µ


We have

PJ(λ) =

∣∣∣∣∣∣µ− λ −1

1 µ− λ

∣∣∣∣∣∣ = (µ− λ)2 + 1.

The eigenvalues of the matrix J are therefore complex conjugate and equal to λ1,2 = µ± i.
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1. sgn(w) = sgn(
∂gµ
∂x

|µ=0 (0, 0)) = 1, w = 1.

2. dα(µ)

dµ
|µ=0= 1 = d > 0.

3. a =
1

16
[fxxx+fxyy+gxxy+gyyy]+

1

16
[(fxy(fxx+fyy)−gxy(gxx+gyy))−fxxgxx+fyygyy].

fxxx =
∂3f

∂x3
|µ=0 (0, 0) = −6

fxyy =
∂3f

∂x∂2y
|µ=0 (0, 0) = −2

gxxy =
∂3g

∂x2∂y
|µ=0 (0, 0) = −2

gyyy =
∂3g

∂y3
|µ=0 (0, 0) = −6.

We replace in a we obtain :a =
1

16
[−6− 2− 2− 6] = −1.

3- Sub-critical Hopf bifurcation :

Subcritical bifurcation is a destabilization of the focal part accompanied by the birth of

an unstable limit cycle.

• It is sub-critical if the periodic orbit is unstable.

• If a > 0 then the bifurcation is sub-critical which means that the periodic orbit is

unstable.

Example 2.4.4. • Since ad = −1.1 = −1 < 0 ⇒ there is a periodic solution for µ > 0.

• since d = 1 > 0 , the equilibrium point (0,0) is stable for µ < 0 and unstable for µ > 0.

• since a = −1 < 0 then the bifurcation is super-critical which means that the periodic

orbit is stable.

• The amplitude √
µ.

• The periodicity T = 2π.

This time we consider the following nonlinear dynamic system:

35



Bifurcation theory
dx

dt
= µx− y + x(x2 + y2),

dy

dt
= x+ µy + y(x2 + y2).

We notice that the origin (0,0) is an equilibrium point of the system.

The Jacobian matrix of the system originally calculated is:

J =

µ −1

1 µ


We have

PJ(λ) =

∣∣∣∣∣∣µ− λ −1

1 µ− λ

∣∣∣∣∣∣ = (µ− λ)2 + 1.

The eigenvalues of the matrix J are therefore complex conjugate and equal to λ1,2 = µ± i.

1. sgn(w) = sgn(
∂gµ
∂x

|µ=0 (0, 0)) = 1, w = 1.

2. dα(µ)

dµ
|µ=0= 1 = d > 0.

3. a =
1

16
[fxxx+fxyy+gxxy+gyyy]+

1

16
[(fxy(fxx+fyy)−gxy(gxx+gyy))−fxxgxx+fyygyy].

fxxx =
∂3f

∂x3
|µ=0 (0, 0) = 6

fxyy =
∂3f

∂x∂2y
|µ=0 (0, 0) = 2

gxxy =
∂3g

∂x2∂y
|µ=0 (0, 0) = 2

gyyy =
∂3g

∂y3
|µ=0 (0, 0) = 6.

We replace in a we obtain :a =
1

16
[6 + 2 + 2 + 6] = 1.

• Since ad = 1.1 = 1 > 0 ⇒ there is a periodic solution for µ > 0.

• since d = 1 > 0 , the equilibrium point (0,0) is stable for µ < 0 and unstable for µ > 0.

• since a = 1 > 0 then the bifurcation is sub-critical which means that the periodic orbit

is unstable.

• The amplitude √
µ.

• The periodicity T = 2π.
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Chapter 3

Chaos Theory

In this chapter, we will introduce the concept of chaotic dynamic systems and their

characteristics, and we will touch on the concept of attractors, specifically chaotic attractors,

as well as methods for detecting chaos, and finally we will provide examples of these systems.

3.1 Introduction

One of the most wonderful areas of modern mathematics and physics which provided a

new way of seeing the universe is chaos theory, an important tool to understand the behavior

of processes in the world.

In 1963, meteorologist Edward Lorenz of the Massachusetts Institute of Technology

(M.I.T), highlights the chaotic nature of the conditions meteorological and consequently

turbulent movements of a fluid like the atmosphere [12]. These forecasts are based on the

movement of air masses, and therefore on the application of Newton’s theories and differ-

ential equations [?]. While seeking to determine future weather conditions from initial data

on his computer, he noticed that a minimal modification of the data initial tests (of the

order of one per thousand) led to radically different results. For improve this discovery,

he programmed his computer to obtain a Numerical simulation. At the time, it took a lot

of time. One day, so as not to restart the calculations from the beginning, he decided to

resume his listing and return to as initial conditions of the values taken during the previous

day’s simulation. The computer gave it a precision of five digits, but three significant digits
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seemed more than sufficient for this type of physical measurements. He therefore truncated

these numbers and resumed the calculation. The results that followed were the trigger. First

the simulation seemed to give back the same values, but after a while nothing matched, ev-

erything happened as if the movement represented by these values changed completely of

trajectory and this because of an approximation of the order of 10−4 [19].

This anecdote [5], was the basis of chaos: a tiny variation in initial conditions of a system

completely disrupts its evolution. Lorenz had just highlighted sensitivity to initial condi-

tions. He also explained this notion very nicely using of the following image: the beating of

the wings of a few butterflies can cause storms in the antipodes [5].

Thus, chaos is characterized by a complex nature and behavior unpredictable. Because of

this complexity, chaotic systems are extremely difficult to control and predict, making them

suitable for security, encryption, secure communications, robotics and more [16].

3.2 Chaotic dynamic systems

Chaos as the scientist understands it does not mean the absence of order; he attaches

himself rather a notion of unpredictability, of the impossibility of predicting long-term de-

velopments because the final state depends so significantly on the initial state.

A chaotic dynamic system is a system that depends on several parameters and is charac-

terized by extreme sensitivity to initial conditions. They are not determined or modeled

by systems of linear equations nor by the laws of classical mechanics, however they are not

necessarily random relating to calculation alone probabilities.

Several mathematical definitions of chaos are found in the literature, but until at present,

there is no universal mathematical definition of chaos, before giving the definition of chaos

by Devaney , some basic definitions are necessary.

Definition 3.2.1. We say that the function f : X −→ X has sensitivity to initial conditions

if it exists δ > 0 such that, for x0 ∈ X and for everyone ϵ > 0 there is a point y0 ∈ X

and an integer j ≥ 0 satisfied : d (x0, y0) < ϵ =⇒ d
(
f (j)(x0), f

(j)(y0
)
> δ, or represents the

distance and f (j)(x0) the ith iteration of f .
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Definition 3.2.2. Suppose that X is a set and Y is a subset of X (Y⊂ X), we say that Y

is dense in X if, for all x ∈ X we can find a sequence {yn}n∈N of Y which converge towards

x.

Definition 3.2.3. f is topologically transitive if U and V being two non empty open sets

in X, there exists x0 ∈ U and an index j > 0, such that for f (j)(x0) ∈ V or,equivalently,

there exists an index j > 0 such that for f (j)(U) ∩ V 6= ∅ .

We are now in a position to state the definition of chaos in Devaney’s sense.

Theorem 3.2.1. (Devaney’s Theorem) [20] Let a subset V of X f : X −→ X is said to be

chaotic on V if:

i ) The function f has sensitivity to initial conditions,

ii ) The function f is topologically transitive, in the sense that for any pair of sub open

sets U; V ⊂ X, there exists j > 0 such that f (j)(U) ∩ V 6= ∅,

iii ) The sets of periodic points of the function f are dense in X.

3.3 Characteristics of chaos

3.3.1 Non-linearity

To predict real phenomena generated by dynamic systems, the approach consists of

constructing a mathematical model which establishes a relationship between a set of causes

and a set of effects. If this relationship is an operation of proportionality, the phenomenon

is linear. In the case of a non-linear phenomenon, the effect is not proportional to the

cause. In general, a chaotic system is a non-linear dynamic system, a linear system cannot

be chaotic.

3.3.2 Determinism

A system is said to be deterministic when it is possible to predict (calculate) its Evolu-

tion over time. Exact knowledge of the state of the system at a given moment, the initial
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instant, allows the precise calculation of the state of the system at any other moment.In

random phenomena, it is absolutely impossible to predict the trajectory of a any particle.

Therefore, a chaotic system has deterministic and non-probabilistic fundamental rules.It is

generally governed by non-linear differential equations which are known,therefore by rigor-

ous and perfectly deterministic laws.

3.3.3 Sensitivity to initial conditions

Chaotic systems are extremely sensitive to disturbances , Lorenz illustrated this fact

with the butterfly. For two initial conditions that are very close initially, the two trajectories

corresponding to these initial data diverge exponentially. Subsequently, the two trajectories

are incomparable. A essential properties of chaos is therefore this sensitivity to initial

conditions which can be characterized by measuring the trajectory divergence rates (Figure

3.1).

From a mathematical point of view, we say that f shows a sensitive dependence on initial

conditions when:

Definition 3.3.1. We say that f : D −→ D has sensitivity to initial conditions if it exists

ϵ > 0 such that

∀x ∈ D, ∀δ > 0, ∃y ∈ D and n ∈ N, d(x, y) < δ and d(fn(x), fn(y)) > ϵ
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Figure 3.1: Sensitivity to initial conditions

3.3.4 Random appearance

The evolution of the chaotic system seems random .

3.4 The attractors

3.4.1 Definitions of attractor

We can introduce the notion of a chaotic system using a new geometric element, this

element is called "attractor".

We first give some definitions of attractor:

Definition 3.4.1. (Ruelle)[7]

An attractor is a geometric object towards which all the trajectories of the points of the phase

space tend, that is to say a situation or a set of situations towards which evolves a system,

whatever its initial conditions. Mathematically, the set A is an attractor if:

- For every neighborhood U of A, there exists a neighborhood V of A such that any solution

x (x0; t) = φt (x0) will remain in U if x0 ∈ V .

- There exists a dense orbit in A such that: ∩φt(V ) = A, ∀t ≥ 0

Definition 3.4.2. (Zeraoulia and Sprott) [9]

Let A be a closed set of the non-wandering set Ω(f) , A is said to be an attractor if:
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1. A is invariant under f if it satisfies f(A) = A ,

2. There exists a neighborhood V of A in Rn such that: ∩t≥0f
n(V ) = A,

3. f is transitive (there exists C; D ⊂ A such that fn(C) ∩D 6= ∅ ; C, D open).

3.4.2 Basin of Attraction

Definition 3.4.3. Let A be an attractor of a dynamic system. The basin of attraction of

A denoted B(A), is the set of points in the phase space such that: all the trajectories which

are derived asymptotically converge towards A.

B(A) = {x ∈ X/w (x) ⊂ A}

Example 3.4.1. Let f(x) = x2

The fixed points are: {0 attractant, 1 repellent}

B({0}) ={x ∈ R, fk(x) −→k−→0 0} =
{
x ∈ R, x2k −→k−→0 0

}
3.4.3 Types of attractors

There are two types of attractors: regular attractors and strange attractors or chaotic.

[12]

1) Regular attractors:

Regular attractors characterize the evolution of non-chaotic systems, and can be of three

kinds:

a) fixed point: it is the simplest attractor, it is represented by a point in space phases.

b) periodic limit cycle: It is a closed trajectory which attracts all trajectories relatives.

c) Quasi-periodic attractor (torus): It is a trajectory which winds along a torus and

fills its surface densely and will end up closing on itself at after an infinite time.

The following figure represents the different types of regular attractors.
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Figure 3.2: Regular attractors

2) Strange attractors:

These are complex geometric shapes which characterize the evolution of systems chaotic. -

The characteristics of a strange attractor are:

* In phase space the attractor has zero volume.

* The dimension d of the attractor is fractal (not integer), for a continuous system

autonomous 2<d<n, with n the dimension of the phase space.

* Sensitivity to initial conditions (two initially neighboring trajectories end always moving

away from each other).

Figure 3.3: Hénon’s strange attractors

3.4.4 Different Types of Chaotic (Strange) Attractors

Chaotic (strange) attractors can be classified into three main types:

1. Hyperbolic attractor
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Hyperbolic attractors are structurally stable limit sets. Generally, most known physical

systems do not belong to this class of hyperbolic attractor systems.

The Plykin attractor is an example of a hyperbolic attractor [21] (Figure 3.4 ).

Figure 3.4: Chaotic attractors of Plykin
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2. Lorenz type attractor

These types of attractors are not structurally stable, but their homoclinic and heteroclinic

orbits are structurally stable (hyperbolic) and no unstable periodic orbits appear under

small variations of parameters, as for example in the Lorenz system itself [14] .

3. Quasi-attractors

These types of attractors are limit sets containing periodic orbits of different topological

types and structurally unstable orbits. For example, attractors generated by the Chua

circuit [15].

Figure 3.5: Chaotic attractors of Chua.

3.5 Chaos Detection

There are several methods for determining whether or not nonlinear systems are chaotic.

They are generally not very numerous, nor distributed over a sufficiently long time on the

scale of the system studied. We chose to implement two of the most commonly used methods

which are called: the fractal dimension and Lyapunov exponents .

3.5.1 Lyapunov exponents

To quantify sensitivity relative to initial conditions, we often use the notion of Lyapunov

number or Lyapunov exponent.

Lyapunov exponents are quantities that measure the divergence between different orbits

within an attractor.
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One-dimensional case

Consider the dynamic equation:

xn+1 = f(xn), f ∈ C(R)

Let x0, x̃0 be two very close initial conditions, that is to say: x̃0 = x0 + δx0.

We want to see how the orbits resulting from x0, x̃0, behave

x̃1 = x1 + δx1 = f(x0 + δx0) = f(x0) + f
′
(x0)δx0.

So the distance between the two trajectories after one iteration is given by:

|δx1| = |f ′
(x0)δx0| = |f ′

(x0)||δx0|.

Using the rule of chain iterations, after n iterations, we obtain:

|δxn| = |x̃n − xn| =

(
n∏

j=0

)
|f ′

(xj)||δ(xn)|.

On the other hand we have:

|x̃n − xn| = |fn(x̃0)− fn(x0)|.

If the two orbits x̃n , xn deviate at an exponential rate after n iterations, then

|δxn|
|δx0|

= expnh, h ∈ R ⇔ ln
|δxn|
|δx0|

| = hn ⇔ h =
1

n
ln

n∏
j=0

|f ′
(xj)|

For n −→ +∞ we have

h = lim
n→+∞

1

n

n∑
j=0

ln |f ′
(xj)|. (3.1)

If h > 0 the behavior is chaotic (the two orbits diverge).

We call h the Lyapunov exponent.

Example 3.5.1. Let a discrete system be defined by:
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xn+1 = f(xn)

and

f(x) =


4x, ifx ⩽ 1

2

4(1− x), ifx >
1

2

this system is chaotic because:

h = lim
n→+∞

1

n

n∑
j=0

ln |f ′
(xj)| = ln 4 > 0

Figure 3.6: Lyapunov exponent of the map xn+1 = axn(1− xn)as a function of parameter

a

47



Chaos Theory

Multidimensional case

Our previous relation (3.1) generalizes to systems of dimension p > 1 , which have p

Lyapunov exponent.

Let the dynamic equation be defined by:xn+1 = f(xn)

f : Rp −→ Rp

Under the same initial conditions x0, x̃0, we have

δx1 = J(x0)δx0.

where J(x0) designates the Jacobian matrix of f evaluated at x0. After n iterations, we

obtain:

δxn =
n∏

j=0

J(xj)δx0.

We see the chronological product of the Jacobian matrices being formed:

n∏
j=0

J(xj) = J(x0)J(x1)...J(xn).

Or Jn(x0) represents the Jacobian matrix of fn .

If it is diagonalizable, then there exists an invertible matrix Pp such that

Dn
p = p−1

p Jnpp

a diagonal matrix of eigenvalues λi(f
n(x)), (i = 1, ..., p).

So: the Lyapunov exponent:

hi = limn→+∞
1

n
ln |λif

n(x0)|

If hi > 0 the attractor is strange.
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Example 3.5.2. We give in this figure the two Lyapunov exponents of the application of

Hénon for b = 0.3 and 0.2 < a < 1.5.

The Lyapunov exponents of a periodic orbit are negative.

Figure 3.7: Lyapunov exponent of the Hénon application for b = 0.3 and 0.2 < a < 1.5

3.5.2 The fractal dimension

If the attractor is a point its dimension is 0, if the attractor is a line or a closed curve

its dimension is 1 and so on. But there is another kind of attractor which has an unusual

shape, a fractal geometric structure.

Definition 3.5.1. Given space A, we cover space A by means of a countable union of parts

rated Ai, each being of diameter less than r .

We enter the quantity:

Hs
r (A) = inf

diam(Ai)<r

{
∞∑
i=1

(diam(Ai))
s;A ⊂

∞⋃
i=1

Ai

}
.

Hence the definition:

Hs(X) = lim
r→0

Hs
r (X).
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Hsis called s-dimensional Hausdorff measure.

The Hausdorff dimension of A ⊂ Rn is defined by:

DH = sup {s,Hs(A) = +∞} = inf {s,Hs(A) = 0} .

Definition 3.5.2. The set A is fractal if its Hausdorff dimension is not integer.

3.6 Example of chaotic dynamical systems in continu-

ous time

3.6.1 Lorenz system

The Lorenz system is a famous example of the differential system with chaotic behavior.

This system is defined by the following equations:
ẋ = σ(y − x),

ẏ = x(r − z)− y,

ż = xy − bz.

(3.2)

When the actual parameters σ, r and b take the following values: σ = 10, and b =
8

3
, the

behavior of the system (3.2) is chaotic.

The different phase portraits obtained for different values of the control parameters are

widely studied.

• Model equilibrium

We look for the equilibrium points (x, y, z) verifying ẋ = ẏ = ż = 0. A first trivial

fixed point is p0 = (0, 0, 0) for r < 1, and for r > 1, there are two other points.

we have: 
ẋ = σ(y − x) = 0

ẏ = x(r − z)− y = 0

ż = xy − bz = 0

⇔


x = y,

z = r − 1,

y = ±
√

b(r − 1).

(3.3)
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therefore, the two points are:

p1,2 = (±
√

b(r − 1),±
√

b(r − 1), (r − 1)). (3.4)

The study of the stability of the equilibrium points is based on the sign of the real

part of the eigenvalues of the Jacobian matrix DJ which is written by:

DJ =


−σ σ 0

r −1 −x

y 0 −b

 (3.5)

• Zero equilibrium stability (at point (0, 0, 0))

At the point (0, 0, 0), the eigenvalues of the Jacobian matrix are:

DJ =


−σ σ 0

r −1 0

0 0 −b


So | A− λId | is defined by:

| A− λId |= det


−σ − λ σ 0

r −1− λ 0

0 0 −b− λ


Then, the characteristic equation is defined by:

P (λ) = det(DJ − λI) = (λ+ b)(λ2 + (σ + 1)λ+ σ(1− r)) = 0. (3.6)

For the roots, we have:

λ1 =
−σ − 1 +

√
(σ + 1)2 + 4σ(r − 1)

2
, λ3 =

−σ − 1−
√

(σ + 1)2 + 4σ(r − 1)

2
, λ2 = −b.

We report the values of σ and b, we obtain:

λ1 =
−11 +

√
40r + 81

2
, λ3 =

−11−
√
40r + 81

2
, λ2 = −8

3
. (3.7)

∗ For r < 1; the three real roots are negative, λ3 < λ2 < λ1 < 0 , the equilibrium is

therefore a stable node.
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∗ For r > 1; one of the eigenvalues is positive λ1, the equilibrium is therefore unstable

(col).

∗ There is a bifurcation when r = 1; the equilibrium is said to be marginal.

So, points p1, p2 are stable for | r − 1 |� 1.

• Random appearance

Figure (3.8) illustrates the random aspect of the state x of the system (3.2).

Figure 3.8: Random aspects of the state x of the Lorenz system.

• Strange attractor

The chaotic system (3.2) presents a superb butterfly-shaped strange attractor (Figure

3.9) for values σ = 10, b = 8

3
,r = 28.

We observe that the dynamics of the Lorenz system given by system (3.2) is indepen-

dent of time t; therefore, this type of system is termed to be self-contained.
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Figure 3.9: Lorenz strange attractor.

• Lyapunov exponents

Calculation of Lyapunov exponents (Figure: 3.10) gives the following values:

h1 == 0.85922, h2 = −0.0015763, h3 = −14.5208.

We clearly see that there is a positive Lyapunov exponent, which means that the

system is chaotic.

Figure 3.10: Lyapunov exponents of the Lorenz continuous chaotic system.
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3.7 Example of chaotic dynamical systems in discrete

time

3.7.1 Application of Hénon

The astronomer Michel Hénon allows us to react quickly and produce a very simple

system.

This discrete dynamic system of dimension 2, in discrete time because the points evolve in

stages and not continuously. It is defined by the following form:xn+1 = −ax2
n + yn + 1

yn = bxn

(3.8)

a, b ∈ R represent bifurcation parameters.

The value of the constant a controls the non-linearity of the iteration, and that of b reflects

the role of dissipation. The values usually used for a ; b are a = 1; 4 and b = 0; 3. The

Hénon application is invertible, its inverse is:

H−1(x, y) =

 b−1y

x− 1 + a
b2
y2

 . (3.9)

The Jacobian matrix DHa,b is :

DHa,b =

−2ax 1

b 0

 (3.10)

The determinant of the jacobiebnne matrix is equal to |J | = −b.this application has two

hyperbolic fixed points defined by:


P1 = (x1, y1) =

(
b− 1 +

√
(1− b)2 + 4a

2a
, b
b− 1−

√
(1− b)2 + 4a

2a

)
, if 0 < b < 1,

P2 = (x2, y2) =

(
b− 1−

√
(1− b)2 + 4a

2a
, b
b− 1−

√
(1− b)2 + 4a

2a

)
, if 0 < b < 0.

54



Chaos Theory

• Stability

We can easily determine the local stability of these points by evaluating the eigenval-

ues of the Jacobian matrix defined in( 3.9 ) the characteristic equation of the Jacobian

matrix is:

ξ2 + 2axξ − b = 0

and their eigenvalues are:ξ1 = −ax+
√
a2x2 + b, ForP1.

ξ2 = −ax−
√
a2x2 + b, ForP2.

If we calculate the absolute values of the eigenvalues, we see that the smallest of the

values own is always less than 1, while the largest is less, or equal to or greater to 1

depending on whether |x| is less than, equal to or greater than (1− b)

2a
,we deduce that

the fixed point P2 is a saddle point.

The other fixed point is stable if a <
3(1− b)2

4
= 0.3675 . if a =

3(1− b)2

4
, we have

ξ1(x1, y1) = b and ξ2(x2, y2) = −1.

• Sensitivity to initial conditions

Figure 3.11: The first 100 iterations of xn with a = 1.4 and b = 0.3 with initial condition

A = (x0, y0) = (0, 0) and B = (x0, y0) = (0.001, 0.001).
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Figure 3.12: The first 100 iterations of yn with a = 1.4 and b = 0.3 with initial condition

A = (x0, y0) = (0, 0) and B = (x0, y0) = (0.001, 0.001).

• Lyapunov exponents

Figure 3.13: The evolution of the Lyapunov exponent λ of the system of Hénon as a function

of a.

We set b = 0.3, and we let a vary between 0 and 1.4. From figure (3, 13) we obtain

two zones:

∗ a stable zone when a varies in the interval [0; 1. 052].

∗ a chaotic zone when a varies in the interval ]1. 052; 1.4].
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• Bifurcation Diagram

Figure 3.14: Hénon bifurcation diagram.

∗ if −0.1225 < a < 0.3675 , the iterations converge towards a point of the plan.

∗ if 0.3675 < a < 0.9 , the iterations tend to constitute a sequence (xn, yn) such as

(x2n, y2n) converges towards a point and (x2n+1, y2n+1) converges towards another

point. We therefore have two limit points, we observe a doubling of period.

∗ if 0.9 < a < 1.02 we are witnessing a new doubling of the period.

The period continues to double until a determined value where the trajectory begins

to take a particular shape.

For a ≥ 1.02 , we no longer distinguish the cycles: the system is chaotic.

• Hénon attractor

Hénons chaotic attractor for numerical values a = 1.4 and b = 0.3.
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Figure 3.15: Hénon attractor
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Conclusion

The idea of chaos is very useful in many areas. In fact, in meteorology clearly, and

also in biology and chemistry, and in physics, and also the detection of chaotic signals can

make it difficult to track them, and destroy them if they are infiltrated, which makes chaos

also useful in cryptography, and in the world of communications. These signals, which are

sensitive to initial conditions and cannot be predicted by Its nature play a role in concealing

information signals in order to transmit them in a safe manner.

In this work, we have provided a simple introduction to chaos theory, as our thesis

spanned three important and interconnected chapters. The first is devoted to basic concepts,

and we touched on bifurcation theory in the second chapter, and finally we touched on chaos

and methods for discovering it.

59



Bibliography

[1] A . E , E . Z and K . Z , Systemes dynamiques Analyse et contrôle des systèmes

localisés ,2008.

[2] A. B, Introducing Mathematical ,Biology,University of Sheffield,2023.

[3] A . B , K . B, On three definitions of chaos, "Nonlinear Dyn.Syst,vol 1, no 1"

[4] A .A , C . R and C . G ,Dynamics of a Hénon-Lozi type map , university of California

, 2000.

[5] C. M, Analyse et contrôle de dynamiques chaotiques, application à des circuits élec-

troniques non-linéaires, Université Dangers, Déc 2005.

[6] D . A , Writing the history of dynamical systems and chaos: Longue Durée and Revo-

lution, Disciplines and Cultures,Volume 29, Issue 3, August 2002.

[7] D. R , "Chaotic Evolution and Strange Attractors", Cambridge : Cambridge University

Press, 1989b.

[8] E . G . S , Introduction aux systèmes dynamiques et chaos, Institut Polytech-nique de

Grenoble, Avril 2.

[9] E.Z , J. C. S, "A two-dimensional discrete mapping with C1-multifold chaotic attrac-

tors", Electronic Journal of Theoritical Physics, vol.5(17), pp .107-120, 2008.

[10] G . A , Chaos et synchronisation (généralisé) dans les systèmes dynamiques.Doctorat

en sciences en Mathématiques Université Freres Mentouri Constantine 1,2018.

[11] G.C. L , An Introduction to Dynamical Systems and Chaos,India ,October 2015.

60



conclusion

[12] J.L. Ch , A. D. D , Chaos et déterminisme : les idées nouvelles de Poincaré, Paris

Edirions du seuil, 1992.

[13] I. T , Système dynamique non linéaire et phénomène de chaos.Mémoire de magistère.

Univ. Mentouri. Constantine 1, 2010.

[14] L . E , Deterministic non periodic flow. J Atm Sci 1963, 20, (130-141) : 386377:

[15] L. O. Ch , C. W. W, A. H and G. Q. Z , "A universal circuit for studying and

generating chaos, part II : Routes to chaos", IEEE Trans. Circuit syst I : Fundamental

Theory applications, vol. 40(10), pp .733 ; 1993

[16] L. M , C. V , H. T , K. K , S. G and H.E. N , "Analysis, Synchronization and

Microcontroller Implementation of a Generalized Hyperjerk System, with Application to

Secure Communications Usinga Descriptor Observer",2019.

[17] M. B ,G.S , Introduction to Dynamical Systems,H.M,Cambridge University Press,

1998.

[18] M. M, ń Sur les Applications Discrètes en Dimension N, N>1 ż, Thèse de Doc-

torat, département de mathématiques, Université de Frères Mentouri, Constantine, Al-

gérie, 2017.

[19] N. W , P. B , Le chaos. Magazine Scientifique Européen Archimède, Jan 1998.

[20] R. L. D , "An introduction to chaotic dynamical dystems", Addison-Wesley,New York,

1987.

[21] R. P , E. A. S and C. V. S, "Strange attractors", Dynamical systems 9, Encyclopedia

of Math. Sciences, 66, Springer-Verlag, 1991.

[22] S H.S, Nonlinear Dynamics and Chaos,1994 by Perseus Books Publishing, L.L.C.

61



P�l�

�y¡Afm�� �w� T�A� T�m� ºAW��¤ ,Tyky�An§d�� Tm\�±� �§dq� Y�� ­r�@m�� £@¡�dh�

�Ab`Kt�� ��w�� �� ,A¡C�rqtF�¤ , E�wt�� ªAq� ��� , Tm\�±� £@¡ TF�Cd� TyFAF±�

ª¤rK�� ¨� Xys� ry��  � �y� ,©wRwf�� �wls�� �AKt�� Y�� A� wq§ Am� ,Tflt�m��

­Cdq�� �d� ­rk� ��K� An¡ ��¤ ,«dm�� Tl§wV �¶Atn�� ¨� �ryb� A�®t�� 	bs§ Ty�¤±�

Ty�¤±� ª¤rKl� TyFAs��� ��Ð ¨� Am� P¶AO��� �� d§d`�� AS§� AnK�A� . ¥bnt�� Yl�

. ©wRwf�� �wls�� �� �Kkl� ©wRwf�� 
ÐA���¤ �w�w�Ay� HF�¤

,C�rqtF¯� ,CAsm�� ,C�dm�� ,  E�wt�� TWq� ,¨ky�An§d�� �A\n�� : Ty�Atfm�� �Amlk��

.�w�w�Ay� HF� , ©wRwf�� 
ÐA��� ,YRwf�� , 	`Kt�� TWq� , 	`Kt�� XW�� ,	`Kt��

Abstract

The aim of this memory is to present dynamic systems, and give an overview of the

basic concepts for studying these systems, such as equilibrium points, their stabi-

lity, and then the different types of bifurcations, which leads us to discover chaotic

behavior, where a small change in initial conditions causes a significant difference

in long-term results. Hence the idea of unpredictability arose. We also discussed

several properties including sensitivity to initial conditions, Lyapunov exponents,

and the chaotic attractor for detecting chaotic behavior.

Key words : Dynamical system , equilibrium point , orbit, trajectory, stability, bi-

furcation, bifurcation diagram , chaos, Chaotic attractor , Lyaponov exponents.

Résumé

Le but de ce mémoire est de présenter des systèmes dynamiques, et à donner un

aperçu des concepts de base pour étudier ces systèmes, comme les points d’équi-

libre, leur stabilité, puis les différents types de bifurcations, ce qui nous amène à

découvrir des comportements chaotiques, où un petit changement dans les condi-

tions initiales entraînent une différence significative dans les résultats à long terme.

D’où l’idée d’imprévisibilité. Nous avons également discuté de plusieurs proprié-

tés, notamment la sensibilité aux conditions initiales, les exposants de Lyapunov et

l’attracteur chaotique pour détecter un comportement chaotique.

Mots Clés : Système dynamique, Point d’équilibre , orbite, trajectoire, stabilité, bi-

furcation , diagramme de bifurcation , chaos, attracteur chaotique , Les exposants

de Lyaponov .
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