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General introduction

Integral Transforms are regarded as essential tools in applied mathematics, uti-

lized to address ordinary, partial, and integral differential equations more efficiently

than conventional methods. The Laplace transform, introduced in 1780, and the

Fourier transform, presented in 1822 [4], have been essential in addressing differen-

tial equations found in various scientific domains, including physics, engineering,

astronomy, and other fields. Due to the significance of these tools, the last twenty

years have seen a growing interest in creating new integral transforms and enhanc-

ing the ones already in existence. Numerous scholarly articles have been released

lately, including the Kamal transform [6] and the Mohand transform [9, 8] based on

the Fourier transform, alongside the BA transform, which has been identified as a

generalization of various other transforms, such as the Sumudu transform [13] and

the Natural transform [7]. These transformations were employed to resolve ordinary

and partial differential equations with constant coefficients, as they convert the dif-

ferential equation into an algebraic equation that is simpler to solve. The Mahgoub

transform [1] and the Anuj transform [10] were introduced for solving ordinary lin-

ear differential equations with variable coefficients, while the Sawi transform [3] and

the Anuj transform [2] were utilized for addressing Volterra integral and differen-

tial equations. Additionally, the Gupta transform [5] helped address initial value

problems featuring constant coefficients, whereas Emad and Israa introduced the

transform [11] and the ”ne” transform [14], which are two-parameter transforms

that yielded effective outcomes in solving ordinary differential equations with con-

stant coefficients. A new general integral transform [12] was also derived from the

Laplace transform and applied to solve ordinary and partial differential equations,

integral equations, and fractional differential equations. All of these transforma-

tions prove their efficiency in identifying precise.
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Introduction

Among these modern transformations is the transformation of Elzaki, which has

shown great effectiveness in the processing of various types of differential equations,

thanks to its distinctive characteristics. This note examines the transformation of

Elzaki and its applications in solving ordinary and fractal differential equations.

The work aims to provide the theoretical foundations for this transformation, from

its definition and basic properties to the calculation of derivative transfers and frac-

tional integrations, and the use of the Mittag-Leffler function in the formulation of

solutions. The memorandum also seeks to clarify how to convert the different types

of differential equations (homogeneous or heterogeneous, with fixed or variable co-

efficients) into an algebraic equation in the transformation space, which greatly sim-

plifies the process of solution.

To achieve these objectives, the memorandum is divided as follows: Chapter I:

Reviews the basic concepts of the transformation of Elzaki, including its definition

and its properties related to derivatives and the wrapping of functions, in addition

to dealing with derivatives , fractal integrations , and the Mittag-Leffler function.

Chapter II: Is devoted to the application of the transformation of Elzaki to the ordi-

nary linear differential equations of the first and second rank, with the solution of

various models with fixed and variable coefficients. Chapter III: Addresses the ap-

plication of the transformation of Elzaki to homogeneous and heterogeneous fractal

differential equations, taking advantage of the theoretical results previously estab-

lished.

The work concludes with a presentation of the results that confirm the effective-

ness of the transformation of Elzaki in simplifying solutions, especially in the case of

fractional equations, while offering prospects for expanding the scope of application

to include partial equations and fractional equation systems in future studies.
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General Notations

• ℰ: Elzaki transform;

• ∗: convolution;

• 𝐸𝛽,𝑚 : Mittag-Leffler function with the parameters 𝛽,𝑚;

• Γ(𝑚) : Gamma function with the parameter 𝑚;

• 𝐹𝐷𝐸: Fractional differential equation ;

• 𝑂𝐷𝐸: Ordinary differential equation ;

• 𝐷−𝑚𝑓(𝑡): The Riemann–Liouville fractional integral of order 𝑚;

• 𝐴: Set of admissible functions.
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Chapter 1

Basic concepts about Elzaki transform

This chapter serves as an introduction to the following chapters, as it contains

the most important definitions and theories related to Elzaki transformation, which

we will use in the subsequent chapters.
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Chapter 1 Basic concepts about Elzaki transform

1.1 Elzaki Transform

Definition 1.1.1 [15]

For a function 𝑓(𝑡) defined for 𝑡 ≥ 0, the Elzaki transform is given by:

ℰ[𝑓(𝑡)] = 𝑣∫
∞

0
𝑓(𝑡)𝑒−

𝑡
𝑣 𝑑𝑡 = 𝑇(𝑣), 𝑣 ∈ (𝑘1, 𝑘2). (1.1)

The Elzaki transform can also be written in an equivalent form using the substitution

𝑡 = 𝑣𝑢:

𝑇(𝑣) = 𝑣2∫
∞

0
𝑓(𝑡𝑣)𝑒−𝑡 𝑑𝑡, 𝑘1 ≤ 𝑣 ≤ 𝑘2. (1.2)

This form is sometimes more convenient for certain calculations.

Set of admissible functions

The Elzaki transform applies to functions belonging to the set 𝐴 defined as:

𝐴 = {𝑓(𝑡) ∶ ∃𝑀, 𝑘1, 𝑘2 > 0, |𝑓(𝑡)| < 𝑀𝑒
𝑡
𝑘𝑗 , if 𝑡 ∈ [0,∞)}

For any function in this set:

• 𝑀 is a finite constant,

• 𝑘1 and 𝑘2 may be finite or infinite.

1.1.1 Elzaki transforms of basic functions

𝑓(𝑡) ℰ{𝑓(𝑡)} = 𝑇(𝑣)

1 𝑣2

𝑡 𝑣3

𝑡𝑛 𝑛! 𝑣𝑛+2

𝑒𝑎𝑡
𝑣2

1 − 𝑎𝑣
sin(𝑎𝑡)

𝑎𝑣3

1 + 𝑎2𝑣2

cos(𝑎𝑡)
𝑣2

1 + 𝑎2𝑣2

sinh(𝑎𝑡)
𝑎𝑣3

1 − 𝑎2𝑣2

cosh(𝑎𝑡)
𝑣2

1 − 𝑎2𝑣2

3



Chapter 1 Basic concepts about Elzaki transform

Theorem 1.1.1 [16] Let 𝑇(𝑣) is the Elzaki transform of function 𝑓(𝑡):

ℰ(𝑓(𝑡)) = 𝑇(𝑣) (1.3)

ℰ{𝑓 ′(𝑡)} =
𝑇(𝑣)
𝑣

− 𝑣𝑓(0) (1.4)

ℰ{𝑓 ′′(𝑡)} =
𝑇(𝑣)
𝑣2

− 𝑓(0) − 𝑣𝑓 ′(0) (1.5)

ℰ{𝑓 (𝑛)(𝑡)} =
𝑇(𝑣)
𝑣𝑛

−
𝑛−1

∑
𝑘=0

𝑣 2−𝑛+𝑘𝑓 (𝑘)(0) (1.6)

1.1.2 Derivation of the formula for ℰ{𝑡𝑓(𝑡)}

We derive the key formula for the Elzaki transform of 𝑡𝑓(𝑡):

ℰ{𝑡𝑓(𝑡)} = 𝑣∫
∞

0
𝑒−𝑡/𝑣 ⋅ 𝑡𝑓(𝑡) 𝑑𝑡

Observe that:
𝜕
𝜕𝑣

𝑒−𝑡/𝑣 = 𝑒−𝑡/𝑣 ⋅
𝑡
𝑣2

Therefore:

𝑡𝑒−𝑡/𝑣 = 𝑣2
𝜕
𝜕𝑣

𝑒−𝑡/𝑣

Substituting into the integral:

ℰ{𝑡𝑓(𝑡)} = 𝑣∫
∞

0
[𝑣2

𝜕
𝜕𝑣

𝑒−𝑡/𝑣] 𝑓(𝑡) 𝑑𝑡

ℰ{𝑡𝑓(𝑡)} = 𝑣3
𝜕
𝜕𝑣

∫
∞

0
𝑒−𝑡/𝑣𝑓(𝑡) 𝑑𝑡

From the definition, ∫
∞

0
𝑒−𝑡/𝑣𝑓(𝑡) 𝑑𝑡 =

𝑇(𝑣)
𝑣

. Hence:

ℰ{𝑡𝑓(𝑡)} = 𝑣3
𝑑
𝑑𝑣

[
𝑇(𝑣)
𝑣

] (1.7)

Theorem 1.1.2 [17, 18]

If 𝑇(𝑣) and 𝐺(𝑣) are the Elzaki transform of 𝑓(𝑡) and 𝑔(𝑡) then:

ℰ{𝑓 ∗ 𝑔}(𝑡) = ℰ [∫
𝑡

0
𝑓(𝑡 − 𝜖)𝑔(𝜖)𝑑𝜖] =

1
𝑣
𝑇(𝑣)𝐺(𝑣) (1.8)

Theorem 1.1.2 states Elzaki transform of the convolution of two functions.
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Chapter 1 Basic concepts about Elzaki transform

Definition 1.1.2 [19] The Riemann-Liouville fractional integral operator of order 𝑚 ≥

0, of a function 𝑓 ∈ 𝐶𝜇, 𝜇 ≥ −1 is defined as:

𝐷−𝑚𝑓(𝑡) =
1

Γ(𝑚)
∫

𝑡

0
(𝑡 − 𝜖)𝑚−1𝑓(𝜖)𝑑𝜖, 𝑚 > 0, 𝑡 > 0 (1.9)

Where the gamma function is defined by the relation:

Γ(𝑚) = ∫
∞

0
𝑒−𝑢𝑢𝑚−1𝑑𝑢 ; 𝑚 ∈ ℝ, Γ(𝑚 + 1) = 𝑚Γ(𝑚)

Now if 𝑓 belongs to class 𝐶, its fractional integral of order 𝑚, defined by (1.8) , can be

expressed as a convolution integral. consequently, if 𝑓 is of exponential order then its

fractional integral is also of exponential order.

ℰ{𝐷−𝑚𝑓(𝑡)} =
1

𝑣Γ(𝑚)
ℰ{𝑡𝑚−1}ℰ{𝑓(𝑡)} =

1
𝑣Γ(𝑚)

(𝑚 − 1)!𝑣𝑚+1𝑇(𝑣) = 𝑣𝑚(𝑇(𝑣)) (1.10)

Now we can apply (1.10) to find.

a) ℰ{𝐷−𝑚𝑡𝑛} = 𝑣𝑚ℰ{𝑡𝑛} = 𝑣𝑚(𝑛!𝑣𝑛+2) 𝑛 > 0, 𝑣 > 0.

b) ℰ{𝐷−𝑚𝑒𝑎𝑡} = 𝑣𝑚 [ 𝑣2
1−𝑎𝑣] 𝑣 > 0.

c) ℰ{𝐷−𝑚 sin 𝑎𝑡} = 𝑣𝑚 [ 𝑎𝑣3
1+𝑎2𝑣2 ] 𝑣 > 0.

d) ℰ{𝐷−𝑚 cos 𝑎𝑡} = 𝑣𝑚 [ 𝑣2
1+𝑎2𝑣2 ] 𝑣 > 0.

1.2 Transform of the fractional derivatives

Theorem 1.2.1 Let 𝑓 be continuous on 𝐴 and let 𝑣 > 0 then 𝐷𝑓 is continuous on 𝑗 when

𝑡 > 0, then:

𝐷[𝐷−𝑚𝑓(𝑡)] = 𝐷−𝑚[𝐷𝑓(𝑡)] +
𝑓(0)
Γ(𝑚)

𝑡𝑚−1 (1.11)

Now to find Elzaki transform of fractional integer of the derivative of the fractional

integer, then form (1.10) we have:

ℰ{𝐷−𝑚[𝐷𝑓(𝑡)]} = 𝑣𝑚ℰ{𝐷𝑓(𝑡)} = 𝑣𝑚 [
𝑇(𝑣)
𝑣

− 𝑣𝑓(0)] (1.12)

This formula obviously also valid if 𝑣 = 0. Now we consider the problem of find Elzaki

transform of derivative of the fractional integer, then form (theorem 1.2.1), we get

ℰ{𝐷[𝐷−𝑚𝑓(𝑡)]} = ℰ{𝐷−𝑚[𝐷𝑓(𝑡)]} +
𝑓(0)
Γ(𝑚)

ℰ{𝑡𝑚−1}

= 𝑣𝑚 [
𝑇(𝑣)
𝑣

− 𝑣𝑓(0)] +
𝑓(0)
Γ(𝑚)

(𝑚 − 1)!𝑣𝑚+1 = 𝑣𝑚−1𝑇(𝑣) (1.13)
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Chapter 1 Basic concepts about Elzaki transform

Definition 1.2.1 The fractional derivative can be defined using the definition integer to

this end, suppose that 𝑚 = 𝑛 − 𝜇 where 0 < 𝜇 < 1 and 𝑛 is smallest integer greater than

𝑚, then, the fractional derivative of 𝑓(𝑥) of order 𝑚 is:

𝐷𝑚𝑓(𝑡) = 𝐷𝑛[𝐷−𝜇𝑓(𝑡)] (1.14)

We can write (1.14):

𝐷𝑚𝑓(𝑡) = 𝐷𝑛[𝐷−(𝑛−𝑚)𝑓(𝑡)] (1.15)

We assume that Elzaki transform of 𝑓(𝑡) exists. Then by using (1.6) then:

ℰ{𝐷𝑚𝑓(𝑡)} = ℰ{𝐷𝑛[𝐷−(𝑛−𝑚)𝑓(𝑡)]}

=
1
𝑣𝑛

ℰ{𝐷−(𝑛−𝑚)𝑓(𝑡)} −
𝑛−1

∑
𝑘=0

𝑣2−𝑛+𝑘𝐷𝑘[𝐷−(𝑛−𝑚)𝑓(0)]

=
1
𝑣𝑛

[𝐷−(𝑛−𝑚)]𝑇(𝑣) −
𝑛−1

∑
𝑘=0

𝑣2−𝑛+𝑘𝐷𝑘−(𝑛−𝑚)𝑓(0)

=
1
𝑣𝑛

𝑣𝑛−𝑚𝑇(𝑣) −
𝑛−1

∑
𝑘=0

𝑣2−𝑛+𝑘𝐷𝑘−(𝑛−𝑚)𝑓(0)

=
1
𝑣𝑚

𝑇(𝑣) −
𝑛−1

∑
𝑘=0

𝑣2−𝑛+𝑘𝐷𝑘−(𝑛−𝑚)𝑓(0) (1.16)

For 𝑛 = 1 and 2 we have:

ℰ{𝐷𝑚𝑓(𝑡)} =
1
𝑣𝑚

𝑇(𝑣) − 𝑣𝐷−(1−𝑚)𝑓(0) 0 < 𝑚 ≤ 1

ℰ{𝐷𝑚𝑓(𝑡)} =
1
𝑣𝑚

𝑇(𝑣) − 𝑣1−𝑚𝑓(0) − 𝑣𝐷−(2−𝑚)𝑓(0) − 𝑣𝐷−(1−𝑚)𝑓(0) 1 < 𝑚 ≤ 2

6



Chapter 2

Applying the Elzaki transform to

ordinary differential equations

In this chapter, we will apply some of the results mentioned in the first chapter

to the ordinary linear differential equation through several examples.

2.1 Solving linear ordinary differential Equationswith

constant coefficients

2.1.1 First order equation

Consider the first-order ordinary differential equation:

𝑑𝑥
𝑑𝑡

+ 𝑝𝑥 = 𝑓(𝑡), 𝑡 > 0 (2.1)

With the initial condition:

𝑥(0) = 𝑎 (2.2)

Where 𝑝 and 𝑎 are constants and 𝑓(𝑡) is an external input function.

Applying Elzaki transform:

[
1
𝑣
ℰ{𝑥(𝑡)} − 𝑣𝑥(0)] + 𝑝ℰ{𝑥(𝑡)} = ℰ{𝑓(𝑡)}

Substituting the initial condition 𝑥(0) = 𝑎:

[
1
𝑣
ℰ{𝑥(𝑡)} − 𝑣𝑎] + 𝑝ℰ{𝑥(𝑡)} = ℰ{𝑓(𝑡)}

7



Chapter 2 Applying the Elzaki transform to ODE

Multiplying both sides by 𝑣:

ℰ{𝑥(𝑡)} − 𝑣2𝑎 + 𝑝𝑣ℰ{𝑥(𝑡)} = 𝑣ℰ{𝑓(𝑡)}

Or: terms:

(1 + 𝑝𝑣)ℰ{𝑥(𝑡)} = 𝑣ℰ{𝑓(𝑡)} + 𝑣2𝑎

Finally, solving for ℰ{𝑥(𝑡)}:

ℰ{𝑥(𝑡)} =
𝑣ℰ{𝑓(𝑡)} + 𝑣2𝑎

1 + 𝑝𝑣

2.1.2 Second order equation

𝑑2𝑦
𝑑𝑥2

+ 2𝑝
𝑑𝑦
𝑑𝑥

+ 𝑞𝑦 = 𝑓(𝑥), 𝑥 > 0 (2.3)

Initial conditions:

𝑦(0) = 𝑎, 𝑦′(0) = 𝑏 (2.4)

Applying Elzaki transform:

1
𝑣2

[ℰ{𝑦(𝑥)} − 𝑣2𝑦(0) − 𝑣3𝑦′(0)] + 2𝑝 [
ℰ{𝑦(𝑥)}

𝑣
− 𝑣𝑦(0)] + 𝑞ℰ{𝑦(𝑥)} = ℰ{𝑓(𝑥)}

Substituting the initial conditions 𝑦(0) = 𝑎, 𝑦′(0) = 𝑏:

1
𝑣2

[ℰ{𝑦(𝑥)} − 𝑣2𝑎 − 𝑣3𝑏] + 2𝑝 [
ℰ{𝑦(𝑥)}

𝑣
− 𝑣𝑎] + 𝑞ℰ{𝑦(𝑥)} = ℰ{𝑓(𝑥)}

Multiplying by 𝑣2:

ℰ{𝑦(𝑥)} − 𝑣2𝑎 − 𝑣3𝑏 + 2𝑝𝑣ℰ{𝑦(𝑥)} − 2𝑝𝑣3𝑎 + 𝑞𝑣2ℰ{𝑦(𝑥)} = 𝑣2ℰ{𝑓(𝑥)}

Grouping terms:

(1 + 2𝑝𝑣 + 𝑞𝑣2)ℰ{𝑦(𝑥)} = 𝑣2ℰ{𝑓(𝑥)} + 𝑣2𝑎 + 𝑣3𝑏 + 2𝑝𝑣3𝑎

Finally:

ℰ{𝑦(𝑥)} =
𝑣2ℰ{𝑓(𝑥)}

1 + 2𝑝𝑣 + 𝑞𝑣2
+

𝑣2𝑎
1 + 2𝑝𝑣 + 𝑞𝑣2

+
𝑣3𝑏 + 2𝑝𝑣3𝑎
1 + 2𝑝𝑣 + 𝑞𝑣2

8



Chapter 2 Applying the Elzaki transform to ODE

Example 2.1.1 Solve the differential equation:

𝑑𝑦
𝑑𝑥

+ 𝑦 = 0, 𝑦(0) = 1

Solution:

Taking the Elzaki transform on both sides:

ℰ{
𝑑𝑦
𝑑𝑥

} + ℰ{𝑦(𝑥)} = 0

Using (1.4):

ℰ{
𝑑𝑦
𝑑𝑥

} =
1
𝑣
𝑇(𝑣) − 𝑣𝑦(0)

we obtain:
1
𝑣
𝑇(𝑣) − 𝑣 + 𝑇(𝑣) = 0

Grouping terms:

(
1
𝑣
+ 1) 𝑇(𝑣) = 𝑣.

Then:

𝑇(𝑣) =
𝑣2

1 + 𝑣
Taking inverse Elzaki transform:

𝑦(𝑥) = 𝑒−𝑥

Example 2.1.2 Solve:

𝑦′′ + 𝑦 = 0, 𝑦(0) = 1, 𝑦′(0) = 1

Solution:

Applying Elzaki transform:

ℰ{𝑦′′} + ℰ{𝑦} = 0

Using (1.5) find:

ℰ{𝑦′′} =
1
𝑣2

𝑇(𝑣) − 𝑦(0) − 𝑣𝑦′(0)

Substitute initial conditions:

1
𝑣2

𝑇(𝑣) − 𝑣 − 1 + 𝑇(𝑣) = 0

Or:

(
1
𝑣2

+ 1) 𝑇(𝑣) = 𝑣 + 1

9



Chapter 2 Applying the Elzaki transform to ODE

𝑇(𝑣) =
𝑣2

𝑣2 + 1
+

𝑣3

𝑣2 + 1
Separating:

𝑇(𝑣) =
𝑣2

𝑣2 + 1
+

𝑣3

𝑣2 + 1
Taking inverse Elzaki transform:

𝑦(𝑥) = sin 𝑥 + cos 𝑥

Example 2.1.3 Solve:

𝑦′′ − 3𝑦′ + 2𝑦 = 0, 𝑦(0) = 1, 𝑦′(0) = 4

Solution:

Applying Elzaki transform:

ℰ{𝑦′′} − 3ℰ{𝑦′} + 2ℰ{𝑦} = 0

Using (1.4) and (1.5):

ℰ{𝑦′′} =
1
𝑣2

𝑇(𝑣) − 𝑦(0) − 𝑣𝑦′(0)

ℰ{𝑦′} =
1
𝑣
𝑇(𝑣) − 𝑣𝑦(0)

Substitute initial conditions:

1
𝑣2

𝑇(𝑣) − 1 − 4𝑣 − 3 (
1
𝑣
𝑇(𝑣) − 𝑣) + 2𝑇(𝑣) = 0

Simplify:
1
𝑣2

𝑇(𝑣) − 1 − 4𝑣 −
3
𝑣
𝑇(𝑣) + 3𝑣 + 2𝑇(𝑣) = 0

(
1
𝑣2

−
3
𝑣
+ 2) 𝑇(𝑣) = 𝑣 + 1

Multiply by 𝑣2:

(1 − 3𝑣 + 2𝑣2)𝑇(𝑣) = 𝑣3 + 𝑣2

𝑇(𝑣) =
𝑣2(𝑣 + 1)

(2𝑣 − 1)(𝑣 − 1)
Partial fraction:

𝑇(𝑣) = 𝑣2 (
2

𝑣 − 1
−

3
2𝑣 − 1

)

10



Chapter 2 Applying the Elzaki transform to ODE

Rewriting:

𝑇(𝑣) =
−2𝑣2

1 − 𝑣
+

3𝑣2

1 − 2𝑣
Taking inverse transform:

𝑦(𝑥) = −2𝑒𝑥 + 3𝑒2𝑥

Example 2.1.4 Solve:

𝑦′′ + 9𝑦 = cos(2𝑡), 𝑦(0) = 1, 𝑦 (
𝜋
2
) = −1

Let:

𝑦′(0) = 𝑐

Solution:

Apply Elzaki transform:

ℰ{𝑦′′} + 9ℰ{𝑦} = ℰ{cos(2𝑡)}

Using (1.5):

ℰ{𝑦′′} =
1
𝑣2

𝑇(𝑣) − 𝑦(0) − 𝑣𝑦′(0)

ℰ{cos(𝑎𝑡)} =
𝑣2

1 + 𝑎2𝑣2

Substitute:
1
𝑣2

𝑇(𝑣) − 1 − 𝑐𝑣 + 9𝑇(𝑣) =
𝑣2

1 + 4𝑣2

(
1
𝑣2

+ 9) 𝑇(𝑣) =
𝑣2

1 + 4𝑣2
+ 1 + 𝑐𝑣

Multiply by 𝑣2:

(1 + 9𝑣2)𝑇(𝑣) =
𝑣4

1 + 4𝑣2
+ 𝑣2 + 𝑐𝑣3

𝑇(𝑣) =
𝑣4

(4𝑣2 + 1)(1 + 9𝑣2)
+

𝑐𝑣3

(1 + 9𝑣2)
+

𝑣2

(1 + 9𝑣2)
Thus:

𝑇(𝑣) =
𝑣4

(4𝑣2 + 1)(1 + 9𝑣2)
+
𝑐𝑣3 + 𝑣2

1 + 9𝑣2

𝑇(𝑣) =
𝑣4

(4𝑣2 + 1)(1 + 9𝑣2)
+
(𝑐𝑣3 + 𝑣2)(4𝑣2 + 1)
(4𝑣2 + 1)(1 + 9𝑣2)

𝑇(𝑣) =
𝑣4 + (𝑐𝑣3 + 𝑣2)(4𝑣2 + 1)

(4𝑣2 + 1)(1 + 9𝑣2)

11
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Expand the numerator:

(𝑐𝑣3 + 𝑣2)(4𝑣2 + 1) = 4𝑐𝑣5 + 𝑐𝑣3 + 4𝑣4 + 𝑣2

Add 𝑣4:

𝑣4 + (𝑐𝑣3 + 𝑣2)(4𝑣2 + 1) = 𝑣4 + 4𝑐𝑣5 + 𝑐𝑣3 + 4𝑣4 + 𝑣2 = 4𝑐𝑣5 + 5𝑣4 + 𝑐𝑣3 + 𝑣2

Therefore:

𝑇(𝑣) =
4𝑐𝑣5 + 5𝑣4 + 𝑐𝑣3 + 𝑣2

(4𝑣2 + 1)(1 + 9𝑣2)

𝑇(𝑣) =
𝑣2(4𝑐𝑣3 + 5𝑣2 + 𝑐𝑣 + 1)

(4𝑣2 + 1)(1 + 9𝑣2)

Partial fractions setup:

4𝑐𝑣3 + 5𝑣2 + 𝑐𝑣 + 1
(4𝑣2 + 1)(1 + 9𝑣2)

=
𝐴𝑣 + 𝐵
4𝑣2 + 1

+
𝐶𝑣 + 𝐷
1 + 9𝑣2

Multiply through:

4𝑐𝑣3 + 5𝑣2 + 𝑐𝑣 + 1 = (𝐴𝑣 + 𝐵)(1 + 9𝑣2) + (𝐶𝑣 + 𝐷)(4𝑣2 + 1)

Expand and equate coefficients:

(𝐴𝑣 + 𝐵)(1 + 9𝑣2) = 9𝐴𝑣3 + 9𝐵𝑣2 + 𝐴𝑣 + 𝐵

(𝐶𝑣 + 𝐷)(4𝑣2 + 1) = 4𝐶𝑣3 + 4𝐷𝑣2 + 𝐶𝑣 + 𝐷

Adding:

𝑣3 ∶ 9𝐴 + 4𝐶 = 4𝑐

𝑣2 ∶ 9𝐵 + 4𝐷 = 5

𝑣1 ∶ 𝐴 + 𝐶 = 𝑐

𝑣0 ∶ 𝐵 + 𝐷 = 1

Solve the system:

5𝐴 = 0 ⟹ 𝐴 = 0, 𝐶 = 𝑐

5𝐵 = 1 ⟹ 𝐵 =
1
5
, 𝐷 = 1 −

1
5
=

4
5

12
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Write the decomposition:

4𝑐𝑣3 + 5𝑣2 + 𝑐𝑣 + 1
(4𝑣2 + 1)(1 + 9𝑣2)

=
0 ⋅ 𝑣 + 1

5
4𝑣2 + 1

+
𝑐𝑣 + 4

5
1 + 9𝑣2

Thus:

𝑇(𝑣) = 𝑣2 [
1/5

4𝑣2 + 1
+
𝑐𝑣 + 4/5
1 + 9𝑣2

]

𝑇(𝑣) = 𝑣2 [
1

5(1 + 4𝑣2)
+

4
5(1 + 9𝑣2)

+
𝑐𝑣

1 + 9𝑣2
]

Inverse transform:

𝑦(𝑥) =
1
5
cos(2𝑥) +

4
5
cos(3𝑥) +

𝑐
3
sin(3𝑥)

Using condition:

𝑦 (
𝜋
2
) = −1

1
5
cos (𝜋) +

4
5
cos (

3𝜋
2
) +

𝑐
3
sin (

3𝜋
2
) = −1

−
1
5
− 0 −

𝑐
3
= −1

𝑐 =
12
5

Final solution:

𝑦(𝑥) =
1
5
cos(2𝑥) +

4
5
cos(3𝑥) +

4
5
sin(3𝑥)

2.2 Solving linear ordinary differential Equationswith

variable coefficients

2.2.1 First order equation

Example 2.2.1 Solve:

𝑡𝑢′ − 2𝑢 = 0 (2.5)

𝑢(0) = 0 (2.6)

13



Chapter 2 Applying the Elzaki transform to ODE

Applying the Elzaki transformation to equation (2.5):

ℰ{𝑡𝑢′(𝑡)} − 2ℰ{𝑢(𝑡)} = 0

Computing ℰ{𝑡𝑢′(𝑡)}:

Using (1.4) and (2.6) find:

ℰ{𝑢′(𝑡)} =
𝑇(𝑣)
𝑣

Set 𝑓(𝑡) = 𝑢′(𝑡) in the derived formula.

Then 𝑇𝑓(𝑣)
𝑣 = ℰ{𝑢′(𝑡)}

𝑣 = 𝑇(𝑣)/𝑣
𝑣 = 𝑇(𝑣)

𝑣2 .

By substitution in (1.7), we find:

ℰ{𝑡𝑢′(𝑡)} = 𝑣3
𝑑
𝑑𝑣

[
𝑇(𝑣)
𝑣2

]

The transformed ODE becomes:

𝑣3
𝑑
𝑑𝑣

[
𝑇(𝑣)
𝑣2

] − 2𝑇(𝑣) = 0 (2.7)

Let 𝑊(𝑣) =
𝑇(𝑣)
𝑣2

, so 𝑇(𝑣) = 𝑣2𝑊(𝑣).

Substitute in (2.7):

𝑣3𝑊′(𝑣) − 2𝑣2𝑊(𝑣) = 0

𝑣𝑊′(𝑣) − 2𝑊(𝑣) = 0

Solving the differential equation for𝑊(𝑣):

𝑊′(𝑣)
𝑊(𝑣)

=
2
𝑣

Integrate both sides:

ln |𝑊(𝑣)| = 2 ln 𝑣 + ln𝐶

𝑊(𝑣) = 𝐶𝑣2

Hence:

𝑇(𝑣) = 𝑣2𝑊(𝑣) = 𝑣2 ⋅ 𝐶𝑣2 = 𝐶𝑣4

Inverse Elzaki transform

Recall the elementary transform: ℰ{𝑡2} = 2! 𝑣4 = 2𝑣4.

Thus:

𝐶𝑣4 =
𝐶
2
⋅ 2𝑣4 =

𝐶
2
ℰ{𝑡2}

14
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Therefore, inverting:

𝑢(𝑡) =
𝐶
2
𝑡2

According to (2.6), we obtain:

𝑢(𝑡) = 𝑡2

2.2.2 Second order equation

Example 2.2.2 Solve:

𝑡𝑢′′ + (1 − 2𝑡)𝑢′ − 2𝑢 = 0, (2.8)

𝑢(0) = 1, (2.9)

𝑢′(0) = 2. (2.10)

Solution:

Applying the Elzaki transformation to equation (2.8):

ℰ{𝑡𝑢′′} + ℰ{𝑢′} + ℰ{−2𝑡𝑢′} + ℰ{−2𝑢} = 0 (2.11)

Let ℰ{𝑢(𝑡)} = 𝑇(𝑣).

By using (1.4), (1.5), (2.9) and (2.10):

ℰ{𝑢′(𝑡)} =
𝑇(𝑣)
𝑣

− 𝑣 ⋅ 1 =
𝑇(𝑣)
𝑣

− 𝑣 (2.12)

ℰ{𝑢′′(𝑡)} =
𝑇(𝑣)
𝑣2

− 1 − 2𝑣

We will compute the Elzaki transform of each term separately.

Transform of 𝑡𝑢′′(𝑡)

Let 𝑓(𝑡) = 𝑢′′(𝑡). Then ℰ{𝑓(𝑡)} =
𝑇(𝑣)
𝑣2

− 1 − 2𝑣.

By using (1.7) we find:

ℰ{𝑡𝑢′′(𝑡)} = 𝑣3
𝑑
𝑑𝑣

⎡⎢⎢⎢⎢⎣

𝑇(𝑣)
𝑣2 − 1 − 2𝑣

𝑣
⎤⎥⎥⎥⎥⎦

Simplify the expression inside the brackets:
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1
𝑣
(
𝑇(𝑣)
𝑣2

− 1 − 2𝑣) =
𝑇(𝑣)
𝑣3

−
1
𝑣
− 2

Therefore:

ℰ{𝑡𝑢′′(𝑡)} = 𝑣3
𝑑
𝑑𝑣

[
𝑇(𝑣)
𝑣3

−
1
𝑣
− 2]

Now differentiate term by term:

𝑑
𝑑𝑣

(
𝑇(𝑣)
𝑣3

) =
𝑇 ′(𝑣)
𝑣3

−
3𝑇(𝑣)
𝑣4

𝑑
𝑑𝑣

(−
1
𝑣
) =

1
𝑣2

𝑑
𝑑𝑣

(−2) = 0

Thus:

ℰ{𝑡𝑢′′(𝑡)} = 𝑣3 [
𝑇 ′(𝑣)
𝑣3

−
3𝑇(𝑣)
𝑣4

+
1
𝑣2

]

Simplifying:

ℰ{𝑡𝑢′′(𝑡)} = 𝑇 ′(𝑣) −
3𝑇(𝑣)
𝑣

+ 𝑣 (2.13)

Transform of −2𝑡𝑢′(𝑡)

First, find ℰ{𝑡𝑢′(𝑡)}.

Let 𝑓(𝑡) = 𝑢′(𝑡). By substituting (2.12) into (1.7) we find :

ℰ{𝑡𝑢′(𝑡)} = 𝑣3
𝑑
𝑑𝑣

⎡⎢⎢⎢⎢⎣

𝑇(𝑣)
𝑣 − 𝑣
𝑣

⎤⎥⎥⎥⎥⎦
= 𝑣3

𝑑
𝑑𝑣

[
𝑇(𝑣)
𝑣2

− 1]

Differentiate:

𝑑
𝑑𝑣

(
𝑇(𝑣)
𝑣2

) =
𝑇 ′(𝑣)
𝑣2

−
2𝑇(𝑣)
𝑣3

𝑑
𝑑𝑣

(−1) = 0

Thus:

ℰ{𝑡𝑢′(𝑡)} = 𝑣3 [
𝑇 ′(𝑣)
𝑣2

−
2𝑇(𝑣)
𝑣3

] = 𝑣𝑇 ′(𝑣) − 2𝑇(𝑣)
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Therefore:

ℰ{−2𝑡𝑢′(𝑡)} = −2𝑣𝑇 ′(𝑣) + 4𝑇(𝑣) (2.14)

Transform of −2𝑢(𝑡):

ℰ{−2𝑢(𝑡)} = −2𝑇(𝑣) (2.15)

Substitute (2.12), (2.13), (2.14), (2.15) into (2.11) we found:

[𝑇 ′(𝑣) −
3𝑇(𝑣)
𝑣

+ 𝑣] + [
𝑇(𝑣)
𝑣

− 𝑣] + [−2𝑣𝑇 ′(𝑣) + 4𝑇(𝑣)] + [−2𝑇(𝑣)] = 0 (2.16)

So the transformed equation simplifies to:

(1 − 2𝑣)𝑇 ′(𝑣) −
2𝑇(𝑣)
𝑣

+ 2𝑇(𝑣) = 0

SO:

(1 − 2𝑣)𝑇 ′(𝑣) + (2 −
2
𝑣
) 𝑇(𝑣) = 0

Separate variables:

𝑇 ′(𝑣)
𝑇(𝑣)

= −
2 − 2

𝑣
1 − 2𝑣

Thus:

𝑇 ′(𝑣)
𝑇(𝑣)

= −
2(𝑣−1)

𝑣
1 − 2𝑣

= −
2(𝑣 − 1)
𝑣(1 − 2𝑣)

(2.17)

We need to decompose:

2(𝑣 − 1)
𝑣(1 − 2𝑣)

=
𝐴
𝑣
+

𝐵
1 − 2𝑣

Therefore:

2(𝑣 − 1)
𝑣(1 − 2𝑣)

= −
2
𝑣
−

2
1 − 2𝑣

We have:

𝑇 ′(𝑣)
𝑇(𝑣)

= − [−
2
𝑣
−

2
1 − 2𝑣

] =
2
𝑣
+

2
1 − 2𝑣
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Integrate both sides:

∫
𝑇 ′(𝑣)
𝑇(𝑣)

𝑑𝑣 = ∫
2
𝑣
𝑑𝑣 +∫

2
1 − 2𝑣

𝑑𝑣

ln |𝑇(𝑣)| = 2 ln |𝑣| − ln |1 − 2𝑣| + ln𝐶

Thus:

ln |𝑇(𝑣)| = ln (
𝐶𝑣2

|1 − 2𝑣|
)

Therefore:

𝑇(𝑣) =
𝐶𝑣2

1 − 2𝑣
Inverse Elzaki transform:

We have:

𝑇(𝑣) = 𝐶 ⋅
𝑣2

1 − 2𝑣

Recall that ℰ{𝑒2𝑡} =
𝑣

1 − 2𝑣
.

We can write:

𝑣2

1 − 2𝑣
= 𝑣 ⋅

𝑣
1 − 2𝑣

= 𝑣 ⋅ ℰ{𝑒2𝑡}

Using the series expansion method:

𝑣2

1 − 2𝑣
= 𝑣2

∞

∑
𝑛=0

(2𝑣)𝑛 =
∞

∑
𝑛=0

2𝑛𝑣𝑛+2

We know the inverse Elzaki transform: ℰ−1{𝑣𝑛+2} =
𝑡𝑛

𝑛!
.

Therefore:

𝑢(𝑡) = 𝐶
∞

∑
𝑛=0

2𝑛𝑡𝑛

𝑛!
= 𝐶𝑒2𝑡 (2.18)

From (2.9), (2.10) and (2.18) we obtain:

𝑢(𝑡) = 𝑒2𝑡
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Example 2.2.3 Solve:

𝑡2𝑢′′ − 𝑡𝑢′ + 𝑢 = 5, (2.19)

𝑢(0) = 5, (2.20)

𝑢′(0) = 3. (2.21)

Solution:

Applying the Elzaki transformation to equation (2.19):

ℰ{𝑡2𝑢′′} − ℰ{𝑡𝑢′} + ℰ{𝑢} = ℰ{5} (2.22)

Formula for ℰ{𝑡2𝑓(𝑡)} ∶

From property (1.7), we can derive a formula for ℰ{𝑡2𝑓(𝑡)}.

Let 𝑔(𝑡) = 𝑡𝑓(𝑡). Then:

ℰ{𝑡2𝑓(𝑡)} = ℰ{𝑡𝑔(𝑡)} = 𝑣3
𝑑
𝑑𝑣

[
ℰ{𝑔(𝑡)}

𝑣
]

But ℰ{𝑔(𝑡)} = ℰ{𝑡𝑓(𝑡)} = 𝑣3
𝑑
𝑑𝑣

[
ℰ{𝑓(𝑡)}

𝑣
].

Therefore:

ℰ{𝑡2𝑓(𝑡)} = 𝑣3
𝑑
𝑑𝑣

⎡⎢⎢⎢⎢⎢⎣

𝑣3 𝑑
𝑑𝑣 (

ℰ{𝑓(𝑡)}
𝑣 )

𝑣

⎤⎥⎥⎥⎥⎥⎦

ℰ{𝑡2𝑓(𝑡)} = 𝑣3
𝑑
𝑑𝑣

[𝑣2
𝑑
𝑑𝑣

(
ℰ{𝑓(𝑡)}

𝑣
)] (2.23)

Transform of 𝑢′(𝑡):

Using (1.4) and (2.20) find:

ℰ{𝑢′(𝑡)} =
𝑇(𝑣)
𝑣

− 𝑣 ⋅ 5 =
𝑇(𝑣)
𝑣

− 5𝑣 (2.24)

Transform of 𝑢′′(𝑡):

Using (1.5), (2.20) and (2.21) find:

ℰ{𝑢′′(𝑡)} =
𝑇(𝑣)
𝑣2

− 5 − 𝑣 ⋅ 3 =
𝑇(𝑣)
𝑣2

− 5 − 3𝑣 (2.25)
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Transform of 𝑡𝑢′(𝑡):

Using (1.7), (2.24) with 𝑓(𝑡) = 𝑢′(𝑡) find:

ℰ{𝑡𝑢′(𝑡)} = 𝑣3
𝑑
𝑑𝑣

[
ℰ{𝑢′(𝑡)}

𝑣
] = 𝑣3

𝑑
𝑑𝑣

⎡⎢⎢⎢⎢⎣

𝑇(𝑣)
𝑣 − 5𝑣
𝑣

⎤⎥⎥⎥⎥⎦

= 𝑣3
𝑑
𝑑𝑣

[
𝑇(𝑣)
𝑣2

− 5]

then:

𝑑
𝑑𝑣

(
𝑇(𝑣)
𝑣2

) =
𝑇 ′(𝑣)
𝑣2

−
2𝑇(𝑣)
𝑣3

,
𝑑
𝑑𝑣

(−5) = 0

Thus:

ℰ{𝑡𝑢′(𝑡)} = 𝑣3 (
𝑇 ′(𝑣)
𝑣2

−
2𝑇(𝑣)
𝑣3

) = 𝑣𝑇 ′(𝑣) − 2𝑇(𝑣)

Therefore:

ℰ{−𝑡𝑢′(𝑡)} = −𝑣𝑇 ′(𝑣) + 2𝑇(𝑣) (2.26)

Transform of 𝑡2𝑢′′(𝑡):

Let 𝑓(𝑡) = 𝑢′′(𝑡). Then:

ℰ{𝑓(𝑡)} =
𝑇(𝑣)
𝑣2

− 5 − 3𝑣

First compute
ℰ{𝑓(𝑡)}

𝑣
:

ℰ{𝑓(𝑡)}
𝑣

=
𝑇(𝑣)
𝑣2 − 5 − 3𝑣

𝑣
=

𝑇(𝑣)
𝑣3

−
5
𝑣
− 3

Now differentiate with respect to 𝑣:

𝑑
𝑑𝑣

(
𝑇(𝑣)
𝑣3

) =
𝑇 ′(𝑣)
𝑣3

−
3𝑇(𝑣)
𝑣4

𝑑
𝑑𝑣

(−
5
𝑣
) =

5
𝑣2

𝑑
𝑑𝑣

(−3) = 0

So:
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𝑑
𝑑𝑣

(
ℰ{𝑓}
𝑣

) =
𝑇 ′(𝑣)
𝑣3

−
3𝑇(𝑣)
𝑣4

+
5
𝑣2

Multiply by 𝑣2:

𝑣2
𝑑
𝑑𝑣

(
ℰ{𝑓}
𝑣

) =
𝑇 ′(𝑣)
𝑣

−
3𝑇(𝑣)
𝑣2

+ 5

Now differentiate again with respect to 𝑣:

𝑑
𝑑𝑣

(
𝑇 ′(𝑣)
𝑣

) =
𝑇 ′′(𝑣)
𝑣

−
𝑇 ′(𝑣)
𝑣2

𝑑
𝑑𝑣

(−
3𝑇(𝑣)
𝑣2

) = −
3𝑇 ′(𝑣)
𝑣2

+
6𝑇(𝑣)
𝑣3

𝑑
𝑑𝑣

(5) = 0

Thus:

𝑑
𝑑𝑣

[𝑣2
𝑑
𝑑𝑣

(
ℰ{𝑓}
𝑣

)] =
𝑇 ′′(𝑣)
𝑣

−
𝑇 ′(𝑣)
𝑣2

−
3𝑇 ′(𝑣)
𝑣2

+
6𝑇(𝑣)
𝑣3

=
𝑇 ′′(𝑣)
𝑣

−
4𝑇 ′(𝑣)
𝑣2

+
6𝑇(𝑣)
𝑣3

Finally, multiply by 𝑣3:

ℰ{𝑡2𝑢′′} = 𝑣3 (
𝑇 ′′(𝑣)
𝑣

−
4𝑇 ′(𝑣)
𝑣2

+
6𝑇(𝑣)
𝑣3

)

ℰ{𝑡2𝑢′′} = 𝑣2𝑇 ′′(𝑣) − 4𝑣𝑇 ′(𝑣) + 6𝑇(𝑣) (2.27)

Substitute (2.26), (2.27) into (2.22), we obtain a Cauchy-Euler equation for 𝑇(𝑣):

𝑣2𝑇 ′′(𝑣) − 5𝑣𝑇 ′(𝑣) + 9𝑇(𝑣) = 5𝑣2 (2.28)

Solve the ODE for 𝑇(𝑣):

Homogeneous solution

The homogeneous equation is:

𝑣2𝑇 ′′(𝑣) − 5𝑣𝑇 ′(𝑣) + 9𝑇(𝑣) = 0 (2.29)
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Assume a solution of the form 𝑇(𝑣) = 𝑣𝑚:

Then:

𝑇 ′(𝑣) = 𝑚𝑣𝑚−1, 𝑇 ′′(𝑣) = 𝑚(𝑚 − 1)𝑣𝑚−2

Substitute into (2.29), we obtain:

𝑣2 ⋅ 𝑚(𝑚 − 1)𝑣𝑚−2 − 5𝑣 ⋅ 𝑚𝑣𝑚−1 + 9𝑣𝑚 = 0

𝑚(𝑚 − 1)𝑣𝑚 − 5𝑚𝑣𝑚 + 9𝑣𝑚 = 0

[𝑚(𝑚 − 1) − 5𝑚 + 9]𝑣𝑚 = 0

𝑚2 − 𝑚 − 5𝑚 + 9 = 𝑚2 − 6𝑚 + 9 = 0

(𝑚 − 3)2 = 0 ⇒ 𝑚 = 3 (double root).

Therefore, the homogeneous solution is:

𝑇ℎ(𝑣) = 𝐶1𝑣3 + 𝐶2𝑣3 ln 𝑣

Particular solution

Since the right-hand side is 5𝑣2, we try 𝑇𝑝 = 𝐴𝑣2 (since 𝑣2 is not a solution of the

homogeneous equation). Compute derivatives:

𝑇 ′
𝑝 = 2𝐴𝑣, 𝑇 ′′

𝑝 = 2𝐴

Substitute into (2.28):

𝑣2(2𝐴) − 5𝑣(2𝐴𝑣) + 9(𝐴𝑣2) = 2𝐴𝑣2 − 10𝐴𝑣2 + 9𝐴𝑣2 = 𝐴𝑣2 = 5𝑣2

SO:

𝐴 = 5

Thus 𝑇𝑝(𝑣) = 5𝑣2.

General solution for 𝑇(𝑣)

The general solution is the sum of the homogeneous and particular solutions:

𝑇(𝑣) = 𝑇ℎ(𝑣) + 𝑇𝑝(𝑣)

𝑇(𝑣) = 𝐶1𝑣3 + 𝐶2𝑣3 ln 𝑣 + 5𝑣2
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Inverse Elzaki transform

We need to find 𝑢(𝑡) = ℰ−1{𝑇(𝑣)}.

Recall the following inverse transforms:

• ℰ−1{𝑣𝑛+2} =
𝑡𝑛

𝑛!

• ℰ−1{𝑣3} = 𝑡

• ℰ−1{𝑣3 ln 𝑣} = 𝑡 ln 𝑡 (known special inverse)

• ℰ−1{5𝑣2} = 5 ⋅ 1 = 5

Therefore:

𝑢(𝑡) = 𝐶1𝑡 + 𝐶2𝑡 ln 𝑡 + 5

Apply initial conditions

According to (2.9):

As 𝑡 → 0+, both 𝑡 and 𝑡 ln 𝑡 approach 0. Thus:

𝑢(0) = 5 is automatically satisfied.

According to (2.10):

First compute 𝑢′(𝑡):

𝑢′(𝑡) = 𝐶1 + 𝐶2(ln 𝑡 + 1)

As 𝑡 → 0+, ln 𝑡 → −∞. For 𝑢′(0) to be finite, we must have 𝐶2 = 0.

Then:

𝑢′(𝑡) = 𝐶1 ⟹ 𝑢′(0) = 𝐶1 = 3

The solution

With 𝐶1 = 3 and 𝐶2 = 0:

𝑢(𝑡) = 3𝑡 + 5
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Applying Elzaki transform to

fractional differential equations

3.1 Fractional ordinary differential equations

The general formula of fractional linear ordinary differential equation of order 𝑚 is

given by:

[𝐷𝑚 + 𝑎𝑛−1𝐷𝑚(𝑛−1) +⋯ + 𝑎0𝐷0]𝑥(𝑡) = ℎ(𝑡) 𝑡 ≥ 0 (3.1)

Where 𝑎0, 𝑎1, 𝑎2,… , 𝑎𝑛−1 are functions of the independent variable 𝑡.

We can find the solution of eq (3.1), by using Elzaki transform, but before that we introduce

the definition of important function, Mittag-Leffler function.

Theorem 3.1.1 [20, 21] The special function of Mittag-Leffler function is defined as:

𝐸𝛽,𝑚(𝑡) =
∞

∑
𝑘=0

𝑡𝛽𝑘

Γ(𝛽𝑘 + 𝑚)
(3.2)

Where 𝛽 ∈ ℂ, Re(𝑚), Re(𝛽) > 0.

The function 𝐸(𝑡,𝑚, 𝑎) is used to solve differential equation of fractional order which is

defined by:

𝐸𝛽,𝑚(𝑡, 𝑚, 𝑎) = 𝑡𝑚
∞

∑
𝑘=0

(𝑎𝑡𝛽)𝑘

Γ(𝛽𝑘 + 𝑚 + 1)
= 𝑡𝑚𝐸𝛽,𝑚+1(𝑎𝑡𝛽) (3.3)

By using eq (3.3) , and Elzaki transform we prove the following important relations:

a)

ℰ−1 [
𝑣𝑚+2

1 − 𝑎𝑣𝛽
] = 𝑡𝑚𝐸𝛽,𝑚+1(𝑎𝑡𝛽) (3.4)
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b)

ℰ−1 [
𝑣𝑚+1

1 − 𝑎𝑣𝛽
] = 𝑡𝑚−1𝐸𝛽,𝑚(𝑎𝑡𝛽) (3.5)

Proof 3.1.1 (a) Using the definition of Elzaki transform:

ℰ{𝑡𝑚𝐸𝛽,𝑚+1(𝑎𝑡𝛽)} = 𝑣∫
∞

0
𝑒−𝑡/𝑣𝑡𝑚

∞

∑
𝑘=0

𝑎𝑘𝑡𝛽𝑘

Γ(𝛽𝑘 + 𝑚 + 1)
𝑑𝑡.

Swapping sum and integral:

=
∞

∑
𝑘=0

𝑎𝑘

Γ(𝛽𝑘 + 𝑚 + 1)
𝑣∫

∞

0
𝑒−𝑡/𝑣𝑡𝛽𝑘+𝑚𝑑𝑡.

Now 𝑣 ∫
∞

0
𝑒−𝑡/𝑣𝑡𝛽𝑘+𝑚𝑑𝑡 = ℰ{𝑡𝛽𝑘+𝑚} = (𝛽𝑘 + 𝑚)! 𝑣𝛽𝑘+𝑚+2.

Thus:

ℰ{𝑡𝑚𝐸𝛽,𝑚+1(𝑎𝑡𝛽)} =
∞

∑
𝑘=0

𝑎𝑘

Γ(𝛽𝑘 + 𝑚 + 1)
(𝛽𝑘 + 𝑚)! 𝑣𝛽𝑘+𝑚+2.

Since (𝛽𝑘 + 𝑚)! = Γ(𝛽𝑘 + 𝑚 + 1):

ℰ{𝑡𝑚𝐸𝛽,𝑚+1(𝑎𝑡𝛽)} =
∞

∑
𝑘=0

𝑎𝑘𝑣𝛽𝑘+𝑚+2 = 𝑣𝑚+2
∞

∑
𝑘=0

(𝑎𝑣𝛽)𝑘.

This is a geometric series: ∑∞
𝑘=0(𝑎𝑣

𝛽)𝑘 = 1
1−𝑎𝑣𝛽 (provided |𝑎𝑣𝛽| < 1).

Therefore:

ℰ{𝑡𝑚𝐸𝛽,𝑚+1(𝑎𝑡𝛽)} =
𝑣𝑚+2

1 − 𝑎𝑣𝛽
.

Taking the inverse Elzaki transform gives (3.4).

b)

ℰ{𝑡𝑚−1𝐸𝛽,𝑚(𝑎𝑡𝛽)} =
∞

∑
𝑘=0

𝑎𝑘

Γ(𝛽𝑘 + 𝑚)
ℰ[𝑡𝛽𝑘+𝑚−1]

=
∞

∑
𝑘=0

𝑎𝑘

Γ(𝛽𝑘 + 𝑚)
(𝛽𝑘 + 𝑚 − 1)! 𝑣𝛽𝑘+𝑚+1.

Since (𝛽𝑘 + 𝑚 − 1)! = Γ(𝛽𝑘 + 𝑚), the denominator cancels completely:

ℰ{𝑡𝑚−1𝐸𝛽,𝑚(𝑎𝑡𝛽)} =
∞

∑
𝑘=0

𝑎𝑘𝑣𝛽𝑘+𝑚+1 = 𝑣𝑚+1
∞

∑
𝑘=0

(𝑎𝑣𝛽)𝑘 =
𝑣𝑚+1

1 − 𝑎𝑣𝛽
.

This is exactly the desired result.
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3.2 Solving homogeneous fractional differential equa-

tion.

Example 3.2.1 Consider the homogeneous fractional ordinary differential equation

𝐷
2
3𝑦(𝑡) = 𝑎𝑦(𝑡), 0 < 𝑚 =

2
3
≤ 1 (3.6)

We solve this equation using the Elzaki transform .

Solution:

Apply the Elzaki transform to both sides:

ℰ [𝐷
2
3𝑦(𝑡)] = ℰ[𝑎𝑦(𝑡)]

Using the Elzaki transform property for a fractional derivative of order 0 < 𝑚 ≤ 1:

ℰ [𝐷𝑚𝑦(𝑡)] =
𝑇(𝑣)
𝑣𝑚

− 𝑣𝐷𝑚−1𝑦(0) (3.7)

where:

𝑇(𝑣) = ℰ[𝑦(𝑡)]

Substituting 𝑚 = 2
3 in (3.7), we obtain:

ℰ [𝐷
2
3𝑦(𝑡)] =

𝑇(𝑣)
𝑣 2

3
− 𝑣𝐷− 1

3𝑦(0)

Also:

ℰ[𝑎𝑦(𝑡)] = 𝑎𝑇(𝑣)

Hence:

𝑇(𝑣)
𝑣 2

3
− 𝑣𝐷− 1

3𝑦(0) = 𝑎𝑇(𝑣)

Or:

𝑇(𝑣)
𝑣 2

3
− 𝑎𝑇(𝑣) = 𝑣𝐷− 1

3𝑦(0)
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Then:

𝑇(𝑣) (
1
𝑣 2

3
− 𝑎) = 𝑣𝐷− 1

3𝑦(0)

Now simplify the term inside parentheses:

1
𝑣 2

3
− 𝑎 =

1 − 𝑎𝑣
2
3

𝑣 2
3

Thus:

𝑇(𝑣)
⎛⎜⎜⎜⎝
1 − 𝑎𝑣

2
3

𝑣 2
3

⎞⎟⎟⎟⎠
= 𝑣𝐷− 1

3𝑦(0)

Multiply both sides by 𝑣
2
3 :

𝑇(𝑣)(1 − 𝑎𝑣
2
3 ) = 𝑣

5
3𝐷− 1

3𝑦(0)

Therefore:

𝑇(𝑣) =
𝑣

5
3𝐷− 1

3𝑦(0)
1 − 𝑎𝑣 2

3

Assume that:

𝐷− 1
3𝑦(0) = 𝑐

Then:

𝑇(𝑣) = 𝑐
⎡⎢⎢⎢⎣

𝑣
5
3

1 − 𝑎𝑣 2
3

⎤⎥⎥⎥⎦
(3.8)

Using the inverse Elzaki transform formula:

ℰ−1 [
𝑣𝑚+1

1 − 𝑎𝑣𝛽
] = 𝑡𝑚−1𝐸𝛽,𝑚(𝑎𝑡𝛽)

where:

𝑚 =
2
3
, 𝛽 =

2
3

we obtain:

𝑦(𝑡) = 𝑐𝑡
2
3−1𝐸 2

3 ,
2
3
(𝑎𝑡

2
3 )

27



Chapter 3 Applying Elzaki transform to FDE

Hence:

𝑦(𝑡) = 𝑐𝑡−
1
3𝐸 2

3 ,
2
3
(𝑎𝑡

2
3 ) (3.9)

In general, the solution of:

𝐷𝑚𝑦(𝑡) = 𝑎𝑦(𝑡), 𝑦0 = 𝑐, 0 < 𝑚 ≤ 1

is given by:

𝑦(𝑡) = 𝑐𝑡𝑚−1𝐸𝑚,𝑚(𝑎𝑡𝑚)

Example 3.2.2 Consider now:

𝐷
4
3𝑦(𝑡) = 0, 1 < 𝑚 =

4
3
≤ 2

Applying the Elzaki transform:

ℰ [𝐷
4
3𝑦(𝑡)] = 0

Using the Elzaki transform property for 1 < 𝑚 ≤ 2:

ℰ[𝐷𝑚𝑦(𝑡)] =
𝑇(𝑣)
𝑣𝑚

− 𝑣𝐷𝑚−1𝑦(0) − 𝑣2𝐷𝑚−2𝑦(0)

Substituting 𝑚 = 4
3 :

𝑇(𝑣)
𝑣 4

3
− 𝑣𝐷

1
3𝑦(0) − 𝑣2𝐷− 2

3𝑦(0) = 0

Let

𝐷
1
3𝑦(0) = 𝑐1, 𝐷− 2

3𝑦(0) = 𝑐2

Then

𝑇(𝑣)
𝑣 4

3
− 𝑣𝑐1 − 𝑣2𝑐2 = 0 (3.10)

Or:

𝑇(𝑣)
𝑣 4

3
= 𝑣𝑐1 + 𝑣2𝑐2
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Multiply both sides by 𝑣
4
3 :

𝑇(𝑣) = 𝑐1𝑣
7
3 + 𝑐2𝑣

10
3 (3.11)

Using Inverse Elzaki transform:

ℰ−1[𝑣𝑞] =
𝑡𝑞−2

Γ(𝑞 − 1)
we compute:

ℰ−1 [𝑣
7
3 ] =

𝑡
1
3

Γ (43)

and

ℰ−1 [𝑣
10
3 ] =

𝑡
4
3

Γ (73)

Therefore, the final solution is:

𝑦(𝑡) = 𝑐1
𝑡
1
3

Γ (43)
+ 𝑐2

𝑡
4
3

Γ (73)
(3.12)

3.3 Solvingnon-homogeneous fractional differential equa-

tion

Example 3.3.1 Consider the non-homogeneous fractional ordinary differential equation

𝐷
1
2𝑦(𝑡) + 𝑦(𝑡) = 𝑡2 +

Γ(3)
Γ (52)

𝑡1.5, 𝑦(0) = 0

We solve this equation using the Elzaki transform.

Apply the Elzaki transform to both sides:

ℰ [𝐷
1
2𝑦(𝑡)] + ℰ[𝑦(𝑡)] = ℰ[𝑡2] +

Γ(3)
Γ (52)

ℰ[𝑡1.5]

Using the Elzaki transform property for a fractional derivative of order 0 < 𝑚 ≤ 1:

ℰ [𝐷𝑚𝑦(𝑡)] =
𝑇(𝑣)
𝑣𝑚

− 𝑣𝐷𝑚−1𝑦(0)
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where:

𝑇(𝑣) = ℰ[𝑦(𝑡)]

Substituting 𝑚 = 1
2 , we obtain:

ℰ [𝐷
1
2𝑦(𝑡)] =

𝑇(𝑣)
𝑣 1

2
− 𝑣𝐷− 1

2𝑦(0)

Hence:

𝑇(𝑣)
𝑣 1

2
− 𝑣𝐷− 1

2𝑦(0) + 𝑇(𝑣) = ℰ[𝑡2] +
Γ(3)
Γ (52)

ℰ[𝑡1.5]

Now use the Elzaki transform formula:

ℰ[𝑡𝑛] = Γ(𝑛 + 1)𝑣𝑛+2

For the first term:

ℰ[𝑡2] = Γ(3)𝑣4

Since:

Γ(3) = 2! = 2

then:

ℰ[𝑡2] = 2𝑣4

For the second term:

ℰ[𝑡1.5] = Γ(2.5)𝑣3.5

Thus:

Γ(3)
Γ (52)

ℰ[𝑡1.5] =
Γ(3)
Γ (52)

Γ (
5
2
) 𝑣3.5

we simplify the expression to obtain:

Γ(3)
Γ (52)

ℰ[𝑡1.5] = 2𝑣3.5
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Therefore:

𝑇(𝑣)
𝑣 1

2
− 𝑣𝐷− 1

2𝑦(0) + 𝑇(𝑣) = 2𝑣4 + 2𝑣3.5

Using the initial condition:

𝑦(0) = 0

we get:

𝐷− 1
2𝑦(0) = 0

Hence:

𝑇(𝑣)
𝑣 1

2
+ 𝑇(𝑣) = 2𝑣4 + 2𝑣3.5

Then:

𝑇(𝑣) (
1
𝑣 1

2
+ 1) = 2𝑣4 + 2𝑣3.5

Thus:

𝑇(𝑣)
⎛⎜⎜⎜⎝
1 + 𝑣

1
2

𝑣 1
2

⎞⎟⎟⎟⎠
= 2𝑣4 + 2𝑣3.5

Multiply both sides by 𝑣
1
2 :

𝑇(𝑣)(1 + 𝑣
1
2 ) = 2𝑣4.5 + 2𝑣4

Then:

𝑇(𝑣) =
2𝑣4(𝑣

1
2 + 1)

1 + 𝑣 1
2

Hence:

𝑇(𝑣) = 2𝑣4 (3.13)

Now take the inverse Elzaki transform.

Using:
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ℰ[𝑡𝑛] = Γ(𝑛 + 1)𝑣𝑛+2

we have:

2𝑣4 = Γ(3)𝑣4

Therefore:

ℰ−1[2𝑣4] = 𝑡2

Thus, the final solution is:

𝑦(𝑡) = 𝑡2
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Conclusion

This thesis demonstrates the Elzaki transform as an effective and robust integral trans-

form for addressing ordinary and fractional differential equations. The core characteristics

of the transform, such as its effect on derivatives, fractional integrals, and the convolution

operation, were established and explored. Focused consideration was applied to the han-

dling of fractional derivatives in the Caputo and Riemann-Liouville contexts, utilizing

the Mittag - Leffler function to present solutions in closed form. By using various exam-

ples, we showed that the Elzaki transform simplifies differential equations-whether lin-

ear with constant or varying coefficients, homogeneous or non-homogeneous, ordinary or

fractional-into more manageable algebraic equations in the transform domain. This fea-

ture greatly eases the solution process and often produces precise, explicit solutions. The

technique demonstrated significant benefits for fractional differential equations, where

traditionalmethods often face analytical challenges. In comparison to other integral trans-

forms like Laplace, Sumudu, or natural transforms, the Elzaki transform provides similar

or even superior simplicity and computational effectiveness, particularly when address-

ing initial conditions and fractional orders. The findings demonstrate that the Elzaki

transform is a significant enhancement to the resources of applied mathematics, showing

promising potential for physics, engineering, and other scientific fields related to fractional

dynamics. Ultimately, this study establishes a strong basis for future investigations, en-

compassing the expansion of the Elzaki transform to partial differential equations, col-

lections of fractional equations, and practical modeling challenges. Future research could

additionally investigate numerical applications and hybrid approaches that integrate the

Elzaki transform with other analytical methods.
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