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 ملخص                        

 للدرجة الأساسية الخصائص بعض الأطروحة هذه في درسنا لقد

 بمؤثر تتعلق التىأو لمؤثرالوحدة بالنسبة المتراصة تذبذباتلل الطوبولوجية

 .    صفر الدليل ذاتفريدهولم 

 للتحليل  الأساسية المفاهيم بعض فيه سنقدم الذي النظري الجزءبداية مع  

 درجة ثم شودارلبراور و لوري  الطوبولوجية بالدرجة والتذكير داليال

  . بها المتعلقة والنظريات الخصائص همأو موانل المصادفة

 ذات المشاكل لحل الأداة هذه لتطبيق بالكامل مخصص الثاني الجزء

 في  الخطية غيرال الكسرية التفاضلية بالمعادلات المرتبطة الحدية الشروط

 لموان. المصادفة نظرية باستخدام تجاوبال حالة

، تجاوبة، مؤثر فريدهولم، حالة الالدرجة الطبولوجي  :الكلمات المفتاحية

 نظرية المصادفة لموان. 



Résumé

Cette thèse porte sur l'étude de certaine propriétés essentielles du degré topologique

pour les perturbations compactes de l'identité, ou les perturbations compactes relativement

à un opérateur de Fredholm d'indice zéro.

On commencé la partie théorique par quelques préliminaires d'analyse fonctionnelle et des

rappels sur le degré topologique de Brouwer et de Leray-Schauder puis degré de coincidence

de Mawhin avec ses propriétés et les theorémes fondamentales.

Dans la deuxième partie de ce manuscrit on a appliqué cette outile sur quelques problèmes

aux limites associés des équations di�érentielles fractionnaire non linéaires dans le cas de

resonanse en utilisant la théorie de coincidence de Mawhin.

Mots clés: Degré topologique, Opérateur de Fredholm, Cas de résonance, Théorie

de coincidence de Mawhin.
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Absract

In this thesis, we have studied some essential properties of the topological degree for

compact perturbations of the identity or respect to a Fredholm operator of index zero. This

theoretical part occupies the �rst part of the thesis, which begins with some preliminaries

about functional analysis. Next we presented preliminaries about the topological degree of

Brouwer and Leray-Schauder, Mawhin's coincidence degree and some fundamental proper-

ties and theories related to it .

The second part is entirely devoted to the applications of this tool to the resolution of

boundary problems associated with nonlinear fractional di�erential equations at resonance

case by using the Mawhin coincidence theory.

Keywords: Topological degree, Fredholm operator, Resonance case, Mawhin coin-

cidence theory.
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General notations

∥.∥ The norm.

⊕ Direct sum.

R The set of real numbers.

dim(X) Dimension of X.

codim(X) Codimension of X.

Ω̄ The closure of Ω .

∂Ω Its boundary .

X
E

Quotient space of X by E.

dist Distance .

(X, d) Metric space.

B(0, R) The open ball of center 0 and radius R .

C[a, b] The space of continuous functions.

Φp Laplacian operator.

Iβ0+f(t) The Riemann-Liouville fractional integral of order β > 0 of a function f(t).

Dβ
0+f (t) The Riemann-Liouville fractional derivative of order β > 0 of a function f(t).

CDβ
0+f (t) The Caputo fractional derivative of order β > 0 of a function f(t).

J α,ρ
a f (t) The left generalized proportional fractional integral of f(t).
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General notations

CDα,ρ
a f (t) The left generalized proportional fractional derivative of Caputo of f(t) .

γ(α, t) The lower incomplete Gamma function.

P(α, t) The lower regularized incomplete Gamma function.

max Maximum.

Cθ[0, 1] The space of all functions θ times continuously di�erentiable on [0,1].

degB Brouwer degree.

degLS Leray-Schuder degree.

degL The coincidence degree with respect to a Fredholm operator L of index 0.

Jf The Jacobian of f.

Sf (Ω) The set of critical points of f.

sgn f Sign of f.

BV Ps Boundary value problem .

domL Domaine of de�nition of L.

kerL Kernel of L.

ImL Image of L.

ind(L) The index of a Fredholm operator L.

l2 The space of sequences of complex numbers x = (x1, x2, ...) with (
∑∞

i=1 |xi|2 < +∞).
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General Introduction

Our aim in this thesis is to present some new existence results for some resonant problems

with fractional di�erential equations associated with boundary conditions of multipoint and

integral type with linear or nonlinear di�erential operators with one-dimensional kernel and

then expand to a two-dimensional kernal.

Topological methods are used in nonlinear analysis in both �nite and in�nite dimensions.

This include �xed point theory, and coincidence degree theory. These two methods are

indispensable in the study of qualitative properties of solutions to various types of analyt-

ical problems. In particular, those pertaining to questions of existence and multiplicity of

solutions, see [20, 21].

The topological degree is a tool that describes the number of solutions for the equation

f(x) = y0 in a given open bounded set Ω ⊂ X, where f : Ω ⊂ X → X is a continuous

function y0 /∈ f(∂Ω), X is a topological space, and be used to prove existence of a second

nontrivial solution, and is a generalization of the mean values theory as follows :

Let Ω ⊂ RN be an open bounded subset and f : Ω̄ → RN in C1(Ω) ∩ C0(Ω̄) and y0 ∈ RN .

We consider the problem:

�nd x ∈ Ω, f(x) = y0. (Pr)

Particular cases(N = 1)

Ω =]0, 1 [ and f : Ω → R is a di�erentiable mapping verifying this hypothesis:

For any solution x of (Pr), f ′(x) ̸= 0. (H)

1



General Introduction

we introduce the integer :

deg (y0) =


∑

i∈I sgn (f
′ (xi)) , if {xi, i ∈ I} is the set of solutions of (Pr) in Ω,

0, if the problem (Pr) has no solution.

Let us give an example:

Figure 1: deg(y0) = +1

There are di�erent types of degree for di�erent types of maps: e.g. for continuous maps in

fnite-dimensional spaces there is the Brouwer degree in the space E such that dimE < ∞

the Leray-Schauder degree for compact mappings in Banach spaces, the coincidence

degree and various other types, see [5].

The Mawhin's degree theory permits the use of an approach of topological degree type to

problems which can be written as an abstract operator equation of the form:

Lx = Nx, (1)

where L is a Fredholm operator of index zero and N is a nonlinear operator. When the

homogeneous problem associated to (1) admits nontrivial solutions, i.e., kerL ̸= {0}, the

operator equation is called resonant problem, else it is nonresonant problem (kerL = {0}) .

This theory was �rst established by Brouwer in 1912 in �nite dimensional spaces. In 1934

Leray and Schauder generalized Brouwer degree theory to compact perturbations of identity

in in�nite Banach space and established the so called Leray Schauder degree, as follows: if

Ω is a bounded open subset in X, T : Ω → X is a compact operator and y0 /∈ (I − T ) (∂Ω),

2



General Introduction

according to proposition 8.1 of [10], T is the uniform limit of the sequence (Tn)n∈N of �nite

rank operators, which means that for every δ > 0 there exist ε > 0 and a compact operator

Tε such that ImTε ⊂ Xε, where Xε is a subspace of �nite dimension in X containing y0 and

satis�es

sup
x∈Ω

∥Tε (x)− T (x)∥ < δ,

for δ su�ciently small (δ < 1
2
dist(y0, (I − T ) (∂Ω)), the Brouwer degree

degB((I − Tε)|Xε
,Ω ∩Xε, y0),

allows to de�ned the degree of Leray-Schauder degLS (I − T,Ω, y0) .

In 1972, J. Mawhin has developed a method to solve (1) in his famous paper �Topological

degree and boundary value problems for nonlinear di�erential equations�, see [5] and estab-

lished a new topological degree theory for couples (L,N) in Ω, called the coincidence degree

and de�ned as follows :

degL (L+N,Ω) = degLS (I − T,Ω, 0) .

In [3, 11, 12, 17, 23, 24, 25], the authors have investigated resonant problems with linear

di�erential operators and one-dimensional kernels. As we can see the situation becomes

more problematic when dealing with non-linear two-dimensional operators like the case of

p-Laplacian boundary value problems. See [8, 16, 18, 19, 28], for more details.

Most natural phenomena have recently been described by some type of boundary value prob-

lems for di�erential equations like physical phenomena, chemistry, engineering, and control

of dynamical systems, etc. See [2, 4, 6, 22, 26, 27], that's why their study is an important

research area despite it's di�cult as long as there is no general method to apply.

Let us give a brief outline of each chapter of the thesis:

The �rst chapter presents the fundamental results about projections in �nite-dimensional

subspaces, compact operators, and some auxiliary and basic tools which we need in this dis-

sertation including versions of Ascoli-Arzela theorem and lemmas from fractional calculus

theory.

The second chapter is devoted to presenting the concept of the topological degree and its

properties as well as coincidence degree theorem. J.Mawhin with it's proof.

3
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The third chapter is devoted to the study the following multi-point boundary value prob-

lem for a nonlinear fractional di�erential equation with a p-Laplacian operator at resonance

(ϕp (D
α
0+x (t)))

′ = f
(
t, x (t) , Dα−1

0+ x (t)
)
, t ∈ [0, 1] ,

x (0) = Dα
0+x (1) = 0,

Dα−1
0+ x (1) =

i=m−2∑
i=1

βiD
α−1
0+ x (ηi) ,

where 1 < α < 2, 0 < η1 < η2 < . . . < ηm−2 < 1, βi ∈ R+, for i = 1, 2, 3, . . . ,m − 2

(m ≥ 3), Dα
0+ is the standard Riemann-Liouville derivative, f : [0, 1] × R × R → R is a

given continuous function, and the p-Laplacian is de�ned by ϕp (s) = |s|p−2 s , (p > 1).

Recall that ϕp : R → R is an odd continuous, strictly increasing operator with ϕ−1
p = ϕq (s)

(1
p
+ 1

q
= 1). The proofs are based on Mahwin's theory of coincidence.

In the forth chapter we have presented a result of existence of solutions for the following

generalized proportional fractional di�erential equation, with multi-point boundary condi-

tions at resonance cas of the form:

cDα,ρ
0 u(t) = f(t, u(t),c Dα−1,ρ

0 u(t)), 0 < t < 1,

u(0) = 0,

cDα−1,ρ
0 u(1) =

i=m∑
i=1

σi
cDα−1,ρ

0 u(ηi),

where cDα,ρ
0 denote the generalized proportional fractional derivative of Caputo type of order

α, with α ∈ (1, 2], ρ ∈ (0, 1], 0 < ηi < 1, σi ∈ R,
i=m∑
i=1

σi = 1, m ∈ N∗,and f : [0, 1]×R×R → R

is a given continuous function, where we have used the Mawhin coincidence degree theory.

The �fth chapter using the Mawhin coincidence degree theory, we have established su�-

cient conditions for the existence of solutions for the following system :
Dβ

0+u1(t) = ϕq (u2(t)) ,

u′
2(t) = −g(t)f (t, u1(t), ϕqu2(t)) ,

u2(0) = u2(T ) =
∫ T

0
g(t)u2(t)dt,

where 0 ≤ β < 1, Dβ
0+ is the Riemann-Liouville fractional derivative of order β, g ∈ L1[0, T ]

with g(t) > 0 and f : [0, T ]× R2 → R is a g-Caratheodory function.

4



Chapter 1

Preliminaries

In this chapter we provide the basic notions and results that will be used in the sequel

such the compact operators, projections, and some properties of the fractional derivative.

1.1 Direct sum and projections

Let X and Y be two normed vector spaces, Ω be an open set of X.

1.1.1 Direct sum

De�nition 1.1.1. [7] Let E,F ⊂ X be subspaces of vector space X. We say that X is the

direct sum of E and F , or X = E ⊕ F if the following two conditions holds:

(1) E + F := {x+ y | x ∈ E, y ∈ F} = X,

(2) E ∩ F = 0 " E and F are independent."

Example 1.1.1. Let E,F ⊂ R3 be subspaces of vector space R3, such that :

E = ⟨(1, 1, 1)⟩,

F = {(x, y, 0)/x, y ∈ R},

so R3 = E ⊕ F. Car

E + F = R3,

E ∩ F = (0, 0, 0).

5



Preliminaries

1.1.2 Quotient space

If F is a closed subspace of X, then the quotient space X
F
has a normed vector space

structure whose norm is de�ned by :

∥πF (x)∥X
F
= inf

h ∈F
∥x+ h∥X = d (x, F ) ,

where πF : X → X
F
, πF (x) := x+F = {x+ h / h ∈ F} is the canonical quotient mapping.

Proposition 1.1.1. [21] If X is a Banach space, then so is X
F
.

1.1.3 Codimension of a vector subspace

De�nition 1.1.2. [7] If the quotient space X
F

has �nite dimension, we say that the closed

vector subspace F of X is of �nite codimension in X and we write

codim(F ) = dim(
X

F
).

Proposition 1.1.2. [7] codim(F ) = n < ∞ if and only if there exists a closed subspace E

of X, such that

X = F ⊕ E and dim(E) = n.

1.1.4 Projections

Let X be a vector space.

De�nition 1.1.3. [7] We say that a linear operator P : X → X is a projection if for all

x ∈ X, we have P (P (x)) = P 2x = P (x).

Proposition 1.1.3. [7] A linear operator P : X → X is a projection if and only if (I − P )

is a projection. Moreover, if the space X is normed, then P is continuous if and only if

(I − P ) is continuous.

6



Preliminaries

Proof. Let P be a projection. So for all x ∈ X

(I − P )2(x) = (I − P )((I − P )(x))

= I(I − P )(x)− P (I − P )(x)

= I(x− Px)− P (x− Px)

= x− p(x)− p(x) + p2(x)

= x− 2p(x) + p2(x)

= x− p(x) = (I − P )(x),

Reciprocally, if (I − P ) is a projection, (I − (I − P )) = P is too. For the topological

framework, as the identity is a continuous mapping and the sum of two continuous mappings

is also continuous, then P is continuous if and only if (I − P ) is.

Proposition 1.1.4. [7] If P is a projection in X, then :

kerP = Im(I − P ) and ImP = ker(I − P ).

Proof. We prove that ker P = Im(I − P ). If x ∈ kerP =⇒ P (x) = 0 then

(I − P )(x) = x− P (x) = x =⇒ x ∈ Im(I − P ),

which implies

KerP ⊂ Im(I − P ),

next, if x ∈ Im(I − P ), then

P ((I − P )(x)) = P (x)− P 2(x)

= P (x)− P (x) = 0 =⇒ (I − P )x ∈ Ker(P ),

hence Im(I − P ) ⊂ kerP, and then

KerP = Im(I − P ).

Lemma 1.1.1. [7] If E is a �nite dimensional subspace of X, then there exists a continuous

projection P : X → X such that ImP = E.

7



Preliminaries

Remark 1.1. [7] A topological space X is separated (or Hausdor�) if for all x, y ∈ X : x ̸=

y, there exists V x, V y open as V x ∩ V y = ϕ.

Lemma 1.1.2. [7] The image of any continuous projection in a Hausdor� space is closed.

In particular, the images of continuous projections of the Banach spaces are closed.

Theorem 1.1.1. [7] If P is a continuous projection in a topological vector space of Hausdor�

X, then X is the direct sum of ImP and kerP, ( ie X = ImP ⊕ kerP ).

1.2 Compact operators

Let X, Y be two Banach spaces, Ω be an open set of X.

De�nition 1.2.1. [10] A mapping T : Ω ⊂ X → Y is called compact if T (Ω) is compact

in Y

Proposition 1.2.1. [10] Let (X, d) be a metric space. Then, a subset M ⊂ X is compact

if and only if every in�nite sequence (x)∞n ⊂ M has a convergent subsequence in M.

Lemma 1.2.1. [10] A continuous mapping T : Ω ⊂ X → Y is said to be completely

continuous, if the image of any bounded subset B of Ω is relatively compact.

1.2.1 Finite rank operator

De�nition 1.2.2. [10] The operator T : Ω ⊂ X → Y is said to be of �nite rank, if there

exists a �nite dimensional subspace F such that Im(T ) ⊆ F ⊆ Y .

Let T : Ω ⊂ X → Y be a �nite rank operator. Then T bounded implies that T is

completely continuous. (Because for all bounded subset B ⊂ Ω, T (B) is a closed bounded

subset of a �nite dimensional subspace F.

Remark 1.2. [7]

1. Any compact mapping is completely continuous. (Because for every bounded B ⊂ Ω

we have T (B) ⊂ T (Ω)). The converse is true if Ω is bounded.

8
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2. Let X, Y be two Banach spaces, T : X → Y be a linear mapping. Then it is su�cient

that T (B(0; 1)) is precompact, for T to be compact. If at least one of spaces X or Y

has �nite dimension, then T is compact if and only if T is continuous.

Lemma 1.2.2. [7] Let T compact continuous mappings on Ω̄, then for any ϵ > 0, there

exists a �nite rank map T ϵ on Ω̄ such that ∥T − T ϵ∥ < ϵ.

1.2.2 Ascoli-Arzela theorem

Let (X, dX) be a compact metric space and (Y, dY ) be a complete metric space. By

C(X, Y ) we denote the vector space consisting of all continuous functions f : X → Y .

De�nition 1.2.3. [7] The family M ⊂ C(X, Y ) is called equicontinuous if for every ε > 0

there exists δ > 0 such that dY (f(x), f(y)) < ε for all x, y ∈ X satisfying dX(x, y) < δ and

all f ∈ M .

Theorem 1.2.1. [7] The family M ⊂ C(X, Y ) is relatively compact if and only if

1. M is equicontinuous ,

2. for all t ∈ X, the set

M (t) = {x (t) ;x (.) ∈ M} ,

is relatively compact in Y.

In particulary, If Y is a �nite dimensional Banach space, the second condition of Ascoli-

Arzela theorem is equivalent to M is uniformly bounded i.e., there exists A > 0 such that

for all x ∈ M

∥x∥∞ = sup
t∈X

∥x(t)∥ ≤ A.

De�nition 1.2.4. [7] (Compact perturbations of the identity)

A map of the form f = I − T , where I is the identity operator and T is a compact operator

is said to be a compact perturbation of the identity or application of Leray Schauder.

9
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1.3 Fractional calculus

In this section we give some de�nitions and lemmas from the theory of fractional calculus.

We begin with fractional derivative of Riemann-Liouville type, and next we present the

Generalized Proportional fractional integrals and derivatives. These de�nitions are adopted

from [1, 30].

1.3.1 Fractional derivative of Riemann-Liouville type

De�nition 1.3.1. [1] The Riemann-Liouville fractional integral of order β > 0 of a function

f : (0,+∞) → R is given by

Iβ0+f(t) =
1

Γ(β)

t∫
0

(t− s)β−1f(s)ds,

where Γ (β) represents the gamma function, provided that the right side is pointwisely de�ned

on (0,+∞).

De�nition 1.3.2. [1] The Riemann-Liouville fractional derivative of order β > 0 of a

function f : (0,+∞) → R is given by

Dβ
0+f (t) =

1

Γ (n− β)

dn

dtn

t∫
0

f (s)

(t− s)β−n+1
ds,

where n = [β] + 1, provided that the right-hand side is de�ned pointwise on (0,+∞). Here

[β] denotes the integer part of the real number β.

Given these de�nitions, it can be checked that the Riemann-Liouville fractional integra-

tion and fractional diferentiation operators of the power functions t
γ
yield power functions

of the same form :

Iβ0+t
γ =

Γ(γ + 1)

Γ(γ + β + 1)
tγ+β,

also

Dβ
0+t

γ =
Γ(γ + 1)

Γ(γ − β + 1)
tγ−β,

10
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Notice that Dβ
0+t

γ = 0, for all γ = β − i with i = 1, 2, 3, . . . , n and n is the smallest integer

greater than or equal to β. In this case

dntγ−β+n

dtn
=

dntn−i

dtn
= 0.

We can also prove the following auxiliary lemmas.

Lemma 1.3.1. [1] Suppose that u ∈ L1(0,+∞) and α, β are positive real numbers, Then

Iα0+I
β
0+u(t) = Iα+β

0+ u(t), Dα
0+I

α
0+u(t) = u(t).

Lemma 1.3.2. [1] Let β > 0. If we assume u ∈ C(0, 1) ∩ L(0, 1), then the fractional

di�erential equation

Dβ
0+u(t) = 0,

has u(t) = c1t
β−1 + c2t

β−2 + · · ·+ cnt
β−n, ci ∈ R, i = 1, 2, . . . , n as unique solutions, where n

is the smallest integer greater than or equal to β.

Lemma 1.3.3. [1] Given u ∈ C(0, 1) ∩ L(0, 1) with a fractional derivative of order β > 0.

Then

Iβ0+D
β
0+u(t) = u(t) + c1t

β−1 + c2t
β−2 + · · ·+ cnt

β−n,

for some ci ∈ R, i = 1, 2, . . . , n, where n is the smallest integer greater than or equal to β.

1.3.2 Generalized proportional fractional derivative of Caputo type

De�nition 1.3.3. [30] Let β ≥ 0. The left fractional derivative of Caputo type of the

function f ∈ C(n)[a, b]. is de�ned by CD0
af (t) = f (t) and

CDβ
af (t) = In−β

a f (n)(t)

=
1

Γ (n− β)

∫ t

a

(t− τ)n−β−1 f (n) (τ) dτ for β > 0,

where n− 1 < β ≤ n, n ∈ N.

De�nition 1.3.4. [30] For ρ ∈ (0, 1] and β > 0. The left generalized proportional fractional

integral of f is de�ned by(
J β,ρ

a f
)
(t) =

1

ρβΓ (β)

∫ t

a

(t− s)β−1 eδ(t−s)f (s) ds,

where t ∈ [a, b], and δ = ρ−1
ρ
.

11
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De�nition 1.3.5. [30] For ρ ∈ (0, 1], where δ = ρ−1
ρ
, and β > 0. The left generalized

proportional fractional derivative of Caputo type of the function f ∈ C(n)[a, b] is given by :

CDβ,ρ
a f (t) = J n−β,ρ

a (Dn,ρf) (t)

=
1

ρβΓ (n− β)

∫ t

a

(t− s)n−β−1 eδ(t−s) (Dn,ρf) (s) ds,

where n− 1 < β ≤ n, n ∈ N, and (D1,ρf)(t) = (Dρf)(t) = (1− ρ)f(t) + ρf ′(t), and

(Dn,ρf)(t) = (DρDρ · · ·Dρ︸ ︷︷ ︸
n times

f)(t), for n ≥ 1. (1.1)

Remark 1.3. [30] In the case ρ = 1, the de�nitions (1.3.4) and (1.3.5) reduce to a left

Riemann-Liouville fractional integral and left Caputo fractional derivative, respectively.

Remark 1.4. [30] We can writeen the formula (1.1) for ρ ∈ (0, 1], as follows

(Dn,ρf)(t) = ρnf (n)(t) +
n−1∑
k=0

Ck
nρ

k(1− ρ)n−kf (k)(t),

where Ck
n =

(
n
k

)
= n!

k!(n−k)!
.

Proposition 1.3.1. [30] For ρ ∈ (0, 1], and α, β ∈ C, such that α > 0, β > 0 and n is the

integer part of α then for f ∈ L1[0, 1] we have :

J α,ρ
0 J β,ρ

0 f(t) = J β,ρ
0 J α,ρ

0 f(t) = J α+β,ρ
0 f(t), (1.2)

(J α,ρ
0 tβ−1eδt)(x) =

Γ (β)

ραΓ (α + β)
xα+β−1eδx, (1.3)

(CDα,ρ
0 tβ−1eδt)(x) =

ραΓ(β)

Γ(β − α)
xβ−α−1eδx, ℜ(β) > n, (1.4)

CDα,ρ
0 J α,ρ

a f (t) = f(t), (1.5)

J α,ρ
0

(CDα,ρ
0 f

)
(t) = f (t)−

k=n−1∑
k=0

ckt
keδt, f ∈ C(n)[0, 1], (1.6)

where ck =
(Dk,ρf)(a)

ρkk!
, and δ = ρ−1

ρ
.

De�nition 1.3.6. [30] Let α ∈ C (ℜ(α) > 0), and t > 0. The lower incomplete gamma

function is de�ned by :

γ(α, t) =

∫ t

0

yα−1e−ydy.

Also, the lower regularized incomplete gamma function is de�ned by :

P(α, t) =
γ(α, t)

Γ(α)
.

12
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Remark 1.5. [30] The function P is also called "Incomplete gamma function".

Lemma 1.3.4. [30] Let α, η ∈ R+, α ≥ 0 It is clear that P(α, t) is a non-decreasing function

with respect to t ∈ [0, 1]. And moreover∫ t2

t1

yα−1e−ydy = γ(α, t2)− γ(α, t1), t2 ≥ t1 > 0,

P(α, t) ∈ [0, 1] for all t ∈ [0, 1],

max
t∈[0,1]

P(α, t)|t=1 = P(α, 1),

min
t∈[0,1]

P(α, η(t− a)) = P(α, t)|t=0 = 0.

Lemma 1.3.5. [30] Let ρ ∈ (0, 1], δ = ρ−1
ρ
, t1, t2 ∈ [0, 1] (t1 ≤ t2), and α > 0. Then∫ t2

t1

(1− s)α−1eδ(b−s))ds =
ραΓ(α)

(1− ρ)α
[P (α,−δ(1− t1))−P (α,−δ(1− t2))] .

Lemma 1.3.6. [30] Let ρ ∈ (0, 1], and 0 ≤ t1 ≤ t2 ≤ 1. For all 0 < α, then

lim
t2→t1

∫ t1

0

∣∣(t2 − s)α−1 eδ(t2−s) − (t1 − s)α−1eδ(t1−s)
∣∣ ds = 0.

Lemma 1.3.7. [30] Let ρ ∈ (0, 1], β > 0, and gβ(t) = eδttβ, t ∈ [0, 1], then

max
t∈[0,1]

gβ(t) =


(−β
δe
)β, if − β

δ
∈ [0, 1],

eδ, if − β
δ
/∈ [0, 1] or ρ = 1.

1.4 Some useful concepts

1.4.1 Lp Spaces

De�nition 1.4.1. [7] Let p ∈ R with 1 < p < ∞, we set

Lp(Ω) =
{
f : Ω → R, f is measurable and |f |p ∈ L1(Ω)

}
,

with this norm

∥f∥Lp =

[∫
Ω

|f(x)|p dx

]1/p
.
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1.4.2 Φp-Laplacian operator

Lemma 1.4.1. [21] ϕp : R → R, ϕp (u) = |u|p−2 u is an odd continuous, increasing operator

and ϕ−1
p = ϕq, where 1

p
+ 1

q
= 1 and satis�es the following properties:

(i) ϕp(u+ v) ≤ ϕp(u) + ϕp(v), if 1 < p < 2,

(ii) ϕp(u+ v) ≤ 2p−2 (ϕp(u) + ϕp(v)), if p ≥ 2,

for all u, v ≥ 0.

1.4.3 Lebesgue dominated convergence theorem

Theorem 1.4.1. [7] Let (fn) be a sequence of Lp (Ω) such that

(i) fn (t) → f (t) for almost every t ∈ Ω,

(ii) there exists g ∈ Lp (Ω) such that |fn (t)| ≤ g (t) for all n ∈ N and almost every t ∈ Ω.

Then, f ∈ Lp (Ω) and ∥fn − f∥p → 0.

14



Chapter 2

Topological degree theory

In this chapter, we review the de�nition of the topological degree and its basic properties

in each of the two cases: the Brouwer degree in the �nite dimension and the Leray-Schauder

degree in the in�nite dimension, then extend it to the coincidence degree for the operators

of the form L + N , where L is a Fredholm operator of index 0 and N is an operator that

is generally nonlinear and compact with respect to L. Finally, we introduce the Mawhin

coincidence degree theorem with its proof. For more detail we can refer to [5].

2.1 Degree theory in �nite-dimensional spaces

2.1.1 De�nition of the Brouwer degree

Let Ω ⊂ RN be an open bounded subset and f : Ω̄ → RN , if f is di�erentiable at x0.

We denote the Jacobian of f at x0, by Jf (x0) = det f ′ (x0) , if Jf (x0) = 0, then x0 is said to

be a critical point of f and we use Sf (Ω) = {x ∈ Ω : Jf (x) = 0} to denote the set of critical

points of f in Ω. If f−1(y) ∩ Sf (Ω) = ∅, then y is said to be a regular value of f. Otherwise

y is said to be a singular value of f .

De�nition 2.1.1. For a regular value y /∈ f(∂Ω) the C1-mapping degree is de�ned by :

degB(f,Ω, y) =


∑

x∈f−1(y)∩Ω sgn Jf (x), f−1(y) ∩ Ω ̸= ∅.

0, f−1(y) ∩ Ω̄ = ∅.

15
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Example 2.1.1. Let Ω = B(0, R), Y0 = (1, 0), and f(x, y) = (x3 − 3xy2,−y3 + 3x2y), then

f(x, y) = (0, 1), thus (x, y) = (1, 0) ∨ (−1
2
,
√
3
2
) ∨ (−1

2
,−

√
3
2
) ∈ ∂Ω. Note that at least the

point (1, 0) is on the border of the unit ball whatever the standard usual norm we consider

the R2. Therefore, the degree is not de�ned if R = 1.

If 0 < R < 1, then B(0, R)
⋂

f−1(y) = ∅, thus degB(f,B(0, R), y) = 0.

Finally, if R > 1, then the degree is de�ned, and we have

Df(x, y) =

 −3y2 −6xy

6xy −3y2 + 3x2

 ,

we conclude that

Jf (x, y) = (3x2 − 3y2)2 + 36x2y2 = 0 ⇔ (x, y) = (0, 0).

The three points are then regular and as sgn(Jf (x, y)) > 0, ∀(x, y) ̸= (0, 0) then

degB(f,B(0, R), y) = 3.

2.1.2 Properties of the Brouwer degree

If y /∈ f(∂Ω), then there exists an integer degB(f,Ω, y) satisfying the following properties:

1. Normality

degB(I,Ω, y) =

1, y ∈ Ω,

0, y /∈ Ω̄,

where I denotes the identity mapping.

2. Validity of the degree

If degB(f,Ω, y) ̸= 0, then there exists x ∈ Ω, such that f(x) = y.

3. Homotopy

Let f, g : X → Y be maps, f homotopoic to g if there exists a map H : X × I → Y

sit H(x, 0) = f(x) and H(x, 1) = g(x), ∀x ∈ X, I = [0, 1].

If ft(x) : [0, 1] × Ω̄ → RN is continuous and y /∈ ∪t∈[0,1]ft(∂Ω), then degB (ft,Ω, y)

does not depend on t ∈ [0, 1].
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Example 2.1.2. Let f, g : [−1, 1] → R be given by f(x) = x2 and g(x) = 2. As we

can see the map h : [0, 1]× [−1, 1] → R given by :

h(t, x) = (1− t)f(x) + tg(x),

is a valid homotopy joining f and g.

4. Additivity

For Ω1,Ω2 are two disjoint open subsets of Ω, and y /∈ f
(
Ω̄− Ω1 ∪ Ω2

)
, it holds that

degB(f,Ω, y) = degB (f,Ω1, y) + degB (f,Ω2, y) .

5. Continuity

The degree degB (f,Ω, y) is continuous in f, i.e. there exists δ = δ(f, y) > 0, such

that for all g satisfying ∥f − g∥C0 < δ, it holds that y /∈ g(∂Ω), and degB (g,Ω, y) =

degB (f,Ω, y).

6. Translation property

For any ỹ ∈ Rn it holds that

degB (f − ỹ,Ω, y − ỹ) = degB (f,Ω, y) .

As consequences of this properties, we have the following results:

Theorem 2.1.1. (Brouwer �xed point theorem)

Let f : B(0, R) ⊂ Rn → B(0, R) be a continuous mapping. If |f(x)| ≤ R for all

x ∈ ∂B(0, R), then f has a �xed point in B(0, R).

Proof. We may assume that x ̸= f(x) for all x ∈ ∂B(0, R), put :

H(t, x) = x− tf(x),

for all (t, x) ∈ [0, 1]×B(0, R). Then 0 ̸= H(t, x) for all [0, 1]× ∂B(0, R). Therefore, we have

deg(I − f,B(0, R), 0) = degB(I, B(0, R), 0) = 1.

Hence f has a �xed point in B(0, R). This completes the proof.
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2.2 Degree theory in in�nite-dimensional spaces

2.2.1 De�nition of the Leray-Schauder degree

Example 2.2.1. Let X = l2 and B be the closed unit ball in l2. and f : B −→ B be de�ned

by :

f(x) = (
√

1− ∥x∥2, x1, x2, ...).

The map f(x) is continuous but has no �xed points. In fact, if x = (x1, x2, ...) were a �xed

point of f, then ∥x∥ = 1 since ∥f(x)∥ = 1 for all ∥x∥ ≤ 1.

On the other hand, x = (
√

1− ∥x∥2, x1, x2, ...) implies x1 = 0, x2 = x1, x3 = x2, etc. Hence

x = (0, 0, ...), wich contradicts the fact that ∥x∥ = 1.

We see, therefore, that in in�nite-dimensional spaces we must require more on f than

continuity. We shall require compactness.

Let X be a real Banach space and X1 ⊂ X, let Ω be a bounded, open subset of X and let

f = I − T , where I is the identity map of Ω̄ into X and T : Ω̄ −→ X is operator.

If b /∈ f(∂Ω), then there exists a map of �nite range T1 : Ω̄ −→ X1 (�nite range means that

dimX1 < ∞) such that

sup
u∈Ω̄

∥T1u− Tu∥ < dist(b, f(∂Ω)).

In addition, the integer given by the Brouwer degree degB
(
(I − T1)|Ω∩X1

,Ω1, b
)
is indepen-

dent on T1. Therefore we can de�ne the topological degree of Leray-Schauder

degLS(f,Ω, b) = degB
(
(I − T1)|Ω∩X1

,Ω1, b
)
,

it satis�es also the following basic properties.

i) Normalization property.

degLS(I,Ω, b) = 1, if b ∈ Ω.

ii) Additivity property.

Assume that Ω1 and Ω2 are open bounded disjoint subsets of Ω. If b /∈ f
(
Ω̄\ (Ω1 ∪ Ω2)

)
then

degLS(f,Ω, b) = degLS (f,Ω1, b) + degLS (f,Ω2, b) .
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iii) Homotopy property.

Let S ∈ C([0, 1]×Ω̄, X) be a compact map and de�neH(t, u) = u−S(t, u). If b : [0, 1] −→ X

is continuous and b(t) /∈ H([0, 1]× ∂Ω), then

degLS(H(t, .),Ω, b(t)) = const. ∀t ∈ [0, 1].

v) Existence property.

If degLS(f,Ω, b) ̸= 0, then there exists u ∈ Ω such that f(u) = b.

2.2.2 The Schauder �xed point theorem

In this part we give an extension of the Brouwer �xed point theorem to Banach spaces

due to Schauder, a open set Ω ⊂ X is convex if (1 − t)x + ty ∈ Ω̄ for all x, y ∈ Ω̄ and

all t ∈ [0, 1]. For convex sets we have the following analogue of the Brouwer �xed point

theorem.

Theorem 2.2.1. Let Ω ⊂ X be a bounded, open and convex set and let T : Ω̄ −→ X be

compact mapping, with 0 ∈ Ω. If T (Ω̄) ⊂ Ω̄, then T has at least one �xed point.

Proof. We argue by contradiction, i.e. Suppose T (x) ̸= x for all x ∈ Ω̄. Consider the

homotopy

ht(x) = x− tT (x),

in particular, T (x) ̸= x for x ∈ ∂Ω. This implies that 0 /∈ h1(x).

Observe, since Ω is open, contains 0 and is convex, that tK(x) ∈ Ω for all 0 ≤ t < 1 and for

all x ∈ Ω̄.

Consequently, if x ∈ ∂Ω, then ht(x) ̸= 0 for all 0 ≤ t ≤ 1. The Leray-Schauder degree

degLS(ht,Ω, 0) is well-de�ned and independent of t ∈ [0, 1].

For t = 0, degLS(h0,Ω, 0) = degLS(I,Ω, 0) = 1. On the other hand, since T (x) ̸= x for all

x ∈ Ω̄, we have that h−1
1 (0) = ∅ which implies that degLS(h1,Ω, 0) = 0, a contradiction.
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2.3 Coincidence degree for perturbations of Fredholm

operators

In this section we study the existance solutions of problems which written in operator

form :

Lx = Nx, (2.1)

with L (resp. N) a linear (resp. nonlinear) mapping between some topological vector spaces

X and Y, and with L non invertible. Firstly, we begin this section by present some de�nitions

of Fredholm mappings :

2.3.1 Fredholm operators

De�nition 2.3.1. [5] Let L : domL ⊂ X → Y be a linear operator. Then one says that L

is a Fredholm operator provided that

(i) kerL is �nite dimensional set,

(ii) ImL is closed and has �nite codimension.

De�nition 2.3.2. [5] The index of a Fredholm operator L is the integer

ind L = dimkerL− codim ImL.

Example 2.3.1. 1. If X and Y are Banach spaces and L : X → Y is a linear mapping

bijective, then L is a Fredholm operator of index 0, in fact

dim(ker(L)) = dim co(Im(L) = 0.

2. The identity is a Fredholm operator of index 0 .

2.3.2 Generalized inverse

Let L : D(L) ⊂ X → Y be a Fredholm operator of index 0. Let P and Q be two

continuous projectors, P : X → X and Q : Y → Y such that :

Im(P ) = kerL and kerQ = Im(L),
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set

X1 = Im(I − P ) = kerP and Y1 = Im(Q),

so we can write

X = kerL⊕X1, Y = Im(L)⊕ Y1.

Consider an isomorphism,

J : kerL → Y1.

Whose existence is ensured by the fact that dim ker L = dimY1 = n. Note that

domL = kerL⊕ (domL ∩X1) .

And that the restriction of L to domL ∩ X1 is an isomorphism on Im(L). Denote by Lp

this restriction and by L−1
p : Im(L) → domL ∩X1 the inverse of Lp. So the operator

J−1 ⊕ L−1
p : Y = Y1 ⊕ ImL → X = kerL⊕ domL ∩X1,

is an isomorphism whose inverse is the operator

L+ JP : domL ∩ Im(I − P )⊕ kerL → ImL⊕ Y1,

indeed, for every x ∈ domL∩ Im(I −P )⊕ kerL, we write it in the form x = (I −P )x+Px

so

(L+ JP )((I − P )x+ Px) = L(I − P )x+ JP (Px) = L(I − P )x+ JPx,

consequently (
J−1 ⊕ L−1

p

)
(L(I − P )x+ JPx) = (I − P )x+ Px = x.

On the other hand, for all y ∈ Y we have

(
J−1 ⊕ L−1

p

)
y =

(
J−1 ⊕ L−1

p

)
(Qy + (I −Q)y) = J−1Qy + L−1

p (I −Q)y,

by setting KP,Q = L−1
p (I −Q), (KP,Q is the inverse on the right of L associated with P and

Q respectively), then we get (L+ JP )−1 = J−1Q+KP,Q.
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2.3.3 L - compact operator

De�nition 2.3.3. For the operator N : Ω ⊂ X → Y to be L−compact on Ω, it is necessary

and su�cient that the operator

M = P + J−1QN +KP,QN,

is compact on Ω, where P,Q, and J are the operators introduced in the above subsection.

Corollary 2.3.1. Let Ω an open bounded set of X such that domL ∩ Ω ̸= 0.

The map N : X → Y is L - compact on Ω̄ if only if the operator QN(Ω̄) is bounded and

KP,QNΩ : Ω̄ → X is compact.

Example 2.3.2. 1. If dimX = dimY = n < ∞ and L = 0 we can take

P = I : X → X,Q = I : Y → Y et KP ;Q = KI,I = 0 : Y → X.

2. If L = I : X → X, then

P = 0 : X → X;Q = 0 : Y → Y et KP ;Q = K0,0 = I : Y → X.

3. In the case where L : domL ⊂ X → Y is a bijective zero-index Fredholm operator :

P = 0 : X → X,Q = 0 : Z → Y et KP ;Q = K0,0 = L−1.

2.3.4 Equivalent �xed point problem to Lx=Nx

To solve the equation Lx = y, we can write x = Px+ (I − P )x and y = Qy + (I −Q)y

and by substitution of x and y in the previous equation, we obtain

L(Px+ (I − P )x) = Qy + (I −Q)y,

and since Qy = 0 and LPx = 0 (because y ∈ Im(L) and Px ∈ kerL ), then

L(I − P )x = (I −Q)y,

which leads to

x− Px = Lp−1(I −Q)y,
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and thus

x = Px+ J−1Qy + L−1
p (I −Q)y.

Now consider the equation Lx = Nx, where N : G ⊂ X → Y is an operator (usually

nonlinear) according to the above result, this last equation with x ∈ domL∩G is equivalent

to

x = Px+ J−1QNx+KP,QP = Mx. (2.2)

Which is a �xed point problem.

2.3.5 Coincidence degree and properties

De�nition 2.3.4. Let L be a Fredholm operator of index zero and let N be L-compact on

Ω̄, the coincidence degree is the integer

degL[(L,N),Ω] = dLS[I −M,Ω, 0],

where dLS is the Laury Schauder degree, and M is de�ned in (2.2)

Now we can give the basic properties of coincidence degree :

property 2.3.1. (Existence property)

If degL[(L,N),Ω] ̸= 0, then 0 ∈ (L−N)( dom L ∩ Ω).

property 2.3.2. (Excision property)

If Ω0 ⊂ Ω is an open set such that (L− N)−1(0) ⊂ Ω0 then

degL[(L,N),Ω] = degL [(L,N),Ω0] .

property 2.3.3. (Additivity property)

If Ω = Ω1 ∪ Ω2, with Ω1,Ω2 open and such that Ω1 ∩ Ω2 = ∅, then

degL[(L,N),Ω] = degL [(L,N),Ω1] + degL [(L,N),Ω2] .

2.3.6 Mawhin continuation theorem

In the 1970 s, Mawhin systematically studied a class of mappings of the form L + N

where L is a Fredholm mapping of index zero and N is a nonlinear mapping, which he called

a L - compact mapping.
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Theorem 2.3.1. Let L be a Fredholm operator of index zero and let N be L-compact on Ω̄.

Assume that the following conditions are satis�ed.

(i) Lx ̸= λNx, for every (x, λ) ∈ [(domL\KerL) ∩ ∂Ω]× (0, 1),

(ii) Nx /∈ ImL, for every x ∈ KerL ∩ ∂Ω,

(iii) deg
(
JQN|kerL , ker L ∩ ∂Ω, 0) ̸= 0,

where J : ImQ → kerL is a linear isomorphism, Q : Y → Y is a projection as above with

ImL = kerQ. Then the equation Lx = Nx has at least one solution in domL ∩ Ω̄.

Proof. For λ ∈ [0, 1], consider the family of problems

x ∈ domL ∩ Ω̄, Lx = λNx+ (1− λ)QNx. (2.3)

Let M : [0, 1]× Ω̄ → Y be a homotopy de�ned by

M(λ, x) = Px+ J−1QNx+ λKP,QNx.

The problem (2.3) is equivalent to a �xed point problem :

x = Px+ J−1Q(λN + (1− λ)QN)x+KP,Q(λN + (1− λ)QN)x

= Px+ λJ−1QNx+ (1− λ)J−1QNx+ λKP,QNx+ (1− λ)KP,QQNx

= M(1, x),

so this last equation is equivalent to a �xed point problem :

x = M(1, x), x ∈ Ω̄, (2.4)

if there exists an x ∈ ∂Ω such that Lx = Nx, then the proof is completed. Now suppose

that

Lx ̸= Nx for all x ∈ domL ∩ Ω, (2.5)

and on the other hand

Lx ̸= λNx+ (1− λ)QNx, (2.6)

For all (λ, x) ∈]0, 1[×(domL ∩ Ω). If

Lx = λNx+ (1− λ)QNx,
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for all (λ, x) ∈]0, 1[×(domL ∩ Ω), we obtain by application of Q to both members of the

previous equality

QNx = 0, Lx = λNx,

the �rst of these equalities and the condition (ii) imply that x /∈ KerL ∩ ∂Ω, i.e., for all

x ∈ (domL\K erL) ∩ ∂Ω and therefore the second equality contradicts (i). By using other

times (ii), it follows that

Lx ̸= QNx, for every x ∈ domL ∩ ∂Ω, (2.7)

using (2.5), (2.6) and (2.7), we deduce that

x ̸= M(λ, x) for all (λ, x) ∈ [0, 1]× ∂Ω, (2.8)

since N is L-compact then M(λ, x) is compact because. Using the homotopy invariance

property of the Leray-Schauder degree, we obtain

degLS(I −M(0, .),Ω, 0) = degLS(I −M(1, .),Ω, 0), (2.9)

on the other hand we have

degLS(I −M(0, λ),Ω, 0) = degLS
(
I −

(
P + J−1QN

)
,Ω, 0

)
, (2.10)

since the image of P + J−1QN is contained in Ker(L), then using the property of reduction

of the Leray-Schauder degree and the fact that P |KerL = I|KerL, (since Ker(L) = Im(P )

= Ker(I − P )), we obtain

degLS
(
I −

(
P + J−1QN

)
,Ω, 0

)
= deg

(
I −

(
P + J−1QN

)
,Ω ∩KerL, 0

)
= deg

(
J−1QN,Ω ∩KerL, 0

)
,

(2.11)

thanks to (2.9), (2.10) and (2.11), it follows that degLS(I − M(1, .),Ω, 0) ̸= 0, and so the

existence property of the Leray-Schauder degree implies the existence of an x ∈ Ω such as

x = M(1, x) i.e x ∈ domL ∩ Ω, Lx = Nx.
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Chapter 3

Solvability of a resonant fractional

problem with one-dimensional kernel

3.1 Introduction

In this chapter, we are concerned the multi-point BVPs for a nonlinear fractional di�er-

ential equation with a p-Laplacian operator [13] :

(ϕp (D
α
0+x (t)))

′ = f
(
t, x (t) , Dα−1

0+ x (t)
)
, t ∈ [0, 1] , (3.1)

x (0) = Dα
0+x (1) = 0, (3.2)

Dα−1
0+ x (1) =

i=m−2∑
i=1

βiD
α−1
0+ x (ηi) , (3.3)

where 1 < α < 2, 0 < η1 < η2 < . . . < ηm−2 < 1, βi ∈ R+, for i = 1, 2, 3, . . . ,m − 2

(m ≥ 3), Dα
0+ is the standard Riemann-Liouville derivative, f : [0, 1]×R×R → R is a given

continuous function and ϕp (s) = |s|p−2 s is the p-Laplacian (p > 1). Recall that ϕp : R → R

is an odd continuous, strictly increasing operator with ϕ−1
p = ϕq (s) (

1
p
+ 1

q
= 1).

Assume also that
i=m−2∑
i=1

βi = 1. (3.4)

However, there are only few results for boundary value problems at resonance when the

p-Laplacian di�erentiation operator is involved. Indeed, the basic di�culty in solving such
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problems resides in the fact that since ϕp (in case p ̸= 2) is a nonlinear operator, then the

coincidence degree method cannot be applied in a direct way. For example, in the recent

work [24], the authors proved the existence of at least one solution of the same problem at the

resonance case by using an alternative approach based on the decomposition u− Lu = Nu

Motived by [11], we will establish an existence result of solution for the (3.1) - (3.2) - (3.3)

by mean of the coincidence degree theory applied to an equivalent semi linear problem, it's

easy to check that our problem is equivalent to following boundary value probem :

Dα
0+x (t) = ϕq

 t∫
1

f
(
s, x (s) , Dα−1

0+ x (s)
)
ds

 , (3.5)

x (0) = 0, (3.6)

Dα−1
0+ x (1) =

i=m−2∑
i=1

βiD
α−1
0+ x (ηi) . (3.7)

3.2 Main result

3.2.1 Functional framework

Lemma 3.2.1. [22] For a given θ > 0, the linear space de�ned by :

Cθ [0, 1] =

x(t) : x(t) = Iθ0+z (t) +

i=[θ]∑
i=1

cit
θ−i, z ∈ C [0, 1]

 ,

where [θ] is the integer part of θ and ci ∈ R with the norm

∥x∥Cθ = ∥x∥∞ +

i=[θ]∑
i=0

∥∥Dθ−i
0+ x

∥∥
∞ ,

is a Banach space.

Lemma 3.2.2. [22] M ⊂ Cθ [0, 1] is relatively compact set if and only if :

1. M is uniformly bounded: there exists m > 0, such that ∥u∥Cθ ≤ m, for every u ∈ M,
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2. M is equicontinuous : for every ε > 0, there exists δ > 0, such that for all t1, t2 ∈ [0, 1] :

|t2 − t1| < δ, we have

|u (t2)− u (t1)| < ε and
∣∣cDθ−k

0 u (t2)−c Dθ−k
0 u (t1)

∣∣ < ε,

for all u ∈ M with k = 0, 1, 2, . . . , [θ] .

Let X = Cα−1[0, 1] = {x (t) = Iα−1z (t) ; z ∈ C[0, 1]} , with the norm

||x||Cα−1 = ||x||∞ +
∣∣∣∣Dα−1

0+
x
∣∣∣∣
∞ .

And Y = {y ∈ C[0, 1] / y(1) = 0} , with the norm :

||y||Y = ||y||∞ = max
t∈[0;1]

|y (t)| ,

by analysis theory we can prove that (X, ||.||X) and (Y, ||.||Y ) are both Banach spaces (see

also [7]). De�ne the operators L : dom(L) ⊂ X → Y and N : dom (L) ⊂ X → Y as follows

Lx(.) = Dα
0+
x(.) , x ∈ dom(L), (3.8)

N : X → Y ; Nx (t) = ϕq

 t∫
1

f
(
s, x (s) , Dα−1

0+ x (s)
)
ds

 , (3.9)

where

dom(L) =

{
x ∈ X / Dα

0+
x(t) ∈ L1[0, 1], x(0) = 0, Dα−1

0+
x(1) =

m−2∑
i=1

βiD
α−1
0+

x(ηi)

}
.

Notice that problem (3.5)-(3.6)-(3.7) can be converted to the abstract operator equation

Lx = Nx, x ∈ dom(L).

3.2.2 Auxiliary lemmas

In this part, we present some auxiliary lemmas which illustrating linear part of this

problem.

Lemma 3.2.3. Let L be the operator de�ned by (3.8) then : kerL = {atα−1; a ∈ R, t ∈ [0; 1]}

and ImL =

{
y ∈ Y ;

i=m−2∑
i=1

βi

1∫
ηi

y (s) ds = 0

}
.
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Proof. We have for each x ∈ kerL, Lx (t) = Dα
0+x (t) = 0 with t ∈ [0; 1] . By applying

Lemma 1.3.1, we get

x (t) = atα−1 + btα−2,

as x (0) = 0, thus b = 0. On the other hand, for x (t) = atα−1 we have

Lx (t) = Dα
0+x (t) = a.Dα

0+t
α−1 = a.0 = 0.

Now for all y ∈ ImL, there exits x ∈ dom (L) such that

Dα
0+x (t) = y (t) ,

again Lemma 1.3.1 leads us to

x (t) = Iα0+y (t) + atα−1 + btα−2,

with (a, b) ∈ R2. From the condition x (0) = 0, we �nd b = 0, and in view of boundary

condition ( 3.7), we obtain that∫ 1

0

y (s) ds+ aΓ (α) = aΓ (α) +
i=m−2∑
i=1

βi

∫ ηi

0

y (s) ds,

which is equivalent to :
i=m−2∑
i=1

βi

∫ 1

ηi

y (s) ds = 0. (3.10)

Conversely, if y satis�es (3.10). Let

x (t) =
1

Γ (α)

∫ t

0

(t− s)α−1 y (s) ds,

we have x (t) = Iα−1
0+

(
I10+y

)
with I10+y ∈ C [0; 1] and x (0) = 0, Dα

0+x (1) = y (1) = 0 also

i=m−2∑
i=1

βiD
α−1
0+ x (ηi) =

i=m−2∑
i=1

βi

∫ ηi

0

y (s) ds =

∫ 1

0

y (s) ds = Dα−1
0+ x (1) .

Remark 3.1. It easy to show that 1−
i=m−2∑
i=1

βiηi > 0.

In fact, for all i = 1, 2, ...,m − 2, βi ≥ 0, ηi ∈ ]0; 1[ we have βi (1− ηi) ≥ 0. By the

resonance condition (3.4), there exists at least i0 ∈ {1, 2, ...,m− 2} such that βi0 ̸= 0 and

hence βi0 (1− ηi0) > 0, which prove that

i=m−2∑
i=1

βi (1− ηi) =
i=m−2∑
i=1

βi −
i=m−2∑
i=1

βiηi = 1−
i=m−2∑
i=1

βiηi > 0.
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Lemma 3.2.4. We can de�ne two linear continuous projectors P and Q as follow :

P : X → X; Px (t) = 1
Γ(α)

Dα−1
0+ x (0) tα−1,

Q : Y → Y ; Qy (t) = 1

1−
i=m−2∑

i=1
βiηi

i=m−2∑
i=1

βi

∫ 1

ηi
y (s) ds.

The inverse of the operator LP = L|dom(L)∩kerP is the operator KP : ImL → dom (L)∩kerP

de�ned by KPy (t) =
1

Γ(α)

∫ t

0
(t− s)α−1 y (s) ds and checking :

∥KPy∥X ≤
(
1 +

1

Γ (α + 1)

)
∥y∥∞ . (3.11)

Proof. For each x ∈ X, putting Px (t) = 1
Γ(α)

Dα−1
0+ x (0) tα−1 = u (t) then

P 2x (t) = P (Px) (t) = Pu (t) =
1

Γ (α)
Dα−1

0+ u (0) tα−1 = Px (t) ,

because Dα−1
0+ u (t) = 1

Γ(α)
Dα−1

0+ x (0) .Γ (α) = Dα−1
0+ x (0) thus P 2 = P.

We note that ImP = kerL, and kerP =
{
x ∈ X;Dα−1

0+ x (0) = 0
}
, by simple calculation we

have :

∥Px∥X = ∥Px∥∞ +
∥∥Dα−1

0+ Px
∥∥
∞ =

1

Γ (α)

∣∣Dα−1
0+ x (0)

∣∣+ ∣∣Dα−1
0+ x (0)

∣∣
=

(
1 +

1

Γ (α)

) ∣∣Dα−1
0+ x (0)

∣∣ ≤ (1 + 1

Γ (α)

)
∥x∥X .

On the other hand, for all y ∈ Y, taking 1

1−
i=m−2∑

i=1
βiηi

i=m−2∑
i=1

βi

∫ 1

ηi
y (s) ds = r. Then

Q2y = 1

1−
i=m−2∑

i=1
βiηi

i=m−2∑
i=1

βi

∫ 1

ηi
rds = r

1−
i=m−2∑

i=1
βiηi

i=m−2∑
i=1

βi (1− ηi) = r, so Q2 = Q.

Furthermore, we have

∥Qy∥Y ≤ ∥y∥Y .

For any x ∈ dom (L) ∩ kerP, by lemma 1.3.1 we can write

KPLx (t) = Iα0+D
α
0+x (t) = x (t) + atα−1 + btα−2,

with t ∈ [0; 1] and a, b are two real constants. As KPLx ∈ dom (L) ∩ kerP, then b = 0

and Dα−1
0+ (x (t) + atα−1) |t=0= Dα−1

0+ x (0) + aΓ (α) = aΓ (α) = 0 which impy that a = 0

therefore KPLx = x. If y ∈ ImL, we get LKPy (t) = Dα
0+I

α
0+y (t) = y (t) which show that

KP = (LP )
−1 . We have also

∥KPy∥X = ∥Iα0+y∥∞ +
∥∥I10+y∥∥∞ ≤ 1

Γ (α + 1)
∥y∥∞ + ∥y∥∞ .
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Which complete the proof.

Lemma 3.2.5. L de�ned in (3.8) is a Fredholm operator of index 0.

Proof. For any y ∈ Y, we can write y = (I −Q) y + Qy, where (I −Q) y ∈ kerQ, with

kerQ = ImL, Qy ∈ ImQ then y ∈ ImL + ImQ. Assume that y ∈ ImL ∩ ImQ thus

y = c ∈ R and
i=m−2∑
i=1

βi

∫ 1

ηi
cds = c

(
1−

i=m−2∑
i=1

βiηi

)
= 0 i.e c = 0 because 1−

i=m−2∑
i=1

βiηi ̸= 0

therefore ImL∩ ImQ = ϕ and then Y = ImL⊕ ImQ. Finaly, as dim ImQ = dimkerL = 1

then L is a Fredholm operator of index 0.

Now let's go to the proof the compactness of nonlinear part of this problem

Lemma 3.2.6. Assume that B is an open bounded subset in X such that dom (L)∩B ̸= ϕ.

The operator N de�ned by (3.9) is L-compact on B.

Proof. The boundness of B imply that there exists R > 0 such that for all x ∈ B, we have

∥x∥X = ∥x∥∞ +
∥∥Dα−1

0+ x
∥∥
∞ ≤ R. By the continuity of ϕq and f, there exists D > 0 such

that for all x ∈ B, we get
∣∣f (s, x (s) , Dα−1

0+ x (s)
)∣∣ ≤ D then

∥QNx∥∞ ≤ ∥Nx∥∞ ≤ Dq−1,

because

∣∣∣∣ϕq

(
t∫
1

f
(
s, x (s) , Dα−1

0+ x (s)
)
ds

)∣∣∣∣ = ∣∣∣∣ 1∫
t

f
(
s, x (s) , Dα−1

0+ x (s)
)
ds

∣∣∣∣q−1

≤ Dq−1. Also

we have

∥(I −Q)Nx∥∞ ≤ ∥Nx∥∞ + ∥QNx∥∞ ≤ 2Dq−1,

from (3.11), we conclude that

∥KP (I −Q)Nx∥x ≤
(
1 +

1

Γ (α)

)
∥(I −Q)Nx∥∞ ≤

(
1 +

1

Γ (α)

)
2Dq−1.

Then QN (B) and KP,QN (B) are bounded. It remains to prove that KP,QN (B) is equicon-
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tinuous. Putting 0 ≤ t1 ≤ t2 ≤ 1

|KP (I −Q)Nx (t2)−KP (I −Q)Nx (t1)|

=
1

Γ (α)

∣∣∣∣∣∣
t2∫
0

(t2 − s)α−1 (I −Q)Nx (s) ds−
t1∫
0

(t1 − s)α−1 (I −Q)Nx (s) ds

∣∣∣∣∣∣
=

1

Γ (α)

∣∣∣∣∣∣∣∣
t1∫
0

(t2 − s)α−1 (I −Q)Nx (s) ds−
t1∫
0

(t1 − s)α−1 (I −Q)Nx (s) ds

+
t2∫
t1

(t2 − s)α−1 (I −Q)Nx (s) ds

∣∣∣∣∣∣∣∣
=

1

Γ (α)

∣∣∣∣∣∣∣∣
t1∫
0

(t2 − s)α−1Nx (s) ds−
t1∫
0

(t1 − s)α−1Nx (s) ds+
t2∫
t1

(t2 − s)α−1Nx (s) ds

+QNx

(
−

t2∫
0

(t2 − s)α−1 ds+
t1∫
0

(t1 − s)α−1 ds

)
∣∣∣∣∣∣∣∣

=
1

Γ (α)

∣∣∣∣∣∣∣
t1∫
0

(t2 − s)α−1Nx (s) ds−
t1∫
0

(t1 − s)α−1Nx (s) ds+
t2∫
t1

(t2 − s)α−1Nx (s) ds

−QNx
(

tα2−tα1
α

)
∣∣∣∣∣∣∣

≤ 1

Γ (α)

∣∣∣∣∣∣
t1∫
0

(
(t2 − s)α−1 − (t1 − s)α−1)Nx (s) ds

∣∣∣∣∣∣+
∣∣∣∣∣∣

t2∫
t1

(t2 − s)α−1Nx (s) ds

∣∣∣∣∣∣
+ |QNx|

∣∣∣∣tα2 − tα1
α

∣∣∣∣
≤ 1

Γ (α)

t1∫
0

(
(t2 − s)α−1 − (t1 − s)α−1) |Nx (s)| ds+

t2∫
t1

(t2 − s)α−1 |Nx (s)| ds

+ |QNx| t
α
2 − tα1
α

≤ 1

Γ (α)
Dq−1

 t1∫
0

(
(t2 − s)α−1 − (t1 − s)α−1) ds+ t2∫

t1

(t2 − s)α−1 ds+
tα2 − tα1

α


=

2Dq−1

Γ (α + 1)
(tα2 − tα1 ) → 0 as t1 → t2 uniformly.

Similarly, we have Dα−1
0+ KP (I −Q)Nx (t) = I10+ (I −Q)Nx =

t∫
0

(I −Q)Nx (s) ds.
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Solvability of a resonant fractional problem with one-dimensional kernel

Then ∣∣Dα−1
0+ KP (I −Q)Nx (t2)−Dα−1

0+ KP (I −Q)Nx (t1)
∣∣

=

∣∣∣∣∣∣
t2∫
0

(I −Q)Nx (s) ds−
t1∫
0

(I −Q)Nx (s) ds

∣∣∣∣∣∣
=

∣∣∣∣∣∣
t2∫

t1

Nx (s) ds− (t2 − t1)QNx

∣∣∣∣∣∣
≤

t2∫
t1

|Nx (s)| ds+ |QNx| (t2 − t1)

≤ 2Dq−1 (t2 − t1) → 0 as t1 → t2.

According to the lemma 3.2.2, KP (I −Q)N (B) is compact, which show that N is

L-compact on B.

3.2.3 Existence theorem

Theorem 3.2.1. Suppose that there exist

(H1) A function Ψ : [0; 1]×R+ ×R+ → R+ which is L1−Caratheodory and non decreasing

with respect to the last two variables such that

|f (t, x, y)| ≤ Ψ(t, |x| , |y|) ,

for all (x; y) ∈ R2 and a.e t ∈ [0; 1] ,

(H2) A real M0 > 0, such that if we have
∣∣Dα−1

0+ x (t)
∣∣ > M0 for all t ∈ [0; 1] , then

i=m−2∑
i=1

βi

1∫
ηi

ϕq

 t∫
1

f
(
s, x (s) , Dα−1

0+ x (s)
)
ds

 dt ̸= 0,

(H3) A real M1 > 0, such that for |a| > M1, we get else

af
(
s, asα−1, aΓ (α)

)
ds < 0, (3.12)

or

af
(
s, asα−1, aΓ (α)

)
ds > 0. (3.13)
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Solvability of a resonant fractional problem with one-dimensional kernel

Then the fractional B.V.Ps (3.5)-(3.6)-(3.7) has at least one solution in dom (L) ⊂ X

provided that
1∫

0

Ψ(t,m,m) dt ≤
(
Γ (α)

8
m

) 1
q−1

. (3.14)

Proof. Step1: Let

Ω1 = {x ∈ dom (L)− kerL : Lx = λNx, λ ∈ [0; 1]} ,

we will show that it is a bounded set. If x ∈ Ω1 then λ ∈ ]0; 1] because Ω1∩kerL = ϕ which

allows us to write Nx = L 1
λ
x ∈ ImL = kerQ, then

QNx =
i=m−2∑
i=1

βi

∫ 1

ηi

ϕq

 t∫
1

f
(
s, x (s) , Dα−1

0+ x (s)
)
ds

 dt = 0,

by the condition (H2) , there exists t0 ∈ [0; 1] such that
∣∣Dα−1

0+ x (t0)
∣∣ ≤ M0. On the other

hand, we have d
dt

(
Dα−1

0+ x (t)
)
= Dα

0+x (t) so

Dα−1
0+ x (t) = Dα−1

0+ x (t0)+
t∫

t0

Dα
0+x (s) ds = Dα−1

0+ x (t0)+λ
t∫

t0

ϕq

(
r∫
1

f
(
s, x (s) , Dα−1

0+ x (s)
)
ds

)
dr,

then

∣∣Dα−1
0+ x (t)

∣∣ ≤
∣∣Dα−1

0+ x (t0)
∣∣+
∣∣∣∣∣∣

t∫
t0

ϕq

 r∫
1

f
(
s, x (s) , Dα−1

0+ x (s)
)
ds

 dr

∣∣∣∣∣∣ (3.15)

≤ M0 + ∥Nx∥∞ .

Furthermore, we can write

x = (I − P )x+ Px = KPL (I − P )x+ Px

= KPLx+ Px,

then

∥x∥X ≤ ∥KPLx∥X + ∥Px∥X ,

by using (3.15), we obtain

|Px (t)| = 1

Γ (α)

∣∣Dα−1
0+ x (0)

∣∣ tα−1 ≤ 1

Γ (α)

∣∣Dα−1
0+ x (0)

∣∣ ≤ 1

Γ (α)
(M0 + ∥Nx∥∞) ,

and
∣∣Dα−1

0+ Px (t)
∣∣ = ∣∣Dα−1

0+ x (0)
∣∣ ≤ M0 + ∥Nx∥∞ , then

∥Px∥X ≤
(
1 +

1

Γ (α)

)
(M0 + ∥Nx∥∞) ,
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Solvability of a resonant fractional problem with one-dimensional kernel

in view of (3.11), we have ∥KPLx∥X ≤
(
1 + 1

Γ(α+1)

)
∥Lx∥∞ ≤

(
1 + 1

Γ(α+1)

)
∥Nx∥∞ which

give

∥x∥X ≤
(
1 +

1

Γ (α)

)
M0 +

(
2 +

α + 1

Γ (α + 1)

)
∥Nx∥∞ , (3.16)

it is easy to see that

|Nx (t)| =

∣∣∣∣∣∣ϕq

 t∫
1

f
(
s, x (s) , Dα−1

0+ x (s)
)
ds

∣∣∣∣∣∣ (3.17)

=

∣∣∣∣∣∣
t∫

1

f
(
s, x (s) , Dα−1

0+ x (s)
)
ds

∣∣∣∣∣∣
q−1

≤

 1∫
0

∣∣f (s, x (s) , Dα−1
0+ x (s)

)∣∣ ds
q−1

,

according to conditions (H1) and ( 3.14), we obtain

1∫
0

∣∣f (s, x (s) , Dα−1
0+ x (s)

)∣∣ ds ≤
1∫

0

Ψ
(
s, |x (s)| ,

∣∣Dα−1
0+ x (s)

∣∣) ds (3.18)

≤
1∫

0

Ψ(s, ∥x∥X , ∥x∥X) ds

≤
(
Γ (α)

8
∥x∥X

) 1
q−1

,

by using (3.17) and (3.18) we get

∥Nx∥∞ ≤

 1∫
0

∣∣f (s, x (s) , Dα−1
0+ x (s)

)∣∣ ds
q−1

≤ Γ (α)

8
∥x∥X ,

substituting this result in (3.16), we conclude that

∥x∥X ≤
(
1 +

1

Γ (α)

)
M0 +

(
2 +

α + 1

Γ (α + 1)

)
Γ (α)

8
∥x∥X ,

hence

∥x∥X ≤
1 + 1

Γ(α)

1−
(
2 + α+1

Γ(α+1)

)
Γ(α)
8

M0,
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Solvability of a resonant fractional problem with one-dimensional kernel

where 1−
(
2 + α+1

Γ(α+1)

)
Γ(α)
8

= 1−
(

2αΓ(α)+α+1
8α

)
> 0, because 1 < α < 2 then 0 < Γ (α) < 1

consequently 0 < 2αΓ (α) + α + 1 < 7 and 8α > 8. Thus Ω1 is bounded.

Step 2: Let

Ω2 = {x ∈ kerL : Nx ∈ ImL} ,

for all x ∈ Ω2 there exists a real constant a such that x (t) = atα−1, for all t ∈ [0; 1] and as

Nx ∈ ImL then

QNx = 0.

In view of (H2) , there exists t1 ∈ [0; 1] satisfying
∣∣Dα−1

0+ x (t1)
∣∣ = |aΓ (α)| ≤ M0, i.e |a| ≤ M0

Γ(α)

which yields that

∥x∥X = |a|+ |aΓ (α)| = |a| (1 + Γ (α)) ≤ M0

Γ (α)
(1 + Γ (α)) .

Then Ω2 is bounded.

Step 3: Assume that condition (H3)− (3.12) holds. Let

Ω3 = {x ∈ kerL : λJx+ (1− λ)QNx = 0, λ ∈ [0; 1]} ,

where J is the isomorphism de�ned by J : KerL → ImQ, J (atα−1) = a. For x = atα−1 ∈ Ω3

we have

λJx+(1− λ)QNx = λa+
1− λ

1−
i=m−2∑
i=1

βiηi

i=m−2∑
i=1

βi

1∫
ηi

ϕq

 t∫
1

f
(
s, asα−1, aΓ (α)

)
ds

 dt = 0.

(3.19)

If λ = 0, we get QNx = 0 so by the condition (H2) there exists t2 ∈ [0; 1] such that∣∣Dα−1
0+ x (t2)

∣∣ = |aΓ (α)| ≤ M0 so |a| ≤ M0

Γ(α)
and hence

∥x∥X = |a|+ |aΓ (α)| = |a| (1 + Γ (α)) ≤ M0

Γ (α)
(1 + Γ (α)) .

In the case λ ̸= 0, multiplying both sides of (3.19) by ϕq (a) and in view of the condition

(H3)− (3.12) we get

−λa2 |a|q−2 =
1− λ

1−
i=m−2∑
i=1

βiηi

i=m−2∑
i=1

βi

1∫
ηi

ϕq

 t∫
1

af
(
s, asα−1, aΓ (α)

)
ds

 dt > 0,
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Solvability of a resonant fractional problem with one-dimensional kernel

which contradict (3.12). Then |a| ≤ M1 which show that Ω3 is bounded.

If (H3)− (3.13) holds, we prove by the same method that

Ω3 = {x ∈ kerL : −λJx+ (1− λ)QNx = 0, λ ∈ [0; 1]} ,

is bounded set. It remains to check that all conditions of Theorem 2.3.1 are ful�lled.

Let Ω be a bounded open set containing Ω1 ∪Ω2 ∪Ω3. As Ω1,Ω2,Ω3 are bounded sets then

� Lx ̸= λNx for all (x, λ) ∈ [dom(L) \ kerL ∩ ∂Ω]× (0; 1),

� QNx ̸= 0 for all x ∈ kerL ∩ ∂Ω.

� Without loss of generality, assume that (H3)− (3.12) holds and de�ne the operator

F (x, λ) = λJx+ (1− λ)QNx,

as Ω3 is bounded then, F (λ, x) ̸= 0 for all (x, λ) ∈ (kerL ∩ ∂Ω)× (0; 1). Thus, by the

homotopy property of degree, we have

deg(QN|kerL,Ω ∩ kerL, 0) = deg(F (., 0),Ω ∩ kerL, 0)

= deg(F (., 1),Ω ∩ kerL, 0)

= deg(J,Ω ∩ kerL, 0)

̸= 0.

Consequently, the equation Lx = Nx has at least one solution in dom(L) ⊂ X.

Namely, BVPs ( 3.5)- (3.6)-(3.7 ) have at least one solution in the space X.

3.3 Example

Consider the following fractional di�erential boundary value problem with p-laplacian

[
ϕp

(
D

5
4

0+u (t)
)]′

= p
2p(2p−1)

ϕp

[
Γ( 1

4)
32

(
sinu (t) +D

1
4

0+u (t)
)
(t+ 1)

]
, t ∈ [0; 1] ,

u (0) = 0 = D
5
4

0+u (1) ,

D
1
4

0+u (1) =
1
2
D

1
4

0+u
(
2
5

)
+ 1

3
D

1
4

0+u
(
3
7

)
+ 1

6
D

1
4

0+u
(
4
9

)
,

(Ex.1)
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Solvability of a resonant fractional problem with one-dimensional kernel

where α = 5
4
, β1 =

1
2
, β2 =

1
3
, β3 =

1
6
, η1 =

2
5
, η2 =

3
7
, η3 =

4
9
, and

f (t.u.v) =
p

2p (2p − 1)
ϕp

[
Γ
(
1
4

)
32

(sinu+ v) (t+ 1)

]
,

then, we have

|f (t.u.v)| =

∣∣∣∣∣ p

2p (2p − 1)
ϕp

[
Γ
(
1
4

)
32

(sinu+ v) (t+ 1)

]∣∣∣∣∣
=

p

2p (2p − 1)

(
Γ
(
5
4

)
8

(t+ 1)

)p−1

|(sinu+ v)|p−1

≤ p

2p (2p − 1)

(
Γ
(
5
4

)
8

(t+ 1)

)p−1

(|u|+ |v|)p−1 = Ψ(t, |u| , |v|) .

It's clear thatΨ : [0; 1]×R+×R+ → R+,Ψ(t, x, y) = p
2p(2p−1)

(
Γ( 5

4)
8

(t+ 1)

)p−1

(x+ y)p−1

is a function L1−Caratheodory, non decreasing with respect to each of the variables x or y

and

1∫
0

Ψ(t,m,m) dt =
p

2p (2p − 1)

(
Γ
(
5
4

)
8

)p−1

(2m)p−1

1∫
0

(t+ 1)p−1 dt

=
p

2p (2p − 1)

(
Γ
(
5
4

)
8

)p−1

(2m)p−1 2
p − 1

p

=
1

2

(
Γ
(
5
4

)
8

m

) 1
q−1

≤

(
Γ
(
5
4

)
8

m

) 1
q−1

.

Taken M0 = 3, if we have D
1
4

0+u (t) > 3 for all t ∈ [0; 1] , then sinu (s) +D
1
4

0+u (s) > 2 so

Γ
(
1
4

)
32

(s+ 1)
(
sinu (s) +D

1
4

0+u (s)
)
>

Γ
(
1
4

)
16

(s+ 1) ,

as ϕp, ϕq are nondecreasing, with p, q > 1, 0 < t+1
2

≤ 1 for all t ∈ [0; 1] and ηi ∈ ]0; 1[

(i = 1, 2, 3) , therefore

ϕp

[
Γ
(
1
4

)
32

(s+ 1)
(
sinu (s) +D

1
4

0+u (s)
)]

>

(
Γ
(
1
4

)
16

(s+ 1)

)p−1

,

which leads us to
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Solvability of a resonant fractional problem with one-dimensional kernel

1∫
t

p

2p (2p − 1)
ϕp

[
Γ
(
1
4

)
32

(s+ 1)
(
sinu (s) +D

1
4

0+u (s)
)]

ds >

1∫
t

p

2p (2p − 1)

(
Γ
(
1
4

)
16

(s+ 1)

)p−1

ds

=
1

2p − 1

(
Γ
(
1
4

)
16

)p−1(
1−

(
t+ 1

2

)p)
,

then

t∫
1

p

2p (2p − 1)
ϕp

[
Γ
(
1
4

)
32

(s+ 1)
(
sinu (s) +D

1
4

0+u (s)
)]

ds <
1

2p − 1

(
Γ
(
1
4

)
16

)p−1((
t+ 1

2

)p

− 1

)

≤ 1

2p − 1

(
Γ
(
1
4

)
16

)p−1(
t+ 1

2
− 1

)
,

thus

ϕq

(
t∫
1

p
2p(2p−1)ϕp

[
Γ( 1

4)
32 (s+ 1)

(
sinu (s) +D

1
4

0+
u (s)

)]
ds

)
≤ 1

(2p−1)q−1

Γ( 1
4)

16

(
−
(
1−t
2

)q−1
)
,

so

1∫
ηi

ϕq

(
t∫
1

p
2pϕp

[
Γ( 1

4)
32 (s+ 1)

(
sinu (s) +D

1
4

0+
u (s)

)]
ds

)
dt ≤ 1

(2p−1)q−1

Γ( 1
4)

16

(
−2

q

(
1−ηi
2

)q)
< 0,

which proves that

i=3∑
i=1

βi

1∫
ηi

ϕq

(
t∫
1

p
2p
ϕp

[
Γ( 1

4)
32

s+ 1
(
sinu (s) +D

1
4

0+u (s)
)])

ds < 0,

because βi > 0 for i = 1, 2, 3. Now, if we assume that D
1
4

0+u (t) < −3 for all t ∈ [0; 1]

similarly we get :

sinu (s) +D
1
4

0+u (s) < −2,

thus

Γ( 1
4)

32
(s+ 1)

(
sinu (s) +D

1
4

0+u (s)
)
< −Γ( 1

4)
16

(s+ 1) ,

consequontly

p
2p(2p−1)

ϕp

[
Γ( 1

4)
32

s
(
sinu (s) +D

1
4

0+u (s)
)]

< − p
2p(2p−1)

(
Γ( 1

4)
16

(s+ 1)

)p−1

,
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and

1∫
t

p

2p (2p − 1)
ϕp

[
Γ
(
1
4

)
32

(s+ 1)
(
sinu (s) +D

1
4

0+u (s)
)]

ds < −
1∫

t

p

2p (2p − 1)

(
Γ
(
1
4

)
16

(s+ 1)

)p−1

ds

=
1

2p (2p − 1)

(
Γ
(
1
4

)
16

)p−1

((t+ 1)
p − 2p) ,

by multiplying by -1 the two members, we �nd
t∫

1

p

2p (2p − 1)
ϕp

[
Γ
(
1
4

)
32

s
(
sinu (s) +D

1
4

0+u (s)
)]

ds >
1

2p (2p − 1)

(
Γ
(
1
4

)
16

)p−1

(2p − (t+ 1)
p
)

=
1

2p − 1

(
Γ
(
1
4

)
16

)p−1(
1−

(
t+ 1

2

)p)

≥ 1

2p − 1

(
Γ
(
1
4

)
16

)p−1(
1− t+ 1

2

)
,

then

ϕq

(
t∫
1

p
2p(2p−1)

ϕp

[
Γ( 1

4)
32

(s+ 1)
(
sinu (s) +D

1
4

0+u (s)
)]

ds

)
≥ 1

(2p−1)q−1

Γ( 1
4)

16

(
1−t
2

)q−1
,

so
1∫
ηi

ϕq

(
t∫
1

p
2p
ϕp

[
Γ( 1

4)
32

(s+ 1)
(
sinu (s) +D

1
4

0+u (s)
)]

ds

)
dt ≥ 1

(2p−1)q−1

Γ( 1
4)

16
2
q

(
1−ηi
2

)q
> 0,

therefore

i=3∑
i=1

βi

1∫
ηi

ϕq

(
t∫
1

p
2p
ϕp

[
Γ( 1

4)
32

s+ 1
(
sinu (s) +D

1
4

0+u (s)
)])

ds > 0 (i.e. ̸= 0).

Let M1 =
2

Γ( 5
4)
. For all a ∈ R such that |a| > M1

af

(
s, as

1
4 , aΓ

(
5

4

))
=

ϕp (a)

|a|p−2

p

2p (2p − 1)
ϕp

[
Γ
(
1
4

)
32

(
sin as

1
4 + aΓ

(
5

4

))
(s+ 1)

]

=
1

|a|p−2

p

2p (2p − 1)

(
Γ
(
1
4

)
32

(s+ 1)

)p−1

ϕp

[
a

(
sin as

1
4 + aΓ

(
5

4

))]
.

If a > 2

Γ( 5
4)
, we have a > 0 and sin as

1
4 + aΓ

(
5
4

)
≥ aΓ

(
5
4

)
− 1 > 2 − 1 = 1 > 0, then

af
(
s, as

1
4 , aΓ

(
5
4

))
> 0. If a < − 2

Γ( 5
4)
, we get a < 0 and

sin as
1
4 + aΓ

(
5

4

)
≤ 1 + aΓ

(
5

4

)
< 1− 2 = −1 < 0,

thus af
(
s, as

1
4 , aΓ

(
5
4

))
> 0. Then the problem (Ex.1) satis�es all conditions of theorem

3.2.1, therefore it admeats at least one solution in C
1
4 [0, 1].
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Chapter 4

Generalized proportional fractional

di�erential equations with multi-point

boundary conditions

4.1 Introduction

In this chapter we study the existance of solutions for a class of fractional di�erential

equations by using the extension of Mawhin's continuation theorem [15], more speci�cally, we

consider the following generalized proportional fractional di�erential equation, with multi-

point boundary conditions of the form:

cDα,ρ
0 u(t) = f(t, u(t),c Dα−1,ρ

0 u(t)), 0 < t < 1, (4.1)

u(0) = 0, (4.2)

cDα−1,ρ
0 u(1) =

i=m∑
i=1

σi
cDα−1,ρ

0 u(ηi), (4.3)

where cDα,ρ
0 denote the generalized proportional fractional derivative of Caputo type of order

α ∈ (1, 2], ρ ∈ (0, 1], 0 < ηi < 1, σi ∈ R,
i=m∑
i=1

σi = 1,m ∈ N∗, and f : [0, 1]× R× R → R is a

given continuous function to investigate the problem, we use the condition

i=m∑
i=1

σiη
2−α
i e−δ(1−ηi) = 1, (4.4)
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where δ = ρ−1
ρ
.

Firstly, we consider the following constants:

∆ =

∫ 1

0

eδ(1−s) ds−
i=m∑
i=1

σi

∫ ηi

0

eδ(ηi−s)ds, (4.5)

L1 = max
0<t≤1

∣∣teδt∣∣ = max{−1

δe
, eδ}, (4.6)

L2 = max
0<t≤1

∣∣t2−αeδt
∣∣ = max{(α− 2

δe
)2−α, eδ}, (4.7)

κ =
ραΓ(α)e2δ

ρΓ(α)(L1 + L2) + eδ(1 + ρα−1Γ(α))
. (4.8)

And the function

Λ(t) =
ρα−1

Γ(3− α)
t2−αeδtt ∈ [0, 1]. (4.9)

Also, we de�ne the two linear operators I1, I2 : Y → Y by

I1y =

∫ 1

0

eδ(1−s)y(s)ds, (4.10)

and

I2y =
i=m∑
i=1

σi

∫ ηi

0

eδ(ηi−s)y (s) ds. (4.11)

We will consider the Banach spaces

X = Cα−1[0, 1] =
{
u : u(t) = J α−1,ρz(t); z(t) ∈ C[0, 1]

}
,

with the norm

||u||X = ||u||∞ +
∥∥cDα−1,ρ

0 u
∥∥
∞ ,

where ||u||∞ = maxt∈[0,1] |u (t)| and Y = L1[0, 1] with the norm ||y||Y = ||y||1 .

De�ne the two operators L,N : dom(L) ⊂ X → Y as follows:

Lu(.) =c Dα,ρ
0 u(t) , u ∈ dom(L), (4.12)

and

Nu (t) = f(t, u(t),cDα−1,ρ
0 u(t)), (4.13)

where

dom(L) =

{
u ∈ X s.t. Dα,ρ

0 u(t) ∈ L1[0, 1], u(0) = 0,c Dα−1,ρ
0 u(1) =

i=m∑
i=1

σi
cDα−1,ρ

0 u(ηi)

}
.
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Notice that problem(4.1)-(4.2)-(4.3) can be converted to the abstract operator equation

Lu = Nu, u ∈ dom(L).

Lemma 4.1.1. [15] M ⊂ Cθ [0, 1] is relatively compact set if and only if

1. M is uniformly bounded: there exists m > 0, such that ∥u∥Cθ ≤ m, for every u ∈ M.

2. M is equicontinuous: for every ε > 0, there exists δ > 0, such that for all t1, t2 ∈ [0, 1] ,

|t2 − t1| < δ, we have

|u (t2)− u (t1)| < ε and
∣∣∣cDθ−k,ρ

0 u (t2)−c Dθ−k,ρ
0 u (t1)

∣∣∣ < ε,

for all u ∈ M with k = 0, 1, 2, . . . , [θ] .

4.2 Main result

4.2.1 Some auxiliary lemmas

Lemma 4.2.1. Let L be the operator de�ned by (4.12), then

kerL =
{
cteδt : c ∈ R

}
and ImL = {y ∈ Y : I1y − I2y = 0} .

Proof. For each u ∈ kerL, we have Lu (t) =c Dα,ρ
0 u (t) = 0. So, it's equivalent to

u(t) = c0e
δt + c1te

δt, t ∈ [0, 1] ,

as condition (4.2), imply c0 = 0. So u (t) = c1te
δt.

Now for all y ∈ ImL, there exist u ∈ dom (L) such that

cDα,ρ
0 u(t) = y (t) ,

by (1.6) we get

u (t) = J α,ρ
0 y (t) + c0e

δt + c1te
δt,

from the condition (4.2) we �nd c0 = 0, and in view of conditions (4.3)-(4.4), we obtain that

u (t) = c1te
δt + J α,ρ

0 y (t) ,
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thus

cDα−1,ρ
0 u(t) = c1 (cDα−1,ρ

0 teδt) +
1

ρ

∫ t

0

eδ(t−s)y(s)ds,

applying (1.4) we get

cDα−1,ρ
0 u(t) =

c1ρ
α−1

Γ(3− α)
t2−αeδt +

1

ρ

∫ t

0

eδ(t−s)y(s)ds,

from cDα−1,ρ
0 u(1) =

i=m∑
i=1

σi
cDα−1,ρ

0 u(ηi), we obtain

c1ρ
α−1

Γ(3− α)
eδ +

1

ρ

∫ 1

0

eδ(1−s)y(s)ds =
i=m∑
i=1

σi
c1ρ

α−1

Γ(3− α)
η2−α
i eδηi +

1

ρ

i=m∑
i=1

σi

∫ ηi

0

eδ(ηi−s)y(s)ds,

also ∫ 1

0

eδ(1−s)y(s)ds =
i=m∑
i=1

σi

∫ ηi

0

eδ(ηi−s)y(s)ds,

we conclude that

I1y − I2y = 0. (4.14)

On other hand, suppose that y ∈ Y satis�es (4.14). If u (t) = 1
ραΓ(α)

∫ t

0
(t−s)α−1eδ(t−s)y(s)ds

then u ∈ dom(L),indeed u(t) = J α−1,ρ
0 J 1,ρ

0 y (t)

and we can easily show the boundary conditions(4.2)-(4.3) hold, which means that

cDα,ρ
0 u(t) = y(t) so y ∈ Im(L).

Remark 4.1. It easy to show that ∆ ̸= 0.

Proof. As 1
δ
< 0, su�ces to proof that

i=m∑
i=1

σi

(
1− eδηi

)
+ eδ − 1 < 0.

Or
i=m∑
i=1

σi

(
1− eδηi

)
+ eδ − 1 > 0, by the resonance condition (4.4), we have

i=m∑
i=1

σi

(
1− eδηi

)
+ eδ − 1 =

i=m∑
i=1

σi e
δηi
(
η2−α
i − 1

)
,

for all i = 1, 2, ...,m, σi ≥ 0, ηi ∈ ]0; 1[, 0 < eδηi < 1, σie
δηi ≥ 0, and

(
η2−α
i − 1

)
< 0, we

have σie
δηi
(
η2−α
i − 1

)
≤ 0, by the condition

i=m∑
i=1

σi = 1, there exists at least i0 ∈ {1, 2, ...,m}

such that σi0 ̸= 0 and hence σi0e
δηi0
(
η2−α
i0

− 1
)
< 0 which prove that

i=m∑
i=1

σi e
δηi
(
η2−α
i − 1

)
< 0.

Therefore ∆ ̸= 0.
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Lemma 4.2.2. We can de�ne two linear continuous projectors P and Q as follow

P : X → X such thatPu (t) =
Γ(3− α)

ρα−1eδ
teδt cDα−1,ρ

0 u(1),

and

Q : Y → Y such that Qy(t) =
1

∆
(I1y − I2y),

where ∆ ̸= 0.

The inverse of the operator LP = L|dom(L)∩kerP is the operator KP : ImL → dom (L)∩kerP

de�ned by

KPy(t) = J α,ρ
0 y (t) =

1

ραΓ(α)

∫ t

0

(t− s)α−1eδ(t−s)y(s)ds,

and checking

∥KPy∥X ≤ C ′ ∥y∥1 , (4.15)

where C ′ = 1+ρα−1Γ(α)
ραΓ(α)

.

Proof. For all u ∈ X, we get

cDα−1,ρ
0 Pu (1) =c Dα−1,ρ

0 u (1) ,

we have

cDα−1,ρ
0 Pu (t) =

1

eδ

c

Dα−1,ρ
0 u (1)

[
t2−αeδt

]
,

then

P (Pu(t)) =
Γ(3− α)

ρα−1eδ
teδt cDα−1,ρ

0 Pu(1) = Pu(t),

for t ∈ [0, 1] . We note that ImP = kerL, kerP =
{
u ∈ X;cDα−1,ρ

0 u (1) = 0
}
. From Lemma

1.3.7 we have

|Pu(t)| =
Γ(3− α)

ρα−1eδ
∣∣teδt cDα−1,ρ

0 u(1)
∣∣

≤ L1Γ(3− α)

ρα−1eδ
∣∣cDα−1,ρ

0 u(1)
∣∣

≤ L1

ρα−1eδ
∥u∥X ,

on other hand ∣∣cDα−1,ρ
0 Pu(t)

∣∣ ≤ L2

ρα−1eδ
∣∣cDα−1,ρ

0 u(1)
∣∣ ≤ L2

ρα−1eδ
∥u∥X , (4.16)
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then

∥Pu∥X = ∥Pu∥∞ +
∥∥cDα−1,ρ

0 Pu
∥∥
∞ ≤ (

L1 + L2

ρα−1eδ
) ∥u∥X . (4.17)

For all y ∈ Y, taking 1
∆
(I1y − I2y) = υ, thus

Q2y = Q (Qy)

=
1

∆

(∫ 1

0

eδ(1−s) υds−
i=m∑
i=1

σi

∫ ηi

0

eδ(ηi−s)υds

)
=

υ

∆
∆ = υ,

so Q2 = Q. Furthermore, we have

∥Qy∥1 ≤ C ∥y∥1 , (4.18)

where C = 1+∆
∆

. For any u ∈ dom (L) ∩ kerP, by proposition 1.3.1-(1.6) we can write

KPLu (t) = J α,ρ
0

cDα,ρ
0 u (t) = u(t) + c0e

δt + c1te
δt,

with t ∈ (0, 1] and c0, c1 are two real constants. As KPLx ∈ dom (L) ∩ kerP, then c0 = 0

and

cDα−1,ρ
0

(
u (t) + c1te

δt
)∣∣

t=1
= cDα−1,ρ

0 u (1) + c1
ρα−1

Γ(3− α)
eδ

= c1
ρα−1

Γ(3− α)
eδ = 0,

which imply that c1 = 0, therefore KPLu = u.

If y ∈ ImL, we get LKPy (t) =
c Dα,ρ

0 J α,ρ
0 y (t) = y (t) which show that KP = (LP )

−1 , and

the other hand

∥KPy∥X = ∥J α,ρ
0 y∥∞ +

∥∥J 1,ρ
0 y

∥∥
∞

≤ C
′ ∥y∥1 .

Which complete the proof.

Lemma 4.2.3. L is a Fredholm operator of index 0.

Proof. For any y ∈ Y, we can write y = (I −Q) y+Qy, with (I −Q) y ∈ kerQ = ImL and

Qy ∈ ImQ then y ∈ ImL + ImQ. Assume that y ∈ ImL ∩ ImQ thus y = c ∈ R such that
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I1c − I2c = 0 = c

(∫ 1

0
eδ(1−s)ds−

i=m∑
i=1

σi

∫ ηi
0

eδ(ηi−s)ds

)
= ∆c = 0, i.e., c = 0, which imply

that ImL ∩ ImQ = ϕ an hence Y = ImL⊕ ImQ. As dim ImQ = dimkerL = 1, then L is

a Fredholm operator of index 0.

Lemma 4.2.4. Assume that M is an open bounded subset in X with dom (L) ∩ M ̸= ϕ.

The operator N L-compact on M.

Proof. The boundness of M imply that there exists R > 0 such that for all u ∈ M, we

have ∥u∥X = ∥u∥∞+
∥∥cDα−1,ρ

0 u
∥∥
∞ ≤ R. By the continuity of f there exists A > 0 such that

|f (s, u(s))| ≤ A for all u ∈ M, we get

∥QNu∥1 ≤ C ∥Nu∥1 ≤ CA,

and

∥(I −Q)Nu∥1 ≤ ∥Nu∥1 + ∥QNu∥1 ≤ (C + 1)A, (4.19)

we conclude that

∥KP (I −Q)Nu∥X ≤ C
′ ∥(I −Q)Nu∥∞ ≤ C

′
(C + 1)A,

then QN (M) and KP,QN (M) are bounded, we only need to prove that KP,QN (M) is

equicontinuous. Putting 0 ≤ t1 ≤ t2 ≤ 1

|KP (I −Q)Nu (t2)−KP (I −Q)Nu (t1)|

=
1

ραΓ(α)

∣∣∣∣∫ t2

0

(t2 − s)α−1eδ(t2−s) (I −Q)Nu(s)ds−
∫ t1

0

(t1 − s)α−1eδ(t1−s) (I −Q)Nu(s)ds

∣∣∣∣
=

1

ραΓ(α)

(∣∣∣∣∫ t1

0

(t2 − s)α−1eδ(t2−s) (I −Q)Nu(s)ds −
∫ t1

0

(t1 − s)α−1eδ(t1−s) (I −Q)Nu(s)ds

+

∫ t2

t1

(t2 − s)α−1eδ(t2−s) (I −Q)Nu(s)ds

∣∣∣∣)
≤ 1

ραΓ(α)

(∫ t1

0

∣∣(t2 − s)α−1eδ(t2−s) − (t1 − s)α−1eδ(t1−s)
∣∣ |(I −Q)Nu(s)| ds

+

∫ t2

t1

∣∣(t2 − s)α−1eδ(t2−s)
∣∣ |(I −Q)Nu(s)| ds

)
≤ ∥(I −Q)Nu∥1

ραΓ(α)

(∫ t1

0

∣∣(t2 − s)α−1eδ(t2−s) − (t1 − s)α−1eδ(t1−s)
∣∣ ds

+

∫ t2

t1

∣∣(t2 − s)α−1eδ(t2−s)
∣∣ ds) ,
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using Lemma 1.3.5 and the inequality (4.19) we get

|KP (I −Q)Nu (t2)−KP (I −Q)Nu (t1)|

≤ (C + 1)A

ραΓ(α)

(∫ t1

0

∣∣(t2 − s)α−1eδ(t2−s) − (t1 − s)α−1eδ(t1−s)
∣∣ ds

+
(C + 1)A

(1− ρ)α
[P(α,−δ(t2 − t1))− 0] ,

from Lemma 1.3.6 we obtain

|KP (I −Q)Nu (t2)−KP (I −Q)Nu (t1)| → 0 as t1 → t2.

On other hand, we have

cDα−1,ρ
0 KP (I −Q)Nu (t) = J 1,ρ

0 (I −Q)Nu(t)

=
1

ρ

∫ t

0

eδ(t−s) (I −Q)Nu (s) ds.

Similarity ∣∣cDα−1,ρ
0 KP (I −Q)Nu (t2)−c Dα−1,ρ

0 KP (I −Q)Nu (t1)
∣∣

=
1

ρ

∣∣∣∣∫ t2

0

eδ(t2−s) (I −Q)Nu(s)ds−
∫ t1

0

eδ(t1−s) (I −Q)Nu(s)ds

∣∣∣∣
≤ (C + 1)A

ρ

(∫ t1

0

∣∣eδ(t2−s) − eδ(t1−s)
∣∣ ds+ ∫ t2

t1

eδ(t2−s)ds

)
,

from Lemma 1.3.6 (with α = 1) we get∣∣cDα−1,ρ
0 KP (I −Q)Nu (t2)−c Dα−1,ρ

0 KP (I −Q)Nu (t1)
∣∣→ 0 as t1 → t2.

According to the Lemma 4.1.1, KP (I −Q)N (M) is compact, which show that N is

L-compact on M.

4.2.2 An existence theorem

Theorem 4.2.1. Suppose that there exists:

(C1) L1−Carathéodory function Φ : [0, 1] × R+ × R+ → R+ which is non decreasing with

respect to the last two variables such that

|f (t, x, y)| ≤ Φ (t, |x| , |y|) ,

for all (x; y) ∈ R2 and t ∈ [0, 1] .
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(C2) A real M0 > 0, such that if we have
∣∣cDα−1,ρ

0 u (t)
∣∣ > M0 for all t ∈ [0, 1] , then

I1f(t, u(t),
c D

1
4
, 1
2

0 u(t))− I2f(t, u(t),
c Dα−1,ρ

0 u(t)) ̸= 0.

(C3) A real M1 > 0, such that for |c| > M1, then either

c
(
I1N(cteδt)− I2N(cteδt

)
> 0, (4.20)

or

c(I1N(cteδt)− I2N(cteδt)) < 0, (4.21)

then the fractional BVPs (4.1)-(4.2)-(4.3) has at least one solution in dom (L) ⊂ X

provided that∫ 1

0

Φ (t, r, r) dt ≤ ραΓ(α)e2δ

ρΓ(α)(L1 + L2) + eδ(1 + ρα−1Γ(α))
r + β. (4.22)

Where β is a positive constant.

Proof. Step1: Let

Ω1 = {u ∈ dom (L) \ kerL : Lu = λNu, λ ∈ [0, 1]} ,

we will show that it is a bounded set.

Notice that if u ∈ Ω1 then λ ∈ (0, 1], because Ω1 ∩ kerL = ϕ, which allows us to write

Nu = L 1
λ
u ∈ ImL = kerQ, then

QNu =

∫ 1

0

eδ(1−s)f(s, u(s),cDα−1,ρ
0 u(s))ds−

i=m∑
i=1

σi

∫ ηi

0

eδ(ηi−s)f(s, u(s),cDα−1,ρ
0 u(s))ds = 0,

by the condition (C2) , there exists t0 ∈ [0, 1] such that
∣∣Dα−1,ρ

0 u (t0)
∣∣ ≤ M0. On the other

hand, we have

cDα−1,ρ
0 u (t) = cDα−1,ρ

0 u (t0) +

∫ t

t0

eδ(t−s) cDα,ρ
0 u (s) ds

= cDα−1,ρ
0 u (t0) +

∫ t

t0

eδ(t−s)f
(
s, u (s) ,cDα−1,ρ

0 u (s)
)
ds,

then ∣∣cDα−1,ρ
0 u (t)

∣∣ ≤
∣∣cDα−1,ρ

0 u (t0)
∣∣+ ∣∣∣∣∫ t

t0

eδ(t−s)f
(
s, u (s) ,c Dα−1,ρ

0 u (s)
)
ds

∣∣∣∣ (4.23)

≤ M0 + ∥Nu∥1 ,
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furthermore, we can write

u = (I − P )u+ Pu = KPL (I − P )u+ Pu

= KPLu+ Pu,

then

∥u∥X ≤ ∥KPLu∥X + ∥Pu∥X ,

by using (4.23), we obtain

|Pu (t)| =
Γ(3− α)

ρα−1eδ
∣∣teδt cDα−1,ρ

0 u(1)
∣∣

≤ L1

ρα−1eδ
∣∣cDα−1,ρ

0 u (1)
∣∣

≤ L1

ρα−1eδ
(M0 + ∥Nu∥1) ,

and ∣∣cDα−1,ρ
0 Pu (t)

∣∣ =
L2

eδ
∣∣cDα−1

0 u (1)
∣∣

≤ L2

ρα−1eδ
(M0 + ∥Nx∥1),

then

∥Pu∥X ≤ L1 + L2

ρα−1eδ
(M0 + ∥Nu∥1) ,

by simple calculations, we have

∥KPLu∥X ≤ 1 + ρα−1Γ(α)

ραΓ(α)
∥Nu∥1 ,

which give

∥u∥X ≤
(
L1 + L2

ρα−1eδ

)
M0 +

(
ρΓ(α) (L1 + L2) + eδ (1 + ρα−1Γ(α))

ραΓ(α)eδ

)
∥Nu∥1, (4.24)

it is easy to see that

|Nu (t)| =
∣∣f (s, u (s) ,cDα−1,ρ

0 u (s)
)
ds
∣∣ , (4.25)

according to conditions (C1) and (4.22), we obtain∫ 1

0

∣∣f (s, u (s) ,c Dα−1
0 u (s)

)∣∣ ds ≤
∫ 1

0

Φ
(
s, |u (s)| ,

∣∣cDα−1,ρ
0 u (s)

∣∣) ds (4.26)

≤
∫ 1

0

Φ (s, ∥u∥X , ∥u∥X) ds

≤ k ∥u∥X + β,
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then ∥Nu∥1 ≤ κ.∥u∥X + β substitude this result in (4.26) we get

∥u∥X ≤
(
L1 + L2

ρα−1eδ

)
M0 +

(
ρΓ(α) (L1 + L2) + eδ (1 + ρα−1Γ(α))

ραΓ(α)eδ

)
∥Nu∥1

≤
(
L1 + L2

ρα−1eδ

)
M0 +

(
ρΓ(α) (L1 + L2) + eδ (1 + ρα−1Γ(α))

ραΓ(α)eδ

)
(κ.∥u∥X + β)

=

(
L1 + L2

ρα−1eδ

)
M0 + eδ∥u∥X +

(
ρΓ(α) (L1 + L2) + eδ (1 + ρα−1Γ(α))

ραΓ(α)eδ

)
β,

we conclude that

∥u∥X ≤

(
L1+L2

ρα−1eδ

)
M0 +

(
ρΓ(α)(L1+L2)+eδ(1+ρα−1Γ(α))

ραΓ(α)eδ

)
β

1− eδ
.

Thus Ω1 is bounded.

Step 2 Let :

Ω2 = {u ∈ kerL : Nu ∈ ImL} ,

for all u ∈ Ω2 there exists a real constant c such that u (t) = cteδt, t ∈ [0, 1] and as Nu ∈ ImL

then

QNu = 0.

In view of (C3) , there exists t1 ∈ [0, 1] satisfying
∣∣cDα−1,ρ

0 u (t1)
∣∣ = ∣∣∣ cρα−1

Γ(3−α)
t2−α
1 eδt1

∣∣∣ ≤ M0 i.e

|c| ≤ M0

L2ρα−1 , which yields that

∥u∥X = |cL1|+
∣∣∣∣c L2ρ

α−1

Γ(3− α)

∣∣∣∣
= |c|

(
L1 +

L2ρ
α−1

Γ(3− α)

)
≤ M0

ρα−1L2

(L1 + 1) .

Then Ω2 is bounded.

Step 3: Assume that condition (C3)− (4.20) holds. Let :

Ω3 = {u ∈ kerL : λJu+ (1− λ)QNu = 0, λ ∈ [0, 1]} ,

where J is the isomorphism de�ned by J : kerL → ImQ, J
(
cteδt

)
= c. For u = c teδt ∈ Ω3

we have

λJu+ (1− λ)QNu = λc+
1− λ

∆

(
I1f(s, cse

δs,Λ(s))− I2f(s, cse
δs,Λ(s))

)
= 0, (4.27)
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if λ = 0, we get QNu = 0 so by the condition (C3) there exists t2 ∈ [0, 1] such that∣∣cDα−1,ρ
0 u (t2)

∣∣ = ∣∣∣∣ cρα−1

Γ(3− α)
t2−α
2 eδt2

∣∣∣∣ ≤ M0,

so |c| ≤ M0

L2ρα−1 and hence

∥u∥X = |cL1|+
∣∣∣∣c L2ρ

α−1

Γ(3− α)

∣∣∣∣
= |c|

(
L1 +

L2ρ
α−1

Γ(3− α)

)
≤ M0

ρα−1L2

(L1 + 1) .

In the case λ ̸= 0, in view of the condition (C3)− (4.20) we get

−λc2 =
(1− λ)c

∆
(I1f(s, cse

δs,Λ(s))− I2f(s, cse
δs,Λ(s))) > 0,

which contradict (4.20). Then |c| ≤ M1 which show that Ω3 is bounded.

If (C3)− (4.20) holds, we prove by the same method that

Ω3 = {u ∈ kerL : −λJu+ (1− λ)QNu = 0, λ ∈ [0, 1]} ,

is bounded set. It remains to check that all conditions of Theorem 2.3.1 are ful�lled.

Let Ω1 ∪ Ω2 ∪ Ω3 ⊂ Ω. As Ω1,Ω2 and Ω3 are bounded sets, then

(1) Lu ̸= λNu for all (u, λ) ∈ (dom(L)\ kerL) ∩ ∂Ω× (0, 1),

(2) QNu ̸= 0for all x ∈ kerL ∩ ∂Ω,

(3) Without loss of generality, assume that (C3)− (4.20) holds and de�ne the operator

F (u, λ) = λJu+ (1− λ)QNu,

as Ω3 is bounded then, F (λ, u) ̸= 0 for all (u, λ) ∈ (kerL ∩ ∂Ω) × (0, 1). Thus, by the

homotopy property of degree, we have

deg(QN|kerL,Ω ∩ kerL, 0) = deg(F (., 0),Ω ∩ kerL, 0)

= deg(F (., 1),Ω ∩ kerL, 0)

= deg(J,Ω ∩ kerL, 0)

̸= 0.

Consequently, the equation Lu = Nu has at least one solution in dom(L) ⊂ X. Namely

BVPs (4.1)-(4.2)-(4.3 ) has at least one solution in the space X.
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4.3 A numerical example

Consider the boundary value problem :
cD

3
2
, 1
2

0 u(t) = f
(
t, u(t), cD

1
2
, 1
2

0 u(t)
)
, t ∈ [0; 1],

u(0) = 0,

cD
1
2
, 1
2

0 u(1) = σ1
cD

1
2
, 1
2

0 u (η1) + σ2
cD

1
2
, 1
2

0 u (η2) ,

(Ex.2)

where

α =
3

2
, ρ =

1

2
, δ =

ρ− 1

ρ
= −1, σ1 =

6− 2e
8
9

3e
3
4 − 2e

8
9

≃ 0.7638.., σ2 =
3e

3
4 − 6

3e
3
4 − 2e

8
9

≃ 0.23

η1 =
1
4
, η2 =

1
9
, and

f
(
t, u(t), cD

1
2
, 1
2

0 u(t)
)
=

 0 if t ∈
[
0; 1

4

]
κ

4e
3
4−7

[
sinu(t) +c D

1
2
, 1
2

0 u(t)− 1
] (

t− 1
4

)
e1−t if t ∈

[
1
4
; 1
]

notice that obviously, condition (A1) holds with

Φ(t, x, y) =

 0 if t ∈
[
0; 1

4

]
,

κ

4e
3
4−7

[x+ y + 1]
(
t− 1

4

)
e1−t if t ∈

[
1
4
; 1
]
,

and ∫ 1

0

Φ(t, r, r)dt =

∫ 1

1
4

Φ(t, r, r)dt =
(2r + 1)κ

4e
3
4 − 7

e

∫ 1

1
4

(
t− 1

4

)
e−tdt

=
(2r + 1)κ

4e
3
4 − 7

·

(
4e

3
4 − 7

4

)
=

κ

2
r +

κ

4
≤ κr +

κ

4
.

Choosing M0 = 3. Assume that |c D
1
2
, 1
2

0 u(t) |> M0 for each t ∈ [0; 1]. if |c D
1
2
, 1
2

0 u(t) |> M0

for all t ∈ [0; 1] we have

f
(
t, u(t),cD

1
2
, 1
2

0 u(t)
)
>

κ

4e
3
4 − 7

[−1 +M0 − 1]

(
t− 1

4

)
e1−t,

then

I1Nu =

∫ 1

1
4

e−(1−s)f
(
s, u(s),c D

1
2 ,

1
2

0 u(s)
)
ds

>
κ

4e
3
4 − 7

[−2 +M0]

∫ 1

1
4

(
s− 1

4

)
ds

=
9κ

32
(
4e

3
4 − 7

) (M0 − 2) > 0
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I2Nu = σ1 ·
∫ 1

4

0

e−(
1
4−s)f

(
s, u(s),c D

1
2 ,

1
2

0 u(s)
)
ds

+ σ2 ·
∫ 1

9

0

e−(
1
9−s)f

(
s, u(s),c D

1
2 ,

1
2

0 u(s)
)
ds = 0.

On the other hand, if cD
1
2
, 1
2

0 u(t) ≤ −M0 for all t ∈
[
1
4
; 1
]
we get

f
(
t, u(t),c D

1
2
, 1
2

0 u(t)
)
<

κ

4e
3
4 − 7

[1−M0 − 1]

(
t− 1

4

)
e1−t,

so

I1Nu =

∫ 1

1
4

e−(1−s)f
(
s, u(s),c D

1
2
, 1
2

0 u(s)
)
ds

<
κ

4e
k
4 − 7

(−M0)

∫ 1

1
4

(
s− 1

4

)
ds

= − 9κ

32
(
4e

2
4 − 7

)M0 < 0,

then I2Nu = 0. Which assure that the condition (A2) is satis�ed.

Taking M1 = 7

c
(
I1N

(
cte−t

)
− I2N

(
cte−t

))
= cI1N

(
cte−t

)
= c

∫ 1

1
4

κ

4e
3
4 − 7

[
sin
(
cte−t

)
+

c√
2

√
se−s

Γ
(
3
2

) − 1

](
s− 1

4

)
ds

=
κ

4e
3
4 − 7

c[Ac+B],

where

A =
1√

2 · Γ
(
3
2

) ∫ 1

1
4

(
s− 1

4

)√
se−sds,

B =

∫ 1

1
4

sin
(
cte −t − 1

)(
s− 1

4

)
ds,

we have

A =

√
2

π

∫ 1

1
4

(
s− 1

4

)√
se−sds,≃ 9.0401× 10−2 > 0,

|B| ≤
∫ 1

1
4

2

(
s− 1

4

)
ds =

9

16
,

54



Generalized proportional fractional di�erential equations

thus ∣∣∣∣BA
∣∣∣∣ ≤ 9

16

0.09
=

100

16
= 6.25.

If c > 7, we have −c < −7 < −6.25 ≤ B
A
then Ac+B > 0 which imply that

c
(
I1N

(
cte−t

)
+ I2N

(
cte−t

))
> 0.

If c < −7, we get B
A
≤ 6.25 < 7 < −c thus Ac+B < 0, therefore

c
(
I1N

(
cte−t

)
+ I2N

(
cte−t

))
> 0.

Then condition is fu�lled and the problem (Ex.2) has at least one solution in C
1
2 [0; 1].
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Chapter 5

Existence results for the boundary value

problem with two-dimensional kernel

5.1 Introduction

In this chapter we shall study the existence of solutions for the following fractional-order

p-Laplacian BVP at resonance with integral boundary conditions [14] :
(ϕp(D

β
0+
u(t)))′ + g(t)f(t, u(t), Dβ

0+u(t)) = 0, t ∈ [0, T ], 0 ≤ β < 1,

ϕp(D
β
0+u(0)) =

∫ T

0
g(t)ϕp(D

β
0+u(t))dt,

ϕp(D
β
0+u(T )) =

∫ T

0
g(t)ϕp(D

β
0+u(t))dt,

(5.1)

where Dβ
0+ is the Riemann-Liouville fractional derivative of order β, g ∈ L1[0, T ] with

g(t) > 0 and f : [0, T ] × R2 → R is a g-Caratheodory function, that is, (i) for each

(x, y) ∈ R2, the mapping t → f(t, x, y) is Lebesgue measurable, (ii) for a.e. t ∈ [0, T ]

the mapping (x, y) → f(t, x, y) is continuous on R2 and (iii) for each r > 0, there exists

ωr(t) : [0, T ] → [0,+∞) satisfying
∫ T

0
g(t) |ωr(t)| < +∞ such that, for a.e. t ∈ [0, T ) and

every (x, y) ∈ [−r, r]× [−r, r], we have

|f(t, x, y)| ≤ ωr(t).

Recall also that ϕp : R → R is an odd continuous, increasing operator, and ϕ−1
p = ϕq. The

problem (5.1) is said to be at resonance if
∫ T

0
g(t)dt = 1.
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Moreover, because (ϕp(D
β
0+
u(t)))′ is a nonlinear operator, the coincidence degree theory

for linear di�erential operators with resonant boundary value conditions fails to apply to it

directly. However, rewriting (5.1) as a semilinear system allows us to apply the continuation

theorem to the problem (5.2) and obtain the existence of some solutions.

5.2 The functional framework

Now, we consider the following system :
Dβ

0+u1(t) = ϕq (u2(t)) ,

u′
2(t) = −g(t)f (t, u1(t), ϕqu2(t)) ,

u2(0) = u2(T ) =
∫ T

0
g(t)u2(t)dt,

(5.2)

where 0 ≤ β < 1 and we introduce the spaces

X1 = C1−β[0, T ] = {u ∈ C[0, T ] | such that t1−βu(t) ∈ C[0, T ]
}
,

with the norm

∥u∥X1 = ∥u∥C1−β = max
t∈[0,T ]

∣∣t1−βu(t)
∣∣ ,

and

X2 = C[0, T ] = {u | u(t) is continuous on the interval [0, T ]},

equipped by the norm ∥u∥X2 = maxt∈[0,T ] |u(t)|, taking the space

X =
{
u = (u1, u2)

⊤ | u1 ∈ C1−β[0, T ], u2 ∈ C[0, T ]
}
,

with the norm

∥u∥X = max {∥u1∥C1−β , ∥u2∥C} ,

and Y1 = C[0, T ], Y2 = L1[0, T ] where ∥y∥Y1 = maxt∈[0,T ] |y(t)|, ∥y∥Y2 =
∫ T

0
|y(t)|dt. De�ne

the space Y as follows:

Y =
{
y = (y1, y2)

⊤ | y1 ∈ C[0, T ], y2 ∈ L1[0, T ]
}
,

with the norm

∥y∥Y = max
{
∥y1∥C[0,T ] , ∥y2∥L1[0,T ]

}
.
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Obviously, (Y, ||.||Y ) is a Banach space, and ||.||C1−β is a norme in C1−β because

||u||C1−β = ||u||∞ .

Now, let's prove that (X, ||.||X) is also a Banach space. Suppose (un) is Cauchy sequence

in C1−β, that's for ever ε > 0, there exists n0 ∈ N such that, for all m > n > n0, we have

||um − un||C1−β < ε,

which implies that

sup
t∈[0,T ]

t1−β |um(t)− un(t)|C1−β < ε,

then,

sup
t∈[0,T ]

∣∣t1−βum(t)− t1−βun(t)
∣∣
C1−β < ε,

�nally, we obtain

||(um)1−β − (un)1−β||∞ < ε,

which shows that (un)1−β is a Cauchy sequence in C[0, T ] (real Banach space), then (un)1−β

is convergent to a function u ∈ C[0, T ]. Therefore, for all ε > 0, there exists n0 ∈ N such

that, if n > n0, we have

sup
t∈[0,T ]

∣∣t1−βun(t)− u(t)
∣∣ < ε,

hence

sup
t∈[0,T ]

t1−β

∣∣∣∣un(t)−
u(t)

t1−β

∣∣∣∣ < ε,

which means that (un) converges to the function v ∈ C1−β, de�ned as v(t) = u(t)
t1−β .

0 < t ≤ T, which shows that X1 is Banach space.

On the other hande X2 = C[0, T ] with the norm ∥u∥X2 = maxt∈[0,T ] |u(t)| is Banach space

then X = X1 ×X2, with the norm ∥u∥X = max {∥u1∥C1−β , ∥u2∥C} , is Banach space.

It is clear that, (u1(·), u2(·))⊤ is a solution of the problem (5.2), if and only if u1(·) is a

solution of the problem (5.1). De�ne the operator L : domL ⊂ X → Y by

Lu(t) :=

 (Lu)1(t)

(Lu)2(t)

 =

 Dβ
0+u1(t)

u′
2(t)

 , ∀t ∈ [0, T ], (5.3)
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where

domL =

{
u ∈ X, (Dβ

0+u1, u
′
2) ∈ Y, u2(0) = u2(T ) =

∫ T

0

g(t)u2(t)dt

}
,

(Lu)1(.) is the �rst component and (Lu)2(.) is the second. Let the operator N : X → Y be

de�ned by

Nu(t) :=

 (Nu)1(t)

(Nu)2(t)

 =

 ϕq (u2(t))

−g(t)f (t, u1(t), ϕqu2(t))

 , ∀t ∈ [0, T ]. (5.4)

It is easy to see that problem (5.2) can be converted to the operator equation

Lu = Nu, u ∈ domL.

Throughout this paper we will use the following notations: D1, D2 : Y2 → Y2 are two linear

operators de�ned by the following relations

D1y2 :=

∫ T

0

y2(s)ds and D2y2 :=

∫ T

0

g(t)

∫ t

0

y2(s)dsdt,

where Y2 = L1[0, T ], and for all β ∈ [0, 1) denote by For all β ∈ [0, 1) denote by

∆ = δ11δ22 − δ12δ21,

where

δ11 = T, δ22 =
1

β

∫ T

0

tβg(t)dt, δ12 =
T β

β
and δ21 =

∫ T

0

tg(t)dt,

and the operators R1, R2 : Y2 → Y2 as
R1y2 :=

1
∆
(δ22D1y2 − δ12D2y2) ,

R2y2 :=
1
∆
(δ11D2y2 − δ21D1y2) .

(5.5)

Proposition 5.2.1. (Proposition, p-219, [10] If the continuous function f ≥ 0 in [a, b] then

: ∫ b

a

f(x)dx = 0 =⇒ ∀x ∈ [a, b]; f(x) = 0.

Proof. Indeed, if f(x0) > 0, x0 ∈ [a, b], then by continuity, there exist an interval

[α, β] ⊂ [a, b], where f > f(x0)
2

, which imply∫ b

a

fdx ≥
∫ β

α

fdx ≥ f(x0)(β − α)

2
.

Contradiction.
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Remark 5.1. In view of the precedent proposition ∆ = δ11δ22 − δ12δ21 ̸= 0.

Indeed, for each 0 ≤ β < 1, the function F de�ned by F (t) = Ttβ−T βt is positive continuous

so F (t)g(t) ≥ 0 (because g(t) > 0), and as g
(
T
2

)
F
(
T
2

)
̸= 0, then the function Fg is not

identically zero in [0, T ] which prove that

∆ =
1

β

∫ T

0

F (t)g(t)dt ̸= 0.

5.3 Existence results

5.3.1 Linear Part

In this part, we needed three lemmas to prove the existence of solutions of our problem

by applying Mawhin's coincidence degree theory.

Lemma 5.3.1. We have the following results:

KerL =
{
c1(t

β−1, 0)⊤ + c2(0, 1)
⊤,∀t ∈ [0, T ], c1, c2 ∈ R

}
, (5.6)

ImL =
{
y = (y1, y2)

⊤ ∈ Y : D1y2 = D2y2 = 0
}
. (5.7)

Proof. On one hand, for each u = (u1, u2)
⊤ ∈ kerL, we have Lu (t) = 0 for all t ∈ [0; 1], so Dβ

0+u1(t) = 0

u′
2(t) = 0

⇒

 u1(t) = c1t
β−1

u2(t) = c2

then

KerL =
{
c1(t

β−1, 0)⊤ + c2(0, 1)
⊤,∀t ∈ [0, T ], c1, c2 ∈ R

}
.

If y = (y1, y2)
⊤ ∈ ImL, then there exists u = (u1, u2)

⊤ ∈ domL such that y = Lu, i.e.,

y1(t) = Dβ
0+u1(t), y2(t) = u′

2(t), which yields

u2(t) = c2 +

∫ t

0

y2(s)ds, c2 ∈ R,

with consideration of the boundary conditions u2(0) = u2(T ) =
∫ T

0
g(t)u2(t)dt, we conclude

that

c2 = c2 +

∫ T

0

y2(s)ds = c2 +

∫ T

0

g(t)

∫ t

0

y2(s)ds,
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so, we have ∫ T

0

y2(s)ds =

∫ T

0

g(t)

∫ t

0

y2(s)ds = 0,

then,

D1y2 = D2y2 = 0, (5.8)

thus

ImL ⊂
{
y = (y1, y2)

⊤ ∈ Y : D1y2 = D2y2 = 0
}
. (5.9)

Now, suppose that y = (y1, y2)
⊤ ∈ Y, and satis�es (5.8). Let u1(t) = Iβ0+y1(t),

u2(t) = I10+y2(t).

Since
∫ T

0
g(t)dt = 1, we get

u2(0) = u2(T ) =

∫ T

0

g(t)u2(t)dt,

then u = (u1, u2)
⊤ ∈ domL and Lu = y i.e., y ∈ ImL. Hence,{

y = (y1, y2)
⊤ ∈ Y : D1y2 = D2y2 = 0

}
⊂ ImL, (5.10)

from (5.9) and (5.10), we conclude that

ImL =
{
y = (y1, y2)

⊤ ∈ Y : D1y2 = D2y2 = 0
}
.

The proof is completed.

Lemma 5.3.2. Under the assumption
∫ T

0
g(t)dt = 1, the following conditions hold:

(i) L : domL ⊂ Ω → X is a Fredholm operator of index zero. Furthermore, the linear

continuous projectors P : X → X and Q : Y → Y satisfy

Pu(t) :=

 (Pu)1(t)

(Pu)2(t)

 =

 T 1−βu1 (T ) t
β−1∫ T

0
g(s)u2(s)ds

 , ∀t ∈ [0, T ],

where the �rst and the second component of P are independent of each other, and

Qy(t) :=

 (Qy)1(t)

(Qy)2(t)

 =

 0

R1y2 +R2y2t
β−1

 , ∀t ∈ [0, T ],
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where R1, R2 are de�ned in (5.5).

(ii) The inverse KP : ImL → domL∩ kerP of LP can be written as

KPy :=

 (KPy)1

(KPy)2

 =

 Iβ0+y1

I10+y2

 ,

and satisfy

∥KPy∥X ≤ L ∥y∥Y ,

where L = max{ T
Γ(β+1)

, 1}.

Proof. (i) For all u ∈ X, and t ∈ [0, T ], we have

P 2u(t) = P (Pu)(t) = P

 (Pu)1(t)

(Pu)2(t)

 = P

 T 1−βu1 (T ) t
β−1∫ T

0
g(s)u2(s)ds


=

 T 1−β(Pu)1 (T ) t
β−1∫ T

0
g(s)(Pu)2(s)ds

 =

 T 1−β(T 1−βu1 (T )T
β−1)tβ−1

(Pu)2(t)
∫ T

0
g(s)ds


= Pu(t),

because
∫ T

0
g(t)dt = 1.

For all y ∈ Y , and t ∈ [0, T ], we get

R1 (R1y2) =
1

∆
[δ22D1 (R1y2)− δ12D2 (R1y2)]

=
1

∆
[δ22δ11 − δ12δ21]R1y2

= R1y2,

and similarly we can derive that

R1

(
R2y2t

β−1
)
= 0,

R2 (R1y2) = 0,

and

R2

(
R2y2t

β−1
)
= R2y2.
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So, for y = (y1, y2)
⊤ ∈ Y , it follows from the four relations above that

Q2y2 = Q(Qy2) = R1[R1y2 +R2y2t
β−1] +R2[R1y2 +R2y2t

β−1]tβ−1

= R1 (R1y2) +R1

(
R2y2t

β−1
)
+R2 (R1y2) +R2

(
R2y2t

β−1
)

= R1y2 +R2y2t
β−1 = Qy2.

Thus, we get

Q2y(t) = Q(Qy)(t) = Q

 (Qy)1

(Qy)2

 =

 0

Q(Qy2)

 = Qy, ∀t ∈ [0, T ].

We have also

∥(Pu)1∥C1−β = max
t∈[0,T ]

∣∣t1−βT 1−βu1 (T ) t
β−1
∣∣ = ∣∣T 1−βu1 (T )

∣∣
≤ max

t∈[0,T ]

∣∣t1−βu1 (t)
∣∣ = ∥u1∥C1−β ,

∥(Pu)2∥∞ = max
t∈[0,T ]

∣∣∣∣∫ T

0

g(s)u2(s)ds

∣∣∣∣
≤
∫ T

0

g(s) |u2(s)| ds = ∥u2∥∞ ,

then

∥Pu∥X = max{∥(Pu)1∥C1−β , ∥(Pu)2∥∞}

≤ max{∥u1∥C1−β , ∥u2∥∞} = ∥u∥X .

And we have also

∥(Qy)1∥∞ = max
t∈[0,T ]

|(Qy)1(t)| = 0 ≤ ∥y1∥∞ ,

∥(Qy)2∥L1[0,T ] =

∫ T

0

|(Qy)2(s)| ds ≤ C ∥y2∥L1[0,T ] ,

where C = |δ11δ22|+2|δ12δ11|+|δ12δ21|
|∆| , then

∥Qy∥Y = max{∥(Qy)1∥∞ , ∥(Qy)2∥L1[0,T ]} ≤ max{∥y1∥∞ , C ∥y2∥L1[0,T ]} ≤ C ∥y∥Y . (5.11)

Now we prove that Y = ImL⊕ ImQ.

For each y = (y1, y2)
⊤ ∈ Y, can be write as y = ((I −Q)y +Qy) = (y1, (I −Q)y2 +Qy2))

⊤
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where y −Qy ∈ ImL = KerQ and Qy ∈ ImQ, thus we have Y = ImL+ ImQ.

Let y ∈ ImL
⋂

ImQ so y(t) = (y1, y2)
⊤ = (0, a+ btβ−1)⊤ where a, b ∈ R, and since y ∈ ImL

then D1y2 =
∫ T

0
(a + bsβ−1)ds = 0 and D2y2 =

∫ T

0
g(t)

∫ T

0
(a + bsβ−1)dsdt = 0, we derive

a = b = 0, thus ImL
⋂

ImQ = {0}, which implies that Y = ImL⊕ ImQ, and as

dimKerL = dim ImQ = codim ImL = 2.

So L is a Fredholm operator of index zero.

Furthemore, for all u in X, we can write u = (u− Pu) + Pu and since ImP = KerL, then

P 2u = Pu, so

X = KerP +KerL

By simple calculation, we can get that KerP ∩KerL = {0} which prove that

X = KerL⊕KerP.

(ii) From the de�nition of KP , for y ∈ ImL, we have

LKPy =

 Dβ
0+I

β
0+y1

d
dt
I10+y2

 = y.

For u ∈ domL ∩KerP , and by using Lemma 1.3.3 we get

KPLu =

 u1 + c1t
β−1

u2 + c2

 ,

where c1, c2 are real constants. Since u ∈ domL∩KerP , it is easily to show that c1 = c2 = 0.

So KP is the inverse of LP . We have also

∥KPy∥X = {∥(KPy)1∥C1−β , ∥(KPy)2∥∞}

= max{
∥∥∥Iβ0+y1∥∥∥

C1−β
,
∥∥I10+y2∥∥∞}

≤ max{ T

Γ (β + 1)
∥y1∥Y1

, ∥y2∥Y2
}

≤ L ∥y∥Y ,

where L = max{ T
Γ(β+1)

, 1}, which completes the proof.
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5.3.2 Nonlinear Part

Lemma 5.3.3. Let Ω ⊂ X be open and bounded subset with domL ∩ Ω̄ ̸= ∅. If f is

g-Caratheodory, then N is L-compact on Ω̄.

Proof. Let Ω = B (0, r), then for u ∈ Ω̄, ∥u∥ ≤ r. Since f is a g-Caratheodory function

then, there exists ωr : [0, T ] → [0,+∞) satisfying
∫ T

0
g(t) |ωr(t)| < +∞,

for a.e t ∈ [0, T ], ∣∣∣f (t, u(t), Dβ
0+u(t)

)∣∣∣ ≤ ωr(t),

then

∥QNu∥Y ≤ C ∥Nu∥Y ≤ C1,

where C1 = C(rq−1 + ∥ωr∥L1[0,T ]).

We will use the following two steps to prove that KP (I −Q)N(Ω̄) is compact.

Step 1: Let u ∈ Ω̄, then

∥KP (I −Q)Nu∥X ≤ L ∥(I −Q)Nu∥Y ≤ L (∥Nu∥Y + ∥QNu∥Y ) ≤ C2,

where C2 = L(C1 + rq−1 + ∥ωr∥L1[0,T ]) .

Step 2: Let u ∈ Ω̄ and t1, t2 ∈ [0, T ] with t1 < t2 then∣∣∣t1−β
2 (KP (I −Q)Nu)1(t2)− t1−β

1 (KP (I −Q)Nu)1(t1)
∣∣∣

=

∣∣∣∣∣ t1−β
2

Γ(β)

∫ t2

0

(t2 − s)β−1 ((I −Q)Nu)1(s)ds

− t1−β
1

Γ(β)

∫ t1

0

(t1 − s)β−1 ((I −Q)Nu)1(s)ds

∣∣∣∣∣
≤

∣∣∣∣∣ t1−β
2

Γ(β)

∫ t2

t1

(t2 − s)β−1 ((I −Q)Nu)1(s)ds

∣∣∣∣∣
+

∣∣∣∣∣t1−β
2 − t1−β

1

Γ(β)

∫ t1

0

(t2 − s)β−1 ((I −Q)Nu)1(s)ds|

+

∣∣∣∣∣ t1−β
1

Γ(β)

∫ t1

0

(
(t2 − s)β−1 − (t1 − s)β−1

)
((I −Q)Nu)1(s)ds

∣∣∣∣∣
≤

(C + 1)(rq−1 + ∥ωr∥L1[0,T ])

Γ(β + 1)
|t2 − t1| ∥ωr∥L1[0,T ] → 0
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As t1 → t2 uniformly. Similarly we can derive that

|(KP (I −Q)Nu)2(t2)− (KP (I −Q)Nu)2(t1)|

=

∣∣∣∣∫ t2

0

((I −Q)Nu)2(s)ds−
∫ t1

0

((I −Q)Nu)2(s)ds

∣∣∣∣
=

∣∣∣∣∫ t1

0

((I −Q)Nu)2(s)ds+

∫ t2

t1

((I −Q)Nu)2(s)ds

−
∫ t1

0

((I −Q)Nu)2(s)ds

∣∣∣∣
=

∣∣∣∣∫ t2

t1

((I −Q)Nu)2(s)ds

∣∣∣∣ ≤ (t2 − t1) |((I −Q)Nu)2|

≤ (t2 − t1)(C + 1)(rq−1 + ∥ωr∥L1[0,T ]) → 0

As t1 → t2 uniformly. Thus, KP (I−Q)Nu(Ω̄) is compact, therefore, the nonlinear operator

N is L -compact on Ω̄.

5.3.3 Existence theorem for the fractional-order p-Laplacian bound-

ary value problem

Theorem 5.3.1. Assume the following condition holds.

(H1) There exist functions a1(t) > 0, a2(t) > 0, a3(t) > 0, in L1[0, T ] such that

g(t) |f(t, u, v)| ≤ a1(t) + a2(t)|t1−βu|p−1 + a3(t)|v|p−1,

for all (u, v) ∈ R2 and t ∈ [0, T ], where g(t) ∈ L1[0, T ], g(t) > 0.

(H2) There exists a constant A > 0 such that if |u| > A or |v| > A, then either

uD1(N(u, v)⊤)2 + vD2(N(u, v)⊤)2 > 0, (5.12)

or

uD1(N(u, v)⊤)2 + vD2(N(u, v)⊤)2 < 0. (5.13)

Then problem (5.2) has at least one solution, provided that

T p−1

Γ(β + 1)p−1
∥a2∥L1[0;T ] + ∥a3∥L1[0;T ] < 1, if 1 < p < 2, (5.14)

2p−2T p−1

Γ(β + 1)p−1
∥a2∥L1[0;T ] + ∥a3∥L1[0;T ] < 1, if p ≥ 2. (5.15)
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Proof. Step 1. Consider the set

Ω1 = {u ∈ domL\KerL | Lu = ρNu, ρ ∈ (0, 1)}.

For u ∈ Ω1, and ρ ̸= 0, we get Nu ∈ ImL = KerQ, hence∫ T

0

g(t)f (t, u1(t), ϕq(u2(t))) dt =

∫ T

0

g(t)

∫ t

0

g(s)f (s, u1(s), ϕq(u2(s))) dsdt = 0.

From the integral mean value theorem there exist t0 ∈ (0, T ), such that

f (t0, u1(t0), ϕq(u2(t0))) = 0,

according to condition (H2), we get |u2 (t0)| ≤ Ap−1. Since

u2(t) = u2(t0) +

∫ t1

t0

u′
2 (s) ds.

We have

∥u2∥C ≤ Ap−1 + ∥u′
2∥L1[0,T ] , (5.16)

by Lemma 1.3.3 we can write, t1−βu1(t) = t1−βIβ0+D
β
0+u1(t) + c1, then∣∣t1−βu1(t)

∣∣ ≤ T

Γ(β + 1)

∥∥∥Dβ
0+u1

∥∥∥
C
+ |c1| ,∀t ∈ [0, T ],

which gives

∥u1∥X1
≤ T

Γ(β + 1)

∥∥∥Dβ
0+u1

∥∥∥
C
+ |c1| . (5.17)

Now, Lu = ρNu is equivalent to Dβ
0+u1(t) = ρϕq (u2(t)) ,

u′
2(t) = −ρg(t)f (t, u1(t), ϕq (u2(t))) .

(5.18)

Using (5.18), we get
∥∥∥Dβ

0+u1

∥∥∥
C
≤ ∥u2∥

1
p−1

C . Substitute this inequality in (5.17) we conclude

that

∥u1∥X1
≤ T

Γ(β + 1)
∥u2∥

1
p−1

C + |c1| . (5.19)
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By the second equation of (5.18), and (H1), we get

∥u′
2∥L1[0,T ] = ∥g(t)f (t, u1(t), ϕq (u2(t)))∥L1[0,T ]

=

∫ T

0

g(s) |f (s, u1(s), ϕq (u2(s)))| ds

≤
∫ T

0

[
a1(s) + a2(s)|t1−βu|p−1 + a3(s)|v|p−1

]
ds

≤ ∥a1∥L1[0,T ] + ∥a2∥L1[0,T ]

∣∣t1−βu1

∣∣p−1
+ ∥a3∥L1[0,T ] ∥ϕq(u2)∥p−1

C

= ∥a1∥L1[0,T ] + ∥a2∥L1[0,T ]∥u1∥p−1
X1

+ ∥a3∥L1[0,T ] ∥u2∥C ,

where the functions a1(t) > 0, a2(t) > 0, a3(t) > 0, in L1[0, T ].

If 1 < p < 2, then from the above inequalities and Lemma 1.4.1 we obtain

∥u′
2∥L1[0,T ] ≤ ∥a1∥L1[0,T ] + ∥a2∥L1[0,T ]

(
T p−1

Γ(β + 1)p−1
∥u2∥L1[0,T ] + |c1|p−1

)
+ ∥a3∥L1[0,T ] ∥u2∥C

≤ ∥a1∥L1[0,T ] + ∥a2∥L1[0,T ] |c1|p−1 + Ap−1

(
T p−1

Γ(β + 1)p−1
∥a2∥L1[0,T ]

+ ∥a3∥L1[0,T ]

)
+

(
T p−1

Γ(β + 1)p−1
∥a2∥L1[0,T ] + ∥a3∥L1[0,T ]

)
∥u′

2∥L1[0,T ] .

Similarly, if p ≥ 2, then

∥u′
2∥L1[0,T ] ≤ ∥a1∥L1[0,T ] +

2p−2T p−1

Γ(β + 1)p−1
∥a2∥L1[0,T ] + |c1|p−1

+ Ap−1

(
2p−2T p−1

Γ(β + 1)p−1
∥a2∥L1[0,T ] + ∥a3∥L1[0,T ]

)
+

(
2p−2T p−1

Γ(β + 1)p−1
∥a2∥L1[0,T ] + ∥a3∥L1[0,T ]

)
∥u′

2∥L1[0,T ] .

Where A is positive constant, using (5.14) or (5.15), we have

∥u′
2∥L1[0;T ] ≤ K0.

By (5.16), we get

∥u2∥C ≤ Ap−1 +K0 = K1,

and by (5.19)

∥u1∥X1
≤ T

Γ(β + 1)
∥u2∥

1
p−1

C + |c1| ≤ |c1|+
T

Γ(β + 1)
K

1
p−1

1 = K2,
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as a consequence, we obtain

∥u∥X = max
{
∥u1∥X1

, ∥u2∥X2

}
= max {K1, K2} = k.

Then the set Ω1 is bounded.

Step 2. Let

Ω2 = {u ∈ KerL | QNu = 0}.

For u ∈ Ω2, with u = (u1, u2)
⊤ = (c1t

β−1, c2)
⊤, ∀(c1, c2) ∈ R2.

We have D1 (Nu)2 = D2 (Nu)2 = 0, from (H2) there exist t1 ∈ [0, T ], such that
∣∣c1tβ−1

∣∣ ≤ A

and |c2| ≤ A, then we get

∥u∥X = max
t∈[0,T ]

{
∥u1∥X1

, ∥u2∥X2

}
≤ max

t∈[0,T ]

{
At1−β, A

}
= B.

Thus the set Ω2 is bounded.

Step 3.

De�ne the isomorphism J : kerL → ImQ by

J

 c1t
β−1

c2

 =

 0

1
∆

[
δ22c1 − δ12c2 + (δ11c2 − δ21c1) t

β−1
]
 , ∀t ∈ [0, T ],

for (c1, c2) ∈ R2. Let

Ω3 = {u ∈ kerL, ρJu+ (1− ρ)QNu = 0, for some ρ ∈ [0, 1]}.

By de�nition, u ∈ Ω3 means that u = (u1, u2)
⊤ = (c1t

β−1, c2)
⊤ and ρJu+ (1− ρ)QNu = 0

with a, b ∈ R. If ρ = 0, then QNu = 0. By Step 2 we get ∥u∥X ≤ B. For ρ = 1, we obtain

Ju(t) = J(c1t
β−1, c2)

⊤ = (0, 0)⊤, then δ22c1 − δ12c2 = 0

δ11c2 − δ21c1 = 0.

Since ∆ ̸= 0, then c1 = c2 = 0.

If 0 < ρ < 1, from −ρJu = (1− ρ)QNu, we obtain

−ρ

∆

[
δ22c1 − δ12c2 + (δ11c2 − δ21c1)t

β−1
]

=
1− ρ

∆

[
δ22D1(N(c1t

β−1, c2)
⊤)2 − δ12D2(N(c1t

β−1, c2)
⊤)2 + (δ11D2(N(c1t

β−1, c2)
⊤)2

−δ21D1(N(c1t
β−1, c2)

⊤)2)t
β−1
]
,
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which implies that

−ρδ22c1 + ρδ12c2 = (1− ρ)
[
δ22D1(N(c1t

β−1, c2)
⊤)2 − δ12D2(N(c1t

β−1, c2)
⊤)2
]

−ρδ11c2 + ρδ21c1 = (1− ρ)
[
δ11D2(N(c1t

β−1, c2)
⊤)2 − δ21D1(N(c1t

β−1, c2)
⊤)2
]
.

Since the determinant ∆ ̸= 0, then by simple calculations, we obtain

ρc1 = −(1− ρ)D1(N(c1t
β−1, c2)

⊤)2,

and

ρc2 = −(1− ρ)D2(N(c1t
β−1, c2)

⊤)2.

Then  ρc21t
β−1 = −(1− ρ)c1t

β−1D1(N(c1t
β−1, c2)

⊤)2

ρc22 = −(1− ρ)c2D2(N(c1t
β−1, c2)

⊤)2.

By hypothesis (H2) and from (5.11), we get

ρ
(
c21t

β−1 + c22
)
= −(1− ρ)

[
c1t

β−1D1(N(c1t
β−1, c2)

⊤)2 + c2D2(N(c1t
β−1, c2)

⊤)2
]
< 0

And this is a contradiction. So, the set Ω3 is bounded.

Finally, if we assume that (5.12) holds, then by the same method, we can prove the bound-

edness of the set {u ∈ kerL : −ρJu+ (1− ρ)QNu = 0 , for some ρ ∈ [0.1]}. Next, we prove

that all conditions of Theorem 2.3.1 are satis�ed: Let Ω to be an open bounded subset of

X such that ∪i−3
i=1Ω̄i ⊂ Ω. From Lemma 5.3.2, we known that L is a Fredholm operator of

index zero. By Lemma 5.3.3, N is L-compact on Ω̄. Since Ωi, (i = 1, 2, 3) are bounded sets

and Ωi ⊂ Ω, we have

(1) Lu ̸= ρNu for all (u, ρ) ∈ [(dom L\Ker(L)) ∩ ∂Ω]× (0, 1),

(2) QNu ̸= 0 for all u ∈ kerL ∩ ∂Ω.

Finaly we prove that condition (3) of Theorem 2.3.1 is satis�ed. Let

H(u, ρ) = ±ρJu+ (1− ρ)QNu.

As Ω̄3 ⊂ Ω, for all u ∈ Ker(L) ∩ ∂Ω and ρ ∈ [0, 1], we obtain that H(u, ρ) ̸= 0. So, by the

homotopy property of the degree, we conclude that

deg
(
QN|ker L, ker L ∩ Ω, 0

)
= deg(H(., 0), ker L ∩ Ω, 0)

= deg(H(., 1), ker L ∩ Ω, 0)

= deg(±J, ker L ∩ Ω, 0) ̸= 0,
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which implies that Lu = Nu has at least a solution in dom L ∩ Ω̄.

5.3.4 An illustrative Example

Consider the following fractional di�erential equation :

(ϕ3(D
1
2
0+
u(t)))′ + cos t( sin t

36π
sin2 u− 5 cos 3t

36π
ϕ3(D

1
2
0+
u(t))− π+2

72π
) = 0, t ∈ [0, π

2
], (Ex3)

with  ϕ3(D
1
2
0+u(0)) =

∫ π
2

0
cos tϕ3(D

1
2
0+u(t))dt,

ϕ3(D
1
2
0+u(

π
2
)) =

∫ π
2

0
cos tϕ3(D

1
2
0+u(t))dt,

(Cd3)

where β = 1
2
, p = 3, q = 3

2
, T = π

2
, g(t) = cos t,

∫ π
2

0
cos tdt = 1.

Here f(t, u, v) = sin t
36π

sin2 u− 5 cos 3t
36π

v2 − π+2
72π

, then

cos t|f(t, u, v)| ≤ π + 2

72π
+

1

36π
|t

1
2u|2 + 5

36π
|v|2.

So we may take

a1(t) =
π + 2

72π
, a2(t) =

1

36π
, a3(t) =

5

36π
,

we have ∥a1∥L1[0,π
2
] =

π+2
144

; ∥a2∥L1[0,π
2
] =

1
72
; ∥a3∥L1[0,π

2
] =

5
72
, and

∆ = δ11δ22 − δ21δ12 = 0.81 ̸= 0.

And we have also

2p−2T p

Γ(β + 1)p−1
∥a2∥L1[0,π

2
] + T∥a3∥L1[0,π

2
] = 0.13 < 1.

Let A = π
2
, if |v| > A, then we get

uD1(N(u, v)⊤)2 + vD2(N(u, v)⊤)2

= u

(
sin2 u

36π
− sin2 u

72
+

π + 2

72π

)
+ v

(
5

216π
v + (

π2

8
− 1)(

π + 2

72π
− sin2 u

36π
)

)
>

1

72
v

(
5

3π
v + (

π2

8
− 1)

)
> 0.

Hence, all conditions of Theorem 5.3.1 hold, which implies that the problem Ex3 - Cd3 has

at least one solution in X.
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Conclusions

In this thesis we have investigated some questions of existence of solutions of some classes

of nonlinear boundary value problems in the resonance case. There are some mathematical

di�culties caused by the nonlinearities and the boundary conditions. By utilizing the coin-

cidence topological degree, however we can �nd some partial solution.

Many related problems have been solved recently, the majority of them have generally fo-

cused on second-order di�erential equations. In this thesis, we have looked at three cases

related to higher-order or fractional equations on bounded domains.

Firstly, we have investigated the existence of a solution for a multi-point boundary value

problem at resonance for a nonlinear fractional di�erential equation with a p-Laplacian op-

erator by Mawhin's coincidence theorem. Under some conditions on the nonlinear term, we

have proved the existence of solution. Next by using the generalized proportional fractional

derivative we get new results. Finally, we �nd the conditions of existence of solutions of a

fractional-order p-Laplacian boundary value problem at resonance case where the di�eren-

tial operator is nonlinear and has a kernel dimension equal to two, after transforming the

nonlinear problem into a semilinear system.

Notice that this method studies only the existence case, in the future, we intend to study

some questions related to uniqueness and also to multiplicity of solutions of some boundary

value problems in resonance. For this, the application of some other methods may be asso-

ciated to the coincidence degree, and it can be generalized for di�erent types of operators.
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