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Résumé

Cette theése porte sur I'étude de certaine propriétés essentielles du degré topologique
pour les perturbations compactes de 'identité, ou les perturbations compactes relativement
a un opérateur de Fredholm d’indice zéro.

On commencé la partie théorique par quelques préliminaires d’analyse fonctionnelle et des
rappels sur le degré topologique de Brouwer et de Leray-Schauder puis degré de coincidence
de Mawhin avec ses propriétés et les theorémes fondamentales.

Dans la deuxiéme partie de ce manuscrit on a appliqué cette outile sur quelques problémes
aux limites associés des équations différentielles fractionnaire non linéaires dans le cas de

resonanse en utilisant la théorie de coincidence de Mawhin.

Mots clés: Degré topologique, Opérateur de Fredholm, Cas de résonance, Théorie

de coincidence de Mawhin.
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Absract

In this thesis, we have studied some essential properties of the topological degree for
compact perturbations of the identity or respect to a Fredholm operator of index zero. This
theoretical part occupies the first part of the thesis, which begins with some preliminaries
about functional analysis. Next we presented preliminaries about the topological degree of
Brouwer and Leray-Schauder, Mawhin’s coincidence degree and some fundamental proper-
ties and theories related to it .

The second part is entirely devoted to the applications of this tool to the resolution of
boundary problems associated with nonlinear fractional differential equations at resonance

case by using the Mawhin coincidence theory.

KGYWOI‘dS: Topological degree, Fredholm operator, Resonance case, Mawhin coin-

cidence theory.
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(zeneral notations

IRl The norm.
® Direct sum.
R The set of real numbers.

dim(X)  Dimension of X.

codim(X) Codimension of X.

9) The closure of 2 .
o0 Its boundary .
% Quotient space of X by E.

dist Distance .

(X,d) Metric space.

B(0, R) The open ball of center 0 and radius R .

Cla, 0] The space of continuous functions.

o, Laplacian operator.

I@ f(t) The Riemann-Liouville fractional integral of order 5 > 0 of a function f(¢).
Dg+ f(t)  The Riemann-Liouville fractional derivative of order 8 > 0 of a function f(¢).
CD€+f (t) The Caputo fractional derivative of order 8 > 0 of a function f(¢).

J>Pf(t) The left generalized proportional fractional integral of f(t).

viii



(General notations

€D f(t) The left generalized proportional fractional derivative of Caputo of f(t) .

(e, t) The lower incomplete Gamma function.

PB(a, t) The lower regularized incomplete Gamma function.

max Maximum.

C?00,1] The space of all functions 6 times continuously differentiable on |0,1].
deggp Brouwer degree.

deg; ¢ Leray-Schuder degree.

deg; The coincidence degree with respect to a Fredholm operator L of index 0.
Jy The Jacobian of f.

Sr(2) The set of critical points of f.

sgn f Sign of f.

BV Ps Boundary value problem .

dom L Domaine of definition of L.
ker L Kernel of L.
ImL Image of L.

ind(L) The index of a Fredholm operator L.

I The space of sequences of complex numbers = = (21, g, ...) with (3", |2;|* < +00).
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(General Introduction

Our aim in this thesis is to present some new existence results for some resonant problems
with fractional differential equations associated with boundary conditions of multipoint and
integral type with linear or nonlinear differential operators with one-dimensional kernel and
then expand to a two-dimensional kernal.

Topological methods are used in nonlinear analysis in both finite and infinite dimensions.
This include fixed point theory, and coincidence degree theory. These two methods are
indispensable in the study of qualitative properties of solutions to various types of analyt-
ical problems. In particular, those pertaining to questions of existence and multiplicity of
solutions, see |20, 21].

The topological degree is a tool that describes the number of solutions for the equation
f(z) = yo in a given open bounded set Q@ C X, where f : Q@ C X — X is a continuous
function yo ¢ f(092), X is a topological space, and be used to prove existence of a second
nontrivial solution, and is a generalization of the mean values theory as follows :

Let Q C RN be an open bounded subset and f : Q — RY in C1(Q) N C°(Q) and y, € RV.
We consider the problem:

find z€Q, f(z) = yo. (Pr)

Particular cases(N = 1)

2 =]0,1[ and f: Q — R is a differentiable mapping verifying this hypothesis:

For any solution z of (P.), f'(z)#0. (H)
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we introduce the integer :

Yoiersen(f (x;)), if {x;,i € I} is the set of solutions of (P,) in €,
deg (yo) =
0, if the problem (F,) has no solution.

Let us give an example:

Figure 1: deg(yo) = +1

There are different types of degree for different types of maps: e.g. for continuous maps in
fnite-dimensional spaces there is the Brouwer degree in the space F such that dim £ < oo
the Leray-Schauder degree for compact mappings in Banach spaces, the coincidence
degree and various other types, see [5].

The Mawhin’s degree theory permits the use of an approach of topological degree type to

problems which can be written as an abstract operator equation of the form:
Lx = Nz, (1)

where L is a Fredholm operator of index zero and N is a nonlinear operator. When the
homogeneous problem associated to (1) admits nontrivial solutions, i.e., ker L # {0}, the
operator equation is called resonant problem, else it is nonresonant problem (ker L = {0}).
This theory was first established by Brouwer in 1912 in finite dimensional spaces. In 1934
Leray and Schauder generalized Brouwer degree theory to compact perturbations of identity
in infinite Banach space and established the so called Leray Schauder degree, as follows: if

(2 is a bounded open subset in X, T': 2 — X is a compact operator and yo ¢ (I —T) (052),
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according to proposition 8.1 of [10], T" is the uniform limit of the sequence (T},), . of finite
rank operators, which means that for every § > 0 there exist ¢ > 0 and a compact operator
T. such that Im 7. C X,, where X, is a subspace of finite dimension in X containing vy, and
satisfies

sup || T (x) = T (z)|| < 9,

e

for ¢ sufficiently small (§ < 3dist(yo, (I — T) (612)), the Brouwer degree
degB(<[ - T€)|XE 7Q N Xsa 3/0),

allows to defined the degree of Leray-Schauder deg; ¢ (I — T, €2, yo) .

In 1972, J. Mawhin has developed a method to solve (1) in his famous paper "Topological
degree and boundary value problems for nonlinear differential equations”, see [5] and estab-
lished a new topological degree theory for couples (L, N) in €, called the coincidence degree

and defined as follows :
degL (L + N7 Q) = degLS (I - T7970) :

In [3, 11, 12, 17, 23, 24, 25|, the authors have investigated resonant problems with linear
differential operators and one-dimensional kernels. As we can see the situation becomes
more problematic when dealing with non-linear two-dimensional operators like the case of
p-Laplacian boundary value problems. See [8, 16, 18, 19, 28|, for more details.

Most natural phenomena have recently been described by some type of boundary value prob-
lems for differential equations like physical phenomena, chemistry, engineering, and control
of dynamical systems, etc. See [2, 4, 6, 22, 26, 27|, that’s why their study is an important
research area despite it’s difficult as long as there is no general method to apply.

Let us give a brief outline of each chapter of the thesis:

The first chapter presents the fundamental results about projections in finite-dimensional
subspaces, compact operators, and some auxiliary and basic tools which we need in this dis-
sertation including versions of Ascoli-Arzela theorem and lemmas from fractional calculus
theory.

The second chapter is devoted to presenting the concept of the topological degree and its

properties as well as coincidence degree theorem. J.Mawhin with it’s proof.
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The third chapter is devoted to the study the following multi-point boundary value prob-

lem for a nonlinear fractional differential equation with a p-Laplacian operator at resonance

(6p (Do (1)) = f (t, 2 (t), D5l (1)), te€[01],

z(0) = Dz (1) =0,
i=m—2
Dyt (1) = Z BiDgt (n)
where ] < a <2, 0<m <N < ...<Npo<1 BieRy fori=123,....,m—2
(m > 3), D, is the standard Riemann-Liouville derivative, f : [0,1] x R x R — R is a
given continuous function, and the p-Laplacian is defined by ¢, (s) = [s|" s, (p > 1).
Recall that ¢, : R — R is an odd continuous, strictly increasing operator with (;5;1 = ¢, ()
(% + % = 1). The proofs are based on Mahwin’s theory of coincidence.
In the forth chapter we have presented a result of existence of solutions for the following
generalized proportional fractional differential equation, with multi-point boundary condi-

tions at resonance cas of the form:
QYPu(t) = f(t,ut), D Pu(t)), 0<t<l,

u(O) =0,

a 1 p Z o c@a 1 p )
where ‘D" denote the generalized proportional fractional derivative of Caputo type of order
a,witha € (1,2, p€ (0,1,0<nm; < 1,0, €R, S 0; =1, m € N*,and f : [0, ]xRxR — R
i=1
is a given continuous function, where we have used the Mawhin coincidence degree theory.

The fifth chapter using the Mawhin coincidence degree theory, we have established suffi-

cient conditions for the existence of solutions for the following system :

Dycun(t) = g (us(t)),
us(t) = —g() (t, ul() ¢quz( ))
UQ(O = UQ fO

where 0 < 5 < 1, Dg . is the Riemann-Liouville fractional derivative of order 3, g € L'[0,T]
with g(t) > 0 and f:[0,7] x R*> = R is a g-Caratheodory function.



Chapter 1

Preliminaries

In this chapter we provide the basic notions and results that will be used in the sequel

such the compact operators, projections, and some properties of the fractional derivative.

1.1 Direct sum and projections

Let X and Y be two normed vector spaces, €2 be an open set of X.

1.1.1 Direct sum

Definition 1.1.1. [7] Let E, F C X be subspaces of vector space X. We say that X is the
direct sum of E and F, or X = E & F if the following two conditions holds:

(1) E4+F :={z+y|lreEyeF}=X,

(2) ENF =0 "FE and F are independent."

Example 1.1.1. Let E,F C R? be subspaces of vector space R3, such that :
E = ((1,1,1)),
F= {(z,y,0)/z,y € R},

soR3=E®F. Car
E 4+ F =R3,
ENF =(0,0,0).
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1.1.2 Quotient space

If F'is a closed subspace of X, then the quotient space % has a normed vector space

structure whose norm is defined by :
lmr (2)]|x = inf [lo+ Rl = d(z, F),
where 1 : X — %, mr(z) :=x+F = {x+h / h € F} is the canonical quotient mapping.

) . . X
Proposition 1.1.1. /21] If X is a Banach space, then so is .

1.1.3 Codimension of a vector subspace

Definition 1.1.2. [7] If the quotient space % has finite dimension, we say that the closed

vector subspace F' of X is of finite codimension in X and we write

codim(F') = dim(%).

Proposition 1.1.2. [7] codim(F) = n < oo if and only if there exists a closed subspace E
of X, such that
X =F&FE and dim(E) = n.

1.1.4 Projections

Let X be a vector space.

Definition 1.1.3. [7] We say that a linear operator P : X — X is a projection if for all
z € X, we have P(P(z)) = P?z = P(x).

Proposition 1.1.3. [7] A linear operator P : X — X is a projection if and only if (I — P)
15 a projection. Moreover, if the space X s normed, then P is continuous if and only if

(I — P) is continuous.
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Proof. Let P be a projection. So for all z € X

(I = P)*(x) = (I = P)((I - P)(x))
=I(I — P)(x) — P(I — P)(x)
= I(z — Pz) — P(x — Px)
=a —p(z) = p(z) + p*(z)
=x — 2p(x) + p*(x)

— o —p(2) = (I - P)(a),

Reciprocally, if (I — P) is a projection, (I — (I — P)) = P is too. For the topological
framework, as the identity is a continuous mapping and the sum of two continuous mappings

is also continuous, then P is continuous if and only if (I — P) is. O
Proposition 1.1.4. [7] If P is a projection in X, then :

ker P=Im(I — P) and Im P =ker(I — P).
Proof. We prove that ker P =Im(I — P). If x € ker P = P(z) = 0 then

(I —P)(x)=x—P(r) ==z €lm(l - P),

which implies
Ker P C Im(I — P),
next, if x € Im(I — P), then
P((I = P)(x)) = P(x) — P*(x)
= P(x) — P(z) =0 = (I — P)x € Ker(P),

hence Im(/ — P) C ker P, and then
Ker P = Im(/ — P).
[

Lemma 1.1.1. [7] If E is a finite dimensional subspace of X, then there exists a continuous

projection P : X — X such that Im P = F.
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Remark 1.1. /7] A topological space X is separated (or Hausdorff) if for all x,y € X : x #
y, there exists Va,Vy open as VaNVy = ¢.

Lemma 1.1.2. [7] The image of any continuous projection in a Hausdorff space is closed.

In particular, the images of continuous projections of the Banach spaces are closed.

Theorem 1.1.1. [7] If P is a continuous projection in a topological vector space of Hausdor[f

X, then X is the direct sum of Im P and ker P, ( ie X = Im P & ker P).

1.2 Compact operators

Let X,Y be two Banach spaces, {2 be an open set of X.

Definition 1.2.1. [10] A mapping T : Q C X — Y is called compact if T (Q) is compact
mY

Proposition 1.2.1. [10] Let (X,d) be a metric space. Then, a subset M C X is compact

if and only if every infinite sequence (x)>° C M has a convergent subsequence in M.

Lemma 1.2.1. [10] A continuous mapping T : Q C X — Y s said to be completely

continuous, if the image of any bounded subset B of Q2 is relatively compact.

1.2.1 Finite rank operator

Definition 1.2.2. [10] The operator T : Q C X — Y is said to be of finite rank, if there
exists a finite dimensional subspace F such that Im(T) C F CY.

Let T : 2 C X — Y be a finite rank operator. Then T bounded implies that T is

completely continuous. (Because for all bounded subset B C Q, T (B) is a closed bounded

subset of a finite dimensional subspace F.
Remark 1.2. [7/

1. Any compact mapping is completely continuous. (Because for every bounded B C 2

we have T(B) C T(Q)). The converse is true if 0 is bounded.
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2. Let X,Y be two Banach spaces, T : X — 'Y be a linear mapping. Then it is sufficient
that T(B(0;1)) is precompact, for T to be compact. If at least one of spaces X or'Y

has finite dimension, then T is compact if and only if T is continuous.

Lemma 1.2.2. /7] Let T compact continuous mappings on Q, then for any € > 0, there

exists a finite rank map T¢ on Q such that |T — T¢|| < e.

1.2.2 Ascoli-Arzela theorem

Let (X,dx) be a compact metric space and (Y,dy) be a complete metric space. By

C(X,Y) we denote the vector space consisting of all continuous functions f: X — Y.

Definition 1.2.3. [7] The family M C C(X,Y) is called equicontinuous if for every e > 0
there exists 0 > 0 such that dy (f(x), f(y)) < e for all x,y € X satisfying dx(z,y) < and
all f e M.

Theorem 1.2.1. [7] The family M C C(X,Y") is relatively compact if and only if
1. M 1is equicontinuous ,

2. forallt € X, the set
M(t) =A{x(t);z () € M},

15 relatwely compact in'Y.

In particulary, If Y is a finite dimensional Banach space, the second condition of Ascoli-
Arzela theorem is equivalent to M is uniformly bounded i.e., there exists A > 0 such that

forallz e M

[2]loc = sup [lz(#)]| < A.
teX

Definition 1.2.4. /7] (Compact perturbations of the identity)
A map of the form f =1—"T, where I is the identity operator and T is a compact operator

1s said to be a compact perturbation of the identity or application of Leray Schauder.
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1.3 Fractional calculus

In this section we give some definitions and lemmas from the theory of fractional calculus.
We begin with fractional derivative of Riemann-Liouville type, and next we present the
Generalized Proportional fractional integrals and derivatives. These definitions are adopted

from [1, 30].

1.3.1 Fractional derivative of Riemann-Liouville type

Definition 1.3.1. [1] The Riemann-Liouville fractional integral of order 8 > 0 of a function
f:(0,400) — R is given by

1

() J s)ds,

where I' () represents the gamma function, provided that the right side is pointwisely defined
n (0,400).

Definition 1.3.2. [1] The Riemann-Liouville fractional derivative of order 5 > 0 of a
function f:(0,400) — R is given by

t

8 . 1 d" f(s)
Dy, f(t) = m@ﬂ/md&

where n = [5] + 1, provided that the right-hand side is defined pointwise on (0,+00). Here
[B] denotes the integer part of the real number 5.

Given these definitions, it can be checked that the Riemann-Liouville fractional integra-
tion and fractional diferentiation operators of the power functions ¢’ yield power functions

of the same form :

]'ﬂt’y — F(’y + 1) v+B
’ Py+p+1) 7
also
'y+1 _
DgJ” — (v ) y ,6”
Iy-8+1)

10
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Notice that D(’it” =0, forally=p0—qwithi=1,2,3,...,n and n is the smallest integer
greater than or equal to 8. In this case
dnfy—ﬁ—&-n _ dntn—z

= 0.
dtn dtm

We can also prove the following auxiliary lemmas.
Lemma 1.3.1. [1] Suppose that u € L*(0,+00) and «, B are positive real numbers, Then
S Ipu(t) = 10 u(t),  DgIgvu(t) = uft).

Lemma 1.3.2. [1] Let § > 0. If we assume u € C(0,1) N L(0,1), then the fractional
differential equation

DY u(t) =0,
has u(t) = citP L+ cotP 2+ e tP ™ c; € Ri = 1,2,...,n as unique solutions, where n

is the smallest integer greater than or equal to (.

Lemma 1.3.3. [1] Given u € C(0,1) N L(0,1) with a fractional derivative of order 5 > 0.
Then
15, D0 u(t) = u(t) + eit® '+ eot? 2 4 e, P,

for some ¢; e R;i=1,2,... n, where n is the smallest integer greater than or equal to [3.

1.3.2 Generalized proportional fractional derivative of Caputo type

Definition 1.3.3. [30] Let § > 0. The left fractional derivative of Caputo type of the
function f € C™][a,b). is defined by CDOf (t) = f (t) and

@ity = L)

1

t
F(n—ﬁ)/a (t—1) Y (r)dr for >0,

wheren —1 < <n,neN.

Definition 1.3.4. [30] For p € (0,1] and § > 0. The left generalized proportional fractional
integral of f is defined by

1
PPT (B)

(jf’pf) (t) — / (t _ 8)671 eé(t—s)f (s) ds,

where t € [a,b], and 6 = %.

11
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Definition 1.3.5. [30] For p € (0,1], where § = %, and B > 0. The left generalized
proportional fractional derivative of Caputo type of the function f € C™]a,b] is given by :

DS = TP 0

1

ey | T ) () s

wheren —1 < <n,n €N, and (DV*f)(t) = (D f)(t) = (1 —p)f(t)+ pf'(t), and
(D™ f)(t) = (DD ---D°f)(t), forn>1. (1.1)

n times

Remark 1.3. /30] In the case p = 1, the definitions (1.3.4) and (1.3.5) reduce to a left

Riemann-Liouville fractional integral and left Caputo fractional derivative, respectively.

Remark 1.4. [30] We can writeen the formula (1.1) for p € (0,1], as follows
n—1
(DM f)(E) = ") + D Crpt (1= p)" O @),
k=0

where CF = (}) = #lk),

Proposition 1.3.1. [30] For p € (0,1], and o, 8 € C, such that « >0, 8> 0 and n is the
integer part of o then for f € L'0,1] we have :

Ty T f() = T Ty (1) = Fg P f (), (1.2)
a,pyB—1 ot _ I (ﬁ> a+pB—1 oz
(% PB—lg )(x) = —paF (a _'_5)3; +6-1, , (1.3)
(CDgPtP e (z) = —Fp(;FEﬁO)é)xﬁaleM, R(B) > n, (1.4)
CDEPTINF (1) = f(8), (1.5)
k=n—1
(G5 ) () = £ (1) = D etk fec™o,1], (1.6)
k=0

1

(D*r f)(a) and § = 2=
! p

pFE!

where ¢, =

Definition 1.3.6. [30] Let o € C (R(«) > 0), and t > 0. The lower incomplete gamma

function is defined by :
t
Y(a,t) = / y e Vdy.
0

Also, the lower regularized incomplete gamma function is defined by :

v(a,t)
PB(a,t) = o)

12
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Remark 1.5. [30] The function B is also called "Incomplete gamma function”.

Lemma 1.3.4. [30] Let a,n € RT, e > 0 It is clear that P(a, t) is a non-decreasing function

with respect to t € [0,1]. And moreover

to
/ y* e Vdy = y(a, ty) — y(a, ty),ts >t > 0,

t1

PB(a,t) € [0,1] for all t € [0, 1],
max*PB(a, t)]=1 = P(a, 1),

te(0,1]

min}m(O% 77(75 - a)) = ‘B(% t)‘f:o = 0.

te(o,1

Lemma 1.3.5. [30] Let p € (0,1], § = p;pl, t1,ty €10,1] (t1 <t3), and a > 0. Then

ey - % R (0 —3(1 — 1)) — B (s (1 — 12))].

Lemma 1.3.6. [30] Let p € (0,1], and 0 < t; <ty < 1. For all 0 < «, then

t1

lim ‘(tg R (e s)a_le§(t1_s)| ds = 0.
to—t1 0

Lemma 1.3.7. [50] Let p € (0,1], B >0, and gs(t) = *'t?,t € [0, 1], then

(3_5)67 Zf - % € [07 1]7

e, if —2¢10,1] orp=1.

1.4 Some useful concepts

1.4.1 LP Spaces

Definition 1.4.1. /7] Let p € R with 1 < p < oo, we set

LP(Q)={f:Q—=R, [ is measurable and |f|” € L'(Q)},

1 fllee = [ [iser d:c] "

13
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1.4.2 &,-Laplacian operator

Lemma 1.4.1. [21] ¢, : R = R, ¢, (u) = |u’ > u is an odd continuous, increasing operator
and gszl = ¢g4, where 1—17 + % = 1 and satisfies the following properties:

(i) G+ v) < dylu) + Gy(0), i1 < p <2,

(i) Bplus-+ ) < 272 (6,(u) + Gy(0)), i p > 2,

for all u,v > 0.

1.4.3 Lebesgue dominated convergence theorem

Theorem 1.4.1. [7] Let (f,) be a sequence of LP () such that
(1) fn(t) — f(t) for almost every t € €,
(17) there exists g € LP (Q) such that | f, (t)| < g (t) for all n € N and almost every t € Q.

Then, f € L? () and | f. — fIl, — 0.

14



Chapter 2

Topological degree theory

In this chapter, we review the definition of the topological degree and its basic properties
in each of the two cases: the Brouwer degree in the finite dimension and the Leray-Schauder
degree in the infinite dimension, then extend it to the coincidence degree for the operators
of the form L + N, where L is a Fredholm operator of index 0 and N is an operator that
is generally nonlinear and compact with respect to L. Finally, we introduce the Mawhin

coincidence degree theorem with its proof. For more detail we can refer to [5].

2.1 Degree theory in finite-dimensional spaces

2.1.1 Definition of the Brouwer degree

Let Q C RY be an open bounded subset and f : Q — RV if f is differentiable at x.
We denote the Jacobian of f at zg, by Jr (z9) = det f' (x¢), if J; (o) = 0, then x is said to
be a critical point of f and we use S¢(Q2) = {z € Q: J¢(x) = 0} to denote the set of critical
points of fin Q. If f~1(y) N S;(Q2) = 0, then y is said to be a regular value of f. Otherwise

y is said to be a singular value of f.

Definition 2.1.1. For a regular value y ¢ f(0N) the C'-mapping degree is defined by :

@)
N

erf_l(y)ﬁﬂ Sgi ‘]f(m)a f_l(y) N

0, Yy n

0
degB(fvgay) = @

2l

15
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Example 2.1.1. Let Q = B(0, R), Yy = (1,0), and f(z,y) = (2 — 3xy?, —y> + 322y), then

f(z,y) = (0,1), thus (z,y) = (1,0) V (—%,‘/75) Y (—%,—‘/75) € 09). Note that at least the

point (1,0) is on the border of the unit ball whatever the standard usual norm we consider
the R2. Therefore, the degree is not defined if R = 1.

If0 < R< 1, then B(O,R)( f*(y) = 0, thus degg(f, B(0, R),y) = 0.

Finally, if R > 1, then the degree is defined, and we have

—3y? —6xy
6y —3y* + 32°

we conclude that
Je(w,y) = (32% = 3y*)* + 362°y* = 0 & (2, y) = (0,0).
The three points are then regqular and as sgn(Js(z,y)) > 0, ¥(x,y) # (0,0) then

degs(f, B(0, R),y) = 3.

2.1.2 Properties of the Brouwer degree
Ify ¢ f(0R), then there exists an integer degz(f, €2, y) satisfying the following properties:

1. Normality

L, yeq,
degy(1,9,y) = )
0, y¢&Q,

where I denotes the identity mapping.

2. Validity of the degree
If degp(f,Q2,y) # 0, then there exists z € Q, such that f(x) = y.

3. Homotopy
Let f,g: X — Y be maps, f homotopoic to ¢ if there exists amap H: X x I - Y
sit H(x,0) = f(z) and H(z,1) = g(x), Vz € X, I = [0, 1].
If fi(z) :[0,1] x @ — R is continuous and y ¢ Usep1)f+(09), then degy (fi, Q,y)
does not depend on t € [0, 1].

16



Topological degree theory

Example 2.1.2. Let f,g: [-1,1] — R be given by f(x) = 2 and g(z) = 2. As we
can see the map h : [0,1] x [-1,1] = R given by :

h(t, ) = (1= 1) f(2) + tg(x),

15 a valid homotopy joining f and g.

4. Additivity
For €,y are two disjoint open subsets of 0, and y ¢ f (Q - U QQ) , it holds that

degB(fa Qa y) = degB <f7 Qla y) + degB (f7 QQ;:y) .

5. Continuity
The degree degg (f,€2,y) is continuous in f, i.e. there exists 6 = §(f,y) > 0, such
that for all ¢ satisfying || f — g||c0 < 0, it holds that y ¢ g(92), and degp (9,8, y) =

degB (f7 Q> y)

6. Translation property
For any y € R" it holds that

degB(f_guﬁvy_g) :degB (f?QJy>

As consequences of this properties, we have the following results:

Theorem 2.1.1. (Brouwer fized point theorem)

Let f: B(0,R) C R" — B(0, R) be a continuous mapping. If |f(z)| < R for all

x € 0B(0, R), then f has a fized point in B(0, R).
Proof. We may assume that x # f(z) for all x € 9B(0, R), put :
H(t,x) =z —tf(x),
for all (t,z) € [0,1] x B(0, R). Then 0 # H(t,z) for all [0,1]x dB(0, R). Therefore, we have
deg(I — f,B(0,R),0) = degy(I, B(0, R),0) = 1.

Hence f has a fixed point in B(0, R). This completes the proof. m

17
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2.2 Degree theory in infinite-dimensional spaces

2.2.1 Definition of the Leray-Schauder degree

Example 2.2.1. Let X =y and B be the closed unit ball in ly. and f : B — B be defined
by :

f(x) = (/1 —||z|? z1, 22, ...).
The map f(x) is continuous but has no fized points. In fact, if x = (x1,x2,...) were a fized
point of f, then ||z|| =1 since ||f(x)|| =1 for all ||x]] < 1.
On the other hand, x = (\/1 — ||z||?, 21, x2, ...) implies x1 = 0,19 = x1,x3 = X9, etc. Hence

x = (0,0,...), wich contradicts the fact that ||z|| = 1.

We see, therefore, that in infinite-dimensional spaces we must require more on f than
continuity. We shall require compactness.
Let X be a real Banach space and X; C X, let 2 be a bounded, open subset of X and let
f =1—T, where I is the identity map of  into X and T': Q — X is operator.
If b ¢ f(ON), then there exists a map of finite range T : @ — X, (finite range means that
dim X; < o0) such that
sup || Tyu — Tul| < dist(b, f(09)).

u€eN)

In addition, the integer given by the Brouwer degree degg ((I —T1)lgnx, s 1, b) is indepen-

dent on 77. Therefore we can define the topological degree of Leray-Schauder

degLS(fa Qa b) = degB ((I - Tl)’QﬂXl 7Ql> b) )

it satisfies also the following basic properties.

i) Normalization property.
deg;¢(1,Q,b) =1, ifbe .

ii) Additivity property.
Assume that Q; and Q, are open bounded disjoint subsets of Q. If b ¢ f (Q\ (Q; UQy))
then

degps(f, Q) = degys (f, 21, b) + degys (f, 0,b)

18
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iii) Homotopy property.
Let S € C([0,1]xQ, X) be a compact map and define H(t,u) = u—S(t,u). Ifb:[0,1] — X
is continuous and b(t) ¢ H ([0, 1] x 0R2), then

deg;o(H(t,.),,b(t)) = const. Vt € [0,1].

v) Existence property.

If deg; ¢(f,€2,b) # 0, then there exists u € Q such that f(u) = b.

2.2.2 The Schauder fixed point theorem

In this part we give an extension of the Brouwer fixed point theorem to Banach spaces
due to Schauder, a open set Q C X is convex if (1 —t)z +ty € Q for all z,y € Q and
all t € [0,1]. For convex sets we have the following analogue of the Brouwer fixed point

theorem.

Theorem 2.2.1. Let Q C X be a bounded, open and convezr set and let T : Q — X be
compact mapping, with 0 € Q. If T(Q) C €, then T has at least one fized point.

Proof. We argue by contradiction, i.e. Suppose T(z) # x for all z € Q. Consider the
homotopy
hi(z) =z —tT(x),

in particular, T'(x) # z for x € 0. This implies that 0 & hy(z).

Observe, since € is open, contains 0 and is convex, that tK(z) € 2 for all 0 < ¢ < 1 and for
all 7 € Q.

Consequently, if x € 0€), then hy(z) # 0 for all 0 < ¢ < 1. The Leray-Schauder degree
deg; g(he, €2, 0) is well-defined and independent of t € [0, 1].

For t = 0, deg;¢(ho,2,0) = deg;¢(1,£2,0) = 1. On the other hand, since T'(x) # z for all
x € Q, we have that h;*(0) = () which implies that deg; 4(h1,,0) = 0, a contradiction. [
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2.3 Coincidence degree for perturbations of Fredholm
operators

In this section we study the existance solutions of problems which written in operator
form :

Lz = Nz, (2.1)

with L (resp. N) a linear (resp. nonlinear) mapping between some topological vector spaces
X and Y, and with L non invertible. Firstly, we begin this section by present some definitions

of Fredholm mappings :

2.3.1 Fredholm operators

Definition 2.3.1. [5] Let L : dom L C X — Y be a linear operator. Then one says that L
15 a Fredholm operator provided that
(i) ker L is finite dimensional set,

(ii) Im L is closed and has finite codimension.

Definition 2.3.2. [5] The index of a Fredholm operator L is the integer
ind L = dimker L — codim Im L.

Example 2.3.1. 1. If X and Y are Banach spaces and L : X — Y is a linear mapping

bijective, then L is a Fredholm operator of index 0, in fact

dim(ker(L)) = dim co(Im(L) = 0.

2. The identity is a Fredholm operator of index 0 .

2.3.2 Generalized inverse

Let L : D(L) C X — Y be a Fredholm operator of index 0. Let P and @ be two
continuous projectors, P : X — X and () : Y — Y such that :

Im(P) = ker L and ker @ = Im(L),
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set

X; =1Im(l — P) =ker P and Y; = Im(Q),

SO we can write

X=kerL® X,Y =Im(L)d Y.

Consider an isomorphism,

J:ker L — Y.

Whose existence is ensured by the fact that dim ker L = dim Y; = n. Note that
dom L =ker L & (dom L N X3).

And that the restriction of L to dom L N X; is an isomorphism on Im(L). Denote by Lp
this restriction and by L' : Im(L) — dom L N X, the inverse of L,. So the operator

Jﬁl@L;1 Y =Y1&ImL - X =ker L &dom L N X,
is an isomorphism whose inverse is the operator

L+ JP:domLNIm(I —P)@®kerL - ImL®Y,

indeed, for every € dom L NIm(/ — P) @ ker L, we write it in the form z = (I — P)z + Px
S0

(L+ JP)((I — P)x+ Pz) = L(I — P)z + JP(Pz) = L(I — P)z + JPx,

consequently

(J7'@ L") (L(I — P)x + JPz) = (I — P)x + Pz = x.

On the other hand, for all y € Y we have

(JreL)y=(J"oL")(Qy+I-Q)y) =J"'Qy+ L, (I -Q)y,

by setting Kpg = L,' (I — Q), (Kpg is the inverse on the right of L associated with P and
Q respectively), then we get (L + JP)™' = J'Q + Kpy.
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2.3.3 L - compact operator

Definition 2.3.3. For the operator N : Q2 C X — Y to be L—compact on 2, it is necessary
and sufficient that the operator

M =P+ J'QN + KpgN,
15 compact on 2, where P, Q, and J are the operators introduced in the above subsection.

Corollary 2.3.1. Let Q) an open bounded set of X such that dom L N # 0.
The map N : X — Y is L - compact on 0 if only if the operator QN (Q) is bounded and
KpoNQ : Q — X is compact.

Example 2.3.2. 1. IfdmX =dimY =n < oo and L =0 we can take

P=1:X—XQ=I1:Y =Y etKpg=K;=0:Y X

2.If L=1:X — X, then

P=0:X=-X;Q=0:Y =Y et Kpg=Kop=1:Y = X.

3. In the case where L : dom L C X — Y 1is a bijective zero-index Fredholm operator :

P=0:X—>X,Q=0:Z—Y et Kpg=Koo=L"

2.3.4 Equivalent fixed point problem to Lx=Nx

To solve the equation Lz =y, we can write t = Pr+ ([ — P)r and y = Qy+ (I — Q)y

and by substitution of x and y in the previous equation, we obtain
L(Pz+ (I — P)z) = Qy+ (I — Q)y,
and since Qy = 0 and LPxz = 0 (because y € Im(L) and Pz € ker L ), then
L(I - P)e = (I - Q.
which leads to

x—Pr=Lp (I -Q)y,
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and thus
v =Pr+J'Quy+ L;l(l - Q)y.

Now consider the equation Lx = Nz, where N : G C X — Y is an operator (usually
nonlinear) according to the above result, this last equation with x € dom LNG is equivalent
to

= Pr+ J'QNz+ KpgP = Mx. (2.2)

Which is a fixed point problem.

2.3.5 Coincidence degree and properties

Definition 2.3.4. Let L be a Fredholm operator of index zero and let N be L-compact on

Q, the coincidence degree is the integer
degp[(L, V), Q] = dps[] — M,Q,0],
where dg is the Laury Schauder degree, and M is defined in (2.2)
Now we can give the basic properties of coincidence degree :

property 2.3.1. (Existence property)
If deg,[(L,N),Q] #0, then 0 € (L — N)( dom LNQ).

property 2.3.2. (Excision property)
If Qo C Q is an open set such that (L — N)71(0) C Qq then

degL[(L7 N)7 Q] = degL [(L’ N)7 QO] :

property 2.3.3. (Additivity property)
If Q = QU Qy, with Q1,Qy open and such that Q; N Qy = 0, then

degL[(L7 N), Q] = degL [(Lv N), Ql] + degL [(Lv N), QZ] :

2.3.6 Mawhin continuation theorem

In the 1970 s, Mawhin systematically studied a class of mappings of the form L + N
where L is a Fredholm mapping of index zero and N is a nonlinear mapping, which he called

a L - compact mapping.
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Theorem 2.3.1. Let L be a Fredholm operator of index zero and let N be L-compact on €.
Assume that the following conditions are satisfied.

(i) Lx # ANz, for every (x,\) € [(dom L\KerL) N oQ] x (0,1),

(ii)) Nx ¢ TmL, for every x € Ker L N 012,

(iii) deg (JQNper 1, ker L N9, 0) # 0,

where J : Im Q) — ker L is a linear isomorphism, Q 'Y — Y is a projection as above with

Im L = ker Q. Then the equation Lz = Nz has at least one solution in dom L N .

Proof. For \ € [0,1], consider the family of problems
r€domLNQ, Lr=ANz+(1-\NQNux. (2.3)
Let M :[0,1] x Q — Y be a homotopy defined by
M\, x) = Pz + J 'QNz + AKpgNuz.
The problem (2.3) is equivalent to a fixed point problem :

r=Pr+J QN+ (1 - NQN)z + Kpg(AN + (1 — N)QN)x
=Pr+ A 'QNz+ (1 = N)J'QNz + AKpgNz + (1 — \)KpoQNx
=M(1,x),

so this last equation is equivalent to a fixed point problem :

r=M(l,z), z€Q, (2.4)

if there exists an x € 9€) such that Lz = Nz, then the proof is completed. Now suppose
that
Lz # Nz forall xe€domL N, (2.5)

and on the other hand
Lz # ANz + (1 - N)QNz, (2.6)

For all (A, z) €]0,1[x(dom L N Q). If

Lz =ANz+ (1 - \QNz,
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for all (A, z) €]0, 1[x(dom L N ), we obtain by application of @ to both members of the
previous equality

QNx =0, Lx= ANz,

the first of these equalities and the condition (ii) imply that = ¢ KerL N 0%, i.e., for all
x € (dom L\ K er L) N 0N and therefore the second equality contradicts (i). By using other

times (ii), it follows that
Lx # QNz, forevery x €& domlL N, (2.7)
using (2.5), (2.6) and (2.7), we deduce that
x # M(\ ) for all (\,z) € [0,1] x 99, (2.8)

since N is L-compact then M (A, x) is compact because. Using the homotopy invariance

property of the Leray-Schauder degree, we obtain
deg, (1 — M(0,.),8,0) = deg, (I — M(1,.),£,0), (2.9)
on the other hand we have
deg o(I — M(0,X),Q,0) = deg,g (I — (P+J'QN),Q,0), (2.10)

since the image of P+ J QN is contained in Ker(L), then using the property of reduction
of the Leray-Schauder degree and the fact that Pl ., = I|.,;, (since Ker(L) = Im(P)
= Ker(/ — P)), we obtain
degrs (I — (P+ J'QN),Q,0) =deg (I — (P+J'QN), QN KerL,0) 2.11)
= deg (J’IQN, QNKerl, O) ,
thanks to (2.9), (2.10) and (2.11), it follows that deg;¢(I — M (1,.),£,0) # 0, and so the
existence property of the Leray-Schauder degree implies the existence of an x € €2 such as

r=M(l,z)iere€domLNQ Lr= Nuz. O
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Chapter 3

Solvability of a resonant fractional

problem with one-dimensional kernel

3.1 Introduction

In this chapter, we are concerned the multi-point BVPs for a nonlinear fractional differ-

ential equation with a p-Laplacian operator [13] :

(0p (Dgea (1)) = f (t.x(t), DTl (1)), t€[0,1], (3.1)
xz(0) = Dgrx (1) =0, (3.2)
Dy tar (1) = _zf 8Dy (i) (3.3)

i=1
where ] < a <2, 0<m < < ...<NMpo<1 BieRy fori=123,....m—2
(m > 3), D, is the standard Riemann-Liouville derivative, f : [0,1] x R xR — R is a given
continuous function and ¢, (s) = |s|"~* s is the p-Laplacian (p > 1). Recall that ¢, : R — R
is an odd continuous, strictly increasing operator with ¢, ' = ¢, (s) (;—) + é =1).

Assume also that

i=m—2

G =1. (3.4)

i=1

However, there are only few results for boundary value problems at resonance when the

p-Laplacian differentiation operator is involved. Indeed, the basic difficulty in solving such
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problems resides in the fact that since ¢, (in case p # 2) is a nonlinear operator, then the
coincidence degree method cannot be applied in a direct way. For example, in the recent
work [24], the authors proved the existence of at least one solution of the same problem at the
resonance case by using an alternative approach based on the decomposition u — Lu = Nu
Motived by [11], we will establish an existence result of solution for the (3.1) - (3.2) - (3.3)
by mean of the coincidence degree theory applied to an equivalent semi linear problem, it’s

easy to check that our problem is equivalent to following boundary value probem :

Dg.x (t) = ¢, /f (s,z(s), D5t (s)) ds |, (3.5)
2 (0) =0, (3.6)
Dtr ()= Y0 ADG (). (.7

3.2 Main result

3.2.1 Functional framework

Lemma 3.2.1. [22] For a given 0 > 0, the linear space defined by :

i=[6]
Cll0,1) = Qa(t) s a(t) = Iz () + Y e’ z€C0,1] 5,

i=1

where [0] is the integer part of 0 and ¢; € R with the norm

o
lellen = llzlloe + 3 | D57 ]l
i=0
15 a Banach space.
Lemma 3.2.2. [22] M C C?[0,1] is relatively compact set if and only if :

1. M is uniformly bounded: there exists m > 0, such that ||u|loe < m, for every u € M,
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2. M is equicontinuous : for every e > 0, there exists 6 > 0, such that for allty,ty € [0, 1] :

[ty — t1] < 6, we have
lu(ta) —u(t1)| < e and |C©8_ku (ty) —¢ Dy (t1)] <e,
for allu € M with k =0,1,2,...,[0].
Let X = C710,1] = {z (t) = [*'2(t);2 € C[0,1]}, with the norm
[#llgas = [l + 1 D5 2],
And Y ={y e C[0,1] / y(1) = 0}, with the norm :

ylly = Yl —tm[g>1<]| y (1),

by analysis theory we can prove that (X, ||.||y) and (Y, [|.||y) are both Banach spaces (see
also [7]). Define the operators L : dom(L) C X — Y and N : dom (L) C X — Y as follows

Lxz(.) = Dg,x(.), =& dom(L), (3.8)
N:X =Y; Nz(t) =g, /f (s,z(s), D5t (s)) ds |, (3.9)
where
dom(L) = {w e X / Dg,x(t) € L'0,1], =(0) =0, Dg "x(1 Z@Da ! } .

Notice that problem (3.5)-(3.6)-(3.7) can be converted to the abstract operator equation
Lz = Nz, x € dom(L).

3.2.2 Auxiliary lemmas

In this part, we present some auxiliary lemmas which illustrating linear part of this

problem.

Lemma 3.2.3. Let L be the opemtor defined by (3.8) then : ker L = {at* ';a € R, t € [0;1]}

i=m—2

andImL:{yEY Z ﬁlfy =0
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Solvability of a resonant fractional problem with one-dimensional kernel

Proof. We have for each x € ker L, Lz (t) = D§,x (t) = 0 with ¢ € [0;1]. By applying
Lemma 1.3.1, we get

x(t) = at* ' 4+ bt 2,
as = (0) = 0, thus b = 0. On the other hand, for x () = at*~! we have
Lz (t) = DY,z (t) = a.D§t* ! = a.0 = 0.

Now for all y € Im L, there exits x € dom (L) such that
Dgva (t) =y (t),
again Lemma 1.3.1 leads us to
x(t) = I§vy (t) + at® ' + bt 2,

with (a,b) € R% From the condition = (0) = 0, we find b = 0, and in view of boundary
condition ( 3.7), we obtain that

/01 (s)ds + al (a) ) + Z@/Oiy ds,

which is equivalent to :

i=m—2 1
Z ﬁz/ y(s)ds =0. (3.10)
i=1 i

Conversely, if y satisfies (3.10). Let
v 0= | -9 s
I'(a) Jo ’

we have z () = Iy (I3y) with Iy € C[0;1] and z (0) =0, D3,z (1) =y (1) = 0 also

i=m—2 1=m—2 s 1
> aitan) = 3 5 [ le)as= [ y)ds = D).

i=1
i=m—2
Remark 3.1. It easy to show that 1 — Z Bimi > 0.
In fact, for all i = 1,2,....m — 2, 62:12 0,m; € |0;1[ we have B; (1 —mn;) > 0. By the
resonance condition (3.4), there exists at least ig € {1,2,...,m — 2} such that p;, # 0 and
hence Biy, (1 —niy) > 0, which prove that

i=m—2 ) -2 i=m—2

Z Bi(L—mi) = _Z Bi — Z

i=1 i=1

=m—2
Bini =1— Z Bini > 0.
i1
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Solvability of a resonant fractional problem with one-dimensional kernel

Lemma 3.2.4. We can define two linear continuous projectors P and Q) as follow :

P:X — X; Pu(t) = gy Di o (0) 127,
i=m—2

Q:Y =Y; Qu(t) = —=5— > @f y (s
1— ; Bin; =1

The inverse of the operator Lp = Ljgom(L)ker p S the operator Kp : Im L — dom (L) Nker P
defined by Kpy (t) = ﬁ fot (t —s)* "y (s)ds and checking :

el < (14 o ) Il )

Proof. For each x € X, putting Px (t) = ﬁDg‘;lx (0)t*~ ' =wu(t) then

P?z (t) = P (Pz) (t) = Pu(t) = Dy u (0)t = Px (1),

1
I'(a)
because DS u (t) = ﬁl)g‘jlx (0) T () = D22 (0) thus P2 = P.

We note that Im P = ker L, and ker P = {x e X; nglx (0) = O} , by simple calculation we

have :

1
I ()

— <1+ﬁ> | Dot (0)] < (Hﬁ) 2 x -

i=m—2
On the other hand, for all y € Y, taking ——5— > fnl y(s)ds =r. Then

|Pz|ly = ||Px|,+ ||Dy'Pa| = |Dgta (0)] + | Dyt (0)]

i=m—
1— > B =1
i=1
t=m—2 t=m—2

QY= —=m— > @f rds = —=5— Y Bi(l—m)=rs0Q*=Q.
1- Z Bimi =1 1— ; Bini =1

Furthermore we have
1Qylly < llylly -
For any « € dom (L) Nker P, by lemma 1.3.1 we can write
KpLx (t) = I Dyvx (t) = o (t) + at™™' + bt* 2,
with ¢ € [0;1] and a,b are two real constants. As KpLx € dom (L) Nker P, then b = 0
and DS (z (t) + at®™Y) |imo= D'z (0) + al' (a) = al' (a) = 0 which impy that a = 0

therefore KpLx = . If y € Im L, we get LKpy (t) = D§.I$y (t) = y (t) which show that
Kp = (Lp)~". We have also

IKpyllx = 18yl + || 1+ 9|| < ey 191l + 1Yl

1
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Solvability of a resonant fractional problem with one-dimensional kernel

Which complete the proof. m
Lemma 3.2.5. L defined in (5.8) is a Fredholm operator of indez 0.

Proof. For any y € Y, we can write y = (I — Q)y + Qy, where (I —Q)y € ker @, with
ker@ = ImL, Qy € ImQ then y € ImL + Im Q. Assume that y € Im L N Im @ thus

i=m—2 i=m—2 i=m—2

y=cé€Rand E ﬁzfncdS—c(l— E ﬁlnz)—()leC—Obecausel— Z Bini 0
therefore ImLﬂImQ ¢ and then Y = ImLEBImQ Finaly, as dimIm Q) = dlmkerL—l

then L is a Fredholm operator of index 0. O
Now let’s go to the proof the compactness of nonlinear part of this problem

Lemma 3.2.6. Assume that B is an open bounded subset in X such that dom (L)N B # ¢.
The operator N defined by (3.9) is L-compact on B.

Proof. The boundness of B imply that there exists R > 0 such that for all x € B, we have
]l = Nzl + HDS‘;IIHOO < R. By the continuity of ¢, and f, there exists D > 0 such
that for all z € B, we get |f (s,x (s), D5z (s))| < D then

IONz|, < [Nl < D",

q—1

< D%t Also

1

[ £ (s, (s), Dyt (s)) ds

t

because

g <ff (s, (s), Dot (s)) ds) ‘ —

1

we have

(I = Q) Nz|, <|INz| +|QNz| <2D,

from (3.11), we conclude that

e (1= Q) Nal, < (14 s )10 = @ Nl < (14 75 ) 20

Then QN (B) and KpgN (B) are bounded. It remains to prove that KpoN (B) is equicon-
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Solvability of a resonant fractional problem with one-dimensional kernel

tinuous. Putting 0 <t; <ty <1

IN

IN

IN

[Kp (I = Q) Nu(ty) — Kp (I = Q) Na ()]

X ta . t i
o) O/(tg—s) (I—Q)Nm(s)ds—o/(tl—s) (I —Q)Nzx(s)ds

1 :fl(tg — s)a_l (I —Q)Nzx(s)ds— :)fl(tl — s)o‘_l (I —Q)Nzx(s)ds
['{e) T f (ta = 8" (I = Q) Na(s) ds

] ;fl(tg — s)a_l Nz (s)ds — 21 (t1 — s)o‘_l Nz (s)ds —l-:jg(tg — s)a_l Nz (s)ds
T(a) r

+QNz (— { (ty — s)* " ds + z (t —s)* " ds)
1 tfl(tg —5)* ' Na(s)ds — }1 (t, — )" Na(s) ds + th(tg —5)* ' Nz (s)ds

0 0 t1

—QNzx <—tg_t%)

to

/ (ty — s)* " Nz (s) ds

t1

+

o ()/((tg—s)a_ ~(t— )™ V) Na(s) ds

t — %
‘QNI| 2 1
«
1 E
F(a)/((t2_8)a1—(t1_3)a1> |N$(S)|d8+/(t2—s)a1|N1‘(3)|d8
0 7
|QNm|u
o

1 q—1 h a1l _Safl s 7 _Safl S t%—t%
mD (O/((t2 s) (t; — 5) )d+/(t2 ) ds + a)

t1
2D91

Tlatl) (t3 —t7) —0as t; — t; uniformly.

t
Similarly, we have Dy;'Kp(I —Q)Nz(t) = I}, (I —Q)Nz = [(I — Q) Nz (s)ds.
0
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Solvability of a resonant fractional problem with one-dimensional kernel

Then

DG e (1= Q) N (1) — D Kp (1= Q) N (1)

to t1

- /(1_Q)Nx(s)ds—/(I—Q)Nﬂ:(S)ds

= /NI(S)dS-(tQ—tl)QN[E

to

< [ INa(s)lds + Nl ( ~ 1)
t1

< 2Dq_1 (tg — tl) — 0 as t; — ta.

According to the lemma 3.2.2, Kp (I — Q)N (B) is compact, which show that N is
L-compact on B. O

3.2.3 Existence theorem
Theorem 3.2.1. Suppose that there exist

(H1) A function ¥ : [0;1] x Ry x Ry — R, which is L'— Caratheodory and non decreasing

with respect to the last two variables such that
|f (t 2, y)] S V@[], [y])

for all (x;y) € R* and a.e t € [0;1],

H?2) A real My > 0, such that if we have | D 'z (t)| > My for all t € [0;1], then
0

i=m—2

; @j% jf(s,w(s),Dg:1x<s)) ds | dt #0,

(H3) A real My > 0, such that for |a] > My, we get else
af (s, as® ' al’ (a)) ds < 0, (3.12)
or

af (s,as*", al (a)) ds > 0. (3.13)
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Solvability of a resonant fractional problem with one-dimensional kernel

Then the fractional B.V.Ps (3.5)-(5.6)-(3.7) has at least one solution in dom (L) C X

provided that
1

/\If (t,m, m)dt < (%m)q;. (3.14)

0
Proof. Stepl: Let

O ={re€dom (L) —kerL: Lz = ANz, \ € [0;1]},

we will show that it is a bounded set. If x € Q) then A € ]0; 1] because 2 Nker L = ¢ which
allows us to write Nx = L%SK € Im L = ker (), then
i=m—2 1 ¢
Vo= 3 5 [ o, ( [ £(sa(s). D5 0 () ds | de o
i
1

=1

by the condition (Hs), there exists ty € [0;1] such that | DS '@ (to)| < Mo. On the other
hand, we have < (D 193( )) = D,z () so

Dyt (t) = DS (to —i—fD0+;E s)ds = DS (b —l—)\fqﬁq (ff(s z(s), DSz (s)) ds) dr,
to to
then

|Dsta ()] < Dyt (to)| + /gbq /f(s,:c(s),D‘o"+1:c(s)) ds | dr| (3.15)
1

Furthermore, we can write

=([—-P)x+Pxr =KpL(I—P)x+ Pz
= KpLx + Pz,

then
|zllx < |KpLzlx + [Pzl x,

by using (3.15), we obtain
|Px (1)| = b |Dgta (0)] 27 < L |D§ 2 (0)] € —— (Mo + || Nz||)
T () !0 = T(a)! 0 = 0 oo/
and |Dg P (t)| = | Dy e (0)| < Mo + || Nzl , then

1Pe]y < (1 n ﬁ) (Mo + [Nzll).
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Solvability of a resonant fractional problem with one-dimensional kernel

in view of (3.11), we have ||KpLz||y < (1 + & ) L) (1 + QH)) INz|. which
give
1 a+1
<(14+=—)My+ (24 =———)|N 3.16
ol < (14 gy ) Mo+ (24 ey ) el (3.10)
it is easy to see that
t
Nz (t)] = |¢, /f(s,x(s),ngx(s))ds (3.17)
1
q—1

= /f (s, (s), DSt (s)) ds

1 g—1
< /’f(s,x(s),DS‘flm(s))‘ds ,
0
according to conditions (H;) and ( 3.14), we obtain
1 1
/‘f(s,q:(s),Dgﬂrlx (s))]ds < /\Il(s,\x(s)| | Dg e (s)]) ds (3.18)
0 0

W (s, [l x s llzll ) ds

IN
o\

1

F a a—1
(1P ,

q—1

T
el < [15 o Do) as ) < Sl

IN

by using (3.17) and (3.18) we get

substituting this result in (3.16), we conclude that

ol < (14 gy ) Mo+ (24 gy ) gl

hence

M07

]l x <
at+1l \ I'(a)
L - <2 + r(o:rl)> 8
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Solvability of a resonant fractional problem with one-dimensional kernel

where 1 — <2—|— F(aafl)) % =1- (%) > 0, because 1 < a <2then 0 <T' () <1
consequently 0 < 2al' (o) + a+1 < 7 and 8« > 8. Thus € is bounded.
Step 2: Let

Qy={xr€kerL: Nx € ImL},

for all z € Q, there exists a real constant a such that z (t) = at® !, for all ¢ € [0;1] and as
Nz € Im L then
QNzxz = 0.

In view of (H,), there exists t; € [0;1] satisfying |D§; '@ (t1)] = |al’ ()| < Mo, i.e
which yields that

F(a)

2]l x = lal +[a* (@) = |a| (1 + T () <

Then 2, is bounded.
Step 3: Assume that condition (Hs) — (3.12) holds. Let

Q={rxeckerL: Nz +(1-XN)QNz=0,X€[0;1]},

where J is the isomorphism defined by J : KerL — ImQ, J (at®*™!) = a. For z = at*™! € Q3

we have
i=m—2
)\Jm+(1—)\)QNx:)\a+ — /Bl/gbq /f s,as* " al’ (o)) ds | dt = 0.
ZZI B =t
(3.19)
If A\ =0, we get QNz = 0 so by the condition (Hs) there exists to € [0;1] such that
|Dgta (t2)| = |al ()| < M so |a| < F]\({;’) and hence
2]l x = lal +[aT* (@) = fa| (1 + T'(a)) < F]\({z) (1+T(a)).

In the case A # 0, multiplying both sides of (3.19) by ¢, (a) and in view of the condition
(Hs) — (3.12) we get

2 t

1

A i=m—

—Xa?|a|"? = — Z ﬁz/gzﬁq /af s,as* ', al (@) ds | dt > 0,
Z ﬁlnl =1 i

=1
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Solvability of a resonant fractional problem with one-dimensional kernel

which contradict (3.12). Then |a| < M; which show that €3 is bounded.
If (H;3) — (3.13) holds, we prove by the same method that

Qs={rxeckerL: —AJz+ (1 -N)QNz=0,\€[0;1]},

is bounded set. It remains to check that all conditions of Theorem 2.3.1 are fulfilled.

Let Q be a bounded open set containing € U Qs U Q3. As 4,5, 25 are bounded sets then
o Lx # ANz for all (z,\) € [dom(L) \ ker LN 09Q] x (0;1),
e QNuz # 0 for all x € ker L N 0N2.

e Without loss of generality, assume that (H3) — (3.12) holds and define the operator
F(z,\) =Xz + (1 - )\)QNz,

as (23 is bounded then, F'(\,x) # 0 for all (x,\) € (ker LN 0N) x (0;1). Thus, by the

homotopy property of degree, we have

deg(QNkerr, 2 Nker L,0) = deg(F(.,0),2NkerL,0)
=deg(F(.,1),Q2Nker L,0)
= deg(J,Q2Nker L,0)
# 0.
Consequently, the equation Lz = Nz has at least one solution in dom(L) C X.
Namely, BVPs ( 3.5)- (3.6)-(3.7 ) have at least one solution in the space X.

3.3 Example

Consider the following fractional differential boundary value problem with p-laplacian

1

60 (Diu ()] = sty [F§;> (Sinu( )+ Diu(n) (¢ + 1)] e o],
w(0) =0 = D0+u (1), (Ex.1)
Diu(1) = 3Dk u (2) + 1Diu (2) + DL (3)
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Solvability of a resonant fractional problem with one-dimensional kernel

and

CDI»Jk

_1 _ 1 _ 1 _ 2
where oo = 7, 51—5752—3#33—5,771 = 5= 7>ﬁ3

_ P @ .
f(tuw) = " )¢p[ 39 (sinu+v) (t+1)

then, we have

f (taww)| =

p L),
2p(2p_1)¢p[ 39 (Slnu+y)(t+1)

p r
20 (2 — 1)

< P -
= w(2w—1)
p—1

5
It’s clear that U : [0; 1]xRy xRy = Ry, W (t, 2,y) = b < () (t+ 1)> (z+y)P "

5) -
2 (t+1) |(sinu + v) [P

~

0]

~—

z) (t+1) ) (Il + [oly"™" = W (&, Jul  [v])

is a function L!'—Caratheodory, non decreasing with respect to each of the variables  or y

/qf (t,mm)dt = o (25_1) (F é‘_*)) (2m)p_1/(t+1)p_1dt

I A ) A R (Y
- 2p(2p—1)< 8 ) @m)™—

. z(wm) T (Mm>
2 8 - 8

Taken My = 3, if we have D u (t) > 3 for all t € [0;1], then sinu(s) + D u(s) > 2 so

and

3(2) (s+1) (sinu( )+D0+u( )) > Fl(ﬁ) (s+1),

as ¢p, @ are nondecreasing, with p,g > 1, 0 < &1 < 1 for all ¢ € [0;1] and 7; € ]0;1]
(1=1,2,3), therefore

1

b [F3(2_) (s+1) <sinu( )—I—D0+u( ))] > <F1(6) (S—{—l)) ,

which leads us to
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Solvability of a resonant fractional problem with one-dimensional kernel

1 X ) l .
/2p (2571)@) [Fg(;) (s+1) (Sinu( )+D0+u( ))1 ds > /2p (2571) (Fl(g) (s+1)> ds

then

t

/2p (257 1)¢p lrzgl) (s+1) (sinu( )+D0+u( ))] ds < 2p17 I <F1(é)>p1 <(t+21)p— 1)

1

IN
[N}
S
| —_
—
7N
=
=~
C),p\,_.
SN—
~—
kS
L
7N
"
w‘—l—
—
|
—_
~_

SO

fl¢q <1ftz” p[ (1) (54 1) (sinu( $) + Diyu (s ))} ds) dt < WFQ ( %(%)q) <0,

i

which proves that

Z@fcbq (fzﬂ [ 3;)s+1<smu( $)+ Diuls ))Dds<o,

=1 i

because §; > 0 for ¢ = 1,2,3. Now, if we assume that D0+u( ) < =3 for all t € [0;1]

similarly we get :
sinu (s )+D0+u( s) < =2,

thus

)

=N

F(%) (s+1) <sinu( )+D0+u( )) < _F( (s+1),

consequontly

1

=) O [F§;>s <smu( $)+ D uls ))] < -y (F( )

N»—'

(s + 1>)p_1 |
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Solvability of a resonant fractional problem with one-dimensional kernel

and

1 r(1 1 r 1 -1
/213(25—1)‘?”[ o <S“>(Si““(>+Do+“<>)] ds < /gp(gf_n( v “*”) ds

by multiplying by -1 the two members, we find

t T 1 T 1 p—1
/2p(251)¢p[ 3(24)5(sinu( )—I—D0+u( ))] ds > 2p(2271) < 1((;1)> (2P — (t + 1)P)

1

vV
)
S
‘ -
—_
VR
=
—
Y-
S—
T
—
7N
=
|
~
w‘—l—
—
N~

)

»N»—t

2r—1)9"1 16 ¢

(s+1) (sinu( )+D0+u( ))} ds) dt > ( 1 r(i)2 (52)7 >0,

1 t
fou ([ 40, |"
therefore

zﬁzfd)q (fg [ M5 41 (sinu(s) + Diu(s ))Dds>0(i.e. £0).

i=1 i

Let M1 =

For all a € R such that |a| > M,

(%)
s (omter () = g [t e ()

s () a (et ()]

we have a > 0 and sina5%+af(%) zaf(g)—l >2—-1=1>0, then

2
Ifa>@,
af (s,asi,aF (g)) >0.Ifa< — 1,(5),We get a < 0 and
4
. 1 D 5
sinas4 + al’ 1 <1l+al 1 <1l—-2=-1<0,

thus af (s, ast,al’ (%)) > 0. Then the problem (Ex.1) satisfies all conditions of theorem

3.2.1, therefore it admeats at least one solution in C'7[0, 1.
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Chapter 4

(Generalized proportional fractional
differential equations with multi-point

boundary conditions

4.1 Introduction

In this chapter we study the existance of solutions for a class of fractional differential
equations by using the extension of Mawhin’s continuation theorem [15], more specifically, we
consider the following generalized proportional fractional differential equation, with multi-

point boundary conditions of the form:
QOPu(t) = ft, ut), D5 Pu(t)), 0<t<l, (4.1)
u(O) =0, (4.2)
D5 u Zaz ‘D5 u(n;), (4.3)
where ‘D" denote the generalized propo'rtlonal fractional derivative of Caputo type of order
ac (1,2,pe (0,1,0<n <1, 0, € R, lgaizl,meN*, and f:[0,1] x RxR — Risa

i=1
given continuous function to investigate the problem, we use the condition

Zamz agmol=m) — 1, (4.4)
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Generalized proportional fractional differential equations

where § = %.

Firstly, we consider the following constants:

1 i=m us
A = / P19 s — Zai/ Xi=s) (s, (4.5)

—1
_ st| _ 5
L, = max |te’| = max{%,e } (4.6)
—2
Ly, = max 2’| = max{(a )2 e, (4.7)
ar 26
ko= prlla)e (4.8)

pl(a)(Ly + L) + e¥(1 + p* 1T ()
And the function

a—1

A(t) = ﬁt“e‘”t € [0,1]. (4.9)

Also, we define the two linear operators I1, I, : Y — Y by

1
Ily:/ 1)y (s)ds, (4.10)
0

and o
Ly = iai /Om 2i=)y () ds. (4.11)
We will consider the Banach spaces -
X =C"'0,1] = {u:u(t) =T z(t); 2(t) € C[0,1]},
with the norm

lJully = [Jull o + ||“D6ul|

where ||u|| = maxeoq) |u (t)] and Y = L'[0,1] with the norm ||y||y = ||y]l; -
Define the two operators L, N : dom(L) C X — Y as follows:

Lu(.) = ©"u(t) , u e dom(L), (4.12)

and

Nu(t) = f(t,ut),c D5 " u(t)), (4.13)

where

dom(L) = {u € X st D u(t) € L0,1],u(0) = 0,05 "Pu(l) = Z o C’Dg_l’pu(m)} :
i=1
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Generalized proportional fractional differential equations

Notice that problem(4.1)-(4.2)-(4.3) can be converted to the abstract operator equation
Lu = Nu, u € dom(L).

Lemma 4.1.1. [15/ M C C?[0,1] is relatively compact set if and only if

1. M is uniformly bounded: there exists m > 0, such that ||u|| oo < m, for every u € M.

2. M is equicontinuous: for everye > 0, there exists § > 0, such that for all ty,ts € [0, 1],

[ta — t1] < 6, we have
lu(ty) —u(t)] < e and |“DY " u(ty) = D5 Pu (t))| < e,

for allu € M with k =0,1,2,...,[0].

4.2 Main result

4.2.1 Some auxiliary lemmas

Lemma 4.2.1. Let L be the operator defined by (4.12), then
ker L = {cte& :ce€R} and ImL={yeY: Liy— Ly=0}.
Proof. For each u € ker L, we have Lu (t) = Dy u (t) = 0. So, it’s equivalent to
u(t) = coe 4 cyte’, t €10,1],

as condition (4.2), imply ¢y = 0. So u (t) = ¢ te’.
Now for all y € Im L, there exist u € dom (L) such that

Do ult) =y (1),

by (1.6) we get
w(t) = TPy (t) + coed + cited,

from the condition (4.2) we find ¢y = 0, and in view of conditions (4.3)-(4.4), we obtain that

w(t) = erte® + T3Py (b),
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thus
1 t
cQIPu(t) = ¢y (‘DG Pte) + —/ =)y (s)ds,
P Jo

applying (1.4) we get

a—1 1 t
cggc—l,pu(t) _ C1p t2—a€6t+_/ 66(t_s)y(8)d87
0

['3—a) p
=3 0, ‘D5 Pu(n;), we obtain

=1

Clpa—l o N 1 /1 65(1*5)y<s)ds _ %U-ﬂﬁzaeém + 1%0 /771' e&("i*s)y<$)ds
I3_a) 0 = Te-o” =t |

from @5 Pu(1)

p

also '
1 i=m e,

/ eé(l_s)y(s)ds = Zai/ e‘s(ni_s)y(s)ds,
we conclude that
On other hand, suppose that y € Y satisfies (4.14). If u (t) = par;w) fot(t— ) 1edt=9)y (s)ds
then u € dom(L),indeed u(t) = J& " T 7y (t)
and we can easily show the boundary conditions(4.2)-(4.3) hold, which means that
‘Do u(t) = y(t) soy € Im(L). O
Remark 4.1. It easy to show that A # 0.

Proof. As 71 < 0, suffices to proof that i o (1 — eém) +e’—1<0.
i=1

Or i o (1 —e) + e’ —1> 0, by the resonance condition (4.4), we have
i=1

Zai (1 — 66’“) +ed—1= Zai e (77?‘“ — 1) ,

i=1 i=1
for all i = 1,2,...,m, 0; > 0,7; € ]0;1[, 0 < & < 1, gz > 0, and (; * —1) < 0, we
have ¢;e’™ (77?‘“ — 1) < 0, by the condition i o; = 1, there exists at least ig € {1,2,...,m}

i=1
such that o;, # 0 and hence o;,¢’%0 (17~* — 1) < 0 which prove that

S o e (2 — 1) < 0.
i=1

Therefore A # 0. ]
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Lemma 4.2.2. We can define two linear continuous projectors P and Q) as follow

r
P: X — X such thatPu (t) = _(3 ; 6)75 St Do~ Lp u(l),
pre
and
1
Q:Y =Y such that Qy(t) = Z(_Ily — Ly),
where A # 0.

The inverse of the operator Lp = Ljgom(L)ker p 5 the operator Kp : Im L — dom (L) Nker P

defined by

1

Kpy(t) = 575 () =~z [ (=9 Iy(s)as.

and checking

IKpyllx < Clylly (4.15)

R o N (%)
where C' = T

Proof. For all u € X, we get
D5 Pu (1) = D5 (1),

we have

“De P Pu(t) = — @a By (1) [

then

r(3—

P (Pu(t)) = Q) ot Do Pu(1) = Pult),

PO 1e6
for t € [0,1]. We note that Im P = ker L, ker P = {u € X;D§ ""u (1) = 0} . From Lemma
1.3.7 we have

(3

|Pu(t>| e W‘t 5t cga 1,p (1)‘
LiT3—a) . <a-
< W\ D5 u(1)]
Ly
< WHUHX,
on other hand
L
C Oé—l, C oa— 1 2
{90 pPU(t)‘SW‘Q Pu(l )‘SWHUHXv (4.16)
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then
crma—1, Ly + Ly
1Pully = [Pully, + D6 Pul| , < ( S Tes ) lJullx - (4.17)
For all y € Y, taking +(I1y — Iy) = v, thus
Qy = Q(Qy)
1 1 i=m i
= X / =% vds — Z (TZ-/ i) uds
= %A =,
so Q? = Q. Furthermore, we have
1Qull; < Cllylly (4.18)

where C' = £2. For any u € dom (L) Nker P, by proposition 1.3.1-(1.6) we can write
KpLu (t) = J&° @5 u (t) = u(t) + coe® + cyte’,

with ¢ € (0,1] and cg, ¢; are two real constants. As KpLz € dom (L) Nker P, then ¢y = 0

and
a—1
C a—1, c oa—1, p
D5 (u(t) + exte’™) ., = “Df Y (1) 4 clme‘S
a—1 s
— _— — 0
TE-a) — 7

which imply that ¢; = 0, therefore KpLu = u.
If y € Im L, we get LKpy (t) =¢ D* T y (t) = y (t) which show that Kp = (Lp)~", and
the other hand

IKpyllx = 175"yl + 196yl
Cllyll, -

IN

Which complete the proof. m
Lemma 4.2.3. L is a Fredholm operator of index 0.
Proof. For any y € Y, we can write y = (I — Q) y+ Qy, with (I — Q) y € ker @ = Im L and

Quy € ImQ then y € Im L + Im ). Assume that y € Im L NIm @ thus y = ¢ € R such that
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Lic—Ihce=0=c (fol =9 s — fm o(mi— ) = Ac =0, i.e., ¢ = 0, which imply
that Im L N Im () = ¢ an hence YZ ImL®Im@Q. As dimIm @ = dimker L = 1, then L is

a Fredholm operator of index 0. n

Lemma 4.2.4. Assume that M is an open bounded subset in X with dom (L) N M # ¢.

The operator N L-compact on M.

Proof. The boundness of M imply that there exists R > 0 such that for all u € M, we
have [Jul|y = |lull +||®F " u||__ < R. By the continuity of f there exists A > 0 such that
If (s,u(s))| < A for all u e M, we get

|@Null, < Cl|Null, < CA,

and

I(I = @) Nully < [[Null, + |[@Null, <(C+1)A, (4.19)

we conclude that
IKp (I —Q) Nullx <C"[|(I = Q) Nu|l, < C'(C+1)A,

then QN (M) and KpgN (M) are bounded, we only need to prove that KpgoN (M) is

equicontinuous. Putting 0 <t; <t; <1

[Kp (I = Q) Nu(ty) — Kp (I = Q) Nu (t,)]

= papl(a) /O tQ(tz —5)* 71’7 (T — Q) Nu(s)ds — /O tl(tl — )27 189 (T — Q) Nu(s)ds
= ﬁ(/otl(trs)“ 12279 (I — Q) Nu(s )ds—/otl(tl—s)a Lefh=3) ([ — Q) Nu(s)ds
+ /t 52 (ty — 5)* 279 (I — Q) Nu(s)ds )

: parl(a) (/ [(t — 5) 1507 — () — )71 (1 — Q) Nu(s)] ds

N / 2 }(tQ B S)Q_le(s(tz—S){ |(] — Q) NU(S)| d8>

t1

[—Q)N h
< H( ?() )u”l (/ ‘(tg _ 8)04—16(5(t2—s) _ (tl _ S)a—leé(h—s)‘ ds
pela 0

to
A dS) |
t1
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using Lemma 1.3.5 and the inequality (4.19) we get

|Kp (I — Q) Nu(t2) — Kp (I — Q) Nu (1)

(S%(la))A ( / [(t2 = )1 — (1 — ) 1) ds
(C+1A
(1—p)™

from Lemma 1.3.6 we obtain

[B(a, =6(t2 — 1)) — 0],

|KP(I—Q)NU(t2) —Kp(]—Q)NU(t1)| — 0 as t; — to.
On other hand, we have

DY Kp (I —Q)Nu(t) = J3* (I —Q)Nu(t)

- %/0 =) (I - Q) Nu(s)ds.

Similarity
‘D5 Kp (I — Q) Nu(ts) —° D5 " Kp (I — Q) Nu ()|
to t1
! / 279 (I — Q) Nu(s)ds — / =) (I — Q) Nu(s)ds
0 0

t t
(C+1)A (/ ! |eBlta=s) _ 8= g5 4 / 266(t2—s)d8) 7
p 0 t1

p
from Lemma 1.3.6 (with o = 1) we get

|C®gil’pr ([ — Q) Nu (tz) —° @gil’pr (I — Q) Nu (tl)‘ — 0 as t; — ts.

According to the Lemma 4.1.1, Kp (I — Q) N (M) is compact, which show that N is
L-compact on M. O

4.2.2 An existence theorem
Theorem 4.2.1. Suppose that there exists:

(Cy) L'—Carathéodory function ® : [0,1] x Ry x R, — R, which is non decreasing with

respect to the last two variables such that

f Gz y) <@ (¢ |z, [y]),

for all (x;y) € R? and t € [0,1].
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(Cy) A real My > 0, such that if we have |C©3_1’pu (t)‘ > My for allt € [0,1], then

(SIS

Lt u(), e D8 2 u(t)) — Lof (1, u(t).S D5 u(t)) £ 0.

(C3) A real My > 0, such that for |c| > M, then either
¢ (LN (cte®) — LN (cte’) > 0, (4.20)
or
c(I,N(cte®) — I,N(cte’)) < 0, (4.21)

then the fractional BVPs (4.1)-(4.2)-(4.3) has at least one solution in dom (L) C X
provided that

1 paf(a)e%
/0 Ot r)dt < S T ) + @ (1§ o 1Ta))

Where (B is a positive constant.

r+p. (4.22)

Proof. Stepl: Let
O ={uedom(L)\ker L: Lu=ANu,\ € [0,1]},

we will show that it is a bounded set.
Notice that if u € €y then A\ € (0, 1], because Q; Nker L = ¢, which allows us to write
Nu = L%u € Im L = ker (), then

1 =m us
QVu= [ (s, u(s) D5 u)ds =3 [T ). D u(s))ds =
0 i=1 0

by the condition (Cy), there exists ty € [0, 1] such that ’@8_1’% (to)| < M. On the other
hand, we have
t
D ult) = DMt + [ S Dru(s)ds
to

t
= C@S‘“’u (to) + / =) f (s, u(s),* Dg‘_l’pu (3)) ds,

to

then

D5 u (1)

IN

|“D5 ™ u (to)| + / et g (s,u(s) “D5 Pu(s))ds| (4.23)

to

N

MO + ||Nu||1a
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furthermore, we can write
=({I—-P)u+Pu =KpL(I—P)u+ Pu
= KpLu + Pu,
then
lullx < |[KpLully +Pullx,

by using (4.23), we obtain

F(S_ ) crya—
Pu®)l = — =5 |te” ‘DG u(1))|
Ly 1
< _— 0530‘ P
< B
< m(Mo‘F [Null,)
I
and
crya—1,p L2 crya—1
‘D5 P Pu(t)| = —5| D5 u (1))
< — 5(M0+||N93|| );
P
then
Ly + Ly
[ Pullx < = (Mo + || Null,),
by simple calculations, we have
1+ p* 'T(a)
KpLu —— || Nu||,,
| x AT(a) [Nully
which give
L1 + L2 pF(a) (L1 + L2) + 65 (1 + pa_lf(a))
ullx < | ——5 | Mo+ - 5 [ Nully,
p*te peT(a)e
it is easy to see that
[Nu(t)] =|f (s,u(s), D5 Loy (s))ds|,

according to conditions (C;) and (4.22), we obtain

/|f s,u(s), D ))‘ds < /01<I>(5,]u(s),

1
ol s

Fllullx + 5,

‘D5 Pu(s)]) ds

IN

IN

(4.24)

(4.25)

(4.26)
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then ||Nul|; < k.||Jul|x + B substitude this result in (4.26) we get
Ll + LQ pF(Oé) (Ll -+ Lg) + 66 (1 + pa_IF(Oé))
lullx < | == ) Mo+ TR [N ull,
p*le pel(a)e
Li+ Ly pl'(a) (L1 + Ly) + €° (1 + p*~'T'(a))
— | M, .

L+ L I L, + L +51+a711ﬂ
= L R e e A e

<

we conclude that

a—1g0 po‘F(oa)e‘S

(L1+L2> M, + (pF(a)(L1+L2)+e5(1+pa1r(a))) 5

<
lullx < —

Thus € is bounded.
Step 2 Let :
Q={ueckerL: NuelmlL},

for all u € 2, there exists a real constant ¢ such that u (t) = cte’,t € [0,1] and as Nu € Im L
then
QNu = 0.

Cpa71
r'(3—a)

In view of (C3), there exists ¢; € [0, 1] satisfying ‘C’Dg‘_l’pu (t1)| = 2ot < M, i.e

le| < %, which yields that

a—1

c Lap
I'3—a)

Lyp*t
— L, 2r
'd(1+r@—a9

M
< Li+1).
- pa—1L2 ( 1+ )

lullx = leli| +

Then €2, is bounded.
Step 3: Assume that condition (C3) — (4.20) holds. Let :

Qy={uckerL: MJu+ (1= QNu=0,X€[0,1]},

where J is the isomorphism defined by J : ker L — Im @, J (cte‘”) =c. Foru=cted €Qq

we have

AMu+ (1= X)) QNu = Ac+ % (I1f(s,cs€’ A(s)) — Lo f(s,cs€’*,A(s))) =0, (4.27)
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if A =0, we get QNu = 0 so by the condition (Cj) there exists 5 € [0, 1] such that

a—1

05 ()] = |t e

< M,
(3—a) =0

M,

0
so |c] < 2= and hence

a—1

‘ Lop
'3 —a)

L2pa—1
— L4 2P
'd(1+r@—a0

M
Li+1).
pa—lLQ ( 1+ )

In the case A # 0, in view of the condition (C3) — (4.20) we get
(1—=X)e
A
which contradict (4.20). Then |c¢| < M; which show that Q3 is bounded.

If (C3) — (4.20) holds, we prove by the same method that

lullx = leld| +

_)‘CQ = ([1f<37 056587A(8)) - [2f(57 056687 A<3))) > 07

Qs={ueckerL: —AJu+ (1 =X QNu=0,\e€l0,1]},

is bounded set. It remains to check that all conditions of Theorem 2.3.1 are fulfilled.

Let Q; UQ, UQs C Q. As Q4,5 and €3 are bounded sets, then

(1) Lu # ANw for all (u, \) € (dom(L)\ ker L) N 02 x (0, 1),

(2) QNu # Ofor all x € ker L N 012,

(3) Without loss of generality, assume that (C5) — (4.20) holds and define the operator
F(u,\) =AJu+ (1 = X\)QNu,

as €3 is bounded then, F(A u) # 0 for all (u,\) € (ker L N ON) x (0,1). Thus, by the
homotopy property of degree, we have
deg(QNjerr, 2 Nker L,0) = deg(F(.,0),2Nker L,0)
= deg(F(.,1),Q2NkerL,0)
= deg(J,Q2Nker L,0)
# 0.

Consequently, the equation Lu = Nu has at least one solution in dom(L) C X. Namely
BVPs (4.1)-(4.2)-(4.3 ) has at least one solution in the space X. O
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4.3 A numerical example

Consider the boundary value problem :

31 11
D2 Tu(t) = f (t,u(t),cpg’2u(t)) e [0:1],
u(0) =0, (Ex.2)
11 11 11
‘Dg*u(l) = 01°Dg " u (m) + 02°Dg 2 u (12) ,
where
3 1 p—1 6 — 2ed 3e1 — 6
a=>Sp=-6=C""= 1o =" ~07638.0y= ——— ~023
2 p 2 p o1 3ei — 2e6 72 3ei — 2
h = iﬂh — %7 and
L 0 if te|0;1]
f (t,u(t),CDg u(t ) = . c N33 1\ 1—t : 1
i [sinu(t) +° D Fu() — 1| (1= b et tir te [41]

notice that obviously, condition (A;) holds with
0 if te|o;

[
45_7[x+y+1](t—}l)el_t ift e [51],

1 1 1
2 1 1
/ O(t,r,r)dt = / O(t,r,r)dt = ( r:_ )He/ (t— ) e tdt
0 1 4es — 7 1 4

2r +1 dei — 7
- Gt (T) ks

O(t,z,y) =

and

4

Choosing My = 3. Assume that |“ D@ 2u(t) |> M, for each ¢ € [0;1]. if |“Dg2u(t) |> My
for all ¢ € [0; 1] we have

then

! , Co11

L Nu = /e_(l_‘s)f(s,u(s),‘DOQ’zu(s))ds
1
1
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ILbNu = o (s),CDO%’%u(sts

/0‘11 e*(%*s)f (3,u
b o [ (s

On the other hand, if °D§?u(t) < —M, for all t € [1;1] we get

(s),° Dé’%u(s)> ds =0.

=
=

f <t,u(t),cD§’%u(t)> < f [1— My —1] (t — i) et

4des — 7

SO

! 11
ILINu = /e(ls)f (s,u(s),CDg’Qu(s)> ds
1

K 1 1
< — M, / (s — —) ds

B "IV
32 (et - 7)
then I, Nu = 0. Which assure that the condition (As) is satisfied.
Taking M; =7
c (IlN (cte’t) — LN (cte’t)) =cliN (cte’t)
ok c \/se® 1
= c f sin (cte™) + —=Y o — 1| [ 5 — = | ds
fats e+ vy - ()
= 31{ c[Ac + B,
der — 7
where
1 ! 1
A = / (s — —) V/se ids,
v2er(3) e 4
1 ) 1
B = K sm(cte —1) (S—Z> ds,
4
we have

2 [t 1
A = \/j/ (3 — —) Vse 5ds, =~ 9.0401 x 1072 > 0,
T J1 4
1 1 9
B S 2 S — — dS = T
|
1 4 16

4

-
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thus

9
9 1
'—’ 16 OO = 6.25.

=009 16
If ¢ > 7, we have —c < =7 < —6.25 < % then Ac 4+ B > 0 which imply that
1 (IlN (cte*t) + I, N (cte’t)) > 0.
If c < =7, we get % <6.25 < 7 < —c thus Ac + B < 0, therefore

c (IlN (cte’t) + ILbN (cte’t)) > 0.

Then condition is fufilled and the problem (Ex.2) has at least one solution in C'2[0; 1.
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Chapter 5

Existence results for the boundary value

problem with two-dimensional kernel

5.1 Introduction

In this chapter we shall study the existence of solutions for the following fractional-order

p-Laplacian BVP at resonance with integral boundary conditions [14] :

(6p(Dy, (t)))’ +g(t )f( u(t), Dgyu(t)) =0, t€0,7],0< 8 <1,
¢p(D0+u fo (t)bp D0+u( ))dt, (5.1)
dp(Du(T)) = [ g(t)dp( Dy, ult))dt,

where DO . is the Riemann-Liouville fractional derivative of order 3, g € L'[0,T] with
g(t) > 0 and f : [0,7] x R? — R is a g-Caratheodory function, that is, (i) for each
(r,y) € R? the mapping t — f(t,z,y) is Lebesgue measurable, (ii) for a.e. t € [0,7]
the mapping (x,y) — f(t,z,y) is continuous on R? and (iii) for each r > 0, there exists
wy(t) : [0, T] = [0, +00) satisfying fo t) |w-(t)] < 400 such that, for a.e. t € [0,7) and

every (z,y) € [—r,r] X [—r,r], we have

Recall also that ¢, : R — R is an odd continuous, increasing operator, and gb;l = ¢g4. The

problem (5.1) is said to be at resonance if fo t)dt = 1.
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Moreover, because (gbp(D&u(t)))’ is a nonlinear operator, the coincidence degree theory
for linear differential operators with resonant boundary value conditions fails to apply to it
directly. However, rewriting (5.1) as a semilinear system allows us to apply the continuation

theorem to the problem (5.2) and obtain the existence of some solutions.

5.2 The functional framework

Now, we consider the following system :

D ur(t) = ¢, (ua(t)
uj(t) = —g(t)f (1, s (1), Syual)). (5.2)
us(0) = us(T) = [ glt)ualt)d,

where 0 < 8 < 1 and we introduce the spaces
X, =C"P[0,T] = {u e C[0,T] | such that t'Pu(t) € C[0,T]},

with the norm

[ullx, = llullgr-e = rrfa;s]\t “u(t)],

and

Xy =C[0,T] = {u | u(t) is continuous on the interval [0, T},
equipped by the norm ||u||x, = max,cjo1] |u(t)|, taking the space
X = {u = (uy,up) ' | uy € CP[0,T],uy € C’[O,T]},

with the norm
[ullx = max {{lusflcis , [[uzllc}
and Y; = C[0,T], Yo = L'[0,T] where |ly|ly, = maxiejor [y(t)], [yl = fo ly(t)|dt. Define

the space Y as follows:

V={y=nm)" |necT)yerl ]},

with the norm

lylly = max {lnllogory el oo }
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Obviously, (Y,].]ly-) is a Banach space, and ||.||;1-4 is a norme in C'~# because

lullgr-s = [ull -

Now, let’s prove that (X, [|.||y) is also a Banach space. Suppose (u,) is Cauchy sequence

in C'=P that’s for ever € > 0, there exists ng € N such that, for all m > n > ng, we have
|t — Unl|p1-s <€,
which implies that

sup 7 | (t) — wn ()]s < &,
t€[0,T7]
then,
sup !tlfﬁum(t) - tl’ﬁun(t)‘cl_ﬁ <e,
t€[0,T]

finally, we obtain

| (tm)1-p = (un)1-sllo <&

which shows that (u,);1—g is a Cauchy sequence in C|0, 7] (real Banach space), then (u,)1_3
is convergent to a function u € C[0,T]. Therefore, for all € > 0, there exists ny € N such

that, if n > ng, we have

sup ‘tl’ﬂun(t) — u(t)‘ < g,

t€[0,T]
hence
t
sup 177 |u, (t) — ul(__;' <e,
te[0,T] t

which means that (u,) converges to the function v € C'~7, defined as v(t) = 7.

0 <t < T, which shows that X; is Banach space.

On the other hande X, = C[0,T] with the norm ||u||x, = max;cjo77|u(t)| is Banach space
then X = X7 x Xy, with the norm |ju||x = max {||u1]|ci-s, ||uz]lo} , is Banach space.

It is clear that, (uy(-),us(-))" is a solution of the problem (5.2), if and only if u(-) is a
solution of the problem (5.1). Define the operator L : dom L C X — Y by

B
pu(t) = | OO ) [ Pew® ) o (5.3)

(Lu)s (1) us (1)
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where .
dom = {u€ X,(Dfou) € Y.ual0) = wal) = [ g0uatoyir}.
0
(Lu)q(.) is the first component and (Lu)y(.) is the second. Let the operator N : X — Y be
defined by

Nugty = | FO ) _ P4 (va(t)) L W e 0,7, (54)
(Nu)2(1) —g(t) f (t,ur(t), pqua(t))

It is easy to see that problem (5.2) can be converted to the operator equation
Lu= Nu, wu & dom L.

Throughout this paper we will use the following notations: Dy, Dy : Yo — Y5 are two linear

operators defined by the following relations

T T ¢
Dyyy = / yo(s)ds and Days := / g(t)/ yo(s)dsdt,
0 0 0
where Y, = L'[0, T, and for all 8 € [0,1) denote by For all 3 € [0,1) denote by
A = 011022 — 012091,

where

17 T T
511 = T, 522 = B/ tﬁg(t)dt, 612 = ? and (521 = / tg(t)dt,
0 0

and the operators Ry, Ry : Yo — Y5 as
Ryys := % (022D1y2 — 612Daypa)
(5.5)
Ryys := % (611Days — 621 D1yo) -

Proposition 5.2.1. (Proposition, p-219, [10] If the continuous function f > 0 in [a,b] then

b
/ f(z)dx =0 = Vz € [a,b]; f(x) = 0.

Proof. Indeed, if f(x¢) > 0,z € [a,b], then by continuity, there exist an interval
la, B] C [a,b], where f > @, which imply

/abfdxz/ffdxz w'

Contradiction. O
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Remark 5.1. In view of the precedent proposition A = d11090 — 012021 # 0.

Indeed, for each 0 < 8 < 1, the function F defined by F(t) = Tt° —T"t is positive continuous
so F(t)g(t) > 0 (because g(t) > 0), and as g (%) F (%) # 0, then the function Fg is not
identically zero in [0,T] which prove that

6/ (t)dt # 0.

5.3 Existence results

5.3.1 Linear Part

In this part, we needed three lemmas to prove the existence of solutions of our problem

by applying Mawhin’s coincidence degree theory.
Lemma 5.3.1. We have the following results:
Ker L = {ci(t*"1,0)" +¢2(0,1)",Vt € [0,T],¢1,c2 € R}, (5.6)
ImL = {y = (y1,42) €Y : Diys = Doy = 0} (5.7)
Proof. On one hand, for each u = (uy,u)' € ker L, we have Lu (t) = 0 for all t € [0;1], so

D§+u1(t) =0 _ Ul(t> == Cltﬁ_l
ub(t) =0 us(t) = ¢

then
Ker L = {c;(t”"1,0)" +¢(0,1)",Vt € [0,T],¢1,c2 € R}

If y = (ybyg)T € Im L, then there exists u = (ul,uz)T € dom L such that y = Lu, i.e.,
yi(t) = Dyun (1), ya(t) = uh(t), which yields

t
us(t) = o +/ ya(s)ds, ¢y €R,
0

with consideration of the boundary conditions us(0) = fo t)dt, we conclude

T T t
g =Co+ / y2(s)ds = co +/ g(t)/ y2(s)ds,
0 0 0
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/OT Yo(s)ds = /OTg(t) /Ot yo(s)ds = 0,

Dyys = Dayys = 0, (5.8)

so, we have
then,

thus

ImL C {?/ = (y1,42)" €Y : Dyys = Dy, = 0} : (5.9)
Now, suppose that y = (y1, y2)T € Y, and satisfies (5.8). Let

ur(t) = I (t),
UQ(t): 5+92(t)-

Since fOT g(t)dt =1, we get

w0 = () = [ g
then u = (ul,uQ)T € dom L and Lu = y i.e., y € Im L. Hence,
{y = (y1,1) €Y : Dyyo = Doyp = 0} CImlZ, (5.10)
from (5.9) and (5.10), we conclude that

ImL = {y = (y1,42)" €Y : Dyyp = Doy = 0} :
The proof is completed. O

Lemma 5.3.2. Under the assumption fOT g(t)dt =1, the following conditions hold:
(i) L:domL C Q — X is a Fredholm operator of index zero. Furthermore, the linear

continuous projectors P : X — X and Q :' Y — 'Y satisfy

Puiy = | 7)) ORCICLEN vt € [0, 7],

(Pu)s(t) i g(s)us(s)ds

where the first and the second component of P are independent of each other, and

Qu(t) = (Qy)1(t) _ 0 e[0T,

(Qy)2(t) Riys + Royat?!
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where Ry, Ry are defined in (5.5).
(ii) The inverse Kp : Im L — dom LN ker P of Lp can be written as

K 18
Kpy = (Kpy) _ o0+

(KPy)2 I&+y2
and satisfy
IKpyllx < Lyl .

where L = max{%, 1}.

Proof. (i) For all uw € X, and t € [0,T], we have

9 (Pu)l(t) Tl_ﬂul (T) t’g_l
P?u(t) = P(Pu)(t) = P =P .
(Pu)a(t) Jo 9(s)ua(s)ds
T A (Pu), (T) P! B TYP(T Puy (T) TP 1)tA1
Jo 9(s)(Pu)s(s)ds (Pu)s(t) Jy g(s)ds
= Pu(t),
because fOTg(t)dt =1.
For all y € Y, and t € [0,T1], we get
Ry (Riy2) = % (022 D1 (R1y2) — 612D2 (R1y2)]
= % [522511 - 512521] Ry
= Ryyo,

and similarly we can derive that
Ry (Royst”™") =0,

Ry (R1ys) = 0,

and

Ry (RQyQtB_l) = Royp.
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So, for y = (v, yg)T €Y, it follows from the four relations above that

Q*y2 = Q(Quz) = Ri[Riya + Royat’ '] + Ry[Riya + Royot” 't
= Ry (Riy2) + R (Royat®™') + Ry (Riy2) + Ro (Rayat”™")

= Riys + Royat” ™ = Qup.

Thus, we get

Q*y(t) = Q(Qy)(t) = Q = =Qy, Vtel0,T]

We have also

(Pualler-s = mass |07y (1) 67| = [T ()

SE&% [t ur ()] = lurllgas

/OTg(s)ug(s)ds

P —
(Pl = max

< /0 9(5) Jua(s)| ds = [Juz]l,

then

[Pully = max{[|(Pu)illgis , [[(Pu)2llo}

max{||u s, [luall o} = llullx -

VAN

And we have also

@il = mas (@) ()] =0 < .

T
1@l oz = / (@Qu)()]ds < Cllyall o -

110 2|6120 6120
where (' = |611022]+2] ‘12‘11|+| 12 21|7 then

1Qully = max{[l(Q@y)illo  [(QY)2ll 1o} < max{llyillg, Cllv2ll g} < Cllylly - (5.11)

Now we prove that Y =Im L & Im Q.
For each y = (y1,4)" € Y, can be write as y = (I — Q)y + Q) = (y1, (I — Q)y2 + Q)"
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where y — Qy € Im L = Ker Q and Qy € Im @, thus we have Y =Im L + Im Q).

Let y € In LN ImQ so y(t) = (y1,y2) " = (0,a+0btP1)T where a,b € R, and since y € Im L
then Dyy, = fOT(a + bsP Nds = 0 and Dyy, = fOT g(t) fOT(a + bsPNdsdt = 0, we derive
a=>b=0, thus Im L (" Im @ = {0}, which implies that Y =Im L ® Im @), and as

dim Ker L = dim Im @) = codimIm L = 2.

So L is a Fredholm operator of index zero.
Furthemore, for all u in X, we can write © = (u — Pu) + Pu and since Im P = Ker L, then
P%y = Pu, so

X =Ker P+ KerL

By simple calculation, we can get that Ker P N Ker L = {0} which prove that
X =Ker L & Ker P.
(ii) From the definition of Kp, for y € Im L, we have

Dy, I
LKpy = y 10+ =y.
ailo+ Y2

For u € dom L N Ker P, and by using Lemma 1.3.3 we get

u+ct5*1
KpLu=| = :

Ug + Co

where c¢q, ¢o are real constants. Since u € dom LNKer P, it is easily to show that ¢; = ¢; = 0.

So Kp is the inverse of Lp. We have also

IKpyllx = L PY)llcrs s [(Kpy)allo}

I}

T
< -
< max{ gy Il el

:max{H[{iyl s’ 1

< Lllylly

where L = max{s 2+ B , 1}, which completes the proof. O
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5.3.2 Nonlinear Part

Lemma 5.3.3. Let Q C X be open and bounded subset with domL N Q # 0. If f is
g-Caratheodory, then N is L-compact on €.

Proof. Let Q = B(0,r), then for u € Q, ||ul| < r. Since f is a g-Caratheodory function
then, there exists w, : [0,7] — [0, +00) satisfying fOTg(t) |w, ()| < 400,
for a.e t € [0, 77,

1 (tu(t), DF ()| < wrlt),

then

|@Nully < C|[Nully < Cy,

where Cy = C(r1™" + ||we|| 1 1p)-
We will use the following two steps to prove that Kp(l — Q)N () is compact.

Step 1: Let u € €, then
IKp(I = Q)Nulx < LI|(J = @Q)Nully < L([Nully +[[QNully) < Ca,

where Cy = L(Cy + 77" + [|wpll 1o 1y) -
Step 2: Let u € Q and t,,t, € [0,T] with ¢; < t then

t5 P (Kp(I — Q)Nu)y(ts) — t7 P(Kp(I — Q)Nu)y(ty)

= i [ - v

i [ - o

< 8 [ - s

b [ - @

b [ (7 - -9 @ - @V
- (C+ 1)(?(21 g;drHLl[o,T}) o — ) Jer 00y — 0
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As t; — to uniformly. Similarly we can derive that

(Kp(I — Q)Nulalts) — (Kp(I — Q) Nula(ty)
/0 (T — Q)Nu)(s)ds — / (T — Q)Nu)s(s)ds

/0 (T~ Q)Nu)als)ds + / (I = Q)Nu)y(s)ds

t1

_ /01((1 — OQ)Nu)s(s)ds

/tQ((f — Q)Nu)a(s)ds| < (ta — 1) |(I — Q) Nu),|

< (ta—t)(CH (" + ||Wr||L1[o,T}) —0

As t; — ty uniformly. Thus, Kp(I —Q)Nu(f) is compact, therefore, the nonlinear operator
N is L -compact on . ]

5.3.3 Existence theorem for the fractional-order p-Laplacian bound-

ary value problem

Theorem 5.3.1. Assume the following condition holds.

(Hy) There exist functions ay(t) > 0,as(t) > 0,a3(t) > 0, in L'[0,T] such that
g(®) [f(tu,0)] < ar(t) + ax (O ulf " + as()]o

for all (u,v) € R* and t € [0,T], where g(t) € L'[0,T7], g(t) > 0.
(Hy) There exists a constant A > 0 such that if |u| > A or |v| > A, then either

uDy (N (u,v) ")y +vDy(N(u,v) )y >0, (5.12)

or

uDy (N (u,v) ")y +vDa(N(u,v) ")y < 0. (5.13)

Then problem (5.2) has at least one solution, provided that
TPt

W|’a2||L1[O;T1 —|— ||a3||L1[0;T} < 1, Zf 1 < p < 2, (514)
or—2p—1 .
WHCLZHIA[O;T] + ||a3||L1[O;T] < 17 pr 2 2. (515)
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Proof. Step 1. Consider the set
) ={uedomL\KerL| Lu= pNu,p e (0,1)}.
For u € Qq, and p # 0, we get Nu € Im L = Ker (), hence

| st o) onunde= [ o) [ gtof (m(s). s dsat =0

From the integral mean value theorem there exist ty € (0,7"), such that

[ (to; ui(to), dq(uz(to))) =0,

according to condition (Hs), we get |ug (to)] < AP~!. Since

ua(t) = ug(ty) + /t 1 uy () ds.

We have
Juall o < AP™ 4 bl g0y (5.16)

by Lemma 1.3.3 we can write, t'~%u; (t) = '~#IJ, DJ u(t) + i, then

‘tl_ﬁul H + |Cl| Vit € [O T]

0] < g [1P6e

which gives

lall, < g7 |6 ] + el (5.17)
Now, Lu = pNu is equivalent to
DP uy(t) = us(t)),
o+ 1( ) pd)q( 2( )) (518)

uy(t) = —pg() f (t, ur(t), ¢q (u2(t))) -

_1
Using (5.18), we get “D§+ul“c < J|ug||&". Substitute this inequality in (5.17) we conclude
that

T
||ul||X1 =TB+1) ||U2H f el ( )
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By the second equation of (5.18), and (H;), we get

HUIQHLI[QT] = Hg(t)f(taul(t)a¢q (u2(t)))”L1[O,T]

- / 9(5) |f (5, 1 (), &y (un(5)))] ds
< /0 [a1(s) + aa(s)[t"PulP~" + as(s)v["~'] ds

< laxl[Lrpory + [lazl[Lijom ‘751_Bul|p_1 + [|asl| 1oy Il (ua) 5"
= llall oz + lasllpomllunl,” + llasllziom luzlle

where the functions a;(t) > 0, ay(t) > 0,as(t) > 0, in L'[0,T].

If 1 < p < 2, then from the above inequalities and Lemma 1.4.1 we obtain

TP B
I3l < loslova + laalson 555 Plloors + leal™ )

+ llas|| 1o, luzll o

v
1 _
< ollson + loalram ™ + 47 (5 g el

TPl ,
llaallonm) + (el + ol ) 1l

Similarly, if p > 2, then

2p—27p—1
[l oy < Nanll prjor) + Framm Naell oz + e P~
21lL1j0,1] L1[0,T] T(B + 1)1 L1[0,T]

[ e
+ A T3+ 1)t a2l i ry + lasll 2oz

9p—27p-1 ,
<W lazll i 7y + Ha3HL1[0,T]> luall oz -

Where A is positive constant, using (5.14) or (5.15), we have
HUIQHLl[O;T} < K.
By (5.16), we get
lualle < AP7H+ Ko = K,
and by (5.19)

=T T 1
||U2||(Zj* +la| < la| + =———=K7 ' = Ko,

T
il = 150 NCERY
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as a consequence, we obtain
lull x = max {{luilx, , [luzllx, } = max {Ky, Ko} = k.

Then the set )y is bounded.
Step 2. Let

Qy ={ueKerL|QNu=0}.
For u € Qy, with u = (uy,uz)" = (1?71, o) ", V(er, o) € R2.
We have Dy (Nu), = Dy (Nu), = 0, from (H,) there exist t; € [0, 7], such that |c;t*~!| < A
and |co| < A, then we get

= 1-p —
Jullx = max {lully, lelly,} < max {487, 4} = B.

Thus the set {2y is bounded.
Step 3.
Define the isomorphism J : ker L — Im @) by

Cltﬁil 0
. B , Vtel0,T),
C2 % [52201 — 012¢2 + (611¢2 — 02101) tﬁ_l]

for (c1,co) € R2. Let
Qs ={u€ker L,pJu+ (1 — p)QNu = 0, for some p € [0,1]}.

By definition, u € Q3 means that u = (uj,uz)" = (c1t?~%,¢2) " and pJu+ (1 — p)QNu =0
with a,b € R. If p = 0, then QNu = 0. By Step 2 we get ||u||,, < B. For p = 1, we obtain
Ju(t) = J(cit?~1 e)T = (0,0)7, then
092¢1 — d12¢2 = 0
51162 — (52161 = 0.
Since A # 0, then ¢; = ¢y = 0.
If0<p<1, from —pJu= (1 — p)QNu, we obtain
—K,O [620¢1 — 1202 + (S1102 — 52101)156_1}
1—
= Tp [620D1(N(c1t” ™, c2) T)2 = 812 D2(N (it ', e2) )2 + (811 D2 (N (ert? ™, c2) T)2
—601 D1 (N ("7, CQ)T)z)tﬁfl] ;
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which implies that
—pdazct + pdiaca = (1 — p) [0aa D1 (N (c1t” ™!, e2) T)a — S12D2(N(ert? ', e2) )o]
—pdiics + pbarer = (1 — p) [§11D2(N(ert’ ™, c2) )2 = 021 D1 (N(cit” ', ea) )] -

Since the determinant A # 0, then by simple calculations, we obtain
per = —(1 = p)Di(N(ext” " e2) "o,

and
pes = —(1 = p)Da(N(crt”™™ ", ¢5) " )a.

Then
pcitP=l = —(1 — p)eyt? Dy (N (e1tP 71, ) 7)o
pcs = —(1 = p)eaDay(N(crt? ! e2) T)a.

By hypothesis (H3) and from (5.11), we get

p ("t +c3) =—(1—p) [art’ "Di(N(crt’ " o) T)a 4+ caDo(N(ert’ ' ) T)a] <0

And this is a contradiction. So, the set €23 is bounded.

Finally, if we assume that (5.12) holds, then by the same method, we can prove the bound-
edness of the set {u € ker L : —pJu+ (1 — p)QNu = 0, for some p € [0.1]}. Next, we prove
that all conditions of Theorem 2.3.1 are satisfied: Let €2 to be an open bounded subset of
X such that U'Z3Q; ¢ Q. From Lemma 5.3.2, we known that L is a Fredholm operator of
index zero. By Lemma 5.3.3, N is L-compact on . Since Q;, (i = 1,2, 3) are bounded sets
and €2; C Q, we have

(1) Lu # pNu for all (u, p) € [(dom L\ Ker(L)) NoQ] x (0,1),

(2) QNu # 0 for all u € ker L N 052

Finaly we prove that condition (3) of Theorem 2.3.1 is satisfied. Let

H(u,p) =£pJu+ (1 —p)QNu.
As Q3 C Q, for all u € Ker(L) N 9Q and p € [0,1], we obtain that H(u, p) # 0. So, by the
homotopy property of the degree, we conclude that
deg (QN|ker L, ker LNQ, O) = deg(H(.,0), ker LN O,0)
=deg(H(.,1), ker LN ,0)
= deg(£J, ker LNQ,0) #0,
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which implies that Lu = Nu has at least a solution in dom L N €. O]
5.3.4 An illustrative Example
Consider the following fractional differential equation :
1 . 1
(¢3(Dg, u(t))) + cost(3etsin® u — 2223 o (D§ u(t)) — T2) =0, tel0,3], (Ex3)
with ) )
¢3(Dg,u(0)) = [ costs(Dg, ult))dt, (Cd3)
1 Ls 1
03(Dg, u(%)) = [} costdy(Dg, ult))dt,

where f = $,p=3,¢g=3,T = Z,¢(t) = cost, fog costdt = 1.
S5cosdt, 2 w42 then

Here f(t,u,v) = $atsin®y — 2528y% — 712,
T+ 2 9

cost|f(t,u,v)| < — + — v|“.

[t u o)l < ——+ 3 | + 551l

So we may take
T+ 2 1 5

i) =" @) = 35000 = 367

Y

we have HGIHLl[O,%] = 144 ; ||a2HL1[0 = 72; Ha3|lL1[0%} = 7%’ and

A= 511522 — (521(512 = 0.81 7é 0.

And we have also

2P—2TP
WH@HL%%} + T||a3||L1[o7g] =013 < 1.

Let A= 7, if [v] > A, then we get

uD1 (N (u,v) )2 + vD2(N(u,v)")s
sin?u sin2u+7r+2 N 5 (7'('2 1)(7r+2 singu)

= — v v+ (— — —

2167 8 721 367

36T 72 2T
1 5 2
> — (—v+(%—1)) > 0.
Hence, all conditions of Theorem 5.3.1 hold, which implies that the problem Ex3 - Cd3 has

at least one solution in X.
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Conclusions

In this thesis we have investigated some questions of existence of solutions of some classes
of nonlinear boundary value problems in the resonance case. There are some mathematical
difficulties caused by the nonlinearities and the boundary conditions. By utilizing the coin-
cidence topological degree, however we can find some partial solution.

Many related problems have been solved recently, the majority of them have generally fo-
cused on second-order differential equations. In this thesis, we have looked at three cases
related to higher-order or fractional equations on bounded domains.

Firstly, we have investigated the existence of a solution for a multi-point boundary value
problem at resonance for a nonlinear fractional differential equation with a p-Laplacian op-
erator by Mawhin’s coincidence theorem. Under some conditions on the nonlinear term, we
have proved the existence of solution. Next by using the generalized proportional fractional
derivative we get new results. Finally, we find the conditions of existence of solutions of a
fractional-order p-Laplacian boundary value problem at resonance case where the differen-
tial operator is nonlinear and has a kernel dimension equal to two, after transforming the
nonlinear problem into a semilinear system.

Notice that this method studies only the existence case, in the future, we intend to study
some questions related to uniqueness and also to multiplicity of solutions of some boundary
value problems in resonance. For this, the application of some other methods may be asso-

ciated to the coincidence degree, and it can be generalized for different types of operators.

72



Bibliography

[1] A. A. Kilbas, H. M. Srivastava, J. J. Trujillo. Theory and applications of fractional
differential equations. Elsevier B. V. Netherlands, 204, (2006).

[2] A. Yang, C. Miao, and W. Ge. for second-order nonlocal boundary value problems with
a p-Laplacian at resonance on a half-line. Electronic Journal of Qualitative Theory of

Differential Equations, 2009, (2009), pp. 1-15.

[3] B. M. B. Krushna. FEigenvalues for iterative systems of Riemann—Liouville type p-
Laplacian fractional-order boundary-value problems in Banach spaces. Computational and

Applied Mathematics, (2020), 39, pp.1-15.

[4] J. Bai, X. Feng. Fractional-order anisotropic difusion for image denoising. Computers
and Mathematics with Applications, IEEE Transactions on Image Processing, 16, (2007),
pp. 2492- 2502.

[5] J. Mawin. Topological degree and boundary value problems for nonlinear differential equa-
tions in topological methods for ordinary differential equations. Lecture Notes Math, 1537,
(1993), pp. 74-142.

[6] J. Sabatier, O. P. Agrawal, and J. T. Machado. Advances in fractional calculus. Springer,
30, (2007), pp. 1-109.

[7] H. Bresis. Analyse fonctionnelle théorie et applications. Paris: Masson, (1994).

[8] G. Cupini, C. Marcelli, and F. Papalini. On the solvability of a boundary value problem
on the real line. Boundary Value Problems, 2011, (2011), pp. 1-17.

73



Bibliographie

9] K. Allab. Eléments d’analyse: Fonction d’une variable réelle. Office des publications

universitaires - Alger, édition N 600 Janvier, (1986).
[10] K. Deimling. Non-linear Functional Analysis. Springer, Berlin, (1985)

[11] K. R. Prasad, B. M. B Krushna. Ezistence of Multiple Positive Solutions for p-Laplacian
Fractional Order Boundary Value Problems. International Journal of Analysis and Appli-

cations, 6, (2014), pp. 63-81.

[12] K. R. Prasad, B. L. B. Krushna, and N. Sreedhar. Fven Number of Positive Solutions
for the System of (p, q)-Laplacian Fractional Order Two-Point Boundary Value Problems.
Differential Equations and Dynamical Systems, 26, (2018), pp. 315-330.

[13] M. Azouzi, L. Guedda. Ezistence result for nonlocal boundary value problem of fractional
order at resonance with p-laplacian operator. Azerbaijan Journal of Mathematics, 13,

(2023).

[14] M. Azouzi, E. Zeraoulia, and L. Guedda. Solvability of a resonant fractional-order p-
laplacian boundary value problem with two-dimensional kernal. Journal of Applied and

Engineering Mathematics, (2023) (accepted).

[15] M. Azouzi, L. Guedda, and Z. Laadjal. FEzistence results of generalized proportional frac-
tional differential equations at resonance case by the topological degree theory. Advances

in Mathematics,11, (2022), pp. 613-633.

[16] O. F. Imaga, S. A. Iyase. Ezistence of solution for a resonant p-Laplacian second-order
m-point boundary value problem on the half-line with two dimensional kernel. Boundary

Value Problems, 2020, (2020), pp. 1-11.

[17] O. F Imaga, and S. A. Iyase, and S. A. Bishop. Existence results for a resonant third-
order problem with two dimensional kernel on the half-line. Journal of Physics: Conference

Series, 1734, (2021), pp. 1-7.

[18] O. F. Imaga, S. A. Iyase. On a fractional-order p-Laplacian boundary value problem at
resonance on the half-line with two dimensional kernel. Advances in Difference Equations,

2021, (2021), pp. 1-14.

74



Bibliographie

[19] O. F. Imaga, and S. O. Edeki, and O. O. Agboola. On the solvability of a resonant
p-Laplacian third-order integral m-point boundary value problem. IAENG Int. J. Appl.
Math, 50,(2020), pp. 256-261.

[20] P. Amster. Topological methods in the study of boundary value problems. Springer,
(2014).

[21] R. F. Brown. A topological introduction to nonlinear analysis. Springer, (1993).

[22] R. L. Magin. Fractional calculus models of complex dynamics in biological tissues. Com-

puters & Mathematics with Applications, (2010), 59, pp. 1586-1593.

[23] S. A. Iyase, and O. F. Imaga. On a singular second order multipoint boundary value
problem at resonance. International Journal of Differential Equations, 2017, (2017), pp.

1-6.

[24] S. Djebali, A. G. Aoun. Resonant fractional differential equations with multi-point
boundary conditions on (0,+00). J. Nonlinear Funct. Anal, 2019, (2019), pp. 1-15.

[25] S. Djebali and L. Guedda. Nonlocal p-Laplacian boundary value problems of fractional

order at resonance. Panamerican Mathematical Journal, 29, (2019), pp. 45-63.

[26] S. G. Samko, A. A. Kilbas, O. I. Marichev. Fractional Integrals and Derivatives. Gordon
and breach science publishers, Yverdon Yverdon-les-Bains, Switzerland,1, (1993), pp. 1-
973.

[27] W. Ge, and J. Ren. An extension of Mawhin’s continuation theorem and its application
to boundary value problems with a p-Laplacian. Nonlinear Analysis: Theory, Methods &
Applications, 58, (2004), pp. 477-488.

. Lin, an . Du, an . Meng. note on a third-order multi-point bounaary value
28| X. Li dZ. D dF. M A hird-ord [ti-point bound [
problem at resonance. Mathematische Nachrichten, 284, (2011), pp. 1690-1700.

[29] X. Tang, X. Wang, Z. Wang. The ezistence of solutions for mized fractional resonant
boundary value problem with p(t)-Laplacian operator. J. Appl. Math. Comput, 61, (2019),
pp. 959-572.

75



Conclusions

[30] Z. Laadjal, T. Abdeljawad, F. Jarad. On ezistence-uniqueness results for proportional
fractional differential equations and incomplete gamma functions. Adv Differ Equ, 641,

(2020), pp. 1-16.

76



	General Introduction
	Preliminaries
	Direct sum and projections
	Direct sum
	Quotient space
	Codimension of a vector subspace
	Projections

	Compact operators
	Finite rank operator
	Ascoli-Arzela theorem

	Fractional calculus
	Fractional derivative of Riemann-Liouville type 
	Generalized proportional fractional derivative of Caputo type

	Some useful concepts
	Lp Spaces
	 p-Laplacian operator
	Lebesgue dominated convergence theorem


	Topological degree theory
	Degree theory in finite-dimensional spaces 
	Definition of the Brouwer degree
	Properties of the Brouwer degree

	Degree theory in infinite-dimensional spaces 
	Definition of the Leray-Schauder degree
	The Schauder fixed point theorem

	Coincidence degree for perturbations of Fredholm operators
	Fredholm operators
	Generalized inverse
	L - compact operator
	Equivalent fixed point problem to Lx=Nx
	Coincidence degree and properties
	Mawhin continuation theorem


	Solvability of a resonant fractional problem with one-dimensional kernel
	Introduction
	Main result
	Functional framework
	Auxiliary lemmas
	Existence theorem

	Example

	Generalized proportional fractional differential equations with multi-point boundary conditions 
	Introduction
	Main result
	Some auxiliary lemmas
	An existence theorem

	A numerical example

	Existence results for the boundary value problem with two-dimensional kernel 
	Introduction
	The functional framework
	Existence results
	Linear Part
	Nonlinear Part
	Existence theorem for the fractional-order p-Laplacian boundary value problem
	An illustrative Example


	Conclusions
	Bibliographie

