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ABSTRACT:

Caputo-Fabrizio’s definition of fractional derivation is one of the latest advancements
in fractional calculus. This study investigates solutions for a coupled system of linear
fractional differential equations with fractional orders using the Picard-Lindel6f
approach and fixed-point theory, demonstrating their existence and uniqueness. An
efficient computational method for solving the coupled system is presented, utilizing
the Caputo-Fabrizio fractional derivative. The approach expands the solution into the
Haar wavelet basis, allowing for the determination of Haar wavelet coefficients. Error
analysis of the method shows a strong convergence rate. Finally, several numerical
examples are provided to demonstrate the precision and efficacy of this approach.
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Fractional calculus, Haar wavelet, Caputo- Fabrizio fractional derivative, coupled
system with fractional derivative. fractional integral, fractional differential
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RESUME:

La définition de la dérivation fractionnelle de Caputo-Fabrizio est I'une des plus récentes
pour améliorer les dérivations fractionnelles. C'est mémoire de master examine les
solutions d’un systéme lié d’équations différentielles fractionnelles linéaires avec des
ordres fractionnels en utilisant I’approche de Picard-Lindelof et la théorie du point fixe,
en démontrant ainsi leur existence et leur unicité.C'est mémoire master présente une
méthode computationnelle efficace pour résoudre un systéeme couplé en utilisant la
dérivée fractionnelle de Caputo-Fabrizio. L’approche décompose la solution dans la
base des ondelettes de Haar, permettant la découverte des coefficients des ondelettes
de Haar. L’analyse d’erreur de la méthode montre un fort taux de convergence. Enfin,
quelques exemples numériques sont fournis pour démontrer la précision et I’efficacité
de cette approche.

Mots clés et expressions:

dérivé fractionnaire de Caputo-Fabrizio,approximation numérique,Calcul
fractionnaire,ondelette de Haar, systéme couple a dérivé fractionnaire. équation
différentielle différentielle fractionnaire, approximation numérique.
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Notations :

N Set of natural numbers.

N~ Set of natural numbers with nonzero.
R Set of real numbers.

R+t Set of positive real numbers.

C Set of complex numbers.

C Space of all continuous functions.
cn differentiable functions.

Re Real part.

Gamma Function.
Beta Function.

Ejs Mittag-Leffler Function.

AC Space of absolutely continuous functions.

Lt the space of integrable functions.

L> Space of functions that are essentially bounded.
max Maximum.

|- | Norm in the spaces.

wm.p Banach space.

18 Fractional integral of Riemann-Liouville.

Db The Riemann-Liouville fractional derivative.
Cpl@) The fractional derivative of Caputo.

CFpla) The fractional derivative of Caputo-Fabrizio.

(CFFD) Caputo-Fabrizio fractional derivative.

erf(x) is the error function and is defined as follows:

2 gt 9
erf(z) = \/ﬁ/o exp(—z7)dz.
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GENERAL INTRODUCTION

Recently, fractional calculus has been used to represent a variety of issues in the physical, bi-
ological, engineering sciences,and more (see [1]). The memory effect attribute of this notion has
shown tremendous interest in the applied sciences. Numerous definitions, including Riemann-
Liouville [2], Caputo[3], and Caputo-Fabrizio fractional integral and derivative ([2],[3]), have
been provided in this context for both the integral and the fractional derivative. Despite being
employed to model the occurrences initially, the concepts of Riemann-Liouville and Caputo
have singularities in their kernels. This has led to the introduction of numerous new definitions
of integral and fractional derivatives in the literature. The Caputo-Fabrizio fractional integral
and derivative, for example, are more well-liked in the scientific community since they do not
cause the singularity problem.

This has led to the introduction of numerous new definitions of integral and fractional deriva-
tives in the literature. In the scientific community,for example, the Caputo-Fabrizio fractional
integral and derivative [2] are more well-liked because they do not encounter the singularity
problem. The inability to find an analytical solution is the primary obstacle that researchers
must overcome in order to solve the Caputo-Fabrizio fractional differential equations and sys-
tems [4]. This forces them to resort to numerical methods. As is well known, discontinuities can
be seen in the solutions of various numerical techniques. Currently, a popular technique that
seeks to increase the convergence rate in accordance with exponential decay is the Haar wavelet
approach[5]. As evidence of this, we discover that it has been used to address a wide range
of issues, including fractional differential equations (FDEs)[6], ordinary differential equations

(ODEs)[7], partial differential equations (PDEs)[8], integral differential equations[9], and so on.

vii



In fact, the compact support, orthogonality, and simplicity of the Haar wavelet are its benefits.
In favor of the Haar wavelet technique. In this memory, we apply and investigate it to solve

the following system :

DO f(2) = erf(2) + cag() +u(@),0 < <1,

CFD@g(x) = c3f(x) + cag(r) +v(x),0 < 2 < 1,

Actually, the existence and uniqueness of the solution to this system have been established
by Tkram Mansouri et al.[4]; they also used the Adomian Decomposition Method (ADM) to
produce an approximative solution. Nevertheless, the Adomian Decomposition Method’s con-
vergence rate decays polynomially, its terms are costly to compute, and a significant number
of terms are needed to close the exact answer. In terms of computation costs and convergence

rate, the Haar wavelet collocation approach is appropriate to address these flaws.

viii



This work is divided into three chapter:

1. In the first chapter, we will provide some definitions and theorems that we will use in this

note.

2. In the second chapter, we will mainly introduce definitions and basic properties of frac-
tional derivatives, Riemann-Liouville fractional derivative, Caputo fractional derivative

and Caputo-Fabrizio fractional derivative and some of its properties, etc..

3. In the third chapter, the Picard-Lindelof technique and the Banach fixed point theorem

are applied to obtain uniqueness of solutions for system:

FDOf(x) = e1f(2) + cag(z) +u(x), 0 < v < 1,

CED@g(x) = caf(x) + cag(w) +v(x),0 < 2 < 1,

And we obtain a numerical approximation by using the recently presented derivative of

Caputo-Fabrizio fractional order as a basis.

4. In the fourth chapter, We provide the Haar wavelet family, with which our suggested
numerical approach to the solution is connected. and we provide examples to demonstrate

the precision and potency of our suggested approach.
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GENERALITIES IN FUNCTION ANALYSIS



Chapter 1 Generalities in Function analysis

1.1 Some Results from functional analysis

1.1.1 Spaces of Absolutely Continuous and Continuous Functions
Definition 1.1.1.1

Let Q = [a,b](—0c0 < a < b < 400) be a finite or infinite interval of R.We denote by L(£2)

the space of integrable functions from  into R [10] .

LY(Q) = {f : Q = R, fis measurable functions} . (1.1)
1Al = 11l = [ 1f1de= [ 151 (12
Let p € R with 1 < p < o0, we set
P = {f : Q = R, f is measurable functions, |f|P € LI(Q)}, (1.3)
with .
£ = 10 = | [ 1 @PPau] " (14)

Definition 1.1.1.2
We set [10]:

L*={f:Q—=R | [ measurable and there is a constant C  such that |f| <C a.econ Q}.
(1.5)

With
[fllzee = [flloe = inf{C,|f(x)| <C a.eon  Qf. (1.6)

Definition 1.1.1.3

Let [a,b] be a finite interval. We denote by AC|a,b] the space of primitive functions of

integrable functions in the sense of Lebesgue
f@) € AC[a.b & f(a) = c+ [ p(t)dt o(t) € Lia,b], (17)

and we call AC|[a, b] the space of absolutely continuous functions on [a, b] [11] .
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1.1.2 Sobolev spaces:

Consider an open subset © of RY.D(() is the space of C*°(R or C) functions with compact
support in  and D’(2) is the space of distributions on €.
A distribution 7" € D’(Q2) is said to belong to LP(2)(1 < p < oo) if there exists a function
f € LP(Q) such that

(T.¢) = [ f@)e()da. (18)
Definition 1.1.2.1

Let m € N and let p € [1,00]. we define [12] :
WmP(Q) = {f € LP(Q) Df € LP(Q) for all a €N such that |af <m}. (1.9)
Wm™P(Q) is a Banach space when equipped with the norm :

Ifllwrmo) = 3 1D fllL- (1.10)
o] <mn
If p = 2 and one sets W™2(Q) = H™(2), then H™(Q) is a Hilbert space with the scalar product
(u,v) = Y / D%u.D%vdx. (1.11)
R

And it is equipped with the following norm :

=

f | zzm = (Z !!D“U\!2L2) : (1.12)

|a|<m

1.2 Some real analysis properties

e The continuity:
Let f: R — R be an application.We say that f is continuous if it is continuous at any point of

R. In other words, f : R — R is continuous in an if [13]:
Vae R, Ve e R}, Ja>0,Vz e R: |z —a| <a=|f(z)— fla)] <e. (1.13)

e Uniformly continuous applications:
Let (X, d) and (X’,d") be metric spaces. A map f: X — X’

is said to be uniformly continued if, for all ¢ € R* , there exists o € R’ such that [13]:

V(z,y) € X% d(x,y) < a=d(f(z), f(y)) <e. (1.14)

4



Chapter 1 Generalities in Function analysis

e Lipschtzian:
Let G be a part of R?, f : G — R a application and K a positive real number. We say that f
is K-Lipschitzian according to y if [14]:

Vi€ G V(yr,y2) €R[f(Eyn) = [t y2)] < Ky — 1l (1.15)

¢ Bounded Function:
A function f : G — R is bounded if:

IM >0Vt e G:|f(t)] < M. (1.16)

e Convex function:

The map f is convex if Vz,y,z € I C R with x <y < z for y = tx + (1 — t)z, we have [13]:

fly) <tf(z) + A =1)f(2). (1.17)

e Convolution product:

The convolution product of two real or complex functions (f and g) that are integrable is [15]:

(Fx9)@) = [ fla—vg®dt = [ gla =)@ (1.18)

0

e The derivation under the symbol of integration:

Assume that [16]:
1. f: 1 CR X Ja,b] — R is continuous.

2. f admits a partial derivative % continue on [ .

3. Applications v : I — [a,b] and v : [ — [a,b] are derivable. then the function

p: I =R
v(z)
xr — . f(z, t)dt,
is derivable, or derivative 0

)= [ bk i) f0,0(0) — @) (00,

e Lebesgue’s dominated convergence theorem:

Let E be a measurable set in R and let f,, be a sequence of measurable functions such that [12]:
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e lim f,(x)= f(z) a.e. on E.

n—oo

o For each n € N, |f,.(z)| < g(z) a.e. on E, where ¢ is integrable in the sense of Lebesgue

on F. So
Jm [ fu@)de = [ f()de

e Fubini:
Let f(x,y) be a summable function over the product of measurable spaces (X, ) and (Y, v).

Then We have the following assertions [17]:

1. For almost all x € X, the function f(x,y) is summable over Y, and its integral over Y is

a summable function over X.

2. For v almost all y € Y | the function f(x,y) is summable over X and its integral over X

is a summable function over Y.

3. We have:

[ s ) [ Hapivy)) dutz)

f(@,y)dp(z ))d

— S
N TN
\

1.3 elements of topology

1.3.1 Definitions of some topological elements

e Norm:

Let E be a vector space on R. We call a norm on E any application ||.|| : E — R verify
e Ve E: |z =0 2=0.
e VAR, Vz e E | Ax| = ||zl

e Ve,y€ E: ||z +y| < |zl + |yl " triangular inequality ".
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Example 1.3.1.1

Space C'(J,R)provided with the norm

1Ylloo = sup {ly(t)] : t € J}.

e Banach space:

We call Banach space any space full normalized vector on the field K = R or C [18].

Example 1.3.1.2

C(J,R) space of continuous functions on J and with values in R is Banach.
e Open parties:
Let E be a metric space A part A of E is called open if whenever it contains a point of F, it

contains at least one open ball (of radius > 0) having this point as its center:

(Vz € A)(Fr > 0) : By(x,r) C A. (1.19)

e Closed parties:
We call closed part of E any part of E whose complement is open. Example Any closed ball is
a closed part.
e Compact parts:
We say that C' C R is compact if for any cover of C' by open we can extract a finite undercov-
erage. This translates as follows: if (U;);er is an open family such that C' C (U;);es, then there
exists a finite subset J C I,C C U, U; [17].
e Relatively compact parts:
We say that A is a relatively compact part of a metric space X if its adhesion is a part compact
of X [13].
e Convex parts:
Let C be a part of E. We say that C' is convex in E if, for all z,y € C and all ¢t € [0,1], we
have [12]:

(1-tx+tyeC. (1.20)

e Operator:

Let E be a normalized vector space, a linear application A from E in itself is called a linear
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operator in E. We call domain of A and we denote it by D4, where [19]:
Dy={zxe€ E Ax € E}. (1.21)

¢ Continuous operator:

The operator A is continuous, if for all € > 0 there exists 6 > 0 such that for all [19]:
(2',2" € Da) i ||2' —2"|| < 6 = || Az’ — A2"|| < e. (1.22)

e Linear Bounded Operators:
Let E be a vector space standard, we call a bounded linear operator any continuous linear

application of E in F [19].
e If A is a bounded linear operator, then
(Vo € Dy): VertAzx|| < ||A]l.||z|,
where the norm of A is defined by :

(1.23)

Ax
Al = sup [Ae] = sup 1220
. 2 el

e Compact operator:
Operator A is said to be compact if the image of the set X C R by A that is to say the set

A(X) is relatively compact [17].

1.4 Special functions related to fractional derivation

1.4.1 The Gamma function
Definition 1.4.1

For p € R such that p > 0 the Euler Gamma function is defined by the following integral
[20]:
I'(p) = / e 72PNz (1.24)
0
Note
The integral (1.24) converges absolutely on the real half-plane, where x is strictly positive [20]

Theorem 1.4.1

The Gamma function checks the following properties [20]:

8



Chapter 1 Generalities in Function analysis

(1) For all p € R with p > 0:
I'(p+1) = pL(p), (1.25)

In particular, for n € N

I(n+1) =nl (1.26)

(2) I'(p) is a monotonic and strictly decreasing function for 0 < p < 1 and monotonic and

strictly increasing for p > 2, therefore, it is convex for p € [0, +00].

3-"-

d{ _—

-+

A

£
i
[
i
()
' i -
=
[=]
—
T
]
B

-

=~

Figure 1.1: the graph of the Gamma function [20] .

Proposition 1.4.1 we have [20]:

1. T'(0") = 4o0.

4. I‘(n—l—%) :g@n—l)!, Vn € N.

5. I'(—m) = +o0, Vm € N.
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1.4.2 The Beta fnction
Definition 1.4.2

For p,q € R such that p > 0 and q > 0, the Gamma function is defined by [20]:
1
Ap,q) = / P71 — )1 . (1.27)
0

Proposition 1.4.2

The relationship between Euler Beta function and Euler Gamma is given though [15]:

I'(p)L'(q)

A(]% Q) = m

1.4.3 The Mittag-Lefller function
Definition 1.4.3

Fort € R and B > 0, the Gamma function is defined by [20]:

0.9] tn
Ejs(t) = —_—. 1.28
Note [21]
Ey = exp(t).
F I
—-——'—'—’—"#5.:.

Figure 1.2: The graph of the Mittag-Leffler function [21] .

10



Chapter 1 Generalities in Function analysis

1.5 Fixed Point Theorems

Definition 1.5.1

Let T be a map of a set S in itself. We call a fized point of T any point s € S such that
T(s)=s.
e Banach’s principle of contraction
Theorem 1.5.1
Let S be a completed metric space link and let T : S — S be a contracting application, that is

to say there exists 0 < k < 1 such that [14]:
d(Tz,Ty) < k(z,y),Vx,y € S. (1.29)

Then T admits a unique fized point s € S. We have

lim T"(s) = s.
With
AT (5), ) < T d(s, T(5)).

Proof: See ([14))

e Arzela-Ascoli
Theorem 1.5.2
Let C(X) be the vector normalized space of real functions continuous on a compact metric space

X with norm [17]:
/Il = sup [f ()]
zeX

For a family A C C(X) is relatively compact, if and only if A is:

o Uniformly bounded:

AC | f(x)| < C,Vf € A Vx € X.

o FEquicontinuous:

Ve>0,30>0,|zc—y|<d=|f(x) = fy)| <eVfeA.

11



Chapter 1 Generalities in Function analysis

Proof: See ([17])

e Krasnoselskii’s fixed point theorem

Theorem 1.5.3

Let X € E nonempty subset of E and f,g: X — E such that [2/]:

e X : be a closed, convex.
o FE : Banach space.

o [ and g are continuous, f is compact, g a contraction and f(X)+ g(X) C X.
Then f + g admits a fixed point in X.

1.6 Laplace transforms:

Let us recall some basic tools of the Laplace transform.

Definition 1.6.1

The Laplace transform is a practical method for solving differential equations and differen-

tial systems, let f be a function defined for all the variable x > 0 [15].

o Laplace transform of f(x) is defined by:
+o0
F(s) = L[f(x)] (s) = / f(x)e*dzx, seC. (1.30)
0
o The original f(z) can be restored from the Laplace transform F(s) with the help of the

inverse Laplace transform,

f) =L FE)] @) = [ T B(9)etds, ¢ = Re(s) > co. (1.31)

o Laplace transform of the convolution
LIf(x)*g(x)] (s) = F(s).G(s).

We assume that F(s) and G(s) exist Another useful property which we need is the formula

for the Laplace transform of the derivative of an integer order n of the function f(x):
n—1
LIf"(@)] (s) = " F(s) = > 8" f0(0) f+1(0).
k=0

12
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Table summarizes some Laplace transformations of some functions and some properties

of Laplace transform ,

The function Transforme The function Transforme
—— (sr_“;”;m (m > 0) af (z) + bo(z) F(s) + bG(s)
S Y —-n
cos fBr pra f dt - / f(t)dt s~™F(s)
n fmb .
s 1 6 n n S n—1-j pj
sin Bz o (z) s F(s)—;s 1= £3(0)
T 1 1
™ (m>-—1) % Re s>0 f(cz) EF(S/C)
d(z — a) e ™ zf(zx) dFd}S)
H(x —a) le_“ f@) [ F(s) (s') ds’
s . &
(wz)2e—a®/4x ie‘“‘/E / glx —1)f(¢t)dt F(s)G(s)
0

13
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Chapter 2 Generalities in Fractional calculations

2.1 Riemann-Liouville fractional integrals

Definition 2.1.1

Let a € RY_,the fractional integral of Riemann-Liouville of ordre o (a left)

the fonction f is defined by [21],[24],[25]:

I f(z) = F(la) /:(;E — ) f(y)dy, (—o0<a<y<o0), (2.1)

for the view that the right side in (2.1) exist almost everywhere.

Definition 2.1.2

Let € RY, the fractional integral of Riemann-Liouville of ordre B (a right) the fonction f
is defined by [25]:
1 T
[5,f93:—/ y— )P f(y)dy, b € ]—o00, +ool, 2.2
b (2) 1ﬂ(ﬂ)b( )" () ] [ (2.2)
for the view that the right side in (2.2) exist almost everywhere.
Note

We can write I and If+ in the following form [22]:

@) = i v =
x—b
1w =g [ v =y

When 6, =n € N the definitions 2.1.1 and 2.1.2 coincide with the integrals of the form

g = [P [" e [ S, = =y [y e, @23)

and
i@ = [Can v [ fondn = o= [0y @eN). (24

Example 2.1.1

Let f(x) = (x — a)® for a fived v > a we have
2 fw) = g [ @ =0 s = s [ =0 = 0y
Let’s put

y=a+ (x —a)u.

15



Chapter 2 Generalities in Fractional calculations

So
dy = (x — a)du.
So
I f(x) = F(la) /Ol(x —a)* (1 —w)* Nz — a)*u*(r — a)du
o (.’E B a)2oz 1 a—1 «
- /0 (1 — u)*  udu
_(e—a® a, o
- e+ ),

where is the Euler beta function defined by

~ el ()
5(I17$2) = m
That’s to say
o fa) = Z0 o g
I = Poa+ ) Y

Proposition 2.1.1

Let f and g be two continuous functions, A\ and u € R where C.

The fractional integral operator has the following properties The integral is a linear operator[22]:

(@) I (Af(y) +1g(y) = Mg f(y) + plgig(y).

(b) I&NI f=1I37  and I2I) =L

2.2 Riemann-Liouville fractional derivative

Definition 2.2.1

The Riemann-Liouville fractional derivative D&, and Dj- order « € C (Re(a) > 0) are

defined by[25]:

Dzcfte) = (1) 1ieerio)

o fy ot (AN WAy e a1 a
D2t = iy (1) [ ol (= R+ Lo>a) (29)

16



Chapter 2 Generalities in Fractional calculations

and

Note

In particular, when o« =n € Ny so

1
—
|
—_
SN—
3
“h
S
—
8
N—

D2+f(x) = Dl?—f(m)u D2+f(x) = f(n)(x)u Dl?—f(x)

Where f™(z) is the usual derivative of f(x) order n [25] .
If 0< Re(a) <1 then

1 d [z d

Dy f(x) = F(l—Oé)d.fE/a 7 _fy(i/gg%e(a)] (0 < Re(a) < 1,2 > a),
1 d b d

Dy f(x) = F(l_a)dx/x v _féi/o?—[gj%e(a)} (0 < Re(a) < 1,z < b).

When an o € RY, then (2.5) and (2.6) take the following forms:

D3+f<x>—1(d)n/j(f@>dy (=[] + 1,2 > a),

T(n—a) \dz x —y)o- it

DS fla) = — <_CZC> me (n=[a]+1,2<b),

['(n—«)
while (2.8) and (2.9) are given by

Dy, (m)zf(ll—a)jm/; (i(g);l;t O<a<lz>a),
and
a _ 1 d 1 b fy)dy
Db_f(x)__l“(l—a)dxf(l—a)/m (y—2)° 0<a<lz<b).

Example 2.2.1

Calculate the fractional derivative of the power function

f:la,b] = R

r— f(x)=(r—a)* a>0.

Indeed: according to the definition of D, we have

O L S T AR (Y
Dot = () meero - o () [

17
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1 T

Jre — / A\« - —a+n—1

at (l‘) F(n N Oé) " (y CL) ({E y) dg/?
by changing the variable y = x — x1(x — a),
we have dt = —(x — a)dzy and then

I'"f(z) = —(z —a) ™" 11 — 21)%(x — @)*(x — a)dx;
T — a)n-l—'y—oz ! o, —at+n—
‘(rw,fnﬂ<1‘x”xl+ i

_ (x —a)"" *B(y+1,n — a)
I'(n—a)
(= a)eT( + Dl — )
'y+1—a+n)l(n—a)
(- a)"T( 4 1)
F'y+1—a+n)

d\" . . Thy+)n+y—a—-1)..(y—a+1) S
(dl’) IaJr (.%') - F('y+1—a+n) (a:—a) )

because

Fy—a4+n)=w—-a)(y—a+l)..(y—a+n—-1I'(y—a),

we obtain

d\" o T+ DIy =) +nn+v—q) a
<d$> Ia+ﬁf(x) (7—@)F(7—0¢)F(n+7—a+1(gj_a) .

From where

o _ T+ -
Dy f(z) = m(x —a)

Note

if we take v =0 we obtain the following result

1

DCO;+[<1‘> = m

(x —a)™.
that is to say that the Riemann Liouville derivative of a constant is no longer zero [25].
2.2.1 Some Properties of Riemann-Liouville fractional derivative

Proposition 2.2.1.1

Differentiation is a linear operator [25]:

ar Af(y) +pgly) = ADS, f(y) + pD%,9(y).

18
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Proposition 2.2.1.2

Let f and g be two continuous functions,A and u € R where C.

The fractional derivative operator has the following properties [25]:

(b) FEither a >0 and f € Ly([a,b]), 1 < p < 400 then
DI f(z) = f(z) almost everything in [a,b] .
DY 1Y f(x) = f(x) almost everything infa,b].

(b) Let 0 < a < 1,f € Ly([a,b]) and I'7* € C([a,b]) then on a

12 D2, f(x) = f(z) - IF(({})@ et
I Dy f(a) = f(x) - I;‘Zg% zyo-t

2.3 Caputo fractional derivative

Riemann-Liouville fractional derivation significantly influenced fractional calculus develop-
ment due to its applications in pure and applied mathematics. Caputo proposes a different
approach, where the derivative of a constant is zero and initial conditions are expressed using

whole order derivatives.

Definition 2.3.1

Let0<n—1<a<nmneNaecRand f be a function of class C"([a,b]). The fractional
derivative of order « in the sense of Caputo of the function f is defined by [20]:

Cp) f(z) = F(nl_a) [ e - oy (2.14)

o Under natural conditions on the function f(z),for a — n the Caputo derivative becomes
a conventional n — 1the derivative of the function f(x).
Indeed let us assume that 0 <n —1 < a < n and that the function f(zx) has

n+ 1 continuous bounded derivatives infa,T| for every T > a then [15]

lim ¢ DY f(x) = lim (T(nl—oz) / L) — t)"“"‘ldt> ,

a—n a—n

19



Chapter 2 Generalities in Fractional calculations

from integration by parts we have

@@ —are 1
Th—a+l)  Th—a+l)

=@+ [ e

:f(n)(l‘)’ n = 172,..-

lim €D f(z) = lim ( / Yo — 1) f<”+1>(t)dt>

e Non-commutation

CDW (DI f(x)) =S D™ f(x) # DI (D f(x)), (m=1,2,.., n—1<a<n)

a x

The interchange of the differentiation operators in formulas is allowed under different

conditions [15]:
SO (TDIM f(x)) = CDIM (CDL f(x)) = T D™ f(a),

fP0)=0, s=nn+1,...m, (m=0,1,2...,n—1<a<n).

Definition 2.3.2

If a € Ry andn = [a| + 1, for all f € C™[a,b] then The fractional derivative on the left
and the fractional derivative on the right in the sense of Caputo of order o > 0 of the function

fin x € [a,b], are are defined respectively by [27]:

e fractional derivative of caputo on the left

1

Vo >a, YDOf(x)= Tln—a)

/ (@ — ) O ()t (2.15)

e fractional derivative of caputo on the right
1 b
Vo <b, D) f(x :7—1”/ t— )" P (1)t 2.16
1) = gy (" [ (= a0 (2.16)
Note that f is a function such that € D% f(z) and $ D} f(x) are defined.

Operators whose integral relates to [a, x| (respectively [x,b]) will be qualified as past oper-

ators (repectively future operators).

o In particular, if 0 < a < 1,0ne have

1

DS f(x) = Ti—a) /j(m — )" f(t)dt,

and
-1

I —p)

20
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Example 2.3.1

Consider the function:
fla) =a”,

for0<n—1< a < n,we have:
D f(x) = I""*(D"2"),

or
ng_ (L LB+ 5.
D"x _<F(5+1—n)x )

As a result:

L5+ 1) 5_n> _ T3+ 1)
) I'(

n—a * _ p\n—a—=148-n
! (r(ﬁﬂ—nx 6—|—1—n)F(n—a)/o<x ZE

by performing the change of variablet = yx so dt = xdy, we obtain:

T 1
/ (z —t)" e gt = / (z — 2y)" " (zy) "zdy
0 0

1
— /0 xnfafl(l o y)nfaflyﬁfnlﬁfrwrldy
1
=:]€ 271 —y) Ty dy
1
— xﬁ—a/o (1 o y)n—a—lyﬁ—ndy

= 2" *B(n—a,f —n+1)
pal(n—)0(F—n+1)

- T(B—n+1)
So
Fﬂ< L(B+1) ﬁ%>: (B+1) 1 Nn—@ﬂﬁ—n+nﬂﬂ
I'(6+1—-n) rg+1-—n) T'(n-—a) r'g—n+1) ’

finally,we obtain
rpg+1) _
CD(a) B _ B o
T TTB+1-a)"

In particular, for =0, we have:

Dz’ = D1 =0,

unlike the Riemann-Liouville derivative, the fractional order derivative in the Caputo sense of

a constant is zero.
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Remark 2.3.1

o Asin the case of the Riemann-Liouville operators, we see that the Caputo derivatives are

not local either.

o The main advantage of Caputo’s approach is that the initial conditions of the fractional
derivative in Caputo’s sense of the differential equations take the same form as in the

case of differential equtions of integer order.

o Thefractional derivative in the sense of Riemann-Liouville of order o €ln — 1,n[ is ob-
tained by an application of the fractional integration operator of order a followed by a
classical derivation of order n — a,while the fractional derivative in the sense of Caputo
is the result of the premutation of these two operations [11].

Remark 2.3.2
taking into account the definition of (R — L),we have:

D f(x) = (D" ) (w), (2.17)

and
Dy f(x) = (=)"(L;=*D" f)(x),

in particular,if 0 < a < 1 we have:

“Dgi f(x) = (1,7 *D' f)(2),

and
“Dy f(z) = (=1)(,~*D"' f)(x),
or
n __ dn
D" = s

2.3.1 Some properties of Caputo fractional derivative
Proposition 2.3.1.1
Let a > 0 and n = [a] + 1 such as n € N* then, the followng equalities [15]:

1.
“DICf = f. (2.18)
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(x —a)"
Kl ’

n=1 r(k) (g,
I:<0Daf<x>>=f<x>—;f (@) (2.19)

are true for all x € [a,b).

Proof.

by Theorem.2.4.3.1 and the use of the semi-group property , we find:
1. (“D*f))(z) = (Ig"D I3 f)(x) = I, f.
2. (I3(“Df))(x) = (Ig1;~*D*) f(2),

according to the semi-group property,we have:

(eI~ D f)(x) = Ig 11, D" f ()

and like

we find
(D f(x)) = flz) = >

k=0
therefore the caputo differentiation operator is a left inverse of the fractional integration

oper tor but it is not a right inverse.

Lemma 2.3.1.1

Let f be a continue function over [a,b] and o > 0 [28].

lim (I f)(z) =0.

z—at

Proof.

« 1 v a—1
D@ < o [, @ = a7

int®(z —a)* 'dt

Corollary 2.3.1.1
If0 < a <1 and f of class C then[29] :

(Igo" DY) f = f (“DgoIi)f =/
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Corollary 2.3.1.2
Ifa<0,B<1witha+ <1, f of class C* then

(D o D) f = (“Di*)f = ("D o “Dy) .

Proof.

It is easy to see that

d d
Cnrna C N _ 11—« 1-5
(“Dgo~ D)V f=(I, o—dxofa de>f
d

= (I;fafﬁo]fo CZE o[ifﬁ o %)f

o . _ d
= (oD o I o )y
d

_([laB o L
— (o Ly

= Dy,

Lemma 2.3.1.2
Let « e R"\N and n = [o] + 1, if f € C™([a,b)] so almost everywhere

lim DY f(x) = f*(x),

a—n— @ *
Jim DY () = (1)1 (@)

Proof.
as f™ € LY([a, b)), from [22], passing B =n — «, ﬁh%l+ JP M = ™ almost everywhere.
—

The same reasoning applies for gD,()a).

Proposition 2.3.1.2

forn—1 <o <n,if f(r) € C"([a,b]) the derivative (CDii)f)(x) exists almost everywhere

on [a,b] [31].

o ifa &N The derivative (°D% f)(x) can be represented by:

@ _ 1 v f(n)(t> _ n—a myn
CD3N@) =t —ay L Gty T = D), (2.20)

in particular, if 0 < a < 1 and f(x) € Cla,b]

RN = [ s et = D),

e ifa=néeN:
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(D3 () = f"(x). (2.21)
Proof. (See [31])

Proposition 2.3.1.3

if a € Nothen the fractional derivatives of caputo $ D2 f(x)and C D f(x) of ordre o € Ry
of the function f exist at the same time with the fractional derivatives of Riemann-Liouville

DS f(x) and Dy f(x) as follows [12]:

CD0f(x) = D% (a i#@: @),

(k—a+1)
and
D5 1(0) = D5 1(0) = 3 -
where n = [a] + 1, in particular,when f, we have
CDES (@) = DRF@) — P - )
and
DR f(a) = DiSa) = i s b= )

Proposition 2.3.1.4

Let « € Ry andn = [a] +1 for a € No,n = a for a € Ny if f € AC™([a,b],R"™), then the
fractional derivatives of caputo €D f(x) and Dg f(x) exist almost everywhere on [a, b].

If a ¢ Ng, YD f(x) and D¢ f(x) are represented by [12]:

CD21(w) = gy ([0 O ).

and

3 1(0) = s [t ar),

respectively, such that n = [a] + 1. In particular, when 0 < a < 1 and f € C'([a,b],R")

C021w) = g (@ -0 rw).
and

CD31(0) =~ s ([ -0 e
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Proposition 2.3.1.5

o Leta>0 and f € L>=([a,b],R™) or f € C([a,b], R™),then [12]:
o D2 (D f(2)) = f(z) and D} (D" f(x)) = f(a).

e Letaw>0andn =[a]+1 fora g€ Ny, n=a fora €Ny, if f e AC"([a,b],R") or
f € C™(la,b],R™),then [12]:

(l‘ - a)kv

n—1 r(k)
D (CDe f(a)) = f(x) — S L
k=0
and

k!

ol )k ) (g
D D) = 1) - X S -y
|,R™) or f € C™([a,b],R"™),then [12]:

In particular, if 0 < a <1 and f € AC"([a,b
DG DY f(2) = f(2) = fla) and .Dy*( Dy f(x)) = f(z) - f(b).

Properties

e Composition with whole order derivatives
If f is a fairly regular function over the interval |a,b], and n —1 < a <n,n € R*.

So

o« an(eDif(@) = (( Dy f ().

n n—1 r(k) )z —a k—a—n
6oz (s = Eores) - X e

= Tl+k—-—a—n)

e Composition with fractional derivatives
If f is a fairly reqular function over the interval [a,b], for alln —1 < a<n,m—1<f < m.
We have

" (x —a)~@F

(DDA @) = TP () = 3 [TDE @) p gy

k=1

26



Chapter 2 Generalities in Fractional calculations

2.3.2 Relationship between fractional derivatives with in the sense

of Caputo and those of Riemann-Liouville

Theorem 2.3.2.1
Let a > 0 withn —1 < a < n,(n € N*), suppose f is a function such that D f(x) and
RDof(x) ewist,then [11]:

“Dg f(z) ="Dg f(x) -

Proof.(See [11])

Proposition 2.3.2.1

If a € Ry and f is a fairly reqular function over the interval |a,b], then the fractional
derivative to the left (resp- to the right) of Caputo is linked to Riemann- Liouville’s the fractional
derivative to the left (resp- to the right) by

CD20) =020 - e o)
resp
oDy f(x) =Dy f( Z 1—04—?—]{)([) ) n=[a] +1

In particular, when 0 < a < 1 then

CDEf(0) = D20 - i sl - @)t n=al 41
and
ED (o) = D3 ) = b= n=lal 1,

Proof (See[15])

2.3.3 Some general properties of fractional derivatives

e Linearity

Similarly to integer-order differentiation, fractional differentiation is a linear operator [15]:

D(\f(x) + pg(x)) = AD f () + uD @ g(x).
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Proof
For example, if D\®) is the Caputo operator (wheren —1 < a <n andn = 1), by definition we
have:
1 x .
T @) + 19()) = ey [ OO+ o(0) (e = )t
1 x .
= F oy L OF O+ et — 1)

B F<1A—a> / FO) =07+ p(lﬂ_a) / g(t) (z — t)dt
— D@ () 4 1D g(a).

e The Leibniz Rule
For all n € N. we have [15]

L @) =S| | 19w

k=0 k

The generalization of this formula gives us

DO (f(z)g(x)) =>_| | fP@)D@g* " (x) + Ry (x).

Orn>a+1 and

Ri(w) = s [ o= atods [0 €

with
lim R;(x)=0.

n—oo

If f and g are continuous in |a,t] as well as all their derivatives, the formula becomes:

whereD® s the fractional derivative in the sense of Riemann-Liouville.
e Integration by parts
In this paragraph, we are interested in the integration formulz by parties for fractional derivatives

of Riemann-Liouville and those of Caputo.
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Let us first give the integration formula by parties for the fractional derivatives of Riemann-
Liouville:
Theorem 2.3.3.1

let0 <a<1anda<ax<b,then:
/: [ffD;‘f(t)} g(t)dt = /j f(t) [ngg(t)} dt,

/m b D7 £(1)] g(t)dt = /x b () [FDgg(t)] dt.

In particular,

I
Q\
f=al
~
—~
~
N~—
=]
)
S
Ne)
—~
~
—
QL
S5

b
| o r)] gt

Proof.

/: DLW g(t)dt = F(ll—a) /:CZ (/at(t — u)“f(lb)du) g(t)dt

- —P(ll—a)/ (/j(t - U)af(u)du) J(0)dt
) [F(ll_o‘)g(w /at(t —u)f (u)dU] Z

i F / (/j(t - u)ag’(t)dt> Flu)du
0O [ =0
= [ #w [{D2g(w)] du

Ti—a) 1_ o) /j(:c —u)"*f(u)du

= [ 00 [EDz9t0 - ot Er 2

+ 9(@@ /:(f —u)" " f(u)du

— [ 1) [ED2g(w)] du

= | () [FDgg(n)] dt.

a

The second formula shows itself in the same way.

Unlike the classic case, no term appears in this formula, it is not the same for

the derivative of Caputo.
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Theorem 2.3.3.2

Let0 < a<1anda<t<b,then:

[ eoero)] g = [ 56 [ D2g(0)] dt + () D7= f () = Fla)aD; 0 g(a),

/ [ODp ()] glt)dt = / 1) [CD2g(0)] db + g@)e Dy F(a) — FB)D; " g(b),

x

In particular,
/ " [CD2 ()] glw)dz = / " f@) [ Deg(@)] di + g0)aDy " F () - F(@)aDy "V g(a).

Proof.

@) [FD2o(0)] at + 27 [ =070t~ D200

() [CD2g(1)] dt + g(x)uD; =) f(z) = F(a)uD; ) g(a).

The same goes for the other formula.

2.4 Caputo-Fabrizio fractional derivative (CFFD):

Recently, a new derivative was launched by Caputo and Fabrizio [32] and it was followed
by some related theoretical and applied results (see for example Refs. [33] and the references
therein). We recall that the existing fractional derivatives have been used in many real world
problems with great success (see for example Refs.[32] and the references therein) but still there
are many thinks to be done in this direction. Because of the singularity in the kernel of the
Caputo fractional derivative[11] at the end point of the interval of integration, the Caputo frac-
tional derivative is not always a suitable kernel to accurately describe the memory effect in a
real system. Caputo and Fabrizio[32] has recently proposed a new fractional derivative without
any singularity in its kernel. The kernel of the new fractional derivative has the form of an
exponential function. More recently, Losada and Nieto[33] derived the fractional integral asso-

ciated with the new fractional Caputo-Fabrizio fractional derivative.
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This section is devoted to studying the basic definitions and results about the Caputo-
Fabrizio fractional derivative. Let us recall the usual Caputo fractional time derivative (CFD)

of order «, is given by :

D) f(z) = ml_a) [ Fwe =

Definition 2.4.1 Let f € H'(a,b),b > a,«a € [0, 1]the Caputo-Fabrizio fractional derivative

s defined as
)= 31 [ ey |-t D ar

where M(«) is a normalization function such that M(0) = M(1) = 1. If the function does not

D

belong to H'(a,b) then, the derivative can be reformulated as

aM («)
l—-«

DI f(x) = T

[ (@) = s@ean [_a@ - t>] "

The definition of the CFFD was improved by Losada and Nieto to become [28].

oD f(a) = L g exp[ S )]dt

1—a

Now, it is worth to observe that if we put [32].

the definition 2.4.1 of CFFD assumes the form

D@ t/f [ )]ﬁ

where o € [0,00] and N(o) is the corresponding normalization term of M(«), such that

N(0) = N(o0) = 1. Moreover because

o—0 g

lim ~eap [ (z = ﬂ 5w — 1),

and for a — 1, we have o — 0.

lim D™ f(z) = lim Ma) o f’(t) exp [_aix - t)] dt

a—1 a=l ] —

~ i /f [ ”]dt—f’(m)

Otherwise, when o — 0, then 0 — +oo Hence,

CF 1y(a) a(r —1)
ilg%] D f(x) _l}g%]l—og/f exp[ 1dt

) M presp [— = )]dtzf(@—f(a).

o—+00
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Let us consider the (CFFD) of a particular function,as f(x) = sinwz, for a = 0.66,a = —8

and w =1

M(0.66) =
CFD2'66 sinwxr = (533)/ costexp —2(z — t)dt.

The simulation of this derivative produces the following pictures:

Wi

apr

Figure 2.1: Simulation of (CFFD) [32] .

11 3

ar

Figure 2.2: Simulation of (CFD) [32] .

From these two simulations with (CFFD) o = 0.66, it appears as the classical is very simi-

lar to the (CFD). Otherwise, when we study models with « close to 0, we see a different behavior.
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-=—
:
4

Figure 2.4: Simulation of (CFD) [32] .

So that, for a« = 0 : 1 in figuore 2.3 and figuore 2.4 we observe different actions be-

tween (CFFD) and (CFD) simulations. In particular the classical (CFD) is more affected
by past,compared with the (CFFD) which show a rapid stabilization.

Ifn>1, and o € [0,1] the fractional time derivative CFD “F D+ () of order (n + a) is
defined by:

CEDLH™ f(x) == P D (CFDI f()) - (2.22)
Theorem 2.4.1

For (CFFD), if the function f(t) is such that

fa)=0, s=1,2,...n ,
then, we have [32]
CFDéa) (C’FDg(cn)f(x)> _ C’FDg(cn) (CFDéa)f(x)) '
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Proof.
We begin considering n = 1, then from definition 2.22 of CFD;aH)f(x), we obtain

OF pl) (CFD(I)f - / £(t) [ alr — t)} gt

—

Hence, after an integration by parts and assuming f'(a) = 0, we have

o (D) =YD [ (L0 e | -0

I—a Jo \dt -
A [ om0l
A -2 [ o (2]
otherwise
CF D (CF p) § dd < ) oxp (_aix_—@ﬂ) dt)

\_/)_‘

l (2 [0 (-50) o]

D (FDY (@) = D (F D).

So, can be generalized for any n > 0,

Proposition 2.4.1

e Linearity

Let ©F D;a) Caputo-Fabrizio operator satisfy :

D (Af(x) + pg(e)) = XT D f(x) + T DM g(x).

2.4.1 Laplace transform of the CFFD
Definition 2.4.1.1

It is well known that Laplace Transform plays an important role in the study of ordinary
differential equations. In the case of this new fractional definition (CFFD) with a = 0 the
Laplace Transform becomes like this, for 0 < o <1 [32].

sL[f(x)] (s) = f(0)

CED@ £ (5) =
Lﬁ{ D f( )]() 2(s+a(l —ys))

5> 0. (2.23)
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e Lemma
The Laplace transform of the Caputo-Fabrizio fractional of order 0 = a+n for a € (0,1) and
n € N is given by :

LIS @) (5) = 5M(0) = " 1(0) = . — FO(0)

a3 (2.24)

LD f(w)] (5) =

Proof.
We apply the Laplace Transform to definition 2.4.1, we suppose the function M(a) =1,

L[ D f@)] () = 1 [ exp(sa) [P0 exp -0

Hence, from the property of Laplace transform of a convolution, we have :

LD @) (5) = LI @) £ [exp

11—« 11—«

_ ! (/aoo f'(z) exp(—sx)dx) (/:O exp(— ar exp(—sx)dx)

11—« 1l -«

_ (—f(O) + S/GOO f(x) exp(—sx)dm) (/aoo exp(—xz(s+ . a

:@£U@H—f@”<s+ai—$> :

dtdzx.

—

s

))d)

in the same way

£ [ D] () = 1 L1 @) oo~ 2]

o0

1
= —f0)+s [ fl(x) exp(—sx)dw)
(/aoo exp(—z(s + . f@))dm)
= (_f’(()) —sf(0) + 52/a f(z) exp(—sx)d:v)

s*L[f(x)] — s£(0) = f'(0)
s+ a(l—s)

Finally

LD f(0)] (5) = £ [1 @) £ [exp—

s"L[f(2)] = 5" £(0) = 8" f(0) — ... — f7(0)
s+a(l—s) '

s
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e The Inverse Laplace Transform

If G(s) = Llg(x)](s), then the inverse transform of G(s), is defined as [34]:
L7G(s) = g(x).
properties of the inverse Laplace transform
o L71[aG1(s) + bGa(s)] = agi(x) + bga(x).
o« L7IG(s—a) = e"g(x).

oo [e) - /0 " (@) de.

e I'mages of basic elementary functions

Fo | P | Fo | )
T S — «
1 " exp(at) cos St (s — agf ¥ 3
T 1 :
] gt exp(at) sin 5t (s — a)? + B2
I T 1
exp(at) P o exp(at) W
82 _ 62 ) 285
t cos Bt m tsin Bt m
cosh(t) = j 7 sinh(3t) 2 f 52

Table: Comparaison between models [34].

2.4.2 The fractional integral associated to the CFFD

After the notion of fractional derivative of order 0 < « < 1, that of fractional integral of
order 0 < a < 1 becomes a natural requirement. In this section we obtain the fractional integral

associated to the Caputo-Fabrizio fractional derivative previously introduced.
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Definition 2.4.2.1

the associated fractional integral is defined as:

T

FI@) = 377 |1 @)~ @) +a |

f(t)dt] . (2.25)
Proposition 2.4.2.1

Let 0 < a < 1, The fractional integral of order a of a function f is defined by [35]:

2(1 — ) 2

OF [(6) f (1) = et G /0 fls)ds, x> 0. (2.26)

Proof.

Let 0 < a < 1, Consider now the following fractional differential equation:
CED@ f(x) = u(z), >0, (2.27)
using Laplace transform, we obtain:
L[ D@ ()] (5) =U(s), s>0.

That is, using (2.24), we have that

or equivalently,

sF(s) — £(0) = Qg - ZSL‘(;)))U(S), s> 0,
sF(s) = f(0) + 22; - ZS\;(;)))U(S)? s> 0,
F(s) = if(0)+(2—c2y;¥]\4@z) (8)-1—(22_(1&%(](8), s> 0.
Hence, using now well known properties of inverse Laplace transform, we that
L[F(s) = £ E( f(@))} +ias ZO)‘ = (a)c—l [Uf)] + (22_“&;]\32&)5—1 U(s)].

From the properties of the inverse Laplace transform, we get the following expressions

1

roct [ =ro), £ [U@

S

1 = /Om u(z)dz, L[U(s)] = u(x),

2(1 - «) 2a

1@ = G-t sz =a)

M(«) /Ox“@)dx +(0), ==0. (2.28)
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In other words, the function defined as

2(1 —a) 2 @

S S — d >0 2.29

1) =G am@" * 5@ - a)M(a)/o ulsl+e, @20, (2:29)

where ¢ € R is a constant, is also a solution of (2.27).
we can also rewrite fractional differential equation (2.27) as
(2 —a)M(a) /x o ,
— — = > (. 2.
M —a) Jo exp( - a(x s)f'(s)ds =u(z), x>0 (2.30)

Or equivalently

/Oxexp(_l iza(l, — ) f'(s)ds = m (z), x>0,
[ ep- e s = ), 520
exp(— 1) [T exp(; ) ()ds = % (#), =20,
[ oo = G2 e T, w20

Differentiating both sides of the latter equation, we obtain that,

epl 7@ el 20 (22 [ ) )]

11—« l1—« 11—« 11—«

! o 2(1 - a)
F0 = G o)

Hence, integrating now from 0 to z, we deduce as in (2.28), that

( “ u(z) + u’(x)) , x>0.

11—«

(1 — a) 1 o
/ fle (2—a)M(a) /o [u (s)+ 1- au(s)} as,
oy = 2= s o 2= T
7() = FON = 5= oy [48) = WO+ = ey ) (o)
2(1 —a) 2(1 —a)

[u(z) — w(0)] + 2 /;u(s)ds+f(0), £>0.  (2.31)

1) = G o) @~ a)i(

2.4.3 Composition of CFFD Operators

Here we present a theoretical property related to the Caputo-Fabrizio fractional derivative.

Theorem 2.4.3.1
Let be n € N—{0},a,b € R(a < b) and u € C™([a,b]). Then the equality

d" « . n—i an—i % n a n «
= (“FDu(x)) =S (~1) = a)n+1—i“( x) + (—1) (41 — a) CF D@y (1),
=1
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is true [35].
Proof: See ([35]).
Corollary 2.4.3.1

Let be a,b € R(a < b) and C'([a,b]), Then the equality

[ D u(e)dr = (w(t) — @) ~ 1T DGu(r)),

Q@ Q@
15 true.
In this section, we give some theoretical properties concerning the composition
of Caputo- Fabrizio fractional operators.
Theorem 2.4.3.2

Let be a,a, B € R such that 0 < o, B < 1(aw # ), Then the equality

1

DYDY u(x)) = o (B DPu(r) —a TDGu(x)), (2.32)
-«

is true [35].

Proof.

On the first side, from the definition of Caputo-Fabrizio derivative, we deduce that

1 T !
OF DE(CF DPu(x)) = /exp( « <x—t>) (" DPu(t)) dt

1— a 1—
T 1-al- 5 / ( ot )
[u(t)— - exp( - x—t) ()dw]dt
1
= 1—0455 exp ( . ) CEDWu(t)dt + T BCFDég)u(x),
which is equivalent to
x 1— 1— 1-—
[ (~1 2= 0) Dutar = - L= I=Eer pio (¢ D) + 0O Do)
(2.33)

On the other side, integrating by parts and considering that
D u(a) =0,

we obtain

F D D u(@)) = 1 [ exp -1
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which is equivalent to

z 1- 1-a)?
/a exp <—1 iéa(x - t)) CFDflf)u(t)dt S CEDBy(z) — d=a)f CFpl) (CFDgé)u(w)> :

o o ar
(2.34)

Combining (2.33) with (2.34), we obtain

((1 —a)(-p5) (- 04)2> CF p@) (CF Dy(x)) (_1 —a_ 1- O‘) OF DBy ().

p B

1— 1— 1 1
(( ; B) _ ( - 05)) CF ple) (CFDCS@)U(JU)) — _BCFD((;) + ECFDég)u(x)_

B —a\ cr ) (CF p-8) _ _Yerpw  Lerpe
<_Oéﬁ Da:c ( Da:c u(m)) - _E Dax + a Da:c U(l’)

F P (P DD ufz)) = ——— DD ufa).
—
1

—

=

DL (“"DGu(r)) = (8 “"DRu(x) -« DL u(x)).

axr

™

Theorem 2.4.3.3
Let be a,c € R such that 0 < o < 1, Then the equality

DR (F1Eu(a)) = ula) = exp (~ 1

(& — a)> u(a), (2.35)
is true [95].
Proof.
D) (1)) = [(ew (~ 15— 0) [19u0)]
< (x—w)kyﬂ@mo+aé%@m4ﬁu

/ax exp <— 1 fa(:p - t)) u'(t)dt + . i‘& /j exp (—1 fa(x - t)) u(t)dt,
e (_1 ¢y t)) o (t)dt + u(z) — exp <_ S (- t)) u(a)

—

S (o t)) o (1)dt
(& — t)) u(a).

1

—«
Theorem 2.4.3.4
Let a,ac € R such that 0 < a« <1 . Then the equality

or (@) (CFD((E)“(‘T)) = u(x) — ula),

is true [35].
Proof.
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On the one side, using definition of Caputo-Fabrizio integral, we obtain

CF[) (CFDEu(z)) = (1 - a) “FDWu(z) + a / CF D@y (s5)ds. (2.36)

On the other side, applying Theorem (2.4.3.1), we obtain

d 1eF (@) _ @ CF () 1
%[ Das U(S)}——m Das U(S)+1_a

u'(s). (2.37)

Integrating (2.37) respect to s over (a,z) to t and considering that “¥' D/ u(a) = 0, we obtain

x 1
CFDgg)u(x) = —L/ CFD((g)u(s)ds + 1

l—« — o

/j u'(s)ds,

fu(e) — (@] =~ [ (s,
/: CEDWy(s)ds = ; [u(z) —u(a)] — 1;06 CED@y(). (2.38)

DG u(x) -

Inserting the right hand side of (2.38) into (2.36), we obtain
I (P DYu(w)) = (1—a) "D u(@) +[u(z) — u(a)] - (1-a) ““DEu(z) = u(x) - u(a).

Theorem 2.4.3.5
Let 0 < a < 1,a € R, Then the equality

r 1
I (1 u(w)) = (1 = ) Iuta) + 5D A uta),
«

is true [35].
Proof.

I (t)dt,

— (- e +a [ | [0 g tu@ie ar

= (L= )Pute) + o [ (e [ (- o ar

= (1= )Iule) + o [ e Orulee

= (1= ) ) + s [ o= O (e

— (1= lule) + s [ o= 9 ),
= (1— ) @u(r) + 2O jesy )
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Chapter 3 An Analytical and theoretical study

In this chapter, we mention the definitions of Caputo-Fabrizio fractional and integral deriva-
tives as well as their main properties.
And, we apply and investigate the Picard-Lindelof technique and the Banach fixed point
theorem,the numerical approximation to study analysis and theoretically the following
system [4] :
CED@ f(x) = c1f(7) + eag(w) +u(z),0 <2 < 1,

CEDW@g(x) = csf(x) + cag(z) +v(2),0 < 2 < 1, (3.1)

3.1 Definitions and main characteristics of Caputo-Fabrizio
derivatives

Definition 3.1.1 The fractional derivative Caputo-Fabrizio of the function f € H'{a,b),

b > a of order a €]0,1[ is given as follows [4]:

D (0 = 1 [ e |- (3:2)

Definition 3.1.2 for a € [0,1],for all n > 1 The fractional derivative “¥' D™"+®) defined by

[36]:

o7 pivin (o) = 1 [* o peny |21 g

1 -«
Note
Forn > 1, a € [0, 1Jwe get [36]:

CFD(a+n)f(:L’) _CF pe) (CFD(n)f(x)) _

Definition 3.1.3

The fractional integral Caputo-Fabrizio is defined as follows [4]:

1

1@ = 37 (1= @) = f@) +a |

Where M («) is a normalization function that has the following main properties
M(0)=M(1)=1.

Theorem 3.1.1

For alln > 1,and f € €*|a,b],for all a € [0,1], we get [30]:

.Méww[u_“Wﬂﬂx_m+”Q—®UWMM

t

£y (3.3)

1" f() =
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M («) is a normalization function.
Proof.
By definition 3.1.1 and 3.1.2 we get [30]:
a) (o alr —
)/ FOD (2)eap [_(1_;)] du,

I

CFD(a—i-n)f( )

and the Leibniz integral rule gives the formula

d M —

o (D) = 0 2D [ et [
:>§g (CFD(a-i-n)f(l’)) - ]1\4—((2]0("4-1)(1’) o 1(_ICFD(a+n)f(x)7
:>f(n+1)(l‘) _ Mtoé) [(1 . @)CZ (CFD(a+n)f(l.)) + &CFD(a+n)f(x)] ,

we now use the Cauchy formula for evaluating the (n+1)" integration of the function f(n+1)(x)

1 t n d CF r(a+n CF ny(at+n
10 = it @0 [ = @) (7D @) 400 D )|

n!M(«
1 t ,
= " f(z) = (o) /a (z — p)"ef () + (1 — @) f/()]dp,
:M(;).n! [ = o Vlate - p) + (1 )l ()

Lemma 3.1.1
Let X € (n,n+1),n=[\ . And f € €"[a,b] ,then those statements hold :

1. if f(a) =0, then “PDM(IM(x)) = f(x), 4]

2. 1} ("D f(x)) = f(x)+§n:aixi,ai eER i=0,1,...n, [{].
=0

3. if a € (0,1),then °FIg (* DO f(x)) = f(x) = f(a), [35]
Proof
It can be written in the form A =n+ «, [36].
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(a)
DN = ), | difn:i = [0 pa)de] ean [—““_‘j)] dz

. /t jx?::i) / T — t)"f/(x)dt} exp [_a(t_—j)] dx
:aiyoé)/ltf(x)exp[ ait 1d +/ f(z emp[ ait_—ax)] dx
:(16(){)/: f(z)exp l ait 04)] dz
+f@erp [—O‘f_‘j)] - s [ e [— “Y_‘j)] dr
—f(@) — f(a)exp [—““_‘ ‘“] - f(a).

()

R (FDOS@)) =gy [ (= 0 el =)+ n(1 = )7 DO (),

= [y D f(a)da

M(a).n! Ja
A= o (o)
_M(Z).n! /at<t — 2)" "DV f(x)dx
Fattar o (TR - 2 )

1 rt n .
=— | (t— )" ) (2)de = f(o) + Y ait’. a; € Ri=0,1,...,n.
n. Ja i

Proposition 3.1.1
(a) And let there be 0 < o < 1 and f be a solution of the
CED@ f(z) =0, x = 0.

Then, f is a constant function [3]).
(b) For~ € [n,n+ 1] and f™ € H'(a,b), that suppose a = v — n,and a € [0, 1] we get

[35].

OF [ f(z) = IMOF 2 £ (),
(c) Let v € [n,n+1], and f(x) defined in (a,b) we have [35]
FROD ) = 1) - 3 L o

[
i—o K
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3.2 The associated linear system

Lemma 3.2.1
Let 0 < a > 1,r,w € CYQ), f,g : @ — R be given continuous functions, and c¢; real
constants and 1 = 1,2, 3, 4.

Then the solution of linear coupled system (3.1) is given by [4]:

U(w) = H) + (1 - )@l (@) + oV (@) +o [ (@UE) + oV, (3.4)
V() = Pa) + 101~ a)(es(@)U @) + eV (@) +o [ (@U©) +aV©)e  (35)

So
H(z) = (1—a)(f(z) = f(0) +a J; f(€)dE,and P(x) = (1 —a)(g(x) —9(0))+a/0 g9(§)dg.

Proof
Through Lemma 3.2.1, we can write Eq. (3.1) to the following equivalent integral equations [4]

D) + e = (1= a)(el/(@) + eV (@) + £2) ~ F0) + [ (@U©) +V(E) + FE)E (36
V) +e= (1 - alesl@) + eV () + 9(w)g(0) + o [ eU(E) + eV (€) + (&)
So €,e € R. Using initial conditions U(0) =V (0) =0, We find e = = 0.
Hence(3.6) writes
Ua) = (1 = a)(ex(@) + eV (@) + 1)~ S(O0) +a [ (@UE) + V(@) + (€, (37

V() = (1= a)(esU (@) + eV (&) + 9(a) — 9(0)) + [ (esU(€) + eV (n) +g(€))dé

Hence equation (3.7) is written

t

aU(§) + c2V(£))dE(3.8)

; (csU (&) 4 caV(§))dE.

U() = (L= a)(f(&) = fO) +a [ f€de+ (1~ a)(eU () + V(@) +a

V(z) = (1= a) +g(x) ~ 9(0)) +a [ g(€)de + (1= a)(esU(x) + 2V (2)) +

J
J

In the end, the unique solution of problem (3.1) is

t

aU(€) + eV (€))dE,

t

; (csU(€) +caV (§))dE.

Ul)=H(z)+ (1 —a)(aU(z) +V(r) +

V(z)=Pz)+ (1 — a)(csU(x) +e4V(2)) +

J
J
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3.3 Existence and uniqueness of the solution
Let (Up(x), Vo(x)) = (H(z), P(x)), Picard iteration is defined as follows [4]
Ussa(a) = (1 = a)(@ali(e) + V@) +a [ (@Ui€) + aVil@)de, 39)
Virs(o) = (1 = a)(li(a) + exVi@)) +a [ (Ui(€) + eati€)de,
In order to clarify the unity of the solution, we know

Zy(2,U, V) = iU + esV, (3.10)
Zy(x, U, V) = c3U + ¢4V,

and p(z) = (U(z),V(x)).
Lemma 3.3.1

Let Zy,Zy : Q x R? — R be a continuous function. Then Zy(x,U,V) and Zs(x,U,V) are
contraction with respect to U and V if [4]

0, <1 and 0y < 1, (311)

where 01 = mazx(| c1 |,| ca]), O =maz(|cs|,]|cq]).
Proof
LetU, Vi€ R, i=1,2

Vx € Q, we have

| Z1(2, U, Vi) = La(, Uy, Vo) [ e (|| Un() = Va(@) ||+ [ eo || Vile) = Va(a) ||
smax(| er |, | ez [)([| Ur() = Us(2) [| + || Viz) = Va(z) [])

<O1 [ pr(2) = pa(2) || -
In the same manner we find :
| Zo(x,Ur, Vi) = La(x, Uz, Va) < Oa || 1 (2) — () | -
Hence,

| Z1(z, U1, V1) — Zi(2,Us, Va) [|<O1 || p1(2) — 2(2) ||, (3.12)
| Zo(x, Uy, Vi) — Za(x, Uy, Va) ||<02 || p1(x) — p2(z) || - (3.13)
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which, in view of (3.11), implies that Zy(x,U, V') and Zy(x,U, V') are contraction with respect
toU and V.

Threorem 3.3.1

Let Z1, Zy : Q@ x R? — R be a continuous function. Therefore, the system has a unique solution

in ), which is known as such

9:91+92<1.

So by = maz(|c1 |,[ 2 |), 02 =maz(|cs | |cal).[4]

Proof.

In order to show the existence of a unique solution, we have Zy(x,U, V) and Zy(z,U, V) are
contraction with respect to U and V. Then the Picard operator can there fore be defined as

follows:
() = o+ (1 = )3, p(a)) +a [ 56 ol€))de. (314)

where 6(xp(x)) = (Z1(x,U(x), V(2)), Zo(x,U(x), V(2)))andpy = (H(z), P(x)). We know from
the above that the solution to the fractional problem is bounded. In addition,Z, and Zy are
contractions,

so they count as
10(z,01(x)) — 0(z, p2(2)) [|< 0 || p1(x) — a(2) || - (3.15)

So 0 =0,+ 60y <1. Also, by using Eq 3.5, we obtain

() = o lI= | (1 = @)d(e, o(a)) +a [ 3(6 o€k | (3.16)
<(1-a) |8 ol0)) || +a [ 118, 0(6)) I de
<(1—a+ax)d

6.

N\

where 0 < 1.
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Now, by using the definition of the Picard operator ((3.15),we prove the contraction property
of w. We have

| w(Or(2)) = w(da(2)) |= [] (1 = a)(d(z, pr(x)) = 6(x, 2(2))) +Oé/0t(5(£ p1(€)) = 0(8, pa2(8)))dE ||
S(L—a) [ 6(z, o1 (2)) = 0(x, p2()) | +a/ 116(€; #1(8)) = (&, @2(8)) | €
S(L=a)f || pr(2) = @a(2) || +a9/0 I1(8) — w2(&) [ d€ (3.17)
S(L—a+ax)f || pr(z) = pa(z) ||

<O || ¢1(x) — pa(2) |,

since 0 <1 by Eq.(3.17) . Therefore, the defined operator w is a contraction.
Thus, by Banach’s fized point theorem [30], the operator w has a unique fized point, which is
the unique solution of (3.1).

3.4 Caputo-Fabrizio approximations

CfDaf

/f [ ale _“)]dﬂ. (3.18)

T 1-a «
For some positive integer N, the grid size in time for finite difference technique is defined by
z=—=.

N
The grid points in the time interval [0,X] are labeled x,, = nz,n =0,1,2,..., X N. The value of

the function f at the grid point is f; = f(x;) [37] .

A discrete approximation to the Caputo-Fabrizio derivative of fractional order can be

obtained by simple quadrature formula as follows:

g () = L [ ptyea [—W‘“)] au. (3.19)

1—aJo l1—«

When using the first-order approximation, the equation becomes

n iz z+1 z R
i pof( M(a) / =1 A {_ z; M} ' 9
f(x ; _— ( N + O(Az) | exp |—« o du (3.20)
Before integration we get
M(a) & (= fZ iz Ty — U
A / - ] 21
l1—« ; < Az O(Az) (i—1)z P T . (3.21)
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oz () Oy (0 0an) .
i=1
So
d;. = exp [—a —(n—1+ 1)} —exp {—oz j (n — z)} . (3.22)
In the end we get
CID2f(x;) = i (fm fi) » M(ia> " d.O0(Az). (3.23)

Theorem 3.4.1
Let f(z) € C*[a,b] ,and let the order of the fractional derivative be 0 < o < 1,50 the first-order

approzimation of the Caputo-Fabrizio derivative at a point x, is [37]

ID2 f(a;) = Méo‘) Z; (T) di. + O((Ax)?). (3.24)
Proof.
From equation (3.22) we have [37] :
€I Do f(a; Zi(f’“ f’)djjk
M(io‘ i (eon[~ap=—tn—i+1)] —eap[-arZ—(n—i)]) 0(80).
However

lz_: (exp {—a

n

— —

(n—i+ 1)] —exp [—al - (n—z)D = exp [—al : (n)] — 1. (3.25)

Through this we obtain the approximation of the exponential function

exp [—a j (n)} ~1-— aT— a(n). (3.26)

By substituting into equation (3.25), we get:
i(ea:p — ja(n—z'—l—l)}—exp —alja(n—i)Dml—alja(n). (3.27)

Then equation (3.25) becomes
2:1 i+1 7 M
CIDf(x;) = zn: (f N —f ) di + &Z(R)O(Ax). (3.28)
i=1 / pitl _ qi

0z () = HOE (LY v oqany) (3.29)
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For some positive integer N, the grid sizes in time for finite difference technique is defined
o1
by j = —.

p

The grid points in the time interval [0, X] are labeled v; = ¢j,c =0,1,2,..., XC. The value of
the function f at the grid point is f"

f(wﬁ tm)'
We have
D5 (o) = s [ g e |-G s (aao

Now employing the Crank-Nicolson approximation for the first-order derivative, the above equa-
tion is converted to

CID® (f(2e, ) :M(l ) /Oac <(fj+1 — Y = (g = )

N o I A 0(&:))
X erp [—QQ((?__;))jl ds. (3.31)

Convert the last equation

C

CID (anty) =1 - ) 3o { IR U IR o))

. . o 2
X /qj exp [_az(]cs)Q] ds,
(g=1)j (1—-a)

where the integral part is given as

(3.32)

“‘%Wﬁ {erg|i- | - ert |- ai+ D]}

4 5 (je— 3)21
exp | —a~—2-| ds
/<q-1>j P [ (1—a)?

1—
(3.33)
So
a) & mJ{l_qnffl_ 511— Zil .
R S '+ ou)
><(12_Oéa) erf {(c—q)loija] —erf {(c—q—l—l)&”. (3.34)
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From the above we conclude

M (cv)
11—«

qzzl{(fgrfl er;)Ax( (;11 - 511) (1 _20043\/ﬁ}
fort -0y - -0 2]

Zc:{erf {(c—q)loija] —erf {(c—q%— 1)104_‘7.0(”. (3.35)

q=1

Cng (f(xcatj)) =

Theorem 3.4.2
Let f(z,t) € C?*([a,b] x [0,T]),and 0 < a < 1is the order of the fractional derivative. Then the

first-order approzimation of the Caputo-Fabrizio derivative at a point (z.,t,) is [37]

m+1 m+1 . m __ fm
Cngz (f(xcytj>> _ ]\/giy ) Z { (fq+1 4)A$< q+1 fq—l) } dj,q + L(Oz,j, q)' (3.36)
Where
G ={erf [e— 0t —erf [e—a+ D22 L g0 < M
Proof
From equation (3.36) we have that
m+1 m+1 m __ fm .
D3 (1)) =gt S I E I I o 10— 2]
—erf [<c— 0+ 17 ])
v . : :
) 25? 2 {erf {(C —9 1Cija] —erf {(C sa 1)101]04} } '

In place

pag.) = 0 TS ferp e~ 7] —erf fe—av 72 ]} s

200 1 1

Then taking the norm to both sides, we have
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: A M) —aj aj ”
L = —q)—2 | — — 1) —72 '
I 2esia) = |00) 55" Xo{ers [ = =7 ] —ers[(e—ar 0 Y 39
— M (a) —aj}
I Lo I= .06 52 (enf |o2]).
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we apply and investigate the Haar wavelet basis to solve the following system [4] :

CED@ f(x) = c1 f(x) + cag(w) +u(z),0 <2 <1,

CEDW@g(x) = csf(x) + cag(z) +v(2),0 < 2 < 1, (4.1)

4.1 Haar wavelet basis

The scaling function on interval [0, 1) is wy(x) =1 for x € [0,1) [38],[39].

The wavelets functions: Vi > 2,

1, Zf.fE € [917(132),
wi(x) =19 —1, ifx € [hy, ®3), (4.2)
0, otherwise,
k k+0.5 kE+1 .
For 6, = —, 6, = L, and 03 = i, z=2,45=0,1,....J J is the resolution level of
z z z

wavelet approximation, k =0, ...,z — 1 represents the translation parameter.

The relation between i,z and p is given by 1 = z + k + 1.

In case of the minimal values of z = 1, k = 0, then i« = 2. The maximum value of i is
i = 2N, N = 2k,

Any function u € L*([0,1)) can be expanded as:

u(zr) = iaiwi(x). (4.3)

Where a; = [y u(x)w;(z)dz.
In practice, only the first 2N terms of Eq.(4.3) are considered, where N is a power of 2 (N = 2‘]).
That is:
2N
u(z) >~ usn () = aw(x). (4.4)
i=1

By integrating o times wy(x) and Eq. (4.2) as:

Fi,(x) = /Ox /Ox /OZ w;(z)dz?, (4.5)
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o

we obtain the following formula : Fy ,(x) = x—| and Vi > 2,

o
0, if © €[0,061),

P = ;' (x —6,)°, if € [61,6),
@ —0)7 =20z -6y, if & € [02,05),

(x—61)7 —2(x — 6:)7 + (x — 63)7, if = € [65,1).

4.2 Method of solution

Consider the system (4.1)

D f(x) =1 f(z) + cg(x) +u(z), 0<z<1,

CFD@g(x) = caf () + caglz) +v(z), 0<a <1,

Suppose that

CF D@ f(z) ~ CF D(@) Zawz

FDWg(x) ~ " Dg(x Z biwi(w

(4.7)

(4.8)

where a;,b;,i = 1,...,2N are the Haar wavelet [39]. coeffcients to be determined. By integrating

Eq (4.8) in the Caputo-Fabrizio sense and taking into account that f(0) = g(0) = 0, we get

f(x) = fon(z Zaﬂ Y,
9(z) ~ gon(z Z bl
Using Eq. (2.25), we have
1w (z) = (1 — a)(wi(x) — w;(0)) + aFy1(2),¥i = 1, ..., 2N,
by substituting Eq. (4.9) in Eq. (4.10), we get
f(z) = fon(z Zaz (1 = a)(wi(z) —wi(0)) + aFj(x)],

9(z) ~ gon(x Zb (1 = a)(wi(x) — wi(0)) + aF;1(x)].

o6

(4.9)

(4.10)

(4.11)
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Now, by substituting Eq.(4.8) and Eq.(4.11) in Eq.(4.7), we obtain the following system of

equations:
> a;iL(i,x) + Y b;G(i,x) = —u(x),
5 5 (112
; a; (i, z) + ; b:G(i,z) = —v(z),
where
L(i,xz) = (c1(1 — o) — Dw;(z) + a1 Fi 1 (z) — e1(1 — a)w,(0),
G(i,x) = co(1 — @)w;(x) + aceF; 1 (z) — co(1 — a)w,.(0), (4.13)

f}(i,x) = c3(1 — a)w;(z) + acsFi 1 (z) — c3(1 — a)w; (0),

é(z’, z) = (ca(1 — ) — Dw;(x) + acyF 1 (x) — ca(1 — a)w;(0).

By defining the collocation points x; = l;%,l =1,....,2N, and replace them into the system.

(4.12), we have the following 4N x AN linear system of equations:

2N 2N
> aiL(i,x) + > biGli, ) = —u(x), 1=1,..,2N,
== (1.14)
> aiL(i,z) + > biGi, 1) = —v(z;), 1=1,..,2N.
i=1 i=1

By solving this system, we obtain the unknown coeffcients a;, b;, 1 = 1,...,2N, and by substituting

them into Eq.(4.11), we get the numerical solution of the system(4.1).

4.3 Error Analysis

Here, we study the error of approximation using our proposed method of the solution [40].

Lemma 4.8.1 Let u be a differentiable function of L*([0,1)) with bounded first derivative on

(0,1) and  is its Haar wavelet approzimation defined by Eq. (4.4), then
|u =l r2qo1)) < C277, (4.15)

where C is a constant.

Lemma 4.3.2 The Haar wavelet coefficients that are given in Eq. (4.8) can be estimated as:
=0 L =29+ K+1. 4.1
a; = <23+1) i=2 4+ K+ (4.16)
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Proof.
We have first,

a; = /1 CE D@ f (@) w;(z)dx
0

92 93
= CED@ f(z)dx — / CED@ f(z)dx
91 62

= (02 — 61)°" D f(m1) — (65 — 62) " D) f (o),
where ny € [01,05] and ny € [02,03].
Since 0y — 0 = 05 — 05 = % = Zj%, then

m—n2d CFD(a)f
a; = 2j+1 dl’ (19)7 19 S ]7717772[7

this implies that
1
| <
2j+1

|a;

d CFD(a)f
&,

On the other hand,

d “Fp@y 1 . Y z—t
@) = [P @+ [ PO exp(—a ]
1 ) CF (a)
= [f(@) =D f(a)].
This expression leads to
d “Fp@y 1 o
< / CFD(a) )
[ s e e,

Now, about HCFD(O‘)fHOO we have

o 1 x T —1
‘CFD( )f(x)) < EHf’Hoo/O exp <—041 — a) dt

Vo o)

<V 1-on 7))

HCFD(a)f(x)H < 1/l {1 —exp( —a )]’

o0 « l—«

thus

inserting Eq. (4.19) in Eq.(4.18) yields

d ¢Fplrf _ 2 — exp(72)
dx o 11—«

[0
Therefore,
2 —exp(7%). ., 1
ol < (2B )

l—«

28
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Lemma 4.3.3 The function F;; for i > 2 verifies the following inequality:

[ Finll < Sy i=2 +k+1. (4.20)
Proof.
From Eq. 4.6 we have, i > 2
07 Zf x € [0,91),
T — 01, if x€b,6y),
Fia() 1 .02 (4.21)

_x+292 —81’ Zf i E [02793>7

202—93—91, Zf T € [93,1)

Note that in the interval [0y, 02), the function F;; is positive and increasing, then
|Fia| < 02— 01 = 5.

In the interval [0, 03), the function F;; is positive and decreasing, then |F; | < 6y — 6, = ﬁ

Otherwise, the function F;; is null.

Thus, || Fiallee < -

Lemma 4.3.4 Fori > 2 we define the function p; as:
pi(®) = (1 — a)(wi(z) —w;(0)) + aF1(z), i=2+k+1,0<z<1. (4.22)
Then, we have
1. Vi>2,|pi(z)]| <2 —a.
1 a1
2. If k #0, then / pi(a)]da < (1 — )=,
0 272
Proof.
1. ¥Yi > 2, we have
[pi(z)] < (1 = @)|wi(z) — wi(0) + o[ Fi1(z)]

1

<2(l—a)+a=2-—a.
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2. If k # 0, then w;(0) = 0 and we have

/01 Ipi(z)|dr < (1 — «) /01 \w; (z)|dx + a/ol IFi1(2)]|cod.

Note that
1 i 92d ng 1
w; () |dx = X + r = —.
|| @l = [ Cdw [Cdr= o
Hence,
' dr < (1 ! 1
/0 |pi(z)|dz < ( —a)g‘Faﬁ
|
<(1—-—=)=.
=< 2)27

Theorem 4.3.1
Let (f,g) be the exact solution of the problem (4.1), and (fan, gan) be its approzimation formula

that is expressed in Eq. (4.11), then the convergence rate is estimated by

|f = fanllz2(0,1)) = O <\/1N> , (4.23)

and

1
lg — ganllz2(0,1)) = O <\/N> : (4.24)
Proof.

From Eq. (4.11), the error square at the Jth level resolution for the function f can be written

as:

+oo

E12v =|If - f2NH%2([0,1)) = | Z a; [(1 — a)(wi(z) — wo(0) + k1 ()] H%?([o,n)
i=2N+1
+oo

= 2 Jio a;ay /Olpi(:c)pl(:c)dx.

I=2N+1i=2N+1
By puttingi =2 +k+1 and | =2" + s+ 1, we get

400 2"—1 +4oo 29-1

1
E]2V: Z Z Z Za2j+k+1a2"+8+1/0 p21+k+1($)p27-+s+1(x)dx

r=J+1 s=0 j=J+1 k=0

+oo +00 1
= Z Z Q25 +102r+1 / P2 41(2)par 1 (w)dx
r=J+1j=J+1 0

400 2"—1 4o

1
+ Z Z Z a2f+1a2r+s+1/0 Pai41(T)par s (w)d

r=J4+1 s=1 j=J+1
+o0 +oo 29-1

1
+ Z Z Za21+k+1a2r+1/0 P2 yir1 (T)p2r 1 (z)d

r=J+1j=J4+1 k=1
+oo 27—1 4oo 20-—1

1
+ Z Z Z Za21+k+1a2T+s+1/O P2i k1 (T)Par g o1 () de.

r=J4+1 s=1 j=J+1 k=1
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This implies that,

+o00 +o00

1
B< Y Y lavallaral [ poa@lpea@lds

r=J+1 j=J+1
oo 2"—1 +Ho0

1
+ 3 X Y lawallaraenl [ posa@)lprson(@)lde

r=J+1 s=1 j=J+1
—+o00 400 27—1

1
+ 2 Y Slaznllaral [ P @b @)lde

r=J+1j=J+1 k=1
400 2"—1 400 20—-1

1
F XX Y Y lavllersanl [ o (@)liprsn @)de.

r=J+1 s=1 j=J+1 k=1

By using Lemma (4.5.2), Lemma (4.3.3) and Lemma (4.5.4), we obtain

) +o00 +oo 1 1 1 )
Bi< Y Y Congn /0 (2 — a)2dz
r=J+1 j=J+1
+o0o 2"—1 H4oo 1 1

1
+ 2 X Y Cgage | @-a)pren@)lde

r=J+1 s=1 j=J+1
+oo +oo 2j—1 1 1

1
+ Y Y Y g | @- @)l

r=J+1j=J+1 k=1

400 2"—1 +4oo 20—1 1

1 1 1
+ Z Z Z ZCQj—HQT—FI\//O \p2j+k+1(x)|2dx/0 |por s ()] d.

r=J+1 s=1 j=J+1 k=1

Note that

1 1 1 1
[ ekss @l [ oy e @e = [ oo s @l [ s 0 ()t
1 1
<@=a)y/ [ pwarna@lde [ pori(o)ldo

a1 1
< (2 -— l1— —)——.
<@l =5)r
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Then
2 e 1 1 )
L < Y Z STip2—a)
r=J+1j=J+1
Sy S a, 1
1— 2)—
+T2J;rl ;];102]4-1 27«.;,.1 CK)( 2)2T
+oo0  4oo 29-1 .
+T2J;rla§1;; 2J+12r+1 (2 - 0‘)(1—5)5
i 2—a)(l——
TXJ;F]_]ZJ;_]_ J+12 +1( )( 2)
C2-a)? 1, C2-a)(l-—2) /12
<7 o7 -
< )t - <2J)
+C(2—a)(1_%)(i)2+C(Q—a)(l_%) (1>2
) > 4(vV2—-1p 22
< 0(2—a)2+0<2—a>( _%)+C(2—a>(1_%) <1>2
_ ' ’ 4(v2 —1)2 9J
Therefore,

Bx(n) =05 ).

In a similar way, we prove that Ex(g) = O (ﬁ) :
Now, to verify the convergence analysis, we must prove that the following system converges to

the system Eq. (4.1).

CEDI® f(x) = c1 fon(x) + cagan(x) + u(x) + Rh(x), 0<z <1, (1.25)

CF_D(O‘)g({L‘) = C3f2N<I> —+ C492N(I‘) + 'U(I') + R?V(x), 0 S X S 17

where Ry (z) and R (z) represent the remainders.

By subtracting Eq. (4.25) from Eq. (4.1), we get

Ri(@) = x(F(@) = fax(2)) + ealo(e) = gan(@)) = (7D f (@) = FDO (@) 0w <1

R (@) = es(f @) = faw(a)) + exlg(a) = gan(@)) = (FDg(a) = FDg(a)) 0 <w < 1.
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Exact and Numerical solution of u Exact and Numerical solution of v
0.9 M
Exact solution y Exact solution
0.8 < Numerical solution 3 09F O Mumerical solution @
07 L
07+
0.6
06t
0.5
05t
0.4
04}
0.3
03t
02 02} y
0.1 01} A
(1], ad " J ke - " )
0 05 1 1] 05 1

Figure 4.1: Numerical solution of Example (4.4.1) at level J = 3. [40] .

Then

RN 200 < allf = fonllrzqon + c2llg — ganll 2oy + |SF D@ f — CED@ f|l 120,11,

IR% | 2oy < esllf — fonllrzqo + callg — ganll 2oy + |97 D@ g — CED@g]| 1201y,

when N — +oo, we obtain || f — fon|lr2qoapy = 0, |.f = fonllz2(01) — 0,

|€F D@ f — CFD(O‘)f”Lz([O’l] —0,[|¢F D) g~ CED@g||r2(0,1] — 0. Therefore, ||lev||L2([0,1}) —0

and ||R?V||L2([O,1]) — 0.

4.4 Some Numerical examples by using Haar wavelet
basis:

e Numerical examples:
Here, we look at three instances of problem (4.1) to demonstrate the effectiveness of our sug-
gested approach. Fig./.1 Fig.4.2 and Fig.4/.3 show the numerical results of all computations,

which are carried out using Matlab.
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Example 4.4.1

Consider the following coupled system:

CEDOB) f(z) = =L f(z) + Lg(z) + u(z), 0<a <1,

CFD(O-%)g(x) — _ig(:r;) + %g(m) +o(x), 0<z<1,

where u(z) = (ftz — £)sin(z) + (£ + J)cos(z) + 4e 5 — 2(z + 1) and
v(z) = (4 + B2)sin(z) + (58 — V) cos(z) — Be s — £ 4 15,

The exact solution is given by f(x) = xsin(z) and g(z) = (z + 1)(1 — cos(z)).

Exact and Numerical solution of u Exact and Numerical solution of v
255
Exact solution Exact solution
¢ Numerical solution | O Numerical solution
12¢
2 L
1+
15
08¢t
06}
1k
04}
Qi
y 02}
&
10 ‘/' L Ors== L ]
0 05 1 0 05 1

Figure 4.2: Numerical solution of Example (4.4.2) at level J = 3. [40] .

Example 4.4.2

Consider the following problem:

FDOV f(r) = ~3f(x) + g9lo) Fule), 0<w <1,

CFDOg(z) = —Lf(z)+ Lg(z) +v(z), 0<z <1,

where u(x) = (—55 cos(z) + 12 sin(x) + 3)e” — 2e™ and

v(z) = (=3 cos(x) + 5 sin(x) + 2)e” + te "

The exact solution is given by f(x) = sin(x)e® and g(x) = (1 — cos(z))e”.
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Example 4.4.3

Consider the following problem:

CEDOB f(z) = =L f(x) + 2g(x) + u(z), 0<z <1,

CEDOBIg(z) = —Lf(z) + Sg(z) +v(z), 0<z <1,

f(0) = g(0) =0,
where u(z) = (5% + $22) sin(2z) + (T2 — 28) cos?(z) + 155" — B+ 122 — 2(z — 1)(1 cos(x))
and v(z) = (=354 %) sin(z)+ (— 5 — ) cos(z) — g sin(2z) — Be™* — L (z—1)(1—cos(z)) + 3.

The exact solution is given by f(x) = xsin(2z) and g(z) = (z — 1)(1 — cos(x)).

Conicts of Interest:

The writers say they have no competing interests.

Exact and Numerical solution of u Exact and Numerical solution of ¥
- Oig n
Exact solution ﬁsx Exact solution
09 O Numerical solution | 0.01 O Numerical solution
08 /
4 -0.02 m
07
06 -0.03
ni}
05 -0.04
04 005
03
-0.06
02
01 -0.07
& L ! 0.08 = !
0 05 1 0 05 1

Figure 4.3: Numerical solution of Example (4.4.3) at level J = 3. [40] .
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CONCLUSION

We have studied a new coupled system of linear fractional differential equations with
non-singular exponential kernels that involve Caputo-Fabrizio fractional derivatives. The
Picard-Lindelof technique and fixed point theory were utilized to examine the existence

and uniqueness of the solution.

Also, in this study this coupled system with the Caputo-Fabrizio fractional derivative has
been solved using the Haar wavelet collocation approach. Our suggested strateqy has an
exponential convergence rate, according to error analysis. there is a strong agreement
between the numerical and exact solutions.

Furthermore, this approach is advised and successful. Hence, we can state that the suggested
approach offers a very high degree of accuracy in the solution estimation.

Additionally, the proposed method is easy to implement for the computation of solutions

to various problems of fractional order differential equations.

As a future work, we will solve various kinds of coupled systems and implicit fractional

differential equations Caputo-Fabrizio by using the Haar wavelet collocation approach.
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ABSTRACT:

Caputo-Fabrizio’s definition of fractional derivation is one of the latest advancements
in fractional calculus. This study investigates solutions for a coupled system of linear
fractional differential equations with fractional orders using the Picard-Lindel6f
approach and fixed-point theory, demonstrating their existence and uniqueness. An
efficient computational method for solving the coupled system is presented, utilizing
the Caputo-Fabrizio fractional derivative. The approach expands the solution into the
Haar wavelet basis, allowing for the determination of Haar wavelet coefficients. Error
analysis of the method shows a strong convergence rate. Finally, several numerical
examples are provided to demonstrate the precision and efficacy of this approach.

Keywords:

Fractional calculus, Haar wavelet, Caputo- Fabrizio fractional derivative, coupled
system with fractional derivative. fractional integral, fractional differential
equation,numerical approximation.

RESUME:

La définition de la dérivation fractionnelle de Caputo-Fabrizio est I'une des plus récentes
pour améliorer les dérivations fractionnelles. C'est mémoire de master examine les
solutions d’un systéme lié d’équations différentielles fractionnelles linéaires avec des
ordres fractionnels en utilisant I’approche de Picard-Lindelof et la théorie du point fixe,
en démontrant ainsi leur existence et leur unicité.C'est mémoire master présente une
méthode computationnelle efficace pour résoudre un systéeme couplé en utilisant la
dérivée fractionnelle de Caputo-Fabrizio. L’approche décompose la solution dans la
base des ondelettes de Haar, permettant la découverte des coefficients des ondelettes
de Haar. L’analyse d’erreur de la méthode montre un fort taux de convergence. Enfin,
quelques exemples numériques sont fournis pour démontrer la précision et I’efficacité
de cette approche.

Mots clés et expressions:

dérivé fractionnaire de Caputo-Fabrizio,approximation numérique,Calcul
fractionnaire,ondelette de Haar, systéme couple a dérivé fractionnaire. équation
différentielle différentielle fractionnaire, approximation numérique.
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