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NOTATIONS

• N
∗ : The set of natural numbers without zero {1,2,3, · · · }.

• H : Complex Hilbert space.

• B(H) : Banach algebra of all bounded linear operators on Hilbert space H.

• ||x||: The norm of x

• ⟨·, ·⟩ : The inner product .

• M : The closure of M.

• M⊥ : The orthogonal complement of M.

• ∥T ∥ : The norm of T .

• T −1 : The inverse operator of T .

• T ∗ : The adjoint operator of T .

• Re(T ) : The real part of T .

• Im(T ) : The imaginary part of T .

• |T | : The absolute value of T .

• R(T ) : The range of T .

• N (T ) : The kernel of T .

• ρ(T ) : The resolvent of T .

• r(T ) : Spectral radius of T .

• W (T ) : The numerical range of T .

• ω(T ) : The numerical radius of T .
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INTRODUCTION

In the domain of functional analysis and linear algebra, normed spaces and inner prod-
uct spaces serve as fundamental structures. These concepts find vital applications across
various scientific fields, including quantum mechanics, signal theory, and control theory.
Among the most important of these spaces stands the Hilbert space, characterized by its rich
geometric and analytical properties that provide powerful tools for understanding infinite-
dimensional spaces.

Over recent decades, operator theory has witnessed remarkable development and in-
creasing interest among researchers due to its theoretical depth and wide-ranging applica-
tions. In this thesis, we provide an overview of how this theory has evolved and highlight
key contributions that have shaped its development.

Historically, quadratic forms played an essential role in the emergence of the concept
known as the numerical range of an operator. Let H be a non-trivial complex Hilbert space
with an inner product ⟨·, ·⟩ and associated norm ∥·∥. Let B(H) denote the algebra of bounded
linear operators onH. For T ∈ B(H), the numerical range was introduced by Toeplitz in [26]
as:

W (T ) = {⟨T x,x⟩ | x ∈ H,∥x∥ = 1} .

The Toeplitz-Hausdorff Theorem establishes thatW (T ) is a convex subset of the complex
plane(see [14] ) . This concept has been extensively studied in the last few decades due to
its significance and utility in analyzing matrices and operators.

Closely related to the numerical range is the concept of the numerical radius, which is
defined for T ∈ B(H) as:

ω(T ) = sup
∥x∥=1

|⟨T x,x⟩|.

The numerical radius is equivalent to the usual norm on B(H) and has been the subject
of extensive research, leading to many important results and inequalities. Prominent re-
searchers such as F. Kittaneh and S.S. Dragomir have contributed significantly to this field
. Numerous refinements and new inequalities continue to emerge, enhancing our under-
standing of operator behavior.

Another major notion is the spectrum of a bounded linear operator, which generalizes the
set of eigenvalues of a matrix. For T ∈ B(H), the spectrum is defined by:
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σ (T ) = {λ ∈C | T −λI is not invertible} .

The spectrum possesses a rich structure and various classifications, which we shall ex-
plore in due course. The study of spectral properties, known as spectral theory, is fundamen-
tal in many fields—most notably in the mathematical formulation of quantum mechanics.

Another significant value is the spectral radius, given by:

r(T ) = sup
λ∈σ (T )

|λ|.

Together, the numerical radius, the spectral radius, the singular value and the usual
norm in B(H) constitute essential tools in the analysis of bounded operators and their prop-
erties.

This thesis aims to explore several advanced concepts related to normed spaces, focusing
on the inner product, projections, and the structure of norm-related quantities, particularly
in connection with special elements . Special attention is given to key inequalities that are
indispensable tools for estimation and proof construction in mathematical analysis.

Among the topics that have attracted researchers’ interest for decades is the relation-
ship between the ordinary norm of a linear operator and its numerical radius. Starting
from the classical works of Toeplitz and Hausdorff in the 1930s, the importance of the nu-
merical range and numerical radius in understanding the behavior of operators began to
emerge.Then came the famous work by Gustafson and Rao in 1974 (see [14]), which became
a fundamental reference in this field, as they deeply explored the relationship between nu-
merical ranges and systems, laying the groundwork for advanced analysis of these quanti-
ties. And there is another reference that studies this (see [16] and [19] ). One of the most
famous inequalities [14]

1
2
∥T ∥ ≤ ω(T ) ≤ ∥T ∥.

The work of researcher F. Kittaneh also stood out, as he presented improved inequalities (see
[19] [20] and [21] , that appeared several reseach articles , such as . Interest in these relation-
ships has continued in recent decades, with significant contributions from researchers such
as S.S. Dragomir, who worked on precise subtle improvement to these inequalities using
analytical techniques (see [9] ).

These works did not only present the inequalities, but also demonstrated how these rela-
tionships can be exploited to prove spectral results and analyze stability in control systems
and signal theory.

The memoire is organized into four main chapters:

• Chapter 1: We provide an overview of norms in vector spaces, with a special focus
on the Hilbert space. We study the inner product and its role in defining norms, delve
into orthogonal projections, and explore the concept of some cless operators and their
properties.

• Chapter 2: This chapter is dedicated to exploring classical inequalities such as the
Cauchy-Schwarz inequality, Hölder’s inequality, and Minkowski’s inequality, presenting
their proofs and immediate applications in mathematical analysis.

• Chapter 3: We focus on the quantities the spectral radius, the numerical radius, and
the singular value, discussing the fundamental inequalities that govern their behavior
and providing rigorous proofs that illustrate the intricate relationships between these
notions.
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• Chapter 4: We introduce a new norm closely associated with the quantity the numer-
ical radius, establish the necessary conditions for it to be a valid norm, and propose
a set of new inequalities connected to it, discussing their implications and potential
applications.

Through this study, we aim to deepen the theoretical understanding of norms, vector
spaces, and numerical ranges, while laying a solid foundation for further research in this
area.

Main results:

New inequalities were obtained, including:

• Let T ∈ B(H) and a,b ∈N∗.

||T ||a,b = ||a|T |+ b|T ∗|||

• Let T ∈ B(H) and a,b ∈N∗. Then:

||T || ≤ ||T ||a,b

• Let T ∈ B(H) and a,b ∈N∗

1
2(a+ b)

∥T ∥a,b ≤ω(T ) ≤ 1
2

max{1
a
,
1
b
}∥T ∥a,b

• Let T ,S ∈ B(H) and a,b ∈N∗. Then :

||T S ||a,b ≤ 4(a+ b)ω(T )ω(S)
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CHAPTER

1

PRELIMINARIES

In this chapter, we present the fundamental definitions and properties related to Hilbert
spaces and operator theory, which are essential for the remainder of this thesis . We denote
by H a complex Hilbert space equipped with an inner product ⟨·, ·⟩ , and by B(H) ,
the algebra of all bounded linear operators on H. This chapter in intended to be as self-
contained as possible, and therefore we have collected the most important results needed
later in the thesis, while omitting the proofs of many theorems for the sake of brevity.

1.1 Generalities

Definition 1.1 Let H be a complex vector space.

1. A norm on H is a map ∥ · ∥ :H −→R+ such that for all x,y ∈ H and α ∈C:

(a) ∥x∥ ≥ 0 (strictly positive).

(b) ∥x∥ = 0 if and only if x = 0.

(c) ∥αx∥ = |α|∥x∥ (strictly homogeneous).

(d) ∥x+ y∥ ≤ ∥x∥+ ∥y∥ (triangle inequality).

Example 1.1 Common instances of norms include

• Euclidian norm in R
2: ||x|| =

√
x2

1 + x2
2

• ||x||1 =
∑n
i=1 |xi |,x ∈ ℓ

1

• ||x||∞ = max1≤i≤n |xi |

A vector space H on which there is a norm is called a normed vector space, or just a
normed space.

A Complete space if every cauchy sequence in X converges to a limit that lies in X.
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A Banach space is a complete complex normed vector space.

Definition 1.2 Let H be a complex vector space.

1. An inner product onH is a map ⟨·, ·⟩ :H×H −→ C such that for all x,y,z ∈ H, and α,β ∈C

(a) ⟨x,x⟩ ≥ 0.

(b) ⟨x,x⟩ = 0 if and only if x = 0.

(c) ⟨αx+ βy,z⟩ = α⟨x,z⟩+ β⟨y,z⟩.

(d) ⟨x,y⟩ = ⟨y,x⟩.

Example 1.2 Let x,y ∈ H

• Inner product in R
n

⟨x,y⟩ =
n∑
i=1

xiyi

• Inner product in C
n

⟨x,y⟩ =
n∑
i=1

xiyi

• Inner product in L2([a,b]) :

⟨f ,g⟩ =
∫ b

a
f (x)g(x)dx

A complex vector space H with an inner product ⟨·, ·⟩ is called an inner product space.

An inner product space which is complete with respect to the metric associated with the
norm induced by the inner product is called a Hilbert space.

Remark 1 It comes directly from the definition of inner product that

(1) ⟨x,y + z⟩ = ⟨x,y⟩+ ⟨x,z⟩ for all x,y,z ∈ X.

(2) ⟨x,λy⟩ = λ⟨x,y⟩ for all x,y ∈ X and λ ∈K.

Proof
(2) for all x,y ∈ X and λ ∈K

⟨x,λy⟩ = ⟨λy,x⟩ = λ⟨y,x⟩

= λ⟨y,x⟩ = λ⟨x,y⟩

Definition 1.3 Let H be a vector space over C. It is said to be a Hilbert space if it is an inner
product space and H with associated norm is a Banach space, and we denote (H,⟨·, ·⟩) a complex
Hilbert space.

Example 1.3
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(1) The Euclidian inner product in C
n (n ∈N∗) is defined as follows

∀x,y ∈Cn : ⟨x,y⟩ =
n∑
k=1

xkyk

C
n with its Euclidian inner product (Cn,⟨·, ·⟩) is a Hilbert space.

(2) Consider the following vector space over C

ℓ2(C) = {x = (xn)n∈N ⊂C :
∑∞
n=1 |xn|2 <∞}

(3) The fuction space L2([a,b]) : the set of square-integrable function on the interval [a, b]:

L2([a,b]) =
{
f :

∫ b

a
|f (x)|2dx <∞

}
This space is a Hilbert space when it is endowed with the following inner product

∀x,y ∈ ℓ2 : ⟨x,y⟩ =
∑∞
n=1xnyn

Corollary 1.1 Relation between Norm and Inner product is

||x|| =
√
⟨x,x⟩

1.2 Orthogonal Decomposition of Hilbert space

From now we consider (H,⟨·, ·⟩) a complex Hilbert space, and is the associated norm of the inner
product.

Definition 1.4 M is said to be a closed linear subspace of H if it is a linear subspace of H and
M =M.

Corollary 1.2 Let M be a linear subspace of H. Then M is a linear subspace of H as well.

Definition 1.5 Let M and F be two linear subspaces of H. Then H is said to be the direct sum of
M and F, and we write H =M ⊕F, if H =M +F and M ∩F = {0}.

Lemme 1.1 Let M and F be two linear subspaces of H. Then H = M ⊕ F if and only if for every
x ∈ H there exist unique vectors y ∈M and z ∈ F such that x = y + z.

Definition 1.6 The vectors x,y ∈ H are said to be orthogonal if ⟨x,y⟩ = 0, and we write x ⊥ y.
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Corollary 1.3 If x,y ∈ H\ {0} are orthogonal. Then they are linearly independent.

Theorem 1.1 (Pythagoras’s theorem)
If x,y ∈ H are orthogonal, then ∥x+ y∥2 = ∥x∥2 + ∥y∥2.

Definition 1.7 Let M be subset of H. The orthogonal complement of M is the set

M⊥ = {x ∈ H : ⟨x,y⟩ = 0 ∀y ∈M}

Proposition 1.1 Let M and F be two subsets of H then:

(1) H⊥ = {0} and {0}⊥ =H .

(2) M⊥ is a closed linear subspace of H .

(3) If 0 ∈M then M ∩M⊥ = {0}, otherwise M ∩M⊥ = ∅ .

(4) If M ⊂ F then F⊥ ⊂M⊥ .

(5) M ⊂ (M⊥)⊥ .

Theorem 1.2 (Orthogonal Decomposition)
Let M be a closed linear subspace of H. Then H = M ⊕M⊥ is the direct sum of M and M⊥, i.e.
for every x ∈ H there exist a unique y ∈M and a unique z ∈M⊥ such that x = y + z.

Corollary 1.4 Let M be a linear subspace of H. Then

(1) H =M ⊕M⊥

(2) (M⊥)⊥ =M

Definition 1.8 Let f be a mapping from H to C. Then f is said to be a linear functional if it
satisfies

∀x,y ∈ H,∀λ ∈C : f (λx+ y) = λf (x) + f (y)

Definition 1.9 Let f be a linear functional from H to C. Then f is said to be a bounded linear
functional if it satisfies

∃c > 0, ∀x ∈ H : |f (x)| ≤ c∥x∥

1.3 Types of operators in Hilbert space

Definition 1.10 Let H be a Hilbert space. An operator T :H→H is

• Linear operator if
T (αx+ βy) = αT (x) + βT (y),

for all x,y ∈ H, and scalars α,β.
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• Bounded Linear operator if T is linear and there exists a positive number k such that

∥T x∥ ≤ k∥x∥ for all x ∈ H.

Corollary 1.5 Let T ,S ∈ B(H) and n ∈N. Then

(1) ∀x ∈ H, ||T x|| ≤ ||T ||||x||

(2) ||T S || ≤ ||T ||||S ||

(3) ||T n|| ≤ ||T ||n

Definition 1.11 Let T ∈ B(H). Then

(1) The range of T is the set
R(T ) = {T x : x ∈ H}

(2) The kernel of T is the set
N (T ) = {x ∈ H : T x = 0}

(3) The identity I is the operator given by I(x) = x, ∀x ∈ H

Proposition 1.2 Let T ∈ B(H)). Then

(1) R(T ) is a linear subspace of H.

(2) N (T ) is a closed linear subspace of H.

Lemme 1.2 Let H,K be two Hilbert spaces over C and T ∈ L(H,K), then

1. N (T ) = R(T ∗)⊥ .

2. N (T )∗ = R(T )⊥ .

3. N (T )∗ = {0} if and only if R(T ) is dense in K.

Proof

(1) Let x ∈N (T ) and z ∈ R(T ∗)⊥, then ∃y ∈ K such that z = T ∗y, we have

⟨x,z⟩ = ⟨x,T ∗y⟩ = ⟨T x,y⟩ = ⟨0, y⟩ = 0

this shows that x ∈ R(T ∗)⊥ and hence N (T ) ⊆ R(T ∗)⊥. On the other hand, suppose that
x ∈ R(T ∗)⊥. Since T ∗T x ∈ R(T )∗, then

⟨x,T ∗T x⟩ = 0

⟨x,T ∗T x⟩ = ⟨T x,T x⟩ = ∥T x∥2 = 0

therefore T x = 0, hence x ∈N (T ) and R(T ∗)⊥ ⊆N (T ), consequently

N (A) = R(T ∗)⊥

(2) From (1) we deduce, N (T )∗ = (R(T ∗)∗)⊥ = R(T )⊥
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(3) Recall that (F⊥)⊥ = F if F is closed, (F⊥)⊥ = F . Suppose that R(T ∗) = {0}, then from (2)
we have R(T )⊥ = {0}, then (R(T )⊥)⊥ = {0}⊥ which gives R = {0}⊥ =K.

Conversely, suppose that R(T ) =K, that is (R(T )⊥)⊥ =K. Therefore((
R(T ∗)⊥

)⊥)⊥
=K⊥ = {0}.

Since R(T )⊥ is closed we have
(
(R(T ∗)⊥)⊥

)⊥
= R(T )⊥ =N (T ∗). Consequently

N (T )∗ = {0}

Corollary 1.6 LetH be a C-Hilbert space and T ∈ B(H). The following statements are equivalent

(1) T is invertible .

(2) N (T )∗ = {0} and there exists α > 0 such that ∥T x∥ ≥ α∥x∥, ∀x ∈ H .

Proof
(1)⇒ (2) Suppose that T is invertible, then R(T ) =H and from number 3 of the previous lemma,
N (T )∗ = {0}. On the other hand, since T is invertible T −1 is bounded, then

∃c > 0 : ||T −1y|| ⩽ c||y||

But R(T ) =H , then
∥x∥ ∈ H,∃y ∈ H : y = T x,x = T −1y.

Thus, for α = 1
c we have

||T −1y|| ⩽ c||y|| ⇐⇒ α||x|| ⩽ ||T x||.

(2)⇒ (1) If N (T ∗) = {0}, then R(T ) is dense in H. Let y ∈ H and {yn} ⊂ R(T ) be a sequence
that converges to y. Then, {yn} is a Cauchy sequence and

∥yn − ym∥ = ∥T xn − T xm∥ = ||T (xn − xm)|| ⩾ α||xn − xm||

therefore {xn} is a Cauchy too. SinceH is complete, {xn} converges to an x ∈ H. Moreover, since T
is continuous

y = lim
n→∞

yn = lim
n→∞

T xn = T ( lim
n→∞

xn) = T x

Consequently, y ∈ R(T ) and R(T ) is closed, which shows that R(T ) = H. On the other hand,
if x ∈ N (T ), one has T x = 0, then 0 = ||T x|| ⩾ α||x|| ⩾ 0, which shows that T is injective, hence
bijective. Since T is also continuous, we deduce by Banach theorem that T is invertible.

Definition 1.12 Let T be a bounded linear operator. The norm of T is defined by

∥T ∥ = sup
∥x∥=1

∥T x∥

An equivalent definition of the operator norm is

∥T ∥ = sup
{
∥T x∥
∥x∥

: x ∈ H\ {0}
}
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Theorem 1.3 : Let T ∈ B(H). Then

∥T ∥ = sup{∥T x∥ : ∥x∥ = 1} = sup
{
∥T x∥
∥x∥

: x ∈ H\ {0}
}

= sup{|⟨T x,y⟩| : ∥x∥ = ∥y∥ = 1}

Definition 1.13 To each operator T ∈ B(H) corresponds a unique operator T ∗ ∈ B(H) that satis-
fies

⟨T x,y⟩ = ⟨x,T ∗y⟩ for all x,y ∈ H.

The operator T ∗ is called the adjoint of the operator T . If T = T ∗, then T is self-adjoint .

Example 1.4 Let the linear operator T : R2 −→R
2 be defined by

T (x) = Ax , where A =
(
2 1
0 3

)
we have ⟨u,v⟩ = utv

At =
(
2 0
1 3

)
So

T ∗(x) = Atx =
(
2 0
1 3

)
x

Proposition 1.3 Let T ∈ B(H), then

• ∥T ∥ = ∥T ∗∥ and ∥T ∥2 = ∥T ∗T ∥ = ∥T T ∗∥.

• (λT )∗ = λT ∗ , ∀λ ∈C.

• (T ∗)∗ = T .

• (T ∗)−1 = (T −1)∗ , if T is invertible .

Definition 1.14 The set of all bounded linear operators on H is a unitary algebra over C
denoted by B(H), where the addition , the external product , and the product are defined as follows
. Let T ,S ∈ B(H) and λ ∈C

(1) ∀x ∈ H: (T + S)x = T x+ Sx

(2) ∀x ∈ H: (λT )x = λT x

(3) ∀x ∈ H: (T S)x = T (Sx)

And the unitary element is the identity I(x) = x, ∀x ∈ H. Moreover, B(H) is a Banach
algebra when we equip it with the following norm

∥T ∥ = inf{c > 0 : ∥T x∥ ≤ c∥x∥ for all x ∈ H}
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Theorem 1.4 (Polarisation identity)
Let H be an inner product space, and let x,y ∈ H. Then

⟨x,y⟩ =
1
4

[||x+ y||2 − ||x − y||2 + i||x+ iy||2 − i||x+ iy||2]

Proof

Let (H,⟨·, ·⟩) be a complex inner-product space, and set

∥x∥2 = ⟨x,x⟩

We claim that for all x,y ∈ H

⟨x,y⟩ =
1
4

[
∥x+ y∥2 − ∥x − y∥2 + i ∥x+ iy∥2 − i ∥x − iy∥2

]
let’s first prove the real part

∥x+ y∥2 = ⟨x+ y,x+ y⟩ = ∥x∥2 + ⟨x,y⟩+ ⟨y,x⟩+ ∥y∥2

∥x − y∥2 = ⟨x − y,x − y⟩ = ∥x∥2 − ⟨x,y⟩ − ⟨y,x⟩+ ∥y∥2

Subtracting gives
∥x+ y∥2 − ∥x − y∥2 = 2

(
⟨x,y⟩+ ⟨y,x⟩

)
= 4Re⟨x,y⟩

And now we prove the imaginary part

∥x+ iy∥2 = ⟨x+ iy, x+ iy⟩ = ∥x∥2 + ⟨x, iy⟩+ ⟨iy,x⟩+ ∥y∥2

⟨x, iy⟩ = i ⟨x,y⟩, ⟨iy,x⟩ = ⟨x, iy⟩ = − i ⟨x,y⟩

So
∥x+ iy∥2 = ∥x∥2 + ∥y∥2 + i ⟨x,y⟩ − i ⟨x,y⟩ = ∥x∥2 + ∥y∥2 − 2 Im⟨x,y⟩

Similarly
∥x − iy∥2 = ∥x∥2 + ∥y∥2 + 2 Im⟨x,y⟩

Hence
∥x+ iy∥2 − ∥x − iy∥2 = −4 Im⟨x,y⟩

3. Combine(
∥x+ y∥2 − ∥x − y∥2

)
+ i

(
∥x+ iy∥2 − ∥x − iy∥2

)
= 4Re⟨x,y⟩ − 4 i Im⟨x,y⟩ = 4⟨x,y⟩

Dividing by 4 , we get what is required .

Theorem 1.5 (Generalized Polarization Identity): For each T ∈ B(H)andx,y ∈ H, we have

⟨T x,y⟩ =
1
4

[⟨T (x+ y),x+ y⟩ − ⟨T (x − y),x − y⟩] +
i
4

[⟨T (x+ iy),x+ iy⟩ − ⟨T (x − iy),x − iy⟩]
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1.3.1 Some classes of linear operators in B(H)

Definition 1.15 Let T ∈ B(H). Then T is called:

• Self-adjoint operator if T ∗ = T .

Example 1.5 :
T (f )(x) = xf (x), for f ∈ L2([0,1])

This operator is self-adjoint because:

⟨T f ,g⟩ =
∫ 1

0
xf (x)g(x)dx = ⟨f ,T g⟩

Normal operator if T T ∗ = T ∗T .

Positive operator ∀x ∈ H : ⟨T x,x⟩ ≥ 0, and we denote T ≥ 0. (T is strictly positive operator
if ∀x ∈ H\ {0} : ⟨T x,x⟩ > 0, and we denote T > 0)

Example 1.6 :
T (f )(x) = x2f (x), for f ∈ L2([0,1])

Since x2 ≥ 0, then ⟨T f ,f ⟩ ≥ 0, and T is self-adjoint, hence positive.

Unitary operator if T ∗T = T T ∗ = I .

Example 1.7 :
T (f )(x) = f (x+ a), for f ∈ L2(R)

Translation operator is unitary since it preserves inner product and is invertible.

Isometry operator if T ∗T = I .

Example 1.8 :
T (f )(x) =

√
2f (2x), from L2([0, 1

2 ])→ L2([0,1])

We have ∥T f ∥ = ∥f ∥, so it’s an isometry, but not necessarily surjective.

Projection operator if T 2 = T .

Example 1.9 :

T (f )(x) =
∫ 1

0
f (t)dt

Constant projection operator. Clearly, T 2 = T , so it’s a projection.

Orthogonal projection operator if T 2 = T = T ∗. Same as above. Since the range is
orthogonal to the kernel, it is an orthogonal projection.

Quasinormal operator: T (T ∗T ) = (T ∗T )T .

Example 1.10 : In ℓ2:
T ((x1,x2,x3, . . .)) = (0,x1,x2, . . .)

This is the forward shift operator. It satisfies T (T ∗T ) = (T ∗T )T .

Hyponormal operator if T ∗T ≥ T T ∗. (T ≥ S if and only if T − S ≥ 0)
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Example 1.11 :
T (f )(x) = φ(x)f (x), φ ∈ L∞, φ ≥ 0

Multiplication by a non-negative function is hyponormal.

Corollary 1.7 If T ∈ B(H) is positive , so is self-adjoint.

Theorem 1.6 Let T ∈ B(H) . Then there exists self-adjoint operators Re(T ), Im(T ) ∈ B(H) such
that

T = Re(T ) + iIm(T )

Necessarily Re(T ) =
T + T ∗

2
, and Im(T ) =

T − T ∗

2i
. The decomposition is called the Cartesian

decomposition of T . The operators Re(T ) and Im(T ) are called real part, and imaginary part of T
respectively.

Proposition 1.4 Let T ∈ B(H) be a positive operator . Then

(1) ||T 1
2 || = ||T || 12

(2) N (T
1
2 ) =N (T )

Proof
(1) Let x ∈ H:

∥T
1
2x∥2 = ⟨T

1
2x,T

1
2x⟩ = ⟨T x,x⟩ =⇒ sup

∥x∥=1
∥T

1
2x∥2 = sup

∥x∥=1
⟨T x,x⟩

Since T ≥ 0, then T is self-adjoint :

∥T ∥ = sup
∥x∥=1
⟨T x,x⟩ (⟨T x,x⟩ ≥ 0)

Then ∥T 1
2 ∥2 = ∥T ∥

hence ∥T 1
2 ∥ = ∥T ∥ 1

2

That is to say
||T

1
2 || = ||T ||

1
2

(2) N (T ) ⊂N (T
1
2 ) , let x ∈N (T )⇐⇒ T x = 0

and we have ∥T 1
2x∥2 = ⟨T x,x⟩ = 0

Then ∥T 1
2x∥ = 0⇐⇒ T

1
2x = 0⇐⇒ x ∈N (T

1
2 ) ,

therefore N (T ) ⊂N (T
1
2 ) .

N (T
1
2 ) ⊂N (T ) , let x ∈N (T

1
2 )⇐⇒ T

1
2x = 0 =⇒ T

1
2T

1
2x = 0 =⇒ T x = 0.

Hence
N (T

1
2 ) =N (T )

Definition 1.16 An operator U ∈ B(H) is called a partial isometry if

∥Ux∥ = ∥x∥ for all x ∈N (U )⊥.

In that case N (U )⊥ is called the initial space of U and R(U ) is called the final space .
The range of U is always closed .
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1.3.2 Closed operator

Definition 1.17 The operator T : D(T ) ⊂ X −→ Y , is said to be closed if D(A)×R(T ) is closed in
the space X ×Y , that is

∀(xn) ⊂D(T ) : limxn = x, x ∈D(T ), limT xn = T x

∥x∥D(T ) = ∥x∥X + ∥T x∥Y

Remark 2 Let T : D(T ) ⊂ X → Y be an operator. We sometimes endow the domain D(T ) by the
norm

Theorem 1.7 (closed Graph Theorem) Let X,Y be Banach spaces and T : D(T ) ⊂ X → Y be
a linear operator. If the graph G(T ) is closed in the topology of D(T ) , then the operator T is
bounded.

Proof
Since X ×Y is a Banach space and G(T ) is closed, then G(T ) is a Banach subspace of X ×Y .
Define the linear transformation R : G(T )→D(T ) by R(x,T x) = x. Then, R is a bijection between
G and D(T ). Moreover

∥R(x,T x)∥ = ∥x∥ ≤ ∥x∥+ ∥T x∥ = ∥(x,T x)∥G(T )

Therefore, R is bounded and ∥R∥ ≤ 1. Consequently, from the open mapping theorem, there
exists S :D(T )→ G(T ) such that SR = IG(T ) and RS = ID(T ) . In particular

Sx = (x,T x), for all x ∈D(T )

Thus
∥T x∥ ≤ ∥x∥+ ∥T x∥ = ∥(x,T x)∥ = ∥Sx∥ ≤ ∥S∥∥x∥

which shows that T is bounded.

Remark 3 If T is a closed operator, then kerT is closed in X.

1.3.3 Invertible operators

Definition 1.18 An operator T ∈ L(X) is said to be invertible if there exists an operator
S : R(T ) ⊂ Y → X, such that S ∈ L(X) and ST = ID(T ) and T S = IR(T ). In this case S is denoted
T −1.

Example 1.12 For f ∈ C([0,1]) and defined Tf ∈ L(L2([0,1])) by

(Tf u)(x) = f (x)u(x), ∀u ∈ L2([0,1]).

Clearly, Tf ∈ L(L2([0,1])). Let f be the function defined by f (x) = 1+x. Then , Tf is invertible.
Indeed, for g(x) = 1

1+x , we have Tg ∈ L(L2([0,1])).
Moreover

(Tf Tgu)(x) = f (x)g(x)u(x) = u(x)

and
(TgTf u)(x) = g(x)f (x)u(x) = u(x)

which shows that Tf is invertible and T −1
f = Tg .
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Theorem 1.8 Let X be a Banach space and T ∈ L(X) with ∥I − T ∥ < 1, then T is invertible with

T −1 =
∑
n≥0

(I − T )n

Proof
Since ∥I − T ∥ < 1, the series

∑
n≥0 ∥I − T ∥n converges. On the other hand

∥(I − T )k∥ ≤ ∥I − T ∥k

then the series
∑
n≥0(I − T )n converges and

∑
n≥0(I − T )n is absolutely convergent series. Let S be

its limit and Sk =
∑k
n=0(I − T )n, then we have

∥T Sk − I∥ = ∥(I − (I − T ))Sk − I∥ = ∥(I − T )k+1∥ ≤ ∥I − T ∥k+1

Thus
0 ≤ lim

k→∞
∥T Sk − I∥ ≤ lim

k→∞
∥(I − T )∥k+1 = 0

Therefore
T S − I = lim

k→∞
(T Sk − I) = 0

Similarly
ST − I = lim

k→∞
(SkT − I) = 0

which completes the proof.

Theorem 1.9 Let T be a linear operator from normed linear space X into normed linear space Y .
Then , T −1 exists and is continuous, if and only if there m > 0, such that

∥T x∥ ≥m∥x∥, ∀x ∈ X.

Definition 1.19 Let X,Y be normed linear spaces. If an invertible operator T ∈ L(X,Y ) exists,
then X,Y are isomorphic, and T is an isomorphism (between X and Y ).

Lemme 1.3 If the normed linear spaces X,Y are isomorphic, then

(1) dimX <∞ if and only if dimY <∞, in which case dimX = dimY

(2) X is separable if and only if Y is separable

(3) X is complete (i.e., Banach) if and only if Y is complete (i.e., Banach)

Theorem 1.10 Let X and Y two are Banach space , so if T ∈ L(X,Y ) is bijective, it is invertible.

1.3.4 Compact operators

Definition 1.20 Let X,Y be normed spaces. A linear operator T ∈ L(X) is said to be compact
if the image by T of every bounded set B of X is relatively compact in Y . The set of all compact
operators from X into Y is denoted by L(X).

Proposition 1.5 Let X,Y be normed spaces and T ∈ L(X). The following statements are equiva-
lent

1. T is compact.
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2. The image of the unit ball BX(0,1) of X is relatively compact in Y .

3. Every bounded sequence {xn} in X has a subsequence xnk such that {T xnk } converges in Y .

Lemme 1.4 Every compact operator T ∈ L(X) is continuous.

Theorem 1.11 The set L(X) is a closed subspace of L(X) for the operator norm.

Proposition 1.6 Let T ∈ L(X,Y ) and S ∈ L(X). If at least one of the operators S,T is compact
then ST is compact.

Proof
Let {xn} be a bounded sequence in X. If T is compact then, there exists a subsequence {xnk } such
that {T xnk } converges in Y , and since S is continuous, the sequence {ST xnk } is still convergent.
If T is not compact , then {T xn} is still bounded and, since S is compact there exists a subsequence
{T xnk } such that {ST xnk } converges, therefore ST is compact.

Definition 1.21 An operator T is said to be of finite rank, if its range (image) R(T ) is of finite
dimension. In this case we note dimR(T ) = r(T ).

Theorem 1.12 Let {Tn} ⊂ L(X) be a sequence of bounded operators of finite range and let T ∈
L(X) be its limit, then T is compact.

Proof
Since every operator of finite range is compact, and the set L(X) is closed, T is compact.

1.4 Model of T

Definition 1.22 Let T ∈ B(H), the absolute value of T is the unique positive square root of the
positive operator T ∗T , and we denote it by |T |, that is |T | =

√
T ∗T .

Proposition 1.7 Let T ∈ B(H). Then

1. ∥T ∥ = ∥|T |∥

2. |T | = T if and only if T ≥ 0

3. |T | = |T ∗| if and only if T is normal

Proof

1. ∥T ∥2 = ∥T ∗T ∥ = ∥|T |2∥ = ∥|T |∥2 = ∥T ∥2⇒ ∥T ∥ = ∥|T |∥

2. First assume that |T | = T , since
√
T ∗T = T and

√
T ∗T ≥ 0, then T ≥ 0.

Now suppose that T ≥ 0, then

T ∗ = T ⇒ T ∗T = T 2⇒
√
T ∗T = T ⇒ |T | = T
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3. Assume that |T | = |T ∗|, then

√
T ∗T =

√
T T ∗⇒

√
T ∗T

2
=
√
T T ∗

2
⇒ T ∗T = T T ∗⇔ T is normal

Suppose that T is normal, then T ∗T = T T ∗, so
√
T ∗T =

√
T T ∗⇒ |T | = |T ∗|

Remark 4 If T is a self-adjoint operator, this doesn’t imply that |T | = T .
Considering the following self-adjoint matrix

T =
(
0 1
1 0

)
,T ∗T = T 2 = I ⇒ |T | =

√
T ∗T = I

.
So |T | equals I not T .

Proposition 1.8 Let T ∈ B(H). Then |∥T ||T ∗|∥ = ∥T 2∥.

Proof Since T |T |2 = T T ∗T = |T ∗|2T , then T |T |2 = |T ∗|2T , also ∥|T |2∥ = ∥|T ∗|2∥ = ∥T ∥2, we obtain
|T ∗|T = T |T |
(becouse when taking T ,S be two positive operators and X ∈ B(H) such that TX = XS and ||T || =
||S || we get

√
TX =

√
XT ) .

• Let x ∈ H then

|||T ||T ∗|T x∥2 =⟨|T ||T ∗|T x, |T ||T ∗|T x⟩
=⟨|T |2|T ∗|T x, |T ∗|T x⟩
=⟨T ∗T |T ∗|T x, |T ∗|T x⟩
=⟨T |T ∗|T x,T |T ∗|T x⟩
=⟨T T |T |x,T T |T |x⟩
=∥T 2|T |x∥2

≤∥T 2∥2∥|T |x∥2

Since ∥|T |x∥ = ∥T x∥, then ∥|T ||T ∗|T x∥ ≤ ∥T 2∥∥T x∥ for all x ∈ H.

Therefore
|||T ||T ∗|x∥ ≤ ∥T 2∥||x|| ∀x ∈ R(T )

And it can be extended as usual to R(T ), so |||T ||T ∗|x∥ ≤ ∥T 2∥||x|| ∀x ∈ R(T ).

Since H = R(T )⊕N (T ∗), let x ∈N (T ∗)⇔ T ∗x = 0⇒ T T ∗x = 0⇒
√
T T ∗x = 0⇒ |T ∗|x = 0

Then |T ||T ∗|x = 0 for all x ∈N (T ∗).

∀x ∈ H , there exist x1 ∈ R(T ) and x2 ∈N (T ∗)
such that x = x1 + x2 and ∥x∥ =

√
∥x1∥2 + ∥x2∥2 , then

∥|T ||T ∗|x∥ = ∥|T ||T ∗|(x1 + x2)∥ = ∥|T ||T ∗|x1∥ ≤ ∥T 2∥ · ∥x1∥ ≤ ∥T 2∥
√
||x1||2 + ||x2||2 = ∥T 2∥ · ∥x∥

Thus ∥|T ||T ∗||| ≤ ∥T 2∥||x|| for all x ∈ H, hence ∥|T ||T ∗|∥ ≤ ∥T 2∥.
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• Let x ∈ H then

T 2T ∗x∥2 = ⟨T 2T ∗x,T 2T ∗x⟩
= ⟨T ∗T T T ∗x,T T ∗x⟩
= ⟨|T |2|T ∗|2x, |T ∗|2x⟩
= ⟨|T ||T ∗||T ∗|x, |T ||T ∗||T ∗|x⟩
= ∥|T ||T ∗||T ∗|x∥2

≤ ∥|T | |T ∗| || ||T ∗x∥2

Since ∥|T ∗|x∥ = ∥T ∗x∥, then ∥T 2T ∗x∥ ≤ ∥|T | |T ∗| || ||T ∗x∥ for all x ∈ H. Therefore:

∥T 2x∥ ≤ ∥|T | |T ∗| || ||x∥ for all x ∈ R(T ∗)

And it can be extended to R(T ∗), then ∥T 2x∥ ≤ ∥|T | |T ∗| || ||x∥ for all x ∈ R(T ∗).

Let x ∈N (T ) ⇐⇒ T x = 0⇒ T 2x = 0.

We have that H = R(T ∗)⊕N (T ), then ∀x ∈ H,∃x1 ∈ R(T ∗) and ∃x2 ∈ N (T ) such that
x = x1 + x2, then

∥T 2x∥ = ∥T 2(x1 + x2)∥ = ∥T 2x1∥ ≤ ∥|T | |T ∗|||||x1∥ ≤ ∥|T | |T ∗|||
√
∥x1∥2 + ∥x2∥2 = ∥|T | |T ∗|||||x∥

Then ∥T 2x∥ ≤ ∥|T | |T ∗|||||x∥ for all x ∈ H, therefore ∥T 2∥ ≤ ∥|T | |T ∗|||.
Hence ∥|T | |T ∗||| = ∥T 2∥.

Remark 5 The inequality in

∀y ∈ H and ∀x ∈ H : |⟨T x,y⟩|2 ≤ ⟨|T |x,x⟩ · ⟨|T ∗|y,y⟩

the Generalized Schwarz inequality, because if T Positive operator, then |T | = |T ∗| = T .

Theorem 1.13 Let T ∈ B(H). Then there exists a partial isometry U ∈ B(H) such that

T =U |T | where |T | = (T ∗T )
1
2 . (1.1)

Furthermore, U may be chosen such that R(|T |) = R(T ) = ker(T )⊥ is the initial space of U and in
that case the decomposition (1.1) is unique and is called the Polar decomposition of T .

For every T ∈ B(H), the Aluthge transform of T denoted by T̃ ∈ B(H) was first defined by
Aluthge as

T̃ = |T |
1
2U |T |

1
2

The generalised Aluthge transform of T denoted by T̃t is defined by

T̃t = |T |tU |T |1−t for t ∈ [0,1].

Lemme 1.5 Let {0} , K be a nonempty compact subset of C. Then there exists v ∈ K , v , 0 such
that

|K + v| = |K |+ |v|
Proof

By a compactness argument, there exists v ∈ K , v , 0 such that |K | = |v| .
So, |K + v| ≤ |K |+ |v| = 2|v|. But 2v ∈ K + v, then 2|v| ≤ |K + v| and therefore |K + v| = |K |+ |v|.
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Theorem 1.14 Let T ∈ B(H). Then the following are equivalent statements

(1) T is normaloid .

(2) ∥T +λ∥ = ∥T ∥+ |λ| for some λ ∈C∗.

Proof
(1)⇒ (2). Assume that T is normaloid, that is |W (T )| =ω(T ) = ∥T ∥. SinceW (T ) is a compact

subset of C, there exists λ ∈W (T ) (|λ| =ω(T )) satisfying

|W (T ) +λ| = |W (T )|+ |λ| = ∥T ∥+ |λ|

But W (T ) +λ =W (T +λ), then |W (T ) +λ| = |W (T +λ)| = w(T +λ) ≤ ∥T +λ∥.
It results that ∥T ∥+ |λ| ≤ ∥T +λ∥ and so, ∥T +λ∥ = ∥T ∥+ |λ|.

(2)⇒ (1). Let λ be a nonzero scalar such that ∥T +λ∥ = ∥T ∥+ |λ|. By Barraa-Boumazgour ,
we have

|λ|∥T ∥ ∈W (λT ) = λW (T )

It results that ∥T ∥ ≤ ω(T ) and hence ∥T ∥ =ω(T ). This is exactly to say that T is normaloid.

Corollary 1.8 Let T ∈ B(H). Then T is normaloid if and only if

sup
λ∈W (T )

∥T +λ∥ = 2∥T ∥

Proof
Note first that, since |λ| ≤ ∥T ∥ for any λ ∈W (T ), we always have

sup
λ∈W (T )

∥T +λ∥ ≤ sup
λ∈W (T )

(∥T ∥+ |λ|) ≤ 2∥T ∥

If T is normaloid, then states that there exists λ ∈W (T ) , |λ| =ω(T ) = ∥T ∥ and
∥T +λ∥ = ∥T ∥+ |λ| = 2∥T ∥. Hence,

sup
λ∈W (T )

∥T +λ∥ = 2∥T ∥

Conversely, since W (T ) is compact, there exists µ ∈W (T ) such that

sup
λ∈W (T )

(∥T ∥+ |λ|) = ∥T ∥+ |µ|

If T is not normaloid, then |µ| < ∥T ∥ and we obtain

sup
λ∈W (T )

∥T +λ∥ = ∥T ∥+ |µ| < 2∥T ∥
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CHAPTER

2

FUNCTIONAL INEQUALITIES

In this chapter we pressent some famous inequalities ( Cauchy-Schwarz, Hölder, Minkowski,...)
with their proofs and applications. These are vital tools for advanced mathematics and real-world
problems .

2.1 Cauchy-Schwarz inequaliy

Let X is a vector space over R or C , and ⟨., .⟩ an inner product on X ; then (X,⟨., .⟩) be an inner
product space. Then ∀x,y ∈ X , the following inequality holds

| ⟨x,y⟩ |≤
√
⟨x,x⟩

√
⟨y,y⟩ (2.1)

Proof

• if y = 0 then
| ⟨x,y⟩ |=| ⟨x,0⟩ |= 0

and √
⟨x,x⟩

√
⟨0,0⟩ = 0

and therfore
| ⟨x,y⟩ |= 0 ≤

√
⟨x,x⟩ = 0

the inequality is satisfied.

• The general case when y , 0 , We define the function

g(t) = ||x+ ty||2 = ⟨x+ ty,x+ ty⟩ ≥ 0 ∀t ∈C

We calculate g(t)
g(t) = ⟨x,x⟩+ t⟨x,y⟩+ t⟨y,x⟩+ |t|2⟨y,y⟩

We choose a specific complex number

t = −⟨y,x⟩/⟨y,y⟩
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By substituting into g(t), we obtain

g(t) = ⟨x,x⟩ − |⟨y,x⟩|2/⟨y,y⟩ ≥ 0

We move the second term to the other side

|⟨y,x⟩|2 ≤ ⟨x,x⟩⟨y,y⟩

Therefor
| ⟨x,y⟩ |≤

√
⟨x,x⟩

√
⟨y,y⟩

Further if | ⟨x,y⟩ |=
√
⟨x,x⟩

√
⟨y,y⟩, then x and y are linearly dependent.

Theorem 2.1 Let (X,⟨., .⟩) be an inner product space . So ||x|| =
√
⟨x,x⟩ defines a norm.

Remark 6 We are able to write Cauchy-Schwarz inequality that way

| ⟨x,y⟩ |≤ ||x||||y|| ∀x,y ∈ X

Theorem 2.2 (Cauchy-Schwarz inequaliy by sum)
For any real numbers a1, a2, ..., ak and b1,b2, ...,bk the following inequality holds.

(a1b1 + a2b2 + · · ·+ akbk)2 ≤ (a2
1 + a2

2 + · · ·+ a2
k)(b2

1 + b2
2 + · · ·+ b2

k ) k∑
i=1

aibi


2

≤

 k∑
i=1

a2
i


 k∑
i=1

b2
i


Example 2.1 (Fourier Transform)
Let f ,g ∈ L2 ∣∣∣∣∣∫ f (t)g(t)dt

∣∣∣∣∣2 ≤ (∫
|f (t)|2dt

)(∫
|g(t)|2dt

)
Example 2.2 Suppose that a1, a2, a3 ≥ 1 and

1
a1

+
1
a2

+
1
a3

= 2

We have √
a1 − 1 +

√
a2 − 1 +

√
a3 − 1 ≤

√
a1 + a2 + a3

We estabish it as follows
By Cauchy-Schwartz, we have

√
a1 − 1 +

√
a2 − 1 +

√
a3 − 1 =

 3∑
i=1

√
ai − 1
√
ai

√
ai


≤

 3∑
i=1

ai − 1
ai


1/2

(a1 + a2 + a3)1/2

=
(
3− 1

a1
− 1
a2
− 1
a3

)1/2√
(a1 + a2 + a3

=
√
a1 + a2 + a3.

That is to say √
a1 − 1 +

√
a2 − 1 +

√
a3 − 1 ≤

√
a1 + a2 + a3
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2.2 Young’s inequality

Let a,b ≥ 0 and 1 < p,q <∞ betwo conjugate exponents . Then

ab ⩽
1
p
ap +

1
q
bq (2.2)

Proof

• if a = 0 or b = 0 it’s easy

• a,b > 0 the function e is convex , which means that ∀x,y ∈ X and ∀t ∈ [0,1] . Then

e(tx+ (1− t)y) ≤ te(x) + (1− t)e(y)

we have

a.b =eln(a.b)

≤e
(

lnap
p + lnbq

q

)
≤1
p
e(lnap) +

1
q
e(lnbq)

=
1
p
ap +

1
q
bq

Hence
a.b ≤ 1

p
ap +

1
q
bq

2.3 Hölder’s inequality

Let f ∈ Lp and g ∈ Lq with 1 ≤ p,q ≤∞, such that
1
q

+
1
p

= 1 . Then

f ,g ∈ L1(Ω),
∫
Ω

|f (x)g(x)|dx ≤ ∥f ∥Lp∥g∥Lq

Proof

The conclusion is obvious if p =∞, q = 1 . Let’s assume that 1 < p,q <∞, we apply Young’s
inequality ( 2.2 ) .
The proof of Young’s inequality is evident: the log function being concave on R

∗
+ ,

we have

log
(

1
p
ap +

1
q
bq

)
≥ 1
p

logap +
1
q

logbq = logab

So
|f (x)g(x)| ≤ 1

p
|f (x)|p +

1
q
|g(x)|q

It resulted that f ,g ∈ L1 and that∫
Ω

|f (x)g(x)|dx ≤ 1
p
∥f ∥pLp +

1
q
∥g∥qLq
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To find the desired inequality, we replace the pair (f ,g) with (tf ,
1
t
g), where t > 0 . We choose

t =
∥g∥1/pq
∥f ∥1/qp

. So ∫
Ω

|f (x)g(x)|dx ≤
(

1
p

+
1
q

)
∥f ∥p∥g∥q

which is indeed the announced inequality. If p = 1 or p = ∞, we have q = ∞ or q = 1 and the
inequality is immediate by choosing a representative of g such that sup |g(x)| = ||g ||∞
then we have ∫

Ω

|f (x)g(x)|dx ≤ sup |g(x)|
∫
Ω

|f (x)|dx = ∥g∥∞∥f ∥L1

Theorem 2.3 (Hölder’s Inequality by sum)

Let p,q > 0 are real numbers such that
1
q

+
1
p

= 1 for all a1, .., ak ∈ R+ and b1, ..,bk ∈ R+ we have

a1b1 + · · ·+ akbk ≤
(
a
p
1 + · · ·+ apk

) 1
p
(
b
q
1 + · · ·+ bqk

) 1
q what is written using the sum signs.

k∑
i=1

|aibi | ≤

 k∑
i=1

|ai |p


1
p
 k∑
i=1

|bi |q


1
q

for p = 2 = q ( which are suitable since
1
2

+
1
2

= 1) . We find exactly the Cauchy-Schwarz inequaliy k∑
i=1

aibi


2

≤

 k∑
i=1

a2
i


 k∑
i=1

b2
i


2.4 Minkowski inequality

Let p ∈R∗+ and let a1, . . . , ak and b1, . . . , bk ∈R+

Proof

• if p > 1.

((a1 + b1)p + · · ·+ (ak + bk)
p)

1
p ≤ (ap1 + · · ·+ apk )

1
p + (bp1 + · · ·+ bpk )

1
p

this can also be written,using thesummation notation k∑
i=1

|ai + bi |p


1
p

≤

 k∑
i=1

|ai |p


1
p

+

 k∑
i=1

|bi |p


1
p

• if 0 < p < 1, on the contrary k∑
i=1

|ai + bi |p


1
p

≥

 k∑
i=1

|ai |p


1
p

+

 k∑
i=1

|bi |p


1
p

Example 2.3 Let x,y ∈R3 x = (1,2,3), y = (4,5,6) . By simple calculation, we get

||x+ y||2 ≈ 12,45 ≤ 12,51 ≈ ||x||2 + ||y||2

Remark 7 The Minkowski inequality allows us to assert that Lp spaces are normed, and that Rn

can be normed in infinitely many ways.
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2.5 Jensen inequality

Let f be a convex function on a real interval I and x a random variable taking values in I such
that the expectation E(f (x)) exists, then

f (E(x)) ≤ E(f (x))

Proof
Let’s assume that x is a discrete random variable , that takes values in x ∈ D . D = x1,x2, ...,xk

with probabilities P (x = xi) = ki or ti > 0 with
k∑
i=1

ti = 1 then

E(x) =
k∑
i=1

xiλi

the expectation of a function f :D −→R , such that

E(f (x)) =
k∑
i=1

f (xi)ti

≥f

 k∑
i=1

xiti


=f (E(x))

2.6 AM-GM Inequality ( Arithmetic-Geometric Mean Inequality )

Definition 2.1 Let a1, ..., ak be k positive real numbers,
Arithmetic Mean The arithmetic Mean of k real numbers a1, ..., ak is defined as

AM =
a1 + ...+ ak

k

Geometric Mean The geometric Mean of k real numbers a1, ..., ak is defined as

GM = (a1...ak)
1
k

Theorem 2.4 (AM ≥ GM) For non negative real numbers a1, ..., ak we have

a1 + ...+ ak
k

≥ (a1...ak)
1
k

Equality holds , if and only if a1 = a2 = ... = ak .
Proof
Let a1, ..., ak be k positive real numbers.
If

a1a2...ak = 1

Then
a1 + a2 + ...+ ak ≥ k
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• k = 1
is trivial .

• k ≥ 2
Let a1, a2, ..., ak be positive numbers
with

a1a2...ak = 1

Without loss of generality, we can assume that

a1 = max
1≤i≤k

ai ≥ 1 and a2 = min
1≤i≤k

ai ⩽ 1

Thus we have
a1 + a2 − a1a2 − 1 = (a1 − 1)(1− a2) ≥ 0

So
a1 + a2 − a1a2 ≥ 1 (2.3)

Since
a1a2, ..., ak are (k−1) positive numbers with product equal to 1 , by the induction hypothesis
we have

a1a2 + a3 + ...+ ak ≥ k − 1 (2.4)

By adding the two equation 2.3 and 2.4 , we get

a1 + a2 + a3 + ...+ ak ≥ k (2.5)

If equality holds in 2.5 then we must have equality in 2.4, that is a1 = 1 or a2 = 1
hence

a1 = a2 = ... = ak = 1

On the other hand .
For positive real numbers a1, a2, .., ak ,
we set x1 = a1

(a1a2···ak)
1
k
, . . . , xk = ak

(a1a2···ak)
1
k

the numbers x1,x2, ...,xk satisfy the condition x1x2...xk = 1
So we have a1

(a1...ak)
1
k

+ · · ·+ ak

(a1...ak)
1
k

≥ k

hence we obtain a1 + · · ·+ ak
k

≥ (a1...ak)
1
k

with the equality holding only for a1 = a2 = ... = ak.

Example 2.4 Let a1, a2, ..., ak be a positive real numbers , such that

a1a2...ak = 1

We have
(1 + a1)(1 + a2)...(1 + ak) ≥ 2k
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We estabish it as follows

1 + a1 ≥2
√
a1

1 + a2 ≥2
√
a2

.

.

.

1 + an ≥2
√
an

We get

(1 + a1)(1 + a2)...(1 + ak) ≥2k
√
a1a2...ak

≥2k
√

1

Hence
(1 + a1)(1 + a2)...(1 + ak) ≥ 2k

2.7 Other inequalities

Theorem 2.5 (Generalized Schwarz inequality)
Let T ∈ B(H) be a positive operator.
Then

|⟨T x,y⟩|2 ≤ ⟨T x,x⟩⟨T y,y⟩ ∀x,y ∈ H

Remark 8 To prove this theory , we use the previous proof 2.1 , but by taking g(t) = ||T (x+ ty)||2

Theorem 2.6 [15] Let T ,S ∈ B(H) be two positive operators . Then

∥T + S∥ ≤ 1
2

(
∥T ∥+ ∥S∥+

√
(∥T ∥ − ∥S∥)2 + 4∥

√
T
√
S∥2

)
(2.6)

Corollary 2.1 Let T ,S ∈ B(H) be two positive operators . Then

∥T + S∥ ≤max{∥T ∥,∥S∥}+ ∥
√
T
√
S∥ (2.12)

Proof
By 2.6, we have that

∥T + S∥ ≤1
2

(
∥T ∥+ ∥S∥+

√
(∥T ∥ − ∥S∥)2 + 4∥

√
T
√
S∥2

)
≤1

2

(
∥T ∥+ ∥S∥+ |∥T ∥ − ∥S∥|+ 2∥

√
T
√
S∥2

)
Since

max{∥T ∥,∥S∥} = 1
2

(∥T ∥+ ∥S∥+ |∥T ∥ − ∥S∥|)
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then
∥T + S∥ ≤ 1

2

(
2max{∥T ∥,∥S∥}+ 2∥

√
T
√
S∥

)
Therefore

∥T + S∥ ≤max{∥T ∥,∥S∥}+ ∥
√
T
√
S∥

Theorem 2.7 (Mixed Schwartz inequality)
Let T ∈ B(H) , then

| ⟨T x,y⟩ |≤
√
⟨|T |x,x⟩

√
⟨|T ∗|y,y⟩∀x,y ∈ H

Proof
we have |T ∗| ≥ 0, then
∀x,y ∈ H | ⟨|T ∗|x,y⟩ |≤

√
⟨|T ∗|x,x⟩

√
⟨|T ∗|y,y⟩ (Generalized Schwarz inequality)

Since

T |T |2 = T T ∗T = |T ∗|2T and ∥|T |2∥ = ∥T ∗|2∥ = ||T ||2

we get
T
√
|T |2 =

√
|T ∗|2T is equivalent T |T | = |T ∗|T

x = T x,∀x,y ∈ H we obtain

|⟨|T ∗|T x,y⟩|2 ≤⟨|T ∗|T x,T x⟩⟨|T ∗|y,y⟩
⟨T |T |x,y⟩|2 ≤⟨T ∗T |T |x,x⟩⟨|T ∗|y,y⟩

=⟨|T |2|T |x,x⟩⟨|T ∗|y,y⟩
=⟨|T ||T |x, |T |x⟩⟨|T ∗|y,y⟩

Then, ∀x,y ∈ H:
⟨T |T |x,y⟩|2 ≤ ⟨|T ||T |x, |T |x⟩⟨|T ∗|y,y⟩

Thus ∀x ∈ R(T ) and ∀y ∈ H:
| ⟨T x,y⟩ |2≤ ⟨|T |x,x⟩⟨|T ∗|y,y⟩

We can extend it to R(T ) as follows.
Let x ∈ R(T ), ∃(xn) ⊂ R(T ) such that limn→∞xn = x, then ∀n ∈N

| ⟨T xn, y⟩ |2≤⟨|T |xn,xn⟩⟨|T ∗|y,y⟩
=⇒ lim

n→∞
| ⟨T xn, y⟩ |2≤ lim

n→∞
⟨|T |xn,xn⟩⟨|T ∗|y,y⟩

Then, ∀x ∈ R(T ) and ∀y ∈ H,
we have

| ⟨T x,y⟩ |2≤ ⟨|T |x,x⟩⟨|T ∗|y,y⟩

Let x ∈N (|T |)itisequivalentto|T |x = 0, then
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∥|T |x∥2 = ⟨|T |x, |T |x⟩
= ⟨|T |2x,x⟩
= ⟨T ∗T x,x⟩
= ⟨T x,T x⟩
= ∥T x∥2

=⇒ ∥|T |x∥ = ∥T x∥

Then ∥T x∥ = 0 it is equivalent to T x = 0

Therefore for all x ∈N (|T |): T x = 0.
By orthogonal decomposition, H = R(|T |)⊕R(|T |)⊥, but

R(|T |)⊥ =N (|T |∗) =N (|T |)

Then
H = R(|T |)⊕N (|T |)

so that ∀x ∈ H
there exist x1 ∈ R(|T |) and x2 ∈N (|T |) where x = x1 + x2.
Then

|⟨T x,y⟩|2 = |⟨T (x1 + x2), y⟩|2

= |⟨T x1, y⟩+ ⟨T x2, y⟩|2

= |⟨T x1, y⟩|2

≤ ⟨T x1, y⟩|2

≤ ⟨|T |x1,x1⟩⟨|T ∗|y,y⟩

But

⟨|T |x2,x2⟩ = ⟨|T |x2,x1⟩
= ⟨|T |x1,x2⟩
= 0

Thus
(⟨|T |x2,x2⟩+ ⟨|T |x2,x1⟩+ ⟨|T |x1,x2⟩)⟨|T ∗|y,y⟩ = 0

And we have that

|⟨|T |x1,x1⟩|⟨|T ∗|y,y⟩ = ⟨|T |x1,x1⟩⟨|T ∗|y,y⟩+ (⟨|T |x2,x2⟩+ ⟨|T |x2,x1⟩|+ ⟨|T |x1,x2⟩|)⟨|T ∗|y,y⟩|
= ⟨|T ∗|x,x⟩⟨|T ∗|y,y⟩|

Therefor ∀x,y ∈ H;
| ⟨T x,y⟩ |2≤ ⟨|T |x,x⟩⟨|T ∗|y,y⟩

Hence
| ⟨T x,y⟩ |≤

√
⟨|T |x,x⟩

√
⟨|T ∗|y,y⟩

Lemme 2.1 [18] Let T ∈ B(H) a positive operator and let x ∈ H a unit vector .
Then
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(1) ⟨T x,x⟩r ≤ ⟨T rx,x⟩ for r ≥ 1.

(2) ⟨T rx,x⟩ ≤ ⟨T x,x⟩r for 0 < r ≤ 1.

Lemme 2.2 [18] Let T ∈ B(H) self-adjoint. Then

|⟨T x,x⟩| ≤ ⟨|T |x,x⟩ ∀x ∈ H

Lemme 2.3 [18] Let T ∈ B(H) and 0 ≤ α ≤ 1. Then

|⟨T x,y⟩|2 ≤ ⟨|T |2αx,x⟩⟨|T ∗|2(1−α)y,y⟩ ∀x,y ∈ H

Lemme 2.4 [7] Let T ,S ∈ B(H) be two positive operators. Then

∥(T + S)r∥ ≤ ∥T r + Sr∥ f or 0 < r ≤ 1. (2.7)

Singular Values Inequalities

Definition 2.2 The singular values of A, denoted by

s1(A), s2(A), . . . , sn(A)

are the eigenvalues of |A|
(Where eigenvalues of A is a complex nember λ , such that Ax = λx ∀x ∈ H\{0} )

The singular values of A ∈Mn are arranged as

s1(A) ≥ s2(A) ≥ · · · ≥ sn(A).

Note that sj(A) = sj(A∗) = sj(|A|), for j = 1, . . . ,n. It follows from Weyl’s monotonicity principle
that if A,B ∈Mn are positive semidefinite and A ≤ B, then

sj(A) ≤ sj(B) for j = 1, . . . ,n.

It is well known that

sj(A) ≤ sj(B) if and only if sj(A⊕A) ≤ sj(B⊕B), j = 1, . . . ,2n

sj(A⊕B) = sj

([
0 B
A 0

])
, j = 1, . . . ,2n

for any A,B ∈Mn.
Moreover, if A1,A2,B1,B2 ∈Mn are such that sj(A1) ≤ sj(B1) and sj(A2) ≤ sj(B2), then

sj(A1 ⊕A2) ≤ sj(B1 ⊕B2), j = 1, . . . ,2n

The following results, arithmetic geometric mean inequality for singular values.

Theorem 2.8 [8] Let A,B ∈Mn. Then

2sj(AB
∗) ≤ sj(A∗A+B∗B), j = 1, . . . ,n (2.8)

On the other hand, Zhan has proved the following theorem.

37



Theorem 2.9 Let A,B ∈Mn be positive semidefinite. Then

sj(A−B) ≤ sj(A⊕B), j = 1, . . . ,n (2.9)

In addition, Zhan (2002) proved that the inequalities 2.8 and 2.9 are equivalent. Tao gave a
lower bound for singular value of a 2×2 positive semidefinite block matrices and another equiva-
lent form of these inequalities.

Theorem 2.10 Let A,B,C ∈Mn be such that[
A B
B∗ C

]
is positive semidefinite. Then

2sj(B) ≤ sj
([
A B
B∗ C

])
, j = 1, . . . ,n

Theorem 2.11 The following statements are equivalent

1. Let A,B ∈Mn be positive semidefinite matrices. Then

sj(A−B) ≤ sj(A⊕B), j = 1, . . . ,n.

2. For any X,Y ∈Mn
2sj(XY

∗) ≤ sj(X∗X +Y ∗Y ), j = 1, . . . ,n.

3. Let M,N,K ∈Mn be such that [
M K
K∗ N

]
≥ 0

Then

2sj(K) ≤ sj
([
M K
K∗ N

])
, j = 1, . . . ,n.

Theorem 2.12 Let A,B,C,D ∈Mn. Then

2sj(AB
∗ +CD∗) ≤ s2j

([
A B
C D

])
, j = 1,2, . . . ,n.

Proof
Suppose that

T =
[
A B
C D

]
.

Then

sj(T ) = sj(T
∗) = λ

1
2
j (T T ∗)

=
1
2
λ

1
2
j

([
AA∗ +CC∗ AB∗ +CD∗

BA∗ +DC∗ BB∗ +DD∗

])
=

1
2
s

1
2
j

([
AA∗ +CC∗ AB∗ +CD∗

BA∗ +DC∗ BB∗ +DD∗

])
So, we get

2sj(AB
∗ +CD∗) ≤ s2j

([
A B
C D

])
This completes the proof.
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CHAPTER

3

SOME ADVANCED SPECTRAL VALUES
NOTION

This chapter aims to present the basic concepts related to the spectrum, spectral radius, numer-
ical range, and numerical radius of bounded linear operators on a Hilbert space. These concepts
are essential tools in spectral analysis and operator theory. Additionally, we review some im-
portant inequalities that link the numerical radius and the operator norm, such as the classical
inequalities, along with references to some recent improvements on them.

3.1 The spectrum

Definition 3.1 Let T ∈ B(H). Then

(a) The spectrum of T denoted by σ (T ) is the non-empty compact set of all complex numbers λ
defined by

σ (T ) = {λ ∈C : T −λI is not invertible}

(b) the resolvent of T is denoted by ρ(T ), and ρ(T ) = C \ σ (T ).

Lemme 3.1 Let T ∈ B(H), then σ (T ∗) = {λ : λ ∈ σ (T )}.
Proof

λ ∈ ρ(T ) ⇐⇒ T −λI is invertible
⇐⇒ (T −λI)∗ is invertible

⇐⇒ T ∗ −λI is invertible

⇐⇒ λ ∈ ρ(T ∗)

Therefore : λ < ρ(T ) ⇐⇒ λ < ρ(T ∗)
Thus σ (T ∗) = {λ : λ ∈ σ (T )}
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Theorem 3.1 Let T ∈ B(H). Then

1. If ρ is a polynomial then σ (ρ(T )) = {p(λ) : λ ∈ σ (T )}.
2. If T is invertible then σ (T −1) = {λ−1 : λ ∈ σ (T )}.

Corollary 3.1 Let T ∈ B(H). Then

(1) σ (T ) is compact.

(2) ρ(T ) is an open non-empty set.

Proof

(1) The spectrum σ (T ) is bounded (since r(T ) ≤ ∥T ∥) and closed
(as the complement of the resolvent set ρ(T ), which is open). In finite dimensions,
it is also finite. In infinite dimensions, it is closed and bounded, hence compact.

(2) The resolvent set ρ(T ) is open because for any λ ∈ ρ(T ),
there exists ϵ > 0 such that Bϵ(λ) ⊂ ρ(T ).
It is non-empty because σ (T ) is bounded, so ρ(T ) contains all λ
with |λ| > r(T ).

3.2 Spectral radius

The spectral radius of T is the number given by

r(T ) = max{|λ| : λ ∈ σ (T )}.

r(T ) is the radius of the smallest closed disk centred at the origin of the complex plane and
containing σ (T ). The most important property of the spectral radius is the Gelfand formula

r(T ) = lim
n→∞
∥T n∥1/n.

It is well known that for all T ∈ B(H) ,

r(T ) ≤ ∥T ∥.

Proposition 3.1 Let T ,S ∈ B(H). Then

• σ (T S) \ {0} = σ (ST ) \ {0}.

• r(T S) = r(ST ).

Example 3.1 : Real Eigenvalues
Let

A =
[
2 1
1 2

]
Step 1: Find the eigenvalues of A
Solve the characteristic equation:

det(A−λI) = det
[
2−λ 1

1 2−λ

]
= (2−λ)2 − 1 = 0
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(2−λ)2 = 1⇒ 2−λ = ±1⇒ λ = 1,3

Step 2: Spectral Radius
The eigenvalues are λ1 = 1, λ2 = 3

ρ(A) = max(|λ1|, |λ2|) = max(1,3) = 3

Example 3.2 : Complex Eigenvalues
Let

B =
[
0 −1
1 0

]
Step 1: Find the eigenvalues of B .
Solve the characteristic equation

det(B−λI) = det
[
−λ −1
1 −λ

]
= λ2 + 1 = 0

λ2 = −1⇒ λ = i,−i
Step 2: Spectral Radius

|λ1| = |i| = 1, |λ2| = | − i| = 1

ρ(B) = max(|i|, | − i|) = 1

Theorem 3.2 Let T ∈ B(H). Then

(1) If |λ| > ||T ||, then λ ∈ ρ(T ).

(2) σ (T ) is closed set.

Proof
(1) If |λ| > ||T || , then ||λ−1T || < 1 , I −λ−1T is invertible , then T −λI is invertible.
Hence λ ∈ r(T ).

Proposition 3.2 Let H be a Hilbert spaces and let T ∈ B(H) , S ∈ B(H). Then

(a) r
(
0 T
S 0

)
=

√
r(T S)

(b)
∥∥∥∥∥0 T
S 0

∥∥∥∥∥ = max{∥T ∥,∥S∥}

Proof

(a) Consider the block operator A =
(
0 T
S 0

)
. Then

A2 =
(
T S 0
0 ST

)
.

The spectral radius satisfies r(A)2 = r(A2). Since A2 is block-diagonal ,
r(A2) = max{r(T S), r(ST )} .
But r(T S) = r(ST ), so

r(A) =
√
r(T S).
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(b) For any
[
x
y

]
∈ H⊕H , we have

∥∥∥∥∥∥A
[
x
y

]∥∥∥∥∥∥ =

∥∥∥∥∥∥
[
T y
Sx

]∥∥∥∥∥∥ =
√
∥T y∥2 + ∥Sx∥2.

The operator norm is

∥A∥ = sup
∥x∥2+∥y∥2=1

√
∥T y∥2 + ∥Sx∥2 = max{∥T ∥,∥S∥}

Theorem 3.3 Let T ∈ B(H) be a diagonal operator matrix (or T =
⊕n

i=1Tii) . Then

∥T ∥ = max(∥T11∥,∥T22∥, . . . ,∥Tnn∥)

r(T ) = max(r(T11), r(T22), . . . , r(Tnn))

Theorem 3.4 [11] LetH1,H2, . . . ,Hn be Hilbert spaces and let T = [Tij]n×n be an operator matrix,
with Tij ∈ B(Hj ,Hi) for all i, j = 1,2, . . . ,n and let A = [∥Tij∥]n×n . Then

∥T ∥ ≤ ∥A∥ = ∥[∥Tij∥]n×n∥

r(T ) ≤ r(A) = r([∥Tij∥]n×n)

Definition 3.2 Let T ∈ B(H) . Then

(1) The ponctual spectrum of T is the set

σp(T ) = {λ ∈C :N (T −λI) , {0}}

λ ∈ σp(T ) is called eigenvalue of T , and the x ∈ H\{0} that verifies T x = λx is called eigen-
vector of λ .

(2) The continuous spectrum of T is the set

σc(T ) = {λ ∈C :N (T −λI) = {0},R(T −λI) =H}

(3) The residual spectrum of T is the set

σr(T ) = {λ ∈C :N (T −λI) = {0},R(T −λI) ⊊H}

(4) The approximate spectrum of T is the set

σap(T ) = {λ ∈C : ∃(xn) ⊂H : ∥xn∥ = 1, lim
n→∞

(T −λI)xn = 0}

Corollary 3.2 If H is a finite-dimensional Hilbert space, then σ (T ) = σp(T ) for all T ∈ B(H).
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3.3 Numerical Range

Definition 3.3 The Numerical Range (also known as field of values) of an operator T ∈ B(H) is
the non empty subset of the complex numbers C , given by

W (T ) = {⟨T x,x⟩ : x ∈ H,∥x∥ = 1}

Proposition 3.3 Let T ,S ∈ B(H) , F subspace of H and α,β ∈C . Then

1. W (αI + βT ) = α + βW (T )

2. W (T ∗) = {λ : λ ∈W (T )}

3. W (U ∗TU ) =W (T ) for any unitary U ∈ B(H)

4. W (T |F) ⊂W (T )

5. W (T + S) ⊂W (T ) +W (S)

6. W (Re(T )) = Re(W (T )) and W (Im(T )) = Im(W (T ))

Proof

1. For any unit vector x ∈ H (i.e., ∥x∥ = 1), we have

(αI + βT )x = αx+ βT x

Therefore
⟨(αI + βT )x,x⟩ = α⟨x,x⟩+ β⟨T x,x⟩ = α + β⟨T x,x⟩

Since ⟨T x,x⟩ ∈W (T ), it follows that

W (αI + βT ) = {α + βλ : λ ∈W (T )} = α + βW (T )

2. For any unit vector x ∈ H
⟨T ∗x,x⟩ = ⟨x,T x⟩ = ⟨T x,x⟩

If λ = ⟨T x,x⟩ ∈W (T ) , then λ ∈W (T ∗) .
Hence,

W (T ∗) = {λ : λ ∈W (T )}

3. For any unit vector x ∈ H , define y =Ux.
Since U is unitary, ∥y∥ = ∥x∥ = 1. Thus,

⟨U ∗TUx,x⟩ = ⟨TUx,Ux⟩ = ⟨T y,y⟩.

Since y is a unit vector, ⟨T y,y⟩ ∈W (T ).
Therefore, W (U ∗TU ) ⊆W (T ).
For the reverse inclusion, note that U is invertible and U ∗ is also unitary.
For any λ ∈W (T ) , there exists y such that λ = ⟨T y,y⟩. Let x =U ∗y. Then,

⟨U ∗TUx,x⟩ = ⟨T y,y⟩ = λ

Hence, W (T ) ⊆W (U ∗TU ) , and thus W (U ∗TU ) =W (T )
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4. For any unit vector x ∈ F (where ∥x∥ = 1):

⟨T |Fx,x⟩ = ⟨T x,x⟩ ∈W (T )

Therefore, W (T |F) ⊆W (T ).

5. For any unit vector x ∈ H

⟨(T + S)x,x⟩ = ⟨T x,x⟩+ ⟨Sx,x⟩

Since ⟨T x,x⟩ ∈W (T ) and ⟨Sx,x⟩ ∈W (S), it follows that

W (T + S) ⊆W (T ) +W (S)

6. Recall that
Re(T ) =

T + T ∗

2
, Im(T ) =

T − T ∗

2i
Using properties 1 and 5:

W (Re(T )) =
1
2
W (T + T ∗) ⊆ 1

2
(W (T ) +W (T ∗)) = Re(W (T ))

where W (T ∗) = {λ : λ ∈W (T )}.
To show equality, note that:

Re(⟨T x,x⟩) = ⟨Re(T )x,x⟩

and thus Re(W (T )) ⊆W (Re(T )).

Therefore W (Re(T )) = Re(W (T ))

Similarly W (Im(T )) = Im(W (T ))

Example 3.3 Let T ∈ B(H) be the unilateral shift on ℓ2, the Hilbert space of square summable
sequences. For any x = (x1,x2,x3, . . .) ∈ H, ∥x∥ = 1, we have T x = (x2,x3,x4, . . .) and hence consider

⟨T x,x⟩ = x1x2 + x2x3 + x3x4 + · · ·

with
|x1|2 + |x2|2 + |x3|2 + · · · = 1

Notice that
|⟨T x,x⟩| ≤ |x1||x2|+ |x2||x3|+ |x3||x4|+ · · ·

≤ 1
2

[
|x1|2 + 2|x2|2 + 2|x3|2 + · · ·

]
≤ 1

2

[
2− |x1|2

]
Hence |⟨T x,x⟩| < 1 if |x1| , 0. For |x1| = 0 and x containing a finite number of nonzero entries,

we can show in the same way that |⟨Ax,x⟩| < 1 by considering the minimum natural number n for
which xn , 0.

Thus W (T ) is contained in the open disk {z : |z| < 1}. We now show that it is in fact the open
unit disk. Let z = reiθ,0 ≤ r < 1, be any point of this disk.

Consider
x = (
√

1− r2, r
√

1− r2eiθ, r2
√

1− r2e2iθ, . . .)
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Observe that
∥x∥2 = 1− r2 + r2(1− r2) + r4(1− r2) + · · · = 1

Furthermore
⟨T x,x⟩ = r(1− r2)eiθ + r3(1− r2)eiθ + · · · = reiθ

Thus z ∈W (T ), so that
W (T ) = {z : |z| < 1}

Theorem 3.5 [26] (Toeplitz-Hausdorff) : For any operator T ∈ B(H) on a Hilbert space H:

1. The numerical range W (T ) is convex

2. The spectrum satisfies σ (T ) ⊆W (T )

Proof (of Convexity)
Let λ1,λ2 ∈W (T ) and t ∈ [0,1]. We construct λt = tλ1 + (1− t)λ2 ∈W (T ):

1. Choose unit vectors x1,x2 with ⟨T xi ,xi⟩ = λi

2. For θ ∈ [0,2π], define
xθ =

√
teiθx1 +

√
1− tx2

3. Normalize yθ = xθ/∥xθ∥

4. The function
f (θ) = ⟨T yθ, yθ⟩

is continuous and satisfies f (0) = λ2, f (π) = λ1

5. By Intermediate Value Theorem, f attains all values between λ1 and λ2

Proof (of Spectral Inclusion):
For any λ ∈ σ (T ):

Case 1: λ is an eigenvalue

• ∃x ∈ H with ∥x∥ = 1 and T x = λx

• Then ⟨T x,x⟩ = λ ∈W (T )

Case 2: λ is not an eigenvalue

• There exists a sequence {xn} with ∥xn∥ = 1 and ∥(T −λ)xn∥ → 0

• We have
|⟨T xn,xn⟩ −λ| = |⟨(T −λ)xn,xn⟩| ≤ ∥(T −λ)xn∥ → 0

• Thus λ = lim⟨T xn,xn⟩ ∈W (T )

Corollary 3.3 (Spectrum Bounding): For W (T ) = {z ∈C : |z| < 1}

• σ (T ) ⊆D (closed unit disk)

• More generally, σ (T ) is contained in the smallest closed convex set containing W (T )

Applications

• For self-adjoint operators: W (T ) ⊆R⇒ σ (T ) ⊆R

45



• For contractions: ∥T ∥ ≤ 1⇒W (T ) ⊆D⇒ σ (T ) ⊆D

Theorem 3.6 [14] Let T be an operator on a two-dimensional space. Then W (T ) is an ellipse
whose foci are the eigenvalues of T .

Proof

Let T =
[
λ1 a
0 λ2

]
, where λ1 and λ2 are the eigenvalues of T .

First, if λ1 = λ2 = λ, we have

T −λI =
[
0 a
0 0

]
Then W (T −λI) ⊆ {z : |z| ≤ |a|2 }

We now show that W (T −λI) = {z : |z| ≤ |a|2 }.
Let z = reiθ, 0 ≤ r ≤ |a|2 , and let x = (acosα, 1

|a| sinαeiθ), where sin2α = 2
|a|r ≤ 1 and 0 ≤ α ≤ π

4 ,
then

⟨(T −λI)x,x⟩ = |a|eiθ cosα sinα = |a|eiθ sin2α
2

= reiθ

so that
W (T −λI) = {z : |z| ≤ |a|

2
}.

Corollary 3.4 Let T ∈ B(H). If W (T ) is a line segment, then T is normal.

Proof
There exist α,β ∈C and self-adjoint operator S such that T = αS + βI .
Then T ∗ = αS + βI , therefore

T T ∗ = (αS + βI)(αS + βI) = |α|2S + |β|2I +αβS + βαS

T ∗T = (αS + βI)(αS + βI) = |α|2S + |β|2I +αβS + βαS

Hence T T ∗ = T ∗T

3.4 Numerical Radius

As the spectrum, the numerical range also links a set with each operator, this set called the set
of valued-function of operators and this link generates a numerical function called Numerical
Radius.

Definition 3.4 The numerical radius of an operator T ∈ B(H) denoted by ω(·) and given by

ω(T ) = sup
∥x∥=1

|⟨T x,x⟩|

Obviously, ∀x ∈ H, we have
|⟨T x,x⟩| ≤ ω(T )∥x∥2

Proposition 3.4 For all T ,S ∈ B(H), and λ ∈C

• ω(T ) ≥ 0 and ω(T ) = 0 if and only if T = 0
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• ω(λT ) = |λ|ω(T )

• ω(T + S) ≤ω(T ) +ω(S)

This norm is unitary invariant, means that

ω(A) = ω(U ∗AU )

for all unitary operator U and it is equivalent to the usual operator norm, we present this
equivalence in this Theorem.

Example 3.4 Consider the operator T ∈ B(C∈) represented by the matrix

T =
(
0 2
0 0

)
Computing the Numerical Radius :
The numerical radius of T is defined as

ω(T ) = sup{|⟨T x,x⟩| : x ∈C2,∥x∥ = 1}

1. Compute the numerical range: For a unit vector x = (x1,x2) ∈ C2 with |x1|2 + |x2|2 = 1, we
have:

⟨T x,x⟩ = 2x2x1

2. Parameterize using angles:
Let x1 = eiθ cosφ , x2 = eiψ sinφ where φ ∈ [0,π/2], θ,ψ ∈ [0,2π]. Then

|⟨T x,x⟩| = 2|sinφcosφ| = |sin(2φ)| ≤ 1

3. The maximum value 1 is achieved when φ = π/4.

Comparison with Operator Norm :
The operator norm of T is

∥T ∥ = sup
∥x∥=1

∥T x∥ =
√
λmax(T ∗T ) = 2

Thus for this operator we have
ω(T ) = 1 < 2 = ∥T ∥

This illustrates the general inequality

1
2
∥T ∥ ≤ ω(T ) ≤ ∥T ∥

Geometric Interpretation :
The numerical range W (T ) is the closed unit disk in C, while the numerical radius ω(T ) = 1

is its radius. This shows that for non-normal operators, the numerical radius can be strictly less
than the operator norm.
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Theorem 3.7 [14] Let T ∈ B(H). Then

1
2
∥T ∥ ≤ ω(T ) ≤ ∥T ∥

Proof
Let λ = ⟨T x,x⟩, with ∥x∥ = 1 and let y ∈ H, we have by the Schwarz inequality

|λ| = |⟨T x,x⟩| ≤ ∥T x∥ ≤ ∥T ∥

To prove the second inequality, we use the polarization identity, which may be verified by direct
computation

4⟨T x,y⟩ = ⟨T (x+ y), (x+ y)⟩ − ⟨T (x − y), (x − y)⟩
+ i⟨T (x+ iy), (x+ iy)⟩ − i⟨T (x − iy), (x − iy)⟩

Hence

4⟨T x,y⟩ ≤ ω(T )
[
∥x+ y∥2 + ∥x − y∥2 + ∥x+ iy∥2 + ∥x − iy∥2

]
= 4ω(T )

(
∥x∥2 + ∥y∥2

)
Choosing ∥x∥ = ∥y∥ = 1, we get

4⟨T x,y⟩ ≤ 8ω(T )

Thus
∥T ∥ ≤ 2ω(T )

The next Theorem gives a useful characterization of the numerical radius.

Theorem 3.8 Let [14] T ∈ B(H). If R(T )⊥ R(T ∗), then

ω(T ) =
∥T ∥

2

Proof
Let x = x1 + x2 be a unit vector in H = N (T )⊕R(T ∗), where x1 ∈ N (T ) and x2 ∈ R(T ∗). Thus we
have

|⟨T x,x⟩| = |⟨T (x1 + x2),x1 + x2⟩| = |⟨T x2,x1⟩|

Since T x1 = 0 and ⟨T x2,x2⟩ = ⟨x2,T
∗x2⟩ = 0, we get

|⟨T x,x⟩| ≤ ∥T ∥∥x1∥∥x2∥ ≤
∥T ∥

2
(∥x1∥+ ∥x2∥) =

∥T ∥
2

then
∥T ∥

2
≤ω(T ) ≤ ∥T ∥

2

Example 3.5 Let

A =
[
0 1
0 0

]
We want to compute the numerical radius ω(A), which is defined as

ω(A) = sup{|x∗Ax| : x ∈Cn,∥x∥ = 1}
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Let x =
[
x1
x2

]
∈C2, with ∥x∥ = 1⇒ |x1|2 + |x2|2 = 1

x∗Ax =
[
x1 x2

][0 1
0 0

][
x1
x2

]
= x1x2

So
|x∗Ax| = |x1x2| = |x1||x2|

To maximize this subject to |x1|2 + |x2|2 = 1, let |x1| = cosθ, |x2| = sinθ, then

|x1||x2| = cosθ sinθ =
1
2

sin(2θ)

The maximum value of sin(2θ) is 1, so:

ω(A) = max |x∗Ax| = 1
2

ω(A) =
1
2

Theorem 3.9 Let T ∈ B(H). If T is idempotent and ω(T ) ≤ 1, then T is an orthogonal projection.
Proof

To prove this theorem it is sufficient to prove that T is null on R(T )⊥.
Let x ∈ R(T )⊥ and y = T x. Then for t ≥ 0, we have

T (x+ ty) = y + tT 2y = (1 + t)y

As x ⊥ y, we have

⟨T (x+ ty),x+ ty⟩ =⟨(1 + t)y,x+ ty⟩
=⟨(1 + t)y, ty⟩ = (1 + t)t∥y∥2

On the other hand, we have

(1 + t)t∥y∥2 =|⟨T (x+ ty),x+ ty⟩|
≤ω(T )∥x+ ty∥2 = ∥x∥2 + t∥y∥2

because ω(T ) ≤ 1. Thus
t∥y∥2 ≤ ∥x∥2

Since t is arbitrary, we conclude that ∥y∥ = 0 and T = 0 on R(T )⊥.

Corollary 3.5 we have

a) If ω(T ) = ||T ||, then r(T ) = ||T ||.

b) If λ ∈W (T )and|λ| = ||T || , then λ ∈ σp(T ).

Theorem 3.10 [24] For any operator T ∈ B(H),n ∈N, we have

ω(T n) ≤ωn(T )

Proof
We proceed by induction on n.

Base case (n = 1): Trivially true since w(T 1) = w(T ).
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Inductive step: Assume w(T k) ≤ wk(T ) holds for some k ≥ 1.
Then for any unit vector x ∈ H:

|⟨T k+1x,x⟩| =|⟨T (T kx),x⟩|
≤w(T )∥T kx∥
≤w(T ) ·w(T k)

≤w(T ) ·wk(T )

=wk+1(T )

Taking supremum over all unit vectors x gives

w(T k+1) ≤ wk+1(T )

The result follows by mathematical induction.

Theorem 3.11 [16] For all operator T ∈ B(H) , we have

ω(T ) ≤ 1
2

(||T ||+ ||T 2||
1
2 )

Proof
For any unit vector x ∈ H , we have

|⟨T x,x⟩|2 ≤⟨|T |x,x⟩⟨|T ∗|x,x⟩ (by (2.1)

≤1
4

(⟨|T |x,x⟩+ ⟨|T ∗|x,x⟩)2

≤1
4

(∥T ∥+ ∥T 2∥1/2)2

The last inequality follows because

• ⟨|T |x,x⟩ ≤ ∥|T |∥ = ∥T ∥

• ⟨|T ∗|x,x⟩ ≤ ∥|T ∗|∥ = ∥T ∥
But more precisely

⟨|T ∗|x,x⟩2 ≤ ⟨|T ∗|2x,x⟩ = ⟨T T ∗x,x⟩ ≤ ∥T 2∥
since |T ∗|2 = T T ∗ and ⟨T T ∗x,x⟩ = ∥T ∗x∥2 ≤ ∥T 2∥ when ∥x∥ = 1.

Taking square roots and supremum over all unit vectors x gives the result.

Theorem 3.12 [10] If for an operator T ∈ B(H) we denote |T | =
√
T ∗T , then

ωr(T ) ≤ 1
2

∥∥∥|T |2αr + |T ∗|2(1−α)r
∥∥∥ (3.1)

ω2r(T ) ≤
∥∥∥α|T |2r + (1−α)|T ∗|2r

∥∥∥ (3.2)

where α ∈ (0,1) and r ≥ 1.
If we take α = 1

2 and r = 1 we get

ω(T ) ≤ 1
2
∥|T |+ |T ∗|∥

ω2(T ) ≤ 1
2

∥∥∥|T |2 + |T ∗|2
∥∥∥
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Theorem 3.13 [19] Let T ∈ B(H). Then

1
4
∥T ∗T + T T ∗∥ ≤ ω(T )2 ≤ 1

2
∥T ∗T + T T ∗∥

Proof
Let x ∈ H where ∥x∥ = 1, we get

|⟨T x,x⟩|2 ≤ ⟨|T |x,x⟩⟨|T ∗|x,x⟩

≤ 1
2

(
⟨|T |x,x⟩2 + ⟨|T ∗|x,x⟩2

)
≤ 1

2

(
∥T |x∥2 + ∥T ∗|x∥2

)
=

1
2

(⟨T ∗T x,x⟩+ ⟨T T ∗x,x⟩)

=
1
2
⟨(T ∗T + T T ∗)x,x⟩

≤ 1
2
∥T ∗T + T T ∗∥

Hence
ω(T )2 ≤ 1

2
∥T ∗T + T T ∗∥ (3.3)

• T = Re(T ) + i Im(T ) such that Re(T ) = 1
2(T + T ∗) and Im(T ) = 1

2i (T − T
∗), and by simple

calculation, we get that T ∗T + T T ∗ = 2(Re(T )2 + Im(T )2).

Let x ∈ H where ∥x∥ = 1, since Re(T ) and Im(T ) are self-adjoint, and using the convexity of
the square function, we obtain

|⟨T x,x⟩|2 = (Re(T )x,x)2 + (Im(T )x,x)2

≤ 1
2

(
(Re(T )x,x)2 + (Im(T )x,x)2

)
=

1
2

(
(Re(T )x,x)2 + (Im(T )x,x)2

)

⇒ω(T )2 = sup
∥x∥=1

|⟨T x,x⟩|2 =
1
2

sup
∥x∥=1

(
⟨Re(T )x,x⟩2 + ⟨Im(T )x,x⟩2

)
≤ 1

2
∥Re(T )2 + Im(T )2∥

Therefore

2(ω(T )2) ≥ ∥Re(T )2 + Im(T )2∥

=
1
2
∥T ∗T + T T ∗∥

Thus
1
4
∥T ∗T + T T ∗∥ ≤ ω(T )2

Theorem 3.14 Let A,B ∈Mn. Then

w(AB) ≤ w2
[
0 A
B 0

]
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Proof
We have

w

[
0 A
B 0

]2

≤ w2
[
0 A
B 0

]
Thus

w

[
AB 0
0 BA

]
≤ w2

[
0 A
B 0

]
So

max(w(AB),w(BA)) ≤ w2
[
0 A
B 0

]
w(AB) ≤ w2

[
0 A
B 0

]
This completes the proof.
The following theorem gives a new upper bound for the numerical radius of product matrices.

Theorem 3.15 Let A,B ∈Mn. Then

w(AB) ≤ 1
2

(∥BA∥+ ∥A∥∥B∥)

Proof
For θ ∈R, we have ∥∥∥Re(eiθAB)

∥∥∥ = r
(
Re(eiθAB)

)
=

1
2
r
(
eiθAB+ e−iθB∗A∗

)
=

1
2
r

([
eiθAB+ e−iθB∗A∗ 0

0 0

])
=

1
2
r

([
eiθA B∗

0 0

][
e−iθB 0

0 A∗

])
Using a commutativity property of the spectral radius, we have∥∥∥Re(eiθAB)

∥∥∥ =
1
2
r

([
e−iθA∗ 0

0 B

][
eiθA B∗

0 0

])

=
1
2
r

([
eiθBA BB∗

A∗A e−iθA∗B

])
≤ 1

2
r

([
∥BA∥ ∥BB∗∥
∥A∗A∥ ∥A∗B∥

])
=

1
2

(∥BA∥+ ∥A∥∥B∥)

Taking the maximum over θ ∈R in both sides, we get

w(AB) ≤ 1
2

(∥BA∥+ ∥A∥∥B∥)

This completes the proof.
At the end of this section, we estimate the numerical raduis of produducts and sums of matrices.

52



Theorem 3.16 [10] If T = A+ iB is the Cartesian decomposition of T , then

ωr(T ) ≤ ∥|A|r + |B|r∥

for r ∈ [0,2].
If r ≥ 2, then

ωr(T ) ≤ 2
r
2−1 ∥|A|r + |B|r∥

and
2−

r
2−1 ∥|A+B|r + |A−B|r∥ ≤ωr(T ) ≤ 1

2
∥|A+B|r + |A−B|r∥

We observe that for r = 1, we get

ω(T ) ≤ ∥|A|+ |B|∥

while for r = 2, we get
ω2(T ) ≤

∥∥∥|A|2 + |B|2
∥∥∥

1
4

∥∥∥|A+B|2 + |A−B|2
∥∥∥ ≤ω2(T ) ≤ 1

2

∥∥∥|A+B|2 + |A−B|2
∥∥∥ .

Theorem 3.17 [10] For any A,B,C,D,S,T ∈ B(H) , we have

w(ATB+CSD) ≤ 1
2

∥∥∥A|T ∗|2(1−α)A∗ +B∗|T |2αB+C|S∗|2(1−α)C∗ +D∗|S |2αD
∥∥∥ ,

where α ∈ [0,1].
Following we list here some particular inequalities of interest. If we take T = I

and S = 0 we get

w(AB) ≤ 1
2
∥AA∗ +B∗B∥

In addition to this we have the related inequality

w(AB) ≤ 1
2
∥A∗A+BB∗∥

If we choose T = S = I , C = B and D = ±A , we get

w(AB±BA) ≤ 1
2
∥A∗A+AA∗ +BB∗ +B∗B∥

which provides an upper bound for the numerical radius of the commutator AB−BA.
If we take α = 1

2 , we also can derive the inequality

w(AB±B∗A) ≤ 1
2
∥|A|+ |A∗|+B∗(|A|+ |A∗|)B∥.
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CHAPTER

4

SOME ADVANCED INEQUALITIES

This chapter presents some refined inequalities linking the operator norm and the numerical
radius on Hilbert spaces. By introducing the(a,b)-norm ||.||a,b , sharper and more effective bounds
are established. Applications include various operator forms and structured operator matrices.

4.1 The(a,b)-norm and its properties

Theorem 4.1 Let T ∈ B(H) and a,b ∈N∗. Then the mapping given by

||T ||a,b = ||a|T |+ b|T ∗|||

defines a norm on B(H). Where |T | =
√
T ∗T

Proof

• If T = 0, it is obvious that ∥|T ||a,b = 0.
Conversely, assume that ||T ||a,b = 0, then
for all x ∈ H where ∥x∥ = 1:

||(a|T |+ b|T ∗|)x|| = 0⇒ |T x| = |T ∗x| = 0

Thus |T | = 0, hence T = 0.
Therefore

T = 0 ⇐⇒ ||T ||a,b = 0

• Let λ ∈C and T ∈ B(H), then

∥λT ∥a,b =||a|(λT )x|+ b|(λT )∗x|||
=||a|λT |+ b|λ̄T ∗|||
=||a|λ||T x|+ b|λ̄||T ∗x|||
=|λ|||a|T x|+ b|T ∗x|||
=|λ|∥T ∥a,b
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Then ∥λT ∥a,b = |λ|∥T ∥a,b.

• Let T ,S ∈ B(H), then

∥T + S∥a,b = ||a|(T + S)|+ b|(T + S)∗|||

We have

|T + S | ≤|T |+ |S |

|T + S |2 =(
√

(T + S)∗(T + S) )2

=T ∗T + T ∗S + S∗T + S∗S

=|T |2 + T ∗S + S∗T + |S |2

and

(|T |+ |S |)2 =|T |2 + |T ||S |+ |S ||T |+ |S |2

=T ∗T + |T ||S |+ |S ||T |+ S∗S

Prove that
T ∗S + S∗T ≤ 2|T ||S |

we notice that T ∗S + S∗T = T ∗S + (T ∗S)∗

It is well known
||T x|| = |||T |x||

||Sx|| = |||S |x||

So
|⟨T x,Sx⟩| ≤ |||T |x|||||S |x||

.

⟨(T ∗S + S∗T )x,x⟩ =⟨(T ∗S + (T ∗S)∗)x,x⟩
=⟨T ∗Sx,x⟩+ ⟨x,T ∗Sx⟩
=⟨Sx,T x⟩+ ⟨T x,Sx⟩ = 2 Im(⟨T x,Sx⟩)

.

|⟨(T ∗S + S∗T )x,x⟩| =2|Im(⟨T x,Sx⟩|
≤2|⟨T x,Sx⟩|
≤2|||T |x|| |||S |x||

That is
⟨(T ∗S + S∗T )x,x⟩ ≤ 2|||T |x|| |||S |x||

∀x ∈ H
T ∗S + S∗T ≤ 2|T ||S |

|T + S |2 = |T |2 + T ∗S + S∗T + |S |2

≤ |T |2 + 2|T ||S |+ |S |2

= (|T |+ |S |)2

55



Since |T + S | ≤ |T |+ |S |
|(T + S)∗| ≤ |T ∗|+ |S∗|a|T + S | ≤ a|T |+ a|S |

b|(T + S)∗| ≤ b|T ∗|+ b|S∗|

a|T + S |+ b|(T + S)∗| ≤a|T |+ a|S |+ b|T ∗|+ b|S∗|
≤a|T |+ b|T ∗|+ a|S |+ b|S∗|

Since ||a|T + S |+ b|T + S |∗|| ≤||a|T |+ b|T ∗|+ a|S |+ b|S∗||
≤||a|T |+ b|T ∗|||+ ||+ a|S |+ b|S∗||
=||T ||a,b + ||S ||a,b

Hence ∥ · ∥a,b defines a norm on B(H).

Remark 9 If a = 0 and b ∈N∗, then ∥T ∥a,b = b|||T ∗||| = b||T ||,
and the same if b = 0 and a ∈N∗, then ∥T ∥a,b = a|||T |||, that is why we take a,b ∈N∗.

Lemme 4.1 Let T ∈ B(H) and a,b ∈N∗. Then we have

max{a,b}∥T ∥ ≤ ∥T ∥a,b ≤ (a+ b)∥T ∥ (4.1)

Proof
Let x ∈ H such that ||x|| = 1, then

||T ||a,b = ||a|T |+ b|T ∗| || ≤ (a+ b)|||T ||| = (a+ b)||T ||

Therefore
∥T ∥a,b ≤ (a+ b)||T ||

we have that
a||T || ≤ ||a|T |+ b|T ∗||| = ||T ||a,b

and the same , we have
b||T || ≤ ||a|T |+ b|T ∗||| = ||T ||a,b

Hence
max{a,b}∥T ∥ ≤ ∥T ∥a,b ≤ (a+ b)∥T ∥

Corollary 4.1 Let T ∈ B(H) and a,b ∈N∗. Then

||T || ≤ ||T ||a,b
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Proof

||T || ≤a||T ||
=||a|T |||
≤||a|T |+ b|T ∗| ||

because : 1 ≤ a,b

Hence
||T || ≤ ||T ||a,b

Remark 10 By 4.1 mean that ||.||a,b and ||.|| are equivalent norms .

Proposition 4.1 Let T ∈ B(H) and a,b ∈N∗. Then

• ||T ∗||a,b = ||T ||b,a

• if T is normal : ||T n||a,b = (a+ b)||T ||n

• if T is normal : ||T n||a,b = (a+ b)1−n||T ||na,b
Proof
Let T ∈ B(H) and a,b ∈N∗. Then

•

||T ∗||a,b =||a|T ∗|+ b|(T ∗)∗| ||
=||a|T ∗|+ b|T | ||
=||T ||b,a

•

||T ||a,b =||a|T |+ b|T ∗| ||
=||(a+ b)|T | ||
=(a+ b)||T ||

By placing T n in T
||T n||a,b = (a+ b)||T n||

by T normal
||T n|| = ||T ||n

Hence
||T n||a,b = (a+ b)||T ||n (4.2)

• we have

(a+ b)||T || =||T ||a,b
||T || =(a+ b)−1||T ||a,b
||T ||n =(a+ b)−n||T ||na,b

1
(a+ b)

||T ||na,b =(a+ b)−n||T ||na,b (By4.2)

||T n||a,b =(a+ b)(a+ b)−n||T ||na,b
||T n||a,b =(a+ b)1−n||T ||na,b
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Example 4.1

• Let ℓ2 be the Hilbert space

ℓ2 =

(x1,x2,x3, . . . )

∣∣∣∣∣∣∣
∞∑
i=1

|xi |2 <∞


Define the operator T : ℓ2→ ℓ2 as

T (x1,x2,x3, . . . ) = (0,x1,x2,x3, . . . )

This is called the unilateral shift operator.
It shifts all coordinates one position to the right and inserts 0 at the beginning.

and

The adjoint of T is
T ∗(x1,x2,x3, . . . ) = (x2,x3,x4, . . . )

This operator shifts components one step to the left, dropping the first entry.
Clearly , T , T ∗, so T is not self-adjoint.

Compute |T | and |T ∗|
We use the polar decomposition definitions

|T | =
√
T ∗T , |T ∗| =

√
T T ∗

We compute
T ∗T = I ⇒ |T | =

√
I = I

T T ∗ = P where P is a projection operator (i.e., P 2 = P )⇒ |T ∗| =
√
P = P

Compute the ∥ · ∥a,bNorms

First
∥T ∥b,a = ∥b|T |+ a|T ∗|∥ = ∥bI + aP ∥

Since P is a projection, its spectrum is contained in {0, 1}, so

∥bI + aP ∥ = max(b,b+ a)

Similarly
∥T ∗∥a,b = ∥a|T ∗|+ b|T |∥ = ∥aP + bI∥ = max(a,b+ a)

Hence
∥T ∗∥a,b = ∥T ∥b,a

This confirms the identity for the unilateral shift operator, which is not self-adjoint.
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• ∥T n∥a,b = (a+ b)∥T n∥ for Normal Operators

Definition of the operator T

We consider the operator

T =
(
2 0
0 3

)
∈ B(C∈)

This is a diagonal operator and thus normal, since

T ∗T = T T ∗

Computing T n

Since T is diagonal, its powers are computed directly

T n =
(
2n 0
0 3n

)
Computing ∥T n∥ :

As T n is diagonal:
∥T n∥ = max(|2n|, |3n|) = 3n for all n ∈N∗

Definition of the New Norm ∥ · ∥a,b
For any bounded operator T ∈ B(H) and integers a,b ∈N∗

∥T ∥a,b = ∥a|T |+ b|T ∗|∥

Computing ∥T n∥a,b
Since T n is normal

|T n| = |T n∗| =
(
2n 0
0 3n

)
Therefore

∥T n∥a,b = ∥a|T n|+ b|T n∗|∥ = ∥(a+ b)|T n|∥ = (a+ b) · ∥T n∥

Since
∥T n∥ = 3n

We conclude
∥T n∥a,b = (a+ b) · 3n

• ∥T n∥a,b = (a+ b)1−n · ∥T ∥na,b for a Normal Operator

Recall from the previous example , we have

∥T ∥ = 3, ∥T ∥a,b = (a+ b) · 3, ∥T n∥ = 3n

Since T is diagonal, it is normal, and so is T n for all n ∈N.

Compute ∥T n∥a,b :

Since T n is normal, we have

|T n| = |T n∗| = T n⇒ ∥T n∥a,b = ∥a|T n|+ b|T n∗|∥ = ∥(a+ b) · T n∥ = (a+ b) · ∥T n∥
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⇒ ∥T n∥a,b = (a+ b) · 3n

Compute the Right-Hand Side :

From the previous example

∥T ∥a,b = (a+ b) · 3⇒ ∥T ∥na,b = ((a+ b) · 3)n = (a+ b)n · 3n

Then
(a+ b)1−n · ∥T ∥na,b = (a+ b)1−n · (a+ b)n · 3n = (a+ b) · 3n

Conclusion

We have:
∥T n∥a,b = (a+ b) · 3n = (a+ b)1−n · ∥T ∥na,b

Hence
∥T n∥a,b = (a+ b)1−n · ∥T ∥na,b

4.2 Some developed inequalities

Theorem 4.2 Let T ∈ B(H) and a,b ∈N∗.
Then

1
2(a+ b)

∥T ∥a,b ≤ω(T ) ≤ 1
2

max{1
a
,
1
b
}∥T ∥a,b (4.3)

Proof
T ∈ B(H) with ||x|| = 1

• Since

|⟨T x,x⟩|2 ≤⟨|T |x,x⟩⟨|T ∗|x,x⟩

|⟨T x,x⟩| ≤
√
⟨|T |x,x⟩

√
⟨|T ∗|x,x⟩

≤1
2

(⟨|T |x,x⟩+ ⟨|T ∗|x,x⟩)

≤1
2

(⟨a
a
|T |x,x⟩+ ⟨b

b
|T ∗|x,x⟩)

≤1
2

max{1
a
,
1
b
}(⟨(a|T |+ b|T ∗|)x,x⟩)

≤1
2

max{1
a
,
1
b
}||T ||a,b

Therefore

ω(T ) ≤ 1
2

max{1
a
,
1
b
}||T ||a,b

• On the other hand.
We have

||T ||a,b ≤ (a+ b)||T ||
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So

||T ||a,b ≤ (a+ b)||T ||
≤ (a+ b) sup

||x||=||y||=1
|⟨T x,y⟩|

≤ (a+ b) sup
||x||=||y||=1

1
4

(|⟨T (x+ y),x+ y⟩|+ |⟨T (x − y),x − y⟩|+ |⟨T (x+ iy),x+ iy⟩|

+ |⟨T (x − iy),x − iy⟩|)

≤ (a+ b) sup
||x||=||y||=1

ω(T )
4

(||x+ y||2 + ||x − y||2 + ||x+ iy||2 + ||x − iy||2)

≤ (a+ b)
4

ω(T ) sup
||x||=||y||=1

4(||x||2 + ||y||2)

≤ 2(a+ b)ω(T )

Therefore

1
2(a+ b)

||T ||a,b ≤ω(T )

Hence
1

2(a+ b)
∥T ∥a,b ≤ω(T ) ≤ 1

2
max{1

a
,
1
b
}∥T ∥a,b

Remark 11 By 4.3 , we can say that ||||a,b and ω are equivalent norms.

Lemme 4.2 Let T ∈ B(H) a,b ∈N∗. Then

• |T | is normaloid , So

||T || = |||T ||| =ω(|T |)

• |T ∗| is normaloid , So

||T ∗|| = |||T ∗||| =ω(|T ∗|)

We obtain
||T || =ω(|T ∗|) = ω(|T |) (4.4)

• a|T |+ b|T ∗| is normaloid (Because it is the sum of two positive operators). So

||T ||a,b = ||a|T |+ b|T ∗|||
= ω(a|T |+ b|T ∗|)
≤ ω(a|T |) +ω(b|T ∗|)
≤ aω(|T |) + bω(|T ∗|)
= (a+ b)ω(|T |) (4.5)
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Remark 12 From the recent inequality 4.5 and 4.4 , we obtain

||T ||a,b ≤ (a+ b)ω(|T |)

or

||T ||a,b ≤ (a+ b)ω(|T ∗|)

or

||T ||a,b ≤ (a+ b)||T ||

(we received it earlier )

Theorem 4.3 Let T ∈ B(H) and a,b ∈N∗. Then

ω(T ) ≤ 1
2
∥T ∥a,b +

1√
max{a,b}

√
∥T 2∥a,b

Proof

• Since
a∥T 2∥ ≤ ∥T 2∥a,b
b∥T 2∥ ≤ ∥T 2∥a,b

Then

max{a,b}∥T 2∥ ≤∥T 2∥a,b

∥T 2∥ ≤ 1
max{a,b}

∥T 2∥a,b√
∥T 2∥ ≤

√
1

max{a,b}
∥T 2∥a,b√

∥T 2∥ ≤ 1√
max{a,b}

√
∥T 2∥a,b

Therefore

ω(T ) ≤1
2

(
∥T ∥+

√
∥T 2∥

)
≤1

2

∥T ∥a,b +
1√

max{a,b}

√
∥T 2∥a,b


Hence

ω(T ) ≤ 1
2

∥T ∥a,b +
1√

max{a,b}

√
∥T 2∥a,b


Theorem 4.4 Let T ∈ B(H) and a,b ∈N∗ , then

1
(2(a+ b))2 ||T ||

2
a,b ≤ω(T )2 ≤ 1

2
||T ||2a,b

Proof
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• Using 2.4 , we have

∥(T + S)r∥ ≤ ∥T r + Sr∥

for 0 < r ≤ 1.
Setting r = 1

2 and T = T ∗T ,S = T T ∗, we get

||(T ∗T + T T ∗)
1
2 || ≤||(T ∗T )

1
2 + (T T ∗)

1
2 ||

||(T ∗T + T T ∗)||
1
2 ≤||(T ∗T )

1
2 + (T T ∗)

1
2 ||

=|||T |+ |T ∗|||
≤||a|T |+ b|T ∗||| (Because1 ≤ a,b)
≤||T ||a,b

||(T ∗T + T T ∗)|| ≤||T ||2a,b

Therefore

ω(T )2 ≤1
2
||(T ∗T + T T ∗)|| (By3.3)

≤1
2
||T ||2a,b

Hence
ω(T )2 ≤ 1

2
||T ||2a,b

• another side

1
(2(a+ b))2 ||T ||

2
a,b =

1
4

1
a+ b

||T ||a,b
1

a+ b
||T ||a,b

≤1
4
||T ||||T ||

≤1
4
||T ||2

≤1
4
||T T ∗ + T ∗T ||

≤ω(T )2

Hence
1

(2(a+ b))2 ||T ||
2
a,b ≤ω(T )2

Theorem 4.5 Let T ∈ B(H) and a,b ∈N∗.
Then

ω(T n) ≤ 1
max{a,b}n

||T ||na,b

Proof

ω(T n) ≤ωn(T )
≤||T ||n

≤ 1
max{a,b}n

||T ||na,b
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4.3 inequalities for two operators

Theorem 4.6 Let T ,S ∈ B(H) and a,b ∈N∗. Then

||T S ||a,b ≤ 4(a+ b)ω(T )ω(S)

Proof

||T S ||a,b =||a|T S |+ b|(T S)∗|||
≤a||T S ||+ b||(T S)∗||
≤(a+ b)||T ||||S ||
≤4(a+ b)ω(T )ω(S)

4.4 inequalities between operator matrices

Theorem 4.7 Let B,C ∈ B(H) and a,b ∈N∗. Then

ω


0 0 B
0 C 0
B 0 0


 ≤max

(
1

2max{a,b}
∥B∥a,b,ω(C)

)
Proof

Let T =

0 0 B
0 C 0
B 0 0


and

x =

x1
x2
x3

 be a unit vector in H⊕H⊕H (with ∥x1∥2 + ∥x2∥2 + ∥x3∥2 = 1).

Then

|⟨T x,x⟩| = |⟨Bx3,x1⟩+ ⟨Cx2,x2⟩+ ⟨Bx1,x3⟩|
≤ |⟨Bx3,x1⟩|+ |⟨Cx2,x2⟩|+ |⟨Bx1,x3⟩|
≤ ⟨|B|x3,x3⟩1/2⟨|B∗|x1,x1⟩1/2 + ⟨|B|x1,x1⟩1/2⟨|B∗|x3,x3⟩1/2 +ω(C)∥x2∥2 (by theorem2.7)

≤ (⟨|B∗|x1,x1⟩+ ⟨|B|x1,x1⟩)1/2(⟨|B|x3,x3⟩+ ⟨|B∗|x3,x3⟩)1/2 +ω(C)∥x2∥2 (by theorem2.2)(n = 2)

≤ ⟨(|B∗|+ |B|)x1,x1⟩1/2⟨(|B|+ |B∗|)x3,x3⟩1/2 +ω(C)∥x2∥2

≤ ∥|B∗|+ |B|∥∥x1∥∥x3∥+ω(C)∥x2∥2

≤ ∥|B|+ |B∗|∥(∥x1∥2 + ∥x3∥2)
2

+ω(C)∥x2∥2 (by theorem2.4)

≤ 1
max{a,b}

∥a|B|+ b|B∗|∥(∥x1∥2 + ∥x3∥2)
2

+ω(C)∥x2∥2

≤max
(
||B||a,b

2max{a,b}
,ω(C)

)
Hence

ω(T ) = sup
∥x∥=1

|⟨T x,x⟩| ≤max
(

1
2max{a,b}

||B||a,b,ω(C)
)
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Corollary 4.2 Let B,C ∈ B(H) and a,b ∈N∗.
Then

ω


0 B 0
B 0 0
0 0 C


 ≤max

(
1

2max{a,b}
∥B∥a,b,ω(C)

)

ω


C 0 0
0 0 B
0 B 0


 ≤max

(
1

2max{a,b}
∥B∥a,b,ω(C)

)
To proof this, we follow the same steps as the previous proof.

Theorem 4.8 Let B,C ∈ B(H) and a,b ∈N∗. Then

ω


B 0 0
0 C 0
0 0 B


 ≤max

(
1

2max{a,b}
∥B∥a,b,ω(C)

)
we obtained the same inequality

Proof

Let T =

B 0 0
0 C 0
0 0 B


and

x =

x1
x2
x3

 be a unit vector in H⊕H⊕H (with ∥x1∥2 + ∥x2∥2 + ∥x3∥2 = 1).

Then

|⟨T x,x⟩| = |⟨Bx1,x1⟩+ ⟨Cx2,x2⟩+ ⟨Bx3,x3⟩|
≤ |⟨Bx1,x1⟩|+ |⟨Cx2,x2⟩|+ |⟨Bx3,x3⟩|
≤ ⟨|B|x1,x1⟩1/2⟨|B∗|x1,x1⟩1/2 + ⟨|B|x3,x3⟩1/2⟨|B∗|x3,x3⟩1/2 +ω(C)∥x2∥2 (by theorem2.7)

≤ 1
2

(⟨|B|x1,x1⟩+ ⟨|B∗|x1,x1⟩) +
1
2

(⟨|B|x3,x3⟩+ ⟨|B∗|x3,x3⟩) +ω(C)∥x2∥2

≤ 1
2

(⟨(|B∗|+ |B|)x1,x1⟩+ ⟨(|B|+ |B∗|)x3,x3⟩) +ω(C)∥x2∥2

≤ 1
2
|||B∗|+ |B|||(||x1||2 + ||x3||2) +ω(C)∥x2∥2

≤ 1
max{a,b}

∥a|B|+ b|B∗|∥(∥x1∥2 + ∥x3∥2)
2

+ω(C)∥x2∥2 (by theorem2.4)

≤max
(
||B||a,b

2max{a,b}
,ω(C)

)

Corollary 4.3 Let B,C ∈ B(H). Then

ω


B 0 0
0 B 0
0 0 C


 ≤max

(
1

2max{a,b}
∥B∥a,b,ω(C)

)

ω


C 0 0
0 B 0
0 0 B


 ≤max

(
1

2max{a,b}
∥B∥a,b,ω(C)

)
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we obtained the same inequality .
To prove this, we follow the same steps as the previous proof.
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CONCLUSION

At the conclusion of this thesis, we have surveyed a range of advanced concepts and analytical tools
within the framework of normed spaces, focusing particularly on Hilbert spaces and the associated
numerical ranges.
Our study began with a detailed exploration of norms and inner products, including the pivotal
role of orthogonal projections and the characterization of normaloid elements.

In the second chapter, we examined classical inequalities — namely Cauchy-Schwarz, Hölder,
and Minkowski — emphasizing their importance in establishing key estimates within mathemat-
ical analysis. Subsequently, the third chapter addressed the definitions and interrelationships
between the spectral radius, the numerical radius, and the singular values , and provided precise
proofs for the major inequalities connecting them.

Finally, in the fourth chapter, we introduced a new norm derived from the numerical radius ,
identified the sufficient conditions for it to qualify as a norm, and presented a set of new inequali-
ties that extend the analytical framework surrounding the numerical radius.

The findings of this thesis open up new avenues for refining spectral analysis and numerical
analysis, particularly in infinite-dimensional settings. They suggest further research into the con-
nections between the numerical ranges and newly constructed norms, with promising applications
in differential equations, stability analysis, and signal processing.

We hope that this thesis contributes meaningfully to the academic study of normed spaces and
encourages deeper investigation into the rich interactions between geometry, analysis, and algebra.
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