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Abstract

In this thesis, we investigate the longtime behavior of certain porous thermoelastic sys-
tems characterized by type-III thermoelasticity. Specifically, we study three problems, two
of which involve delay terms.

The first problem addresses a porous thermoelastic system in which the heat conduction
is governed by the type III law of Green and Naghedi, and incorporating a constant delay
term. We examined both equal and non-equal wave speed scenarios. In both cases, we es-
tablished a well-posedness result using a semigroup approach and the Hille-Yosida theorem.
Additionally, for the case of equal speeds, we demonstrated that an exponential rate of de-
cay occurs provides an inequality between the weights of the delay and thermal dissipation.
Conversely, in the case of unequal speeds, we derived a polynomial rate of decay. In both
scenarios, we employed multiplier and energy methods.

In the second problem, we replaced the constant delay from the first problem with a
distributed delay term. The results obtained are similar to those of the first problem.

The third problem addressed a porous thermoelastic system characterized by Type-
III thermoelasticity and a nonlinear damping term acting in the porous equation. We
established a well-posedness result and demonstrated an explicit general decay result in
the case of equal wave speeds. This was accomplished by employing properties of convex
functions and the multiplier method.

Keywords: Porous thermoelasticity, Type-III thermoelasticity, Distributed delay, Non-

linear damping, Well-posedness, Exponential decay, Polynomial decay, General decay.



Résumé

Dans cette thése, nous étudions le comportement asymptotique a long terme de certains
systémes thermoélastiques poreux, dont la conduction thermique est décrite par la loi de
type III de Green et Nqghedi. Plus précisément, nous avons analysé trois problémes, dont
les deux premiers incluent des termes de retard.

Le premier probléme concerne un systéme thermoélastique poreux de type III, avec
un retard constant agissant sur ’équation de la chaleur. Nous avons démontré 1’existence
et 'unicité d’une solution en utilisant une approche par semi-groupes et le théoreme de
Hille-Yosida. Concernant le comportement asymptotique, nous avons examiné les cas des
vitesses égales et des vitesses inégales. Dans le premier cas, nous avons établi un taux
de décroissance exponentielle en fonction d’une relation entre les poids du retard et de la
dissipation thermique. Dans le second cas, nous avons obtenu un taux de décroissance
polynomial. Dans les deux situations, nous avons utilisé les méthodes des multiplicateurs
et de I’énergie.

Pour le second probléeme, nous avons remplacé le terme retard dans le premier probléme
par un retard distribué et nous avons démontré des résultats similaires & ceux obtenus pour
le premier probléme.

Le troisiéme probléme concerne un systéme thermoélastique poreux de type I1I avec un
amortissement non linéaire. Nous avons démontré I'existence et 1'unicité d’une solution, et
établi un résultat de décroissance explicite et général dans le cas de vitesses égales. Cela a été
réalisé en utilisant les propriétés des fonctions convexes et la méthode des multiplicateurs.

Mots clés: Thermoélasticité poreuse, Thermoélasticité de type-III, Retard distribué,
Ammortissement nonlinéaire, Existence et unicité, Décroissance exponentielle, décroissance

polynomial, Décroissance général.
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Introduction

In recent years, the theory of continuous models of porous elastic bodies has been in-
tensively studied. The material’s response to external forces is significantly influenced by
its internal structure. However, classical elasticity theory overlooks the impact of this inner
structure by considering only the translational degrees of freedom of material points within
the body.

The theory of elastic materials with voids is a simple extension of classical elasticity
theory employed to analyze porous solids. In this framework, the matrix material is elas-
tic, while the interstices are devoid of material. This theory serves as a valuable tool for
describing the behavior of porous materials, such as rocks, gases, soils, and manufactured
porous bodies. The theory of elastic materials with voids was developed by Nunziato and
Cowin [13] and has recently garnered significant attention.

To the best of our knowledge, the study of the long-time behavior of porous systems was
investigated first, by Quintanilla. In his pioneering paper [49], he studied the system

PUst = [Uzz + bpy, in (0,L) x (0,00),

(1)

PoRPit = OPry — bua} - 590 — T®t, in (07 L) X (07 OO) .

He applied the Routh-Hurwitz theorem to demonstrate the slow decay of the solution.
Subsequently, various dissipation mechanisms were employed to achieve exponential stabi-
lization of the system (1). Magana and Quintanilla [31] substituted the porous damping
term 7¢; with the viscoelastic dissipation term ~uy,, in the first equation, and they showed
that the solution continued to exhibit slow decay.

The coupling with thermal effects was considered by Magana and Quintanilla [31]. They
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studied the system

Py = [y + bpg — B, + YUgey, in (0,L) x (0,00),
PoRPt = OPry — bua: - 590 + mg? in (07 L) X (07 OO) ) (2)
chy = Kby — B, — mey, in (0,L) x (0,00),

where thermal and viscoelastic dissipation mechanisms are acting simultaneously, the system

continues to decay slowly. Casas and Quintanilla [11] studied the following system

Py = PUgy + Doy — 0, in (0,L) x (0,00),
PoRP = OPry — buas - 590 + me — TPy, iH (07 L) X (07 OO) ) (3)
cly = KbOpy — By, — My, in (0,L) x (0,00)

They established a result demonstrating exponential stability in the presence of thermal
and porous dissipation.
Later, Apalara [4] and Santos et al. [52] established separately, an exponential rate of

decay for the solution of (1), if and only if the equality of the wave speeds
1 «
Lo (1
p

holds. The same result was obtained by Santos et al. [52] for an elastic damping yu, in the
elastic equation of (1). Apalara [5] extended the results of [4, 52| to the following porous

system with memory term

Pl = [y + by, in (0,L) x (0,00),

t (5)
PoRPit = CPry — bux - 590 - / g(t - S)@mm(‘S)dSv in (07 L) X (07 OO) .
0

Recently, Ahmima and co-authors [1, 2| obtained a similar result for porous systems with

microtemperature, and temperature with delay term.

Thermal effects

The effects of heat on the deformation of an elastic solid, as well as the reciprocal effects of
deformation on the solid thermal state, are the primary focus of classical thermoelasticity.

Fourier’s law of heat conduction, which states that the heat flux is proportional to the
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temperature gradient, governs the heat flux in the classical model of heat propagation, and
is given by

q= _59357

where ¢ is the heat flux vector, 6 is the temperature and 6 > 0 is a constant.

The substitution of the heat flux from Fourier’s law into the energy conservation law
Kby = —qu,
leads to the linear parabolic heat equation
K0y = 60,

where k is the specific heat capacity and ¢ is the thermal conductivity of the material.

It is well known that Fourier’s law leads to the paradox of infinite heat speed, where
the effect of a heat pulse is felt instantaneously throughout its surrounding medium. This
nonphysical consequence of the heat equation is caused by the over simplification in Fourier’s
assumption.

Over the last fifty years, an intense interest has been accorded to propose an alternative
theory that addresses this paradox. In the 1990s, Green and Naghedi [18, 20, 21| introduced
three new theories based on an entropy equality rather than the entropy inequality. They
labeled them thermoelasticity of type I, type II and type III respectively. In each of these
theories, the heat flux is given by a different constitutive assumption. The linearized Type I
coincides with the classical theory of heat conduction. The Type IT and Type III constitutive

equations for heat flux in the one-dimensional case are, respectively, given by:

q= _flgxx and q= _flgz - f29x7

where
t
(= / O(x, 7)dr + (o(x)
0
is the thermal displacement, (j is the initial value at ¢ = 0 and f;, f» are positive constants.
Though the type II theory does not permit energy dissipation, it is a limiting case of the type

[T thermoelasticity. The type III thermoelasticity states that the heat transport equation

takes on a hyperbolic form, resolving the paradox of infinite speed.
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To the best of our knowledge, the first contribution in the framework of thermoelasticity

of type III was made by Zhang and Zuazua [56]. They studied the system

Y — Ay — A+ p)VV -y +VO=0 in (0,00) x Q,
ett—Aet—A9+V'ytt:0 in(0,00)XQ,

where () is a bounded domain or entire space R™. For the first case, they demonstrated
that, for most domains, the energy of the system does not decay uniformly. However, under
suitable conditions on the domain, the energy of the system decays exponentially. For the
problem in the entire space R", they employed Fourier analysis and Lyapunov’s second
method to demonstrate that the energy of longitudinal and thermal waves in the system
decays similarly to that of the classical heat equation.

In the same context, Quintanilla and Racke [50] examined the system

Ut — OQUgy + ﬁel‘ = O n (07 L) X (Oa OO),
Qtt — 50:51« + YUtty — /‘iet;m; =0 in (0, L) X (O, OO)7

and proved the exponential stability of the associated energy.

Porous elasticity with delay term

It is worth noting that in many phenomena, the current state depends not only on the
present moment but also on certain past characteristics. This is because the response of
some materials to an applied force can be delayed. Time delays are observed in various
problems across physics, chemistry, biology, and other fields. The first contribution in the
study of the effect of time delay on the stabilization of solutions was made by Datko [16].

He considered the equation
Uy — Ugy + 2u(z,t —7) =0, 2 € (0,1) X (0, +00),

and He demonstrated that the presence of a time delay, 7 > 0, in the damping associated
with the velocity term can destabilize the system. Also, Datko et al. [17] studied the
problem

Ugp — Ugy + 2a0; + a’u =0 (0,1) x (0, +00),

(7)
uw(0,t) =0, uy (1,t) = —kuy (1,t — 7) (0,400),
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1— 67211

14 e-2e’
there exists a sequence of delay terms for which the solutions of (7) can not be exponentially

where the delay is acting on the boundary. They proved that for a > 0 and k >

stable. Nicaise and Pignotti [42] considered a damped wave equation with a delay in the
boundary conditions and proved an exponential decay result under the assumption that the
weight of delay is less than the weight of the damping. They also investigated the case of
frictional damping in the internal feedback delay and discovered a sequence of small delays
for which the corresponding solution is unstable. Additionally, they extended the findings
of [42] to a scenario involving distributed delay at the boundary, as presented in [43].

Time delay is also considered in thermoelastic problems. Racke [51] studied the system

u(x,t) — auge(x,t — 1) + b0, (2,t) =0 in (0, L) x (0, 00), @)
O — dOpy(x,t — 7o) + bug,(x,t) =0 in (0, L) x (0, 00),
with two delay terms in the displacement and temperature functions. They proved the
ill-posedness and the unstability of the system (8), for 71 > 0 or 75 > 0. However, for 7, =

75 = 0, the system is exponentially stable. Later, Mustafa and Kafini [41] considered the

following thermoelastic system with internal distributed delay in the temperature function
4

aty — Ay, + $0, =0 in (0,L) x (0, 00),
bl — k10,5 — / ko(5)0y(t — s)ds + Puy =0 in (0,L) x (0,00),

71

u(z,0) = ug(x), u(z,0) =ui(x), 6(z,0) =0y(x) x € (0,L),
\ 0, (z,—t) = fo(x,t), z€(0,L), t € (0,7),

T2

and established the exponential stability of the solution provided that / |ka(s)|ds < ko.
The time delay in the temperature equation is also considered by Kafini et al. [25] for

Timoshenko-type systems. They investigated the system

p1¢tt - K<¢x + w)x = O in (07 L) X (07 OO):
p2d}tt - b¢xm + K((bx + w) + ﬁet:p = 0 iIl (07 L) X (07 OO)7
030y — 00, — KOy — / 2 9(8)0iz0(z,t — s)ds +yPy, =0 in (0,L) x (0, 00),

T1
and proved the stability of the solution in the case of equal and non-equal wave speeds.
Problems with delay term for porous thermoelastic problems was considered by Liu and

Chen [55]. They studied the following porous thermoelastic system with second sound and



CONTENTS 6

time varying delay

( Pollst — Ay — by + YUy + Youy (-t —7(¢)) =0 in (0,1) x (0, 00),
Jou — aguy + buy, + &P — B0, =0 in (0,1) x (0, 00),
cby + ¢ — BPre +00 =0 in (0,1) x (0, 00),
Togt +q+ kb, =0 in (0,1) x (0, 00),

\

and established an exponential decay result under specific assumptions on the weights of
damping and delay. Borges and Santos [9] investigated the porous elastic system with time

varying delay term

Pl — Pz — b, = 0 in (0,1) x (0,00),
JOtt — 0@z + buy +Eb + pdy + page (t — 7 (t)) =0 in (0,1) x (0, 00),

with Dirichlet boundary conditions and established an exponential rate of decay.

Recently, Ouchenane et al. [47] studied the following system

PrUy = [Ugy + by,
,02¢tt - 5¢1:ac - bua: - §¢ - ﬁez - ,ulgbt - / |:U’2 (S)| ¢t (1'7 t— 8) dS,

T1

P30 = 10,0 — YOre + KOy,

for (x,s,t) € (0,1) x (11, 72) X (0,00) and with the assumption
T2
[ i @lds < (9
T1
They demonstrated exponential stability when the wave speeds are equal, specifically when

)
£ _ —, and polynomial decay in the case of unequal wave speeds.

. Th?remainder of this thesis is structured as follows: Chapter I presents some preliminary
remarks and the basic tools that we use for the rest of our thesis. In chapter II, we consider
a porous thermoelastic system of type III with a constant delay. Chapter III is devoted to
the study of a porous thermoelastic system of type III with a distributed delay. In Chapter

IV, we study a porous thermoelastic system of type III with a nonlinear damping term.



Chapter 1

Preliminaries

In this chapter, we present several functional spaces, along with essential definitions,

theorems, and fundamental inequalities that are utilized throughout this thesis.

1.1 Functional spaces

Throughout this chapter, we denote by €2 a bounded domain in R", where n € N.

1.1.1 Lebesgue and Sobolev spaces

Definition 1.1.1. Let p € [1,+oo[. The Lebesque space LP(2) is defined by
LP(Q) := {f Q — R, f is measurable and /Q]f(x)]pda: < oo} ,
and for p = oo, by
L>(Q) = {f Q — R, f is measurable esssup(f) < oo}.
Note that ]7 is the class of equivalent of f with respect to the relation
f~g&e f=gaein .
Definition 1.1.2. Let m € N. The Sobolev space H™ () is defined by

H™(Q):={fe€L*Q); for [a| <m D*f € L* ()},
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where |a| = oy + ... + o, and D* f is the a-weak derivative of f defined as the function g,
satisfied
| s@petyiz = (107! [ gu@pptaas, voe @),

H s a Hilbert space with respect to the inner product
(f,g)pm = /Do‘f )D%g(z)dz, Yf,g € H™(Q).

The associated norm is

N

1l = D I1DI5

|laj<m

In the case when m = 1, H™(Q2), coincides with L?(Q).

Definition 1.1.3. The space Hj(Q) is the closure of C5° () in H™ ().

H} () = =@
Definition 1.1.4. The denote by H=(Q) dual space of H}(S2),
H™' Q) = (Hy(Q)) = £ (Hy(Q),R).
Definition 1.1.5. Let X be a Banach space and T > 0, we define the space
201 ={F 011 x [ 10l <)

and

L>*(0,T;X) := {f [0,T] — X; esssup || f(t)]|x < oo}.

Proposition 1. [10] Let F € H™Y(Q), then there exists, fo, fi € L*(Q). 1 < i < n such
that

(F,u) /fouder Z /flﬁxl

1<i<n

If Q is bounded, we can take fy = 0.

Proposition 2. Let Q is bounded. The subspace HX(QY) of HY (), given by

H'(Q) = {u c H'(Q) ;/Qu(x)dx - 0} ,

18 a Hilbert space.
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Proof. Let F : H(Q2) — R be defined by F(v) = / v(x)dx, then
0

|F(u) = F(v)] =

/Q(u(x) —v(x))dx

S/Q]u(x)—v(x)\dx

By using the Cauchy-Schwarz inequality, we get

7 = FO) < mes(@ | [ uta) o ]1/2mes<muu—vum

which implies that F'is continous.
Since {0} is closed, H}(2) = F~1({0}) is closed in H'(Q), consequentely H} () is a Hilbert
space. 0

Remark 3. The same result holds for
L2(Q) = {u c L*(Q); / u(z)dr = O} :
Q

Lemma 4. Let [a,b] be a bounded interval in R and ¢ € [a,b]. The subspace V. of H'(|a,b])
defined by

V. = {u c H' ([a,0]); u(c) = 0}
18 a Hilbert spaces.

Proof. Let (¢,) C V. be a convergent sequence to v in H' (Q), then for any n € N, we have

()] = [tn(c) = p(O)] < [[¢n — Y|,

using the continuous embedding of H'([a,b]) — L>°([a, b]), we deduce that

[(c)| < MYy — ¥l

As n — oo, [¢(c)| < 0. Consequently, ¥(c) = 0 which completes the proof. ]

Theorem 5 (Lax-Milgram). [10] Let a(.,.) : H x H — R be a bilinear, continuous and

coercive form. Then, given any L € H', there exists a unique element u € H such that
a(u,v) = (L,v) Yv € H.
Moreover, if a is symmetric, then u is characterized by the property

L ) — (L, u) = min {%a(v,v) - <L,U>} |

2 veH
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1.2 Some useful inequalities

Theorem 1.2.1 (Young’s inequality). [10] Let p and p’ be two real conjugate ( + % = 1) ,

1
p
then

P blP’
Va,b € R, |ab| < ﬂ%—i.
p p

In particular if f,g € L*(2) we have, for any & > 0,

1
/|fg|dx§5/|f|2dx+—/|g|2dx Ve > 0.
Q Q de Jo

Theorem 1.2.2 (Holder’s inequality). [10/
Let f € LP(Q) and g € LP (Q) with 1 < p < 0o, then fg € LY(Q) and

[fglly < [ fllpllglly-

Theorem 1.2.3 (Cauchy-Schwarz’s inequality). [10/
Let H be a Hilbert space endowed with the inner product (., .), we have

() < (f,/)2{g,9)% V[, g€ H.

Theorem 1.2.4 (Poincaré’s inequality). [10/
Let Q be bounded (at least in one direction). Then for any u € H}(Q), there exists a constant

Cp > 0, depending only on mes(§2) such that
[ull 2 < Cpl[Vul 2.

Remark 6. Poincaré’s inequality remains valid for functions in HX(2) and, in the one-

dimensional case, for V. defined in Lemma 4.

Lemma 7 (Jensen’s inequality). [3/ Let G : [a,b] — R be a convex function. Assume

that the functions f : (0,L) — [a,b] and r : (0,L) — R are integrable such that r(z) > 0,
L

for any x € (0,L) and / r(z)dx =k > 0. Then,

0
L
0

o7 Lf(m)r(x)dm) <1 [ ctr@iw
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1.3 Semigroup of operators

Definition 1.3.1. [48/ Let Y be a Banach space. A one parameter family of bounded linear
operators {T'(t),t > 0} C Z(Y) is a semigroup of bounded linear operators, if it satisfies:

i) T(0) = I, (I is the identity operator on'Y).
ii) T(t+s)=T(t)T(s) for every t,s > 0 (the semigroup property).

In addition, the semigroup T(t) is said to be strongly continuous, or Co—semigroup, if

The infinitesimal generator of a semigroup T(t), is the operator A defined on

D(A) = {y ey : lim W exists} :

t—0t

by
Ay = limw for ye D(A).

t—0+
Definition 1.3.2. [48] The semigroup {T'(t),t > 0}, is said to be uniformly continuous if
it satisfies

lim |T(t) — I|| = 0.

t—0+t
Theorem 8. [48] Let {T'(t),t > 0} be a Co—semigroup. There exist two constants w > 0
and M > 1 such that
IT@)| < Me*  for 0<1t< oo

If w =0, T(t) is called uniformly bounded and if moreover M = 1, then the semigroup is

called a Cy— semigroup of contractions.

Definition 1.3.3. (Maximal Monotone Operators): [10/
Let A: D (A) C H— H be an unbounded linear operator. We say that A is monotone (—A
is dissipative) if it satisfies

(Av,v) >0 Vv e D(A).

The operator A is said to be mazimal if R(I + A) = H, i.e.

Vf e H, Jue D(A) such that u + Au = f.



1.3. SEMIGROUP OF OPERATORS 12

Proposition 1.3.1. [10/

Let A be a maximal monotone operator on a Hilbert space H. Then
a) D(A) is dense in H.
b) A is a closed operator.

c) For every A > 0, (I + A\A) s bijective from D(A) into H, (I + NA)™! is a bounded
operator and ||(I + XA) |z < 1.

Theorem 9 (Hille-Yosida). [10, 5] Let A be a maximal monotone operator on Hilbert
space H. Then, for any Vo € H, the problem

d—\I[+A\P:00n [0, +o0],
dt (1.1)

has a unique solution satisfies

Ve C(0,400[;H).
Moreover, if Uy € D(A), then
¥ e O ([0, +oo[; H) N C ([0, 4+00[; D (A)).

Theorem 10 (Lumer-Phillips). /48, 54/ Let H be a Hilbert space and A: D(A) C H - H
be a densely defined operator on H. Then A generates a Co—semigroup of contractions on

H if and only if
i) A is dissipative,(—A monotone).
ii) there exists Ao > 0 such that \gI — A is surjective.

Definition 1.3.4. (Globally Lipschitz continuous)/2//
Let ©Q C R be open, and let g : Q@ — R. We say that g is globally Lipschitz continuous if
there exists L > 0 such that

V(u,v) € A xQ: |g(u) —g(v)] < Lju —v|.
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Definition 11. ( /8], p.61-64) Let f : R — R be a differentiable and convex function. We
define the Young conjugate of f as the function g : R — R, given by g(s) = sx — f(Z), where

T > 0 is the real for which g(s) is maximal.

Remark 12. From the definition of g we deduce that f'(z) = s, for all s >0,

and
st < g(s) + f(x), for all 0 <z < x, (1.2)
where xy is the real that satisfies sxog = f(x).

Theorem 13. [27],[48] Let H be a Hilbert space, A : D(A) C H — H be a mazimal
monotone operator and F' is globally Lipschitz. Then for any uy € D (A), the problem

du
< HAu=F(u) on [0, 400, (1.3)

u (0) = ug

has a unique solution satisfying

u e C([0,400[;H).



Chapter 2

Decay rate for a porous system with
type 111 thermoelasticity and constant
delay

The results of this chapter is the object of our paper [45]

In this chapter, we investigate a porous elastic system with thermoelasticity of type III
and in the presence of a constant delay term acting on the thermal equation. We prove the
existence of a unique solution by the use of a semigroup theory, and we employ the multiplier
method to prove the exponential stability of the solution in the case of equal wave speeds.

In the opposite case, we establish a polynomial decay rate.

2.1 Setting of the problem

In one dimension, the evolution equations for the theory of elastic solids with voids in

the presence of type-III thermal effects are given by

puy = T, (2-1)
Jou = hy + g, (2.2)
P = o, (2.3)

14
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where T is the stress, h is the equilibrated stress, g is the equilibrated body force, 7 is the
entropy and ¢ is the heat flux. The coefficients p, J are, respectively, the mass density and
the product of the mass density by the equilibrated inertia.

The constitutive equations are

T = Mg + b¢> h = 5¢:c> g= _bu:c - ggb - 59907 (24)
and
pn = ab + Loy, (2.6)

where ( is the thermal displacement given by

¢ (x,t) = o () +/0 0 (x,s)ds,

(o is the initial value of ¢ at time ¢ = 0, 7 > 0 is the time delay, p is the bulk modulus,
0 and ¢ are porosity diffusion coefficients, « is the heat capacity, x is a thermal diffusion
coefficient, b is a porosity coefficient, [ is a thermal expansion coefficient and ky, ko are
constants that represent the weights of the heat damping and the heat delay, respectively.

We assume that the above constitutive coefficients satisfy
w>0,6>06>0k>0k >0, a>0 and pé > b°. (2.7)

Since the coupling and the time delay are considered, the coefficients b, f and ky must be
different from 0 but their signs does not matter in the analysis.
Differentiating the evolution equation (2.3) with respect to ¢, then substituting the consti-

tutive equations (2.4)—(2.5) into the evolution equations, recalling that {; = 6, we obtain

Py — gy — by = 0, in (0,7) x (0,00),
Jby — 0Py + bu, + 6+ B0, = 0, in (0,7) x (0,00), (2.8)
by — KOpp + Bbre — k10tpw — k20ppe(z,t —7) =0, in (0,7) x (0,00).

We consider the system (2.8) with the following initial and boundary conditions:

w(0,8) = u(m,t) = ¢y (0,8) = ¢y (m,1) = 0(0,) = 0 (m,£) = 0, in (0,00), (2.9)
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u(z,0) =uo(x), ¢(x,0) = ¢o(x), 0(x,0) = 0y(z),
Uy (I,O) = u1<l‘), qbt (ZL’, 0) - 9251('1:)’ 0y (ZE,O) =0, (ZL’) ’

Notice that since Neumann boundary conditions for ¢ are considered, we are not able

n (0,7). (2.10)

to utilize Poincaré’s inequality, we make the following transformation. From boundary

conditions (2.9) and the second equation of (2.8), it follows that

dt2/ o(x,t)d %/Oﬁ¢(:v,t)dx

When we solve this differential equation, we get

[t ([ o)l 5)fE( ) (15)

consequently, if we set

$<x,t>=¢<wt——(/ b (2 dm)([) \[(/ b (z da:)n(\/g>

then
/ b (x,t)de =
0

which allows the application of Poincaré’s inequality on ¢. Moreover, (u,a, 9) satisfies

(2.8)—(2.9) with the same initial conditions (2.10) for u and 6, and

50 =00)— 2 ([Tonae) B0 =)= 2 ( [Cortaan).

In the sequel, we work with ¢ but we write ¢ for simplicity.

Next, to deal with the delay term, we introduce; as in [42|, the variable
2 (z,w,t) =0, (z,t —wr), for 0 <w <1,
which satisfies
T2 (T, w,t) + 2, (z,w,t) =0 for all (x,w,t) € (0,7) x (0,1) x (0,400). (2.11)

By differentiating the first two equations of (2.8) with respect to ¢ and setting ¢ = u; and
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U = ¢y, (2.8)-(2.11) become

(

PPt — [pzz — by = 0 in (0,7) x (0,00),

Jy — 0y 4+ by + Y + B0y, = 0 in (0,7) x (0,00),

aby — K0uy + Pty — k1010w — kozps (x,1,8) =0 in (0,7) x (0,00),

Tz (T, w,t) + 2, (z,w0,1) =0 in (0,7) x (0,1) x (0,00),
2(z,0,t) = 0; (x,1) in (0,7) x (0,00),

0 (0,t) = (m,t) =1, (0,t) = Y, (m,t) =0(0,t) =0 (m,t) =0 in (0,00),

(¢ (,0), ¢ (x,0),0 (x,0)) = (o(x), Yo(z), bo(x)) in (0, ),

(90 (2,0), 0 (2, 0), 6u(, 0)) = (2 (2), 11 (), 61 () in (0,7),

\ 2 (z,w,0) = fo(z,w) in (0,7) x (0,1)
(2.12)

we define the energy functional associated with the solution of the system (2.12) by

1 v
E(t) = 5/ (poi + Jp + b} + pp? + & + 2bptp + SY2 + k02 da
0

(2.13)
le/ / (z,w,t) dwdz.
Remark 14. We notice that
1 & ]i) 1
Et)= 5 / (002 + JV2 + b2 + 642 + k62) d + "= 22 (x,w,t) dwda
2 0 . 9 - 22 o Jo
1 b & b
T som+—w d:c+1 g&x—i—w dx

0
1 2\ [T 1 ,
+4@_5)A Aty G_ )/¢“

which is a positive definite form by virtue of p& > b.

2.2  Well posedness

In this subsection, we establish the existence, uniqueness, and regularity of the solution
of the problem (2.12). First, we introduce the vector function U = (o, w,¥,v,0,q,2)7T,
where w = ¢y, v = ¢y, and q = 0.

To rewrite the system (2.12) in the semigroup setting, we define the Hilbert space,

H = H3 (0,7) x L* (0,7) x H! (0,) x L2 (0,7) x H} (0,7) x L* (0,7)  L*((0, 1) H{ (0,7)),
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where i
L2(0,7) = {w e L*(0,7): / wdr = 0},
0
H! (0,7)=H"(0,7) N L?(0, 7).
The space H is equipped with the following inner product

(U, Uy = / (pww 1By + JUT + Qg + Sthythy + ED + n@mﬁz) dx
0
T - T 1
b (e vpde +hr [ [ wzdods,
0 0 0

for U = (p,w,9,v,6,q,2) and U = (@, w, zZ,’ﬁ, 5, q, E) € H. Thus, the system (2.12) be-

comes

U (t) + AU (t) = 0,for all ¢ > 0,
U (0) = UO - (@07 ©1, ¢07 wla 007 817 f()) ’
where A is the operator defined by

(2.14)

—w
b
_ng:m —%
P P
—v
) b & 15}
AU = T WVax T¥z s T
JVar T gt U G
—q
— k k
_Kex:p + évx - _IQIx 223:96(1)
(0%
1
T
with domain
0 € H*(0,7) N H(0,7), e H20,7)NH0,7),

D(A)=U€eH| w,qe H0,7),v € H:0,7), z¢& HY(0,1);HL(0,7)), ¢,
(kO + k1q + koz (1)) € H*(0,m) 2(0) = q.

where

HZ(0,7) = {u e H0,7) : u, € Hy(0,7)}.

The well-posedness result reads as follows.
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Theorem 15. Suppose that
Ika| < Ky (2.15)

Then for any Uy € H, the problem (2.14) has a unique solution U € C (]0,+oo[,H).
Moreover, if Uy € D (A), then U € C ([0, +o0[, D (A)) N C* ([0, +o0[,H).

Proof. By virtue of Theorem 9, It suffices to establish the monotonicity and the maximality
of A.
First, the monotony of A, for any U € D (A), we have

™

(AU, U)y = — u/ Yrzwdr — b Yrwdr — u/ Wyppdr — 0 Yppvdx + b/ ppudr
0 0 0 0

0

+ {/ Yodr + B/ qzvdr — /{/ 0..qdx + 3 veqdx — ky / Gzzqdx
0 0 0 0 0

—kg/ zm(l)qd:ﬁ—é/ UmZ/J;BdJ}—f/ U”@Ddl’—/ﬁ/ qz0dx
0 0 0 0

s T 1
—l—b/ (—wxd}—vgpx)dm—i—kl/ / Zwa Zpdwdr

0

:k;l/ qfcdqukg/ qwdx—l-—/ / —z2dwdx
0 0

iy iy k vy
—kl/ ¢ + /@/ 2 (1)qedx + 2 [ 2Mde — = | Pdx
0 2 0 2 Jo
=— / 2dx + ko / 2, (1) g dx + % 22(1)dz. (2.16)
0

Young’s inequality allows us to deduce that

—kg/ 2z (2, 1)qpdx < @/ qider@/ 22(z,1)dw. (2.17)
0 2 Jo 2 Jo

From (2.15), we deduce that

(AU, U) 4 1/ 2d | 2|/ 2d _| 2|/
kl 2 kl ’k2’ / 9 ]{1 |k2‘ /'71' )
+ 9 ; ZZ,(ZL‘, ) xr (2 9 ; q;t x + 9 9 ; Zx(fE, ) X 0

which implies that A is monotone.
Secondly, let G = (hy, ha, hg, hy, hs, he, hy) € H, we want to prove that there exists
U € D (A) satisfying
(I + A)U=G. (2.18)
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That is,
( p-—w= M
pW — ppry — by = phy
Y—v= hs
JU = 0y + bpy + & + Bgr = Jhy (2.19)
0—q= hs

aq — ’ieacac + ﬂvx - qu:px - kQZII(l) = ahﬁ

\ T2+ 2, = Thy

From the first, the third and the fifth equation of (2.19) we have
w=¢@—nhy, v=1—hs, ¢=0—hs. (2.20)
By solving the seventh equation of (2.19), we get

2(w)=Ce™™ + T/ " b (0)do (2.21)
0

and

Thus, (2.20) yields
(W) = (0 — hs)e—™ + 7 / ) o, )do (2.22)
0

Next, plugging (2.20) and (2.22) into the second, the fourth and the sixth equations of

(2.19), we arrive at

—MSOxx—FPSO—b%: = fla
_(’i_"kl +k2677—)0x$ +a0+6¢ax = f37

where

f1 = p(hy + hy) € L*0, ), (2.24)

f2 = J(ha+ hs) + B(hs). € LZ(0, ) (2.25)
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and
1
fg = Oé(h@ + h5) + 5(h3)x — (lﬁ + k2€77) (h5)xx + TkgeT/ €UT(h7)xz(U)d0’ < Hil (0, 7T) .
0

We consider on V = H}(0,7) x H}(0,7) x H}(0,7), the variational formulation

B((p,1.9), (5,,0)) = L(3,,0), (2.26)

where B is a bilinear form given by

B((g,,6), (¢, 5,0)) = /0 " Badr +p /0 "Gz +b /0 (45 + 0u8) do
+5/0wade:1:+(€“> /Oﬂwzldx+ﬁ/ow(9xi+ .0 da

+ (K + k1 + koe™™) / 0,0,dx + a/ 00dx
0

0

and L is the linear form

L(&,Jﬁ):/o fl&dx_’_/o fQJdl’"‘/o <f37§>H*1,Hédx

over V = H}(0,7) x H!(0,7) x H}(0,7), equipped with the norm

G, 2, )5 = lpall” + NI + llwall” + 16211

It is evident that V is a Hilbert space and it is easy to verify that B and L are bounded.
Additionally, we have

™

B((p.1.), (¢, 4, 0)) =g / " de /

+ 5/ Yidx + a/ 0%dx + (K + ki + kge_T)/ 02dx.
0 0

0

oidx + 21)/ opthdr + (€4 J) / Vi
0 0

Young’s inequality yields

2

b
B((,9.9), (2.9.6)) = pllel* + (1 — E) [ A [ e [

+allf]” + (5 + ky + koe™7) |16,

Thus,
B((10,%,90), (p.0.0)) > N ||(¢,4,0)|13,,
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for N > 0, which shows the coercivity of B. Thus, the Lax-Milgram theorem assures that

there is a unique solution to the system (2.23), that satisfies
p € Hy(0,m),¢ € HI(0,7),0 € Hy(0,7).
Substituting ¢, 1, 6 into (2.20), we get
w e Hy(0,7),v € HX(0,7),q € Hy(0, 7). (2.27)
Recalling (2.22) and using the fact that § € H}(0,7) , we get
z € L*((0,1); Hy(0,7))

and

2, = 7(hy — 2) € L*((0,1); Hy (0, 7)), 2(0) = q.

Consequently, we have,

z € H'((0,1); Hy(0,7)). (2.28)

Additionally, taking (¢,6) = (0,0) € HX(0,7) x HE(0,7) in (2.26), then using integration
by parts, we get

i [ etade == [ (o= . = 1) e V5 € HY(0.7) (229
The elliptic regularity theory entails that
© € H*(0,7). (2.30)
Integrating the left-hand side of (2.29) by parts, we arrive at

u / rapds = — / (po — bioe — f1) Bda VG € HA0,7)
0 0

/ (Hpas — pio + bk + f1) Gz =0 VG € HA(0, )
0
thus,

WPaw — P + by + f1 = 0.
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Also, from (2.20) and (2.24), we obtain

— Pz + pw — 0y = pha,

which solves the second equation of (2.19). Similarly, taking ($,0) = 0 € H,(0,7)x Hg (0, 7),
then using integration by parts and (2.20), we obtain

5/W¢JQm=i/Qﬁ—%J+®¢—ﬁ%rw%w%h,WEGHHQM- (2.31)
0 0

Here we are not able to apply the elliptic regularity. To address this difficulty, let ¥ &
H; (0,7) and set

Clearly ¥ € H! (0,7). Plugging U into (2.31) and recalling that

f2_(‘]+§)¢_b@x_/89xELE(()?W)a

we arrive at

5/ﬂ U dr — /W(f2 (T4 60— by — 0.z, VU € HYO,m).  (2.32)
0 0

which means that ¢ € H? (0, 7), with

w;wc =1,

—1
where n = 5 (fo— (J+ &Y — by, + (0,). From (2.20) and (2.25), we get

5¢zx —bs% - JU—§¢_BQz = _Jh4~

So, 1 solves the fourth equation in (2.19). Moreover, we have, from (2.31)

/7r Yrathdr = /7r nidz, Vi € HN0, ).
0 0

Integration by parts yields

0 (1) ()~ 2 O 00— [ vuiude = [ e, 95 € 110, 7)
0 0
Using (2.32), we arrive at

Wy (1) () — ¢, (0) 4 (0) = 0, Vo) € HL(0,7),
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which yields that
Ve (1) = ¥, (0) =0,
and then ¢ € H2 (0, 7). Therefore,

Y € H2(0,m) N HL0, 7). (2.33)

Finally, taking (gE, {/:) = (0,0) € H3(0,7) x H!(0,7) in (2.26), substituting hs by 6 — ¢ and
recalling that )
z(1) =qe™ ™ + 7'/ e" " Vhs(0)do,
0

we obtain
/O7r (K0, + k1qe + kaze (1)] Opda = /O7r (ahg — aq — Pu,) Odz V8 € HL(0, ) (2.34)
The regularity theory of elliptic equation entails that
KO + kiq + koz (1) € H* (0, 7) (2.35)
Integrating the left-hand side of (2.34) by parts, we arrive at
/0 [ KBs — it — kazas (1) — b + ag + Bu,) Bdz = 0 V8 € H3(0,7)

Thus,
_"ie:mc — kIme - kZsz (1) + aq + ﬁ,U:B = ah6
which solves the sixth equation in (2.19). The combination of (2.28), (2.27), (2.30), (2.33)

and (2.35) shows that the solution U belongs to D(A). As a result, A is a maximal operator.
This completes the proof of Theorem 15. n

2.3 Exponential stability

In this section, we establish the exponential stability of the solution to the system (2.12)
under the equal wave-speed propagation (2.36), using the energy method.

Additionally, we employ ¢ as a positive generic constant.
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Theorem 16. Suppose that (2.15) hold and that

5
X:%_jzo (2.36)

Then, there exist two positive constants A,n, for which the solution of problem (2.12) satisfies
E(t) < Ae™™, Vt > 0. (2.37)
Several lemmas will be used to establish the proof of this theorem.

Lemma 17. Suppose that (2.15) holds. Then, the energy E (t) along the solution of the
system (2.12), satisfies the estimate

dE (/ 2 d:c+/ 22 (a:,l,t)dx) < 0. (2:38)

ky — |kl
2

where ko 1= > (.

Proof. Multiplying the first four equations of system (2.12) by ¢y, ¥y, 0y, and kyz,,, respec-
tively, then integrating the first three equations with respect to x over (0,7) and the last
equation with respect to (x,w) over (0,7) x (0, 1) respectively, we get

pd [T , ud/” 5 /”
—— dr + —— d b wdr =0
2t J, prdx 2t |, prdxr + ; Vpdx

th/ Vide +§%/ ¢2dx+b/ @xwtdl’—i-é%/ VA +5/ Brathyda = 0,

ad . kd , / / , /
5 T Oed +2ﬁ de B Ybdr+ ki | 0:dx + ks 0;4)@mxfa

and
7']{31
2dt// dwdx—l——// w) dwdz = 0

Summing up the above identities, we obtain

1d [7

g | (0 JUF ] e + €07 + 2bput) + 00T + w67 da

Tkl
2 dt// w) dwdx

/ 07 dx — / +(1)0idr — I;l 22 (1) da.

0
Using Young’s inequality and assumption (2.15), we arrive at (2.38) [
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Lemma 18. The functional

£ :=Jfowwwtdx—%b/;%/oxwy)dydx

along the solution of problem (2.12) satisfies, for any €1 > 0, the estimate

T (t) <——/ de:c—bo/ wdx—iral/o godx—l—c/ 0? da:+c< )/ Vida,

(2.39)

b?
where by = <§ — —) > 0.
L

Proof. Direct differentiation, using the first and the second equations of (2.12) and integra-

tion by parts, yields

1 [t g [ovda =2 [ [Coavae -2 [ [ ) dys
:J/Oﬂzbfda:—6/07r1/)§dx—b/oﬂgogﬂ/zdzv—§/0ﬂ¢2d$+ﬁ/07r9thdx
—b/oﬂ%/jwwdydx—Z—Q/Oﬁwfomw(y)dydx—%b/;sot/:wy)dydx

We apply integration by parts and / Ydx = 0 to obtain

/ Gus / ¥ () dydz = — /0 patbds
/Oﬂwx/;wy)dydm:—/;wgdx

(t) = —5/0ﬂw2d1:— (g-—)/ w2dx+J/ wtda:+ﬁ/ Oprppda
2 [y e 240

Using the Cauchy-Schwarz, Poincaré and Young’s inequalities, we get

B/Oﬂethdxég/oﬂwidx—i—ﬁg 2/ 02,

and

So,
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and, for any €; > 0, we obtain

/got/ e (y dydx<51/0 dx+i O (/ bily dy) d
<g1/0 2dx+7ri61 O (/ bily dy) dz
o [ ([ ) [

§€1/ ©ldx + & Yide. (2.41)
0 €1 Jo
Then, by substituting the above inequalities into (2.40), we arrive at (2.39). O

Lemma 19. The functional

I (t) == —« /07T 0, /096 Uy (y) dydz

satisfies along the solution of problem (2.12) and for any €5 > 0, the estimate

T (t <——/ wtd:c—l—c(1+ )/ 0; d:c—l—ca/ (%%"‘@)dx‘i‘c/ Ozdx
) 0 (2.42)
+c/ 22 (1) du.
0

Proof. The differentiation of 7, (¢) and the use the third equation of (2.12) lead to

Ié(t):—a/oﬂett/oxiﬂt(y)dydx—a/owet/oxwtt(y)dydx
:—m/ﬂem (/w%(y)dy)dxwtﬁ/ﬂtbm (/xwt(wdy)dx
o [ ([ uma)e
—a /0 0, /O b (y) dyda

:ff/ szbtdac—ﬁ/ 1/Jt2dx+k:1/ Hmwtdx—l—k@/ 2 (1)hdx
0 0 0 0

- a/oﬂet /0 b (y) dydz.

We now estimate the terms in the right-hand side of the above identity. With the use of

(2.12), the Cauchy-Schwarz and Young’s inequalities, and manipulations as in (2.41), we

find
T 5/# BKJ )
K O, 0dr < = ¢d + — de,
/o U6 T 28
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kl/ etm¢tdx<5/ idx +3—l“2/ 02

ks / a1, ) < 2 / Y2 +32—’§ (0,1, )d,

and, for any 5, > 0, we infer that

—a/ Gt/ Uy (y) dydz ——/ 0, (/ (0tyy — bipy, — €Y — BOyy) dy) dx

= 9t¢xd$+—/ thoda:+—/ Qt/ U(y)dydx

5 / 02z

<52/ w d:)s+ 0 da:+€2/ 2d:1c+£ thdx

/wzdx—i-—/ 92dx—i-—/ 02dx

Thus, using the above estimate and Poincaré’s inequality, we obtain

g——/ Ypde +( ﬁ)/ edeeQ/ ¢2dx+52/ ¢§dx+ez/ p'de
0 0 0 0
3k? 3K?

+ — 92d + — 92dx+c/ 22(1)dzx
28 26 0 .

1 ™ s
——/ 1/1t2dx+c(1—|——)/ 6’2dx+c€2/ (cpi—l—@/)i)dx—kc/ 02dx
2 0 €2 0 0 0

—I—c/ 22 (x,1,t) dx.
0

O
Lemma 20. Suppose that (2.36) holds, then the functional
™ 5 ™
P Jo J Jo
satisfies along the solution of problem (2.12), the estimate
b ™ ™ ™ ™
i (t) < IR ©2dr + c/ Yidx + c/ 07 dx + c/ Yid. (2.43)
2pJ Jo 0 0 0

Proof. Direct differentiation, using the first and the second equation of (2.12) and integration
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by parts, yields

:H/ Vi pzrdr + £ / PPz dr + —/ Ypprda + _/ Vppud
P Jo P Jo J Jo J Jo

_ / S — “—5 " onbdr — “@ A L / W / ortbnads
07 Jo pJ 0

0 PJ 0
b ™
S p2dr — 1 P dx _ kB @xﬁmd:c—l——/ Yida. (2.44)
pJ Jo pJ pJ Jo pJ Jo

By using Young’s inequality, we get,

—/ goidx+c/ Qfxd:t—l—c/ Vida.
0 0 0

b [T T " "
<- 2| Gdvte | Vde+ 0/ 0o + C/ Yrdr.
0 0

O
Lemma 21. The functional _
Ly (t) = —p/o prpdr
satisfies along the solution of problem (2.12), the estimate
T, (t) < —p /7r ©2dr + 37“ /7r 2dx + c/7r Yide. (2.45)
0 0 0

Proof. Direct computations, using the first equation of (2.12), give

Ii(t):—P/ SDttSde—P/ prda
0 0

= — /L/ Yezpdr — b Uppdr — p/ gofdcc
0 0 0

Zu/ soidxM/ wxdﬂc—p/ pidx
0 0 0
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Using Young’s and Poincaré’s inequalities, we infer that

s s s 2 s
/ P b
4 = t z o T Y
L)< —p | Qide+pu | QAde+ 5 pidr + 5 Vide
0 0 0 K Jo
< 20 4 P 2 24
S—p | gpdrt o | epdvte | ndr.
0 0 0

Lemma 22. The functional

Ts (1) := a/ 00,dx +% 02dx +6/ P 0dx
0 0

0
satisfies along the solution of problem (2.12) and for any e > 0, the estimate

vy ™ 1 ™ vy
T (t) < r / 02dx + &9 / Yidr +c( 1+ — / 02 dx + c/ 22 (1) dz. (2.46)
2 Jo 0 €2/ Jo 0

Proof. Direct differentiation of Z5 (t) and the use of the third equation of (2.12) lead to
0 0 0 0 0
:a/ 02dx + /4:/ 0,.0dx — Vi 0dx + Ky / OiprOdx + ko / 2z (1) Odx
0 0 0 0 0
Sy N Y
0 0 0
=— H/ 02dx + a/ 02dx + 3 Y 0idx — krg/ 2 (1) 0,dz.
0 0 0 0

Next, by applying Young’s and Poincaré’s inequalities, we arrive at

2 ™ T
T (t) < —m/ 92dx—|—oz/ 02dx + e, ¢2dx+z/ efdx+g/ 02dx
0 0 2 J0 0

2 s

k
+ﬁ 22 (x,1,t) dx

<——/ 62da:+82/ wzda:—l—c:(l—l— )/ 07 da;—i—c/ 22 (1) dx.
2 €2 0

Lemma 23. The functional

—7'/ / 922 (2w, t) dwd.

satisfies along the solution of problem (2.12) the estimate

T (t —007'/ / dwd:p—co/ zi(l)dxjt/ 02, dx, (2.47)
0 0

where cg == e 7.
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~—~

Proof. A simple differentiation of Zg (¢), using (2.11), yields

T 1
/ 67
0
T 1
/ e
0
s 1
/ 67
0

with respect to w, we get

) Zpt(w)dwdx

—

T (t) =27 T 2 (w
=_9 T2 (W) 2pw (W) dwdx
0
T Ow (

— 22 (w) dwdz (2.48)

S~

We differentiate the term e ™22 (w

0 eT22 (W) = —Te ™22 (W) te mﬁf (w).

Ow ( ‘ Ow ™"
Then, by substituting into (2.48) and using the fact that z (0) = 6;, we obtain

:—T// T2 dwdx—//aw Y22 (w)) dwda
:—T// T2 dwd:v—eT/ x()dl‘—i—/ 02 dx.
0

Exploiting Young’s inequality with the fact that e™” < e ™ for w € [0, 1], we end up with
(2.47). O

~—

For positive constants N, Ny, Ny, and N3 sufficiently large, we defined the Lyapunov
functional by
L(t) = NE((t)+ NIy (t) + NoZy (t) + 5%]13 (t) +Zy (t) + N3Zs (t) + Zg (t)  (2.49)
Lemma 24. The Lyapunov functional L (t) satisfies the equivalent relation
miE (t) < L(t) <meoE (t), Vt >0, (2.50)

where my and mo are positive constants .

Proof. By using the functionals defined in the preceding lemmas along with Cauchy-Schwarz,

Young’s and Poincaré’s inequalities, we get

IL(t)— NE(t)| <cM (/ ¢2d:c+/ wfdwr/ cpfda:) + cN, (/ wfdwr/ efdx)
0 0 0 0 0
—l—c%] (/ goidx—i—/ ¢§dm—i—/ ¢fd.r—i—/ gofdx)
b 0 0 0 0
+c (/ goidva/ gofdx) + cNs (/ Hfd:v—k/ 02dx+/ @bida:)
0 0 0 0 0
s 1
c/ / 22 (z,w,t) dwdz.
o Jo
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Therefore, there is a sufficiently large C' > 0 such that

s 1
0 -NEW <c [ (w?+¢?+9?+s0§+¢2+9§+¢2+/ z2<w>dw) da
0 0

< CE(t).
Consequently,
(N-C)E) <L) < (N+C)E(1)
By choosing N sufficiently large, (2.50) follows. m

Substituting (2.38), (2.39), (2.42), (2.43), (2.45), (2.46) and (2.47) in the expression of
L' (t), we get

s K 6 s s
L (t) < —Nk:o/ 02 dx — Nk:o/ 22 (1) dx — Nli/ Yid — Nlbo/ Vi
0 0
+N151/ gpfda:—l—Nlc/ 92dx+Nlc< )/ Yidx _NQ_/ Vidx
0 0
1) [T : o2
+ Noc [ 1+ 5 O, dx + Naceo (gox +¢2) dz + Noc [ 2d
2/ Jo 0 0

+ Ngc/ 22 (1) dx — §u/ 2dx + @/ Vidx + 5JCP/ 02 dx

0 2" Jo b Jo b Jo

SJep [T i 3p [T, e L
+ vyde —p [ gide+ — [ gide+c | Yidx— Ns— [ Ordx
b Jo 0 2 Jo 0 2 Jo
s 1 s s
+ N352/ Y2dx + Nsc (1 + —) / 02 dx + NgC/ 22 (1) dx
0 €/ Jo 0

g 1 i L
- 007'/ / 22 (w) dwdz — co/ 22 (1) dw + / 02, dx.

o Jo 0 0

That is,

1 | "
L) < — (koN—cN1 —cN, <1+5) —c(1+5> N; — 5ch,0 - 1)/ 02,dx
0

g i 5Jc "
— (Iu — C€2NQ>/ @idl’ - (p - €1N1)/ @?dlﬁ - (boNl - b p) / ¢2dl'
0 0 0

N " i
- (h — &g (cNy + N3) — SJCP) / Yidr — (EN?’ - CN?) / Ordz
2 2 0

- (SNQ—C( )Nl)/ Q/JtdI—COT/ / w) dwdz

(kfoN “+ co — CN2 — CNg)/ Z:v (].) dx.
0
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At this stage, we have to choose the constants N, N1, Ny, N3, e1, €5 carefully. First we take

Nj large enough such that

bJcp >0 and dy:= éNl _SJep

5 ; > 0.

bo Ny —
Next, we select a sufficiently small value for €1 so that
p—e1Ny > 0.
Then, we pick a large N, such that

1
é]\@—c(l%——) Ny >0
2 &1

and choose N3 such that

gNg > CNQ,

After that, we take a sufficiently small €5 so that
p— ceaNy > 0 and dy — €3 (¢Ny + N3) > 0.

Bearing in mind (2.50) , we choose N so large such that

1 1 5J
koN—ch—ch(l—i——)—c<1+—)N3— L _1590
9P E9o b

and

k’oN—CNg —cN3 >0

and £ ~ E. Consequently, we get for a positive constant Ay,

L'(t) < =XE(t), Vt >0, (2.51)
A combination of (2.50) and (2.51) gives

L'(t)<—-nL(t), Vt>0, (2.52)
for 7 > 0. The integration of (2.52) over (0,t) yields

L(t) < L(0)e ™™ Vt> 0.

Using (2.50) once againth, we get our etimate (2.37); which completes the proof of Theorem
16.
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2.4 Polynomial stability

In this section, we examine the case in which (2.36) does not hold, and demonstrate the

polynomial decay of the strong solution for (2.12). First we define the second-order energy

by
1 s
E, (t)== / (pei, + JUp, + aby, + 5U7, + gy, + EUF + 2000, + K07, da

le / / 1) dwdz.

Similar calculations, as in (2.38), lead to

EL(t) < —ko (/ e,?txdx+/ zfx(l)dm) <0. (2.53)
0 0

We consider the following lemma in order to handle the term y that appears in the proof

of Ig.

Lemma 25. Let (p,1,0, z) be the strong solution of (2.12). Then the functional

Zs (t) = BZ5 () — X/D7T Oy (k104 + K0, + ko2, (1)) do. (2.54)

satisfies, for any 3 > 0, the estimate

— b m U m m ™
i (t) < —@/ o2dx + 53/ idr + c </ Vidx +/ 02 dx +/ 22 (1)) dx
2pJ 0 0 0 0
+ c/ Yidr + c (1 + ) / 07, dx. (2.55)

Proof. A simple differentiation of (2.54) leads
fg (t) = 0I5 (t) — X’ﬁ/ OutOipdr — X]ﬁ/ Opbppdr — Xli/ Ouilpdr — Xli/ 0plpd
0 0 0 0

—xkz/ %zz(l)d:c—xkz/ r2te(1)d. (2.56)
0 0

By utilizing the third equation of (2.12) and integration by parts for the second term on the
right side of (2.56), we obtain

_Xkl/ prtetzdx = Xkl/ Sotetmcdaj
0 0

= Xa/ 010y dr + Xli/ Yribedr + x5 Vdr + ko / Va2 (1) dx. (2.57)
0 0 0 0
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Substituting (2.57) and (2.44) into (2.56), we obtain

~ /%u/“ 2 pép " Bu /’r
T (1) = —2F de — 552 Jde — [ 25 O,ud
5 (1) T ), gadr = e Ydx pJ,+-XH | Pabiede

W
pJ

By using Poincaré’s and Young’s inequalities, we get (2.55).
The following theorem provides our polynomial decay result.

Theorem 26. Assume that

wzdx + Xa/ oibydx — ng/ Ouzte (1) dx — xky / OpbBipdi.
0 0 0

(2.58)

XZ%—g%Q
and let (p,1,0,z) be a strong solution of (2.12). Then, there is 7 > 0 such that E(t)
satisfies,

E@)g?,Vﬁ>0

Proof. We define the Lyapunov functional by

L.(t) = N*(E(t)+ E, (t)) + NIT, (t) + NiTp (t) + N1y (£) + Ty (£) + N2 Ts (8) + T (£) .

Differentiating £.(t) and substituting (2.38), (2.53), (2.39), (2.42), (2.45), (2.46), (2.47),

p P :
and €3 = ——, we arrive at
AN} I

1 1 T
L(t) < — [kON* — cNy — ¢eNj (1 + 5_> — cNj — eNZ (1 + g—) - 11 / 07 dx
2 2 0

(2.55), and setting e =

_B T 6 * 4N* * o * 2
/0 2dx — [QN <1—|— )N]/ Vidw — [boN; cN]/O idx

FN — N — ¢ — ceg N*—i—N*]/ wd:c—Tco// w) dwdz

bbu 3p
* * 2 . * 2
[ N zv /‘Hd {QJN ¥ %ﬂ%}A o2dx

— [koN* — ¢Ny — N + co]/ 22 (1) dx
0
* 4N?>>k * " 2 * * " 2
— |koN" —c 1+ N; 0;.dr — [koN* — eN3| |z, (1) dx.
P 0 0

First, we choose a large N3 such that

bBu 3p
O = —Ni—2 >0
Vopg 2 T
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then, we let Ny large so that
* * 5 * *
c1 = bgN{ —cN3 >0 and Cy = §N1 —cN3 —c>0.

Next, we select a sufficiently large NJ such that

*

4N
02::§N2"—c(1+ pl)Nl*>0,

subsequently selecting N} large enough guarantees
H * *
c3 = §N5 —cNy > 0.
Then, we choose a sufficiently small €5 so that
cqg:=Cy—ceg (Ny + NI) >0
and
Cy 1= Cl — C€2N2* > (.

In the end, we select a very large N* such that

AN} AN}
CG:kON*—ch*—cN;(l—l— 3)—cN;—Ngc(1+ 3)—1>0,
p p

c7 =koN* —cNy —cN; —1>0,

1
Cg:k}gN*—C(1+8_>N§>O
3

and

Cg :k’oN*—CN; > 0.

Therefore,

L. (t) <— (g/ oZdr + 62/ Vidr + Cﬁ/ 07, dx + 05/ 2dx + cl/ w2dx>
0 0 0 0 0

™ 0 s 1
— <c4/ Yidr + Cg/ 02dx + TGT/ / 22 (w) dwdx)
0 0 o Jo
— (07/ 22 (1) dx + cg / 02 .dz + co / 22 (1) dx) :
0 0 0

By denoting 179 = min {g, 1, C2, C3, C4, Cs5, Cg, T€_T} we conclude

L (t) < —mE(t). (2.59)
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Integrating (2.59) over (0,t), taking into account that F (¢) is non-increasing, we obtain

LE (1) < /tE (s)ds < = (£, (0) — £. (1)) < 2D v > (2.60)

Mo Mo

which implies that

for n > 0. As a result, Theorem 26 is proved. O]



Chapter 3

Exponential and polynomial decay for a
porous system of thermoelasticity of

type 111 with distributed delay.

In this section, we are concerned with the following porous thermoelastic type I1I system

with distributed delay acting on the heat equation

Py — gy — by = 0, in (0,7) x (0,00),
Jou — gy + buy, +EP + B0, =0, in (0,7) x (0,00),
by — KO0z + BOrte — k10tew — /72 ko (8) Otz (z,t — 8)ds =0, in (0,7) x (0,00),

k (3.1)

where ky : [r1,72] — R is a bounded function, 77 and 7, are two real numbers satisfying
0< 1 <mo.

subjected to the following initial and boundary conditions
uw(0,t) = u(mt) = ¢, (0,t) = ¢y (m,t) =6 (0,t) =0 (7,t) =0, in (0,00), (3.2)

(U (I’, 0) ) ¢ (.CC, O) ) 0 (CB7 0)) = (UO('T)’ Qb()(if), QO(x)) ) n (Oa 7T) ’
(ug (,0), ¢ (x,0),0; (2,0)) = (ur(z), p1(x), 00 (x)) . in (0,m).
We study the well-posedness and the asymptotic stability of (3.1)-(3.3). By using the

(3.3)

semigroup theory, we prove the existence and uniqueness of the solution. We then exploit

38
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the energy method to obtain the exponential decay result for the case of equal wave speeds

and a polynomial decay result in the opposite case.

3.1 Setting of the problem

Note first, since Neumann boundary conditions are considered for ¢, which prevents
the application of Poincaré’s inequality for ¢. To avoid these inconveniences, we proced, as
follows. From boundary conditions (3.2) and equation (3.1)q, we infer that

d2 ™ ™
@/0 qﬁ(x,t)dx:—%/o ¢ (z,t)dx.

Thus,

“otyds= ([ 6o (x)da) cos %t L (] 6 @) dn ) sin %t,
0 0 § \Jo

therefore, if we set

50,0 = o(ot) 2 ([ on(oyde) cos <\/§t>
_%\/g (/OW 61 () dm) sin <\/§t> ,

/ﬂa(x,t)da: =0,
0

which allows the application of Poincaré’s inequality. Moreover, (u, @, 6) satisfies (3.1)—(3.3)

then

with the same initial conditions (3.2) for u and 6, and

50 =) -2 ([(on@ ) B0 =@ -1 ([nwar).

In the sequel we work with ¢ but for simplicity we write ¢. Next; as in [42], we introduce

the new variable to deal with the delay term.
2 (r,w,s,t) =0 (x,t —ws), for 0<w<1andn <s <.
Clearly, we have

sz (zyw, 8,t) + 2z, (x,w,8,t) =0, V (x,w,s,t) € (0,7) x (0,1) X (11, 72) X (0,400). (3.4)
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Differentiating the first two equations of (3.1) with respect to ¢, setting ¢ = u; and ¥ = ¢,
the system (3.1), the equation (3.4) and the conditions (3.3) and (3.2) become

(

PPt — f1pzz — bty =0 in (0,7) x (0,+00),
Jwtt - 6¢x:}c + bng + €¢ =+ ﬁetx = 0 in (07 7T) X (07 +OO> 9
aett - ’i‘gmm + B¢tw - kletmm (35)

— /T2 k2(8)zze (1,8)ds =0 in (0,7) x (0, +00),

71

[ 52 (W, 8) + 2, (w,5) =0 in (0,7) x (0,1) X (71, 72) x (0, 400),
0 (0,t) =@ (m,t) =1, (0,t) =, (m,t) =0(0,t) =0 (m,t) =0 in (0,00), (3.6)
(0 (,0),% (2,0),0 (x,0)) = (po(x), o(x),b0(x))  in (
(1 (2,0) bt (2,0), 0, (2,0)) = (@1 (2),¢1(x)qo (x))  in (0,7), (3.7)
z(z,w,s,0) = fo(z,w,s) in (0,7) x (0,1) X (71, 72) .
We introduce the energy associated with the system (3.5)—(3.7) by

1 ™
E(t) = —/ (ppi + Jf + b} + pps + E0* + 2bppt) + 697 + K67) d

/ / / s |ka(s)] 22 (w, 5) dsdwdz.

Remark 27. We can rewrite the energy E(t) as

1 ™
E(t) = 5/ (pei + Jp + aby + 02 + K02) da

/// s s (s) ws)dsdwdx—i-/i/oﬂ(@x—i-élb)?dﬂ?
é/ ( %+w> d$_|_1(u—%2>/oﬁgpxdx+ <g——)/ Vi,

which is a positive definite form by virtue of p& > b.

3.2 Well posedness

In this section, we demonstrate that the problem given by (3.5)—(3.7), has a unique
solution. To rewrite the problem (3.5)—(3.7) in the semigroup setting, we define the new
variables. w = ¢y, v = ¢, and ¢ = 0; and introduce the Hilbert space

H =H) (0,7) x L*(0,7) x H (0,7) x L2 (0, )
X H (0,m) x L* (0,m) x L*((0,1); Hy (0,)),
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where

[2(0,7) = {we 20, 7) - /Oﬂwdxzo},
HI(0,7) — {we HI(0,7) /Oﬂwd:v:()} — HY(0,7) N L2 (0, 7).

The space H is equipped with the inner product

(U, Ty = / (P + 1102+ TOT 4 0T+ 80550 + €00 + 56,8, ) d
0
T . T 1 T2
+ b/ (pevdx + Y@, )dx + / / / |ka(8)| 22 (w, 8) 2 (w, $)dsdwdz,
0 0 0 1
where U = (¢, w,v,v,0,q,2) andU = ({5, w, 1;, v, 5, q, Z) € H. According to the new nota-
tions the problem (3.5),(3.7) can be written

U (t) + AU (t) = 0,for all t >0,
U (0) =Up = (9007901,%,1@1,90,%, Zo),

where A is the operator defined by

(3.9)

—w
b
_szx _¢x
p p
—U
0 b § p
AU = — W ¥ = 4z
J¢ et Jw+ i
—q
- k 1"
_Hea:m + éva: - _1Qx93 - _/ k2<5)zzm(1’ S)dS
« « « a ).,
2w

with domain

o € H*(0,m) N H}(0,7), € H2(0,7) N HL0,n),
DA ={UeH|wqe H}(0,7), ve HY(0,7), z € H((0,1); H}(0,7)),
k0 + kiq —i—/ kao(s)z (1,s)ds € H*(0,7), 2(0,5) =q

71

where

HZ(0,7) = {u € H(0,7);u, € Hy(0,7)}

The main result of this section is given by the following theorem.
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Theorem 28. Suppose that

/ " lka(s)| ds < by, (3.10)

T1

Then, for any Uy € H, the problem (3.9) has a unique solution U € C ([0, +oo[,H). More-
over, if Uy € D (A), then U € C (R, D (A))NC* (RT,H).

To prove Theorem 28, we use the semigroup approach. According to the Lumer Phillips
theorem, it suffices to prove that A is monotone and maximal.

First, for any U € D (A), we have

™

<~AU7 U)H = /JJ/ Soxxwdx —b waJdl' - ,LL/

Wyppdr — 0 wmvdx + b/ ppudr
0 0

T

+ {/ Yodr + B/ qzvdr — li/ 0..qdx + 3 vqux — k / Gzzqdx

0

/ / k(s zmlsdsdx—é/ vxwxdaﬁ—f/ dex—/ﬂ/o 420, dz
+gA(wm w%m+/ //‘m ) 2w (W, 8) 20 (w, 8)dsdwdz
:kl/ qmdx—l—/ qx/ ko (s)ze(1, s)dsdx

/ / ka(s)| 22(1, s dsdm——/ / |k (s)| ¢2dsdz, (3.11)

Using Young’s inequality for the second term of (3.11), we reach

s T2 1 T2
_/ qx/ ka(8)z(1, s)dsdr < 3 (/ |k2(s)|ds)/ 2dr + / / \ka(s)| z2(1)dsdz
0 T1 1 0

(3.12)
So,

(AU, Uy >k1/7rqxdx—%(/m|k2( )|ds)/0 da:——// o)) 22(1)dsdz
/ / |ka(s) dsdx——/ / |ka(5)| ¢2dsdx

(AU, U)y > (k1 — / |ka(s )\ds)/ xdx >0,
T1 0
which shows that 4 is monotone.

Secondly, let G = (g¢', g%, ¢%,¢*,9°, 9% ¢") € H and find U € D (A) such that

U+ AU=G. (3.13)
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That is,
(
p—w= g'
pW — 1oz — b = pg?
b-v= g’
JU = 6y + by + & + Bgy = T g (3.14)
0—q= g°
aq — ﬁe:m: + ﬁvx - qu:rw - f:? k2<3)zw:v<17 S)dS = a96
L 24z, = 97
From the first, the third and the fifth equations of (3.14), we have
w=p-—g,v=9-g, q=0-g" (3.15)
By solving the seventh equation of (3.14), we get
z(z,w,8,t) =Ce™ +/ e g (0)do (3.16)
0
Using the fact that z(0, s) = ¢, we infer
C=gq
and
z2(w,s) =qe™ +/ "¢ (0)do,
0
Thus, (3.15) yields
2(w,8) = (0 — g°)e™™ +/ e g7 (0)do. (3.17)
0
Next, plugging (3.15) and (3.17) into (3.14)s, (3.14)4 and (3.14)s, we obtain
—HPae + pp — bihe = hy,
— (ﬁ + ki + / elkg(s)ds> Ope + b + B1Y, = hs,
where
hy :p(92+gl) S L2(077T)a (319)
ha = J(g* +9°) + Bg; € LZ(0,7) (3-20)
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and

T2
hs =a(g° + ¢°) + By, — (—k1 + / elkg(s)ds) 9.

T1

1 T2
+/ / ky(s)el" Vg (o,5)dsdo € H™(0,7),
0 T1

where H~! (0, ) is the dual space of H} (0, 7).

We consider on V = H}(0,7) x HL(0,7) x H}(0,7), the variational formulation

B((¢,¢,0),(3,4,0)) = F(§,¢,0), (3.21)

where B is the bilinear form over V = HJ(0,7) x H!(0,7) x H(0,7), defined by

Bl b0, 00 0) = [ pbadeto [ oot [ (5. + i) da

™

5 /0 blod + (€4 ) /0 Side + B /0 (0,5 + aB)da

T T T
+ (/{ + k1 + / e_le(S)dS) / 0.0,.dx + 04/ 00dzx
T1 0 0

and F' is the linear form over V,given by

F(3,4,0) = / hipdz +/ hopdr + (hs, 0) 515y
0 0
where (-, ) -1, 18 the H~' x H} pairing.
The space V is equipped with an equivalent norm to
2 2 2 2 2
1(2, ¥, 0) Iy = lleellz + 1012 + [19llz + 162]]; -

Easily one can check that B and F' are bounded.

Further, we have

B((p,v,0), (p,9,0)) = oidr +p ©dx + 2b YL 0d
((p:9,6). (. :6)) 'u/o ! /o /o vaz
+(&E+J 2dr+6 2dr + o 0%d
( )/0 v /o%: /o !

T2 s
+ (m + ky —I—/ e_lkg(s)ds) / 62dx,
T1 0

bZ
B((¢,9.9), (2..6)) = plll* + (1 — <) loell® + T 11 + 6 [l

+ a6+ (li + ky + / €1k)2($>d3) 16,117 -

T1

Young’s inequality yields
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Thus, there exists M > 0, such that

B((¢,1,0), (¢, ,0)) = M || (0,0, 0)|[5 ,

which shows that B is coercive. Thus, the Lax-Milgram theorem ensures that there is a

unique solution (¢, 1, 0) to the system (3.18), such that
© € Hy(0,7), v € H(0,7), 0 € Hy(0, 7).
Substituting ¢, 1 and 6§ into (3.15), we get
w € Hy(0,7),v € H(0,7),q € Hy(0, ). (3.22)
Moreover, from (3.17) we entail that
z € L*((0,1); Hy(0, 7)) (3.23)

and

zo =g —z¢€ L*(0,1); H(0,7)). (3.24)

Consequently,

z € H'((0,1); Hy(0,7)).
Next, replacing (¢,6) = 0 € HX(0,7) x H2(0,7) into (3.21), and using integration by parts,
we obtain i
u/(:r Popodr = —/0 (pp = bipy — hy) Gda, V@ € Hy(0, ). (3.25)
Thus,
€ H*(0,7) (3.26)

Integrating the left-hand side of (3.25) by parts, we arrive at
—u/ Pappdr = —/ (pp — bty — h1) Gda, Vg € Hy (0, )
0 0

/ (Mgomz —pp + bdjx + hl) @d]} = O, V@ S H&(O, 7T>
0

the elliptic regularity theory implies that

WPew — PP + bihy + hy = 0.
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Moreover, from (3.15) and (3.19), we obtain

— Wpaz + pw — by = pg?,

which solves (3.14),.

Similarly, taking (¢,60) =0 € Hy(0,7) x H} (0, 7), and using integration by parts and (3.15),

we obtain

[ utade = [ b= (T4 0~ bo - 0. Gdo, VI € IO (320
0 0
Here, we can’t use the regularity theorem directly, because {/; € H(0,7). Let ¥ € H} (0,7)

and set

™

- 1 [T
(1) :\I/(x,t)——/ U (2, 1) dz.
0
Clearly ¥ € H! (0,7) . Plugging U into (3.27) and recalling that
hy — (J+f)¢—b<ﬂx—59x S LE(O,W),

we get

5/77 0o Uyda = / (hs— (J + )& — biow — B0,) Wz, ¥ € HL(0, 7), (3.28)
0 0

which means that ¢ € H? (0, ), with

1

Yoa = 5 (ha = (J + ©) ¥ — bpa — Bl2) = 1.

From (3.15) and (3.20) we get

577Z)a:a: —bng - JU—f%U—ﬁC]:c = Jg4

and then, 1 solves (3.14)4. Moreover, we have, from (3.27)

/07T Uppthda = /07r mp, Vi € H0, 7).

Integration by parts yields

o (1) () — s (0) 3 (0) — / R / "0l Vi € HY(0,7).

0
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Using (3.28) we arrive at

Vo (M) () = 2 (0) 4 (0) = 0, V4 € HI(0,7),
Since ¢ € H!(0,7) is arbitrary. So,
Yr (1) =1, (0) =0,
and then ¢ € H2 (0, 7). Therefore,
Y € H2(0,m) N HL0, 7). (3.29)

Finally, taking <6, 1;) =0¢€ H}(0,m)x H}(0,7) in (3.21), replacing g° by 6 —q and recalling
that

we obtain

™ T2 - ™ ~ ~
/ {m@w + kg, + / ka(s)z (1,8) ds] 0,dr = / (ogg6 —aq — ﬁvm) Odx, V0 € Hy(0,7)
0 1 0
(3.30)
the elliptic regularity theory implies that
k0 + k1q +/ kao(s)z (1,s)ds € H*(0,7) (3.31)
T1
Integrating the left-hand side of (3.30) by parts, we arrive at

/ </€9m + k1Qur + / ko(8)2ee (1,8)ds + ag® — aq — ﬁvx> Odr =0 VO e H; (0, )
0

Thus,
]
_’iemm - quxar - / kQ(s)zmx (17 3) dS + aq + Bvx - ag6

T1

and (3.14)¢ is satisfied. Combining (3.22), (3.23), (3.24), (3.26), (3.29) and (3.31), we
conclude that the solution U belongs to D(A). As a result, the operator A is maximal.

Then, the result of Theorem 28, follows immediately.
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3.3 Exponential stability

In this section, we prove the exponential stability of the solution (p,,6,2) to the
system (3.5), provided that

X—%_%—o. (3.32)

The main tools used is the proof are the multiplier method and Lyapunov functionals. First,

we have this result.

Lemma 29. Assume that

[ ato)lds < b 3.33
T1
then, the energy E (t) satisfies along the solution (p, 1,0, z) of the system (3.5) the estimate
E T2 i
dd—t(t) < - <k1 —/ |ka(s)] ds> / 02 dx < 0. (3.34)
T1 0

Proof. Multiplying the first three equations of system (3.5) by ¢, 1 and 6; respectively,

then integrating with respect to x over (0, ), we obtain

v e b0 [
rae 2qr 4+ L2 dz — b dx — .
2dt | ¥ +2dt/ LR A Vatprde =0, (3.35)

2dt/ vido +§E/ w2dx+b/0 somwtdﬁm/ Wz +5/ Oputindr =0, (3.36)

d ™ d K ™ K
a 02dr +~= [ 02dv - / Vibpdr + Ky / 07, dx
0 0

2dt J, 2 dt
s T
+/ th/ ko (8) 2 (1,8) dsdx = 0.
0 T1

On the other hand, multiplying the last equation of system (3.5) by |ka($)| 2z and integrat-

ing with respect to (z,w, s) over (0,7) x (0,1) x (71, 72) respectively, we get

i 1 T2
/ / s |ka ()| ze(w, $)zzz(w, 8) (w, s) dsdwdx
0 0 T1

T 1 T
—|—/ / / Zw(w, 8) |k2(8)| 2ze (w, ) dsdwdx = 0,
0 0 1
which gives

th/ / / s |ka(s)| 2 (w, ) dsdwdx = ——/ / / ko ()| 22 (w, ) dsdwdx = 0
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Thus, we have

/ / / s |ka(s)] 22 (w, 8) dsdwdx
2dt Jr . W (3.37)
= —_/ / |ka(s) (1,s)dsdx + = 5 (/ |k2(5)|d3)/ fodx.

el 0

Adding (3.35)-(3.37) , we arrive at

1d [T
S (poi + Jp + aby + pp? + & + 2bp,tp + SY2 + k) da

th/ / / s |ka(s)| 25 (w, ) dsdwdx = kl/ 02 dx
T2
/ Gtx/ ko (s) z: (1, dsdx——/ / |ka(s)] 22 (1, s) dsdx

+s (/ oo (s >yds)/0 02 da.

Consequently, we get

_dEd]f”— (kl—%/ ko (s )]ds)/ Gfxdx—/ etz/ ka(s)ze (1, 5) dsdx
0 0 T1
__// |ka(5)] 22(1, 5)dsd.

Using Cauchy-Schwarz’s and Young’s inequalities to the second term on the right-hand side

/ Hm/ ka(s)zz (1,5)dsdr < = (/ |ka(s )|ds)/ 02 dx
0
// ka(s)| 22 (1, 5) dsdw

and (3.34) follows immediately. O

yield

The main result of this Section reads as follows:

Theorem 30. Suppose that (3.32) is true and let (p,1,0,z) be the solution of problem
(3.5)—(3.7). Then there exist A > 0 and n > 0, for which the energy functional (3.8) satisfies

the estimate

E(t) < Ae™™ VWt > 0. (3.38)

To prove Theorem 30, we need to establish some essential lemmas.
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Lemma 31. The functional

t);:J/OWth——/ gpt/@/) ) dydz,

satisfies, along the solution of the problem (3.5)—(3.7) and for any 1 > 0, the estimate

™ 2 ™ ™ 2.2
g;(t)g—g/o ¢§dx—(§—%>/o wzdx—i—sl/o ©? 5 /02da:
< "o
+ (J+61)/0 Yidz, (3.39)

where henceforth, ¢ is a generic positive constant.

Proof. Direct differentiation of G (¢), using (3.5)2, (3.5); and integration by parts, yields

/ Yiydr = / Yidr + J / Vipyda
:J/O wfdx—é/o wzdx—b/oﬂ%wdx—§/Oﬂw2dx+5/0ﬂ6thdw.

(3.40)
Similarly,

b d T X b i X b vy X
S e [owdnis ==L [ou [Cwwdyts =2 [ [ v duds
podt Jo 0 mJo 0 K Jo 0
™ b2 T . pb s T
=b | @updr+— [ de——= [ ¢ [ U (y)dyda.
0 HJo o Jo 0

(3.41)
The addition of (3.40) and (3.41) yields

R (S ey
+ﬁ/0 Oppdx — ;/o Ot /Of” Uy (y) dyde.

Consequently, (3.39) follows from Poincaré’s, Cauchy-Schwarz and Young’s inequalities. [

6. () = —a [0, [ v1(y) dyds

satisfies, along the solution of the problem (3.5)-(3.7), and for any €3 > 0, the estimate

G, (t s——/ wtdz+c(1+1)/ 07, dx + ces /W(saiwa?)dﬂf

2 T2
325 02dx —i——// ko (s)|22 (1, 5) dsd. (3.42)

Lemma 32. The functional
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Proof. The differentiation of G, (t) and the use of (3.5)s, (3.5)3 and (3.33) lead to

6, (0) == [ 60 [ wdyts—a [ 6 [ v dya
——n [0 (/:m(y)dy) 1o+ [ (/Ozwy)dy) dr
i [0 (/0 ) dy) wo- [ / Fa(s)zea (1, 5)ds (/0 6 ) dy) dr
—a/oﬂet/oxwtt(y)dydx
:,{/Oﬂex@dx—@/o”@z)fdﬁkl /Oﬁetwtdﬁ/owm/: ko (s) 2 (1, s)dsdz
—a/ﬂet/x% (y) dyd.
0 0

We now estimate the terms in the right-hand side of the above identity. Using and Cauchy-

Schwarz’s and Young’s inequalities, (3.33) and calculations as in (2.41), we find

m/ Gmwtdxgé/ Vidw +—/ 02dx,
0 6 Jo

s B/ﬂ' 3]{:2 )
ki | Ouibdr < = dr + 22 9d,
1/0 t¢t$_60¢t +25 ta 0T

T2 T T 2
/o @bt/ﬁ ka(s)z(1, s)dsdx <ﬁ/ Yidx + 23ﬁ (/ k‘z(s)zz(l,s)ds) dx
_B/ ¢tdaz+% ]kQ \ds/ / ko (8)|22(1, s)dsdx

3k
gé/ Yidw +—1/ / |ka(8)]22(1, s)dsdx,
0
and, for any 5 > 0, we infer

o [C0 [ vty dyas = = / 0 ( / <6wyy—bsoy—w—ﬁew>dy) da
0 0
:—a—é/ Htwmdx—l—a—b/ Gtgad:c—i——/ Ht/zp dyd:c—i——/ 02dx
/¢dx+—/ 92dw—|—52/ de+5_/ Qfdqusg/ i
2 Jo 0

+ £ 92dx+—/ 02dx
52
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Then, by the above estimate and Poincaré’s inequality , we obtain

Gy (t S——/ Vi +(7ﬂ+ )/ 0?dx+a2/ dewnLeg/ ¢§dfﬁ+€2/ p?dx
0 0

3k [T 3K? 31{:
—i-% 07 dx +% 02 1// ko (s)]22(1, s)dsdx
32

<——/ ¢tdx+c<1+1)/ 92da:+csg/ (gow%—?#?)dm—l—% 92da:

0
3k1// |ka(5)]22(1, s)dsdz.

Lemma 33. Assume that (3.32) is true, then the functional

s 5 s
_r / rpuda + 2 / npuda,
P Jo J 0

satisfies, along the solution of the problem (3.5)—(3.7), and for any 3 > 0, the estimate

g’(zs)<_b—“/7r 2dx +’“‘—£2/ Vida +—/ 02 dx +—/ Vid. (3.43)
SV = 9pT Jb Jb
Proof. Direct differentiation of G (¢), using (3.5)2 and the integration by parts, yields
d s ™ s
oo | s =2 / bupada + L / —
0
0

Similarly, using (3.5);, we obtain

o [T o [T
Jdt/ Vyprdx j/o wtx¢td$+j/0 Yyppudr

5 [T o [T o [,
0 pprdr — 22 ode + 22 p2de 3.45
J/0¢t¢t$ pj/ospl/} $+Jp/0¢$ ( )

Summing up (3.44) - (3.45), yields

/ bﬂ Ty HE _ BM /
g, (t) = podr — pJ Ydx pJ i O ppdx
/ Vrde — / VYupprdee. (3.46)

Considering (3.32) and by using Young’s inequality, the estimate (3.43) follows. [
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Lemma 34. The functional
6,(t)i= —p | upda
0
satisfies, along the solution of problem (3.5)—(3.7), the estimate

g (t)g—p/ dx+32“/ 2da:+c/ Yida. (3.47)
0 0 0

Proof. Direct computations, using (3.5)1, gives
gy (t) = —,0/ prpdr — p/ pidz
0 0
=— ,u/ Yezpdr — b Yppdr — ,0/ rdx
0 0 0
= / prde +b | ppudr —p / prda
0 0 0

Then, the use of Poincaré’s and Young’s inequalities leads to

™ e e b2 ™
Qi(t)S—p/ so?dx+u/ widwrﬁ/ soidwr—/ VAda
0 0 2 Jo 2u Jo
"y 3 [T, "o
S—p/ g@tdx+—/ gpmd:p%—c/ Yrdr.
0 2 Jo 0

Lemma 35. The functional

0 0

0

satisfies, along the solution of problem (3.5)—(3.7), and for any 3 > 0, the estimate

2 ™
g5()<__/ 9d$+62/ ¢2dx+(06+45_82> Cp/o ‘9t23:d1:
/ / |ka(s)|22 (1, 5) dsdz. (3.48)

Proof. Direct differentiation of G5 (¢) and the use of (3.5)3 lead to

Gl (t) =a / 02dz + o / 00,.dx + ky / 0,0,.dz + 3 / Uofds + B / b.0,d

0
—a/ 92d:€+/§/ Gxxedx—ﬁ/ wm@dx—i—kl/ 0 0dx

+/ / ko(s)zza (1,9) Hdsd:v—i-k'l/ 9I9md9§+,@/ ¢xt9dx+5/ Y 0:dx
0o Jn 0 0 0

_—F&/ Gidx—l—oz/ Ofdxjtﬁ/ wxetdw—/ «91/ ko(s)z, (1, 8) dsda.
0 0 0 0 .
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Using Cauchy-Schwarz’s and Young’s inequalities to the last term on the right-hand side
yield

T T T 1 T T T
—/ 995/ ko(s)ze (1,8) dsdx SE/ Hidm+2— </ |k2(s)|ds)/ / |ka(5)|22(1, s)dsdx
0 T T
K
<§/ / / |ka(5)]22(1, 5)dsdx

and (3.48) follows. O

Lemma 36. The functional

T 1 T
:/ // se”% |ko(s)] 22 (w, s) dsdwdz.

0 0 T1
/// s [ka(s)| 22 (w, 8) dsdwdx

/ |ka(s)] 22 (1, s) dsda:+k1/ 02, da. (3.49)

Proof. Direct differentiation of Gg (t) infer to

Gg (t) = 2/ / / se”* |ka(8)] zp(w, ) zge (w, $)dsdwd.
Using (3.4) we get

™ 1 T2
6 (1) = —2/ / / e |ka(8)] 22 (w, 8) 24 (w, 8) dsdwdz
0 0 T1
iy 1 T2 d22
—/ / / e~ ko(s)| d_oj (w, $) dsdwdx (3.50)

satisfies

By differentiating the term ™22 (w, s) with respect to w, we get
0 0
E (6722 (w,s)) = —se™*22 (w, 8) + e_s“’a—wzi (w,s)

Then, by substituting into (3.50) and using the fact that z (0, s) = 6;, we obtain

[ e st
- _ —sw 2
/0 /0 /71 [z ()] dw (e 7 (w, S)) dsdwdzx.
™ 1 ) i .
_/ / / s |ka(s)| €22 (w,s)dsdwd:c—/ / lka(s)| €22 (1, 5) dsda
o Jo Jn s
+/ / |ka(5)] 07, dsdx.
0o Jn

Thus, (3.49) is satisfied. O
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Now, we defined the Lyapunov functional £ (t) by

50/

L(t):=NE(t) + NGy (t) + NoGs (t) + 2

3(t) + Ga () + N3Gs (t) + NuGs (t), (3.51)
where N, Ny, No, N3, N, are positive constants to be determined appropriately.

Lemma 37. For N sufficiently large, the functional £ satisfies
miE (t) < L(t) <meE (t), Vt >0, (3.52)
for m; > 0 and my > 0.

Proof. Let

5p

K(t):=L(t)— NE(t) = NGy (t) + NaGo (t) + 2

5(t) + Ga(t) + N3Gs (t) + NuGs (2) .

By using Poincaré’s, Cauchy-Schwarz’s and Young’s inequalities and (3.8), we get

K ()] <Ny (/ Wdﬁ/ wfdwr/ gofdm) + cN, (/ wfdwr/ efdx)
0 0 0 0 0
-I—c% (/ gpidva/ @bidm—l—/ ¢fdw—l—/ gofdx)
b 0 0 0 0
+c </ gpidx—i—/ gofdac) + N3 (/ 9§dx+/ Gidx—i-ﬂ/ wim)
0 0 0 0
—I—cN4/ / / s |ka(s)| 25 (z,w, s,t) dsdwdz.

Therefore, there is a sufficiently large M > 0 such that

K (|<M/ (7 + 7 + 07 + @2 + U2 + 62 +

/ / s |kao(s)] 22 (z,w, s, 1) dsdw) dx
<ME(t

Consequently,
(N-M)E@)<L({t)<(N+M)E(t)

By selecting N sufficiently large, (3.52) follows. O
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Proof of Theorem 30. Differentiating £ (¢) and using estimates (3.34), (3.39), (3.42),
(3.43), (3.47), (3.48) and (3.49), we arrive at

T2 2 2N 1
L) <—(N kl—/ |ka(s)| ds A LNy (14 =
- 20 9
B2 552 ™
(a+ yo N3 — 3~ — kil i 0%, dx

- (M—C52N2)/ @idx_(P_&Nl)/ SO?dI
0 0

(=R =) [
_<gN1—52(cN2+N3)—55—C> /ﬁz/;idx
_<§N2_(J+ )N1>/ Wm-( Ng——Ng)/ 02dx
_ < —T2N4_?;_’;1N2__N3)/ / lka(s)] 22 (1, 5) dsda
_e N, / / / s [ka(s)] 22 (w, 5) dsdwdr.

First, we select a sufficiently large N; so that

b? S5uc? )
<§——) 1 — IZ§ > (0 and N1—5(5—C>0

Secondly, we choose a sufficiently small £; so that
p— 1Ny > 0.

Next, we pick N, large such that

By, - <J+3) N, > 0.
2 &1

Then, choosing N3 such that

3K?
—N —N.
3> 283 2-

After that, we choose g5 small enough such that
o
i — cea Ny > 0 and §N1 —50 —c—e9(ecNy+ N3) > 0.

Then we select N4 such that

3k k
e N, — 2_61N2 - 2—1N3 > 0.
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Finally, we choose N so large such that (3.52) holds and

T2 2 QN
N(h—/|@@ma—6;1
— ¢N. 1+l — +ﬁi %V—Syﬂ—kA7>0
e €9 “ deg P b2 e

Therefore, there exists A\g > 0, so that

L (t) < =XNE(t), Vt > 0. (3.53)
A combination of (3.52) and (3.53) leads

L'(t)<—-nL(t), Vt>0, (3.54)
for n > 0. The integration of (3.54) over (0,t) yields

L(t) < L(0)e ™ Vt>0,

By using (3.52) again, we get (3.38), This completes the proof of theorem 30.

3.4 Polynomial stability

In this section, we assume that (3.32) does not true and prove that the solution of

(3.5)—(3.7) decays polynomially. We define the second-order energy by

2

1 T 1 T2
+—/ / / s |ka(s)] 22, (w, s) dsdwd.
2 0 0 T1
Similarly to (3.34), E, (t) satisfies

d%f)§—®y—/ﬁWﬂQMQ/m%ﬂx§0 (3.55)

T1 0

1 T
E,(t) == / (poi, + JUp, + aby, + 607, + oy, + EU7 + 2bpyty + K07, da
0

Our decay result reads as follows.

Theorem 38. Suppose that (3.32) does not hold, that is

TR
=E_Z 20
ij#,

and let (p,1),0, z) be the strong solution of (3.5)-(3.7). Then, there exists n > 0 so that the
energy E(t) satisfies,

E(t) <L vt>o0.

|3
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The proof of Theorem 38 will be done through the following Lemmas.

Lemma 39. Let (p,1,0, z) be the strong solution of (3.5)—(3.7). Then the functional

Gs (t) := G5 () — X/OW Po (klﬁm + Kb, + / ka(s)2 (1, ) ds) dr, (3.56)

T1

satisfies, for any €3 > 0, the estimate

Gy (t) < — Zi‘}/ idx—i—eg/ﬁ dx+—/ ¢2dx+c(1+ 1>/Oﬂ9t2mdx
c(/o ¢2dx+/ dw—l—// ko (s)] 22, ( 1s)ds)da; (3.57)

Proof. A simple differentiation of (3.56) yields

G, (t) = BG, (1) — ks / b — ko / oubuadd — i / oo
0 0
2

0
—X:‘i/ @xemtd:c—x/ gpmt/ ks (s
0 0 T1

™ To
—X/ %/ ka(s)zix (1, 8) dsdi. (3.58)
0 T1

)z (1, 8) dsdx

Integrating by parts the second term in the right-hand side of (3.58) and exploiting (3.5)s,

we obtain
—Xkl/ (pxté’mda:—xkl/ O1Ozedr Xa/ gotQttdx—i—Xli/ Yatbpdx
0

+Xﬁ/ Spthtdl"i‘)(/ %;t/ ka(s)z, (1, s) dsdz. (3.59)

Substituting (3.59) and (3.46) into (3.58), we get

= Bbp /” 9 pép " (ﬁQ )/“
Ga(t) = ——— cdr — —— L0de — | — + xk 2O dx
3() 0T J; ¥ oJ ® o] X ; P

e wzdﬁf + XOé/ gthttdx
0 0
T T2 T
— X/ gpx/ ko(8)zie (2,1, 8,t) dsdx — xk; / OpOspde.
0 T1 0

Consequently, (3.57) follows from Poincaré’s and Young’s inequalities. n

Lemma 40. Let (p,1),0, z) be the strong solution of (3.5)—(3.7). Then the functional

T 1 T
= / / / se”* |ky(s)| 22, (w,w, 5, t) dsdwdz.
0 0 T1
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satisfies
G (t) < —e” / / |ka(s)] 22, (1, 5) dsdx
/ / / s |ka(s)] 22, (w, 5) dsdwdx+k1/ 02 dx. (3.60)
Proof. Direct differentiation of G; (t) infer to
g.(t) = 2/ / / se”* |ka(8)| ztta (W, S) 2at (w, §) dsdwdz.
Using (3.4), we get
2/ / / e ko(s)| 2tz (W, 8) Ztgw (W, §) dsdwdx
0o Jo
™ 1 d
/0 /0 / e |ko(s )|dwzt2x (w, $) dsdwdzx
/ / / s|ko(s)] e 22, (w, s) dwdx
/ / / |ka(s) (e727, (w, 8)) dsdwdz,
0o Jo
G- (1) :< |ka(s)ds| / 02, (v,1) d:z:—/ / / s lko(s)| €722, (w, 8) dwdx
0
—/ / ka(s)| e %22 (1, 5) dsda.
0 Eal
Thus, (3.60) follows from (3.33). O

Now, we define the Lyapunov functional

L.(t) :=N*(E(t) + E, (1)) + Ny Gy (t) + N3Ga () + N; G5 (t)
+ Gy (t) + N2Gs (t) + NiGs (t) + NG (1) .

Differentiating £.(¢) and substituting (3.34), (3.55), (3.39), (3.42), (3.47), (3.48), (3.49),

(3.57) and (3.60) we reach

T2 1 ™
L(t) < — {N* (k:l —/ ka2 ()] ds) —c (1 + €—> N; — klN;} / 0% dx
" 3 0
™ c ™
—[p—eINy — 53N§]/ pidr — {gNZ* - (J + —> Nf} / Vidw
0 €1 0

b ™
_ f /Hde— BMN* Su — cea Ny / 2dx
N 2 ;
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{6]\7*_5—5(][)]\7*—0 (CN§+N§)]/ Yidx
p

I
—{ N Qﬁ ]/ / |ka(s)] 22 (1, 8) dsdx
_TQN*/ / / s lko(s)] 22 (w, s) dsdwdzx
—e_TZN}k/ / / s |ky(s)| 22 (w, 5) dsdwdx
0 0 T1
— [ N7 — cN;] / / |ka(5)|22, (1, 8) dsdx
0 1
b2 m
D] o
0
T2 202 1
- {N* (lﬁ —/T1 \k2(3)|ds> — 2;1\/{“ —¢cNy (1—1— 8—2>

* * /82 * i
—cN; — N} (a + o = k1N 02 dx.
2 0

First, we take ¢; = ZJ%* and g3 = NG £ to get
p—elNy —e3N; = g
Next, we select N3 large enough such that
bBp . 3
—Nj; =C; > 0.
2pJ 2 !

After that, recalling that p& > b%, we pickt N; large so that

b2
(5——)N{‘—CN3*>O

and
) 55
—N{ — c> 0.
21 ,oJ
Then, we pick Nj so large that
B s €\ A

Next, the selection of sufficiently large N2 guarantees

K. 3K’
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Now, we pick NV large to get

—To NT* 3k * k1 *
€ N6—%N2—£N5 > 0.
We choose €, small enough so that
C4:§N1_p_JNS_C_€2(CN2+N5>>O

and

cs=C1 — C€2N2* > 0.

Then we select N7 so large that
cg =€ *N;—cN;>0
Finally, we choose N* so large so that L, (t) ~ E (t) + E, (t) and

T2 2C2 1
¢ =N* <k1 —/ \k2(3)|ds> — 25pr —¢Ny (1 - €—2>

T1
* * 52 2 *
—cNy — Ny | a+ — | ¢, — kiNg > 0,
482

T2 1
cg = N* (/ﬁ—/ \kg(s)]ds) —c(1+€—) N; — ki N: >0,
T 3

L (t) < — <g/ idx + 02/ Yidr + 07/ 02 da -|—C5/ gpidm)
0 0 0 0

T T ™ 1 2
— (01 / Vida + ¢4 / Y2dr + Nie ™ / / / s [ka(s)] 22 (w, 5) dsdwdx)
0 0 0 0 T1
s T ™ T2
- (08/ 02 dx + 03/ 02dx + 06/ / ko (5) 22, (1, 5) dsdx) :
0 0 0 T1

Hence, there exists A\j > 0

Therefore,

* . p * —T
)‘0 = Imin {5» C1, C2, C3, C4, Cs5, Cg, C7, C8, N6€ 2}

so that
El

*

(1) < —ME(t). (3.61)
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Integrating (3.61) over (0,t), taking into account that E () is non-increasing, we infer that

LE (f) < / "B (s)ds < Ai (£.(0) — L. (8)), ¥t > 0. (3.62)

0

Since L, (t) > 0 and L, (0) ~ E(0) + E, (0), inequality (3.62) leads to

Bt < 1EO)+E.(0)

< , Vt >0,
t

for n > 0. Consequently, Theorem 38 has been fully proved.



Chapter 4

(General decay of the solution of a
porous thermoelastic system of type 111

with a nonlinear damping term.

In this chapter, we consider the following porous thermoelasticity type I1I with nonlinear

term
PUtt — UUgy — b¢$ =0, n (07 7T) X (Oa OO) )
Jots — 6¢uw + buy + E¢ + BO, + h (¢ (x,8)) =0, in (0,7) x (0,00), (4.1)
Oéett — fieww + 6@25@51 — ”yﬁtm = 0, n (0, 7T) X (O, OO) .

where u is the longitudinal displacement, ¢ is the volume fraction, 6 is the difference of
temperature, and p, J, 8, i, 6,&, Kk, o,y are constitutive constants which are positive, with
w, &, b satisfying ué > b%. System (4.1) is supplemented by the following initial and boundary

conditions:
u(0,t) = ¢, (0,t) =0(0,t) =0, wu,(mt)=¢(n,t)=0(mt)=0, in (0,00), (4.2)

U(ZL‘,O) = uO(x)v gb(fL‘,O) = ¢0($), 0 (ZL”,O) = QO(x)a
u (,0) = w(x), ¢ (2,0) = d1(x), 0 (2,0) =01 (2),

We will show the well-posedness, using the semigroup theory, and establish an explicit and

in (0,7). (4.3)

general decay result, using some properties of convex functions and the multiplier method.

provided the wave speeds are equal.

63
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4.1 Statement of the problem

In order to exhibit the dissipative nature of system (4.1), we follow Zheng and Zuazua

[46] and introduce the new variable
t
9a.t) = [ 6. 5)ds + x(o) (1.4
0
where x(z) is the solution of

KXzw = 001 — Y00ze + BP1z, in (0,7),

X(0) = x(x) = 0. )

Then, integrating the third equation in (4.1), with respect to ¢, and using (4.5), we have
t
ab; — K/ Orz(x,8)dS + Bty — VOpw — KXzz = 0 (4.6)
0
by using (4.4), we get
t
Qt = 1915757 ‘9$x - ﬁtx;m H/ Hx;c(xa S)dS = ’fﬁxw — KXz
0
then, by substituting into (4.6) lead to
aﬁtt - /{ﬂxx + ﬁgbtx - /yﬁtzx =0.

Therefore, the problem (4.1)-(4.3) takes the form

(

PUyy — gy — by =0 in (0,7) x (0,00),
SO — 6ze + buy +EO + B + h (e (2,1)) =0 in (0,7) x (0,00),
a¥y — KUyy + Bty — Y04z =0 in (0,7) x (0,00),
uw(0,t) = ¢, (0,t) =09 (0,t) =0, wu,(m,t)=¢(mt)=0(mt)=0 in (0,00),
(u(z,0),0(2,0),7(x,0)) = (uo(x), Po(x), x(x)) in (0,7),

[ (e (2,0), ¢ (2,0),0¢(2,0)) = (ur(x), 1(x), bo(x)) in (0,7).

(4.7)

The energy functional associated with problem (4.7) is given by

1 X
E(t) = 5/0 (puj + Jo; + ] + pul + £¢° + 2buy¢ + 667 + k7)) da. (4.8)
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Remark 41. By virtue of ué > b*, we can rewrite the energy E(t) as

1 ™
E(t) = 5/0 (pui + J o} + ot} + 062 + kV2) du

+%/0 (ux—i— ¢) dx +§/ ( ux+¢) da
%(M_bﬁf)/o udx+1(§——)/ ¢z,

which is a positive definite form.

4.2 Preliminaries and well-posedness

In this section, we present some materials needed in the proof of the well-posedness
and the stability of the solution of the problem (4.1)—(4.3). Throughout this chapter, ¢
is used to denote a generic positive constant. For the nonlinearity term, we assume the

following hypothesis.

(B) h: R — R is a nondecreasing C'— function such that there exist positive constants
c1,02,¢, and a strictly increasing function hy € C'([0,+00)), with ho(0) = 0 and
\/_ ho( \/— is strictly convex C? function on (0, 2] when hjq is nonlinear, such

that
ho(ls]) < [h(s)| < hg'(ls]), for all |s| <e,

cils] < Jh(s)] < colsl, for all |s| > e.

Remark 42. e From the first inequality in (B), we get:

H(25%) = [slho(s]) < sh(s), for |s| <.

and
H(2h%(s)) = |h(s)[ho([1(s)]) < [B(s)|ho(hg ' [s]) = sh(s), for|s| <e.

Consequently,

s*+ h*(s) < H (sh(s)), for|s| <e. (4.9)

o For|s| > e, we have

h%(s) < cash(s) and c15* < sh(s).
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Thus,

s* 4+ h*(s) < csh(s), for all |s| > e. (4.10)

o Hypothesis (B) implies that sh(s) > 0, for all s # 0.

Indeed, for |s| < e, we have
s* + h?*(s) < H '(sh(s)), for|s| <e.
since H 1is strictly increasing, we get
0= H(0) < H(s* + h*(s)) < sh(s), for|s| <eand s #0
for |s| > e, we have(4.10)

e Hypothesis (B) implies that h is globally Lipschitz.
Indeed, in the bounded interval [—e €|, h is countinously differentiable, then h' is

bounded and for any (s,t) € [—¢, €]’ there exists, £ € (s,t) such that
|h(s) = h(t)] = [W'(§)(s — )] < nls —1].
For |s| > ¢, since sh(s) > 0, we have
crls| < [h(s)] < cals|.

This fact implies that h grows linearly, as |s| — oo, with its magnitude bounded
between cy|s| and co|s|. Then, its graph confined between the lines cis and cas. Since
h is nondecreasing, h' must be bounded; otherwise, the graph of h would exceed the
bounds c1|s| < h(s) < cofs|. Consequently, there exists a positive constant 11 > 0 such

that |k (s)| <7 for |s| > €. Thus, h is globally Lipschitz.

e In [29], Lasiecka and Tataru established the existence of H as defined in (B) by using

the monotonicity and continuity of h.

To rewrite the system (4.7) in the semigroups setting, we present the new variables w = w,

v = ¢y, = 1, and define the state space

H =V, x L*(0,7) x Vo x L*(0,7) x Hy(0,7) x L*(0,),
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where
Vi={feH'(0,m): f(0)=0}
and
={f € H'(0,7): f (m) = 0}.
The space H is a Hilbert space with respect to the inner product

(U, T = / (w4 ity + O+ 00D + 86, + 66 + w0, ) de
0
b Lbd u,)d
+ /0 (ugddx + ¢ty )dx

for U = (U,w,¢,v,1971/})7 ﬁ: (ﬂ/&Lg?,ﬁ?{;’&) €EH

The system (4.7) can be written as

(4.11)

U(t)+ AU(t) = F(U),for all ¢t > 0,
U<O) = UO - (u()vul; ¢07¢17X700)7

1 T
where F'(U) = (O, 0,0, _jh (v),0, O) and A is the operator defined by

(6] (6] (e

with domain

UEWlm‘/l, ¢€W2m‘/27 we‘/b
DA =UeH|
veVy e H0,7), (kI+yw)e H*0,m)
where
W1:{g€H2(O7T ); 9o (™ —0}
and

= {g € H*(0,7);9,(0) =0} .

The following theorem provides the primary result of this section.
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Theorem 43. Let (ug,u1, po, d1,X,00) € H be given, where x satisfies (4.5). Then the
problem (4.11) has a unique mild solution (u,w,p,v,¥,9) such that

(u,w,(b,v,ﬁ,w)T € C ([0, 4+o00[; H) .

Proof. Tt is sufficient to demonstrate that A is monotone maximal and F' is globally Lips-
chitz, by virtue of Theorem 13.
First, for any U € D (A) we have

(AU, U)y = — ,u/ UggpWdr — b/ orwdx — u/ Wyl dT — 5/ Qrpvdx + b/ uzvdx

0 0 0 0 0

v [Codoap [“vds—x [ e+ 5 [ ode =y [" s
0 0 0 0 0

— 6/ Vppdx — f/ vodr — /1/ Y 0pdx
0 0 0

+ b/ (—w,¢ — vuy)dz
0

= [ w0
0

which shows that A4 is monotone.

Next, let F' = (f1, f2, f3, f4, 5, f¢) € H. We seek a solution U € D (A) that satisfies
(I + A)U=F,. (4.12)

This can be expressed in components as

.
U—w = fl,

PW — UlUgy — bgbx = sza

o — f3
o-v=1J" (4.13)
JU = 8y + bty + EO + Biby = JfL
19_¢: f57

\ CW - /{1933:(: + 5“1‘ - %Dm = afﬁ'

The first, the third and the fifth equation of (4.13) give

w=u—f,v=0¢—f v=20— f° (4.14)
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Next, plugging (4.14) into the second, fourth and sixth equations of (4.13) we reach

plu = f1) = gy — bw = pf?
J(B— f3) = ¢y + buy + EG+ B9, — £2) = Tf* (4.15)
(v — f5) — KUz + B(ds — fg) — V(e — 535) = aff
So, we have
— Uy + pU — b(bx = hla
—8¢pp + bug + (E+ J)p+ B, = ho, (4.16)
_(li + ’7)1931:&: + v + ngx = hg,
where
hi = p(f*+ f1) € L*(0,m), (4.17)
hy = J(f* + f°) + Bf; € L*(0,m) (4.18)
and
hs = a(fS+ f5)+ B2 —~f>, € H(0,m).
Multiplying the equations of (4.16) "formally" by u € 1/1,5 € Vyand 9 € H}(0,7), re-

spectively, then integrating with respect to = over (0, 7) and summing up, we arrive at We

consider on V = V; x V5 x H}(0, ), the Variational formulation
B((u,¢,9), (&, 6,9)) = L(, $,9), (4.19)
where,
B((u, 6, 9), (@, $,9)) =p /Oﬂ Ugllpdz + p/ow wiidz + b/oﬂ <¢ﬂx + ux;;) dz
+6 /0 Gupdz + (€ +J) /O dddz + B /Owwm%ﬂ ¢u¥)dz

+ (k + ’y)/ 0,0, dx + a/ Ddda
0 0

and
s

L(i, 6, 9) :/ h@d%—i‘/ haodz + (ha, V) g1 ms
0

0
where (-, ) g1, is the H~' x Hj pairing.

Let V =V; x Vo x Hyj(0,7) be the Hilbert space equipped with the norm

(s &, DIy = Hluall® + Nl l® + 11 + 162 1” + 1011
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Clearly, B and L are bilinear and linear forms over V. On the other hand, we easily check

that B and L are bounded. Furthermore, we have

B((u, ¢,9), (u, ¢,9)) :,u/ uidm+p/ u2dx+2b/ um(bdx—i-(ﬁ—i-J)/ p*dx
0 0 0 0
+5/ Qﬁd(ﬂ—l—@/ 192dx+(/<;+7)/ P2dz,
0 0 0

Young’s inequality yields

b2
B((u, ,9), (u,6,9)) > pllul* + (1 - 2) fuzll* + Tl )" + 8 [l 6o

+a9)® + (k+7) (197

Thus,
B((u, ¢,9), (u,¢,9)) > N [|(u, ¢,9)|[5,,

for N > 0, which implies that B is coercive. As a result, the Lax-Milgram theorem guaran-

tees that the system (4.16) has a unique weak solution
u€ Vi, ¢ € Vo, ¥ € Hy(0,7).
Substituting u, ¢, into (4.14), we get
we Vi, ve Ve Hy0,). (4.20)
Moreover, taking (¢,9) = 0 € Vs x H}(0,7) in (4.19), we get
u/w Uy Updr = /7r (h1 — pu + bop,) udx Yu € Vi, (4.21)
0 0

The regularity theory of elliptic equations entails that u € H?(0, 7).
Moreover, considering (4.21) with u € C3(0,7) C V; and integrating the left-hand side by

parts, we arrive at

— ,u/ Uz udr = / (hy — pu + bg,) udz Vu € C;(0, ), (4.22)
0 0

which leads to
— Mgy + pu — b, = hy. (4.23)
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Recalling (4.14) and (4.17), we get

pW — pllgy — by = pf2-

Thus, u satisfies the second equation of (4.13).
In addition, integration by parts of the left hand side of (4.21) yields

ity () U () — ,u/ Uz udr = / (h1 — pu + bo,) udx,Vu € V;.
0 0

Keeping in mind (4.23) and the arbitrariness of u, we get u,(m) = 0, which shows that
u € Wi and consequently,

we WyNV. (4.24)

Similarly, by inserting (@, d) = (0,0) in (4.19), we get

[ utada = [ (ha—bu— (T + 0= g5, VG EVe (425)
The elliptic regularity theory yields ¢ € H? (0, 7).
Next, integrating by parts the left-hand side of (4.25) we arrive at
= 50,(003(0) 8 [ 0nudde = [ e — b~ (T4 0 - 500000, V€ Ve (120
So, for ¢ € CL(0,7) C Va, (4.26) gives
—0¢us + buy + (J + &) ¢ + BU, = ho,
then using (4.14) and (4.18), we get

JU = 6¢py + by + EP + b, = Jf2

Again, (4.26) and the fact that ¢ is arbitrary implies that ¢,(0) = 0. which shows that
¢ € Wy, hence
o e WynVs. (4.27)

Finally, taking (17, 5) = (0,0) in (4.19) and substituting f3 by ¢ — v and f5 by ¥ — ¢ we
obtain

/7r [0y + YU,] Vpda = /7T (af® — atp — Buy) Jdx, V9 € HL0, ), (4.28)
0 0
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The elliptic regularity theory yields
kO + v € H* (0, 7). (4.29)
Moreover, integrating the left-hand side of (4.28) by parts entails
ke + Ve = af® — at) — Bu,, in L*(0,7),

which shows that ¢ solves the sixth equation in (4.13).
The combination of (4.20), (4.24), (4.27) and (4.29) shows that the solution U belongs
to D(A). Consequently, the operator A is maximal. Thus, the proof of Theorem 43 is

completes. n

4.3 General decay

In this section, we prove a general decay result for the solution of system (4.7) provided
that

¢ = (4.30)

SRS
~l >

Before addressing the decay result, we need to explain some technical lemmas concerning

the derivatives of certain auxiliary functionals.

Lemma 44. The energy E (t) satisfies, along the solution of the system (4.7), the estimate

- _ 2 "
= ’y/ v, dr — /0 oih (¢y) dx < 0. (4.31)

Proof. Multiplying the equations of the system (4.7) by w;, ¢;, and J; respectively, then
integrating the equations with respect to = over (0,7), we get

The first equation

Ly g
el e — =0. 4.32
5 ujdx + L 5 7 uzdr —b i Grurdr =0 (4.32)

The second equation

2 7 / ¢pd jt /0” ¢2dr+b /O Wux¢tdx+§£ / ¢*da+f / Oyppd+ / duh () da = 0.
(4.33)
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The third equation

ad 7

Pz + 5L [ g2an — / dodz + 7 / 92 dx = 0. (4.34)

Adding (4.32)-(4.34), we arrive at

1d [T 7r
sqp [ (Pl + JOF 4 al 4 i+ €67 + 2usd + 5% + k) dr = — / 92 dr
0 0
- [ omo)dn
0
Thus, (4.31) is achieved. O

Lemma 45. The functional

Fi(t) ::J/Owgf)qﬁtdx—%b/owut/oxgzﬁ(y)dydx

satisfies, along the solution of the problem (4.7), the estimate

s 2 s s
Fi(t) <— é/ ¢2dr — ({ - b—) / ¢*dx + 51/ uldz
2 Jo 2 0 0

s 1 s ¥
+ c/ V3. dx + ¢ (1 + 5_) / ¢rdx + c/ h? (¢y) dz, (4.35)
0 1/ Jo

0

for any 1 > 0.

Proof. Direct differentiation, using the second equation of (4.7) and integration by parts,

yields

d i T i
J— / bdidr = J / @2dx + J / byd
dt 0 0 0

:J/Oﬁgbfdx—5/0Wq5id$—b/oﬂuxgbdx—f/owgbzdx—l—ﬁ/oﬂz?tgbxdx

_ /O " oh ((6) da. (4.36)

Similarly,

bd s X _b s xT b ™ X
SO e [ owvas == [T [otydyas =27 [ [ outy) dyda
podt Jg 0 ®oJo 0 ®Jo 0

iy b2 iy ) pb ™ x
=b [ wu,pdr+ — ¢ dxr — — w [ o (y) dyde.
0 mJo H Jo 0
(4.37)
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The addition of (4.36) and (4.37) yields

! t):—é/oﬂqbidm— (g—%) /qubzdaﬁLJ/Owgb?da:
+6/0W19t¢xdx—/oﬂgbh(¢t)dx—%b/owut/:gbt(y)dydx.

By using Cauchy-Schwarz’s, Poincaré’s and Young’s inequalities, we have

™ 5 e ) B2 ™ )
B | Vodr < - ¢ndr + — [ Udx,
0 4 Jo 5 Jo
" o [T sz> "o
[ononar<t [Moar+ 2 [ @)an
0 4 Jo 0 Jo

and, for any ; > 0, we obtain

_%b/oﬂut/:@(y)dyda;gal/ dx+7ri€1 0 (/ 6oy dy> du
gsl/o dm+7ri61 O (/ i (y dy) dz
gal/o dx+7r_€1(/ oy >/de

§€1/ Utdilf—l— o
0 €1 Jo
Then, by substituting the above inequalities into (4.38), we end up with (4.35).

Lemma 46. Suppose that (4.30) holds, then the functional

) :E/ gzﬁtuxdzv~|—é/ Opudx
P Jo J Jo

along the solution of problem (4.7) satisfies the estimate

Fy(t) < e uidx—l—c/ qdex—i—c/ ﬁfxd:p—kc/ gzﬁida:—i—c/ h? (¢y) dx
0 0 0 0

2pJ Jo

(4.38)

(4.39)

Proof. Direct differentiation, using the second equation of (4.7) and integration by parts,

yields

/ Orupdr = / Oz dr + H/ Oz dr
p dt p

) b T
J 0 0

pJ Jo S

pJ Jo P Jo

(4.40)
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Similarly, using (4.7);, we get

J 7 / Ppupdr = — / brpwdr + — / Ppupdr
= j/o qﬁxtutdx—p—J/ ux(ﬁmdan—/ gzﬁ dz. (4.41)

The addition of (4.40) and (4.41), infer to

bp 7 pE [T Bu
Fo (t :——/ uidm——/ Uy pdr — — ﬁxuxda:—l—— qbdm
2 () pJ Jo pJ Jo pJ Jo '

-2 [ ks ¢ [ s (4.42)

Taking into account (4.30) and using Young’s inequality, we get

™

Fi(t) < ——/ uide + uidw+c/ P dr + —— idx—i—c/ V2 dw
2() pJ 0 6pJ 0 t

+— ¢rdr + — uxda: +c [ h'(¢)dx
pd Jo 6pJ Jo 0 (@)

< uidHC/ ¢2dx+c/ 19fxda:+c/ ¢idw+c/ W* () do
2pd J, 0 0 0 0

Thus, (4.39) is established. O

Lemma 47. The functional
Fs(t) = —p/ upudx
0

satisfies, along the solution of (4.7), the estimate
™ ™ b2 ™
Fi(t) < —p/ uidz + 3—“/ uldr + ﬁ/ P2dr, (4.43)
0 2 Jo 21 Jo

where C,, is Poincaré’s constant.

Proof. Direct computations using the first equation of (4.7) give

Fi(t)=— p/ ugudr — p/ uldax
0 0

=— ,u/ UpaUdT — b ¢rudr — p/ ufd:v
0 0 0

:,u/ uidx—l—b/ u,@dm—p/ urd.
0 0 0
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By using Poincaré’s and Young’s inequalities, we obtain

.Fé(t)g—p/ da:—l—,u/ udx+u/ uidr + — /¢2da:
0
S—p/ dx+—/udx+c/¢dx
0

Lemma 48. The functional

Fi(t) ::a/ ﬁﬁtderz/ 92 dz
0 2 0

satisfies, along the solution of (4.7), the estimate

Fi(t) < —g/ ﬂidm—l—c/ ¢t2dx+c/ 97, dx. (4.44)
0 0 0

Proof. Direct differentiation of Fy (t) and the use of the third equation of (4.7) lead to
F; (1) :a/ 19?dm+oz/ 1919ttd:v+7/ Vyp0pda
0 0 0

:a/ ﬁ?dib‘—l—ff,/ ﬁmﬂdx—ﬂ/ ¢m19d:c+’y/ ﬁtmxﬁdx—i—”y/ V0 pda
0

0 0 0 0
=— m/ ﬁidx—i—oz/ ﬁfdx—i—ﬁ/ DU dx.
0 0 0
Consequently, (4.44) follows by using Young’s and Poincaré’s inequalities. O

At this point, we define the Lyapunov functional
5pJ
L(t):= NE () + NoFy (6) + 25 Fo (t) + Fy (8) + Fu(8). (4.45)
where N and Ny are positive constants that will be determined later.

Lemma 49. For N sufficiently large, there exists mq,mo > 0, such that

miE(t) < L(t) < moE(t). (4.46)

L(t) - NE(t)] <IN, / (bl + / 6 (y) dy
# 22 [ o + 2 / ulte +p [ uds

—|—a/ |1919t|dm+—/ |02 |d.
0 2 Jo

Proof. A simple computation leads to

bIN.
POIVY de
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Young’s, Cauchy-Schwarz’s and Poincaré’s inequalities lead to

IL(t) — NE(t)| <c </ ufdaz+/ ugdx+/ ¢§dx+/ ¢2dx+/ P2dx
0 0 0 0 0
+ / Vidr + / ﬁida:) < \E(t),
0 0

for some positive constant A\. Consequently,
(N =X E(@lt) <L (N+XE(®).
It suffices to choose N large such that N —\ > 0 and take m; = N —Xand my = N+ . [

Lemma 50. Let (u,,1) be the solution of system (4.7). Then, for N, Ny > 0 sufficiently
large, the Lyapunov functional L(t) satisfies, for some positive constants d and C, the esti-

mate

L' (t) < —dE(t) +C / ' (67 + h* (¢r)) d, Vt > 0. (4.47)

0
Proof. Differentiating £ (¢) then using estimates (4.31), (4.35), (4.39), (4.43) and (4.44), we

arrive at

L)< — (7N — (N, +1) — 5pr C) / 92,d
0

s s 2 s
- u/ uldr — (p — ElNl)/ uldr — ((f - b—) Ny — 5éc,0) / ¢*da
0 0
6202
() [
1 2
+ C ]. + — Nl +c thdff
€1 0

S5pJ T
+<cN1+C£ )/0 h* (¢y) da

At this point, we carefully select the constants €1, N and N;7. Initially, we select a sufficiently

large N; such that

2 N 2
S_b_ 5Jcp>0and(5 1_5ch_bCp
L 2 b 20

> 0.
Next, we select €; small enough so that

,0—81N1 > 0.
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Finally, we choose a sufficiently large value of N that satisfies (4.46) and

opJec

b > 0.

YN —¢(Ny +1) —
Thus, we end with the inequality
L(t) < —AO/OF (uf + @7 + 07 + uZ + ¢* + ¢2 + 92) d:E—FC/OW (¢7 + h* (¢1)) d
for some A\, C' > 0. Consequently, (4.47) follows for some d > 0. ]

We now report and demonstrate our primary stability finding, which is as follows.

Theorem 51. Let (u,¢,9) be the solution of problem (4.7). Assume that the hypothesis
(B) holds. Then there exist positive constants ks, k3, k4, ¢ such that

E(t) < kyGy (Kot + k3), for allt € Ry, (4.48)

where

bl
G (T):/T —SH’(eos)dS'

Proof. We examine two cases:

Case 1: hg is linear on [0, ¢].

In this case, H(s) = \/gho ( g) = c¢s is also linear. According to hypothesis (B), we

deduce that there exist positive constants ¢ < ¢, such that
Alsl < |h(s)] < cyls|, for all s # 0

and, consequently,

h*(s) < cysh(s), for all s. (4.49)
Therefore, using (4.9), (4.10), (4.31) and (4.47), we arrive at
L (t) < —dE(t) + C/ dih (¢y) de < —dE (t) — CE' (t) Vt > 0.
0

Recalling (4.46), we have F := L(t) + CE(t) ~ E(t) and satisfies F'(t) < —dF(t).

A simple integration yields, for some n > 0,

E(t) < CF0)e™™ = Gyt (nt + C(F(0))), ¥t > 0. (4.50)
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Case 2: hy is nonlinear on [0, £].

In this case, as in [29], we choose 0 < 1 < ¢ such that
sh(s) < min{e, ho(e)}, for all |s| < ;.

First, for 1 < |s| < e, we have

sy < Tl B Ush ) AE)

S
|S| &1 &1 ’ |
and
|h<8)| > ho(‘8’>|s| > ho(’SD|S| > h0<€1)|8|,
|| £ 5

which, with (B) and (4.9), gives

Als] < |h(s)| < dyls|, for all e; < |s| < ¢,

(4.51)
s? + h3(s) < H'(sh(s)), for all |s| < &;.
Next, for e1 < |s| < g, we have
h*(s) < chsh(s) and ¢|s* < sh(s),
therefore,
s* + h?(s) < csh(s), for all g, < |s| < e, (4.52)

At this stage, we will address the integral in (4.47). For this purpose, we consider, as in

[27], the following partition:

Si={y e (0,7):]o(y)| <er}, Se={y € (0,7):|d(y)| >e1}

and define
J(t) = ; ¢th (¢t) dx.

Jensen’s inequality and the fact that H~! is concave lead to

HAUW) > ¢ [ H 6k () do. (4.53)

St
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Thus, combining (4.51), (4.52) and (4.53), we arrive at

/W (6 + 12 (60) do = / (62 + 12 (dn)) di + / (62 + B2 (60)) do
0 S Sa
< /S H (640 (60)) i + /S boh (&) da

< cH Y (J(t) — CE' ().

Hence, (4.47) becomes
Ly (t) < —dE (t) + cH'(J(t)), Vt=>0, (4.54)

where £y =L+ CE ~ E.

Now, for dg > 0 and g9 < £ , we introduce the functional

L(t) = H (50 ]:;EES))) L(t) + 6o E(1).

Recalling that £/ < 0, H' > 0, H” > 0 on (0,¢] and using (4.54), we deduce that the

functional %, satisfies, for some aq, @y > 0, the estimate
a1 4 (t) < E(t) < ag i (t), forallt >0 (4.55)

and for a.e. t > tg,

(1) = 2 2D g (50 L “)) L) + I (50@> LI + 6B (1)

" E(0) £(0) E(0)
< —dE(t)H' (80 gééi) +cH' (50%) H 1 (J(@) + 6E (t). (4.56)

Now, let H* be the convex Young conjugate of H, then for s € (0, H'(¢)],
H*(s) = s(H')"(s) = H[(H')"}(s)] < s(H")"( (4.57)
By using the general Young inequality (1.2), for s = H’ (&)%) an L(J(t)), we get

H' <50%) H (I ))<H*< ( é >> L

Recalling (4.31) and using (4.57), we arrive at

CH <go ggé))) H (1)) < cgo%ﬂf (80%) _CE(1). (4.58)
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Combining (4.56) and (4.58), we obtain

L (1) < —dEW)H (50 gf?)) + eso g((é; H (50%) _CE(t) + 6E'(#)

— _ (dE(0) — Co) %H’ (a)%) —(C—50) E'(D).

Thus, by selecting 09 high enough such that C' — §; < 0 and ¢y small enough such that
dE(0) — Ceg > 0, we obtain, for all t € RT,

L) < —k%fl’ (50%) = —kG, (%) : (4.59)

where Gay(s) = sH'(g9$).
From hypothesis (B), we infer that Gy € C* ([0, +00)) and Go(0) = 0. In addition, the

convexity of H entails that

GY(t) = H'(eot) + eot H" (got) > 0, for all ¢ > 0.

Thus, with R(t) = %fl(t), and by the use of (4.55) and (4.59), we have
R(t) ~ E(t) (4.60)
and
R'(t) < —k2:Gs (R(1)), (4.61)
for some ky > 0, which leads to
dGy(R(t)) _ R'(?)

N > koo f 11¢ .
di Go(R() = T forall >0

Thus, by integrating over [0, ¢], bearing in mind the properties of Gy, and the fact that G

is strictly decreasing on (0, 1] we obtain, for some k3 > 0,
R(t) < Gy' (kot + k3) VYVt €RT. (4.62)

Finally, (4.48) follows from (4.50), (4.60) and (4.62). The proof of Theorem 51 is completes.
[l
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