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Abstract

In this thesis, we try to provide some spectral properties of bounded operators on
Hilbert spaces, including extended spectrum and provide of some applications.
In the first chapter, we will presente a some of necessary definitions and theories and some
results.
In the second chapter, we will presente various definitions of spectrums and some general
properties of them.
In the last chapter, we will presente two applied project, the ones in the field of differential

equations and the calculation of the extended spectrum of Volterra.
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Resumé

Dans cette thése, nous essayons de fournir quelques propriétés spectrales des opéra-
teurs borné sur les espaces de Hilbert, y compris le spectre étendu et de fournir de certaines
applications.

Dans le premier chapitre, nous avons présenté quelques définitions et théories nécessaires et
quelques résultats.

Dans le deuxiéme chapitre, nous avons présenté diverses définitions des spectres et certaines
propriétés générales de ceux-ci.

Dans le dernier chapitre, nous avons présenté deux projets appliqués, ceux dans le domaine

des équations différentielles et le calcul du spectre étendu de Volterra.

Mots-clés

operateur, adjoint d’operateur, valeur propre, vecteur propre, spectra etendu.






Notations

H Hilbert space.
(., .) Scalar product.
IR Norm

T Linear operator.

R(T) Range of operator T.

B(H) Space of all bounded linear operators.
T Adjoint of operator T.

T-1 Inverse of operator 7.

o(T) Spectrum of 7'

o,(T)  Point spectrum of 7.

o.(T)  Continuous spectrum of 7.
0-(T)  Residual spectrum of 7.
oap(T)  Approximate spectrum of 7.
oecom(T) Compression spectrum of 7.
Oext(T) Extended spectrum of T'

p(T) Resolevent of T
r(T) Spectral radius of 7'

R(M\,T) Resolevent application of T
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General introduction

In mathematics, and more particularly in analysis, a spectral theory is a theory
extending to operators defined on general functional spaces the elementary theory of eigen-
values and eigenvectors of matrices. Although these ideas come from the development of
linear algebra. They are also linked to the study of analytical functions, because the spec-
tral properties of an operator are linked to those of analytical functions on the values of its
spectrum.

The name spectral theory was introduced by David Hilbert in his original formulation of
Hilbert space theory, which was cast in terms of quadratic forms in infinitely many vari-
ables. The original spectral theorem was therefore conceived as a version of the theorem
on principal axes of an ellipsoid, in an infinite-dimensional setting. The later discovery in
quantum mechanics that spectral theory could explain features of atomic spectra was there-
fore fortuitous. Hilbert himself was surprised by the unexpected application of this theory,
noting that "I developed my theory of infinitely many variables from purely mathematical
interests, and even called it 'spectral analysis’ without any presentiment that it would later
find application to the actual spectrum of physics.

So, we can define the spectrum of a bounded linear operator (or, more generally, an un-
bounded linear operator) as a generalisation of the set of eigenvalues of a matrix. Specifically,
a complex number A is said to be in the spectrum of a bounded linear operator T"if T'— \I is
not invertible, where [ is the identity operator. The study of spectra and related properties
is known as spectral theory, which has numerous applications, most notably the mathemat-
ical formulation of quantum mechanics.

The spectrum of an operator on a finite-dimensional vector space is precisely the set of
eigenvalues. However an operator on an infinite-dimensional space may have additional el-
ements in its spectrum, and may have no eigenvalues.

In first chapter, we will present a set of preliminary concepts and basic theories that we

need in this work, this chapter is divided into three sections.

e In the first section We will present some basic concepts and theories about Hilbert

space and some results related to Bounded operators on Hilbert spaces.



8 CONTENTS

e In the second section We will present some classes of operators and related addi-

tional results.

e In third section We will present an enterance for about unbounded operators, how-
ever this work have not interested, but we did because more scientifics research about

them.

In second chapter in this chapter we will present some spectral notions and its basic
properties, we determine relation of the spectrums with the operators classes (self-adjoint,
normal, compact, compact normal) and with numerical range, finally we will present ex-
tended spectrum notion and some results.

In third chapter we will present two projects, first project, we provided some results in
PDE, we taken Laplacian problem and Dirichlet problem, in second project we calculated

the extended eigenvalues of volterra operator and determine its location.



Chapter 1

Preliminaries
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1.1 Preliminary notions

1.1.1 Notions and definitions

Definition 1.1. Let E be a linear space over C. A scalar product is a mapping (.,.) from

E x E into C such that

(1) {z.y) = {y,x)  Vw,yek,
(2) (x4 z,y) = (x,y) + (z,y) and (Ax,y) = Nax,y) Vz,ye E;ZXeC,
(3)VxelE (zr,x)>0 and (x,z)=0if and only ifz =20 .
Example 1.1. Let E = C([a,b],C), the following function is a scalar product on E
(.,.): E? — C

(f.9) +— (f.9)= [, f(t)g(t)dt.

Proposition 1.1. The scalar product (.,.) defines a norm on E, such that

||| = /(x,x) Vz e E.

Definition 1.2. A complex linear space E having a scalar product is called a scalar product

space or a pre Hilbert space, and it will be called Hilbert space if it is complete.

Example 1.2. 1. Let H = C", then H is Hilbert space with scalar product
e =Y em  Veyech
i=1
where x = (1, T2, ..., Tp) and y = (Y1,Y2, -, Yn)-
2. Let H = L*([a,b]), then H is Hilbert space with scalar product
)= [ rwa@a wrge )

3. Let .
H=0={z=(z)ne CC, > |;]* < o0},

=1

then H 1s Hilbert space with scalar product

(w,y) = x7;  Vaoyel’
=1

10
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Theorem 1.1. (Cauchy-Schwarz inequality) Let H be a pre-Hilbert space. Then
[z | < ll=lllyll Vz,y € H.

Definition 1.3. Two vectors x andy in H are said to be orthogonal if (x,y) = 0, we denote

r Ly.

Definition 1.4. Let M be a subset of H, the orthogonal complement of M (denoted by M=)
1s defined by
M*+={yec H;{(x,y)=0,Yz € M}.

Proposition 1.2. Let H be a Hilbert space and M be a subset of H, then

1. M+ is a closed subspace of H.
2. M C M+t
3. M+t is the smallest closed subspace containing M.

Lemma 1.1. If M is a subspace of a Hilbert space H, then
M+ =M.

Lemma 1.2. If M is a closed subspace of H, then H is the sum orthogonal direct of M and
M*, noted by H =M & M+.

Definition 1.5. The set M = {x; € H;i € I C N} is called orthogonal system if for all
i,j € I and i # j we have (z;,x;) = 0. M is called orthonormal system if it is orthogonal

and || z; [|=1 for all i € I.

Theorem 1.2. Let xq, x5, ...z, be orthonormal vectors in a pre-Hilbert space H. For every

reH,

n

T — Z<$,$k>$k

k=1

2 n
2
= [lz)® = Y [, z) .
k=1

Hence,

n
Dl a)” < 2
k=1

11



12 CHAPTER 1. PRELIMINARIES

Theorem 1.3. (Gram-Schmidt orthonormalisation) Let {x,},>1 be a linearly inde-

pendent sequence in a scalar product space H. Define

xq
Y1 =1x1, and u; =
1]
Y2
Yo = o — (To,up)uy and ug =
12l
Yn
Yn = Tn — <ZL’n7U1>U1 - <In,U2>u2 — = <C(]n, un—l)“n—l and Uy = ”y || .
n
Then uy,us, ... is an orthonormal sequence in H, and forn =1,2,...,
span{uy; ug; ... u,} = span{xs;...;x,}.

1.1.2 Bounded Linear Operators

Definition 1.6. A mapping defined over a Hilbert space H s said to be a linear operator if
Vx,yec H Vo, €C T(ax + Py) = a1 (z) + BT (y).

Definition 1.7. A linear operator T on a Hilbert space H is said to be bounded (or contin-

uous)if there exists a constant C' > 0 such that
ITe| < Cllall Ve H.
and we have the norm of T is defined by:
|7\l = inf{C >0:||Tz|| < C|z|Vx € H}.

Definition 1.8. An operator T € B(H) is said to be bounded from below if there exists a
C > 0 such that
|Tx|| = C||x|| forall z € H.

Lemma 1.3. Let T € B(H) is an operator on H. Then T is not bounded from below if and

only if there is a squence (x,)nen C H such that ||z,|| = 1 for alln € N and lim ||Tz,| = 0.
n—oo
Theorem 1.4. For all linear operator on Hilbert space T € B(H ), we have

IT[| = sup{[|Tz|; = € H,[lx]| = 1}.

12
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Proof. (1) if the linear operator T is bounded, we have
[Tl < Tl = [IT]] for llxfl =1

SO

sup{[|Tz|;x € H, [Jzf| = 1} < [[T]].

(2) we put a = sup{||Tz||;z € H,||z|| = 1} for x € H and = # 0

Tz = HT (kuﬁ) H = HT (ﬁ)’

]l < all]].

1T < a.

Definition 1.9. Let T € B(H) and M a closed subspace of H

o M is called invariant by T if T(M) C M.
o M is called reducing for T if T(M) C M and T(M=*) C M*.

Definition 1.10. A linear operator T is said to be invertible on Hilbert space if there exists
a linear operator S satisfies:

ST=TS=1

where I 1s identity operator on H.

Theorem 1.5. Let T be a linear operator of B(H), the following statements are equivalents:

o T is invertible .

e R(T) is dense in H, and T is bounded from below i.e R(T) = H and there exists a
canstant C > 0 such that ||Tz|| = C||z|| for allx € H.

Proposition 1.3. Let T be a linear operator on Hilbert space such that ||T| < 1. Then
(I —T) is invertible and

(I-T)"'= iT’“.

Remark 1.1. From this propositon we deduce that If || —T|| < 1, then T is invertible.

13
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1.1.3 The adjoint operator
Definition 1.11. For all operator of B(H), T* denotes adjoint operator of T defined by
(Tx,y) = (x, T"y) Vo,y € H.
Example 1.3. Let T be an operator is defined on (? as
T((2)ns1) = (0,21, 79,...)  for all (z,)ns1 € L2

and we have its adjoint is defined as:

(2, T"y) = <T (Z )\kek) >Zﬂk€k> ,  where = Z AkCr, Y = Zukek
=1 =1 =1 =1
= <Z ey (,ukek)>
k=1 k=1
= Z Akl 1
k=1
= <Z Ak, Z Mk+1€k>
=1 =1
= <Z Ak€r, Z ,ukek—1>
k=1 =1

As the above equality holds for all x,y € H, it follows that

Ty= wmers,  where y= 3 e
k=2 k=1

In particular, T*e, = er_1,k = 1,2,..., where eg = 0. Thus, the adjoint of T is

1" (Z ,Ukek> = Z,Ukek—l
k=1 k=2
This can also be described as
T*((x1, 22, ...)) = (z2,3,...)  for all (zy,29,...) € (%,

Proposition 1.4. If T and S are two bounded linear operators, we have also T* and S* are

bounded linear operators, and the following properties are satisfied

14



15 CHAPTER 1. PRELIMINARIES

(1) T = 17

(2) (S+T) =5"+1T%,

(3) (\T)* = \T* for all A € C,

(4) (T*) =T,

(5) (T*)t = (T=YHY* of T is invertible,

(6) (ST)* =T*S*.

Proposition 1.5. Let T be a linear operator on Hilbet space H, then we have

o R(T)* = N(T"),
o R(T*)t = N(T),

o R(T) = N(T")*,

o R(T*) = N(T)".

Lemma 1.4. Let T be a linear operator on a Hilbert space H, then
o R(T) is dense in H if and only if T* is injective,
o R(T*) is dense in H if and only if T is injective.

Definition 1.12. An operator X € B(H) is said to be commutator, if there exists A, B €
B(H) such that X = AB — BA,denoted by [A, B] .

Lemma 1.5. If the commutator X = [A, B] = 0,Then A is said to be in the commutant of
B The commutant of A is denoted by {A} and is given by the set

[AY = {X € B(H); [A,X]=0}.

Theorem 1.6. (The Riesz Representation Theorem) Let f be a bounded linear func-

tional on H, then there exists a vector z € H such that
f(z) =(x,z) VxeH.

Moreover,

1A= 1[Iz

15
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1.2 Some Classes of Operators

Definition 1.13. A bounded operator T' € B(H) is said to be

(1) Compact if T(By) has compact closure in H.
(2) Finite rank if the range of T (R(T)) is finite dimensional.
(8) Self-adjoint if T = T*.
(4) Positive if (Tx,z) >0 for allx € H.
(5) Unitary if T*T =TT* = I.
(6) Isometry if T*T = 1.
(7) Normal if T*T —TT* =0 or ||Tz|| = ||T*z|| for all z € H.
(8) Subnormal if it has a normal extention.
(9) Quasi-normal if swich with TT*.
(10) Hyponormal T*T —TT* >0 orV x € H ||T*z|| < ||Tz|.
(11) p-Hyponormal (T*T)? — (TT*)? > 0.
(12) Paranormal if |Tx|]* < || T?z]|.
(13) Nilpotent if T = 0 for some positive iteger n.

(14) Posinormal if there exists a positive operator P € B(H) called the interrupter such
that TT* = T*PT.

(15) Partial isometry if T = TT*T.
(16) Contraction if ||T|| < 1.

(17) Projection T? =T and T* =T or equivalentlyl’ = T*T.

we have some inclusions of operators classes as

16
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Hypouormal

Subnoermal
Quasinormal Partial isometry
Normal Isometry
Self-adjoint Unitary

Projection

Theorem 1.7. Let T' € B(H) be an operator on a Hilbert space H over the complex scalars

C , then the following statements are equivalent:

e I'=01weTx=0 forallz € H,
o (Tz,x) =0 for allz € H,
o (Tx,y) =0 for all z,y € H.

Theorem 1.8. Let H be a complex Hilbert space if T is an operator on H, then

(a) T is normal if and only if || Tx|| = | T*x|| for all x € H,
(b) T is unitary if and only if || Tx|| = || T*x|| = ||z| for all x € H,

(¢) T is hypo-normal if and only if | T*x|| < ||Tx| for allx € H.

17
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1.2.1 Self-adjoint operators

Definition 1.14. An operator T € B(H) is said to be self adjoint if
(Tw,y) = (z,Ty) Va,y € H.

Example 1.4. Let H = L*([a,b]), and let h be a real function on [a,b], then T wich is

defined as:
T:-H—H

f=hf

1s a self-adjoint operator.
Proof. Let f,g € H, then
(1.1 = [ @
= / ’ g(t)h(t)f(t)dt since h is real function

= (9, Tf)
0

Definition 1.15. A sequence {T),}n>1 of self-adjoint operators is said to be bounded mono-

tone increasing if there exists an operator T such that
h<ha<---<T,<---<T.

Similarly, a sequence {T,,}n>1 of self-adjoint operators is said to be bounded monotone de-

creasing if there exists an operator T such that
hzlhz--2T,2---2T.

Theorem 1.9. Let T' € B(H), then T is self-adjoint if and only if (T'z,x) is real for all
reH.

Proof. We assume that T is self adjoint operator i,e T =T, then

(Tz,z) = (T"z,z) = (x,Tz) = (Tx, z).

18
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Thus (T'z, x) is real.
Now we assume that (T'z, x) is real for all z € H, then for all x € H

(Tz,z) = (Tx,z) = (x,Tz) = (T"x, ).
Hence it follows T'— T* = 0, by (1.7), we deduce that T is self adjoint. ]

Theorem 1.10. Let T be a linear operator on Hilbert space H. Then there exists two
selfadjoint operators A and B such that T = A+ iB.

Necessarily

1 1

Theorem 1.11. If a sequence {T},},>1 of self- adjoint operators is bounded monotone in-

creasing, then there exists a self-adjoint operator T such that T,, — T.

1.2.2 Positive operators

Definition 1.16. An operator T € B(H) is called positive notation T > 0 if
(Tz,z) >0 forall z€ H.

Example 1.5. Let H = R?, and
1 0

0 3
for x = (a,b) € R%, we have Tz = (a,3b), so (Tx,z) = a®+ 3b* > 0.

Theorem 1.12. Any positve operator T admits a unique positive operator S such that

T =52

Proof. e Existence of S We may suffice to assume that 0 < 7T < I. Let Sy be defined

as follows: for k =1,2,---
1
since S, is written by a polynomial of T" | S, is a self-adjoint such that

0=Sy<S < <T (1.2)

19
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In fact, (1.1) yields

1 1
I— Sy = §(I—Sk)2+§(I—T) (1.3)
(1.3) ensures I > Skyq and
1
Sttt = S = 5 U = Sp—1) + (1 = S)} (S = Sp-1) (1.4)

and we have Siy1 > Sk by induction, so that (1.2) holds. Also (1.2) implies that {Sy}
has a limit S by theorem 1.11 If £k — oo in (1), then

S:S+%(T—SQ)

that is, S2=T7.9>0

Uniqueness of S Suppose that 0 < §; < [ such that SJ2 =T for j = 1,2. As
SQT == SQSQSQ == TSQ s 8132 == SQSl holds .

(Sl + Sg) (Sl - SQ) = 512 — S22 — 5152 + SQSl =0 since 5152 = SQSl (15)

There exist two positive operators R; and R, such that Rf =57 and Rg =S, by the
former part. Put y = (S — S2) « for any € H. Then

IRuy[I* + || Royl® = (Riy,y) + (R3y, )
= ((S1+ 92) y, )

((S1 +S2) (S1 — S2) z,y)

0 by (1.5)

so that Ryy = Ryy = 0 and S;y = R?y = 0, and similarly S,y = R3y = 0. It follows
that
1(S1 = Sa) z[|* = ((S1 = S) (S1 — ) w, ) = ((S1 — Sa) y,z) =0

since Sy = Soy = 0. Thus S; = S5 which is the desired relation of the latter half.

]

Proposition 1.6. (Generalized Cauchy-Schwarz inequality) If T' € B(H) is a positive

operator. Then we have

(T, y)|> < (Tx,2)(Ty,y) Vx,y e H.

20
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1.2.3 Hyponormal operators
Definition 1.17. An operator T is hyponormal if
T =TT
Proposition 1.7. Let T be a hyponormal operator. If T is invertible so T~ is hyponormal.

Proof. This proof uses the fact that if A is an invertible and positive operator and A > I,
then A= < [
Since

T =>TT"

and T is invertible then

T TT > T T T =1

Therefore
T*T T T < 1.
Thus
T*lT*fl < T*flel.
Hence T is hyponormal. O

Proposition 1.8. If T is a hyponormal operator then
[T =IT[" neN.

Proof. If x € H and n > 1, then

| Tz ||*? = (T"z, T"z)

= (T*T"z,T"'f) by Cauchy schwarz inequality
| 7T || T 'z || using [Tyl = [|Ty|
| T |l T ||

NN

Therefore

T <l e

21
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We will now prove equality by induction. Clearly, it is true for n = 1, so let’s assume that
IT* =T % for 1<k<n
so by assumption
(T =l Pl T =" =1 i e

from where

[N (A

we have in otherwise

[T < (T
So for all hyponormal operator 7'
T =) T |

So, for each positive integer number n, || 7" ||=|| T ||™ . O

1.2.4 Compact linear operators

Definition 1.18. Let T' be a linear operator, if T(By) is compact. Then T is said to be

compact linear operator(or compeletly continuous), set of the compact operators is denoted

by K(H).

Example 1.6. .

e The identity operator on H is compact if and only H is finite dimensional, (using Ries

theorem for proof).
o Let H=L%*a,b) and Tf /b k(x,t)f(t)dt, then T is a compact operator.
Theorem 1.13. Let {T,,}n>1 be a sequence of compact operators of B(H), such that
lim ||T,, = T|| = 0.
n—y00

Then T is a compact operator.

Or in other words, we can say that K(H) is complete subspace of B(H).

22
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Theorem 1.14. Let S,T € B(H), and S be compact, then Both ST and T'S are compact.

Proof. We have
ST(Bi) = S(T(Bi).

Since By is bounded and T is a bounded operator, it follows T'(Bpy) is bounded subset. S
being compact implies S(7'(By)) is compact.
Consider now T'S(By) = S(T(Bg)). By compactness of S. S(By) is compact. Since T is

continuous(bounded), So T'(S(By)) is compact. We know that T'(S(By)) C T'(S(Bg)). O

Lemma 1.6. The adjoint of a compact operator is compact.

Proof. Let {x,},-, be a sequence in H such that [z, < M,n =1,2,... and M > 0 If
Yo =T*x,,n=1,2,..., then {yn}n21 is also a bounded sequence in H. since T is compact,

the sequence {T'y,},-, has a convergent subsequence {Tyn, }j>1 , say. For all 7, j

2 . N 2
[y, = tn, |” = | T2, = T |

= <T*5L’m - T*xnja T*xm - T*$”j>
= (I'T" (xm - xnj) ) (mni - x”ﬂ)>
< T e — ) s

This implies that the sequence {ynj }j>1 is a Cauchy sequence in H, and since H is complete,

it converges in H. Consequently, 7™ is a compact operator. ]

Theorem 1.15. Let T € B(H) be a compact operator and \ # 0, then we have
o N(T — Xl) is finite dimentional and dim(N(T — AI)) = dim (N (T* — XI)).
o R(T — M\l)is closed subspace in H.
e R(T—\)=R(T —X) =N (T* = XI)".

e H=R(T-\) <= N (I" =) ={0} < N(T-\) = {0} <= R(T*— M) = H.

23
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1.3 Unbouded operators

Definition 1.19. A linear mapping is defined on a subspace D C H into H is said to be
unbounded operator denoted by (T, D(T))

T:D(T)— H

rz+— Tx.

Definition 1.20. An unbounded operator (T, D(T)) is said to be densely defined if D(T) =
H

Example 1.7. we introduce these usuelly examples, Let I C R.

o Let
T: L*(1) — L*(I)

fr=(TF)@) =tf(t).
Then T is densely defined unbounded operator.

o Let
A LZ(I) — LQ(I)

fr—=T0)=r"
Then T is densely defined unbounded operator.

Definition 1.21. The operator (T, D(T')) is called a closed operator if and only if G(T) is
closed in H.

Proposition 1.9. The inverse of a closed injective operator is closed.

Proof. Let T : D(T) C H — H be a closed injective operator, so
D(T™) ={(y,x) € H, (a,y) € D(T)}.
Clearly D(T1) is closed . O

Definition 1.22. Let T be an unbounded operator in H which is densly defined. The operator
T is defined by
(Tw,y) = (x,T"y) Ve e D(T),y € D(T7).
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Where
D(T*) ={y € H : there exists y* € H for wich (Tx,y) = (z,y") x € D(T)}.
Definition 1.23. An operator T in H is said to be symmetric if
(Tz,y) = (x,Ty) Vx,y € D(T).

Theorem 1.16. Let T be a linear operator in Hilbert space with domain D(T) = H and
satisfies (T'x,y) = (x, Ty) for all x,y € H, then T is bounded.

Proof. we will prove that G(T') is closed, suppose that (z,,Tx,) — (z,y), we need only
prove that (z,y) € G(T). For all z € H
(z,y) = lim (2, Tx,) = lim (Tz,x,) = (Tz,x) = (2, Tx)
n—0o0 n—oo

Thus y = Tz, so G(T) is closed, by graph theorem 7' is bounded. O

Theorem 1.17. Let T be a densely defined operator in H and symmetric. Then

o [f D(T) = H, then T is self -adjoint and T € B(H),

o If T is self-adjoint and injective, then R(T) is dense in H and T is self adjoint,
° [fm = H, then T 1is injective,

o If R(T) = H, then T is self-adjoint, T~' € B(H).

Proof. e Since T symmetric , it follows that T C T*, from D(T') = H therefore, T' = T*.
Hence, T is closed. It therefore follows that T is continuous.

e R(T) # H, there exists y L. R(T). Then x — (z,Ty) is continuous for all z € D(T);
hence, y € D(T) = D(T*) and (z,Ty) = (Tz,y) = 0 for all x € D(T'). Thus, Ty = 0,
wich implies y = 0, since T is assumed injective, this shows that ﬁ = H. T!
is therefore densely defined with D(T~!) = R(T) and (T~1)* exists, it follows that

(T71)* = (T*)~' = T~! since T is self-adjoint.
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(x,Ty) = 0 for every y € D(T). Thus,

e Suppose Tz =0 for x € D(T'). Then (Tx,y) =
x L R(T) this implies # = 0 since R(T) = H

e Since R(T) = H,(c) implies T is injective and D(T~') = H.If x,y € H, thenx = Tz
and y = Tw for some x,w € D(T) so that

(T 'z, y) = (2, Tw) = (Tz,w) = (z, T 'y).

Hence T-! is symmetric.

O

Theorem 1.18. Let T be densely defined symmetric opetator in Hilbert space H. Then the

following statements are equivalent
(a) T is self adjoint,
(b) T is closed and N(T* £1I) = {0},
(¢) R(T £il)=H.

Proof. e (a) = (b) Supposes that T is a self-adjoint operator and thereisay € D(T™*) =

D(T) such that T*y = —iy. Then Ty = iy and
i(y,y) = (i, y)(Ty.y) = . Ty) = (y,iy) = —i(y,y).
So y = 0. A similar proof shows that T*y = —iy can have nonzero solution.
e (b) = (c) Since T*y = —iy has no solutions, R(T — il) must be dense. Otherwise, if

y € R(T —il)*, we would have ((T' —il)z,y) = 0 for all z € D(T), so y € D(T*)
and (T —il)'y = (T* +il)y = 0, wich is impossible since (T + il)y = 0 has no
solution. Reversing last argument, it can be checked that if R(T — i) is dense, then
N(T* +il) = {0}. Since R(T —il) = H. But for all z € D(T),

(T = iD)z|* = IT=|* + [|=]*

Thus, if x,, € D(T') and (T — il)x, — yo, we deduce that z,, coverges to some xy and
Tz, converges too. Since T is closed, zy € D(T) and (T'—il)xy = yo. Thus, R(T —il)
is closed, so R(T' —il) = H. Similarly. R(T' +il) = H.
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e (¢) = (a) Let y € D(T™). Since R(T — iI) = H, there is an x € D(T) such that
(T —il)x = (T* —il)y. D(T) C D(T*),so x —y € D(T*) and (T* —il)(x —y) = 0,
Since R(T'+il) = H, N(T —iI) = {0}, so x = y. This proves that D(T*) = D(T), so
that T is self-adjoint.
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Spectral Properties of Linear Operators
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2.1 Spectral Notions

Definition 2.1. Let T € B(H), we define the spectrum of T to be the set
o(T) ={X € C: X —T is not invertible in B(H)}
and the resolvent set of T to be the set
p(T)=C\o(T)={Ae€ C: X —T is invertible in B(H)}
the spectral radius of T is defined by
r(T) = sup{|A| : A € o(T)}.

Example 2.1. (a) For the identity operator I € B(H), o(I) = {1}, p(T) = C\{1} and
r(l)=1.

(b) For ann x n matriz T', A\l — T is not invertible if and only if det(\ —T) =0, so
o(T)={Xe€C, det(\ =T)=0}.
Definition 2.2. .

(1) The point spectrum (eigenspectrum,eigenvalue) of T € B(H) is defined to be the set

0,(T) = {\ € C: N(A — T) # {0}}.

(2) The continuous spectrum o.(T) is the set

0(T)={Ae C: N -T) = {0} and RO\ —T) = H but (A\—=T)"" is not bounded }.
(3) The residual spectrum o,.(T) is the set:
o (T)={ e C: N\ —T)={0} and R\ - T) # H}.
Corollary 2.1. For all T € B(H), we have

i) o(T)#0
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i) If H is a finite-dimensional Hilbert space. Then we have o(T') = 0,(T)

i)
o(T)=0,(T)Uo.(T)Uo,.(T)

where 0,(T) , 0.(T) and 0,.(T) are mutually dijoint parts of o(T).

we presente the following example, let 7' be a bounded operator(matix) on R? as

0 =5
1 0

T =

We have by corollary 2.1

o(T)={NeR, det(\ -T) =0}
={ eR XN +5=0}=0.

So we have the following remark

Remark 2.1. If H is a real Hilbert space, can be o(T) = ()

we have another useful division of the spectrums as

Definition 2.3. Let T € B(H) be a linear operator, then
(a) the approximate point spectrum is defined to be the set:
op(T) ={Ae€C: (N —T) is not bounded from below}.
(b) the compression spectrum is defined to be the set :
geom(T) = {A € C: RO\ =T) # H}.
Proposition 2.1. Let T' € B(H) be a linear operator. Then
(a) 0p(T) C 0ap(T).

(b) 0:(T) = Geom(T) \ 0(T).
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(c) UP(T) = Ocom(T™).

(d) o(T) = Uap(T) U Uap(T*)-

Proof. (a) Let A € 0,(T), so there is a vector x € H such that Te = Az and = # 0, it

sufficies taking x,, = = foralln € N, then A € 0,,(T).

]

(b) If A€ 0,(T) , R(AI —T) isn’t dense in H, then A\ € 0., (1), clearly A ¢ o,(T).

(¢) By lemma 1.4, we have N(A\ —T) = R(A —T*)*, then N(AI —T) # {0}, if and only
if, RO\ — T*)* # {0}, it means that \ € 0,(T) if and only if X\ € o (T*).

(d) The operator A\I — T isn’t invertible if and only if either A/ — T isn’t bounded from
below or R(A — T') isn’t dense in H, by theorem 1.5 we can say the operator A\ — T
isn’t invertible if and only if either A\J — T isn’t bounded from below or AI — T* isn’t
bounded below, in other words A € o(T) if and only if either A € a4, or A € 04, (T*).

This means

0(T) = 04p(T) U ogpy(T™).

2.1.1 Resolvent equation and spectral radius

Theorem 2.1. (The resolvent equation)

For M\, As € p(T)
R\, T) — R\, T) = —(\ — M) RO\, T)R(Xg, T)
where R\, T) = (M —T)!
Proof. We have
ROALT) — RN\, T)=(MI —T) ' — (NI —T)7!

= (I =T) [l =T) = (T = T) (AT = T)""
= —(AM1 = A)R(A, T)R(A2, T).
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Remark 2.2. The familly {R(N\,T) : X € p(T)} is commuttig with decomposition operata-

tion.

Theorem 2.2. Let T € B(H), if \ > ||T||. Then X € p(T') and
RNT)= (M —T)~ Z)\‘” .,

Proof. If |A| > ||T||, then ||\™'T|| < 1, using proposition 1.3. O
Lemma 2.1. Let T € B(H), then we have r(T) < ||T|.

Theorem 2.3. Let T € B(H), then the map A — (R(A —T)x,y) is a holomorphic function
on p(T). for all z,y € H.

Proof. By theorem 2.1 we have

RO, T) — ROo, T) = —(A — A)R(A, T)R(Aa, T).

So
R(M\,T) — R(A\, T)
= —R(M\, T)R(\o, T).
()\1 _ )\2) ( 1, ) ( 2 )
from this relation, we deduce that the map is holomorphic and its derivative —R(A —
T)2. O

Theorem 2.4. (Gelfond’s formula)
For any T € B(H), the following limit exists

lim ||T”||%
n—oo
and equals r(T).

For prove this theorem, we need the following corollary

Corollary 2.2. Let A, B,C € B(H) and they satisfies
AB=C and BA=C

where C' is tnwvertible. Then both A and B are invertible.
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Proof. e Firstly, we show that this limit lim ||T ”||% exists.
n—oo
Let
a, = log || 7™

. we want to show that - converges,since [|[T™™|| < ||[T"||||T™]|, we have a,, < na;
n
and

aern < (2% + A

we write n = pm + g where 0 < ¢ < m. It follows that

1
with m fixed we have lim P_ - , SO
n—oo N, m

. Qp, .. .0y
limsup — < liminf —
n—oo 1 m—oo 11

. . . An .
which implies that — is converges.
n
1 .
m, 80 A™ > || T, it

e Secondly We show that lim,_,. | 777 = 7(T) Let A > ||T™

follows that A € p(T™), since

T — X" = (T = X) (T "+ AT 4 - 4 X" H)
= (T 4+ AT 2+ -+ X)) (T = M)

By corollary 2.2 A\I — T is invertible, it means that A € p(T") we conclude that for all
A > |[T™||= then A € p(T), it follows that r(T") < ||T™||= therefore

< I n|w
r(T) < lim ([T

e Thirdly we show that 7(T) = lim,_,o || T7]| .
If A > ||T|, then

RO\T) =Y AT
n=0
which converges in the operator norm. since |A| > ||T|| > =(T"), by uniqueness of

Laurent series, it follows that

RO\T) =Y AT i [A > n(T)

n=0
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Hence,
im [[AT T =0 i [A] > r(T)
and so, for any € > 0, we must have
||| < e|A|™™!  for large n and || > 7(T)
< (e+[A)™

which implies

1T < (e + |A)'*%  for large n and |\ > r(T)

and hence,
Tim 77" < A for ]\ > #(T)
Consequently,
lim ||7(|» < r(T)
vt
Finally

. n L
r(T) = Jim |77

Remark 2.3. If T € B(H)

(i) If T is a normal operator. Then r(T) = ||T|.
(ii) o(T) = {0} if and only if lim, . ||| " = 0.
Corollary 2.3. Let T, S € B(H) be a linear operators, such that ST =TS, then
i) r(ST) < r(S)r(T),

i) r(S+T)<r(S)+r(T).

2.1.2 Spectral Mapping theorem

Let T € B(H), for every polynomial p(z) = Zakzk, we can associate the operator
k=0

p(T) € B(H) defined by Zaka. With f(z) = z and f(z) = 27!, we can associate the
k=0
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operators f(T) =T* and f(T)=T"".

We let the reader see the following theorem.

Theorem 2.5. Let T € B(H), then

(a)
(b)
(¢)

Proof.

o(T)={A:Xxea(T)}

if T invertible. Then o (T71) = {1 : X e o(T)}
if p(z) = Zakzk is a polynomial with complex coefficients and if p(T) is defined by

k=0
n

> aT*, then o(p(T)) = {p(\) : A € o(T)} = p(a(T)).

k=0

(a) Suppose A ¢ o(T). Then, (Al — T)~! exists, so that (XI—T*)_l =

(M =T)] ' = [(A\I —=T)"']" exists , thus, A ¢ o (T*) . We have thus proved o (T*) C
{N: X € a(T)}. Applying this argument to T*, we get o(T) C {A: A € o (T™)}, that
is, (A\: A€ a(T)} C{A: A€o (T*)}. Taking conjugates, we get {\ : A € o(T)} C
{IN: A€o (T} =0 (T*),sothat o (T*) ={A: A€ a(T)}

If T is invertible, then 0 ¢ o(T), so that {\™!: A € o(T)} is well defined. If \ & o(T)
and A # 0, then the equation

AN =T H=X"T"YT-\)==-X"'"T"N-T)

shows A7t & o (T71), for if \™' € o (T™"), then either A € o(T) or A = 0. In other
words, o (T~1) C{A\"': X € a(T)}. To prove the reverse inclusion, we apply the result
to T~t. Thus,

o(TH)={ ":xeao(T)}

When p is the zero polynomial or has degree 1, this is obvious. Let A € o(T') and p
be a polynomial of degree n > 1. Then, p(z) — p(\) is a polynomial of degree n with
A as a root and we can factor p(z) — p(\) as (z — \)g(z), where ¢ is a polynomial of

degree n — 1. Then,

p(T) — p(NI = (T — A)q(T) = B, say
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If B where invertible, then the equation BB~! = B~'B = I can be written as
(T —XD)q(T)B™ = B 'q(T)(T — \I) = 1.

This would mean 7' — AI is invertible, which is not possible if A € (7). Thus, B is
not invertible, i.e. p(A) € a(p(T)). So, p(a(T)) C o(p(T')) Let X € o(p(T)). Factorise

the polynomial p(z) — A into linear factors and write
(T) =M = (T —MNI)-- (T — AT

since p(T') — Al is not invertible, one of the factors 7" — ;I is not invertible. Thus,
A; € 0(T), and also, p(A;) — A = 0. This shows that A = p(};) for some A\; € o(7T),
Hence o(p(T)) C p(a(T)).

]

Theorem 2.6. Let T be a linear operator, then o(T') is a compact subset of complex plane

and o(T) C Be(0, |T).

Proof. Let \g ¢ o(T), so that A\ — T is invertible, then
11— (ol =)' A = T)| = [(AoI = T)"H{(NoI = T) = (\I = T)}|
= [(AL = T)7HIIA = Ao
since A\g # A so there is an & > 0 such that [A—Xo| < e and |[I— (Nl —=T) ' (N -T)|| < 1,1t

follows (Ao —T)~*(AI —T) is invertible and A — T is also invertible whenever |[A — \o| < €
by remark 1.1, this yields that B(Xg,e) C p(T) , so p(T) is open, it means that o(7") is

cloesed. If |A| > ||T'|| then % < 1 and therefore I — L is invertible. It follows that A ¢ p(T),
and hence contraposition asserts that A\ € o(T), then A < ||T|]. O

Proposition 2.2. Let T € B(H), then 04,(T') is a closed subset of C.

Proof. Let A ¢ 04,(T). Then A\I — T is bounded from below. So
Je >0 [[(M —T)x|| > ¢z
and we have for all A\q,

A =Tzl < (AL =Tzl + (A = A)al| Ve € H.
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It follows that
(e =X =MDzl < [[(A =T)x|| VA VaeH.

For |\ — A\y| sufficietly small, the preceding impllies is bounded from below . Hence, the

complement of ¢,,(T") is open. O
Theorem 2.7. If T € B(H), then 0o(T) C 0a,(T).

Example 2.2. Let T be an operator is defined on €* as

T((xp)ns1) = (0,21, 29,...)  for all (x,)n>1 € 02

from example 1.3 we have its adjoint is defined as:
T*(xn)ns1) = (2o, T3, 74,...)  for all (z,)ns1 € L2
since ||T*|| = ||T||, it follows that ||T*|| = 1 Consequently
o(T)C{AeC: |\ <1} and o(T*)C{AeC: |\ <1}

(1) Suppose || < 1. The vector xy = (1, A\, A2,...) is in €% and satisfies (\[ — T*) xy = 0.
Thus, all such A are in the point spectrum of T*. Thus, {\ € C : |A| < 1} C g, (T%)
since the spectrum of an operator is a bounded closed subset of C, it follows that

o(T*)={X e C: |\ <1}. So we deduce that o(T) ={A € C: |A\| < 1}.
(2) From Theorem 2.7, o (T*) C o4, (T%) . since o, (T*) C 04, (T™) by definition, we have
o(T*)={ e C: |\ <1}
={AeC: N <1}u{reC:|\=1}
={AeC: |\ <1}Udo (T7)
C oy (T) U 0y (T°)
= 0ap (T7) C 0 (T7)

where we have used (1) for the first inclusion. Thus, we have shown that o (T*) =

Oap (T7) .
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(3) It may be remarked that no A satisfying |\ = 1 is in o, (T*) . Indeed, if v = {xp},>, , T #
0, is such that T*x = Az, then (x9,x3,...) = (Axy, Axo...), which implies x,1 1 = Az,
forn > 1. So, x,y1 = Nxy,n > 1. Hence, vy (1, A\, A\2,...) € €%, Since |\| = 1, the

vector z1 (1, \, \2,...) € £% if and only if x1 = 0, which implies x = 0, a contradiction.
Now we consider the spectrum of T

(1) 0,(T) = 0. Indeed, if {xn},5, € €* and (A = T) ((zn) =0,\# 0, then

n}l)
0=Axy, x1=Ax9, X9=2Ax3,...—=> 21 =0 ,25=0,...
(2) 0up(T) ={N€C: A\ =1}. If [\ < 1, and = € (?, then
(T = ADz|| = [Tz — [Mz] = [(1 = [ADllzl]  because [Tz = ||z||

which implies X ¢ 04,(T). Consequently, o,,(T) C {\ € C : |\| = 1}. It follows that
oup(T) ={X € C: |\ =1} by theorem 2.7

(3) we have oeom(T) = {\ € C: |\ < 1},by Proposition 2.1

(4)
0e(T) = a(T)\ (Feom(T) U 0p(T'))
={AeC: |\ <IP\{reC:|\<1}
={AeC: |\ =1} since 0,(T)) =0
(5)

0.(T) = o(T)\ (0(T) U, (T)) = {A € C: [ < 1}

we have also:
0 (T*) = 04p (T*)  and eom (T*) = 0,(T) = 0
. and
o (T)={AeC: N <1} and o (T*)={N€C:|A\ =1} and o,(T")=0
We summarise below the decomposition of the spectrum of T
o(T) = 34p(T) U 0com(T)
={AeC:|]AN=1}u{reC: |\ <1}
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and
o(T)=0,(T)Uo.(T)Uo,.(T)

—QUNeC: \=13u{eC: |\ <1}
2.2 Spectrum of various classes of operators

2.2.1 Normal operator

Theorem 2.8. Let T € B(H) , such that T is a normal operator. Then
(a) 0p(T) = op(T™),
(b) For all eigenvectors corresponding to distinct eigenvalues, if any are orthogonal,
(c) o.(T) = 0.

Proof. (a) Since T is normal, for A € C, ||(AM — T)z| = |[(M — T)*z||, by theorem 1.8
, for all z € H. It follows that N(AI —T) # {0} if and only if (A\] —T)* # 0, so
op(T) = op(T™).

(b) Let Ay, Ay distinct eigenvalues of T and z,y € H corresponding eigenvectors, then

Tx = Mz and Ty = A\yy, it follows from (a) that

)\1<5C7y> = <)\1$C,y> = <T$,y> = <:C7T*y> = <CE,)\_2y> = )‘2<xvy>
Since A; # Ay, we deduce that (z,y) = 0.

(c¢) By (b) and (c) in proposition 2.1, we have o,(T") = 0,(T*) \ 0,(T). Since T is normal
we obtain o,.(T) = 0.

Theorem 2.9. Let T € B(H) be a normal operator, then

o(T) = 04,p(T).
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Proof. It T € B(H) be a normal operator, so using proposition 2.1 , we have

O(T) = 00p(T) U 0eom(T) = 0(T) U 7, (7).
Since we have shown that o,(T*) = 0,(T), the above equality leads to
o(T) = 04,p(T)Uo,(T).

From which we get o(T") = 04,(T) , since 0,(T") C 04,(T), by proposition 2.1. ]

2.2.2 Self-adjoint operator

Theorem 2.10. Let T' € B(H) be a self adjoint linear operator, then o(T) C R. In addi-
tion,if T 1is positive, then o(T) C R,

Proof. Let A\ = A1 + ido(where \; and Ay are real and Ay # 0) be a complex number. If T

is self adjoint operator and x € H

(M = T)z|]* = (M = T)z, (M — T)x)
= (A = T)(M =Tz, x)
= M*z, x) — 20 (T, ) + || Tx|]?
= [T = T)a||* + Xl
> Agl®
So (M — T') is bounded from below. This means that A\ ¢ 0,,(7), hence A ¢ o(T), by

theorem 2.9

Assmume that T is positive and A < 0, then

(M = T)z||? = (M — T)a, (M — T)a)
= Nz, x) — 2\ Tz, z) + | Tz |
> N2|]|?.

So AI — T is bounded from below. This means that A ¢ 0,,(T"), hence A ¢ o(T"), by theorem
2.9. [
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Theorem 2.11. Let T € B(H) be a self adjoint operator, if m = ”iI”1f (Tz,z) and M =
z||=1
sup (Tx,z), then o(T) C [m, M| and m, M € o(T).

[lz]l=1

Proof. Let T be a self-adjoint operator and A € R, we define that d()) is the distance from
A to the interval [m, M]. For all z € H and x # 0 we have

(At — Tz, 2) = [|l2[|*(A = (Ty, )

T

]

where y = . Then by Cauchy-Schwarz inequality we have

dN)|lz))? < [(Ax = T, 2)| < ||| Ae — Tx|

If X ¢ [m, M], it means that 7" is bounded from below, then A\ ¢ 0,,(T) = o(T'), it follows
that A € p(T).
Let us show that m € o(T'), we put S = T —m, then S is positive. Now by definition of m,

there is a sequence (x,)nen, such that ||z,|| =1 and lim (Sz,,z,) =0
n—oo

1Sz, ||° < |(an,xn)|% |<52xn,xn>‘% by cauchy- schwarz
< (S, xn)|% |(Sz,, an)|% since S is self adjoint
1 1
< [{Szn, zn) |2 [|S]]2 [| Szl -
Therefore

1Sza]|* < (Szn, 2a) S|P

hence tends to 0, If m ¢ o(T'), S is invertible and hence z,, tends into 0 which is impossible.
We use this method for prove that M € o(T), but we take S = M — T. we will obtain
M e o(T). O

Corollary 2.4. Let T € B(H) be a self adjoint operator such that o(T) = {0}, then T = 0.

2.2.3 Compact operator

Theorem 2.12. (spectral theorem of compact operators) For every compact operator T.

Then 0 € o(T).
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Proof. It 0 ¢ o(T), Then T~ ! exists and is bounded, by theorem 1.14, it follows that

I = T7'T is a compact operator. This contradicts with example 1.6. O

Proposition 2.3. If T is a compact operator and X is a nonzero scalar. Then N(T — \I)

1s finite dimensional.

Proof. Suppose, for A # 0, N(T — AI) is infinite- dimesional. Then, we can select an infinite
collection of linearly independent vectors w,xs,... from (T — AI). Moreover, in view of
the gram-Schmidt orthonormalisation process, this set of vectors can be assumed to be an

orthonormal set. For n # m
|1Tzn = Tanl® = A2y = Azl = [M[lan — zm] = 2|7

wich means that no subsequence of {T'z,},>1 can possibly be a Cauchy sequence. This

precludes the possibility of T" being compact and proves the proposition. O

Theorem 2.13. Let T' be a compact operator on a Hilbert space H and X € 0,,(T) \ {0}.

Then, X is an eigenvalue for T.

Proof. By assumption, there exists a sequence {x,},>1 of vectors such that ||z,| = 1 for
every n and || Tz, — Az, || — 0 as n — oo. Since 7" is compact. we may suppose, after passing

to a subsequence, that T'z,, is convergent, say Tx, — y as n — 0o. Since
ly — Azl < ||y — Tay|| + || Tan — Azp|| =0 as n — oo.
It follows that Az, — y. Then T'(A\x,) = \T'z,, — Ty. Thus

Ty = lim T(A\x,) = A\y.

n—o0

Also
Jyll = || im A | = tim [A]flzal] = [A] > 0.
Hence, A is an eigenvalue for T, and y is the corresponding eigenvector. O
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2.2.4 Compact Normal operator

Theorem 2.14. If T is a normal compact operator. Then

(a) o,(T)\ {0} =a(T)\ {0}, in other words 5,(T") U {0} = o(T)

(b) 0,(T) # 0 and there is some X\ € o,(T) such that |\ = ||T|| = r(T). Obviouisly,
A€ do(T).

Proof. (a) Since T' is normal, we know that Theorem 2.9
oop(T) = o(T).

So that

oap(T) \ {0} = o(T') \ {0}
By Theorem 2.13

0ap(T) \ {0} = 0,(T") \ {0}

The two equalities above imply that
o(T)\ {0} = op(T) \ {0}

(b) If T is nonzero, then ||T|| > 0, and since 7" is normal, 7(T") = ||T||,(by remark 2.3),
which implies (7)) \ {0} # (). Also, there must be some \ such that || = ||T'||. Since
A # 0, then A € 0,(T).

]

Theorem 2.15. Let T € B(H) be a compact normal operator on a complex Hilbert space

H. Then o,(T) is at most countable (it could be empty) and 0 is its only possible limit point.

Proof. We assume that for € > 0 there exists an infinite sequence {\;},-, of distinct proper

values of T" such that ¢ < |A\;| < ||T'||. Passing to a subsequence, we may assume that

A = A, where ¢ < |A| < ||T.
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Let Tz = Ay, ||zk]] = 1. since T is compact, {Tx;} has a convergent subsequence. We
denote this subsequence by {T xk}k21 and assume that Tx, — y for suitable y € H. Thus,

A\iT, — y, which implies z;, — A\~'y. Hence,
|2 — 2wl = Ay = ARyl = 0 as m,n — oo

: 2
But {z,},-, is an orthonormal theorem 2.8 sequence; hence, ||z, — x,,||” = 2 whenever

m # n, This contradiction. O
Corollary 2.5. If T € B(H) is compact and normal, then o(T') is at most countable.

Theorem 2.16. Let T be a positive compact operator on H and let \j, be its eigenvalues, in

decreasing order: \y > Ay > ... > Ay > 0. We have \; = SUDye H,v20 ﬁ’vﬂ? More generally,
we have
. v, Tv
py— inf sup u
Uy ,up—1€H vEH,u0 ||"U||2

vLVect(ul ,,,,, “k—l)
2.3 Numerical Range of an Operator

Definition 2.4. The numerical range W(T') of an operator T € B(H) is defined by :
W(T) ={(Tz,z), || =1}
Theorem 2.17. The numerical range W(T') of an operator T is a convex set of C.

Example 2.3. Let T is a matriz as :

W({T)={2z€C |z| <3}
Theorem 2.18. Let H be a Hilbert space over C and T € B(H). Then, W(T') = {(Tx,z) :

||| = 1} has the following properties:

o A€ W(T) if and only if \ € W (T*)

o W(T) is a convez subset of C (¢) o(T) C W(T)

o if T is normal, then the convex hull of the spectrum o(T') of T cot(o(T')) = W(T)
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2.4 Extended Spectrum

Definition 2.5. Let T € B(H), we define the extented spectrum of T to be the set
Oert(T) ={A € C,3X € B(H) \ {0} such that TX = \XT}.
Remark 2.4. We have o..4(T) # 0, it suffices taking X = I, we get 1 € go(T)

Proposition 2.4. Let T € B(H), then o (T) C {N € C, o(T)Na(AT) # 0}, in special
case, if o(T) = {a} with a # 0, then o..+(T) = {1}.

By this proposition, we deduce the following corollary:

Corollary 2.6. Let T € B(H), we assume that T is quasinilpotent, then

oert(al +T) ={1} Vae C\ {0}.

2.4.1 Relation with the point spectrum

Proposition 2.5. Let T € B(H), the we have

{af o€ 0,(T), B € 0p(T*)} C oent(T).

Proof. Assume that A\ € 0,(T"), A2 € 0,(T*), then there exists x,y € H such that Tx = \x

and T*y = Aqy, we define an operator as
X:H—H
z > (z,y)x.

Let z € H,
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Remark 2.5. .

o If both T and T* aren’t injective, then e (T) = C.
o If1€0,(T"), then 6,(T) C 0eue(T).
Theorem 2.19. Let T' € B(H), if H is finite-dimentional, then
oext(T) ={N€C, o(T)No(A\T) #0}.
Corollary 2.7. Let T € B(H), and H is finite-dimensional, then we have
o 0..(T)={1} if and only if o(T) = {a} with o # 0
e 0..4(T)=C if and only if T isn’t invertible.

o [fT is invertible, then oo (T) = {i—;, A, Ao € a(T), Ay # 0}
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Applications
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3.1 Dirichlet and Neumann problem

In this section we will use some consepts and properties about PDE, for more details the
reader can refer to reference [8].

Let © be a bounded lipschitzian domain, and let V € C(Q), f € L*(Q), we Consider the
Dirichlet problem

—Au+Vu=f in{
u=20 on 02

(3.1)

A strong solution of (3.1) is a function u € C?(Q) satisfying the first PDE pointwise and the
Dirichlet condition on the boundary. This implies that f € C(Q2) . However, we will want
to consider (3.1) for less regular f, typically for f € L?(Q). We introduce definition of the

weak solutions of (3.1) as :

Definition 3.1. Let Q be a Lipschitzian domain, let V € C(Q), and let f € L*(Q). A weak

solution of (3.1) is a function u € H} which satisfies
/Vu-Vgo+/Vug0:/fgo, Yo € Hy(Q).
Q Q Q

And we consider the Neumann problem

—Au+Vu=f in

(3.2)
O,u =10 on 0N}

Definition 3.2. Let Q be a Lipschitzian domain, let V € C(Q), and let f € L*(Q). A weak
solution of (3.2) is a function u € H*(Q) which satisfies :
/Vu-Vga—i—/Vug&: / fo, Vpe H(Q).
Q Q Q
For introduce some results, we need to the following theorem in PDE.

Theorem 3.1. Let Q C R™ be a smooth domain, V € L>®(Q2). There exists C' > 0 such that,
if f € L*(Q) and if u is a weak solution of (3.1) or of (3.2), then u € H*(Q), and we have

lull 2y < C (I1f 12 + lull2@)) -

Furthermore, if f,V € C*(Q), then u € C*(Q)
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3.1.1 Diagonalisation of the Dirichlet and Neumann Laplacian in

a bounded domain

We have the following theorem

Theorem 3.2. Let 2 C R™ be a bounded Lipschitzian domain

e There exists a sequence 0 < )\{D < )\5) <...< )\kD < ... and orthonormal basis (¢k)k>1

of L*(Q)) with ¢, € C°°(Q) satisfying

—App =g, inQ
v =20 on 0f)

in the weak sense.

o There exists a sequence 0 < A\ < A\Y < ... <AV < ... and orthonormal basis (Vg) k=1

of L*(Q) with 1, € C®(Q) satisfying

— A, = NV in
O, =0 on 0f2

in the weak sense.

Proof. If f € L*(Q2), let T'f be the unique solution in H} to the equation —A(Tf) = f,
then the operator T is bounded, the operator T : L2(€2) — L?(Q) is compact operator.
we check that T is self-adjoint, Let f,g € L3(2). we have

[@n-a= [ (vin)-vig

The operator T is self-adjoint . Therefore, by Theorem 3.1 , there exists a non-increasing
sequence of numbers (uy,)x>1, going to zero, and an orthonormal basis (¢ )rs1 of L*(€), such
that T(pk = Uk

Now we have

[ 171 == [@ipts= [[wrse =0
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We deduce from this that the u, > 0 for all £ > 1, Furthermore if f # 0, then fQ fTf>0
so that the uy is strictly positive.

From the equation Tcpk = U, we deduce that
1

—App = —gy,
U
p_ 1 : L o0
we thus set \; = —, The functions ¢y are in C*°(€2), by theorem 3.1 O
Uk
Theorem 3.3. Let Q2 C R™ be a Lipschitzian domain, We have
IVl[720
AP = sup inf 2@
Uy, w1 €L2() VEHG (2),070 ||U||L2(Q)
N 90l
Ay = sup —.
ot 16L2(Q)UEH1(Q) v£0,0 LV ||v||L2(Q)
where Vect (uy, ..., ur_1), and both AP, A\ are defined as in 3.2.

3.1.2 Dependence of the eigenvalues on the domain

Lemma 3.1. Let Q, Q' be Lipschitzian domains such that Q C Q. Then for every k € N,
we have

() S ()
Proof. using theorem 3.3 extending functions in H}(Q2) to functions H} () O

Lemma 3.2. Let Q) C R" be a Lipschitzian domain, and let €21, C Q be Lipschitzian
domains such that Q = Qq U Qy, and Q; N Qs = 0. Then for every k € N we have

A (U Q) < AY(Q)

Proof. With the hypotheses, we have L?(Q2) = L*(Q; U Q) and H'(Q) € H'(Q; U Qy),

therefore we have:

il
AV (QUQy) = sup in O
UL yenny Up— 1EL2(91U92) UEHI(QIUQQ ),v#0 HU” (Q>
Vo7
< sup inf & =N (Q)
U1k —1 EL2(Q) veHL(Q),v#£0 ) HUHLQ(Q)

vLVect(ul ,,,,, ug
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]

and we have

AR (0 U Q) <A (Q) S AX(Q) < AP (1 UQ)

Proposition 3.1. Let (€2;)jen be an increasing sequence of Lipschitzian domains of R™,

and suppose that = Ujen+$2 is a Lipschitzian domain. Then for any k € N
AR () = AP (Q)

Proof. Lemma 3.1 tells us that, for any k € N A\P(Q) < AP(£;) , we take k € N and € > 0,
Let show that there exists jo € N such that for all j > jo, A2(Q;) < A2 (Q) + ¢

Let uy, ug, ..., ux € H) denote the mutually orthogonal

first k£ eigenvalues of the Dirichlet Laplacian on ) with eigenvalues
AT (), A7 (), ..., AL ()
and U = Vect(uy, ug...u) we have so for any u € U
IVullz2@w) < AL (Dlull 2

Using the density of C2°(Q2) in H} (£2), we can approximate uy, ug, ..., ux, by functions vy, vy, ..., vy €
C°(€2), such that vy, vy, ..., vy, are linearly independent, and || Vo[ ,2(.) < ()\kD(Q) + 6) ] 22(0)
for all v € Vect(vy,va,...,v;), Let K be a compact set containing all the supports of the

v1, V2, ..., Uk.By assumption , there exists jo such that for all j > jo, K C ;.

Now j > jo, and let wy, wy, ..., w1 € L*(Q;). There exists a function v € Vect(vy, va, ..., vy)

which is orthogonal to wy, wy, ..., wx_1 in L*(§2;). Therefore we have

IVll72q,
inf  ——— ) < \D(Q) e
veH} (Qj),u;éo ”UHLQ(Q],)
Vect(wl ,,,,, wkfl)
and we may conclude the proof using the max-min principle. O]
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3.2 Extended Spectrum of Volterra Operator

Before we start to calculate of extended eigenvalues and extended eigenvectors, we presente
some notations and some results that we will need.

Let D ={f, f is absolutely continuous and f(0) = 0}, and we define an operator D on D
as: Df = % for f € D, Clearly we can see that DV =V D = I on D where V is Volterra
operator.

For each t > 0 we define an operator S; on L?(0,1) as :

Sif(z) = X [t,00[M[0,1] (z)f(x —1)

We can look that {S;, t > 0} is a strongly continuous semigroup on L*(0,1).

Theorem 3.4. The infinitesimal generator of Sy is —D. Moreover, for all z € C (2 + D)™!

exists as a bounded operator and
1
(z+ D) = / e Sydt
0
Lemma 3.3. Let A > 0 and let T be an operator on L?(0,1). Then VT = ATV if and only
if S¢T =TSy, for allt >0
3.2.1 Determine of Extended Eigenvalues Location

We have the following theorem

Theorem 3.5. Let A € C\]0,00[. Then we have

VI =XV =T =0.

Proof. We have known that V' is injective, so if A = 0 this implication is satisfied, we assume
that A # 0,
Let T an operator on L*(0, 1) satisfing:

VT = ATV (3.3)
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Since D is the range of V', equation (3.3) implies tha T'(D) C D, so equation (3.3) equivalent
to

TD = ADT (3.4)

and z € C. Then

T(z+D):(z+)\D)T:)\<§+D>T

Since z was arbitrary, the previous equation is equivalent to

TAz+D)=Xz+D)T.
Therefore (z + D)'T = AT'(A\z + D)~!. Using theorem 3.4 we obtain

1 1

/ e S Tdt = \ / TS, dt (3.5)

0 0

Let u,v € L*(0,1), we define f, g as
f(t) = <StTua ’U> g(t) = >\<TStu7 ,U>‘

Equation( 3.5) implies that

/01 e f(t)dt = /01 Mg (t)dt.

Next, we expand both sides of this equation as power series in z and we notice that both
series converge uniformly in ¢, for each 2z € C. Thus we can integrate the series term by

term. Comparing coefficients in these series we obtain

1 1
/t”f(t)dt:/ AN'thg(t)dt  n e N.
0 0

It follows that, for every polynomial p, we have
1 1
| vt = [ po0gi (3)
0 0

Suppose that A € C\]0,00[. Let S = {At, t € [0,1]}U]0,1], define a function h on S as

h(Xt) = g(t) if tel0,1]
0 if t¢l0,1]
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Then h € L?(S). By Mergelyan$ theorem, there exists a sequence of polynomials p, on
S converging to h in L?*(S). But

1

/1pn(t)f(t)dt—>0 and /pn(/\t)g(t)dt—>||g||2 T
0 0

In view of (3.6) this proves that g = 0 in L?(0, 1) and, since g is continuous, this means that
g(t) =0, for all t € [0, 1].

Fort =10
9(0) = XNTu,v) = 0.

Since A\ # 0 and u, v are arbitrary in L?(0,1) it follows that 7' = 0. ]

Theorem 3.6. Let ¢ € L>(0,1) and let M, be the operator of multiplication by ¢ in
B(L*(0,1)). If M,V = AV M, then o =0 a.e in |0, 1[.

Proof. The equation M,V = AV M, implies that

() /wf(t)dt_)\/mgo(t)f(t)dt, Vf e L2(0,1), forz € 0,1 (3.7)
0 0
Equivalently,

/0 " F () o) — Ap(t)dt = 0

we put k(t) = o(x) — Mp(t) for all f € L?(0,x) and for a. e. z € [0, 1]. Hence,
1
| o= o (33

1
we know that f +— / f(t)X[0,2)(t)k(t)dt is a linear functional wich vanishes on L*(0, z), by
0

(representation riez theorem 1.6), we deduce that
k(t) =0 a,eon [0,z]

it follows that ¢(t) = A'p(z) a.e on(0,x). Consequently, ¢ must be a constant function
in L>°(0,1). Furthermore, if p(z) = C then C' — A\C' = 0 for a. e. t and, therefore, C' = 0.

]
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Theorem 3.7. Let X\ be a positive number and let K be an integral operator with kernel
K(z,y). Then VK = AKV if and only if K(x,y) = g(x — \y), for some measurable function
1,1
g on R such that g = 0 on the interval [\, 1 — A] and also / / lg(z — \y)|dzdy < oc.
o Jo

Proof. Let K be an integral operator with kernel K(z,y), and suppose that VK f =
AKV f, for all f € L*(0,1). Then,

T 1
/ / K(t,y)f(y)dydt = / / K(z,y)f(y)dydt Yf e L*(0,1) and a.e z.  (3.9)

Changing the order of integration on both sides of (3.9) yields

[ o[ ] - o s

In view of the arbitrary choice of f € L?(0,1) it follows that

/ "KL y)dt = A / lK(x,t)dt (3.10)

for a.e x and a.e y in [0, 1]. Conversely, if a kernel K (x,y) satisfies (3.10) for a. e. x and a.
e.y in [0, 1] then it is easy to see that VK = AKV.

Suppose now that K is an integral operator satisfying VK = AKV. Then its kernel K (z,y)
must satisfy (3.10). Notice that this kernel is indeed an equivalence class of functions that
agree a. e. Now we pick any particular representative and denote it again by K (x,y). The
advantage of this strategy is that each side of (3.10) is now defined, for all (z,y) € [0, 1] x
[0,1]. With this understanding it is easy to see that the left hand side of (3.10), which we
denote by Fi(z,y), is a measurable function of y for every x, and that it is a continuous
function of x for every y € [0, 1]. Since a similar argument shows that the right hand side of
(3.10), which we denote by Fy(x,y), we conclude that Fi(x,y) = Fy(z,y) a. e. Furthermore,
Fy(z,y) has partial derivative (Fy), for every (x,y) € [0,1] x [0,1] and F5(x,y) has partial
derivative (F3), for every (z,y) € [0,1]x[0, 1]. Hence, F;(z,y) has partial derivative (F7), for
a. e. point (x,y) € [0,1] x [0, 1]. The conclusion is that we can, and we do denote both sides
of (3.10) as F'(z,y). A calculation shows that F,(z,y) = K(z,y) and F,(z,y) = —AK(x,y).
Clearly that both F} and F} are measurable functions.

Finally, we have that

Fy(z,y) = =AF,(z,y), fora.e. (z,y)€[0,1] x[0,1] (3.11)
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Let (a,b) be any point in [0,1] x [0,1], and let R = R,; denote the rectangle bounded by
=0 =0, and y = 1. Then

// xydxdy—/dy/ :Uydx—/dy/ny /F(a,y)dy

while

//R Fy(z,y)dyde = /Oa dz /bl Fy(z,y)dy = /Oa dzx /bl K (z,y)dy = —/Oa F(x,b)dx

In view of (3.11), we have

//R [Fy(z,y) + AFe(z,y)] dedy = O

Therefore, )
)\/ F(a,y)dy—/ F(z,b)dx =0

b 0

or,
a 1

/ F(z,b)dx = )\/ F(a,y)dy (3.12)

0 b
We emphasize that (3.12) holds for every (a,b) € [0,1] x [0, 1]. Denote either side of it by

G(a,b). Then G is a measurable function that satisfies the equation
Gy(zr,y) = —=AGy(z,y), forall (z,y) € [0,1] x [0,1] (3.13)

Although this equation is similar to (3.11) there is an important difference. The equation
(3.13) holds for every(x,y) € [0,1] x [0, 1]. Now we exploit this fact by using a well known
argument from classical analysis. Let ¢ be a fixed number. The function H(z) = G(z, (¢ +
x)/A) is a measurable function as a composition of a measurable function G and a continuous
map

p:x (z,(c+x)/N).

Moreover, the function H is a differentiable function of x as a composition of two differen-

tiable functions. Then

H'(2) = ~-Gr, (e +0)/A) = Culw, (e + 2)/X) + Gyl e+ 0)/A) 5

and so using (3.13), H'(x) = 0. We conclude that H is a constant function of z. This
implies that G(z, (c + z)/\) = H(c) is a constant function of z, we put y = (¢ + z)/\,
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we deduce G(z,y) = H(x — \y) . since Gu(x,y) = K(z,y) it follows that there exists a
measurable function g such that K(z,y) = g(x — A\y). Moreover, the integrability condition
on K translates to the required integrability condition on g.

Finally, (3.10) implies that

T 1
/ g(t — \y)dt = )\/ g(x — At)dt for a. e. x and a. e. y in [0, 1].
0 y

A change of variable leads to the equality

T—AYy T—Ay
[ atis= [ gtsias
-y T—\

that holds for a. e.  and a. e. y in [0, 1], which in turn means that

/ - g(s)ds =0

_)\y

T—\

for a. e. z and a. e. y in [0, 1], for y = 1, / g(s)ds for a.e x € [0, 1]. It follows that g =0
-

on [—A, 1 — A]. Conversely, if K is an integral operator with kernel K (z,y) = g(z — A\y), for

some measurable function g that vanishes on [—A,1 — A], then it is easy to verify that K

satisfies (3.10). O

Theorem 3.8. Let C, be a composition operator on L*(0,1) that satisfies VCy, = AC,V

for some X\ €]0,00[. Then A > 1 and ¢(z) = %

Proof. by lemma 3.3 we have that VC, = AC,,V if and only if
SiCp = CpSyyn V20
this means that, for any f € L?(0,1)
Xitoonio,1)(2)f (0(z — 1)) = Xp/nconpn(0(@)) f(e(x) — /) (3.14)
If f is canstant, we obtain
X[t.00)0,1] (Z) = X[t/x00)n(0,1]((2)) (3.15)
wich shows that x > t if and if p(z) > ¢/A. From this we conclude that A > 1 Indeed, if A < 1,

then we could take z = ¢ = (A +1)/2 and obtain ¢((A+ 1)/2) > 1 which is a contradiction.
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Furthermore, it follows from 3.14 and 3.15 that, when = >t , p(x —t) = p(x) —t/X . 1In
particular, taking x = t, we get that p(z) = ¢(0) + =/A. However, for such a function ¢

P(0)+z/A
covsa = [ o
while
VO, f(x) = / F((0) + £/ \)dt

Using the substitution s = ¢(0) + ¢/ the last integral becomes

@(0)+z/A
)x/ f(s)ds
©(0)

and it is easy to see that ¢(0) = 0, it follows that ¢(x) = ; O
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