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Abstract

In this work, we study the stability and controllability of the wave
equation with dynamical boundary control. The considered system is
governed by a wave equation defined on a bounded domain together
with mixed boundary conditions, including a dynamical condition acting
.on a part of the boundary

The main objective is to analyze the well-posedness of the system

using semigroup theory and operator methods. We first reformulate the
partial differential equation into an abstract evolution equation in an
appropriate Hilbert space. Then, by applying semigroup techniques and
dissipative operator theory, we establish the existence and uniqueness
.of solutions

Furthermore, we investigate the asymptotic behavior of the energy
and derive stability results for the system. In particular, we discuss
strong stability and the decay properties of solutions under suitable
.assumptions on the boundary feedback

The second part of this work is devoted to controllability issues. Using
observability inequalities and duality arguments, we study the exact
controllability of the wave equation with dynamical boundary control.
The obtained results show the effectiveness of boundary controls in
.stabilizing and steering the system

This study combines tools from functional analysis, partial differential
equations, semigroup theory, and control theory
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Notations

Wmr(Q) The sobolev space of function on {2 derivatives up to order m in LP

H™ =Wm™2(Q) Sobolev Spaces ,

0 The operator of patial differentiation |,

D(A) The domain of the operator A ,

D~ A partial derivative of multi-order « ,

o(A) The spectrum of operator A |

|.| The euclidean norm on R?

N(A) The kernel of the operator A |

R(A) The range of the operator A |

1], The norm on a normed space X ,

L(X) The space of bounded linear operators from X into X ,

X’ The dual space of X ,

Re(.,.) The real part of the inner product ,

C3e () The test functions space ,

(T'(t))e>0 A semigroup

C(X,Y) The space of all continuous function from X into YV,

QCRY A domain of RV |

oN=r The boundary of Q ,

L(2) The space of measurable functions on the domain {2

() The space of functions whose absolute value raised to the
power p is integrable,

L2 () The space of essentilly bounded function with weal-* convergence ,

() The space of continuous function on the domain €2 ,

C>*(Q) The space of infinitely differentiable functions on €2 |

C(Q) The space of coninuous functions on the closure of €2 ,

B, (x) The open ball of radius r centered at point x

Sy (z) The sphere of radius r centered at point x ,

(,.) The inner Product ,

p(A) The resolvent set of the operator A |

R? The space of all ordered d-tuples of real numbers ,

r'(.) Fonction Gamma d’Euler.



Introduction

Partial differential equations are among the most important mathematical tools used
to model natural, physical, and engineering phenomena. They describe the behavior of
systems that evolve in space and time, such as the vibration of strings and membranes,
heat and wave propagation, fluid flow, and elasticity. Among the most famous of these
equations are the wave equation, the heat equation, and Laplace’s equation, each of
which possesses distinct physical and mathematical properties.

The solution of any partial differential equation requires the specification of suitable
initial and boundary conditions. Often, it is difficult to find exact solutions, which
necessitates studying the qualitative behavior of solutions. One of the most important
aspects of this behavior is the issue of stability, i.e., does the energy of the system
decay over time ¢ > 0 7 If so, what is the rate of decay tMﬂ : B> 07 Is it exponential
or polynomial? These questions are fundamental in control theory, engineering, and
mechanics, because an unstable system may lead to catastrophic outcomes.

Wave equations are among the fundamental models in describing numerous physical
and engineering phenomena, such as the vibration of strings and membranes, sound
propagation, and elasticity. In many practical applications, classical boundary control
is insufficient to achieve the desired behavior of the system, which has led to the
emergence of the concept of dynamical boundary control, where an ordinary differential
equation is added on a part of the boundary to represent the interaction of the actuator
or controller with the system. Such mechanisms are used in modeling pressurized gas
tanks, mass-spring dampers, and indirect control systems proposed by Russell [12].
Unlike classical boundary control, which imposes an instantaneous value of the function
or its derivative, dynamical control introduces a new degree of freedom on the boundary;,
allowing for more realistic modeling of systems involving electromechanical actuators
or viscoelastic effects.

Our thesis is organized as follows: In the first chapter we recall some basic definitions
and the necessary preliminary concepts and results, including Lebesgue and Sobolev
spaces, embedding theorems, semigroup theory, and dissipative operators, as well as
fundamental stability theorems such as the Lumer-Phillips and Hille-Yosida theorems.
In the next chapter we present certain criteria under which the problem proposed of
the wave equation system in a bounded multidimensional domain, equipped with a
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dynamical boundary condition of the form:

uy —Au=0 in Q x Ry
u=0 on 'y x Ry
uip=0 onlyxR (0-1)
ov +
N — U =0 on I'y x Ry

where 0 C RY is a bounded domain with smooth boundary I' = Ty U T (T'y # 0,
I'; # 0), n represents the dynamical boundary variable, and v is the boundary control
is polynomial energy decay rate % under a geometric condition but is not uniformly
stable. Furthermore, we will study the observability and the exact controllability of
this system with a dynamical control.

The treatment of such systems represents a mathematical challenge in higher dimen-
sions, because the damping operator resulting from the dynamical control is bounded
but non-compact in the energy space, and the generator’s resolvent is not compact,
which hinders the application of classical methods such as LaSalle’s invariance prin-
ciple [28] or the spectral decomposition theory of Benchimol [I1]. In one dimension,
the resolvent is often compact or compact perturbation theory can be applied, but
in higher dimensions this property fails, requiring more general tools. Therefore, this
thesis relies on modern tools:

Our proof is divided into four sections: Firstly, we bigen with the strong stability of
the solution of U (t) = Sayp (t) in the absence of the compactness of the infinitesimal
A+ B via the Arendt-Batty criterion. In section 2, using a criteria of Huang and Priiss,
we prove that this solution U () of system is not uniformly stable in the energy
space H. In section 3 we will establish a polynomial energy decay rate for smooth
solutions by a multiplier method. Finally, we will use a new adaptation of Hilbert
Uniqueness Method (HUM) to show the exact controllability of

U =AU +V, with U (0) = U,

by means of some singular dynamical controls v for all initial data in the usual energy
space, whenever v satisfying

d
v(t) = wvo(t) — Evl(t) on Ty x [0,T] with vg,v; € LQ(O,T; L2(F1)).

In the last chapter we consider the stabilization of the wave equation with variable
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coefficients and a delay in the dissipative internal feedback

(g + Au + a(z) [yug (@, 1) + poug(v,t —7]) =0 in Q x Ry
u=10 on 'y x R,
=0 on Ty x Ry
uw(z,0) = up(x), w(x,0)=u(z) in Q2

L uy(x,t —7) = folx, t —7) in Q x (0,7)

where Au = — div(A(x)Vu) with A(x) symmetric positive definite, a(z) > 0 is a weight
function, 7 > 0 is the delay, pu; > 0, py # 0, and % = (A(x)Vu,v) is the co-normal
derivative. It is well known that even arbitrarily small delays can destabilize a system
[39, 41, ?]; however, under the condition

|1a| < 1

we prove that exponential stability can be recovered. The analysis uses differential
geometric methods introduced by Yao [31] and further developed in [29] 42, [43] [44], 8,
211, 22, 146, 53, 47, 32, 33, 34, 35, 36l [54]. A key assumption is the existence of a vector
field H on Q such that its covariant derivative D,H (with respect to the Riemannian
metric g = A1) satisfies

DyH(X, X) > po| X[2 for X e R,z € Q. (.0.2)

for some p, > 0, and (H,v) < 0 on I';. Under this geometric condition, we define an
appropriate energy functional:

1 1
E(t) = 5/9 (uf + Zaijuxiumj> dx —|-£/0 /Qa(m)ug(x,t — p7) dx dp,
i,

with ¢ satisfying 7|uy| < 2§ < 7(21y — |u5]). We then prove the exponential decay
estimate:
E(t) < Cie “'E(0),  Vt>0,

for some constants C7,Cy > 0. This result extends previous works on constant coef-
ficient wave equations with delay [I7, [I8, ?, ?] to the variable coefficient setting, and
complements the boundary controllability results of Chapter 2.

Our purpose in this chapter is study the wave equation with variable coefficients and a
delayed internal feedback. It presents the problem formulation, the geometric Assump-
tion (.0.2)), well-posedness, and the proof of exponential stability through observability
inequalities and multiplier techniques. Consequently, the results rely on differential
geometry and extend the constant coefficient theory to variable coefficients. These
results contribute to a deeper understanding of the behavior of wave systems with dy-
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namical boundary control and with delayed internal damping. They provide a math-
ematical framework that can be used in engineering and optimal control applications,
and open perspectives for studying more complex systems such as plates and elastic
structures with memory or time delay.




Chapter |
Preliminaire

This chapter aims to provide a review of the essential mathematical concepts and
theories that from the theoretical foundation for the work presented in this thesis.
These concepts will be relied upon later in addredding the various topics discussed

Remark 1.0.1 [13]/Applying n-times the inequality (??) for all x,y, z1, 29, ..., 2, € X,
we obtain

Definition 1.0.1 [7]Let (X,d) be space, xo € X and r > 0. Then
By(xg) ={z € X : d(z,x¢) < r}

18 said to be an open ball having radius r with center x.

B.(xg) ={r € X : d(x,x0) <71}
18 said to be a closed ball having radius r with center x.
Sp(zg) ={x € X : d(z,z9) =1}

18 said to be the boundary ball having radius r with center xq.

Remark 1.0.2 Open ball, closed ball and the boundary of a ball having radius r with

center xo are denoted by B,(x¢) = B(xo, 1), B.(x0) = B.(x0,7) and S,(xo) = S(xo,7) ,
respectively.

Definition 1.0.2 A sequence (x,) in a metric space (X,d) is said to convergy to a
point xog € X if for € > 0 there exists an integer N such that n > N implies that R

d(xp, xm) < €.

We say that the sequence (x,,) is convergent and o is the limit of (x,). In other words
we write
T, — xg or lim =z, = xq.

n—:mo0

On the other hand, if (x,) is not convergent, it is divergent.

8



CHAPTER I. PRELIMINAIRE [.L1. NORMED SPACE

Definition 1.0.3 A sequence (x,) in a metric space (X,d) is said to be a Cauchy
sequence if for every e > 0 there exists an integer N such that

d(xp, ) <€
whenever n > N and m > M . In other words, (x,) is a Cauchy sequence if
d(zp, xm) — 0 as n,m — 0

or equivalently
lim d(z,,x,)=0

n,Mm—->00

I.1 Normed Space

Definition I.1.1 [15/Let X be a vector space over the real (or complex ) numbers. A
function,||.||, from X into the non-ngative real real numbers is called a norm on X if
for all x,y € X and X\ € R, the conditions ||z|| > 0 if x # 0 and ||z + y| < |lz|| + ||y||
are satisfied. The norm of x is denoted by ||x||. Moreover, the vector space X with
norm is called normed vector space or normed space .

i) ll2ll > o0 if @ #0,
if) [Jof = 0 <= = =0,
i) [P = [A] o],

i) [z +yll <l + 1yl

Remark I.1.1 ||.|| is said to be a semi norm if only the conditions (n3) and (n4) are
satisfied. Notice that for a semi mnorm the conditions ||z|| = 0 may be satisfied for
non-zero T .

Theorem 1.1.1 Let (X, ||.||) be a normed space. Then for all x,y € X, the function
defined by

d(z,y) = |z = yll

1s a metric on X. This metric is called normed metric.

Definition 1.1.2 [75] Let ||.||, and |.||, norms be given on the vector space X.
For every x € X if there exists c1,co > 0 such that

cllzlly < llzlly < e ll2lly -

then ||.|| and ||.||, are called equivalent norms.




CHAPTER I. PRELIMINAIRE 1.2. THE HOLDER AND YOUNG INEQUALITIES

Definition 1.1.3 As a result of this definition. We can deduce that different norms
can determine the same topology. The following result is based on the fact that any two
norms on a finite dimensional vector space determine the same topology.

Theorem 1.1.2 All the norms defined on finite dimensional normed (vector) spaces

are equivalent.
As a consquence of Theorem, all the norms defined on finite dimensional normed

spaces describe the same topology on these spaces. For instance, if a squence (x,) in
norm space X is convergent, bounded or Cauchy sequence with respect to the norm ||.||,
(II.l5), then it is also convergent, bounded or Cauchy sequence with respect to the norm

11y Cl1-ll)-

Definition 1.1.4 If every point sequence in A has a subsquence that converges to an
element of A in X, then the subset of a normed space X is said to be compact.

Definition 1.1.5 Let X andY be normed spaces, and let ||.||yand |||y be their respec-
tive norms. If every bounded subset of X maps into a comparatively compact subset
of Y, then the continuous linear operator L € L(X,Y) is considered compact. The
Heine—Borel theorem for finite dimensions normed spaces might be seen as leading to
the following outcome.

Theorem 1.1.3 Assume that X is a finite dimensional normed space and thatY C X.
If and only if Y is closed and bounded, then the set is compact.

Remark 1.1.2 According to the theory of metric spaces, every convegent sequence is
Cauchy. There re metric spaces and normed spaces where a Cauchy sequence does not
converge, hence the oposite of this statement may not always be true. The completeness
property of a normed space, which yields a Banach space, is given in the following.
Only the basic characteristics of Bach spaces presented here. Additional information is
available in the functional and real analysis books listed in the reference section.

1.2 The Holder and Young Inequalities

1) [@9)Let (X,T', 1) be a measured space and let 1 < p, ¢, < +oo be real numbers

such that )

1

1
p q T
If we LP(X) and v € LX) then uv € L"(X) and,

Juv] e xy < Mull oy 10l o) -
2) Let 1 < p,q < 400 and let r > 1 be such that,
1

11
Y
ropoq

10



CHAPTER I. PRELIMINAIRE [.3. APPROXIMATION OF THE IDENTITY

If u € LP(R?) then for almost all z in R? the integral,

(wro)(w) = [ e =)o)y

is convergent, and u * v belongs to L"(R%). Moreover we have,

[ UHLT(]Rd) < ||u||LT(Rd) ||U||Lr(Rd) :

1.3 Approximation of the Identity

1. [49] Let p € C*(R%) be such that

supp(p) C {z € R?: |z| <1} ,p > O,/ p(z)dr = 1.
Rd

For ¢ in (0,1] set,p_(z) = e~ 9p(2).

lim(p, *u) =u in LP(RY).

e—0

The family [p.].c(0,1) is called an appoximation of the identity. Then we have,

2. for any 1 < p < +o0, if u belongs to € LP(R?),then

lim(p, xu) =u in LP(RY).

e—0

3. If u: R? — C is a bounded uniformly continuous function, then

lim(p, *u) = u in L®(R%).

e—0

4. For any 1 < p < +oo, if u belongs to LP(R?), then for almost all z in R¢,

lim(p, * u)(z) = u(z).

e—0

5. For any 1 < p < +o0, if u belongs to LP(R?), then for any ¢ € (0, 1], the function
p. * u belongs to C*°(RY).

11



CHAPTER I. PRELIMINAIRE [.4. THE LEBESGUE SPACE L” ()

I.4 The Lebesgue Space L7 (1)

I.4.1 Definition and Basic Properties of L?((2)

[38] Let p be a positive real number and let 2 be domain in R™. The class of all
measurable functions u defined on €2 in indicated by LP(£2), for which

/Q u(x)|? dz < oc. (1.4.1)

The members of LP()) are therfore equivalence classes of measurable functions satis-
fying , where two functions are comparable if they are equal a.e.in 2. We find
functions in LP(€2) that are identical nearly everywhere in Q. We disregard this dis-
tinction for simplicity and write u = 0 in LP(?) if u(z) = 0 a.e.in 2, and u € LP(Q) if
u fulfills (L4.0)). If u € LP(Q2) and ¢ € C, then cu € LP(2) is obviously true. We must
demonstrate that if u,v € LP(Q2), then u + v € LP(Q) in order to prove that LP(Q) is
a vector space. This is a direct result of the inquity thar follows, which will also be
helpful in the future.

Lemma 1.4.1 If1 <p < oo and a,b> 0, then

(a+b)P < 2071 (a? 4 bP). (1.4.2)

Lemma 1.4.2 (The L, Norm) Now will confirm that the functional |||, defined

foll, = ( [ lutolpas) "

is a standard on LP(Q), given 1 < p < oo .(If 0 < p < o0, it is not a norm). When
there is a possibility of domain confusion, we substitute ||.||, o for |||, -

It is evident that if and only if uw = 0 in LP(Q2), then [luf, > 0 and [[ul, = 0.
Additionally

leull, = lelllul, ,  ceC.

Therefore, after we have confirmed the triangle inequality, we will have demonstrated
that [.[[, is norm on LP(2).

lu+oll, < lull, + llvll,
Minkowski’s inequality is the name given to it. This requires Holder’s inequality first.

Corollary 1.4.1 [t is possible to apply Hélder’s inquality to products of more than two
N

functions. Assume that where u; € LY(Q2),1 < j < N, and p; > 0,u = Huj. Soppose
j=1

12



CHAPTER I. PRELIMINAIRE [.4. THE LEBESGUE SPACE L” ()

N N

that Z(l/pj) =1/q, then u € L1(Q) and ||ul[, < H ||uijj. By induction on N, this
j=1 j=1

follows from the prior corollary.

Theorem 1.4.1 (A Converse of Holder’s Inequality) A mesurable function u is
a member of LP(QY) if and only if

sup {/Q [u(z)|v(z)dz : v(x) >0 on L, [lv],, < 1} (1.4.3)
is finite, and then that supremum equals |ul|, .
Theorem 1.4.2 (Minkowski’s Inquality) If 1 < p < oo, then
lu+oll, < ull,, + [Jv]], - (L4.4)

Theorem 1.4.3 (Minkowski’s Inequality for Integals) Assume 1 < p < co. As-
sume that the function y — ||f(.,y)||, g elongs to L'(R"™). that f is measurable on
R™ x R™, and that f(.,y) € LP(R™) for almost all y € R™. Then, L*(R™) a contains

the function x — [, f(z,y)dy.
P 1/p 1/p
dx) </ < / |f<a:,y>|pdx) dy.

(L.
fCy)dy

fz,y)dy

R

that is,

< [ WGl zm dy-
p,Rm Rn

R

I.4.2 The Space L™ (2)

If a constant K exists such that |u(z)| < K a.e.on €, then a function u that is mea-
surable on 2 is said to be basically limited on Q. The essential supremum of |u| on
(2, represented by ess sup,cq |u(z)|, is the maximum lower bound of such constants
K. The vector space of all functions u that are fundamentally bounded on {2 is repre-
sented by L>(Q2), with functions being once more recognized if they are equal a.e.on
(2. Verification of the functional ||.||_ defined by

[ullo = ess sup |u(z)]
€N

is a norm on L*(2). Moreover, Holder’s inequality (3) and its corollaries extend to
cover the two cases p=1,p' = oo and p = oo, p’ = 1.
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CHAPTER I. PRELIMINAIRE I.5. THE SOBOLEV SPACE WP (Q)

I.5 The Sobolev Space W™ (Q)

I.5.1 Definitions and Basic Properties

The Sobolev Norms

We define a functional ||.|,,, , where m is a positive integer and 1 < p < oo, as follows:

1,
lull,,, = > D™ u|P)? if 1<p< oo, (L5.1)
0<|a|<m
llull,, o = max |[D%, with p= o0 (1.5.2)
’ 0<|a|<m
for any function u for which the right side makes sence , |.|[, being, of course, the

norm in LP(2). In some situations where confusion of domains may occur we will use
[wll,, 5.0 in place of |lull,, . Evidently (IL.0.1) or (L.5.2) defines a norm on any vector
space of functions on which the right side takes finite values provided functions are
identified in the space if they are equal almost everywhere in €.

Sobolev Spaces

For any positive integer m and 1 < p < oo we consider three vector spaces on which

-1l is @ norm:

a) H™P(Q) =the completion of {u eC™(Q): ||u|]mp < oo} with respect to the norm
Ml

b) W™P(Q) = {u € LP(Q) : D*u € LP(Q) for 0 < |a] < m}

c) Wy (Q) = the closure of C§°(Q2) in the space W™P(Q).

Equipped with the appropriate norm (1) or (2) thesQe are called Sobolev Space over
Q. Clearly Wo(Q) = L?(Q), and if 1 < p < 0o , WJP(Q) = LP(Q). For any m , we
have the obvious chain of imbeddings

W5 (Q) — W () — L7(0),

Theorem 1.5.1 [38/W™P(Q) is a Banach space.

Proof: Let {u,} be a Cauchy sequence in W™P(Q2). Then {D%u} is a Chauchy se-
quence in LP(Q) for 0 < |a| < m. Since LP(Q) is complet there exist functions u and
Ua, 0 < |a] < m, such that u, — u and D*u,, — u, in LP(2) as n — oo. Now
LP(Q) C L} .(Q) and so u,, determines a distribution T,, € D'(2). For any ¢ € D(Q)
we have

T, (9) — Tu(@)] < /Q |un (@) — u(@)| |p(2)| de < 9]l [[un — ul,

14



CHAPTER I. PRELIMINAIRE I.5. THE SOBOLEV SPACE WP ()

by Hélder’s inequality, where p' is the exponent conjugate to p. Therfre T, (¢) —
T, (@) for every ¢ € D) as n — oo. Similarly, Tpey, (¢p) — T, (p) for every
¢ € D(Q). It follows that

Ty (¢) = im Tpoy, (¢) = lim (—1)I*'T,, (D*¢) = (=1)1IT,(D"¢)

n—oo n—oo

for every ¢ € D(Q). Thus u, = D% in the distributional sence on Q for 0 < |a| < m,
whence w € W™P(Q). Since lim, . |lun, — ull,, , = 0, the space W™P(€2) is complete.
|

Theorem 1.5.2 [38§/W™P(Q) is separable if 1 < p < oo , and is uniformly conver and
reflexive if 1 < p < oo . In particular, W™?(Q)) is a separable Hilbert space with inner
product

(Uy V) = Z (D%, D),

0<|a|<m

where ( = [ u( v(x)dz is the inner product on L2(9).

I.5.2 Duality and the spaces W7 (Q)

In this part, the operator P, the spaces L?(2™)) and W, and the number N for fixed
2, m and p. Additionally, for any functions u, v for which the right side makes sence,we
define

(u,v) :/Qu(as)v(as)da:

for any functions u, v that make sence on the right side.
Let’s agree that p’ always represents the conjugate exponent for given p :

ifp=1
P=qp/lp-1) ifl<p<oo
if p=o00

The Riesz Representation Theorem is first extended too the space W™P(§2). The
dual of W;""(Q2) with a subspace of D(2) is then found lastly, we demonstrate that
the completion of LP' () with regard to a norm weaker than the typical L” norm may
likewise be associated with the dual of W""(Q2) if 1 < p < 0.

The Dual of LP(Q™)

A unique v € L (Q(™) corresponds to each L € (LP(Q0™)), where 1 < p < o0, so
that for each u € LP(Q™)

L@):/ﬂ(m) )dr — Z/ o (2)0a(2)dz = 3 (o va)

la|<m la|<m
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CHAPTER I. PRELIMINAIRE I.5. THE SOBOLEV SPACE WP (Q)

where u, and v, are the restrictions of u and v, resectively, to €2,. Moreover,
L5 (P ©@Q)Y|| = [|os 27 (@)Y ||. Thus (L(Q0)y = L¥ (0m).

This is valid because LP(Q(™) is, after all, an LP space, albeit one defined on an
unusual domain.

Theorem 1.5.3 [38] (The Dual of W™P(QQ)) Let 1 < p < oo. Then for every
functional L € (W™P(Q)) there exist a function v € L'(W™P(Q)) such that if he
restriction of v to Qq is v, we have for all u € W™P(Q)

Lu)= > (D",v,) (1.5.3)

0<|al<m

Moreover

| L; (W™P(Q2))'|| = inf

v; LPI(Q("”))H = min

v; LP’(Q<m>)H , (L5.4)

For any uw € W™P(Q), holds, and the infimum is taken over and reached on the
set of allv € LY (QU™). If 1 < p < oo, the element v € LP' (Q™) satisfying
and is unique.

Theorem 1.5.4 (The Normed Dual of W"?(Q2)) The dual space (Wy""(Q)) is
1sometrically isomorphic to he Banach space W*m’p,(Q), which 1s composed of those

distributions T' € D(QY) that satisfy and have norm

|T]| = min {Hv; Lp/(Q(m))H : v satisfies } .

The isometric isomiphism results in this space being complete.

If 1 < p < oo, then W™ (Q) is clearly separable and reflexive.

Distributions T" provided by do not fully define continuous linear functionals
on W™P(Q) when Wy""(Q) is proper subset of W™?(Q) due to their limits to Co(12).

I.5.3 Approximation by Smooth Functions on ()

¢ € C=(Q) : [|¢ll,,, < oo} is dense in W™P(Q) is what we want to demonstrate .

The following existence theorem for ndlessly defferentiable partial functions of unity is
necessary for his .

Theorem 1.5.5 (Unity Partitions ) Let A be a set of open sets in W that cover
A, or A C UuepU, and let A be an abritrary subset of W then, a set of functions
¢ € C3°(R™) having the following properties;

i) For every £ € U and every x € R", o < {(z) < 1.

ii) If K € A, all but finitely many ¢ € ¥ vanish identically on K.
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iii) For every { € U there exists U € 0 such that supp (¢) C U.
iv) For every x € A, we have ),y {(v) = 1.

Such a collection ¥ is called a C*°-partition of unity for A subordinate to 6.

I.5.4 Approximation by Smooth Functions on R"

Having shown that an element of W™?(Q)) can always be approximated by functions
smooth on ) we now ask whether the approximation can in fact be done with bounded
functions having bounded derivatives of all orders, or at least of all orders up to and
including at least m. That is, we are asking whether, for any values of £k > m, the
space C*(Q) is dence in W™P(€)). The following example shows that the answer mav
be negative.

1.6 Sobolev embedding theorems

When examining the regularity of a weak solution to a boundary value issue, for ex-
ample, Sobolev embedding theorems are crucial.

1.6.1 The Rellich Kondrachov Theorems

Definition 1.6.1 [0 Let V C W,V and W be two Banach spaces. We write V- <— W
if the spaces V' is continuously embedded in W

Wiy <cllvly,  Voev. (16.1)

We say the space V' is compactly embedded in W and write V —— W, if holds
and each bounded sequence in V' has a subsequence coonverging in W.

Remark 1.6.1 if V — W, the functions in V are more smooth than the remaining
functions in W. A simple example is H*(Q) — L*(Q) and H' () —<— L?(Q).

Proofs of most parts of the following two theorems can be found in [?]. The first
theorem is embedding of Sobolev spaces, and the second on compact embedding.

Theorem 1.6.1 (continuously embedded) Consider the Lipshitz domain 2 € R.
Then, the following claims are true.

a) If k < d/p, then WFP(Q) — L4(Q) for any q < p*, where p* is defined by 1/p* =
1/p—k/d.

b) If k = d/p, then W*P(Q) — L4(Q) for any q < <.
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c) If k> d/p, then
WhP(Q) — Ck*[d/p]fLﬁ(Q)’

where
8= [d/p]+1—d/p, if d/p # integer,
| any positive number <1 , if d/p = integer

In the theorem, denotes the integer part of x, i.e., the largest integer less than or
equal to x. We remark that in the one-dimensional case, with @ = (a,b) a bounded
interval, we have

Wk?(a,b) < Cla, b]
forany k> 1,p>1.

Theorem 1.6.2 (compactly embedded) Consider the Lipschitz domain Q € R
Then, the following claims are true.

a) If k < d/p, then WFP(Q) —— LUQ) for any q < p*, where p* is defined by
1/p*=1/p—k/d.

b) If k = d/p, then W*P(Q) —— L4(Q) for any q < oo.

c) If k> d/p, then
Wlwv(Q) ey C’ﬂ-WM—LB(g))

where 8 € (0,[d/p] +1—d/p).

How can we recall these outcomes 7. We use the case of theorem 1.7.2. The functions
from the space W*?(Q) are smoother the larger the product kp. For this product,
there is a crucial value d (the domain’s dimension) such that a W*?(Q) function is
truly continuous if kp > d or more specifically, represents a continuous function a.e.For
an exponent p* greater than p, a W"?(Q) function belongs to L”" (2) when kp < d.
Starting with the requirement kp < d, expressed as 1/p — k/d > 0, we calculate the
exponent p*. The difference 1/p — k/d is then defined as 1/p*. Knowing if a W"?(Q)
function has continuous derivatives up to a specific order is typically helpful when
kp > d. We start with

WkP(Q) — C(Q) if k> d/p.

Then we apply this embedding result to derivatives of Sobolev functions, it is easy to
see that
WkEP(Q) — CHQ)  ifk—1>d/p.

As some concrete examples, for a two-dimensional Lipschitz domain 2, H*(Q) —<
LY(Q) V1< q<ooand H3(Q) —< C(Q). So in particular, a sequence bounded
in H(Q) has a subsequence that converges in L?(f2), C(Q2). For a three-dimensional

18
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Lipschitz domain Q, H'(Q) <—— L{(Q)V1 < g < 6, H(Q) — L%(Q), and H'(Q) ——
c(Q).

Theorem 1.6.3 A direct consequence of Theorem 1.7.3 is the following compact em-
bedding result.

1.6.2 Traces theorem

L () spaces are used to define Sobolev spaces. Sobolev functions are therefore only
uniquely defined in 2. The boundary value of a Sobolev function appears to be poorly
defined now that the boundary I" has measure zero in R?. However, a Sobolev function’s
tace on the boundary can be defined so that, for a Sobolev function that is continuous
up to the border, its trace and its boundary value coincide.

Theorem 1.6.4 [6] Let R, 1 < p < oo, be a Lipschitz domain with Q. A continuous
linear operator v : WhP(Q) — LP(T') then has the following characteristics:

a) yv =vlp ifv e WH(Q)NC(Q).
b) For some constant ¢ > 0, |yvl| oy < cllvllyrngy Yo € WH(Q).

c) The mapping v : WHP(Q) — LP(T') is compact; i.e., for any bounded sequence {v,}
in W'P(Q), there is a subsequence {v,} C {v,} such that {yv,} is convergent
in LP(T).

Remark 1.6.2 i) The trace operator is denoted by v, and the generalaized boundary
value of v is denoted yv. The trace operator from W'?(Q) to LP(T') is neither an
injection nor a surjection. The range y(W1P(Q)) is a positive order Sobolev space over
the boundary, namely WY=YPP(Q), which is smaller than LP(T). Typically, the trace

of v e HY(Q) is represented by the same symbol v
i) If v, — v in HY(Q), then v, — v in L*(T).

Theorem 1.6.5 When we discuss weak formulations of boundary value problems later
in this book, we need to use traces of the H*(2) functions. These traces form the space
HY2(T'); in other words,

H'2(T) = v(H'(%)).

Correspondingly, we can use the following as the norm for HY/?(T) :

Iollsroey =, 0 Il (162
The ability to appropriately impose necessary boundary conditions in formulations is
a prerequisite for understanding boundary value problems. Theorem 1.7.3 is enough
for the purpose because necessary boundary conditions for second-order boundary value
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1ssues only require function values on the border. The traces of partial derivatives
on the border must be used for higher-order boundary value problems. For instance,
all boundary requirements containing derivatives of order at most one are regarded as
fundamental boundary conditions for fourth-order boundary value issues. Given that
By differentiating the function’s boundary value, we may get the tangential derivative
of a function on the boundary; all we need to do is use the function’s traces and normal
derivative. Let the outward unit normal to the boundary I' of ) be represented by v =
(v1,...,vq9)T. Remember that the classical normal derivative of v on the boundary if it

is a member of C1(Q) is
v d
=Y —u.

% ,lal’i

1=

1.6.3 Generalized Poincaré Inequality

Theorem 1.6.6 Let 2 be a Lipschitz bounded domain in R™. Let p € [1,+oo[ and let
N be a continuous seminorm on WYP(Q); that is, a norm on the constant functions.
Then there exists a constant C' > 0 that depends only on 2, N, p, such that

ully oy < € (( [ 1vur dx> " +N(u)> |

Proposition 1.6.1 [13] Let Q be a bounded domain of class C'; then there exists a
constant Cp > 0 such that every u in Hy () satisfies

[ull iy < Cr ([ Vull,-

1.6.4 The Lax-Milgram Lemma

The Lax-Milgram Lemma is employed frequently in the study of linear elliptic boundary
value problems. For a real Banach space V, let us first explore the relation between a
linear operator A : V' — V' and a bilinear form a : V x V — R related by

(Au,v) = a(u,v) Yu,v € V. (1.6.3)
The bilinear form a(.,.) is continuous if and only if there exixts M > 0 such that
ja(u, v)] < M lul[ lvl}  Vu,0 eV

Theorem 1.6.7 [0l] there exixts a one-to-one correspondence between linear continuous
operators A : V. — V' and continuous bilinear forms a : V x V. — R, given by the

formula .

20



CHAPTER I. PRELIMINAIRE I.7. WEAK DERIVATIVE

1.7 Weak Derivative

Definition 1.7.1 [15] Let o be a multi-index and the function u € Li,.(Q) be provided
for each ¢ € C§°(R2) the relationship

7,.(0) = (0a) = |

u(z)Dp(z)dr = (—l)al/go(x)v(x)dx (L.7.1)
Q

Q

is met, the function v € L} (Q) is known as the o — th weak (generalized) derivative

of u, and it is represented by the notation v = D%u.
A number of authors also use v = v, = D“u to indicate the weak derivative. Only
weak derivatives exist.

1.7.1 Properties of the Weak Derivative

We wrap off the chapter by presenting the following theorem, which allows one to com-
pare the weak derivative with the classical one and determine some of its fundamental
characteristics, especially from the first two propositions.

Theorem 1.7.1 i) A function has a weak derivative if it has a (classical) derivative.
The opposite might not always be true, though. In other words, a function with a weak
derivative might not have a (classical) derivative.

1) The weak derivative is defined worldwide, whereas the classical derivative is point-
wise.

111) The weak derivative is linear. In other words, if ¢1,ca € R and uy,uy € L}, (9),
we obtain

D (cruy + coug) = 1 D (uy) + caD*(ug).

iv) If u has a weak derivative v = D*u and if v has a weak derivative w = D°v =
D8(D%u), then
DPty = D (D) = DPv = w.

The fact that the sequence of differentiation is irrelevant for mized derivatives is an-
other essential characteristic of the weak derivative that sets it apart from the classical
derivative. Stated otherwise, the weak derivative is independent of the differentiation
order.

Remark 1.7.1 In the classical sense, a function must be continuous in order to be
differentiable. However, the weak derivative does mot need neither continuity nor dif-
ferentiability of the function; integrability is sufficient.
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1.8 Green’s Identities

To keep things simple, we look at R? elements. Let F' = (F}, F, F3) be a vector in R3
and u = u(z,y, z) be a function. The following lists some helpful notations.

o Vu=gradu = (uy, uy, u,),
o V. F=divF = Fi, + Fy, + F5,,
o Au=divgradu =V - Vu = uzy + uyy + ..,
o [Vul?=u2+u?+ul
e V.V=V’=A.
Theorem 1.8.1 (Green’s First Identity)[15] For u € C*(Q)NC(Q),

/vAudx:/ v@ds—/VvVudw
Q o On 0

where n is the unit vector in the outward normal dmgtion and % =n-Vu.
(Green’s Second Identity).For u € C*(Q) N C(Q),

/Q(UAU —vAu)dx = /Bﬂ(u% — U%)ds.

1.9 Some Semigroup arguments

Definition 1.9.1 Let B € L(X) be a bounded operator. The resolvent set p(B) of B is
the set of all X in C for which (B — X\ )™! exists and bounded

p(B) = {\€C;(B-A)"" € L(X)}.
The spectrum of B, denoted by o(B), is the complement of the resolvent set, i.e.,
o(B) = C\p(B).
A complex number X is an eigenvalue of B if

N(B—AI) # {0} .

Theorem 1.9.1 Let X be a Banach space and B € L(X) . If the operator B satisfies
|B|| < 1, then I — B is invertible and its inverse is given by

(I-B)' = irsn.

22



CHAPTER I. PRELIMINAIRE 1.9. SOME SEMIGROUP ARGUMENTS

Definition 1.9.2 [7] Let X be a Banach space. A semigroup of bounded linear opera-
tors is a family of bounded linear operators T'(t) € L(X), which depend on a parameter
0 <t < oo and that satisfies the following properties

T(0) =1, (I is the identity operator on X ).

T(t+s)=T(t)T(s) for everyt,s > 0 (the semigroup property).

A semigroup of bounded linear operatorsT (t)is uniformly continuous if

fim [7(¢) ~ 1] =0,

the infunitesinal generator of a semigroup T'(t) is the operator B defined on

D(B) = {x € X: limw exz'sts}

t—o

M, for © € D(B).

Bx = lim

t—0

Definition 1.9.3 (Mazimal Monotone Operators) [20] Let X be a Hilbert space,an

unbounded linear operator B : D(B) C X — X is said to be monotone(accretive) if it
satisfies

Re (Bv,v) > 0,Vv € D(B)

In addition, the operator is called mazximal monotone , if R(I + B) = X i.e,
Vf e X;3ve D(B),such that u+ Bu = f.
Remark 1.9.1 If -B is monotone, we say that B is dissipative.

Proposition 1.9.1 Proposition 1.9.2 [20] Let B be a maximal monotone operator
on a Hilbert space. Then

1) D(B) is dense in X.

2) B is a closed operator.

3) For every A > 0, (I + AB) is bijective from D(B) into X, (I + B)™" is a bounded
operator, and |[(I + AB) " ;x) < 1.

1.9.1 The Lumer Philips Theorem

Definition 1.9.4 [J] If there is a x* € F(x) such that Re (Az,z*) < 0 for each x €
D(A),then a linear operator A is dissipative. The following is a helpful description of
dissipative operators.

Theorem 1.9.2 (Lumer-Phillips) Let A be a linear operator in X with the dense
domain D(A).
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1) If A is dissipative and there is a A9 > 0 such that the range, R(AgI — A), of Aol — A
1s X, then A is the infinitsimal generator of a Cy semigroup of contractions on
X.

2) If A is the infinitesimal generator of a Cy semigroup of contractions on X the
R(A —A) =X forall A >0 and A is dissipative. Moreover, for every x € D(A)
and every z* € F(z), R (Ax,z*) <0.

1.9.2 The Hille-Yosida Theorem

Consider a Cy semigroup 7'(t), for ¢ > 0, there are constants w > 0 and M > 1
such that ||T(¢)|| < Me*t. T(t) is said to be uniformly bounded if M = 1, and a Cj
semigroup of contractions if w = 0. Characterizing the infinitesimal generators of Cj
semigroup of contractions is the focus of this section. In order for an opperator A to
be the infinitesimal generator of a Cjy semiggroup of contractions, some conditions on
the resolvent’s behavior are provided.

Recall that if A is a linear, not necessarily bounded, operator in X, the resolvent set
p(A) of A is the set of all complex numbers A for which A/ — A is invertible,i.e.,(A\[—A) !
is a bounded linear operator in X . The family R(\ : A) = (A — A)~Y, X € p(A) of
bounded linear operators is called the resolvent of A.

Theorem 1.9.3 [J] (Hill- Yosida) A linear (unbounded) operator A is the infinitesi-
mal generator of a Cy-semigroup of contractions T(t), if and only if

1) A is closed and D(A) = X.
2) The resolvent set p(A) of A contains RT and for every A\ > 0

[RA = A <

1
<3 (1.9.1)

1.9.3 Operator m-dissipative

Definition 1.9.5 [J] A dissipative operator A is referred to as m-dissipative if R(I —
A) =X.

If A dissipative so is pA for all > 0 and therefore if A is m-dissipative then
R(A —A) = X for every A > 0. In terms of m-dissipative operators the Lumer-Philips
theorem can be restated as: A densely defined operator A is the infinitesimal generator
of a Cy semigroup of contractions if and only if it is m-dissipative.

The main result of this section is the following perturbation theorem for m-dissipative
operators.
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I.10 Stability and Hyperbolicity for Semigroups

We first examine the stability of strongly continuous semigroups (7'(¢));>0, one of the
many intriguing forms of asymptotic behavior. This means that as t — oo, the oper-
ators T'(t) ought to converge to zero. However, we must discriminate between several
definitions of convergence, as is to be expected in infinite-dimensional spaces.

1.10.1 Stability concepts

Definition 1.10.1 A strongly continuous semigroup (T'(t))i>o is called
- strongly exponentially stable, provided that € > 0.

tlim et || T(t)]| =0, (I.10.1)
- uniformly stable if
tlim |T()] =0, (1.10.2)
- strongly stable if
tlim 1T (t)z|| =0 forall x € X, (1.10.3)
- weakly stable if
ltlim (T(t)x,2'y =0  foralze X and 2’ € X'. (I.10.4)

In the case A is not compact, then the classical methods such as Lasalle’s invari-
ance principle [18] or the spectral decomposition theory of SzNagy-Foias, Foguel and
Benchimol [13, 8, 33] are not applicable. in this case. Thus, we will use a Stability
Theorem of Arendt-Batty (given below) to study the strong stability of our system

Theorem 1.10.1 (Stability Theorem)[?] Let (T'(t)):>0 be a bounded Cy-semigroup
on a reflizive space X. Denote by A the generator of (T'(t))i>0 and by o(A) the spectrum

of A. If o(A)NiR is countable and no eigenvalue of A lies on the imaginary axis, then
limy o T'(t)x =0 for all z € X.
Theorem 1.10.2 On a Banach space X, let (T'(t))i>0 be a bounded strongly continuous
semigroup with generator A. If

Po(A")NiR = and

o(A) NR is countable,

then (T'(t));>o is strongly stable, i.e.,

tlim T(t)x=0 for all x € X. (I.10.5)
Corollary 1.10.1 On a Banach space X, let (T(t))i>0 be a strongly continuous semi-
group with generator A. The following claims are identical if (T(t))i>o is substantially
compact for the strong operator topology. (T'(t))i>o is strongly stable. Po(A)NiR = .
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1.10.2 Lyapunov direct method

Theorem 1.10.3 Suppose that there exist constant a,b,c,7 > 0,p > 1 and a O func-
tion V : Ry x R — R such that,

i) Va,|z|| <r, a|z|]’ <V(x,t) <b|z||”,Vt>0.
il) Vi(t,z) < —c||z||”,Vt > 0,Vz, ||z| < 7.

Then, the equilibrium point of the equation z; = f(¢, x) is exponentially stable.

I.11 Perturbation by Compact Operator

I.11.1 Fredholm Operator

An invertible operator is a basic illustration of a fredholm operator J : £ — F’; in this
case N(t) = {0},R(T) = F, and so a(T") = S(T") = 0. Conversely, o(T) = (T) =0
implies that J is invertible. We shall now charactirize the Fredholm operators, that is,
the operators T' € ® such that «(7) = 5(7T),i(T) = 0.

Definition 1.11.1 A Fredholm operator is one whose kernel is finite-dimensional
and whose 1mage has finite codimension. The index of a fredholm operator is the
difference

index(T) := dimker T' — codimImT.

A Fredholm operator T': X — Y gives rise to decompositions
X=kerT®&M, Y=imT®N,

for some closed linear subspace M, N. The restricted operator R : M — im T,z —
Tz is then bijective and continuous, and thus an isomorphism by the open mapping
theorem.

Theorem 1.11.1 26/ (Riesz-Schauder) If T' = J + V, where J is invertible and V'
is compact, then T is fredholm, that is a(T) = S(T) < oc.

I.12 Hilbert Uniqueness Method (HUM)

I.12.1 The Hilbert Uniqueness Method (HUM)

Introduced by J.-L. Lions, is one of the most important methods in the controllability
theory of partial differential equations. It is based on the duality between controllability
and observability and provides an effective framework for proving exact controllability
results for distributed parameter systems.
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The main idea of the HUM method is to transform the controllability problem into
an observability problem associated with the corresponding adjoint system. Instead of
constructing the control directly, the method studies the adjoint equation and estab-
lishes suitable observability estimates. These estimates allow the energy of the solution
to be determined through measurements performed on a suitable part of the domain

or its boundary.
A fundamental ingredient of the HUM method is the observability inequality, which

ensures that the initial energy of the adjoint system can be estimated by means of
boundary or internal observations over a finite time interval. Using this property,
a linear operator, called the HUM operator, is defined between appropriate Hilbert
spaces. The observability inequality guarantees that this operator is an isomorphism,
which leads to the existence and uniqueness of a control driving the system from a

given initial state to a desired final state.
Consequently, the HUM method establishes a strong relationship between exact

controllability and observability of the adjoint system. This relationship can be sum-

marized by the principle:
.ExactControllability<-Observabilityofthe AdjointSystem
Due to its effectiveness and generality, the HUM method has been successfully ap-

plied to a large class of evolution equations, including wave equations, heat equations,
elasticity systems, and many other models arising in mathematical physics and control
theory
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Let © C RY be a bounded open set with boundary I' of class C?, consisting of a
clamped part I'y # () and a rimmed part I'; such that I'yNI'; = ().Consider the following
system:

U — Au=0 1in Q x [0, T], (IIOl)
u=0 onTyx[0,T], (1I1.0.2)

% +p=0 onl, x[0,7], (11.0.3)
n, —u,=v onlyx|[0,T], (I1.0.4)

with the initial condition:
u(z,0) = ug(x), u(z,0)=wui(z), x€Q, n(x,0) =ny(z), xzely. (11.0.5)

where v denotes the dynamical boundary control. A physical implementation of the
dynamic control may be used in pressurized gas tanks with servo controlled actors,
as well as in standard mass-spring dampers (see [37] and the references hereby). We
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Chapter 11

mention that the dynamical controls form part of indirect mechanisms proposed by
Russell in[12].
Let us first consider the boundary stabilization by taking

v=-n onlyx[0,T] (I1.0.6)

Denoting by U = (u, us, n) the state of system ([1.0.1)-(IL.0.5)), we formulate system
(L1.0.1))-(IL.0.5) into an abstract problem:

U = (A+ B)U, U(0)="U. (IL.0.7)

where the operator A is m-dissipative and the operator B is dissipative on an ap-
propriate Hilbert space H. Therefore A + B generates a Cy-semigroup Sayp(t) of
contractions on the energy space H and equation is well-posed in the sense
of semigroups.In the one-dimensional case, the stabilization and the exact controlla-
bility of system ([LO.I)-([L0.5) were studied in ([3], [4]). But the problem is very
different in the higher-dimensional case. First, the damping operator B is bounded
but not compact in the energy space H. So, the theory of compact perturbation does
not apply here. On the other hand, the resolvent of A + B is not compact, therefore
classical methods such as LaSalle’s invariance principle [28] or the theory of spectral
decomposition of Benchimol [I1] are not applicable here.

We next consider the exact controllability by a singular dynamical boundary control
of the following form

d
v(t) = vo(t) — %vl(t) on Ty x [0,7] with vg,v; € L*(0,T; L*(T'y)). (I1.0.8)

Setting V' = (0,0,v), we get an abstract formulation of the control problem:

U =AU+V, U(0)="U,. (11.0.9)

Noting that system ([I.0.1})-(II.0.5)) is composed of a wave equation and an ordinary
differential equation of first order with respect to ¢t. So the usual formulation for a sole

wave equation is no more convenient for this mixed system. In order to establish the
exact controllability, we have to use the formulation of first order and identify
the energy space H with its dual space. At this stage, we identify L?*(2) with its dual
space, and simultaneously but independently H'(f2) with its dual space.

Now we give a brief outline of the chapitre. In Section 1, using a general criteria of
Arendt in [51], we show the strong stability of the semigroup S4;p(t) in the absence of
the compactness of the infinitesimal A+ B. In Section 3, using a criteria of Huang [16]
and Priiss [25], we first prove the non uniform stability of the semigroup Sa,p5(t). Next
by a multiplier method, we establish a polynomial energy decay rate as % for smooth
solutions. The last section is devoted to the exact controllability. We first give an
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inequality of observability. Then, by a new adaptation of Hilbert Uniqueness Method
(see [23],[?]), we show the exact controllability of (I1.0.9) by means of some singular
dynamical controls v for all initial data in the usual energy space H.

II.1 Strong stability with non compact resolvent

In this section, we will study the stability of the following wave equation with one
dynamical boundary feedback:

Utt—AUZO inQXR+, (1111)
u=0 onTIyxRy, (I1.1.2)

ou
5—1—77:0 onI'y xRy, (I1.1.3)
n,—uw+n=0 onlyxR,. (I1.1.4)

associated with the initial condition:
u(z,0) =up(x), w(z,0)=wu(zx), x€Q, n(x,0) =ny(x), xzely. (I.1.5)

Let u be a smooth solution of system (II.1.1])-(I.1.5). We define the energy E(t) by

1
E(t) = B {/(|Ut\2 + | Vul?) do + |n|2dP} . (I1.1.6)
Q 1]
Then a straightforward computation gives
d 2
—E(t) = — In|*dl’ < 0. (I1.1.7)
dt I,

Therefore, system (I1.1.1))-(I1.1.5)) is dissipative in the sense that the energy F(t) is non
increasing with respect to the time variable .

Let us introduce the following space:

V={uec H(Q):u=0onTIy}

and define the energy space H = V x L?(Q) x L*(T';) which is endowed with the
following inner product:

(I1.1.8)

(U, 0)g = [, Vu- Vids + [,vvdz + [idl,
U= (u,vm), U= (uuv,m)€H.

We next define the linear unbounded operator A by

D(A) = {(u,v,n) € H:Au e L*(Q), veV and d,u+n=0on I}, (I11.1.9)
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AU = (v, Au,v(v)), YU = (u,v,n) € D(A), (I1.1.10)

where v : V' — L?(T;) is the trace operator v(¢) = ®|p, and the linear bounded
operator B by
BU = (0,0,—-n), VYU = (u,v,n) € H. (I1.1.11)

Then setting U = (u,u;,n) as the state of system (II.1.1)-(IL.1.5), we rewrite the

problem into an evolution equation
U =(A+B)U, U0)=U,€H. (I1.1.12)

It is easy to see that A+ B is m-dissipative on H, therefore it generates a Cy-semigroup
Satp(t) of contractions on the energy space H (see Pazy [1]). But unlike the one-
dimensional case, the resolvent of A + B is not compact. Then classical methods
such as Lasalle’s invariance principle [28] or the spectrum decomposition theory of
Benchimol [11] are not applicable to the higher dimensional case. In the following, we
will prove the strong stability with a more general criteria of Arendt in [IT].

Proposition I1.1.1 The operator A+ B has no pure imaginary eigenvalue.

Proof: Let 5 € R and U = (u,v,n) € H such that (A + B)U = ifU. Then we have

1Pu—v=0 1in Q,
ifv—Au=0 1in €, (I1.1.13)
ifbn—(v—n)=0 onTl}y.

It follows that

1
= in = r 11.1.14
v="14Bu in ), n w+1v onI'y, ( )
and
fPu+Au=0 inQ,
u=0 onlYy, (IL.1.15)
o,u + Zﬁ’ﬁlu =0 onl}.

Then by multiplying ([I.1.15) by u and by integrating by parts, we get

. 2
52/ luf? dz —/ Valde — DX [ uzar —o. (I.1.16)
Q Q B5+1 Jr
If 8 =0, we get Vu = 0, which together with the boundary condition v = 0 on
[y implies that v = 0. If 8 # 0, then by taking the imaginary part in ,
we get ©u = 0 on I'y, which together with the boundary condition on I'y implies that
O,u =u =0 on I';. Then, by Carlman’s Theorem (see [30]), we get again u = 0. The
proof is thus complete. m

Proposition I1.1.2 The resolvent of A+ B is not compact
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Proof: Let (0,0,h) € H and write the equation (I — A — B)U = F into the following
form:

u—v=0 in
v—Au=0 in{,
n—(v—n)=h onli. (I1.1.17)

It follows that )
v=u in, n = §(u+h) on I'y, (I1.1.18)

and

u—Au=0 1in €,
u=0 on Iy,
20,u+u=—h onl;. (I1.1.19)

We see that ([1.1.19)) admits a unique solution u such that

3
@) < cllhllizy, Vs < 3. (I1.1.20)

|

Therefore, if h is in a bounded set of L?*(T;), then the first two components (u, v) of U
are in a relatively compact set of V' x L?(Q). But because of the presence of / in the
expression ([[I.1.18) of 7, the last component 1 does not lay in a relatively compact set
of L?(T';). The proof is complete. m

Proposition I1.1.3 For 3 € R and any f € L*(2), the following problem

BPu+Au=f inQ,
u=0 on Iy, (I1.1.21)

d,u + léilu =0 only

admits a unique solution v € V.

Proof: Let us first consider the following problem

—Au=f in Q,
u=0 only, (I1.1.22)
8Vu+iéilu:0 on ;.

Let w = uy +iug, f = f1 +if2 and we separate the real part and the imaginary part of
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(L1.1.22)) as
(—AU1 = fi in €,
—Auy = fo in §2,
R oo (IL.1.23)
yur + @(5%1 — Buz) =0 onTy,
2
\(r)yul—l—ﬁ(ﬁul—i—ﬁ Ug) =0 on Pl.

Next we give a variational formation of (I1.1.23): Find u = (uy,us) € V' x V such that

a(u, ) =1U(p), Vo =I(p1,9,) EV XV, (T1.1.24)

where

a(u, p) = /Q(Vngol + Vus Vo, )dx

B
B2 +1Jr,

(o) = /Q(f1901 + fapsy)dz.

+ (B(urpy + v20y) + (U1 — vaipy))dl,

It is clear that the bilinear form a is continuous and coercive on the space (V x V)2
By Lax-Milgram’s theorem, the variational equation (I1.1.24]) admits a unique solution
u € V x V. Moreover, we have (see [24])

lull g2y < el fllr2)- (I1.1.25)

Consequently, the inverse operator (—A)™! defined in (I1.1.22)) is compact in L*(12).
Then applying (—A)~! to ([1.1.21)), we get

(BA(=A) = Du=(=A)"'f. (11.1.26)
The same computation in (II.1.15)) shows that
ker(3*(=A)~t — I) = {0}.

Then following Fredholm’s alternative (see [19]), the equation (II.1.26]) admits a unique
solution. m

Theorem I1.1.1 The semigroup Sa.5(t) is strongly stable in H. That means that for
all Uy € H, the energy E(t) of the corresponding solution of (I1.1.19) satisfies

E(t) -0 as t— 4o0. (I1.1.27)
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Proof: Following a general criteria of Arendt in [51], the C°-semigroup Sa.5(t) of
contractions is strongly stable, if o(.4 4+ B) has only a countable number of continuous
spectrum on the imaginary axe. By Proposition [.1.T, A + B has non pure imaginary
eigenvalues. It is sufficient to show that Im(i5I — (A + B)) = H for all real number
[ € R. Then the closed graph theorem of Banach will imply that o(A+ B)NiR = {0}.

For any given F' = (f,g,h) € H, we consider the equation (i — A — B)U = F
which is equivalent to the following system

1Pfu—v=f in €,
ifv — Au = g, in €, (I1.1.28)
iBn—(v—mn)=h,only.

It follows that

v=1ifu— fin €, (v+h)on Iy, (I1.1.29)

1
Tt
and
Bu+Au=—(iBf +¢g)  inQ
u=0 on Iy, (I1.1.30)
Oyu + ﬁu = ﬁ(f —h) onTy.

In order to finish the proof, we will show that problem ([1.1.30]) always has a solution

ueV.
First, let ¢ € V be defined by

{—Acp =0 inQQ,

(IL.1.31)
0,0 =h onlI}.

Then setting

in (I1.1.30), we get

~ ~ 2 . .
B+ Au = w%so —(iBf+g) inQ,
u=0 on I, (IL.1.32)
7 i~ _ i 1
ayu + iBJrlu — (iB+1)2 2 + iﬁ+1f on Fl-

Next let § € H*(Q) NV such that

i3

0=0. W= r e+

1 1
+1f6H§(F1) Ol’lFl.
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Then setting w = u — # in ([1.1.32)), we get

BPw+ M= Lo — (iBf +g)— 20— A0 inQ,
w=0 on Ty, (I1.1.33)

d,w + Z.Biilw =0 on .

By virtue of Proposition [[I.1.3} equation ([[I.1.33) has a unique solution. This shows
that Im(i5I — A — B) = H. The proof is thus complete. m

Remark I1.1.1 We will give a short proof of Theorem under an additional
geometric condition (see Corollary|IL.5.1

II.2 Non uniform stability

Noting that the damping operator B is bounded but not compact in H. Therefore,
we can not apply the classical theory of compact perturbation to get the non uniform
stability. We will show the non uniform stability of system by a criteria of
Huang [I6] and Priiss’s [25] on the boundedness of the resolvent of A 4+ B on the
imaginary axe. We next establish a polynomial energy decay rate for smooth solutions
by a multiplier method in Rao [9].

Theorem I1.2.1 The semigroup Sa.p(t) of contractions is not uniformly stable in the
enerqgy space H.

Proof: Following Huang [16] and Priiss [25], it is sufficient to show that the resolvent
of A+ B is not uniformly bounded on the imaginary axis.
First let ¢,, be an eigenfunction of the following problem

—Ap, :,u%gon in €,
O = on Ty, (I1.2.1)

such that

1enll ) :/r !wnIQdeL/QIVsonI?d:r:: 1. (I1.2.2)
1

Next let

U = Uty & = Pn = (00, ¥, §)- (I1.2.3)
We check easily that ®, € D(A). Moreover, a straightforward computation gives

I(A+ B —in, D)@, 3 = | |€,7d0 = | |p,[dr. (IL.2.4)

ry 1N
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Now by multiplying equation (I.2.1)) with ¢, and by integrating by parts, we get

/ |0, |2dD + / Vi, [*dz = / |t |*de. (I1.2.5)
Iy Q ¢}

Then using condition ([I1.2.2)), it follows that

/ |, 0, 2dx = 1. (I1.2.6)
Q

On the another hand, using an interpolation inequality (see Theorem 1.4.4 in [52])

and (I1.2.6)), we have

Cc
lenllzzn < ellenllm@llenllzz@) < cllenll e = . (IL.2.7)

n

By inserting (I1.2.7)) into (I1.2.4)), it follows that :

(A + B —ip, )P, < ui (I1.2.8)

n

Finally, from (I1.2.2)) and (IL.2.6), for all n > 1, it follows that

@ = [ Voot [ g Pdo+ [ o far=2 (129
Q Q

I
Then from (I1.2.8) and (I1.2.9), it follows that
(A4 B —ip, D)7 > Bn o0 as n— +oo.
c

The proof is thus complete. m

II.3 Rational energy decay rate

In this section, we will establish the rational energy decay rate for the smooth solution of
system ([[1.1.12)). We first recall the following classical result. it will play an important
role in this chapter and the next chapter

I1.3.1 Some integral inequality

In this section we recall the following simple result

Theorem 11.3.1 (An integral inequality) Let E : [0,+00) — [0,+00) be a non-
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increasing function and assume that there exists a constant T > 0 such that
+oo
/ E(s)ds<TE(t), t>0
t
then,

E({t)<E0)e"7, t>T

Theorem 11.3.2 (A nonlinear integral inequality) Let E : [0, +00) — [0, +00) be
a non-increasing function and assume that there are two constants a > 0 and T > 0
such that

/m B (s)ds < T[E(0)]*E(t), t>0

Then we have

t>T

E(t) < E(0)

T+ at ~a
T +aT ’

I1.3.2 Polynomial energy decay rate

Since system ([I.1.12)) is not uniformly stable, we will look for a polynomial energy
decay rate for smooth solutions. As usual, we assume that I' = I'g U I'; such that
I'o# 0,1 # 0 and Ty NT; = (). Moreover, we assume that there exists a constant
§ > 0 and a point zy € RY such that, putting m(z) = z — xo, we have

(m-v)>06"', Vxel; and (m-v)<0, Vel (I1.3.1)

where (-) designates the scalar product in R”.

Theorem I1.3.3 Assume that ([1.3.1) holds. Then for all Uy € D(A), there ezists
a constant M > 0 continuously depending on the graph norm ||Us||p(ay such that the

energy E(t) of system ([1.1.19) satisfies the following decay rate

oM
E(t) < BEO)574 Vi =0 (IL3.2)

We will divide the proof into several steps.

Lemma I1.3.1 Let Uy € D(A) and U be the corresponding solution of system ([1.1.13).
Then, for all0 < S < T < oo, the following estimate holds

T
!/ nPdrdt < B(S). (11.3.3)
s Jry
Proof: Using (II.1.7)), we get

/T In|2dTdt = — /T E'(t)dt = E(S) — E(T) < E(S). (I11.3.4)
S Iy S
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The proof is thus complete. m

Lemma I1.3.2 Assume that (I1.3.1) holds. Let Uy € D(A) and U be the corresponding
solution of system ([1.1.19). Then there exist positive constants M; > 0, My > 0 such
that for all 0 < S <T < 00, the following estimate holds

N /S /ﬂ CE(t)dzdt + (2 — N) /S /Q VuPE(#)dzdt < MyE(S) + MyE(S)Ey(S)

(I1.3.5)
where the high order energy F1(t) is defined by

Bu(t) = S0 = 1A+ BU ). (113.6)

Proof: Multiplying equation (I1.1.1)) by 2m - VuE(t) and integrating by parts, we get
T T
— 2/ / ur(m - Vu)Ey(t)dzdt — 2/ / u(m - V) E(t)dzxdt
s Ja s Ja

+ {2 /Q ut(m.vu)E(t)dxr—z /S ' /Q Au(m - Vu) E(t)dzdt
— 0. ’ (IL3.7)

Recall that for all u € H%(Q), we have the following Rellich’s identity (see [50]):

Q/QAu(m-Vu)da:: (N—2)/Q\Vu|2dx+2/F@,,u(m-Vu)dF—/(m-l/)|Vu\2dF

r

This implies that (113.8)
—Z/ST/QAu(m-Vu)E(t)d:cdt
=(2-N) /ST/Q\W\ZE(ﬂda:dt—2/ST/F6,,u(m-vu)E(t)drdt
-/ ' [on- v E@dra (11.3.9)

On the other hand, using Green’s formula, we have

—2/: /F |ut(m-Vut)E(t)d:cdt:N/ST/Q|ut]2E(t)dxdt.
—/ST/F (m - v)|u |2 E(t)dDdt. (I1.3.10)
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Then, inserting (I1.3.9)) and (I1.3.10f) into (IL.3.7)), we get

N /S ' /Q i PE(t)dzdt + (2 — N) /S ' /ﬂ IVl E(t)dadt
:2/ST/Qut(m~Vu)Et(t)dxdt— {2/Qut(m-Vu)E(t)da: L

S

/ST /Fl(m.y)|ut|2E(t)dth—l—2/ST/Fayu(m - Vu)E(t)dTdt+
_/ST/F(m'V)WUFE(t)dth. (I1.3.11)

Now, thanks to Cauchy-Schwartz’s inequality, we get
/ w(m - Vu)dr < RE(t), Vt>0, (I1.3.12)
Q

where R = ||m||s. It follows that

T

_ [2 /Q ut(m-Vu)E(t)dx} 2 /S ' /Q we(m - V) Ey(t) dudt

S
T

< AREX(S) + 2 / RE()E, (1) dt
S

< 6RE?(9). (11.3.13)

Next, for any € > 0, using the geometric condition (I1.3.1]), we deduce that
T T
2/ Oyu(m - Vu)E(t)dldt — / / (m - v)|Vu|*E(t)dldt
S I S Iy

<(Re-s7) [

S I'1

T 1 /7
\Vu|2E(t)dth + —/ |8,,u|2E(t)dth. (I1.3.14)
€Js Jry
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Choosing € = % in ([1.3.14)), we get

T T
2 / Byu(m - Vu) E(t)dldt — / (m - v)|VulE(t)dTdt
S Fl S 1—‘1

5—1 T T
< ——/ yvu|2E(t)det+2R25/ |0, ul*E(t)dTdt
2 S I S I
T
< 2R?%§ / |0, u|?E(t)dTdt
S T
T
=2R%* / In|2E(t)dldt < 2R*SE*(S). (I11.3.15)
S I't
Using the condition u = 0 on I'y and the geometric condition ([1.3.1)), we get
T T
2 / / Dyu(m - Vu) B(#)dTdt — / / (m - )|V E(t)dTdt
S Fo S 1_‘O
T
= / (m - v)|0,u|*E(t)dldt < 0. (I11.3.16)
S To

Since Uy € D(A), by differentiating system (II.1.12)) with respect to the variable t

and using ([L.3.3), we get

T
| [ mpira < £s) (113.17)
S INY

Then, using (I1.1.4]), (11.3.3)) and (I1.3.17]), we deduce that

/ (m - v) w2 E(t)dldt = / (m - v)(n(t) +n,(t))*E(t)dldt
Fl Pl

< 2RE(S)[E(S) + Ey(9)] (I1.3.18)

Finally, noting that (m - v) < 0 on I'y and by inserting (I11.3.13)), (1I.3.15]), (II.3.16))

and ([1.3.18]) into (I1.3.11]) we get (I1.3.5). The constant M; is given by

M, = 8R +2R%*5, M, =2R.

The proof is thus complete. m

Lemma I1.3.3 Let Uy € D(A) and U be the corresponding solution of system ([1.1.13).
Then, for all0 < S <T < oo, the following estimate holds

T T
_ / / g 2B (1) dadt + ey / / VuP E(t)dedt < MyE2(S), (11.3.19)
S Q S Q
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where cy =1 — and M3 is a positive constant independent of initial data Uy.

1
2(N—1)

Proof: By multiplying equation (IL.1.1) by wFE(t) and by integrating by parts, we
obtain

T T
—/ /|ut|2E(t)dmdt+/ /|Vu|2E(t)dxdt
s Ja
= — [/ wuF(t) } / /utuEt dwdt—{—/ / ud,uE (t)dldt (I1.3.20)
Q

Thanks to Poincaré’s inequality, there exists a constant ¢y such that

/ wudr < coE(t), Yt > 0. (I1.3.21)
Q

It follows that

_{ /Q wuE(t) ] / / wuFy (t)dedt < 3coE2(S). (11.3.22)

On the other hand, thanks to Young’s inequality and the traces theorem, there exists
a constant ¢; > 0 independent of Uy such that, for all € > 0, the following estimate
holds

1
/ ud,udl’ < —/ ]8Vu|2dl“+€ﬂ/ |Vu|*dx. (I1.3.23)
m 2e r 2 Q
Then, using ([1.1.3)) and (II.3.4]) we obtain

/ / ud,uE(t)dldt < —/ In2E(t dth—i—ﬂ/ /|Vu| E(t)dzdt
Fl 1—‘1

< 2—6E2(S)+ g / / IVulE(t)dxdt. (I1.3.24)

Choosing ¢ = ﬁ and inserting (]H.3.22I) and <|II.3.24|) into (II.3.20)), we obtain
(I1.3.19). The constant M3 is given by

Cl(N — 1)

M3:3CO+ 9

The proof is thus complete. m
Now, we prove Theorem[II.3.5
Proof: By multiplying (II.3.19) by (N — 1) and by combining the resulting estimate

with (I1.3.3) and (II.3.5), we get

/ " B2yt < ME(S)E(0), (I1.3.25)
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where
1 E(0)
M =M N —1)Ms+ - + My————. I1.3.26
1+ ( ) M3 + 5 + Mo E(0) ( )
Thanks to a classical integral inequality (see [50] Theorem 9.1), the integral inequal-
ity ([I1.3.25)) leads to
2M
Et) <E0)——, Vt>0. I1.3.27
(1) < BO) e, > (11327
n

Remark I1.3.1 In the one dimensional case, the energy decay rate (I1.3.27) of type %
is in fact optimal (see [3], [3]). Moreover, using an approach in [10] for the Kirchhoff
plates, we give a short proof of Theorem[II.1.1| under the additional geometric condition

[T7).

Corollary I1.3.1 Assume that (I1.3.1)) holds. For any initial data Uy € H, the energy
E(t) of system ([1.1.14) asymptotically decreases to zero.

Proof: Let Uy € H. For any ¢ > 0, by density of D(A) in H, there exists U. € D(A)
such that

g
1Uo = Uelln < 5- (I1.3.28)

On the other hand, using Theorem [[I.3.3] there exists 7. > 0 such that
1S a5 U- |l < g vt > T (I1.3.29)
Since the semigroup S 4. 5 is of contractions, then from and we deduce
[Sar8)Uollr < 1Sass(O)Uellse + [|U = Uelln <&, Yt > T (I1.3.30)

The proof is thus complete. m

II.4 Observability and exact controllability

In this section, we will study the observability and the exact controllability of the wave
equation with a dynamical control:

Uy — Au =0 in % [O, T], (1141)
u= on I'y x [0,T7, (I1.4.2)
ou
oo =0 on Ty x [0, 7], (11.4.3)
v
N, — U= on Ty x [0,T] (I1.4.4)
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with the following initial condition:
w(z,0) = ug(x), w(x,0)=wu(z), x€Q, n(z,0)=ny(z), x €Ty, (I1.4.5)

where v designates the dynamical boundary control. Denoting by U = (u,u;,n) the
state of the system (II.4.1))-(I1.4.5) and by V' = (0,0, v) the boundary control. We can
formulate the system ([1.4.1))-(I1.4.5)) into the following abstract problem:

Uy =AU +V, U(0)= U, (IL.4.6)

where A is the linear unbounded operator defined in ([1.1.9)-([L.1.10).
i) We first establish an inequality of observability for the adjoint system :

Yy —Ap =0 in Q x [0,T], (I1.4.7)
¢ =0 on I’y x [0, 7], (11.4.8)

)
a—f +&§=0 on I'y x [0, 77, (11.4.9)
& —¢ =0 on I'y x [0,7] (I1.4.10)

with the following initial condition

QO(:E’O) = on(x)’ gpt(l‘,O) = (,01(5(7), T € (), 5('1770) = §O(x>7 rely. (11411)

Setting ® = (¢, ¢,, €) as the state of system (11.4.7)-(II1.4.11]), we formally transform
system ([1.4.7))-([1.4.11)) into an evolution equation :

o, = AD, ®(0) = P, (I1.4.12)

Since A is skew adjoint and m-dissipative on H, it generates a strongly continuous
group of isometry S4(¢) on the energy space H (see Pazy [1]).

Theorem I1.4.1 Assume that condition (I1.3.1)) holds. There exist positive constants
T > 0 and ¢ > 0 independent of initial data Uy such that the following inequality of
observability

T
1202, < c / / (IE[2 + [&,[2)drdt (I1.4.13)

holds for all &, € D(A).
Proof: Let 1) = ¢,. Then we have

Yy — A =0 in Q x [0, 7, (IT.4.14)
b =0 on Ty x [0, 7], (IL.4.15)
g_i} +1 =0 on I'y x [0, 7. (I1.4.16)
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Using a classical result on the observability of wave equation with the Robin condi-
tion (see [50], [23]), there exist positive constants T > 0 and ¢ > 0 such that

T
lbolZaey + ]2 < / [ Jopara (I.4.17)
Noting that

lYoll2) = lloillze)s Ul = |1Aggllv: = ll@ollv,

then it follows that

T
leoll2 + o2y < ¢ / [ e para. (IL4.18)

On the other hand, the trace theorem implies that

T
2 / 2 2
[l < /O /F (el + e )drr (11.4.19)

By combining (I1.4.18)-(11.4.19)), we get ([1.4.13]). The proof is complete. m
Now we choose the control v(t) of the following form

d
U(t) = 'Uo(t) — a’ljl (t) with Vp, V1 € LQ(O, T, LZ(Fl)), (11420)

where the derivation < 5 is defined in the sense :

/ —v1 t)dldt = / / )1, (¢)dTdt (11.4.21)
Fl I“1

for all u € H'(0,T; L*(T1)) (see [23], [?]).
Next let & = (¢, ¢, &) be the solution of the homogeneous problem (I1.4.12)). Then
by multiplying equation (I1.4.6) by ® and by integrating by parts, we obtain formally
(U, @) pay=p(ay
= (Uo, ®o) p(ay xD(A) —l—/ / vo(s )+ v1(8)&,(s))dldt. (I1.4.22)
Iy

We define the linear form L by

L(CI)()) <U(), <I>0 D(A)'xD(A / \/1—\ ’U() + ?}1( )ft(S))dth (11423)
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Chapter II II.4. OBSERVABILITY AND EXACT CONTROLLABILITY

Then, we obtain a weak formulation of problem (I1.4.6))
<U, (I)>D(A)’><D(A) = L(q)o), Vo, € D(.A) (11424)

Theorem I1.4.2 For all Uy € D(A) and all vy, v, € L*(0,T; L*(T'y)), system
admits a unique weak solution :

U € C°[0,T); D(A)) (11.4.25)

in the sense that the variational equation (I1.4.24}) is satisfied for all g € D(A) on the
interval [0,T]. Moreover, the linear application

(U(),Ug,l)l) — U (11426)

is continuous from D(A) L?(0,T; L*(T'y)) x L2(0,T; L*(T)) into D(A)" with the corre-

sponding strong topologies.

Proof: First, by Cauchy-Schwartz’s inequality, it is easy to get

t
/0/F(U0<S)§(S)+vl(s)§t(s))drdt
< [[(vo, v)lz20,zsL2wap 1€, €ell 20,7220 (L427)

On the other hand, we have

T
1, €T 0 z2(y)) < /0 (@)%, + [AD()F)dt = T Dol 4).
It follows that

I 2o ry < ell(vo, vi)ll 2022220y + 0ol ay)- (I1.4.28)

By virtue of Riesz-Fréchet’s representation theorem, for each 0 <t < T, there exists a
unique element Z(t) € D(A)" such that

L(®o) = (Z(t), o) p(ayxpa)y, YPo € D(A). (11.4.29)
Then, setting Z(t) = Sa(—t)U(¢) in ([1.4.29)), we get ([1.4.24)). Moreover, we have
1U ()| peay < e(ll(vo, v1)ll20.z522¢00)) + 1Tollpay), ¥t € [0,T7. (11.4.30)

Let {U,}» be a sequence of approximate smooth solutions of (II.4.6)). Since the esti-
mation ([[I.4.30)) is uniform on the interval [0, 7], we can prove that U,, — U uniformly
on the interval [0, 7], therefore U € C°([0,T]; D(A)"). The proof is thus complete. m
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Theorem I1.4.3 Assume that the condition holds. There exists T > 0 such
that system s exactly controllable at the moment T'. More precisely, for any
given initial data Uy € H, there exists a singular control v(t) of the form such
that the weak solution U of the controlled problem satisfies the final condition

U(T) = 0. (11.4.31)

Proof: Proof. Let ®y = (pg,1,&,) € D(A) and ® = (¢, 1, &) be the corresponding
solution of problem ([I.4.12f). Thanks to the inequality of observability ([1.4.13), the

semi-norm
T 1/2
foae = ([ [ P+l yarat) (11.4.32)
0 1N

is in fact a norm on D(A). We denote by F the closure of D(A) with respect to this
norm. On the other hand, it is easy to see that

T
/0 / (€12 + 1€ 2)dTdt < T(| @2, + | ADo|IZ).

Thus, we have the following inclusions:
D(A) Cc FCH. (I1.4.33)

Then by identifying the Hilbert space H with its dual space, we get the following
inclusions

H C F C D(A). (11.4.34)
Now, by choosing the control v(t) such that

o(t) == ¢(1) — %St(t), (11.4.35)

where the derivation % is defined in the sense of ([1.4.21]).
Next we solve the backward problem

U, = AV +V, U(T)=0. (11.4.36)

Following Theorem |[[1.4.2}, the backward problem ([I.4.36) admits a unique weak so-
lution ¥(t) € C°([0,7T]; D(A)). Then, we define the operator A : D(A) — D(A)
by

Ady = —-V(0), VP,e D(A). (11.4.37)

From (I1.4.22)) and (I1.4.36]), it follows that

T
(Ao, Bo) by x i) = / / (€8 +6,2,)dTdt, Vo By € D(A)  (IL438)
0 I
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Therefore, we have
|<A‘I)Oa‘i)0>D(A)’XD(A)| < de>0||f||§>0]|f, v‘I’o,‘io € D(A). (I1.4.39)

By definition, D(.A) is dense in F. Then the above bilinear form can be continuously
extended to F x F. Therefore, ([1.4.38]) remains true on the space F x F. Moreover
we have

[(A®g, Bo)| = [Bo]2, ¥y € F. (IL4.40)

By Lax-Milgram’s Theorem, A is an isomorphism from F onto F'. In particular, for
any given —Uy € H C F’, there exists a unique &y € F such that

A®y = —U. (I1.4.41)

This equality implies the exact controllability of ([1.4.6). The proof is complete. m

Remark I1.4.1 For the implication from (I1.4.35) to (I1.4.84), we have to identify
the Hilbert space H with its dual space. Since H =V x L*(Q) x L*(Ty), we simulta-
neously identify H'(SY), respectively L*(Q) with their dual spaces. Fortunately, these
identifications are independent and do not cause any confusions.
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Let €2 be a bounded domain in R™ with smooth boundary I'. It is assumed that T’
consists of two parts I'y and I'y (I' = I'; UTy) with I'y # 0, T'; N Ty = . Define

Au = —div A(z)Vu for u € H' () (I11.0.1)

where A(z) = (a;j(x)) is symmetric, positively definite matrices for each z € R"” and
a;;(z) are smooth functions on R". We consider the stabilization of the wave equation
with variable coefficients and a delay in the dissipative internal feedback:

(g + Au+ (@) (z, ) + pgue(z,t — 1) =0 (2,1) € Q x (0, +00),
u(z,t)|r, =0 t € (0, +00),
a“gx’t) e, =0 t € (0, +00), (I11.0.2)
VA
u(z,0) = ug(x), wu(z,0)=wu(x) x € Q,
\ut(l’,t—T):fO(l‘,t—T) (xz,t) € 2 x (0,7)

where a(x) € C*(Q) such that

{a(x) 20 zecll (I1L.0.3)

a(z) >a>0 ze€w,
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where w C  is a bounded domain with smooth boundary, dw =I'; UT5, T'y N T'5 = 0.

88“ is the co-normal derivative

ou

— = (A(2)u, v),

L~ (A )
where (-,-) denotes the standard metric of the Euclidean space R™ and v(x) is the
outside unit normal vector for each x € I'. Moreover, 7 > 0 is a time delay, p,, u, are
real numbers with p; > 0, uy # 0, and the initial data (ug, u1, fo) belong to a suitable

space. _
If A(x) is a constant matrix on ), that is to say the system [II1.0.2] is a constant

coefficient problem and many authors [[I7]-[41], [?], [?]] have studied the problem. For
a general A(x), the main tools here to cope with the system are the differential
geometrical methods which were introduced by [31] and were extended in [[29]-[43],
[44], [8], [210, [22], [46], [53], [47], [B2]-[54]], and many others. For a survey on the
differential geometric methods, see [[40], [36]].

It is well known that if there is no delay (the case: p, = 0 in , the energy
of problem is exponentially decaying to zero, which was obtained by [[27], [14]]
under the condition of constant coefficient and shown in [45] under the condition of
variable coefficients.

If 4y < pg, an explicit sequence of arbitrary small delays that destabilize the system
have been shown in [?]. On the contrary, if |u,| < v/1 — dp,, where d is dependent on T,
stabilization result of the energy of problem [42] has been proved under the conditions
that the delay 7 = 7(¢) is a function of time and a(x) is a positive constant function,
see [48]. To obtain our stabilization result, we assume that

|| < gy (I11.0.4)

Define the energy of the system by
E@t) = / (ut Z amuxlumy) dz + ¢ / / w)ud(z,t — pr)dedp,  (IIL0.5)
7,7=1

where ¢ is a positive constant satisfying

Tliy] < 26 < (20, — ). (IIL0.6)

Let
H(Q) = {u € H'(Q)|u|r, = 0}, (I11.0.7)

and

L2(9 x (0,1)) { / / (2, —pr)dzdp < +oo} (ITL.0.8)
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We assume the initial value (ug,u1, fo) € Hp, () x L*(Q) x L2(2 x (0,1)), then we
have E(0) < 4o00. From the below inequality [I11.2.8) we have E(t) decreasing. We
define

g=A(z) forzcR" (I11.0.9)

as a Riemannian metric on R™ and consider the couple (R", ¢) as a Riemannian mani-
fold. For each x € R", the metric g introduces an inner product and the norm on the
tangent space on R? = R" by

(X,V), = (A (@)X, Y), [X]2=(X.X), X.YeR.

Let D, denote the Levi-Civita connection of the metric g and H be a vector field. Then
the covariant differential D,H of the vector field H is an order 2 tensor field. For the

variable coefficients, the main assumption is: B
Assumption A. There exist a vector field H on €2 and a constant p, > 0 such that

DyH(X,X) > pg|X|? for X € Rl x € . (I11.0.10)

The main result of this paper is the following:

Theorem II1.0.4 Let the Assumption A hold true such that
(Hyv) <0 foraxzely (I11.0.11)

where v s the outside normal of the boundary I'. Then there exist constants C1, Cy > 0,
such that
E(t) < Cie”®'E(0), t>0 (I11.0.12)

The Assumption A was firstly introduced by [31] as a checkable assumption for the
exact controllability of the wave equation with variable coefficients. Based on the
Strongly convex function D?p? (p is the distance function of (R, g)), which is depen-
dent on the Riemannian curvature of the metric g, many examples of the Assumption
A have been obtained, see [[31], [36]].

II1.1 Well-posedness of the system

In this section, we consider the existence and regularity of solutions to the system

MT1.0.2l Setting

z(w,p,t) = us(x,t —p1) € Q,p€(0,1),t>0, (ITL.1.1)
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the system is equivalent to

(e + Au+ a(z) [pyu(z,t) + poug(z,t —7)] =0 (2,1) € Q x (0, +00),
u(z,t)|p, =0 t € (0,+00),

ou(z,t)

OV 4

u(r,0) = uo(x), w(x,0) =u(r) xe, (I11.1.2)
T2e(x, pyt) + 2,(x, p,t) =0 (3, p,t) € Q x (0,1) x (0, +00),

2(2,0,t) =0 (z,t) € 'y x (0,400),

2(2,0,t) = w(z,t) (z,t) € I'y x (0,400),
L 2(2,p,0) = folx,—p1) (2,t) € 2 x(0,1).

|r1 =0 t € (O,+OO),

We define
U= (u,uy, 2)7,

then

1 T
U' = (uy, ug, Zt)T = <Ut> —Au — alpyup + pp2(-,1,4)], _;Zp)

Therefore, the system [[II.1.2] can be rewritten as

Ur=Ad, ., (IT1.1.3)
U(O) = (U(),Ul, fO(W - T)) )
where
1 \Z
Aol 0,2)" = (0= A= alp + (1)~ )
with domain
D(Ao) = {(u,v,2) € (H*(Q) N Hy,(Q)) x Hy, () x LF(2 H'(0,1))
ou _
: %h—‘l = 072(‘,0) = v on Q} (11114)
Denote by H° the Hilbert space
H = HL () x L*(2) x L2(Q x (0,1)) (I11.1.5)
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equipped with the inner product
((u,0,2)", (4,0, 2)" )po = /Q((VU(@,A(I)V@(I» +v(x)o(x))dz
+ 25/0 /Qa(x)z(x, p)Z(z, p)dxdp, (II1.1.6)

where ¢ is defined by [[I1.0.6
The methods to deal with the well-posedness result of the system were given

by [?]. There are two major steps. The first step is to prove the operator Ay is
dissipative and the second step is to prove A\ — Ay is surjective for a fixed A > 0.
Here, we omit the process of the proof of the well-posedness result. By a similar

proof with [18], we obtain the following well-posedness result.

Theorem II1.1.1 For any initial datum Uy € H°, there exists a unique solution U €
C([0,+00), H%) of the system|[I1.1.5. Moreover, if Uy € D(Ay), then

U e C([0,+00), D(Ag)) N C*([0, +00), H?).

I11.2 Proofs of Theorem [I11.0.4

In this section we work on 2 with two metrics at the same time, the standard dot

metric (-,-) and the Riemannian metric g = (-, -), given by [I11.0.9
If f € C'(R™), we define the gradient V,f of f in the Riemannian metric g, via the
Riesz representation theorem, by

X(f) = (Vof, X)g, (I11.2.1)

where X is any vector field on (R", g). The following lemma provides further relations
between the two metrics, see [[5], Lemma 2.1].

Lemma I11.2.1 Let z = (x1,...,x,) be the natural coordinate system in R™. Let f, h
be functions and let H, X be vector fields. Then

(a)
(H(z),A(x)X(x)), = (H(x), X (z)), xe€R"Y (I1.2.2)

(b)

Vol =2 (Z aij(fE)ij) ;;, = A@)Vf, weR", (IT1.2.3)
i=1 \j=1 i

where V f is the gradient of f in the standard metric;

(c)
V,f(h) = (Vyf.V,h), = (Vf, A(x)Vh), z€R", (I11.2.4)

02



Chapter III II1.2. PROOFS OF THEOREM ?7?

where the matrix A(x) is given in the formula|l11.0.1|;
(d)

(Vo Vy(H()g = DeH(V,f Vof) + g din(|V, f12H) — 5|V fRdiv M, (IT25)

where div H 1s the divergence of H of the standard metric of R".

To prove Theorem [[I1.0.4], we still need several lemmas further. Let
Eo(t) = % /Q (uf + |Vgul?)dz, (I11.2.6)
with [[TL.0.5] we have
E(t) = Eo(t) + {/ / r)ul(z,t — pr)dxdp. (I11.2.7)

Lemma II1.2.2 Suppose that the condition |I11.0.6 holds true. Let u(x,t) be the solu-
tion of system[III.0.2. Then there exist constants Cy,Cy > 0 such that

E(S) — / / Y(ul(x,t) + ul(x, t — 7))dwdt (I11.2.8)

E(S) — ) < Cg/ / Y(ui (2, t) + ul(x, t — 7))dwdt (II1.2.9)

where T > S > 0 and Cy,Cy are not dependent on u. The assertion implies
that E(t) is decreasing.

Proof: Differentiating [[1I.0.5, we obtain
1
E'(t) = /(ututt—l—vgu-Vut)dx—ka/ / a(x)ug(x, t—p1)uy(z, t—pr)dadp. (111.2.10)
Q 0 Jo
Applying Green’s formula, referring to the fact that

1 1
w(z,t — p1) = —;up( t—p1), uy(x,t—pr)= 7_upp( t— pr1)

and by integrating by parts, we arrive at

E'(t) = /Qa(a:) [(—,ulu?(x, t) — poug(x, ug(z, t — 7)) + g(uf(x,t) —ul(z,t — 7'))} dz.
(I11.2.11)
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It follows from [[I1.2.17] that

E'(t) < -0y / a(z) (uf(z,t) + uj(z,t — 7)) da (I11.2.12)

B > —C / a() (e, t) + w2z, — 7)) da (IT1.2.13)

where C, Cy > 0 and (' satisfies

(I11.2.14)

C’lzmin{é—mz| —M—§}.

r 2 M 2 T
Then the inequality [[T1.2.8| /II1.2.9| follows directly from [[I1.2.12)/ [[T1.2.13] integrating
from S to 7. m

Lemma II1.2.3 Suppose that u(x,t) solves equation
ug + Au + a(x)[pu(x, t) + poug(z, t — 1) =0 (2,t) € Q x (0,400)  (II1.2.15)

and that H is a vector field defined on Q2. Then

/ dt/ w)dl + / dt/ |V uf2H - vdT
8I/A

— (e, Hw)|T + /dt/DHVuVudx+ /dt/ |V,ul) div Hds
+ /0 dt /Q oY H () g, £) + e (.t — 7)|dw. (IT1.2.16)

Moreover, assume that P € C*(Q). Then

/ dt/ — |Vyul5)Pdz = (u;, uP) 3+ / dt/V P(u dx—/ dt/Pua—dF
va

+/0 dt/ﬂa(x)Pu[,ulut(:E,t)—i—/Lgut(ﬂU,t—T)]dan
(II1.2.17)
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Proof: Multiply by H(u), with we have
0 = (u + Au + a(a) [y, ) + o, ¢ — 7))
= (M) — M) — div(H()V ) + (T, ¥, (H(u)
+ aleVH() (e, t) + g, t — 7))
= (M (u))e — 5 div(u?H) + Ju? divH — div(H(u)Vgu) + DyH(V,f, Vo)

1 . 1 )
+ 3 d1v(|ng|§H) — §|V9f|3 divH + a(x)H (uw) [pyu(z, ) + poug(x, t — 7).
(IT1.2.18)

The equality [I11.2.16] follows from the equality [I11.2.18 integrating by € x (0,7"). Mul-
tiplying [I11.2.15| by Pu and integrating by Q x (0,7"), we obtain the equality [I11.2.1
]

The following is the observability inequality for our stabilization problem.

Lemma II1.2.4 Suppose that the conditions|II1.0.10| and|I11.0.11 hold true. Let u(z,t)
be the solution of the system |II1.0.9. Then there exists a time T > 0 such that, for
T > T, there exists a positive constant Cr for which

0) < Cy / / V(2 (,£) + (e, £ — 7))dadt, (T11.2.19)

where Cr is not dependent on wu.

Proof: Set )
H=H, P= §(div H —py).

Substituting the identity into the identity we have

T T 1
My = (ug, H(w) + Pu)|? + 2 / Eo(t)dt + / dt / (DQHWQU, V)~ pol V] + 5V, p(u2)) da
0 0 Q

2
/ dt/ w) [y u(z, t) + poue(z,t — 7)|dx
4 /0 dt /Q a(2) Puljyun(, ) + pyus(, £ — 7)de, (I11.2.20)
where

Hp_/ dt/a u) 4+ uP)dl + = / dt/ — |Vgu2)H - vdl'.  (II1.2.21)
Va




Chapter III II1.2. PROOFS OF THEOREM ?7?

We decompose Il as
[y = M, 4+ Hr,.

Since ulr, = 0, we obtain Vru|r, = 0, that is,

ou VA
Vou=———= f ey I11.2.22
gt Ov 4 v 42 o ( )
Similarly, we have
ou H-v
H H, — fi [s. I11.2.23
( ) < \Y U’> aVA ‘VAP orrecly ( )

Using the formulas and in the formula on the portion I's,

we obtain
dt dF <0. 111.2.24
af ], (a> Vil (1224
Since %ﬁt” r, = 0, with the formula [II.2.21) on the portion I'1, we have

/ dt / — |Vyul)H - vl (I11.2.25)

Let H, be a vector field on © such that

H =H el
! e (I11.2.26)

Set H = H, from the identity we have
M, =G (IIL.2.27)

where
I, = / dt / — |Vyul2)H, - vdl = Ty, (IIL.2.28)
G = (ug, Hi(u) +/ dt/DH1VuVud:E+ / dt/ |Vu| ) div Hydz
+/ dt/ a(z)Hy(u)[pu(x,t) + poug(x, t — 7)]dz. (I11.2.29)
0 w
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From [[11.2.2 .2.29, we obtain

=G < O(E(0)+ E(T +C/ dt/ [ (x,t) + uf (w,t — 7) + |Vgulglda.

(I1.2.30)
Substituting [[T[.2.24] and [[T1.2.30] into [[I1.2.20] by [[T.0.10, we obtain
T
/ Eo(t)dt < C(E( / dt/Cu e Vgul?)da
0
+c/ dt/ Vud () + uR(z,t — 7) + |Vyuflde.  (IL2.31)

Set P = a(z) and substituting the identity [I11.2.17| into the identity [I11.2.31] we have

T
/ Ey(t)dt < C(E(0)+E(T —i—C’/ dt/ 2dx+C'/ dt/ V[l (@, t)+ul(z, t—7)|dz.
0

(I11.2.32)
From [[TI.2.7], we have

/OT Eo(t)dt:/TE(t)dt—f/T /1/a(x)uf(x,t—pr)dxdpdt
- / fydé =¢ / o / g (@, t — 7)dxdt. (II1.2.33)

From [[IT.2.8] and [[T1.2.9, we obtain

/ ' E(t)dt > TE(T). (I11.2.34)

T+1
E0)<E(T+T) +02/ / z)(uf(w,t) +ul(z,t — 7))dwdt
T+1
)+ C’z/ / )(uZ(w,t) + u?(z,t — 7))dwdt. (II1.2.35)

Substituting [[T1.2.33HI1T.2.35] into [[T1.2.32], for sufficiently large T we obtain

T+ T+1
) < C/ / (g (z,t) + uf (z, —T))dxdt—i—C/ /UQdCCdt. (I11.2.36)
0 Q

The estimate [[I.2.19] follows from the inequality by a compactness-uniqueness
argument as in [3]. |
Proof: of Theoremm [11.0.4| Let T > 0 be given by Lemma[[I1.2.4} Then it follows from

o7
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[11.2.8| and [[11.2.19| that, for T > T,

) < Oy / / V(2 (2, 1)+ 12(x, t — 7))dadt < CrC (B(0) — E(T)). (IT1.2.37)

Then

CrCt —
ST o CT
The estimate follows from the inequality [L11.2.38] m

E(T) < LE®0). (I11.2.38)
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