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Notations

Wm;p(
) The sobolev space of function on 
 derivatives up to order m in Lp

Hm = Wm;2(
) Sobolev Spaces ,
@ The operator of patial di¤erentiation ,
D(A) The domain of the operator A ,
D� A partial derivative of multi-order � ,
�(A) The spectrum of operator A ,
j:j The euclidean norm on Rd
N(A) The kernel of the operator A ,
R(A) The range of the operator A ,
k:kx The norm on a normed space X ,
L(X) The space of bounded linear operators from X into X ,
X 0 The dual space of X ,
Re h:; :i The real part of the inner product ,
C10 (
) The test functions space ,
(T (t))t�0 A semigroup
C(X; Y ) The space of all continuous function from X into Y ,

 � RN A domain of RN ,
@
 = � The boundary of 
 ,
L(
) The space of measurable functions on the domain 


Lp(
)
The space of functions whose absolute value raised to the
power p is integrable,

L1p (
) The space of essentilly bounded function with weal-* convergence ,
C(
) The space of continuous function on the domain 
 ,
C1(
) The space of in�nitely di¤erentiable functions on 
 ,
C(
) The space of coninuous functions on the closure of 
 ,
Br(x) The open ball of radius r centered at point x
Sr(x) The sphere of radius r centered at point x ,
h:; :i The inner Product ,
�(A) The resolvent set of the operator A ,
Rd The space of all ordered d-tuples of real numbers ,
�(:) Fonction Gamma d�Euler.
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Introduction

Partial di¤erential equations are among the most important mathematical tools used
to model natural, physical, and engineering phenomena. They describe the behavior of
systems that evolve in space and time, such as the vibration of strings and membranes,
heat and wave propagation, �uid �ow, and elasticity. Among the most famous of these
equations are the wave equation, the heat equation, and Laplace�s equation, each of
which possesses distinct physical and mathematical properties.
The solution of any partial di¤erential equation requires the speci�cation of suitable

initial and boundary conditions. Often, it is di¢ cult to �nd exact solutions, which
necessitates studying the qualitative behavior of solutions. One of the most important
aspects of this behavior is the issue of stability, i.e., does the energy of the system
decay over time t > 0 ? If so, what is the rate of decay M

t�
: � > 0? Is it exponential

or polynomial? These questions are fundamental in control theory, engineering, and
mechanics, because an unstable system may lead to catastrophic outcomes.
Wave equations are among the fundamental models in describing numerous physical
and engineering phenomena, such as the vibration of strings and membranes, sound
propagation, and elasticity. In many practical applications, classical boundary control
is insu¢ cient to achieve the desired behavior of the system, which has led to the
emergence of the concept of dynamical boundary control, where an ordinary di¤erential
equation is added on a part of the boundary to represent the interaction of the actuator
or controller with the system. Such mechanisms are used in modeling pressurized gas
tanks, mass-spring dampers, and indirect control systems proposed by Russell [12].
Unlike classical boundary control, which imposes an instantaneous value of the function
or its derivative, dynamical control introduces a new degree of freedom on the boundary,
allowing for more realistic modeling of systems involving electromechanical actuators
or viscoelastic e¤ects.
Our thesis is organized as follows: In the �rst chapter we recall some basic de�nitions
and the necessary preliminary concepts and results, including Lebesgue and Sobolev
spaces, embedding theorems, semigroup theory, and dissipative operators, as well as
fundamental stability theorems such as the Lumer-Phillips and Hille-Yosida theorems.
In the next chapter we present certain criteria under which the problem proposed of
the wave equation system in a bounded multidimensional domain, equipped with a
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Introduction INTRODUCTION

dynamical boundary condition of the form:8>>>><>>>>:
utt ��u = 0 in 
� R+
u = 0 on �0 � R+
@u
@�
+ � = 0 on �1 � R+

�t � ut = v on �1 � R+

(.0.1)

where 
 � RN is a bounded domain with smooth boundary � = �0 [ �1 (�0 6= ;,
�1 6= ;), � represents the dynamical boundary variable, and v is the boundary control
is polynomial energy decay rate 1

t
under a geometric condition but is not uniformly

stable. Furthermore, we will study the observability and the exact controllability of
this system with a dynamical control.
The treatment of such systems represents a mathematical challenge in higher dimen-
sions, because the damping operator resulting from the dynamical control is bounded
but non-compact in the energy space, and the generator�s resolvent is not compact,
which hinders the application of classical methods such as LaSalle�s invariance prin-
ciple [28] or the spectral decomposition theory of Benchimol [11]. In one dimension,
the resolvent is often compact or compact perturbation theory can be applied, but
in higher dimensions this property fails, requiring more general tools. Therefore, this
thesis relies on modern tools:
Our proof is divided into four sections: Firstly, we bigen with the strong stability of
the solution of U (t) = SA+B (t) in the absence of the compactness of the in�nitesimal
A+B via the Arendt-Batty criterion. In section 2, using a criteria of Huang and Prüss,
we prove that this solution U (t) of system .0.1 is not uniformly stable in the energy
space H. In section 3 we will establish a polynomial energy decay rate for smooth
solutions by a multiplier method. Finally, we will use a new adaptation of Hilbert
Uniqueness Method (HUM) to show the exact controllability of

Ut = AU + V , with U (0) = U0

by means of some singular dynamical controls v for all initial data in the usual energy
space, whenever v satisfying

v(t) = v0(t)�
d

dt
v1(t) on �1 � [0; T ] with v0; v1 2 L2(0; T ;L2(�1)):

In the last chapter we consider the stabilization of the wave equation with variable
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Introduction INTRODUCTION

coe¢ cients and a delay in the dissipative internal feedback8>>>>>><>>>>>>:

utt +Au+ a(x) [�1ut(x; t) + �2ut(x; t� � ]) = 0 in 
� R+
u = 0 on �2 � R+
@u
@�A

= 0 on �1 � R+
u(x; 0) = u0(x); ut(x; 0) = u1(x) in 


ut(x; t� �) = f0(x; t� �) in 
� (0; �)

whereAu = � div(A(x)ru) with A(x) symmetric positive de�nite, a(x) � 0 is a weight
function, � > 0 is the delay, �1 > 0, �2 6= 0, and @u

@�A
= hA(x)ru; �i is the co-normal

derivative. It is well known that even arbitrarily small delays can destabilize a system
[39, 41, ?]; however, under the condition

j�2j < �1

we prove that exponential stability can be recovered. The analysis uses di¤erential
geometric methods introduced by Yao [31] and further developed in [29, 42, 43, 44, 8,
21, 22, 46, 53, 47, 32, 33, 34, 35, 36, 54]. A key assumption is the existence of a vector
�eld H on 
 such that its covariant derivative DgH (with respect to the Riemannian
metric g = A�1) satis�es

DgH(X;X) � �0jXj2g for X 2 Rnx; x 2 
: (.0.2)

for some �0 > 0, and hH; �i � 0 on �2. Under this geometric condition, we de�ne an
appropriate energy functional:

E(t) =
1

2

Z



 
u2t +

X
i;j

aijuxiuxj

!
dx+ �

Z 1

0

Z



a(x)u2t (x; t� ��) dx d�;

with � satisfying � j�2j < 2� < �(2�1 � j�2j). We then prove the exponential decay
estimate:

E(t) � C1e
�C2tE(0); 8t � 0;

for some constants C1; C2 > 0. This result extends previous works on constant coef-
�cient wave equations with delay [17, 18, ?, ?] to the variable coe¢ cient setting, and
complements the boundary controllability results of Chapter 2.
Our purpose in this chapter is study the wave equation with variable coe¢ cients and a
delayed internal feedback. It presents the problem formulation, the geometric Assump-
tion (.0.2), well-posedness, and the proof of exponential stability through observability
inequalities and multiplier techniques. Consequently, the results rely on di¤erential
geometry and extend the constant coe¢ cient theory to variable coe¢ cients. These
results contribute to a deeper understanding of the behavior of wave systems with dy-
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namical boundary control and with delayed internal damping. They provide a math-
ematical framework that can be used in engineering and optimal control applications,
and open perspectives for studying more complex systems such as plates and elastic
structures with memory or time delay.
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Chapter I

Preliminaire

This chapter aims to provide a review of the essential mathematical concepts and
theories that from the theoretical foundation for the work presented in this thesis.
These concepts will be relied upon later in addredding the various topics discussed

Remark I.0.1 [15]Applying n-times the inequality (??) for all x; y; z1; z2; :::; zn 2 X,
we obtain

De�nition I.0.1 [15]Let (X; d) be space, x0 2 X and r > 0. Then

Br(x0) = fx 2 X : d(x; x0) < rg

is said to be an open ball having radius r with center x0.

Br(x0) = fx 2 X : d(x; x0) � rg

is said to be a closed ball having radius r with center x0.

Sr(x0) = fx 2 X : d(x; x0) = rg

is said to be the boundary ball having radius r with center x0.

Remark I.0.2 Open ball, closed ball and the boundary of a ball having radius r with
center x0 are denoted by Br(x0) = B(x0; r); Br(x0) = Br(x0; r) and Sr(x0) = S(x0; r) ,
respectively.

De�nition I.0.2 A sequence (xn) in a metric space (X; d) is said to convergy to a
point x0 2 X if for " > 0 there exists an integer N such that n � N implies that R

d(xn; xm) < ":

We say that the sequence (xn) is convergent and x0 is the limit of (xn). In other words
we write

xn �! x0 or lim
n�!1

xn = x0:

On the other hand, if (xn) is not convergent, it is divergent.

8



CHAPTER I. PRELIMINAIRE I.1. NORMED SPACE

De�nition I.0.3 A sequence (xn) in a metric space (X; d) is said to be a Cauchy
sequence if for every " > 0 there exists an integer N such that

d(xn; xm) < "

whenever n � N and m �M . In other words, (xn) is a Cauchy sequence if

d(xn; xm) �! 0 as n;m �!1

or equivalently
lim

n;m�!1
d(xn; xm) = 0

I.1 Normed Space

De�nition I.1.1 [15]Let X be a vector space over the real (or complex ) numbers. A
function,k:k, from X into the non-ngative real real numbers is called a norm on X if
for all x; y 2 X and � 2 R, the conditions kxk > 0 if x 6= 0 and kx+ yk � kxk+ kyk
are satis�ed. The norm of x is denoted by kxk. Moreover, the vector space X with
norm is called normed vector space or normed space .

i) kxk > o if x 6= 0;

ii) kxk = 0() x = 0;

iii) k�xk = j�j kxk ;

iv) kx+ yk � kxk+ kyk ;

Remark I.1.1 k:k is said to be a semi norm if only the conditions (n3) and (n4) are
satis�ed. Notice that for a semi norm the conditions kxk = 0 may be satis�ed for
non-zero x .

Theorem I.1.1 Let (X; k:k) be a normed space. Then for all x; y 2 X, the function
de�ned by

d(x; y) = kx� yk

is a metric on X. This metric is called normed metric.

De�nition I.1.2 [15] Let k:k1 and k:k2 norms be given on the vector space X.
For every x 2 X if there exists c1; c2 > 0 such that

c1 kxk1 � kxk2 � c2 kxk1 :

then k:k1and k:k2 are called equivalent norms.
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CHAPTER I. PRELIMINAIRE I.2. THE HÖLDER AND YOUNG INEQUALITIES

De�nition I.1.3 As a result of this de�nition. We can deduce that di¤erent norms
can determine the same topology. The following result is based on the fact that any two
norms on a �nite dimensional vector space determine the same topology.

Theorem I.1.2 All the norms de�ned on �nite dimensional normed (vector) spaces
are equivalent.
As a consquence of Theorem, all the norms de�ned on �nite dimensional normed

spaces describe the same topology on these spaces. For instance, if a squence (xn) in
norm space X is convergent, bounded or Cauchy sequence with respect to the norm k:k1
(k:k2), then it is also convergent, bounded or Cauchy sequence with respect to the norm
k:k1 (k:k2).

De�nition I.1.4 If every point sequence in A has a subsquence that converges to an
element of A in X, then the subset of a normed space X is said to be compact.

De�nition I.1.5 Let X and Y be normed spaces, and let k:kXand k:kY be their respec-
tive norms. If every bounded subset of X maps into a comparatively compact subset
of Y , then the continuous linear operator L 2 L(X; Y ) is considered compact. The
Heine�Borel theorem for �nite dimensions normed spaces might be seen as leading to
the following outcome.

Theorem I.1.3 Assume that X is a �nite dimensional normed space and that Y � X.
If and only if Y is closed and bounded, then the set is compact.

Remark I.1.2 According to the theory of metric spaces, every convegent sequence is
Cauchy. There re metric spaces and normed spaces where a Cauchy sequence does not
converge, hence the oposite of this statement may not always be true. The completeness
property of a normed space, which yields a Banach space, is given in the following.
Only the basic characteristics of Bach spaces presented here. Additional information is
available in the functional and real analysis books listed in the reference section.

I.2 The Hölder and Young Inequalities

1) [49]Let (X;�; �) be a measured space and let 1 � p; q; r � +1 be real numbers
such that

1

p
+
1

q
=
1

r

If u 2 Lp(X) and v 2 Lq(X) then uv 2 Lr(X) and,

kuvkLr(X) � kukLp(X) kvkLq(X) :

2) Let 1 � p; q � +1 and let r � 1 be such that,

1

r
=
1

p
+
1

q
� 1:

10



CHAPTER I. PRELIMINAIRE I.3. APPROXIMATION OF THE IDENTITY

If u 2 Lp(Rd) then for almost all x in Rd the integral,

(u � v)(x) =
Z
Rd
u(x� y)v(y)dy

is convergent, and u � v belongs to Lr(Rd). Moreover we have,

ku � vkLr(Rd) � kukLr(Rd) kvkLr(Rd) :

I.3 Approximation of the Identity

1. [49] Let � 2 C1(Rd) be such that

supp(�) �
�
x 2 Rd : jxj � 1

	
; � � 0;

Z
Rd
�(x)dx = 1:

For " in (0; 1] set,�"(x) = "�d�(x
"
):

lim
"!0
(�" � u) = u in Lp(Rd):

The family [�"]"2(0;1] is called an appoximation of the identity. Then we have,

2. for any 1 � p < +1, if u belongs to 2 Lp(Rd),then

lim
"!0
(�" � u) = u in Lp(Rd):

3. If u : Rd �! C is a bounded uniformly continuous function, then

lim
"!0
(�" � u) = u in L1(Rd):

4. For any 1 � p � +1, if u belongs to Lp(Rd), then for almost all x in Rd,

lim
"!0
(�" � u)(x) = u(x):

5. For any 1 � p � +1, if u belongs to Lp(Rd), then for any " 2 (0; 1], the function
�" � u belongs to C1(Rd):
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CHAPTER I. PRELIMINAIRE I.4. THE LEBESGUE SPACE LP (
)

I.4 The Lebesgue Space Lp (
)

I.4.1 De�nition and Basic Properties of Lp(
)
[38] Let p be a positive real number and let 
 be domain in Rn. The class of all
measurable functions u de�ned on 
 in indicated by Lp(
), for whichZ




ju(x)jp dx <1: (I.4.1)

The members of Lp(
) are therfore equivalence classes of measurable functions satis-
fying (I.4.1), where two functions are comparable if they are equal a.e.in 
. We �nd
functions in Lp(
) that are identical nearly everywhere in 
. We disregard this dis-
tinction for simplicity and write u = 0 in Lp(
) if u(x) = 0 a.e.in 
, and u 2 Lp(
) if
u ful�lls (I.4.1). If u 2 Lp(
) and c 2 C, then cu 2 Lp(
) is obviously true. We must
demonstrate that if u; v 2 Lp(
), then u + v 2 Lp(
) in order to prove that Lp(
) is
a vector space. This is a direct result of the inquity thar follows, which will also be
helpful in the future.

Lemma I.4.1 If 1 � p � 1 and a; b � 0, then

(a+ b)p � 2p�1(ap + bp): (I.4.2)

Lemma I.4.2 (The Lp Norm) Now will con�rm that the functional k:kp de�ned

kukp =
�Z




ju(x)jp dx
�1=p

is a standard on Lp(
), given 1 < p < 1 .(If 0 < p < 1, it is not a norm). When
there is a possibility of domain confusion, we substitute k:kp;
 for k:kp :

It is evident that if and only if u = 0 in Lp(
), then kukp � 0 and kukp = 0.
Additionally

kcukp = jcj kukp , c 2 C:

Therefore, after we have con�rmed the triangle inequality, we will have demonstrated
that k:kp is norm on Lp(
):

ku+ vkp � kukp + kvkp ,

Minkowski�s inequality is the name given to it. This requires Holder�s inequality �rst.

Corollary I.4.1 It is possible to apply Hölder�s inquality to products of more than two

functions. Assume that where uj 2 Lq(
); 1 � j � N , and pj > 0; u =
NY
j=1

uj. Soppose

12



CHAPTER I. PRELIMINAIRE I.4. THE LEBESGUE SPACE LP (
)

that
NX
j=1

(1=pj) = 1=q, then u 2 Lq(
) and kukq �
NY
j=1

kujkpj . By induction on N, this

follows from the prior corollary.

Theorem I.4.1 (A Converse of Hölder�s Inequality) A mesurable function u is
a member of Lp(
) if and only if

sup

�Z



ju(x)j v(x)dx : v(x) � 0 on 
; kvkp0 � 1
�

(I.4.3)

is �nite, and then that supremum equals kukp :

Theorem I.4.2 (Minkowski�s Inquality) If 1 � p � 1, then

ku+ vkp � kukp + kvkp : (I.4.4)

Theorem I.4.3 (Minkowski�s Inequality for Integals) Assume 1 < p < 1. As-
sume that the function y ! kf(:; y)kp;Rn belongs to L1(Rn). that f is measurable on
Rn � Rn, and that f(:; y) 2 Lp(Rm) for almost all y 2 Rn. Then, Lp(Rm) a contains
the function x!

R
Rn f(x; y)dy:�Z

Rm

����Z
Rn
f(x; y)dy

����p dx�1=p � Z
Rn

�Z
Rm
jf(x; y)jp dx

�1=p
dy:

that is, 



Z
Rn
f(:; y)dy






p;Rm

�
Z
Rn
kf(:; y)kp;Rm dy:

I.4.2 The Space L1 (
)

If a constant K exists such that ju(x)j � K a.e.on 
, then a function u that is mea-
surable on 
 is said to be basically limited on 
. The essential supremum of juj on

, represented by ess supx2
 ju(x)j, is the maximum lower bound of such constants
K. The vector space of all functions u that are fundamentally bounded on 
 is repre-
sented by L1(
), with functions being once more recognized if they are equal a.e.on

. Veri�cation of the functional k:k1 de�ned by

kuk1 = ess sup
x2


ju(x)j

is a norm on L1(
). Moreover, Hölder�s inequality (3) and its corollaries extend to
cover the two cases p = 1; p0 =1 and p =1; p0 = 1:

13



CHAPTER I. PRELIMINAIRE I.5. THE SOBOLEV SPACE WM;P (
)

I.5 The Sobolev Space Wm;p (
)

I.5.1 De�nitions and Basic Properties

The Sobolev Norms

We de�ne a functional k:km;p where m is a positive integer and 1 � p � 1, as follows:

kukm;p = (
X

0�j�j�m

kD�ukpp)
1
p if 1 � p <1; (I.5.1)

kukm;1 = max
0�j�j�m

kD�uk1 with p =1 (I.5.2)

for any function u for which the right side makes sence , k:kp being, of course, the
norm in Lp(
). In some situations where confusion of domains may occur we will use
kukm;p;
 in place of kukm;p. Evidently (II.0.1) or (I.5.2) de�nes a norm on any vector
space of functions on which the right side takes �nite values provided functions are
identi�ed in the space if they are equal almost everywhere in 
:

Sobolev Spaces

For any positive integer m and 1 � p � 1 we consider three vector spaces on which
k:km;p is a norm:

a) Hm;p(
) �the completion of
n
u 2 Cm(
) : kukm;p <1

o
with respect to the norm

k:km;p :

b) Wm;p(
) � fu 2 Lp(
) : D�u 2 Lp(
) for 0 � j�j � mg

c) Wm;p
0 (
) � the closure of C10 (
) in the space Wm;p(
):

Equipped with the appropriate norm (1) or (2) thes
e are called Sobolev Space over

. Clearly W 0;p(
) = Lp(
), and if 1 � p � 1 , W 0;p

0 (
) = Lp(
). For any m , we
have the obvious chain of imbeddings

Wm;p
0 (
) �! Wm;p(
) �! Lp(
):

Theorem I.5.1 [38]Wm;p(
) is a Banach space.
Proof: Let fung be a Cauchy sequence in Wm;p(
). Then fD�ug is a Chauchy se-
quence in Lp(
) for 0 � j�j � m. Since Lp(
) is complet there exist functions u and
u�; 0 � j�j � m, such that un �! u and D�un �! u� in Lp(
) as n �! 1. Now
Lp(
) � L1loc(
) and so un determines a distribution Tun 2 D0(
). For any � 2 D(
)
we have

jTun(�)� Tu(�)j �
Z



jun(x)� u(x)j j�(x)j dx � k�kp0 kun � ukp

14
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by Hölder�s inequality, where p0 is the exponent conjugate to p. Therfre Tun(�) �!
Tun(�) for every � 2 D(
) as n �! 1. Similarly, TD�un(�) �! Tu�(�) for every
� 2 D(
). It follows that

Tu�(�) = lim
n!1

TD�un(�) = lim
n!1

(�1)j�jTun(D��) = (�1)j�jTu(D��)

for every � 2 D(
). Thus u� = D�u in the distributional sence on 
 for 0 � j�j � m,
whence u 2 Wm;p(
). Since limn!1 kun � ukm;p = 0, the space Wm;p(
) is complete.

Theorem I.5.2 [38]Wm;p(
) is separable if 1 � p � 1 , and is uniformly convex and
re�exive if 1 � p � 1 . In particular, Wm;2(
) is a separable Hilbert space with inner
product

(u; v)m =
X

0�j�j�m

(D�u;D�v);

where (u; v) =
R


u(x)v(x)dx is the inner product on L2(
).

I.5.2 Duality and the spaces W�m;p0(
)

In this part, the operator P , the spaces Lp(
(m)) and W , and the number N for �xed

;m and p. Additionally, for any functions u; v for which the right side makes sence,we
de�ne

hu; vi =
Z



u(x)v(x)dx

for any functions u; v that make sence on the right side.
Let�s agree that p0 always represents the conjugate exponent for given p :

p0 =

8<:
1 if p = 1
p=(p� 1) if 1 < p <1
1 if p =1

The Riesz Representation Theorem is �rst extended too the space Wm;p(
). The
dual of Wm;p

0 (
) with a subspace of D(
) is then found lastly, we demonstrate that
the completion of Lp

0
(
) with regard to a norm weaker than the typical Lp

0
norm may

likewise be associated with the dual of Wm;p
0 (
) if 1 < p <1.

The Dual of Lp(
(m))

A unique v 2 Lp
0
(
(m)) corresponds to each L 2 (Lp(
(m)))0, where 1 < p < 1, so

that for each u 2 Lp(
(m))

L(u) =

Z

(m)

u(x)v(x)dx =
X
j�j�m

Z

�

u�(x)v�(x)dx =
X
j�j�m

hu�; v�i ;

15
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where u� and v� are the restrictions of u and v, resectively, to 
�. Moreover,

L; (Lp(
(m)))0

 = 

v;Lp0(
(m)))0

. Thus (Lp(
(m)))0 = Lp
0
(
(m)):

This is valid because Lp(
(m)) is, after all, an Lp space, albeit one de�ned on an
unusual domain.

Theorem I.5.3 [38] (The Dual of Wm;p(
)) Let 1 � p � 1. Then for every
functional L 2 (Wm;p(
))0 there exist a function v 2 L0(Wm;p(
)) such that if he
restriction of v to 
� is v�, we have for all u 2 Wm;p(
)

L(u) =
X

0�j�j�m

hD�u; v�i (I.5.3)

Moreover

kL; (Wm;p(
))0k = inf



v;Lp0(
(m))


 = min 


v;Lp0(
(m))


 ; (I.5.4)

For any u 2 Wm;p(
), (I.5.3) holds, and the in�mum is taken over and reached on the
set of all v 2 Lp

0
(
(m)). If 1 < p < 1, the element v 2 Lp

0
(
(m)) satisfying (I.5.3)

and (I.5.4) is unique.

Theorem I.5.4 (The Normed Dual of Wm;p
o (
)) The dual space (Wm;p

0 (
))0 is
isometrically isomorphic to he Banach space W�m;p0(
), which is composed of those
distributions T 2 D(
) that satisfy (I.7.1) and have norm

kTk = min
n


v;Lp0(
(m))


 : v satis�es (I.7.1)o .

The isometric isomiphism results in this space being complete.
If 1 < p <1, then Wm;p0

0 (
) is clearly separable and re�exive.
Distributions T provided by (I.7.1) do not fully de�ne continuous linear functionals

on Wm;p(
) when Wm;p
0 (
) is proper subset of Wm;p(
) due to their limits to C0(
):

I.5.3 Approximation by Smooth Functions on 
n
� 2 C1(
) : k�km;p <1

o
is dense in Wm;p(
) is what we want to demonstrate .

The following existence theorem for ndlessly de¤erentiable partial functions of unity is
necessary for his .

Theorem I.5.5 (Unity Partitions ) Let A be a set of open sets in W that cover
A, or A � [u2�U , and let A be an abritrary subset of W then, a set of functions
` 2 C10 (Rn) having the following properties;

i) For every ` 2 	 and every x 2 Rn, o � `(x) � 1:

ii) If K b A, all but �nitely many ` 2 	 vanish identically on K:
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iii) For every ` 2 	 there exists U 2 � such that supp (`) � U:

iv) For every x 2 A, we have
P

`2	 `(x) = 1:

Such a collection 	 is called a C1-partition of unity for A subordinate to �:

I.5.4 Approximation by Smooth Functions on Rn

Having shown that an element of Wm;p(
) can always be approximated by functions
smooth on 
 we now ask whether the approximation can in fact be done with bounded
functions having bounded derivatives of all orders, or at least of all orders up to and
including at least m. That is, we are asking whether, for any values of k � m, the
space Ck(
) is dence in Wm;p(
). The following example shows that the answer mav
be negative.

I.6 Sobolev embedding theorems
When examining the regularity of a weak solution to a boundary value issue, for ex-
ample, Sobolev embedding theorems are crucial.

I.6.1 The Rellich Kondrachov Theorems

De�nition I.6.1 [6] Let V � W , V and W be two Banach spaces. We write V ,! W

if the spaces V is continuously embedded in W

k�kW � c k�kV 8� 2 V: (I.6.1)

We say the space V is compactly embedded in W and write V ,!,! W , if (I.6.1) holds
and each bounded sequence in V has a subsequence coonverging in W:

Remark I.6.1 if V ,! W , the functions in V are more smooth than the remaining
functions in W . A simple example is H1(
) ,! L2(
) and H1(
) ,!,! L2(
).

Proofs of most parts of the following two theorems can be found in [?]. The �rst
theorem is embedding of Sobolev spaces, and the second on compact embedding.

Theorem I.6.1 (continuously embedded) Consider the Lipshitz domain 
 2 Rd.
Then, the following claims are true.

a) If k < d=p, then W k;p(
) ,! Lq(
) for any q � p�, where p� is de�ned by 1=p� =
1=p� k=d:

b) If k = d=p, then W k;p(
) ,! Lq(
) for any q <1:

17
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c) If k > d=p, then
W k;p(
) ,! Ck�[d=p]�1;�(
);

where

� =

�
[d=p] + 1� d=p , if d=p 6= integer,
any positive number <1 , if d=p = integer

In the theorem, denotes the integer part of x, i.e., the largest integer less than or
equal to x. We remark that in the one-dimensional case, with 
 = (a; b) a bounded
interval, we have

W k;p(a; b) ,! C[a; b]

for any k � 1; p � 1:

Theorem I.6.2 (compactly embedded) Consider the Lipschitz domain 
 2 Rd.
Then, the following claims are true.

a) If k < d=p, then W k;p(
) ,!,! Lq(
) for any q < p�, where p� is de�ned by
1=p� = 1=p� k=d:

b) If k = d=p, then W k;p(
) ,!,! Lq(
) for any q <1:

c) If k > d=p, then
W k;p(
) ,!,! Ck�[d=p]�1;�(
);

where � 2 (0; [d=p] + 1� d=p):

How can we recall these outcomes ?. We use the case of theorem I.7.2. The functions
from the space W k;p(
) are smoother the larger the product kp. For this product,
there is a crucial value d (the domain�s dimension) such that a W k;p(
) function is
truly continuous if kp > d or more speci�cally, represents a continuous function a.e.For
an exponent p� greater than p, a W k;p(
) function belongs to Lp

�
(
) when kp < d.

Starting with the requirement kp < d, expressed as 1=p � k=d > 0, we calculate the
exponent p�. The di¤erence 1=p� k=d is then de�ned as 1=p�. Knowing if a W k;p(
)

function has continuous derivatives up to a speci�c order is typically helpful when
kp > d. We start with

W k;p(
) ,! C(
) if k > d=p.

Then we apply this embedding result to derivatives of Sobolev functions, it is easy to
see that

W k;p(
) ,! C1(
) if k � l > d=p:

As some concrete examples, for a two-dimensional Lipschitz domain 
, H1(
) ,!,!
Lq(
) 8 1 � q � 1 and H2(
) ,!,! C(
). So in particular, a sequence bounded
in H1(
) has a subsequence that converges in L2(
), C(
). For a three-dimensional

18
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Lipschitz domain
,H1(
) ,!,! Lq(
) 8 1 � q < 6; H1(
) ,! L6(
), andH1(
) ,!,!
C(
):

Theorem I.6.3 A direct consequence of Theorem I.7.3 is the following compact em-
bedding result.

I.6.2 Traces theorem

LP (
) spaces are used to de�ne Sobolev spaces. Sobolev functions are therefore only
uniquely de�ned in 
. The boundary value of a Sobolev function appears to be poorly
de�ned now that the boundary � has measure zero in Rd. However, a Sobolev function�s
tace on the boundary can be de�ned so that, for a Sobolev function that is continuous
up to the border, its trace and its boundary value coincide.

Theorem I.6.4 [6] Let Rd, 1 � p <1, be a Lipschitz domain with 
. A continuous
linear operator 
 : W 1;p(
)! Lp(�) then has the following characteristics:

a) 
v = vj� if v 2 W 1;p(
) \ C(
):

b) For some constant c > 0; k
vkLp(�) � c kvkW 1;p(
) 8v 2 W 1;p(
):

c) The mapping 
 : W 1;p(
)! Lp(�) is compact; i.e., for any bounded sequence fvng
in W 1;p(
), there is a subsequence fvn0g � fvng such that f
vn0g is convergent
in Lp(�):

Remark I.6.2 i) The trace operator is denoted by 
, and the generalaized boundary
value of v is denoted 
v. The trace operator from W 1;p(
) to Lp(�) is neither an
injection nor a surjection. The range 
(W 1;p(
)) is a positive order Sobolev space over
the boundary, namely W 1�1=p;p(
), which is smaller than Lp(�). Typically, the trace
of v 2 H1(
) is represented by the same symbol v
ii) If vn ! v in H1(
), then vn ! v in L2(�):

Theorem I.6.5 When we discuss weak formulations of boundary value problems later
in this book, we need to use traces of the H1(
) functions. These traces form the space
H1=2(�); in other words,

H1=2(�) = 
(H1(
)):

Correspondingly, we can use the following as the norm for H1=2(�) :

kgkH1=2(�) = inf
v2H1(
)

kvkH1(
) : (I.6.2)

The ability to appropriately impose necessary boundary conditions in formulations is
a prerequisite for understanding boundary value problems. Theorem I.7.3 is enough
for the purpose because necessary boundary conditions for second-order boundary value
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issues only require function values on the border. The traces of partial derivatives
on the border must be used for higher-order boundary value problems. For instance,
all boundary requirements containing derivatives of order at most one are regarded as
fundamental boundary conditions for fourth-order boundary value issues. Given that
By di¤erentiating the function�s boundary value, we may get the tangential derivative
of a function on the boundary; all we need to do is use the function�s traces and normal
derivative.Let the outward unit normal to the boundary � of 
 be represented by v =
(v1; :::; vd)

T . Remember that the classical normal derivative of v on the boundary if it
is a member of C1(
) is

@v

@�
=

dX
i=1

@v

@xi
�i:

I.6.3 Generalized Poincaré Inequality

Theorem I.6.6 Let 
 be a Lipschitz bounded domain in Rn. Let p 2 [1;+1[ and let
N be a continuous seminorm on W 1;p(
); that is, a norm on the constant functions.
Then there exists a constant C > 0 that depends only on 
; N; p, such that

kukW 1;p(
) � C

 �Z



jru(x)jp dx
�1=p

+N (u)
!
:

Proposition I.6.1 [13] Let 
 be a bounded domain of class C1; then there exists a
constant CP > 0 such that every u in H1

0 (
) satis�es

kukH1(
) � CP kruk2 :

I.6.4 The Lax-Milgram Lemma

The Lax-Milgram Lemma is employed frequently in the study of linear elliptic boundary
value problems. For a real Banach space V , let us �rst explore the relation between a
linear operator A : V ! V 0 and a bilinear form a : V � V ! R related by

hAu; vi = a(u; v) 8u; v 2 V: (I.6.3)

The bilinear form a(:; :) is continuous if and only if there exixts M > 0 such that

ja(u; v)j �M kuk kvk 8u; v 2 V

Theorem I.6.7 [6] there exixts a one-to-one correspondence between linear continuous
operators A : V ! V 0 and continuous bilinear forms a : V � V ! R, given by the
formula (I.6.3).
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I.7 Weak Derivative

De�nition I.7.1 [15] Let � be a multi-index and the function u 2 L1loc(
) be provided
for each ' 2 C10 (
) the relationship

Tv�(�) = h�; v�i =
Z



u(x)D�'(x)dx = (�1)j�j
Z



'(x)v(x)dx (I.7.1)

is met, the function v 2 L1loc(
) is known as the � � th weak (generalized) derivative
of u, and it is represented by the notation v = D�u.
A number of authors also use v = v� = D�u to indicate the weak derivative. Only

weak derivatives exist.

I.7.1 Properties of the Weak Derivative

We wrap o¤ the chapter by presenting the following theorem, which allows one to com-
pare the weak derivative with the classical one and determine some of its fundamental
characteristics, especially from the �rst two propositions.

Theorem I.7.1 i) A function has a weak derivative if it has a (classical) derivative.
The opposite might not always be true, though. In other words, a function with a weak
derivative might not have a (classical) derivative.
ii) The weak derivative is de�ned worldwide, whereas the classical derivative is point-

wise.
iii) The weak derivative is linear. In other words, if c1; c2 2 R and u1; u2 2 L1loc(
),

we obtain
D�(c1u1 + c2u2) = c1D

�(u1) + c2D
�(u2):

iv) If u has a weak derivative v = D�u and if v has a weak derivative w = D�v =

D�(D�u), then
D�+�u = D�(D�u) = D�v = w:

The fact that the sequence of di¤erentiation is irrelevant for mixed derivatives is an-
other essential characteristic of the weak derivative that sets it apart from the classical
derivative. Stated otherwise, the weak derivative is independent of the di¤erentiation
order.

Remark I.7.1 In the classical sense, a function must be continuous in order to be
di¤erentiable. However, the weak derivative does not need neither continuity nor dif-
ferentiability of the function; integrability is su¢ cient.
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I.8 Green�s Identities

To keep things simple, we look at R3 elements. Let F = (F1; F2; F3) be a vector in R3
and u = u(x; y; z) be a function. The following lists some helpful notations.

� ru = gradu = (ux; uy; uz);

� r � F = divF = F1x + F2y + F3z;

� 4u = div gradu = r � ru = uxx + uyy + uzz;

� jruj2 = u2x + u2y + u2z;

� r � r = r2 = 4:

Theorem I.8.1 (Green�s First Identity)[15] For u 2 C2(
) \ C(
);Z



v4udx =
Z
@


v
@u

@n
ds�

Z



rvrudx

where n is the unit vector in the outward normal direction and @u
@n
= n � ru:

(Green�s Second Identity).For u 2 C2(
) \ C(
);Z



(u4v � v4u)dx =
Z
@


(u
@v

@n
� v

@u

@n
)ds:

I.9 Some Semigroup arguments

De�nition I.9.1 Let B 2 L(X) be a bounded operator. The resolvent set �(B) of B is
the set of all � in C for which (B � �I)�1 exists and bounded

�(B) =
�
� 2 C; (B��I)�1 2 L(X)

	
:

The spectrum of B, denoted by �(B), is the complement of the resolvent set, i.e.,

�(B) = Cn�(B):

A complex number � is an eigenvalue of B if

N(B��I) 6= f0g :

Theorem I.9.1 Let X be a Banach space and B 2 L(X) . If the operator B satis�es
kBk < 1; then I � B is invertible and its inverse is given by

(I � B)�1 =
1X
n=0

Bn:
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De�nition I.9.2 [7] Let X be a Banach space. A semigroup of bounded linear opera-
tors is a family of bounded linear operators T (t) 2 L(X), which depend on a parameter
0 � t � 1 and that satis�es the following properties
T (0) = I, (I is the identity operator on X).
T (t+ s) = T (t)T (s) for every t; s � 0 (the semigroup property).
A semigroup of bounded linear operatorsT (t)is uniformly continuous if

lim
t!0

kT (t)� Ik = 0:

the infunitesinal generator of a semigroup T (t) is the operator B de�ned on

D(B) =
�
x 2 X : lim

t!o

T (t)x� x

t
exists

�
by

Bx = lim
t!0

T (t)x� x

t
; for x 2 D(B):

De�nition I.9.3 (Maximal Monotone Operators) [20] LetX be a Hilbert space,an
unbounded linear operator B : D(B) � X ! X is said to be monotone(accretive) if it
satis�es

Re hBv; vi � 0;8v 2 D(B)

In addition, the operator is called maximal monotone , if R(I + B) = X i.e,

8f 2 X;9v 2 D(B); such that u+ Bu = f:

Remark I.9.1 If -B is monotone, we say that B is dissipative.

Proposition I.9.1 Proposition I.9.2 [20] Let B be a maximal monotone operator
on a Hilbert space. Then
1) D(B) is dense in X.
2) B is a closed operator.
3) For every � > 0, (I + �B) is bijective from D(B) into X, (I +B)�1 is a bounded

operator, and k(I + �B)�1kL(X) � 1:

I.9.1 The Lumer Philips Theorem

De�nition I.9.4 [2] If there is a x� 2 F (x) such that Re hAx; x�i � 0 for each x 2
D(A),then a linear operator A is dissipative. The following is a helpful description of
dissipative operators.

Theorem I.9.2 (Lumer-Phillips) Let A be a linear operator in X with the dense
domain D(A):
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1) If A is dissipative and there is a �0 > 0 such that the range, R(�0I�A), of �0I�A
is X, then A is the in�nitsimal generator of a C0 semigroup of contractions on
X:

2) If A is the in�nitesimal generator of a C0 semigroup of contractions on X the
R(�I�A) = X for all � > 0 and A is dissipative. Moreover, for every x 2 D(A)
and every x� 2 F (x), R hAx; x�i � 0:

I.9.2 The Hille-Yosida Theorem

Consider a C0 semigroup T (t), for t > 0, there are constants ! � 0 and M � 1

such that kT (t)k � Me!t. T (t) is said to be uniformly bounded if M = 1, and a C0
semigroup of contractions if ! = 0. Characterizing the in�nitesimal generators of C0
semigroup of contractions is the focus of this section. In order for an opperator A to
be the in�nitesimal generator of a C0 semiggroup of contractions, some conditions on
the resolvent�s behavior are provided.
Recall that if A is a linear, not necessarily bounded, operator in X, the resolvent set

�(A) of A is the set of all complex numbers � for which �I�A is invertible,i.e.,(�I�A)�1
is a bounded linear operator in X . The family R(� : A) = (�I � A)�1, � 2 �(A) of
bounded linear operators is called the resolvent of A:

Theorem I.9.3 [2] (Hill-Yosida) A linear (unbounded) operator A is the in�nitesi-
mal generator of a C0-semigroup of contractions T (t), if and only if

1) A is closed and D(A) = X:

2) The resolvent set �(A) of A contains R+ and for every � > 0

kR(� : A)k � 1

�
: (I.9.1)

I.9.3 Operator m-dissipative

De�nition I.9.5 [2] A dissipative operator A is referred to as m-dissipative if R(I �
A) = X:
If A dissipative so is �A for all � > 0 and therefore if A is m-dissipative then

R(�I�A) = X for every � > 0. In terms of m-dissipative operators the Lumer-Philips
theorem can be restated as: A densely de�ned operator A is the in�nitesimal generator
of a C0 semigroup of contractions if and only if it is m-dissipative.
The main result of this section is the following perturbation theorem for m-dissipative

operators.
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I.10 Stability and Hyperbolicity for Semigroups

We �rst examine the stability of strongly continuous semigroups (T (t))t�0, one of the
many intriguing forms of asymptotic behavior. This means that as t ! 1, the oper-
ators T (t) ought to converge to zero. However, we must discriminate between several
de�nitions of convergence, as is to be expected in in�nite-dimensional spaces.

I.10.1 Stability concepts
De�nition I.10.1 A strongly continuous semigroup (T (t))t�0 is called
- strongly exponentially stable, provided that " > 0:

lim
t!1

e"t kT (t)k = 0; (I.10.1)

- uniformly stable if
lim
t!1

kT (t)k = 0; (I.10.2)

- strongly stable if
lim
t!1

kT (t)xk = 0 for all x 2 X; (I.10.3)

- weakly stable if

lim
t!1

hT (t)x; x0i = 0 for all x 2 X and x0 2 X 0: (I.10.4)

In the case A is not compact, then the classical methods such as Lasalle�s invari-
ance principle [18] or the spectral decomposition theory of SzNagy-Foias, Foguel and
Benchimol [13, 8, 33] are not applicable. in this case. Thus, we will use a Stability
Theorem of Arendt-Batty (given below) to study the strong stability of our system

Theorem I.10.1 (Stability Theorem)[?] Let (T (t))t�0 be a bounded C0-semigroup
on a re�ixive space X. Denote by A the generator of (T (t))t�0 and by �(A) the spectrum
of A. If �(A)\ iR is countable and no eigenvalue of A lies on the imaginary axis, then
limt!1 T (t)x = 0 for all x 2 X.
Theorem I.10.2 On a Banach space X, let (T (t))t�0 be a bounded strongly continuous
semigroup with generator A. If

P�(A0) \ iR = ; and
�(A) \ iR is countable,
then (T (t))t�0 is strongly stable, i.e.,

lim
t!1

T (t)x = 0 for all x 2 X: (I.10.5)

Corollary I.10.1 On a Banach space X, let (T (t))t�0 be a strongly continuous semi-
group with generator A. The following claims are identical if (T (t))t�0 is substantially
compact for the strong operator topology. (T (t))t�0 is strongly stable. P�(A)\ iR = ;:
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I.10.2 Lyapunov direct method
Theorem I.10.3 Suppose that there exist constant a; b; c; r > 0; p � 1 and a C1 func-
tion V : R+ � R! R such that,

i) 8x; kxk � r; a kxkp � V (x; t) � b kxkp ;8t � 0:

ii) Vt(t; x) � �c kxkp ;8t � 0;8x; kxk � r:

Then, the equilibrium point of the equation xt = f(t; x) is exponentially stable.

I.11 Perturbation by Compact Operator

I.11.1 Fredholm Operator
An invertible operator is a basic illustration of a fredholm operator J : E ! F ; in this
case N(t) = f0g ; R(T ) = F , and so �(T ) = �(T ) = 0. Conversely, �(T ) = �(T ) = 0

implies that J is invertible. We shall now charactirize the Fredholm operators, that is,
the operators T 2 � such that �(T ) = �(T ); i(T ) = 0:

De�nition I.11.1 A Fredholm operator is one whose kernel is �nite-dimensional
and whose image has �nite codimension. The index of a fredholm operator is the
di¤erence

index(T ) := dimkerT � codim ImT:

A Fredholm operator T : X ! Y gives rise to decompositions

X = kerT �M; Y = im T �N;

for some closed linear subspace M;N . The restricted operator R : M ! im T; x 7�!
Tx is then bijective and continuous, and thus an isomorphism by the open mapping
theorem.

Theorem I.11.1 [26] (Riesz-Schauder) If T = J + V , where J is invertible and V
is compact, then T is fredholm, that is �(T ) = �(T ) <1:

I.12 Hilbert Uniqueness Method (HUM)

I.12.1 The Hilbert Uniqueness Method (HUM)
Introduced by J.-L. Lions, is one of the most important methods in the controllability
theory of partial di¤erential equations. It is based on the duality between controllability
and observability and provides an e¤ective framework for proving exact controllability
results for distributed parameter systems.
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The main idea of the HUM method is to transform the controllability problem into
an observability problem associated with the corresponding adjoint system. Instead of
constructing the control directly, the method studies the adjoint equation and estab-
lishes suitable observability estimates. These estimates allow the energy of the solution
to be determined through measurements performed on a suitable part of the domain
or its boundary.
A fundamental ingredient of the HUM method is the observability inequality, which

ensures that the initial energy of the adjoint system can be estimated by means of
boundary or internal observations over a �nite time interval. Using this property,
a linear operator, called the HUM operator, is de�ned between appropriate Hilbert
spaces. The observability inequality guarantees that this operator is an isomorphism,
which leads to the existence and uniqueness of a control driving the system from a
given initial state to a desired �nal state.
Consequently, the HUM method establishes a strong relationship between exact

controllability and observability of the adjoint system. This relationship can be sum-
marized by the principle:

:ExactControllability,ObservabilityoftheAdjointSystem
Due to its e¤ectiveness and generality, the HUM method has been successfully ap-

plied to a large class of evolution equations, including wave equations, heat equations,
elasticity systems, and many other models arising in mathematical physics and control
theory
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Let 
 � RN be a bounded open set with boundary � of class C2, consisting of a
clamped part �0 6= ; and a rimmed part �1 such that �0\�1 = ;.Consider the following
system:

utt ��u = 0 in 
� [0; T ]; (II.0.1)

u = 0 on �0 � [0; T ]; (II.0.2)
@u

@�
+ � = 0 on �1 � [0; T ]; (II.0.3)

�t � ut = v on �1 � [0; T ]; (II.0.4)

with the initial condition:

u(x; 0) = u0(x); ut(x; 0) = u1(x); x 2 
; �(x; 0) = �0(x); x 2 �1: (II.0.5)

where v denotes the dynamical boundary control. A physical implementation of the
dynamic control may be used in pressurized gas tanks with servo controlled actors,
as well as in standard mass-spring dampers (see [37] and the references hereby). We
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mention that the dynamical controls form part of indirect mechanisms proposed by
Russell in[12].
Let us �rst consider the boundary stabilization by taking

v = �� on �1 � [0; T ]: (II.0.6)

Denoting by U = (u; ut; �) the state of system (II.0.1)-(II.0.5), we formulate system
(II.0.1)-(II.0.5) into an abstract problem:

Ut = (A+B)U; U(0) = U0: (II.0.7)

where the operator A is m-dissipative and the operator B is dissipative on an ap-
propriate Hilbert space H. Therefore A + B generates a C0-semigroup SA+B(t) of
contractions on the energy space H and equation (II.0.7) is well-posed in the sense
of semigroups.In the one-dimensional case, the stabilization and the exact controlla-
bility of system (II.0.1)-(II.0.5) were studied in ([3], [4]). But the problem is very
di¤erent in the higher-dimensional case. First, the damping operator B is bounded
but not compact in the energy space H. So, the theory of compact perturbation does
not apply here. On the other hand, the resolvent of A + B is not compact, therefore
classical methods such as LaSalle�s invariance principle [28] or the theory of spectral
decomposition of Benchimol [11] are not applicable here.
We next consider the exact controllability by a singular dynamical boundary control

of the following form

v(t) = v0(t)�
d

dt
v1(t) on �1 � [0; T ] with v0; v1 2 L2(0; T ;L2(�1)): (II.0.8)

Setting V = (0; 0; v), we get an abstract formulation of the control problem:

Ut = AU + V; U(0) = U0: (II.0.9)

Noting that system (II.0.1)-(II.0.5) is composed of a wave equation and an ordinary
di¤erential equation of �rst order with respect to t. So the usual formulation for a sole
wave equation is no more convenient for this mixed system. In order to establish the
exact controllability, we have to use the formulation (II.0.9) of �rst order and identify
the energy space H with its dual space. At this stage, we identify L2(
) with its dual
space, and simultaneously but independently H1(
) with its dual space.
Now we give a brief outline of the chapitre. In Section 1, using a general criteria of

Arendt in [51], we show the strong stability of the semigroup SA+B(t) in the absence of
the compactness of the in�nitesimal A+B. In Section 3, using a criteria of Huang [16]
and Prüss [25], we �rst prove the non uniform stability of the semigroup SA+B(t). Next
by a multiplier method, we establish a polynomial energy decay rate as 1

t
for smooth

solutions. The last section is devoted to the exact controllability. We �rst give an
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inequality of observability. Then, by a new adaptation of Hilbert Uniqueness Method
(see [23],[?]), we show the exact controllability of (II.0.9) by means of some singular
dynamical controls v for all initial data in the usual energy space H.

II.1 Strong stability with non compact resolvent

In this section, we will study the stability of the following wave equation with one
dynamical boundary feedback:

utt ��u = 0 in 
� R+; (II.1.1)

u = 0 on �0 � R+; (II.1.2)
@u

@�
+ � = 0 on �1 � R+; (II.1.3)

�t � ut + � = 0 on �1 � R+: (II.1.4)

associated with the initial condition:

u(x; 0) = u0(x); ut(x; 0) = u1(x); x 2 
; �(x; 0) = �0(x); x 2 �1: (II.1.5)

Let u be a smooth solution of system (II.1.1)-(II.1.5). We de�ne the energy E(t) by

E(t) =
1

2

�Z



(jutj2 + jruj2) dx+
Z
�1

j�j2 d�
�
: (II.1.6)

Then a straightforward computation gives

d

dt
E(t) = �

Z
�1

j�j2 d� � 0: (II.1.7)

Therefore, system (II.1.1)-(II.1.5) is dissipative in the sense that the energy E(t) is non
increasing with respect to the time variable t.
Let us introduce the following space:

V = fu 2 H1(
) : u = 0 on �0g

and de�ne the energy space H = V � L2(
) � L2(�1) which is endowed with the
following inner product:(

(U; eU)H = R
ru � reudx+ R
 vevdx+ R �e�d�;
U = (u; v; �); eU = (eu; ev;e�) 2 H: (II.1.8)

We next de�ne the linear unbounded operator A by

D(A) = f(u; v; �) 2 H : �u 2 L2(
); v 2 V and @�u+ � = 0 on �1g; (II.1.9)
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AU = (v;�u; 
(v)); 8U = (u; v; �) 2 D(A); (II.1.10)

where 
 : V ! L2(�1) is the trace operator 
( ) =  j�1 and the linear bounded
operator B by

BU = (0; 0;��); 8U = (u; v; �) 2 H: (II.1.11)

Then setting U = (u; ut; �) as the state of system (II.1.1)-(II.1.5), we rewrite the
problem into an evolution equation

Ut = (A+B)U; U(0) = U0 2 H: (II.1.12)

It is easy to see that A+B ism-dissipative on H, therefore it generates a C0-semigroup
SA+B(t) of contractions on the energy space H (see Pazy [1]). But unlike the one-
dimensional case, the resolvent of A + B is not compact. Then classical methods
such as Lasalle�s invariance principle [28] or the spectrum decomposition theory of
Benchimol [11] are not applicable to the higher dimensional case. In the following, we
will prove the strong stability with a more general criteria of Arendt in [11].

Proposition II.1.1 The operator A+B has no pure imaginary eigenvalue.

Proof: Let � 2 R and U = (u; v; �) 2 H such that (A+B)U = i�U . Then we have8<:
i�u� v = 0 in 
;
i�v ��u = 0 in 
;

i�� � (v � �) = 0 on �1:
(II.1.13)

It follows that
v = i�u in 
; � =

1

i� + 1
v on �1; (II.1.14)

and 8<:
�2u+�u = 0 in 
;

u = 0 on �0;
@�u+

i�
i�+1

u = 0 on �1:
(II.1.15)

Then by multiplying (II.1.15) by u and by integrating by parts, we get

�2
Z



juj2 dx�
Z



jruj2 dx� i� + �2

�2 + 1

Z
�1

juj2 d� = 0: (II.1.16)

If � = 0, we get ru = 0, which together with the boundary condition u = 0 on
�0 implies that u � 0. If � 6= 0, then by taking the imaginary part in (II.1.16),
we get u = 0 on �1, which together with the boundary condition on �1 implies that
@�u = u = 0 on �1. Then, by Carlman�s Theorem (see [30]), we get again u � 0. The
proof is thus complete.

Proposition II.1.2 The resolvent of A+B is not compact
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Proof: Let (0; 0; h) 2 H and write the equation (I �A�B)U = F into the following
form:

u� v = 0 in 
;

v ��u = 0 in 
;

� � (v � �) = h on �1: (II.1.17)

It follows that
v = u in 
; � =

1

2
(u+ h) on �1; (II.1.18)

and

u��u = 0 in 
;

u = 0 on �0;

2@�u+ u = �h on �1: (II.1.19)

We see that (II.1.19) admits a unique solution u such that

kukHs(
) � ckhkL2(�1);8s <
3

2
: (II.1.20)

Therefore, if h is in a bounded set of L2(�1), then the �rst two components (u; v) of U
are in a relatively compact set of V � L2(
). But because of the presence of h in the
expression (II.1.18) of �, the last component � does not lay in a relatively compact set
of L2(�1). The proof is complete.

Proposition II.1.3 For � 2 R and any f 2 L2(
), the following problem8<:
�2u+�u = f in 
;
u = 0 on �0;
@�u+

i�
i�+1

u = 0 on �1
(II.1.21)

admits a unique solution u 2 V .

Proof: Let us �rst consider the following problem8<:
��u = f in 
;
u = 0 on �0;
@�u+

i�
i�+1

u = 0 on �1:
(II.1.22)

Let u = u1+ iu2, f = f1+ if2 and we separate the real part and the imaginary part of
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(II.1.22) as 8>>>>>>>>><>>>>>>>>>:

��u1 = f1 in 
;

��u2 = f2 in 
;

u1 = u2 = 0 on �0;

@�u1 +
1

�2 + 1
(�2u1 � �u2) = 0 on �1;

@�u1 +
1

�2 + 1
(�u1 + �2u2) = 0 on �1:

(II.1.23)

Next we give a variational formation of (II.1.23): Find u = (u1; u2) 2 V � V such that

a(u; ') = l('); 8' = ('1; '2) 2 V � V; (II.1.24)

where

a(u; ') =

Z



(ru1r'1 +ru2r'2)dx

+
�

�2 + 1

Z
�1

(�(u1'1 + v2'2) + (u1'2 � v2'1))d�;

l(') =

Z



(f1'1 + f2'2)dx:

It is clear that the bilinear form a is continuous and coercive on the space (V � V )2.
By Lax-Milgram�s theorem, the variational equation (II.1.24) admits a unique solution
u 2 V � V . Moreover, we have (see [24])

kukH2(
) � ckfkL2(
): (II.1.25)

Consequently, the inverse operator (��)�1 de�ned in (II.1.22) is compact in L2(
).
Then applying (��)�1 to (II.1.21), we get

(�2(��)�1 � I)u = (��)�1f: (II.1.26)

The same computation in (II.1.15) shows that

ker(�2(��)�1 � I) = f0g:

Then following Fredholm�s alternative (see [19]), the equation (II.1.26) admits a unique
solution.

Theorem II.1.1 The semigroup SA+B(t) is strongly stable in H. That means that for
all U0 2 H, the energy E(t) of the corresponding solution of (II.1.12) satis�es

E(t)! 0 as t! +1: (II.1.27)

33



Chapter II II.1. STRONG STABILITY WITH NON COMPACT RESOLVENT

Proof: Following a general criteria of Arendt in [51], the C0-semigroup SA+B(t) of
contractions is strongly stable, if �(A+B) has only a countable number of continuous
spectrum on the imaginary axe. By Proposition II.1.1, A+ B has non pure imaginary
eigenvalues. It is su¢ cient to show that Im(i�I � (A + B)) = H for all real number
� 2 R. Then the closed graph theorem of Banach will imply that �(A+B)\ iR = f;g.
For any given F = (f; g; h) 2 H, we consider the equation (i�I � A � B)U = F

which is equivalent to the following system8<:
i�u� v = f in 
;
i�v ��u = g, in 
;
i�� � (v � �) = h, on �1:

(II.1.28)

It follows that

v = i�u� f in 
; � =
1

i� + 1
(v + h) on �1; (II.1.29)

and 8><>:
�2u+�u = �(i�f + g) in 
;

u = 0 on �0;

@�u+
1

i�+1
u = 1

i�+1
(f � h) on �1:

(II.1.30)

In order to �nish the proof, we will show that problem (II.1.30) always has a solution
u 2 V .
First, let ' 2 V be de�ned by(

��' = 0 in 
;

@�' = h on �1:
(II.1.31)

Then setting

~u = u+
1

i� + 1
';

in (II.1.30), we get 8>><>>:
�2~u+�~u = �2

i�+1
'� (i�f + g) in 
;

~u = 0 on �0;

@�~u+
i�
i�+1

~u = i�
(i�+1)2

'+ 1
i�+1

f on �1:

(II.1.32)

Next let � 2 H2(
) \ V such that

� = 0; @�� =
i�

(i� + 1)2
'+

1

i� + 1
f 2 H 1

2 (�1) on �1:
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Then setting w = ~u� � in (II.1.32), we get8><>:
�2w +�w = �2

i�+1
'� (i�f + g)� �2� ��� in 
;

w = 0 on �0;

@�w +
i�
i�+1

w = 0 on �1:

(II.1.33)

By virtue of Proposition II.1.3, equation (II.1.33) has a unique solution. This shows
that Im(i�I �A� B) = H. The proof is thus complete.

Remark II.1.1 We will give a short proof of Theorem II.1.1 under an additional
geometric condition (see Corollary II.3.1)

II.2 Non uniform stability
Noting that the damping operator B is bounded but not compact in H. Therefore,
we can not apply the classical theory of compact perturbation to get the non uniform
stability. We will show the non uniform stability of system (II.1.12) by a criteria of
Huang [16] and Prüss�s [25] on the boundedness of the resolvent of A + B on the
imaginary axe. We next establish a polynomial energy decay rate for smooth solutions
by a multiplier method in Rao [9].

Theorem II.2.1 The semigroup SA+B(t) of contractions is not uniformly stable in the
energy space H.

Proof: Following Huang [16] and Prüss [25], it is su¢ cient to show that the resolvent
of A+ B is not uniformly bounded on the imaginary axis.
First let 'n be an eigenfunction of the following problem8<:

��'n = �2n'n in 
;

'n = 0 on �0;

@�'n + 'n = 0 on �1

(II.2.1)

such that

k'nk2H1(
) =

Z
�1

j'nj2d� +
Z



jr'nj2dx = 1: (II.2.2)

Next let

 n = i�n'n; �n = 'n; �n = ('n;  n; �n): (II.2.3)

We check easily that �n 2 D(A). Moreover, a straightforward computation gives

k(A+ B � i�nI)�nk2H =
Z
�1

j�nj2d� =
Z
�1

j'nj2d�: (II.2.4)
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Now by multiplying equation (II.2.1) with 'n and by integrating by parts, we getZ
�1

j'nj2d� +
Z



jr'nj2dx =
Z



j�n'nj2dx: (II.2.5)

Then using condition (II.2.2), it follows thatZ



j�n'nj2dx = 1: (II.2.6)

On the another hand, using an interpolation inequality (see Theorem 1.4.4 in [52])
and (II.2.6), we have

k'nkL2(�1) � ck'nkH1(
)k'nkL2(
) � ck'nkL2(
) =
c

�n
: (II.2.7)

By inserting (II.2.7) into (II.2.4), it follows that :

k(A+ B � i�nI)�nk2H �
c

�n
: (II.2.8)

Finally, from (II.2.2) and (II.2.6), for all n � 1, it follows that

k�nk2H =
Z



jr'nj2dx+
Z



j�n'nj2dx+
Z
�1

j'nj2d� = 2: (II.2.9)

Then from (II.2.8) and (II.2.9), it follows that

k(A+ B � i�nI)
�1k � �n

c
! +1 as n! +1:

The proof is thus complete.

II.3 Rational energy decay rate

In this section, we will establish the rational energy decay rate for the smooth solution of
system (II.1.12). We �rst recall the following classical result. it will play an important
role in this chapter and the next chapter

II.3.1 Some integral inequality

In this section we recall the following simple result

Theorem II.3.1 (An integral inequality) Let E : [0;+1) ! [0;+1) be a non-
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increasing function and assume that there exists a constant T > 0 such thatZ +1

t

E (s) ds < TE (t) ; t � 0

then,
E (t) < E (0) e1�

t
T ; t � T

Theorem II.3.2 (A nonlinear integral inequality) Let E : [0;+1)! [0;+1) be
a non-increasing function and assume that there are two constants � > 0 and T > 0

such that Z +1

t

E�+1 (s) ds < T [E (0)]�E (t) ; t � 0

Then we have

E (t) < E (0)

�
T + �t

T + �T

�� 1
�

; t � T

II.3.2 Polynomial energy decay rate
Since system (II.1.12) is not uniformly stable, we will look for a polynomial energy
decay rate for smooth solutions. As usual, we assume that � = �0 [ �1 such that
�0 6= ;, �1 6= ; and �0 \ �1 = ;. Moreover, we assume that there exists a constant
� > 0 and a point x0 2 RN such that, putting m(x) = x� x0, we have

(m � �) � ��1; 8x 2 �1 and (m � �) � 0; 8x 2 �0; (II.3.1)

where (�) designates the scalar product in RN .
Theorem II.3.3 Assume that (II.3.1) holds. Then for all U0 2 D(A), there exists
a constant M > 0 continuously depending on the graph norm kU0kD(A) such that the
energy E(t) of system (II.1.12) satis�es the following decay rate

E(t) � E(0)
2M

M + t
, 8t � 0: (II.3.2)

We will divide the proof into several steps.

Lemma II.3.1 Let U0 2 D(A) and U be the corresponding solution of system (II.1.12).
Then, for all 0 � S � T <1, the following estimate holdsZ T

S

Z
�1

j�j2d�dt � E(S): (II.3.3)

Proof: Using (II.1.7), we getZ T

S

Z
�1

j�j2d�dt = �
Z T

S

E 0(t)dt = E(S)� E(T ) � E(S): (II.3.4)
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The proof is thus complete.

Lemma II.3.2 Assume that (II.3.1) holds. Let U0 2 D(A) and U be the corresponding
solution of system (II.1.12). Then there exist positive constants M1 > 0;M2 > 0 such
that for all 0 � S � T <1, the following estimate holds

N

Z T

S

Z



u2tE(t)dxdt+ (2�N)

Z T

S

Z



jruj2E(t)dxdt �M1E
2(S) +M2E(S)E1(S)

(II.3.5)
where the high order energy E1(t) is de�ned by

E1(t) =
1

2
kUt(t)k2 =

1

2
k(A+ B)U(t)k2: (II.3.6)

Proof: Multiplying equation (II.1.1) by 2m � ruE(t) and integrating by parts, we get

� 2
Z T

S

Z



ut(m � ru)Et(t)dxdt� 2
Z T

S

Z



ut(m � rut)E(t)dxdt

+

�
2

Z



ut(m � ru)E(t)dx
�T
S

� 2
Z T

S

Z



�u(m � ru)E(t)dxdt

= 0: (II.3.7)

Recall that for all u 2 H2(
), we have the following Rellich�s identity (see [50]):

2

Z



�u(m � ru)dx = (N � 2)
Z



jruj2dx+ 2
Z
�

@�u(m � ru)d��
Z
�

(m � �)jruj2d�
(II.3.8)

This implies that

� 2
Z T

S

Z



�u(m � ru)E(t)dxdt

= (2�N)

Z T

S

Z



jruj2E(t)dxdt� 2
Z T

S

Z
�

@�u(m � ru)E(t)d�dt

+

Z T

S

Z
�

(m � �)jruj2E(t)d�dt: (II.3.9)

On the other hand, using Green�s formula, we have

�2
Z T

S

Z
�1

jut(m � rut)E(t)dxdt = N

Z T

S

Z



jutj2E(t)dxdt:

�
Z T

S

Z
�1

(m � �)jutj2E(t)d�dt: (II.3.10)
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Then, inserting (II.3.9) and (II.3.10) into (II.3.7), we get

N

Z T

S

Z



jutj2E(t)dxdt+ (2�N)

Z T

S

Z



jruj2E(t)dxdt

= 2

Z T

S

Z



ut(m � ru)Et(t)dxdt�
�
2

Z



ut(m � ru)E(t)dx
�T
S

+Z T

S

Z
�1

(m � �)jutj2E(t)d�dt+ 2
Z T

S

Z
�

@�u(m � ru)E(t)d�dt+

�
Z T

S

Z
�

(m � �)jruj2E(t)d�dt: (II.3.11)

Now, thanks to Cauchy-Schwartz�s inequality, we getZ



ut(m � ru)dx � RE(t); 8t > 0; (II.3.12)

where R = kmk1. It follows that

�
�
2

Z



ut(m � ru)E(t)dx
�T
S

+ 2

Z T

S

Z



ut(m � ru)Et(t)dxdt

� 4RE2(S) + 2
Z T

S

RE(t)E1(t)dt

� 6RE2(S): (II.3.13)

Next, for any � > 0, using the geometric condition (II.3.1), we deduce that

2

Z T

S

Z
�1

@vu(m � ru)E(t)d�dt�
Z T

S

Z
�1

(m � v)jruj2E(t)d�dt

� (R2�� ��1)

Z T

S

Z
�1

jruj2E(t)d�dt+ 1
�

Z T

S

Z
�1

j@�uj2E(t)d�dt: (II.3.14)
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Choosing � = ��1

2R2
in (II.3.14), we get

2

Z T

S

Z
�1

@vu(m � ru)E(t)d�dt�
Z T

S

Z
�1

(m � v)jruj2E(t)d�dt

� ��
�1

2

Z T

S

Z
�1

jruj2E(t)d�dt+ 2R2�
Z T

S

Z
�1

j@�uj2E(t)d�dt

� 2R2�
Z T

S

Z
�1

j@�uj2E(t)d�dt

= 2R2�

Z T

S

Z
�1

j�j2E(t)d�dt � 2R2�E2(S): (II.3.15)

Using the condition u = 0 on �0 and the geometric condition (II.3.1), we get

2

Z T

S

Z
�0

@�u(m � ru)E(t)d�dt�
Z T

S

Z
�0

(m � �)jruj2E(t)d�dt

=

Z T

S

Z
�0

(m � �)j@�uj2E(t)d�dt � 0: (II.3.16)

Since U0 2 D(A), by di¤erentiating system (II.1.12) with respect to the variable t
and using (II.3.3), we get Z T

S

Z
�1

j�tj2d�dt � E1(S): (II.3.17)

Then, using (II.1.4), (II.3.3) and (II.3.17), we deduce thatZ T

S

Z
�1

(m � �)jutj2E(t)d�dt =
Z T

S

Z
�1

(m � �)(�(t) + �t(t))
2E(t)d�dt

� 2RE(S)[E(S) + E1(S)] (II.3.18)

Finally, noting that (m � �) � 0 on �0 and by inserting (II.3.13), (II.3.15), (II.3.16)
and (II.3.18) into (II.3.11) we get (II.3.5). The constant M1 is given by

M1 = 8R + 2R
2�; M2 = 2R:

The proof is thus complete.

Lemma II.3.3 Let U0 2 D(A) and U be the corresponding solution of system (II.1.12).
Then, for all 0 � S � T <1, the following estimate holds

�
Z T

S

Z



jutj2E(t)dxdt+ cN

Z T

S

Z



jruj2E(t)dxdt �M3E
2(S); (II.3.19)
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where cN = 1� 1
2(N�1) and M3 is a positive constant independent of initial data U0.

Proof: By multiplying equation (II.1.1) by uE(t) and by integrating by parts, we
obtain

�
Z T

S

Z



jutj2E(t)dxdt+
Z T

S

Z



jruj2E(t)dxdt

= �
�Z




utuE(t)dx

�T
S

+

Z T

S

Z



utuEt(t)dxdt+

Z T

S

Z
�1

u@�uE(t)d�dt (II.3.20)

Thanks to Poincaré�s inequality, there exists a constant c0 such thatZ



utudx � c0E(t); 8t > 0: (II.3.21)

It follows that

�
�Z




utuE(t)dx

�T
S

+

Z T

S

Z



utuEt(t)dxdt � 3c0E2(S): (II.3.22)

On the other hand, thanks to Young�s inequality and the traces theorem, there exists
a constant c1 > 0 independent of U0 such that, for all " > 0, the following estimate
holds Z

�1

u@�ud� �
1

2"

Z
�1

j@�uj2d� +
"c1
2

Z



jruj2dx: (II.3.23)

Then, using (II.1.3) and (II.3.4) we obtainZ T

S

Z
�1

u@�uE(t)d�dt �
1

2"

Z T

S

Z
�1

j�j2E(t)d�dt+ "c1
2

Z T

S

Z



jruj2E(t)dxdt

� 1

2"
E2(S) +

"c1
2

Z T

S

Z



jruj2E(t)dxdt: (II.3.24)

Choosing " = 1
c1(N�1) and inserting (II.3.22) and (II.3.24) into (II.3.20), we obtain

(II.3.19). The constant M3 is given by

M3 = 3c0 +
c1(N � 1)

2
:

The proof is thus complete.
Now, we prove Theorem II.3.3

Proof: By multiplying (II.3.19) by (N � 1) and by combining the resulting estimate
with (II.3.3) and (II.3.5), we getZ +1

S

E2(t)dt �ME(S)E(0); (II.3.25)
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where

M =M1 + (N � 1)M3 +
1

2
+M2

E1(0)

E(0)
: (II.3.26)

Thanks to a classical integral inequality (see [50] Theorem 9.1), the integral inequal-
ity (II.3.25) leads to

E(t) � E(0)
2M

M + t
; 8t � 0: (II.3.27)

Remark II.3.1 In the one dimensional case, the energy decay rate (II.3.27) of type 1
t

is in fact optimal (see [3], [5]). Moreover, using an approach in [10] for the Kirchho¤
plates, we give a short proof of Theorem II.1.1 under the additional geometric condition
(II.3.1).

Corollary II.3.1 Assume that (II.3.1) holds. For any initial data U0 2 H, the energy
E(t) of system (II.1.12) asymptotically decreases to zero.

Proof: Let U0 2 H. For any " > 0, by density of D(A) in H, there exists U" 2 D(A)
such that

kU0 � U"kH <
"

2
: (II.3.28)

On the other hand, using Theorem II.3.3, there exists T" > 0 such that

kSA+B(t)U"kH <
"

2
; 8t > T": (II.3.29)

Since the semigroup SA+B is of contractions, then from (II.3.28) and (II.3.29) we deduce

kSA+B(t)U0kH � kSA+B(t)U"kH + kU � U"kH < "; 8t > T": (II.3.30)

The proof is thus complete.

II.4 Observability and exact controllability
In this section, we will study the observability and the exact controllability of the wave
equation with a dynamical control:

utt ��u = 0 in 
� [0; T ]; (II.4.1)

u = 0 on �0 � [0; T ]; (II.4.2)
@u

@�
+ � = 0 on �1 � [0; T ]; (II.4.3)

�t � ut = v on �1 � [0; T ] (II.4.4)
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with the following initial condition:

u(x; 0) = u0(x); ut(x; 0) = u1(x); x 2 
; �(x; 0) = �0(x); x 2 �1; (II.4.5)

where v designates the dynamical boundary control. Denoting by U = (u; ut; �) the
state of the system (II.4.1)-(II.4.5) and by V = (0; 0; v) the boundary control. We can
formulate the system (II.4.1)-(II.4.5) into the following abstract problem:

Ut = AU + V; U(0) = U0; (II.4.6)

where A is the linear unbounded operator de�ned in (II.1.9)-(II.1.10).
i) We �rst establish an inequality of observability for the adjoint system :

'tt ��' = 0 in 
� [0; T ]; (II.4.7)

' = 0 on �0 � [0; T ]; (II.4.8)
@'

@�
+ � = 0 on �1 � [0; T ]; (II.4.9)

�t � 't = 0 on �1 � [0; T ] (II.4.10)

with the following initial condition

'(x; 0) = '0(x); 't(x; 0) = '1(x); x 2 
; �(x; 0) = �0(x); x 2 �1: (II.4.11)

Setting � = ('; 't; �) as the state of system (II.4.7)-(II.4.11), we formally transform
system (II.4.7)-(II.4.11) into an evolution equation :

�t = A�; �(0) = �0: (II.4.12)

Since A is skew adjoint and m-dissipative on H, it generates a strongly continuous
group of isometry SA(t) on the energy space H (see Pazy [1]).

Theorem II.4.1 Assume that condition (II.3.1) holds. There exist positive constants
T > 0 and c > 0 independent of initial data U0 such that the following inequality of
observability

k�0k2H � c

Z T

0

Z
�1

(j�j2 + j�tj2)d�dt (II.4.13)

holds for all �0 2 D(A).
Proof: Let  = 't. Then we have

 tt �� = 0 in 
� [0; T ]; (II.4.14)

 = 0 on �0 � [0; T ]; (II.4.15)
@ 

@�
+  = 0 on �1 � [0; T ]: (II.4.16)
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Using a classical result on the observability of wave equation with the Robin condi-
tion (see [50], [23]), there exist positive constants T > 0 and c > 0 such that

k 0k2L2(
) + k 1k2V 0 � c

Z T

0

Z
�1

j j2d�dt: (II.4.17)

Noting that

k 0kL2(
) = k'1kL2(
); k 1kV 0 = k�'0kV 0 = k'0kV ;

then it follows that

k'0k2V + k'1k2L2(
) � c

Z T

0

Z
�1

j�tj2d�dt: (II.4.18)

On the other hand, the trace theorem implies thatZ
�1

j�0j2d� � c0
Z T

0

Z
�1

(j�j2 + j�tj2)d�dt: (II.4.19)

By combining (II.4.18)-(II.4.19), we get (II.4.13). The proof is complete.
Now we choose the control v(t) of the following form

v(t) = v0(t)�
d

dt
v1(t) with v0; v1 2 L2(0; T ;L2(�1)); (II.4.20)

where the derivation d
dt
is de�ned in the sense :Z T

0

Z
�1

d

dt
v1(t)�(t)d�dt = �

Z T

0

Z
�1

v1(t)�t(t)d�dt (II.4.21)

for all � 2 H1(0; T ;L2(�1)) (see [23], [?]).
Next let � = ('; 't; �) be the solution of the homogeneous problem (II.4.12). Then

by multiplying equation (II.4.6) by � and by integrating by parts, we obtain formally

hU;�iD(A)0�D(A)

= hU0;�0iD(A)0�D(A) +
Z T

0

Z
�1

(v0(s)�(s) + v1(s)�t(s))d�dt: (II.4.22)

We de�ne the linear form L by

L(�0) = hU0;�0iD(A)0�D(A) +
Z T

0

Z
�1

(v0(s)�(s) + v1(s)�t(s))d�dt: (II.4.23)
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Then, we obtain a weak formulation of problem (II.4.6)

hU;�iD(A)0�D(A) = L(�0); 8�0 2 D(A): (II.4.24)

Theorem II.4.2 For all U0 2 D(A)0 and all v0; v1 2 L2(0; T ;L2(�1)), system (II.4.6)
admits a unique weak solution :

U 2 C0([0; T ];D(A)0) (II.4.25)

in the sense that the variational equation (II.4.24) is satis�ed for all �0 2 D(A) on the
interval [0; T ]. Moreover, the linear application

(U0; v0; v1)! U (II.4.26)

is continuous from D(A)0L2(0; T ;L2(�1))�L2(0; T ;L2(�1)) into D(A)0 with the corre-
sponding strong topologies.

Proof: First, by Cauchy-Schwartz�s inequality, it is easy to get����Z t

0

Z
�1

(v0(s)�(s) + v1(s)�t(s))d�dt

����
� k(v0; v1)kL2(0;T ;L2(�1))kk�; �tkL2(0;T ;L2(�1)) (II.4.27)

On the other hand, we have

k(�; �t)k2L2(0;T ;L2(�1)) �
Z T

0

(k�(t)k2H + kA�(t)k2H)dt = Tk�0k2D(A):

It follows that

kLkL(D(A);R) � c(k(v0; v1)kL2(0;T ;L2(�1)) + kU0kD(A)0): (II.4.28)

By virtue of Riesz-Fréchet�s representation theorem, for each 0 � t � T , there exists a
unique element Z(t) 2 D(A)0 such that

L(�0) = hZ(t);�0iD(A)0�D(A); 8�0 2 D(A): (II.4.29)

Then, setting Z(t) = SA(�t)U(t) in (II.4.29), we get (II.4.24). Moreover, we have

kU(t)kD(A)0 � c(k(v0; v1)kL2(0;T ;L2(�1)) + kU0kD(A)0); 8t 2 [0; T ]: (II.4.30)

Let fUngn be a sequence of approximate smooth solutions of (II.4.6). Since the esti-
mation (II.4.30) is uniform on the interval [0; T ], we can prove that Un ! U uniformly
on the interval [0; T ], therefore U 2 C0([0; T ];D(A)0). The proof is thus complete.
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Theorem II.4.3 Assume that the condition (II.3.1) holds. There exists T > 0 such
that system (II.4.6) is exactly controllable at the moment T . More precisely, for any
given initial data U0 2 H, there exists a singular control v(t) of the form (II.4.20) such
that the weak solution U of the controlled problem (II.4.6) satis�es the �nal condition

U(T ) = 0: (II.4.31)

Proof: Proof. Let �0 = ('0;  0; �0) 2 D(A) and � = (';  ; �) be the corresponding
solution of problem (II.4.12). Thanks to the inequality of observability (II.4.13), the
semi-norm

k�0kF =
�Z T

0

Z
�1

(j�j2 + j�tj2)d�dt
�1=2

(II.4.32)

is in fact a norm on D(A). We denote by F the closure of D(A) with respect to this
norm. On the other hand, it is easy to see thatZ T

0

Z
�1

(j�j2 + j�tj2)d�dt � T (k�0k2H + kA�0k2H):

Thus, we have the following inclusions:

D(A) � F � H: (II.4.33)

Then by identifying the Hilbert space H with its dual space, we get the following
inclusions

H � F 0 � D(A)0: (II.4.34)

Now, by choosing the control v(t) such that

v(t) := �(t)� d

dt
�t(t); (II.4.35)

where the derivation d
dt
is de�ned in the sense of (II.4.21).

Next we solve the backward problem

	t = A	+ V; 	(T ) = 0: (II.4.36)

Following Theorem II.4.2, the backward problem (II.4.36) admits a unique weak so-
lution 	(t) 2 C0([0; T ];D(A)0). Then, we de�ne the operator � : D(A) ! D(A)0
by

��0 = �	(0); 8�0 2 D(A): (II.4.37)

From (II.4.22) and (II.4.36), it follows that

h��0; ~�0iD(A)0�D(A) =
Z T

0

Z
�1

(�~� + �t
~�t)d�dt; 8�0; ~�0 2 D(A) (II.4.38)
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Therefore, we have

jh��0; ~�0iD(A)0�D(A)j � k�0kFk~�0kF ; 8�0; ~�0 2 D(A): (II.4.39)

By de�nition, D(A) is dense in F . Then the above bilinear form can be continuously
extended to F � F . Therefore, (II.4.38) remains true on the space F � F . Moreover
we have

jh��0;�0ij = k�0k2F ; 8�0 2 F : (II.4.40)

By Lax-Milgram�s Theorem, � is an isomorphism from F onto F 0. In particular, for
any given �U0 2 H � F 0, there exists a unique �0 2 F such that

��0 = �U0: (II.4.41)

This equality implies the exact controllability of (II.4.6). The proof is complete.

Remark II.4.1 For the implication from (II.4.33) to (II.4.34), we have to identify
the Hilbert space H with its dual space. Since H = V � L2(
) � L2(�1), we simulta-
neously identify H1(
), respectively L2(
) with their dual spaces. Fortunately, these
identi�cations are independent and do not cause any confusions.
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Stabilization of the wave equation
with variable coe¢ cients and a delay
in dissipative internal feedback
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Let 
 be a bounded domain in Rn with smooth boundary �. It is assumed that �
consists of two parts �1 and �2 (� = �1 [ �2) with �2 6= ;, �1 \ �2 = ;. De�ne

Au = � divA(x)ru for u 2 H1(
) (III.0.1)

where A(x) = (aij(x)) is symmetric, positively de�nite matrices for each x 2 Rn and
aij(x) are smooth functions on Rn. We consider the stabilization of the wave equation
with variable coe¢ cients and a delay in the dissipative internal feedback:8>>>>>>>><>>>>>>>>:

utt +Au+ a(x)[�1ut(x; t) + �2ut(x; t� �)] = 0 (x; t) 2 
� (0;+1);
u(x; t)j�2 = 0 t 2 (0;+1);
@u(x; t)

@�A
j�1 = 0 t 2 (0;+1);

u(x; 0) = u0(x); ut(x; 0) = u1(x) x 2 
;
ut(x; t� �) = f0(x; t� �) (x; t) 2 
� (0; �)

(III.0.2)

where a(x) 2 C1(
) such that(
a(x) � 0 x 2 

a(x) > a > 0 x 2 !;

(III.0.3)
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where ! � 
 is a bounded domain with smooth boundary, @! = �1 [ �3, �1 \ �3 = ;.
@u
@�A

is the co-normal derivative

@u

@�A
= hA(x)u; �i;

where h�; �i denotes the standard metric of the Euclidean space Rn and �(x) is the
outside unit normal vector for each x 2 �. Moreover, � > 0 is a time delay, �1; �2 are
real numbers with �1 > 0; �2 6= 0, and the initial data (u0; u1; f0) belong to a suitable
space.
If A(x) is a constant matrix on 
, that is to say the system III.0.2 is a constant

coe¢ cient problem and many authors [[17]�[41], [?], [?]] have studied the problem. For
a general A(x), the main tools here to cope with the system III.0.2 are the di¤erential
geometrical methods which were introduced by [31] and were extended in [[29]�[43],
[44], [8], [21], [22], [46], [53], [47], [32]�[54]], and many others. For a survey on the
di¤erential geometric methods, see [[40], [36]].
It is well known that if there is no delay (the case: �2 = 0 in III.0.2), the energy

of problem III.0.2 is exponentially decaying to zero, which was obtained by [[27], [14]]
under the condition of constant coe¢ cient and shown in [45] under the condition of
variable coe¢ cients.
If �1 � �2, an explicit sequence of arbitrary small delays that destabilize the system

have been shown in [?]. On the contrary, if j�2j <
p
1� d�1, where d is dependent on � ,

stabilization result of the energy of problem [42] has been proved under the conditions
that the delay � = �(t) is a function of time and a(x) is a positive constant function,
see [48]. To obtain our stabilization result, we assume that

j�2j < �1: (III.0.4)

De�ne the energy of the system III.0.2 by

E(t) =
1

2

Z



 
u2t +

nX
i;j=1

aijuxiuxj

!
dx+ �

Z 1

0

Z



a(x)u2t (x; t� ��)dxd�; (III.0.5)

where � is a positive constant satisfying

� j�2j < 2� < �(2�1 � j�2j): (III.0.6)

Let
H1
�2
(
) = fu 2 H1(
)juj�2 = 0g; (III.0.7)

and

L2a(
� (0; 1)) =
�
u n

Z 1

0

Z



a(x)u2(x;���)dxd� < +1
�
: (III.0.8)
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Chapter III III.1. WELL-POSEDNESS OF THE SYSTEM

We assume the initial value (u0; u1; f0) 2 H1
�2
(
) � L2(
) � L2a(
 � (0; 1)), then we

have E(0) < +1. From the below inequality III.2.8, we have E(t) decreasing. We
de�ne

g = A�1(x) for x 2 Rn (III.0.9)

as a Riemannian metric on Rn and consider the couple (Rn; g) as a Riemannian mani-
fold. For each x 2 Rn, the metric g introduces an inner product and the norm on the
tangent space on Rnx = Rn by

hX; Y ig = hA�1(x)X; Y i; jXj2g = hX;Xig X; Y 2 Rnx:

Let Dg denote the Levi-Civita connection of the metric g and H be a vector �eld. Then
the covariant di¤erential DgH of the vector �eld H is an order 2 tensor �eld. For the
variable coe¢ cients, the main assumption is:
Assumption A. There exist a vector �eld H on 
 and a constant �0 > 0 such that

DgH(X;X) � �0jXj2g for X 2 Rnx; x 2 
: (III.0.10)

The main result of this paper is the following:

Theorem III.0.4 Let the Assumption A hold true such that

hH; �i � 0 for x 2 �2 (III.0.11)

where � is the outside normal of the boundary �. Then there exist constants C1; C2 > 0,
such that

E(t) � C1e
�C2tE(0); t � 0 (III.0.12)

The Assumption A was �rstly introduced by [31] as a checkable assumption for the
exact controllability of the wave equation with variable coe¢ cients. Based on the
Strongly convex function D2�2 (� is the distance function of (Rn; g)), which is depen-
dent on the Riemannian curvature of the metric g, many examples of the Assumption
A have been obtained, see [[31], [36]].

III.1 Well-posedness of the system

In this section, we consider the existence and regularity of solutions to the system
III.0.2. Setting

z(x; �; t) = ut(x; t� ��) x 2 
; � 2 (0; 1); t > 0; (III.1.1)
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the system III.0.2 is equivalent to8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:

utt +Au+ a(x)[�1ut(x; t) + �2ut(x; t� �)] = 0 (x; t) 2 
� (0;+1);
u(x; t)j�2 = 0 t 2 (0;+1);
@u(x; t)

@�A
j�1 = 0 t 2 (0;+1);

u(x; 0) = u0(x); ut(x; 0) = u1(x) x 2 
;
�zt(x; �; t) + z�(x; �; t) = 0 (x; �; t) 2 
� (0; 1)� (0;+1);
z(x; 0; t) = 0 (x; t) 2 �2 � (0;+1);
z(x; 0; t) = ut(x; t) (x; t) 2 �1 � (0;+1);
z(x; �; 0) = f0(x;���) (x; t) 2 
� (0; 1):

(III.1.2)

We de�ne
U := (u; ut; z)

T ;

then

U 0 := (ut; utt; zt)
T =

�
ut;�Au� a[�1ut + �2z(�; 1; �)];�

1

�
z�

�T
Therefore, the system III.1.2 can be rewritten as(

U 0 = A0U;
U(0) = (u0; u1; f0(�;� � �))T ;

(III.1.3)

where

A0(u; v; z)T =
�
v;�Au� a[�1v + �2z(�; 1)];�

1

�
z�

�T
;

with domain

D(A0) =
�
(u; v; z) 2 (H2(
) \H1

�2
(
))�H1

�2
(
)� L2a(
;H

1(0; 1))

:
@u

@�A
j�1 = 0; z(�; 0) = v on 


�
(III.1.4)

Denote by H0 the Hilbert space

H0 = H1
�2
(
)� L2(
)� L2a(
� (0; 1)) (III.1.5)
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equipped with the inner product

h(u; v; z)T ; (~u; ~v; ~z)T iH0 =

Z



(hru(x); A(x)r~u(x)i+ v(x)~v(x))dx

+ 2�

Z 1

0

Z



a(x)z(x; �)~z(x; �)dxd�; (III.1.6)

where � is de�ned by III.0.6.
The methods to deal with the well-posedness result of the system III.0.2 were given

by [?]. There are two major steps. The �rst step is to prove the operator A0 is
dissipative and the second step is to prove �I �A0 is surjective for a �xed � > 0.
Here, we omit the process of the proof of the well-posedness result. By a similar

proof with [18], we obtain the following well-posedness result.

Theorem III.1.1 For any initial datum U0 2 H0, there exists a unique solution U 2
C([0;+1); H0) of the system III.1.3. Moreover, if U0 2 D(A0), then

U 2 C([0;+1); D(A0)) \ C1([0;+1);H0):

III.2 Proofs of Theorem III.0.4

In this section we work on 
 with two metrics at the same time, the standard dot
metric h�; �i and the Riemannian metric g = h�; �ig given by III.0.9.
If f 2 C1(Rn), we de�ne the gradient rgf of f in the Riemannian metric g, via the
Riesz representation theorem, by

X(f) = hrgf;Xig; (III.2.1)

where X is any vector �eld on (Rn; g). The following lemma provides further relations
between the two metrics, see [[5], Lemma 2.1].

Lemma III.2.1 Let x = (x1; : : : ; xn) be the natural coordinate system in Rn. Let f; h
be functions and let H;X be vector �elds. Then
(a)

hH(x); A(x)X(x)ig = hH(x); X(x)i; x 2 Rn; (III.2.2)

(b)

rgf =

nX
i=1

 
nX
j=1

aij(x)fxj

!
@

@xi
= A(x)rf; x 2 Rn; (III.2.3)

where rf is the gradient of f in the standard metric;
(c)

rgf(h) = hrgf;rghig = hrf; A(x)rhi; x 2 Rn; (III.2.4)
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where the matrix A(x) is given in the formula III.0.1;
(d)

hrgf;rg(H(f))ig = DgH(rgf;rgf) +
1

2
div(jrgf j2gH)�

1

2
jrgf j2gdiv H; (III.2.5)

where div H is the divergence of H of the standard metric of Rn.

To prove Theorem III.0.4, we still need several lemmas further. Let

E0(t) =
1

2

Z



(u2t + jrguj2g)dx; (III.2.6)

with III.0.5, we have

E(t) = E0(t) + �

Z 1

0

Z



a(x)u2t (x; t� ��)dxd�: (III.2.7)

Lemma III.2.2 Suppose that the condition III.0.6 holds true. Let u(x; t) be the solu-
tion of system III.0.2. Then there exist constants C1; C2 > 0 such that

E(S)� E(T ) � C1

Z T

S

Z



a(x)(u2t (x; t) + u2t (x; t� �))dxdt (III.2.8)

E(S)� E(T ) � C2

Z T

S

Z



a(x)(u2t (x; t) + u2t (x; t� �))dxdt (III.2.9)

where T � S � 0 and C1; C2 are not dependent on u. The assertion III.2.8 implies
that E(t) is decreasing.

Proof: Di¤erentiating III.0.5, we obtain

E 0(t) =

Z



(ututt+rgu�rut)dx+2�
Z 1

0

Z



a(x)ut(x; t���)utt(x; t���)dxd�: (III.2.10)

Applying Green�s formula, referring to the fact that

ut(x; t� ��) = �1
�
u�(x; t� ��); utt(x; t� ��) =

1

� 2
u��(x; t� ��)

and by integrating by parts, we arrive at

E 0(t) =

Z



a(x)

�
(��1u2t (x; t)� �2ut(x; t)ut(x; t� �)) +

�

�
(u2t (x; t)� u2t (x; t� �))

�
dx:

(III.2.11)
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It follows from III.2.11 that

E 0(t) � �C1
Z



a(x)
�
u2t (x; t) + u2t (x; t� �)

�
dx (III.2.12)

E 0(t) � �C2
Z



a(x)
�
u2t (x; t) + u2t (x; t� �)

�
dx (III.2.13)

where C1; C2 > 0 and C1 satis�es

C1 = min

�
�

�
� j�2j

2
; �1 �

j�2j
2
� �

�

�
: (III.2.14)

Then the inequality III.2.8 /III.2.9 follows directly from III.2.12/ III.2.13 integrating
from S to T .

Lemma III.2.3 Suppose that u(x; t) solves equation

utt +Au+ a(x)[�1ut(x; t) + �2ut(x; t� �)] = 0 (x; t) 2 
� (0;+1) (III.2.15)

and that H is a vector �eld de�ned on 
. ThenZ T

0

dt

Z
�

@u

@�A
H(u)d� + 1

2

Z T

0

dt

Z
�

(u2t � jrguj2g)H � �d�

= (ut;H(u))jT0 +
Z T

0

dt

Z



DgH(rgu;rgu)dx+
1

2

Z T

0

dt

Z



(u2t � jrguj2g) div Hdx

+

Z T

0

dt

Z



a(x)H(u)[�1ut(x; t) + �2ut(x; t� �)]dx: (III.2.16)

Moreover, assume that P 2 C1(
). ThenZ T

0

dt

Z



(u2t � jrguj2g)Pdx = (ut; uP )jT0 +
1

2

Z T

0

dt

Z



rgP (u
2)dx�

Z T

0

dt

Z
�

Pu
@u

@�A
d�

+

Z T

0

dt

Z



a(x)Pu[�1ut(x; t) + �2ut(x; t� �)]dx;

(III.2.17)
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Proof: Multiply III.2.15 by H(u), with III.2.5 we have

0 = (utt +Au+ a(x)[�1ut(x; t) + �2ut(x; t� �)])H(u)

= (utH(u))t �
1

2
H(u2t )� div(H(u)rgu) + hrgu;rg(H(u))ig

+ a(x)H(u)[�1ut(x; t) + �2ut(x; t� �)]

= (utH(u))t �
1

2
div(u2tH) +

1

2
u2t divH� div(H(u)rgu) +DgH(rgf;rgf)

+
1

2
div(jrgf j2gH)�

1

2
jrgf j2g divH + a(x)H(u)[�1ut(x; t) + �2ut(x; t� �)]:

(III.2.18)

The equality III.2.16 follows from the equality III.2.18 integrating by 
� (0; T ). Mul-
tiplying III.2.15 by Pu and integrating by 
� (0; T ), we obtain the equality III.2.17.

The following is the observability inequality for our stabilization problem.

Lemma III.2.4 Suppose that the conditions III.0.10 and III.0.11 hold true. Let u(x; t)
be the solution of the system III.0.2. Then there exists a time T > 0 such that, for
T > T , there exists a positive constant CT for which

E(0) � CT

Z T

0

Z



a(x)(u2t (x; t) + u2t (x; t� �))dxdt; (III.2.19)

where CT is not dependent on u.

Proof: Set
H = H; P =

1

2
(div H � �0):

Substituting the identity III.2.17 into the identity III.2.16, we have

�� = (ut; H(u) + Pu)jT0 +
�0
2

Z T

0

E0(t)dt+

Z T

0

dt

Z



�
DgH(rgu;rgu)� �0jrguj2g +

1

2
rgP (u

2)

�
dx

+

Z T

0

dt

Z



a(x)H(u)[�1ut(x; t) + �2ut(x; t� �)]dx

+

Z T

0

dt

Z



a(x)Pu[�1ut(x; t) + �2ut(x; t� �)]dx; (III.2.20)

where

�� =

Z T

0

dt

Z
�

@u

@�A
(H(u) + uP )d� +

1

2

Z T

0

dt

Z
�

(u2t � jrguj2g)H � �d�: (III.2.21)
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We decompose �� as
�� = ��1 +��2 :

Since uj�2 = 0, we obtain r�uj�2 = 0, that is,

rgu =
@u

@�A

�A
j�Aj2g

for x 2 �2: (III.2.22)

Similarly, we have

H(u) = hH;rguig =
@u

@�A

H � �
j�Aj2g

for x 2 �2: (III.2.23)

Using the formulas III.2.22 and III.2.23 in the formula III.2.21 on the portion �2,
we obtain

��2 =
1

2

Z T

0

dt

Z
�2

�
@u

@�A

�2
H � �
j�Aj2g

d� � 0: (III.2.24)

Since @u(x;t)
@�A

j�1 = 0, with the formula III.2.21 on the portion �1, we have

��1 =
1

2

Z T

0

dt

Z
�1

(u2t � jrguj2g)H � �d�: (III.2.25)

Let H1 be a vector �eld on 
 such that(
H1 = H x 2 �1
H1 = 0 x 2 �2 [ 
 n !:

(III.2.26)

Set H = H1, from the identity III.2.16, we have

�0�1 = G (III.2.27)

where

�0�1 =
1

2

Z T

0

dt

Z
�1

(u2t � jrguj2g)H1 � �d� = ��1 : (III.2.28)

G = (ut; H1(u))jT0 +
Z T

0

dt

Z
!

DgH1(rgu;rgu)dx+
1

2

Z T

0

dt

Z
!

(u2t � jrguj2g) div H1dx

+

Z T

0

dt

Z
!

a(x)H1(u)[�1ut(x; t) + �2ut(x; t� �)]dx: (III.2.29)
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From III.2.27�III.2.29, we obtain

��1 = G � C(E(0) + E(T )) + C

Z T

0

dt

Z
!

a(x)[u2t (x; t) + u2t (x; t� �) + jrguj2g]dx:
(III.2.30)

Substituting III.2.24 and III.2.30 into III.2.20 by III.0.10, we obtainZ T

0

E0(t)dt � C(E(0) + E(T )) +

Z T

0

dt

Z



(C�u
2 + �jrguj2g)dx

+ C

Z T

0

dt

Z



a(x)[u2t (x; t) + u2t (x; t� �) + jrguj2g]dx: (III.2.31)

Set P = a(x) and substituting the identity III.2.17 into the identity III.2.31, we haveZ T

0

E0(t)dt � C(E(0)+E(T ))+C

Z T

0

dt

Z



u2dx+C

Z T

0

dt

Z



a(x)[u2t (x; t)+u
2
t (x; t��)]dx:
(III.2.32)

From III.2.7, we haveZ T

0

E0(t)dt =

Z T

0

E(t)dt� �

Z T

0

Z 1

0

Z



a(x)u2t (x; t� ��)dxd�dt

�
Z T

0

E(t)dt� �

Z T+�

0

Z



a(x)u2t (x; t� �)dxdt: (III.2.33)

From III.2.8 and III.2.9, we obtainZ T

0

E(t)dt � TE(T ): (III.2.34)

E(0) � E(T + �) + C2

Z T+�

0

Z



a(x)(u2t (x; t) + u2t (x; t� �))dxdt

� E(T ) + C2

Z T+�

0

Z



a(x)(u2t (x; t) + u2t (x; t� �))dxdt: (III.2.35)

Substituting III.2.33�III.2.35 into III.2.32, for su¢ ciently large T we obtain

E(0) � C

Z T+�

0

Z



a(x)(u2t (x; t) + u2t (x; t� �))dxdt+ C

Z T+�

0

Z



u2dxdt: (III.2.36)

The estimate III.2.19 follows from the inequality III.2.36 by a compactness-uniqueness
argument as in [3].
Proof: of Theorem III.0.4 Let T > 0 be given by Lemma III.2.4. Then it follows from
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III.2.8 and III.2.19 that, for T > T ,

E(0) � CT

Z T

0

Z



a(x)(u2t (x; t)+u
2
t (x; t� �))dxdt � CTC

�1
1 (E(0)�E(T )): (III.2.37)

Then

E(T ) � CTC
�1
1 � 1

CTC
�1
1

E(0): (III.2.38)

The estimate III.0.12 follows from the inequality III.2.38.
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