PEOPLE’S DEMOCRATIC REPUBLIC OF ALGERIA
Ministry of Higher Learning and Scientific Research

El-oued University
Faculty of exact sciences
Department of Mathematics

., L
Solod] - il o S| Al
Université Echahid Hamma Lakhdar - El-Oued

COURSE HANDOUT

Infinite series and generalized
integrals

(Detailed lessons supported by various exercises)
Level: Second year university
Specialty: Mathematics

PREPARED BY

Dr. LAMINE GUEDDA

Double ©©

Summation 41
Way E —
2”

n=1

University year 2023 2024
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Preface

This course represents the content of the module of analysis 3. It is intended
mainly to students of the 2nd year license mathematics (semester 3) or any
other person wishing to know the techniques for calculating infinite sums in
the continuous case and in the discrete case. Before being able to approach
this course, it is essential to know what a numerical sequence and how to define
it by a general term or a recurrent relation and to know everything concerning
its convergence either by calculation or by convergence criteria and how to
express the sum of n consecutive terms of a sequence and the calculation of its
limit. The student must also master the concepts studied through the module
of analysis 2, in particular the Taylor expansions and the equivalence of 2
functions in a neighborhood of a given point and the R-integrable functions.
This course covers notions of analysis essentially concerning the calculation of
infinite sums and generalized integrals. It is divided into 04 parts: the first
part presents the different convergence tests of a numerical series while the
second deals with sequences and series of functions and the different types of
convergence (pointwise-uniform - normal-absolute), the 3rd part is devoted to
the study of two interesting examples of series of functions ( power series and
the Fourier series), the last part concerns the generalized integrals and the
functions defined by an improper integral depending on a parameter. This is
a mathematics course, with rigorous and complete demonstrations of almost
all the theorems presented. I have also inserted many of the examples and
solved exercises in order to help comprehension and to make the text more
explicit, as well as a series exercises are provided to students at the end of
each chapter. Here are some methodological remarks. This course should be
read as follows: for each concept covered, you must first to get a general idea
of the phenomenon, and of the type of properties that are true, without going
too much into the proofs but trying to understand the statements. Then you
have to create a few examples or counter-examples yourself, to assimilate the
concepts. It is at this stage that one must examine and really understand
the technical details and the good hypotheses, which make a theorem really
correct, and not only apparently correct but wrong. Finally, you have to try,
without spending too much time, to prove yourself the different statements,
then check in the text in case of failure or to compare. One way to test whether
you have assimilated things well is to try to explain a chapter yourself without
using the text, as follows: - give a general idea of the concepts covered and
their usefulness, - state the definitions (exactly, without error), - state the
main theoems with precise hypotheses and conclusions, - give good examples
to illustrate these theorems or the way in which they are used, - give good
counter-examples to abusive generalizations of theorems. Finally, you have
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to do many exercises, which make all this penetrate, among other things by
going to the tutorial sessions.
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Mathematicians played a major role in the topic of integrals and
series This is a list of mathematicians rendered great services to humanity
and innovated at a time when means were scarce

Figure 0.1: From left to right: Cauchy(1789-1857) - Dirichlet(18051859) and
Abel(1802 - 1829)

Figure 0.2: From left to right: Leibnitz (1646-1716)- Riemann(1826-1866) and
d’Alembert(1717 - 1783)
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Chapter 1

Infinite numerical series and
sequence of partial sums

1.1 Introduction

Let (un)n>0 be a sequence of real (or complex) numbers. We know that the
sum of a finite number of its successive terms is a real (or complex) number,
but this does not remain true in the case of infinity of terms. To study the
value of the sum > u,,, we form the partial sums

p=n
S, = ug + Uy + U + ... + Uy = Zup.
p=0

Then, we calculate the limit of the sequence (S,). Take lim;, o, S, = S,

if this limit is real number, we call it sum of the series ) ., u, and we write
S=>.2

n=0 Up-

In general, the theory of series aims to give if possible, a meaning to the
sum of an infinity of numbers (real or complex). For example, suppose we
have an apple and a perfect knife to cut without ever losing any thing. If we
start by eating half of the apple then, half of what is left and so on indefinitely,
no one doubts that we will end up eating the whole apple. And if we note
uy = % the fraction of apple eaten the first time, u; = %uo = % the fraction
of apple eaten the second time and in general u,, the fraction of apple eaten
the nth time . To say that we have eaten everything means that if we add up
ug, U1, U3, .., Uy , ... we will find 1, that we will note

+oo
up 4+ U1l 4 Uz + .. + un, +...:Zup:1.
p=0

See fig (?7)

— |-

Figure 1.1: Sum
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Zeno’s paradox: An arrow is fired 20 meters from a target. he takes a
certain amount of time to cover half the distance, namely ten meters. Then
he still needs time to cover half the remaining distance, and again some time
for half the distance still remaining. We thus add an infinity of non-zero
durations, and Zeno concludes that the arrow never reaches his target, Zeno
did not conceive that an infinity of finite distances could be traveled in a finite
time. And yet, in the example of the apple that the sum of an infinity of terms
can be a finite value.

1.2 Definitions and properties

Definition 1.2.1 Let (up)n>0 be a sequence of (real or complex). Set
p=n
Sy = up 4+ up 4+ ug 4 oo +upy = Zup.
p=0

The numerical sequence (Sy (u)),cy 5 called numerical series of general

term u, and denoted by one of the following symbols Y, . un, Z;ﬁg Up,D nen Uns

> Up.

(Sn (w)),en s also called the sequence of partial sums.

Definition 1.2.2 The numerical series ), ~un s said to be convergent if
its sequence of partial sums (Sy, (u)),cyconverges to a limit S called sum of
the series and we write briefly

o
$= i 500 =3
p=0
In this case, it will be useful to note (R, (u)) the sequence of the remain-
ders associated to the convergent series ) <, un defined by

Ry(u)=5—=S, ()= > u

p=n-+1

R, (u) is called the remainder of the convergent series of order n.

In general, for all convergent series limy, oo Ry = S — limy, 00 Sy (u) =
S—-5=0.

The series Y, ~qun 15 said to be divergent if the sequence of its partial
sums (Sy, (u)),ey diverges.

Remark 1.2.3 1) To study the nature of a numerical series is to know whether
it is convergent or divergent.

2)A series and the sequence of its partial sums have the same sens of
variations.

3) For our part, we will distinguish between any series Y o Un and its
sum, we will reserve the notation Z;ﬁg u, to a series convergent or to its
sum.

4)Beware of the summation symbol Z;ﬁg up 1t 18 not a sum in the usual
sense, because it is not commutative in general.

5)The partial sums of a series are always definite, but the remainders of
order n are only definite when the series converges.
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Proposition 1.2.4 If two numerical series ), ~oUn , Y _,>oVn do not differ
except by just a finite number of terms ( that is , Ing € N,Vn > ng; u, = vy,)
then, they are both convergent or both divergent.

Proof. For fixed n > ng, one can express the partial sums S, (u), Sy (v) of
the sequences (uy,) , (v,) respectively as follow

p=ng—1 p=n p=ng—1 p=n
Sp (u) = Z up + Zup;Sn(v): Z vp + va.
p=0 p=no p=0 p=ng
Since > 7= up = Y00 vy, for each n > ng, then Sy, (u) — Sy (v) = a

(constant). Consequently,
Y n>0 Un is convergent <= (S, (u)),,cy is convergent <= (S, (v)),,cy 18
convergent < Zn>0 vy, 1S convergent. M

Remark 1.2.5 1)The previous proposition allows us to say that two series
may have the same nature, but they have different sums (in the case of con-
vergence).

2)The nature of a numerical series does not change if a finite number of
terms are added to it or removed from it.

1.3 Nature of some usual numerical series

1.3.1 Geometric series

Let be the geometric sequence (¢™) where ¢ is a real or complex number.
The geometric series ), -, ¢" by definition, is the sequence of partial sums :
So=¢"=1,51=¢"+¢", % ="+¢"+4* ...

Inthe case g = 1, S,, = 12411 +12 ... +1" = n+41,which give lim S,, = 400
therefore, > -, 1™ is divergent.

For ¢ # 1,using the formula for the sum of consecutive terms of a geometric
progression, S, can be expressed as a function of n as follows:

1 9 1_qn+1
Spn=14+¢ +¢ +....+q¢" = ————

)

l—gq
here, we distinguish two cases:
1) J¢l > 1; limS, = {

ano q" is divergent again.

400 if ¢g>1 .
does not exist if ¢ < —1 "’ which prove that

2)|g| < 1; lim S,, = 1 because lim ¢" = 0.

Conclusion 1.3.1 The geometric series Y, q" converges if and only if
. . . 1

gl < 1. In this case its sum is 3,7 o q" = 1.

Example 1.3.2 1) Y _,e " is geometric series with ¢ = e+ € |—1,1],

then it is convergent whose sum is equal

oo oo 1
—-n - -1 _ —1
Zen = Ze”—l—e —1_671—1—6
e 2 1

l—el e2—¢
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€

Wi

2) EnZO (—%)n is also a convergent geometric series because ¢ = —
|-1,1[, then its sum is 2;28 (-2)" = L =3

W)

1.3.2 Telescoping series

If (an),cy is a given numerical sequence, > - (ant1 — an) is called a tele-
scoping series.
This series represents the sequence of partial sums (S,),~, where
Sp = (a1 —ag) + (a2 —a1) + (a3 — az) + ..... + (an — an—1) + (an+1 — an)
= Qn+41 — Ag-
Then, lim S, = lim (an+1 — ao),

Conclusion 1.3.3 a sequence (an),,cy and the telescoping series Y <o (ant1 —

have the same behaviour.
If the sequence (an), oy converges to l , the series Y ¢ (any1 — an) con-
verges to | — ayg.

Example 1.3. 4 1) In order to study the nature of the series >

notice that n(n+1) = % — n+1 then by taking a, =

general term of its sequence of partial sums
_Nwp=n(1 1 p=n _ _ 1
Su =507 (5= 1) = S (ap = ape) = — s =1 2y

As lim S, = lim (1 — —) =1, therefore, Zn21 m s convergent with

n>1ln n+1)

% , one can calculate the

n+1
—+00 1 . 1
p=1 n(n+1) —

2) En21 In (”TH) 18 also a telescoping series because we know that In (
In(n+1)—Inn = ap41 — an, where a, = Inn. So the series of partial sums is
defined by:

Sp=3 0" (n(p+1)~Inp)=In(n+1)-Inl=In(n+1).

Aslim S, = limIn (n + 1) = oo then, >, m is divergent.

the sum
n—l—l)

1.3.3 Harmonic series

. . . 1 .
It is the numerical series of general term u, = .., i.e the series anl

The sequence of partial sums that it represents is defined by

1
o

Zl—1+ FE +l
4 3 4

We will try to study the nature of this series. By applying the mean value
theorem for the function In on the interval I, = [k, k4 1],k € N* we obtain

1
In(k+1)—Ink < <

and by writing this inequality for the valuesk = 1,2, 3, ..., n then by adding
it member to member we find that

1
Inn < S,_1 < Sp-1+ E =5,.

Since limInn = 400 then, lim .S,, = +0o0 which prove that the harmonic
series (Y, =) is divergent.

ap)
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Remark 1.3.5 As can be clearly seen, the test of the sequence of partial sums
is far from being easy to apply in most cases because it requires the exact
explicit expression of this sequence.

Indeed, it suffices to consider for example the harmonic series. To deal with
this problem, it was necessary to design other criteria that allow us to judge
the nature of a numerical series without going through the explicit expression
of the sequence of partial sums. These criteria can constitute either a necessary
condition of convergence, either a sufficient condition or a condition that is
both necessary and sufficient.

1.4 Necessary condition of convergence

Theorem 1.4.1 A necessary condition for the series ), < un to converge is
the convergence of uy to 0 but the reverse is not true.

B.e. Y . ~0Un 1S convergent - lim u, = 0.

< means that the condition limu, = 0 is not sufficient.

Proof. Assume that >, -,u, is convergent, S is its sum and (S, (u)) is the
sequence of partial sums. Then,

lim w,, = lim (S, (u) — Sp—1 (u)) =S —S=0.

On the other hand, we know from the above that the harmonic series is
divergent while lim% = 0, hence the invalidity of the sufficiency condition. m

Another counterexample: the telescopic series ), - (\/ n+1-— \/ﬁ) is

. . I 1 _
divergent whereas lim (\/n +1-— \/ﬁ) = lim WoEsEsy 0.

Remark 1.4.2 To prove that the numerical series with the general term uy,
is divergent, it is sufficient to prove that limu,, # 0.

In fact, the contrapositive of the above implication limu, # 0 =
Y om0 Un is divergent is true.

Therefore, to prove that the series of general term u,, is divergent, it suffices
to make sure that limw, # 0.

Example 1.4.3 The series ), <, gzt%, Soasy (T4 %)n are divergent because

lm 3 = 2 220, lim (14 2)" =e #0,

since they do not satisfy the necessary condition of convergence.

1.5 Cauchy’s condition

We already know that the study of the series ), -, u, is equivalent to that of
the sequence of partial sums associated with it. Sometimes it is not possible
to calculate the limit of the partial sums sequence (S),) because the expression
of its general term is not known explicitly. As we also know that a numerical
sequence is convergent if and only if it is of Cauchy then, in such cases, to
know the nature of the numerical series, it is sufficient to prove that (S,,) is a
Cauchy sequence. We can now state the Cauchy condition on the numerical
series given by the following theorem.
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Theorem 1.5.1 (Cauchy condition) For the series ), ~oun to converge, it
is necessary and sufficient for (S, (u)) to be a Cauchy sequence , i.e.

m
Ve > 0,dN. € N,Vm > n > Ng; Z up| < €
p=n+1

or in another form
Ve > 0,3dN. € N,Vp € N,Vn > N5 |Spap (u) — Sy (u)| < €

Proof. ( =) By definition if ), ., u, converges then, the sequence (S, (u))
converges too and therefore it is a Cauchy sequence.

(<= ) If (Sn(u)) is a Cauchy sequence, it converges which imply that
Y n>0 Un converges also. m

Example 1.5.2 We will use this test to prove that the harmonic series is
divergent. Taking in the first formula m = 2n, we get

p:2n]7 p:n,l p=2n 1
|Son (u) — S (u)| = Z*_ —| = Z
=1 P =P p=n+1?
1 1 1 1
n+1l n+2 n+3 2n
1 " 1 n 1 4ot 1 n 1
2n  2n 2n 7 2n 2n 2’

thus, there exists € > 0 such that for all N € N, there exist m > n > N,
S (1) — S ()] = .
It suffices to take € = %and m = 2n. Which prove that the series ) -

1
n
1s divergent.

1.6 Operations on the series - linearity

Definition 1.6.1 The sum of the two series Y ~,un and Y -0y is the
series of general term u, + vy, i.e.

Zun—i—Zvn:Z(un—i—vn)

n>0 n>0 n>0

Similarly, the product of the series ano Uy, by the real or complexr number
A s the series of general term Au, and one can write

)\Zun :Z/\un.

n>0 n>0

Proposition 1.6.2 Let ) ~oun, and ) . ~ovn be two numerical series and
\ a non-zero real or complex. B

1) If Y, ~oun converges to S and ), ~,vn converges to L then the series
> so (Un + vy) converges to S+ L. -

2) If 3,0 Un converges to S then the series Y., o \upn converges to AS.
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Proof. Denote by (S, (u)), (S, (v)), (Sn (u+ v)) the partial sums sequences
of the series of term general u,, v,, u, + v, respectively.

1) It is clear that

Sp (u+v) = (up + vp)

zg— D=y = S (1) + Sy ().

passing to the hmlt in both members , we obtain

Iim S, (u+v) = lm(S, (u)+ Sy, (v))
lim S, (u) +lim S, (v) =S+ L

then ) - (4, + v,) converges and whose sum is

+oo
Z un—l—vn Zun—i—Zvn
p=0

2) Similarly, We have for an arbitrary A € R (or C)
Sn () = 3575 (i) = A ST

hence
p=n

lim S, (Au) =HmA > " u, = A.S,
p=0

therefore, ) -, Auy, converges to AS. m

Remark 1.6.3 1) If )" -, u, converges and ), ~,vn diverges then the series
> so (Un + vy) diverges. -

2) If the two series Y., <oUn » O on,>0Un diverge, nothing can be said about
the nature of their sum Y., <o (tn + vn) .

Example 1.6.4 1) The series ), -, L> diverge, while Y., <1~ =

n>1 n+1 n>1 n(n+1)
Zn21 (% +(-1) n%rl) converges as we have seen.
2) Let Y, ~oun and Y, <o vn such that for all n € N; u, = 2, v, = —2..
These two series diverge because they do not satisfy the necessary condition
of convergence. However ), . (un + vyp) converges.

1.6.1 Convergence of a series with complex terms

Proposition 1.6.5 Let ) -, uy be a series such that for alln € N; u, € C
(set of complex numbers). The series Y., <o Un is convergent if and only if the
series Y., o Re (uy) and >, <o Im (uy,) are convergent.

In the case of convergence, the sum of Y >0 Un 08

iun: iRe(un)—i—iiIm(un)
n=0 n=0 n=0



Chapter 2

Numerical series with positive
terms

Notation 2.0.1 We will note often (Vn > 0) instead of (Ing € N;Vn > ng).

Definition 2.0.2 We call ), -, un a series with positive real terms any series
satisfying u, > 0 for any n € N . Series verifying ¥Yn > 0;u, > 0 can be
considered as well with positive terms because the nature of those series does
not change if we subtract a finite number of terms from it.

2.1 Some convergence tests

The convergence criteria that we have seen so far rely on the explicit expression
of the general term of the sequence of partial sums, which is not always easy
to determine. It is for this reason that it was necessary to design other criteria
that allow us to judge the nature of a numerical series ) , - un, without going
through the determination of the general term of the sequence of the partial
sums associated with it. In other words, criteria taking into account only the
general term u,,.

2.1.1 Series with bounded above partial sums

Theorem 2.1.1 Let ) -, un be a series with positive real terms and (Sy (u))
its partial sums sequence.

The series Y, ~qUn is convergent if and only if (S, (u)) is bounded above
(i.e. 3M > 0,Yn > 0;0 < S, (u) < M).

Proof. (<) Notice that the 2nd implication is the contrapositive of the 1st
one, (S, (u)) is bounded above and Vn > 0;S, (u) — Sp—1(u) = up > 0
then (Sp, (u)),,>,, is also an increasing sequence, which prove that (S, (u)) is
a convergent sequence.

(=) It well known that all convergent sequence is bounded. ®

Remark 2.1.2 In the case of convergence, ngo Up = SUPy>p, Sn (u) oth-

erwise sup Sy, (u) = 4o0.

15
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Example 2.1.3 ano 2241 s a convergent series , in fact we have for all

N 3741
pE
w41 2\ 1
< < | = —.
0—3w+1—<3>'%w

Denoting by S, the sequence of partial sums of this series, then

p=n p=n p=n
2P +1 2\? 1

0 < < — —
< S 3Hes (3 xs

p=0 p=0
+1 +1
@ )
1-2 1-1
1 1 9
< + =,
1-2 1-% 2

because, %, % € 10,1[. Thus, the sequence (Sy) is bounded by %, so the

corresponding series is convergent and has for sum a value S, such that 0 <
S < 9.
2

2.1.2 Comparison tests

Notation 2.1.4 (Lando notation) Let (uy), (v,) be two real sequences.

1) We note u, = O (vy,) if there exist M > 0 such that |u,| < M |vy]| for
all n > 0.

2)We note u, =o0(vy) if foralle>0 and alln>0; |uy| < e€lvy).

3) If up—v, =0 (uy), we say that (uy) , (v,) are equialent sequences and
one writes Uy, ~ Up.

Remark 2.1.5 Suppose that ¥Yn > 0; v, > 0. then
Dy = O (vy) if and only if ™ is bounded.
2) un = o (vy) if and only if lim 3 =

3) up, ~ vy, if and only if lim =

Theorem 2.1.6 Let (u,) and (v,) be two real sequences such that ¥n > 0;
0<up<w,

then,

1) > vy is a convergent series => Y uy 1is a convergent series,

2) > uy, is a divergent series = »_ v, is a divergent series.
Proof. 1) Taking S, (u) =>_P_" up, Sp (v) =3 0_7 w, . If the series ) vy,
converge then the sequence of its partial sums converge also.Therefore, it is
increased by a real m > 0. Hence,

0<8,(u) <8Sp(v) <m. In view of the theorem ?? and the proposition
?7?, we conclude that > u, is a convergent series.

2) Tt suffices to notice that the second implication is the contrapositive of
the first one. m

Example 2.1.7 1) Consider the numerical series Y, <o 22, > 150 ﬁ It
is clear that 0 < # < m
As Yoo ﬁ = .59 (ﬁ — %) is a covergent telescopic series then,

the series Y., 2> conerge also.
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2) Similarly, knowmg that the harmonic seris Zn>1 18 dwergent Mo-
rover, we have 0 < - < = for allm > 1 then the series Zn>1 Tn diverges

Exercise 2.1.8 A student hopes to investigate the convergence of the series
Zn>1 — by compary it with Zn>1 . Is this student on the right track?

Solution 2.1.9 No, because forn > 1 we have 0 < % < %, however )", -, %
s a divergent series the comparison test therefore does not allow us to drow a
conclusion about the convergence or divergence for the series Zn>1 ;Ln.
Corollary 2.1.10 Let > uy, and ) v, be two series with positive real terms
such that u, = O (vy,), then

1) > vy, converges = Y. u, converges.

2) > uy, diverges = > v, diverges.

Proof. As we know that

Up =0 (vy) <= IM > 0,3ng € N;n > ny = u, < Moy,

then, by linearity Y v, converges — Y Mwv, converges and by the
comparison test the series > u, converges. m

Corollary 2.1.11 Let (uy,) and (v,) be two real sequences with positive terms.
If there exist two strictly positive real constants a and b such that

Vn > 0; a < {2 < b then, the numerical series > un and > v, are of
both covergent or divergent.

Proof. It’s clear that u,, = O (v,) and v, = O (uy,) because Vn > 0; u,, < bu,
and v, < %un then it suffices to apply 77. m

2.1.3 Equivalence tests

Corollary 2.1.12 Let (uy,) and (vy,) be two real sequences such that ¥n > 0;
up >0, vp, > 0. Suppose that lim » =1 € Ry then
1) Ifl # 0 then, both series Zun and Y v, are of the same nature. In
particular for 1 =1 (i.e. the case u, ~ vy)
2) If 1 =0, we distinguish two cases
a) > v, converges = Y. u, converges.
b)>  uy diverges => > v, diverges.

Proof. 1) By definition of limit, one can write,

hm“" =]l#0<=Ve>0,9n90 € N;n > ny = ;‘—:—l) < e.

Choose e <l (fixed) ,3ng € Nyn > ng = [l —e < {* <l+e Thus
IngeNyn>ng = (I —e€)vy <up < (I+€)vy.

i.e. up = O (vy,) and v, = O (uy). In view of corollary ??, > u, and Y v,
are both convegent ordivergent.

2) hm“: =0<«=Ve>0,dng e Nyn>nyg = 0<u, <ev, then, it

suffices to apply the comparison criteria to deduce a) and b). =
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Example 2.1.13 1) ano %ﬁ) is a divergent series, in fact by using equiv-

alence test, we have V n > 1, WQ% > 0,% >0,

lim (3n2+5 + %) = lim 3215 = % % 0 and we also know that the harmonic

series Y, = is divergent.

2) > >0 ﬁ is a convergent series because by the equivalent test we

have
. 1 _ . 1
Iim|——=2e¢")=lim|—— | =e#0
el —n el —npen

and as0 < e~ ! < 1, the geometric series with general term e™" is convergent.
3) Let 3,53 m be a numerical series. we have

I 1 1 . 1+Inn 0
m{—+——————— | =lim——— =0.
n y/n(l+Inn) Vn

Since the harmonic series is divergent, then ), -4 N L

Jniinn) is also diver-

gent.

2.1.4 D’Alembert’s ratio test

Theorem 2.1.14 Let Y u, be a series with strictly positive real terms.

1) If we have ¥n > 0; uZ—:l > 1 then, Y u, diverges.

2) If there exists 0 < a < 1 such that ¥n > 0; 5 < o then Y up
converges.

Proof. 1) We have u,4+1 > u, for all n > ng, which mean that (u,) is an
increasing sequence starting from ng.Then

Vn > np; 0 < Upg < Up,

by passing to the limit, we obtain limw, > uy,, > 0 i.elimwu, # 0, which
prove that necessary condition of convergence does not hold.

2) Suppose there exists 0 < a < 1 and ng € N, such that Vp > ng; UZ—J: <
.

Let’s write this inequality for the values of p = ng,ng +1,...,n — 1 and
then multiply all the inequalities member by member, we find

u 1 U 2 U 3 _ . . . .
notl Znot? Znodd | _un < on=m0 By simplification, we obtain 0 < u, <
Ung  Ungipy Ungya  Un—1

Z%ga”. As Y a™ is a convergent geometric series because 0 < o < 1, it suffices
then to apply the comparison test. m
Usual D’Alembert ratio test

Corollary 2.1.15 Let > u, be a series with strictly positive real terms.
Suppose that lim uZ—:l =1 then,

1) If 1 € [0, 1], the series Y uy, converges .

2) If l € 1, +0o0] ,the series > uy, diverges.

3) In the case | = 1,we cannot conclude about the nature of the series.

Proof. By definition of the limite one can write

Ve >0,dng e N,Vn € N;n > ny = l—egwgl—l—e.

Un
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1) In the case [ € [0,1[, we can choose € = 17_1 and then u;‘—:l <l+e=
H'Tl < 1.Thus, by D’Alembert ratio test, the series ) u,, is convergent.
2) For | > 1, taking € = 5%, we get > e = Bl > 1.Again, by
D’Alembert test the series ) uy, is dlvergent ]

Example 2.1.16 1) Let’s study the nature of the series ), n'))! Putting
(2n)!

Uy = (a2

Notice that ¥n € N;u, > 0 and

Unt1 (2042 (0)® (20 +2) (2n+ 1) (2n)! (n!)?
un  (n+DN22n) (n+ DA ()2 (2n)!
(2n+2) (2n+1)
(n+1)%.
lim u"“ = lim% = lim%2 = 4. As 4 > 1 then, the series

Zn>02 )) diverges.

2) Similarly for the series Zn>1 e Set up = 5. We have

Unt1  (n+ DI w" (4Dl " m N1
G DT \ne1) T

then, lim U"II =1=e"1€(0,1[, which show thaty", >0 273); is a conver-

gent series.

Remark 2.1.17 The conditions of d’Alembert’s test are sufficient but not
necessary, i.e. the series Y uy can be convergent without fulfilling the condi-
tion | <1 or divergent and the condition [ > 1 is not validated.

. . 1 . 1 -
For instance : Zn21 Tn diverges, Zn21 ~3 converges while in both cases
=1

2.1.5 Cauchy’s root test

Theorem 2.1.18 Let Y uy, be a series with positive real terms. .

1)If we have : ¥n > 0; Yu, > 1 then, the series ) u, diverges.

2) If there exists 0 < a < 1 such that ¥Yn > 0; /u, < « then, Y u, isa
convergent series.

Proof. 1) Suppose that there exists ng € N, such that : Vn > ng; {/u, > 1.
We know that f(¢) = ¢" is non-decreasing function on Ry so we conclude
that Vn > ng; u, > 1,

and then limwu, > 1.Therefore ) u, is a divergent series.

2) Suppose that there exist 0 < a < 1 and ng € N such that : Vn >

no; Yu, < a then
Vn > no;u, < o’

As Y a™ is a convergent geometric series because 0 < a < 1 and by
applying the comparison test, we deduce that > u, converges. m
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Corollary 2.1.19 Let > u, be a series with positive real terms.  Suppose
lim /u, = I.

1) 1<1 = > a" converges

2) 1>1 = > ao" diverges.

3)In the case | = 1,we cannot conclude about its nature .

Proof. We will apply the previous theorem. By definition of the limit, we
have
Ve>0,Ing e N,VneNin>nyg = l—e < Yu, <l+e

1) For [ < 1, we choose € = % then, there exists ng € N such that, for all

n > ng we get Yu, <l+e= 1T+l € [0,1]. Thus, Y uy is a convergent series.

2) If [ >1,taking e = Z_Tl (for example). Then, there exists n; € N such

that, for all n > ny; we get Yu, > 1 —¢€ = ITH > 1. Therefore, > u, is a
divergent series. m

n
Example 2.1.20 To study the nature of the numerical series Zn21 (%)

an

n
(a is a positive real parameter). Taking wu, = (37%2) > 0. It ’s clear that

Y n>1Un 1S with positive real terms. we have

lim {/u, = lim 5.5 = . Therefore, the series is convergent if 0 <a <3
, divergent if a > 3.

For a = 3, by the cauchy test we can not conclude . Let’s check the neces-

sary condition

" 1

thus, the series diverges.

Comparison between the test of cauchy and that of D’Alembert

Proposition 2.1.21 Let (u,) be a sequence with strictly positive terms. If
lim =24 =1 exists then, | = lim {/uy,.
The reverse implication is false.

Proof. Suppose that, [ # 0 and 0 < € < [. There exists N € N such that
for all p > N we have

U
l—e< P <iqe
Up

By multiplying these inequalities for the values N < p < n — 1 member-
to-member, we get

V> Ni(l— )" Nuy <up < (14 )" Ny,
let’s apply the nth root on all the members, we obtain
V- Nuy(l—€) < Yun < iU+ Nun(l+e),
by passing to the limit, we deduce

(I —e€) <lim Yu, < (I+¢€),
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therefore, lim /u,, = [.

By a similar methode, one can prove that lim {/u, = 0 if [ = 0 and
lim {/u, = +o0 if | = +00. m

Counter-example :Set the numerical series ) -, u, defined by ug,—1 =

—1 _1
(%)p ) U2p = 227 where p=1,2,3, .....

In other words wu,, =

Let’s calculate ug and

Ungr _ { % (%)nT+1 (%2%1 = g;for odd number n

(2) : for an odd number n

/i =

On the one hand, we have lim “ZII does not exist, therefore we cannot
know the nature of this series.
On the other hand lim {/u,, = \/g € [0,1] then by Cauchy test, >, ~; un

is a convergent series.

\[ Rk ; for an even number n

Remark 2.1.22 Cauchy’s root test is valid only if im /u,, exists. By con-
trast, | = lim Yu, can always be calculated. Then, the corollary 77 remains

valid if we replace | = lim {/u, by | = lLim {/u,,.

2.1.6 Other tests
2.1.6.1 Kummer’s Test

Proposition 2.1.23 Given a series Y u, with strictly positive terms and a
sequence (by) of finite positive constants let

P T W
Un4-1

1) If p > 0, the series Y u, converges.
2)If u <0 and); i diverges then, the series Y u, diverges.
3) If u =0, the series may converge or diverge.

Proof. By definition of the limit, we have for arbitrary € > 0 there exists
N € N, such that for each n € N

n>N = p—e<b, —bpr1 < p+e
Un+1
1) For p > 0, choose € = &, take [ > N so
up 2
b—— —by1 > p—e= Pso— 1 < — (bwg — by 1ugyr) -
Up41 2 e
Consequently ,

T
[
3

n

IN

U1 (brug — biy1uiyr)

T

2
TN TN

T

Z

2
— (byun — bpgitnyr) < MbNUN = constant.
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The right-hand side of this inequality is a constant, independent of n.
Therefore, the positive sequence of increasing terms S, (u) is bounded above,
and consequently possesses a limit. Thus the series ) u, is convergent.

2) In this case, choose € = —% then, for all n > N, have
U I
by, - bn+1 <pt+e==<0+= bpup < bn+1un+17
Un+1 2

which mean that (b,uy),~y is an increasing sequene, i.e for all n > N;
bpun > byuy, There fore wu, > b]\l’)%. By hypothesis, the series Zb%%
diverges then, the comparison test impliy that > u,, diverges also. m

2.1.6.2 Raabe-Duhamel’s test (1839)

For the continuation we give rules allowing to explore the case where lim % =

1 in the D’Alembert’s test.
Proposition 2.1.24 Let Y wu, be a series with strictly positive terms, such
as
Un_ _ 1) =m
Un+1

then, the series Y u, will be convergent if m > 1 and divergent if m < 1.
But for m = 1, this test fails.

lim Unil _ 1 and limn <
Un

Example 2.1.25 1) Consider a real m and the series Y. -, —. We have

n>1 nm

m
= 1, therefore the D’Alembert’s test is inconclusive.

U
Jim =l
n

= lim <n+1

However for n around +o0o

Up, 1\™ m 1
=|1+=-) =14+—+o0|—/,
Up i1 n n n

then, limn (U—H — 1) =m.

Raabe-Duhamel’s test allows to conclude that the series) ., -, ni’” diverges
for m <1 and converges for m > 1 as well known.

2)Consider the series Zn>2 lnn) . Let’s use Raabe’s test. For large n, we
have

i) () ) (1)
~n nhm) l n(1+ nlnn—1)~ﬁ~
Inn

we obtain, limn ( =0<1, then ), <, lnn)a diverges.

L

= lim
Un+1 nn

Proof. It suffices to put b, = n in Kummer’s test because

limn< tn —1>:m<:>limn tn —(n+1l)=m-1=p.
Un+1

Un+1
Then,
1) m>1. < pu>0.
2) m <1<= p <0, with ) é = >",>1 = is the harmonic series so it’s
divergent. m
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2.1.6.3 Gauss’s test (1812)

Proposition 2.1.26 Let Y u, be a series with strictly positive terms such
that
Un Bn

_1+ + 5

Un+4-1

where, m is real constant, ( () is a bounded sequence as n tends to +oc.
Then, the series Y u, converges for m > 1, diverges for m < 1.

Proof. For m # 1, by Raabe’s test, we have

limn< Un —1) —hmn( ﬁn) = lim (m—l—@l) =m,
Un+1 n n

in fact the boundedness of 3,, when n tends to +o0.
For m = 1, Raabe’s test is inapplicable. In this case use Kummer’s test
by choosing b, = nlnn: for large n,
(bnztss = bos1) = (pnn (14 2+ 2) = (n+ DI (n+1))
=(m+m)lnn + £ Bolnn— (n+1) (Inn+1In(1+ 1))
~(n+m)lnn+ ﬁnln" (n+1) (Inn+1)

n
=(m—1)lnn— = 4 g, o0
z( —1)lnn—1 <0, form <1.
As > é =D 02 —— diverges then, > u, diverges in view of Kummer’s

test. m

Example 2.1.27 Let’s study the nature of the series Y -, n% (v is a real
constant). We can test for convergence using Gauss’ test, we have for large n

1 1) 1\ 1\“ 1
R () - (] g e(3)
Upt1  NY 1 n n n n

In view of Gaus’s test Zn>1 na

The function ¢ (o) = Zn>1 — where a > 1 is called Riemann zeta func-
tion.

converges if a > 1, diverges if a < 1.

2.1.7 Integral test

The concept of improper integrals is an extension to the concept of definite
integrals. The reason for the term improper is because those integrals either
include integration over infinite limits or the integrand may become infinite
within the limits of integration. Here we will give a very short overview of this
concept as far as we need it in the integral test for convergence of a numerical
series and we will cover the topic of improper integrals in detail in the last
chapter of this manuscript

Definition 2.1.28 Let f be a continuous real value function on the non-
compact interval [a,b[ (it’s possible that b = +o0). If lim, - [ f(t)dt =
[ € R, we say that the improper integral f; f (t) dt converges and one can write
f;f (t)dt = 1. If lim, - [ f(t)dt does not exist or it is infinite, we say
that fff (t) dt diverges .
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Proposition 2.1.29 Let f be a continuous, monotonically decreasing posi-
tive real function on [a,+oo] (a>0). Putu, = f(n). Then
Zne[a oo[ Un COTWVETGES if and only if fa+oo f(t)dt converges.

a, if a € N.
[a] + 1,ifa ¢ N ~
For all p > ng, as f is monotonically decreasing on [p,p+ 1] C [a, +0o0[
we deduce

Ve elpp+1];f(p+1)< f(z) < f(p),
That’s

Proof. Let ng be the integer number defined by ng = {

Vo € [p,p+ 1] uprr < f(x) < up,

By applying integration to all sides of double inequality, we get

p+1
Upy1 < / f(x)dz < up,
P

Write this inequality for all values p = ng,ng+1,n90+2,...,ng+n—1 and
by addition member to member, we get

Sty < [0 f () da < 3P0ty . Take Sy = Y PTr0 u,

then S, — f (ng) < f&“n f(z)dx < Sp_1.
Assume that Y u, is a convergent serirs i.e. limS, =1limS,_ 1 =S5 €R
so S—f(ng) < f;;: f(z)dz < S which mean that f:j f (z) dz is convergent.
Suppose thtat f:; f (x) dz is convergent then 0< S, < f (no)+f7:§ f(x)dz
and thus > u, converges. ®

1

Example 2.1.30 Let Zn22 u,, be a series such that u, = ainn)? (B is a real

n(lnn
parameter).
1) B <0,
since we know that the harmonic series is divergent and we have for each
n>3; u, = W > L then, > nsa m is a divergent series.
2) B >0,

it’s clear that f () = m s contintous positive monotonically decreas-

ing function on [2,+o00[ because for all t € [2,+00]

F(8) >0 and f(t) = = G ()~ <0
Then, let’s use integral test,

for B = 1;we have
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5 ik = limg s o0 [In (mz:)]; = limy 4o (In (In?) — In (In2)) = 400 .
Int)—# z
841 ™ty = [ ) () = hmﬁm[( 0 L _
1
Gomay 01
+00; if 0<B<1
Conclusion:The series 3, <o ;
i.e. for.f < 1.

———— converges if B > 1, diverges otherwise

(In t)

2.1.7.1 Application : Series of Riemann and the Integral Test

Definition 2.1.31 All numerical series
ries of Riemann (also known as «—series)

n>1na L where a € R, is called se-

1) If & < 0, the necessary condition of convergence does not hold because
lim L = +o0. So D on>1 L diverges.
) In the a > 0, to study its nature, we will use the test integral. Take

u, = = = f(n) notice that the function f where f(z) = -k is continuous
decreasing and positive on the domain [1,4+o00[. As we have
ki for 0<a<1
13;% _ s fora#1 then, +oo ,flcf _ +o<13, or a <
Inz, for o =1, ——q, fora>1.

Hence the following result

Proposition 2.1.32 (a-Series Test) The series of Riemann converges if o >
1 and diverges if a < 1.

Another method to study the case is a > 0

e For 0 < a < 1, note that
n=n*n"%>n*l =n"so n% > %.As the harmonic series diverges

then, according to the comparison test , Zn>1 +a 1s divergent.

e For a > 1, consider the function f defined by f(t) = —ta%l.on the
domain [2, +o00[. By applyinng the mean value theorem we get

Vn>23c€ln—1n; f(n)— f(n—1)= f(c)=21>21

As f(n),~, is a convergent sequence then the telescopic series

Zn>2 (f(n ) - f (n —1)) is also Convergent In view of the comparison

—1 . Thus by linearity, the

series Riemann converges Converges

2.1.7.2 Riemann’s rule

Corollary 2.1.33 Let Y u, be a series with positve terms, o € R.Suppose
lim n%u, =1 € Ry U{+o0}.Then

1) a>1landleR = ) u, converges,

2) a<landleR* = > wu, diverges.

Proof. It suffices to use the previous result and the equivalence test noting
Un

that n“u, = . m

no
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Example 2.1.34 We study the nature of the series with general term w, =
1

(ln n)lnn .
Notice that n3u,, = (lnz;r‘" = 6(1,]6731122““) = emnB-Inlnn)) gng
Inn (3 —1In(Inn)) = —oo then, limn3u, =0 € R, thus Y u,, converges.

2.1.7.3 Application to the series of Bertrand

e . . 1
Definition 2.1.35 All numerical series Zn22 wa o) where a € R, € R
1s called Series of Bertrand.

Proposition 2.1.36 the Bertrand series converges if « > 1, diverges if o < 1.
In the case o = 1,it converges if and only if 5 > 1.

Proof. Putting u,, = 5. notice that Vn > 3;1 <lInn <n.

1
n(lnn)
a+1 1

1) Ifa > 1, one can write limn 2 wu, = lim ———
n 2z (Inn)?

> 1 then according to Riemann’s rule, we conclude that Bertrand’s series

=0 ¢ R and as

a+1
2
11—«

converges.
2) I f a < 1,we have lim nlﬁ = lim (?nT)B = 400 # 0, so Bertrand’s

(Inn

series diverges.
3) o =1 (refer to example ?7). m



Chapter 3

Numerical series with
arbitrary terms

The previously studied tests of convergence are applied only to study the
nature of a series with positive terms (or with a fixed sign) and cannot be
applied to a numerical series »  u, with arbitrary terms ((the terms may be
positive or negative). Therefore, in what will come, we will be interested in
studying the nature of the series Y |uy|.

3.1 Absolute convergence

Definition 3.1.1 A series Y u,, is called absolutely convergent if the se-
ries of absolute values Y |uy| is convergent.

Example 3.1.2 Are the following series absolutely convergent?

-1 —1)"
anl 20\5)%7 anl (3n%+en ’ ZnZl (\/ﬁ)
It is clear that

cosn

ny/n

a= % > 1, it converges and therefore, by using test comparison, anl

1 o 1 : , : :
< n—%.Smce D on>1 g s Rieamann’s series with

cosn

nyn

converges also. Then, > -, % 1s absolutely convergent.

(=D"e™| _ 1 andlim( : +i):

3n24n 3n24n 3n24n n?

By the same method, we have ‘
lim = % € R*, the Rieamann’s series Zn21 73—2 with o = 2 > 1is conver-
(71)”6”"

3n2+n

_n-
3n2+n

gent then, in view of equivalence test the series )y, -4 s convergent

also. Therefore, > e absolutely convergent.

n>1 3n2+n
Example 3.1.3 Since ‘(?/1%” = ﬁ and )~ ﬁ is a Rieamann’s series
with o = % so it’s divergent . Then ) -4 (?/1% s not absolutely convergent.

Theorem 3.1.4 If the series Y uy, is absolutely convergent, then it is con-
verges, that is

> |un| is convergent = Y u, is convergent.

(The reverse implication is false)

Proof. Assuming (uy) is a sequence of real numbers. we've got — |u,| <
Up < |Un| then, 0 < up + ‘un‘ <2 |un| .

27
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Therefore, by linearity if ) |u,| converges then 2> |u,| and n view
of comparison test, Y u, + Y_|u,| converges, which yields that > wu, (=

O un + > [un]) = > |un|) converges. m

Remark 3.1.5 If (uy) is a sequence of complex numbers, in order to prove
that the seriesy R (uy,) and > Im (uy,) are convergent, we use the same method
by noting that

— Jun| < R(up) < lun| and — |up| < R (un) < |un|.

Example 3.1.6 Let Zn21 5213" be a series with non fized sign terms.
Since [sinn| < 1, we have 0 < } 3,Theref07“e the series ), <, |y
converges converges by comparison with the converging — Riemann’s series
1
dons1 3 (@=3>1).

Thus, the series Y, -, */5* is convergent since it is absolutely convergent.

sinn

Smn‘ <

3.1.1 Conditional convergence

Definition 3.1.7 We say that a series > u, is conditionally convergent,
if it’s convergent but not absolutely convergent.

="

n

Example 3.1.8 (Alternating Harmonic series) Let Zn>1 be a se-

ries. We set u, = % As well known that Y, o1 |up| = > ,51 % is

(="

n

divergent ( the harmonic series) then, the series Y <, s not absolutely
convergent. -

Let’s prove tht’s convergent. Let (ay), (by) be two sequences defined for
alln € N* as follow

ap = Son = —1+ 4% — §+...—ﬁ+%,

by = 52n+1 Son — 2n+1

Note that for every integer number n > 1 we have

_ -1
nt1 = an = Sy(ny1) — S2n = 2n+1 + 2n+2 ey <0

b1 = bn = So(ny1y41 — S2n+1 = 2n+2 2n+3 (2n+2)1(2n+3) >0,

From which the sequence (ay) is decreasing and the sequence (by) is in-
creasing, and we also have

lim (a,, — by) = lim ﬁ = 0. So the two sequences are adjacent and there-
fore converge towards the same limit S. Therefore the sequence of partial sums
(Sn) where S, = > P} n( ;) is convergent, then, the series 3 (_i)n
converges.

is conditionally convergent.

(=D"

Conclusion 3.1.9 The ) -, funcseries

Remark 3.1.10 If we rearrange the terms in a finite sum, the sum remains
the same. This is not always the case for the sum infinite series.

Proposition 3.1.11 The sum of an absolutely convergent series does mot
change if we group its terms or rearrange them.

In this proposition, the condition of absolute convergence is essential.

Example 3.1.12 The series ano (—%)n s absolutely convergent with sum

S = % and hence any rearrangement of the terms has sum %
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Counter example In view of the last example, > 4 (j)n is convergent

but not absolutely convergent. Denote by S to the sum of this series. We
have

B D R R Iar A B R )
ST T T N S A e VR e s

- 21413161815 110 112 17 14 116

=5 atsg st mtu 1= 25

Remark 3.1.13 All convergence tests for a numerical series with positive
terms remain usable in the study of absolute convergence of a series with ar-
bitrary terms.

To apply a convergence test for an arbitrary series, it suffices to replace uy,

by |tn] .

3.1.2 Abel’s transformation and Dirichlet’s test (Abel’s rule)

For two given sequences (a,) and (b,) with n € N one wants to study the
partial sum Sy = Z;iév anb, of the series EnZO anbp,. If we define

By, = Y 0_4 by then,
foreverynz 1 bn:Bn—B _1 and
Sy = aobo—i-zn:l Qanp (Bn —B,_ 1) = aob[)—i-zn 1 an B, Zn 1 anBn_1
= agpby + Z —1 aan — ZZ (])V ! an+1Bn
= agpby + [QNBN + Zn N-1 CLan] — [alBo + Zng[—l an+1Bn

=aoBy—a1By+anBy + Y ,_; N1a,B, - ij\hl an+1Bn
—aNBN+B0(CLO—a1)+Zn N lB (an_anJrl)
—GNBN-FZH N— 1B ( an+1)

—CLNBN Zn N 1B (an+1—an).

Therefore;
n=N n=N-1
Sy = Z apby, = anBN — Z B, (an—i-l - an)
n=0 n=0

Finally this process, called an Abel’s transformation, can be used to
prove several tests of convergence .
In general , we can prove that

Proposition 3.1.14 For two given sequences (a,) and (by,) with n € N. For
all r,s € N with s > r 4+ lwe have,

n=s n=s
Z an (bn - bn—l) = as4+1bs — ary1bp — Z bn (an—H - an)
n=r+1 n=r+1

Proof. 3 "= an (by —bp1) = ZZ:iH anbn = 3 on=y 1 Gnbn—1
= S b~ S aat,
= Zn r+1 anby — [Zn;r-‘rl an41bn — asy1bs + arJrlbr]
= as41bs — ar—l—lbr Znirr-Jrl by, (an—l—l - an) .
Which complete the proof. m
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Definition 3.1.15 (Sequence of bounded variation) A sequence (ay) of
real (or complex) numbers is said to be of bounded variation if > 7 o |any1 — an| <
00.

A typical example of such sequences are bounded monotone sequences of
real numbers.

Proposition 3.1.16 Any sequence of bounded variation converges. Moreover,
any bounded monotone sequence of real numbers is of bounded variation.

Proof. Let (a,) be a sequence of bounded variation. Given p < ¢, notice that

k=q

ag —ap = Z(akﬂ — ag).

k=p

Hence |ag —a,| < Zﬁig lags1 — ax .

By assumption, the sum )~ |ag+1 — ax| is bounded, so by Cauchy’s
criterion for series, the sum on the right hand side of this inequality can be
made arbitrarily small as p — oco. Thus, (a,) is Cauchy and hence converges.

Now let (ay) be a non-increasing and bounded sequence. We shall prove
that this sequence is of bounded variation; the proof for a non-decreasing
sequence is similar. In this case, we have a,,+1 < a, for each n, so each n € N,
we have

k=n k=n
D lawtr —arl =Y (ak — ags1) = ag — a1,
k=0 k=0

Since the sequence (ay) is by assumption bounded, it follows that the partial
sums of the series Ekzo |an+1 — an| are bounded, hence (a,) is of bounded
variation. m

Theorem 3.1.17 (Dirichlet’s test) if (ay) is a sequence of real numbers and
(vn) a sequence of real (or complex) numbers satisfying the following conditions

e (ay) is monotone with lima, = 0,

o the sequence (V,) where V, = zzg vp is uniformly bounded i.e.
dM > 0,Vn € N; Zzzgvp‘ < M.

Then the series Y <, anvpn 5 convergent.

Proof. Let S, = Zgig apvp and V;, = EZES Up-

From Abel’s transformation, we have

p=n—1
Sn=anVo+ > Vplap—api1)
p=0

Since V,, is bounded by M and lim a,, = 0, then lim a,,V,, = 0. On the other
hand we have, for each p € N,

[V (ap — apy1)| < M |ap — apya],
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Since the sequence (a,,) is monotone, it is either decreasing or increasing,
one can deduce
1) if (an) is decreasing;
> op=o M lay —ap1| = MY 025" ! (ap —ap+1) = M (ag — an41) because

it’s a telescoplng sum. Then lim _0 6 M lay, — api1| = Mag .
2) if (ay,) is increasing, similarly, we get
o M lap — ap1| = =M 3775~ "(ap = aps1) = M (ant1 — ap), which
show that lim =0 M |a, — ap+1| = —Mao

So, in both cases, the series > -, Vi (an — ant1) converges absolutely.
Hence (S,,) converges. m

Remark 3.1.18 1) This theorem can be demonstrated otherwise by using
Abel’s transformation to show that (S,) satisfies the Cauchy condition.
2)The first condition of the previous theorem means that (ay) is increasing
with negative terms or else decreasing with positive terms.
3)The second condition does not mean that ), v, converges.

Proposition 3.1.19 if (ay) is a sequence of real numbers and (vy) a se-
quence of complex numbers satisfying the following conditions

e (ay,) is of bounded variation and lima, = 0,

o the sequence (V;,) where V, = vp 18 uniformly bounded .

pO

Then the series ), <, an¥pn is convergent

sin nx cosnT
ne nZl no

3.1.2.1 Applications on the series Zn21
where o > 0, x # 2km, (k € Z),

sinnz | < nla, |°°S”z ‘ < -L then by comparison with
sin nx

no

e For a > 1, wehave‘
the convergent series of Riemann ) -, nla, the two series 3, -,

and En21 &t are absolutely convergent and thus convergent.

e In the case 0 < a < 1, we know that cosnz + isinnz = €™, then

P=N ipr _ etn+)z_1  cos(n+1)z—1+isin(n+1)x

p=0 et —1 cosz—1+isinz
Multiplying the numerator and denominator by the conjugate of the
denominator, and after simplifying , we find

= — . n+41 nx
Zi;g CosSpr = Re <Z§;'g ezpz) _ Sll’l( : x);()S( = )

n+1 . nx
Zp o sinpz = Im (Zp gesz) _ w

Thus, ‘Zgzg cospa:‘ < 5111;5)‘ and ‘Zgzg sinp:p) < 1

2

3
\/

On the other hand the sequence ( L 118 decreasing with positive terms

and lim - - =0.

Which prove that all conditions of the theorem hold, then the series

sin nx cosnx
D1 Tt Daps>1 ot converge for a >0
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3.1.3 Alternating series and Leibnitz’s test

Definition 3.1.20 Let Y v, be a series with arbitrary terms. This series is
said to be alternating (or alternate) if for alln € N; vy,.v,11 < 0.

Any alternating series can be written in the form S (=1)" u, or S (=1)" ',
where (uy) is a sequence with positive terms.

Corollary 3.1.21 (Leibnitz’s test also known as alternating series test
) Let 37,50 (=1)"uy, be an alternating series. If we have

o (uy) is a decreasing sequence with positive terms
e limu, = 0.
Then, the alternating series 3, <o (=1)" up converges.

In other words, if the absolute values of the terms of an alternating series
are non-increasing and converge to zero, the series converges.
Proof. We take in Dirichlet’s test a, = (—1)" ,v, = u,, and apply Abel’s
pz"(—1)p‘ <2 m

rule, noting that |»_ —

_1\n

Example 3.1.22 The alternating harmonic series anl % converges in
view of Leibnitz’s test because

VnZl;%>0, ﬁg%and lim%:O.

Exercise 3.1.23 Consider the series anz %

1) Show that this series is alternating and explain why the Leibnitz’s test
does not apply.

2)Calculate nf(i)f)n — (j)n and deduce the nature of proposed series.
Solution 3.1.24 1) As % = (=1)" .u, with u,, = W > 0 for all

n > 2 then, the series is alternating.

The sequence (un),,~o tends to 0, but does not decrease: the Leibnitz’s test
does not apply, and nothing can be said for the moment as to the nature of
the series. - -

—-1)" -nH" —1

2) We have e L (= e == ey i AT

(="
n

. 1 . . oy .
series Zn22 meEr ey with positive terms convergent , in fact

=n" _ =" 1

the series) ., <o converges ( alternating harmonic series) and the

m ~ n% at infinity and Zn22 n—IQ is convergent series of Riemann
with oo =2 > 1.

Then, the proposed series as the difference of two convergent series, is
convergent.

Remark 3.1.25 The conditions of the Leibnitz’s test for the convergence of
an alternating series are sufficient but not necessary. For example the alter-
nating series

Remark 3.1.26
1 1 1 1 1 1 1 1
2 T9 1735 16 19 36
1s absolutely convergent and thus convergent but does not satisfy the con-

ditions of the Leibnitz’s test since up+1 < uy, does not hold for all n.
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3.1.3.1 Alternating series estimation theorem

Theorem 3.1.27 If S = Y <, (=1)" Y, is the sum of the alternating
series Y (—1)71_1 un which satisfies the conditions of Leibnitz’s test. Then,

[Bn| =[S = S| < unya,

here R, stands for the remainder when we subtract the nth partial sum
from the sum of the series.

Proof. Notice that for alln € N; Sy, 1 <5 < S9,. Then,
|Ry| =[S = Sn| < [Sn+1 — Sn| = ung1.
| ]

Exercise 3.1.28 Show that the following series converge:
n+1

Zn>1 e, Zn>4 n3+1 ) ZHZZ W
3.1.4 Cauchy product of two series

Definition 3.1.29 Let ) - u, and ), v, be two series. We call product
series or Cauchy product of these two series the series ) -, wy where .

p=n
Wy, = E UpUp—p = UQUp + UIVUp—1 + U2Up—2 + ... + UpVy,
p=0
for alln € N.

Example 3.1.30 (ano %) (ano %) = ano ( gfg %1,7 (in;p) >
=250 i ( =0 T p)lpinf 3

et < p=n ( ; ) 2n-p3p>

_ B+2)" _ 5n
= ano nl ano nl

Theorem 3.1.31 (Cauchy’s theorem 1821) If the series Y, <o un and Y, <qUn
are absolutely convergent then, their Cauchy product series is absolutely con-

vergent and its sum is P = (Z;io up) (Z;O 0 vp>

n

In the example 77, the two series ), <, i—!, Zn>0 =7 are absolutely conver-
gent, their sums are respectively e3> and 62, so their product is an absolutely

convergent series, and its sum is €5 = e3.¢?

Proof. Take U, = gzg Up, Vi = 5 0 Up, P = ZZ:O wp with w, =
p=n
p—0 UpUn—p. W

1) If the series are with positive terms, we have P, < U,V, < P,

in fact, P, = E(i,j)ETn u;v; where Tj, is the triangle {(i,j) ;0 <i <n,0 < j <mn,i+j <n}
while Up Vi, = 32, j)ec, wivj where Cp, s the square  [0,n] x [0,n] and P, =
Z(i,j)eTQn u;v;, noting that T, C Cp, C Thy,.
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Figure 3.1: nested triangles

Moreover, all the terms of the series being positive or null then, the se-
quences of partial sums are increasing, so

B < Uy < (i) (i) ,

n=0 n=0

The sequence (P,) is therefore increasing and bounded above by (3~ un) (302 vn)
so converges. We obtain the required equality by passing to limit in all sides
of inequality P, < U,V, < Py,.
2) If the series ), g un and ), (v, are absolutely convergent then, let
> n>0 hn be the series Cauchy product of 3, < |un| and >, < |vnl, according
to the above, this series converges with h, =~ —0 |up| [vn—p| -

As |w,| = ‘ b0 UpUn— p‘ < 22026 |upl [vn—p| = hn, then by comparison

test, we deduce that ) -, wy is absolutely convergent. On the other hand,
we have

|UnVy — Pl = ‘Z(i,j)eCn—Tn “ivj‘ < D (ij)eCa—T, V5]
= (2025 tupl) (3205 fol ) = 32875 s
and this last expression tends to 0 as n tends to infinity.

Remark 3.1.32 This result justifies the designation “product series”.

Proposition 3.1.33 (Mertens’s Theorem 1875) If at least one of the two
convergent series anﬂ Uyp and ano vy, converges absolutely then, their Cauchy
product converges with sum equal (3 ;" o un) (D prq¥n)-

Remark 3.1.34 The Cauchy product of two convergent series is not neces-
sarily convergent.

Example 3.1.35 1) By vertu of Leibnitz’s test it’s easy to show that the alter-

nating series Zn21 (77%” 18 convergent. We will calculate the Cauchy product

of this series by itself

we have by definition (Zn>1 %) (ZnZl (7%") = > 51 Wn, where
w. = = (0P (=)"tttP mp=n 1 (="M (_1)n+1 p=n
nT o Lup=1\p ntl-p  ~~p=1 /p/ntl-p p=1 f\/n-f—l
Since for all 1§p§nwehavefm_ff Sozpl\fm—

n% =1 d.e limw, > 1 which prove that Zn21 wy, diverges.
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2) Similarly, the alternating Harmonic series ) -, % 1s also con-

vergent( (by Leibnitz’s test). The product series of this series by itself is

(anl (771) ) (anl (771) > - anl Wn, where
p=n (C1 (C1r
p=1 p nt+l—-p

Wy, = _1)n+1 p=n

= 1 m
= (_TBrl g—n< + (n—i—% )
—p)

= C0 (S b+ T )
T ontl p=11p p=1 (n+1—p)
(—1)7*? p=n 1 k=1 1

P ( p=1 3t Xk=n E)

—1)ntt 1

( nll g ?;1; = (_1)n+ (279

Notice that for all n>1, we have a, = n%_l g 711110 >0 and

o p=ntll 2 ypenl
An+1 = On = n+2 2=l p " wil 2p=1

1 p=n 1 2 1
=2 <n+2 n+1) p=1 p + n+2 n+1

_ p=n 1| _ —2 p=n 1
= (n+1)(n+2) [1 — 2up=1 5} = 5T =2 p < 0-
On the other hand, a, = %H (Zgi’f; In (n + 1)) + %1 n(n+1) then

lima, =0+ 0 =0 because we know that the sequence
( ﬁ:? % —In(n+ 1)) ,, Conenges. Consequently, in view Leibnitz’s test
n

, the series product ), -, wy converges.

Exercise 3.1.36 Show that the series ), -, ”2—4;1 converges, then as the Cauchy
product of two other series calculate its sum.

Solution 3.1.37 By the test of D’Alembert, we have for any n € N; wu, =

nTtl >0 and —4 = %Z—ﬁ tends to % < 1 then, the series converges.
n

Note that 2% = 2%%%1,, p = 0,1,2,....n then we can write "2‘*;1 =
p=n 1 _yw=n 1 T °
p=0 27 — Zup=0 27 2n—p

P3N E S 3E S

n>0 n>0 \ p=0 n>0

1
D)

n>0

according to the previous theorem, the sum of this series is

2
> o nTle = (ZZO:O 2%) (ZZ‘LO 2%) = (é) =4.
3.2 Double series

Definition 3.2.1 Double sequence is a sequence of certain elements num-
bered by two indices Unpy, with n,m =1,2,3

nm m
For example 7. n.e™..

Definition 3.2.2 We say that o € R i s a double limit of the double sequence

of real numbers (Unm),, ;12,3 if For any € > 0 there exists an Ne € N such
that for all n,m > N. we have

[tnm — o] < €,
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we write @ = limy, ;m—o0 Unm.-

If for any A > 0O there exists N, € N, such that for all n,m > N, the
inequality — |upm| > A is fulfilled, then the sequence (Upm), ;n—1 23 has
infinity as its limat: 1imy, -0 Unm = 00 7

The double limit of a double sequence is a special case of the double limit
of a function of two variables over a set.
For example : limy, ;—s00 Mim = 0; limy, yy—y00 n.€"™ = +00.

Definition 3.2.3 If (unm), m=123.. @ a double sequence of real mumbers
then, Zn7m>1 Unm 48 called a numerical double series.

The finite sums Sy = Zi’f Z;zgn ui; are said to be the partial sums of
the double series Zn7m>1 Unpm OT its rectangular partial sums.

If this sequence (Spm) has a finite double limit S = limy, y—o00 Snm
the series >

n,m=1.2.3....
1 Unm 15 said to be convergent and the number S is said to be

n,m>
its sum:
oo
S = Unm.-
n,m=1
If there is no finite limit for the double sequence (Spm) the series

n,m=1.2.3....
> nm>1 Unm @8 said to be divergent.

Properties: Double series have many of the properties of ordinary series.
For instance,

1) if the double series ), <1 Unm and 3
numbers «, 5 the double series

n.m>1 Unm CONVerge then, for any

« Z Upm + B Z Unm = Z QUpm + BVnm

n,m>1 n,m>1 n,m>1

converges also.

2) Necessary condition for convergence of the series : if 37 < U con-
verges then, limy, 00 Unm = 0. a

3)If all terms of the series En7m>1 Unm are non-negative, the sequence of
its partial sums (Snm)n,7n:1.2.3.... always has a finite or an infinite limit, and
limn,m%oo Snm = SUPp m>1 Shm-

4)The specific properties of a double series are due to the presence of
double-indexed terms. If the double series mex U converges and if for

all n = 1, 2.3 the series Zm,zl Unm converges as well then the repeated series

Y1 (Zm -1 unm) also converges, and its sum is equal to the sum of the

0o 0o 00
E E Upm = E Unm-

n=1m=1 n,m=1

given series i.e.

Moreover, any series obtained by rearrangement of its terms also converges,
and the sum of any such arbitrary series is the same as the sum of the initial
series.
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Definition 3.2.4 If there exists a bijection ¢ : N* — N* x N*  such that
the (single) series Zk21 Ug(k) converges absolutely then, the double series
Zn7m>1 Upm 1S Said to be absolutely convergent .

If a double series is absolutely convergent, it is also convergent; and its

(o) (o]
SUM Y S Unim = D Uep(k) -

Lemma 3.2.5 The double series ), m>1Unm s absolutely convergent if and
only if there exits K € Ry such that for all M, N € N*, we have

Proof. Suppose that the series ), . ~; Unm is absolutely convergent and that,
in the definition, the bijection ¢ is Vgi;/en such that the series

> _k>1 Ugp(k) 18 absolutely convergent. We can take K = POy |U<p(k)|- In-
deed, if N, M are given, I = [1, N] x [1, M] N N* x N* being finite set, there
exists L such that I C ¢ ([1,L]NN) so

J=m

22 luij] < K.

The converse is not more difficult. For each L € N, there exists N = M
such that all ¢(k) are 1n the square [0, N] x [0,N] for k=0,1,..., L. Thus,

L
Zkz:l‘u |<E =1 ‘UU‘<K u

Example 3.2.6 For the double series ), .~y e we have =M 2]31 =

317 g < 53+ then

272 = it ’
i=Nj=M <i:N 5 L, NN _,
Z 2i3i — 2j+1 9 =
i=1 j=1 i=1

In view of the above lemma, the series is absolutely convergent .

Theorem 3.2.7 (Fubini theorem about the double series) If the double series
En7m>1 Upm converges absolutely then, for each fized n € N* the single series
Zm>;unm is convergent and for any fived m € N*,the single series Y <1 Unm
is convergent . Moreover, we have -

o0 oo oo oo o0
Y= D | =3 (D uy
i,j=1 i=1 \j=1 j=1 \i=1

Proof. Given K, as in the Lemma, we have

i=M j=M

VN € N*, Zmy <Y |yl < K,

=1 j=1

where M = max (i, N).
This proves that the terms of the same line are the terms of an absolutely
convergent series. Similar reasoning shows that the same is true for columns.
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Denote by [; = Z;’il Ujj, Cj = 221 u;; the sums whose existence we
have justified, and denote by L; = > 272, |uij|, Cj = 377 [usj; it’s clear that
lz' S LZ‘, Cj S C]

In the inequality

i=N j=M i=N |j=M i=N j=M
IBPILIEDD Zuz <22 luyl
i=1 j=1 i=1 j=1
we can pass to the limit in M,
i=N j=M i=N i=M i=N
i [ 5w <3| i S| = 3l < K
=1 j= i=1 i=1 i=

This proves that > [, is absolutely convergent. Similarly, we have that > ¢,

is also absolutely convergent. Each of the sides of the Fubini identity is thus
well defined.

Take ¢ > 0 and consider N’, M’ such that

o) =N j=M
E U5 — E E Uij| <
ij=1 i=1 j=1

as soon as M > M’ and N > N’ . Fixing N > N’. Since each of the
series [; is absolutely convergent, we also have estimates of the remainders,
there exists for each ¢ = 1,2,..N, a number M; such that for all S > M; we
Z iguzy < an

Thus, considering M* = max{1,2,..N,M’'}. For all M > M* and i =
1,2,..N, we have

have

j=M i=N i=N j=M

> <5 and l <
li — uij S ﬁ an i uij S 5

7j=1 =1 =1 j=1

So, for all € > 0, there exists N’, M* such that if N > N’', M > M* then

00 =N 00 i=N j=M
> u— Y L < D wi— Y>>
ij=1 i=1 ij=1 i=1 j=1
i=N i=N j=M
LD IUED DD I BENE
Uq; - — = €.
: Jl= 29
=1 i=1 j=1

This proves the first Fubini equality, the second is similar. m

3.3 Exercises

Exercise 1 For each from the following series, use the sequence of partial
sums to determine whether the series converges or diverge

. . 1 . 1. 1 .
ZnZl #4-27 anl (1 - (_1)n) ) ZnZl (n+1)(n+2)’ ano nﬂina n>1 4p2—1°

. 2
14+243+...4n f g : i=n :3 __ i=n : .
anl TR (Hint: use the equality > :—1'4 (Zi:l z) );
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1 . n’—(n+1)". . 1 )
ZnZl( n(n+%)()n+2)’ anl n! ) ano n4+?z2+1’ ZnZO Vnt2+v/n+1’
Zn>2 ln 1-— n2)

Exercise 2 Let (a,) be a sequence with positive terms. Take u, =

an
(1+a1)(1+a2)(1+a3)...(1+an)
Show that the series > u, and then calculate its sum in the case a,, = ﬁ

Exercise 3 Calculate the following sums
Yo, ﬁ; Yoo In (1 + ﬁ) DDt m ( help: use the infor-

mation > 00| 5 = %2 ).
Exercise 4 Use the appropriate test to determine whether the series

with positive terms is convergent or divergent in each case .

n3

3n . 1 . 1. 1 . .
Zn23 n—27 ZnZl n34+8n’ Zn>2 Vn2-3’ ZnZl n2+/n’ ZnZl nS4+4n+1’

4 . —n. ntyn, 3 (1Y,
2@1 P Ew R Zn>0“ € Zn>0 3nz+172n>3 S (E) )
Z 24cosn. 2 4™ —1, Z n3 .
n2l ny/n ' 44n>2 n(n++ Inn)’ n>13n—1> n>0 27417

n"vn, " 1+lnn.
21 en  2on>1 (#2) 12 on>2 Ty
n . 2 . . 1
anl 27 (sina)” ,with a € [O, g] ,anl P sy
Exercise 5 Use the integral test to determine whether the following series
converges or diverges

2
1 . 1 .
n349)3 P 2 n>1 RS 2n>A 2T 2n>1 e

Exercise 6 Use the suitable test to determine whether the following
series with arbitrary terms is absolutely convergent, conditionally convergent

—n2

Zn>5 \/7 ) Zn>25

or divergent in each case

cos(v/n n ndm . " 1\
ZWlm 2 on>1 ( )?2@1(—1) 27?[15”1 <g>;zn22ﬁ‘

nv2n
Exercise 7 1) If k,n and p € N with k < n;
k+1 Ck+1
prove that » "% Ch QS" = 2

2 )Let > u, be a convergent series. prove that the series ) v, where
Up = ¢ > o—o Chuy is convergent.
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Chapter 4

Sequences of Functions

In this chapter, we are going to study the sequences of real (or complex) valued
functions (f,).y, i-e. sequences whose terms are functions defined on the same
subset I C R. For this, it is clear that we will combine all the fundamental
notions known on the numerical sequences with those established on functions
with a single variable. We will be interested in the properties of the function
limit in terms of continuity, differentiability, integrability, etc . . ., being
known those of the functions (fy)cy. The notion of the simple passage to the
known limit in the context of numerical sequences makes it possible to define
a criterion called pointwise convergence of sequences of functions.

In what follow, let I be a subset from R, denote by F' (I; k) the set of all
functions f : I — k where k = R or C. Often, I denotes an interval of R or an
interval except a number countable of values.

Definition 4.0.1 Suppose f, : I — k be a real (or complex)-valued func-
tion defined on I for each n € N (ie. f, € F(I; k)) , then the set
{fr;n=0,1,2,...} is called a sequence of functions on I. It is denoted

by (fn)nGN .

4.1 Pointwise Convergence

Definition 4.1.1 Let (fy),cy be a sequence of functions on I .We say that
(fn)pen is pointwise convergent, if the real(or complex)-valued sequence of
functions (fn (x)),cn converges for every real number x € I. It’s to say that

Vo € I, limy oo fr () = f(2) € k ( here the writing f(x) says that
the limit depends on x) .

In other word ,

(fa)nen 18 pointwise convergent if and only if

Vr € I,¥e > 0,3N (¢,2);Vn € Nyn > N (e,2) = |fu(z) — f ()| <e.

The function f : 1 — k defined by f(x) = limp_o0 fn (x) is called the
pointwise limit of the sequence (fy)cy - And we express it briefly as follows

fn— [ (pointwisely) or lim f, = f.

Example 4.1.2 1) Let (fpn),cn be the sequence of functions defined on I =
[0,1] by its general term fy, (x) = z™.

41
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It’s clear that

lim = lim 2" =
n—1>+oo fn (.%’) n—1>+oo

L ife=1
{ 0; ifwefoaf ~ 7@

Then, the sequence (fy),cnis pointwise convergent on [0,1] and its point-
wise limit is the function f.
2) Suppose the sequence of functions (gn),cy such that

sz € R,

gn () = cos <W)

2n +1

(9n)nen 18 pointwise convergent on R to a function g because for allx € R,

limy, s 400 gn () = limy,— 400 cOS (n277rwm—|—+13> = Cos (%x) =g(z).
3) Let (pn),en be a sequence of function defined by : ¢ (x) = ne ™", x €
R.

We have 1lim, oo ¢n (x) = 0; if x>0

+o0; if z <0
pointwise convergent on R. But on RY it converges pointwisely to the func-
tion o = 0.

4) The sequence of function defined by fy, (z) = (1 + reR, n>1.

For a fized v € R, we have lim, o0 f5, (0) = lim1 = 1 = €°. For z > 0;
1n(1+%)
limy, o0 fr (2) = limy e (1+ %)n = limyeoe & = ¥l = ¥ Then,
fn = f (pointwisely ) where f (z) = €*.

, then (©n),cn does not

n

Remark 4.1.3 Pointwise convergence is often easy to establish, but it does
not preserve certain properties of functions (continuity, bounded aspect, inte-
grability), as shown in the following example.

Example 4.1.4 1) In the previous example 1) all the functions f, (z) = x™
;n=0,1,2,... are continuous on [0, 1] while the pointwise limit f where

- 1, ifz=1
f(””>_{ 0; ifz €0,1]

isn’t continuous on this interval.
2) It is easy to verify that the sequence of function (fn),cny where fn (z) =
n?z" (1 —x) is pointwise convergent towards the null function on [0, 1] whose

integral on this segment is 0. However,
xn+1 In+2 1
n+tl  nt2 0

. 2

limy, o0 fol n?z" (1 — 2) dr = lim, oo n? [

Thus, pointwise convergence does not preserve the properties of functions:
this justifies the definition of a new form of convergence, more difficult to
verify, but valid for passages to the limit.
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4.2 Uniform convergence

Definition 4.2.1 A sequence of functions (fn),cn 15 said to be uniformly
convergent to a function f on the set I, if for each € >0,

there exists N (€) € N such that |fn (z) — f (z)] < € for alln > N ()
and any x € I.

Alternatively, we can define the uniform convergence of a sequence of func-
tions, as follows.

A sequence of functions (fn),cn 95 said to be uniformly convergent to a
function f on the set I if;

i (supf, ()~ 7 @)]) =0,

zel

Briefly , we express it as : f, = f  or fn — f uniformly

Example 4.2.2 Let (fy),cn be a sequence of functions defined by :

2nx’

—_— R.
nxQ—}—l’xE

fn () =

Let’s first study the pointwise convergence. We have
onz® { 0; if =0
nz+l T\ 2z if o # 0
that for all x € R, f(x) = 2.
Now calculate sup,cg | frn () — f (z)]

g () = |fa(2) = f(2)] = |22 2||

nx?+1 nx?+1’
function then, sup,cgr g (z) = sup,>o g (z) . we have for all z >0

2(14z/n
g @)= 1wy =0 = o=

Jdz) <0 = z> ﬁ and ¢’ (z) >0 = z < % which yields the
ollowing variation table
f g

= 2x. Then f, — f (pointwise) such

—2z| = noting that g is an even

z |0 INTE 4o
ailr) + 0 =

gler| T

Figure 4.1: Variation table

80, $ubse o (2) = (@) = g () = s therefore, 1imy o0 Sup e [ fo (2) = f (2)] =
lim,, oo ﬁ =0 i.e. f, — f uniformly see (fig ?77) .

2) Let (fn),en be the sequence of functions where f, (xz) = 2™ (1 —2x),
z € [0,1]. We have

limy, o0 fr (1) = limp, 00 n.1".0 = 0 and if 0 <z < 1, limy00 frn () =
(1 —2)lim, oo 2™ =0 . Then, f, — f =0 (pointwisely).

To determine Hy, = sup,cpoq)|fn (2) — [ ()] = supyep ) fn () we study
the variations of fy:
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Figure 4.2: uniform convergence of fn

s0 fn s increasing in the interval [0, niﬂ} and decreasing thereafter, then it
n
. . _ ) _ _ 1 _
takes its mazimum at xo = ;37,that’s 0 < Hy, = f, (niﬂ) = (nLJrl) i
1 1 1 _
Wm—)go—o as n — oQ.

Then, (fn),en converges uniformly to the zero function on [0,1].

4.2.1 Uniform Cauchy criterion

Proposition 4.2.3 A sequence of functions (fn),cy converges uniformly to
a function f on the set I, if and only if, it satisfies the uniform Cauchy crite-
rion with respect to x:

Ve > 0,3N (e) e N,Vn > N () ,Yp e N,Vz € I; |fnip () — fn (z)| <,
or in another form

Ve > 0,IN e N,Vn > N,Vp e N;  sup|fnip (z) — fn (z)] <€ (4.1)
zel

Proof. Assuming that the sequence of functions (fy),cy satisfies (?7), let’s
prove that it converges uniformly towards a function f on the domain I. For
every (fixed) x € I and according to condition ?? (f, (z)),cy is a Cauchy’s
sequence of real value and therefore converges towards a real number f(z)
(when we change x in I the limit f(z) changes). Then, (fy), oy converges
pointwisely to the function f. To prove that the convergence is uniform, it is
sufficient to take p — oo in (77?).

Suppose that f,, — f (uniformly), let’s prove that condition ?? is true.
we’ve got

Ve >0,dN () e N,Vn > N (e) ,Vp e NVz € I; | fn (2) — f(2)] < §,

Let n and p two integer numbers such that n > N (¢),p € N then,
|fn(z) = f(z)] < § and |foip(z)— f(2)] < §. Therefore, by triangular
inequality, we get for all x €

i (@) = o @] < oy @) = F @)+ 1 (1) — f (@) < 5+ 5 =€

S0, (fn)pen satisfies (77) . m

Remark 4.2.4 The Cauchy criterion allows the study of uniform convergence
without knowing the function limit.
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4.2.2 Sufficient condition for uniform convergence

Proposition 4.2.5 Let (fy),cy be a sequence of function. Then, (fn),cyconverge
uniformly on I to a function f, if and only if there exists a sequence (an),cn
of non-negative real numbers converging to 0 such that

Vo e I | fn () — f(2)| < an  for n sufficiently large

Proof. Suppose that (fy), oy converges uniformly on I to f . There exists
N € N such that |f, (z) — f(z)] < 1 for all n > N and =z € I. Hence,
ap = SUP,cr | fn () — f ()] > 0 is well-defined for all n > N. Define a,, > 0
arbitrarily for 1 <n < N — 1 . Given an arbitrary € > 0, there exists K € N
such that if n > K then |f, (x) — f(z)| < e for all z € I. We can assume
that K > N. Therefore, if n > K then a,, = sup,¢;|fn () — f ()| < e. This
prove that lim a,, = 0. Conversely, suppose that there exists a,, > 0 such that
lima, =0 and sup,c;|fn(z)— f(2z)] < an foralln > N. Let e > 0 be
arbitrary. Then there exists K € N such that if n > K then a, < €. Hence, if
n > K > N then sup,cs|fn (v) — f (z)] < an < e. This implies that if n > K
then |f, (z) — f(2)| < e for all = € I and thus (f,), cn converges uniformly
onltof. m

Example 4.2.6 In the previous ezample (7?), it’s clear that for all x € I ,
n € N*
|fr () — f(2)] < ﬁ = ay and limin =0. Then , f, — f uniformly.

4.2.3 Necessary condition for uniform convergence

Proposition 4.2.7 If the sequence of function (fy), cyconverges uniformly
on I to a function f then, (fn),cn converges pointwisely on I to the same
function. But the converse is false.

We can write briefly:

fn = [ (uniformly) [ —

o } fn = f (pointwisely) .

Proof. Suppose that f, — f (uniformly). In order to prove the pointwise
convergence, it suffices to take in its definition N (e,z) = N (¢). m
As counter example showing that the converse is false, we can take

fn(x)=2",2€]0,1].
Liifx=1

;ifxe0,1]
But it does not converge uniformly, in fact limy, oo Supgepo 1) |fn () — f ()] =

It clear that f, — f (pointwisely) where f (z) = { 0

lim,, o max (O, SUP,e(0,1] :L‘”) =1#0.

On the interval [0, 1], this sequence is still not uniformly convergent also
because supgcp1]fn (¥) — f ()| =1 (i.e does not change). But it converges
uniformly on each domain of the form [0, a[ where 0 < av < 1 where we remark
that: sup,coaf[fn (z) — f(2)] =™ — 0 as n — oo.
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4.2.4 Properties of uniformly convergent sequence of
functions

4.2.4.1 Continuous sequence of functions

Theorem 4.2.8 Let (fy),cnbe a sequence of functions from F(I,R) and
xg € 1. If

® (fn)nen converges uniformly to a function f on I, and

e f, is continuous at xg for alln € N,
then, f is continuous at xg.

Proof. Let € be a strictly positive real number. Since (fy),cy is uniformly
convergent then,

AN () € N,¥n > N (¢) Vo € L; |f (z) — fn (z)] < g
and by continuity of [y at zg

3> 0;Vz €1, |z —zo| <6 = |fn(o (&) — fage (w0)] <

wl o

Then, by triangular inequality we have for all x € I

o —zo] < & = |f(x) = f(zo)| < |f (@) = fve @)] + [ (@) = favge (o)

+ | e (o) = f (w0)| < g-l—g—l-%:e.

That is, f is continuous at xg. B

Corollary 4.2.9 In the previous theorem, if we replace the statement (f, is
continuous at xg) by (fn is continuous on I), the result is the function f is
continuous on I.

Remark 4.2.10 1) This result can be seen as an inversion of limits, since we
have shown that: limy_ gz, limy oo fr () = limy oo limg sz fr () = f (z0) .
2) This result is often useful in contrapositive form: if a sequence of
continuous functions converges pointwisely to a non-continuous function so,
this convergence is not uniform.
That’s, if

® (fn)nen converges pointwisely to a non -continuous function f on I,

o f, is continuous on I for all n € N.
Then, the convergence is not uniform.

As example the sequence of functions (f,),cy With f, () = 2™,z € [0,1]
(example studied previously)
0; if z €01
1; ife=1
Note That f,, is continuous on I for all n € N, but f is not continuous because
lim, ;- f (z) =0 # £ (1) = 1.

Which suffices to conclude that (f,),cy does not converge uniformly.

fn — f (pointwisely) where f (z) =
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Example 4.2.11 Another example: let be the sequence (fy),cn where

1—na™
=—— R..
fn (@) 14 2027 " <R

For 0 <z < 1,lim, 500 frn () = 1 because lim, oo na™ = lim, o, ne™P? =
1

T

0 and for x > 1,lim, o0 fr () = limy 00 = = —% because lim,,_soc nax™ =

a2
+00.
. (L if ze(0,1]
Then, f, — f (pointwise) where f(x) = { L1

continuous on Ry for all n € N but f is not continuous on R4 because
lim, ;- f(z)=1%# f(1) = —% s0, this convergence is not uniform.

. As fn is

Theorem 4.2.12 (Dini’s theorem)If the sequence of functions. (fn),cn

e converges pointwisely on the interval I = [a,b] to a function f continu-
ous on 1,

e fn is monotone on I for all n € N (not necessarily continuous),

Then, (fn)nen converges uniformly on I.

4.2.4.2 Intgrable sequence of functions

Theorem 4.2.13 If (fy),cy is a sequence of real valued functions, where
o f, is integrable on I = [a,b]  for every positive integer number n.
® (fn)nen converges uniformly towards a function f over the interval I.

Then, f is integrable on I and

b b b
lim fn(x)de = / nh_}rgo fn (z)dx = / f(z)dx.

n—o0 a

Proof. For all x € I and all n € N one can write

[f (@) = 1fn (@) + f (2) = fo (@)] < [fn (@) = [ (@) + |fn (2)]
Thus,
S 1f @) < [7|fa (@) = f (@) dz + [} | fa ()] da
< 71 fn @) dx + (b= a) sup,eiy | fn (2) = £ (2)]
The uniform convergence of ( f,,),,cy means that (Sque[a,b] |fn () — f(2) |>

neN
is a real valued sequence that converges to 0 so , it’s bounded and as f,, is

integrable on the interval I so ff | fn ()| dx is also bounded. Then,

b
[ 1@l <+ @-ar

where, M, M’ are positive real constants. Which proves that f is integrable
on I . On the other hand

2 fu (@) da = [0 F (&) da| = | [ (fu (@) = f (@) da
< 21 fa (@) = f (@) dz < (b— a) sup,epap |fa () — f (2)],

as limy,— 00 SUP,epap) [ fn () — f (2)| = 0 then, limy, f: fn (z)de = ff f(z)dz.
Which complete the proof. m
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Remark 4.2.14 In the previous theorem, if all functions f,, n=20,1,2,...are
continuous on [a,b] then, they are integrable on this interval and

n—oo

b b
lim fndx = / lim f,dz.
a n— o0
Corollary 4.2.15 If (fn),cnis a sequence of real valued functions

e integrable for every positive integer number n on the interval [a; D]

o uniformly convergent to a function f on |a;b].

Then, (Fp),cn converges umformly to the function F' on [a; b] where F,, (x) =

[ fo (t)dt and F (z) = [ f(t

Proof. In view the above theorem, F,, — F' (pointwisely). Let’s prove the
uniform convergence.
va € ont]s 1P (0) = F (@) = |Jy U s t>>dt\
3 fn 7o)l de
<(b- a) SUPseap) [fn (8) — f ()] — 0 as
n — 0o.
Then, by the proposition ?? F,, — F (uniformly). m

Remark 4.2.16 The uniform convergence of (fn),cn in the previous theorem
s a sufficient condition but not necessary.

Example 4.2.17 It’s well known that the sequence of functions (fy), cn where
fo(x) = 2", x € [0,1] s pointwise convergent to the function f where
[ lifz=1
F@ =10 ifzep
limy,— o0 fol 2"dr = lim, o n%rl =0= fol f (z) dx. While the convegence
s not uniform.

and

4.2.4.3 Continuously differentiable sequence of functions

Theorem 4.2.18 Let (fy),cy be a continuously differentiable sequence of
functions on the domain [a;b], i.e. of class C'([a,b]) and check:

o There exists xo € [a;b] such that the sequence of real number (f,, (20)),,cnis
convergent.

o The sequence of derivative functions (f}),cn converges uniformly on
the domain [a;b] to a function g.

Then the sequence (fn),cy converges uniformly on the domain [a;b]to a

function f € Ct ([a,b]) and f' =g i.e.

Vx € [a,b]; ( lim f, (m))/ = nh_{glo I (z)

n—oon
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Proof. The function f/ is continuous on [a; b] because f,, is of class C* ([a, b]).
As above, the function ¢ is continuous on [a; b] because f], — ¢ (uniformly).
We have for each x € [a;b];

fol@) = fula)+ [ g0

By calculating the limit of both sides and taking into account the conver-
gence of the sequence (fy (20)),cy and the uniform convergence of (f;),cx
we get

X

fim fo () =l foCoo) + B [ g0 de= f (o) + [ g (0

n—oon n o

then, (limy,_yoon frn (2)) = g(x) = lim,_s0on f, (). Now, let’s prove that
fn — f (uniformly). We have for all z € [a,b],
@) = £ @)1 = | Cao) 2 (01t = £ (20) — 2 g 1) |
< |fn (@0) = f (o)l + [, 1fn (8) — g (V)] dt
< |fn (@) = f (20) + (b — @) subsepay 17, () — g ()]
As limy, 00 fr (z0) = f(x0) and f/ — ¢ (uniformly) then, for e > 0
arbitrary there exist two non-negative integers N1 and No such that

VneNin 2 Ni = |fa (0) = f (20)] < 5

and

€
VneN;n>Ny = sup |fi(t)—gt)| < =———
tE[a,b]‘ -9 2(b—a)

Then,

Ve>0,3N eENVneNin >N = |fula) = f @) < 5+5 =

where N = max (Ny, Na) . Therefore f, — f (uniformly). m

Example 4.2.19 Consider the sequence (fy),cy defined on I = [—-1,1] by
fn(z) = WL%I)%Q We compute that f) (x) = w and clearly f)
is continuous on I for each n € N. Now lim, ,o f),(x) =2 for all z €1

and thus ( f]) converges pointwise to g where g () = 2. To prove that the
convergence is uniform we note that |f] (x) — g (z)| = ‘2«%1)%)’ = 22l 2

and as lim% =0, Therefore, f!, — g (uniformly ) on I. As f,(0) =0 by the
above theorem (fyn),cn converges uniformly to a function [ with f(0) =0

and f'=g. Then, f(z)= [ g(t)dt= [} 2dt=2x.

4.2.4.4 Uniform boundedness

Definition 4.2.20 A sequence of function (fy),cyon I is said to be uniformly
bounded on I if there exists a constant M > 0 such that

for all n e N and all x € 1.(i.e. M is independent of n and x).
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Proposition 4.2.21 Suppose that f, — f wuniformly on I. If for each
n €N, fy is bounded on I then, the sequence  (fn),cy 15 uniformly bounded
on I and f is bounded on 1.

Proof. In the definition of the uniform convergence, choose ¢ = 1. Then,
there exists K € N, such that

[f @) < [fn () = F @) + | fn (@) < T+ | fo ()],

for all z € I. and all n > K. Since fx is bounded, then |f(z)] < 1+
maxger | fix ()] = M’ for all z € I. and thus f is bounded on I . Therefore,

[frn (@) < |fn(x) = f(2)|+|f ()| <1+ M forall x € I. and all n > K.
Let M, be an upper bound of f,, for any n € N. Then,

|fn (x)\ < max (M(), My, ...,Mg_1, M + 1) =M,
forallneNandallzel. m
Example 4.2.22 The sequence of functions f, € F(]0,1[,R) defined by

It’s clear that (f,) is pointwise convergent on |0, 1[ and it’s pointwise limit

is f (x) = %,but this convergence is not uniform, indeed
@)~ £ (@) =+
sup z)— f(x)|= sup ——— = +oc.
O<e<l 0<z<1 T (nx + 1)

Since each  f, is bounded on 10,1[ but f(z) = L is not. The se-
quence (fn) does, however converge uniformly to f on every interval [a, 1]
with 0 < a < 1. To prove this,we estimate for all o < x < 1  that
|fn () — f(2)] = m(n;_ﬂ) < a(ni+1) because the function x —

1 .
z(nz+1) s
decreasing in [, 1]. As limy, o0 m = 0 which is a sufficient condition
of uniform convergence. Note that |f (z)] = 2 < L for all x € [, 1]. s0 the

uniform limit f is bounded on [o, 1].
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Infinite series of functions

In this chapter, we consider series whose terms are functions.

Definition 5.0.1 Let I be a non-empty subset of R. An infinite series of
real (or complex) valued functions on I is a series of the form Y~ fn (x) for
any x € I, where (fn),>o 5 a sequence of real (or complex) valued functions
on I. N

The sequence of functions (Sn),>q defined by Sy (x) = >-0=¢ fp (x) for
all x € I s called sequence of partial sums generated by the series

ano fn (2).

Remark 5.0.2 For each x fived in I, 3, <o fn(2) is a series of real ( or
complex) numbers.

Example 5.0.3 ) .on!(z —1)" is an infinite series of functions on R
where fp (x) =n!(x—1)".

Very importante note

The convergence of an infinite series of functions can be treated by consid-
ering the convergence of the sequence of partial sums (which are functions).
It is now clear that our previous work the sequence of function translate es-
sentially directly to infinite series of functions.

5.1 Pointwise convergence

Definition 5.1.1 We say that the series of functions ), <o fn (x) is point-
wise convergent on I if its sequence of partial sums (Sn)n>0 converges
pointwisely on I to a function S . This function is called sum of the series
and we write: for all x €1

lim S, (z) =5 (z) =Y _ fu(2)
n=0

We can express this definition in short as follow
> >0 fn (@) = S (x) (pointwise) <= S, — S (pointwisely).

Remark 5.1.2 1) To study the pointwise convergence of a series of func-
tions 3,50 fn (z) on I, we study the nature of the infinite numerical series
Y >0 fn (@) for each constant a € I.

o1
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2)The criteria established on the convergence of numerical series are all
valid for studying the pointwise convergence of a series of functions (consid-
ering = as real parameter).

3) If a series Y, <o [n (x) converges pointwisely on I to a function S then,
its nth remainder is defined for all x € I by

Ry(2) =5 (2) = Su(x)= Y fyla).

p=n++1

In this case we have, R, — 0 (pointwisely.

5.2 Absolute convergence

Definition 5.2.1 The series of functions ), - fn(x) is said to be abso-
lutely convergent on I, if the series of functions 3 <o |fn (x)| converges
pointwisely on I.

Example 5.2.2 Let’s study the pointwise convergence of the series

ZxQ (3—x)"

n>0

It’s obvious that this series converges for x = 0, otherwise, we have

p=n n+1
- —1
Su(x) =) a*(B—a)f = “‘2(3;)—95
p=0

The geometric series of general term (3 —x)" converges if and only if
|I3—z| <1, that’s 2 < x < 4. In this case , we have

562

x—2:

S (x),

Vo e ]2,4[,7}13205” (x) =

then, the series of functions >, <o2% (3 —x)" is poinwise convergent to
B 2

the function S on |2,4[U {0}, where S (z) = -=.
Now, let’s check the absolute convergence of this series . Applying the root
test of Cauchy, put fp, (z) = 2%(3 — )",

limy, 00 V/| fr (@) = limy, 00 /2213 — 2|"
0 ife=0

: 2
= limy o0 3 — 2| 2| = { 3—a| ifato.
Then, 3 ,>¢ 22 (3 — )" converges absolutely if and only if |3 — x| <1
orx = 0.

Proposition 5.2.3 ( Necessary condition of pointwise convergence) If a se-
ries of functions >, ¢ fn (x) converges pointwisely on I then, the sequence
of functions (fn)neN_converges pointwisely on I to the zero-function . But
the converse is false. In short, one can write :

> ns0 fn (T) = S (pointwise on I ) [ j ] fn — 0 (pointwise on I ).
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5.3 Uniform convergence

Definition 5.3.1 We say that a series of functions Y, . fn(x) converges
uniformly to a function S on I if its sequence of partial sums (Sn)nen
converges uniformly to the function S =" fn () on I.

That is to say the sequence of real (or complex) numbers of general term

SUDger [2p—p fp(x) =S (m)’ converges to 0.

Example 5.3.2 In the last example, we have

1132

Va €]2,4[U{0}, |Sn (2) — S (2)] = — |3 —a[""

Let r be a real number such that 0 <r <1, then for all x € [3 —1r,3+ 1]
2
(C12,4]) we get |8, (x) = 8 (x)] < EHrm+ So

(3 B T)2 n+1
0< sup |5, (0) =S ()| < r
Z€[3—7,3+7] L—r

Thus, 1imy,—e0 SUPe(3_r, 344 [Sn (2) — S (z)| = 0 because (31__7~22Tn+1 50
as n — 0o.

Conclusion : .~ 22 (3 — )" converges uniformly to S (x) = L5 on
B—7r,3+7r]U{0} with 0 <r<1.

5.3.1 Necessary condition of the uniform convergence

Proposition 5.3.3 1) If a series of functions ), <, fn(x) converges uni-
formly on I then, it converges pointwisely on I i.e.

Ym0 fn () = S (uniformly on I ) = .Y < fu(x) = S (pointwisely
onl ) -

2) If a series of functions <o fn (x) converges uniformly on I then, the
sequence of functions (fn),cn converges uniformly on I to the zero function.
i.e

Y om0 fn (@) = S (uniformly on I ) = f, = f =0 (uniformly on I ).

Proof. 2) It is sufficient to note that, for all z € I and all n > 1
[ ()] = [Sn (2) = Sp1 (2)] < [Sn () = S ()] + [Sn1 (z) = S (2)],

As for all x € I, limy o0 Sp () = limy 00 Sp—1 () = S (x) then, by
definition of limit, for all arbitrary strictly positive €, there exists N € N such
that for each n > N we have

|Sn (z) — S (z)] < § and [Sp_1 (x) — S (x)] < §. This prove that

= €.

Ve>0,INeN,VneN;Vz € I;n> N — \fn(a:)—0|§§+§

Therefore, f, — f =0 (uniformly on 7 ). m

Example 5.3.4 Let Y -, fn(z) be the series of functions defined for all
ze Ry by fo(x)=nynzde oV



CHAPTER 5. INFINITE SERIES OF FUNCTIONS 54

Proof. It’s clear that lim, o fn () = 0 so f,, — 0 (pointwisely on R, ).
Let’s study the uniform convergence of the sequence ( fn)n21 .We have

i (x) = nv/na? (3 — my/n) e ™V™,
fé(x):0<:>x:()orx:%, ffl(a:)>0<:>0<a:<%,

fl(x) <0< x> % hence, sup,> |fn ()| = fn (%) = i—z - 0 as
n — oo, which show that the sequence of functions (fy),,~,; does not con-
verge uniformly to the zero function on R,. Thus, the series of functions
Y n>0 fn (z) does not converge uniformly on R,.. m
Sometimes it is not easy to calculate explicitly the pointwise limit S(x) of
a series of functions, then to study the uniform convergence of such series we
can use the following Theorem.

Theorem 5.3.5 (Cauchy criterion) The series of functions ), ~q fn (%)
converges uniformly on I if and only if

Ve > 0,3IN (e) e N,Vm,n € Nym >n > N (e) = sup Z fi(s)] <e
zel |
i=n+1

Theorem 5.3.6 (Abel’s theorem for uniform convergence) Let (vy),cy
(an),en be two sequences of real (or complex) valued functions on I checking

e JM > 0,Vn € N,Vz € I; ’2228 v (s)’ < M ( that’s the partial sums of

the series ), ~ovn (7) are uniformly bounded).

o the series of non-negative real numbers Y ~oSupses |ang1 (t) — an (t)]
converges,

e the sequence of functions (an),cy converges uniformly to zero function
on I

Then, the series of functions Y, <y an () vy, (x) converges uniformly on

1.

Example 5.3.7 Let anl fn (x) be the series of functions defined for all

r >1by fo(x)=%—. Wemay write f, (x) = an (x) v, (x) where ay, (x) =
L v, (x) =e . For allz > 1 and all n € N*, we have

p=n p=n _
1— e (mtbe 1 1
J— —pr| _ ~
;%vp(s) = pzoe = || S S L8200,
because the function x — ﬁ is decreasing on [1,400].

1

oY= (2-)
then, Y < supser |ant1 (t) —an (t)| is a convergent telecopic real numbers
series whose sum is 1.

Finally, we have a, — 0 (uniformly ) because a,, does not depend to .

Thus, we conclude that y_, ~; fn () converges uniformly on [1,+o0[.

On the other hand, sup;cr |ant1 (t) — ay (t)| = supser
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Theorem 5.3.8 Let (vn),cny  (an),en be two sequences of real (or complex)
valued functions on I satisfying

e dM > 0,Vn € N,Vx € I; ‘Zzig v; (s)‘ < M ( that’s the partial sums of

the series Y .~ vn (z) are uniformly bounded).
o for all x € I, the sequence (ay, ())neN is monotone

e the sequence of functions (an),cyn converges uniformly to zero function
on I

Then, the series of functions }, < an (z) vy () converges uniformly on 1.
(This criterion is used especially to prove uniform convergence when the
series is not absolute convergent

Example 5.3.9 Consider the same series of function anl %

It’s clear that (an),cy is a monotone decreasing sequence because for all

1
nZl,an+1—an:—m<0.

Then, by this theorem the series > <, % converges uniformly.

Theorem 5.3.10 (Weiertrass’s M-test) If there exists a convergent series
Y ns0 Mn  of positive numbers such that

Vo € I,Yn € N; | f, (x)] < M,

then, the series of functions ano fn (x)will converge uniformly (and ab-
solutely) on I

Proof. Since ), -, M, is convergent, therefore by Cauchy criterion for con-
vergence of series, for all € > 0, there exists and integer positive N such that

for each p € Nand n > N; ‘Zigf{ MZ‘ <e As M; >0 for all i € N hence,
forall z € I and all n > N,p € N we have

i=n—+p i=n-+p 1=n+p i=n-+p
@< D> @< Y Mi<| > M <e.  (51)
i=n+1 i=n+1 1=n+1 i=n+1

This gives that) -, fn () is uniformly convergent on I. Also from (??), > < |fn (2)]
is uniformly thus pointwisely convergent which allow us to conclude that
Y >0 fn (z) is absolutely convergent. m

5.4 Normal convergence

According to the above, to prove the uniform convergence of a series of func-
tions, we need the explicit expressions of the general term of the associated
sequence of partial sums S, (x) as well as of its sum S(x), which is not avail-
able in many cases. In order to overcome this difficulty, we will study the
convergence of a numerical series extracted from the given series of functions,
which allows us to study the uniform convergence via the general term of the
new series.
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Definition 5.4.1 Let f € F (I,k) be a real (or complex) valued function.
sup,er |f (z)] is called norme of f and denoted by || f|| .

Definition 5.4.2 We say that a series of functions Y, - fn (x) is normally
convergent on I if the series of non- negative real numbers 3, <o || fnl con-
verges.

cos(nﬁ)
i

cos(nﬁ)
ny/n

Example 5.4.3 The series >, 4
because:

Vo € Ry,Vn € N*; | f, (z)| =
3

is normally convergent on R4

< - and since f, (0) = L then,
n2

n2
[full = super, |fn (z)| = f
The numerical series 3 <1 [[fall = X251 ni% is a series of Riemann

(a—series) with a = 3 > 1, thus it’s convergent.

5.4.1 Sufficient condition for normal convergence

Proposition 5.4.4 If there exists a convergent series of positive real numbers
> uy such that for all x € I and for alln € N

[ ()] < U, (5:2)

then, the series of functions ), < fn (x) is normally convergent on I .

Proof. According to the assumption (??7), we deduce

Vn € N,0 < [|fnl| = sup | fn (2)] < un,
zel

and as ), -, Un IS a convergent series with positive terms, thus by the
comparison test the series Y, <, ||fu|l converges. Therefore, >, <o fn (2) is
normally convergent on /. m -

It can be proved in another way by observing that ) -, u, fulfills the

Cauchy’s criterion because it is convergent and that Z;igiﬁo I fill < Z;zfﬁ’ Uj.

Example 5.4.5 In the previous example, noting that > -, % converges
>1 3

cos (n+/x)

ny/n

then, the series of functions ), <o fn (z) converges normally on R,

and since
1

Vn e N,Vr € I; < —
3

Y

n

5.4.2 The relationship between different types of convergence
of a series of functions

see (Diagram 77)

Proposition 5.4.6 Let ) -, fn(x) be a series of functions on I .

1) If the series ", <o fn (z) converges normally on I then, it converges
uniformly on I. -

2) If the series ), < fn (x) converges normally on I then, it converges
absolutely on I. B

3) If the series Y, <o fn (x) converges uniformly or absolutely on I then,
it converges pointwisely on 1.
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Figure 5.1: Types of convergences

Proof. 1) 2) For all z € I and all n € N, we have

|fn (@) < sup |fn (2)] = M.
zel

Suppose that > -, fn (2) converges normally on I, hence ) -, M, is a
convergent series of positive real terms. Then by Weierstrass’s M-test, the
series » . < fn (z) converges uniformly and absolutely on I.

3)It is obvious.

Remark 5.4.7 The implication: (3_,5q fn(z) U.C.onl. = > - fn ()
N.C on I) is false.

Counter example The series of functions ) -, fn () where f, (z) =
=" D

xé4n’

converges uniformly because according to Abel’s theorem, we have

i=n

> (-1

i=1

Vn > 1, < 2.

1 . .
For all z € R, the sequence (m> o is decreasing and as sup,cg

1 _
z24n|

1 0 as n — oo, this show that ﬁ — 0 uniformly. But > n>1 fn (x) does
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not converge normally because ), -, sup,cg = Zn>1 is the harmonic

_1
z24n

series.

5.4.3 Uniform convergence and sum of a series of functions

Let 3,50 fn (z) be a uniformly convergent series of functions on an interval
Iof Rand S(z) =23 72, fn(x) its sum.

5.4.3.1 Series of continuous functions

Theorem 5.4.8 If the functions f, n=0,1,2,... are continuous on I .
Then, the sum S(z) = Y i0y fi(x) is a continuous function on I i.e.
for all a €I,

£%S$-—£g§:ﬁ Ejmnn }jn

Proof. Since ), - fn (x) is uniformly convergent series of functions on I, the
sequence of its partial sums (.S,,) where S, () = Zzzg i (x) is thus uniformly
convergent to the function S on the same domain. On the other hand, the
function S, is continuous on I for every m € N as a sum of continuous

functions. Then, in view of theorem 77, S is continuous on /. =

Example 5.4.9 Let ) -, (azﬁlﬂ — xﬁ) be a series of functions. Take

1
a; (x) = xZTwe can find the associated sequence of partial sums (S,) as
follow

Sule) = Yy (275 —277) = i (i1 () — as ()

= ap41 () —ap () = T
Then, the series converge pointwisely on R to the function sum
) 11—z ifx >0
S(x) = limy o (xm - :):) ! 0  ifz=0
—1—z if x <0,

notice that all functions f, () = xﬁ —x%%l,n =0,1,2,..are continuous
at 0 but S does not which show that the convergence of Y <. fn () is not
uniform. -

5.4.3.2 Series of integrable functions

Theorem 5.4.10 If the functions f, n = 0,1,2,... are integrable on I =
[a, b].
Then, the sum S(x) = >, fi(x) is an integrable function on I , and

(/Zﬂ Y= /ﬁ

Proof. Since, the sequence (S,) where S,(z) = Y'=¢ f; (x) is uniformly
convergent to the function S on [a,b] then, the function sum S is integrable
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on [a,b] therefore, by theorem ?7 and the linearity of integral we have

pi=n

b =n
[y p@de =t [0S g
a i=0 ¢ =0
= nlgrgOZ/fz dw—Z/fz

which complete the proof.
]
n

Example 5.4.11 The geometric series Y, (—1)"

gent to the function S(x) = 14% on the interval |—1,1] and uniformly con-
vergent on all interval [a,b] C |—1,1[. As all functions x — (=1)" 2", n =
0,1,2,,.. are continuous thus integrable on [a,b]( C |—1,1[ ). Then, S is

integrable and

b 4 b . b
S = Jl(—a) de e In|{

18 pointwise conver-

bn+1_ n+1
=20 (FU)" T

5.4.4 Series of continuously differentiable functions

Theorem 5.4.12 Let  (fn),cn be a sequence of continuously differentiable
functions on the interval [a,b] and verify:

o There exists xo such that the numerical series ., . fn (T0) converges.

o The series of derivative functions ), - f;, (¥) converges uniformly on
[a,b] to a function g.

Then, the series ), <o fn () converges uniformly on [a,b] to a the function
S € C' ([a,b]) and
va € [a,0], (X5 fi(x)) = X2 f (@) -

Proof. It suffices to notice that all the conditions of the theorem 77 are
satisfied for the sequence of partial sums. m

5.5 Exercises

Exercise 01: Test the following sequences of functions for pointwise then
uniform convergence

1) fa(@)=In(z+1), 2eRy,n>0

2) fo(z)= Txn)xe[l—i—oo[,nZI

) fo (@) =202 3 € [0,2n],n > 1
) fn(x) = n+$,:c€ [0, +o00[, n > 2,
5) fn(z) = {755, € I (arbitrary interval) n € N
 (1=5)" ifxel0,n]
6)fn(a?){ 0 if x>n
Exercise 02 : Let f, : R = R be the sequence of functions defined by

fo(z) = /22 + 2L

Show that each f,, n = 1,2,3, ... is of class C'! (R) and that the sequence
(fn)p>1 converges uniformly on R to a function f which is not of class C! (R).
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Exercise 03

1) Show that the sequence of functions f, () = z (1 + n“e~"*) defined on
R4 with o € R, n € N converges pointwisely to a function f to be determined.

2) Determine the values of a for which there is uniform convergence.

3) Calculate limy, oo f01 x (1 + /ne "*) dx.

Exercise 04 Test the following series of functions for pointwise, absolute,
normal and uniform convergence

1) o, 8mm) oh R 2) % on [2, +oo|

n>1 g24n?2 n>1 nx+
(71)ne—nz2 R
3) Yons1 g On
Exercise 05 For all z € [0,1] and all n € N, put

ug () = L, upt1 (z) = /OI up (t — t2) dt.

Test the pointwise and the uniform convergence of the series of functions

2 un (), D uy (2).

Exercise 06 Let be the sequence of function (f,) defined on [0,1] by

n (ac3 + x) e *

fn (@) = nr+1

1) Show that (f,) converges pointwisely on [0,1] to a function f to be
determined.

2) Prove that (fy,) converges uniformly on all interval [a, 1] where 0 <
a<1.

2) Does (fy) uniformly convergent on [0, 1]7.

Exercise 07 Let be the sequence of function (f,) such that

6—7’1.’1}

o) =

1) Determine D the domain of convergence of the series > f, ().

2) Prove that this series of functions is uniformly convergent on D.
3) Conclude that its sum S (z) = >~ fi (z) is a continuous on D.
4) Prove that S is differentiable on [a, +oo[ with « > 0.



Part C

Power series and Fourier
series

61



Chapter 6

Power series

Definition 6.0.1 All series of functions of the form

E anx™ = ap + a1z + asx® + ...
n>0

1s called a power series centred at x = 0, where ag,a1,as,...ay,.. are
real (or complex) constants called coefficients of the series and x is a real or
complex variable.

In general, A series of the form

Zan (x —20)" =ap+ay (x —x0) +az (v _$0)2 T+
n>0

s a power series centred at x = xg, where xg is given.

Remark 6.0.2 To make this definition precise, we provide that z° =1 and
(z —x0)” =1 even when & =0 and x = xo respectively.

Example 6.0.3 The series , ,
Sasona® =z 4222 +323+ and Y, 05 =1+r+ 5+ 5+
are both power series centred at x = 0. the series

(z — 1) 1 1 )
-~ =1+ - -1 - -1
;nQ—i—l —1-2(37 )+5(w )"+

18 a power series centred at x = 1.

6.1 Convergence of a power series

Since the terms in a power series involve a variable x the series may converge

for certain values of x and diverge for other values . For a power series centered
at x = xg, the value of the series at xg is given by ag. Therefore, a power
series always converges at its center. Some power series converge only at that
value. Most power series, however, converge for more than one value of z . In
that case, the power series either converges for all value z fromk (=R or C).
or converges for all x in the disk Br (z9) = {z € k; |z — z¢| < R} where R is
a positive real number. For example, the geometric series ) . 2", ¢ € R
converges for all x € ]—1,1[, but diverges for all z outside this interval.

62
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Remark 6.1.1 In what follows, we will concentrate our study on the power
series centered at x = 0, because for a series centered at a value xg other than
zero, all results follow by letting 2 = x — xg and considering y_, ~anz" (
series power centered at z =10). N

Definition 6.1.2 The set D of all values of x for which the power series
Y om0 @n" converges is called the domain of convergence of this series i.e.

D =< zxck; E anpx" converges y
n>0

D is non- empty set because 0 € D.

Example 6.1.3 1) ano z" is a power series. Its domain of convergence
is D=DB1(0)={xeck; |z| <1} (open disk with center O and radius 1). If
k=R, D=]-1,1].

This series converges to the function v+ ﬂ on D.

2) > >0 H s a power series with coefficients a, = %,n =0,1,2,.... By
using D’alembert’s racio test of convergence, we get for x # 0

xn-l—l n xn+1

1
= lim —— \x!—0<1

n—oo N +

n!

x| i
" S (nt 1)

A | —

so this series is absolutely convergent therefore, it’s convergent pointwisely
on k and its sum is

o0 xn
Vo € k; S (z) :Zﬁ =e”.
n=0
For the sequel we only consider the real power series, that is to say the
series of the form ), ., anz™ where (a,) is a sequence of real numbers and x

is a real variable.

Theorem 6.1.4 (Abel’s theorem) Let ) -,an,x" be a real power series.

If there exists a real number o # 0 such that the numerical sequence
(ana™),, is bounded, then the power series Y, <, anx™ converges absolutely for
every real number x satisfying |z| < |a]. -

Proof. By hypothesis, the sequence (a,a"),, is bounded means that

aM > 0,Vn € N; |a,a"| < M,

S0, |an| < fa7- Then , for all z € R such that |z| < || we have
0 aua”| = el laf” < i lel” = 2|
Asr = ‘%‘ < 1, so the geometric series ano ‘§|n converges hence, by

comparison test ), - a,x™ is absolutely convergent. m

Corollary 6.1.5 If there exists a real number o« # 0 such that the numerical
series ano an,a” is convergent then, the power series ano anx™ converges
absolutely for every real number x satisfying |z| < |o].
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Proof. By the necessary condition of convergence we have

> n>0@n@” converges = (apa™), converges to 0 = (apa”), is
bounded,

then, it is sufficient to apply Abel’s theorem. m

n

Corollary 6.1.6 If there exists a real number o # 0 such that the numerical
series ano ana'™ is divergent then, the power series ano anx™ diverges for
every real number x satisfying |z| > |a.

Proof. Let z1 be areal number such that |z1]| > |a|. Suppose that > -, anz?
is convergent so, according to the previous corollary, the power series ) -, ana”
is convergent as |a| < |z|, which contradict the fact that this series diverges.

]

6.1.1 Radius of convergence

Definition 6.1.7 Let ) . a,x" be a power series. If there exists a real
number R > 0 such that the series converges for all x satisfying |x| < R and
diverges for all x satisfying |z| > R then, R is called the radius of convergence.
of this series. In paticular,

If the series converges only at x = 0, we say the radius of convergence is
R = 0. If the series converges for all real numbers x, we say the radius of
convergence is R = co.

In general , the radius of convergence of the power series Y ~,ana™ is:

R =supq aeRy; E ana’ is convergent
n>0

Example 6.1.8 1) The radius of convergence ot the series Y ., 2" is R =1
because it converges when |x| < 1 and diverges otherwise. But for the series
Y >0 %T,L its radius of convergence is R = 400 because it converges anywhere.

2) To check the convergence of the power series > .1 2 (xz —2)" centred
at x = 2, apply Cauchy’s root test, we have

1 1
lim {/—|z—2/"= lim 3\x—2\7\1/>—3]w—2]
n——»00 n n——»00 n
then,

> snl L (z —2)" converges absolutely if 3|z —2| <1ie. |z—2[< % and
diverges if |x — 2| > % so its radius of convergence is R = %

Remark 6.1.9 Let ) - ,an2" be a power series and R is its radius of con-
vergence then, B

1) it is absolutely convergent thus pointwisely on D =|—R, R[ ( domain
of convergence).

2) R=0<= D ={0}

3) R=+oo <= D =R.
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Solved exercise: Find the interval and the radius of convergence for the
power series Y < %
In order to apply the ratio test of D’Alembert, we have for all x £ 2
— 1 (@=2)" | L] @=2" [\ _y; lz—=2"*!  (n1)3™
p = Mn—oo | | ni2)3ntT | = |ntn)an | ) — Mln—oo y2)zntT X g™
. 1 1
:hmnﬁoog&i':_m\m—ﬂ = 3|z —2|.
If p < 1 then |z — 2| < 3 since |z — 2| < 3 implies that —1 < z < 5, the
series converges absolutely on the interval |—1, 5[ .The ratio p > 1 if x¢ |—1, 5].
Therefore, the series diverges if < —1 or x > 5.
The ratio test is inconclusive if p = 1. Since p = 1 is equivalent to x = —1
or z = 5. We will test theese values of x separately.
(="
n>0 n+l

series, then converges (leibnitz’s test). For x = 5, the series ), %H is the
harmonic series, then it diverges. We conclude that the domain of convergence
is [-1, 5[ and the radius of convergence is R = 3.

For x = —1, the series given by >

is the alternating harmonic

Remark 6.1.10 If a power series converges on a finite interval, the series
may or may not converge at the endpoints.

Proposition 6.1.11 If there exist two real numbers m and M such that
VneN;0<m<lap| <M
Then, the radius of convergence ot the power series Y ~anx™ is R =1.

Proof. By multiplying all sides of the previous inequality by a”, we obtain:
ma”™ < apa™ < Ma™, let us denote by :

E, ={a € Ry;(ma™), is bounded}, E = {a € Ry; (ana™),, is bounded}and
Ey ={aeRy;(Ma™), is bounded}.

So, we have the following inclusions Ej; C E C E,, then, supEy =1 <
supE <supF,,=1. =

Example 6.1.12 By this proposition, R =1 is the radius of convergence ot

. n en n 1 _ _em
the series 0 (=1)" gigga™, because 0 < 5 <lap| = 577 < 1.

Theorem 6.1.13 If R is the radius of convergence of a power series ), <, ana"
then, this series is normally convergent on each interval [—q,q] where 0 <
q < R.

Proof. For each = € [—q, g] we have

|anz”| = |an|[z[" < |an|g"
According to Abel’s theorem > - lan|¢" is a convergent because ¢ < R.

Then, ), ~anz™ converges normally on [—q,q]. =

Theorem 6.1.14 (Hadamard's rule) If limp oo

an+1
an

=L e Ry U{+o0}

. . . 1
then, the radius of convergence of the power series Zzno apx" is R= 1.



CHAPTER 6. POWER SERIES 66

Proof. Suppose that lim,,_, GZH = L, by using the ratio test of D’Alembert,
we have for z # 0
a $n+1 a
lim [ | = Jim |2 |x| = L |z|.
n—o0 anx™ n—o00 n

The series converges absolutely for each real x € R satisfying L|z| < 1
that’s |z| < 1 and diverges for all « € R such that |z[ > + then, R= 1. =

Proposition 6.1.15 Iflim,, o /|an| = L € Ry U{+oc} then, the radius of

; n 1
convergence of the power series ) - o anx™ is R = 1.

Proof. We have by root test of Cauchy,
lim {/|a,2”| = lim {/|a,||z|" = lim |z| /|an] = L]|z|.
n—oo n—oo n—oo

We deduce for the power series in this case also , it’s absolutely convergent
if || < 1, divergent if |z| > 1, which prove that R= 7. m

Remark 6.1.16 1) In the case where the two limits lim,

QAn41
n

and im0 V/|an|

do not exist, the radius of convergence of the power series ) ., anx" is R = 1

L
where
L = limsup V/|an|

2) L=0 = R=+4c and L =400 = R=0.
3)Let Y, ~oanx" be a power series of radius of convergence R. Then its
convergence domain is one of the four intervals : |—R, R[,[~R, R[,]-R, R],[-R, R].

Example 6.1.17 1) Consider the power series ), - QWL_:_lwn We have

(n4+1)! 2"+4+1
im
n—oo 2N+l 41 n!
) 2" +1
= e gy
1427n

= Jm ()5 o

An+1
Qan

lim

n—o0

= +007

by Hadamard’s rule, the radius of convergence is R =0, that’s to say the
given series converges only for x =0 and diverges on R*.
2) 350 VNP2 is a power series because it’s of the form Y, <o anz"
where - a
a :{ 0 if n=3p or n=3p+1
" VP if n=3p+2.

Let’s calculate the radius of convergence . We have

lim W: lim n7 |25 = lim e |ofte = |of
n—o00 n—o0 n—00

then, this series converges absolutely and thus pointwisely if |x\3 <1 and
diverges if |z|* > 1.Since,

2P <1< |z|<l<=2e€]-1,1] and

2P >1e=|z|>1<=az>1o0rz<1.
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Therefore, the radius of convergence is R = 1. now, we need to study the
cases x = —1 and x = 1.Substituting x by these values we remark that
Y om0 VI Yonso (—1)" /1 are divergent series

because lim,, oo /1 # 0. Consequently, the domain of convergence is D =
]-1,1].

6.1.1.1 Radius of convergence of a sum or a product of two power
series

Proposition 6.1.18 Let > . anz™ and ) -,bpa™ be two power series
with radius of convergence Rq, Ry, respectively, denote by Rqyy the radius of
convergence of the power series Y, -, (an + by) 2" . Then

Ryip =min (Ry, Ry ) if R, ;gRb and Rgip > Ry if Ry = Ry.

Proof. 1) Assume that R, < R,.

If || < Ry then, |z| < R, hence, the two series ) -, apz" and
> sobna™ are absolutely convergent. As |(an + by) 2" < |apa®| + |bpa®|
then, the series Y - (an + by) 2" converges absolutely for |z| < min (R,, Ry ).

If |z| > Ry ; two cases arise:

i) Ry <|z|<Rs, > ,>0anx™ converges absolutely and ) - b,x
diverges. So >, < (an + by) 2™ diverges. -

ii) Ry < R, < |z|, the two series diverge. let’s show Y - (an + by) 2"
diverges also. Let’s reason by the absurd. Assume that the series Y om0 (@n +bp) ™
is convergent, so by Abel’s theorem, it converges absolutely for all g € R such
that |zo| < |z| and in particular for all z¢ verifying R, < |zo| < R, . Hence
the contradiction.

2) Now, assume that B, = R, . Itisclear that the series ) -, (an + by) 2"
converges absolutely if |x| < R, = R,; so the radius of convergence R,.j >
R, m

Example 6.1.19 Consider the two power series >_,~,x" and Zn>0 3n x" . It
s easy to prove that both series have a radius of convergence R = 1, on the
other hand, the series deduced from the sum of the two series (i.e.zn>0 3%37")
has 3 as radius of convergence.

Proposition 6.1.20 Let ) -,anz"™ and ), - by,x™ be two power series hav-
ing respectively R, and Ry for radius of convergence . Then, their series

product is a power series of general term wy, (x) = (Z:{f aibn_i) x™ and its

radius of convergence Ry checked Ry, > min (Ry, Rp) .

Example 6.1.21 Find a power series whose sum is the function f(xr) =
1

(1-z)(1—2z)"
We see that Wllﬁx) = ﬁﬁ and each factor is the sum following

power series — 1 = ZZO:O x™ with radius of convergence 1and interval of con-

[ then, the radius of convergence of the series product is

. So for we]—%,%[,

L L (T ) (D (200"
= S (T 2 o
=3l (2 —1)am
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Remark 6.1.22 Let Y. . an(x —x0)" be a series power centred at x = x
and R be its radius of convergence . Then
1) R isitself the radius of convergence of the power series Y <, ana".
2) If ReRY the series Y ~qan (v —x0)" is -

e absolutely convergent on |zg— R,x0+ R[, divergent on |—oo, —R[ U
|R, +o0l,

e normally convergent on all interval [a,b] C |xo — R,z0 + R|.

o The particular cases x = rg— R, x = xg+ R should be studied separately.

6.1.1.2 Continuity and integrability of a power series sum

Theorem 6.1.23 Let Y, - an (x — z0)" be a power series, R is its radius of
convergence and S (z) =Y oo an (x — x0)" is its sum. Then, the function S
is continuous on |xg — R, xo + R[ and for all intervall [a,b] C |xg — R, zo + R
we have,

b b o o0 b
S(z)de = an (x — xo)" dx = an (x — x0)" dx
J f Rt et =3 [
N (b—20)"" — (a — o)™
S B ()

Proof. For this series the general term f, (z) = a, (x — z9)" is a polyno-
mial function for every n € N, that is continuous on RAlso, this series is nor-
mally and thus uniformly convergent on each interval [a,b] C |zg — R, zo + R[.
Hence, it is sufficient to apply theorems 7?7, 77 about continuity and integra-
bility of the sum of uniformly convergent series of functions on a domain I to
prove our mentioned. results m

Remark 6.1.24 The power series Y, ~qan (x — x0)" and ), <o 725 (x — zo)" !

have the same radius of convergence R.

6.2 Differentiation of power series

In general, one cannot differentiate a uniformly convergent sequence or series.
We can, however, differentiate power series, and they behaves as nicely as one
can imagine in this respect. The sum of a power series

S (x) = ag + a1z + asx® + azx> + ..

is infinitely differentiable inside its interval of convergence, and its deriva-
tive is given by term-by-term differentiation as follow

S’ (x) = a1 + 2asx + 3azz® + ...

To prove this, we first show that the term-by-term derivative of a power
series has the same radius of convergence as the original power series. The
idea is that the geometrical decay of the terms of the power series inside its
radius of convergence dominates the algebraic growth of the factor n.
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Theorem 6.2.1 Suppose that R is the radius of convergence of the power
series 50 an (x —x0)" . Then, the power series Y., <o nay (x —x0)" " has
the same radius of convergence .

Proof. Assume without loss of generality that zp = 0, and suppose |z| < R.
Choose k such that |z| < k < R, and let r = %', notice that 0 < r < 1.
To estimate the terms in the differentiated power series by the terms in the
original series, we rewrite their absolute values as follows

n—1
’nanm”_l} = <|33|> lap| K™ = M=t lan| K",
K\ K K

The ratio test of D’Alembert shows that the series Y, -, nr"~! converges,

So the sequence (m’”_l) is bounded by a positive real number M. Thus

n>1
M

‘nanl‘”_ll < — |an| K™
K

By Abel’s theorem, the series ), . |an| £™ converges, since k£ < R, so the
comparison test implies that ) -, na,z™ ! converges absolutely.
Conversely, suppose |z| > R . Then ) -/ |a,z"| diverges because the

series ) <, anx™ diverges and as

1
‘nanxnfll > B lapz™|, for n > 1,
x

so the comparison test implies that ano na,z" ' diverges. Thus the

power series > <o anz™, Y., <o na,z" ! have the same radius of convergence
R = - -

Theorem 6.2.2 Suppose that R > 0 is the radius of convergence of the power
series Y.~ an (x — x0)" and S(x) =D 0° an (x — xo)" is its sum. Then, the
function S is differentiable in |zg — R, zo + R[ and

S (z) = (Z an (z — xo)n> = Z nan (x — xo)" *.
n=0 n=0

Proof. By the previous theorem, The term-by-term differentiated power
series » <, nan (v — 20)" ' converges in |zg — R,z + R[. We denote its sum
by B

g(z) = Z nay, (x — xo)" *.
n=0

Let 0 < r < R, the two power series ) - an (z — 20)" and 3, - na, (z — zo)" !

converges normally an then uniformly on [xg — K, 29 + k] . Applying Theorem
?? to their partial sums, we conclude that S is differentiable in [xg — &, z¢ + K]
and S’ = g. Since this holds for every 0 < k < R, it follows that S is
differentiable]zg — R,xo + R[in and S' =g¢g. m
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Corollary 6.2.3 If the power series Y, ~an (z — x0)" has radius of conver-
gence R > 0 then the function S defined by

o0

Va € Jzg — R,z0 + R[; S Z (x — x)"

is infinitely differentiable on |xg — R, xo + R| and

S(n) (z0)

vn € N;a, =
n!

Proof. By applying the previous theorem to the power series

S (x) =ag+a1 (x—x0) +ag(x—x0)* +as (& —20)> + oo +an (x — 20)" + ..

p times, we find

S (z) = ay + 2as (x — x0) + 3as (z — x0)* + ...nan (x — )" + ..
8" (x) = 2ag + 2.3a3 (¥ — x0) + ... (0 — 1) nay (x — x0)" > + ...

" (x) =1.2.3a3 + ... (n — 2) (n — 1) nay, (z — x0)" > + ...

S®) (x) =1.2.3..p.ap + .. —|— m—p+1)...(n—1)na, (x —x0)" P+ ...
=plap+ ...+ 55 ),an (x—x0)" P+ ...

where all of these power series have radius of convergence R. Setting x = xg
in these series, we get

apg = S (330) , 1 = S’ (.’L‘o) , ag = S//(on) yeeey Qp = S(p;('xo)7 .

which proves the result . m

One consequence of this result is that convergent power series with different
coefficients cannot converge to the same sum.

Remark 6.2.4 If two power series Y, ~qan (v —0)" , D, 50bn (z —20)"
have non-zero radius of convergence and have the same sum on some neigh-
bourhood of xq, then a, =b, forn=0,1,2,3,....

In fact, if the common sum in Jzg — d,20 + 6] where 0 < § < R is S then,
(">(x0) —b,.

n!

n =

Definition 6.2.5 [Real analytic function]Given a real constant xo. We say
that a real valued function f is real analytic at xo if f is the sum of a
power series centred at xo on some neighbourhood of xo with non-zero radius
of convergence. i.e.

there exists a sequence of real numbers (ay),~, and >0 such that for
all v € Jxg — r,xo + 1| we have -

x) = Zan (x — x)"
n=0
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6.2.1 Taylor’s series

We have already proven that all function f can be represented as sum of a
power series, this series must be of the form » -jan (v — x0)" .It therefore
seems worthwhile to study power series having this form.

Definition 6.2.6 If f is a real valued function whose nth derivative at x = xq
exists for every n € N then, the Taylor’s series for f (x) at x = ¢ is

© £(n) (4
Fay =Y T gy
n=0 ’

It is most common to deal with Taylor series at * = xg = 0 , since the
terms in the power series are simplest to write in this case.Such series are often
called Maclaurin series.

Remark 6.2.7 Since Taylor’s series are special cases of power series, all of
our results about power series automatically apply to them thus, for example
the Taylor series for f' (x) is obtained by differentiating the Taylor’s series
for f(x) term-by-term.

Example 6.2.8 The Taylor’s series of the function exp at x =0 (Maclorin
series) is

2 3 n X n
z X i X N X
e —1+$+2'+3'++n'+—50n'
n—=

Definition 6.2.9 (Smooth function) A function f is smooth  (or C* or
infinitely differentiable) on an intervali I C R, written f € C* (I) if has
continuous derivatives of all order.

Theorem 6.2.10 Let f be a function of real variable..If f is real analytic
i some neighbourhood of xo then, there exists r > 0 such that f € C*
(Jko —r,z0 + 7)) d.e f is smooth on |xg —r,z0+7r]. In this case one can
write

© f(n)
Vo € zg —ryxo+r]; f(x) = Z S @) n('xo) (x — x0)"
n=0 :

Remark 6.2.11 The condition f € C* (Jxg—r,z0+7]) in the previous
theorem is mecessary for the analycity of f at xo but not sufficient.

Counter example: Define the function f:R — R by

—% if x>0

e
“@_{0 if 2<0

The infinite differentiability of f (z) at z =0 follows from the chain rule
( derivative of the composition of two differentiable functions: (h (—%))/ =
m—lz.h’ (—%) ). Moreover, we can easily prove by induction that its nth deriva-

tive has the form

WM@—{“(
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where pn(%) is a polynomial in % Thus, we just have to show that f has
derivatives of all orders at 0 and that these derivatives are equal to zero. It’s
clear that f'(07) = 0 because f(0) =0 and f(z) =0 for all z < 0.

For the right derivative we have

70 = tim L9~ C = i he =0,

z—0t X z—0t X h—+o00

8|~

Since both the left and right derivatives equal zero, we have f’(0) = 0.

Using a proof by induction. to show that all the derivatives of f at 0 exist
and are zero. Suppose that £ (0) = 0, which we have verified for n = 1.
The left derivative f(+1 (07) is clearly zero, so we just need to prove that
the right derivative is zero.

(n) 1) ez
FoD (01) = tim L) gy P et —0

x—0+ T z—0t T h—4o00

Which prove that f € C*° (R). The Taylor’s series of f at g = 0 is

(n) . . . .
Yoo ! n!(o) 2" =% > 0.2 which converges to 0, so its sum is different to f

in any neighbourhood of 0, which mean that f is not analytic at 0.

Theorem 6.2.12 (Sufficient condition for the analyticity) Let f : 1 — R be
a function xo € I (fizred) such that

o feC® (Jtg—r,2o+7r[) (i.e. f issmooth on a neighbourhood of xy),

e there exists M > 0 such that

VkeN,Vme]xo—r,xo—i—r[;‘f(k)(a:)‘<M.

Then, f is analytic at xy that’s
Vi€ oo — oo b ol £ () = 30 LU0 (e
T € xg — 1, xo + 7] x—nio o T —x0)".

Proof. The Taylor formula of order n for the function f on a neighbourhood
of zq is given by

k=n f(k) (370)
Vo € oo —ryxo + 1[5 f (x) = ZT@_%) B (2
k=0 ’
_ [ "1 is the nth remainder. We have for all

where R, (z) =
x € lxg —ryx0+ 7|

ot (@ 0)

Tn+1
R <M .
B ()] < (n+1)!
Taking  ay (r) = Mgy As limy, e 250 = limy, o0 155 = 0 < 1
then, by ratio test of D’Alembert the series of positive real numbers > ay, (7)
. n+1
converges. Therefore, lim,, oo M ~— = 0.

(n+1)!
Which show that f (z) is the sum of Taylor’s series on |xg — r,zo +7[. ®
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Example 6.2.13 In all examples we take xg =0 and let |—r,r[ be a neigh-
bourhood of zero where r > 0.

1) f(x) = sinz. By induction , we can prove that the nth derivative
of fis  f0(z) = sin (z+n%). It’s clear that f € C*™ (R) and for all
x € |—r,r[ we get ’f(”) (z)| < 1. According to the above theorem,, one can
write

00 sin (nﬂ) 1’3 .1'5 $7 00 (_1)71
V:UGR'sin:U:Z%x" N N :Zix%-&-l
7 |

: ' ! = (2n+1)!

2) f(x)= % . It’s well known that f(x) is the sum of the geometric

power series Y >~ x™ on its domain of convergence |—1,1[ i.e
1 2 3 n
1= =l+zx+a"+2"+...+2" +.

Solved exercise: Find a function f represented the sum of the following

infinite power series and state the domain in every case
n
D0 T2 Y02 (3(@-1)

The first series 5 T3 = Ym0 (:U3)n is a geometric series. It con-

verges if [z|* < 1, which means that its interval of convergence is D = |—1,1[.
. . 3 _ 7
In this interval, the sum y >° ) 727" = ;.
Therefore, f(z) = # in the domain D = |—1,1[. The series does not

represent this function outside of this domain because it diverges.
The second series >, -2 (3 (z — 1))” is also a geometric series which con-

verges if |z — 1| < 1 then, its domain of convergence is D’ = ]—2,4[ .Within
]—2,4[ the sum
Yo 02( (x — 1)) = % = ;& = g(z). Consequently, g(z) =

1o in |-2,4[.

xr
Listed below are some common functions, their power series forms, and

convergence interval.

H Power Serles H Interval of Convergence H
H =Y 2t =14+z+a?+a°+ .. H |—1,4+1] H
8111:1:.22;:00(5”_1‘_)1),:62”“ x—g—?+§—’”—?+... |—00, +00]
cosxzzzoo(@i)),x 1—’5—?4—%—%—?—#.... |—00, +00]
[er =0 2 =1ta+2 +2 4 .. [ ]—o00, +00] |
[n(+o) =3 D) S =e-5+5 -5+ | I-1+1] |
arcsmxzzzozo% :x+%3+f—0x5+... [—1,+1]
H arctanx:zzoogni)lx%ﬂ —:c—x—;—i—%—%—i-... H ]—1,+1] H
H sinhz =Y %—x—k o —1—%5—}—%—%... H |—00, +00] H
5
o7

H coshz = foo( o =L+ 5 2, +ar & H |—00, +00]
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Proposition 6.2.14 Suppose that [ and g are two analytic functions at
xo i.e there exist two sequences of real numbers (ay) , (bp) and r >0
such that for all x € |z — r,xo + 1|,

7 (2) = S g o (3 — 20)" and g (z) = S g bu (& — 20)" . Then,
1) the function f + g is analytic at zo and for all x € |xg — 7,20 + 7]

o0

(F+9) (@) =3 (an+b) (@ —20)",

n=0

2) he function fg is analytic at xy and for all x € |Jzg —r, o + r[,We
have

oo p=n

(£9) (@) =D > apbn—yp (x — x0)".

n=0 p=0

6.3 Exercises

Exercise 1 For each of the following power series, find the radius of conver-
gence and the interval of convergence

’I'L2 n ,..n nn ,..n 1 n
1) ano ng x 2) anl 177255 3) ZnZISln (%) 2
4) ano cosh (n) 2" 5) anl (=1)" n*z™ 6) Enzl 72T2 (x—3)"
) St (1" 2 (2= 10)" 8) ¥,10y gy

Exercise 2 Calculate the sums of the following power series each in their
open interval of convergence after determining their convergence radius

n 2 An—1 . X n -
1) Zn22 7”(2—1) 2) ano "(nj_é;m 3" (Hint: Vx € R, >l o =e")
Exercise 3 Use a known series to find a power series in x that has the
given function as its sum:

1) f(2)=zsin(@?)  2) f(z) =" gy f(p) = zoactn)

Exercise 4 In every case from the following, determine the Taylor series
for the function f around the point x = xg and find its radius of convergence

1) f(z) =sinz,zo=7m 2) f(x)=lnz,z0=1 3) f(x)= xo=0

4) f(r) = 5%z, 20=0 5) f(z) = li‘;ﬁ;%xo:o

6) f(z)=InvV1i4+ax+22= 290=0.

Exercise 5 1) determine the interval of convergence of the series

1
1427

$4n+1

= (4n +1)!

2) Write the function f such that f(z) = sinz + sinhx as a sum of a
power series on R.
x4n+1

3) Deduce the sum 7, Gt
m4n

Exercise 6 Consider the power series »_ - -

1) Determine the radius of convergence R and the domain of convergence
D of this series.

2) For all x € D denote by S(z) = > 2, % the sum of the power
series.Show S is a solution of the differential equations
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y—1vy" = coszx and y+ y” = coshz. Deduce the expression of S (x)
without the sign > .

3) Calculate the sums of the following numerical series : »°, - @, D1 (47?7;)!
and D, 5 (47:17:%)!.



Chapter 7

Fourier series

7.1 Some important definitions

Definition 7.1.1 (Periodic function) Let f:R — R be a function.
f s said to be periodic if there exists T >0 such that

flx+T)=f(z), forall xe€R. (7.1)

ie. fx)=f@+T)=f(x+2T)=f(x+3T)=..
T and any other multiple of T are called periods of f. The smallest
positive one satisfied 77 is called the period of f.

Example 7.1.2 1) sin is a periodic function with period T = 27 because
sin (x + 27) =sinz, for all x € R.
Similarly, the functions : cos, sec, cosec, are periodic of period T = 2.
2) tan, cot, are also periodic with T' = m.

Consequences

Suppose that f is periodic function with period T' and a is non-zero real
constant then,

1) the function f, defined by f, (x) = f (az), for all z € R is also periodic
and its period is: % .

2) If further f is integrable we get Ve € R; fCC+T ft)dt = fOT f(t)dt.
Proof. 1) We have for any z € R

fa (SU+%) :f(a(x+%)) :f(aerT):f(ax):fa(x)

because T is the period of f.

2) For an arbitrary ¢ € R, we have fCC+T f(t)dt= fco f(t) dt+f0T f(t)dt+

T
7T (@)t
Take the auxilary variable z =t —T in the integral frﬁJrT f(t)dt, we get

/TCJrTf(t)dt—/ch(z+T)dz—/ch(z)dz

Then, [ f(t)dt = [ f(&)dt+ [ F@)dt+ [ f@)dt =[] f(t)dt. m

Definition 7.1.3 (Odd and even function) Let f: D CR — R be a function
where D is a symmetric subset of R (i.e. if x € D then —z € R).

1) f is said to be odd function if f(—x) = —f(x) for allx € D.

2) f is said to be even function if f(—z)= f(x) for all xz € D.
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The graph of an odd function is symmetric with respect to the origin ,
while the graph of an even function is symmetric with respect to y— axis.

Note: Let f,9;D C R — R be two functions.

1) f,gareodd = f.g is an even function,

2) f,gare even —> f.g is an even function,

3) fiseven and g is odd = f.g is an odd function.
If f is an integrable function on [—a,a] where 0 < a < +oo then,

’ f(x)dx = 0 if f is an odd function
—a | 2y f(x)da; if f is an even function

7.2 Trigonometric series -Fourier’s series

Definition 7.2.1 Let (an),cy  (bn)penbe two series of real numbers and
1 > 0. Any series of function of the form

% + Z {an cos (?m) + by, sin (?:ﬂ)} , (7.2)
n>1
1s called trigonometric series or Fourier’s series.

Remark 7.2.2 If the two numerical series ), < an and ), ~q by are abso-
lutely convergent, then the trigonometric series a70+2n21 [an cos (%:U) + by, sin (”l—”xﬂ
s normally convergent.

Because, in this case the series Y . |an|+ |by| converges and

sup
z€R

ap, COS (?az) + by, sin (TLTW:U)‘ < |an| + |bn] -

Another form of a trigonometric series:
One can write the trigonometric series 77 in the following new form

2 x
E cne' T T,

where co = % and forall n>1;c_, = %, Cn =

Proof. We know that , € = cosf +isinf and e % = cosf —isinf thus,
10 —1i0 . 0 _ ,—1i0 . . . .
cosf = %, sinf = £=°¢ by substitution in 7?7, we obtain for n > 1.

nmw . nm einTﬂﬁ 4 efi"l—ﬁx ei%“’ _ eii%z
(in €08 <7m> + bn St (7.%.) = On 5 + bn - .
: l 2 21

T 4T b —ie T e T
B G R R 2
2 2

Which complete the proof. ]

an—1bp
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Definition 7.2.3 The sequence of functions 1, cos (?x) , sin (?x) cos (2l7r$) ,
sin (zl“x) cos (31”9;) sin (31“37) ) eeery COS (%m) ,sin (”l—“x) ,...1s called a princi-

pal trigonometric system.

Property : The principal trigonometric system defined above is orthog-

onal i.e. for each n,m € N we have
I I ifn=m

[, cos (%Fa) cos (BF )da;—flsm(la:)sm( )dx—{o i o Am

filcos(lx)sm( z)dz =0
Proof. To calculate these integrals, it is sufficient to use the following well-
known results

cos . cos 8 = 3 [cos (a + B) + cos (a — B)],

sin . sin B = £ [cos (a — B) — cos (a + B)]

cosa.sin B = 3 [sin(a+ B) —sin(a— S)]. =

Theorem 7.2.4 If the trigonometric series < +Zn>1 [an cos ( ) + b, sin ("l”x)]
converges pointwisely on the interval [—1,1] then, its sum S(x) is a 2l—periodic
function. Further if the convergence is uniform, then, the coefficients a,, and

by, withn =0,1,2,... can be expressed as a function of S(x) as follows:

= lf S (x
Vn>1, a, = }f_lS cosn( )dm
VnZl,bn:%filS( Slnn( )da:

Proof. Since the functions cos and sin are 2wr—periodic then,

cos (" (z +21)) = cos (% x + 2nm) = cos (“Fx) and

sin ("7 (z 4 21)) = sin (“Fx + 2n7) = sin (ZFx),

therefore,

S(z+ 2l) %W+ 30 | [an cos (mr (z +21)) + by sin (%F (z + 21))]

= aO + 30, |an cos (2Fx) + by sin (2F2)] = S(z) .

So, S(x) is a 2l periodic functlon

Now, suppose the series converges uniformly to S(x) on [—[,]. Since the
general term u, (z) = ay, cos () + by sin (F2) of the trigonometric series
is a continuous function on R then S(x) is continuous and thus integrable on
[—1,1].

By multiplying both sides of the equality S(z) = Q@+ 77, [an cos (”7”33) + by, sin ("l—”a:)]
by each term of the principal trigonometric system and by integrating over the
domain [—[,], taking into account the property of orthogonality we find for
all k e N

/ll S(x) cos (Tm) dx = / 50 cos (a:) daf-l-z

and

/ll S(z)sin <kl”x> do = /ll % sin ( > da:—i—z

l
+b, f ;sin (%) cos (kT”x) dz,

an, fll cos (x) cos (k—”x) dx ]
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Taking k = 01in (??) (i.e. cos (¥ z) = 1), we get fil S(z)dx = fil Ldr+
0 =lag because n # k in the sum Y~ [..]. Thus, ap = %fil S (z)dz.
Suppose k > 1, then by the property of orthogonality one can deduce

l !
km nmw nmw
/_l S(z) cos <l1:> dr =0+ an, /_l cos (Tx) cos (Tx) dzr = ayl,

and

: . (kT b nm N . /nm
/l S(x)sin <Zx> dr =0+b, /l sin (7:1;> sin (7:1;> dx = byl,

which prove the result. =

7.3 Fourier series of a function

Definition 7.3.1 Let f:R — R be 2l—periodic function. Then, the trigono-
metric series
nm . /nm
{an cos (Tm) + by, sin (T.I)]

defined on the interval [—1,1] where

ag = %filf(x)dac and for all mn>1

an = %fil f(z)cosn (Fz)dz, b, = %fil f(z)sinn (Fz) dz,

1s called Fourier series of the function f and if these integrals are de-
fined, the constants ay,b, (n=0,1,2,3,...) are called Fourier coefficients
of the function f (or also Euler-Fourier formulas).

The partial sums of this series (Snf) (x) = @L+>_0_1 [apcos (Fra) + bysin (ZF )]
are called Fourier sums of f.

NE

ag
2+

n=1

Particular case: If f is 2r—periodic (i.e.l = m) function then its Fourier
series is

% + Z [an, cos (nx) + by, sin (nz)] .

n=1

Remark 7.3.2 1) As [ is 2l—periodic, the interval [—1,1] can be replaced
by any other interval of the form [c,c+ 2] .
2) If f is an odd function then, a, =0 and b, = %fé f(z)sinn (%x) dz,
3) If f is an even function then, a, = % fol f(z)cosn (Fz)dx and b, =0.

Definition 7.3.3 (Half range Fourier series) If a 2l—periodic function f
is defined over half the range, say 0 to l, instead of the full range from —Il to
I, it may be expanded in a series of sine terms only or of cosine terms only.
The series produced is then called a half range Fourier series.

For example the Fourier series of the half range even function is given by:
943" | an cos (nx) where ag = %fol f(x)dx and a, = %fol f (z) cosn () d,
n=123..
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Example 7.3.4 Find half range sine series for f(z)=¢€* on (0,1).
So, required half range sine series of this function

) =¢€" —Zb sm< )l—l

where for all n > 1,
by, = %fé f(z)sinn (Fz) do =2 fo e’ sin (nmx) de = 23 (fol euHm)xd:L“) .

Since )

fl e(ltinm)z g, — [e““'”“)z _ elrinT—1

0 1+inm 0 1+inm
_e(=1)"=1 _ (1—inm)(e(—1)"-1)
- l+inm T 1+(n7r)2

_ (e(=D)"-1) | -nr(l—e(=1")

T 14(nn)? T 1+(nm)? .
Then, b, = % therefore e* =3 >, % sin (n7x) .
This series is the Fourier series of an odd 2_periodic function f defined

by f(z) =€ on (0,1).

Some properties  Let us denote a,, (f), b, (f) the Fourier coefficients
of f.

1) Fourier coeflicients are bounded. Because | a, (f)] < ¢ f f ()| d
and | by, ( |<1fl]f )| dz.

2) Let f,g two function be integrable on [—[,[] and a, 8 € R. Then,

Qn, (af + Bg> = Qan (f) + Ban (g) and by, (O‘/f + Bg> = aby, (/f) + Bby, (g) :

3) Let f € C*([=1,1)). Then, a, (f) = "5, b, (f) = 2.

Bessel’s inequality

Let L?([—1,1]) be the set of all functions f : R — R such that

J1 17 (@) dt < oo. Denote by || flly = /", | (£)[ dt

Proposition 7.3.5 Let f : R — R be a function 2l—periodic and f €
L? ([=1,1]). Then, the trigonometric polynomial of degree n which best ap-
prozimate f in the norm ||.||y is the nth Fourier sum of the function f.

i.e inf||f—Pn||2 = ||f_Snf||2

Proof. For an arbitrary trigonometric polynomial of degree n,
o s T
= 50 + pzl [cp cos (%x) + dp sin (pT:E)} ,

! !
we have [*,|f (x) — p (2)|? da = J2 (f? = 2f.pn + ppa?) da.
By using orthogonality property we get

filp% (x)dx = fil <@+zp: [cp cos (B x) + dpsin (BT :U)Dzdzu
:fil<( ) + 2071 (e cos® (Brar) + dpsin® (BF )])dl‘
:2l(c—) —I—E_ [ flcos ( )dx—l—dzflsm (p7r )da:]
- COZ+Z 12 +1d3) . = [7+2p:1 (cp+d12,)},

which is known as Plancherel Parseval’s identity for trigonometric polyno-
mials. In the second place, using the definition of Fourier coefficients:
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JLf @) pu @) do. = [L £ (@) (9 + 2520 [epeos (Fa) + dysin (F)] ) da
= fi f(2) Qdat3 0 [cpf_ f (x) cos (Ba) da + d,, f f () sin (5 a) da:}
= lag 9L +>"—1 [lepay + ldpby] =1 (aoco + 3021 lepap + dpbp]) :

Then,
S @) = po @) do = 1£13+ [§ — aoco + X077 (4 d2 = 2cp0, — 2d,b,)]
= I3+ [©520 4 S (ep — ap)? + 0T (dy — by
_1 [ao +Zp n (a +b2)}
The first and the last terms of the last expression do not depend on p,.

Then, the only choice to minimise is ¢, = a, and d, = b, for all 0 <p < n.
i.e. p, =S, f. Which was to be shown. m

Corollary 7.3.6 (Bessel’s inequality). Let f € L?([~1,1]). Then, ?4—

2:711 (%2: + b]%) <7713
Notice that the right term in the equality is finite because f is square-
integrable by hypothesis.

Proof. Let p, = Sn f in the last exression of the above proof we get
l 2 2 2 = 2
0< J' 1 (@) = po @)P do = 1FI3-1 % + X577 (a2 +82) ] - then, |1 ]} >
[+ 2 (e +b2>} .
An essential consequence of this result is that the Fourier coefficients

of any square integrable function tend to 0, otherwise the numerical series

z_n (a + bz) diverges and could not bounded .

Corollary 7.3.7 (Plancherel-Parseval’s identity). Let f € L?([-1,1])
2
bounded. Then, %; I£3 = D41 P (a2 +102).

Proof. We in the proof above that

l 2 e
[ 1@ =sur@Pde =131 P+ (@ +8)| .

p=1

and taking the limit when n — co. =

7.3.1 Dirichlet’s conditions for Fourier series

Theorem 7.3.8 A function f : R — R 2l-periodic defined on [—L,1] can be
expanded in Fourier series

= ?0 i:: [an cos ( > + by, sin (?m)}
provided that f

e is single valued and bounded in [—1,1],

e has almost a finite number of minima and mazima in [—1,1],
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e is piecewise continuous with finite number of discontinuities in [—1,1] .
(These conditions are sufficient but not necessary ).

Theorem 7.3.9 Let f : R — R be a 2l-periodic function of class C' piecewise
n [=1,1] ( called also piecewise smooth). Then, the Fourier series of this
function converges pointwisely on [—1,1] to the function f defined by f(z) =
xt x
w, where f(x7) =1lim,_,,+ f(t) and f(z7)=1lim,_, - f(t).
Remark 7.3.10 1) f s continuous at x¢ € |-, 1] < f(xo) = f(x0),
because f (:Ear) =f (xa) = f (z0)
= =)+ f(1-
2) Flao) = L)

[—1,1] t.e.xog = —1 or L

if f has a discontinuity xo at end point of

Solved exercise: Consider f : R — R 27 —periodic function defined on
[—7[',71'] by
[ xsinz ifze0,7]
f (@)= { 0 if z €m0
1) Calculate the Fourier coefficients ag (f), a1 (f), b1 (f).
2) For n > 2, determine the other Fourier coefficients a,, (f), b, (f) and
deduce the Fourier series of the function f.

3) Deduce the sums of the following numerical series ano %,

Solution 7.3.11 wusing integration by part taking into account | = m we get
i general for p € N*

T s _1[_ sinpz | _ (=1

IK xsm(p:r)d:v—p[ T cospx + = 7]0— g 7w and
m _ 1] _ (=P

Jo xcos (pz) dx = - [a: sinpzx + cosz}o =0

1) Then, one can easily calulate the coefficients

ap (f) = /f /Zf(x)dx—jr(/_i()dx—i—/fxsinxdx)
1(-1

)1+1
= / rsinzdr = —— w1 =1,
T Jo us 1
1
a (f) = /f Jcoszdr = — [ zsinz. cos:cdx—/ x sin 2xdx
T Jo
1 (—1)3 1

7

1 [7 1— )
bi(f) = / f(z Slnxd:n—/ xsinx.sinmdw:ﬂ/ﬂ x((;osm) dx
1 [#n2 T
o {/0 zdr /0 T CcoS a:dx] o [2 0] 1

2) Forn>2
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1 /! 1 [7 1 [T
an (f) = / f () cosnxdx = / xsinzx. cosnxdr = / zlsin(n+ 1)z —sin(n — 1) z] dz
l —1 m™Jo 2T 0
1 T T 1 1 n+2 —_1)"
= 5 {/0 xsin(n+1)xdaﬁ—/0 wsin(n—l)xdw] =5 (n—?—l T — 51—)17T
B (_1>n+1
- on2-1
I , L 1 (7
bo (f) = = | f(x)sinnzder=— | zxsinz.sinnzder=— | x[cos(n—1)z —cos(n+1)zx]dz
l _1 ™ Jo 2w 0
1 [/ i 1| (=)™t =1 (="t -1
= [/ xcos(n—l)xdw—/ xcos(n—i—l)a:d:c} = o)) 5 _ =Y 5
2m |Jo 0 2r | (n—1) (n+1)
=D+ —4n =20 [(-1D)" 4 1]
27 (nQ — 1)2 T (nQ _ 1)2
Thus, the Fourier series of the periodic function f is
2—Zlcosuv—i—Zsinmc—i—ng2 (nZ)_cosnx—:[((nQ)_jZ]sinnaﬁ]

3) According to Didichlet’s theorem, the Fourier series for x =0

1 (-"
Z_ZnQ—l

n>2

converges to f(0) = f(0) =0 = 13, % Then,

= ()

n2—1 4

n=2

7.4 Exercises
Exercise 1 Calculate the Fourier series of the 27— periodic function
f(x)=2”

where 0 < x < 27 .
Exercise 2 A function f has the properties that f(z + 7) = —f(x) and
f(=z) = f (x) for all x. Show that all its Fourier coefficients satisfy

Vn € N;as, =0=0,
Exercise 3 Let f be a function of period 27 such that

1 if —7<z<0
f(x)_{o if 0<z<m
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1) Sketch a graph of f in the interval —27 < x < 27.
2) Show that the Fourier series for fin the interval —m < z < mis

L_2(y +1'3+1'5+
5~ |sinz+ gsindz+ -sinbr + ..

3)By giving an appropriate value to z, show that

Exercise 4 Let f be a function of period 27 such that

f(:v):{ T—z f0<z<m

0 if m<z<2nm.

1) Sketch a graph of f in the interval [—27, 27]
2) Show that the Fourier series for f in the interval 0 < z < 27 is

™2 1+ 2L cos3z + = cos5a +
— — | COST — COS O —5 COS O
4 7 32 52

3) By giving an appropriate value to x, show that

8§ 32 B2
Exercise 5 We consider the function f : R — R of period 27 and such
that:

+ ..

fl@y=n?—2*;—m<z<n7

1) Draw the graph of f (we will take at least z € [—2m, 27]).
2) Calculate the Fourier series associated with f | study its convergence
and give its limit. Does it converge uniformly on R?
03) ?alculate tolrie sunils: S1= 32 (_le)n, Sy = >, # and S3 =
Zn:l ni Sy = Zn:l (2n+1)"
4) Find a particular solution of class C? and period 27 of the differential
equation (E) : 4" — 3y = f (z). Give the general solution of (E).




Part D

Improper integrals and
integrals depending on a
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Chapter 8

Improper Integrals

8.1 Introduction

Recall that the fundamental theorem of calculus says that if f is a continuous
function on the closed interval [a, b] then,

b
[ t@yde=F o)~ F @),

where F' is any anti-derivative of f. Both the continuity condition and
closed interval must hold to use the fundamental theorem of calculus, and in
this case if f(z) > 0 in the interval [a,b], f; f(x)dx represents the area
under the graph of f from a to b.

We begin with an example where blindly applying the fundamental fheorem
of calculus can give an incorrect result. When we apply this theorem in order

to calculate f03 (xd_“"i)Q we find

/03 (x ijl)z B

Figure 8.1: Divergent integral

However, this answer is wrong since f is not continuous on [0, 3] we cannot
directly apply the fundamental theorem of calculus. Intuitively, we can see why
is not the correct answer by looking at the graph of f on [0,3] . In general, the
Riemann integrals already studied, relate to functions f defined and bounded
on a bounded closed interval [a;b]. It is useful to generalize this notion to
the case of arbitrary functions f defined on any interval, except perhaps at
a finite number of points and not necessarily bounded. We distinguish two
cases:
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1) integral of an unbounded function on a bounded interval,

2) integral of any function on an unbounded interval.

In what will come, we consider I is a non-compact interval from R
and f:I — R is any function.

Definition 8.1.1 We say that f is llocally integrable on I if f is Riemann
integrable on any compact interval [a, 5] included in I. We denote Ry, (I)
the set of functions locally integrable on I. In particular, Any continuous or
piecewise continuous function on an interval I is locally integrable. on the
same interval.

Example 8.1.2 The function In is locally integrable on ]0,+oo[ because it’s
continuous in all interval compact [, ] C 0, 400].

Definition 8.1.3 (Singular point) We say that ¢ € T (closure of I) is a
stngular point of the function f iflim,_,. f (x) = co or does not exist.

Example 8.1.4 1) Since lim,_,; ﬁ = +00 then, c =1 is a singular point
of the function x — (x_#l)z on 0,3].
2) ¢ = 0 is a singular point of the function x — sin

lim, .o sin% does not exist.

1

~ on |0, 7[ because
In what follows, we consider :f : I — R is a locally integrable

function on the interval I = (a;b) . where (a;b) is an open or half-
open interval of R with —co <a < b < +o0.

Definition 8.1.5 (Improper integral We say that fab f (x) dx is an improper
integral if at least one of integration bounds is a singular point or infinite (—oo
or +00).

1) If b is the singular point then, the improper integral of f over I = [a;b[
b . A
is [ f (x)de =limy_y,— [7 f () da.

2) If a the singular point then, the improper integral of f over I = ]a;b]
. b . b
is [ f (z)de =limy_, .+ [ f (z)dx.

3) If b = +oo  then, the improper integral of f over I = [a;+oo] s

b . A

[V (@) di =ty e [ f () d

4) If a = —oo then, the improper integral of f over I = ]—o0;b] s
f; f(z)de =limy o fff (x)dx.

8.2 Convergence of an improper integral

Definition 8.2.1 1) The improper integral f; f (z) dz is said to be convergent
at b if  limy_ - fa)‘f(:v) dr = 1 € R (finite real number) and we write
f; f(x)dr =1.
2) The improper integral f; f (z) dz is said to be convergent at a if limy_,,+ f;\) f(z)dz. =

I € R (finite real number) and we write fabf (x)dz =1.
Similarly, we can define the convergence of an improper integral at infinity
as follow
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1) The improper integral f;oo f (z)dz is said to be convergent at +oo if

lim)y 400 f;‘ f(x)dx =1 € R (finite real number) and we write fa+oo f(z)dx
=1
2)The improper integral f_boo f(z)dzx is said to be convergent at —oo if

limy oo f;’ f(z)dx. =1 € R (finite real number) and we write f_boo f(z)de =
l.

Definition 8.2.2 In any of the cases mentioned in the above definition, if
the limit is infinite (= o0o) or does not exist, the corresponding integral is
divergent.

Remark 8.2.3 If there is no confusion, we will just say that the integral

converges or is convergent rather than converges at b or is convergent at
b.

Example 8.2.4 1) f0+°° xe Tdx is an improper integral because its above
bound equal +00. The function x — xe™* is locally integrable over [0, +o0],
then for all A > 0 an integration by part yields

A A
/ ze fdr = [—xe*x]g —/ —e dx = [—xefx]é + [—e*“]é
0 0
= X t—e M+ 1.

Then,

+o00 A
/ ze *dr = lim ze *dr = lim (—)\64‘ —e M+ 1) =1eR.
0 A—+4o00 0 A—4o00
Therefore, f0+°o xe *dx converges and it’s equal to 1.
2) ff ——dx is an improper integral because lim,_,1+ 5" = +00 e 1

is a singular point. The function x — 5"
Let A € ]1,2] be arbitrary

2 2
x 1 1 3
T ge=| |21 =il
/,\xQ—lx [2”‘”7 }L 2 2

is locally integrable over ]1,2] .

Then,

2 2
1 3
/ z dr = lim Lda: = lim —In——— = 400,
1 2 —1 =it fy a2 —1 Aot 2 [AZ =1

therefore ff ——dx diverges.

8.2.1 Integals of Riemann ( called also a—Integrals)

Definition 8.2.5 Consider any a > 0 and a fixred o € R. The improper inte-
grals f;roo z—i, Oa g—i are called integrals of Riemann or again oa—Integrals.

Theorem 8.2.6 1) f(joo 9z converges if and only if o > 1

T

2) foa 9z converges if and only if o <1

T
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Proof. 1) For each A > a, we have

if a = 13 fa/\d?a: = [h’ll’]2 = InA—Ina = In (%)’ then f(:_oo% -
limy o0 In (A) = +o00.
Adz _ |zl-@ A _ Alze
Ifa?élf a_ 11— _l_a_1a7then
a
11—«
400 ( IERT Al—a -« o a — lf o > 1
Jo o —hmH+OO(1—a - al—a) - { foo if a<,

which prove that f oo dx converges for o > 1 and diverges otherwise.

2)On the other hand, snnllarly we have for any 0 < A < a

;d?z =[nz]f =lna—InA=In (%) , then f;df = limy_,o+ In (%) = +o0.

Y —a -
if a#1, f)‘dgz["”l L:Cf_a—Al then

11—« 11—

al—a .
o ds _ boe ame) [0 faci
fO g llm)\—)+oo (1704 - 17(1) - { @,

400 if aa>1,

which prove that fo ~& converges if a < 1 and diverges otherwise. m

Example 8.2.7 The improper integrals ;OO de—zﬁ, f03 ‘;—\/‘g converge while

2 dx +00 dx .
f Va0 f1 T diverge.

Corollary 8.2.8 Suppose that —oo < a < b < +oo Then,
The improper integrals fab( aand f b —n)™ Converge if and only if
a < 1.

JE

Proof. It suffices to take the auxiliary variables u = x —a then u =b—x
and applying the previous theorem. m

Proposition 8.2.9 For all ¢ € [a,b[, the improper integrals fcb f(z)dz and
f; f(x)dx are both convergent or both divergent .

Proof. By Chasles relatlonshlp, we have for all A € [a,b] f f(x

Jif@da+ [ f (o

As f € RLOC([a,b[) then f is integrable on [a,c] C [a,b[ and thus by
taking the limit in both sides of the equality, we get

limy_p+ fa)‘ fx)de = [T f (z)de + limy_,p+ fc)‘ f (z) dz which yields

/abf(:c)d:c:/acf(x)dx+/cbf(x)dx
e

That’s prove the result. [

Remark 8.2.10 In the case of an open interval i.e. I =]a,b] (00 < a <
b < +00).If for each ¢ € la,b[, both  [7 f(x)dx and fcbf(x) dx converge

then, the improper integral fff (z) dx converges and

/abf(a:)d:c— /acf(x)d:c—l— /cbf(x)dx
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+oo  dx

Example 8.2.11 Let’s study the convergence of the improper integral: |~ T
The function © —> I%H is continuous on R, then it is integrable locally over

R. We have for all ¢, A € R

N xg_’il = [arctan (x)]} = arctan (c¢) — arctan (\) then,
[ ng_l = lim)_,_ [arctan (c) — arctan (\)] = arctan (c) + 5 € R and
fz‘ xgil = [arctan (ZL‘)]? = arctan (\) — arctan (¢) then,

joo ngrl = lim)_, 4o (arctan (\) — arctan (c)) = § — arctan (c) € R.
Consequently, fj;o mgdj‘rl converges to its value

oo doo _ ye de_ 4 (T _dro — arctan (c) + 5 + 5 —arctan (c) = .

—oo z2+1 oo 241 c z2+1
Remark that the value of f_J:;O m;ﬁl does not depend on the choice of c.

Proposition 8.2.12 Suppose that I = [a,b[ withb # +oo. If lim,_,,— f (z) =
d € R then, the improper integral f: f (z)dz converges.

Proof. Let g be the function defined on [a,b] by g(x) = f(x) if = € [a,b]
and ¢ (b) = d. It clear that ¢g is integrable on the closed interval [a,b] and
f;f (z)dx = f;g (x) dx. Thus, fabf (x) dx.converges . m

Generalization: Suppose that f is defined and locally integrable on
[a,b] — {c1,ca,c3,...cn} where a < ¢; < ca <3< ... <e¢p <b.

If the improper integrals [ f (z) dz, [* f (z)dz, [ f () dz, ....,fcbn f(x)dx
converge, we say that ff f (z) dz converges and

/abf(w)dx_/aclf(:c)dm+/:2f(x)dx+/C:3f(:):)dx+....+/cjf(x)dw.

Some remarks

1)Writing fj;o f(z)dr = limy_ 1o fj_/\/\f (z)dx is usually wrong. To
study the nature of the integral fj;o f (z) dz, we divide it into two integrals
o f(x)da fjoo f(x)dz (c€R).

2
For example : we have limy_, 4 fj; zdr = limy_ 4o </\72 _ (—;\) ) —0

but fjoio xdx diverges.

2) If f is a complex valued function with real variable defined on I =
[a, b] . Then,

ff f (z) dx converges at b if and only if ff Ref (z)dr and ff Imf (x)dx
converge at b .

8.2.2 Properties
1) Linearity

Proposition 8.2.13 Let f and g be two real valued functions locally integrable
on [a,b] and a, B € R. So

1) If the improper integrals f;f (x) dzx and ffg (x) dx converge at b then,
f; (af + Bg) (x) dx converges also. Moreover, we have

/ab(af+59)(:v)d:v:a/abf(:c)derﬁ/abg(x)dm



CHAPTER 8. IMPROPER INTEGRALS 91

2) If f;f(x) dx diverges and f;g(x) dx converges, then the improper
integrals fab (f+9g)(x)dx and f: af (z)dzr (o #0) diverge.

3) If the improper integrals f: f(z)dxz and ff g (z) dz diverge so we cannot
conclude anything about the convergence or divergence of f; (f+9) (x)dx.

+00 2—2 +0o0 dx
For example [ de Vi

f1+°° i\/gﬁd x+ f+oo 4z f+oo Qfl/’i f+oo 42 whict is a—integral with

a= 2 > 1 thus it converges.
Proof. 1) It suffices to write for all A € R such that a <A <b

fa (af + Bg) (x)dx = ozf f(z)dz+p f(;‘g (x) dx because f,g € Rroc ([a,b]).
Then, passing to the limit we find the result.

2) By the result 1) f; —g (x) dz converges. Suppose f; (f + g) (x) dx con-
verges then, by the result 1) again f: (f+9) (z)dx +ff —g(x) = f:f (x) dx
converges which contradict the fact that fab f (x) dx diverges. Therefore f: (f+9)(x)dx
diverges. m

2) Integration by change of variable

are divergent integral while its sum

x2

Theorem 8.2.14 Let ¢ : (o, 8) — (a,b) be a bijection of class C' on the in-

terval (o, B). Then, the two improper integrals f:f (z)dx and ff fle )¢ (t)dt
are both conwver ent or both divergent in the case of convergence, we have

S @)yde = [T f(p (1) ¢ () dt.

Example 8.2.15 7To calculate the integral f12 ﬁ%) we will make the following
change of variable t = In (z) i.e. x = e’ then, ¢ :]0,In2] — |1,2] where ¢ (t) =
el is the bijection mentioned in the theorem. We have fﬁf (p ()¢ (t)dt =
fénZ e"}tdt ln2 dt Then, this integral is dwergent because it’s a a—integral

( integral of Rzemann) with o = 1. Thus fl

= ln(m diverges also.

3) Integration by part

Theorem 8.2.16 Let u and v be two functions of class C' on [a;b] .If u.v

has a finite limit at b then, the improper integrals |, f w'vdx and [ ; wv'dr are
both convergent or both dwergent In the case of the convergence we have
f wodr = limy_y;- [ uv f wv'dz.

Example 8.2.17 To calculate f03a:1n xdx by part, takeu' =z andv =Inz

: _ x? !/ 1 : . x? _
i.e. u = %Gand v = 1 . Note that, lim, o+ uvv = lim,_,o+ 5 Inz = 0. We

3
have f03 wv'de = 03 x;i f3 Zdx {x{z]o = 2 which imply that this

integral converges then, fo xlnxzdx converges also and

3
/xlnxdm: lim [lnx} /da:— 3—9.
0 A—0+ 4

In what follows, we will suffice with studying the convergence or divergence
of a generalized integrals on I = [a,b] with a < b < +00. In all the results
where we use lim,_,;,— will be replaced by limy_, . in the case b = +o0
(Similar results hold for the other improper integrals where I = ]a,b] with
—o00o<a<b)
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Theorem 8.2.18 (Cauchy criterion for the convergence of an im-
proper integral) The integral ff f (z)dz converges at b if and only if

/z f(z)dz

8.3 Convergence tests for improper integrals of
functions with constant sign

Ve >0,3ce I =la,b[,V2', 2" € I; (ac' > c)/\(m” >C) — < €.

The following test allows us to determine convergence or divergence informa-
tion about improper integrals that are hard to compute by comparing them to
easier ones. If f is a function that only takes negative values on the interval
I, then —f only takes positive values on the same domain, thus studying the
nature of f; f (z) dz returns to the study of the nature of f; —f(z)dz. We
will therefore limit ourselves to the case of positive functions.

Theorem 8.3.1 Let f be a positive function such that f € Rroc([a,b]).

Then, the improper integral f;f (z) dx converges at b if and only if there
exists M > 0 such that

A
VA € [a,b[;0 < / f(x)dx < M.

And thus ff f (z)dz diverges if and only if  limy_,;- fa)‘ f(z)dr = 4.

Proof. The function A +— fa)‘ f (z)dx is increasing on [a,b[ because its
derivative f is positive and therefore in order for it to have a finite limit at b
it is necessary and sufficient to be bounded. =

Example 8.3.2 Let’s test the convergence of fol tsin? (%) dt. It’s known that
0 < sin? (%) < 1,then 0 < tsin® (%) <t forallt >0 . Therefore, for evry
A €10,1] we have

X 0< f)\l t sin? (%) dt < f)\l tdt = %— %2 < % According to the last theorem,
fo tsin? (%) dt converges at 0.

8.3.1 Comparison test for improper integrals

Theorem 8.3.3 Let f and g be two locally integrable functions defined on
[a,b] such that 0 < f(z) < g(x) for all x € [a,b]. Then, we have

1) If f;g (z)dx converges then, f; f(z)dz converges

in the case of convergence we have f:f (x)dx < f:g () dz

2) If f;f(x) dx diverges then, ffg(x) dx diverges.

Proof. 1) Suppose that ffg (x)dz converges. We have for all A € [a, b],

og/:f<x>dxs[gu)dass/abg(x)dx:M.

By the theorem ?7, the integral f; f (z)dz converges. On the other hand,
Jo f (@) de =Ny [ (2)de < [} g () der
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2) Suppose that f;f (x)dx diverges, then limy_ -+ fa/\ f(z)dx = 4o0.
Since fa)‘f (x)dx < fa)‘g (z)dx So, limy_p+ fa)‘g (x)dx = +oco. =

Example 8.3.4 1) Let’s study the convergence of fo tgjrtl dt by comparison
test. We have ¥Vt € ]0,1], Int < ténfl <0 de. 0Z t}flt < —Int and
since [y —Intdt = — [1In1—limy pe A A = [ dt] =1, then — [} Jitdt
converges.

2) Which of the following integrals converge? f1+oo e_xzdx, f:fo Sig#dx.
Note that 0 < e~ % < e for all x > 1 and it clear that
1+Oo e Tdxr = limy_ 1 oo [—e‘x]i‘ = limy 400 (e_l - e_>‘) = %,
S0 ffroo e dx converges.
Also 0 < sinz <1 for all © < =2 then 0 < Sl;ﬁ# < ;%2 Since
2 Ly = [—%]72 = i s0 f:ozo Sig#dfv converges.

—oc0 22 A——00

8.3.2 Limit comparison test

Corollary 8.3.5 If (posztwe functions f and g are locally integrable on I =
[a,b] and lim, ;- then

1) In the case L 6 R* ,the integrals f;f (x)dz and ffg(x) dx are both
convergent or both divergent In the case L € R.

2)If L =0; f;g () dx converges = f;f (z) dx converges.

3)If L =+4o0, f:g () dz diverges —> f(f f (z)dx divverges.

Proof. 1) Suppose L € R* , by definition of the limit, we have
Ve > 0,30 >0,Vx € [a,b]; b—d <z <b = ‘%—L‘ <e
then,

Ve > 0,30 > 0,Vx € [a,b]; b—d<x<b = (L—¢€)g(z)< f(z)<(L+e€)g(z).

Choosing e = L for example so for all z € [a,b[ N ]b—6,b] we have
0<Lg(x)<fla ) < 3Lg(z). Forc€ [a,b[N]b—4,b], by comparison test
one can deduce that

f; g () dz converges < fcb g (z) dz converges <= fcb [ (z) dz converges
— fff (x) dx converges .

2) 3) By a similar method we prove the remaining two cases. ®

Example 8.3.6 Does the integral fl converge or diverge?

f+2

As limg 4 o0 m +ﬁ = limg s 4 oo % =1e R} and fl dr dwe'rges

because it’s an a—integral with o = % < 1. Then, 1+OO \/%12 dwerges also.

Corollary 8.3.7 Let f be a locally integrable positive function on [a,+o0]
(a > 0) and let o be fized real number. Suppose that limy_, o t*f (t) = L.
Then,
1)if L € Ry and o > 1,the improper integral fa+oo f (t)dt converges,
2)if L =400 and o < 1,the improper integral f(;roo f(t)dt diverges.
Proof. Note that t“f(t) = @ then, it suffices to take g(t) = % and
applying the limit comparison te;t. [
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Corollary 8.3.8 Let f be a locally integrable positive function on [a,b] (0 <
a < b). If there exists a < 1 such that lim;_,,-t*f(t) = L € Ry, then
fab f(t)dt converges.

8.3.3 Dirichlet’s test

Theorem 8.3.9 Let f and g be two locally integrable functions defined on
[a,b] such that

e f is monotone on [a,b] and lim; - f(t) =0, and

e dM > 0,Vx € [a,b[; ‘ffg(t)dt‘ <M,
then, the improper integral fcb f(t)g(t)dt converges at b.

Proof. As lim,_,;— f (t) =0, then for an arbitrary ¢ > 0 there exists ¢ € [a, b[
such that .
Vit bl; t —

By the second condition we have

"

/x g(t)dt

/

/:g(t)dt

+ <2M.

Let af, 2" € ]e,b[ such that a7 < z”
In view of the mean theorem, we have

2@ gWat] = |f @) [Lg@dt+ £ @) [ g(t)dt
<\ @) [ g@ar|+1f @l |2 g (t)d
< 152M + 15.2M = e
The convergence of fcb f(t)g(t)dt results from Cauchy criterion. m

Corollary 8.3.10 (Abel’s test) Let f and g be two locally integrable func-
tions on [a,b[ . If

e the function f is monotone and bounded on [a,b].
o fcbg (t)dt converges at b,
then, fcb f(t)g(t)dt converges at b..

Proof. It suffices to take in the previous theorem F = f —lim; - f(¢). =
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8.3.4 Absolute and conditional convergence

Definition 8.3.11 Let f be a locally integrable function on |a,b].

1) An z’mproper integral fbf ) dx is said to be absolutely convergent
if the integral f |f (z ]d:c converges.

2)If the integral fa f (z)dz converges but f |f ()| dz diverges, we say

that f; f(z)dz is conditionally convergent.

Example 8.3.12 The integral f0+°° e tcos(In(l+1t))dt is absolutely con-
vergent because 0 < |e~' cos (In (1 4 t)) dt| < e~ and f0+oo e tdt = 1.

Theorem 8.3.13 If the improper integral fabf(a:) dx converges absolutely,

then it converges and
b
<[5 @l
a

Proof. Suppose that f; |f (z)| dx converges. We consider the following func-
tions for = € [a, b]

x)dx

The converse is false

_J@I+f @)
2

Note that 0 < f_(2) < |f (2)], 0 < f4 (z) < |f (z)| and f (2) = f1 (&) —
f- ().

By comparison test, the integrals f b f=( f f+ (z)dx are convergent
thus by linearity the integral f flx f fi(z)dx — f f—(
converges. H

Example 8.3.14 The integral f1+oo Sigxd:n is conditionally convergent. In-
deed, according to the integration by parts formula, we have
ff\ sinxd [ co;m})\ J"l)\ C(U)csxdl, then fl-i-OO sinxdl, — cos1— f1+00 C(;SQ(E dr.
The integral f1+oo ©5tdx converges absolutely because 0 < }COS‘T| < :712

and f+°° Ldx converge (a — integral with oo =2 > 1). Thus f1+°° cosz

converges which imply that fl o Smxdaj converges. Next, we show that f+oo
diverges. We estimate for all n > 2

e = S T B 2 S e [

\smz\d

(p+1)m
p= n 1 2 = n 1 1 2 p=n 1
=y p+1 Jo sinazde = =Yy i) = =2 p
As limy o0 )0 g L — 400, Then f:oo %d:{; dwerges, and consequently
1 |Slm|dx diverges also.

400 sinxd

Example 8.3.15 Now, we can use Dirichlet’s test to prove that fl
converges.

e The function x — Lis monotonically decreasing on [1,4oc[ because for
all x > 1; (%)/ = —m% < 0. Moreover, lim,_, % =0.
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e Forall A > 1;

fﬁ sinxdx‘ = ’[— cosa:]i" = |cos A — cos 1| = 2 |sin (252) sin (

Then , ffroo SBLdg converges .



Chapter 9

Integrals depending on a
parameter

Let J be an open interval of R. We consider a half-open interval I = [a,b[
and a function of two variables

f I x[a;b[ =k (=Ror C)
(z,8) — f (z,1),

We assume either that b = oo or that b is a singular point, so f; f(z,t)dt
is a generalized integral depending on the parameter z. So the first problem
posed is that of the convergence of a family of generalized integrals, we are led
to determine the set D of values of x for which ff f (z,t) dt converges. D is
the domain of definition of the function F' where

:/abf(x,t)dt

If for every z € J, f; f (z,t) dt. converges, we say that F is a function
defined by a generalized integral. Our aim of this chapter is to compute limits
and to study the continuity and derivability of such functions

9.1 Uniform convergence of a generalized integral
depending on a parameter

Definition 9.1.1 1) = [a, +00[ :we say that the improper integral f;oo f(x,t)dt.

converges uniformly on J if.

+o00

Ve >0,3n(e) >0,V € I,T > n(e) = sup
e

f(z,t) dt.‘ <€

T

2) I = [a,+b[ :we say that the improper integral f:f(a?,t) dt. converges

uniformly on J if
Ve >0,3n(e) >0,vT' €l; 0<b—T <n(e =>sup/ fa:tdt‘

zeJ

97
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9.2 Normal convergence of a generalized integral
depending on a parameter:

Definition 9.2.1 We say that the integral ff f (z,t) dt is normally convergent
on J if there exists a function ¢ : I — R checkmg
1)V (x,t) e JxI,|f (z,t) <@(t) Q)f t)dt converges.

Example 9.2.2 F (z) = 0+°° f::; dt.

The function f(x,t) = T is defined and continuous on J x I =R X

[0, 4+00[, moreover it’s posztwe Then, f+°° i_;

jae=t _ 0 if a=2andzxz >0

1+t2 400 if a=1land x <O.
Forz =0, F(0) = O+°O 112;2 = 5. Which. mean that this integral converges
for all x € [0,+00[ , thus the domain of definition of F is D = [0, +o00].

—tx 1 .
7 < e = ¢ (1) and since

0+°O @ (t)dt =7 then, +°O §+t2 dt converges normally on I = [0, 400].

dt is an improper integral.

limyg 4 oo

Moreover , we have, for all x € 0,400 ,

Proposition 9.2.3 If the integral f;f (x,t) dt converges normally on I then,
it converges uniformly on I .

9.3 Continuity of a function defined by an
integral depends on a parameter

Theorem 9.3.1 We suppose that

e for each x € J, the function t — f (x,t) is piecewise continuous on I,
e for each t € I, the function x — f (x,t) is continuous on J,

e there exists a function ¢ : I — Ry piecewise continuous and integrable
over I such that, for each (z,t) € J x I

|f (z,t)] < @ (t) (dominance hypothesis).

then, The function F is defined and continuous on J and one can
write for all xg € J

lim F(z) = lim bf(m,t)dt:/b lim f(x,t)dt = /fa:o,

Tr—TQ T—TQ a a Tr—xQ

( Note that the last condition of this theorem means that f;f (x,t)dt is
normally convergent and thus uniformly convergent).

Proof. For z € J, the function t — f (x,t) is piecewise continuous on [ and
forall t € I, |f (z,t)] < ¢ (t), then f If (x,t)|dt < f t)dt € R because ¢

is integrable over I .Therefore, fa f (z,t) dt converges absolutely thus it con-
verges . we deduce that F' is define on J. Let’s prove that F' is continuous at
x. Let (x,,) be a sequence of element of J such that lim z,, = z. We know that
t — f (xn,t) is piecewise continuous on I . Since for every t € I;x — f (z,1)

F(2o) .
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is continuous on J and z,, — = then, for all t € I, f(z,,t) = f(z,t). On
the other hand, for all n € N and all ¢t € I, |f (zp,t)] < ¢(t). Accord-

ing to dominated convergenc theorem, F (x,) = fab f (zn,t)dt converges to
f; f(z,t)dt = F () which show that F' is continuous at = € I (arbitrary),
hence F'is continuous on J. m

Example 9.3.2 Let’s prove that the function F (z) = foﬂ V& 4 costdt is
defined and continuous on J = [1,+o0].

1) It’s clear that t — +/x + cost is continuous on [0, 7] because for all
x>1,z+cost>1+cost > 0. Then, fgr V& + costdt converges on [0, 7] for
every x > 1 which means that F is defined on [1,+00].

2) For any A > 1 (fized) we have

e The function t — +/x + cost is continuous on [0,7]| ( stronger than
piecewise continuous).

o The function x — \/x + cost is continuous on [0, A].

e For all (x,t) € [0, A] x [0, 7], we have v/z + cost < \/A+ cost = ¢ (t)
with ¢ (t) > 0 and continuous on [0, 7] thus integrable.

In view of the above theorem F' is continuous on [0, A] for all A > 1 then,
it's continuous on [1,+00].

Theorem 9.3.3 Within the conditions of theorem ??, the function F (x)=
fabf (x,t)dt is locally integrable on J i.e

Vo, B € J; /jF (x)dx:/j (/abf(x,t)dt)da::/ab </jf(a;,t)dx>dt

Proof. As F' is continuous on J, then it’s locally integrable on thi interval.
On the other hand we have ¢t — f(z,t) is integrable on I = [a,b] for all
x € J and according to the second condition the function z —— f (z,?) is
locally integrable on J for all t € I . Our result follows immediately from
Fubini’s theorem. m

9.4 Passing to the limit under the integral sign
Theorem 9.4.1 Let d be real or infinite adherent to J. Suppose that

e for each x € J, the function t — f (x,t) is piecewise continuous on I,

e for eacht € I, the function x — f (x,t) has a limit 1 (t) when z tends
tod . Moreover, the function t — [ (t) is piecewise continuous on I

e there exists a function ¢ : I — Ry piecewise continuous and integrable
over I such that, for each (z,t) € J x I

|f (z,t)| <@ (t) (dominance hypothesis).

then, the function F has a limit at d and

b b b
lim F' (z) = lim f(x,t)dt:/ limf(x,t)dt:/ L(t).
r—d r—d a a z—d a
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Proof. 1)1fd € R, Pose forall (z,4) € (J U {d})x1, g (z,1) :{ flat) i

x#d

() if z=d.

The function g checks the assumptions of theorem ?? on (J U {d}) x I, so
the function G:: z — f; g (z,t)dt is continuous on JU{d} and in particular
at d.

2) If d = o0, it suffices to apply the previous result to the function
(z,t) —> f(%,t) in 07. m

oo

Example 9.4.2 In order to calculate limy,_, o f0+ e*t2ﬁdt, we apply this
theorem.

e For all x > 1, the function t — e~ VT continuous on [0, +o0].

1 ift=0

0 if t>0, note that t — [ (t) is piecewise

e lim, o0 e~tVE — | (t) {
continuous on [0, 400].

o We have also, e ©'VF < et = ¢ (t) and it’s clear that ¢ is continuous
and integrable on I = [0, +o0].

Then,
limy oo for e VI = [F% lim, 00 e ¥ VEdE = [7°°0dt = 0.

9.5 Differentiation of a function defined by an
integral depends on a parameter

Theorem 9.5.1 (Leibniz’s theorem) Suppose that

e for each x € J, the function t — f(x,t) is piecewise continuous and
integrable on I = [a,b[,
We further assume that f admits on Jx I a partial derivative with respect

to its first variable x satisfying;

e for each x € J, the function t — % (x,t) is piecewise continuous on I,

o for eacht € I, the function x — g—i (x,t) is continuous on J,

o there exists a function @1 : I — R, piecewise continuous and integrable
over I such that, for each (x,t) € J x I
of

’8@' (x,t)‘ < 1 (t) (dominance hypothesis).

then, The function F s of class Cton J and one can write for all
g € J and its derivative is obtained by derivation under the sign integral
b af

Vo e J,F' (z) = Pz (x,t)dt.
a
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Proof. Since for each z of J, the function t — f (z,t) is piecewise continuous
and integrable over I, the function F' is defined on J. Let xg be an element of
J. For (z,t) € J x I, we pose

f(:v,t)—f($0,t) 1

gj: (a:o,t) if  x=ux.

Note that for x # xg,

F ()= F (w) _ [, f(@t)di— [} f(x0,t)dt
Tr — X x—{Bo

" b
- /f f (o, )dt:/g(x,t)dt.
T — T o
We have then,

for each x € J, the function ¢t — |g (z,t)| is piecewise continuous on I,

for each ¢t € I, the function x — ¢ (z,t) is continuous on J (including in
x = xo because by definition g (zo,t) = limy_4, g (x,1)).

Let (z,t) € (J —{xo}) x I , by applying the mean value theorem
fla,t) - f(xo,t)‘ of

<up UatSSOlta
T — 1z ey O (u:1) )

9 (z,)] =

which remains true when x = xg and t € I. According to the theorem 77,
the function G (x) = ff g (x,t)dt. is continuous on J and in particular at x.

We deduce that %ﬁo(m has a limit when x tends to xy and therefore F'

is differentiable at xy. Further,

F _F b b
F'(zp) = lim (z) (z0) = lim g (z,t)dt :/ lim g (x,t)dt = / f (o, ) dt.
T—T0 €T — [L‘O T—T0 a a Tr—x0

Finally, as well  according to the theorem ?7? the function F’(z) =
f; or (z,t) dt. is continuous on J and therefore F is of class Clon J. m

Solved exercise:

For any real x, we consider F (x) = 0+°O £ Sm g_singh gy

1) Prove that F' is defined on R

2) Test the differentiability of F', then calculate its derivative F’

3) Deduce the expression of F'(x) as a function of x.

Solution 9.5.2 1) For all x € [-A, A] where A >0

t— % is continuous on [0,+o0] (at t = 0 the function can be
prolonged by continuity because lim; o+ @ =1x).
for each (x,t) € [—A, A] x [0, +00[, we have @ < ? |z|t = Aet =

@ (t) . Since the function ¢ is continuous and integrable on [0, +o00| (f0+oo @ (t)dt =
A),Then, the function F is defined on [—A, A] for all A > 0, thus its domain
of definition is D = R.

2) Let 8f = 8% (@) = eT_ttcosxt = e~ tcosxt. Applying the last
theorem, we get

t

e for each x € R, the function t — e *cosxt is continuous on I =

[0, +o00].
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—t

o for eacht € I, the function x —— e~ " cosxt is continuous on R.

e for each (z,t) € R x [0,+00[, |efcosatcoszt| < et = (1), with
p11s continuous and mtegmble on [0, +oo[.

Then, the functon F is of class Cton R and F' (x) = 0+°O (% (@) dt =

fo+oo e tcosxtdt, We know that cosxt = M, then ,
F' (x) = +°° et cosmtdt = 1 [F°° (et-1Him) y et(—1-im)) gy

A—00
_ _1 1 (—1+iz) 1 _t(—1—iz)
=73 [1416 + 7me 0

[0— 14]21(1.4- 14>: 1
—ix  1+ix 2 \ 1—ix 1+ix 1422
3) We obtamed forallz e R, F' (z) = ﬁ and we have F (0) = 0 then,

= [y 2 i = arctan (z) .

9.6 Exercises

Exercise 1: Test whether each of the following integrals converges or diverges
and calculate its value in case of convergence

tdt +oo arctan(t)dt +o0 dt
fOtln t)dt 2) J t+1 fO (-t T+¢2 4) Jo Vitr D)

5)[05 tan (t)dt  6) %dt.
Exercise 2:Use the appropriate test to study the convergence of each of

the following generalized integrals
1) +oo _¢3dt 2) +00 dt
1 In t+t4 1 Vi3 122
. . ~+oo In(t)dt
Exercise 3 Show that the integral | T
its value.
Exercise 4 Show that the followmg integrals are absolutely convergent
fol sin (1) .In (t) dt 2) Jo o0 et costdt 3) +°Ot —t* (t>sint — cos (1)) dt
4) +oo In(¢) costdt

is convergent. Calculate

Exerc1se 5: 1)Determine according to the value of @ € R, whether the
. +oo o — 2 .
integral fo —1)%e " dt converges or diverges.

2) Do the 1ntegral f+oo sint ot ¢ converges or diverges.
Exercise 6 : We study in thls exercise the generalized integral depending
on a parameter x € R :

% cos (tx)
F =
(@) /0 1+1¢2 dt

1) Show that the function F' is defined continuous and bounded over
D =R
2) Prove that F' is an even function and calculate F (0).
3) Show that for all x > 0; F'(z) = G (z) where

G (z) = /0 Teos() g,

2 4 u?

4) Show that G(x) is twice differentiable on |0, +oo[ and express G’ (x)
and G” (z) in the form of a generalized integrals depending on the parameter
z €]0,400].
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5) Deduce that F' is twice differentiable on ]0,+oco[ and that its second
derivative is given by

” +oo (222 — 6u?) cos (u)
Fi=) = m/o (22 + u2)?

du.
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