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Abstract

In this thesis, we use Krasnoselskii’s fixed point theorem to prove the existence of a positive
solution to a one-dimensional nonlocal elliptic problem and the existence of a positive radial
solution to a multidimensional nonlocal elliptic problem under weak conditions on the reaction
terms and the diffusion coefficients. Moreover, uniqueness results are obtained by imposing

some additional conditions on the given data.

Key words: Nonlocal elliptic problem, Regular set, Positive solution, Fixed point, Kras-

noselskii theorem, Existence, Uniqueness.
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Résumé

Dans cette thése, nous utilisons le théoréme du point fixe de Krasnoselskii pour démon-
trer l'existence d’une solution positive a un probléme elliptique non local unidimensionnel et
I’existence d’une solution radiale positive & un probléme elliptique non local multidimensionnel
sous des conditions faibles sur les termes de réaction et les coefficients de diffusion. De plus,

des résultats d’unicité sont obtenus en imposant des conditions supplémentaires sur les données

fournies.

Key words : Probléme elliptique non local, Ensemble régulier, Solution positive, Point fixe,

Théoréme de Krasnoselskii, Existence, Unicité.
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1.€.

(zeneral notations

Set of natural numbers.

Set of real numbers.

Real n-dimensional vector space constructed over the field of reals.
Set of positive real numbers.

The closed interval a < x < b.

The open interval a < x < b.

The ordinary derivative with respect tot.

Open in R™.

Border of €.

The Euclidean norm on R".

The norm define on space X.

Banach space of continuous functions from [0, 1] to R.
Strong convergence.

Almost everywhere.

Stands for the Latin phrase "id est," which means "that is" or "in other words.

viil
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(General Introduction

This thesis is devoted to study the existence and uniqueness of a positive solution to a
one-dimensional and positive radial solution to a multidimensional nonlocal elliptic prob-
lems, respectively. Under weak conditions on the reaction terms and the diffusion coeffi-
cients.

Boundary value problems (BVPs for short) have a lot of applications. Our interest is
in the kind of nonlocal elliptic problems, which have applications across scientific and en-
gineering domains. In physics, these problems are instrumental in describing anomalous
diffusion, where particle spreading deviates from classical patterns. They find application
in percolation theory, aiding the understanding of how substances permeate through in-
terconnected networks in porous media, see [4, 6, 25, 28, 29, 49, 63]. In biology, nonlocal
elliptic problems are employed to model the spread of diseases in populations, ecological
dynamics, and species migration influenced by long-range interactions, as in [23, 35, 61].
Financial modeling benefits from these equations by capturing global influences on local
market dynamics, enhancing risk assessment and predictions in complex financial systems,
for more detail see [2, 10, 24, 58, 65|. Materials science utilizes nonlocal elliptic problems
to study the mechanical properties of materials, especially those with nonlocal interactions.
Image processing applications involve denoising and restoration, where nonlocal interactions
help preserve crucial features. Additionally, these problems play a role in fractional calculus,
providing a mathematical foundation for systems with fractional derivatives. They are also
employed in solving inverse problems in medical imaging, geophysics, and environmental
monitoring, for instance [1, 34, 51, 59, 67]. The broad range of applications underscores the

significance of nonlocal elliptic problems in advancing our understanding of diverse natural
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and engineered systems.

and

—(/QK(u)dy)ﬁAu =c(K(u))*, inQ,
u=0 onodld.

A similar problem as (1), JA. Carrillo in [32], used bifurcation argument, where

g(u)=e

In [20], F.Corréa. et al, obtained the existence of positive solutions by two method. Used
a result of fixed point index theory to sub and super solution and a comparison principle.
Additionally, they proved the uniqueness and asymptotic behaviour of the solutions for the

evolution case in a bounded smooth domain of R™ to
—A(/u)Au =g(z,u) inf
Q
u=0, onodf.

M. Chipot and B. Lovat in [40], studied analogue problem used index fixed point theorem.
In [19], FJSA. Corréa applied the Krasnoselskii fixed point theorem, Schaefer’s fixed point

theorem and the comparison principle to get positive solutions for
1
—B(/ |v[”d¢> V' =m(t)g(v), te(0,1);
0
v'(0) =v(1) = 0.

An analogous problem was studied by CS. Goodrich, in [13|, with second term is Af(t,v),
used topological fixed point theory and a novel order cone. In addition, when p > 1, obtained

radial positive solution in an annular domain for

—A(/Q|u|pd7'> Au = Ag(u(t)). teQ

u=0, onodf.
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CO. Alves and DP. Covei proved in [11], when the second term is

hl(:z:,u)f(/g\u|qd7') + hg(x,u)g</9|u|’"d7')

where p,q,r € [1,400). Addition u(t) > 0, on ¢ €  with Dirichlet boundary value con-
ditions, B. Yan and T. Ma in [8|, with second term is fy(x,u), proved the existence by
sub-super solution. By bifurcation theory, obtained the existence and multiplicity of posi-
tive solutions with the changes of the parameter. Moreover, B. Yan and D. Wang in |7], when
the second term is Af (¢, u), used theory of fixed point index to obtained the multiplicity of
positive solutions.

Many results are obtained on the existence and multiplicity of nontrivial solutions or
positive solutions and radial positive solutions by using different techniques, as fixed point
theorems see [39, 42, 43, 45, 50, 53, 56, 66|, Bolzano theorem see [14], bifurcation argu-
ments as in [62|, Galerkin approach as [21], sub-supersolution method in [26], variational
methods for instance [17, 22, 36, 44, 46, 47|, comparison principle method see [41], mono-

tone operator method likes [55], dynamical methods in [12], approximation methods see [18].

This thesis is organized as follows. The first chapter is devoted to recall some funda-
mental notions which are used for proving the results: Metric and Banach spaces, spaces of
k-times continuously differentiable functions and integrable functions, function defined by
an integral and derivation under the integral, the fixed point index, theorem of Krasnoselskii

fixed point on cones in a Banach space, its proof and how to apply it with a simple example.

In the second chapter, we study the existence of positive solutions in a one-dimension

and the uniqueness in a special case for the following problem

e, /Olfw)dT)U” =gltw, te0.); @)
w'(0)=u(l)=0

9

where f : [0,00) — [0,00), g : [0,1] x [0,00) — [0,00) and M : [0,1] x [0,00) — (0, 00)
are continuous functions satisfy weak conditions (2.2) - (2.9). The good choice of cone on

the Banach space in Krasnoselskii fixed point theorem gives us a positive fixed point, which
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is a positive solution to the problem (2). Also, we introduce an example illustrates our study.

In the third chapter, we prove the existence of radial positive solutions in an annular
domain of R™, such that n > 2 and the uniqueness in a special case, under weak conditions

(3.2) - (3.7) for nonlocal elliptic problem:

-0 (jal, [ fu)dy)Au=gllel, ), g

u=0, onodf,

(3)

where 2 = {x € RV|a < |z| < b}, N > 2, a,b € (0,00), such that a < b. The continuous
functions f : [0,00) — [0,00), ¢ : [a,b] x [0,00) — [0,00) and M : [a,b] x [0,00) — (0, c0).
We apply some changes on problem (3) to make the problem one-dimensional, then used

Krasnoselskii fixed point theorem to obtain the radial positive solution. Our results can be

found in [9].



Chapter 1

Preliminary

This first chapter will be devoted to the concepts, theories, and results used throughout

the remainder of the dissertation.

1.1 Metric Spaces

Definition 1.1.1. /27]
Let X be a set. d: X x X — R s a function define distance, if satisfies the following

conditions:
1. Non-negativity: d(z,y) >0 Vr,y € X.
2. Identity of Indiscernibles: d(x,y) =0 < x =y.
3. Symmetry: d(z,y) = d(y,z) Vz,y € X.
4. Triangle Inequality: d(z,z) < d(x,y) + d(y,z) Vz,y,z € X.

Example 1.1.1.

e On R™ we can consider the following distances:

dy(z,y) = Z|$z — yi|, (Manhattan distance)
i=1

n

dy(z,y) = Z(x, —y;)?, (Buclidean distance)

i=1
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doo(@,y) = max|z; —yil.

e On C([0,1],R), we define the distances:
1
4.9 = [ 1) = glolar

do(f. ) = \//0 (f(t) — g(t))dt.
doo(f,g) = sup [f(t) — g(t)].

tel0,1]
Example 1.1.2.
1

The function d : R* x R* — Ry, (z,y) = [ — §| define a distance, because :

o d(x,y)zO@]%—i[zO@%: S x=y.

o d(z.y) =7 — 1 =1=DG = DI =(=Dlly — 2l =d(y,2).

Y Y T Y

e dlw )=l —H=1r -+ U<+ 1) - H=dy) +dy,2).

Definition 1.1.2. [27/(Metric Space)
We call metric space any non-empty set X provided with a distance d, denoted by (X, d).

Definition 1.1.3. [27] (Convergence of a Sequence)
Let (X, d) be a metric space. A sequence (Tp)nen n X is said to converge to a point v € X
if:
Ve >0,IN e NNVn > N:  d(z,,x) <e.
Definition 1.1.4. [27] ( Cauchy Sequence)
Let (X,d) be a metric space. A sequence (x,)nen in X is called a Cauchy if

Ve >0,3dN e N, Vp,q > N: d(zp,z,) <e.

Example 1.1.3.
Consider the space C([0,1],R) provided by dy. Let us define sequence of function

1
st 0<zx< =3
VneN*: f.(z) =min(n,—) = 1 "
St — <z< 1.

n
1
& n
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For all e > 0, and m,n € N* with n > m, we have

1

A fr) = / @) = foulo)lda

= (n —m)dx + lnk(i— Ydz + 1(L—
/0 / VT /1 T

N ., %)dw
= ()= () + 2 = ) =l — )
1 1 1

We can take Ny = [1] + 1. Then, f, is Cauchy sequence.

Proposition 1.1.1. /27/

1. In a metric space, any convergent sequence is Cauchy.

2. Any Cauchy sequence is bounded.

Definition 1.1.5. [27] ( Complete Space)

The metric space (X,d) is said to be complete if any Cauchy sequence in X is convergent
mn X.

Example 1.1.4.

The space of real numbers R equipped with metric is a complete metric space.
Let (x,)nen be a Cauchy sequence in R, we have

Ve >0,dN; e NNVn>m > Ny o |z, — T <%. (1.1)

The sequence (xy)nen is bounded by Proposition 1.1.1, and by the Bolzano- Weierstrass the-
orem, every bounded sequence in R has a convergent subsequence. Let (x,, )ren be a subse-

quence of (T,)nen that converges to some limit x € R. Then,

Ve>0,3N, € NVE > Ny: |z, — ] < g (1.2)

Choose k > Ny such that ny > Ny. From (1.1) and (1.2), we get

9 9
Vn 2 Nt —af < fon = 2|+ fon, 2] <5+ 5 =e

Therefore, (x,)nen converges to x.
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Definition 1.1.6. [27] (Convex set)
Let X be a set. We say that a subset K of X is convex if:

Ve,ye K,VAe[0,1]: X+ (1-Nye€ K.

Theorem 1.1.1. [27] (Closed Set)
A set C' 1s closed if and only if the limit of any convergent sequence of elements of C' belongs

to C.

Theorem 1.1.2. /27] (Compact Set)
A subset K C R"™ is compact if and only if it is closed and bounded.

Definition 1.1.7. [27](Closure Set)

The closure of a set A in a banach space X s given by:
Z:ﬂ{FQX:F is closed and A C F'}.

Definition 1.1.8. [27] (Relatively Compact Set)
Let X be a metric space and let A C X. The set A is called relatively compact if the closure

of A is compact.

1.2 Banach Spaces

Definition 1.2.1. [27] ( Normated Vector Space)

Let X be a vector space over R. A norm on X is an application || - || : X — Ry satisfied
ezc X |z| =0 2=0 (separation).
o V€ X,VAeR, || Az|]| = |\|||z|| (homogeneity).
o Vz,y e X, |[[z+y| <|z|| + |lyl| (triangular inequality).

Definition 1.2.2. [27] (Norm Space)
The couple (X, || - ||), where X is a vector space and || - || is a norm on X, is called norm

vector space.
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Remark 1.2.1.
Set
Ve,ye X d(z,y) = [z -yl

The function d define a distance on X. So, everything that was mentioned in the metric

space remains verified in Banach space.

Example 1.2.1.
The space C([0,1],R) provided by || - oo : X = Ry, f = || flleo = sup |f(t)]. Indeed,

t€[0,1]

¢ [fllo =0 sup [f(t)] =0 [f(t)] =0,vt € [0,1] & f(t) =0, vt € [0,1].

te[0,1]
e Vo e R Vfe(C:
lovf lloe = sup |(af)(£)] = sup |af(t)] = |Oz|t21[épulf(t)| = |all[f]leo-

t€[0,1] te[0,1]
e vie[0,1],Vf, g€ C: [(f +9)®)] = [f(t) +g(®)] < O]+ lg(D)]-

Taking the supremum on both sides, we get

sup |(f 4+ g)(t)] < S (LF@1+lg®)]) -

t€[0,1]

By properties of the supremum,

sup (|f(t)[ +[g(®)]) < sup [f(£)[ + sup [g(t)].

te[0,1] te[0,1] te[0,1]

Therefore,

1+ gllee = sup [f(2) +g()] < sup |f(?)] +t:épl] 9] = [1f loo + llgllsc-

te[0,1] t€(0,1]
Definition 1.2.3. [27] (Banach Space)

We call Banach space a complete normed vector space, that is to say in which any Cauchy

sequence s convergent.

Example 1.2.2.
Consider X = C([a,b],R). We show that (X, || - ||«) is a Banach space. Let (fy)nen be a

Cauchy sequence in X, this means

Ve>0,INeN,¥n>m> N : ||fn—fm||00§§.
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which implies,

Ve>0,3aN eN,Vn >m > NV € [0,1]:  |fal2) — fn(2)| < g (1.3)
Since (fn(x))nen is a Cauchy sequence on R, where (R, | -|) is complete, we obtain
nh_)rxolo fu(x) = f(2), for each x € [0,1].
Using (1.3), fix n and taking the limit as m — oo, we get
= NYre1: |fu) - f@) < (14)

Therefore, for alln > N:
€
_ <2
I = Flloe < &
This shows that f, — f uniformly on [0,1]. We will establish f € X. For x,xq € [0,1], we
have

[f(@) = fwo)| < [f(x) = ful@)] + | ful2) — fulzo)| + [fn(z0) — f(20)]. (1.5)

From the continuity of f, at xqg, n > N :

Ve >0,36>0,Vz € [0,1], [z —zo| <6 |fulz) — fulzo)| < % (1.6)
According to (1.4), (1.5) and (1.6), it follows that
€ €
Ve e [0,1], |z —zol <d:  [f(z) = f(zo)] < §+§+§:€

Hence, f is continuous.

Definition 1.2.4. (Converge Weakly)

Let X be a Banach space. A sequence (T,)nen in X is said to converge weakly to x € X if:
Vie X", f(z,) — f(z) as n — oo,
where X* denotes the dual space of X, the space of continuous linear functionals on X.

Definition 1.2.5. [27]
Consider X = C([a,b],R) with the norm || - ||o and A is a subset of X.

10
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o We say that A is uniformly bounded, if there exists a constant C' > 0, such that
[fllo <C,Vf € A
o We say that A is uniformly equicontinuous, if for all € > 0 there exists d > 0,

Va,y € a,b] : M—w<5ﬁWﬂ@—f@)§avf€A

Example 1.2.3.
Consider the family of functions

G:{gnITLEN*}a

where Yn € N*,Vz € [0,1] : g,(z) = sin(nz). We prove that this family is equicontinuous.

We have
cos (MY L (nlz—y)
2 2 )

(0] wr

Apply the Mean Value Theorem on [0, 6], where 6 > 0 :

| sin(nz) — sin(ny)| = 2

Since ’cos (WTWH <1, we obtain

| sin(nz) — sin(ny)| < 2

1/ sin(f) —sin(0)
sin’(§) = 70 . V&€ (0,0).

Since sin’(0) = cos(#) such that cos(f) < 1, it follows that
sin(d) <6, Vv6>0. (1.8)

Remplacing @ =0 at (1.8), we obtain

(e —y)y oz —y)
< .
sm( 5 >_ 5 Vn > 0. (1.9)
From (1.9) and (1.7), we have
| sin(nx) — sin(ny)| < 2 @‘ = nlx — y|

11
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To ensure that |sin(nx) — sin(ny)| < &, we need
n’x - y’ < €,

which implies

£
lz—y| < = <e.
n

Hence, for alln € N, 6 = ¢, we get
VneN, |z —yl <e = [gn(z) — gn(y)| <.

This leads to, the family of functions (gn)nen s equicontinuous on [0, 1].

Theorem 1.2.1. [27] (Ascoli-Arzela )
Let A be a subset of the space C([a,b],R). Then, A is relatively compact if and only if the

functions of A are uniformly bounded and equicontinuous.

Example 1.2.4.
Consider the set A of functions defined by:

A={fa, a €[0,1]},

where,

folz) =€ Vz € [0,1].

We will show that A is relatively compact. A is uniformly Bounded. Indeed, for any o € [0, 1]
and x € [0, 1],
[fal@)] = [e7] <1,

Thus, the set A is uniformly bounded by 1.

A is equicontinuous, for f, € A, we have

[falz) = faly)l = |e7" — 7.

at

Applying the Mean Value Theorem on the function e~ on the interval |x,y], there exists

c € (z,y), such that

—Qac

e~ W _ pmow
—Qe =

y—x

12
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Thus,

Now, for a given € > 0, such that
le” ™ —e | < e.
For any a € [0,1],0 = : |z —y| < 4, then
e —e™ | < alr —y| < ae < e.
Hence, the set A is equicontinuous.

Definition 1.2.6. [16/( Cone)
A non-empty subset P of a Banach space X s said to be a cone on X if it is convex, closed

and verifies the following two conditions:
1. For allx € P and X\ > 0, implies \x € P.
2. Forallz € P and —x € P implies x = 0.

Example 1.2.5.
Consider P a subset R? define by:

P={(z.y) eR* |z >0,y > 0}.

We need to show that P satisfies the conditions of the cone.

1. For all (z,y) € P and A > 0, we have A(z,y) = (Az, \y) € P, since A\x > 0 and Ay > 0
(by the definition of P).

2. For all (z,y) € P and (—x,—y) € P, we have x > 0,y > 0,—x > 0 and —y > 0 then
x =0,y =0. Therefore, (x,y) = (0,0).

3. Convexity: For any (x1,11), (z2,y2) € P and any A € [0,1] :

A1, y1) + (1= M) (2, y2) = (Az1 + (1 = A)ag, Ays + (1 — Nyo).
Since x1,x9,y1,ys > 0, it follows that

)\[L‘l + (1 — )\)LL'Q Z O, )\y1 + (1 — )\)yg Z 0.

13
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Therefore, AN(x1,y1) + (1 — A)(x2,y2) € P, then P is conver.

4. Closedness: Let (T, Yn)nen be a sequence in P, such that

hm (l’n, yn) = (I’,y)7

n—oo

which implies
lim z, =2 and lim y,=y.
n—oo

n—o0

From (x,,y,) € P, we have
n >0 and y, >0 foralln e N.

Since x, > 0 for all n, and the limit of a non-negative sequence is also non-negative, it
follows that x > 0. Similarly, y, > 0 for all n gives y > 0. Therefore, (z,y) € P. Hence P

15 closed.

Example 1.2.6.
Consider X = C([0,1],R). We define the following set:

P={f € X | f is non-decreasing, f(0) = 0}.

1. Forany f € P, if —f € P, then f(0) =0, —f(0) =0, and f,—f are both nondecreasing.
This implies
f(t) < f(t2) and  — f(t1) < —f(ta),

for all ty,ty € [0,1] with t, < to. Thus, f(t1) = f(t2) for all t1,ts € [0,1], which implies
f(t) = f(0) =0,Vt € [0,1]. Therefore, f =0.
2. Let f € P and A\ > 0. Then,

(A)(0) = Af(0) = A0 = 0.

In addition, if f is non-decreasing function, then \f is also non-decreasing because A > 0.
Thus, \f € P.
3. Convezity. Let f,g € P and o € [0,1]. We have

FO0)=0 and g(0)=0 = (af +(1—a)g)(0) = af(0) + (1 - a)g(0) = 0.

14
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Also, for any t1,ts € [0,1] with t; < ta, f(t1) < f(te) and g(t1) < g(ts), it follows that

af(ty) + (1 —a)g(ty) < af(t2) + (1 — a)g(tz).
Therefore, af + (1 — «)g € P.
4. Closedness. Suppose (fn)nen is a sequence in P, such that f, — f uniformly.
Ve>0,INeNVYn>N: |fo— flleo <e,
which implies
|fn(0) — f(0)| <e foralln > N.

Since f, € P, we have f,,(0) =0 for all n, then
10— f(0)|<e = |f(0)] <e,Ve>0.

Thus, f(0) = 0.
From the fact that f, is non-decreasing, for any ti,ts € [0, 1] with t; < to,

fu(t1) < fulta).

Passing to the limit as n — oo, we get

f(t1) < f(t2).

Hence, f is non-decreasing. Therefore, f € P. We concude that P is cone.

Theorem 1.2.2. [16] (Continuous Operator)

Let X be a Banach spaces. An operator T : X — X is called continuous at v € X, if for
any sequence (p)neny C X which converges by the norm to x, T'((x,)nen) converges by the
norm to T(z).

T is said to be continuous on a set A C X if T is continuous at every point x € A.

Proposition 1.2.1. [16/(Compact Operator)

For X,Y are two Banach spaces. An operator T : X — Y is called compact if and only if
for every bounded sequence (x,)nen of X, we can extract a subsequence (T, )ren of X such
that the sequence (T(xy,))ken converges in'Y. In other words, T transforms any bounded set

of X into a relatively compact set of Y.

15
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Definition 1.2.7. [16/(Completely Continuous Operator)

Let X and Y be two Banach spaces. An operator T : X — Y is said to be completely
continuous if for every sequence (T, )nen in X that converges weakly to some x € X, the
image sequence (T'(z,))nen converges strongly to T'(x) in'Y . In other words, T is continuous

and compact.

Example 1.2.7.
Consider the space X = C([0,1],R) equipped with the || - || norm. Define the operator

T:X—X
f=TF,

where,
vz e [0,1] Tf(:c):/ F)dt.
0

We aim to prove that T is a compact operator. Consider a bounded set B C X. This means
3C>0VfeB: |fllw<C. (1.10)

Showing the set M = {Tf : f € B} is uniform boundedness and equicontinuity. For any
f e B,z el0,1], we have

Tf ()] =

T x 1
d d oo At < || f1loo- 1.11
/Of(t) t]s/o (@) ts/o 1l dt < [1£1 (1.11)
From (1.10) and (1.11), we get
ITfllec <C,Vf € B.

Hence, M is uniformly bounded.

For f € B and x1, x5 € [0, 1] with x1 < x5:

/O“ () dt /0 £(#) dt‘ _

Using (1.10) and (1.12), it follows that

T f(w2) = Tf(21)] =

/g:Qf(t)dt’ g/: 1f()].  (1.12)

/f(t)dt‘g/ |f(t)|dt§/ Cdt < Clas — 21,

16
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Given any € > 0, choose § = 5. Then for |vy — 21| < 6, we have:

This shows that M is equicontinuous. By the Arzela—Ascoli Theorem M is relatively com-

pact. Thus, T is completely continuous.

Definition 1.2.8. [27] ( Lipschitzian)
We say that a function f : (E;| - ||g) — (F;| - ||r) is Lipschitz with constant k > 0 (or
k-Lipschitzian), if it satisfies:

Ve,ye B [[f(@) = fW)llr < Kllz —ylls.

Example 1.2.8.

Let the function f: Ry — R, x— 5 is Lipschitzian because:

Ve Rt (@) - f0)] == -
|z — v
S0+ +1)
< |z —1yl

So, f is 1 - Lipschitzian on R, .

1.3 Spaces of k-times Continuously Differentiable Func-
tions and Integrable Functions

Definition 1.3.1. [52/(Space C*([a,b],R))
Let k € N* and [a,b] C R. The space C*([a,b],R) is defined by the space of k-times con-
tinuously differentiable functions on [a,b] with values in R. It is a Banach space when we

equip it with the norm
k

k
I llosqaimy = D 1F P lle = sup [f(z)].
n=0

n—0 z€la,b]
In particular, for k =0, C°([a,b],R) = C([a,b],R) is the space of continuous functions on

la,b] endowed with the norm

[flloganm = sup |f(z)]

z€[a,b]

17
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Definition 1.3.2. [27] (The space LP(S2) )
Let (2 be an open set of R™ endowed with the Lebesque measure and p € [1,+oo[. The space
LP(£2) is defined by:

LP(2) ={f: 2 — R; fmeasurable and / |f(x)|Pdx < 400},
o
For all f € LP((2), we denote

1fllze = </Q|f(:r)|pd$>;.

Proposition 1.3.1. [27] (Cauchy-Schwarz Inequality)
InR™, let 2 be an open set. If f € L*(2) and g € L*(12), then:

/Q f(2)g(x) da

Theorem 1.3.1. [}8/(Convergence Dominated by Lebesgue)

< [I£112llgll2-

Consider an open set 2 C RN, Let p € [1,+00] and (f,)nen be a sequence of functions on
LP((2) converging almost everywhere to a measurable function f. We assume that there is

a function g € LP(§2), such that for alln € N,

|fn(x)] < g(z) a.e. on 0.
Then, f € LP(§2) and we have

1 = Sllscoy = 0.

Theorem 1.3.2. [5//( A Convergence Theorem for the Riemann Integral)
Let f,, : [a,b] = R be a sequence of Riemann integrable that converging uniformly to

f:]a,b] = R. Then f is also Riemann integrable and
b

b
lim fn(:c)dx:/ f(x)de.

n—oo a

1.4 Function Defined by an Integral and Derivation Un-
der the Integral

Theorem 1.4.1. [38] (Continuity of an Integral with Parameter )

Either a measurable subset {2 C R™, or an interval I C R with non-empty interior and a

18
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function f : 2 x I — R. If the following three conditions are satisfied:

1. for allt € I, the function x — f(x,t) is measurable.

2. for almost everywhere x € (2, the function t — f(x,t) is continuous on I.
3. there is a function | : 2 — R Lebesque-integrable such that

of

E(m,t) <l(z) ae xzef2, Vtel.

tr—>/Qf(x,t)dx

Theorem 1.4.2. [38] (Derivation Under the Integral)

So, the function

18 continuous over the interval I.

Either a measurable subset {2 C R™, an interval I C R with non-empty interior and function
f: 02 x1—R. If the following three conditions are satisfied:

1.for all t € I, the function x — f(x,t) is measurable.

2. for almost everywhere x € (2, the function t — f(x,t) is derivable from ‘3{ (z,1).

3. there is a function 1 : 2 — R Lebesque-integrable such that

of

E(I’t) <l(z) ae zeNVtel.

t— / f(z, t)dx
2
18 differentiable on I of derivative:

/ flx 8{ (x,t)dx.

Theorem 1.4.3. ( Integration by Parts)
Let f,g: [a,b] — R of class C*. We have

/ f(@)g(@)dz = F(b)g(b) — f(a)gla) - / f(2)g (x)dz

Theorem 1.4.4. [31](Theorem of Change Variables in a Multiple Integral )
Suppose that 0 < a < b, and set A ={x € R": a < |z| <b}. Let g: [a,b] - R be Riemann

So, the function:
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integrable on [a,b], and let f(x) = g(|x|) for x € A. Then f is Riemann integrable on A,

/Af =nV, /abg(r)r”_ldr,

where V,, is the volume of the unit ball in R".

and

Proof.
Let n > 2 and g(r) > 0, r € [a,b]. Given € > 0, choose a =19 < r; <719 < ... <ry =0band
0 <my < Mg for k=1, N such that

re—Tp_1 <€ for 1<k<N;
(1.13)
mp < g(r) <M, for 1 <r <, 1<EkESN;

> (Mg = my)(re — 1) < €. (1.14)

For 1 <k < N,let A, = {z € A:r,_1 < |z|] < rp}. Note that my < f(x) < My for
x € Ay, and that the n-dimensional volume of Ay is V,(r} — r;_;). Hence the upper and

lower Riemann integrals of f over A satisfy

N — N
kavn(rZ —rp) < /f < /f < ZMkVn(TZ — Th_1)-
k=1 JA A k=1

But, by the mean value theorem, we have
n—1 n n n—1
nrpy (re = re—1) Srp =g S (rg = ree)

for 1 <k < N. It follows that

LeglAfg/Ange,

where L, = nV, Y o myri =1 (rg — ri—1) and U, = nV,, > Mypry (), — rx_1). On the
other hand,

N b N
kar,ﬁj(rk —rp1) < / g(r)r"tdr < Z MyryH(ry, — 151).
k=1 a k=1

We conclude that fAf, f_Af, and n), ffg(r)r”_ldr all belong to the interval [L., U] and

this is so for every € > 0.
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To complete the proof it suffices to demonstrate that U, — L, — 0 as € — 07. To this end,
first note that if 0 < m < M, 0 <r < R<b R—1r <e¢ and n > 2. Then, by another
appeal to the mean value theorem, we find
0< MR —mr™ ' =(M—-m)R" +m(R" ! — "1
< (M -m)R" '+ mmn—-1)R"*R—r)
< (M —m)b" '+ M(n — 1)b" 2.
Thus, for 0 < € < 1 and with M = max{Mj, ..., M}, we have

N
0< (nV) ' (Ue = L) = Y [Myri ™" — myrp ] (r — 741)

k=1

N
S Z[(Mk — mk)b"_l + Mk(n — 1)6”_26](rk - T‘kfl)
k=1
N N

<pt Z(Mk —my)(ry — 1) + M(n — 1)b"*2€z(7"k ~ Tk-1)
— k=1

< 0" e+ M(n — 10" %e(b - a)

according to (1.13) and (1.14). Hence U, — L, — 0 as ¢ — 07. O

1.5 Fixed Point Theory

Definition 1.5.1. [52/(Fized Point)
Let X be a Banach space and T : X — X be an operator. We call fixed point of T any point
xr € X such that Tx = x.

Example 1.5.1.
Let X = R? with the Euclidean norm, and define the operator

T:X—-X

(w.0) o> T = (

r+y r+y
2 72 ’

We hawve,

Therefore, (1,1) is a fixed point of T
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Example 1.5.2.
Let T be a function defined from R to R by:

T(x)=x+ g — arctan(z).
We look for the fixed points of T
T T
Tx)=z<x+ 5 arctan(z) = r < 5= arctan(z),
which is impossible because the function tan is not defined at 5. Then, T has no fized in R.

Theorem 1.5.1. [27] (Theorem of Heine )
Let X and Y be two metric spaces, such that X is compact. Any continuous mapping from

X to'Y is uniformly continuous.

1.6 Reminder on Green Function

George Green introduced the mathematical function known as "Green’s function" in
1828. It is employed in many dimensions to solve partial and ordinary differential equa-

tions. The kernel of the integral operator is the term used to describe Green’s function.

We consider the ordinary differential equations:
(H) (py) +py =0,

(NH) (py') +py =1,

where p € C*([a, b],R), p(t) # 0 for all ¢t € [a,b], f € C([a,b],R) as well as the conditions:

ary(a) + azy'(a) =0,
Bry(b) + B2y’ (b) = 0,

(CB)n

ary(a) + agy'(a) = 7,
Bry(b) + Bay/(b) = 0,
where a1, as, 01, 32,7 and § are constants such as |ay| + |az|, |B1] + | 52| # 0.

(CB>nh
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Definition 1.6.1. [57]
We call Green function associated with the homogeneous problem (H),(CB), a function

G : [a,b] X [a,b] — R satisfying the following properties:
1. G is continuous on [a,b] X [a, b].

2. G is symmetric: G(t,s) = G(s,t) for all (t,s) € [a,b] x [a,b].

3. for s € [a,b], the function t — %(t, s) is continuous for all t # s.

4. tl_lg}r %(t,s) — tl_lg{ (1, 5) = zﬁ for all s € |a, b].

5. for s € [a,b], the partial function t — G(t,s) is a solution of the equation (H) for all
t#s.

6. for s € [a,b], the partial function t — G(t, s) satisfies the conditions (CB)j,.

Theorem 1.6.1. (Ezistence and Uniqueness of Green Function)

Suppose that the homogeneous problem (H),(CB);, does not admit a non-trivial solution.
Then, there exists only function G and is called the function of Green, such that, for any
function f, the solution y of the non-homogeneous problem (NH) — (CB)y, can be written
uniquely as:

1
Vt € [a, b y(t) :/ G(t,s)f(s)ds.
0
Example 1.6.1.
Consider the following problem:

—u"(t) =0, 0 <t <1, (1.15)

uw'(0) =wu(l) =0.
Let us construct Green function of (1.15). Remembering that any solution of (1.15) is of the
form u(t) = at +b. According to the associated boundary conditions, we obtain a = b =0,
which shows that (1.15) does not admit a non-trivial solution. We now consider Green

function as follows :
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Using the properties of Green function, it follows

1. The function G is continuous on [0,1] x [0, 1], so
ai(s)s + b1(s) = as(s)s + ba(s). (1.16)

2. It results from lim 2<(t,s) — lim %(t, s) = —1, Vs € [0,1] such that

s—s0+ Ot t—s—

as(s) —ay(s) = —1. (1.17)
3. As G satisfies the boundary conditions, it comes
ai(s) =0, as(s) = —by(s). (1.18)
According to (1.17), (1.18), we have
ai(s) =0, as(s) = —1, ba(s) = 1. (1.19)

Combining (1.15), (1.16) and (1.19), we get

1.7 Krasnoselskil Fixed Point Theorem

In recent years, the Krasnoselskii fixed point theorem for cone maps and its many gen-
eralizations have been successfully applied to establish the existence of multiple solutions
of boundary value problems of various types. It is called " Fixed point theorem of cone ex-

" or "Krasnoselskii Theorem".

pansion and compression" or " Guo-Krasnoselskii Theorem
The majority of known proofs of Krasnoselskii Theorem using topological index degree the-
ory. The first appearance of Krasnoselskii Theorem in 1960, where the positive cone has
interior points. by Amann [30], on chapter I1 has a discussion and proof it with the gen-
eral boundary conditions. D. Guo and V. Lakshmikantham are introduce excellent proof

see [16]. There are also researchers who have proven Krasnoselskii Theorem without using

topological index degree theory as Potter see [5], Chaljub-Simon and Volkmann see [3].

In this section, We will introduce Krasnoselskii Theorem with proofs, and explain how

to applied to obtain the positive solution and evaluate this with a simple exapmle.
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Theorem 1.7.1. [16] (Krasnoselskii Fized Point Theorem)
Let E be a Banach space, P C E a cone in E, Q1 and Qs two open bounded sets in E, such
that 0 € Q, and Q C Qy. Let S: PN (Qy\ Q1) — P be a completely continuous operator,

such that one of the following conditions is satisfied:
1. ||Sz|| < ||x|| for all x € PN OQy and ||Sx| > ||z| for all z € PN 0OQs.
2. |Sz|| > ||z|| for all z € PN OQy and ||Sz| < ||z|| for all z € P N OQs.
Then, the operator S admits at least one fived point in PN (Qy \ Q).
We will need some definitions and lemmas to prove the above theorem.

Definition 1.7.1. [16/(Condensing Operator)
An operator A : D — E,D be a subset on Banach space E. Condensing operator A is
defined as a continuous and bounded operator such that for any bounded set Z in the domain
D satisfies

WA(Z)) < p(Z) with0 < p(Z),

where u(Z) denotes the measure of noncompactness of Z. Readers will find the definitions

and properties of measure of noncompactness in Lakshmikantham and Leela [6]] and Guo

[15].

Definition 1.7.2. [16/
The fized point of the operator A on the set U with respect to X is denoted as i(A, U, X).

Lemma 1.7.1. [16]
Consider the condensing operator A : PNQ — P where 0 € Q. Assuming that the inequality

Ax # px, Yr € PNoQ, u > 1. (1.20)
Then i(A,PNQ, P)=1.

Lemma 1.7.2. [16]
Consider a completely continuous operator, define A : PN Q — P. Suppose that

1. inf ||Az| > 0.
z€EPNIN
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2. Ax # px,Ne € PNoQ, 0 < pu<1.
Therefore i(A, PN, P) = 0.

Theorem 1.7.2. [33/( Theorem Dugundji Extension)
Let Ey and Es be two real Banach spaces and C be a closed subset of Ei. Suppose that
operator T' : C'— FEs is completely continuous. Then, there exists a completely continuous

operator T : E, — FE5 such that
1. Tx = Tx for any x € C.

2. T(Ey) CeoT(C), where coT(C) denotes the closed convex hull of T'(C).

Proof of Theorem 1.7.1

We prove the first condition of theorem, since the proof is similar when second condition
is satisfied.
By Theorem Dugundji 1.7.2; it is possible extended S to a completely continuous operator
from P N, to P. Let us assume that S has no fixed points on P N 98 and P N 9.

Firstly, suppose that condition 1 is verified, i.e., cone expansion. That much is evident.
Sx # px,Vr € PN oYy, p> 1. (1.21)
On the other hand,
dazg € PNOQ,po >1: Sz = pozo = [|Sxol| = pio |20 > [|20]]
this contradicts with condition 1. Hence, from (1.21) and Lemma 1.7.1, we deduce
i(S, PNy, P)=1. (1.22)

Similarly, we showing

Sz # px,Yr € PN0oQy, 0 < u<1. (1.23)

Indeed,

dz, € Pﬁ@Qg,O < < 1: Sz = 1Ty = ||S$1|| = ||[L’1|| < ||l’1||,
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which leading to contradiction with condition 1. Furthermore, by condition 1 we get

inf > inf . 1.24
a:lellglmaﬂz stlH - Ilellglﬂaﬂg H$U1H >0 ( )

From Lemma 1.7.2, (1.23) and (1.24), it follows
i (S, PNy, P)=0. (1.25)
As a result, combining (1.22) and (1.25), we have

i(S, PN (R\Y),P)=i(S,PNQ, P)—i(S,PNQ, P)=—1+#0. (1.26)

We conclude S has at least one fixed point in P N (25\$2).
Similarly, when condition 2 is satisfied, instead of (1.22), (1.25), we obtain

i(S,PNQy,P)=0,i(S,PNQy, P)=1.
This leads to (1.26). Then, S has at least one fixed point in P N (Q\$2). O

Remark 1.7.1. (Technique of Applying Krasnoselskii’s Theorem,)

The technique of applying the cone fized point theorem to obtain the results of the existence
from a boundary value problem is to rewrite the problem as an integral equation, usually via
the use of Green’s function. The Banach space is the space of continuous functions with an
appropriate norm, and the positive cone is the set of continuous positive functions or some
suitable subset of it. The integral operator is a completely continuous cone map and if one
can find suitable constants a and b such that the hypotheses of the cone theorem are satisfied,
then the annular region has a fived point, which is a positive solution of the boundary value

problem.

1.8 Example

We study the following problem:

(1.27)
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where f is continuous and nonnegative on [0, 00) and f(0) = 0, which satisfies

0 < lim Jix) < 8. (1.28)
z—0t X
24v/3 < Tim J(2) < +o0. (1.29)

T—+00 €T

Under assumptions (1.28) and (1.29), the problem (1.27) has at least one non trivial

positive solution.

Solution.

The function z(t) = 0 is the trivial solution of the problem (1.27). We prove that

problem has nontrivial solution satisfying

where k is the Green function,

t(l—s), t<s;
k(t,s) = (1.30)
s(l1—1t), t>s.

Define two cones with P. C P, for 0 < e < %, as

PZ{J;GC([O?”?R) | JZZO},
1

P.={zeP| | min z(t) > (= — )|zl }-
5—6<t<§+€ 2
Claim that P. is cone.
1. Suppose x € P. and —z € P., we have
o) 2 (5-¢) lel
min = x — —¢c | ||7] o,
%76<t<%+5 B 2 *
. 1
. omin  (—z(t)) = ;¢ | — 2|loo-
s—e<t<5+e
Since || — z||co = ||]|co, this implies
min  (—z(t)) =— min  x(¢)
1-e<t<i+e 1-e<t<i+e

> _1_ ||
€ 12||oo-
2
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Thus

1
oomax  z(l) < - <§ — 5) %] oo-

§—a<t<%+a
It follows that
1 < i t) < < 1
;¢ [#]lc < min  z(t) < max x(t) < - 5~ ¢ || oo-

1 1
5—8<t<§+€ §—E<t<§+8

LV el < = (2 =)
25xoo_ 25$o<>7

which is only possible if ||z||o = 0. Therefore, z = 0.
2. Let x € P. and A > 0, we get

This implies

min  (Az(t)) = A min  z(¢)
1—e<t<i+e T—e<t<ide

>4 (5 ¢) el

1
- (3-¢) el
Thus
min (— - 5) | A2 ] oo -
1 1
2—a<t<2+s
This shows that Az € P..
3. Let z,y € P., we have
i a(t)2 (2 <) e
min — —¢e ) [|%]|oo,
%f£<t<%+s o 2
_ 1
min y(t) > (5 <) Iyl

1 1
5—e<t<5+e

Using the properties of the minimum function:

min  (az(t)+ (1 —a)y(t)) >a min  z(t)+ (1 —«a) min  y(t)
1e<t<ite 1oe<t<ite 1e<t<i+te

>a(g-¢) el + - 0) (5 ) Il
(% ‘5> (@]l + (1 = @)llyllo)-

Using |laz + (1 — a)y|| < af|z]|e + (1 — @)]|y||00, We obtain

(3-¢) @l + (- lulle) 2 (=) oz + (1= @yl
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Therefore

min  (az(t) + (1 — a)y(t)) > (% — 6) lax 4+ (1 — @)y -

%—£<t<%+a
This shows that ax 4+ (1 — a)y € P.. Then P. is convex.
3. Suppose that z,, € P. and z,, — . We need to show that x € P.. Since x,, € P., we

have

1
min  x,(t) > (5 —6) |0 ] oo

1 1
s—e<t<z+e

Taking the limit as n — oo and using the continuity of the minimum function and the norm:

min () > (% —5) 12]|oo.

1 1
5—e<i<5+e

This shows that x € P.. So P. is closed.

Let us define the map A : P — P, v — Ax such that
1
Vee P Vtel0,1]: Ax(t)= / k(t,s)f(x(s))ds.
0

Showing that A is continuous. Let (z,),eny be a sequence on P, where (z,),en converges

uniformly to z. This means
Ve >0,IN e NVn > N ||z, — 2]« < g,
which implies
xn(s) = x(s), Vs € [0,1]. (1.31)

Denoting y,, = Az, and y = Az. By the continuity of f, k on [0, 1], [0, 1] x [0, 1], respectively
and (1.31), it follows from Theorem 1.3.2:

1

lim y, = lim k(t,s)f(xn(s))ds

- /O k(t,5) f(x(s)) ds = .

Hence, A is continuous.

Now, we claim A is compact. Let B be a bounded set in P,

AM; > O,VI € B: ||x||oo < M.
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Setting K (t) = {Axz(t), z € B} with ¢t € [0,1], K = {Az, € B}. We prove that K(t) is

equicontinuous and relatively compact, which means that K is relatively compact. We have
1

Vi e [0,1]:  |Ax(t)| = k(t,s)f(xz(s))ds

) (1.32)
< [ kol sGats)ids
0
From the continuity of f on the compact [0, M;], we get

dMy > O,VS € [O, Ml] 0L |f(8>| < M. (133)

Using (1.32), (1.33) and the fact that 0 < k < 1, we obtain

1
We0.0): 0 <)< [ Kt s)lfa(s))lds

0 (1.34)

1
SMQ/ dS:M27
0

which implies K(t) is bounded. Therefore, K(t) is relatively compact in R. Next, for all
t1,t2 € [0,1] and x € B, we have

frtin) - A = | [ w0, 916w(6s — [kt ) (6
[ (k09 = kit 9) st
</1
L/mu, K(ta, )1 (a(5))lds
< lk(tr,) - hwu/Lf ))lds

ds (1.35)

(k(t1,5) = k(t2, ) F(2(5))

Since k is continuous function on [0, 1] x [0, 1], then, k is uniformly continuous. So,
Ve > 0,30 > 0,Vs € [0,1] :  [t1 —ta] <0 = ||k(t1,s) — k(t2,8)]|c0 < €. (1.36)

Combining (1.35), (1.33) and (1.36), it follows that

| Ax(ty) — Ax(ty)] S/O [F(ty, s) = K(t2, )| f(x(s))]ds

1
S{‘:MQ/ ds
0

= €M2,
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which implies that K(t) is equicontinuous. From the Arzela-Ascoli Theorem, we deduce K

is a relatively compact set. Therefore, A is compact.

We show A (P.) C P. for any € € (0,3). Let z € P. From (1.30), we have

vVt e [0,1]:  |Az(t)| = /0 k(t,s)f(xz(s))ds

< [ K NGlenlas
< [ s 9statsas
= [ o= 9t
which gives 1
| Az]l < / s(1— 8)f(2(s))ds. (1.37)

,s € [0, 1], we obtain

Moreover, for all ¢t € [% — ¢, % +e

H1—s) > (%—g) (1—s) fort<s:

s(l—t)Za[l—(%Jré)} - G—g) for t > s,

which implies

1 1
vt — —
6[2 5,2—1—5

Vse[0,1]: k(t,s)> (% _ 5) s(1—s). (1.38)

According to (1.37), (1.38), we get

This leads to .
min  Az(t) = min ( /0 k:(t,s)f(a:(s))ds)

te[1—e,1+e] te[s—c,1+¢]

1
> (5-) el
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which means

Moreover, from (1.28), we have

Ve >0,dn>0: sup <f—)<8+€,

0<z<n

which gives

Ve>0,39n>0,Vz € [0,n]: 0< f(x) <x(8+¢).

Also, in view of the condition (1.29), we obtain

Ve > 0,dr >0: 24\/§+€<sup<@>,

z2>r
which implies

Ve>0,3r>0,z>r: f(z)> (24V3+¢e)z.

For all x € P such that ||z|| = r and (1.40), which yields
1
Ax(t) = / k(t,s)f(x(s))ds
-
< 8/ k(t,xz)z(s)ds
°
< 8Hx|]/ k(t,s)ds
0

— 81(1 - 1)|Je]|.

We define the function ¢(t) = ¢(1 — t). Then, ¢'(t) =1 — 2t.

t 0 z 1
¢'(t) - 0 +
1

o(t) / \
0 0

This leads to
Az(t) = 8t(1 — t)[|z]

< [lzloo,
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this means

Az < | Azfloo < ]|

From this set

Ql = {.CC € C([Oa 1]7R)7 HQJHOO < 7’}.
We deduce the following estimate
[Az]loo < [l2lo-
Otherwise, for all 0 < e < %, denoting

re = max 2r, g .
5—6

Since . > r, choose x € P. such that ||z||« = r., then

min  a(t) > (— —c

te[%fs,%Jrs]

We have

Applying (1.44), it follows

st/ 1 e 1
24\/5/ k (5, s) x(s)ds > 24v/3 <§ — 8) ||x||oo/ k (§,s> ds.

Combining (1.46) and (1.47), gives

Ar (2) > oav3 (L -2 /%%kl J
v{5) 2 28x00%—5 55 ) ds
1
> 12V/3 (5 — 5) (1 —e)]|z|loo-
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We define the function 0(¢) = e(1 —¢)(5 —¢), 0 < e < 5. We have

1
0'(c) =3¢ — 3e + =.

2
Then,
(c)=0cc= 3—\/§v€: 3+ V3
6 6
c 0 3—6\/3 %
0'(¢) + 0 —
N
36
0(c)
0 0
This implies
1
el > 140 (5) 1
1
> 12V/3 (5 — 5) (1 —e)||7)|co
V3
> 12vV3—
> 12v3% o]l
= [zl
Under this assumption
Oy ={z € C([0,1],R), ||z]e < 7Te}- (1.48)
We obtain
[Az][oc 2 [|2|oo- (1.49)

According to (1.42), (1.43),(1.48) and (1.49), we deduce by Theorem (1.7.1), the operator
A has a positive fixed point in P N (€2\€), which is solution of problem (1.27) O
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Existence of a Positive Solution in

One-Dimensional

We study the existence of a positive solution to the problem

(2.1)

u(t, [ i) = ote. e 0.0
=u(l) =0.

u'(0)

To establish the existence result, we make some assumptions on f, g and M.
e f:]0,00) = [0,00) is continuous function satisfying for some two nondecreasing continu-

ous functions a, 3 : [0,00) — [0, 00),
afs) < f(s) < B(s). (2.2)

e g:[0,1] x [0,00) — [0, 00) is continuous function,
E(t)h(s) < g(t, s) < n(t)k(s), (2.3)

while h, k : [0,00) — [0,00) are increasing continuous functions, and the measurables func-
tions &, : [0,1] — [0, 00). Also g(+,0) # 0.

e M :1]0,1] x [0,00) — (0,00) is continuous function,

O(t)u(s) < M(t,s) < p(t)w(s), (2.4)
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where v, w : [0,00) — (0, 00) are increasing continuous functions, and

6,1 :10,1] — (0,00) are measurables functions. In addition

0< /01%013 < 0, (2.5)
and
0</GOS ds<oo (2.6)

with d € (0,1) and G denoting the Green functlon,

G(t,s) = (2.7)
1—5 0<t<s<1
Moreover, suppose that

h((1—d 1

Sh>00 i MESE s 28)
- / G(0, s)@ds
0 p(s)
1

JRy > Ry : sup (2.9)

O
s>, SU(da(l —d)s) — /177(8)

Assume that

lim inf M =00

s—0t  sw(B(s))

It is equivalent to

h((1 —d)s)
sup inf{ ————=1 = o0.
)
Using upper bound property, it follows
o h((1—d)s) h((1 —d)s)
Ve >0,36.>0: inf{———=}>su 1nf — 1 —c.
2 eme) R M e
We choose R; = 4, to
L Conon ) > g
<s<Ri ~ sw(P(s
/ G(0, s)ﬁds
0 11(s)
which implies (2.8). Now, suppose that
lim sup K(s) =0.

so0 SU(da(1l —d)s)
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This limit, can be written as

_ k(s)
f
oo Fts igg{ sv(da(l —d)s)

} = 0.

From lower bound property,

_ k(s) k(s)

do, : f )

ve>0,30. > By oo Ry ssgi{sv(da(l - d)s)}+E ~ Ssgcz{sv(da(l - d)s)}
0
1
Ife = ——— >0, Ry = 0., we find
/ n(s) ,
——ds
o 0(s)
k(s) 1
20 a9 < /177(8) i
o 0(s)

which gives (2.9).

2.1 Existence of a Positive Solution

Theorem 2.1.1.
Assume that the conditions (2.2)-(2.9) are verified. Then, the problem (2.1) has a positive

solution.

Proof.
Consider the following problem

—u'(t) = (),  te(01),

uw'(0) =wu(l) =0,

(2.10)

which has a unique solution, given by ( see Theorem 1.6.1):

1
Vi e [0,1]:  wu(t) :/ G(t, s)Y(s)ds,
0
where 9 : [0,1] — R is a continuous function. Let u be a solution of the problem (2.1). By

replacing 1 with the continuous function

by gl
M(s,/o f(u(7’))d7’>
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we see that wu is solution of the integral equation

Vie[0,1]: wu(t) = 1G(t, s) g(sl,u(s)) ds.
jg Al(s,jg (u(r))dr )

On the other hand, assume that w verifies (2.11). By using Theorem 1.4.2, we find

Vi elo, 1l W(t) = — /0 M(g?ﬁ;f()j))ﬁ) ds.

Let (t;)jen €]0,1[, such that lim ¢; = 0. We have

J]—00

(2.11)

t

This gives v/ (0) = 0. If (¢;)jen €]0, 1, where lim t; = 1, it follows that

j—00

tj
lim «'(t;) = lim — g(sl,u(s)) ds

According to the extension, we have

Vtel0,1: o(t) = —/t g, uls) e

and

vt €lo, 1 u'(t) = — g(t, u(?))

For (t)jen €]0,1[ with lim ¢; = 0, we get

Jj—00

lim «"(t;) = lim —
j—o0 j—o0
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If (¢;)jen €10, 1] such that lim ¢; = 1, we obtain

]—)OO

(4;))

lim u”(t;) = lim —

j—oo j—oo m/f
/ Flu

By the extension theorem, we deduce u € C?(]0, 1] R). Since

uls))

um/l (/f d
/ /f =0

We conclude w is solution of (2.1). Define the following map:

=u"(1).

S:C([0,1],R) — C([0,1],R),
u+— Su,

where

vt [0,1] Su(t):/l
/f

From the continuity of u and g on [0, 1] and [0, 1] x ool respectlvely, the function
s = g(s, u(s))

is continuous on [0, 1]. Also, G and s — M / f(u )d7'> are continuous on [0, 1] x [0, 1]
and [0, 1], respectively. Then,

(, )|—>Gts /f (5))

is continuous on [0, 1] x [0, 1]. The function ¢ =5 G t,s) is bounded

/f

by
s))

N g(sl,U(
M(s,/o flu(r))dr
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We deduce the above map S is well define by Theorem 1.4.1.

We will research a positive fixed point of the map S which is positive solution for the
problem (2.1), by using Krasnoselskii Theorem. Firstly, we prove that S is continuous and

compact, as demonstrated by the following Lemma.

Lemma 2.1.1.

Consider the map S : (F, || - ||ls) = (F, || - ||oc), where
F={ueFElu(t) >0, Vt € [0,1]}.

Then, S is completely continuous function.

Proof.

We prove that S is continuous. Let (uj)jeN C F be a sequence, has a limit u € F,

lim [ju; —ul_ =0, (2.12)

j—+oo

which can be written as

dim  sup |u;(t) —u(t)| = 0.
I+ ¢e(0,1]

Then,

Vp>0,3jo e N,VjeN,j>j0: sup |u;(t) —u(t)] <p,
t€(0,1]

which gives
This leads to

which implies

Vt e [0,1],V5 > jo: 0 <u,;(t) < p+ max u(t). (2.13)

Set

= t t t ), ... w—1(2) p > 0. (2.14
8 %%{%S%“”“%&%“O“’%&%““*%3%““’ e 1<>} 2
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Using (2.13) and (2.14) to obtain
VieN: wu;,uel0,c) (2.15)
Since g is continuous on the compact [0, 1] X [0, ¢;], then ¢ is bounded,
Jey > 0,Ve,y € [0,1] x[0,¢4] 1 0< g(x,y) < cs. (2.16)
For s = x,u;(s) = y in (2.16), it follows that
Vs e[0,1,¥5 e N:  0<g(s,u(s)) < ca. (2.17)
Moreover, using the continuity of g and (2.12), we find
Vs e [0,1] : jgin g(s,u;(s)) = g(s,u(s)). (2.18)
From the continuity of f on the compact [0, ¢;], f is uniformly continuous. Then,
Ve > 0,36 > 0,Vx,y € [0,¢1] 1 |z —y| < = |f(x)— fy)] <e. (2.19)
Take p =6 in (2.13), and u;(s) = z,u(s) = y in (2.19), to get
Ve > 0,Vs € [0,1],V) > jo:  |f(u;(s)) — f(u(s))| <e,

which means that f(u;) converges uniformly to f(u). Using Theorem 1.3.2, it follows that

1

lim fu(r ))dT:/O lim f(u;(7))dr

J—+oo 0 J—+oo

/ F(Tim uy(r))dr (2.20)

j—+o0

_ /0 Flu(r))dr

which gives

Ve > 0,450 € N,Vy > jo - fuj dT—/f dT <e.

Then,
/ fu(r d7'</ fu(r))dr + €. (2.21)
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. m{/f N e e

Let us set

(2.22)
/ f(UQ(T))dT,...,/ f(UjO_l(T))dT} >0
0 0
From (2.21) and (2.22), we obtain
VjieN: /fu] dT/f ))dT € [0, c3].
Since 1 is continuous on the compact [0, 1] x [0, ¢s], then 7 is bounded,
1
= 1 : < ¢4. 2.2
cs > 0,¥(x,y) €10,1] x [0,¢c3] - 0< Moy = Cy (2.23)
Furthermore, by (2.20), we have
lim ! = ! . (2.24)
—00
T M (s,/ f(Uj(T))dT) M (s, f(u(7’))d7’>
0 0
Combining (2.18) and (2.23), we find
(s, u;(s))
305 > 0 \V/j < N Vs E 0 ]. < CoCy = Cs5, (225)
o i)
which leads, by the Lebesgue dominated convergence theorem, to
Vs € [0,1] lim (5, u5(s (2.26)

_ gbsauls)
Y ( / Fluy(r ) M (s, /O f(u(T))dT>
For all j € N, it follows that

‘Suj(t — Su(t))

_ ERE) NN u(s))
[ (o [ sienar) oo /f

[ g(s, u;(s)) uls)
Jy e . [ o) /fm
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< [l
[

As 0 < G <1, we get

s))

g(s,u;(s
/fu] dT /f

9(s,u;(s))

(o [ stutonar) /f

e s(o.0ls) |,
/f M(s,/of(u(T))dT

Passing through the upper bound, we find

’Suj Su(

0 < [|Suy(t) — Su(t)]|s

(s, u;(s))

g(slau(s))
/f M 3,/ f(u(f))df

<o ([]-
(s,u;5(s)) u(s))

g e e [

Passing to the limit in (2.27), and using (2.26), we obtain

(2.27)

Jim_|Su; — Sl =

Thus, S is continuous.
Now, we prove that S is compact. Assume that A C F' is a bounded subset and ¢ € [0, 1].
Set

B ={Su;u e A}, B(t) ={Su(t);u € A}.
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We show that B is relatively compact. In other words B(t) is equicontinuous and uniformly

bounded. For all ¢1,t; € [0,1] and u € A, we have

Su (t1) — Su (t2)

(s))

(2.28)

::éme,) G(ts, 5) A45/f

g/l (G(tl,s)— (ta, 5) u(s))

//

Since G is continuous function on the compact [0,1] x [0,1], we deduce G is uniformly

1
S / G(tla ) t27
0

continuous,
Ve > 0,30 > 0,Vs € [0,1] : [t; — ta] <0 = |G(t1,s) — G(ta, s)| < e. (2.29)
From the boundedness of A, we have
Jeg>0,Vue A: 0 < ||ul|eo < cs-

By (2.4),
a(u) < fu) < B(u).

Since [ is increasing function, we find
a(0) < f(u) < B(cs).

Integrating over [0, 1] the above inequation, we get

/ fu(r))dr < B(cg),

45



Chapter 2 Existence of a Positive Solution in Dimension One

which gives
/ f(u(r))dr € [a(0), B(cs))

From the continuity of 57 on the compact [0,1] % [a(0), B(cs)], it follows 57 is bounded,

1
de; >0,Vue A: 0< < ey. (2.30)

M(s, /0 1 Flu(r))dr

Also, g is continuous on the compact [0, 1] x [0, ¢g], which implies ¢ is bounded,

deg>0,Vue A: 0<g(s,u(s)) < cs. (2.31)

According to (2.30) and (2.31), the following map

u(s))

= g(sl,
M(s, /0 Flu(r))dr

309 > 0 Vs € [O 1 < C7Cg = Cg. (232)

/f

Combining (2.28), (2.29) and (2.32), for all ¢,t; € [0, 1], we obtain
1
<
0 / Flu

1
< 509/ ds = ecy.
0

For all t,t, € [0, 1], such that

is bounded,

SU (t1> — SU (tg) G(tl, ) tQ,

[t — to] <06 = ‘Su (1) — Su (t2) ’ < ecy.

Then, B(t) is equicontinuous.

On the other hand, we claim that B(t) is bounded. Using (2.7), we find

/G /S; (5)) d

( d

L /f
- /OdS—CQ,
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which implies

Jeg>0,Vue A: |[Sulle < co.

Hence B(t) is uniformly bounded. According to the Arzela-Ascoli Theorem, B is a relatively
compact. Therefore, S is compact.

Let us define the following set

P={ueF: minu(t)>(1—-d)|uc}
te(0,d]

We would like point out that P is a cone on F.
e P is a nonempty subset on E. It is clear that P C E, and P # () because 0 € P.
e P is convex. For a € [0,1] and (,¢ € P, we get

¢:¢ =0, min ¢(t) = (1 = d)[|(][e;
min (1) > (1 = d)|[¢]|o-
Since (1 — a)¢ 4+ ap > 0, it follows

(1 =d)(1 =)+ vl < (1 = d){[[(1 = a)Cl[oc + lat)]loc}
= (1 =d){(1 = )¢l + alltllc} -
For a fixed d € (0,1) we have (1 —d)(1 —«a) < (1 —«) and (1 — d)a < . Then,
(1 =d)(1 = )¢+ vl < (1 =d) {(1 = )¢l + allllc}

< (1= )¢l + allPll

< min (1 — «)((t) + min} a)(t)

te[0,d] tel0,d
< mi 1-— t).
< fer[léﬁ](( )¢ + o)) (t)

Hence, P is convex.

e Pis a closed. Let (u;);.y C P be a sequence, has a limit u € E. We have
VieN: wu; >0, (2.33)

and

VieN,se[0,d: (1-4d)|u, < m[(i)rcll] w;(t). (2.34)
telo,
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Recalling that

' : < min u;(t) < u,;.
VieNVte[0,1]: 0< in (t) < wuy

According to (2.34), (2.35), we find
VieNte[0,d: (1-4d)|ull,, < u;t)

From

dim ||u; — uljee =0,
J—+oo

we have

lim w;(t) = u(t).

Jj—4oo
Passing to the limit as j — oo in (2.33) and (2.36), we get

u > 0,

and

(1 = d)ulle < u.

Combining (2.38) and (2.39), it follows v € P. We deduce P is a closed.

e if A\ > 0 is a real number and u € P, we have Au > 0 and
(1 = d)f[Aulloc = (1 = d)A[Jullo

< (1 —=d)\ min u(t).
<( )trer[lég]U()

Since (1 —d)A < A, we find

(1 —d)|| Mut]|oo < (1 — d)A min u(t)

te(0,d]

< A min u(t)
t€(0,d]

= tre%,%] (Au)(t).

Then \u € P.
o It is clear that if u € P,—u € P, also u > 0, —u < 0. We get u = 0.

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

Showing the desired result S(P) C P. Let uw € P and G, g, M are positives functions, then

Su > 0. Set
)

o sl
M(s,/o f(u(7‘))d7‘>
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We have

t€[0,d] t€[0,d]

. : ! g(s
min Su(t) = min / G(t,s) T ds
0 M(s,

= min]/o G(t, s)j(s)ds.

te(0,d

Applying (2.7), we get

/0 G(t,s)j(s)ds = /0 (1 —1)j(s)ds + /t (1 —s)j(s)ds,
which gives

1
in Su(t) = min [ G(t s)j(s)d
i u(t) i, /O (t,s)j(s)ds

~ min ( / (1 Di(s)ds + / - s>j<s>ds)
> () ([ Steds + [ a- i(s)is )
> (- ([ - s)steds + [ - i(s)is

t€[0,d]

= (1 —d) min /0 (1—9)j(s)ds.

t€(0,d]
We know that

win [ (1 8)j(s)ds = / (1 s)j(s)ds

t€(0,d]

~ max [ (1 9)i(s)ds,

t€[0,1]

which leads to
1
in Su(t) > (1 — d) mi 1— s)j(s)d
min Su(t) = (1 - d) min / (1 - )j(s)ds

=(1—-4d) max/o (1 —s)j(s)ds

te€[0,1]

~ - ([0 s+ [ 1= aitas).

Since 0 < s<t,thenl—s>1—t. So

[ a=osas= [ -
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It follows that
t 1
in Su(t) =(1—d 1— d 1—35)j(s)d
min Su() = >g[3>1<](/< ity [ (1=t )

> =y ([0 i+ [ - 0ias)
(1 - d) max /1 G(t, 5)j(s)ds

tel0,1] Jg
=1 = d)||Sufl-

Combining these inequalities, we find

in S > (1 —4d)||5u] -
min Su(s) > (1 - ) Su|

Thus, S(P) C P.

Next, we will show that the first condition of Theorem 1.7.1 is satisfied. We have

Su(0) = /0 1G(O, ) 9(s, uls)) ds. (2.40)

v (s 1f(U<T))dT)
(o / it )

is non-negative on [0, 1], [0,d] C [0, 1] and (2.40), it follows

Since the map

s +— G(0,s)

Su(0) = / 1G(o,s> J (S;“<3)) ds
0 M <s, f(u(T))dT)
: o65.4(5) =
> / G(0, s) - ds
0 M <s, i f(u(7’))d7’>
Furthermore, from (2.3), we find
E(s)h(u(s)) < g(s,u(s)), a.e. sel0,1]. (2.42)
Also, using (2.4), we get
M <5, /0 f(u(T))dT) / Fu()ir). ae se 0,1 (2.43)
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Chapter 2 Existence of a Positive Solution in Dimension One

According to (2.41)-(2.43), it yields
)= [ G0t
)2 [0 >M(s/m dT)d
/ o / G(0,s) )

Using (2.39) and the fact that h is non- decreasmg function, we derive

h(u) = h((1 = d)l[ulle)-

In view of (2.2), it follows
fu) < B(u).
Recalling that
u < luflo-

Since [ is increasing function, we obtain from (2.47),

Blu) < B(llull)-
Using (2.45) and (2.48), we get
fu) < B(llufl)-

Integrating over [0, 1] the above inequality (2.49), we find

/f d7‘</ﬁ||u|| )dT
= Sllul) [ ar

= B(llulloo)-
Using the equation (2.50), we have

o [ reir) < w(iiul).

According to (2.44), (2.45) and (2.51), we derive that
1 ‘ §(s)h(u(s))

o1

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)
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From the condition (2.8), we get

VSG]O,Rl]: Mz inf h((l_d))

N 1
= d S ’
/0 G(O,s)%ds
which gives
g Ve E]O’ Rl] : h((l - d)S) > S
w(Bs) / 0, s)%ds
It follows that h((1—d)s)
Vs € [0, Ry) : - = :
w(8(s)) [ o955

Since u € E, [[ulloo < Ry, we have

h((1 = )I|UI| ) < |U|\oo

(2.53)
w(B(lull<)) / G0
From (2.52), (2.53), we obtain
h((1—d)|ulls) [*
su(o) » MA=Dlule) [0 €6)
w(B(llull<)) o u(s)
d
ST - E
/ G(0, s)—é(s> ds "’ s
0 ()
= [[ulloc-
Arguing as above, for this assumption
O ={u € E; |Julloo < Ri}. (2.54)
We obtain the following estimate
Yue PNOy:  ||Su]leo > 1o (2.55)
On the other hand, in view of condition (2.2), for all u € P,
o) < f(u). (2.56)
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Chapter 2 Existence of a Positive Solution in Dimension One

Using (2.39) and the fact that « is non-decreasing function, we have
a((1 = dflule) < afu). (2.57)
From (2.56) and (2.57), we get
a((1 = d)lullee) < f(w). (2.58)
Integrating from 0 to d the inequation (2.58), we obtain
d d
[ fatoyis= [ a1t - djullds
0 0
d
2.
—a((1=)ul) [ d (2.59

— da((1 - d)|ull).

From conditions (2.4) and (2.59), it follows that

M(s, /Olf(u(T))d7'> > 9(s)v</olf(u(7'))d7'>

> e(s)v(/o
>0 d

Hutr)ar) (2:60
()0 (da((1 = ) Jull)).

From (2.4), we have

g(s,u(s)) <n(s)K(u(s)), ae. sel0,1]. (2.61)

Using (2.47) and the fact that K is increasing function, we obtain
K(u) < K([lull)- (2.62)
By (2.62) and (2.61), gives

n(s)K(u(s)) <n(s)K(||ulls), a.e sel0,1]. (2.63)
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Chapter 2 Existence of a Positive Solution in Dimension One

Furthermore, according to (2.60) and (2.63), we derive that

WGmﬂ:,%@zfl us))

)’

! (s))n(s)
< [ G(t,s) : ds
l o / <<T>>d) (5

(2.64)
K (o) / Gt o)
v(da |u|| 0 (s)
K ([ull ) / n(s)
v(da((1 = d)fjull ) Jo O(5)
From condition (2.9), we obtain
dRy > Ry : K(s) < sup K(s)
SV (da((l - d)s)) s2R2 gy (da((l — d)s))
= o)
n(s
G(t,s)——=d
e
If u € F such that ||ul|s > R, we find
( K(u]) < s .
v(da((1 = d)lfull-) / ns)
i G(t, 8)0(5) ds
Combining (2.64) and (2.65), it follows that
1
o(da((1 = d)ull)) Jo 005)
[[floo /1 n(s)
< ds
/1®d8 o 0(s)
o 0(s)
= [[ulloc-
Let us set
Q={uecE: |ulleo <R} (2.66)
Then, we have
Vue PNOy:  ||Sulloo < JJulloo- (2.67)
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Chapter 2 Existence of a Positive Solution in Dimension One

Before concluding this section, we would like point out that P is a cone in E with Q; C Q.
Also, S is completly continuous. Combining (2.54), (2.55), (2.66) and (2.67), we conclude
from Krasnoselskii Theorem 1.7.1 that S has a fixed point in PN (Qy \ ),

Vte[0,1]: w(t) = /01 G(t, 3)M<S’g/<i’;t()j))d7—> ds.

2.2 Example

Example 2.2.1.

We study the existence of a positive solution of following problem

1, 2
;(fo md7> ,
w =thn((u*—u+1)t+1) te(0,1),

Sl e 2.68
j(; u2+u+1dT+1 ( )

uw'(0) =wu(l) =0.

Define g : [0,1] x [0,00) — [0, 00), such that
g(t,s) =tIn((s* —s+ 1)t +1).
To get (2.3), we are trying to find the functions &, h,k and . Notice that

(s> —s+ 1)t +1=s5—st+t+1

< s*t4t41,

for any t € [0,1], then
(2 —s+1)t+1<s"+2.

Since In is increasing function, we get
In((s* — s+ 1)t +1) <lIn(s* +2).
Multiplying by t,

tIn((s®> — s+ 1)t + 1) < tln(s* +2). (2.69)
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On the other hand, the function s — s*> — s + 1, that derivative is s — 25 — 1.

S 0 % 400
2s — 1 — 0 +
1 400
s2—s+1
=1
4
We find
— 3
t,—) =tln(=t+1). 2.

From (2.69) and (2.70), we can choose
3
§:t|—>tln(é—1t+1), h:s—1,

and
k:swIn(s®+2), n:t—t.

2
ets

Furthermore, M : [0,1] X [0,00) — [0,00), where M(t,s) = 5. We have
vte[0,1]: ts* < s
Since exp is non-decreasing function, then
Vie[0,1]: e <e (2.71)
Also,
1
v 0 : <1 2.72
seloo): iy (2.72)
From (2.71), (2.72), it follows that
ts?
€ S 6t$2 S 682.
s+1
Moreover, will derivative M by s, we obtain
oM 2ts? 4 2ts — 1)e'
—(t,s)::( s° 4+ 2ts — 1)e
Os (s +1)2
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This leads to

—t+ V2 + 2t Vs —t— 12+ 2t

2+ 2Us—1=0= s =

2t 2t
s 0 —t+\2/;t2+2t +00
oM
s - 0 +
—+00 —+00
M(t’ 8) t( 7t+\/M)2
e 2t
—VtQ;tQt*t +1

We can choose

and

2
w:s—et, puite 1,

Thus, the function M satisfies (2.4).
eS

Let f:]0,00) — [0,00), such that f(s) = e We have

P+s+l1>1l= —— <
s24+s+1
Multiplying the above inequation by e®, we obtain

es

— < ¢ 2.
2tstl—C (2.73)
On the other hand, the derivative of f is
n (s? — s)e’
S ————.
(2 +s+1)2
5 0 1 +00
f'(s) - 0 +
1 +00
f(s)
5
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Chapter 2 Existence of a Positive Solution in Dimension One

To get (2.2), it suffices to choose

e
B:s— e’ a:5|—>§.

We can see g, f and M are non-monotonic functions. We have

0< /d(;m?s)@ds = /d(l - s)sln(%s + 1)ds < o0,

1(s)
and
(s) 'Vs? 25 + S 4
0< d = — . 0,
S 0 ;—29 9)2
since the functions
3
— (1 — s)sln(Zs +1)
and
Vst +25+s s2+2s+s
S >
268(\/5 +2s— 5)2
are positives and continuous on [0,1]. In addition,
lim M: lim L%—oo,
s—»0+t sw(f(s))  s—ot sec
and
k 1 2
(s) _m 2D
s—oo sv(da(l —d)s)  s—oo s

Thus, there exists at least one positive solution of problem (2.68), satisfying

u? —u+ 1)t +1)e®

Ve [0,1) u(t):—/ Gt 5l _ds.

(u2 4+ u+1)e <f0 e )

O
2.3 Uniqueness of a Positive Solution
Suppose the diffusion coefficient function M is dependent of the second variable
Imge > 0,Vs € [0,00) :  M(s) > my, (2.74)
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with
Jeg > 0, YVt € [0,1],V 51, 82 € [0,00) :
(2.75)
(g(t,51) — g(t,52)) (51 — 52) < cg|s1 — 89|, with  mg > cs.
In addition, both M and f are Lipschitz functions, such that
Jeg > 0,Vz,y € [0,00) 1 |f(z) — f(y)| < colx —y). (2.76)
E'Clo > 0,v51, Sy € [0,00) : ‘M(Sl) — M(82)| < 010’51 — 82|. (277)
Moreover
cociollg (- 0) 2 < (mo — ¢g)?. (2.78)
We study the uniqueness for the problem
1
M ( [ ftatrnar)u) = gl te (0.1)
0 (2.79)

Theorem 2.3.1.
Assume that the conditions (2.2)-(2.9) and (2.74)- (2.78) are verified. Then, the problem

(2.79) has a unique solution.

Proof.

Let u be a positive solution to (2.79). Then, u is solution to

—M /f dT u "=g(t,u), te(0,1). (2.80)

Multiplying by u the equation (2.80),

—M /f "w=g(t,u)u. (2.81)

Integrating by parts (2.81) over [0, 1], we get

—M</01f(u(7'))d7'> [[u'u](l) — /Olu/2dt] = /Olg(t,u)u dt.

Since u/(0) = u(1) = 0, it follows that

M( /O 1 f(u(f)mf) /O Wt = /0 1g(t, wudt. (2.82)
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Moreover, in view of the equation (2.74), we deduce

mo /0 Lt < M( /0 1 f(u(T))dT> /0 Lt (2.83)

From (2.75), we have
(9(t,s1) = g(t, 2))(s1 — 82) < csls1 — sof”.
We choose u = s1, 0 = s, in the above inequality to obtain
g(t7 u)u < CS‘U’|2 + g(ta O)ua
which implies
1 1
/ g(t,u)udt S/ (cs|u|2—|—g(t,0)u>dt
0 0
1 1
= Cg/ |u]2dt—|—/ g(t,0)udt (2.84)
0 0

< cslull3 + /1|9(7f,0)uld75-
Using Cauchy-Schwarz inequality, we have :
es [ttt + [ ott.0)uct < el + o) ol (255)
Notice that |Jul|s < ||u'[|2 because
vre[0,1]: ul) = /0 W (t) dt + u(0).
Since u(0) = 0, we get
vrel01]: ulz) = / W (t) dt.
Then, 0
Ve el0,1]:  |u(x)| = ‘/Ow u'(t) dt

< / ()]t

< sup [W/(2)] / dat
0

t€[0,1]

— Il [
0
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From [Jul|o < [[t/|| and (2.85), it follows that

csllull3 + 9(, 0)]l2]ullz < esllw/|I5 + lg(-, 0) |22 (2.86)

According to (2.82) - (2.86), we arrive at

mol|u'll3 < (esllw/ll2 + lg (- w)l2) ]2

Then
(mo — es)[[u/115 < lg (- u)ll2lle 2,

Since [|u/[|2 > 0, we find

el < 100 i g > e (2.87)
8

Let u; and uy be two positives solutions of (2.79). Then,

—M / flu (7 ul = g(t,uq). (2.88)

—M / fug(r u2 = g(t, us). (2.89)
Subtracting (2.88) from (2.89), we get
_M</01f(u1(7))d7 ul —I—M / flus(T 0l7'>u2 = g(t,u1) — g(t, us).
It follows that
_M</01f(u1(7))d7>u/1l+M(/Olf(u2(7' / flug(r d7‘ u2
+ M(/Olf(ul(r))d7'>u2 = g(t,u1) — g(t,uz).

Setting us = u; — ug, we obtain

_M /f uy (1 dT M /f u(7))dr —M(/Olf(UQ(T»dT) }u2 (2.90)
+ (g(t,ul) —g(t, u2)>

Multiplying (2.90) by us, we get
1
([ fun(r))ar )i =
0

1 1 (2.91)
M</o f(ul(T))d7'> — M</o f(UQ(T))dT) }u;ug + (g(t,ul) — g(t,u2)>u3.
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Integrating by parts (2.91) over [0, 1], we obtain
- M(/Olf(ul(T))dT> [[Uéuss]é - /Olu;?dt]
— —{M</Olf(ul<7'))d7') — M( Olf(U2<T>)dT> } |:[U/2U3](1) — /Olu;u;dt]

+ /01 <g(t, uy) — g(t, uz))u?, dt.

Since u5(0) = u;(0) — uy(0) = 0, us(1) = uy(1) — us(1) = 0, it follows that
v ([ ntrar)uil
_ _{M</01f(u1(r))d7> - M(/Olf(UQ(T))dT) }/Olu;u;, dt

+ /01 (g(t, uy) — g(t,u2)>u3 dt.

_ —{M(/Olf(ul(T))m') . M(/Olf(uz(f))df) }/Olu;u; dt,

J = /01 (g(t,ul) - g(t,u2)>u3 dt.

In view of equation (2.77), we have

M(/Olf(ul(T) dr) — /fu2 dT g

Let us set

and

= o [ (#(7) ~ FGun(r) ) tr

1
SClo/
0

J(ur(7)) = f(us(7))|dT.

From (2.76), it follows
|f(u1) = f(u2)| < cofur — us]

:CQIU3|.
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Then, 1 1
QAUWWW—ﬂWWMWS®AMMM.

By Cauchy-Schwarz inequality, we have

/01|f(U1(T)) — flup(7))|dr < 09/01|u3|d7

<af[ 1ar) / JusPr)’ (2.97)

= cgl|us]|2.

From (2.95) and (2.97), we find

M(/Olf(ul(f))df) —~ M(/Olf(uz(f))d7> < 010/01

= 01009||U3||2-

fua (7)) = f(ua(T))|dr

(2.98)

In addition, using (2.93) and (2.98), we get
1 1 1
I<|I|= ‘ - {M</o f(ul(T))d7'> - M(/O f(UQ(T))dT>}/0 Ut
/lu;u;dt
0

1
< 09010||U3||2/ gy dt.
0

< egcrolus|z

By Cauchy-Schwarz inequality, we obtain

1
I < aacuousls | sy
0

1 1,1 1
< cociollu (/ u/2d7>2</ u/2d7>2
oC10/[us2 ; |, ] ; g (2.99)

= cocrol|us|l2fluslla]us]l2
= cociol[us][3| -
From (2.87) and (2.99), it follows

I< 69610|’U§H%HU/2H2

0 (2.100)
< 09610HU§H§HQ( )||2
Mo — Cg
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Now, by (2.94), we arrive at

J < /01 (g(t, uy) — g(t, u2)>u3 dt. (2.101)

From (2.74),

<g(t>U1) — g(t,U2)>U3 < cgluy — upl?
(2.102)

= Cg’U3|2.

Integrating over [0, 1] the inequation (2.102), it follows that

1 1
/ <g(t,u1) — g(t,u2)>u3dt < cs/ |u3|2dt.
0 0

Using Cauchy-Schwarz inequality and ||ug||2 < ||u}]|2, we get

1 1
/ (g(t,ul) —g(t, ug))ugdt < Cg/ |us|*dt
0 0

< CS(/011d7>%</01|U3|2dT>2 (2.103)

= cs]lus]lz
< cslu]l-
According to (2.101) - (2.103), we obtain
7 < callub (2100
Moreover, using (2.74), we find
1
7nouu3n§fz<hf(/€ (s (7))dr ) 1. (2.105)

Combining (2.100), (2.104) and (2.105), we derive the following estimate

’ CoC3 ’ ’
mollu 13 < g, 0l 3 + csllu3
My — Cg
CoC3 /
= (o=l Ollo+ s ) s 3,
which gives
CgoC10 ’
(mo— e - lg(..0)ll2) w53 < 0.
Since
CgC
(m0 = es = =2 g(, 0)]12) >0,
My — Cg
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it follows that

lus|3 = 0.
Then,
us =0 u; —uy = 0.
This leads to u; = ug. Thus, the uniqueness of the solution of the problem (2.79). O
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Chapter 3

Existence of Positive Radial Solution 1n

the Multidimensional Case

We claim the existence of a positive radial solution in an annular domain of RY with

N > 2, for following problem

—M(]x|,/gf(u(7))dr>Au = g(Jz|,u) in€,

(3.1)
u=0 onodld
Assume that
o O ={reR"a<|z|] <b}, a,be (0,0), such that a <b.
e f:[0,00) = [0,00)1is a continuous function such that
a(s) < f(s) < B(s), Vsel0,00), (3.2)
where «, 8 : [0,00) — [0, 00) are two nondecreasing continuous functions.
e g:la,b] x[0,00) = [0,00)is a continuous function satisfying
§(t)n(s) < g(t,s) < n(t)k(s), (3.3)

for some measurables functions &, 7 : [a, b] — [0, 00) and nondecreasing continuous functions
h,k :[0,00) — [0,00). Also, g(-,0) # 0.

e M :[a,b] x [0,00) — (0,00) is a continuous function such that

6(t)o(s) < M(t,s) < p(tyw(s), (3.4)
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where v, w : [0,00) — (0,00) are increasing continuous functions and 6, y : [a, b] — (0, c0)

are measurables functions. Set

(ab)N_2 B bN—2

pN—-2 _ gN-2’ T pN—-2 _ gN-2’

A:

and consider the functions on [0, 1],

and

—

N(s) = —, N>3.
! (N —2)%(B — 5)°~v=2

For dy,ds € (0,1) such that dy < da, set dy = min(1 — dy, d;). There exists positive constant
Ry, depending on N, satisfying

( mnf ildos) > L , 1fN = 2;
o<s<hisw (wilog(2)A(s)) e g £(v(3))
G(§ $)qa(s)——=ds
) n(2(z))
X h doS 1 .
mnf ~ > - , 1fN>3
o<sstisu (o (AN B()) T e() ™
(s ) d G(5, s)an( >—<<(BA1 )1>) ds
! H B—s -
(3.5)
and there exists Ry > Ry depending on N, such that
( k(s)
sup < if N =2;
250 (wa?(dy — o) log(4)o(dos) / n(b a) )d
s
9<b% ‘)
sup K(s) ~ < ! , ifN>3
e SU((dQ - dl)A(ﬁ_a)(g)Qﬁa(dosw /1 ()i ) <(BAS)N7> ds
\ " " <<BAS)N7>
(3.6)

where w is the measure of the unit sphere in RY, and G is green function

(I1—-t)s, 0<s<t<I;
G(t,s) = (3.7)
(I—s)t, 0<t<s<I1.
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3.1 Existence of Positive Radial Slution

Theorem 3.1.1.
Assume that the hypotheses (3.2)-(3.7) are verified. The problem (3.1) has a positive radial

solution.

Proof.

We are able to change as in |37, 60]. Problem (3.1) can be reformulated as the following

problem

/ FU)dr)U" (1) = ax(H)G(LU) ¢ € (0,1);
(3.8)

Indeed, if N = 2, we establish

oo (2) o () (3.9)

and
Ut) = u(r), G(tU) = g(b(f)t, v). (3.10)

The measure of unit ball is 7. Using Theorem 1.4.4 for n = 2, gives

/]—" d7—27r/f ))rdr.
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Ifr=a=s=1r=b=s=0, we have
/ F(U(r))dr = 21 /10 b(%)sf(U(s))b(%)slog <%>ds

= 2mt?log () /1 0(%)?8 F(U(s))ds
~—mitiog (5) [ (G U
= 21 log (g) /01(%)25f(U(s))ds

This leads to

M(r, /0 1 F(U(r))dr) =M (v, 27 / ' Flu(r))dr)

a2 e (1) [ i)

If N > 3, we have

t=5B- 7"]51—2 o= (B{ t)ﬁ7 dt = —( A<7{YV__1 2))d'r
= —A(T{\][le Q)dr,
and
U(t) = ulr), 6(0,0) = g((5) ™, V). (3.11)
The measure of unit ball for N = 3 is =F. Using Theorem 1.4.4, we obtain

/ F(U(r))dr = 3—/ flu(r))ridr = 4x /abf(u(r))r2dr.

fr=a=s=0,r=b=s=1, we get

/]—" dT—A 1(31)4]0((](5))615.

/ FU - (r 47r/abrf(u(r))dr>

:M(%, ‘%/ (52-) rw(sas).

Then,
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If N > 3, it follows that

M(r, /O 1f(U(T>>dT) = M(r / g Flu(r))dr)

= M((B{ ke A(Nw— 2)/01(BA PR FU(s))ds)

o n/2 o _ > —s t—1
Wherew—F(ZH),T(k)—(k;—l)!—/O e ®s'"'ds, t > 0. As
oy, 2 a2 a2
r(+1) IEB) 28 2
and
/2 5/2 A2
n=>5: = z = = e =
ri+1) T(3) 15

Now, we prove that the problem (3.8) has a positive radial solution such that

/G an(s)9(s, U(3)) w

/]—"

T: C([0,1],R) — C([0,1],R)

Let us define the operator

Uw—TU,

where

U(s)) ds‘

vt € [0;1] : /G an(5)9(s:
/]—"

The above operator is well define by Theorem 1.4.1. Indeed, by the contmuity of functions

1
q,G,s+— G(s,U(s)) and s — on [0, 1], the function

T
S,/]:(UT dr
0

(t,s)»—>Gts (s,
/f

an(s)G(s, U(s))

U(s ))

is continuous on [0, 1] and bounded by
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We claim the following map
T (F |- lloo) = (B[] - floo),

where F = {U € E| U(t) > 0, Vt € [a,b]} is a completly continuous. Firstly, T" is continu-
ous. Let (Uj)jeN C F be a sequence, which converges to U € F, such that
li ;— = A2

lim U = Ull, =0, (3.12)

which can be written as
lim sup |U;(t) —U(t)| = 0.
Jlim_su U~ U1)
Using the limit definition to write
Vy>0,35: e NNVieNj>q4: |U(t) - U(t)| <,

which gives

Vi> g Ui(t) < v+ U). (3.13)

Let us set

te0,1] | te[0,1] te[0,1] t€[0,1] te[0,1] " t€[0,1]

C, = max{max U(t)+7, max Uy(t), max Uy (t), max Us(t), ..., max Ujl_l(t)} > 0. (3.14)

By (3.13) and (3.14), we find
VjieN,Vte[0,1]: U;t),U(t) €0,C].
From the continuity of G on the compact [0, 1] x [0,C4], G is dounded,
3C, > 0,Va,y €[0,1] x [0,C1] : 0 < G(a,y) < Cy. (3.15)
By taking s = x, U;(s) = y in (3.15), it follows that
Vs €[0,1,Vj e N: 0<G(s,Uj(s)) < Cs. (3.16)
Moreover, using (3.12) and the continuity of G, we find

Vs e€[0,1]:  lim G(s,U;(s)) = G(s,U(s)). (3.17)

J—+oo
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Since F is continuous on the compact [0, C}], then F is uniformly continuous,
Ve >0,36>0,Vz,y € [0,C4]: |z —y| <6 = |F(z)— Fly)| <e. (3.18)
Choosing U;(s) = z,U(s) =y,vy = ¢ in (3.18), and (3.12), we obtain
Ve >0,Vj e N,Vs € [0,1] - |F(Uj(s)) — F(U(s))| <e.

Hence, (F(Uj;)) en converge uniformly to F(U(7)). From Theorem 1.3.2, we find

1

im [ FUr ))dT_/O lim F(U,(r))dr

Jj—+oo 0 J—+o0

f lim U;(r))dr (3.19)

j—)-‘,—oo

_ /0 FUF))dr
/Olf( dT—/ F(U(r))dr

1
Vi > jo: /.7-"( dr</.7: ))dT + €.
0

Cy = max{/;f dT+5/]-“UO dT/fU1 dr.
/Of(UZ(r))dr,...,/o ]—“(Ujo_1<7.>>d7_}>07

1
VjeN: /.7-"( dT/]: ))dr € [0, Cs.
0

which implies

V€>0,E|j0€N,Vj2j0: <8

then,

Set

which gives

By (3.19), we find

B 1
J—H'OO ( /J_— ) - M <37 /Olf(U(T))dT)‘

is continuous on the compact [0, 1] x [0, C5]. Then, it is bounded

(3.20)

Since (x,y) —
9 T

1
3C, >0,Vs€[0,1,Vj eN: 0< < Cy. (3.21)

M <s, /0 lf(Uj(T))dT)
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Combining (3.16) and (3.21), yields

e [

From (3.17) and (3.20), and the Lebesgue dominated convergence theorem, we have

(s)) G(s,U(s))

Vs € [0,1] hr+nOo . : (3.23)
’ ( / F(U ) M (s, /0 f(U(T))dT)
Furthermore, for all j € N, we get
’TU- —TU@”
— / G(t,s) (s, Uy(s)) d —/ G(t, s)gn(s) g(ﬁ’U(S» ds
M s / FU 0 M(s, O f(U(T))dT)
= | [ Gt pans)(—T5:5 ) 7)) )ds
‘ /f /F
< [ac (5, Uy(s) v |,
° / 7 / o
< [[anto| G U(s) ds
’ Ms/f /f
(3.24)
Since gy is continuous function on the compact [0, 1], then
3Cs > 0,Vs €10,1]:  qn(s) < Cs. (3.25)
By passing the norm infinity, we get
o N (s, U( >> G(5,U(s) |-
02 I = TUOl < s () ‘M N TR ]
o / 90.00) G(5,U() |-
(s Jo FUs(r)dr) M, [y F(U(r))dr)

(3.26)
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Passing to the limit in (3.26), as j tends to oo and using (3.23), we obtain
lim [|[TU;(t) = TU(t)]|s0 = 0.
j—o0

This means that 7" is continuous. We show T is compact. Let A C F' be a bounded subset.

For any element ¢ € [0, 1], we define
B={TU;U € A}, B(t)={TU(t);U € A}.

The set B is relatively compact. Let us prove that B(t) is equicontinuous and uniformly

bounded. For all ¢;,t; € [0,1] and U € A, we have

TU (t,) — TU (t2)

= /OIG(tl,S)CIN( /st ds—/ Gty )qn (s /s;]( s)) ds
- /01<G(t1,3)—G(t2,8)>qN(3)M 87/2?((;))7 - s
g/ol (G(tl,s)_c;(tz,s))ms) g(f,U(s))

M(s, /0 F(U(r))dr

U(s)) s

g(s,
M(s,/ol}"(UT dr .
3.27

Using the continuity of G on the compact [0, 1] x [0,1]. Then, G is uniformly continuous,

ds

g/o G(ty,s) — G (2, 5) [qn (s)

Ve >0,30 >0,Vs € [0,1] : [t; —ta] <= |G(t1,5) — G(t, s)| < e. (3.28)
Since A is bounded, we find
1C; >0,VU € A: O§HU||OOSC7

By (3.2),
a(U) < f(U(r)) < B(U),
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Since 3 is increasing function,
BU) < B(1U][o0)-
Then,
a(0) < f(U(r)) < B(Cr),

which implies, by integrating over [0, 1] the above inequation,
/f dr < B(Cy).

From the continuity of 4 on the compact [0,1] x [a(0), 3(C7)], it follows < is bounded,

1
E'Cg > O,VU cA: 0< < Cg. (329)

1
M(S,/]:(UT dr
0

Also, G is continuous on the compact [0, 1] x [0, C;], which implies G is bounded,
4Cy > 0,Vue A: 0<G(s,U(s)) < Cy. (3.30)

According to (3.29) and (3.30), we find
(s,U(s))

/f

AC0 > 0, Vs € [0 1 < CsCy = Cyp. (331)
/f

Combining (3.27), (3.28) and (3.31), for all ¢;,t, € [0, 1], we obtain

is bounded,

u(s))

Ms/f

Su(ty) — Su (tg)‘ < /1 G(t1,s) — G (ta, )

1
< 56’10/ ds =eCyy =€,
0
which means

ve' > 0,35 > O,VS € [0,1] : |t1 —t2| <= |TU(t1) —TU(t2)| < g

)
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Then, B(t) is equicontinuous. On the other hand, we claim that B(t) is bounded. We have

ITU|o < sup / G (t,5)q (5, U(s)) ds
te[0,1] M S/f

" M(s, /0 f(U<T)>dT)
From (3.22) and (3.25), we have

ITU o < gu(s / 9(s,U(s)) ds
/\/l 3/]:

S C@Clo/ ds
0

= C’6C(10 = Clla

which implies

1C; > O,\V/U € A: ||T’Uv||oO < (Y.

So, B(t) is uniformly bounded. Therefore, B is relatively compact. According to the Arzela-
Ascoli Theorem, T is compact.
We prove that the set

P={U€F, min U(t)>d|Ul|}

tG[dl,dz}

is a cone on F.
e P is a nonempty subset on E. We have P C F and since 0 € P, the set P is non-empty.
e P is convex. For a € [0,1] and (,v € E, we have

G20, min ((t) 2 dol[Clloc, min ¥(t) = dol[¢]o.

t€(d1,dz] t€[d1,dz]

Since (1 — a)¢ + ay > 0, then

dol|(1 = )¢ + atplloe < do {[|(1 = @)Cl[oc + [lat)loc }
= do {(1 = @)[|Clloc + af[¥]|oc} -
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From do(1 — o) <1 — a and dpar < v, we get

do[|(1 — )¢ + avflec < do {(1 — @)[|C[loc + |t)]| o0}
< (1 =) |[¢lloo + allt]l
< min ((1 —a@)C)(t) + min (a2))(t)

- tE[dl,dz} te[dl,dg]
< i 1-— t).
< oo (1= a)¢+ay)(t)

Hence, P is convex.

e P is a closed. Let (U;)._ C P be a sequence, has a limit U € E. Therefore,

jEN
VieN: U; >0, (3.32)
and
ViEeN: Uil < min U0, (3.33)
Recalling to
tel[gli}clb] U;(t) < Uj(s). (3.34)

According (3.33) and (3.34), we have

VJ S N,S € [dl,dg] . do HU]Hoo < Uj(S). (335)
With
lim ||U; —Ul|s =0,
J—+o0
which implies
lim U;(t) = U(t). (3.36)
J—r+oo

As j — oo in (2.35) and (3.35), we find
U >0, (3.37)
and
do||U]|oe < U. (3.38)

Combining (3.37) and (3.38), it follows U € P. We deduce P is a closed on E.

e For A > 0 is a real number and U € P, we have A\U > 0 and
do|| AU oo = do AU |

te(d,da]
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Since dgA < A, we find

do||INU ||oo < doA min U(t)
te [d1 dg}

<A min U(t)
tE[dth}

= min (AU)(t).

te(di,da]

Then, \U € P.
e [t is clear that if U € P,—U € P, also U > 0,—U < 0. We obtain U = 0.
We claim T'(P) C P. Indeed, denoting

¢:[0,1] > R, s— 1 ,

it follows that

min TU(t) = mln/G

t€[dy,dz] te(dy,da)

1
~ i G(t, d
i, ] S

Using (2.7), we have
¢ 1
Join TU() = min § /O (1 —t)s(s)ds + /t (1 — s)to(s)ds
For t € [d1,dy], gives 1 —¢ > 1 — dy, then

min TU(t) = min }{/0 (1 —1t)sp(s)ds —l—/t (1 — s)to(s)ds}

te(d,da] teldy,d2

> min {(1-d) /0 s6(s)ds + dy /t (1= s)u(s)ds}

t / (3.39)
> dp min }{/0 (1 —s)so(s)ds +/t (1 —s)so(s)ds}

tE[dl,dQ
1
= do/ (1 —s)sp(s)ds
0

In addition,

max TU(t) = max/ G(t,s)p

te[0,1] te(o,1

= max{/o (1 —1t)sp(s)ds —l—/t (1 — s)to(s)ds}.

te[0,1]
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Since 0 < s<t<1,thenl—s>1-—1t. So
1 t
/ (1 —s)sp(s)ds > / (1 —s)sp(s)ds
0 0

> /Ot(l —t)so(s)ds
> /01(1 —t)so(s)ds

max / 1(1 ~ s)s6(s)ds = min /0 1(1 — )sp(s)ds

te(0,1] Jo t€[0,1

It follows that

This leads to

max TU(t) = max{/ (1 —1t)so( )ds—l—/ (1 —s)to(s)ds}

t€(0,1] te(0,1
t 1
< min{ [ (1= s)so(s)ds+ [ (1= s)ols)is) -
<tgl£]{/ (1 s)sé(s )ds+/ (1 — s)sé(s)ds)}
= /1(1 — 5)so(s)ds
0
From (3.39), (3.40) we get
iy TV = BT
Therefore, T'(P) C P.
On the other hand, if N =2, for all U € P, we have
1
ruid) - [ 6 (b o) —2ILE)
0 M<s, F(U(T))dT)
0
3.41
- w()9(b2),U()) (34
_ / G<§,s> — ds
’ M (b(5)e b log(2) | ()7 S(U()dr)

Since the function
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is non-negative on [0, 1], [dy, ds] C [0, 1], and (3.41), we get

TUL) = /OlG(l, s) qz(s)g@(%)s’ U<8)> ds

’ m (g ion?) [ G )
0 (3.42)
da 2(s)g | b(3)°%, Ul(s
. ["a(L) a:(5)9 (B i (s)) .
dy 2 a b @\ or
M (v iost) [ G sU)r)
From (3.3),
f(b(%)s>h(U(s) < g(b(%)s, U(s)), ae. s e0,1]. (3.43)
Using (3.4), we obtain
a b, [t a
M (b(+)",wb?log(=) [ (3)* f(U(r))dr
( b “ /0 j >b o (3.44)
< (03w (w108 /0 CV U )r), ae s e 01]
According to (3.42) - (3.44), we find
da q2 ( 2 % 3)
TU(%) > / G(%,s) ( ’ ) ds
. % , wb? log / —?TF(U
(3.45)
/ <%>S)h<v<s>>d
w<w62 log(2 )/O )T (U N(b(%)s>
From (3.38) and the fact that h is non-decreasing function, we derive
h(do||U]|0) < h(U). (3.46)
In view of (3.2), it follows
f(U) < B(U0). (3.47)
Recalling that
U < ||U]| - (3.48)
Since f is increasing function, we obtain from (3.48),
AU) < B(IU]l)- (3.49)
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From (3.47), (3.49), gives
FU) < BIUlo)- (3.50)

Integrating over [0, 1] the above inequation (3.50), and using (%)*” < 1, we obtain
' A\or ' ayor
P punar < [ Ul
0 0
1
=81V [ dr

= B1Ullo0)-
This gives
w(tlon) [ G HUEr) < w(wlosIaqUIL). @5
Furthermore, according to (3.45), (3.46) and (3.51), we get
b(£)® |h(U(s
o) s ) (o3 )hwes)

- 1
w(wb2 1og(g) fol(%)%f(U(T))dT) /dvl G(Q’S)QZ(S) M(b(%)s)

5(1)( | ) (3.52)
M@Vl (%L Yoo )
© (a0 1)) [ e (oa)
From the condition (3.5), we have
s 1 h (dos) in h (dos)
Vs €0, Ry w<w62 10g(§)5(8)> 2 0<5§le w(wb2 log(§)5(8)>
- s
“ e £(vey)
/dl G<5’8>q2(8>u<b(%)s)> ds
This implies
s 1 h (dos) - ‘
T ) gy )
i T G
Since u € E such that ||Ul|. < Ry, we get
h (do||U o) . 1Tl (3.53)

w(wb? log()3(IU]1) ) / SRR £(3) i |
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Using (3.52) and (3.53), we obtain

TU(%) - h (do]|Ulloo) /:QGG 8>q2(8)wd3

~ w(wrlog()B(IU) ) 27 n(vs))
2 b(%£)*
> Ul oo /d G<%7S)q2<s)wds
o ) b ()
/ G(i,s)qg(s)—ds
" u(b(3)))
= [|U]]oe-
If we set
0 ={U € E; |Ullw < Ru}, (3.54)
we find the following inequality
VU€ePNI2: ||TUlloo > |U]oo- (3.55)

On the other hand, in view of the condition (3.2), for all U € P, we have
a(U) < f(U). (3.56)
Using the fact that « is increasing function and (3.38), we derive
a(dy||U|lse) < a(U). (3.57)
According to (3.56) and (3.57), we find
a(do[|Ullo) < f(U). (3.58)

Integrating over [dy, ds] the inequation (3.58), and using ($)*” > (%)?, we obtain

a
b

| Grrswenas = [ Gl

— ol [ ds 559
= (dz = d) ()" (]| U )
> (da = dy) (3 a(do| U] ):

82



Chapter 3 Existence of Radial Positive Solution in the Multidimensional Case

By (3.4), (3.59), we get

1

o065 Yo (w108 [ (W irar)

< M(b(%)s,wbﬂog(g) /0 (%)QTf(U(T))dT), ae. s € [0,1].

(3.60)
Since the following map )
= [(GF
is nonnegative function, and [dy, ds] C [0, 1], it follows that
1 da
LU (r))d Y7 F(U(7))dr.
[ Grrrwenis= [CGr ey
Also,
2 b ' Ayor 2 b - Ayor
ot 08() [ G SO ENA) = o (b lon() [ G ) -

> 1 (wa?log( ) (ds — d)o(do|U])).

From (3.60) and (3.61), we have

Moyt ton) [ swiar) = o (o0 Yo (wrtes) [ s i)
> 0(b(5)" ) (e g (o — di)a(do U] ).
(3.62)
By (3.3), it yields
g(b(%)s, U(s)) < n(b(%)s>k(U(s)), ae. s 0,1]. (3.63)
Using (3.48) and the fact that K be a increasing function, then
KU) < K(Julle). (3.64)
From (3.63) and (3.64), we find
g(0(5)U) < (b)) K(lullx), ae. s 0.1] (3.65)
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According to (3.62)- (3.65), we get

vt € [0, 1] / G(t, )qa(s (ﬁ’U(S» ds
s FU(r)dr)
e m@ﬂﬁﬁv@> N
C M (e etlon(t) | () AWLn))r)
(s g n(eEr)
Sv@ﬁbﬂ@MQ ><%mw>)/Gw)%”e@@ﬂd
(Iele) RICONN
(o on 2o - >wmww0/ “oer)
(3.66)
From the condition (3.6), we have
d Ry > Ry K(s) < sup K(s)

v <wa2 log(2)(dy — dl)a(dos)> s2Ra (wa2 log(2)(dy — dl)a(dos)>

S

IN

For U € E, ||U||o > R, we obtain
K(lull) S

<— o~ (3.67)
v(wa?log(%)(dy — dy)a(do| U] ) ()10
( ) /0 q ( )H(b(%)s)d
Combining (3.66) and (3.67), we get
b 2
TU() < ”“” / go(s (0
v(wa?log(2)(dy — dr)a(dol|U) ) /9 b%
U] )
oot / o)’
0 P B0(E))
=1Vl
Setting
Q= {U € E; |Ull < Ra}, (3.68)
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Chapter 3
it follows that
VU PNI: |TU|sw < |IU|lo- (3.69)
In addition, if N > 3, for all U € P, we have
1 ! 1 G(s,U(s))
TU(z)= | Gl=,s)qn(s) T ds
’ /0 () M(s,/o FU(r))dr)
1 PN (3.70)
:/ G(% S)QN(S) ) g<(B_S)1 :Z( )>Nl ds.
: M ()7 g | (G )ar)
Since the map
. 9((7#5)72.0())
s— G(=,s)gn(s) T
<2 ) M((ijs)%% A(;‘Q)/O (B‘iT)ﬂZéf(U(r))dT)
is non-negative on [0, 1], [dy, ds] C [0, 1], we obtain from (3.70),
oy /1G (2 vt 1 g(<3_5>1N—2, Z(S)>N1 N
: M ()7 iy | (5 AU )ar) .
0 3.71
A VN3 (s
=[G ()t o) ds
g M ()75 g | (G W)
Therefore, by (3.3), we get
A 1 A 1
5((3 - S)N—2>h(U(s)) < g((B —)~, U(s)), ae. s € [0,1]. (3.72)
Using (3.4), we deduce
MG e | G PR )
1. w“ v (3.73)
< M((B — s)2>w<A(N — 2)/0 (B — 7_)2mf(U(7'))d7'>, a.e. s € [0,1].
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According to (3.71)-(3.73), it follows

1 ds an(s)g 1—2,U(s)>
TU(=) > ds
’ / = AR )
- §((5)72 ) h(U(s))
= 1 G(5,s)an(s) T ds
o [ <Bf7>2%%f<U<T>>dT) oG n((7)
’ (3.74)
For all 7 € [0, 1], we have
(Ao < (A (3.75)
From (3.50) and (3.75), it follows that
[ G wmar < [ G
< (PR [ ds

Hence,

w(A(Nw—2)/01(Bf¢>2%jfw(7))d7>§w<A(Nw—2)(Bf1)% BII)). (376)

According (3.46), (3.74) and (3.76), we get

TU(;)

: NN (L L)
>“’W2>/01<Bi>2”f<ff<f>>df)/dl SlgoJut (=)
AT N VA B (<0

T U

(3.77)
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From the condition (3.5), we have

(doS) . h(doS)
Vs E]O, R ] : ~ > 1n£ —
U (s @A) (AP A
s
>
ol ((5) 7=
/d G<§,s)qN(s) ( BA 12> ds
1 n(75)7)
This leads to
(doS) S
Vs € [0, Ry) : — > : .
w( G (D E86) e §(())
A(N 2) B-s
G|, s)an(s)————X-ds
/dl <2 Jov u((75)7)
Let u € E such that |U]|s < Ry. Then,
h (do|[U]|0) > [l (3.78)

o (i () VB )) [a(L
di

Combining (3.77) and (3.78), we obtain

1 Rl e
TU(Q)Zw(AUm)( DA B(1U ] )/

/N
DO |
V>
——
=
=z
—~
Vo)
S~—

> e (L i )
A )_2>d /dl (2 ) (

d2 1 6 (B—s B—s
/ G<5’8>qfv<3>(/4—1 :
“ u((55)7=)
= [|ulleo
For
={U € E; [[Uls < B1}, (3.79)
we get
VU PNO2: ||TU|loo > IU]|co- (3.80)
In addition, using (3.4), we find
A _1 w ! A oN—-1
(5=~ )”(A(N - 2)/O (G ")

(3.81)

SM((BéS)I‘Z’aA(Nw_ 2)/0 (BA )Q%f(U(T))dT), a.e. s € [0,1].
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For all 7 € [0, 1], we have

A oy A gna
N-2 > (—)“N—-2, .82
(A > () (382

The use of (3.58) and (3.82), gives
d2 A Ne1 d2 A No1
|G e > [ A a(ir

d T d T

ANy * (3.83)
2 (g)=a([Ulle) | - dr ‘
dy

The following map
> 1( A
4 o B—rT

is nonnegative function and [dy, ds] C [0, 1], then, from (3.83), it follows that

VN2 f(U(r))dr,

M

~—

1 da N1
[ e [ GE e .

> (dy — di)(5)* 52 a(do| U oo)-

Se IS

Using (3.81) and (3.84), we obtain

Ml<(Bfi s)ﬁ’ A(Nw— 2)/01(31i 7')2L:1f<U(T))dT>
= 9<(st)Nl_2>v<A(Nw— 2)/0 (BA y%fwm)c“) (3.85)

> 0((5 ) (= (5 e~ el

M

Moreover, from (3.4) and (3.48), we have

(3.86)
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According to (3.85) and (3.86), for all ¢ € [0, 1], we get
)

/Gts Us) ds

< OI}_(U(T))dT)

1 9((#5)™.Us)
- [ Gt : o ds
’ M((55)772, x 2)/ (5w TWT) (3.87)
K(Jlull) SN (k)
- o (s (373 (@ —d1>a<do||U||oo>)/o Gt )9(<BA_SW—2)d
K(ull) )
Sv(m«‘) =3 (dy — dy ) <do||U||oo>)/o ! )0(<ﬁ>fvl—2)d'
From the condition (3.6),
| K(s) - Ks)
dRy, > Ry : U<A(]\U;_2)(%)2%(d2 _ dl)a(d08)> = 6[01,01] v(A(ﬁ_Q)(%f%(% - dl)a(d08)>>
< 5 .
T ()
/OQN(S)9<(%)N1)CZS
For U € E, ||U||oc > Ry, we obtain
K (]|ull) < (CES (3.88)

oty (3P e - daldolull)) [ NE=ES
(5 |

Combining (3.87) and (3.88), we have

1 _A Vw3
TU() < Kl /QN(S)WBS) | ) .
U(A(]\U;—Q)(%) T(dz d1)a(dy||U]|s0) ) 70 L

N——
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Hereafter, if assume that

Q= {U € E; |Ulloo < Ra}, (3.89)

we deduce

YU € PNODy:  ||TU]we < [|U]|oe (3.90)

Finally, P is a cone in E,0 € Q, with Q; C Qy, and T(P) C P. As well, T is completly
continuous. Combining (3.54), (3.55), (3.68), (3.69), (3.79), (3.80), (3.89) and (3.90). Using
Krasnoselskii Theorem 1.7.1 T has a positive fixed point in PN (Qy \ €), which is solution

to (3.1),
an(s)G(s, U(s))

(s /0 1f<U(T))dT)

ds.

Vtel0,1]: U(t) = /IG(t,s)
" M

3.2 Uniqueness of Positive Radial Solution
Assume the diffusion coefficient function M is independent of the first variable, satisfying
dmy >0,Vse[0,00): M(s)>my, (3.91)

and

4C1, > 0,Vt € [0, 1]7 Vs, 89 € [0, OO) :

(3.92)
(g(t, 81) — g(t,Sg))<Sl — 52) < Clg|51 — 82|27 with my > 06012-
Furthermore, suppose that M, f are Lipschitz functions, such that
3C13 > 0,Vo,y € [0,00) = |f(z) — f(y)] < Cizlx —y|. (3.93)
3014 > 0,v51, So € [0,00) : ‘M(Sl) — M(82)| < C14’81 — 82’, (394)
with
iHN=2: (m1 — 06012)2 > 06015||g(t,0)||2,
(3.95)

if N>3: (mi—CsCha)® > CsCugllg(t, 0)]]2,

90



Chapter 3 Existence of Radial Positive Solution in the Multidimensional Case

where

C15 = Cra27b? log (g)

(3.96)
w N;l(B)N—z-(B-—1)&5§>;
Cio = C13C1——— (AN -
A(N —2) ( 2N§g’
We prove the uniqueness of the solution of the problem
/]—" dT U”( )=qn()G(t,U) te(0,1),
(3.97)

U(1) = 0.

Theorem 3.2.1.
Suppose the conditions (3.2)-(3.8) and (3.91)-(3.95) are satisfied. Then, the solution of the
problem (3.97) is unique.

Proof.

Let U be a positive solution for (3.97). Then, U is solution of
—Nﬁ/f mzﬂ—q(me) (3.98)
Multiplying by U the equation (3.98), it follows that
—/\/l / FU dT U"U = qn(t)G(t, U)U. (3.99)
Integrating by parts over [0, 1] the equation (3.99), we obtain
—N{/F umq AE%@:AEWWQUWw

Taking into account U'(0) = U(1) = 0, we get

/f ‘/U%:Azmm@mww (3.100)

Using Cauchy-Schwarz inequality and (3.100), we find

Mm( / 1f<U<r>>dT) / Ut > my / Ut
> my </011dt>$</01|U,|2dt>; (3.101)

= m |[U]|2.
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Choosing U = s1, 0 = s in (3.92), then
G(t,U)U < Cio|U* + G(t,0)U,
integrating over [0, 1], and using (3.25), we have

1 1
/ an(G(t, U)Udt < / CsG(t, U)Udt
0 0 )
<Gy [ (CalP+ 000 )
° 1 1
gcﬁ[cw/ \U\?dt+/ g(t,O)Udt]
0 0
Applying Cauchy-Schwarz inequality,
1
[ axtog vy
0 _ 1 1
< Oy 012/ |U|2dt+/ g(t,o)Udt]
- 0 0
_ 1 1
< G 012/ \U|2dt+/ yg(t,O)U|dt}
- 0 0
_ 1 1 1 1 1 1 1 1
< CslC /1dt ’ / Uldt)” + / G(t,0)%dt)” / Ul2dt)’
ol Cra( [ 1ae)” ([ wra)” + ([ 1o o) ( | upa)|

= Cs(ColUll2 + 19, 0)U1:).

From ||U||2 < ||U’||2, it follows
Co(CollUll2+ 19, 0)a1U112) < Co(Coall Tl + IGEOLIT). (3102)
According to (3.100) and (3.102), it yields
mu[U']} < CoCuall U3+ CollG(1,0)]l| U

then,
(m1 = CsCua)[IU[I3 < C[|G(t, 0) |22

Since [|U']|2 > 0, we find

Cs||G(t,0)]]2

U2 <
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On the other hand, in the case N = 2. Assume Uy, Us are two positives solutions of (3.97).
So,

a

- (amtiog (2) [ @perwnas) ol = wia(o(3) ). @00

b ! a " a\t
o 2 - \2s _ s
M<27rb log <a>/o (3) f(Ug)ds>U2 q2(t)g(b<b> ,U2>. (3.105)
Subtracting (3.104) from (3.105), we derive

1

- M(anﬂ log (S) /0 (%)QSf(Ul)ds) Ul + M(Zwa log <§> /01(%)25f(U2)ds> Uy

= Qz(t)g<b<%)t, U1) - qQ(t)g(b(%)t, U2>,

which can be written as

b La !

- 2 - 2
M<27rb log<a)/0 (3 f(Ul)ds U +M 2rb log /
1

+M(27rb210g (2) / (%) S F(Us )ds Ul — 27r521og
0

i o(2).) ~o((2) 12))

Let U3 = U1 - UQ, then

G‘IQ @IQ

\

_M<27rb2 log (g) /01(%)23f(U1)d3> U,

_ {M(m?log (g) /01(%)25f(U1)ds> —M<27rb210g (g) /01(%)28f(U2)d3)}U;

a0 (s0(3)' ) -a(0(3)' 1)

Multiplying the equation (3.106) by Us, it follows that

(3.106)

1

—M(27T6210g (g) /O (%)QSf(Ul)ds)U;,’U?,

_ {M(zﬂﬂ log (2) /01(%)28f(U1)ds> - M<27rb2 log (g) /01(%)25]‘“(U2)ds> }U;’U3
 (0u(H2)03) - (o) )

(3.107)
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Integrating by parts over [0, 1] the equation (3.107), we obtain

—M<27rb2 log (b) /01(%)25f(U1)ds) [[U;,Ug]g - /OlU:;th}

a

_ {M(wa2 log (b) /01(%)25f(U1)ds> - M(Zwa log (9) /01(%)25f(U2)ds> } [[U;Ug]g)

a a

_ /0 1U;,U;dzs} - /0 () (s(o(5) 00) =0 (b(3) . 02) st

Since U;(0) = U,(0) — U,(0) = 0, Us(1) = Uy (0) — Uy(0) = 0, we get
—M(b<27rb2 log 2) /01(%)2sf(U1)ds> [— /Oldet} _
{M(27r192 log (2) /01(%)28f(U1)ds) . M<27rb2 log (S) /01(%)23f(U2)ds)}[— /OlUgUgdt}

+ /0 pxo (o(6(5)00) = 9(v(5) . 03) st

(3.108)
Denote
[= {M<27rb2 log (g) /1(%)25f(U1)ds>—M<27rb2 log (g) /1(%)25f(U2)ds) } [—/1U§U§dt},
’ ’ " (3.109)
and

7= [a@(o(o(3) ) ~o(o(3)" v2) Jouat. 3.110)

By (3.94), we obtain
M(b(Zwa log (S) /01(%)28f(U1)ds> - M(27rb2 log (2) /01(%)28f(U2)ds>
M(27r62 log (S) /01(%)28f(U1)ds> . M<27rb2 log (g) /01(%)25f(U2)ds>

[ @ (s - )i

< (3.111)

< C127b? log (b)

a

Using Cauchy-Schwarz inequality, we get

/01 ()" (s~ f(w))as| < \//01 ((%)2)2 ds\//ol (Fw1) - 5 ds.
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Then,

\//01 ((%)2)2 ds = 4ln (4)

f(Uy) = f(Us) < |f(Uy) = f(Us)]
< Ci3|Ur — Uy

By (3.93), it follows that

= 013‘[]3‘7

which implies

([ (0w ) < (e o)

= C13||Us]l2.
From (3.111) and (3.112), we have

'M(27r62 log (2) /01(%)28f(U1)ds) - M<27rb2 log (g) /01(%)28f(U2)ds>

(3)' -1

1 (})

a

< Cya27b? log (b>\

a/\ 41 (%)

a4
— 014271‘()2 log <b>\ M ||U3||2.

According to (3.96), (3.109) and (3.113), we get

1
- / U,Usds
0

1
< Cusl Uil | [U3031ds.
0

I < Cy5||Us)|2

Using Cauchy-Schwarz inequality, we obtain

I< Cl5||U3||2</01|U;|2d3>é(/01|Ué|2ds>é

= C15||Us]|2/|Us 2| Us -

Since ||Us ||z < ||Us]|2, then
I < Cis|| U313 U5 2.

95
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From (3.103) and (3.114), it follows

Cs||G(2,0)]]2

I< 015”U§H§m1 — CsCly”

According to (3.25), (3.110), we have

1= [0 5) (o) )
<a [ (60()"0) ~40(;

By (3.92), we derive

((2)0) o 2) )= ot

= 012|U3|2.

Integrating over [0, 1] the equation (3.117), we obtain

[ G0G) ) o) ) < i [

Applying Cauchy-Schwarz inequality and ||Us||e < ||Uj||2, we deduce

[ 60G) ) o) )

< 0l [ 1ar)* ([ iar)’

= C12||Us]|
< Cya||US]J3.

According (3.116),(3.118), we obtain
J < CeChal|Us 13-

Applying Cauchy-Schwarz inequality

(3.115)

(3.116)

(3.117)

(3.118)

(3.119)

([ renn)[- flvga] < (] IHU(T))dT) ([ 1ar)* ([ sar)’

= m( [ FO @) 1),

<Mm( / F(U () ) 0]
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Moreover, using (3.91), we find

mlloyg < ([ Fwer) i (3.120)

Combining (3.108), (3.115), (3.119) and (3.120), it follows that

/ Col|G (L, 0)]
m||Us]f < 015HU§H§772_—%0122

_ (C6Ci5[|G(2,0) |2 2
= (e CuCa s

+ CsCra|| U313

which gives

6‘6015|]g(t,0)\|2 19
_ < 0.
(ml B— o 06012) 1Usll <0

Recalling that
CsC15(G (2, 0) |2
my —
my — C6C12

— CCha > 0,

it follows that
1U5]13 = 0.

Then
U3:0:>U1—U2:0.

Hence U; = U,. We conclude the problem (3.97) has unique positive solution for N = 2.

With similar steps, if N > 3, we have

M(A(Nw— 2)/01(Bf7)2N3f(Ul)dT> _/olUé’th} =

|
{M<A(Nw— 2)/0 <Bé T)Q%fwl)ds)_
)

LA 1 (3.121)
M(A(Nw— 2)/0 (B_T>2L:éf(U2>d5> [— i UéUédt]
+/01qN(t)<9<<Bfit)l2,Ul _g<(3{t)N127U2)>U3dt.
Setting
w LA oN-1 Y
1= {M<A(N—2)/O () "2 /f(lh)d ) -

(o | )} - [ v
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and

7= [axtt (o2 01) - o (57

), U2)>U3dt. (3.123)
By (3.94), we obtain

M(A(Nw—2)/0 (BfT)QNZ;f(Ul)dT%M(A( w )/ (BA

<

M(A(Nw— 2)/0 (BjiT) %f(UOdT) _M< 2 2)/0 (BA

w
< e —
= C“A(N —2)

/Ol(Bny% §<f(U1( ) _f(U2(7'))>dT .

Using Cauchy-Schwarz inequality, we get

(/01 (B/—1 T> o (f(UL(r) = f(Us(7))) d7>2
s (3.125)
< (/01 (B/_1 7)4M dr) </01 (F(UL(1) — F(Us(7)))? dr) |

For simplify the first integral, let u =B -7 =du=—-drand7=0=u=Br=1=u=

B — 1. The integral becomes

1 45= B
/ (BA ) dT:A4%:§/ uA‘M
0 -7

N=2 du
B-1
28N B
N-—1 u N-
= Ar= 2_3N] (3.126)
N-2 1p-1
e (B)YE —(B-1)%2
= A -2 3N
N—2
From (3.124) - (3.126), we have

M(A(Nw— 2)/0 (BfﬁQN_;f(Ul(T))dT) _M(A( - )/o (BA

~— | (G R f(Ua(r)dr )
< G| | G (P - 50t

_ W (= (B)TT —(B-1)F i
i (4

(3.127)
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Combining (3.96), (3.122) and (3.127), we get
I < Cyl|Us|l2

1
- / U,yUsds
0

1
< 016||U3||2/ |U,Us|ds.
0

Using Cauchy-Schwarz inequality, we obtain

1 1 1 1
I < CllU /U'st ’ / Usl?ds )’
llUslla (| 103ds) " ( | [0if7ds)
= Cis||Us||2|Us Iz U] -

Since ||Us||s < ||Us]|2, then
I < Cigl|U 11301V llo- (3.128)

From (3.103) and (3.128), it follows

CsllG (%, 0)l2
1< |2 A2
— 016||U3||2m1 o 06012 (3 9)
According to (3.25), (3.123), we have
! A A
< -2 ~ Nz
gt
A 1 '
<[ (om0 - ofi5p ) e
By (3.92):
1 A 1 A 1 1 2
g N2 Uy ) —g N2 U UdsSC’/U—U dt
[ (o(gZm0) - o(g= ) alas < Ca [ o - 0
< Cro||Us 3 (8.131)
< Cho||Ug]l3-
Using (3.130), (3.131), we obtain
J < CsCha||US|l3- (3.132)
Also, by (3.91):
ml|U;2 < M /]-" m)dr ) U, 3 (3.133)
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Combining (3.121), (3.129), (3.132) and (3.133), it follows that

/ C||G(2,0)]2
Uslls < Cusl|Us|13—"—25= + CsCha||U3) I3
my||Us|; < Che| 3||2m1 —CyCyy + CsC2[|Us] |3
CsC16/|G (1,02 112
= CsC U.
(C G a, Gl U
then
CsCi6/|G(1,0)] 2 112
= ~ CoCa ) L33 < 0.
(ml my — CaChs 6C12 ) | Us]lz <
We know that
CsC16/|G(,0)||2
— — CCh2 >0
my my — CoCla 6L 12 )
which implies
U315 = 0.
Therefore
U3:0:>U1—U2:0.
Hence, the problem (3.97) has unique positive solution for N > 3. n
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Conclusion

In conclusion, this thesis presents results that contribute to
the study of nonlocal boundary problems, offering new pathways
for scientific exploration in this developing field. After introduc-
ing preliminary concepts crucial to understanding this work, we
demonstrated results on the existence and the uniqueness of pos-
itive solutions for a one-dimensional nonlocal boundary problem.
Moreover, we obtained the existence and the uniqueness of posi-
tive radial solutions in multidimensional nonlocal elliptic problems

with simple example.
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