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 ملخص

I 

 

 ملخص                   

 

 انسٍبساث حطبٍمبث فً ٔاسع َطبق عهى( PMSMs) انذائى انًغُبطٍس راث انًخضايُت انًحشكبث حسُخخذو

 فئٌ رنك، ٔيع. انًًخبص انذٌُبيٍكً ٔأدائٓب حدًٓب ٔصغش انعبنٍت نكفبءحٓب َظشًا انصُبعٍت ٔانخطبٍمبث

 فٍٓب انخحكى حدعم انخبسخٍت نلاضطشاببث ٔحسبسٍخٓب يعبيلاحٓب، فً انٍمٍٍ ٔعذو انخطٍت، غٍش دٌُبيٍكٍخٓب

 . نهغبٌت صعببً

 انخُبسب حُظٍى بٍٍ ٌدًع ْدٍٍ ححكى َٓح دساست خلال يٍ انخحذٌبث ْزِ انشسبنت ْزِ حخُبٔل 

 حى الأٔل، انفصم فً∞. H انًخٍٍ ٔانخحكى ،(MVT) انًخٕسطت انمًٍت َظشٌت ٔإطبس ،(PI) ٔانخكبيم

 انفصم فً. ٔبذَّٔ انعبكس يع انًخدًٓ انخحكى ححج أدائّ ٔححهٍم PMSM نـ انشٌبضً انًُٕرج ٔضع

 انًعبيلاث يخغٍش ًَٕرج إنى انخطً غٍش انُظبو ٔححٌٕم ،PMSM عهى MVT طشٌمت حطبٍك حى انثبًَ،

 انخحكى ٔحذة حصًٍى عشض حى انثبنث، انفصم فً. انُٓح ْزا فعبنٍت انًحبكبة َخبئح ٔحؤكذ ،(LPV) انخطٍت

∞PI-MVT-H  .اندضٌئٍت ببنخفبعلاث انخحكى بسبطت انٓدٍُت الاسخشاحٍدٍت ْزِ حذيح (PI)، ٔلذساث 

 ∞.H ححسٍٍ ٔيخبَت ،MVT نـ انخطٍت غٍش انُظبو يعبندت

 نخطٌٕش يخٍُبً َظشٌبً أسبسًب ٌٕفش انعًم ْزا أٌ إلا حدشٌبً، ححمك أي إخشاء عذو يٍ انشغى عهى 

ب انًمخشحت انًُٓدٍت حًثم. يخٍُت PMSM ححكى ٔحذاث ًٓ  يحشكبث يثم يسخمبهٍت نخطبٍمبث ٔاعذاً حٕخ

 .انذلٍمت انصُبعٍت ٔالأَظًت ٔانشٔبٕحبث، انكٓشببئٍت، انًشكببث

 

 انخحكى ، ، (∞H)انًخٍٍ انخحكى ، MVT ، انذائى انًغُبطٍس راث انًخضايُت انًحشكبث: المفتاحية الكلمات

 .شعبعًان
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II 

 

                                             Abstract 

 

Permanent Magnet Synchronous Motors (PMSMs) are widely used in automotive and 

industrial applications due to their high efficiency, compactness, and excellent dynamic 

performance. However, their nonlinear dynamics, parameter uncertainties, and sensitivity to 

external disturbances make their control particularly challenging. 

 This thesis addresses these challenges by investigating a hybrid control approach that 

combines Proportional–Integral (PI) regulation, the Mean Value Theorem (MVT) framework, 

and H∞ robust control. In Chapter 1, the mathematical model of the PMSM is established and 

its performance is analysed under vector control with and without inverter. In Chapter 2, the 

MVT method is applied to the PMSM, transforming the nonlinear system into a Linear 

Parameter Varying (LPV) model, and simulation results confirm the effectiveness of this 

approach. In Chapter 3, the design of the PI–MVT–H∞ controller is presented. This hybrid 

strategy integrates the simplicity of PI control, the nonlinear system handling capabilities of 

MVT, and the robustness of H∞ optimization. 

 Although no experimental validation has been performed, the work provides a solid 

theoretical basis for the development of robust PMSM controllers. The proposed methodology 

represents a promising direction for future applications such as electric vehicle drives, 

robotics, and precision industrial systems. 

 

Keywords: PMSM, MVT, H∞ Control, Robust Control, Vector Control. 
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     General introduction 

  

Permanent Magnet Synchronous Motors (PMSMs) are increasingly used in modern 

automotive and industrial applications due to their high efficiency, excellent dynamic 

response, and high power density [1]. Despite these advantages, PMSM control remains 

challenging because of their nonlinear dynamics, dependence on machine parameters, and 

susceptibility to external disturbances [2], [3]. 

 Classical Proportional–Integral (PI) controllers are widely applied thanks to their 

simplicity and steady-state error elimination [4]. However, they suffer from degraded 

performance when subjected to parameter variations, load disturbances, or un modelled 

dynamics [5]. Nonlinear control methods such as sliding mode control improve robustness but 

introduce undesired phenomena such as chattering [2]. On the other hand, robust H∞ control 

provides strong disturbance rejection and guaranteed stability margins, but its implementation 

can be computationally demanding [6], [7]. 

 To address these limitations, this thesis investigates a hybrid control approach, the PI–

MVT–H∞ controller, which combines three complementary components: 

 PI regulation, ensuring structural simplicity and steady-state performance [4]. 

 Mean Value Theorem (MVT)–based modeling, which transforms PMSM 

nonlinearities into a Linear Parameter Varying (LPV) framework [8]. 

 H∞ control, which guarantees robust stability and disturbance rejection in the presence 

of uncertainties [3], [6]. 

The contribution of this work lies in the design methodology of the PI–MVT–H∞ controller. 

Although no experimental validation is included, the thesis develops the theoretical design 

framework, supported by PMSM modeling and simulation studies. The proposed controller 

offers a well-balanced solution that overcomes the limitations of conventional PI and 

nonlinear controllers, making it attractive for applications such as electric vehicle drives, 

robotics, and high-precision manufacturing [9], [5]. 
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Thesis Structure 

This thesis is organized as follows: 

 Chapter 01 presents the mathematical modeling of the PMSM, followed by simulation 

results of vector control strategies with and without inverter. 

 Chapter 02 introduces the Mean Value Theorem (MVT) control theory and provides 

simulation results, demonstrating its effectiveness in handling PMSM nonlinearities. 

 Chapter 03 develops the design of the PI–MVT–H∞ controller, combining PI 

regulation, MVT-based linearization, and H∞ robust control into a unified control 

framework. 

 Finally, the Conclusion and Future Works summarize the main contributions and 

outline possible research perspectives. 
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                                            Chapter 01  

Modeling and simulation of permanent magnet synchronous 

machine 

 

1.1.  Introduction: 

 

Currently, a broad range of industrial and residential drive applications, from high-

performance drives to general-purpose drives, use Permanent Magnet Synchronous Machines 

(PMSM). They are superior to the other kinds of motors in many ways. They are more 

efficient than induction motors. Additionally, because powerful and reasonably priced magnet 

materials are now available, PMSMs have high torque-to-volume ratios, high power densities, 

and high air-gap flux densities. 

PMSM is being utilized more and more in high-performance applications that call for 

highly accurate speed controllers, like industrial machinery and robots [1]. For this reason, a 

number of control strategies have been developed in recent years. The most often used vector 

control approach is because it can produce fast dynamic responses and high-performance 

control characteristics. 

Due to the complexity and nonlinearity of PMSMs, a great deal of research has been 

published describing control and performance issues. The classical proportional integral (PI) 

controller is still the preferred option in the majority of applications because of its ease of 

implementation; however, PI controllers are unable to effectively address many real-world 

issues because of load disturbances, un-modeled states, parameter variations, and friction 

forces [2]. 

1.2.  Structure of PMSM: 

Rotor permanent magnets and stator phase windings are used in the construction of 

PMSM. The permanent magnets create a steady air gap magnetic field. A three-phase  inverter 

topology is used to externally commutate stator windings. Below Fig. 1.01. 
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                                          Figure 1.01: The structure of a PMSM. 

 

depicts a PMSM's structure. When the rotor's magnetic vector is perpendicular to the 

stator's magnetic vector, the torque generated by the interaction of the two magnetic fields 

reaches its maximum [3]. When building a speed controller, synchronous motors with a 

prominent rotor can also take advantage of reluctance torque in addition to electromagnetic 

torque. PMSM falls into a number of categories, which are explained in the part that follows. 

1.2.1.  Types of PMSM: 

 Typical PMSMs fall into one of two categories: Interior Permanent Magnet (IPM) 

motors, where the permanent magnets are concealed inside the rotor (Fig. 1.03), or Exterior 

Permanent Magnet (EPM) motors, where the permanent magnets are directly facing the air 

gap and stator armature winding (Fig. 1.02).  

      

                              Figure 1.02: Structures of the exterior PMSM.  
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                               Figure 1.03: Structures of the interior PMSM.  

Magnets can be radially magnetized on the surface-mounted PMSM (Fig. 1.2a) in 

EPM motors. In addition to providing an asynchronous starting torque and serving as a 

damper, an external high conductivity non-ferromagnetic cylinder can be utilized to shield the 

magnets from the demagnetizing effects of centrifugal forces and armature response [4]. The 

permanent magnets in the inset-type motors (Fig. 1.02b) are magnetized. 

both radially and within shallow slots. The rotor magnetic circuit may be composed of 

solid steel or laminate. The d-axis synchronous reactance is smaller than the q-axis 

synchronous reactance when permanent magnets are present. The permanent magnets' back 

EMF is less than that of surface-mounted PM rotors due to the rotor's leakage flux. Fig. 1.03a 

shows that the spoked-magnet rotor of IPM motors has deep slots with circumferentially 

magnetized magnets. It is imperative that a non-ferromagnetic shaft be applied. IPM motors 

buried-magnet rotor features magnets that are alternatively poled (Fig. 1.03b). Given that the 

area of the magnet pole is less than that of the rotor surface, an open circuit, the air gap flux 

density is lower than the magnet's flux density. Since the armature flux in the q-axis can flow 

through the steel pole pieces without passing through the PMs, the synchronous reactance in 

the d-axis is less than that in the q-axis. [5] The magnets are extremely well-protected from 

centrifugal forces.  

Table 1.01 provides a quick comparison of interior and exterior magnet synchronous motors. 
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  Table 1.01: Comparison of interior and exterior magnet synchronous motors. 

Brushless Alternative Current (BLAC) and Brushless Direct Current (BLDC) are two 

further classifications for permanent magnet machines based on the type of back-EMF 

waveform generated in the stator windings. In BLAC machines, a sinusoidal current 

excitation and a 120° magnet span produce a sinusoidal back-EMF. In contrast, trapezoidal 

back-EMF is accomplished in BLDC machines through the use of square wave current 

excitation and a 180° magnet span. Figure 1.04 displays the waveforms of the excitation 

current and back-EMF for the two types. 

    

         Figure 1.04: Back-EMF voltages and current excitation(A) BLAC, (B) BLDC. 
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Because the BLDC machine makes better use of the magnetic circuit, it has a higher 

torque density than the BLAC. The torque and current smoothness of BLDC drives are 

superior to those of BLAC drives, nevertheless. Its strong torque ripple is caused by switching 

harmonics and back-EMF. [6] 

1.2.2.  Design of PMSM: 

 There has been a lot of work done in the past on the design of PMSMs with different 

rotor configurations. SLEMON [7,8] established some basic design models for exterior 

PMSMs for torque capability, loss calculation, thermal properties, and magnet protection. 

PANIGRAHI [9] provided a detail design example of a surface-mounted PMSM. The design 

procedure suggested in these papers developed approximate relations for determining the 

major motor dimensions to meet a design specification. These relations are helpful in 

obtaining an estimate of what can be achieved before detailed motor design is carried out. 

However, the majority of the design relations are expressed in a way that is independent of the 

properties of the inverter supply to the motor. 

 Although these PM motors may achieve very high torque and acceleration, especially 

within the usual speed range, their inadequate magnet protection and flux-weakening 

capability make them unsuitable for high-speed operation. As an alternative to external 

PMSMs, interior PMSMs with rotor saliency (  𝐿𝑞/  𝐿𝑑> 1) might provide attractive 

performance features and flexibility in adopting different rotor designs, such as spoked or 

buried magnets [10].  

Since the magnets are physically contained and protected inside the rotor, burying 

them there lays the foundation for a mechanically strong rotor structure that can reach high 

speeds. When steel pole parts are added, the machine's magnetic circuits are essentially 

changed, which modifies the torque producing properties of the motor. The rotor saliency can 

be exploited to lower the PM excitation flux needs in the inner PMSMs in order to achieve 

extended - speed operating ranges [11, 12]. 

 For the traditional interior PMSM design (Fig. 1.03b), the rotor saliency ratio can 

reach up to 2 to 3 [13]. Several unusual rotor configurations can be used to attain the 

necessary motor characteristics [14, 15, 16, 17]. As demonstrated in Fig.1.05 [14], it has been 

demonstrated that sandwiching flexible magnet sheets between axial laminations can result in  
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a high saliency ratio and a low PM excitation flux. This construction's wide range of steady 

power speed and low PM flux are advantages. 

 

                                          

Figure 1.05: Axial laminated rotor cross section for internal PMSM [16]. 

 

1.3.  Modeling of PMSM: 

  1.3.1.  Reference frame transformation:   

Reference frame transformation is a concept used to remove all rotor position-

dependent inductances from the voltage equations of the synchronous machine, making the 

machine model less complex and easier to control. Electric circuits in relative motion and 

electric circuits with changing magnetic reluctance are the causes of the position-dependent 

inductances that are present in the synchronous machine model [18]. 

The transformation uses a frame of reference that rotates at an arbitrary rotational 

velocity to refer to machine variables. The three-phase a-b-c variables are converted into 

orthogonal d-q components by transformation. 

 The introduction of various transformation strategies is contingent upon the reference 

frame's rotational speed. To support this thesis, a synchronous reference frame that spins in 

time with the stator variables' basic angular velocity is employed. One can choose the 

synchronous reference frame's d-q axis orientation in a variety of ways. As demonstrated in 

our example, the d-axis component is chosen so that it is 90 degrees behind the a-axis, so that 

at t = 0, the q-axis is aligned with the phase a-axis in fig. 1.06. 
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                                          Figure 1.06: Axis orientation d and q axis. 

 

Where The relationship between the synchronous reference frame ω velocity and angular 

location 𝜃 is provided in: 

𝜃(𝑡) =  ∫   𝜔(𝜏 )𝑑𝜏 
𝑡

0

+  𝜃(0)   (1.01) 

And 𝜃(0) is the angle between q axis and phase a-axis at t = 0.        

𝑉𝑎 = 𝑅𝑠𝐼𝑎 + 
𝑑𝜆𝑎

𝑑𝑡
 

𝑉𝑏 = 𝑅𝑠𝐼𝑏 +
𝑑𝜆𝑏

𝑑𝑡
 

𝑉𝑐 = 𝑅𝑠𝐼𝑐 +
𝑑𝜆𝑐

𝑑𝑡
 

 

             

(1.02) 

where phase voltage, current, and resistance are denoted by the symbols (𝑉𝑎, 𝑉𝑏, 𝑉𝑐), 

(𝐼𝑎, 𝐼𝑏, 𝐼𝑐), and R, respectively. The equations for the phase flux linkage (𝜆𝑎, 𝜆𝑏, and 𝜆𝑐) are 

[19]: 

𝜆𝑎 = 𝐿𝑎𝑎𝐼𝑎 + 𝐿𝑎𝑏𝐼𝑏 + 𝐿𝑎𝑐𝐼𝑐 + 𝜆𝑚𝑎 

𝜆𝑏 = 𝐿𝑏𝑎𝐼𝑎 + 𝐿𝑏𝑏𝐼𝑏 + 𝐿𝑏𝑐𝐼𝑐 + 𝜆𝑚𝑏 

𝜆𝑐 = 𝐿𝑐𝑎𝐼𝑎 + 𝐿𝑐𝑏𝐼𝑏 + 𝐿𝑐𝑐𝐼𝑐 + 𝜆𝑚𝑐 

 

       (1.03) 
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where (𝜆𝑚𝑎, 𝜆𝑚𝑏,𝜆𝑚𝑐) denotes the permanent magnet-provided phase flux linkage component. 

The inductances in these equations depend on the angle zero.  

Because mutual inductances are at their highest when the rotor q-axis is halfway 

between two phases, stator self-inductances are at their highest when the rotor q-axis is 

aligned with the phase axis. In the meantime, the permanent magnet's effect on flux linkage at 

the stator windings is: 

𝜆𝑚𝑎 = 𝜆𝑚 𝑐𝑜𝑠(𝜃) 

𝜆𝑚𝑏 = 𝜆𝑚 𝑐𝑜𝑠 (𝜃 −
2𝜋

3
) 

𝜆𝑚𝑐 = 𝜆𝑚 𝑐𝑜𝑠 (𝜃 +
2𝜋

3
) 

     (1.04) 

variables of (a-b-c) may be used to express the power of a three-phase system as: 

𝑃𝑎𝑏𝑐 = 𝑉𝑎𝐼𝑎 + 𝑉𝑏𝐼𝑏 + 𝑉𝑐𝐼𝑐      (1.05) 

No matter whether reference frame is used to evaluate it, the total instantaneous power 

remains constant. Since q-d-o variables can be used to express total power as: 

 

𝑃𝑑𝑞0 =
3

2
(𝑉𝑑𝐼𝑑 + 𝑉𝑞𝐼𝑞 + 𝑉0𝐼0) 

 

     (1.06) 

The selection of the constant utilized in the transformation is what causes the 3/2 

factor. [20] 

  1.3.2.  Modeling of d-q axis: 

 The synchronous speed of the motor is determined by the speed of the d-q axis 

reference frame, as previously mentioned, for reference frame transformation. Fig. 1.07 

illustrates the selection of the direct axis along the permanent magnetic flux vector. With the 

use of encoder readings positioned on the rotor shaft, angle 𝜃 is determined. 
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Figure 1.07: D-axis alignment with the PMSM's magnetic flux vector. 

 

    1.3.2.1.  Voltage and flux equations: 

The voltage equation can be written as follows in a synchronous reference frame: 

 

𝑉𝑑𝑞0 = 𝑅𝑠𝐼𝑠 +
𝑑𝜆𝑑𝑞0

𝑑𝑡
+ 𝜔𝑒𝜆𝑞𝑑0 

 

  (1.07) 

𝜆𝑑𝑞0 may be acquired as: 

𝜆𝑑𝑞0 = [
−𝜆𝑞

𝜆𝑑

0

]   (1.08) 

And the definition of a flux equation is: 

𝜆𝑑𝑞0 = 𝜆𝑝𝑚,𝑑𝑞0 + 𝐿𝑑𝑞0𝐼𝑑𝑞0   (1.09) 

 The flux linkage that the permanent magnet causes is denoted by 𝜆𝑝𝑚. The d-q 

reference frame is selected so that the rotor flux axis and the d-axis line up. Thus, there is no 

persistent magnet flux along the q-axis. 

We can change eq (1.08) to get: 

𝜆𝑑𝑞0 = [
−𝜆𝑞

𝜆𝑑

0

] =  [

−𝐿𝑞𝐼𝑞
𝜆𝑝𝑚 + 𝐿𝑑𝐼𝑑

0

] (1.10) 
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The induction matrix is provided by: 

                                           𝐿𝑑𝑞0 = [

𝐿𝑞 0 0

0 𝐿𝑑 0
0 0 𝐿0

]                                                     (1.11) 

After determining that 𝐿𝑑 and 𝐿𝑞 are the d and q axis stator self-inductances. 

The d-axis and q-axis voltage equations can be obtained as follows [3]: 

𝑉𝑑 = 𝑅𝑠𝐼𝑑 +
𝑑𝐿𝑑𝐼𝑑

𝑑𝑡
− 𝜔𝑒(𝐿𝑞𝐼𝑞) 

𝑉𝑞 = 𝑅𝑠𝐼𝑞 +
𝑑𝐿𝑞𝐼𝑞

𝑑𝑡
− 𝜔𝑒(𝜆𝑝𝑚 + 𝐿𝑑𝐼𝑑) 

 

       (1.12) 

Here, 𝜔𝑒 is the electrical angular velocity, 𝜃𝑒is the electrical angle, and 𝑅𝑠 is the stator 

resistance per phase. 

 

                          Figure 1.08: Equivalent Circuit of an interior PMSM. 

    1.3.2.2.  Park transformation: 

 Generally, the performance and behavior of three-phase machines are defined and 

evaluated using the voltage and current equations. The machines' dynamic behavior is 

described by time-varying differential equation coefficients, with the exception of the 

presence of a motionless rotor. The system is challenging to model analytically because of its 

relative motion, which causes constant variations in the flux links, currents, and induced 

voltages. When analyzing intricate electrical machinery, mathematical transformations are  
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typically employed to decouple or separate the variables and solve equations involving time-

varying values by referring to a common reference frame that may be fixed or rotating. 

The Park transformation and the Clarke transformation are the two most popular 

transformation methods. Selecting the reference frame carefully can significantly reduce the 

complexity of the machine's mathematical model [21, 22]. As required by the two-axis PMSM 

model, the voltages 𝑉𝑑 and 𝑉𝑞 can be converted from the three-phase values (𝑉𝑎, 𝑉𝑏, 𝑉𝑐) [23]. 

To convert the three-phase voltages to d-q voltages, Park's transformation is applied. 

provides a description of Park transformation: 

[

𝑉𝑑

𝑉𝑞

𝑉0

] =
3

2

[
 
 
 
 
 𝑐𝑜𝑠 (𝜃) 𝑐𝑜𝑠 (𝜃 −

2𝜋

3
) 𝑐𝑜𝑠 (𝜃 +

2𝜋

3
)

−𝑠𝑖𝑛 (𝜃) −𝑠𝑖𝑛 (𝜃 −
2𝜋

3
) −𝑠𝑖𝑛 (𝜃 +

2𝜋

3
)

1

2

1

2

1

2 ]
 
 
 
 
 

[
𝑉𝑎

𝑉𝑏

𝑉𝑐

] 

 

       (1.13) 

 

And park inverse is [24]: 

              [
𝑉𝑎

𝑉𝑏

𝑉𝑐

] =

[
 
 
 

𝑐𝑜𝑠 (𝜃) −𝑠𝑖𝑛 (𝜃)       1 

𝑐𝑜𝑠 (𝜃 −
2𝜋

3
) −𝑠𝑖𝑛 (𝜃 −

2𝜋

3
)      1

𝑐𝑜𝑠 (𝜃 +
2𝜋

3
) −𝑠𝑖𝑛 (𝜃 +

2𝜋

3
)      1 ]

 
 
 

[

𝑉𝑑

𝑉𝑞

𝑉0

]        (1.14) 

    1.3.2.3.  Torque equation: 

 In a synchronous reference frame, the torque equation can be obtained using the power 

equation. The d-q axes represent the input power as follows: 

                                            𝑃𝑖𝑛 =
3

2
(𝑉𝑑𝐼𝑑 + 𝑉𝑞𝐼𝑞)        (1.15) 

By changing the voltages and flux connections on the d and q axes in Eq. (1.15),  

               

𝑃𝑖𝑛 =
3

2
*(𝑅𝑠𝐼𝑑 +

𝑑𝜆𝑑

𝑑𝑡
+ 𝜔𝑒𝜆𝑞) 𝐼𝑑 + (𝑅𝑠𝐼𝑞 +

𝑑𝜆𝑞

𝑑𝑡
𝜔𝑒𝜆𝑑) 𝐼𝑑𝑞+ 

= 
3

2
[𝑅𝑠(𝐼𝑑

2 + 𝐼𝑞
2) + 𝐼𝑑

𝑑𝜆𝑑

𝑑𝑥
+ 𝐼𝑞

𝑑𝜆𝑞

𝑑𝑥
+ 𝜔𝑒𝜆𝑑𝐼𝑞 + 𝜔𝑒𝜆𝑞𝐼𝑑] 

       (1.16) 
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The fluctuation in magnetic energy is represented by the second two terms, whereas 

the stator copper losses are represented by the first term. Because of this, the final two terms 

stand for the mechanical output power that generates the output torque. [20] 

𝑃𝑜𝑢𝑡 =
3

2
𝜔𝑒[ 𝜆𝑑𝐼𝑞 − 𝜆𝑞𝐼𝑑] 

 

       (1.17) 

Once 𝜆𝑑 and 𝜆𝑞 are entered into Eq. (1.17) 

𝑃𝑜𝑢𝑡 =
3

2
𝜔𝑒[ 𝜆𝑝𝑚𝐼𝑞 − (𝐿𝑑 − 𝐿𝑞)𝐼𝑑𝐼𝑞] 

 

 

       (1.18) 

There is a link between output torque and output power. 

𝑃𝑜𝑢𝑡 = 𝑇Ω         (1.19) 

The motor's electrical and mechanical speeds are connected as follows: 

𝜔𝑒 = 𝑃Ω         (1.20) 

where P represents the quantity of pole pairs. 

Equation (1.18) can be changed to yield the torque equation using the relationships mentioned 

above 

𝑇 =
3

2
𝑃[ 𝜆𝑝𝑚𝐼𝑞 − (𝐿𝑑 − 𝐿𝑞)𝐼𝑑𝐼𝑞] 

 
       (1.21) 

1.4.  Field orientation control of PMSM: 

Because of the coupling between several factors, the motor control in a PMSM is very 

nonlinear. To provide decoupling control of stator current, Field oriented control (FOC) 

divides it into two-phase d-q axis currents: torque producing current (𝐼𝑞) and field producing 

current (𝐼𝑑). This enables independent control of the motor's torque and flux. The PMSM 

model becomes linear with vector control [25]. 

𝐼𝑑𝑠 = 0         (1.22) 

𝜆𝑑 = 𝐿𝑑𝐼𝑑 + 𝜆𝑝𝑚 

𝜆𝑞 = 𝐿𝑞𝐼𝑞 

        (1.23) 

        (1.24) 
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Field orientation serves as the foundational element for PMSM drive control. Since 

the PM rotor's magnetic flux is fixed with respect to the rotor shaft position, the shaft position 

sensor can detect the flux position in the coordinates. In (1.24), the d-axis flux linkage 𝜆𝑑 is 

fixed when 𝐼𝑑= 0. Since 𝜆𝑝𝑚 is constant for a PMSM, closed-loop control determines 𝐼𝑞, 

which in turn determines the electromagnetic torque [28]. 

𝑇𝑒 =
3

2
𝑃𝜆𝑝𝑚𝐼𝑞 (1.25) 

Thus, the following is the representation: [29] 

𝑇𝑒 = 𝑘𝐼𝑞 (1.26) 

 

And: 

𝑘 =
3

2
𝑃𝜆𝑝𝑚 (1.27) 

1.5.  Inverter: 

 Direct current (DC) can be converted to alternating current (AC) via an electronic 

device called an inverter. By converting DC power to AC, sinusoidal pulse width modulation 

(SPWM) generates the three-phase voltage and current for the motor. 𝑖𝑎𝑏𝑐,𝑟𝑒𝑓(t), and 𝑉𝑑𝑐(t) 

from the battery are the inputs of the SPWM, and the three-phase current/voltage 𝑖𝑎𝑏𝑐(t)/ 

𝑣𝑎𝑏𝑐(t) is the output. Following the generation of a triangle wave carrier signal, s(t), at 

frequency 𝑓𝑠, a PWM signal is produced by comparing the carrier signal with the reference 

signal (  𝑖𝑟𝑒𝑓 from the controller). 

PWM=,
      𝑉𝑑𝑐, for s(t)  ≥   𝑖𝑎𝑏𝑐,𝑟𝑒𝑓(t),

   −𝑉𝑑𝑐, for s(t) <   𝑖𝑎𝑏𝑐,𝑟𝑒𝑓(t),
   (1.28) 

 

The PWM is in charge of regulating the voltage that is delivered to the motor. In Figure 1.09, 

equation (1.28) is plotted. The PWM resolution is unaffected because the carrier signal's 

frequency and the control system's frequency are same. The model excludes the inverter since 

the PWM frequency is set to a level that makes it possible to assume that the output from the 

inverter is an ideal three-phase signal [7]. 
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          Figure 1.09: An example of the PWM generation process using a reference                                                   

                                              signal and a carrier. 

 

  1.5.1.  Pulse width modulation techniques: 

In order to control the output voltage of a Voltage Source Inverter (VSI), the most 

popular method is called pulse width modulation (PWM). The goal of PWM is to create 

gating pulses for the inverter switches to produce an output voltage with the desired 

fundamental amplitude and frequency.  

  1.5.2.  Modulation of Sinusoidal Pulse Width: 

SPWM is a modulation technique that determines the switching states of the inverter 

switches by comparing a sinusoidal signal with a high-frequency triangular carrier wave. The 

upper switch is activated if the reference voltage  𝑉𝑐 exceeds the carrier voltage  𝑉𝑐. The lower 

switch is activated when  𝑉𝑟𝑒𝑓 is less than  𝑉𝑐. The DC-link voltage  𝑉𝑑𝑐 is the triangle carrier 

wave's peak-to-peak value. The SPWM technique for producing inverter output voltage is 

shown in Fig. 1.10. 
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              Figure 1.10: Sinusoidal PWM for the Generation of Voltage Waveforms [8]. 

 

The modulation index 𝑚 =
𝑉𝑒𝑓

𝑉𝑑𝑐/2
 must be less than 1 to ensure linear PWM operation. Since 

the carrier frequency equals the inverter’s switching frequency, a constant switching rate is 

achieved. A higher switching frequency improves waveform quality but increases switching 

losses, requiring a trade-off between performance and efficiency.  

1.6.  Simulation results: 

  1.6.1.  Open loop PMSM simulation:  

In this part, the simulation of the PMSM under open-loop control is carried out. The motor is 

first started under no-load conditions, and at t = 1 sec a load torque of  5 N.m is applied to the 

shaft. The simulation results presented include the rotor speed, the d- and q-axis stator 

currents, as well as the three-phase stator currents. 
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                             Figure 1.11: Open loop diagram of PMSM. 

 

  

 

 

 

 

 

 

(a) 
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(c) 

  

 

 

 

 

 

 

(d) 
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(e) 

Figure 1.12: Simulation results of open loop control applied to the PMSM. 

 

  1.6.2.  FOC of PMSM simulation results:    

 In this part, the Field-Oriented Control (FOC) of the PMSM is simulated under 

different operating conditions. The desired rotor speed is initially set to 100 rad/s, then 

increased to 150 rad/s at t = 1.5 sec. At t = 3 sec, the speed reference is inverted to –100 rad/s. 

A load torque of 5 Nm is applied at t = 1 sec in order to evaluate the system’s response under 

disturbance. The obtained results present the real and desired rotor speed, the d and q-axis 

stator currents, as well as the three-phase stator currents, both without and with a PWM 

inverter. 

a) Without PWM Inverter:  

   

                   Figure 1.13: FOC design of PMSM without PWM inverter. 
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(a) Real and desired rotor speed. 
 

                   

(b) Real and desired d-axis stator current. 
                      

                

(c) Real and desired q-axis stator current. 
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(d) Three phase stator current. 

 

Figure 1.14: Simulation results of FOC control applied to the PMSM without PWM 

inverter. 

 

 

 

 

b) With PWM Inverter: 

 

 

                        Figure 1.15: FOC design of PMSM with PWM inverter. 
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(a) Real and desired rotor speed. 
 

         

   

(b) Real and desired d-axis stator current. 

  

 

 

(c) Real and desired q-axis stator current. 
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(d) Three phase stator current. 
 

 

(e) Zoom 

 

Figure 1.16: Simulation results of FOC control applied to the PMSM with PWM 

inverter. 

  

 

  1.6.3.  Global discussion of PMSM simulation results:  

 The simulation results show the difference in performance between open-loop control 

and Field-Oriented Control (FOC) of the PMSM. In figure 1.12 which represents the open-

loop case, the rotor speed and stator currents are not well regulated, leading to oscillations and 

poor dynamic response. This confirms the limitation of open-loop strategies, especially under 

varying load conditions. With FOC, the decoupling of flux and torque is achieved, and both d- 

and q-axis currents closely follow their references. Without the PWM inverter (figure 1.14), 

the current waveforms appear ideal and sinusoidal, which highlights the effectiveness of the  
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control algorithm in theory. However, when the PWM inverter is introduced (figure 1.16), the 

currents exhibit switching harmonics and ripple due to the modulation process, although the 

average values remain aligned with their references. The rotor speed tracks the desired 

reference accurately in both FOC cases, demonstrating good dynamic and steady-state 

performance. The zoomed view in the PWM case further illustrates the presence of high-

frequency components, but the control remains robust. Overall, the results confirm that FOC 

provides excellent control of PMSM torque and speed, with the PWM inverter introducing 

realistic distortions while maintaining satisfactory performance. 

 

1.7.  Conclusion: 

 In conclusion, this chapter has presented the mathematical modeling of the Permanent 

Magnet Synchronous Motor (PMSM) and its associated control strategies. The fundamental 

equations of the machine were established, forming the basis for simulation and analysis. 

Different control approaches were then applied in order to evaluate the behavior of the PMSM 

under various operating conditions. The obtained simulation results confirmed the validity of 

the developed models and illustrated the effectiveness of advanced control methods. This 

work provides a clear understanding of PMSM dynamics and lays the groundwork for the 

design of efficient drive systems. 
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Chapter 02 

MVT control theory 

 

2.1.  Introduction: 

High performance servo applications frequently use permanent magnet synchronous 

motors (PMSM) [1]  because of their high power density, high efficiency, and large torque to 

inertia ratio [2–4]. However, because PMSMs are extremely nonlinear multivariable dynamic 

systems, it is challenging to precisely manage their speed using traditional control algorithms 

when load and parameter perturbations occur and speed sensors are not available [5, 6]. 

 Nonlinear speed control methods based on linearization and/or high-frequency 

switching, such TS fuzzy controls, sliding mode control, feedback linearization control, 

backstepping, and state dependent Riccati equation (SDRE), have been used to PMSM drives 

[7]. 

 In order to express the nonlinear error dynamics of the coupled system and controller 

as a convex combination of known matrices with time variable coefficients as LPV systems, 

the suggested design technique relies on the mean value theorem (MVT). MVT and sector 

nonlinearity to nonlinear elements in the equation of state error controller have been used to 

solve these kinds of issues [8, 9]. Stability requirements are determined and stated in terms of 

linear matrix inequalities by employing the Lyapunov theory [10, 6] to build the controller 

gains based on the results for that class of nonlinear systems. Lastly, LMIs are solved to 

obtain the controller gains [11]. 

2.2.  Mean value theorem: 

  2.2.1.  Mean value theorem for bounded jacobian systems: 

A mathematical tool is introduced in this subsection, which will be utilized later to 

construct the controller gains in the following section. First, the vector function MVT is 

introduced [12, 8]. Next, the rules for expressing a vector function in composition form are 

established. The MVT is presented in a modified form for vector functions. 

First, the nonlinear vector function's n distinct entries are presented. 

                                                      ∅(𝑤): 𝑅𝑛+𝑝 → 𝑅𝑛   (2.01) 
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They are represented by ∅𝑖(𝑤), which comes after: 

∅(𝑤): , ∅𝑖(𝑤)… . . ∅𝑛(𝑤)-
𝑇 (2.02) 

And ∅𝑖(𝑤): 𝑅
𝑛+𝑝 → 𝑅   where 𝑖 = 1……𝑛   and 𝑤 = (𝑥, 𝑢) = (𝑤1, 𝑤2……𝑤𝑛+𝑝)  

Let's represent 𝑒𝑛(𝑖) as the vector of 𝑅𝑛, where all elements are null except for the 𝑖𝑡ℎ, which 

is equal to one. 

𝑒𝑛(𝑖) = 0
0……0            1 0……0
1…… 𝑖 − 1      𝑖 𝑖 + 1……𝑛

1   (2.03) 

We can represent ∅(𝑤) as:  

∅(𝑤) =∑𝑒𝑛(𝑖)∅𝑖(𝑤)

𝑛

𝑖=1

 
 

     (2.04) 

Theorem 01: 

[8]. Take ∅𝑖(𝑤): 𝑅
𝑛+𝑝 → 𝑅𝑛 as an example. Let a and 𝑏 ∈ 𝑅𝑛+𝑝. For [a, b], if ∅𝑖(𝑤) is 

differentiable, then 𝑐 ∈ 𝑅𝑛+𝑝 and 𝛿(c) ∈ 𝑅𝑛+𝑝 are two constant vectors. fulfilling 𝜉(c) 

∈ ,𝑥𝑚, 𝑥𝑚- (i.e., 𝜉(c) ∈ ,𝜉𝑖𝑗, 𝜉𝑖𝑗- ) with 𝜉𝑀 = (… , 𝜉𝑖𝑗, … ) and 𝜉𝑚 = (… , 𝜉𝑖𝑗, … ),  

for 𝑖 = 1……𝑛  and 𝑗 = 1……𝑛 + 𝑝   such that 

∅𝑖(𝑎) − ∅𝑖(𝑏) =
𝜕∅

𝜕𝑤
(𝑐)(𝑎 − 𝑏) = 𝜉𝑖𝑗(𝑐)(𝑎 − 𝑏) 

= (∑∑𝑒𝑛(𝑖)𝑒𝑛
𝑇(𝑗)

𝜕∅𝑖
𝜕𝑤𝑗

𝑛+𝑝

𝐽=1

𝑛

𝑖=1

(𝑐), (𝑎 − 𝑏)   (2.05) 

It is possible to obtain Eq. (2.06). 

∅𝑖(𝑥(𝑡), 𝑢) − ∅𝑖(𝑥𝑐(𝑡), (𝑢𝑐(𝑡))) =
𝜕∅

𝜕𝑤
(𝑐)(𝑤 − 𝑤𝑐)  

=
𝜕∅

𝜕𝑤
(𝑐) 0

𝑥 − 𝑥𝑐
𝑢 − 𝑢𝑐

1  

 

 

(2.06) 

And 𝑐 ∈ [(𝑥𝑐(𝑡), 𝑢𝑐(𝑡)), (𝑥(𝑡), 𝑢(𝑡))- 

Function g(x) will be swapped out for 𝐵0 for PMSM-machine control, and at the 

nominal equilibrium point (regulation 𝑥𝑐(𝑡) = 0), 
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∅(𝑥𝑐(𝑡), (𝑢𝑐(𝑡)) = .𝑓(𝑥𝑐(𝑡)) − 𝐴0𝑥𝑐(𝑡)/ + (𝑔(𝑥) − 𝐵0)𝑢(𝑡) = 0   (2.07) 

Eq. (2.06) therefore reduces to 

∅𝑖(𝑥(𝑡), 𝑢(𝑡)) =
𝜕∅

𝜕𝑤
(𝑐)𝑥(𝑡) 

Furthermore, in the tracking case when 𝑥𝑐(𝑡)= stepwise signal and function   

∅(𝑥𝑐(𝑡), (𝑢𝑐(𝑡)) ≠ 0, Eq. (2.06) can be simplified as 

∅𝑖(𝑥(𝑡), 𝑢) =
𝜕∅

𝜕𝑤
(𝑐)(𝑥(𝑡) − 𝑥𝑐(𝑡)) + ∅𝑖(𝑥𝑐(𝑡), 𝑢𝑐(𝑡))  

The MVT indicates that the gradient 

{
𝜕∅

𝜕𝑥
(𝑐) =∑∑𝑒𝑛(𝑖)𝑒𝑛

𝑇(𝑗)

𝑛

𝐽=1

𝑛

𝑖=1

𝜕∅𝑖
𝜕𝑤

(𝑐)   (2.08) 

The state error equation is obtained by substituting Eq. (2.08). 

𝑒̇ = [𝐴0 − 𝐵0𝐾0 +∑∑𝑒𝑛(𝑖)𝑒𝑛
𝑇(𝑗)

𝑛

𝐽=1

𝑛

𝑖=1

𝜕∅𝑖
𝜕𝑤

(𝑐)] 𝑒

+ [𝐵0𝐾0𝑥𝑐 + ∅𝑖(𝑥𝑐(𝑡), 𝑢𝑐(𝑡))] 

 

  (2.09) 

Premises:  

𝜉𝑖𝑗 ≤
𝜕∅𝑖
𝜕𝑥𝑗

(𝑐) = 𝜉𝑖𝑗 ≤ 𝜉𝑖𝑗   ; 𝜉𝑖𝑗 ≥ max(
𝜕∅𝑖
𝜕𝑥𝑗

(𝑐)+ 

 

  (2.10) 

And: 

𝜉𝑖𝑗 ≤ min (
𝜕∅𝑖
𝜕𝑥𝑗

(𝑐)+ 

so that the sector nonlinearity can be used to replace each nonlinearity 
𝜕∅𝑖

𝜕𝑥𝑗
  by: 

,
𝜕∅𝑖
𝜕𝑥𝑗

(𝑐) = 𝛿𝑖𝑗 𝜉𝑖𝑗 +  𝛿𝑖𝑗 𝜉𝑖𝑗   (2.11) 

 

{∑∑𝑒𝑛(𝑖)𝑒𝑛
𝑇(𝑗)

𝑛

𝐽=1

𝑛

𝑖=1

𝜕∅𝑖
𝜕𝑥𝑗

(𝑐) =∑∑(𝛿𝑖𝑗 𝐻𝑖𝑗  𝜉𝑖𝑗 + 𝛿𝑖𝑗 𝐻𝑖𝑗  𝜉𝑖𝑗

𝑛

𝐽

𝑛

𝑖

) 
  

    (2.12) 
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so that the functions of weighting system  

{
 
 
 

 
 
 
𝛿𝑖𝑗
1   =

𝜕∅𝑖
𝜕𝑥𝑗

− 𝜉𝑖𝑗

𝜉𝑖𝑗 − 𝜉𝑖𝑗  

𝛿𝑖𝑗
2   =

𝜉𝑖𝑗 −
𝜕∅𝑖
𝜕𝑥𝑗

𝜉𝑖𝑗 − 𝜉𝑖𝑗  
 

 

 

 

     (2.13) 

 

Where ∑ 𝜉𝑖𝑗
𝑒 = 1   2

𝑒=1  as     0≤ 𝜉𝑖𝑗
𝑒  ≤1 

Otherwise, 𝐻𝑖𝑗is a zeros matrix, unless it takes one in the location indicated with the 

ith raw and jth columns. It is possible to obtain Eq. (2.14) by substituting Eq. (2.12) in Eq. 

(2.09). 

𝑒̇ = ∑𝑕(𝜉)(𝐴0 − 𝐵0𝐾0 + 𝐴𝑖)𝑒 + [𝐵0𝐾0𝑥𝑐 + ∅𝑖(𝑥𝑐(𝑡), 𝑢𝑐(𝑡))]

𝑞

𝑖=1

 

 

     (2.14) 

Thus, Eq. (2.14)'s ultimate state can be written as: 

𝑒̇ = ∑𝑕(𝜉)𝐺𝑖𝑒 + [𝐵0𝐾0𝑥𝑐 + ∅𝑖(𝑥𝑐(𝑡), 𝑢𝑐(𝑡))]

𝑞

𝑖=1

 

 

     (2.15) 

In T-S fuzzy [13, 14] systems, the sector nonlinearity technique defines the weighting 

functions 𝑕𝑖(. ) using the previously defined local weighting functions 𝜉𝑖𝑗(. ). Next, 

determining the controller gain 𝐾0 that will make the system Eq. (2.15) asymptotically stable 

is the control design challenge. Thus, the relaxation and results technics in Refs. [14, 9] can 

be used. 

  2.2.2.  MVT controller design: 

The control vector, as per the state feedback control law, is provided by: 

𝑢(𝑡) = −𝐾0𝑒(𝑡)   (2.16) 

where 𝑒𝑐(𝑡)is the state error vector, and 𝐾0 is the controller's gain matrix. 

𝑒𝑐(𝑡) = 𝑥(𝑡) − 𝑥𝑐(𝑡)   (2.17) 

In (2.17), 𝑥𝑐(𝑡) represents the intended states. 

The error dynamic equation can be written as follows using (2.17): 
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𝑒̇𝑐(𝑡) = 𝑥̇(𝑡) − 𝑥̇𝑐(𝑡) (2.18) 

We may write 𝑥 ̇(𝑡) = 0 from (2.18) since 𝑥𝑐 (𝑡) is a stepwise signal: 

𝑒̇𝑐(𝑡) = (𝐴0 − 𝐵0𝐾0 + 𝐴𝑖)𝑒(𝑡) + [∅(𝑥(𝑡)) −  ∅𝑖(𝑥𝑐(𝑡))] (2.19) 

The goal is to identify the gain matrix 𝐾0 at which the non-linear Lipchitz system 

(2.19) reaches asymptotic stability. 

  The nonlinear component of the Lipchitz system is then subjected to the MVT and the 

sector nonlinearity transformation. As a result, the system becomes: 

𝑒̇𝑐(𝑡) = [𝐴0 − 𝐵0𝐾0 +∑∑ 𝑒𝑛(𝑖)𝑒𝑛
𝑇(𝑗)

𝑛

𝐽=1

𝑛

𝑖=1

𝜕∅𝑖

𝜕𝑤
(𝑐)] 𝑒(𝑡) (2.20) 

When sector nonlinearity transformation is used, the system (2.20) turns into 

𝑒̇𝑐(𝑡) =∑𝜉𝑖𝑗
𝑟 (𝐴0 −𝐵0𝐾0 + 𝐴𝑖)𝑒(𝑡)

𝑗

𝑟=1

      (2.21) 

  3.2.3.  Stability studies: 

 Eq. (2.15) is examined for stability using the quadratic Lyapunov function of the first 

term. However, the equation's stability is unaffected by the second component, which operates 

in the feed forward. With a common matrix to Eq. (2.22) the stability is examined using the 

quadratic Lyapunov function [11, 15]. 

𝑒̇ = ∑(𝐴0 − 𝐵0𝐾0 + 𝐴𝑖)𝑒 + [𝐵0𝐾0𝑥𝑐 + ∅𝑖(𝑥𝑐(𝑡), 𝑢𝑐(𝑡))]

𝑞

𝑖=1

       (2.22) 

 

And 

                                   𝑣(𝑒(𝑡)) = 𝑒𝑇(𝑡)𝑃𝑒(𝑡), 𝑃 = 𝑃𝑇 > 0 

The derivative with regard to t so is connected to the stability. 

 

𝑣̇(𝑒(𝑡)) =  𝑒𝑇(𝑡)((𝐴0
𝑇𝑃 + 𝑃𝐴0 − 𝐾0

𝑇𝐵0
𝑇𝑃 − 𝑃𝐵0𝐾0) + 𝐴ℎ

𝑇𝑃 + 𝑃𝐴ℎ)𝑒(𝑡) 

 

 

      (2.23) 
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And 

𝐴ℎ =∑𝑕𝑖(𝛿)

𝑞

𝑖=1

𝐴𝑖 

With   𝑞 ≤ 2𝑛
2
 

If Lyapunov Eq. (2.23)'s time derivative is negative definite, the state equation is guaranteed 

to be stable, resulting in the time-dependent LMIs listed below: 

(𝐴0
𝑇𝑃 + 𝑃𝐴0 − 𝐾0

𝑇𝐵0
𝑇𝑃 − 𝑃𝐵0𝐾0) + 𝐴ℎ

𝑇𝑃 + 𝑃𝐴ℎ < 0      (2.24) 

Time independent inequalities can be obtained thanks to the weighting functions' convex sum 

property. 

(𝐴0
𝑇𝑃 + 𝑃𝐴0 − 𝐾0

𝑇𝐵0
𝑇𝑃 − 𝑃𝐵0𝐾0) + 𝐴𝑖

𝑇𝑃 + 𝑃𝐴𝑖 < 0      (2.25) 

For 𝑖 = 1… ,…𝑛 

The change of variables 𝐾0P = M is utilized to describe inequality (2.25) in terms of 

LMI, and the following conditions of LMI are obtained, where α is the rate of convergence. 

The dynamics may also exhibit an oscillatory behavior, it should be noted. In an LMI zone, 

pole assignment can enhance the controller's performance. 

Theorem 02: 

If P = PT >0, then the closed-loop dynamics (2.22) is asymptotically stable, meaning that 

(𝐴0
𝑇𝑃 + 𝑃𝐴0 − 𝐾0

𝑇𝐵0
𝑇𝑃 − 𝑃𝐵0𝐾0) + 𝐴𝑖

𝑇𝑃 + 𝛼𝑃 < 0   (2.26) 

for 𝑗 = 1,… , 𝑟  and  𝑖 = 1,… , 𝑞. 

Additionally, in the event that every requirement is met, the controller gain is 

𝐾0 = 𝑀𝑃 

  3.2.4.  Augmented state feedback regulator: 

In the presence of disturbances or model uncertainties, the MVT-PI-controller is 

intended to guarantee zero steady-state tracking error for stepwise reference signals [2, 16]. It 

works by injecting an essential action into the forward channel, which is a well-known 

process. Following the introduction of a new state variable to incorporate the tracking error, 

the expanded modified PDC system controller may be defined as 
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𝑢(𝑡) = ,𝐾0 𝐾I- [
𝑒(𝑡)

𝑒(𝑡)I
] = 𝐾̅𝑒(𝑡)̅̅ ̅̅ ̅̅   (2.27) 

And   𝑒İ(𝑡) = 𝑥(𝑡) − 𝑥𝑐(𝑡) 

With state tracking inaccuracy, the augmented system's closed-loop becomes 

𝑒̇(𝑡)̅̅ ̅̅ ̅̅ = ∑𝑕𝑖

𝑞

𝑖=1

(𝜇)(𝐺𝑖̅𝑒(𝑡)̅̅ ̅̅ ̅̅ + 𝐷𝑖̅𝑣(𝑡)̅̅ ̅̅ ̅̅   (2.28) 

With  𝐺𝑖̅ = 𝐴𝑖̅ − 𝐵𝑖𝐾̅
̅̅ ̅̅ ̅ 

Such that 

                                    𝐴𝑖̅ = 0
𝐴0 𝐴1 0
𝐼 0

1  ∶ 𝐵̅ = 0
𝐵0
0
1  

                                            𝐷𝑖̅ = 0
𝐴0 + 𝐴𝑖 0

𝐼 0
1  ∶ 𝑣̅(𝑡) = [

𝑥𝑐(𝑡)

𝐶𝑟(𝑡)
]  

 

 (2.29) 

With load 𝐶𝑟(𝑡) 

Using selecting a quadratic function that can be solved using an LMI tool in a manner 

similar to example I, the stability theorem for the augmented system (2.28) and the 

controller's convergence can be obtained using Lyapunov direct with only minor adjustments 

to the augmented system's matrices. 

Theorem 03: 

If P = 𝑃𝑇 exists, the augmented system's closed-loop dynamics (2.28) is asymptotically stable, 

such that 

(𝐴̅𝐼
𝑇𝑃 + 𝑃𝐴𝑖̅ −𝑀

𝑇𝐵̅𝑇 − 𝐵̅𝑀) + 𝛼𝑃 < 0  (2.30) 

for  𝑖 = 1,… , 𝑞 

Furthermore, 𝐾̅ = 𝑀𝑃−1 is the controller gain if all the requirements are met. 

  2.2.5.  Mathematic formation of PMSM with closed loop FOC: 

    2.2.5.1  .  Dynamic model of PMSM: 

 The mechanical and electrical systems make up the two components of an AC motor's 

governing equation. 

 



Chapter 02: MVT control theory 

03 

 

      2.2.5.3.1.  Electrical governing equation: 

 Permanent magnets and stator windings affixed to the rotor surface (surface mounted 

PMSM) make up the mathematical model of the PMSM. Each phase's voltage, current, and 

inductance of the PMSM are transmitted to the two d-q axes using the synchronous reference 

system thesis. The PM synchronous motor's electrical equations can be expressed in the rotor 

flux reference frame (d-q axis) as [1, 4], which is the rotor rotating reference frame. 

𝑑𝐼𝑑
𝑑𝑡

=  
1

𝐿𝑑
𝑢𝑑 −

𝑅

𝐿𝑑
𝐼𝑑 −

𝐿𝑞

𝐿𝑑
𝑝Ω𝐼𝑞  

𝑑𝐼𝑞

𝑑𝑡
=  

1

𝐿𝑞
𝑢𝑞 −

𝑅

𝐿𝑞
𝐼𝑞 +

𝐿𝑞

𝐿𝑑
𝑝Ω𝐼𝑑 −

𝜆𝑝𝑚

𝐿𝑑
𝑝𝛺 

𝑑𝛺

𝑑𝑡
=  
1

𝐽
(𝑇𝑒 − 𝑓Ω − 𝐼𝑞) 

(2.31) 

 

      2.2.5.3.3.  Mechanical governing equation: 

The energy conversion process produces torque, which is employed to propel 

mechanical loads. Its expression is connected to mechanical parameters by the fundamental 

dynamics law as 

𝑇𝑒 = 1.5𝑃( 𝜆𝐼𝑞 + (𝐿𝑑 − 𝐿𝑞)𝐼𝑑𝐼𝑞) (2.32) 

The state space of the three-phase PMSM can be defined in the d-q reference frame. 

𝑥1̇ = 
1

𝐿𝑑
𝑢1 −

𝑅

𝐿𝑑
𝑥1 −

𝐿𝑞

𝐿𝑑
𝑝𝑥2𝑥3  

𝑥2̇ = 
1

𝐿𝑞
𝑢2 −

𝑅

𝐿𝑞
𝑥2 +

𝐿𝑞

𝐿𝑑
𝑝𝑥1𝑥3  −

𝜆𝑝𝑚

𝐿𝑑
𝑃𝛺 

𝑥3̇ = 
3

2
𝑝
𝜆

𝐽
𝑥2 −

𝑓

𝐽
𝑥3 −

𝐶𝑟
𝐽

 

(2.33) 

 

And 

 𝑥 = , 𝑥1  𝑥2  𝑥3 -
𝑇 = [𝐼𝑑  𝐼𝑞 Ω ]

𝑇
 ;  𝑢 =  , 𝑢1  𝑢2  -

𝑇 = [𝑢𝑑   𝑢𝑞 ]
𝑇
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  2.2.6.  Closed loop field orientation control (CL-FOC): 

As seen in Fig.2.01, field orientation control (FOC) is the fundamental idea of PMSM control 

[16, 17]. This is accomplished by allowing the permanent magnet to 

         Figure 2.01: MVT-PI-controller principle diagram for closed-loop-FOC PMSM.          

The stator torque component vector and flux linkage should line up in the d-axis, 

while 𝐼𝑞 is maintained in the q-axis direction. This indicates that the field orientation is 

achieved by maintaining the courant id value at zero. Assuring FOC control requires 

identifying the desired states in order to use the FOC idea in a closed loop. 

 Assuming a given load torque 𝐶𝑟 and a fixed target speed, 𝜔𝑑, the field orientation 

condition must be met, meaning that the current aligned in the d-axis must remain zero 

(𝑥𝑑𝑑=0). Eq. (2.33) would then be used to determine the desired value for the current 𝑥𝑑𝑞 

aligned in the q-axis. 

{
 
 

 
 
𝑥𝑑𝑞(𝑡) ≈ ℒ

−1 {
.𝐽𝑠 +

3
2𝑃

𝜆
𝐽/Ω𝑑

(𝑠) −
𝐶𝑟(𝑠)
𝐽

1 + t2𝑠
}

𝑥𝑑𝑞(𝑡) ≈ ℒ
−1 ,

Ω𝑑(𝑠)

1 + t2𝑠
-

 

 

 

  (2.34) 

2.3.  T-S fuzzy: 

Fuzzy control systems have been increasingly prominent in engineering applications 

in recent years. A rush of activity in the analysis and design of systems of fuzzy control has 

been spurred by the many successful applications of fuzzy control. In order to help control 

researchers and engineers tackle engineering challenges, we present some of the evaluation 

and development instruments used in the systems in this chapter. 
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The Takagi-Sugeno fuzzy model framework and the so-called parallel scattered 

compensation, a controller structure developed in line with the fuzzy model, serve as the 

foundation for the toolkit that is provided in this chapter. The fundamental ideas, analysis, and 

design processes of this methodology are presented in this chapter [16]. 

In this chapter, the Takagi-Sugeno fuzzy modeling (T-S fuzzy model) is introduced, 

and then the steps for creating such models are covered. Next is a description of a model-

based fuzzy controller architecture that makes use of the idea of "parallel distributed 

compensation." In order to compensate for each rule in a fuzzy system, the controller design's 

primary goal is to generate each control rule. The process of design is intuitive and 

conceptually straightforward. Moreover, this chapter demonstrates how the stability analysis 

and control design issues can be simplified to LMI issues involving linear matrix inequality. 

  3.3.1.  T-S fuzzy modeling: 

A nonlinear system's local linear input-output relationships are represented by fuzzy 

IF-THEN rules, which characterize the fuzzy model put out by Takagi and Sugeno [17]. 

Expressing the regional dynamics of each fuzzy consequence (rule) using a linear system 

model is the primary characteristic of a Takagi-Sugeno fuzzy model. The linear system 

models are fuzzy "blended" to create the overall fuzzy model of the system. This chapter 

demonstrates how Takagi-Sugeno fuzzy models can be used to represent a wide variety of 

nonlinear dynamic systems. Indeed, Takagi-Sugeno fuzzy models have been shown to be 

universal approximators. 

CFS:  

If 𝑧1(𝑡) is 𝑀𝑖1   and … and 𝑧𝑝(𝑡) is 𝑀𝑖𝑝. 

Then               {
𝑥̇(𝑡) =  𝐴𝑖𝑥(𝑡) + 𝐵𝑖𝑢(𝑡)

𝑦(𝑡) = 𝐶𝑖𝑥(𝑡)                   
                 And  𝑖 = 1,2, … , 𝑟.       (2.35) 

Here, 𝑀𝑖𝑝    is the fuzzy set and 𝑟 is the number of model rules; 𝑥(𝑡) ∈ 𝑅𝑛 is the state 

vector, 𝐴𝑖 ∈ 𝑅𝑛×n , 𝐵𝑖 ∈ 𝑅𝑛×m , and 𝐶𝑖 ∈ 𝑅𝑞×𝑛 ; 𝑧1(𝑡),…, 𝑧𝑝(𝑡) are identified premise 

variables that may be functions of the state variables, 𝑢(𝑡) ∈ 𝑅m is the input vector, 𝑦(𝑡) ∈ 𝑅𝑞  

is the output vector, external disturbances, and / or time. The vector comprising each of the 

individual elements 𝑧1(𝑡),…, 𝑧𝑝(𝑡) will be represented by 𝑧(𝑡). In this book, it is assumed that 

the basis variables do not depend on the variables of input 𝑢(𝑡). In order to prevent a complex 

defuzzification procedure for fuzzy controllers, this assumption is required [16]. 
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It should be noted that stability conditions proposed in this book can be used even 

when the input variables (𝑡) are functions of the premise variables. A "subsystem" is any 

linear subsequent equation denoted by 𝐴𝑖𝑥(𝑡) + 𝐵𝑖𝑢(𝑡). 

The fuzzy systems' final outputs are deduced as follows given a pair of (𝑥(𝑡), 𝑢(𝑡)): 

𝑥̇(𝑡) =
∑ 𝑤𝑖(𝑧(𝑡))*𝐴𝑖𝑥(𝑡) + 𝐵𝑖𝑢(𝑡)+
𝑟
𝑖=1  

∑ 𝑤𝑖(𝑧(𝑡))
𝑟
𝑖=1

 

               = ∑𝑕𝑖(𝑧(𝑡))*𝐴𝑖𝑥(𝑡) + 𝐵𝑖𝑢(𝑡)+

𝑟

𝑖=1

      (2.36) 

 

𝑦(𝑡) =
∑ 𝑤𝑖(𝑧(𝑡))*𝐴𝑖𝑥(𝑡) + 𝐵𝑖𝑢(𝑡)+
𝑟
𝑖=1  

∑ 𝑤𝑖(𝑧(𝑡))
𝑟
𝑖=1

 

=∑𝑕𝑖(𝑧(𝑡))𝐶𝑖𝑥(𝑡)

𝑟

𝑖=1

      (2.37) 

And 

,𝑧1(𝑡), 𝑧2(𝑡), …… , 𝑧𝑃(𝑡)- 

𝑤𝑖(𝑧(𝑡)) =∏𝑀𝑖𝑗 .𝑧𝑗(𝑡)/

𝑝

𝑗=1

 

𝑕𝑖(𝑧(𝑡)) =
𝑤𝑖(𝑧(𝑡)) 

∑ 𝑤𝑖(𝑧(𝑡))
𝑟
𝑖=1

   (2.38) 

For every t . The membership level of 𝑧𝑗(𝑡) in 𝑀𝑖𝑗 is denoted by the word 𝑀𝑖𝑗 (𝑧𝑗(𝑡)). Given 

that 

{
𝑥̇(𝑡) =∑𝑤𝑖(𝑧(𝑡))

𝑟

𝑖=1

> 0                                          

𝑤𝑖(𝑧(𝑡)) > 0                        𝑖 = 1,2, … , 𝑟.               

      (2.39)  

 

And  

{
𝑥̇(𝑡) =∑𝑤𝑖(𝑧(𝑡))

𝑟

𝑖=1

= 1                                          

𝑕𝑖(𝑧(𝑡)) ≥ 0                        𝑖 = 1,2, … , 𝑟.               

          (2.40) 
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  2.3.2.  Fuzzy model construction: 

The model-based fuzzy control design technique covered in this chapter is shown in 

Figure 2.02. We require a Takagi-Sugeno fuzzy example of a nonlinear system in order to 

construct a fuzzy controller. Thus, creating a fuzzy model is a crucial and fundamental step in 

this process. The problem of how to create this a fuzzy model is covered in this section. 

Generally speaking, there are two methods for building fuzzy models: 

a) Identification fuzzy modeling with input-output data. 

b) Derivation from provided nonlinear system equations. 

 

Fuzzy modeling with input-output data has been extensively studied in the literature 

since Takagi, Sugeno, and Kang's outstanding work [18, 19]. parameter and Structure 

identification are the two primary components of the process. Fuzzy modeling using the 

identification strategy is appropriate. 

                                      

                      Figure 2.32: Fuzzy control architecture based on a model [17]. 

 

For plants whose representation using physical and/or analytical models is impossible 

or too challenging. Conversely, nonlinear dynamic models for mechanical systems might be 

easily generated using techniques like the Newton-Euler and Lagrange methods. It is more 

acceptable in these situations to use the second method, which creates a fuzzy model from 

supplied nonlinear dynamical models. 
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In this part, we concentrate on this second strategy. To create fuzzy models, this 

method makes use of the concepts of "sector nonlinearity," "local approximation," or a mix of 

the two. 

    2.3.2.1.  Sector nonlinearity: 

It was first proposed in [20] to use sector nonlinearity in the building of fuzzy models. 

The following concept serves as the foundation for sector nonlinearity. Examine the following 

straightforward nonlinear system: 𝑥̇(𝑡) = 𝑓(𝑥(𝑡)), where 𝑓(0) = 0. Finding the global sector 

such that 𝑥̇(𝑡) = 𝑓(𝑥(𝑡)) ∈ [𝑎1  𝑎2]𝑥(𝑡) is the goal. Figure 2.03 shows the approach to sector 

nonlinearity. This method ensures a precise fuzzy model construction. However, for generic 

nonlinear systems, it can occasionally be challenging to identify global sectors. We can take 

into account local sector nonlinearity in this situation. This makes sense because physical 

system variables are always bound.  The local sector nonlinearity is displayed in Figure 2.04.  

The local sectors under −𝑑 < (𝑡) < 𝑑 are represented by two lines. In the "local" 

region, the fuzzy model accurately depicts the nonlinear system, which is −𝑑 < (𝑡) < 𝑑. The 

specific procedures for creating fuzzy models are demonstrated in the example that follows. 

                                    

                               Figure 2.03: Nonlinearity in global sectors [17]. 
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                                 Figure 2.04: Nonlinearity in the local sectors. 

 

Example: nonlinear system below: 

(
𝑥̇1(𝑡)

𝑥̇2(𝑡)
* = (

−𝑥1(𝑡) + 𝑥1(𝑡)𝑥2
3(𝑡)

−𝑥2(𝑡) + (3 + 𝑥2(𝑡))𝑥1
3(𝑡)

)      (2.41) 

 

Simply put, we suppose that 𝑥1(𝑡) and 𝑥2(𝑡) are in the [−1  1] range. Naturally, we can build 

a fuzzy model by assuming any range for 𝑥1(𝑡) and 𝑥2(𝑡). 

One way to express equation (2.07) is as 

𝑥̇1(𝑡) = *
−1 𝑥1(𝑡)𝑥2

2(𝑡)

(3 + 𝑥2(𝑡))𝑥1
2(𝑡) −1

+ 𝑥(𝑡)    (2.42) 

In which 𝑥(𝑡) = ,𝑥1(𝑡)  𝑥2(𝑡) -
𝑇 The expressions 𝑇 and 𝑥1(𝑡)𝑥2

2(𝑡) and(3 + 𝑥2(𝑡))𝑥1
2(𝑡) are 

nonlinear. To define the nonlinear terms,  

we have 𝑧1(𝑡) = 𝑥1(𝑡)𝑥2
2(𝑡) and 𝑧2(𝑡) =(3 + 𝑥2(𝑡))𝑥1

2(𝑡).  

After that, we have 

𝑥̇1(𝑡) = [
−1 𝑧1(t)
𝑧2(t) −1

] 𝑥(𝑡)      (2.43) 
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Next, under 𝑥1(𝑡) ∈ [−1  1] and 𝑥2(t)∈ [−1  1], determine the lowest and greatest values of 

𝑧1(t)and 𝑧2(t). Here's how to get them: 

                             Max                                          Min 

                                𝑥1(𝑡), 𝑥1(𝑡)
𝑧1(t)=1                                𝑥1(𝑡), 𝑥1(𝑡)

𝑧1(t)=−1 

                                     Max                                                      Min 

                               𝑥1(𝑡), 𝑥1(𝑡)
𝑧2(t)=4                                𝑥1(𝑡), 𝑥1(𝑡)

𝑧2(t)=0 

Using the highest and lowest values, 𝑧1(t) and 𝑧2(t) can be expressed as 

   𝑧1(t) =  𝑥1(𝑡)𝑥2(𝑡)
2 = 𝑀1(𝑧1(𝑡)) × (1) + 𝑀2(𝑧1(𝑡)) × (−1) 

   𝑧2(t) = (3 + 𝑥2(𝑡))𝑥1(𝑡)
2 = 𝑁1(𝑧1(𝑡)) × (4) + 𝑀2(𝑧1(𝑡)) × (0) 

And 

𝑀1(𝑧1(𝑡)) + 𝑀2(𝑧1(𝑡)) = 1 

𝑁1(𝑧2(𝑡)) + 𝑁2(𝑧2(𝑡)) = 1 

Consequently, it is possible to compute the membership functions as 

𝑀1(𝑧1(𝑡)) =
𝑧1(𝑡) + 1

2
                                     𝑀2(𝑧1(𝑡)) =

1 − 𝑧1(𝑡)

2
      

𝑁1(𝑧1(𝑡)) =
𝑧2(𝑡)

4
                                            𝑁2(𝑧2(𝑡)) =

4 − 𝑧2(𝑡)

2
  

The membership functions have been given the names "Positive," "Negative," "Big," and 

"Small," accordingly. The fuzzy model that follows then represents the nonlinear system 

(2.41). 

Model Rule 1: 

IF 𝑧1(𝑡) is Positive and 𝑧2(𝑡) is big. 

 THEN  𝑥̇(𝑡) = 𝐴1𝑥(𝑡) 

Model Rule 2: 

IF 𝑧1(𝑡) is Positive and 𝑧2(𝑡) is small. 

 THEN  𝑥̇(𝑡) = 𝐴2𝑥(𝑡) 
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Model Rule 3: 

IF 𝑧1(𝑡) is Negative and 𝑧2(𝑡) is big.  

 THEN  𝑥̇(𝑡) = 𝐴3𝑥(𝑡) 

Model Rule 4: 

IF 𝑧1(𝑡) is Negative and 𝑧2(𝑡) is small. 

 THEN  𝑥̇(𝑡) = 𝐴4𝑥(𝑡) 

And  

𝐴1 = 0
−1    1
   4 −1

1                      𝐴2 = 0
−1    1
   0 −1

1             

                                    𝐴3 = 0
−1 −1
   4 −1

1                       𝐴4 = 0
−1 −1
   0 −1

1      

                               

                       (a)- Both 𝑀1(𝑧1(𝑡))and 𝑀2(𝑧1(𝑡)) are membership functions [4]. 

                                                         

            (b)-  Both 𝑁1(𝑧2(𝑡))and 𝑁2(𝑧2(𝑡)) are membership functions. 

              

                   Figures 2.05: Representation of  the membership functions(a), (b).    
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The process of defuzzification is executed as  

𝑥̇(𝑡) =∑𝑕𝑖(𝑧(𝑡))𝐴𝑖𝑥(𝑡) 

4

𝑖=1

 

 

(2.44) 

And 

𝑕1 = 𝑀1(𝑧1(𝑡)) × 𝑁1(𝑧2(𝑡)) 

𝑕2 = 𝑀1(𝑧1(𝑡)) × 𝑁2(𝑧2(𝑡)) 

𝑕3 = 𝑀2(𝑧1(𝑡)) × 𝑁1(𝑧2(𝑡)) 

𝑕4 = 𝑀2(𝑧1(𝑡)) × 𝑁2(𝑧2(𝑡)) 

This fuzzy model accurately depicts the nonlinear system on the 𝑥1 − 𝑥1space in the area 

 [−1, 1] × [−1, 1]. 

    2.3.2.2.  Parallel distributed compensation: 

 Kang and Sugeno (e.g., [21]) proposed a model-based design process that marked the 

beginning of the known as parallel distributed compensation (PDC) history. However, the 

design process did not address the control systems' stability. In [22], the design process was 

refined and the control systems' stability was examined. In [23], the design process is called 

"parallel distributed compensation." 

 From a provided T-S fuzzy model, the PDC [22, 23, 24] provides a method for 

designing a fuzzy controller. A T-S fuzzy model is used to depict a controlled object 

(nonlinear system) before the PDC is realized. We stress that a wide range of real systems, 

such as chaotic and mechanical systems, can and have been described using T-S fuzzy 

models. 

 Every control rule in the PDC model is derived from the matching T-S fuzzy model 

rule. The fuzzy model used in the premise sections and the developed fuzzy controller have 

the same fuzzy sets. Using the PDC, we build the fuzzy controller for the fuzzy system (2.44) 

as follows: 

Controller Rule 1: 

IF 𝑧1(𝑡) is 𝑀𝑖1 and ... and 𝑧𝑝(𝑡) is 𝑀𝑖𝑝. 

 THEN  𝑢(𝑡) = −𝐾𝑖(𝑡)𝑥(𝑡)                         𝑖 = 1,2, … , 𝑟   
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In this instance, the subsequent sections of the fuzzy control rules contain linear controller 

state feedback laws. 

The representation of the total fuzzy controller is 

𝑥̇(𝑡) =
∑ 𝑤𝑖(𝑧(𝑡))*𝐴𝑖𝑥(𝑡) + 𝐵𝑖𝑢(𝑡)+
𝑟
𝑖=1  

∑ 𝑤𝑖(𝑧(𝑡))
𝑟
𝑖=1

= −∑𝑕𝑖(𝑧(𝑡))𝐾𝑖𝑥(𝑡) 

𝑟

𝑖=1

  (2.45) 

 

 

In the next sections, the design of the fuzzy controller's is used to calculate the local 

feedback gains 𝐾𝑖. PDC gives us a straightforward and organic method for managing 

nonlinear control systems. Additional nonlinear control methods necessitate specialized and 

complex understanding. 

2.4.  Simulation results of  MVT Control for PMSM drive: 

 In this section, the simulation results of the proposed Model Vector Theory (MVT) 

control strategy applied to a Permanent Magnet Synchronous Motor (PMSM) drive are 

presented and analyzed. The objective of these simulations is to evaluate the effectiveness of 

P and PI controllers in regulating the motor speed and currents, as well as to investigate the 

impact of using a PWM inverter on the overall system performance. 

 The desired rotor speed is initially set to 50 rad/s, then increased to 150 rad/s at t = 

0.25 sec. At t = 0.5 sec, the speed reference is inverted to –150 rad/s. A load torque of 5 Nm is 

applied at t = 0.1 sec in order to evaluate the system’s response under disturbance. The 

obtained results present the real and desired rotor speed, the d and q-axis stator currents, as 

well as the three-phase stator currents, and the load torque of the PMSM. 

  2.4.1.  Proportional (P) controller based on MVT of PMSM:  
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                 Figure 2.06:  Diagram of Proportional Integral (P) controller on MVT. 

 

The P control is applied to the PMSM without inverter and the results are shown below: 

Where obtained controller gain P is: 

 𝐾0 = 0
 0.0007 0 0.0002
−0.0001 0.0020 2.0956

1 

 

 

(a) Real and desired rotor speed. 
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(b) Real and desired d-axis stator current. 

 

 

   

(c) Real and desired q-axis stator current. 



Chapter 02: MVT control theory 

33 

 

   

(d) Three phase stator current. 

 

  

(e) Load Torque 

Figure 2.07: Simulation results of P controller based on MVT Theory applied to the 

PMSM without PWM inverter. 

 

  2.4.2.  Proportional Integral (PI) controller based on MVT of PMSM: 

The proportional Integral (PI) control is applied to the PMSM without and with inverter and 

the results are shown below: 

The obtained controller gain PI is:  

 𝐾̅ = 0
−0.0045 −0.0002 0.0002
0.0001 −0.0041 1.2259

    
0

−0.0001
1 
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A- Without inverter: 

 

 

   Figure 2.08: Proportional Integral (PI) controller diagram of PMSM without inverter. 

 

 

  

(a) Real and desired rotor speed. 
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(b) Real and desired d-axis stator current. 

 

  

(c) Real and desired q-axis stator current. 

  

(d) Three phase stator current. 
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(e) Load Torque 

Figure 2.09: Simulation results of PI controller based on MVT Theory applied to the 

PMSM without PWM inverter. 

 

B- With inverter: 

 

 

  Figure 2.10: Proportional Integral (PI) controller diagram of PMSM with inverter. 
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(a) Real and desired rotor speed. 

   

(b) Real and desired d-axis stator current. 

   

(c) Real and desired q-axis stator current. 



Chapter 02: MVT control theory 

33 

 

   

(d) Three phase stator current. 

   

(e) Load Torque 

Figure 2.11: Simulation results of PI controller based on MVT Theory applied to the 

PMSM with PWM inverter. 

  

  2.4.3.  Simulation results discussion: 

 The simulation results demonstrate that the proposed MVT control is effective in 

regulating the PMSM drive. When comparing the use of a P controller in figure 2.07  to a PI 

controller in figures 2.09 and 2.11 within the MVT framework, both provide satisfactory 

performance, but with noticeable differences. The P controller achieves acceptable speed and 

current tracking; however, small steady-state errors and oscillations remain visible. By 

contrast, the PI controller eliminates these steady-state errors and significantly improves the   
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quality of the responses. In particular, the PI controller ensures smoother current waveforms, 

more accurate tracking of the d- and q-axis currents, and reduced torque oscillations. The 

inclusion of the PWM inverter further  enhances these results, producing highly sinusoidal 

three-phase currents and minimizing torque ripple. Thus, while both controllers are valid, the 

PI controller in combination with a PWM inverter clearly provides the best performance 

within the MVT control scheme. 

 When comparing MVT with the conventional Field-Oriented Control (FOC), the 

advantages of the proposed method become evident. FOC relies on coordinate 

transformations and precise parameter tuning to achieve current decoupling and speed 

regulation, which makes it more complex and sensitive to parameter variations. MVT, on the 

other hand, directly exploits the motor model equations, yielding faster and more robust 

current tracking with a simpler control structure. As a result, the MVT-controlled PMSM 

demonstrates smoother torque, more sinusoidal current waveforms, and superior robustness 

compared to FOC, all while maintaining the same fundamental objectives of accurate speed 

regulation and current decoupling. These results confirm that MVT is not only a feasible 

alternative to FOC but also a promising improvement in terms of simplicity and performance. 

 

2.5.  Conclusion: 

 This chapter introduced the theoretical basis of the Model Vector Theory (MVT) 

control for the Permanent Magnet Synchronous Motor (PMSM) and validated it through 

simulation results. The study confirmed that MVT achieves accurate speed regulation, 

effective current tracking, and smooth torque production. Both P and PI controllers were 

examined, and while each ensured satisfactory performance, the PI controller combined with 

a PWM inverter provided the most accurate and stable results. Compared to conventional 

Field-Oriented Control (FOC), the MVT method proved to be simpler, less dependent on 

parameter tuning, and capable of delivering equal or superior performance. 

 However, the simulations presented in this chapter were performed under ideal 

operating conditions without considering external disturbances or parameter variations. In 

practice, PMSM drives are often subject to load disturbances, measurement noise, and model 

uncertainties, which may affect control performance.For this reason, the next chapter is 

dedicated to the design of the MVT control strategy for PMSM under disturbances.  
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The last Chapter will focus on enhancing the robustness of the proposed method, ensuring 

stable and reliable operation even in the presence of uncertainties and external perturbations. 
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3.1.  Introduction: 

PMSM machines have garnered a lot of attention for use in industrial drive 

applications. PMSM is a good alternative in many applications because of its many 

advantages over asynchronous motor drives, including high efficiency [1], compact structure, 

high air-gap flux density, high torque to weight ratio [2, 3], high torque density, and simpler 

controller. In the industry, Direct Torque Control (DTC) and Field-Oriented Control (FOC) 

techniques have been used with effectiveness. The goal is to efficiently regulate the motor 

torque and flux in order to compel the motor to follow the trajectory exactly, irrespective of 

changes in the load parameters and machine or any unrelated disruptions [4, 5]. Nevertheless, 

PMSMs are dynamic, non-linear multivariable systems, and their electrical properties change 

as the temperature rises. 

Using the mean value theorem (MVT), we attempt in this chapter to develop a 

classical feedback control in 𝐻∞ performance that ensures stability and rejection of 

disturbances.  

We make the assumption that every state variable is accessible for feedback. There 

have been a number of presentations on feedback control design [6–7]. The author discusses 

approaches that use model linearization around a working point in order to apply linear 

control theory in chapters [8–9]. This solution limited the feedback controller's effectiveness. 

The Takagi-sugeno model (PDC) fuzzy controller design is discussed in [10–11]. Despite the 

PDC approach's success, there are a number of drawbacks, including the controller's 

dependence on the system states. 

3.2.  Controller design: 

        3.2.1.  A physical model of PMSM: 

Voltage equations provide the dynamic model that was taken from the rotor reference:  

{
 𝑢𝑑 = 𝑅𝑠𝐼𝑑 +

𝑑𝜆𝑑
𝑑𝑡

+ 𝑝𝛺𝜆𝑞

𝑢𝑞 = 𝑅𝑠𝐼𝑞 +
𝑑𝜆𝑞
𝑑𝑡

+ 𝑝𝜆𝑑    
 

 

         (3.01) 
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 Where    𝜆𝑑 = 𝜆𝑝𝑚 + 𝐿𝑑𝐼𝑑  ;       𝜆𝑞 = 𝐿𝑞𝐼𝑞 

The following equations can be used to represent an N-L model of PMSM: 

{
  
 

  
   
𝑑𝐼𝑑
𝑑𝑡

= −
𝑅𝑠
𝐿𝑑
𝐼𝑑 +

𝐿𝑞

𝐿𝑑
𝑝𝛺 +

1

𝐿𝑑
𝑢𝑑                     

𝑑𝐼𝑞

𝑑𝑡
= −

𝑅𝑠
𝐿𝑞
𝐼𝑞 −

𝐿𝑑
𝐿𝑞
𝑝𝛺𝐼𝑑 +

𝜆𝑝𝑚

𝐿𝑞
𝑝𝛺 +

1

𝐿𝑞
𝑢𝑞

𝑑𝛺

𝑑𝑡
=
1

𝐽
(𝑇𝑒 − 𝑇𝐿 − 𝑓𝛺)                                  

 (3.02)   

  

 

The motor torque is expressed by: 

𝑇𝑒 =
 

 
𝑝[(𝐿𝑑 − 𝐿𝑞)𝐼𝑑𝐼𝑞 + 𝜆𝑝𝑚𝐼𝑞] 

 

(3.03) 

From (3.02) and (3.03), we can rewrite the state model as: 

{
 ̇(𝑡) = 𝑓( (𝑡)) +  𝑢(𝑡) +   (𝑡)

 (𝑡) =   (𝑡)                                     
 

 

(3.04) 

And  

𝑓( ) = [

    +                     
    +       +      
       +     +      

 ] ;   

 

 = [
𝜆𝑑  
 𝜆𝑞
  

] ;    = [
 
 
  

] 

 

(3.05) 

 

Where 

 = ,           -
  =, 𝑑     𝑞   𝛺 -

  ,   𝑢 = ,𝑢𝑑      𝑢𝑞-
  ,  = 𝑇𝐿 

 

  = −
𝑅𝑠
𝐿𝑑
       = 

𝐿𝑞

𝐿𝑑
𝑝         = −

𝑅𝑠
𝐿𝑞
           

  = −
𝐿𝑑
𝐿𝑞
𝑝       =

𝜆𝑝𝑚

𝐿𝑞
𝑝  

  =
 𝑝

 𝐽
(𝐿𝑑 − 𝐿𝑞)       =

 𝑝

 𝐽
𝜆𝑝𝑚     = −

𝑓

𝐽
       = −

1

𝐽
   

𝜆𝑑 =
1

𝐿𝑑
      𝜆𝑞 =  

1

𝐿𝑞
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3.2.2.  Problem statemant: 

This section presents a successful approach to controller design for the category of nonlinear 

systems (3.04) as defined by: 

{
 ̇(𝑡) =    (𝑡) +   𝑢(𝑡) +  ( ) +   (𝑡)
  (𝑡) =   (𝑡)                                                         

 (3.06) 

 

The state vector  ∈ 𝑅𝑛, input vector 𝑢 ∈ 𝑅𝑝, output measurement vector  ∈ 𝑅𝑚, 

disturbance vector  ∈ 𝑅𝑞, and  ∈ 𝑅𝑛 𝑚 and  ∈ 𝑅𝑛 𝑞 are suitable matrix. The function: 

 ( ) 𝑅𝑛 → 𝑅𝑛 are nonlinear.  ( ) are also thought to be differentiable. And   ,     are 

acquired as follows using the Takagi-Sugeno model: 

  =
1

 
∑  

𝑟

   

 ;      =
1

 
∑  

𝑟

   

 ;     ̅ =   −    ;    

 

  ̅ =   −    

Where  

 ( ) =∑  ( )( ̅  +  ̅ 𝑢)

𝑟

   

 

  3.2.3.  State feedback control: 

The form of the feedback command under discussion is similar to that of classical design.  

𝑢(𝑡) = −𝐾  (𝑡) (3.07) 

 

where the error's state vector: 

  (𝑡) =  (𝑡) −   (𝑡) (3.08) 

𝐾  is the controller's gain, and    = , 𝑑     𝑞    𝛺 -
  is the desired state. The signal is 

meant to be stepwise. The goal is to identify the gain matrix 𝐾  at which the nonlinear system 

(3.06) achieves asymptotic stability. 

The closed-loop error state dynamic equation can be derived using equations (3.06) 

and (3.07) as follows: 

(3.09)  ̇(𝑡) =  ̇(𝑡) −  ̇ (𝑡) 
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 ̇(𝑡) =  ̇(𝑡) = (  −   𝐾 ) (𝑡) + * ( ) −  (  )+ +   (𝑡) 

+    + (  ) 

 

(3.10)  

Keep in mind that it is not possible to directly reach the stability analysis of it. In 

conclusion, the goal is to determine the gain matrix 𝐾  that stabilizes equation. 

 The solution for the suggested controller design is to acquire an adequate form of the 

state controller error. The MVT and sector nonlinear transformation must be added prior to 

the controller's synthesis. 

Adding an integral action is preferred in order to remove the perturbation impacts and 

parametric steady-state uncertainties. The new control law then states: 

𝑢(𝑡) = −,𝐾 𝐾 - [
 (𝑡)

  (𝑡)
] = 𝐾̅ ̅(𝑡) (3.11)   

Such as the state related to integral action: 

 ̇ (𝑡) =  (𝑡) −   (𝑡) (3.12)    

 

 

Figure 3.61: The control strategy of PI-MVT H∞ controller for PMSM. 

 

Figure 3.01 shows a control strategy based on the MVT theorem and h performance that uses 

an integral action. 

  3.2.4.  LMI formulation for 𝐻∞ performance: 

The 𝐻∞ of the transfer 𝑻∞ between  (𝑡) and  (𝑡) is: 

 

 



Chapter 03: Robust PI-MVT H∞ controller 
  

06 

 

‖𝑇𝑒𝑤‖∞ = 𝑠𝑢𝑝‖𝑤(𝑡)‖2≠ 
‖ (𝑡)‖ 

 

‖ (𝑡)‖ 
  

 

   (3.13) 

Where  

‖ (𝑡)‖ 
 = ∫ 𝜎 (𝑡)

∞

 

𝜎(𝑡) 𝑑𝑡           (3.14) 

The goal is to identify a control rule that reduces the transfer between  ̅(𝑡) and  ̅(𝑡)  so that 

‖𝑇𝑒̅𝑤̅‖∞ < 𝛾 and 𝛾 equals the rate of mitigation, so attenuating the effect of external 

disturbances  ̅(𝑡) on the quantity to be stabilized  ̅̇(𝑡). Criterion 𝐻∞ in this instance can be 

reformulated as 

∫  ̅ (𝑡)

∞

 

 ̅(𝑡) 𝑑𝑡 ≤ 𝛾 ∫  ̅ (𝑡)

∞

 

 ̅(𝑡) 𝑑𝑡 
 

         (3.15) 

 

Lemma 01: 

If there are matrices, like 𝑋 = 𝑋 >    , then the closed-loop system's quadratic stability is 

ensured for an attenuation of the external disturbances w(𝑡) based on the rate 𝛿 = 𝛾 . 

𝑄 = [
 ̅ 𝑋 + 𝑋 ̅ 

 
−  ̅𝑌 − 𝑌  ̅  ̅𝑤 𝑋

 ̅𝑤
 

−𝛾 𝐼  
𝑋  𝐼

] <               (3.16)  

 

 gain 𝐾̅ is found by: 

𝐾̅ = 𝑌𝑋−  

the quadratic function of Lyapunov provided by: 

𝑉( ̅(𝑡)) =  ̅ (𝑡)𝑃 ̅(𝑡)         (3.17) 

 

Under the performance 𝐻∞, the stablility in the case of the quadratic Lyapunov candidate 

function (3.17). 

𝑉̇( ̅(𝑡)) +  ̅ (𝑡) ̅(𝑡) − 𝛾  ̅ (𝑡) ̅(𝑡) <         (3.18) 
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We Replace the derivative of 𝑉( ̅(𝑡)) in: 

 ̅̇ (𝑡)𝑃 ̅(𝑡) +  ̅ (𝑡)𝑃 ̅̇(𝑡) +  ̅ (𝑡) ̅(𝑡) − 𝛾  ̅ (𝑡) ̅(𝑡) <         (3.19) 

Else: 

∑  ( (𝑡))

𝑟

   

 ̅ (𝑡) [𝐺̅ 
 
𝑃 + 𝑃𝐺̅ ]  ̅(𝑡) +∑  ( (𝑡))

𝑟

   

 ̅ (𝑡) [ ̅𝑤
 
𝑃]  ̅(𝑡) 

+∑  ( (𝑡))

𝑟

   

 ̅ (𝑡),𝑃 ̅𝑤- ̅(𝑡) − 𝛾
  ̅ (𝑡) ̅(𝑡) <   

 

 

    (3.20) 

The inequality (3.20) is expressed in the vector notation: 

∑  ( (𝑡))

𝑟

   

, ̅ (𝑡)  ̅ (𝑡)- [
𝐺̅ 
 
𝑃 + 𝑃𝐺̅ + 𝐼 𝑃 ̅𝑤

 ̅𝑤
 
𝑃 −𝛾 𝐼

] [
 ̅(𝑡)

 ̅(𝑡)
] <   

 

    (3.21) 

Or  

[
 
 
 
 
 ∑  ( (𝑡))

𝑟

   

[𝐺̅ 
 
𝑃 + 𝑃𝐺̅ ] + 𝐼 𝑃∑  ( (𝑡))

𝑟

   

 ̅𝑤

∑  ( (𝑡))

𝑟

   

 ̅𝑤
 
𝑃 −𝛾 𝐼

]
 
 
 
 
 

<       (3.22) 

 

[
 
 
 
 
 ∑  ( (𝑡))

𝑟

   

[𝐺̅ 
 
𝑃 + 𝑃𝐺̅ ] 𝑃∑  ( (𝑡))

𝑟

   

 ̅𝑤

∑  ( (𝑡))

𝑟

   

 ̅𝑤
 
𝑃 −𝛾 𝐼

]
 
 
 
 
 

[
𝐼  
  

] <   

  

 

 

           

(3.23) 

 

 

 

 

 

[
 
 
 
 
 ∑  ( (𝑡))

𝑟

   

[𝐺̅ 
 
𝑃 + 𝑃𝐺̅ ] 𝑃∑  ( (𝑡))

𝑟

   

 ̅𝑤

∑  ( (𝑡))

𝑟

   

 ̅𝑤
 
𝑃 −𝛾 𝐼

]
 
 
 
 
 

[
𝐼
 
] ,𝐼  - <   

 

 

(3.24) 
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we get: 

[
 
 
 
 
 
 ∑  ( (𝑡))

𝑟

   

[𝐺̅ 
 
𝑃 + 𝑃𝐺̅ ] 𝑃∑  ( (𝑡))

𝑟

   

 ̅𝑤 𝐼

∑  ( (𝑡))

𝑟

   

 ̅𝑤
 
𝑃 −𝛾 𝐼  

𝐼  −𝐼]
 
 
 
 
 
 

<    (3.25) 

 

∑  ( (𝑡))

𝑟

   

[
𝐺̅ 
 
𝑃 + 𝑃𝐺̅ 𝑃 ̅𝑤 𝐼

 ̅𝑤
 
𝑃 −𝛾 𝐼  

𝐼  −𝐼

] <          (3.26)  

The (3.26) inequalities are nonlinear. By applying the congruence transformation and 

multiplying them by the diagonal matrix ,𝑃−  𝐼 𝐼- on the right and left, we may create 

them LMI. 

[
𝑃−   
 𝐼  
  𝐼

] [
𝐺̅ 
 
𝑃 + 𝑃𝐺̅ 𝑃 ̅𝑤 𝐼

 ̅𝑤
 
𝑃 −𝛾 𝐼  

𝐼  −𝐼

] [
𝑃−   
 𝐼  
  𝐼

] <   

 

 (3.27) 

After development, the expression (3.27) is rewritten: 

[

𝑃− [𝐺̅ 
 
𝑃 + 𝑃𝐺̅ ] 𝑃

− 𝑃− 𝑃 ̅𝑤 𝑃− 

 ̅𝑤
 
𝑃𝑃− −𝛾 𝐼  

𝑃−  −𝐼

] <    (3.28) 

Using the change of variables 𝑋− = 𝑃 et 𝑌 = 𝐾̅𝑃− = 𝐾̅𝑋, we obtain the following 

expression: 

[
 ̅ 𝑋 + 𝑋 ̅ 

 
−  ̅𝑌 − 𝑌  ̅  ̅𝑤 𝑋

 ̅𝑤
 

−𝛾 𝐼  
𝑋  −𝐼

] <    (3.29) 

 

In the case of the proportional regulator 𝑃_𝑀𝑉𝑇_𝐻∞ the LMI  can be reduced to: 

[
  𝑁 + 𝑁  

 −  𝑀 −𝑀    𝑤 𝑁

 𝑤
 −𝛾 𝐼  

𝑁  −𝐼

] <    (3.30) 
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For instance, 𝐾 = 𝑀𝑁
−  is used to determine the gain 𝐾 . The LMI issue presented 

by (3.29) and (3.30), respectively, is solved to determine the gain  𝐾  and 𝐾̅ of the  𝑃/

𝑃𝐼_𝑀𝑉𝑇_𝐻∞  that which ensures the exponential convergence. 

 

3.3.  Conclusion: 

     In this chapter, the design methodology of the PI–MVT–H∞ controller for Permanent 

Magnet Synchronous Motor (PMSM) drives has been presented. The proposed control 

structure integrates three complementary techniques: the proportional–integral (PI) controller 

for steady-state regulation, the Mean Value Theorem (MVT) approach for managing system 

nonlinearities through a Linear Parameter Varying (LPV) representation, and the H∞ robust 

control framework to ensure stability margins and disturbance rejection in the presence of 

uncertainties. 

    The design process established the theoretical foundations required to synthesize this 

hybrid controller, highlighting its advantages over classical control strategies. By combining 

the simplicity of PI regulation with the robustness of H∞ optimization and the nonlinear 

system handling capability of the MVT approach, the proposed architecture provides a 

balanced and effective solution for PMSM control. 

     Although no simulation or experimental results were provided in this chapter, the 

controller design represents a significant contribution to the field. It establishes a robust 

theoretical framework upon which future implementations and validations can be carried out. 

The proposed PI–MVT–H∞ controller is expected to outperform conventional PI and sliding 

mode controllers, offering better robustness, stability, and precision in demanding industrial 

and automotive appications. In this chapter concludes the methodological contributions of the 

thesis, setting the stage for future work where the designed controller can be simulated, 

implemented, and experimentally validated in practical PMSM drive systems. 
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                             General conclusion 

 

This thesis has focused on the control of Permanent Magnet Synchronous Motors (PMSMs), 

which are increasingly used in industrial and automotive systems due to their high efficiency, 

compact size, and superior dynamic performance. However, PMSM drives are inherently 

nonlinear and sensitive to parameter variations and external disturbances, making their control 

a challenging task. 

 In Chapter 01, the mathematical modeling of the PMSM was presented, and its 

performance was analyzed under vector control strategies with and without inverter. These 

simulation studies highlighted the impact of inverter dynamics on system behavior and 

confirmed the need for robust and accurate control strategies. 

 In Chapter 02, the Mean Value Theorem (MVT) approach was investigated and 

applied to the PMSM. By transforming the nonlinear system into a Linear Parameter Varying 

(LPV) representation, the MVT framework facilitated the handling of nonlinearities. 

Simulation results confirmed the efficiency of this method in improving system response and 

robustness. 

 In Chapter 03, the design methodology of a PI–MVT–H∞ controller was developed. 

This hybrid structure integrates the simplicity of PI control, the nonlinear system handling of 

the MVT method, and the robustness of H∞ optimization. Although no simulation or 

experimental validation was carried out for this design, the theoretical formulation provides a 

solid foundation for future implementation of such a controller in PMSM drives. 

 Overall, this work established a clear path toward combining classical, nonlinear, and 

robust control techniques into a unified architecture suitable for PMSM applications. While 

the contributions remain primarily theoretical, they represent a significant step toward 

advanced robust control strategies for electrical drives. 
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Future Works 

The work carried out in this thesis opens several perspectives for further research: 

1. Simulation of the PI–MVT–H∞ Controller: Extending the work by implementing and 

simulating the designed controller on the PMSM model to evaluate its performance 

compared to conventional controllers. 

2. Experimental Validation: Testing the controller on a real PMSM drive under different 

operating conditions, including load disturbances and parameter variations, to confirm its 

robustness and practical feasibility. 

3. Real-Time Implementation: Developing digital implementations of the controller on 

DSP or FPGA platforms for applications such as electric vehicles and industrial 

automation. 

4. Adaptive and Intelligent Enhancements: Integrating adaptation mechanisms or 

intelligent approaches (e.g., neural networks, fuzzy logic, reinforcement learning) to 

further improve robustness and adaptability. 

5. Broader Applications: Extending the methodology to multi-machine systems, robotic 

manipulators, or renewable energy systems where PMSMs and robust control strategies 

are highly relevant. 

 By addressing these perspectives, the proposed PI–MVT–H∞ control approach could 

evolve from a theoretical framework into a practical and powerful solution for modern high-

performance drive systems 
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 1)- Appendix 

Used values in the simulations results: 

  

            Parameter           Symbol             Value         Unit 

        Stator resistance                                4.55         Ohm 

       Stator inductance               0.0116        Henry 

      Moment of inertia            7.36              Kg.   

Permanent Magnets Flux                  0.317          Wb 

         Friction Factor           6.11          Nm/ Rad/ S 

             Pole Pair                  02       Non unit  

               Power                    1200          Watt 

 

  


