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Notations

. ‘H : Complex Hilbert space.
. 2 be a C*-algebra .
la]| : The norm of a.
a~! : The inverse operator of a.
a* : The adjoint operator of a.
a) : The real part of a.
a) : The imaginary part of a.
o(a) : The spectrum of a.
(a) : The resolvent of a.
r(a) : Spectral radius of a.
W (a) : The numerical range of a.
w(a) : The numerical radius of a.
(.,.) : The inner product of H.
A : The closure of A.
OM : The boundary of M.
@ : The sign of direct sum.
B(#) : Banach algebra of all bounded linear operators on Hilbert space H.
Z(H) : The set of invertible operators in B(H).
a =T : A bounded linear operator defined on H(T € B(H) = 2).



Chapter 1

Preliminaries

1.1 Norms and Banach Spaces :

Definition 1.1.1 Let E be a vector space over F. A norm on E is a function || - || : E — R such that for
all z,y,€ E and a € F,

1. |jz|| > 0.
2. ||z|| = 0 if and only if x = 0.
3. Nax| = laf|=]].
4o Ml +yll < llzll + [yl
And we denote (E, ||.||) is a normed space.

Theorem 1.1.1 Let E be a vector space over F with norm || - ||. Let {z,} and {y,} be sequences in E
which converge to x,y in E respectively and let {a,} be a sequence in F which converges to o in F. Then:

LAllzll = Nyl < llz —yll.
2. 1y, o0 [l = [|]]-
3. limy, oo (T +yn) =+ y.
4. lim, o apx, = ax.
@ Proof

1. By the triangle inequality, ||z|| = |[(x — y) + y|| < ||z — y|| + ||ly|| and so

]l = llyll < [l =yl
Interchanging = and y we obtain ||y|| —||z|| < ||y —z||. However, as ||z —y| = |[(=1)(y—2)| = |ly — ||
we have
—llz =yl <zl = llyll < llz =yl
Hence |[|lz]| = lly[l] < [z — yl|.
2. Since lim,, 00 z,, = z and |||z|| — ||z,||| < ||z — z,]| for all n € N, it follows that lim,, . ||z.] = [|z]].

3. Since limy, o0 T, = &,  liMy, 00 ¥ = ¥ and

[ +yn) = (@ + )l = (20 = 2) + (o = Y| < ll2n = 2[] + lyn — ]l

for all n € N, it follows that lim, o (2, +yn) = = + y.
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4. Since {a,} is convergent it is bounded, so there exists K > 0 such that |a,| < K for all n € N. Also,

|ann — az|| = o (v, — 7) + (0, — ) 2|
<lay| |zn — 2| + [an — af [|2]]
< K|z, — 2l + |an — of ||z

for all n € N. Hence lim,,_,, o, x,, = au.

Definition 1.1.2 Let E be a vector space and let || - || and || - ||2 be two norms on E. The norm || - ||2 is
equivalent to the norm || - ||y if there exists M, m > 0 such that for all x € X

mllzly < llzfls < Mzl

Definition 1.1.3 (Banach Spaces) Let (E,|.||) be a normed space. Then (E, ||.||) is said to be a Banach
space if every Cauchy sequence has a limit in E i.e. if ||z, — || — 0 as n — 00 and m — oo, there
exists v € X such that ||z, — x| — 0 as n — oo.

1.2 Inner Product Spaces, Hilbert Spaces :

Definition 1.2.1 Let E be a vector space over K. E is said to be an inner product space if there exists a
map (.,.) : B x E — K holds the following :

1. (z+y,z) = (x,2) + (y,2) forall x,y,z € X.

2. (Ax,y) = Nax,y) for all z,y € X and X € K.

3. (x,y) = (y,x) for any z,y € X.

4. (x,x) >0 for all z € X\{0}.
And we denote (X, (.,.)) is an inner product space, and the map (.,.) is called an inner product.
Remark 1.2.1 1. (z,y+ 2) = (z,y) + (x,2) for all z,y,z € E.

2. {x, \y) = Mz, y) for all v,y € E and X € K.

Theorem 1.2.1 (Cauchy-Schwarz inequality) Let (X, (.,.)) be an inner product space. Then we have

[z, )| < [, o)y, )|"* forallz,y € X
Moreover if |{z,y)| = [(z,z)|"/?|{y,y)|'/?, then x and y are linearly dependent.

Theorem 1.2.2 Any inner product space (X, (.,.)) is a normed space where ||z|| = |(z,z)|"/?, and this
norm is called the associated norm of the inner product.

@ Proof
Using the above properties of inner products we now verify that the given definition of ||z|| satisfies all the
defining properties of a norm :

L ||lz|| = (z,2)"? > 0.

2. ||z =0 <= (z,2)/?2 =0 <=2 = 0.
3. |laz|| = (az, ax)'/? = (a@)"/?(z,2)"/? = |a|||z|].
4z +yl? = [lz]* + 2Re(z, y) + [lyl®

< |lz|* + 2]|z||ly|| + l|ly|I* ( by Cauchy-Schwarz inequality )
= (Il + [ly[D>*.
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@ Remark
We can write Cauchy-Schwarz inequality that way

[z, < llzflllyl ~ for all z,y € X

Proposition 1.2.1 Let (X, (.,.)) be an inner product space and suppose that (), and (Yn),cy are
convergent sequences in X , with im, o x, = x and lim,,_,o yp, = y. Then lim, o (Tn, yn) = (z,y)

Theorem 1.2.3 Let (X, (.,.)) be an inner product space. Then we have :
1. Vo,ye X : le+yl>+lz—yll> =2z + |ylI*)  (Parallelogram law)
2. if X is a real vector space, then Vz,y € X : (z,y) = + {||z + y||* — ||z — y|*}

3. if X is a complex vector space, then

1
Ve,y € X @ (z,y) = 1 {lz+yll> = |z — yl> +il|z +iy||> —il|lz — iy||’}  (Polarization identity)

Where ||z|| = |(x, z)|"/? and i is the imaginary unit of complexr numbers (i = —1).

Definition 1.2.2 Let H be a vector space over C. H is said to be a Hilbert space if it is an inner product
space and H with associated norm is a Banach space, and we denote (H,(.,.)) is a complex Hilbert space.

Exempel 1.2.1

@ The euclidean inner product in C"(n € N) is defined as follows :
k=n
Yoy € C (wy) =) bk
k=1

C™ with its euclidean inner product (C™,(.,).) is a Hilbert space.

@ Consider the following vector space over C, (*(C) = {z = (2,),.y CC; Yoo, |z, < 0o}

This space is a Hilbert space when it is endowed with the following inner product:

+oo
Vo,y €0 (,y)e =TT
n=1

@ If f g € L*(X) then fg € L'(X) and the function (-,-) : L*(X) x L*(X) — F defined by
(f.9) = [ fgdp is an inner product on L*(X). This inner product will be called the standard inner
product on L*(X).

1.2.1 Riesz representation theorem :

Let H be a Hilbert space over R or C, and ¢ € H’ be bounded linear functional on H.

Theorem 1.2.4 For every ¢ € H', there exists a unique f € H, such that for every v € H we hav
(o) =C(v|f)  VveH

Moreover,
[l = 1./l

@ Proof
Denote by

N(p) ={v € H;(p,v) =0}

Aymen Zaoui 7
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the nul subspace of ¢.N(y) is a closed subspace of H. If (p,v) = 0 for every v € H, then it suffices
to choose f = 0. Assume that ¢ # 0, then, N(¢) # H, consequently, (N(p))t # {0} and H =
N(p) @ (N(¢))* and there exists z € (N(p))* such that (¢, z) # 0, Clearly z # 0 and one can take

(p,z) = 1.

For every v € ‘H we have

<907U - <()07 U>Z> = <907 U> o <907,U><907 Z) =0,
Thus, v — {p,v)z € N(p) and since z € (N(¢))* one gets

(v = g}z | 2) =0

Set f = %, then

[[2112

(v]2) = (p,0)(z | 2) = (g, )| 2]1*.
Thus,

a2\,
) =R ‘< ||z||2> Wl

This completes the proof of the first statement. On the other hand, let ||v|| < 1, then,

el = sup [(p,0)| = sup [{f [v)] < sup [[f[[[[oll < [[f]lo:

vll<t [oll<1 [oll<1
Set v = ﬁ, then ||v|| = 1, we have
e, I _ 1)
lell = [, v)] = = = I/l
1/l 1/l

Thus, ||¢llw = [|f|x-

1.3 Definitions and basic properties in B(H) :

Definition 1.3.1 1. mapping T from H to H s said to be a linear operator if it satisfies the following:
(1) Additive : T(x+y) =Tz +Ty Vo,yeH
(2) Homogeneous : T(Ax) = NTx Nz € H and VA € C

2. A linear operator T on H is said to be bounded if it satisfies:

de>0 VeeH: |[Tz|| <z

Definition 1.3.2 The set of all bounded linear operators on H is an unitary algebra over C denoted by
B(H), where the addition, the external product and the product are defined as follows : Let T, S € B(H)
and A € C :

(1)VeeH (T+S)xr=Tx+ Sx

(2)VxeH (N)x= Nz

(3)VxeH (TS)xz=T(Sx)

And the unitary element is I the identity (Ix = x,Vo € H), moreover B(H) is a Banach algebra when
we equip it with the following norm: Let T € B(H), then

1T = inf{c >0 ||z < cllz|  for all z € H}

Aymen Zaoui 8
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Theorem 1.3.1 Let T € B(#H). Then

|7 = sup{|I Tl : Jl2l| = 1} = sup {M we H\{O}} — sup{[{Tz, )| - ||l = 1yl = 1}

]l
Proposition 1.3.1 Let T, S € B(H) and n € N. Then:
(1) veeH |[Tz| < [T
(2) TS|l < [|T][IS]
)T < T"

Definition 1.3.3 Let T' € B(H). Then T is said to be invertible if there exists S € B(H) such that
TS = ST =1, in which case S is the inverse of T and it is denoted by T, and Z(H) denotes to the set
of all invertible operators in B(H).

Lemma 1.3.1 Let T, S € Z(H), and n € N. Then:
(1) The inverse of T~ is T.

(2) The inverse of ST is T~1S™.

(3) The inverse of T™ is T-" (T~ = (I"")").

Lemma 1.3.2 (Banach’s Isomorphism Theorem) Let T' € B(H). If T is bijective, then T invertible.
The result of Banach’s Isomorphism Theorem is that in B(H), when T~ exists, then it is bounded.

Theorem 1.3.2 ( (Neumann series)) Let T' € B(H) such that |T|| < 1. Then I — T is invertible and
the inverse given by

1
17|

I-T)'=)"1T" and |I-T7)7"<

Theorem 1.3.3 Let T' € B(H). Then the following are equivalent :
(1) T is invertible.
(2) R(T) is dense in H and there exists o > 0 such that ||Tx|| > a||x|| for all x € H.

@ Proof
(1) = (2) Since T is invertible, then R(T) = H which means that R(T") is dense in H. And Vy €
Ho Tyl < T7H lyll, let = € H setting y = Tz, and since T is invertible | T # 0, we get :

|z = [|[T'Tz|| < |77 1 T2|| = || T=| > HT’lH_l |z|| for all z € H.

we have that: Ve H: |[Tz| > ||T_1H_1 |||

(2) = (1) Since R(T) is dense in H <= R(T") = H, and since there exists o > 0 such that ||Tz| > o z]|
for all x € H, and Let (yn),cy C R(T) and y € H such that y, — v, since (yn), ey C R(T), there
n—oo

exists (z),cy C H such that Vn € N g, = Tx,, based on the assumption, we have: Vn,m € N :

|Yn = Ymll = [|[T2p — Tl > oz, — 2y, since (yn),cy is convergent, then limy, ym—oo [[Yn — yml| = 0

= limy oo |70 — Tm|| = 0 <= (2n),,cy is @ Cauchy sequence. Since (H, ||||) is a Banach space, then

there exists x € ‘H such that x, — x We know that Vn € N g, = Tz, using the boundedness of T', we
n—oo

obtain:

y = lim y, = lim Txn:T<lim xn) =Tr =y =Tz, then y € R(T).
n—oo n—oo n—oo

Hence R(T) = R(T') <= R(T) is closed. = R(T) is closed, then R(T") = H. On the other hand, let
rENT)<=Tr=0=0=|Tz|| > aljz]| = ||z|| =0 <= 2 =0 Then N(T) C {0} = N(T) = {0}
Hence T is bijective, we conclude that T is invertible.

Aymen Zaoui 9
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1.3.1 The adjoint of a linear operator

Theorem 1.3.4 Let T' € B(H). Then there ezists a unique T* € B(H) such that

Ve,y e (Tz,y) = (z,T"y)
Let T € B(H). The operator T* is called the adjoint of T

@ Proof Consider f(z) = (Tx,y) Va € H. First of all let’s prove that f € H' for every arbitrary y € H.
fislinear: Let x,z € Hand A€ C: f(Ax+2) = (T(A\x+2),y) = NTax+Tz,y) = NTx,y)+(Tz,y) =
Af(z) + f(z) f is bounded for every arbitrary y € H : Let z € H, using the boundedness of T and
Cauchy-Schwarz inequality, we obtain:

[f (@) = [Tz, y)| < [[Tlllyll < 1Tyl

Therefore
Je= Tyl =0 VeeH [f(z)] <c|z|
Then f € H’' for every arbitrary y € H. Applying Riesz’s representation theorem on f, we get For

every arbitrary y € H, there exists a unique z € H such that f(z) = (Tx,y) = (x,z) We set for every
y € H T*y =z (the uniqueness of the element z for every y enables us to say 7™ is well-defined) Hence

Ve,ye H (Tx,y) = (x,T"y)

Now we need to prove that 7% € B(H) Let A € C and v,y € H, then (T'z,y1) = (x,T*y;) and
(Tx,ys) = (x,T*ys) for every x € H

(Tx,  \y1 +y2) = (x, T (A\y1 + y2))  for every x € H
(T, My1 + y2) = AT, y1) + (T, y2) = A, T*y1) + (@, T y2) = (2, AT y1 + T o)
Then Ve € H  (x, NXT*y; + T*y2) = (x, T* (Ay1 + y2)), which gives us
VeeH (x,XT"y+Tys —T" (Ay1 +y2)) =0

Hence T* (Ay1 +y2) = XT*y; + T*ys, then T* is linear. Let’s prove that 7% is bounded, using the
boundedness of 7" and Cauchy-Schwarz inequality we get

VyeH T y|” = (T, Ty) = (TTy,y) < |ITT*y| Iyl < ITINT ] lly]

Thus VyeH ||[T*y|| < ||T|||y|l, therefore T* is bounded. Then T* € B(H). We just still need to prove
the uniqueness of 7*. Assume that there exists S € B(#H) such that Va,y € H (Tz,y) = (x, Sy), then:

Ve,ye H: (z,Ty) = (x,Sy)
Ve,yeH: (z,T"y— Sy)=0
VyeH: T'y=>Sy
Hence T* = S, so T* is unique.

Proposition 1.3.2 Proposition 2.1. Let T, S € B(H) and A € C. Then:
(1) (T +S) =T+ 5*

(2) (\T)* = \T*

(3) (TS)* = S*T*

(4) (1) =T

() T = [T

(6) |T°T|| = ||T?

(7) The function f: B(H) — B(H) by f(T) = T* is bounded (continuous).
(8) T =0 in and only if T*T = 0. .

(9) Let n € N, then (T”)* = (T*)".

(10) N(T) = (R(T7))".

(11) N (T*) = (R(T))*.

(12) N (T*) = {0} if and only if R(T) dense in H.

Aymen Zaoui 10
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Definition 1.3.4 Let T' € B(H). Then T is called:
1. Self-adjoint operator : T* =T.
2. Normal operator : TT* =T*T.

3. Positive operator : Yx € H : (Tx,z) > 0, and we denote T > 0.( T is strictly positive operator if
Ve e H\{0}: (Tz,z) >0, and we denote T >0 )

4. Unitary operator : TT* =TT = 1.

5. Isometry operator : T*T = 1.

6. Projection operator : T =T.

7. Orthogonal projection operator : T? =T = T*.

Theorem 1.3.5 Let T' € B(H). Then: (1) T is self-adjoint if and only if (Tx,xz) € R for all x € H.
(2) T is normal if and only if ||Tx| = ||T*x|| for all x € H.
(8) T is unitary if and only if |Tz|| = ||T*z|| = ||z|| for all x € H.

@ Proof (1) Assume that 7T is self-adjoint, then Vo € H(Tz,x) = (x,T*z) = (z,Tx). Then (Tz,x) =
(T'x,z), therefore (T'z,z) € R for all z € H. Conversely, suppose that (I'z,z) € R for all x € H, then
(Tx,z) = (x,Tx) = (T*z,x) = (T —T*)x,z) =0 forallx € H. we get T —T* =0, hence T is
self-adjoint.

(2) T'isnormal <= T*T —TT*=0«<=VYe e H: (T"T-TT*)z,z)=0

= VeeH: (I"Tx,x)=(TT"x, )
—=VeeH: (Tz,Tz)= <T*a: T*x)

—=Vret: |T|?=|T*|

= VeeH: ||Tz|| =T

(3) Assume that 7" is unitary <= T7T* = T*T = I, then T is normal <= ||Tz|| = ||T*z||Vz € H. So
we just need to prove that Vo € H @ ||[Tx| = ||z]|. |Tz|?> = (Tx,Tz) = (T*Tx,z) = (z,z) = ||z|?
therefore  ||Tz|| = ||T*z| = ||=|| for all z € H. Conversely, suppose that ||Tz| = ||T*z| = ||z| for all
x € H, then TT* = T*T (using (2)). So we just need to prove that 7*T = I, we have that ||Tz| = ||z||
for all x € H. Then: ||Tz|* = (Tz,Tx) = ||z|* = (z,z) = (I"Tz,z) = (z,2) = (T*T — I)x,z) =0
for all x € H = T*T = I. Thus T is unitary.

Theorem 1.3.6 If T' € B(H) is self-adjoint, then ||T'|| = supy,—; (T, z)|.

@ Proof
Let ||z|| = 1, we know that |(Tz, z)| < ||Tz|/||z|| < |T||||z||*> = ||T||. Then

Sup (T, )| < [T

z||=1

Setting fr = supj, = [(T'z,z)|, then Vo € H . [(Tx,z)| < Brz|]*>. Since T is self-adjoint, we have
R(Tz,y) = 1((T(x+y),z+y) — (T(x—y),z—y)) for all z,y € H. Then:

Ve,ye H:  |[R(Tz,y)| <

(T (z+y),z+y)l+ [Tz —y),z—y)l)

< =Br (lz +y|” + [z — y|*)

[l N N R

= 580 (ll” + lly1*)

Set y = Tx for all ||z|| = 1 such that |Tz|| # 0, we obtain:

IIT I

(R(Tz, Tx)| < fBr
|Tz|| < fBr
sup| =1 | Tz| < Br

1
el
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Then
1T < Sup [(T'z, x)|
z||=1

we get that || 7| = sup, = [(Tz, x)|.

1.3.2 Spectrum of a bounded operator

Definition 1.3.5 The spectrum of the operator T is the set

o(T):=C—p(T)={X € C;(T — \) is not invertible }
The set o(T) is divided on three parts:

1. Punctual spectrum

o,(T) = {\ € C; (T — \I) is not injective }

2. Continuous spectrum

(T) = A € C; (T — \) is ingective
Ot )= Im(T — A\I) # E and is dense in X |~

3. Residual spectrum

(T) = A € C; (T — M) is injective
9T Im(T — M) # E and is not dense in X |

Exempel 1.3.1
Let p € Cand T = pul. We have T'— A = (u — A\)I. Thus, T'— A\ is invertible if and only if A\ # p,

then o(T) = {u} et p(T) = C' = {u}.

Theorem 1.3.7 Let H be a Hilbert space and T € B(H) , then,
Df A > (|IT], A & o(T).
2) o(T) is closed in C.

@ Proof

1) If [A| > [|T'||, then ||[A"'T'|| < 1 consequently, I — A~'T" is invertible, and ' — A\l = $(A™'T — I) is also
invertible, then \ ¢ o(T).

2) Define F : C — B(H) by F(A\) =T — A. We have ||[F(\) — F(u)|| = ||(g — MI|| = |A — ul, then
F' is continuous (it suffices to choose o = ¢ in the definition of continuity). Let C' be the set of all non-

invertible operators. It is a closed set because the set of all invertible operators is open. Consequently,
o(T) = F7Y(C) is closed.

Remark 1.3.1 . The spectrum of an operator T is a closed bounded set, then compact set included in C.
It is in the circle of center at the origin and radius ||T||.

Remark 1.3.2 Let T € B(H) then
p(T*)={reC:repT)},
o(T*)={AeC:xea(l)}
@ Proof B B
If A € p(T), then T'— A is invertible, consequently, (7" — AI)* = T* — Al is invertible. Thus, A € p (T™).

Similarly, if A € p(T*) then X=X¢€ p(T). Therefore, A € p(T) <= X € p(T*) which is equivalent to
ANeo(T) <= A€o (TY).

Aymen Zaoui 12
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Theorem 1.3.8 Let H be a Hilbert space over C, and T € B(H) then,
1) For any polynomial p, we have o(p(T)) = p(a(T)) = {p(\); A € o(T)}.
2) If T is invertible o (T™1) = {\"t: X e o(T)}.

@ Proof
1) Let ¢(2) = p(2) — p(A), since g(A) = 0, then ¢(z) = (z — A\)r(z) and ¢(T) = (T'— A\ )r(T'), where r(z) is
a polynomial.

If X € o(T) then (T — M) is not invertible, consequently, ¢(T") = p(T') — p(A\)I = (T — M )r(T) is not
invertible, therefore, p(\) € o(p(T)).

Reciprocally, let A € o(p(T)) and define the polynomial ¢(z) = p(z) — A. The polynomial p(z) can be
written ¢(z) = ¢(z — 1) (2 — p2) -+ (2 — ) for some ¢ # 0 and py, po, -+, € C. Since X € o(p(T))
then ¢(T') = p(T)— I is not invertible, accordingly, there exists 1 < i < n such that T'—p; I is not invertible.
Therefore, p; € o(T). On the other hand, ¢ (u;) = p (u;) — A = 0, which gives A = p(u;) € P(o(T)).

2) Since T is invertible, then 0 ¢ o(T'). Thus, every A € o(T') can be written A = p~!, and we have

T7'—pl = —pT™(T — \)
T— M =-\T(T7" = pl)

where —pT~! and AT are invertibles. Consequently, 7! — uI is not invertible if and only if T — I is
not invertible. Thus,

p=A"'eo(T") <= reo(l)
and o (T ={\1teC:Neo(T)}.

1.3.3  Spectral radius and Numerical range and Numerical radius of a linear operator in B(H)

@ Spectral radius

Definition 1.3.6 . Let T' € B(H). The spectral radius of T is denoted by r(T'), and it is defined as follows

r(T) = sup [}l
Aeo(T)

Needless to say that supyc,(ry |A| exists and finite. (remember that o(T) is a compact non-empty set)

Remark 1.3.3 Let T € B(H), then r(T) < ||T||.

@ Proof
If|A > ||T|| = A € p(T), then VA € o(T) : |A| < ||T||. Thus SUD \eo (1) IA| < [|T||, therefore »(T) < ||T|.

Proposition 1.3.3 Let T,S € B(H),a € C and n € N. Then:

(1) r(aT) = [a|r(T).
(2)r(T") =r(T)".
(3) r(T'S) = r(ST).
(4) r(T") = r(T).

Theorem 1.3.9 (Gelfand’s formula) Let T € B(H). Then :
. T nd
r(T) = lim [T = f 77|
Theorem 1.3.10 Let T\, S € B(H) such that T commutes with S i.e. TS = ST. Then :

r(TS) <r(T)r(S)
r(T+S)<r(T)+r(S)
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Proposition 1.3.4 Let T € B(H) be normal. Then r(T) = ||T|.

@ Proof )
we have Vn € N : ||[T"|| = ||T||" = limysoo |77 = || T|-
Since r(T) = lim,, ||[T"||" = r(T) = ||T|.

@ Numerical range

Definition 1.3.7 Let T € B(H). The numerical range of T is denoted by W(T), and it is defined as
follows :

W(T) = {{Tw,z) : [lz] = 1}

Proposition 1.3.5 Let T, S € B(H),a, 8 € C and U € B(H) be unitary. Then:

(1) W(aT + BI) =aW(T)+ B ={az+p:2€ W(T)}.

(2) W(T +8) c W(T) +W(S).

(3) W(T*)={z:2e W(T)}.

(4) WR(T)) =RW(T) ={Rz: z € W(T)} and W(S(T)) = SW(T) ={Sz: 2 € W(T)}.
(5) W (U*TU) = W(T).

Proof.
@ Proof

(1) Let € H such that ||z|| = 1, then:

(T + )z, x) = a(Tx,z) + Bz, z) = a(Tz,x) + = W(aT + BI) = aW(T) +

(2) Let « € H such that ||z|| = 1, then:
(T + S)x,z) = Tz,z) + (Sx,x) e W(T)+W(S) = W((T +S) Cc W(T)+ W(S)

(3) Let x € H such that ||z| = 1, then:

(T*zv,z) = (x,Tz) = (Tx,z) =W (T*)={2: 2 € W(T)}

(4) Let 2 € H such that ||z]| = 1, we know that R(T) = 5 (T’ + T*) and S(T') = 5 (T'— T*), then

1 1 1 1 —
Thus W(R(T)) = RW(T), and processing the same the way, we obtain W ((T")) = SW(T).
(5) Let € H such that ||z|| = 1, and since U is unitary, we have ||[Uz| = ||z| = 1, then:

(U*TUz,z) = (TUz,Uz) € W(T) = W (U*TU) c W(T)

Since U is surjective, then for all ||z|| = 1,3y € H such that = Uy, we have ||y|| = |Uy|| = ||z]| = 1,
then:
(T, z) = (TUy, Uy) = (U"TUy,y) € W (U*TU) = W(T) C W (U*TU)

Hence W (U*TU) = W(T).

Proposition 1.3.6 Let T € B(H) and a € C, then:
1) W(T) ={a} if and only if T = al.
2) If H is a finite dimensional space, then w(T') is compact.
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@ Proof
1) If T = al, it is obvious that W(T) = {«a}. Assume that W(T) = {a} = Va € H where ||z| =
1: (Tz,x)=a. Then VreH (Tz,z)=ca|z|*=a(r,z) =VreH (T-al)z,x)=0. Thus
T = ol as desired.
2) Since H is a finite dimensional space, then the unit sphere Sy is compact. ( Sy = {zx € H : ||z|| =1} )
Define f : Sy — C by f(x) = (T'z, x), then f is continuous, since: Va,y € Sy :

|f(x) = fW)| = (Tz,z) — (Ty,y) + (Ty,r) — (Ty,z)| = {Tx — Ty, z) + (Ty, v — y)|
[(T'x — Ty, z)| + [(Ty, x — y)|
|

<
< 171z = yllllzl + 1Tz = yllllyll = 20Tz =yl

Therefore f is continuous, and since W(T') = f (Sy), then W(T) is compact.
Theorem 1.3.11 Let T' € B(H) is self adjoint iff W (T) is real.

@ Proof
If T is self adjoint, we have, for all f € H, (Tf, f) = (f,Tf) = (Tf, f), and hence W(T) is real. Conversely,
if (T'f, f)isreal for all f € H, we have (T'f, f)—(f,Tf) =0= (T —T%) f, f). Thus the operator T"— T**
has only {0} in its numerical range. As will be shown in the next section, such an operator has to be the
null operator. So T'—T*=0and T =T".

Theorem 1.3.12 ( Toeplitz-Hausdorff Theorem) . The numerical range W(T') of any operator T is
a convex set in C.

@ Numerical radius

Definition 1.3.8 Let T' € B(H). The numerical radius of T is denoted by w(T'), and it is defined as
follows :

w(T) = sup [ = sup [(Tz,z)|
AEW (T) el =1

Proposition 1.3.7 The numerical radius w defines a norm on B(H).

@ Proof
(1) If T'= 0, it is clear that w(T") = 0. Now assume that w(7") = 0, then:

VAXeW(T): A=0<«<=VreHwhere|z|=1:(Tax,x) =0=VreH (Tx,x)=0.

Then T'=10. Hence T'= 0 <= w(T') = 0.
(2)Let T' € B(H) and « € C. Using the fact that W(aT') = aW (T'), we get:

waT)= sup [N = sup |aA =la| sup [A|=|a|W(T)
NeW (aT) AEW(T) AEW(T)

Thus w(aT) = |a|W(T).
(3)Let T,S € B(H). Using the fact that W(T'+ 5) C W(T) + W(S), we obtain:

wT+S)= sup [N\ sup Al = sup A1+ X < sup M|+ sup  |Ag]
AEW (T+S) AEW (T)+W (S) MEW(T) \2€W(S) AMEW(T) A€W (S)
Then w(T +S) < w(T)+ w(S). Therefore w is a norm on B(H).

Proposition 1.3.8 Let T € B(H). Then:

w(T) < [|IT| < 20(T)
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@ Proof

- Let € H such that ||z|| = 1, then:
(T, 2)| < [|T|ll|l=] < [T]]l]* = T]
Thus supy, =1 [(Tx, z)| < ||T|, therefore w(T) < [|T'[|. - Let z,y € H, then:

[l ]

’<Ti i>' < W(T) = |(Tz,2)| < (T) ]}

We have that (I'z,y) =
Therefore

((T(z+y),z+y)|+ K T(x—y),z =y + [(T(z+iy),r +iy)| + (T(z — iy),z —iy)|)

(T)

»-l>|>—‘

(T, y)| <

E

(I +yll* + llz =y + llo + iy |* + [l — iy]|*)

( ) (ll* + [ly11%)
Thus  [(Tz,y)| < w(T) (||z||* + |y||*) for all x,y € H, then:

1T = W Tyl < o () (Il* + llyl*) = 2w(T)
Z(=|Y||= x||=||y||=

Hence ||T|| < 2w(T).

(T(x+y),z+y) — (T(x—y),r—y) +i{T(x+iy), z+iy) —i{T(x —iy), v —iy)).

Aymen Zaoui
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Chapter 2

Elementary Spectral Theory

In this chapter we cover the basic resulte of spectral theory. The most important of these are the non-
emptiness of spectrum,Beurlings spectral radius formula,And the Gelfand representation theory for com-
mutative Banach algebra.

throughout this capter the ground field for all vector spaces and algebras is the the complaxe field C,unless
the cntrary is explicitly indicated in a particuler context.

2.1 Banach Algebras

We begin by setting up the basic vecabulary needed to discuss Banach algebras and by giving some
exampals.

Definition 2.1.1 1. An algebra is a vector space A together with a bilinear map:

A? - A (a,b) — ab

such that

Va,b,c € A a(bc) = (ab)c
2. A norm ||.|| A is said to sulmultiplicative if

labll < l[alllloll - Va,b e A.

In this case the pair (A.||.||) is called a normed algebra.
3. If A admits a unit 1(al = la = a,Va € A) and ||1|| = 1, we say that A is a unital normed algebra.
4. A complete normed algebra is called a Banach algebra.

5. A complete unital normed algebra is called a unital Banach algelra.
Remark 2.1.1 s A is a normed algebra, then it is ereident from the ins quality
lab — a'V'|| < [lall[|b = V]| + [la — /|| [IV']
that the multiplication operation (a,b) — ab is jontly continuous.

Definition 2.1.2 1. A subalgebra of A is a vector subspace B such that

Vb,b' € B=0b' € B
2. Endowed with the multiplication got by restriction B is itself an algebra.

3. A subalgebra of a normed algebra is obviously itself a normed algebra with the norm got by restriction.

17



CHAPTER 2. ELEMENTARY SPECTRAL THEORY

4. The closure of a subalyetra is a subalgebra.

d. A closed subalgebra of a Banach algeha is a Banach algebra.

Exempel 2.1.1

@ If Q) is a set, £°°(Q) the set of all bounded complex valued functions on €2, is a unital Banach algebra
where the operations are defined pointwise:

and the norm is the sup-norm

[flloe = sup [f ()|
€S

@ If () is a set, the set Cp(€2) of all bounded continuous complex-valued functions on Q2 is a closed
subalgebra of £°(2). Thus, Cy(Q2) is a unital Banach algebra.

Remarek
If © is compact set, C(2), the set of continuous functions from Q2 to C, is of course equal to Cy(€2).

@ If Q) is a locally compact Hausdorff space, we say that a continuous function f from 2 to C vanishes
at infinity, if for each positive number ¢ the set {w € Q||f(w)| > ¢} is compact. We denote the set
of such functions by Cy(€2). It is a closed subalgebra of C(£2), and therefore, a Banach algebra. It
is unital if and only if Q is compact, and in this case Cy(Q2) = C(Q2). The algebra Cy(Q2) is one of
the most important examples of a Banach algebra, and we shall see it used constantly in C*-algebra
theory (the functional calculus).

@ If (Q, 1) is a measure space, the set L>(Q, u) of (classes of) essentially bounded complex-valued
measurable functions on (2 is a unital Banach algebra with the usual (pointwise-defined) operations
and the essential supremum norm f +— || f||co-

@ If O is a measurable space, let B, (€2) denote the set of all bounded complex-valued measurable
functions on 2. Then B, (2) is a closed subalgebra of £>°(€2), so it is a unital Banach algebra. This
example will be used in connection with the spectral theorem in Chapter 3.

Remark 2.1.2 All of the above examples are of course abelian-that is, ab = ba for all elements a and
b,but the following examples are not in general.

@ If F is a normed vector space, denote by B(F) the set of all bounded linear maps from E to itself
(the operators on F ). It is routine to show that B(F) is a normed algebra with the pointwise-defined
operations for addition and scalar multiplication, multiplication given by (7, 5) — T o S, and norm
the operator norm:

T ()]
|T|| = sup = sup [|T()||
a0zl jap<a

If F is a Banach space, then B(FE) is complete (In fact, there is equivalence.) and is therefore a
Banach algebra.

@ The algebra M,(C) of n x n-matrices with entries in C . It is therefore a unital Banach algebra
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@ Recall that an upper triangular matrix is one of the form

)\11 )\12 e e )\1n
0 )\22 e e )\Qn
0 0 A3z ... Asp
0O 0 ... 0 X\

(all entries below the main diagonal are zero). These matrices form a subalgebra of M, (C).

Proposition 2.1.1 If (By),.; is a family of subalgebras of an algebra A, then NyerBy is a subalgebra,
also.

Definition 2.1.3 1. A left (respectively, right) ideal in an algebra A is a vector subspace I of A such
that
a€Aandbel = abel (respectively, right ba € I )

2. An ideal in A is a vector subspace that is simultaneously a left and a right ideal in A. ( 0 and A are
ideals in A called the trivial ideals.)

3. A maximal ideal in A is a proper ideal (that is, it is not A ) that is not contained in any other proper
ideal in A.

4. Maximal left (on right) ideals are defined similarly.

5. An ideal I is modular if there is an element u in A such that:

Vo€ A a—au€l anda—ua € 1.

Exempel 2.1.2

@ If wis an element of a locally compact Hausdorff space 2, and M, = {f € Cy(?) | f(w) = 0}, then
M, is a modular ideal in the algebra Cy(€2). This is so because there is an element u € Cy(2) such
that u(w) = 1, and hence, f —uf € M, for all f € Cy(€2). Since M, is of codimension one in Cy(f2)
(as M @ Cu = Cy(2)), it is a maximal ideal.

Proposition 2.1.2 1. If I is an ideal of A, then A/I is an algebra with the multiplication given by

(a+1)b+I1)=ab+1

2. If I is modular, then A/I is unital (if a — au,a —ua € I for all a € A, then u + I is the unit).
Conversely, if A/I is unital then I is modular.

3. If A is unital, then obviously all its ideals are modular, and therefore, A posesses maximal ideals.
4. If (I\) \ep s a family of ideals of an algebra A, then Nxeply is an ideal of A.

Theorem 2.1.1 If I is a closed ideal in a normed algebra A, then A/l is a normed algebra when endowed
with the quotient norm

la + I|| = inf ||a + b]|
bel
@ Proof
Let € > 0 and suppose that a,b belong to A. Then ¢ + ||a + I|| > |la+ /| and € + ||[b+ I|| > ||b+ /|| for

some a', b’ € I. Hence,

(e+lla+ I+ b+ 1]) > fla+d'|| b+ V] > [|ab + <]
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where ¢ = a'b+ab' +d'b € 1.
Thus, (¢ + ||la+ I||)(e + ||b+ I||) > ||ab+ I||. Letting ¢ — 0, we get ||a + I||||b + I|| > ||ab+ I]|.
that is the quotient norm is submultiplicative.

Definition 2.1.4 1. A homomorphism from an algebra A to an algebra B is a linear map ¢ : A — B
such that p(ab) = p(a)e(b) for all a,b € A.

2. We say ¢ is unital if A and B are unital and p(1) = 1.

Proposition 2.1.3 1. [Its kernel ker(y) is an ideal in A and its image p(A) is a subalgebra of B

2. If I is an ideal in A, the quotient map w: A — A/I is a homomorphism.

2.2 The Spectrum and Spectral Radius

Definition 2.2.1 Let C[z] denote the algebra of all polynomials in an indeterminate z with complex coef-
ficients. If a is an element of a unital algebra A and p € C|[z] is the polynomial

p=MX+ Azt A"

we set

pla) = Aol + Aa' + -+ \,a”
The map

Clz] = A, p—pla)

1 a unital homomorphism.

Definition 2.2.2 We say that a € A is invertible if there is an element b in A such that ab=ba = 1. In
this case b is unique and written a~'. The set

Inv(A) ={a € A| a is invertible }
15 a group under multiplication.

Definition 2.2.3 (the spectrum) We define the spectrum of an element a to be the set

ola) =0c4(a) ={A€C| Al —a¢Inv(A)}
We shall henceforth find it convenient to write A1 simply as .
Exempel 2.2.1

@& Let A = C(Q), where Q is a compact Hausdorff space. Then, the spectrum of a function f € A is
given by o(f) = f(€).

(a) Spectrum Definition:
o(f)y={ eC|A—f¢Inv(A)}.
(b) Invertibility Criterion: For g € C'(9),

g €Inv(A) <= 11615f2 lg(x)| > 0.

*(The inverse g~!(z) = ﬁ must be continuous and bounded.)*

(c) Case Analysis:
e Case 1 (A ¢ f(Q)): By compactness of f(€2), 30 > 0 such that:

inf | A= f(z)| >8>0 = A— f elnv(A).

€N
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e Case 2 (A € f(Q)): Jzp € Q with A = f(xg). Thus:

inf A — f(z)|=0 = A— f ¢ Inv(A).

z€eQ
(d) Conclusion:

Aea(f) < Xe f(Q).
Hence, o(f) = f(Q).

@& Let A=1°(Q), where ) is a non - empty set. then o(f) = f(Q2) Vf e A.

(a) Spectrum Definition: The spectrum of f is:
o(f) ={AeClA— [ ¢nv(A)}.
(b) Invertibility Criterion: A function g € ¢*°(2) is invertible if and only if:
inf |g(z)] > 0.
Thus, A — f is invertible precisely when:

inf |\ — f(x)] > 0.

FISY)

(c) Non-Invertibility Analysis:

o If X € f(92), there exists a sequence {x,} C Q such that lim,, f(z,) = A\. Consequently:

inf |\ — f(z)] = 0,

z€Q
making A — f non-invertible.

o If A ¢ f(Q), the distance dist(\, f(2)) =6 > 0, so:

inf |\ — f(z)] >0 >0,

€
ensuring invertibility of A — f.
(d) Conclusion: Combining these results:
o(f) = f(%).
@ Let A be the algebra of upper triangular n X n-matrices. If a € A, say

)\11 AlQ .. Aln
0 )\22 . )\2n

a = . . . .
0 ... 0 A\

it is elementary that

O'(G) - {)\117 AQQ? ey Ann}
Similarly, if A = M,,(C) and a € A, then o(a) is the set of eigenvalues of a.
Thus, one thinks of the spectrum as simultaneously a generalisation of the range of a function and

the set of eigenvalues of a finite square matrix.

Remark 2.2.1 1. Ifa,b are elements of a unital algebra A, then 1 — ab is invertible if and only if 1 —ba

1s 1nvertible. This follows from the observation that if 1 — ab has inverse ¢, then 1 — ba has inverse
1+ bea.
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2. A consequence of this equivalence is that o(ab)\{0} = o(ba)\{0} for all a,b € A.

Theorem 2.2.1 Let a be an element of a unital algebra A. If o(a) is non-empty and p € C[z], then

@& Proof
We may suppose that p is not constant. If u € C, there are elements Ay, ..., A\, in C, where \y # 0, such
that

p—p=X(z—X)...(z—=\)

and therefore,

pla) —p=X(a—A)...(a—\,)
It is clear that p(a) — p is invertible if and only if @ — Ay, ..., a — A, are. It follows that u € o(p(a)) if
and only if u = p(\) for some A € o(a), and therefore, o(p(a)) = p(o(a)).

Theorem 2.2.2 Let A be a unital Banach algebra and a an element of A such that ||a|| < 1. Then
1 —a€lInv(A) and

(1—a)” Za

@ Proof
Since Y07 o lla™]] < > flal|™ = (1 —|la]])~" < 400, the series Y a™ is convergent, to b say, in A, and
since (1 —a) (1+---+a") =1—a""" converges to (1 —a)b=b(1 —a) and to 1 as n — oo, the element b
is the inverse of 1 — a.

@ Remark

The series in Theorem 2.2.2 is called the Neumann series for (1 —a)™!,
Theorem 2.2.3 1. If A is a unital Banach algebra, then Inv(A) is open in A,

2. the map

Inv(A) = A, a~—a?

is differentiable.

@ Proof

1. Suppose that a € Inv(A) and ||b — a|| < |la™}|~". Then |[ba — 1| < [|b — a||a}]| < 1, so
ba~' € Inv(A), and therefore, b € Inv(A). Thus, Inv(A) is open in A

2. If be Aand ||b]| <1, then 1 +b € Inv(A) and

(L +0)7" =1 +b]| = i(—l)”b”—ub = i(—l)"bn

Z 161" = [IB][* /(1 — [[Bl))~"
—2
Let a € Inv(A) and suppose that [l < 1 [ja™![|™". Then [la~'¢| < 1/2 < 1, so (with b = a"'¢c ),

[ a0 1 e < fla el (1 flatel) " < 2 el
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since 1 — |la™'¢|| > 1/2. Now define u to be the linear operator on A given by u(b) = —a tba™'.
Then,

(a+o)™ —at —u(o)| = H (1+ a_lc)f1 al—at+ a_lca_lH

a1 < 2 (Jla [ el?)

< H(l + cflc)_1 —1+a'e

Consequently,

et —at — ()]

=0
e=0 el

and therefore, the map o : b — b~! is differentiable at b = a with derivative o’(a) = u.

Remark 2.2.2 The algebra C[z] is a normed algebra where the norm is defined by setting

[p|l = sup [p(A)]
[AI<1

Observe that Inv(C|z]) = C\{0}, so the polynomials p, = 1+z/n are not invertible. But lim, o p, = 1,
which shows that Inv(C[z]) is not open in C[z]. Thus, the norm on C[z] is not complete.

Theorem 2.2.4 1. Let A be a unital Banach algebra and let a € A. The spectrum o(a) of a is a closed
subset of the disc in the plane of centre the origin and radius ||al|.

2. the map

C\o(a) = A, X (a—A)"!
1s differentiable.

@ Proof

1. If |A| > ||a]|, then ||A"'al] < 1, so 1 — A~ta is invertible, and therefore, so is A\ — a. Hence, A ¢ o(a).
Thus, A € g(a) = |A| < ||la]]. The set o(a) is closed, that is, C\o(a) is open, because Inv(A) is open
in A.

2. Differentiability of the map A + (a — \)~! follows from Theorem 2.2.2.

Definition 2.2.4 (the Spectral Radius) If a is an element of a unital Banach algebra A, its spectral
radius is defined to be

r(a) = sup ||
A€o (a)

Remark 2.2.3 By Remark 2.2.1, r(ab) = r(ba) for all a,b € A.
Exempel 2.2.2
@ If A= C(Q), where € is a compact Hausdorff space, then r(f) = || f|l(f € A).

@ Let A= My(C) and
A
“=\o0 o0

Then ||a]| = 1, but 7(a) = 0, since a* = 0.
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Theorem 2.2.5 (Beurling) If a is an element of a unital Banach algebra A, then

n”l/n n||1/n

r(a) = 11;fi ||la = lim ||a
n> n—00

@ Proof
If X € o(a), then A" € o (a™), so |A"| < ||a”||, and therefore, r(a) < inf,s [la®]|*™ < liminf, o |la™||*/".
Let A be the open disc in C centered at 0 and of radius 1/r(a) (we use the usual convention that
1/0 = +o0). If A € A, then 1 — Xa € Inv(A). If 7 € A*, then the map

fiA=CA=T(1-Xa)™)
is analytic, so there are unique complex numbers A, such that
FO) =D AA" (AeA)
n=0

However, if |A| < 1/[|a|[(< 1/r(a)), then ||Aa|| < 1, so

(1—Xa)' = Z A"a"
n=0

and therefore,

FO) =D AT (a”)

It follows that A, = 7 (a™) for all n > 0. Hence, the sequence (7 (a™) A™) converges to 0 for each A € A,
and therefore a fortiori, it is bounded. Since this is true for each 7 € A*, it follows from the principle of
uniform boundedness that (A\"a™) is a bounded sequence. Hence, there is a positive number M (depending
on ), of course) such that ||\"a"|| < M for all n > 0, and therefore, |[a||"/™ < MY /|\| (if A # 0 ). Conse-
quently, lim sup,,_, Ha”Hl/n < 1/|)\|. We have thus shown that if r(a) < |[A\7!|, then lim sup,,_, ., ||a”||1/" <
IATH. Tt follo/ws that limsup,,_,_ [|a"||'™ < r(a), and since r(a) < liminf, o [|a”||"", therefore r(a) =
limy, o0 [l

Exempel 2.2.3

@ Let A be the set of C'-functions on the interval [0,1]. This is an algebra when endowed with the
pointwise-defined operations, and a submultiplicative norm on A is given by

1A= lle + 1/ (f € A)

It is elementary that A is complete under this norm, and therefore, A is a Banach algebra.
Let z:[0,1] - Cjt — x(t) =t.
so x € A. Clearly, ||2"|| = 1+ n for all n, so r(x) = lim, ,o(1 +n)Y/" =1 < 2 = ||z

Remark 2.2.4 Let A be a normed algebra and suppose that x,y € A are such that xy = yx. Then

1. r(zy) <r(z)r(y)
2. r(x+y) <r(z)+ry).

@ Proof
1. Since (zy)" = a™y" for all n € N, For every z € A, r(z) = lim,_,o [|z"["/". yields that

r(ey) = lim [l2"y | < limm o Lo ") = r(a)r(y)
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2. The proof of the second inequality requires much more effort. Take any a > r(x) and 5 > r(y) and
set a = (1/a)x and b = (1/5)y. Then r(a) < 1 and r(b) < 1.

Because x and y commute, we have

1/n

nnl/n - n i n—iq
u@+m>n/—‘ ()wyﬂ
0 J

j=

< (3o (M)ars o b"ﬂ'n)l/n.

Jj=0

For each n € N, choose n’,n” € Ny such that n’ +n” = n and

With this choice of n' and n” we have

, e
a = max [|o’|[ - [|o" ]|

0<j<n

"

(e +y) = Jim [z + )"

1/n 1/n

< (a+ f) liminf ‘ a”
n—oo

bn// ‘

Now, the sequence (n’/n), C [0,1] has a convergent subsequence (nj,/ny), with limit v, say. If v # 0,
then nj, — oo and hence

/ 1/nk
lim ||a"™* =r(a)’ <1
k—o0
whereas if v = 0, then
/ Nk . /
lim sup ||a"* < lim ||a|™/™ < 1
k—00 k—o0

Thus, in either case,

1/ng

lim sup Ha"gc <1
k—ro0
Similarly, since (nj,/ny), converges,
. " 1/nk
lim sup ||b"* <1
k—o0

The above upper estimate for r(z + y) now shows that r(x + y) < o + . Since this holds for all
a>r(r) and 8 > r(y), it follows that r(x + y) < r(x) + r(y).

Definition 2.2.5 (the holes) Recall that if K is a non-empty compact set in C, its complement C\ K
admits exactly one unbounded component, and that the bounded components of C\K are called the holes

of K.
Theorem 2.2.6 Let B be a closed subalgebra of a unital Banach algebra A, containing the unit of A.

1. The set Inv(B) is a clopen subset of BN Inv(A).
2. For each b € B,

oa(b) Cop(b) and 0Oop(b) C doa(b)
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3. If b € B and 04(b) has no holes, then c,(b) = op(b).

@ Proof

1. Clearly Inv(B) is an open set in B N Inv(A). To see that it is also closed, let (b,) be a sequence in
Inv(B) converging to a point b € BN Inv(A). Then (b,') converges to b~! in A, so b~! € B, which
implies that b € Inv(B). Hence, Inv(B) is clopen in B N Inv(A).

2. (a) If b € B, the inclusion 04(b) C op(b) is immediate from the inclusion Inv(B) C Inv(A).

(b) If A € dop(b), then there is a sequence (\,) in C\op(b) converging to A. Hence, b— X, € Inv(B),
and b—\ ¢ Inv(B), so b— X ¢ Inv(A), by Condition (1). Also, b—\, € Inv(A), so A, € C\oa(b).
Therefore, A € do4(b). This proves Condition (2).

3. If b € B and 04(b) has no holes, then C\o4(b) is connected. Since C\opg(b) is a clopen subset of
C\oa(b) by Conditions (1) and (2), it follows that C\c4(b) = C\op(b), and therefore, o 4(b) = o5(b).

Theorem 2.2.7 Let A be a unital Banach algebra.

1. Ifa€e A and [ : R — A is differentiable, f(0) =1, and f'(t) = af(t) for allt € R, then f(t) = e
for allt € R.

2. If a € A, then e* is invertible with inverse e~*, and if a,b are commuting elements of A, then

e+t = eteb,

@ Proof

1. First we observe that if f : R — A is defined by f(t) = €', then f(t) = > 2 t"a"/nl, so dif-
ferentiating term by term we get f'(t) = af(t). Now suppose f,g are any pair of differentiable
maps from R to A such that f/(t) = af(t) and ¢'(t) = ag(t) and f(0) = g(0) = 1. Then the map
h:R— At~ f(t)g(—t), is differentiable with zero derivative (apply the product rule for differen-
tiation). Hence, h(t) = 1 for all ¢ € R. Applying this to the map t — €', we get e’®e™™ = 1; in
particular, e“e”* = 1.

It follows that if f : R — A is differentiable, f(0) = 1, and f'(t) = af(t) for all ¢, then f(t) =
e (set g(t) = €' and get f(t)e ™ =1, s0 f(t) = '),

2. Now suppose that @ and b are commuting elements of A and set f(t) = e'@®. Then f(0) = 1 and
f'(t) = e'be® + aetee!® (by the product rule) = (a + b) f(t). Hence, f(t) = e!@*¥ for all t € R, so, in
particular, et = f(1) = e%e®.

Theorem 2.2.8 Let A be a unital abelian Banach algebra.
1. For all a,b € A.then o(a+b) C o(a) + o(b)
2. For all a,b € A.then o(ab) C o(a)o(b)

Remark this is not true for all Banach algebras.

Exempel 2.2.4

@ Counterexample: A = M;,(C)

1. Violation of Spectral Inclusion for Sums:

0 1 00
Take ¢ = (0 0) ,d = (1 0). Then:

olc+d)={1,-1}, o(c)+oa(d) ={0}.
Thus, o(c+d) € o(c) + o(d).
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2. Violation of Spectral Inclusion for Products:

01 0 0
Take x = (0 0) JY = (1 0). Then:

=g 9)+ ol = 0.1} lalats) = {0}

Thus, o(zy) € o(x)o(y).
Theorem 2.2.9 Let A be a unital Banach algebra.
1. If a is invertible in A, than o (a™') = {\"' | A € o(a)}.
2. For any element a € A, than r (a™) = (r(a))".
Theorem 2.2.10 If a is a hermitian element of a C*-algebra A, then o(a) C R.

@ Proof

We may suppose that A is unital. Since e’ is unitary, o (') C T. If A € o(a) and b=~ i"(a—\)""!/n!
then e — ¢ = (e"(a”‘) — 1) e = (a— \)be™. Since b commutes with a, and since a — ) is non-invertible,
e’ — e is non-invertible. Hence, ¢** € T, and therefore A € R. Thus, o(a) C R.

2.3 The Gelfand representation

The idea of this section is to represent an abelian Banach algebra as an algebra of continuous functions
on a locally compact Hausdorff space. This is an extremely useful way of looking at these algebras, but in
the case of the more ”complicated” algebras, the picture it presents may be of limited accuracy.

Theorem 2.3.1 Let A be an abelian Banach algebra.
(1) If A is unital, then

ola)={7(a) | T€ QA)} (a€ A

(2) If A is non-unital, then

ola)={7(a) | T€ QA }U{0} (a€A)

@ Proof

If A is unital and a is an element of A whose spectrum contains A, then the ideal I = (a — A\)A is proper,

so [ is contained in a maximal ideal 1.3. The Gelfand Representation 15 ker(7), where 7 € (A). Hence,

7(a) = A. This shows that the inclusion o(a) C {7(a) | 7 € Q(A)} holds, and the reverse inclusion is clear.
Now suppose that A is non-unital, and let 7. : A — C be the canonical homomorphism. Then

QA) = {7 | 7 € QA)} U {7}, where 7 is the unique character on A extending the character 7 on A.

Hence, by Condition (1), o(a) =0j4(a) = {7(a) | 7 € QA)} = {7(a) | 7 € Q(A)} U{0} for each a € A.

Theorem 2.3.2 ( Gelfand Representation ) Suppose that A is an abelian Banach algebra and that
Q(A) is non-empty. Then the map

A = Co(QA)),a — a

1S a norm-decreasing homomorphism, and

r(a) = llalle (a € A)
If A is unital, o(a) = a(QA)), and if A is non-unital, o(a) = a(Q(A)) U {0}, for each a € A.
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@ Proof
By Theorem 2.3.1 the spectrum o(a) is the range of a, together with {0} if A is non-unital. Hence,
r(a) = ||a@||oo, which implies that the map a — @ is norm-decreasing. That this map is a homomorphism is

easily checked.

Theorem 2.3.3 (Gelfand) If a is an element of a unital Banach algebra A, then the spectrum o(a) of a
18 mon-empty.

@ Proof Suppose that o(a) = () and we shall obtain a contradiction.
If |A] > 2[|al|, then ||A~'a|| < 3, and therefore, 1 — [[A"*a|| > 3. Hence,
— -1 = _ n
0= 2""a) " =1l =) (A a)" |
n=1

1A ~al

-1
ST <2[Aaf| <1

< 2, and therefore,

Consequently, H(l — A la)™!

la=27 = A (= 2"0) | < 2/ < fall

(a # 0 since o(a) = 0). Moreover, since the map A — (a — A\)~! is continuous, it is bounded on the
(compact) disc 2||a||D. Thus, we have shown that this map is bounded on all of C; that is, there is a

positive number M such that [[(a — \) 7| < M(\ € C).
If 7 € A*, the function A — 7 ((a — A\)™!) is entire, and bounded by M]||7||, so by Liouville’s theorem in

complex analysis, it is constant. In particular, 7 (a=!) = 7 ((a — 1)7!). Because this is true for all 7 € A*,
we have a™! = (a — 1)7!, s0o a = a — 1, which is a contradiction.
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Chapter 3

C*-algebras

In this chapter we commence our study of C*-algebras and of operators on Hilbert spaces. Hilbert spaces
are very well-behaved compared with general Banach spaces, and the same is even more true of C*-algebras
as compared with general Banach algebras. The main results of this chapter are a theorem of Gelfand,
which asserts that (up to isomorphism) all abelian C*-algebras are of the form Cy(2), where 2 is a locally
compact Hausdorff space, and the spectral theorem. This theorem enables us to ”synthesize” a normal
operator from linear combinations of projections where the coefficients lie in the spectrum. It is a very
powerful result.

3.1 Definition and Examples

We begin by setting up the basic vecabulary needed to discuss C*-algebras and by giving some exampals.
Definition 3.1.1 1. An involution on an algebra A is a conjugate-linear map
x: A— A
a— a”

such that

a*=a , (ab)" =b"a" Va,be A.
the pain (A, ) is called an involutive algebra or a *-algebra.

2. A Banach *-algebra is a *-algebra A together with a complete sulemultaiplicative norm such that

la*]] = llall Vo e A

3. if A has a unit such that ||1]| = 1, we coll A a unictal Banach *-algebra.
4. A C*-algebra is a Banach*-algelna such that

laall = lla]l* (a € A)

Exempel 3.1.1

@ The scalar field C is a unital C*-algebra with involution given by complex conjugation A — .

@ If Q is a locally compact Hausdorff space, then Cy(Q2) is a C*-algebra with involution f > f.
Similarly, all of the following algebras are C*-algebras with involution given by f + f :
(a) €2°(S) where S is a set;
(b) L>*(2, 1) where (2, 1) is a measure space;
(c) Cp(2) where Q is a topological space;
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(d) Boo(£2) where €2 is a measurable space.

@ Let H be a complex Hilbert space with inner product denoted (-,-). The collection of bounded linear
operators on H, denoted by B(#), is a C*-algebra. The linear structure is clear. The product is
by composition of operators. The * operation is the adjoint; for any operator a on H, its adjoint is
defined by the equation < a*§,n >=< &, a ), for all £ and n in H. Finally, the norm is given by

lall = sup{[la]| | € € #H, [lE]l < 1}
for any a in B(H).

@ [f n is any positive integer, we let M, (C) denote the set of n x n complex matrices. It is a C*-algebra
using the usual algebraic operations for matrices. The * operation is to take the transpose of the
matrix and then take complex conjugates of all its entries. For the norm, we must resort back to the
same definition as our last example

lall = sup {[[ag]l2 | £ € T, [|€]]2 < 1}

where || - ||2 is the usual £2-norm on C". Of course, this example is a special case of the last using
H = C", and using a fixed basis to represent linear transformations as matrices.

@ Let X be a compact Hausdorff space and consider

C(X)={f:X — C| f continuous }

The algebraic operations of addition, scalar multiplication and multiplication are all point-wise. The
* is point-wise complex conjugation. The norm is the usual supremum norm

If[l = sup{[f(z)[ | z € X}

for any f in C'(X). This particular examples has the two additional features that C'(X) is both unital
and commutative.

Extending this slightly, let X be a locally compact Hausdorff space and consider
Co(X) ={f: X — C| f continuous, vanishing at infinity }

Recall that a function f is said to vanish at infinity if, for every € > 0, there is a compact set K
such that |f(x)| < e, for all x in X\ K. The algebraic operations and the norm are done in exactly
the same way as the case above. This example is also commutative, but is unital if and only if X is
compact (in which case it is the same as C'(X) ).

@ Suppose that A and B are C*-algebras, we form their direct sum

A® B ={(a,b) |ac A be B}

The algebraic operations are all performed coordinate-wise and the norm is given by

(@, b)[| = max{{|all, [[b[|}

for any a in A and b in B. There is an obvious extension of this notion to finite direct sums. Also, if
A,,n > 11is a sequence of C*-algebras, their direct sum is defined as

DX A, = {(al,@, ) | an € A, for all o, lim ||a,|| = o}

Aside from noting the condition above on the norms, there is not much else to add.
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Proposition 3.1.1 If (Ay),., is a family of C*-algebras, then the direct sum ®)\Ay is a C*-algebra with
the pointwise-defined involution.

Proposition 3.1.2 1. Ifp: A — B is a homomorphism of x-algebras A and B and p preserves adjoints,
that is, ¢ (a*) = (p(a))*(a € A), then ¢ is a *~homomorphism. If in addition ¢ is a bijection, it is
a *-isomorphism. If ¢ : A — B is a *homomorphism, then ker(y) is a self-adjoint ideal in A and

w(A) is a *-subalgebra of B.

2. An automorphism of a *-algebra A is a x-isomorphism ¢ : A — A. If A is unital and u is a unitary
in A, then

Adu: A— A, a+— uau”

is an automorphism of A. Such automorphisms are called inner.

3. We say elements a,b of A are unitarily equivalent if there exists a unitary u of A such that b = uau*.
Since the unitaries form a group, this is an equivalence relation on A. Note that o(a) = o(b) if a and
b are unitarily equivalent..

Next, we introduce some terminology for elements in a C*-algebra. For a given a in A, the element a*
is usually called the adjoint of a. The first term in the following definition is then rather obvious. The
second is much less so, but is used for historical reasons from operator theory. The remaining terms all
have a geometric flavour. If one considers the elements in B(H), operators on a Hilbert space, each of
these purely algebraic terms can be given an equivalent formulation in geometric terms of the action of
the operator on the Hilbert space.

3.2 Properties of C*-algebras

Definition 3.2.1 Let A be a C*-algebra.

1. An element a is self-adjoint if a* = a.
(the set of self -adjoint elements of A is den oted by Ag,.)

2. An element a is normal if a*a = aa*.
3. An element p is a projection if p* = p = p*(that is, p is a self-adjoint idempotent).

4. Assuming that A is unital, an element u is a unitary if uv'u = 1 = wu*; that is, u is invertible and
-1

u " =uk.
5. Assuming that A is unital, an element u is an isometry if u*u = 1.
6. An element u is a partial isometry if u*u is a projection.

7. An element a is positive if it may be written a = b*b, for some b in A. In this case, we often write
a > 0 for brevity.

Proposition 3.2.1 For each a € A there exist unique self-adjoint b,c € A such that a = b+ ic called the
real and imaginary parts of a,respectively.

The real and imaginary parts of a are denoted Rea and Im a.

@ Proof

Simply check that b := (a + a*) /2 and ¢ := (a — a*) /2i are self-adjoint. The sum b + ic is obviously a.
Uniqueness follows from the fact that if b + ic = 0 for b, ¢ self-adjoint then b = 0 = ¢ since

b="0b"=(—ic)" =ic=—b

Proposition 3.2.2 Let A be a C*-algebra.
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1. the elements a*a and aa™® are self-adjoint.
2. If A is unital then 1* =1 (1* = (11*)" = 1)
3. Ifa € Inv(A), then (a*)™" = (a™1)"
4. for any a € A then o (a*) ={\ e C;\ € o(a)}
Theorem 3.2.1 If a is a self-adjoint element of a C*-algebra A, then r(a) = ||a]|.

@ Proof
Clearly, [|a?|| = ||a||?, and therefore by induction ||a*"|| = ||a]|*".
g "7 = fall

so r(a) = lim, , ||la = lim,, o0 Ha

Lemma 3.2.1 1. There is at most one norm on a *-algebra making it a C*-algebra.

2. Let A be a Banach algebra endowed with an involution such that ||al|* < |la*al| (a € A). Then A is a

C*-algebra.
@ Proof
L. If || - [y and || - [|2 are norms on a %-algebra A making it a C*-algebra, then
lall} = lla*all; = (a*a) = sup A (j=1,2),
Aeo(a*a)
so [lally = [lalls
2. The inequalities ||a]|* < ||a*al| < ||a*||||a|| imply that ||a|| < ||a*|| for all a. Hence, |la| = ||a*||, and

therefore ||a||* = ||a*al|.

We associate to each C*-algebra A a certain unital C*-algebra M (A) which contains A as an ideal. This

algebra is of great importance in more advanced aspects of the theory, especially in certain approaches to
K-theory.

Definition 3.2.2 A double centraliser for a C*-algebra A is a pair (L, R) of bounded linear maps on A,
such that for all a,b € A
L(ab) = L(a)b, R(ab) =aR(b) and R(a)b= aL(b)
Exempel 3.2.1

@ if c € A and L., R, are the linear maps on A defined by L.(a) = ca and R.(a) = ac, then (L., R.) is
a double centraliser on A. It is easily checked that for all c € A

[ell = sup [[cb]| = sup |[be]]
lefl<1 lbfl<1

and therefore | L.|| = || R.|| = ||c]|-
Lemma 3.2.2 1. If (L, R) is a double centraliser on a C*-algebra A, then ||L|| = ||R||.

@ Proof
Since [|aL(b)|| = [[R(a)b]| < [|R][[[|all][b]], we have

IL@)|| = sup [laLD)]| < [|&]]]|b]

llall<1
and therefore || L|| < ||R]|. Also, ||R(a)b|| = ||aL(b)|| < ||L||||al/||b]] implies
[1B(a)] = sup [[R(a)b]] < [[L]][|al
[[bll<1

and therefore ||R|| < |L||. Thus, || L| = ||R|-
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3.3 Positive Elements of C*-Algebras

In this section we introduce a partial order relation on the hermitian elements of a C*-algebra. The
principal results are the existence of a unique positive square root for each positive element and Theorem
2.2.4, which asserts that elements of the form a*a are positive.

Definition 3.3.1 Let A be a unital algebra and B a subalgebra
An element a of a C*-algebra A is positive if a is hermitian and o(a) C RT. We write a > 0 to

mean that a is positive, and denote by Atthe set of positive elements of A. By the preceding observation
BT = BN At for any C*-subalgebra B of A.

Remark 3.3.1 1. Let A = Cy(2), where Q is a locally compact Hausdorff space. Then As, is the set
of real-valued functions in A and there is a natural partial order on Ay, given by f < g if and only if
fw) < g(w) for allw € Q. An element f € A is positive, that is, f > 0, if and only if f is of the
form f = gg for some g € A, and in this case f has a unique positive square root in A, namely the
function w s /f(w). Note that if f = f we can also express the positivity condition in terms of the
norm: If t € R, then f is positive if ||f —t|| < t, and in the reverse direction if || f|| <t and f >0,
then || f —t|| < t. We shall presently define a partial order on an arbitrary C*-algebra that generalises
that of Co(Q2), and we shall obtain similar, and many other, results.

Lemma 3.3.1 Let a be a self-adjoint element of a unital C*-algebra A.
1. Let f(x) = max{z,0} and g(x) = max{—=xz,0}, for z in R. Then f(a), g(a) are both positive. We have

a= f(a) —g(a),
af(a) = f(a)?,
ag(a) = —g(a)*,
f(a)g(a) = 0.

2. If spec(a) C [0,00), then a is positive.

@ Proof

1.1t is clear that f and g are continuous functions on the spectrum of a, each is real-valued, f(z)—g(x) =
r,xf(x) = f(x)} xg(x) = —g(z)? and f(x)g(z) = 0, for all z in R. Corollary 1.4.9 then implies that
f(a),g(a) are self-adjoint elements of A, satisfying the desired equations. Since f(x) is positive, it has
a square root and it follows that f(a) = (v/f(a))? = (v/f(a))*(v/f(a)) is positive. The same argument

shows g(a) is positive.

2.For the second statement, it suffices to notice in the proof above that if spec(a) C [0,00), then
g(a) =0.

The following statement has a very easy proof which is a nice application of the spectral
theorem. Moreover, the result is a very useful tool in dealing with elements with positive
spectrum.

Lemma 3.3.2 Let a be a self-adjoint element of a unital C*-algebra A. The following are equivalent.
1. spec(a) C [0, 00).

2. For allt > ||al|, we have ||t — a|| < t.

3. For some t > ||a||, we have ||t —al| < t.

@ Proof

Since the spectrum of a is a subset of the reals and the spectral radius of a is its norm, spec(a) C
[—||all, ||a]|]. We consider the function f;(z) =t — x, for values of ¢ > ||a||. The function is positive and
monotone decreasing on [—||al|, ||a]|]. Hence, the norm of the restriction of f; to the spectrum of a is just
its value at the infimum of spec(a). In view of, ||t — al| is also the value of f; at the infimum of spec(a).
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Finally, notice that fi;(x) < ¢ if and only if z > 0. Putting this together, we see that the minimum of
spec(a) is negative if and only if ||t — a|| > ¢. Taking the negations of both statements, spec(a) C [0, c0)
if and only if ||t — a|| < t. This holds for all t > ||a]l.

Here is one very useful consequence of this result.

Lemma 3.3.3 Ifa and b are self-adjoint elements of the unital C* algebra A and spec(a), spec(b) C [0, 00),
then spec(a + b) C [0, c0).

@ Proof

Let t = ||a|| + ||b|| which is evidently at least ||a 4 b||. Then we have

[t = (a+b)ll = lI([lall — a) + (o] — b)]
< [[(llall = a) [l + {icllell = )]
< llall + [|]
=t
where we have used the last lemma in moving from the second line to the third. The conclusion follows
from another application of the last lemma.

Before getting to our main result, we will need the following very basic fact regarding the
spectrum.

Lemma 3.3.4 Let a,b be two elements of a unital algebra A. Then we have

spec(ab)\{0} = spec(ba)\{0}.

@ Proof
It clearly suffices to prove that if A is a non-zero complex number such that A — ab is invertible, then A —ba
is invertible also. Consider z = A™' + A7'b(\ — ab) 'a. We see that

(A —ba) = (A" + A7'b(A — ab)a) (A — ba)
=1—A"ba+ A"\ — ab) ' (Aa — aba)
=1—-A"tba+ A"\ —ab) (N —ab)a
=1—X1tba+ A "tha
=1.

A similar computation which we omit shows that (A — ba)z = 1 and we are done.
We are now ready to prove our main result.

Theorem 3.3.1 Let a be a self-adjoint element of a unital C*-algebra A. Then a is positive if and only if
spec(a) C [0, 00).

@ Proof

The ’if” direction has already been done in Lemma 1.6.1. Let us now assume that a = b*b, for some b in A.
Using the notation of 1.6.1, consider ¢ = bg(a). Then we have c*c = g(a)b*bg(a) = g(a)ag(a) = —g(a)?.
Write ¢ = d + ie, where d, e are self-adjoint elements of A. A simple computation shows that

cct =d*+e* —cc=d* +e* + ga)’.

As the functions 2% and g(x)? are positive, it follows from Corollary 1.5.4 that each of d?, ¢* and g(a)?
has spectrum contained in [0, 00). By Lemma 1.6.3, so does cc*. On the other hand, again using Corollary
1.5.4, we have spec (c*c) = spec (—g(a)?) C (—o0, 0].

We now appeal to Lemma 1.6.4 (using a = ¢,b = ¢* ) to conclude that spec (c*c) = spec (ec*) = {0}.
But this means that —g(a)® = ¢*c = 0 and it follows that g(a) = 0. This implies that the restriction of g
to the spectrum of a is zero, which means spec(a) C [0, 00) and we are done.
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Chapter 4

The numerical range and the numerical
radius of operators In C*-algebras

4.1 Numerical Range

Definition 4.1.1 1. Let 2 be a unital C*-algebra with unit denoted by e. Let A" denote the dual space
of A, and define the set of normalized states of 2 by

S@) ={p A :p(e) = [loll =1}

2. A linear functional p € A’ is said to be positive, and write ¢ > 0, if ¢ (x*x) > 0 for all z € A. Note
that the set of normalized states S(A) is

S)={peA:9p>0 and ¢le)=1}

3. A positive linear functional ¢ on 2 is said to be pure if for every positive functional b on 2 satisfying
Y (x*x) < @ (x*x) for all x € A, there is a scalar 0 < p < 1 such that b = pp. The set of pure states
on A is denoted by P(A).

Definition 4.1.2 (Numerical Range) Let 2 be a unital C*-algebra with unit denoted by e. The numer-
ical range of an element x € A is

W@l x) = {p(z) v e S(A)}

It 1s a nonempty compact and convex set of the complex plane C,

Exempel 4.1.1

@ let A = B(H) be the C*-algebra of all bounded linear operators on a complex Hilbert space H and
T € A. where

W(B(H), T) = {(Tx,2) - v € H, ]| = 1}
enditemize

@ Let K be a compact Hausdorff space. Then

W(C(K), f) = co f(K)
for all f € C(K).

for Example f(z) = z on the unit circle T:

W(f)=D={zeC|| <1}
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@ Although you can define the algebraic numerical range for a linear operator on any Banach algebra,
the most common use of this definition is to let A be the set of bounded operators on a Banach space,
which will be denoted £(FE). In this form the definition for the algebraic numerical range is

W(L(E),T) ={®(T) : ® € L(E)", (1) = 1 = [|®[}

Theorem 4.1.1 compact-convex For each x € A, W(A,x) is a compact convex subset of F (where F = R
or C).

@ Proof
We have:
S(A) ={p e A" [lo|]| <1 and p(e) =1}

Thus S(A) is a convex weak* compact subset of A’. The set W(A,x) is the image of S(A) under the
weak® continuous linear mapping:

o — o(x),

and therefore is a compact convex subset of F. Hence W (A, z) is a compact subset of F.
Theorem 4.1.2 Let B be a subalgebra of A containing the unit element. Then for each b € B:
W(B,b) = W(A,b)
@ Proof
By the Hahn-Banach theorem, the restriction mapping:
¢ ¢lp

maps S(A) onto S(B). Therefore:
W(A,b) = W(B,b).

Theorem 4.1.3 Let (A, || - ||) be a unital Banach algebra with unit element e, and let a € A. Then:
1 1
Red: AeW(A = inf — —1)= lim — -1
mas(Re At A € W(A,a)} = inf * (e +aa ~ 1) = tim L (e +aa] 1),

where W (A, a) denotes the numerical range of a.

@ Proof
Let = max{Re X : XA € V(A,a)}. The proof consists of two parts:
Part 1: p <inf,.0 = ([le + aal — 1).
For any a > 0 and any f € S(A,e) (the set of linear functionals with f(e) = ||e]| = 1), we have:

f(a) = £ (f(e + aa) — 1).

«
Since ||f|| < 1, it follows that:

Re f(a) < = (e + aal ~1).

Taking the supremum over all such f and the infimum over o > 0 gives the desired inequality.
Part 2: inf,so = (le + aal — 1) < p.
Assume a # 0 (the case a = 0 is trivial). For 0 < a < ||a| ™' and z € B(A) (the unit ball), f € S(A4, z),
we have:
||(e — aa)z|| > Re f((e — aa)z) > 1 — ap.

Applying this to z = e + aa yields:

||e—042a2|| < 1_'_0‘2”(12H‘

<
||e+aa||_1_au —
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Thus:
le+aall =1 _ p+afe]

o} I e )

Taking the limit as o — 0" completes the proof.
Combining both parts establishes the equality.

Theorem 4.1.4 Let A be a complete unital Banach algebra with unit element e. For each a € A,
o(A,a)NF C W(A,a),
where:
e 0(A,a) denotes the spectrum of a,
e [ denotes the underlying field (C or R),

e W(A,a) denotes the numerical range of a.

@ Proof
Let A € 0(A,a) NF. Then Ae — a is a singular element in A. We consider two cases:
Case 1: Ae — a has no left inverse.
Let J = A(Xe — a) be the left ideal generated by Ae — a. Since Ae — a is singular, J is a proper left
ideal. From the Banach algebra properties, we have:

le—z|| >1 forallz e J
By the Hahn-Banach theorem, there exists a linear functional f € A* such that:
Fe) =Ifl=1 and f(J)={0}.
Since J = A(Ae — a), we have f((Ae —a)y) =0 for all y € A. Taking y = e gives:
fAe—a)=0 = X = f(a).

Thus A € V(A,a).
Case 2: \e — a has no right inverse.

The proof is analogous using right ideals instead of left ideals.
Combining both cases proves the inclusion.
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4.2 Numerical Radius

Definition 4.2.1 (Numerical Radius) Let x € A The numerical radius of = is denoted by w(x) and it
15 defined as follow

w(z) =sup{|z| : z € W(x)}
. 1t is well-known that v(-) define a norm on 2, which is equivalent to the C*-norm || - ||. In fact, the
following inequalities are well-known:
1
lall < w(z) < lzfl - (2 e A)
Proposition 4.2.1 Let A be a unital C*-algebra with unit denoted by e
1. It if x is normal, then w(x) = ||z||.

2. since P(2A) coincides with the set of all extremal points of S(A) thus for every x € A we have

w(z) = sup [p(z)] = sup |p(z)]
PeS(A) PeEP(A)

Now, let us introduce a new type of parallelism in C*-algebra based on numerical radius

Definition 4.2.2 An element x € A is called the numerical radius parallel to another element y € AU,
denoted by x|y, if abd only if w(x + A\x) = w(x) + w(y) for some A € C.Such that |\ =1

Remark 4.2.1 [t is easy to see that the numerical radius parallelism is reflexive (x||,x), symmetric (z|,y
if and only if y|,x) and R-homogenous (z ||,y = ax||, By for all a, 5 € R ). Notice that two linearly
dependent elements are numerical radius parallel. The converse is however not true, in general.

We start our work with the following Theorem.

Theorem 4.2.1 Let A be a C*-algebra and let ¢ be a state over A. For x € A the following statements
hold.

1. supgeg ’Re (eieﬁp(ﬂf))’ = |o(z)].
2. supyeg |Im (e¢(x))| = |o(2)].

@ Proof
We may assume that ¢(z) # 0 otherwise (1) and (2) trivially hold.

1. Put e = 2@ Then we have

lo(z)| = |Re (e™p(x))| < sup IRe (e“¢(z))| < sup |e? ()] = ()|

and hence |¢(z)| = supyeg |Re (e?¢(2))].
2. By replacing z in (1) by iz, we obtain
sup [Im (e ()| = sup |Re (e“p(iz)) | = |p(iz)| = |p(z)|
0eR eR

Now, we are in a position to state two useful characterizations of the numerical radius for
elements of a C*-algebra

Theorem 4.2.2 Let A be a C*-algebra. For x € A the following statements hold.

1. suppeg ||Re (¢2)|| = w(z).
2. supyep ||[Im (e?z) || = w(z).
@ Proof
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1. Since Re (ewx) is self adjoint for any 6 € R, we have

[Re (¢2)]] = w (Re (c"x)

Therefore, we get

sup HRe (ewx) H = supw (Re (eiex))
0cR feR

= sup sup !gp (Re (ewx))|
0eR peS(A)

=sup sup |Re(e’p(2))]
0ER pES(A)

= sup sup |Re (eiGW(m)H
peES(A) R

= sup |p(z)] (by Theorem. 4.3.1 (1))
peS(A)

= w(x).
Thus supyep ||Re (e72) || = w(x).

2. By replacing z in (1) by iz, we reach that

sup ||Im (¢”z)|| = sup || Re (¢”(iz)) || = w(iz) = w(z)
0eR 6cR
Theorem 4.2.3 The Crawford number of T € B(H) is defined by

oT) =inf{|(Tz,z)| :x € H, ||z|| = 1}

This concept is useful in studying linear operators. The Crawford number of z € A can be defined by
c(z) = inf{[p(x)] : ¢ € S(A)}
In the following theorem, we give new improvement of the inequalities.
1
llall < wlz) < flzfl - (2 €A)

Theorem 4.2.4 Let 2 be a C*-algebra. For x € A the following statements hold.

L 4l < Sy /|l + ] + 26 (22) < w(a).

1
2. w(@) < 3y/[llaf? + o)) + 20 @) < 3 (el + 12212 < Jall.
@ Proof

1. Let «x € 2. By there is a state ¢ over 2 such that

* |2 *|2
o ([ + |27F) = [[lef* + |27
Let 6y be a real number such that |¢ (22)] = e*%p (2%). Then, by Theorem 4.1.2 (1), we have
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w(z) > HRe (ewox) H — % Hei(?ox | il

1 . : : : .
— 5\/“(61901‘ + 677,901-*) (eleox + 671901.*) H

= %\/|||x|2 + |m*|2 +2Re (eZiOOxQ)H

= %\/“P (]:c|2 + |Q3*|2 +2Re (€2i90$2>)‘
1 ,

= 2\/Je (il + 12°) + 2Re (e20p (a2)|
1

= S/ lllal2 + P + 2 (22)]

1 2 1
> Syl + P + 2 62) 2 Sl

which proves the inequalities in (1).

2. By Theorem 4.3.2 (1), as in the proof of (1) we get

w(x) = sup ||Re (e”z) |
9eR

- lsup \/H|x|2 + |z*]* + 2Re (e2022)|
2 ocr

IN

= sup/[[lef? + o] + 2 |[Re (c922)
2 ger

IA

1\/‘“$|2 + |I*|2H + 2sup ||Re (e2i022) |
2 N

1
= S/ lllal2 + [P + 20 (22)

1
VIR 2+ 20 (22)

< L/TP 3T (by (L1))

>
1 1 ) 1 1 1

< gV el + 2l o2 + 2 (sinee [l = [l [l22]® < ol 1?1
1 1

=5 (el + la*]17) < Dl

which proves the inequalities in (2).
As a consequence of Theorem 4.3.2, we have the following result.

IN

Proposition 4.2.2 Let 2 be a C*-algebra. If x € A is such that 2> = 0, then w(x) = 3 ||z]|.

@ Proof

Since 2 = 0, by Theorem 4.1.3 (2), we obtain w(z) < 3 (||x|| + ||m2||%> = 1{|z|. We also have that

szl < w(z) for every x € 2. Thus w(z) = ||z||.
The following result is another consequence of Theorem 4.3.2
Proposition 4.2.3 Let 2 be a C*-algebra. If x € A is such that w(z) = ||x||, then ||2?|| = ||z||*.

@ Proof )
It follows from Theorem 4.3.1 (2) that w(z) = ||z|| implies ||z|| < 5(||=|+ H:L’2H§> <zl

1
Thus ||z|| = ||#*||2, or equivalently ||22| = ||z|*.
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Theorem 4.2.5 Let A be a C*-algebra and let x € A. Then for a, 5 € R, the following statements hold.
1. sup,2 g2y |aRe(x) + BIm(z)|| = w(x).
2. max{||Re(z)|, [ Im(2)[|} < w(z).

@ Proof

1. Let # € R. Put a = cosf and = —sinf. We have

0.\ _
Re (e’z) = 5
 (cosf +isin@)x + (cosf — isin6)x*
B 2
:(cosﬁ)x—i_x —(sine)x_x

27
= aRe(z) + S Im(z).

Therefore

sup |[Re (¢”z)| = sup [laRe(z)+ BIm(z)|,
9eR a2+ 32=1

and hence by Theorem 4.3.1 (1) we obtain w(x) = sup,z, go_; || Re(z) + £ Im(z)].

2. By setting (o, 8) = (1,0) and (o, 8) = (0,1) in (i), we get || Re(z)|| < v(z) and || Im(x)| < w(x).
Thus max {|| Re(z)]|, | Im(z)|]} < v(z).

In the next result, we obtain a necessary and sufficient condition for w(z) = 3| z| to hold.
We will need the following lemma.

Lemma 4.2.1 From [ Bibliography 28, Corollary 4.4] Let A be a C*-algebra and let x,y € A. Then
the following statements are equivalent:

1. z||y.
2. There exists a state ¢ over 2 such that |¢ (z*y)| = ||=||||y]|-
Theorem 4.2.6 Let 2 be a C*-algebra and let x € A. Then the following statements are equivalent:
1. w(z) = §|z|.
2. ||z]| = ||Re (e?z) || + |[Im (ez) || for all 6 € R.

@ Proof

1. (1) = (2) Suppose that w(z) = 1||lz[|. Then for any § € R, we have

x| = Hewx” = HRe (ewx) +iIm (ewx)H
< [[Re (e”z) || + [[tm () |
< 2uax {[[Re (¢7a) | 1 (¢#) |}
< 2w (e”z) ( by Theorem 4.1.2 (2) )
= 2w(z) = |[=]],

and hence [|z| = ||Re (e”z)|| + ||Im (e?z)||.
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2. (2 )= (1) Suppose (2) holds. Thus for all § € R,

[Re (%) + im (c2)]| = [Re ()] + [ (¢2)|

so Re (e”z) || Im (¢"z). By Lemma 4.1.2, there exists a state ¢ over 2 such that

o ((Re (€2) T (e2) )| = e (e"2)] 1 (")

and hence

[¢ (Re (") Im (¢z))| = |[Re (¢“) | [[Tm (¢“) .

72))| =
From this it follows that w (Re (¢z) Im (e?z)) = ||Re (¢?z)|| |[Im (e?z)||, so by Theorem 4.1.2

(2) we reach that

[Re () || [[tm (“2) || = [ Tm ((Re () Tm (")) |
On the other hand,

i0 —if, * 0, —if,
Im (Re (ewl‘) Im (ewx)) :Im(<€ x+2€ * ) (e * 2: x ))

Q202 _ o=2i052 _ qox 4 kg
= Im

41
1 (2042 — o=2i0,%2 _ pox 4 iy
T2 { 4i
6—22'01,*2 _ 627;91.2 — xx* + ¥
a —4i }
T (Re(r) Tm(x)

4
and by Theorem 4.1.2 (2)we get

||Re (ewx)H ||Im (ewx) H = [ Im(Re(x) Im(z))||
Thus for all 8 € R, by (2) we obtain

0 x z||? — 4| Im(Re(z) Im(z
||Re(ez$)”:” | + VIl = 4] Tm(Re(z) Im())

2
and
1 (o) | = I = VP = T (Re(e) o)
2
Since
Re (€wx) = (cos§ + isin )z —; (cos§ — ésinfe = cos | Re(x) — sin 6 Im(z)
and

I (ewx) _ (cos@ +isinf)x — (cos@ —isinf)x

5 = sin# Re(x) + cos 0 Im(x)
i
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So, from relations

| = =]l + V/ll[* — 4] Im(Re(x) Im(x)) |

||Re (ewx) 5

and

; x|l — +/||z||? — 4|| Im(Re(z) Im(z
VI I e G

we conclude that the functions ||Re (eiex) || , ||Im (ewx) H are continuous on ¢ € R and therefore they
must be constant, i.e.,

[Re (¢2)| = [1m ()| = Slell (6 € )

Thus supyep ||Re (¢”z)|| = 1||z||. Now, by Theorem 4.1.2 (1) we conclude that w(z) = 3|z|.

Theorem 4.2.7 Let A be a C*-algebra. For x € A the following statements hold.
1 4lz|| < 2/ llota + zar]] < w(x).
2. w(x) < \/Li\/Hx*x—i-xx*H < ||z

@ Proof

1. Let « € 2. Clearly, 3||z|| < i+/[|z*z + zz*||. But, by simple computations,

vz + x2* = 2Re?*(z) + 2Im? ()

Consequently, by Theorem 4.1.3 (2) we get

sVIe el = 3[R + 2]

< VAR o

< %\/2w2(x) + 2w (z) = w(x)

Therefore $+/||z*z + za*|| < w(z).

2. Obviously, \/Li |lz*z + zx*|| < ||z||. Now, let 7 : A — B(H) be a nondegenerate faithful representa-

tion of 2 on some Hilbert space H (see Bibliography [7, Theorem 2.6.1]). Let «, 5 € R satisfy
a? 4 B? = 1. Then for any unit vector ¢ € H, we have
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[m(aRe(z) + BIm(x))¢]| = - W(RS(@) Wan(;(x)) |1 gg } H
[ 7(Re(z)) w(Im(z)) | _
S_(O()) (0())_‘
— _ Re(g(m)) Im(7(r)(x)) | ’ (since 7 is representation)
_ 'Rqﬂ@)lmw@»"Rqﬂ@)o]é
i 0 0 | | Im(7(z)) 0

= [|Re(n(x)) + Im?(x(z)) |

1 " “||2
zvgwu)ﬂ@+w@h@)ﬂ

ay
= —|r
V2

= 1 |z*z + xa:*H% (since 7 is isometric)
7 .

Hence we have ||7(aRe(z) + S Im(z ))§|| < \1[ ||z*z + xm*|| and so by taking the supremum over all

¢ € H we obtain |m(aRe(z) + fIm(z))| < \/||x x + xx*||. From this it follows that ||a Re(x) +
B Im(x)]| < % |z*z + za*|| and hence

(2 + 22")||?

sup [l Re(z) + f1m(x)]| <
a?4-p2=1

|x*x + xa*||

Sl

Now, by Theorem 4.1.3 (1) we conclude that w(z) < i |z*a + za*||.

In what follows, r(x) stands for the spectral radius of an arbitrary element = in a C*-algebra
2. It is well known that for every z € 2, we have r(z) < ||z|| and that equality holds in this
inequality if x is normal. In the following lemma we obtain a spectral radius inequality for
sums of elements in C*-algebras.

Lemma 4.2.2 Let A be a C*-algebra and let z,w € A. Then

(= +w) < 3 (el + ol + VAT = Tl + dmin{ [zl Jw=[})
@ Proof

We first recall that Bibliography [13, Corollary 1] tells us that

r(7+8) < 5 (IT11+ 1151 + /T = 1812 + dmin{ 75T [S7T7)

for all bounded linear operators T', S that acting on a Hilbert space.
Now, let 7 : 2 — B(H) be a non-degenerate faithful representation of 20 on some Hilbert space H (see
Bibliography [7, Theorem 2.6.1]). Since 7 is isometric, by letting 7" = m(z) and

S =m(w) in

H(T+8) < o (I +118) + VT = ST + 4win{ 7S], ST} )

N | —

we obtain
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r(z +w) =r(n(z) + m(w))
<5 (lw() + i (w)]
+v/ (2] = I (w )||)2+4min{\|7f(Z)7r(w)ll,IIW(w)W(Z)HU
=3 (HZH +wll + V(2] = [lwl)? + 4 min{{lzw]], HWH}) )

and the statement is proved.
Now, we present a refinement of the triangle inequality for the numerical radius in C*-
algebras.

}_\

Theorem 4.2.8 Let A be a C*-algebra. For x,y € A the following statements hold.

1.
w(e +y) <5 () + w(y)
3, f(wl) ~ )P + dsup [Re (%) Re ()
<u(e) + w(y)
2. )
w(e + ) <5 () + w(y)
1
53,0l ~ )P + dsmp (%) I ()|
<w(e) + w(y)
@ Proof

1. Since Re (eie(x + y)) is self adjoint for any 6 € R, we have
|Re (e”(z +y))|| =7 (Re (e”(z +v)))
So, by letting 2z = Re (ewx) and w = Re (eiey) in Lemma 4.1.2, we obtain

[Re (¢ fvﬂ/)H—T(

e
r(Re( )+Re( ))

< 5 ([Re (") || + [Re ()|

6’9 x+y))

\/ (IIRe ()] — |[Re (e?y)[)* +4 |Re (¢?z) Re (6i9y)l|)

H Re (¢ VIRe (2] Re (@] ) | ”'
\/HRe e“’x) Re (ey)|| HRe (ewy)H

< [ el st IR IR ||
supger v/ [[Re (e?72) Re (ey)[|  supyeg HRe (ey) ||

(by the norm monotonicity of matrices with nonnegative entries)

_ H [ v@)  suppep y/[Re (7] Re ()] ] H
supyez v/TRe (¢72) Re ()| oly)

(by Theorem 4.1.2 (1))
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*‘unwwmwﬁ+$$wmxmedwwH

Therefore, for every § € R we have

0eR

[Re (e +m)[l = 5(w(z) ) +wly)). +§¢ww»—mwv+4wmmdwwRawww
and hence

sup [|Re (¢"(z +y)) | < %

0eR

+%¢mm»mwy+4%pRMMMRaww-

Now, by Lemma 4.1.2 (1) and the above inequality we get

0eR

wu+yw;§Qw@+w@»«¢mu»;mwv+4wmmda%ﬂm@%m0.
Furthermore, by Lemma 4.1.2 (1) we have
sup || Re (e”z) Re (ey) | < sup||Re (e”z) | sup || Re (e”y) | = w(z)w(y)
R SN S

Thus the inequalities (1) follow from

wa+y) <2 (w(fv) +w(y) + \/(W(l’) —w(y))? + 4sup [|Re (ez) Re (ewy)H) :

2 6eR

and the above inequality.

2. It is enough to replace x and y in (1) by iz and iy, respectively.
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