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Notations

N

C
C(la,b],R)
convs)

I

I 1l
AC([a, b))
AC™([a, b))
I(a)

Lo

o~

e

e

Dy

:= un ouvert borné de R".

: Space of real number.

: Space of natural number.

: Space of complex number.

: contunous functions set in [a, b]inkR.
: I'enveloppe the sets convexes (2.

: absolute valeur.

= supq{||z(t)|| : t € I}.

:absoulutely contunous in [a, b].
={f:Q—=C:f®el(ab]),k=0...n—1, "D e AC([a,b])} .
: Gamma function.

. fractional integral.

: RiemanLioville fractionl derevative.
: Caputo fractionl derevative.

: Hadamard fractional derevative.

: Caputo-Hadamardfractional derevative.




Introduction:

Fractional calculus is one of important tool to study many problems and phenomenons
from fields of science and engineering. as in physics, chemistry, hydrology, biophysics,
thermodynamics, blood flow problems, statistical mechanics and control theory. Recently,
it has known a significant development in fractional differential and integral equations,

for example see [1, 3, 4, 11].

Differential equations with integral boundary conditions have different applications in
applied science such as underground water flow, thermoelasticity, population dynamics

and blood flow problems, some results in this way are given for instance see [0, 8, 10].
Fixed point theory play an important role in the study of the existence and unique-

ness of various boundary value problems and several fixed point theorems were used in

this way, as of Banach,o Schauder, Krasnoselskii, Schafer, Leray-Schauder alternative and

others.

This memory contains an introduction, three chapters and a list of references.
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In the first chapter, we present some basic definitions and notions of functional analy-
sis, as metric spaces, Banach spaces, the campactness, convexity. We give also some defi-
nitions and properties concerning fractional calculus, like fractional integral and fractional
derivative for different sense, in the sense of Riemann-Liouville, Caputo, Hadamard and
Caputo-Hadamard. Some fixed point theorems are given, as Banach principle, Schauder
fixed point theorem and Leray-Schauder alternative, which have been used in sequel of

this work.

The second chapter is reserved to our main result, in fact, we prove the existence and
the uniqueness of the solution for a boundary value problem of Caputo fractional differen-
tial equations with integral boundary conditions, by using Banach’s fixed point theorem,
an other existence theorem is given for the same problem, which based on Schauder fixed

point theorem. Finally, two examples are given to demonstrate our main result.

In the third chapter, we focus on the study of a boundary value problem of fractional
differential equations in the sense of Caputo-Hadamard with separated integral boundary
conditions, the used technique in the proof based on Leray-Schauder alternative, we offer

an example to illustrate our second main result.




Chapter 1

Preliminaries

In this chapter, we will recall some basic definitions and theorems, around metric spaces,
complete spaces, normed spaces, Banach spaces, contractions, Compactness, Banach’s

principle theorem and Schauder’s theorem, and Leray-Schauder.

1.1 Metric spaces

Définition 1.1.1.
We call distance on a set X any function d defined on the product X* = X x X and

with values in the set R* of the positive reals:
d: X x X — R"

Checking the following properties:
1. Ve,y € X, d(x,y) =0 and d(z,y) =0 if and only if x =y,
2. d(z,y) =d(y,x) (symmetry),

3. Vr,y,z € X, d(z,z) <d(z,y)+d(y,z) ( triangle inequality).
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Exemple 1.1.
d(z,y) = % — é ,x,y € X =R*be a distance on R* for:
1 d(x,y>:o:>§_ﬂ_0<:>§—§<:m:y.
2. d@y) = L4 =D (3 -1)| = FUp -4 = dyo)
5 d(n) = b Y=o bad o
=g+l -2

=d(z,y) +d(y,z).

Then d is a distance on R*.

Remark 1.

A metric space is an ordered pair (X,d), where X is a set and d a metric.

1.1.1 The sequences in metric spaces

Définition 1.1.2. (Convergence of a sequence,limit).

A sequence () in a metric space (X,d) is said to be convergent if :

Ve >0 ;IN(e) e N* :Vn > N(e), d(x,,x) <e.

is called the limit of (z,) and we write

lim x, = z.
n—oo

We say that (z,,) converges to x or has the limit x.

Définition 1.1.3. (Cauchy sequences)

A sequence (x,,) in a metric space (X,d) is said to be-Cauchy (or fundamental) if for




1.1. METRIC SPACES 1

every € > 0 there is an N = N(¢) such that:
d(zm,x,) <€  forevery m,n > N.

Remark 2.

all convergent sequence is Cauchy sequence.

Proof.

Let x, — x, € > 0, and N(e) € N* be such that n > N(e) = d(x,,, x) < %, and

m,n > N (e).

Then d (x,, x) < % and d (z,,7) < % and the triangle inequality yields

d(wm,xn) Sd(l‘m7l‘)+d(l’n,$) <§+§ = €.

O

Let U be an interval of R and let {f,} be a sequence of functions with f, : U — RP.

Let |.| be any norm from RP?.

Définition 1.1.4.

{fn}is uniformly bounded on U if there exists M > 0 such that:

|fn ()] < M for alln and all t € U.

1.1.2 Complete metric spaces

Définition 1.1.5.
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A metric space (X, d) is said to be complete if each Cauchy sequence {x,} in X has a

limit (converges).

Exemple 1.2. (The metric transform ¢)

Let (M, d)be a metric space, define the metric space (M,d,) by taking for x.y € M,

dy (x,y) = ¢ (d(z,9)),

where ¢ : [0,00) — [0, 00) is increasing, concave downward,

(¢(at +(1—=1)b=tp(a)+ (1 —-t) o (b))

and satisfies ¢ (0) = 0.

It is complete metric space.

1.1.3 The continuity in metric spaces

Définition 1.1.6. (Continuous mapping)
Let X = (X, dy) and Y = (Y, ds) be metric spaces.
A mapping T : X — Y is said to be continuous at a point xo € X if for every e > 0

there is a 6 > 0 such that:

d(Tx,Tzy) <€  for all x satisfying  d(x,xy) <.

T is said to be continuous on X if it is continuous at every point x € X.

Définition 1.1.7.

{fn} is equicontinuous if for any € > 0 it exists § > 0, such that :
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Zf ti1,to € U and |t1 — t2| <4 so ’f(tl) — f(tz)‘ <e.

Exemple 1.3.
Let H ={f € C([a,0],R);| f(t) |< h}Vf € H.
We apply mean value theorem,

if to € [a,b] fize , Yt € |a,b[: Tc € Jt, 1],

[f () = f )l < [f (]t —tol,

< klt—tof.

taking 6 = ¢

t—tol S5 =2 = 1f ()~ f(to)| <e

so f equicontinuous an tg.

1.2 Compactness

1.2.1 Compact metric spaces

Définition 1.2.1.
Let X be a metric space,we say that X is compact if every sequence of points of E

has a convergent subsequence.

1.2.2 Compact parts

Définition 1.2.2.
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A subset M of a metric space (X, d) is said to be compact if any (X, )nen of M admits

a subsequence converging to a limit belonging to M.

Exemple 1.4.

Any closed and bounded part of R is compact.

Exemple 1.5.
L n e N*}U{0} in the metric space (R, |.|), it is a bounded closed of a normed vector
space of finite dimension.
It is closed because convergent with values in this set is either stationary or converges

1
to 0, since the points — are isolated.
n

Définition 1.2.3. (Relatively compact parts)
X is relatively compact if every sequence of X admits a subsequence converging to a

limit belonging to X, That is to say, if the closure of X is compact.

Exemple 1.6.

The relatively compact parts of R™ are the bounded parts.

1.2.3 Compact mappings

Définition 1.2.4.

E and F two vector spaces normed and u : E — F' a linear mapping, u is said to be
compact if,

1. the image of each bounded set in E is relatively compact in F'.

2. T(BE(0;1)) is relatively compact in F'.

3. for each sequence (x,) bounded in E one can extract a subsequence (x,,) such that

u (xy,) converges in F.
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Theorem 1.2.1. (Arzela-Ascoli) [11]
Let (X,d) be compect metrique space , (X’,d’) be complet metrique space, the part A

in (X,X)is relativly compact if and only if

1. A is uniformily bounded, there exists a constant k > 0 such that :

| f(z) ISk for each x € Xandf € A.

2. A is equicontinouce, for each € > 0 ther exists 6 > 0 such that
T1 — 22 [< 6 = flz1) — f(22) I<e.

Ve, 29 € X etVf € A.

3. for each v € X, the set A(x) = {f(x); f € A} is relativly compact

Exemple 1.7.
Let f: ([0,1]) x R — R a continuous application, consider the following integral
equation:

G:u(t)—)/of(s,u(s))ds; te0,1],

Then the operator of Hammerstein
G C([0,1])) — C(0,1]).

u — Gu,

such that

0
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1S compact.
Assume the set A= {f € C([0,1)), | f|l < M}, Since f is continuous and bounded so:

Gu(t)] =

9

/Otf(s,u(s))ds

t
< d
< / |ft(s,U(8))| 5,
M d
S \/0' S?
Mt,

< M Vtelo1].

Therefore G is bounded.

We will show G is equicontinuous, for all t1,ts € [0, 1] (suppose t; < ty)we have:

Gu(t) — Gulty)| < / f (s, u(s)) ds - / Cf (s u(s)] ds,
- / F (s, u(s))] ds.

t1

to
< M/ ds
t1

< Mt —to.

So, for all e > 0, does it exist § < 5, such that:

for allty,ty € [0,1] : |ta — t1| < 9. so:
|Gu (t1) — Gu(te)| < M <e

Hence the equicontinuity of G.

From the Ascoli-Arzela theorem, G is compact in A.
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1.3 Banach spaces

1.3.1 Normed linear spaces

Définition 1.3.1. (norm)
A norm on a linear space E is a mapping |.|| : E — R which satisfies for each

r,zye b, deR:

(1) ||z|| =0 if and only if = 0.
@) [Azll = Al -
B) llz +yll < ll=ll +llyll -

Définition 1.3.2.

A linear space with a norm called a normed linear space.

Exemple 1.8.
(The space C[0,1]) This space consists of all countined real valued functions defined

on [0, 1] with the norme || f|| for f,g € C0,1] taken as above:

1l = / F ()t

it is normed space.

Remark 3.

The (E, || . ||) is said a normed space.

Remark 4.

if (E,]|.]|) normed space so it is metric space, with the metric

d(z,y) = llz -yl

9
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Définition 1.3.3. (Convex set)

A subset M of a vector space E is said to be convex if x, y € M implies:
K={z€F|z=ar+(1—-a)y, 0<a<l1l}CM.

Définition 1.3.4.
A Banach space is a normed linear space (E,||.||) which is complete relative to the

metric d defined above.

Exemple 1.9.
[°° (M) This 1is the space of all bounded real-valued functions f : M — R where M is

a complete metric space and

IfII = sup [f (z)].
zeM

The completeness of I°° (M) follows from the fact that if (x,,),, oy 95 a Cauchy sequence in
17 (M) then (fn(2)),ey s a Cauchy sequence in M for each x € M.
The function defined by f(x) = lim f,(x),x € M, exists since M is complete.
n—o0

It is quite easy to show that lim || f,, — f|| = 0.
n—o0

1.4 Contractive conditions

1.4.1 Contraction

Définition 1.4.1.

Let f be a self-mapping of a Banach space (E, || . ||).

10
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Then f is said to be contraction if there exists a real number h < 1 such that:

| fe—=fyll<hlz—yl forall zyek. (1.1)

A contraction mapping is also known as Banach contraction.

If we replace the inequality (1.1) with strict inequality and A = 1, then f is called
contractive (or strict contractive).

If (1.1) holds for A = 1, then f is called nonexpansive, and if (1.1) holds for fixed
h < oo, then f is called Lipschitz continuous.

Clearly, for the mapping f , the following obvious implications hold:

contraction =contractive = nonexpansive = Lipschitz continuous.

Exemple 1.10.

Consider the usual metric space (R, d). Define

f(x)zg—l-b, for all x € R,

d(fa.fy) = |[Z+0=L—4,
= %(I—y)

1
< |=
a

Y

lz —yl.

Then, f is contraction on R if a > 1.

Définition 1.4.2.

Let f be a self-mapping of a Banach space (E, || . ||).

11
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Then f is said to be ¢-contractive if there exists a continuous mapping:

¢ : [0, 00[— [0, 0]

with ¢(0) = 0 and ¢(t) <t for allt > 0 such that:

| fe=fyll<¢ (max {[[z—y|.|z—fell.ly—Sfyl.lle—=fyll+I fe—yll/2}) Vo,yekE

Définition 1.4.3.
Let f be a self-mapping of a Banach space (E,|| . ||).

Then f is said to be ¢p-weakly contraction if there exists a continuous mapping:

¢ [0, 00[— [0, 00]

with (0) =0 and ¢(t) <t for allt > 0 such that:

I fo = fyll<llz =yl =o(lz =y ) forall z,ycE.

1.5 Calcul fractionaire:

We give an over view around the fractional derevative and the fractional integral with

some properties.

1.5.1 Gamma Function:

Définition 1.5.1.

12
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The gama function T'(2) is defined by the integral :

['(z) = /ettZ1dt.
0

z is complex number : Re(z) > 0.

Proposition 1.

we have some basic properties

1 The function I'(z) is continuous for p > 0.

2 The function I'(z) obeys the property:
['(z+1) =2I'(2).
3 The following relations are also valid:

Fz4+1)=(z+n—-1)---(2+ 1)2I'(2),

I'(1) =1,
I'(n+1) =n!
I'(0) =+ o0

1.5.2 Fractional Integral of Order «

Définition 1.5.2.  For every a > 0 and a local integrable function f (t), the right of

order « is defined:

I“f(t) =12 f(t) hm/ s)*Lf(s) —o00<a<t<oo. (1.2)

13




1.5. CALCUL FRACTIONAIRE: 1

Alternatively, it can be defined also the left as:

hm/ s)* 1 f(s)ds, —00 <t <b< 0. (1.3)

Proposition 2.

we have the fallowing proprities:
i) I°f(t) = f(1).
ii) I°IPf(t) = I°TP£(1).

iit) Operateur intégral I is

IAF(E) + () = NIOf(t) + I°g(t), A € R, A € C.

i) S (1°)(1) = 17 £ (1)

1.5.3 Riemann-Liouville fractional derivatives

For a continuous function f : (0,00) — R f € L', the Riemann-Liouville derivative of

fractional order @ > 0, n = [a] + 1 ([a] denotes the integer part of the real number a) is

defined as:

RL Do f(1) = ﬁ (%n) /t(t — s)"oLf(s)ds,

0

_ (%)nma (8.

14
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In particular, if o = 0, then:

If « =n e N, then:

(D"f) (8) = I"f(t) = f*().

If0<a<1,alorsn=1,

¢
1 d

RLDef(t) = T —a)dt /(t —5)"*f(s)ds,t > a.

a

1.5.4 Caputo Fractional Derivatives

Définition 1.5.3.
The Caputo derivative of order v for a function f € AC™(J, E) absolutely continuous

is defined by:

¢ p __ | —s)" e (s)ds
Df(t)—r(n_a)o/(t = 7 (s)ds,

= 1" f(t), t>0n—1<a<n.
If0<a< 1, then :
1 / /
“Def(t) = Ti—a) /(t —5)7f (s)ds.
0

Lemma 1.1. [§/

If f € AC™[0,1], then the Caputo derivative © D f(t) exists almost everywhere on [0,1],

15




1.5. CALCUL FRACTIONAIRE: 1

where AC"[0,1] = {f € C"7{0, 1]| f("Vis absolutely continuous } and n is the smallest

integer greater than or equal to .

Lemma 1.2. /9]

Let a >0 and n = [o] + 1. Then:

n—1
a/c o _ fk(o) k
D) = £ + 30 P
k=0
Lemma 1.3. [/7]
Let a > 0. Then the differential equation:
‘Df(t) =0,

has a solutions :

f(t) =co+crt +eot? -+ cpit" L,

where

c €Ri=1,23--n—1,n=[a]+ 1.

Lemma 1.4. [17]
Let a >0 and n = [a] + 1.

Then:

equivalant to:

I°(°Dx(t)) = I*f(t) + co + it + cot? -+ + ¢ g t" 1, (1.4)

16
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where :

cgeRi=1,23---n—1.

1.6 Relationship between fractional derivatives :

1) Let a e Ry,n e N*, and n = [a] + 1, if °D¥f(t)) and LD f(t)) exist,so:

i—

Y

N Cna el nlfla)‘r_a)
i) “D3 f(x) =" D () ;) Ny

we deduce that if f'(a) =0 for alli =0,1,...n — 1, we will have

“D*f(x) =" D f(x).

ii)CDaf(x):RLDa< Zfl (z —a )

2) Let 0 < a < 1, the fractional derivative of Riemann-Liouville and that of Caputo

are defined respectively by:

RLDe f(z) = 4 (RED=(=0) f (7)) = Miayas Jo (@ =) f(t)dt

CDe f(a) = D70 (L) = s [ — )0 f ()t

1.7 Caputo-Hadamard

Définition 1.7.1.

The Hadamard fractional integral of order o > 0 for a function f € L'([1,4+oo[,R) is

17




1.7. CAPUTO-HADAMARD 1

defined as:

Hof(t) = ﬁ /1 t (log é)al @ds,

provided the integral exists.

Exemple 1.11.

Let 38> 0. Then:

1
Hibme = m(lmﬁ)lw; for a.e. t €[1,+o0].

Définition 1.7.2. .
The Hadamard fractional derivative of order o > 0 applied to the function h €

ACE([1, +oo[,R) is defined as:
(D2F) () = o ("1 p) (o)

wheren —1 < a <n,n = |a] + 1, and [a] is the integer part of .

Lemma 1.5. [/

If p—1>~>0, then:

(1) "1 log(t)™ = i (log ) 7,

(2) 1DV log(t)P~! = %(logt)ﬁ*%l.

Lemma 1.6. [5/ Fora > 0,n = [a]+1 and x € C(J)NL*(J), the solution of Hadamard
fractional differential equation "¢Dx(t) = 0 is x(t) = Y, ci(logt)*™", where ¢; € R(i =

1,2,...,n),

18
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Définition 1.7.3.
For a given function h € AC}(la,b],R), such that 0 < a < b, the Caputo-Hadamard

fractional derivative of order o > 0 is defined as follows:

where Re(a)) > 0 and n = [Re(a)] + 1.

Lemma 1.7. [7]

Let x € ACY(Ja,b],R) or C§([a,b],R) and o € C. Then:

HI® (Dg) (1) = () — 3 2 %“) (log t) |

a
k=0

Lemma 1.8. [7/

Ifu e C(J) and "D € L*(J), then:
M1 (D f) (1) = f(1) + ca(log 1) + ca(log )™ + -+ + cu(log £)* "

where ¢; € R(i =1,2,3...,n),n = [a] + 1.

Theorem 1.7.1. (Banach’s fixed point theorem) [/]
Let C' be a non-empty closed subset of a Banach space X .Then any contraction mapping

T of C into itself has a unique fized point.

Theorem 1.7.2. (Schauder ) [/]

Let X be a Banach space. C' be a closed, convexr and nonempty subset of X. Let
N : C — C be a continuous mapping such that N(C) is a relatively compact subset of X.
Then N has at least one fized point in C.

19
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Theorem 1.7.3. (Nonlinear Alternative of Leray-Schauder type). [/]
Let X be a Banach space with C' C X closed and convex. Assume U is a relatively

open subset of C with 0 € U and N : U — C' is a compact map. Then either,

(i) N has a fized point in U, or

(it) there is a point u € OU and X € (0,1) with u = AN (u).

20




Chapter 2

Existence of solutions for boundary value

problem of Caputo fractional differential

equations

In this chapiter, we will study the existence and uniqueness of the solution of a fractional

boundary value problem for differential equation with integral boundary conditions, by

using Schauder fixed point theorem.

An example is given to illustrate our main results.

;

(2.1)

where 1 < a < 2 is a real number, f :[0,1] x R — R is a given continuous function, and

D% is Caputo derivative.
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Where G is the Green function given by:

tb
L= m B0 e, 0<s<t,
G(t,s) = — atb (2.2)
F(a) at_|_b< _S>a71 b << ]
a-+b ’

Proof.

by lemma (??) we can reduce the problem (2.1) to the following forme :

z(t) =1f(t) + co+ art

t
1

- 5 / (t— )~ f()ds + o + ert

where the Constants ¢y, ¢, € R.

From the boundary conditions of the problem (2.1), we find get:

1 1 T

o=~ i ; /g(s,x(s)ds - ﬁ /(1 — s)Ids | |

0

1 1

o= /g(s,x(s)ds _ ﬁ /(1 _ )=l

Then the solution of the problem 2.1 is given by

IR L o(at+b) [
o) =5 / (1= 5 (o) + s / (1 5 f(s)ds
WD [ gtsyas,
:ﬁ [/(t — )1 f(s)ds + % /(1 _ S)O‘_lf(s)ds] n (C;t:;?) /g(s)ds.
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Hence we get (2.2). O

Define an operator:

T:C([0,1],R) — C([0, 1]R),

Ta(t) = (‘Zi:) /g(s)ds—l—/G(t,s)f(s,x(s))ds,

0 0

the problem (2.1) has a solution if and only if 7" has a fixed point. Assume the following

hypotheses hold:

H1) The function f: 1 x R x R — is continuous.

H2) There exists constant K > 0 where

[f (@, x(t) = f(Ey(0)] < Klz —y.|

H3) There exists constant M > 0, where

lg(t,z(t)) — g(t, y(t)| < M|z -yl
if
KGo+ M < 1. (2.3)

Proof.

We will apply the Banach theorem fixed point on the mapping 7' € X The proof will

be given in several steps:
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TX Cc X,and T : X — X, it is clear, if

xz € C[0,1],

SO

Tz € C0,1].

Now, we will prove 7" is continuous:

a+b

7(0)(0) - )0 = | [ G976 at6)ds+ S [ s atonas

9

- [ et ssts.uonas + D gts.atonas

+0b
0
1
</]G(t7s)
0
1

[ otsix(s)) = ats.atsn|as,

0

fs,2(s)) = f(s,y(s))|ds,

at+b
a+b

by [H;], [Hs] we have:

1

1
at +0b
< [ 16, K|z —y|d M|z — y|ds,
[ 165Kl = ylds+ 257 [ e s
0 0

1
t+b
<G0K|x—y|ds+a i /M|x—y|ds,
a+b
0

< (GoK + M)|z —yl.

Then
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[T2(t) = Ty(1)]] < (GoK + M)z — yllo-

So, the operator T is a contraction. Hence, by Banach contraction principle, T has a

unique fixed point which is a unique solution of the problem (2.1).

]

Now, we will utilize another fixed point theorem to prove the existence of the solutions.

Theorem 2.0.1. the problem (2.1) has a solution if and only if T has a fized point. We

assume the following hypotheses hold:

H1) The function f: I xR x R — is continuous.

H2) There exists a constant K,

where :

17t 2(8) = f(Ey()llo < Kllz = yllo,

sup |f(£,0)| = fo.

0<t<1

HS3) There exists a constant M, where :

lott.x@) = gt.y@)|| < Mlje =y,

sup |g(t,0)| = go.
0<t<1
HY)

Gofo + 90
1-Gofo— M

< R,
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where
1

G0=/|G(t,s) | ds.

0

Proof. The proof will be given in several steps:

step 1: T is continuous.

Let (x,) be a sequence such that z,, — = € C([0,1],X). Then for each ¢t € [0, 1],

we have:

1 1

|
O\H o

Q
=
&
=
\.CID
8
—~
V)
S~—
S~—
IS
»
+

Q

~

+

S o

o\
Q
—~
uCn
pay
&
QL
V)

§/IIG(t,S)IIIIf(s,:En(S))—f(s,x(S))Ilds

0

1
t+0
+ 22 [ lgtsuma(s) = gls.a(o))ds.
0
at+b
< GoK||zn — x| + M|z, — x|,
a+b

< (GoK + M)||x, — ||

Then the Lebesgue dominated convergence theorem imply that

|T(x,))(t) — T(x)(t)| = 0, as n— oo,
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and hence:

IT(x,)) — T(x)||oo = 0, as n— oo,

Consequently, T is continuous.

Let b :

R> Gofo+ 90
1-Gofo— M

sup |f(t,0)] = fo,  sup [g(t,0)] = go,
0<t<1 0<t<1

we define:

B = {x € (C[0,1,R), [[z]| < R},

we will prove B is convex.

Proof. For z,y € B, and A\x — (1 — Ny € B, and 0 < XA < 1, we have:
lz]] < R, lyll < R,
S0,

Az + (1= Myl < [Alllz]] + 11 = Myl
< AR+ (1 = N)R,

=R

It is clear B is bounded, closed of C([0, 1], R).
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step 2: T(B) C B. Let X € T(B) we show that T'(z) € T(B). For each t € [0, 1], we have:

7@ Ol =| [ Gt.5) Fs.a(5) - 5.0

+ /G(t, s)f(s,0)ds

1
at + b

222 [lats.ats)) ~ gt 0lds + [ gls. 0|,

0 0

1

</MGtsWNsa@w¢@ﬂmw

at+b
/msx _ g(s,0)ds

/Wetswfsowxﬁ/msoum

s/ﬁ%mMKm—ows

1
£+ b
2T M/H:c—OHds
a-+b

0

1

+/wmwwuwm+/w@wm,

0
at +b

< GoK|lz|| + MHfCH + Gofo + 9o,

t—l—b
- bMR+Gofo+907

< GOKR—I—

< (GoK + M)R + Go fo + go,

<R.

Then T(B) C B.
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step 3: T'(B) is relatively compact.

Let tq, to, € [0, 1], with ¢; <ty and x € T(B) Then

I7)(t) = T} (el = || [16(ta,9) = Gt s) (sl

< / 1[G (t2, 5) — G(tr, [ £ (5, 2(5)) [ ds,
A0 g, ato)las,

< / 1[G ta, 5) — Gitr, )1 K 12| ds

CL(tQ —tl)
M
=M al,
1
< KR / [G(ts, s) — G(t1, s)]ds + “(7;2—;;1)1\43.

0

As t; — to, the right-hand side of the above inequality tends to zero.
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2.1. EXAMPLES: 2

As a consequence of claims 1 to 3 T is equicontinous with the Arzela-Ascoli theorem,

we conclude that:

T:0([0,1],2) — C([0, 1], 2),

is continuous and compact. As a consequence of Schauder fixed point Theorem, we

deduce that T has a fixed point which is a solution of the problem (2.1).

2.1 Examples:

Exemple 2.1.

1
CD%x(t) = W(tQ sinz + x cost),
e

' (0) 4+ z(0) = 0,

1)

Y

1 , 1 .
|f(t,x(t) — f(t,y(t)] = )W<t2 sinz + x cost) — W(tQ siny + ycost)
1
32011

1
< |3 |1t

[(t*sinz — t*siny) + (x cost — y cost]

Y

[ sinz —sinyl| + [ cost|||lz -yl

< gz |IElllz =yl + | costlllz — y.

< Xyl
— | — .
=3 ()
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2.1. EXAMPLES: 2

2
| ——
3e
2)
11 1
olt,2(0) ~ g(t.u(®)| = | [ atvds - [ Zuttras|
0 0
</1 1alsH:c I
</ 3 yll,
<l —yl
<< yl|.
2 2 2
K== M=2 Gy,=
3¢’ T
4 2
KGy+ M = -<1
0t 3er(g)+5
Exemple 2.2.
2 + |z|
CD3\2 —
z(t) 9¢” (1 + |z])’
2 (0) + 2(0) =0
1
x(l):/ Wsinxds,
0
1)
2+ |z| 2+ |y

|f (&, 2(t) — (£ y(0)] = | B

9 (1 +[af)  9e™(L1+Jy])

<D b — @+ A+ )

= lgem (+ a1+ ) |
L ke

=g I pnomn

< Slle—ull

-9
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2.1. EXAMPLES:

2)

L R
olt.(®) =ty =| [ gosinr = [ 55 sinyas

1
1
< ‘/ tst‘Hsinx—sinyH,
0

e
< ey
—||r — .
<3 y
1 9 9
=3 G0:—57 f0—§ g0=0
F_
(5)
2 2 4
Gofo + 9o o Xs 0 e
2 2 1 4 1°
1—G0k—M 1—F(g)><§—§ 1_9F(%)_§
4 9
(1-— —-—-)<1
9r'(2) 9 (2)
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Chapter 3

Existence of solutions for boundary value

problem of fractional differential equations

involving Caputo-Hadamard derivative

3.1 Position of the problem

Consider the following;:

where D% D? D7 of the Caputo-Hdamard, 1 < «a <2 ,0< 3<1,0 <y <1 real

number, and aq, aq, by, by € R.
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3.1. POSITION OF THE PROBLEM 3

Proposition 3.
The space (X, ||.||ls) define X = {z € C[1,e], D’x(t) € C[1,e]} this space endowed
with the norm

]l x = [[2]los + 1D 2(t)]|oo-
It is a Banach space.

Lemma 3.1. The function v € X is a solution of the proplem:

Duat(t) = f(t),  1<t<e,

az(1) + by (D'2(1)) = [{ g (s)ds, (3.2)

asz(e) + by (DVz(e)) = [ h(s)ds.

\

if and only if it is a solution of the integral équation:

logt

x(t)—/16G(t,s)f(s)ds+—(1—@1)/169(5)ds—@ “h(s)) ds,

ai

where G is a Green function given by:

1 AN log ¢ e\l log t ey a1
log ( - B0 g (€ _logt (€
() og<s) + (UIF(Q—V) Og(8> +U2F(a—7) og (8) ),

l<s<t<e,

(

G(t,s) =

S

1 t a—1 1 t a—y—1
vlilog <E> +02L10g <E> , l<t<s<e,
a—7 I( )

where

a9 b2
Ty T Ty
(“2 - m%) <a2 - F(23w>

Proof. by lemma (3.1) we can reduce the problem to integral equation is equivalent :

V1 =
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3.1. POSITION OF THE PROBLEM

x(t) = If(t) + co + 1 logt,

1 AN
R / log | — _f(s) ds + cy + c1 logt,
Ia) J4 s s

where ¢y, c; € R. On the other hand ,we use the following properties:

DeI%x(t) = z(t)

and

1“1 (t) = I°MPx(t)

, such that a, 5 > 0.

For each z € X we have
d
2 (t) = alaf(t) +

= D' M) o
= DTN (t) + ¢

= Ia_1f<t> —|— Ct.

As a conditions of the problem (2.2), we have

z(1) = ¢, D7z(1) =0,
z(e) = ﬁ /16 log (1 —logs)* @ds +co+ ¢,

DVx(e) = ;_1) /16 log (1 — logs)* ™" fis)ds + F(Ql_ ﬁ)cl = /jh(s) ds,

Do —7
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3.1. POSITION OF THE PROBLEM

SO
p

\

(

a1Co

CLQF

r(2

a1z(1) + by (D72(1

asx(e) + by (DVx(e)) =

= [{g(s,a(s

57

=Jig
Jih

(s) ds,

)ds,

fl log (1 —logs)* " f(s ds + ¢

+c + me f1e (1

B

= ailffg@ o(s))ds

a—1 f(s)

s

—log s) ds

= Ji h(s)ds,

Y

) [£ (1 —logs)* " s

\ “1(“2 F(z w)

5]
C1 = )
F(Oé) <CL2 — F(Q—i'y)
b
+ 2
[ =) (a2 —

7ol

(1 —togs)t L)y
%)/1( 0g s) S ds

1
s))ds — ———

(a2—p(2737))

i (s, z(s))ds.
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3.2.  EXISTENCE OF THE SOLUTIONS 3

Then a solution the problem (3.1) is given by

(t) = ﬁ [ (log (é)al @ds + ail /leg(s,x(s))ds

SR AL “log ()" Lk
[ =) (az - F(SQ_W) ! ° s
n by logt /6 log <E>av1 ﬁds
[ —7) <a2 - %) ! 5 5
as logt

— o /e g(s,x(s))ds — lo—gtb)) /16 h(s,x(s))ds,

((12 - (1‘(22_7

+ /te {m% log (S)a_l + Uz—r(z)g_tv) log (S)a_l} f(s)ds

+—— (1 —vy) /169 (s1x(s)) ds — k) ) h(s,z(s))ds.

a2 Jq

3.2 Existence of the Solutions

The problem (3.1) has a solution if and only if 7" has a fixed point we assume the following
hypotheses:

Define an operator:

T:X—=-X

e e

Tx(t) = /G(t, s)F(s,z(s))ds + (loa_glt)(l — 1) /g(s, x(s))ds

- M/h(s,x(s))ds,

ag
1
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3.2.  EXISTENCE OF THE SOLUTIONS

and
/ F(s c1(lo 1-p
D?Z (x)(t) = /(log é)ﬁ_a_l i )ds + —(ég t)s,) )

1

e

where F € X, F(t) = f(t,x(t), D}z(t)), [|G(t,s)|ds = G,.

1

(Hy) : f is continuous.

(H,) : There exist continuous functions ¢y, o : [1,e] — R, such that

[f(t2,u) = f(ty,0)| < @iz —yl+e2(t) [u—v],

where

@1 = sup |p1(t)], @1 = sup |pa(t)].

0<t<1 1<t<e

(Hs) : There exists continuous function ¢1[1, e] — R, such that

lg(t,z) — gt y)| < i)z —y |,

where

1 = sup [¢i(t)].

1<t<e

(Hy) : There exists continuous function 1y € [1,e] — R, such that

At ) = h(t, y)| < 3(t)]e =y |,

where

by = sup [P(t)].

1<t<e
Theorem 3.2.1.

under the hypotheses (Hy) — (Hy) the problem (3.1) has a solution provided
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3.2.  EXISTENCE OF THE SOLUTIONS

KGO+M<1

Proof.
The problem (3.1) has a solution if and only if 7" has a fixed point.

We present the proof in four steps:

step 1 T is continuous.

Let x,(t) be a sequence in X such that x,, — z € X, if t € [1,¢e] we have
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3.2.  EXISTENCE OF THE SOLUTIONS 3

T (0~ T@)(0)] =] [ 66.9) (Bl ~ Fls) ds,

N “‘fl% o) / (9(5,2a(5)) — g(s. 2(s))) ds
_ % / (h(s,zn(8)) — h(s,x(s))ds|,

< / |G, )| Fuls) — F(s)|ds

X % / 19(s, 20 (5)) — g(s,2(s))|ds
" z_: / (s, 2n(s)) = h(s, z(s))lds

1T (2n)(8) = T(2) ()]0 < /1 |G, s)ds|[[ Fu(s) = F(s)]l

1 B e
+ w /dS@/)IHZEn - :L‘Hoo
aq

1
e

(Y
+ [ dsyi]|z, — 2]l

< / Gt $)|ds| Fals) — F(5)]e
(1-

Ul)

ai

+ (6_ 1)¢>1k||xn_x||oo

o= Dl — ol
where F,(t), F(t) € X such that F,(t) = fu(t, z,(t), D}z, (t) and F(t) = f(t,z(t), D?x(t),

by (H1), we find

1(Fa(s) = F(8)lloo = 1falt, 2a(t), Diawa(t) = f(t, 2(t), Da(t)]|

< @illzn = @lloo + @5l DY ea(t) — Diz(t)]oo
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3.2.  EXISTENCE OF THE SOLUTIONS 3

and

e

LBl eallog)?
[z ) BT p)

”Dfxn(t) - D?I(t)noo =

1
e

s cq(logt)t—8
_ /(log é)ﬁalFi )ds _ &Qg_t)ﬁ)

1 o0

< / (log 1)~ ds]| Fuls) — F(s)ll

Fo b1
< [ 110 2% 1 dsll (6 20, D (6) = St D (0]
1

< A90>{||xn - x“oo + AQOEHDlﬁxn(t) - Dfx(t)noo

<
1= Ay

|Zn — 2|0

where
e

A= /(logz)ﬁ_"‘_llds

S S
1

SO

1T (2n)(2) = T(2) ()] x < /1 |G(t, 8)ds|[|(Fa(s) = F ()]l

(1 — Ul)

+

/ A5z — oo

1

e
v
+ —l/dstH:z:n — 2]
¢5)
1

< @T“Iﬁ - xHoo + QDSHDfxn(t) - D?x(t)noo

*

A@l
1 — Ap}

At
< (o _
< (w4 725 ) o = ol

< ¢illen — 2l + [E |
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3.2. EXISTENCE OF THE SOLUTIONS 3
Since z,, — x for each t € [1,¢€]
|T(x),(t) — T(z)(t)||x —> 0, whene n — oco.
Consequently, T is continuous,
let be
R > A(e — 1) + G()f() ’
1-Gopi+(©+x)e—1)+v
where
1—v V1 1—v U1
A= + —ho, 0= + 1
aq g0 ay aq a1 (1 —Ap$)T'(2 — B) h
V) 1 ) Pt + mei Ay
x=—(1+ , (% V= - +Gopar——,
o T agre - = A2 -5 T g
and
v / tog 1 f(s) Uy j tiap f(5)
- log —)* 1224 = [ (log—)*""——=d
1 F(@)/(ogs) s, "= =5 (log ~) o ds,
1 1
and fo = sup |f(¢,0,0)|,90 = sup |g(¢,0)|,hg = sup |h(t,0)],
te(l,e] te(l,e] te(l,e]
we define
B={z€ X :|z]-x < R}.
It is clear that B is bounded, closed and convex subset of X.
step 2 T we will prove T'(B) C B.

Let 2 be € B we will prove T'(x) € Bjif t € [1, €],
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3.2.

EXISTENCE OF THE SOLUTIONS

we have

e

/1eG(t, s)F'(t)ds + (logt)(l— 1)/9(8,I(S))ds

ai

—M/ h(s,z(s))ds

a2
1

T()(t)] =

1

/ Gt )| [F(t)]ds + &

+%/w$mmw

nﬂmwm;[mmﬂmwwm

/|gsx )|ds,

e

+ <1;—1U1> / (llg(s, z(s)) + g(t,0) = g(t,0) [l ) ds
n Z_; (I(s, z(s) + R(t,0) — h(t, 0)]| ) ds
< Goll F(t) || oo

e

1—wv / v
L) /dswﬂ|x—0\|oo+—l/dsw;rlx—ouoo
ay a2

1 1
e

1 B e
+Liﬁ/mmwm+ﬂ/wmmwm
a1 a2

< Go| F(t)l|oo
L a ;1“1>¢;(e — |2l + Z—;(e — s l#floc
N (logt) (1—vi)(e —1)go + @(e — 1)ho,

a1 a2

by (H1) for each ¢ € [1, e],
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3.2.  EXISTENCE OF THE SOLUTIONS

we have
IF(#)lloo = [I£(t,2(t), DYx(t) — f(£,0,0) + £(£,0,0)]|o0,
< ||f(t,z, Dix(t)) — f(.0,0)] + [ £(£,0,0)] ,
< @ille = 0llos + 3 | DI (t) = 0]|_+ o,
and
Ayl logt — 1
Dﬁxt—Ooo< ! T — 0|0 + C1|oo
ID5(8) = Ol < (24 ) = O + | =4y =570
Apy 1
< R+ cq,
=G s agre - p
so we find

IT(z@)]x < Gol1R + fo)

1_
4 ”1)¢;(6—1)R+ﬂ<e—1) R

aq (05}

(1—’111) _ U1 o
+ o (e 1)90+a—2(6 1)hg

Ay 1

+G *( )R+ C>,

2\ T T agre - p)”

Consequently, for each t € [1,€]T(B) C B.

step 3 T(B) is bounded and equicontinuous.

Let tq,t9 € [1, €], witht; < ty and x € B, then:
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3.2.  EXISTENCE OF THE SOLUTIONS 3

T(2)(t2) = T(x)(t2)] =

/16G(t2,s) F(s)d

+ (log o) (1 —vq) /g(s,x(s))ds

a1

1
e

_ M / h(s, x(s))ds — /16 G (t1, S) F(S)ds

as

€

_ Uogt) gy / s, a(s))ds + L1108 ") / hls, x(s))ds

ay a2
1 1

< [(6t25) = G (t1,9)asIF o)

logty — logty|
|Og2 Og1 /|g5:1: |ds

logt; — logt
- taflogts ~ logt / (s, (s)lds,
2

1T (2)(t2) = T(@)(t1)]loo < /[G (t2,8) = G (1, 5)] ds|[ F'(s)]|oo

logt, — logt
o Hogta logtil )y 1ywiR 4+ g0)

(3]

logt; — logt
| vellogt —logtal  _ 1yyepp ),

a2

and
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3.2.  EXISTENCE OF THE SOLUTIONS 3

ID8(t2) = D)l = 1 [ (log 27 — 10g 2y Ehg

S

c1(logty)' ™" — (log )"
I'2-p)

& 3
S

Y

€

g

1

ds|| F(s)]|

(logty)'# — (logt))" P v [®log(1 —logs)* "
- 5) (P@yl B4 ()

U2 (1 —logs)* !
ds|| F ()|
et [ —alr

(O‘_@ 1
+%[M@uwm+%[memwﬁ,

€

g

1

(log 2)f=a1 — (log &b)P~a1)
s

ds|| F(s)]|

(logts)' ™7 + (logty)' ¥

F(? _ 6) (:U’ + 77) HF(S)”

+ @(e — 1)(YiR + g0) + Z—;(e — D) (W3R + ho),

a1
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3.2.

EXISTENCE OF THE SOLUTIONS 3

1T (2)(t2) = T(x)(t1)lx =/[G(t278)—G(t175)] ds|[F(s)[|oo

logts — logt
+|g2 g1|(
a1

1 —wvi)(e = 1)W1 R+ go)

logt, — logt
| ellogti Zlostal gy )

a2
(log 2)*~2~1 — (log 1)P~")
S

+f

(logty)'F — (logty)'#
I'2-0)

(v1)

+ (e — 1)(WIR + go) + —(e — 1)(U5R + ho),
a1 a2

ds|| F(s)]|

‘(uﬂz) 17(8)]

where

1F(s)l[x < Go(piR + fo)

4 (]_ — ’Ul)
a1

n (1—v)
451

vile— DR+ (e~ U5

2

(e — 1)go + —(e — 1)h
as

*

. A
+ Gows <(1 —illgo )R+

*
2

1 C)
(1-ApL(2-p) ")

since the function ¢t — logt is uniformly, when |logt, —logt;| — 0 then |t —t; — 0|
also G is a uniformly,so |G(s.ta — G(s.t2)| — 0 As t; — to, the right-hand side of
the above inequality tends to zero.

Then TB is equicontinouaus.

step 4 a priori bounds. We now show there exists an open set [ with = # AT'(x),for
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A€ [l,e] and x € 0X.
Let z € X, and x = A\T'(X), for some 0 < A\ < 1.Thus for each ¢ € [1, €],

we have

9 _)\[/G(t, $)F(s,2(s))ds + logt (1—w) /g

- M/h(s,x(s))ds

a2

)

1

_ )\/G(t, S)F(s,x(s))ds—i-)\M/g(s,x(s))ds

ai

e

—/\@/h(s,x(s))ds,

a2
1

(Dl < / (Gt 9)lds]|F(s,2() | + / o5, () s

1
y tulost) / Ih(s, 2(5)) | cds,

by (H1) we have
IE (@)oo < (@illlloc +31D72 ()] + fo),

then:
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l2(8)lloe < Golwillllos + @5 DY 2 ()| + fo)

e el
1

U *
-9 6 1y e,
a2
< (Gog}l12lle + Gogs | D22 (t) e + Gofo),

gt - el + Y2 e - el
1 2

1 _
0= g+ D — 1),
ap a

consequntly, we get

2(#)lloo < (G2 ]lco + Gogs | DYz (t) o0 + Go fo)

N (1-— Ul)lﬂ(@ — Dz + (Z—z)(e — D3|z o,

(o105

isite = 1)+ 2 - 145 ) el
2

(am ’w—m%%@—wm)+%@wﬁmmu,
Gofo+ “%zn%——w—nh
= (U—Copi + =20(e — 1) + 2(e — 1)43)
Cog3 | D (1)

Gogi + 2yt (e — 1) + 2(e — 1)y

S0
Gofo+ %(6 —1)go+ 2(e—1)hg

(L(=Gopt + b (e — 1) + 2 (e — 1)ug)

lllx <

where
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Gofo+ U;—fl)(e —1)go + 2(e — 1)hg

M - * (1—U1) * V2 * ’
(1 = Gowpi + Q—I@Dl(e - 1)+ a_2(€ — 1)y3)

let z =2€ X :|z|x <M+e. Wehave ||z||, < M foreach x € U C X

U={zeXz < M+e},

suppose the exists x € QU such that

x= Nz,

so we find

M+e=|z). <M< M+e,

which is a contradiction.

By our choice of X there is no OU such that x € A\T'(x),for A € [0, 1].

Hence, by the theorem of "Leray-Schauder” T" has a fixed point.

Exemple 3.1.

sin t2
(e7t +2)3(|x| 4 | DY2x(t)])’

3/2
1/2 ‘it
x(1)+ D7?x(1) = | — coszds,
. 10
“t
z(2) + DY?z(e) :/ — sin zds,
. 10

3
0425, ay =ay =b; =by =1,

30




3.2.

EXISTENCE OF THE SOLUTIONS

and

t
g(t, 2(t)) = 75 cos 2,

|f(t,:z:,u) - f(ta%v)

sin t2

+ (|2 + [DY2x(®)])

h(t,z(t)) = * sin z,

10

sint? +

(Iyl +[DY2y(t)])

sin t2

(e*t + 2)3

|z —y| + | D'z

(et +2)3
— D'y

(et +2)3

[

[l

sin t2
(et +2)°
1
(et +2)3
«_
- (6—1 +2)3

IN

l9(t,2(8)) — g(t, y(1))] =

2] + |DV2al ) (Il + D2y

lz =yl + Dz

L

—yll+[|D?x = D2y,

- D1/2yl|7

Iz =yl + llu = ]|

°t t
(E COST — 75 €O y)ds

| dsllz — yll

AL, 2(2)) = h(t,y(1))]
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[l =yl

e

(E sinx — 10 siny)ds

t
10 ds|sinz — siny|,

1
|z —yl.
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Conclusion and perspectives

Conclusion and perspectives

In this memory, we have studied the existence and uniqueness of two fractional -differential
problems, by using fixed point theorems(Banach principle, Schauder theorem and Leray-
SChauder alternative). As perspectives, we will try to study the generalized fractional
boundary value problem with a conformable fractional derivative of Caputo and its frac-
tional integral. This generalized version represents a challenge from the analytical point
of view, i.e. the existence and uniqueness of the solution. However, the numerical side

remains the same.
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Abstract

The fixed point principle is so important in the study of several non linear differen-
tial equations, particulary, problems of existence and unigeness. In this memory,
we present several existence results for certain classes of differential equations of
fractional order in the sense of Caputo, Caputo-Hadamard, These results were ob-
tained by using the fixed point theorems (Banach, schauder, leray schauder).

Key words and phrases : fractional differential equations, existence of solu-
tions,caputo fractional derivative, , dérivée fractionnaire de type Caputo-Hadamard,

the fractional order integral, fixed point.

Résume

Le principe de point fixe est tres important dans la résolution de plusieurs équa-
tions différentielles non linéaires, en particulier, dans I’étude de 'existence et de
I'unicité. Dans ce mémoire, nous présentons plusieurs résultats d’existence pour
certaines classes d’équations différentielles d’ordre fractionnaire au sens de Caputo,
Caputo-Hadamard Ces résultats ont été obtenus par I'utilisation du théoremes de
point fixe (Banach, schauder, leray schauder).

Phrases et mots clés : équations différentielles fractionnaires, existence de solu-
tions, dérivée fractionnaire de type Caputo, dérivée fractionnaire de type Caputo-

Hadamard, intégral fractionnaire, point fixe.
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