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Abstract

/ This memory presents a study of the sub-supersolution method ab
robust tool for proving the existence of solutions to nonlinear differential
equations, with a focus on its application to the Kirchhoff model derived
from elastic string
vibrations. The methodology revolves around constructing
a pair of functions (supersolution and subsolution) that bound the desired
solution, followed by a generating monotonic sequence converges to it.
Keywords: sub-supersolution method, nonlinear differential equations,

\monotonic sequence, existence.

uadle

T e s vy el SIS Ry R Jd B A s G s a8
A 550 ) ) A3 e (A Gy e e Lt g ki il A
21 8 Ll oo ) gl (5 g gl ) 1) e 155 ol e mial) 2
(0 330 ) 4 ) 4l

Ssny B e At e Lo e dydels Rdid) Jla)) B Aualiia clat

Résumeé

Cette mémoire présente une étude de la méthode des sous-super
solutions comme un outil pour prouver I'existence de solutions a des
équations différentielles non linéaires, en mettant I’accent sur I'étude de
I’exitence d’une solution positive d’'un probleme elliptique de type
Kirchhoff mo délisant les vibrations de cordes élastiques. La méthodologie
tourne autour de la construction d’une paire de fonctions (super solution
et sous solution) qui encadrent la solution souhaitée, vient d’une suite
monotone générée convergente.

Mots-clés : méthode des sous-super solutions, équations différentielles

Qn linéaires, suite mono tone, existence. /
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Notation

Notation

e N : the set of natural numbers.

e R : the set of real numbers.

e RY: represents a n-dimensional Euclidean space with real-number coordinates.
e QO C RY: open set in RY.

e Q: closure of €.

e JQ): boundary of .

e C(Q): space of continuous functions on €.

e C*(Q): space of k times continuously differentiable functions on Q.
e D(Q): the set of test functions.

e mes(2): is the measure of ).

o Vu = ((%‘1, ey 8%\]): gradient of the function wu.

2 .
o Ay = Zfil 27?2 Laplacian of u.

2
o [VulZaq) = Jo |Vul? dz with [Vul? = ¥, (5’;) :
o 7= (71, N)| = Zf\il 7i: is the order of v with 7; € N.

e DVf = %: is the partial derivative with respect to a multi-index.
1 N

[SIE

o |ul| = (fﬂ |Vul? dx) : is the norm of u in HE(Q).



Introduction

Introduction

The sub-supersolution method is a powerful analytical tool in the study of nonlinear
partial differential equations (PDEs) originating from classical techniques in elliptic PDE
theory. This method has evolved into a cornerstone for proving the existence and regularity
of solutions to complex boundary value problems. Its core idea lies in constructing ordered
pairs of functions subsolutions (lower bounds) and supersolutions (upper bounds) that satisfy
differential inequalities. These functions act as ”barriers,” confining the solution within their
range and enabling the construction of monotonic sequences that converge to the desired
solution.

The roots of the sub-supersolution method trace back to the early 20th century, with
foundational contributions from mathematicians like Perron, Picard, and Schauder. Initially
applied to linear equations, the method gained prominence in the 1960s and 1970s through
the work of Amann, Sattinger, and Lions, who extended it to nonlinear elliptic and parabolic
equations. These developments were pivotal in addressing problems where direct variational
approaches were insufficient, particularly for equations lacking coercivity or symmetry. The
method’s versatility was further demonstrated in the study of reaction-diffusion systems, free
boundary problems, and equations modeling physical phenomena such as heat conduction
and fluid dynamics. Over time, it has been refined to accommodate nonlocal operators,
fractional derivatives, and systems with critical growth, solidifying its role as a fundamental
technique in modern PDE analysis.

This memory explores the sub-supersolution method and its application to nonlinear
elliptic equations of Kirchhoff type. The work is structured as follows. The first Chap-
ter covers elements of functional analysis to support subsequent arguments such as Holder
spaces, Lebesgue spaces, Sobolev spaces, Poincaré inequality, the Lax-Milgram Theorem and
Schauder estimates. The second Chapter presents the sub-supersolution method through the

following boundary-value problem for the nonlinear Poisson equation,

—Au=g(u) inQ,
u=0 on 01,
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where g : R — R is a regular function. The last Chapter applies the sub-supersolution
method to the following Kirchhoff-type problem modeling the vibrations of elastic strings to

prove the existence of a positive solution,

—M(||u]®)Au = |ulP~ u + ag(z) in Q,
u=0 on 09,

where p, a are positive real numbers and M : [0,00[— R, g: Q — R are given functions.



Chapter 1. Preliminaries

— Chapitre 1

Preliminaries

In this chapter covers of functional analysis used thronght this memory. The content of

this chapter can be foind in [3, 5, 7, §]

1.1 Holder spaces

Definition 1.1.1.
Let Q be an open set in RN. A function f : Q C RN — R is called Hélder continuous with

exponent B (0 < B < 1) if there exists a constant C' > 0 such that:

If(x) — f(y)| < Clx — y[ﬁ Va,y € Q.

If B =1, the function is Lipschitz continuous. We note that f is continuous and we set

flz)— fly
Fleog = s lF @) [flons = sup LD =SWI
€N J;yyeﬂ "1" y’
T#Y

Generally, we define the Hélder space C*P(Q) as the space of functions in C* whose all
k-th order partial derivatives in C%5(Q).

Theorem 1.1.1.

The space CO’B(Q) 1s a Banach space when equipped with the norm

HchOﬁ(ﬁ) = HchO(ﬁ) + |f|CU,B(§)'

The space C*B(Q) is a Banach space with respect to the norm

Hchk,B(ﬁ) = Hf”ck(ﬁ) + Z ’D"/f‘co,a(ﬁ);
IvI=k
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where v = (Y1, ...,7v) € NV and

Ifllergy = 3 sup [DF(@)].

<k @€

Example 1.1.1.
We define g :]0,1[— R by g(x) = \/z. Then g € CO’%([O, 1]). Indeed,

Va,y €]0,1: Wr—yl<Ve—yeao+y—2/zy<z+y—2zy
=y 2 xy

Sy > m2y2.

This last inegualty is true because x,y €]0,1[. Thus, g € C’O’%([O7 1]). But g ¢ Cl’%([O, 1])

because it is not differertiable at 0.

Theorem 1.1.2.
Let Q be a bounded set in RN, k € N and 0 < f < 1. Then, the embedding

CHA(Q) — C*(Q)

18 compact.

1.2 The Lebesgue spaces L?((2)
Definition 1.2.1.
Let Q be an open set in RY andp € R with 1 < p < oo. We define the Lebesgue space LP(Q) by
LP(Q) = {v: Q—-R ‘ / lv(x)|P dx < oo}.
Q

Theorem 1.2.1.
The function

1
p
[llze) = LP(2) = R, v [vllre) = (/Q |v(z)]? diﬂ)

is a morm on LP(SY). The space (LP(2),]|.|[zr(q)) is a Banach space.

Theorem 1.2.2. (Holder inequality)
Let p € ]1,00] and q denote the conjugate exponent defined by % + % =1. Ifu € LP(Q) and
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v € LI(Q), then uwv € LY (Q) and

/Q o] de < [[ull oy 0] oo,

Moreover, the Cauchy-Schwarz inequality is a special case of the Holder inequality satisfied

/Q vl dz < Jull 2oy ol 22 (1.1)

Theorem 1.2.3. ( Dominated Convergence Theorem)
Let Q be an open set in RN, If (fu)nen is a sequence of measurable functions in L*(Q) such
that
1. fn — f pointwise almost everywhere in €.
2. There exists a function g € L*()) such that |f,| < g for all n € N.
Then, f € L*(Q) and

nango/fz |fn — f|? dz = 0.
Theorem 1.2.4. ( Monotone Convergence Theorem)
Let (up)nen be a monotone nondecreasing sequence (i.e., up+1 > Uy, for alln € N) and there
exists M € R such that

YneN: u, <M.

Then, (up)nen converges to a function u satisfing u < M.

1.3 Sobolev spaces

Definition 1.3.1.

We call the Sobolev space of order 1 on € by

ou
1 _ 2 ) 2 .
H (Q) = {u € L°(Q): 78:@ € L°(0),Vj 1,...,N}.

The derivation is to be understood in the sense of distributions. In other words, a function

u € L?(Q) such that

0
/ugodx: —/ vjp dx, Yo € D(Q), Vj=1,...,N,
j Q

which gives
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In a similar way, let k € N and 1 < p < oo. The Sobolev space W*P(Q) is defined by

wkr(Q) = {u € LP(Q)

Va e NV, |a| <k : DO‘UGLP(Q)}.

Theorem 1.3.1.

The space H () is Hilbert space with the following inner product
Yu,v € HY(Q) : (u,v)Hl(Q) = / uv d:L‘+/ Vu - Vv dz
Q Q

and the norm associed

ull 1) = (/Q|Vu(a:)12+/ﬂ|u(a;)|2dx)5.

The space WFP(Q) is a Banach space when equipped with the norm

olbwiney = (3 [ 1Dl + [ jutapar)”

|a|<k

Definition 1.3.2.
Let Q be an open bounded in RN . The space H}(Q) is defined by

Hy(Q)={veH(Q): v=0 on 09},
which is equipped with the norm of H ().

Theorem 1.3.2. ( Poincaré inequality )

Let Q be an open bounded in RY. There exists a constant Cq suth that
Vu € Hy(Q) : lull2() < Callull.

Remark 1.3.1.

By the Poincaré inequality, the space H&(Q) is a Hilbert space with the following inner product

Yu,v € H3(Q) : (U7U)H(}(Q) = /QVU -Vu dz

1/2
ol = ([ 7 as)
Q

and the norm

This norm s equivalent to

lullgeor = ( [ 19u()F + [ o))

7
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Theorem 1.3.3. (Sobolev embedding )

Let Q be a bounded domain in RN with Lipschitz boundary 0 and let k € N*, 1 < p < oo.
(i) If kp < N, then the embedding W*P(Q) < LI(Q) is compact for 1 < q < Np/(N — kp).
(ii) If kp = N, then the embedding W*P(Q) < LI(Q) for all 1 < q < oo is compact.

(i4) If kp > N, then WFP(Q) < C%¥(Q), where

k—N/p ifk—N/p<l1,

o =
1 ifk—N/p>1.

If k — N/p =1, the embedding holds for every a € [0, 1].

We consider the linear Dirichlet boundary value problem

—Au(z) = h(z) z€Q, (1.2)
u(z) =0 x € 09,

where h is a given function on . If h € L?(f), then, a weak solution of (1.2), a function

u € H}(Q) such that
/ Vu-Vov dz = / hv dz, Vv € H}(Q).
Q Q

Theorem 1.3.4. (Schauder estimates)
Let Q C RN be a bounded domain. If Q2 is of class C%F and h € C%P(Q) then u € C*P(Q) is

a classical solution of (1.2) and

llge.s gy < Clltllgons

Theorem 1.3.5. (Mazimum principle)
Let Q ¢ RY be a bounded domain with smooth boundary and let h be a nonnegative function.
Suppose that u € C?(Q) U C(Q) satisfying (1.2). Then u > 0 in Q. Moreover, either u > 0

in Q oru=0 in .

Theorem 1.3.6. (Lax-Milgram Theorem)

Let a: Hx H— R a bilinear function, for which there exist constants o, B > 0 such that
Yu,v € H : |a(u,v)| < afjull||v]|

and

Vu € H: Bull® < a(u,u).
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On the other hand, let L : H — R be a bounded linear functional on H. Then, there exists a

unique element u € H such that
Vv e H: a(u,v) = L(v).

Example 1.3.1.
Let f € C%%(Q) with B €]0,1] and 0 # f > 0. We show that the following linear problem

—Au=f in{,
(1.3)
u=20 on 0N

has a unique positive solution.
(1) Prove that the problem (1.3) has a unique solution u € H}(Y). We use Laz-Milgram

theory. Then, the variational formulation of (1.3) gives by

/vu.w da::/fgo dr Yo € HM Q).
Q Q

Notice that H}(Q) is a Hilber space. We take

Yu, p € H3(Q) : a(u,gp):/VU-Vgp dz
Q

and

Vo H)(@): Lie) = [ 1o do.
e a is a bilinear form on H}(Y) x HY(Q). For all u,p,w € H} () and X € R, we have
a(Au+ p,w) = / V(Au + ¢) - Vw dx
Q
:/Vgo-Vw—&-/\Vu-Vw dx
Q
:)\/VU-Vw d;v—l—/Vgo-Vw dx
Q Q
= Aa(u, w) + a(p, w).
Then a is a bilinear form with respect to the first variable. Since a is symetric,
Yu, p € H}(Q) : a(u,p) = / Vu -V dx
Q

:/Vgo-Vudx
Q

= a(p,u),
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so the function a is bilinear.

e a is continuous. Let u,o € HL(Q). By using the Cauchy-Schwarz inequalities (1.1) and

<yl |z,

N
Yy = (Y1, yn), 2= (21,.., 2n) € RV : ‘ > iz
=1

we obtain

la(u, )| = '/Qw-w i

S/ |Vu - V| dx

Q

< / 1Vl V| da
Q

1/2 1/2
< (/ |Vu2dx> (/ \Vgo]%lx)
Q Q

< Vull 2 Vel L2
< [l el

which gives the continuity of a.

e a is coercive. For all u € H}(Q), one can write

a(u,u):/Vu-Vu dx

Q
:/ |Vul|? dx
Q

2
= [Jul

So the bilinear form a is coercive.

e L is linear form on HE(Q). For all p,w € HL(Q) and A\ € R, we have

L(/\go—l—w):/ﬂ()\cp+w)f dx

—/)\gof—i—wf dx
Q

:)\/Qcpfdx+/gwfdm
— AL(¢) + L(w),

thus L is linear.

e L is continuous. For all p € HE (), we have
L) = | [ of as
Q

dzx.
s/leonl v

10
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By the Cauchy-Schwarz inequality, we find

o) < ([ 17 ao) v ([ 1o da:)m

<l el 2o -

Using Poincaré’s inequality, one can write

IL(o)] < Ca Iz Nl

hence, L is continuous.

From the Laz-Milgram Thorem, the problem (1.3) has a unique solution u € H ().

(2) We prove that the solution is positive using the weak mazimum principle. Since 0 # f >0
is a reqular function, the weak solution u of the problem (1.3) is nontrivial. Therefore, from
Theorem 1.3.5, we get

u>0 in .

Finally, from (1) and (2) the problem (1.3) has a unique positive solution.

Theorem 1.3.7.
Let Q@ C RN be an open. If u € HY (), then the positive part ut = max(u,0) and the
negative part v~ = max(—u,0) of u are in H'(Q) (ut,u™ € HY(Q)). Furthermore, their

weak derivatives of u™ and u~ are given by

_— Vu a.e. on {u> 0},
u =

0 a.e. on {u <0}

and

0 a.e. on {u >0},
Vu~ =

—Vu a.e. on {u < 0}.

11
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— Chapitre 2

METHOD OF SUBSOLUTIONS AND
SUPERSOLUTIONS

This chapter illustrates a method for solving a nonlinear elliptic equation that involves to
construct two global barrier functions a subsolution and a supersolution, which satisfy elliptic
differential inequalities. While finding these barriers may be challenging, solving inequalities
is often easier. Once these functions are identified, the maximum principle can be utilized
to create a monotone sequence of functions that converge to the solution. This method is
relatively straightforward and quite general, with the only limitations being the ability to

solve the inequalities. The results of this Chapter can be found in [0].

2.1 Principle of the method

We will consider the following boundary-value problem for the nonlinear Poisson problem

—Au=g(u) in £,
u =0 on 0,

(2.1)

where g : R — R is smooth such that
vieR: |¢(t)] <C, (2.2)

for some positive constant C'.
Let v € H}(Q). We can obtain the variational formulation by multiplying (2.1) by v and

integrating over (2,

_/Q(Au)vd:c:/gg(u)vdx.

Integrating by parts and using v = 0 on 02, we obtain

_/Q(Au)vd:p:/QVu-Vvd:EZ/Qg(u)vdl‘?

12
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then
Yo € Hy () : / Vu- Vv dr = / g(u) v dx.
Q Q

Definition 2.1.1.

1. We say that u € HY(Q) is a weak supersolution of problem (2.1), if

/QVu -Vou dx > /Qg(u)v dx (2.3)

for allv e HI(Q),v >0 .

2. In the same way, u € H'(Q) is a weak subsolution of problem (2.1), if

/QVU- Vo dx < /Qg(u)v dx (2.4)

for allv e HI(Q),v >0 .
3. We say that u € HE(Q) is a weak solution of problem (2.1), if

/Q Vu- Vv dz = /Q g(w)v da (2.5)

for all v e H(Q).

Remark 2.1.1.
If u,u € C?(Q), then from (2.3) and (2.4) it follows that

—Au > g(u), —Au<g(u) inQ.

Theorem 2.1.1. (existence theorem)
Suppose there exist a weak supersolution u and a weak subsolution u of the problem (2.1) that

satisfy the conditions
u<0, u>0 ondQ in the trace sense, u < u a.e. in ). (2.6)
So, there exists a weak solution u of the problem (2.1) such that
u<u<u a.e in§.
Proof. For a € [0, 00, set

VzeR: h(z) =g(z) + az.

13
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The function A is differentiable and its derivative is given by
VzeR: W(z)=4¢'(2)+a.
If « > C, it follows from (2.2) that

VzeR: W(z)=¢(2)+a

>g'(2) +19'(2)]

> 0.

Hence, for all a > C, the function A is nondecreasing.

Now, let us consider ug = u. We prove that the following linear boundary-value problem

—Aug + auy = g(ug) + aug  in Q,
(2.7)

u; =0 on 0f)

has a unique weak solution u; € HE (). We use the lax-Milgrame Theorem.

The variational formulation of (2.7) is

/ Vui - Vo dz + a/ uv dr = /(g(uo) + aug)vdr Yo € Hi(Q).
Q Q Q

Recalling that H}(Q) is a Hilber space with
1/2
lollyor = ([ 1V do [ )

Vu,v € HY () : a(u,v):/Vu-Vv dm+a/uv dx
Q Q

We take

and

Vo€ HY(Q): L(v) = / g(up)v + augv dz.
Q

14
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e a is a bilinear form on HE(Q) x H(Q). For all u,v,w € H}(Q) and A € R, we have

a(Au+v,w):/V(/\u+v)-Vw dx+a/()\u+v)w dx
Q Q

—/Vv-VuH—AVu-Vwda:—l—oz/vw—i—)\uwdx
Q Q

:/Vv-Vwdw+)\/Vu-dea:+a/vwda:+a)\/uwdx
Q Q Q Q

:A</Vu-dem+a/uwdx)+(/V0-dem+a/vwdx>
Q Q Q Q

= Aa(u,w) + a(v, w).

Then a is a bilinear form with respect to the first variable. Since a is symetric,

Vu,v € HY () : a(u,v):/Vu-Vv dx—l—a/uv dx
Q Q

:/Vv-Vudx—i-a/vudx
Q Q

= a(v,u),

so the function a is bilinear.

e a is continuous. For all u,v € H}(2), we have

/Vu'Vfud:c—i-a/uvdx
Q

/Vu Vv dz /uvdm
/|Vu Vol dz:+/ lu| |v| dz.

From the Cauchy-Schwarz inequality, we obtain

|a(u, v)| =

+ o

a(u,v)| g/ |Vu| [Vl dx—f—/ lu| |v| dz
Q Q

() ()"
+a </Q Juf? dx)1/2 (/Q [of? dw) "

< |NVull 2o IVUll 20y + allull 2y 1Vl 2(q) -

We note

Vo € Hy(Q) : [[Vollpzq) < loll gz > 10llL2@) < Mol -

15
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So the inequality (2.8) becomes
la(u, v)| < llull ga oy 10l ma ) + e llull o) 10 @)
< (a+ D [lullgy o) 101y o) -

If we set M = a+ 1, we get

|a(u, v)] < M [lull ga 0y 10l 2 @) »

which gives the continuity of a.

e a is coercive. For all u € H}(2), one can write

a(u,u) :/ Vu - Vu da:—l—a/ uu dx
Q Q
= /(Vu)2 dm+a/(u)2 dx
Q Q
= [|Vull72(q) + a llul 72
Let N = min(1, ). Then,
a(u,u) > N | Vullz2iq) + N [lullz2g)
> N (IVull ) + lul2e)

2
>N HUHHol(Q) 5

SO a is coercive.

e L is linear form on H}(Q). For all v,w € H}(2) and X € R, we have

L(w+w) = /Qg(uo)()\v + w) + aug(M + w) dx
= /Qg(uo))\v + g(up)w + adugv + augw dz
= /Q)\(g(ug)v + augv) + (g(uo)w + aupw) dx
= )\/Qg(uo)v + augv dx + /Qg(uo)w + aupw dz
= AL(v) + L(w),

thus L is linear.

16
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e L is continuous. For all v € H}((2), we have

IL(v)| = ‘/Qg(uo)v—i—auov dw

< [ latwo)llo] + aluollo] dz
Q

§/ lg(up)]||v] dx+/a|uo||v| dx.
Q Q

By the Cauchy-Schwarz inequality, we find

) < ([ latw)? ac) - ([ 1 dx)m
+a</g|u0]2 dw>1/2 </Q o d:c)l/2

< llg(uo)ll L2y vl 20y + alluoll 2oy vl L2(q)
< Mlg(uo)ll 2oy vl mg ) + @ lluoll g2 ) vl o)

< (lg(uo)ll 2y + e lluoll g @) vl o -

Setting K = ||g(uo)|2(q) + o HUOHH(%(Q)v we get
L) < K ol g3y -

hence, L is continuous.

Finally, by the Lax-Milgram theory the problem (2.7) has a unique weak solution u; €

Hg ().

Let n € N* and u, € H}(Q). In view of the above, the following linear boundary-value

problem

—Aupi1 + Qupt1 = g(uy) + au,  in €,

Upt1 =0 on 0f)

has a unique weak solution u, 1 € Hj ().

By induction on n, we prove that
u=uyg<u <---<u, <--- ae. in Q.
For n = 0, we have

(g9 (uo) + aup) v dzx

(9 () + au)v dz,

(2.9)

(2.10)

(2.11)
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for all v € H}(2). By subtracting (2.11) from (2.4), we obtain

/Vu-Vvd:L‘—/Vul-Vv+au1vd:L‘§/g(u)v dm—/(g(u)+au)vdm,
Q Q Q Q

which can be written as
/ V(ug —u1) - Vo + a(ug —up)v dx < 0. (2.12)
Q

Setting

v = (up —u)"

We notice that v € H}(Q),

V(up —u1) a.e. on {ug>ui},
Vv =

0 a.e. on {ug < wuqp}
(see Theorem 1.3.7) and v > 0 a.e. in Q. Taking v := (ug — u1)" in (2.12), we get

/QV (ug —u1) - V (ug — u1)" + a (ug —uy) (uo — up) ™" da

—/ V(ug—ul) 'V(UO—U1)+04(U0—U1)(UQ—’u,l) dx
{uo>u1}

(2.13)
+/ V(uo—u1)~0+a(u0—u1)0 dx
{uo<u1}
:/ V(ug —uq) - V(ug —u1) + a(ug — ui)(ug — uy) dx <0,
{uo>u1}
then
/ |V(u0—u1)|2+a(u0—u1)2daz§0,
{U0>U1}
which implies mes({up > u1}) = 0. Hence, ug < u; a.e. in €.
Let us now suppose by induction that
Up—1 < U, a.e. in Q. (2.14)
From (2.9), we find
/ Vunt1 - VU + qupy1v doe = / (9 (un) + aup) v dx (2.15)
Q Q
and
/ Vu, - Vo + au,v doe = / (g (up—1) + Qup—1)v dx (2.16)
Q Q
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for all v € H}(€2). Using (2.14), (2.16) and the fact that g is nondecreasing, one can write

/ Vi, - Vo + auyv de = / (g (up—1) + Qup—1)v dx
Q Q

< /Q(g (un) + atip—1) v dx.

Subtracting (2.15) from and (2.17), we find
/ V(tup — tun+1) - VU + a(uy — tpg1)v de < 0.
Q
Putting v := (up — uny1) ", we get

/ IV (i — tim1) 2 + @ (i — i)l
{un>uny1}

= /Q [(g (Un—1) + un_1) — (9 (un) + auy)] (up — Uni1)™ dz < 0.

Thus u, < upy1 a.e. in Q.
Let us prove that

VneN: u, <u a.e. in Q.

From the definiton of the supersolution @ and subsolution ug = u, we have ug = u <

(2.19) is valid for n = 0. Now for induction, suppose that

Using (2.15) and (2.20), we get

/ Vipy1 - VU + oty 10 doe = (up) + auy) v dx

) + aquy) v de.

:a\@\

Subtracting (2.3) from (2.21), we find

/ V (ups1 — @) - v+ a (upy1 — @) v de < /[(g(un) + auy,) — (9(a) + aulv dz.
Q

Q

Taking v := (uny1 — @) ", we obtain

/ IV (tny1 — @) + a (tns1 —0)? d
{un+1>ﬂ}

< [ (g un) + ) = (9() + @) (w1 — 0)* dz <0,
Q

19

(2.17)

(2.18)

(2.19)

. Then,

(2.20)

(2.21)

(2.22)



Chapter 2. METHOD OF SUBSOLUTIONS AND SUPERSOLUTIONS

Using (2.20) and the fact that h is nondecreasing, one can write

/ AV (g1 — D) + a (upgr — ) de
{un+1>a}
< | g (un) + aun) = (9(@) + )] (up41 — )" da (2.23)

[(g (@) + o) — (9(w) + aw)] (un+1 — @)™ do =0,

IA
S— 5

which gives

Up+1 < U a.e. in

Thus, (2.19) holds. In view of (2.10) and (2.19), we find

U< LUy <Upgp <o < a0 aee. in (2.24)
Since the sequence (un)nen is nondecreasing and bounded above, there exists function u :

Q — R (see theorem 1.2.4) suth that

u(z) = li_>m up(x) ae. z € Q.

Also, from (2.24), one can write
Vn € N: Juy(2)] < maz(|a(z)], |u(x)]) a.e. z € Q, (2.25)

with maz(|l, |u|) € L*(Q). By the dominated convergence Theorem (see Theorem 1.2.3),
u € L2() and

lim {Jun, — ul|f2(q) = 0. (2.26)

n—oo
From (2.2), we have
-C<Jt) <. (2.27)

Integrating (2.27) from 0 to ¢ > 0, we get
—Ct < g(t) - 9(0) < Ct,

which gives

—Ct+9(0) < g(t) < Ct+¢(0).

This leads to
vVt >0: [g(t)] < Clt| + [g(0)]. (2.28)
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If t <0, we integrate (2.27) from ¢ > 0 to 0 to get

Ct < g(0) —g(t) < =Ct,

which implies

V< 0: [g(t)] < Clt| + |g(0)]. (2.29)

Combining (2.28) and (2.29), we get
VteR: [g(t)] < C[t] + |g(0)]- (2.30)
Taking t = uy,(z) in (2.30), we obtain
Vn e N: [g(un)| < Clun| +[9(0)], (2.31)
which gives

l9(un)* < (Clun| +19(0))*.

Using the inequality
Va,be R : a® + b > 2ab,
we find
|9(un)? < (Cun)? + (|9(0))? + 2Cz [g(0)]
< (Cup)? + (|g(0)])* + (Cun)? + (19(0)])? (2.32)
= 2(Cup)? + 2 (9(0))*.

Integrating (2.32) over 2, we get

/ lg(un)|? dz < 202/ u? dx + 29(0)2/ dz
Q Q

o)
=207 HunHiz(Q) + 2g(0)*mes(Q).

This leads to
1/2

gl 2y < [2C% llunl32(ay + 20(0)mes(@)]
< [2C% unlBagey]  + [20(0)Pmes()] (2.33)

= V20 ||unl p2() + |9(0)|v/2mes(€).

Multiplying (2.9) by u,+1 and integrating over €2, we obtain

/ |vun+1|2 + a(un+1)2 dx = / g (un) Upt1 + QU UL d,
Q Q
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which gives

/ IVupi1]? + a(ungr)? do <
Q

/ g (Un) Up+1 + QUpUR+1 dT

Q

S / |g (un) Un+1 + au”un+1‘ dzx
Q

< / 19 (n)] [tmsa| +  [in] g |
[9]

By Cauchy-Schwarz inequality, we get

/Q Vi1 + a(uni1)? de < g (un)|l 2oy lluntill oy + o llunll 20y llunsill 120y

Using (2.25) and (2.33), we obtain from (2.34),

Bllunsa sy < [V2C lunll oy + 19(0) v/ 2mes(@)] lfunsal 2

+ aljunl| g2 () luntallz2 ()

+ a|wll 2y 1wl L2y »

(2.34)

(2.35)

where 8 = min(1,a) and w = max(|dl, |u|). Thus, (u,)nen is bounded in Hg(Q). Using

the compact embedding H{j(Q) < L*(2) and (2.26), there exist a subsequence (up,)jen C

(tn)nen and u € HE(2) such that
(un,)jen converges weakly to u in H(Q).
By (2.2), one can write
Vi€ N |g(un;) — g(u)| < Clun; — ul,

which implies

Vi €Nz lg(un,) = 9w o) < C llun, —ull 2 -

Passing to the limit in (2.37) and taking into account (2.26), we get
lim Hg(unj) - Q(U)HLQ(Q) =0.

j—00

Finally, letting j — oo in

/ Vi, 41 - VU + Qup, 410 dz = / (9 (un,) + atn, ) v dz
Q Q
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and using (2.26), (2.36) and (2.38), we obtain

/Vu'VU—I—OzuU dfc:/(g(u)+au)vdx,
Q Q

which can be written as

Vo € H}(Q) : /Vu-Vvda::/g(u)vdx.
Q Q

Thus, the limit u is a weak solution to the problem (2.1).
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— Chapitre 3
Existence of postive solution of a

Kirchhoff problem by sub-supersolution
method

In this chapter, we explore the existence of positive solutions for a nonlinear elliptic
differential equation of Kirchhoff-type. We focus on a specific case where we prove the
existence of positive solutions under certain conditions on the relevant parameters. The
presented results rely on the sub-supersolution method, which provides deep insight into the
behavior of the equation’s solutions under different conditions. The research of this chapter

are documented in references [2, 1].

3.1 Statement of the problem

The Kirchhoff equation originated in 1883 as a model for vibrations of elastic strings,
where the stiffness of the string depends on the total deformation energy.
The original time-dependent equation is written as

2
% - M </Q \Vu(z,t)|? dx) Au = g(z,u),

where
e u(x,t) is displacement of the string at position x and time ¢.
e M(s) is a function describing the string’s stiffness, dependent on the total deformation
energy [, [Vul? dz.
e Au is the Laplacian operator (represents elastic restoring forces).
e g(z,u) is a external forces or nonlinear interactions.
We need to study the steady-state (time-independent) case, where the system is in equilibrium

(no temporal variation). So we have
0?u

o~
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with Dirichlet boundary conditions and by adding nonlinear and external terms, the problem

becomes
M (Jul]?) Au = [up~u + ag(z) i Q,

u =0 on 0,

(E)

where € is a bounded domain in RV (N > 2) with smooth boundary 950, a is a positive

parameter, p € |1, 00[, M is a continuous function on [0, co[ such that
dmg >0, Vs >0: M(s) > mg (Mp)

and

g(x) € C1(Q) changes sign. (G)

3.2 Existence of postive solution by sub and supersolutions

method

Theorem 3.2.1.
Assume that (G) holds and M is a noncreasing function satisfying My. Suppose further that

the function

H(t) = tM(t%) (H)

is increasing on R. Then there exists a, > 0 such that the problem (E) admits at least a

positive solution for all a € (0, ).

Proof. First, we give an example of function M satisfying the assumptions of Theorem.
We take
M : [0, 00[ — |0, 00]
at+0b
pt + B

where a, b, i1, 8 and ¢ are positive numbers such that

t—

+c,

af —bu <0 and cuf+af—bu>0.

We show that M is noncreasing and satisfies the conditions (My) and (H). The function M

differentiable and its derivative is given by

af — bu

M) = Lar ar
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Since af — bu < 0, it follows that M’ < 0. So, M is noncreasing. Next,

at+b
pt + B

Vt € [0,00[: M(t) = +c>c>0.

Therefore, it suffices to choose mg = ¢ to have (My). Moreover,

H'(t) = M (¢*) + 2t* M’ (¢*)
_at’+b 5 af —bp
i +c+2t i
B (at2 + b) (th + ﬁ) +c (u2t4 + 62) + 2t2(cuB + afB — bu)

= 5 >0
(ut? + B)

because cuf + af — bu > 0. So, the function H is increasing on R. Thus, (H) holds.

We will use the sub and supersolutions method. Let u, be a nonnegative solution of
problem (see Example 1.3.1),
—Au=g(xz) in Q,
u=20 on 0.

We determine a subsolution of (E) in the form
u=Aug, with A €]0,00[.

We have
M (lull?) = =M (Jvugl2) = =2 (A2 lug|”) (3.1)

On the other hand,
Au = A(dug) = Mug = —Ag(x). (3.2)

From (3.1) and (3.2), we get

~M (|Jul?) Au= —M (A2 ||ug||2) A,

= M (X2 ugl?) Ag ().

We say that u is subsolution of (E) if
=M ([lu]?) Au < JufP " u + ag(z). (3-4)
Insert u = Aug in (3.4) yields

M (X2 [lug|?) Ag(w) < AN ug Py + ag(a),
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which can be written as
g(@) (M (N2 lug ) A= @) < Ny [~

We remember that g(z) changes sign, so to obtain the last inequality we must take A such
that
M (2 ug*) A =

or

M </\2 Huguz) 2 =1 (3.5)

Let us prove that the equation (3.5) admits at least a positive solution A.

Setting y = A% ||ugy||>. Then, (3.5) becomes

D(y) = My)vy

[

We have

On the other hand, by (Mj),

Therefore,

lim ®(y) = +oo.

y——+oo

So, since ® is continuous on |0, +00|, there exists yo = yo(a) > 0 such that ®(yo) = «. Hence,
there exists A = ﬁ > 0 satisfying (3.4). This gives the existence of the subsolution u .
Now, let as find a supersolution @ of (E) such that @(z) > u(x) a.e. x € Q. If @ is supersolution
of (E), then

—M (||a)?) Aa > |afP~ a + ag(). (3.6)

Let v be the unique positive solution of the linear Dirichlet problem

—Au=1 1in{,
u=20 on 0f).
We have to find @ in the form
@ = Bv, with B €]0,00]. (3.7)
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From (M), we obtain
—M (||a)*) Aw = —M (||a||*) A(Bv) = M (B?||v||*) B > myB. (3.8)

If we choose B suth that
moB > BP|v|% + &|¢|c, (3.9)

then @ is a supersolution of the problem (E). Set

moB — BP|v|%

VB €]0,00[: h(B) = o

We have

mUO — 0p|v|€o
O e Y

lim h(B) = —oc.

B—oo
On the other hand,
mo — pBP ! u[%
9]0

VB €]0,00[: I (B) =

)

then Ny
.
W(B) =0 <= By = <mo)

(B) * 7 \ ol

We summarize the previous study on the function h in the following table

B 0 BO (0.¢]

So,

h(B) = h(By).
puax (B) = h(Bo)

Therefore, if 0 < o < g = h (Byp), we have

moBo — Bg”l)’go

|9’oo

which equivalent to

moBy > algleo + Bb|v|%.

Thus, (3.9) holds and @ = Bywv is a supersolution of the problem (E). To complete the proof

of the existence result we need the following lemma.

Lemma 3.2.1.
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Under the hypotheses of Theorem, if v and w are nonnegative functions verifying

—M (|w||?) Aw > =M ([|[v]|*) Av  in Q,

(E*)
v=w = on 0N
then
w>v  an S
Proof.
By mutiltiplying both sides of (E*) by v and integrating over €, we get
/—M(wa) Aw- v ds > / M (Jo]?) Av - da,
Q Q
we use integration by parts, we find
M (Hw||2) / Aw-vdr>M (HU||2) / Av - v dz
Q Q
M ([|wl]f?) (w,v) = M (o]?) o] (3.10)
ey » M) ol?
T M (Jjwl?)

with
(w,v) = / Vw - Vo dz.
Q

In the same way, by mutiltiplying both sides of (E*) by w and integrating over 2, we find

M (o) ol
Py = (310
From (3.10) and (3.11), we get
M (|[w]?) [lwl]f? (w,0) M (Jlo]I?) [lo]l?
M(lol)  — 7T M(fJwl?)
then
M (J[vl?) vl

(w,v) > W’

by the Cauchy-Schwarz inequality, we get

M (Jlo]I?) [lv]l?
ol ol = () > = e
M (Jlo]l?) [lv]l?
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by mutiltiplying both sides by M (||wH2), we obtain

M ([lw]?) lw]l ol = M ([lo]]?) [lv]?

M (Jlw]?) [lw]| = M (J[v]?) ol

By (H), we get
H(|lwll) = H({[v])- (3.12)

From the increasing of function (H) and (3.12), we get
[wl| = vl
from then and nonincreasing of function M, we obtain

M (JJwl®) < M (|lo]?) (3.13)

From (E*) we have

-M (Hw||2) Aw > —-M (||U||2) Av
—-M (||w||2) Aw+ M (||v||2) Av >0
—A (M (|lw]*) w) + A (M ([Jo]]*) v) = 0

A (M (Jwl?)w = M (Jo]?) v) = 0.

Then, we can write (E*) as following

—A (M (|w||*)w— M (|[v]*)v) >0 inQ,

(3.14)
v=w=0 on 0.
By application of the maximum principle on (3.14), we get
M (Jeo][2) w— M (Jo]2) v > 0
(Il l®) (Ilvl) (3.15)
M (Jeo]]2) w = M (Jol]?) v.
From (3.13) and (3.15), we find
M ([lw]?) w > M (o)) v
M (J[o]2) v < M (Jw]2) w < M (Jo]]2) w (3.16)

M ([0]?) v < M (J[v]|?) w.
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Since M is a positive function and from (3.16), we get
w > v, in .

This ends the proof of Lemma .
Because g € C1(Q) (from (G)) and @ = ug € C*P(Q). Then, |ugP~tuy € C%#(Q), which
gives

f(,up) € C¥P(Q), (3.17)

where f(z,up(z)) = |uo(z)|P~tug(x) + Bg(x) for all x € Q. We prove that H(R) = R. From
(MO)a

which implies

lim H(t) = oc. (3.18)

On the other hand, since M is a nonincreasing function, it fllows that
Vt<0: M(t?) < M(0),

which leads to
H(t) = tM(t?) > tM(0), M(0) > mq > 0.

Thus,
lim H(t) = —oc. (3.19)

t——o00

Now, using (3.19), (3.18) and the fact that H is increasing function and continuous, we get

H(R) = R. Therefore, since f(.,ug) € L?(£2), the problem

—M (JJur|]*) Auy = f (z,u9) inQ,
() -
up =0 on 0f)

has a unique solution u; € H}(Q) (see [1]). In addition, using (3.17), the solution u; is in

C?8(Q) (see Schauder estimates Thorem 1.3.4 ). In the same way, the problem

—M (Jun|?) Aup = f (#,un_1) in 9,
(Ie1?) )
U, =0 on 9f)

has a unique solution (u,)neny € HE(Q) N C%A(Q), n > 2. Since ug is a supersolution, one
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can write

—M(mwﬁszf@m@:—MQmmﬂAm.

From Lemma 3.2.1, we obtain ug > u;. Also, using the fact that ug > u > 0 and t — [¢t[P~1¢

is monotone, we get
=M (Jler]?) A = £ (@ u0) 2 f (r.wn) = =M (Jlus?) Aue,
which gives u; > u (according to Lemma 3.2.1 ). For uy, we have
—M(MwﬂAm:f@m@zf@wﬁ:—MQmﬁﬂAw.
Hence, u; > uo. In the same way, since
M (Jluzl?) Auz = £ (2,01) = flo,u) > =M (Ju]?) A

we obtain ug > u. Repeating this argument, one can construct a bounded monotone sequence

(un)nENCH&(Q)?
U=wup>up >uz > Uy, >--->u>0, u#0. (3.20)

By using the arguments we show that (uy),cy C C*?(€2),0 < 8 < 1, and since g € C%#(Q)
we have f (., u,) € C%%(Q). From this and by using Schauder estimate we get (uy,),,cy C C*7.
Since Q is bounded, it follows that f(.,u,—1) € LP(Q) for all p € ]1,00[. Therefore, from
Thorem 1.3.3,

unllw2r@) < Cpllf(-; un—1)llr(0)

< Cp”f() UO)HLP(Q)’

where C), is a constant independent of n. Let p > % by the continuous embedding W2 () —
CY7(2), v € ]0,1], the sequence (uy)nen is bounded in C%7(2), hence, by the Schauder
estimates (see Thorem 1.3.4), (u,)nen is bounded in C?7(Q2). Now since the embedding
C%7(Q) — C?(Q) is compact, there existe a subsequence (un, )ken C (Un)nen Which converges
in C%(Q) to a function u. From (3.20), it follows that u > u > 0. Now, writting (E,) for
n = ny, and letting k — oo in (£, ), we see that u is a nonnegative nontrivial solution of the

problem (E). The maximum principle gives u > 0.
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Conclusion

In this memory, we studied the theoretical and applied aspects of the sub-supersolution
method. It provided a systematic analysis of the sub-supersolution method as an innovative
tool for addressing nonlinear differential equations, with a specific focus on its application to
the Kirchhoff-type problem modeling the vibrations of elastic strings. The theoretical aspect
is based on creating a monotonic sequence that progressively converges toward a solution. In
the applied context, the methodology was successfully employed to investigate a Kirchhoff-

type problem, demonstrating the existence of a positive solutions under specific conditions.
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