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Introduction

Bessel functions of the �rst kind J� [14] are essential to many applications in engineering

and physics. These functions are some of the most signi�cant special functions that must

be evaluated using the proper mathematical formulas. They indicate solutions of several

di¤erential equations, including Bessel�s equation [14]: Currently, the most popular method

for approximating the values of J� is its expansion using a power series. However, the

computation of the Gamma function complicates each of the many terms in this series that

are required to obtain a good approximation for large values of the argument. Consequently,

the corresponding rate of convergence will decline more slowly. This work presents a novel

method for evaluating Bessel functions of the �rst kind using Haar wavelets [3; 6; 7; 8] in

order to solve this problem and increase the convergence rate. Numerous issues have been

resolved using this kind of wavelets, including those in integral equations [2; 4; 9; 15], image

processing [1; 5; 10; 12; 13], and other areas of mathematics.

In this work, we examine the use of Haar wavelets to solve the Bessel�s equation of order

� with initial conditions, which makes it simple to evaluate the �rst-kind Bessel functions.

The primary bene�t of our suggested approach is that its algorithm is simpler, quicker, and

more precise.

This work is structured as follows :

The �rst chapter discusses the gamma function and its properties. The Bessel functions

of the �rst kind is represented by power series and their properties are represented.

In the second chapter, we present the power series method for solving Bessel di¤erential

equations, examining their convergence and estimating the convergence error.
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Preface

In the �nal chapter, we present the wavelet method to approximate the solution of �rst-

kind Bessel equations, followed by examining its convergence and providing an estimated

comparison between it and the power series method.
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Chapter 1 

Mathematical Preliminaries 

 

 

Special functions are very important in mathematics, physics, and engineering. Among 

them, the Gamma function and Bessel functions are widely used because they help solve 

complex problems related to equations, integrals, and physical phenomena. 

The Gamma function is a fundamental extension of the factorial function to real and 

complex numbers. Bessel functions, on the other hand, appear as solutions to certain diffe- 

rential equations called Bessel equations. 

In this chapter, we will discover what these functions are, and their main properties. 

1.1 Gamma Function 

The Gamma function is denoted by   and is defined for positive real numbers by the 

improper integral: 

                                                               ( )  ∫           
  

 
                                     (1.1)         

below are the key properties. 

      Property 1.1.1.  

 (   )    ( )                                     (1.2)         

    Proof. From the defintion (1.1) of the function  , we write 

 (   )  ∫         
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1.1. Gamma Function

using integration by parts, let

u = tx =) du = xtx�1dt

and

dv = e�tdt =) v = �e�t:

Then

� (x+ 1) = �
�
txe�t

�+1
0

+

Z +1

0

xtx�1e�tdt:

Boundary term :

when t! +1; we �nd txe�t ! 0;

and

at t = 0; we have txe�t = 0:

So

� (x+ 1) =

Z +1

0

xtx�1e�tdt

= x

Z +1

0

tx�1e�tdt

= x� (x) :

Therefore

� (x+ 1) = x� (x) : (1.3)

�
Property 1.1.2.

8n 2 N� : � (n) = (n� 1)!: (1.4)

Proof. Using (1:2) ; we have

� (n) = (n� 1) � (n� 1) :

By applying this eguality recursively, we have :

� (n) = (n� 1) (n� 2) :::� (1) :
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1.1. Gamma Function

Now, we compute � (1) ;

� (1) =

Z +1

0

e�tdt = �
�
e�t
�+1
0

= 1;

thus

� (n) = (n� 1) (n� 2) :::1 = (n� 1)!:

�
Property 1.1.3.

�

�
1

2

�
=
p
�: (1.5)

Proof. We have

�

�
1

2

�
=

Z +1

0

t�
1
2 e�tdt;

puting

t = x2;

then

dt = 2xdx;

so

�

�
1

2

�
=

Z +1

0

x�1e�x
2

:2xdx

= 2

Z +1

0

e�x
2

dx:

We use the Gaussian integral Z +1

�1
e�x

2

dx =
p
�;

thus Z +1

0

e�x
2

dx =

p
�

2
;

hence

�

�
1

2

�
= 2

Z +1

0

e�x
2

dx =
p
�:

�
Example 1.1.4. Using (1:3) ; we compute �

�
3
2

�
and �

�
5
2

�
:
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1.2. Bessel functions of the �rst kind

1. We have

�

�
3

2

�
= �

�
1 +

1

2

�
=

1

2
�

�
1

2

�
=

1

2
:
p
�

=

p
�

2
:

2. We have

�

�
5

2

�
= �

�
1 +

3

2

�
=

3

2
�

�
3

2

�
=

3

2
:

p
�

2

=
3
p
�

4
:

1.2 Bessel functions of the �rst kind

Recall the Bessel�s equation of order � [14] :

x2y
00
+ xy

0
+
�
x2 � �2

�
y = 0; (1.6)

where � is a nonnegative real constant called the order of the equation. This equation has

two linearly independent solutions, one of the solutions is called a Bessel function of the �rst

kind that is denoted by J�. This solution is regular at x = 0 and de�ned by the following

formula :

J� (x) =
X
k�0

(�1)k

k!� (k + � + 1)

�x
2

��+2k
; (1.7)

where � is the Gamma function.

This series converges for all x 2 R and it has the following properties.
Property 1.2.1.

x _J� (x) + �J� (x) = xJ��1 (x) ; (1.8)
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1.2. Bessel functions of the �rst kind

Proof. We know that the Bessel�s function is

J� (x) =
X
k�0

(�1)k

k!� (k + � + 1)

�x
2

��+2k
:

We di¤erentiate both sides with respect to x

_J� (x) =
@J� (x)

@x
=
X
k�0

(�1)k

k!� (k + � + 1)
: (� + 2k) :

�x
2

��+2k�1
:
1

2
;

then

x _J� (x) =
X
k�0

(�1)k

k!� (k + � + 1)
: (� + 2k) :

�x
2

��+2k�1
:
�x
2

�
=

X
k�0

(�1)k

k!� (k + � + 1)
: (� + 2k) :

�x
2

��+2k
=

X
k�0

(�1)k

k!� (k + � + 1)
: (2� + 2k � �) :

�x
2

��+2k
;

thus

x _J� (x) =
X
k�0

(�1)k : (2� + 2k)
k!� (k + � + 1)

:
�x
2

��+2k
� �

X
k�0

(�1)k

k!� (k + � + 1)
:
�x
2

��+2k
: (1.9)

Using the property

� (� + 1) = �� (�) ;

and the de�nition of the function J�; we get

x _J� (x) =
X
k�0

(�1)k :2
k!� (k + �)

:
�x
2

��+2k
� �J� (x)

= x
X
k�0

(�1)k :
�
2
x

�
k!� (k + �)

:
�x
2

��+2k
� �J� (x)

= x
X
k�0

(�1)k

k!� (k + �)
:
�x
2

��+2k�1
� �J� (x)

= x
X
k�0

(�1)k

k!� (k + � � 1 + 1) :
�x
2

���1+2k
� �J� (x)

= xJ��1 (x)� �J� (x) :

�
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1.2. Bessel functions of the �rst kind

Property 1.2.2.

x _J� (x)� �J� (x) = �xJ�+1 (x) :

Proof. We use (1:9) and (1:4), we �nd

x _J� (x) =
X
k�0

(�1)k : (� + 2k)
� (k + 1)� (k + � + 1)

:
�x
2

��+2k
;

thus

x _J� (x)� �J� (x) =
X
k�0

(�1)k : (� + 2k)
� (k + 1)� (k + � + 1)

:
�x
2

��+2k
��
X
k�0

(�1)k

� (k + 1)� (k + � + 1)

�x
2

��+2k
=

X
k�0

(�1)k :2k
� (k + 1)� (k + � + 1)

:
�x
2

��+2k
=

X
k�1

(�1)k :2k
� (k + 1)� (k + � + 1)

:
�x
2

��+2k
;

from (1:3) ; we have

x _J� (x)� �J� (x) =
X
k�1

(�1)k :2
� (k) � (k + � + 1)

:
�x
2

��+2k
=

X
k�0

(�1)k+1 :2
� (k + 1)� (k + (� + 1) + 1)

:
�x
2

��+2k+2
= (�1) :2:

�x
2

�X
k�0

(�1)k

� (k + 1)� (k + (� + 1) + 1)
:
�x
2

�(�+1)+2k
= �xJ�+1 (x) :

�
Property 1.2.3.

J��1 (x) + J�+1 (x) =
2�

x
J� (x) : (1.10)

Proof. We have

x�J� (x) =
X
k�0

(�1)k 2�(�+2k)
k!� (k + � + 1)

x(2�+2k)

8



1.2. Bessel functions of the �rst kind

then

@ (x�J� (x))

@x
=

X
k�0

(�1)k (2� + 2k) :2�(�+2k)
k!� (k + � + 1)

x(2�+2k�1)

=
X
k�0

(�1)k (� + k)
k!� (k + � + 1)

�x
2

�(�+2k�1)
:x�;

using the property of �; we �nd

@ (x�J� (x))

@x
= x�

X
k�0

(�1)k

k!� (k + �)

�x
2

�(�+2k�1)
;

hence
@ (x�J� (x))

@x
= x�J��1 (x) :

Applying the product rule on the left side gives us :

�x��1J� (x) + x
� _J� (x) = x

�J��1 (x) ;

thus

_J� (x) = J��1 (x)�
�

x
J� (x) (1.11)

On the other hand, we have

@ (x��J� (x))

@x
=

X
k�0

(�1)k (2k) :2�(�+2k)
k!� (k + � + 1)

x(2k�1)

=
X
k�1

(�1)k

(k � 1)!� (k + � + 1) :
�x
2

�(�+2k�1)
:x��

= x��
X
k�0

(�1)k+1

(k)!� (k + (� + 1) + 1)
:
�x
2

�((�+1)+2k)
= �x��

X
k�0

(�1)k

(k)!� (k + (� + 1) + 1)
:
�x
2

�((�+1)+2k)
;

then
@ (x��J� (x))

@x
= �x��J�+1 (x) :

So

��x���1J� (x) + x�� _J� (x) = �x��J�+1 (x) ;

9



1.2. Bessel functions of the �rst kind

therefore

_J� (x) =
�

x
J� (x)� J�+1 (x) : (1.12)

Combining (1:11) and (1:12), we see that

J��1 (x)�
�

x
J� (x) =

�

x
J� (x)� J�+1 (x) ;

so

J��1 (x) + J�+1 (x) =
2�

x
J� (x) :

�
Property 1.2.4.

J��1 (t)� J�+1 (t) = 2 _J� (t) : (1.13)

Proof. By adding (1:11) and (1:12), we get

2 _J� (t) = J��1 (x)�
�

x
J� (x) +

�

x
J� (x)� J�+1 (x)

then

2 _J� (t) = J��1 (t)� J�+1 (t) :

This is what needs to be proven.

�
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Chapter 2 

Power series solutions to the Bessel’s 

equation 

 

 

        In this chapter, we develop the series solution for the Bessel differential equation and 

derive the standard form of the first kind Bessel functions. The focus is on the step-by-step 

construction of the series, determining the recurrence relations for the coeffcients, and the 

conditions under which the series converges. 

2.1 Derivation of the power series representation 

        We shall use the method of Frobenius to solve the Bessel’s equation. Thus, we seek 

solutions of the form  

 ( )  ∑   
   

   

                                                  (   ) 

with     . 

      Differentiation of (2.1) term by term yields 

  ( )  ∑(   )   
     

   

    

    Similarly, we obtain 

   ( )  ∑(   )(     )   
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2.1. Derivation of the power series representation

Substituting these into (1:6), we obtainX
k�0

(k + r) (k + r � 1) akxk+r +
X
k�0

(k + r) akx
k+r

+
X
k�0

akx
k+r+2 � �2

X
k�0

akx
k+r = 0:

This implies

xr

 X
k�0

�
(k + r)2 � �2

�
akx

k +
X
k�0

akx
k+2

!
= 0:

Now, cancel xr, and try to determine ak�s so that the coe¢ cient of each power of x will

vanish.

For the constant term, we require (r2 � �2) a0 = 0:
Since a0 6= 0, it follows that

r2 � �2 = 0;

which is the indicial equation. The only possible values of r are � and ��.
We choose r = �; the equations for determining the coe¢ cients are :

�
(� + 1)2 � �2

�
a1 = 0;

and �
(� + k)2 � �2

�
ak + ak�2 = 0; k � 2:

Since � � 0, we have a1 = 0. The second equation yields

ak = �
ak�2

(� + k)2 � �2
;

then

ak = �
ak�2

k (k + 2�)
: (2.2)

Since a1 = 0, we immediately obtain

a3 = a5 = a7 = ::: = a2m+1 = ::: = 0:

For the coe¢ cients with even subscripts, we have

a2 = �
a0

2 (2 + 2�)
= � a0

22 (1 + �)
;

12



2.2. Convergence

a4 = �
a2

4 (4 + 2�)
= (�1)2 : a0

24:2! (1 + �) (2 + �)
;

a6 = �
a4

6 (6 + 2�)
= (�1)3 : a0

26:3! (1 + �) (2 + �) (3 + �)
;

and, in general

a2k = (�1)k :
a0

22k:k! (1 + �) (2 + �) ::: (k + �)
:

Therefore, the choice r = � yields the solution

y (x) = a0x
�

 
1 +

X
k�1

(�1)k : x2k

22k:k! (1 + �) (2 + �) ::: (k + �)

!
: (2.3)

Using (1:2), we can write

x =
� (x+ 1)

� (x)
:

Using this gamma function, we shall simplify the form of the solutions of the Bessel equation.

We have

(1 + �) (2 + �) ::: (k + �) =
� (2 + �)

� (1 + �)
:
� (3 + �)

� (2 + �)
:::
� (k + � + 1)

� (k + �)

=
� (k + � + 1)

� (1 + �)
:

When we choose

a0 =
2��

� (1 + �)

the solution (2:3) for x > 0 can be written

J� (x) =
�x
2

��X
k�0

(�1)k

k!� (k + � + 1)

�x
2

�2k
: (2.4)

The function J� de�ned above for x > 0 and � � 0 is called the Bessel function of the �rst
kind of order �.

2.2 Convergence

We have

J� (x) =
�x
2

��X
k�0

(�1)k

k!� (k + � + 1)

�x
2

�2k
:

13



2.2. Convergence

To determine where this generalized power series actually makes sense, we apply the Ratio

Test to the absolute values of consecutive terms. Let the k � th term of the power series

component be :

�k =
(�1)k

k!� (k + � + 1)

�x
2

�2k
;

We evaluate the limit of the ratio of successive terms :

lim
k!+1

�����k+1�k

���� = lim
k!+1

������
(�1)k+1

(k+1)!�(k+�+2)

�
x
2

�2k+2
(�1)k

k!�(k+�+1)

�
x
2

�2k
������ ;

Using (1:3) and simplifying the factorials, we get :

lim
k!+1

�����k+1�k

���� = lim
k!+1

1

(k + 1) (k + � + 1)

�x
2

�2
:

For any �nite, �xed real value of x :

lim
k!+1

�����k+1�k

���� = lim
k!+1

x2

4 (k + 1) (k + � + 1)

= 0:

Because the limit is 0 for all x, the ratio is always less than 1. Therefore, by the Ratio Test,

the power series for J� (x) converges absolutely for all real x. Its radius of convergence is

in�nite (R =1).

14



Chapter 3 

Haar wavelet method for 

approximating Bessel Functions of 

the first kind 

 

 

       This chapter focuses on the application of the Haar wavelet method to approximate 

Bessel functions of the first kind. By transforming the problem into a system of algebraic 

equations using Haar wavelet expansions, the method provides an efficient framework for 

obtaining approximate solutions. The approach not only simplifies the computational process 

but also ensures good convergence properties. 

The objective of this chapter is to develop the Haar wavelet formulation for Bessel functions, 

analyze its accuracy, and compare the results with known analytical or numerical solutions. 

 

3.1  Haar wavelet basis 

      The Haar wavelet basis, defined as follows on the interval [   [, forms a family of func- 

tions on subintervals of [   [, generated from the scaling and wavelet functions through 

dilation and translation [8], these functions are derived from the scaling functions: 

 

  ( )  {
           [   [ 
                      

                                            (   ) 
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3.1. Haar wavelet basis

and the wavelet function :

f2 (x) =

8>>><>>>:
1; for x 2

�
�; �+�

2

�
;

�1; for x 2
�
�+�
2
; �
�
;

0; otherwise:

(3.2)

For the other wavelet functions fi :

fi (x) =

8>>><>>>:
1; for x 2 [a; b[ ;
�1; for x 2 [b; c[ ;
0; otherwise;

(3.3)

where

a = �+ (� � �) k
m
;

b = �+ (� � �) k + 0:5
m

;

c = �+ (� � �) k + 1
m

;

i = 2; 3; 4; :::; 2M:

And

m = 2j; j = 0; 1; :::; J; M = 2J ;

k = 0; 1; :::;m� 1; i = m+ k + 1:

In [4] E. Babolian and A. Shahsavaran have proved that gM de�ned by :

gM (x) =
2MX
i=1

�ifi (x) ; �i = hg; fii ; i = 1; :::; 2M; (3.4)

converges to g in L2 ([�; �[).

So, any function g 2 L2 ([�; �[) can be decomposed as :

g (x) =
X
i�1
�ifi (x) : (3.5)

16



3.2. Our proposed approach

3.2 Our proposed approach

Consider the following second order linear di¤erential equation :

x2y
00
+ xy

0
+
�
x2 � �2

�
y = 0; x 2 [�; �[ ; � 2 R+; (3.6)

with initial conditions

y (�) = d; y
0
(�) = e:

To solve (3:6), using Haar wavelets, we must follow the following steps :

Step 1. We assume that

y
00
(x) =

2MX
i=1

�ifi (x) ; x 2 [�; �[ ; for a given level M = 2J : (3.7)

Step 2. By integrating both sides of (3:7) from � to x, we �nd :

y
0
(x) = y

0
(�) +

2MX
i=1

�iRi;1 (x) ; (3.8)

where

Ri;1 (x) =

8>>><>>>:
x� a; for x 2 [a; b[ ;
c� x; for x 2 [b; c[ ;
0; otherwise;

(3.9)

for i = 2; :::; 2M; and

R1;1 (x) = x� � for all x 2 [�; �[ :

Step 3. Also by integrating both sides of (3:8) from � to x, we get :

y(x) = y(�) + y
0
(�) (x� �) +

2MX
i=1

�iRi;2 (x) ; (3.10)

where

Ri;2 (x) =

8>>>>><>>>>>:

0; for x < a;

1
2
(x� a)2 ; for a � x < b;

(���)2
4m2 � 1

2
(x� c)2 ; for b � x < c;

(���)2
4m2 ; for x � c;

(3.11)

17



3.2. Our proposed approach

for i = 2; :::; 2M; and

R1;2 (x) =
1

2
(x� �)2 for all x 2 [�; �[ :

Step 4. By substituting (3:7)� (3:8) and (3:10) into (3:6), we obtain :

2MX
i=1

gi (x)�i = h(x); (3.12)

where

gi (x) = x
2fi(x) + xRi;1(x) +

�
x2 � �2

�
Ri;2(x) for i = 1; :::; 2M

and

h(x) = �xy0 (�)�
�
x2 � �2

� �
y(�) + y

0
(�) (x� �)

�
:

Step 5. We introduce the collocation points

x` = �+ (� � �)
`� 0:5
2M

; ` = 1; :::; 2M;

and by replacing them into (3:12), we obtain the following system of linear equations :

2MX
i=1

gi (x`)�i = h (x`) ; 1 � ` � 2M: (3.13)

This system can be written in the matrix form as :

GA = H; (3.14)

where

G (j; k) = gk (xj) ; 1 � j � 2M; 1 � k � 2M

and

A = (�1; �2; :::; �2M)
T ; H = (h (x1) ; h (x2) ; :::; h (x2M))

T :

Step 6. By solving (3:14), we obtain the wavelet coe¢ cients A = G�1H to replace them

into (3:10), then we get the numerical solution of (3:6).
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3.3. Error estimation

3.3 Error estimation

Lemma 3.3.1. The coe¢ cients �i that are given in (3:7) verify

j�ij = O
�
1

22j

�
; i = 2j + k + 1;8i � 2: (3.15)

Proof. We have, 8i � 2 :

�i =

Z �

�

y
00
(x) fi (x) dx

=

Z b

a

y
00
(x) dx�

Z c

b

y
00
(x) dx

= (b� a) y00 (�1)� (c� b) y
00
(�2) ; �1 2 [a; b] ; �2 2 [b; c] :

Since :

b� a = c� b = � � �
2m

=
� � �
2j+1

;

then

�i =
� � �
2j+1

(�1 � �2) y
000
(�) ; � 2 ]�1; �2[ :

We have

a � �1 � b and b � �2 � c;

then

0 � �2 � �1 � c� a =
� � �
m

=
� � �
2j

:

Therefore

j�ij �
(� � �)2

22j+1




y000



1
:

Consequently

j�ij = O
�
1

22j

�
:

�
Lemma 3.3.2. The function Ri;2 for i � 2 veri�es

9
 2 R�+ : kRi;2k1 �



22j
; i = 2j + k + 1:
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3.3. Error estimation

Proof. We have, Ri;2 is positive and increasing on [a; b], then

kRi;2k1 � (b� a)2

2

=
1

2

�
� � �
2m

�2
� 


22j
:

On the interval [b; c], the function Ri;2 is also positive and increasing, therefore

kRi;2k1 � (� � �)2

4m2

� 


22j
:

For x � c, the function Ri;2 is constant and veri�es

kRi;2k1 �



22j
:

�
Theorem 3.3.3. Let y be the exact solution of problem (3:6) and yM its approximation

formula, which is expressed in (3:10), then

ky � yMkL2([�;�[) = O
�
1

M2

�
;M = 2J :

Proof. We have

yM(x) = y(�) + y
0
(�) (x� �) +

2MX
i=1

�iRi;2 (x) ;

and

y(x) = y(�) + y
0
(�) (x� �) +

X
i�1
�iRi;2 (x) ;

we use the notation k:kL2([�;�[) = k:k2 ; we see that

ky � yMk22 =






 X
i�2M+1

�iRi;2







2

2

=
X

l�2M+1

X
i�2M+1

�i�l

Z �

�

Ri;2 (x)Rl;2 (x) dt:

If we put i = 2j + k + 1 and l = 2r + s+ 1; we have
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3.3. Error estimation

ky � yMk22 =
X
r�J+1

2r�1X
s=0

X
j�J+1

2j�1X
k=0

�2j+k+1�2r+s+1

Z �

�

R2j+k+1;2 (x)R2r+s+1;2 (x) dt

�
X
r�J+1

X
j�J+1

j�2j+1�2r+1j
Z �

�

��R2j+1;2 (x)R2r+1;2 (x)�� dt
+
X
r�J+1

2r�1X
s=1

X
j�J+1

j�2j+1�2r+s+1j
Z �

�

��R2j+1;2 (x)R2r+s+1;2 (x)�� dt
+
X
r�J+1

X
j�J+1

2j�1X
k=1

j�2j+k+1�2r+1j
Z �

�

��R2j+k+1;2 (x)R2r+1;2 (x)�� dt
+
X
r�J+1

2r�1X
s=1

X
j�J+1

2j�1X
k=1

j�2j+k+1�2r+s+1j
Z �

�

��R2j+k+1;2 (x)R2r+s+1;2 (x)�� dt:
Below, c denotes a strictly positive constant and whose value may change from place to

place.

By using Lemma (3:3:1) and Lemma (3:3:2), we have

ky � yMk22 � c
X
r�J+1

X
j�J+1

1

22j
:
1

22r

+c
X
r�J+1

X
j�J+1

1

22j
:
1

22r
:
(2r � 1)
22r

+c
X
r�J+1

X
j�J+1

1

22j
:
1

22r
:
(2j � 1)
22j

+c
X
r�J+1

X
j�J+1

1

22j
:
1

22r
:
(2r � 1)
22r

:
(2j � 1)
22j

� c

�
1

22J

�2
;

so

ky � yMk2 �
c

22J
:

Therefore

ky � yMkL2([�;�[) � O
�
1

M2

�
; M = 2J :

�
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3.4. Numerical results

3.4 Numerical results

This section presents numerical examples to demonstrate the e¢ ciency of the proposed

Haar wavelet-based approach, implemented in Matlab. So, the numerical results of examples

(3:4:1; 3:4:2; 3:4:3) compare the values of J� for � = 0; 1; 2 on [0; 1] by using their tabulated

and their Haar wavelet approximations values at di¤erent levels J . For example 3:4:4, we

compare the values of J 1
2
using its analytic and its Haar wavelet approach formula. All

results are presented in tables.
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3.4. Numerical results

Example 3.4.1 : Consider the Bessel function of order � = 0:

Table 3.4.1. Comparison of tabulated J0(x) using power series and wavelets method

x J0(x) using power series J0(x) using wavelets

J = 5 J = 6 J = 7

0 1 1 1 1

0.1 0.99750 0.99750 0.99750 0.99750

0.2 0.99002 0.99002 0.99002 0.99002

0.3 0.97762 0.97762 0.97762 0.97762

0.4 0.96039 0.96039 0.96039 0.96039

0.5 0.93846 0.93846 0.93846 0.93846

0.6 0.91200 0.91200 0.91200 0.91200

0.7 0.88120 0.88120 0.88120 0.88120

0.8 0.84628 0.84628 0.84628 0.84628

0.9 0.80752 0.80752 0.80752 0.80752

1 0.76519 0.76519 0.76519 0.76519
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3.4. Numerical results

Figure 3.4.1 : Absolute Error for the Bessel function J0 at levels J = 5; 6 and 7:
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3.4. Numerical results

Example 3.4.2 : Consider the Bessel function of order � = 1:

Table 3.4.2 : Comparison of tabulated J1(x) using power series and wavelets method

x J1(x) using power series J1(x) using wavelets

J = 5 J = 6 J = 7

0 0 0 0 0

0.1 0.04993 0.04993 0.04993 0.04993

0.2 0.09950 0.09950 0.09950 0.09950

0.3 0.14831 0.14831 0.14831 0.14831

0.4 0.19602 0.19602 0.19602 0.19602

0.5 0.24226 0.24226 0.24226 0.24226

0.6 0.28670 0.28670 0.28670 0.28670

0.7 0.32899 0.32899 0.32899 0.32899

0.8 0.36884 0.36884 0.36884 0.36884

0.9 0.40594 0.40595 0.40595 0.40594

1 0.44005 0.44005 0.44005 0.44005

25



3.4. Numerical results

Figure 3.4.2. Absolute Error for the Bessel function J1 at levels J = 5; 6 and 7
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3.4. Numerical results

Example 3.4.3 : Consider the Bessel function of order � = 2:

Table 3.4.3. Comparison of tabulated J2(x) using power series and wavelets method

x J2(x) using power series J2(x) using wavelets

J = 5 J = 6 J = 7

0 0 0 0 0

0.1 0.00124 0.00124 0.00124 0.00124

0.2 0.00498 0.00498 0.00498 0.00498

0.3 0.01116 0.01116 0.01116 0.01116

0.4 0.01973 0.01973 0.01973 0.01973

0.5 0.03060 0.03060 0.03060 0.03060

0.6 0.04366 0.04366 0.04366 0.04366

0.7 0.05878 0.05878 0.05878 0.05878

0.8 0.07581 0.07581 0.07581 0.07581

0.9 0.09458 0.09458 0.09458 0.09458

1 0.11490 0.11490 0.11490 0.11490
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3.4. Numerical results

Figure 3.4.3. Absolute Error for the Bessel function J2 at levels J = 5; 6 and 7
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3.4. Numerical results

Example 3.4.4 : Consider the Bessel function of order � = 1
2
; where its analytic formula

is J 1
2
(x) =

q
2
�t
sin x for x > 0:

Table 3.4.4. Comparison of tabulated J 1
2
(x) using exact values and wavelets method

x J 1
2
(x) using exact values J 1

2
(x) using wavelets

J = 5 J = 6 J = 7

0 0 0 0 0

0.1 0.25189 0.25189 0.25189 0.25189

0.2 0.35445 0.35451 0.35446 0.35445

0.3 0.43049 0.43056 0.43051 0.43049

0.4 0.49127 0.49135 0.49129 0.49128

0.5 0.54097 0.54105 0.54099 0.54097

0.6 0.58161 0.58169 0.58163 0.58162

0.7 0.61436 0.61444 0.61438 0.61436

0.8 0.63992 0.64000 0.63994 0.63993

0.9 0.65881 0.65889 0.65883 0.65881

1 0.67139 0.67147 0.67141 0.67140
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3.4. Numerical results

Figure 3.4.4. Absolute Error for the Bessel function J 1
2
at levels J = 5; 6 and 7.
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3.4. Numerical results

Obviously by comparing columns of Tables (3:4:1 � 3:4:4), one can easily see that our
proposed approximations for Bessel functions � = 0; 1; 2 and � = 1

2
are in excellent agreement

with their tabulated and exact values. Where, the results of our approach are very signi�cant

and more accurate when the level J increases.

31



Conclusion

In this work, we investigated the approximation of the Bessel function of the �rst kind

using two distinct approaches : the classical power series expansion and the Haar wavelet me-

thod. The study highlighted both the theoretical foundations and the practical performance

of each technique.

The power series method, derived directly from the analytical de�nition of the Bessel

function, provides highly accurate results in regions close to the origin. Its convergence

is well understood and straightforward to implement, making it a reliable benchmark for

comparison. However, its e¢ ciency decreases for larger values of the argument, where more

terms are required to maintain accuracy.

On the other hand, the Haar wavelet method o¤ers a powerful alternative based on pie-

cewise constant basis functions. This approach demonstrated strong adaptability and com-

putational e¢ ciency, particularly for approximating functions over larger intervals. Despite

its simplicity, the Haar wavelet method achieved satisfactory accuracy with relatively low

computational cost, making it attractive for numerical applications.

The comparison between the two methods shows that each has its own advantages de-

pending on the context. While the power series is preferable for local and highly precise

approximations, the Haar wavelet method is better suited for global approximations and

problems requiring fast computation.

Overall, this study con�rms that combining analytical and numerical techniques provides

a deeper understanding of special functions such as the Bessel function.
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Abstract:                                                                                                                                                

   In this work, we investigated the approximation of the Bessel function of the first kind using two 

distinct approaches: the classical power series expansion and the Haar wavelet method. The study 

highlighted both the theoretical foundations and the practical performance of each technique.            

The power series method, derived directly from the analytical definition of the Bessel function, 

provides highly accurate results in regions close to the origin. Its convergence is well understood and 

straightforward to implement, making it a reliable benchmark for comparison. However, its 

efficiency decreases for larger values of the argument, where more terms are required to maintain 

accuracy.                                                                                                                                                 

On the other hand, the Haar wavelet method offers a powerful alternative based on piecewise 

constant basis functions. This approach demonstrated strong adaptability and computational 

efficiency, particularly for approximating functions over larger intervals. Despite its simplicity, the 

Haar wavelet method achieved satisfactory accuracy with relatively low computational cost, making 

it attractive for numerical applications.                                                                                                     

The comparison between the two methods shows that each has its own advantages depending on the 

context. While the power series is preferable for local and highly precise approximations, the Haar 

wavelet method is better suited for global approximations and problems requiring fast computation.   

Overall, this study confirms that combining analytical and numerical techniques provides a deeper 

understanding of special functions such as the Bessel function. 

Key words:                                                                                                                                            

Power series method, Bessel’s Equation, Bessel Functions, Haar Wavelets, Cnvergence, Error 

estimation. 

 

                                                                                                                                ملخص

 انًُاطك في نهغايح دليمح َرائج تيسم، نذانح انرحهيهي انرعشيف يٍ يثاششج   انًشرمح انمىي، يرسهسهح طشيمح ذمُذو  

ا يفهىو ذماستها. الأصم َمطح يٍ انمشيثح ا يجعهها يًا انرطثيك، وسهم جيذ   رنك، يع. نهًماسَح يىثىل ا يعياس 

ا الأيش يرطهة حيث انىسيظ، ليًح اصدياد يع كفاءذها ذُخفض   .انذلح عهً نهحفاظ انحذود يٍ أكثش عذد 

 لذسج انًُهج هزا أظهش. جضئي ا ثاترح أساسيح دوال عهً يعرًذ لىي ا تذيل   هاس يىجاخ طشيمح ذمُذو أخشي، جهح يٍ

 تساطرها، يٍ انشغى عهً. أوسع فرشاخ عهً انذوال نرمشية سيًا لا عانيح، حساتيح وكفاءج انركيف عهً عانيح

انعذديح نهرطثيماخ جزاتح يجعهها يًا َسثي ا، يُخفضح حساتيح تركهفح يشضيح دلح هاس يىجاخ طشيمح حممد . 

 نهرمشيثاخ انمىي يرسهسهح ذفُضّم تيًُا. انسياق حسة انخاصح يضاياها يُهًا نكم أٌ انطشيمريٍ تيٍ انًماسَح ذظُهش

ا حسات ا ذرطهة انري وانًسائم انشايهح نهرمشيثاخ أَسة ذعُذّ  هاس يىجاخ طشيمح تيًُا نهغايح، وانذليمح انًحهيح سشيع   

ا يرُيح وانشلًيح انرحهيهيح انرمُياخ تيٍ انجًع أٌ انذساسح هزِ ذؤكذ عاو، تشكم  ً  دانح يثم انخاصح، نهذوال أعًك فه

 تيسم
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