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Abstract. In the present work, the solution of the heat diffusion problem is

presented using lattice Boltzmann method (LBM). The two dimensional task is

considered and the different boundary conditions, specifically the Dirichlet and

Neumann are taken into account. The D2Q4 lattice model is applied. To check

the accuracy of the LBM algorithm, the same problems have been solved using

the explicit variant of the finite difference method. In the final paft of the paper,

the results of computations are shown and the conclusions are formulated.
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INTRODUCTION

Over the last decade the lattice Boltzmann method (LBM) has been developed as a
promising computational tool to analyze the large class of engineering problems,

among others, the heat transfer problems. M.Bittagopal and C. Mishra [1] applied the

LBM to solve the energy equations of conduction-radiation problems on non-uniform
lattices. H. Shokouhmand et al [2] studied fully developed laminar flow and

convective heat transfer between two parallel plates. R.Chaabane et al [3] investigated

the solution of conduction problems with heat flux boundary condition.
In the present study, the simplest model D2Q4 BGK was chosen to solve the heat

diffusion equation in 2D square domain with different boundary condition.
In the absence ol convection and radiation, for a 2-D Cartesian geometry, energy

equation is given by:
ar /a2T a2r\ o

*= a\*z+ un')* *
Where a = 

j1is 
the thermal diffusivity.

pc

(1)

q,k, p and c are the rate of heat generation

per unit volume, thermal conductivity of the medium, density and specific heat,

respectively.
T,x,t denole the temperature, spatial co-ordinates and time, respectively. The
equation (1) is supplemented by boundary conditions:
IInitial condition,t = 0, T(x.y,0) - 0"C

I uft ttd",, = o, ?'(0,ÿ, t) = 100'c

)aisnt tfi",* = t, r(t.y,t) = o"C (Z)

I eouo side,y = ç, ufrt*,0,11 
-- o"C (adiabattc condilion)

\ upper sid.e,Y = h, T(x,h,t) = O"C



Fig. 1 A square (2D) domain with coordinate system

FORMULATION AND KINETIC EQUATION

The starting point of the LBM is the kinetic equation which for a 2-D geometry is
given by [4]:
âf,(r t\:1r)-z+ëi.Vfi7,t)-Ai i-1,,2,3,...m (3)

ot
where fi is the particle distribution function denoting the number of particles at the

lattice node I = (r(x, y, z)) at time t moving in direction i with velocitye â1 along the

lattice link Lr = etLt connecting the nearest neighbors and m is the number of
directions in a lattice through which the information propagates. The term collision
operator Oi represents the rate of change of fi due to collisions. The discrete

Boltzmann equation with Bhatanagar-Cross-Krook (BGK) approximation is given by

[4, s]:

%P+ ë1.vfi@,t) = -';v,rr,r1- f:"ù?,t)l
Where r is the relaxation time and;(ea) i, 11r" equilibrium distribution function. For a

given application, relaxation time r is different for difierent lattices. The relaxation
time r for the D2Q4 lattice is computed from [6]:

2.a.At 7, - _-r_"- Lxz '2 (s)

For the D2Q4 laltice, the four velocities ë; and their coresponding weights w; are

calculated from [6]:
ë, : (1,0). c

è, - (-1,0).c
â, = (0,1).c

ën - (0,-1).c

and w1= Wz = Wz = w4 - 0.25

(4)

(6)
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Fig. 2 D2Q4 model for thermal problem



It is to be noted that in the above equation, c - A,x/Lt = Ay/Lt and the weights
satisfy the relation )ll, w; = 1
After discretization in 2D, and considering heat generation, Eq. (3) can be written as:

fi@ + A.x,y + Ly,t + Lt) = fiQ,y,t)[1 - ar] + afr"q(x,y,t) + wi.Lt.s (7)
Where S - ,a is the force or source term, wi is the weight in corresponding direction,pc

and t) = = is non-dimensional relaxation time. Notice that the unit of S is the unit of
a

temperature ('C) per unit of time.
This is the LB equation with BGK approximation that describes the evolution of the
particle distribution function fi. The solution of the above equation by LBM consists
of two steps, collision and streaming [6]:
The collision step is:

fi?, y, t + 
^r) 

: fi@, y, t)lL - al + a fr"q (x, y, t) + wi. Lt. S
The streaming step is:

fi@ + Lx,y + Ly,t + Lt) = fi@,y,t + At)
In case ofheat transfer problems, the temperature is obtained after summing f; overall
direction [7]:

4

r(x,y,t) -\ft{x,t,t) (B)
i=1

To process Eq. (7), an equilibrium distribution function is required. For heat
conduction problems, this is given by:

lfq@,y,t) = wi.T(x,y,t) (9)
From Eqs. (8) to (9), we also have

444

\ f: o f*, r, r> = lw t. r @, t, t) : r @, y, t) = | f, @, t, t)
i=1 i=1 i=1

(10)

Eq. (10), with definitions of temperaturc T(x,y,t) and equilibrium function
\r"q (x,y,t) given in Eqs. (8) and (9), respectively, provide solution ofa transient heat
conduction problem in the LBM.

BOUNDARY CONDITIONS FOR LATTICE BOLTZMANN METHOI)

In the following subsection, different boundary conditions will be discussed in detail.

l. The value of the function (temperatue) is given at the boundary:
For example, temperature at the left, upper and right boundaries are given, T:Cl:
100'C atx = 0, and T:C2:0'C at. y - h and x = l, (C1 and C2 are constants), so
from Eq. (8):

(f,(0,t,t) + fr(o,y,t) + fr(o,y,t) + fn@,y,t) -r - ct:100"c atx:o
lh{r,n,t)+ fz?.h,t)+ ft(x,h,t)+ fq(x,h,t):T - c2-0 aty=h (11)

lhQ,y,t)+ fz(t,y,t)+ fr(t,y,t)+ fn(l,y,t) -r - c2=0 atx=t
Then, the unknowns are fr(O,y,t) and fr(O,y,t) for left boundary,
ft@,h,t) and fn@,h,t) for the upper boundary, and, f2(l,y,t) and lr(1,y, f) for the



right boundary, because the other distribution functions can be obtained from steaming
step.

fr(O,y,t) and. ft(O,y,t) can be calculated by using flux conservation equation [6]:
fr"q(o,y,t)- fr(o,y,t)+ fr"q(o,y,t)- fz@,y,t) -o (12)
Since w; = 0.25 for all steaming direction and, fr"q (O,y,t) - fzeq (O,y,t) : O.

2sT:0.2sC1 (fom Eq. (9)),then fr(O,y,t) = 0.25C1. + 0.25CL - f2(0,y,t), so:
fr(o,y,t): 0.5c1 - fz(o,y,t) - 50 - fz(o,y,t) (13)
Similarly we can obtain:

fr(x,h,t) - s0 - 1z(0,y,t) (14)
Hence t\À/o unknowns are specified at the left boundary, similar method can be applied
for other boundaries. The conditions for other boundaries will be given in the
following equations without derivations, following the same procedure as before.

F upper boundary
(f1@,h,t) - 0.sCz- fz@,h,t)r--- '"".'.:, (15)
lf+(x, h, t) : o.sc2 - fr(x, h, t)

F right boundary
(fr(t,Y,t) :0.5C2 - fr(t,y,t)
tr,itl,r:,ri - o.sc2 -'iitl,y,a (16)

2. adiabatic boundary condition: ff: 0:

By using finite difference approach. fr = 0..* be approximated as

T (x .y + 1,t) -T (x,y ,t)___:_____:- = u \77 )Ly
It can simplified asT(x,y + 1, t) - T(x,y,t), hence for bottom boundary y = Q;

fr(x, t, t) + fz@, 7, t) + ft(x, 7, t) + f+(x, 7, t)
= fr(x,o,t) + f2Q,0,t) + fr(x,o,t) + fn@,o,t) (18)

It is rational to assume that f1@,L,t) * h@,0,t), f2@,1,,t) - fr(x,0,t) and so on.
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RI,SULTS OF COMPUTATIONS

A two dimensional squa-re slab shown in fig.1 subjected to a different boundary
conditions. The length of the domain is 100 units. the temperature distribution in the
slab obtained at time : 400 units (s), by using LB and FD methods. Thermal
diffusivity is 0.25. Note that for stabiiity conditions the time step for FDM is 0.2.
There is no such a problem in using a time step of 1.0 with the LBM method. Hence,
LBM is much faster and efficient than FDM.
Figure 2 illustrate the temperature distributions obtained by LBM algorithm (solid
line) and by FDM algorithm (symbols) along the middle line (y:0.5 H), where H is
the high ofthe square.
Figure 3 shows the isotherm plot at time :400 units (s)

Figure 4 LBM algorithm (solid line)
and by FDM algorithm (symbols)
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Figure 5 isotherm plot at time : 400
units by LBM algorithm

CONCLUSION

The lattice Boltzmann method for the 2D heat diffusion equation supplemented by
different boundary conditions and initial condition has been presented. The exemplary
tasks have been solved both by the lattice Boltzmann method and by the explicit
scheme of the finite different method. The good agreement of the solutions obtained
has been observed.
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