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Notations

We will use the following notations throughout this Memory:

General notations

L A continuous linear operator

D(L) domain of the operator L

Lt the inverse application of L

R the set of real numbers

[a, b] the closed interval a <z <b

(a, b) the open interval a <z <b

() = % the ordinary derivative with respect to ¢
x(+00) ltEJrrnooas(jLoo)

a.e. almost everywhere

ie. that is to say.



Notations

Spaces

Q CR" open set in R”

Q: closure of €2

of: boundary of (2

LP(Q2) = {u measurable on Q and [, |u|Pdz < o0}, 1 <p < o0
C(Q): Space of continuous functions on 2

C™(Q)):  Space of n times continuously differentiable functions on

In this Memory, we will specifically use the following spaces:
e C([0,1],R): Banach space of continuous functions u : [0,1] — R, equipped with the

[ulloo = sup{Ju(?)], ¢ € [0, 1]}.

e C''([0,1],R): Space of functions u : [0,1] — R such that u, u’ are continuous functions

on [0,1], equipped with the norm

[[ull = max{[Juloo, l|u'lloc}-

e L'([0,1],R): Space of Lebesgue integrable functions u : [0,1] — R equipped with the

norm

1
i = ||ullp = /0 ()| dt.



Introduction

Boundary value problems involving ordinary differential equations arise in physical sci-
ences and applied mathematics. In some of these problems, additional conditions such
that multipoint conditions are imposed the two boundary. Multipoint conditions are
important in practice since the measurements needed by a multipoint conditions can be
more precise than measurement given by a the two boundary conditions. For example,

-the classical Robin problem with two boundary conditions is given by

W)+ ftu(t), (1) =0,  te(0,1)

If the local condition u/(1) = 0 is replaced by the three point conditions u(1) = wu(n)
(where 7 € (0,1)), then the problem

u’(t) + f(t,u(t), v (t) =0, te (0,1)
u(0) =0, (1) =u(n),

is a multipoint problem. On the interval (0, 1), by the Rolle theorem, the two boundary
problems can be thought as the limiting case of multipoint problem as n — 17. In
the process of scientific experiment and numerical computation, it is more difficult to
determine the value of »/(1) than that of % So the multipoint problem gives better
effect than the two boundary problem. Therefore, multipoint problem may be regarded
as boundary value problem involving continuous equations.

Three-point boundary value problems and more generally m-point boundary value
problems were initiated in the early 1960s by Bitsadze [2] and later by Bitsadze and

Samarskii [3] and II'in and Moiseev [15]. In the simplest case of a three-point boundary

value problem, Gupta [8], [9] has first applied functional analytical methods to prove
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Introduction

existence of solutions; he was then followed by Ma [16], Marano [19], and others. Since
then, the existence of solutions for nonlinear three-point, m-point and integral boundary
value problems has been studied by several authors by using the nonlinear alternatives
theorem of Leray-Schauder, coincidence degree theory, and the fixed-point theorem in
cones..We refer the reader to [8, 9, 10, 11, 14, 16, 17, 18, [19, 21, 22] and the references
therein. However, most of those papers have studied the existence and multiplicity of
solutions (or positive solutions) to boundary value problems with boundary conditions
specified as solution values or the slope of solution values at given points.

Multipoint boundary value problems have been well studied especially on compact
intervals; in this context, we refer to [18] for a survey of some of the related research
works and for references to many further contributions. The discussion about boundary
value problems on the half-line is more complicated, in particular, for boundary value
problems with integral boundary conditions on infinite intervals. The main difficulty in
dealing with this class of boundary value problems is the possible lack of compactness
due to the infinite interval; see, e g., [12, 13, 20, 24] and references therein. In order to
overcome these difficulties, the authors usually consider a special Banach space in order
to establish similar inequalities as finite interval.

This memory is organized as follows.

The first chapter is devoted to presenting some preliminaries and general notions
used throughout. Some basic tools from functional analysis, compact operators and its
properties and Leray-Schauder’s nonlinear alternative fixed point.

In the second chapter, we discuss the boundary value problem:

2"(t) + f(t,x(t),2'(t)) = 0, t € (0,400)

z(0) =0, lim 2/(t) = ax(n)

t——+o0

where f : [0,1] x R? — R is a function L'-Caratheodory and n € (0, +00),a € R such

that o # % with the constant selection p > 0 which satisfies

p(1 —an)
V(2p) fo p(s)ds

there may be a solution to the given problem.

>1



Introduction

In the second section, we will consider the boundary value problem:

2"(t) + f(t,x(t)) =0, t € (0,+00),
z(0) =0, lim 2/(t) = o [ z(s)ds,

t——+o0
where n € (0,400), @ € R such that 0 < a < n% In this case we choose the constant
p > 0 which satisfies
p(2—an?)
P(p) Jo~ p(s)ds

there may be a solution to the given problem.

> 1

In the third chapter, we studied the existence solutions of the second order differ-
ential equation with multi-point boundary conditions in general case which represented

in the following problem:

2" (t) = f(t,xz(t),2'(t)), t € (0, +o0)

2(0) = X% (&), z(400) = X0-F aa(r;),

such that f : [0, 4+00) x R? — R is a continuous function and ¢;, a; € R, &, 7; € (0, +00),
1=1,2,..m—2,7=12,...n—2,

0<&E < <. <, 0< < <. < Ty

Every time when studying any problem, we transform each given differential equation into
an equation with the operator and by means of the Leray-Schauder nonlinear alternative
theorem, sufficient conditions are obtained that guarantee the existence of solutions to the
above problems. As applications, some examples are included to illustrate the existence

results.



Chapter 1

Preliminaries

1.1 Basic Tools

1.1.1 Caratheodory Functions

Definition 1.1. We say that f : [0, 1] x R® — R" is a L'-Caratheodory function if
(i) t+— f(t, u) is measurable on [0, 1] for each u € R",

(i) ww— f(t, u) is continuous on R™ for a.e. t € [0, 1],

(iii) for each r € (0, +00), there exists an g, € L'[0, 1] such that

lf(t, u)| < g.(t) for a.e. t €10,1] and all u € R™ with |jul| < 7.

1.1.2 Compact Operator

Definition 1.2. Let X and Y be Banach spaces, and let T : X — 'Y be a (not necessarily
linear) operator. Then T is called a compact operator if it maps bounded subsets of X
into relatively compact subsets of Y.

that is, for every bounded sequence (z,) C X, the sequence (T'x,) C'Y has a convergent

subsequence in'Y .



Preliminaries

1.1.3 Completely Continuous Operator

Definition 1.3. Let X and Y be Banach spaces, and let T : X — Y be an operator
(not necessarily linear). The operator T is called completely continuous if for every
bounded sequence (x,) C X such that x, — x weakly in X, the image sequence (T'x,)

converges strongly to Tx in'Y, i.e.,
T, —2 mX — Tz,—Tx inY.

Remark 1.1. In the linear case, the notions of compact operator and completely contin-

uous operator coincide.

1.1.4 Green Function

Let p, q, f € C([a,b]) where p € C([a,b]), (a < b) and (ay, 5;) € R? such that Vi =
1,2, |ag| + |az|, |f1] + |B2] # 0. Consider the ordinary differential equations:...

and the associated edge conditions:

ay(a) + awy'(a) =0

(CB)n
{ Biy(b) + B2y (b) = 0

oay(a) + agy'(a) =~

(CB)nh
{ Bry(b) + Bay/ (b) = .

Definition 1.4. We call the Green’s function associated with the homogeneous problem

(H) — (CB)y, a function G: la,b] X [a,b] — R satisfied The following properties:
(a) G is continuous on [a,b] X [a,b];
(b) G is symmetric: Glz,y) = Gly,2), ¥ (z,1) € a, b}

(c) gi(x, y) is continuous for all x # y;

10
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(@ o) = G ) =~ for ally € o, B

(e) Partial Function x — G(z,y) is the solution of the equation (H) for all v # y;
(f) Partial Function x — G(x,y) satisfied the conditions (CB)y, for all y € [a,b].

Theorem 1.1. ((Existence and uniqueness of the Green function)) Suppose that
the homogeneous problem (H) — (CB);, does not admit of a non-trivial solution. Then
there exists a (and only one) function G that does not depend on f, and is called Green’s
function, such that, for any function f, the solution y of the non-homogeneous problem

(NH) — (CB)y, is uniquely written as::

Proof:

(i) Existence of the function G: Let ¢; and ¢ the respective solutions of the prob-

lems with initial conditions.

(H) + ér(a) = az and (H)+ @2(b) = Sz
¢y (a) = —ay, P (b) = —Pi.

Then, ¢1, p2 # 0 are linearly independent because otherwise ¢; (and also ¢,)would
be the solution to the problem (P) : (H) + (CB); a contradiction hypotheses . So
be it W = ¢1¢, — ¢ ¢2 # 0 their Vronskian and G the Green function defined by

¢1( >¢2( ) a<s<cx

Gz s) = ps)W(s)  — " T
7 ¢1(z)Pa(s) < s<h
plsW(s)” ~ 77

Because, for any solution y of the non-homogeneous problem (NH) — (CB), is

written in the form :

y(z) =

11
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Note that the product pW is constant because p(x)W (x) = p(s)W (s) = p(a)W(a) =

p(O)W(b) #0, Yz,s € [a,b]. Indeed, according to Lagrange’s formula, we have

G2(pdh) — d1(pd1) =0 & (ppagly) — (pP16s) =0
& [p(g20) — d1¢5)] =0
& pW = cte.

Finally, GG satisfies the hypotheses of the Green function.

(ii) Uniqueness of the function G Let G, H two Green functions, then
b

/ |G (z,s) — H(x,s)]f(s)ds =0, Yz € [a,b] and V f: [a,b] — R continuous func-

b
tion. Four z fixed, let’s put down f(s) = G(z,s) — H(z,s); We have / G(z,s) —

H(z,s)]?ds = 0, Vo € [a,b]. As G and H are continuous , G = H, that is
(G(z,.) = H(z,.),Yx € [a,]).

(iii) Existence and uniqueness of a solution: The function F' defined by,

P = [ Glo.)i()is = 2 [ 6150635 + ) [ 67051

is the solution to the problem (NH) + (C'B)j.Indeed ,

) = [ 9 w9 f(s)ds

and F"(z) = /abgg(x,s)f(s) ds + f(x)[gi(x,x_) - aaf(x,f“)]

Or,
oG, oG,
%(l’ ,ZL‘) - %(ZE,{L')
oG oG,
%(ZL‘ ,IL‘) - %(xvl‘)
oG, oG, 1

%(:v ,T) — %(x ,T) = —

From this we deduce the expression:

b 092G f(x
F”(m) = g —$2 (:C, s) f(s) ds + ((ﬁg
as well as:

iy = [ (152 ) o soras + 1o

12
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As a result,

oy ar = [(155) +o6] s+ st
(by definition of G) = — /ab 0f(s)ds+ f(z)
— f@).

The uniqueness of the solution y results from the hypothesis on the homogeneous

problem as well as from Fredholm’s Alternative.

Example 1.1. Consider the two-point problem posed over an interval [a, b].

yla) =0, y(b)=0.

Let’s build the functions @1 and s solution of Cauchy problems :

{y”f(x), a<xz<b

pi =0 p2 =0
pi(a) =0 @a(b) =0
A@=-1 | o) =-1

Then, ¢1(x) = (a — x), pa2(x) = (b—x) and W(p1,2) =b—a.

Hence the function of Green:

(x —b)(s —a)
(b—a)

(x —a)(s —b)
(b—a)

The unique solution of the problem () is therefore given by

x—>b T —a

so) = [ Gl f(s)ds = T2 ["(s —a)p(s)ds+

sta<s<x;
G(z,s) =

stz <s<b.

/:(s —b)f(s) ds.

—a
1.2 Important theorems

1.2.1 Ascoli-Arzela theorem

Let (X,dx) be a compact metric space and (Y,dy) be a complete metric space. By

C(X,Y) we denote the vector space consisting of all continuous function f: X — Y.

13
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Definition 1.5. The family F' C C(X,Y) is called equicontinuous if for every e > 0
there exists 0 > 0 such that dy (f(t), f(s)) < e for allt,s € X satisfying dx(t,s) < and
all f € F.

Theorem 1.2. (/j]) The family F' C C(X,Y) is relatively compact if and only if:
1. F 1is equicontinuous and
2. forallt € X, the set

M(t) = {x(t); x(.) € F}

is relatively compact in'Y .

Remark 1.2. 1. IfY is a finite dimensional Banach space, the second condition of
Ascoli-Arzela theorem is equivalent to F is uniformly bounded i.e., there exists M > 0
such that for all x € F
[£]loc = sup [lz(t)|| < M.
tex

2. If X is a compact metric space, then Ascoli-Arzela theorem can be expressed as follows:

the family F C C(X,Y) is relatively compact if and only if F' is equicontinuous.

When the space X fails to be compact, Ascoli-Arzela theorem does not hold. The
following compactness criterion is:

Let

C(RY,R) = {z € C(R",R), lim x(t) exists}
with the norm ||z||, = sup |z(t)].
>0

Lemma 1.1. ([15]) A family M C C;(RT,R) is relatively compact if and only if

1. M is bounded,

2. M 1is equicontinuous on every compact interval of R,

3. M is equiconvergent.
Here

Definition 1.6. M C C;(RT,R) is called equiconvergent if il satisfies
Ve>0,3T =T() >0,V ty ERY: ty,to > T = |u(ty) — u(ty)| < g, for any u € M.
In this thesis, we will use some modified versions of this compactness theorem.

14
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1.2.2 Lebesgue dominated convergence theorem

Theorem 1.3. ([4]) Let (f,) be a sequence of functions in L*(Q) that satisfies
(i) fu(t) — f(t) for almost every t € €,
(ii) there is a function g € L*(Q) such that |f,(t)] < g(t) for all n € N and for almost

every t € ).
Then f € LY(Q) and ||fn — fll1 — 0.

1.3 Some fixed point theorems

We recall the following fixed point theorems: nonlinear alternative for Leray-Schauder,

fixed point.

Definition 1.7. Let E be a Banach space equipped with the norm ||.|| and T : E — E
a mapping. An element x of E is said to be a fixed point of T if Tx = x.

Theorem 1.4. ([1])(Leray-Schauder nonlinear alternative theorem). Let C' be a convex
subset of a Banach space and 2 an open subset of C' with 0 € 2. Then every completely
continuous map T : Q — C satisfies at least one of the following two properties:

(A1) T has a fized point in Q, or

(A2) There is an x € 02 and X € (0, 1) with v = \T'z.

Remark 1.3. Hypothesis (A2) indicates that the set S = {x € Q : x = ATz; A € [0,1]} is
not bounded. So to apply the nonlinear alternative of Leray-Schauder, one can just show

that T is completely continuous by checking the following a priori estimate:
dR > 0,Vx € E\VA € [0,1] : (x = ATz = ||z|| < R)

to assert that T admits at least one fized point in B(0, R).

15



Chapter 2

Some existence results for second
order three-point boundary value

problems on half -line

2.1 Solvability of a Second-Order Boundary Value

Problem on an Unbounded Interval
In this section, we will consider the boundary value problem:

2"(t) + f(t,x(t),2'(t)) =0, t € (0,400),

z(0) =0, lim 2/(t) = ax(n),

t——+o0

where ) € (0, +00), o € R such that o # .

2.1.1 Lemma auxiliaries

In the following, we collect some auxiliary facts which will be needed throughout this

study.
Consider the spaces E/, X defined by:

E = {x € C([0,400],R), lim z(t) exists},

t——+o0

16



Existence solution of three-point boundary value problem

with the norm:

2]z =sup [ z(¢) | .
>0

X = {x € C(]0, +o0] ’R)’tEer x(t) and tlgn 2 (t) exists},

with the norm:

| 2(t) | :
ZT|y = max{ su , sup | x'(t .
2 {tz(f)) 1+t t2g| (t) |

Lemma 2.1. (E, ||.||z) and (X, ||.||x) are Banach spaces.

Proof.

(1) (E,].]|g) is a Banach space:

Let (xy),cy be a Cauchy sequence in the space (£, ||.|| ;). Then,

neN

Ve > 0,dN >0 such that ||z, —z,|z <e forany n,m > N.

As a consequence, the sequence (,(t)), oy, for t € [0,+00), is a Cauchy sequence
in R too. Hence there exists z(¢) € R such that tBer | z,(t) — z(t) |= 0, (t > 0)

this implies tlgrnoo |z, — x|z = 0, proving that (E, ||.||z) is a Banach space.

(X, ||z|| ) is a Banach space:
If (2,),ey € X is a Cauchy sequence, then (y,),.y € £ and (2,),,c.y € £, with:
Tn (t)

yn(t) = Fo7 and z,(t) = ;,(¢), are Cauchy sequences too, Thus there exists yo € £

and zg € E such that:

Jim g, —wnlly =0 and im0 =0,

Let xo(t) = (1 + t)yo(t), t > 0. We conclude (z,(t)) converges to zo(t) and (x (t))
converges to zo(t) with zy(t) = z{(1).
Then:

i, — 2ol = Tim_max |y — voll, 120 — 2013 = 0.

proving that (X, |.||y) is a Banach space.

17



Existence solution of three-point boundary value problem

Lemma 2.2. If « % and h € L'[0,4+00), then the problem:

(2.2)
p— 3 / —

2(0) =0, |l o/(t) = as)

has a unique solution given by
()=~ [t = s)nis)ds — =2 [ s)hs)ds + —— [ h(s)d
o(t) =~ | sssl_omonsssl_omo s)ds.
Proof. From 2”(t) = —h(t), by integrating between 0 and ¢ we get
t
Z'(t) = 2'(0) —/ h(s)ds.
0
Also, by integrating once again between 0 and t we get
t
() = 2/ (0)t — / (t — 8)h(s)ds,
0
So, we have
+oo
: T(gN o .

t£+moox (t) = 2'(0) /0 h(s)ds.

and
ax(n) = az'(0)n — a/n(n — s)h(s)ds.
0
According to the condition tlgrn 2'(t) = ax(n), we get
0= [ 9h()ds + = [ h(s)d
x —1_0”70773331_0”70 s)ds.
Then
D=—[(t-shs)ds -~ ["—sh(s)ds + —— [ h(s)d
o(t) == [ (6= s)hls)ds = = [ = o)h(s)ds + o [ h(s)ds
0

Lemma 2.3. Inder the assumptions of Lemma @), the unique solution of the problem

) can be written as:

o(t) = [ " Gt $)h(s)ds

18



Existence solution of three-point boundary value problem

where G(t, s) is the Green’s function defined by :

s—ans+ats, s <min{t,n}

1 —atn+ats+t, t<s<n
G(t,s) =

1—an atn—ans+s, n<s<t

t, max {t,n} < s.

Proof. We divide the proof into two cases:

case 1: If t <5, the solution of the problem (@) can be expressed as:

o(t) = —/ (t — 8)h(s)

1—omUot( d8+/ =) ]

t
+ [ hs ds+/ ds+/ }
1—an Lo
—$)(1 — — —
:/ —(t —s)(1 —an) —ot(n 8)+th(s)ds
0 1—an
n—at(n—s)+t ‘oo ¢
hs)ds + [ h(s)d
—i—/t T (s)ds + . T—an (s)ds
t —
_/ ] ans+atsh<s)d8
1—an
n —atn + ats +1 too
h(s)d / h(s)d
+/t 1—an (s)ds + n 1—an (s)ds

- /0 T G(t, 5)h(s)ds.

case 2: If ¢t > 7, the solution of the problem (@) can be expressed as:

at

o(t) = —/On(t—s)h(s)ds—/t(t—s)h(s)ds— — /"(n—s)h(s)ds

+1 [/ ds+/ ds+/ }

ns— t tn —
_/ s—ans+ o Sh(s)ds—i—/ atn an3+sh(8)d$
1—04 n 1—an

“+oo
—l—/t T Omh(s)ds

= /O+OO G(t, s)h(s)ds

19



Existence solution of three-point boundary value problem

Lemma 2.4. [f0 < a < %, then the Green function of problem (@) satisfies:
0<G(ts) < ﬁ , fort,s € [0,+00).

Proof. Case 1:
We show that G(t,s) > 0.

- For s < min {¢t,n},

—(t—=s5)(1—an)+t—at(n—-s)

G(t,s) =

1—an
S —t(l—an) +t—at(n—s)
- 1—an
ats
= >0
1l—an —
- For 0 <t <s<n,
t—at(n—
G(t,S) — M
1—an
>t—ozt7]:t>0
1—an -
- For 0 <n<s <,
t —
Gt s) S+ atn — ans
1—an
_stanlt=s)
1—an o
- For s > max {t,n},
t
G(t,s) = >0
1—an
Case 2: We show that G(t,s) < 1fan

20



Existence solution of three-point boundary value problem

- For s < min {¢t,n},

Glt,s) — s—lozisoj;]ast

< s(1 —am) + ant

- 1—an

s(1—an)+ant+t—t
1—an

s(l—an)—t(l—an)+t
1—an

IN

VAN

<s—t+

1—an
t
1—an

IA

- For 0 <t <5<,

t—ant + ast
1—an
< t —ant + ant
- 1—an
t
1—an

IN

- For 0 <n <5<t

s —ans+ant

1—an
s(1—an)+ant+t—t
1—an
s(I—an)—t(1—an)+t
1—oan
t
1—an

=s—1+

t
1—an

IN

- For s > max {t,n},
t

G(t,s) = T

We conclude,

0<G(ts) < 1*t0477 for t,s€[0,400).

21



Existence solution of three-point boundary value problem

Lemma 2.5. If0 < a < %, then the Green function of problem (@) satisfies
0< %(t,s) < ﬁ for t ;s €[0,400).

Proof.
as, s < min{t,n}
8Gt 1 —on+as + 1, t<s<n
E(’S)_l—an o, p< s <t
1, max {t,n} <'s

Case 1: Evident
% >0 for t,s€ 0,400

Case 2: We show that 2%(¢,s) < -

- For s < min {¢t,n},

—(1—an)+1

IN

- Fort<s<n,

8£(t 5 = —an+as+1
ot 1—an
<—om+ow7+1
- 1—an

1

1—an

IN
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- Forn <s <t
oG
7(t, 5) = on
ot 1—an
< —(1—an)+1
- 1—an
1
< .
“1—an
- For max {t,n} < s,
oG 1
—(t,s) = .
ot 1—an

Now, define the operator N by

“+o00

(Nz)(t) = / G(t, s)f(s,2(5),2'(s))ds, for x €Y.

0

We know that, x is a solution of problem (@) if and only if z is a fixed point of operator
N, to do this we will check that the operator N satisfies the Leray-Schauder’s nonlinear
alternative fixed point.

Note that the Ascoli-Arzela theorem is not applicable to work in X, we need the following

compactness criterion.

Lemma 2.6. 23] Let Z C X be a bounded set, then Z is relatively compact in X if the

following conditions hold:

t For any x € Z "f% and x'(t) are equicontinuous on any compact interval of
[0, +00).
it Foranyx € Z , 016(72 and x'(t) are equiconvergent at infinity , i.e : Given e > 0, there

exists a constant § = 0(e) > 0 suth that | TS:;) — 3155:?2) |<eand|2'(ty) —2'(ta) |< €
for any ti,ts > 6 and x(t) € Z.

Before starting the result , we will state the following conditions:
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(C1) 0<a<,
(C2) f:[0,+00) x R? — [0, +00) is continuous

(C3) | f(t,(1+t)u,v) |[< o) |u]|+|v]) on [0,+00) x R? with ¢ € L' [0, +00) and

Y € C([0,+00),[0,4+00)) nondecreasing.

Lemma 2.7. If (C'1)—(C3) holds, then the operator N : X — X is completely continuous.

Proof. Case 1: We show that the operator N is continuous.

Let x,, — x as n — +oo. From (C1) — (C3) and by the Lebesgue convergence Theorem

we have,
el ZNDOL - [ OO (51, (5)) = F(s. (), /(5D s
— 0 as n— +oo, for t>0.
Then
St;l%)'(an)(?;t(Nx)(t)' _ 00 as m—s 400
and
(N0 = (VO] < [ S 05) s mals) i (5)) — Fs 2(5), " (5)) ds
— 0 as n —> oo, for t>0.
Then

sup |(N'z,)(t) = (N'z)(t)] — 0 as n — 400

this implies

|Nz, — Nz|y — 0 as n — 400

thus N is continuous.

Case 2: We show that the operator N is relatively compact.
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Existence solution of three-point boundary value problem

- Let w={x € [0,400), |z|lx <k}, (k>0), beabounded subset of X.

From Lemma @ and (C3), we have

sup (Nz)(t) sup /

te0+00) L+ t€[0,4+00)
1

1
1—an
1

N

1

W(2k)
1—an

and

sup | (Nz)'(t) | <

1

oo Gt )

2 ()

1+s

[ els) 2llal ) ds

1—anJo

/Jroo
0

©(s)ds

»(2k)

“+o00 d
1_%/0 o(s)ds

Since ¢ € L'[0,+00), then || Nz y is bounded

(s)) ds

18 s as), ) ds

1—an/o

[ o)

[ et (l dUTH

1—anJo

ds

x’(s)) ds

708 s ats), ) ds

te[0,4-00) 1- Qarmn Jo

Nzx)(t
- We show that {a: €w, sup (Va)( )} and {z € w, (Nz)'(t)} are equicontinuous

te[0,4-00) 1+¢
on any compact interval of [0, +00).

Let 8 > 0,t1,ty € [0,5] with (¢ <t2) and z € w. Then

14ty 1+t

| (Nz)(ta) — (Nz)(th)

+oo G(tg, S)
= T (s ()

ds—/ tl’

G(t )

1+t

1—|—t2 1+t

/O+OO’G(t2,s) G(t, ) G(t1,s)

(s,

14+

N

()

1+s

+°°(

< Y(2k) /

0

25

- <|G(t2,s) ~G(t1.9)| | [t~ IG5 >>

1+ ty (1+t2)(1+t1)

ds

|G(ta,s) = G(t, 5)|

|t1 — t2|G(t1, S)

1+t

(14t2)(1+t1)

f(s,x(s), ' (s))ds

(s),x

'(s))lds

) o(s)ds.
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From ¢ — G(t, s) is continuous on [0, 5], then

|G(t2,8) — G(tl, 8)| — 0, as |t1 — t2| — 0.

1+t 1+

VN@%> O] 0, as [t~ ta] — 0

and

((N)'(t2) — (Nx)' (1) =

oo (0G oG /
/0 <&(t2, s) — E(h, S)) f(s,z(s),2'(s))ds

—>O, as |t1—t2|—>0

then {:c € w, sup (N2)()

and {z € w, (Nx)'(t)} are equicontinuous on [0, +00).
te[0,4-00) 1+t

N
Case 3: We show that {x €w, sup (V)

)} and {x € w, (Nz)'(t)} are equiconver-
t€[0,+00) 1T+t

gente at infinity.

From

+o00 400
[ s () )lds < w2m) [ pls)as
we get f € L'[0, +00).

Then, we have

t£+moo<(]¥i)§f)> _ tginoo (_/Oti:_if(s,x(s),x/(s))ds
ot

_ﬂ+wu—am[ﬂ"—@ﬂ&ﬂ@w%»w

t +oo ,
+0+wa—mnﬁ f@ﬂ@w@»w)

i iﬂiﬂ) 0+OO f(s,x(s),2'(s))ds — : —aom /On(n —8)f(s,x(s),2'(s))ds
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and

lim ((Nz)'(t)) = lim +OO%(t,s)f(s,x(s),zl(s))ds

t—+oo t—+oo Jo ot
_ tiiinoo_/o (1 — ) f(s, 2(s), 2'(s))ds
[0 =9 f(s.2(5).2/())ds

/0+oo f(s,z(s),2'(s))ds

1—an
1
1—oan

tgg-noo ((N$)’<t)) - /0+OO(1 — s)f(s’ x($)7$,($))d8
- /On(ﬁ —8)f(s,x(s),2'(s))ds
/0+oo f(s,2(s),2'(s))ds.

1—an
1
1—oan

Nz)(t
Then {x €w, sup (Va)( )} and {z € w, (Nz)'(t)} are equiconvergente at infinity.
tel0400) 1+1

We conclude that N is completely continuous. O

2.1.2 Main existence result

Theorem 2.1. Assume that (C1) — (C3) and the following condition holds:
(C4) There exists p > 0 such that

p(1 —an)
V(2p) Jo~ p(s)ds

Then problem (2.1) has an solution v = x(t) such that

> 1.

<p and 0|2/ ()| <p fortel0,+0).

Proof. we have

(x € X is solution of problem(@) )< (@ is solution of the operational equation
x4+ Nz =0) ie. x is the fixed point of the operator N.
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Existence solution of three-point boundary value problem

So it’s necessary to find this fixed point, to do this we apply the theorem of Leray-

Schauder. For that reason, it’s sufficient to check that the set of all possible solutions of

the family of equations

w) () + Af(t,z(t),2'(t)) =0, te(0,400)
’ z(0) =0, lim 2/(t) = ax(n)

oo

is bounded on X by an independent constant A € [0, 1].

As above, we have shown that N is completely continuous.

Now, let z is solution of problem (1,), let Q@ = {z € X, ||z|yx < p}.

Use the contrary, if there x € 0Q with « + ANz = 0, then for A € [0, 1], we have

x(t) ‘

14+t

sup
te€[0,400)

= sup ‘
te€[0,400)

(/\Nx)(t)|
1+¢

N
< wp |52
telo400) | L+

+oo 1
t€[0,4+00) 7/ 0 1+1¢

= /:Ool —1047790((9)2# (
el i

and

sup [ 2'(t) | = sup | (ANz)() |

te[0,+00) te[0,+00)
< swp [Ty
= up )
te[0,+00) Y/ 0 ot

< [ e

I+s + x’(s)> ds
[ ezl s
< V) / " o(s)ds.

1—an

(s, WW(S),J;/(S)N ds

1+s
x(s)
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Then

2 00
ol < 122 " syds

and from x € 0f),

So
1 —
m+;m <1
V(2p) [ p(s)ds
Which contradicts with the condition (C4). Then, by theorem of Leray-Schauder the

problem (@) has a solution on X. O

Example :

Consider the following boundary value problem on the half-line:

2"() + | B ) | et =0, 0<t< +oo
VIR (2.3)
z(0) =0, tlgrn Z'(t) = az(n).

where a = %, n=1. We will apply Theorem @ to show that problem (@) has at least

f(t,x,x") \/| t) | e
1—|—t

p > 2.

a solution. Let

Choose

Then, we have
(C1) Sincen=1s00<a< % satisfies.

(C2) f:1]0,+00) x R? — R is continuous.

(C3) | f(t,(1 + t)z,2") |< (/|z+2'| e then we have ¢(z) = x, ¢(t) = e?
then | f(t,(1 + t)x,2) |< /|z+2' | et = ¥( 2+ 2 |)p(t) on [0,+00) x R? with

¢ € L'[0,+00) and ¢ € C([0,4+00), [0, +00)) is nondecreasing.
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Existence solution of three-point boundary value problem

(C4)

(o) o p(s)ds /o x1
Hence all conditions of Theorem Ell hold. As a consequence, problem (@) has at least a

p(l B 0577) p(l — Oé) _ \/ﬁ(l) > 1.
2

solution 2 such that

0< 5 <pand 0.<[ /(1) |< p. for t € [0, +20).

2.2 Existence of Solutions for Integral Boundary Value

Problem of Second-Order on an Infinite Interval

In this section, we will consider the boundary value problem

2"(t) + f(t,z(t)) =0, t € (0,+00),
z(0) =0, lim 2'(t) = o [ z(s)ds,

t—+o0

where 1 € (0,4+00), @ € R such that 0 < a < n%

Concerning Boundary value problems posed on unbounded intervals, we refer the
reader, e.g., to ([8, 9, 10, 11, 14, 15, 16, 17, 19, 21, 22]) and references therein. For
instance, Tariboon and Sitthiwirattham in [21] proved the existence of positive solutions

for the three-points Boundary value problem with an integral condition:

2" +a(t)f(z) =0, te(0,1),
x(0) =0, (1) = a ) x(s)ds,

where 0 < 7 < 1 and 0 < o < 4. They have employed the Krasnosel’skii fixed point
7

theorem in cones. In their analysis they assume that the function f is either superlinear
or sublinear.

Galvis, Rojas, and Sinitsyn in [6] have considered the same problem on the interval
[0,v]. Using Schauder’s fixed point theorem, they have also proved existence of positive
solutions. They do not impose any extra condition on the function f, they only need to
prove a global condition (instead of using local arguments): a compactness condition on

the involved operators associated to the equation.
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Existence solution of three-point boundary value problem

We however notice that less papers have dealt with Boundary value problems posed on
infinite domains. We cite For instance, [12] where the authors have studied the existence

of multiple positive solutions of the following Boundary value problem:

(p(2'(t) +a(t)f(t, (1))
2(0) = m; aa(&),  2'(00) =0,

I
o

t € (0,+00),

where ¢ : R — R is an increasing positive homeomorphism with ¢(0) = 0 and §; €
(0,400) with 0 < & < & < ... < &n2 < +00. The coefficients «; satisfy «; €
0, +00), 0 < 'S 0 < 1.

O’Regan, Yanl,:zlmd Agarwal in [20] established the existence of an unbounded solutions

for the second order Boundary value problem on the half line:

2"(t) + ®(t) f(t, z(t)) =0, t € (a,+00),
x(a) =0, lim /() =0,

T~
where f € C([a,+00) x (0,+00), [0, +00)) with xlirégr f(t,z) = +oo for each t € (a,+00)
and ¢ € C((a,+00), (0,+00)). Also the existence of multiple unbounded positive solu-
tions is discussed by means of the theory of the fixed point index.

In [24], Zima studied the existence of at least one positive solution to the following

Boundary value problem for the second-order differential equation posed on the half-line:

a(t) — K2 (t) + f(t, (1))
z(0)=0,  lim x(t) =0,

0, t € (0,400),

where £ > 0 and f is a continuous nonnegative function. The existence results are
based on an application of the Krasnosel’skii fixed point theorem of cone compression

and expansion.

2.2.1 Related lemmas

In the following, we collect some Lemmas which will be needed throughout this work.

Consider the space Y defined by

t
Y = {x € C([0, +00),R), i 19:(_ ;t exists} ,
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Existence solution of three-point boundary value problem

with the norm

Iz | =(?) ‘
x|y = sup |—=|.
YT ey |14 2t

Lemma 2.8. (Y, ||.||y) is a Banach space.
Proof. Let {u,}nen be a Cauchy sequence in the space (Y, ||.|ly). Then
Ve > 0,3N > 0 such that ||u, — uy|y < € for any n,m > N.

As a consequence, the sequence {u,(t)}neny for t € [0,+00), is a Cauchy sequence in

R, too. Hence there exists u(t) € R such that Erf lun(t) — u(t)] = 0, (¢ > 0). Then

. Un (£)—u(t) . . o . .
ngrfoo “s | = 0. This implies EIPOOHU" ully = 0, proving that (Y, ||.||y) is a
Banach space. O

The main tool used to prove the main existence result is the Leray-Schauder nonlinear
alternative theorem .
First, we list some hypotheses on the linearity f:
(H1) 0 <a <5
(H2) f:]0, +oo) x R — [0, 4+00) is continuous.
(H3) |f(t, (1 +2t)z)|] < o(t)Y(|z]) on [0, +00) x R with ¢ € L0, +00) and
¢ € C([0,400),[0,400)) is nondecreasing.

Lemma 2.9. If an® # 2 and e € L'[0,4+00), then the Boundary value problem
2"(t) +e(t) =0, t € (0,400),

z(0) =0, lim 2/(t) = o [) z(s)ds

t—+o0

(2.5)

has a unique solution given by

2(t) = — /t@ — s)e(s)ds — — /0"(n ~ oe(s)ds + /Oooe(s)ds.

0 2 —an 2—oan

Proof. Integrating the equation in (@) twice from 0 to ¢ yields

o(t) =20 - [ ‘(= 8)e(s)ds. (2.6)
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So
lim /() = 2/(0) — /0 T e(s)ds,

t——+o0

Integrating once again (@) from 0 to n (n € (0,+00)) gives

/On:r(s)ds = I/(O)% — /O77 (/OT(T — s)e(s)ds> dr

2
Lo
= O 2 ['n - 5e(s)ds
: S ,
From t£+mooa: (t) = a [ z(s)ds, we obtain
/ o / 0”72 o 7 2
2'(0) — / e(s)ds = 2'(0)— — — [ (n—s)%e(s)ds
0 2 2
Thus
Z'(0) = — a /77( — 5)%e(s)ds + 2 /oO e(s)ds
 2—an? o K 2—an? o
Then
_ t at n 9 2t 00
o(t) == [ (t = s)e(s)ds - 2_0”72/0 (n — 5)%e(s)ds + 2_an2/0 e(s)ds

Lemma 2.10. Under the assumptions of Lemma , the unique solution to problem )

can be written as
(t) = / G(t, s)e(s)ds,
0

where G(t,s) is the Green’s function defined by

2s — ats* — an?®s + 2atns, s < min{t, n}
Gl s) = 1 2t — at(n — s)?, t<s<n
2 —an? 25 + an’t — an?’s, n<s<t
2t, max{t, n} < s.

Proof. We distinguish between two cases:
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(a) If ¢t <, the solution of problem (@) can be expressed as
o(t) = —/ (t — 8)e(s)ds
g [y 1= e [l setop]
+2_m72[/0te ds+/ ds+/ ]

25 — ats® — an?s + 2atns
= / e(s)ds
0 2 —an?

n 2t — at(n — s)? o 2t
+/t 5~ an? e(s)ds + /77 5 Om2e(s)ds

— /0 TGt s)els)ds.

(b) If t > n, then a solution of problem (@) can be expressed as

z(t) = —/ (t—s)e ds—/n(t—s)e(s)ds
= spets)as

2a77

g [y el [ eloyas [ ey

/77 25 — ats? — an?s + 2atns e(s)d
= s)ds
0 2 — an?

t 25 + an’t — an’s oo 2t
+/n pp—— e(s)ds —i—/t me(s)ds

= /OOO G(t, s)e(s)ds.

Lemma 2.11. If (H1) holds, then the Green’s function to problem (@) satisfies

0<G(t,s) < , fort,s €[0,+00).

2 — an?
Proof. Claim 1. We show that G(¢,s) > 0.

For 0 < s < min{¢,n}, we have
Glts) = 25 — ats? — a772; + 2atns
2—an
_ 2 _
s(2 — an®) + ats(2n — s) >0.
2 — an?
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For0<t<s<n,

2t — at(n — s)?
2 —an?
t(2 — an®) + ats(2n — s)
2 — an?

G(t,s) =

= 0.

For 0 <n < s <,

25 + an’t — an’s

2 —an?
2s + an?(t — s)
2

= 0.
2—an

For s > max{t,n} > 0,

2t
5 =
2 — an?

G(t,s) =

Claim 2. From 0 < o < ;5 we will show that G(t,s) < 575>

For 0 < s < min{¢,n}, we have

25 — ats® — an’s + 2atns

G(t =
_ s(2—an?) 4 ats(2n — s)
B 2 —an?
o t(2 — an®) + ats(2n — s)
= 2 — an?
< 2t — at(n — s)?
2 —an?
2t
<
2 —an?
For 0 <t < s <,
2t — at(n — s)?
Gty = 20t
2—an
2t
2 —an?’
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For0 <n<s<t,

25 + an’t — an’s

G(t
(2 — an?®)s + an’t
N 2 — an?
- (2 — an?)t + an’t
A 2 —an?
2t
< —.
2 —an?
For s > max{t,n} > 0,
2t
G(t = :
Thus
2t
0<G(t,s) < 2o for ¢, s € [0, +00).

Now, define the operator T' by
(Ta)(t) = /°° Glt,5)f (s, 2(s))ds, forz €Y.
0

Then boundary value problem (@) has a solution x if and only if = solves the operator
equation z = Tx. We will study the existence of a fixed point of T'. For this, we verify that
the operator T' satisfies all conditions of Theorem @ Since the Arzela-Ascoli theorem
fails to work in the space Y, we need a modified compactness criterion to prove T is

compact. The proof of the following compactness criterion can be found in [[13].

Lemma 2.12. ([15]) Let B={x €Y, ||z||y <!} such that > 0,

B, = {fgt, z € BY.

If By is equicontinuous on any compact intervals of [0, +00) and equiconvergent at infinity,

then B is relatively compact on'Y .

Remark 2.1. Here By is called equiconvergent at infinity if for all € > 0, there exists

d = d(e) > 0 such that

t t
w) ()
1+2t totoo 14 2¢

<€ foranyx e B andt > 0.
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Lemma 2.13. Under Assumptions (H1) — (H3), the operator T : Y — Y is completely

continuous.

Proof. Claim 1. We show that the operator T': Y — Y is continuous.

Let x, — x as n — +00, then there exists rqg > 0 such that

max{uxuy, supnxnny} <
neN

From Lemma m and (H3), we have

[ s sl < 5 [ G, wals)ls

142t 2—an
1 oo 1+2
< / 1. zn(8)(1 + 2s) s
2 — an? 1—|—2
< )
2 —an? 1—|—2
]_ o0
< 5Tam /0 () (||l )ds

Ylro) /OOO o(s)ds.

2 —an?
From (H3) and using the Continuity of f, we obtain that
Fls,20()) —> F(s,2(s) and S| £(s,a(s))] < £28hio(s) with € L1[0, +00)

2—an

According to the Lebesgue’s dominated convergence theorem, we deduce that

0 Cl:—i;t |f(s,zn(8)) — f(s,z(s))|ds = 0, as n — +oo.

Hence

< G(t,s)
Tx, —Tz|ly = su d
| I te[o,go) o 1-+2t

|f(s,2n(s)) — f(s,2(s))|ds = 0, as n — 400,

proving our claim.
Claim 2. We show that the operator T': Y — Y is relatively compact.
Let Q={x €Y, |z|y <k}, (k>0), be any bounded subset of Y.
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From Lemma and (H3), we have

© G(t,s)
Trlly = / i 2(s))|d
| Ty tes[ggo) ; 1+2t|f(8 x(s))|ds

N

s | sas)lds
L

s oo ([ ]) o

s [ el as
2%272 /OOO p(s)ds, for x € Q.

Since ¢ € L'[0, +00), then ||Tz||y is bounded for z € Q. Hence, T2 is uniformly bounded.
To show that T2 is equicontinuous on any compact interval of [0, +00), let 5 > 0, t,t5 €

0, 5] (ta > t1) and = € Q. Then

(Tz)(ts) _ (Tx)(t) ‘

1+ 2t 1+ 2%

o0 G(tQ,S) o0 G(tl,S)
/o T f(s,x(s))ds —/0 T f(s,z(s))ds

o0 G(tQ,S) G(tl,S) G(t178> G(tl,S)
S /0 ‘1+2t2 TUvon Tivon  1ea | )l
< /oo ‘G(tg,é‘) — G(t1,8)| 2’t1 — t2|G(t1,8)
= o 14 2ty (1+ 2t5)(1 + 2t;)
f (1+2s)z(s) J
5T 2s °
o0 ‘G(tQ,S) — G(tl, S)| 2‘t1 — tz’G(tl, S)
S w(k)/o l 1+ 2t (1+2t2)(1+2t1)] P(s)ds.

Since for s € [0, +00) the function t — G(¢, s) is continuous on the compact interval [0, 5],

then it is uniformly continuous on [0, 3]. Hence

|G(ta, ) — G(t1,s)| — 0, uniformly as [t; — t5] — 0.

(Tx)(ty)  (Tx)(t1)
1+ 2%, 142t

— 0, uniformly as [t; — ta| — 0,
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for all z € Q. Thus T is locally equicontinuous on [0, 400).
We show that T is equiconvergent at infinity. For any x € 2,

o)

|15 w(s)lds < wik) [ els)ds.
0 0
Since ¢ € L'[0, +00), we get f € L'[0, +00), for z € Q. Moreover

) (Tz)(t) . tt—s
tlir?o< 1+2t> = M <_/0 o) (9 2(8)ds

at

_ (1 + 2t)(2 _ an?) /0 (77 — S)Qf(s, x(s))ds

2t o0
_'_(1 + 2t>(2 — oﬁ]2) /0 f(S, $<S))d$>
_ —; /OOO f(s,z(s))ds — 2(2_0‘m72) /077(77 _ 82 f(s, 2(s))ds

! /OOO f(s,z(s))ds

+2—a'r]2
_ e _
_ 2(2_(“72)/0 F(s,2(s))ds

«

ST 1 9 ()

So
T (T

14+92t f5o0 142t

o 142t

< - [ el

at o

' <_ (L4202 —an?) 22— om2>> | 0= s)%e(s)ds
2t an? ~
" ((1 +2t)(2 — an?) B 2(2 — Omg)) /0 o(s)ds|.
(To)(t) . (T2)()

1+2t 90 142
Then T2 is equiconvergent at infinity. By Lemma , we conclude that T: Y — Y is

Hence

—0 as t— +oo.

completely continuous. O

2.2.2 Main existence result
Theorem 2.2. Assume that (H1) — (H3) and the following condition holds:
(H4) There ezists p > 0 such that

p(2 —an?)
V(p) Jo< w(s)

39
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Existence solution of three-point boundary value problem

Then problem (@) has an unbounded solution x = x(t) such that

_ el _

STho P

Proof. Consider the family of parameterized Boundary value problems :

fort € [0, 400).

() + Af(t,z(t)) =0, t € (0,400),

. (2.7)
z(0) =0, tLleroo 2 (t) = a [ x(s)ds,

for A € (0, 1). Let
U={zeY, |zlly <p}

Solving problem (@) is equivalent to searching for fixed point for operator 7" in U.
We will prove that = # ATz, for x € OU and A € (0, 1). On the contrary, assume there
exists © € OU with x = ATz, then for A € (0, 1) we have
(AT'z)(t)
142t
T
o 220
te[0,00) 142t

< o [TEES)
h te[o,go) o 142t

© 1
/0 5 OszO(S)l/J <
1 o9

| edizly)ds

2—an?Jo
¥(p) /0°° o(5)ds.

2 —an?

p< M/OOO p(s)ds.

2 — an?

zlly = sup
t€(0,00)

N

F <S7 (1+ 2s)x(s)> ‘ s

14 2s
z(s)

)ds
1+ 2s

/N

So

Hence ,
p(2 — ) <1,
b(p) Jo~ p(s)ds
which contradicts condition (H4).

By Theorem @ and Lemma , we deduce that Boundary value problem (@) has a

solution x and since it is in U then z an unbounded solution satisfying

|2(1)]
0< <
142t

p, fortel0,+00).
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Existence solution of three-point boundary value problem

Example : Consider the boundary value problem set on the half-line:

(1+20)F
z(0) =0, lim 2/(t) = L J§ 2(s)ds.

t—+o00 o2

:L’”(t)—l—m:(), 0<t<-+oo
(2.8)

We will apply Theorem @ to show that problem (@) has at least one solution.
Let

LUQ
f(t,z) = 1+ 20%
and
1
Y(x) =% @t) = AETIER p < 3.

Then, we check the hypotheses
(H1) Sincen=1,a=3s00<a< n% satisfies.
(H2) f:]0,+00) x R — R is continuous.
(H3) |f(t, (1 + 2t)x)| = ﬁ = (|z|)e(t) on [0,+c0) x R with ¢ € L0, +00) and
Y € C([0,+00), [0, +00)) is nondecreasing.
p—an®) _ p3) _ 3
(H4) bp) [, els)ds — pPxgz T p > 1
Hence all conditions of Theorem @ hold. Then problem (@) has at least a solution x

such that

< p, forte[0,400).
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Chapter 3

Study of existence solutions of the
second order differential equation
with multi-point boundary

conditions

3.1 Introduction

This chapter presents results on the existence of a solution for n-point boundary value

problems. For example, consider the multi-point boundary value problem:

2(t) = f(t,z(t),2'(t)), t € (0, +00)
2(0) = 7% (&), z(+oo) = X527 aja(1y),

such that f : [0, 4+00) x R? — R is a continuous function and ¢;, a; € R, &, 7; € (0, +00),
1=1,2,...m—2,7=1,2,....n— 2,

0<E << <0, 0<< <. <Tho.

In one case, we assume that all the coefficients ¢; and a; have the same sign; in another
case, we assume that the ¢; and a; do not all share the same sign. In certain cases or in
the general case, we study the existence of solutions to this problem.In many cases, to

study the existence of solutions to multipoint boundary value problems as above,we can
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Existence solution of multi-point boundary value problem

use a priori estimates obtained for the corresponding three-point boundary value problem

given below

2"(t) = f(t,a(t),2'(t),  te (0, +oo)
2(0) = az(n),  @(+o0) =0,

with v = 7% ¢, Y02t a; = 0, and ) € [&1, §noa), -

The pointwise study of n-point boundary value problems was initiated by II’in and Moiseev
[14]. Motivated by the work of II'in and Moiseev [14], Gupta [9] studied nonlinear three-
point boundary value problems for nonlinear ordinary differential equations. Since then,
more general nonlinear n-point boundary value problems have been studied by several
authors, using the nonlinear alternative of the Leray-Schauder theorem. Some recent

results concern nonlinear n-point boundary value problems of ([8, 10, 11]).

3.2 Multipoint boundary value problems: reduction

to three-point problems

In the case where v = Y7 %¢; = 0, the first problem is called in this case as an n-

point boundary value problem, which can be studied directly or reduced to a three-point
problem. Let f : [0, +00)»R? — R is a continuous function, a; € R, with all the a;s have
the same sign,

&e(0,1),i=12..,m—-2 0<&<&E< . <Ema<la=3Y0"la

we consider the differential equation of second order below:
2"(t) = f(t,2(t),2(t)),  t€ (0, +o0) (3.1)

subject to one of the following boundary conditions:

z(0) = 0, z(+o0) = mi:l a;x(&), (3.2)
Z'(0) = 0, z(+00) = nAll a;x(&;), (3.3)
z(0) = 0, 7' (+00) = ;S a;z' (&) (3.4)



Existence solution of multi-point boundary value problem

It is well known that the existence of a solution to these problems can be studied by

studying the existence of a solution to equation (@), subject to one of the following

three-point boundary conditions:

z(0) = 0,  w(+o0) = ax(n),
2'(0) = 0,  z(4o0) = ax(n),
z(0) = 0, r'(+00) = ax'(n)
In fact, let
m= min xz(t), M= max xz(t)
telé1,Em—2] telé1,Em—2]
then, we have
m < x(§) < M, &i € [1,6m—2]

Case 1: a; > 0,7 € {1,...,m — 2} then
am < a;x(&) < a;M

50 m—2 m—2 m—2
Z a;m < Z a;x(&) < Z a; M
i—1 i—1 i—1
thus ,
?Smfl;‘x(fﬁ <M
ZZ‘:1 a;

Therefore, there exists n € {&1,...,&n,_1} such that

m <

m—2
_ 2u=1 a;v(&;) _ z(+00)

i.e.

x(+00) = ax(n)

Case 2: a; <0,7€{1,...,m — 2} then

am > a;x(&) > a;M
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Existence solution of multi-point boundary value problem

50 m—2 m— m—
Z a;m Z 51 2 Z
=1 i=1 i=1

thus

m < D ie 1ma; (51) <M
=1 @

Therefore, there exists n € {&1,...,&n_2} such that

i.e.

x(400) = ax(n).

With note we have examined these forms of boundary conditions in the second chapter.

3.3 Boundary value problems at multi-points : re-

duction to four points

Let f : [0,1]»R? — R a continuous function or L*-Caratheodory. Suppose that &, 75, ¢, a;,
1=1,2,...m—=2,7=1,2,...n—2, 0< <&E <<, 0<,0<i<n<... <

Tn—2 < 1 are given. Consider the second-order ordinary differential equation (Ell) subject
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Existence solution of multi-point boundary value problem

to one of the following boundary conditions:

ciw(&),

cir (&),

cir (&),

) = jj;fam,
- Z()
o0) = :i:jajx/(q)

) = Z<>
o0) = gajx’(@)

_ jzjajxf(f])

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

When all ¢; and all a; have the same sign, it is well known that the existence of solution
for (3.1) with each one of the boundary conditions (@)—() can be obtained when

subject to the boundary conditions of four points:

0

T
z(0

/

z (0

z(0
0

8

(0)
(0)
(0)
'(0)
(0)
(0)
(0)

0

T

2(+00) = ax(n),
w'(400) = ax'(n),
z(+00) = ax(n),
7'(+00) = az'(n),
(+00) = ax(n),
#'(400) = ax'(n),
7'(400) = az'(n),

where g € [517 5m—2]7 n € [7-17 Thn— 2] 7= Zz 1 Cza o = Z;L;f Qj.
When all ¢; have the same sign and all a; have not same sign, it is known that the

existence of a solution for (3.1) with each one of the boundary conditions (@)—() can



Existence solution of multi-point boundary value problem

be obtained when subject to the boundary conditions:

(0) 72(C),
z(0) = yx(Q),
2'(0) = ~42'(¢),
2'(0) y2'(¢),
z(0) = ~2'(¢),
2(0) = ~4a'(C),
z(0) vz (¢),
where ¢ € [€1, &m—2], v = X157 ¢

n—2
=Y ax(ry),
j=1

mziwwm

n—2
= a;z(ry),
j=1

)= 3 (7

n—2
= a;a(ry),
j=1

@ZE%MW
wziwwm

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

When all ¢; do not have the same sign and all a; have the same sign, it is known that the
existence of a solution for (3.1) with each one of the boundary conditions (@)—() can

be obtained when subject to the boundary conditions:

3
1\3

Clx(fl)

U

3
"

sz(&)

it

3
s

(&),

&

R

i

3
s

(&),

Ci

3 -
LIM
& %2

i

(&),

Ci

3
S

(&),

Ci

H

i

3
L

sz(gz)

1

.
I

#(+00) = (),
#/(+00) = aa’ (1),
#(+00) = (),
7/ (+00) = az' (1),
2(+00) = (),
7/ (+00) = az' (1),

o'(400) = ax'(n),

(3.29)
(3.30)
(3.31)
(3.32)
(3.33)
(3.34)

(3.35)
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—2
where 1 € [1, Th—2], @ = 251 ay

3.4 Existence results for second order differential
equation with n-point boundary conditions

We consider the following boundary value problem:

o) 2'(t) = f(t,z(t),2'(t)), t€(0,+00)
v(0) = Y Je(€). M (1) = 0

Lemma 3.1. Let h € L'[0,+) ,¢; eR , & € RT withi=1,2,..,n— 2,

n—2
0<& <& <. <&y o and suppose that 0 < Z ¢ <1.
i=1

2 (t) = h(t)
]f n—2
z(0) =Y cx(&), tlgrnoo Z'(t) =0
i=1
then

o(t) = | ;(t—s)h(s)ds—t / Z“h(s)ds Yireb / () ds s it G / “ (Gi—s)h(s)ds

1-Y"2cl o 11—/ o

Proof. From 2"(t) = h(t), we get 2'(t) = 2/(0) + [4h(s)ds
and x(t) = 2'(0) 4+ z(0) [§(t — s)h(s)ds.

Then, we have 2/(0) = — [¢*°h(s)ds ( because lim z'(t) =0 )

t——+o00
and from

2(&) = 2/ (0)& + x(0) + [§ (& — s)h(s)ds

n—2

S0 nz:: ar(&) =2'(0) Y a& + x(0) ”z:: ¢ + nz:: ci/j (& — s)h(s)ds

i=1

n—

ie. z(0) =2/(0) Y (&) + =(0) nzl ¢ + nzl Ci/ii (& — s)h(s)ds

=1
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Existence solution of multi-point boundary value problem

( because x(0) = ”Z_—: ciz(&s))

Wich implies

<1 - nZl Cz‘) z(0) = Z Cz‘(é})/:mh(s)ds + ”z: Cz‘/zi(& — s)h(s)ds

i.e.
1= 1 C’L(gl)

O

/O h(s)ds + Z?;C;/&(@ — $)h(s)ds

we conclude

1 alE) [ i s
() = / §)ds—t / lzinfc /0 h(s)ds+T;1q / (€—5)h(s)ds

Theorem 3.1. We suppose

n—2
(HI) 0< ZCZ'<1.

i=1

(H2) f:0,+00) x R? — [0, +00) is continuous.

(H3) | f(t, (1 +t)u,v) |[< ®)(|u| + | v]) on [0, 4+00) x R? with ¢ € L*(]0,+00)) and
€ C([0,4+00),[0,+00)) nondeceasing.

(H4) There exists R > 0 such that R > 2 (1 + Z_:Lzlff ) V(2R) [ p(s)ds.
i=1 CGi
Then the problem (2) has a solution on X.

Proof. Define the operator N by

(Nz)(t) = /;(t —8)f (s,2(s),2'(s)) ds — t/;roof (s,2(s),2'(s)) ds
72? L al) / f(s,z(s),2'(s)) ds + e 1105 /Ei(& —8)f (s,x(s),2(s)) ds

n
1_21161 1_ i:lcl 0
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Existence solution of multi-point boundary value problem

Problem (2) has a solution z if and only if x solves the operator equation x = Nzx.
We will prove the existence of the fixed point of N. To do this, we will verify that the
operator N satisfies fixed point theorem of Leray-Schauder. We show that

N :Q — X is completely continuous

such that Q = {z € X, ||z||y <R}, R>0

(a) N is continuous:

let z, — x as n — +oo on . We have from condition (H3),

\(an)(tl);t(Nw)(t)l < /;|f(s’xn(s),x’n(s))—f(S,QU(S),fE,(S)|d8
[ H0 w907 (8) = (s, 2(5)./(5) | s

S e, , |
+1—2?1@/ | f (5, 20(5), 20(5)) = f(s,2(5),2(s)) | ds
clfZ ,
+T 51 G mals), ' (5)) = (s, 2(5). 2 (5)) | ds

<2 711 (svanls),u(s) = Ss.(s),(5) | ds

y CZ& / | f(S,l’n(S)aﬁUln(S)) - f(S,ZE(S),.I/(S» | ds

27
Ty,

From ( H2), we have (Yend-N2)O] __, a5 1 — 400,

1+t
On the other hand ,

—+00

(Nz)(t) = —/ F(s,2(s), 2 ds—i—/ s, x(s), 2'(s))ds.

0

SO
(V) () = (N2 (012 [ 71 F (s,(5), () = Fs,2(5),°(5)) | ds.
From (H2) , we have
| (Nx,)'(t) — (Nz)'(t) |— 0 as n — +o0.
Then |Nz, — Nz|y, — 0 as n — +o0.
(b) N :Q — X is relatively compact .
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Existence solution of multi-point boundary value problem

(b1) N(Q) is bounded:

For z € Q,
LEDOT < [ psats) a0 ds + [ 1 fts.a(5),(6)) | ds
nz_g / ) F a(s). () | s

e EELOE [ (o (s)./(0)) | d

]__ ZICZ

< 2" £ (s, 0(s), (60 s+ 21_g 71 5 G5, 2) s
<2 (14 ZELE) [ o))

2<1+ i fcflcl) ('fi) EION I |> ds

<2 (1 + 1 —_Z”fg ) p(s)ds < +00

On the other hand, for z € Q

[Ny ()| < 2f 1 (s (), 2(6)) | ds
<20 2R) [ " p(s)ds

Z? G oo
<2 <1 + 1_55;@) w(QR)/O (s)ds < +o0.

Then
n +oo
el <2 (14 ZELEE Y som) [ oty

Hence N () is uniformly bounded .

(b2) N(Q) is equicontinuous on any compact [0, a] on [0, +00) . For any t;,t, € [0, a

with ¢; < t5 and for u € Q, we have
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Existence solution of multi-point boundary value problem

(Nz)(ts) (Nz)(t;) /t2 ty — Sf(S x(s), :p’(s))ds + tz/:oof(syx(s)a x'(s)) ds

1+t 1+ ol+t
B tltl—S B +oo ,
01+t1 2'(s))ds — t; f(s,x(s),2'(s))ds
toto — tt _
:/0212+tzf ds—l—/12 S 2'(s)) ds
t1t2—5 tltl—s
- as— [ /(s))d
ALM 7/(5))ds “+J@WM@H

+ (ta — 1) . f(s,x(s),:c'(s))ds
[ st (5)ds

1 1 + t2
e — )+ S)f(s, x(s),2'(s))ds

+o0
+w4w;ma$%w5

t2 2R|t2 |
< (2 / d / 1
< (2R) t1¢(8)8+ Attt | 1+ 5] o(s)

+ | te —t1 | w(ZR)/O Oogo(s)ds.

— 0 as ‘t2-t1|—>0

which implies

(Nz)(t2) _ (Nz)(th)

141t 1+

— 0 as ‘tg—tl‘—)o

On the other hand,

(Na)(t2) = (Nay ()] < [ 17(s.s),'(5))| ds
v2R) [ p(s)ds

1

IN

So
|(Nz)'(t2) — (Nx)' (t1)| = 0 as |ta — t1] — 0.

52



Existence solution of multi-point boundary value problem

Then
INz(ty) — Nx(t1)||x — 0 as |ta —t;1] = 0.

(b3) N(Q) is equiconvergent at infinity:
For = € ), we have

“+o0 —+o00

f(s,z(s),2'(s))ds < ¢(2R)/ @(s)ds < +o0.

0

Hence

w T i ([ s, 0t (50 s — o [T s, 0(0),0'(5) ds

t—§+oo 1+t 1+t 1+tJo
n—2
o iEi 1 +o00
Bt s (), 0'(9)) ds
1-— Z?:l C; 1+tJo

+

/Ofi (& — s)[f(s,x(s),2'(s)) ds)

L+t 1-Y12c
=0

and

lim ((Nxz)'(t)) =0.

t—+00

Then N () is equiconvergent at infinity. We conclude N = Q — X is relatively
compact.

So N is completely continuous.

Notice that € X is a solution of problem (2) if and only if = is a solution of the
operator equation x = Nz. So we apply the Leray-Schauder theorem of fixed point.

For this, we prove the set of all possible solutions of the problem :

2'(t) = Mf(t,x(t),2'(t)), te(0,+0)

(25) n-l o
z(0) = ; cx(§), lim 2'(t) =0.

t——+o0

is bounded for A € (0,1).
The existence of a solution of problem (2,) is equivalent to that of a fixed point of
equation:

z = ANz

To do this, it suffices to prove that x # ANz for all x € 0.
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Existence solution of multi-point boundary value problem

Let’s show this by contradiction.

If there exists z € 02 with z = ANz, then, we have

x(t) | |ANz(t)
T+t | 1+t
Nx(t)
= 1+t
g oo —
< 2<1+1Z_Zln%> w(2R)/ o(s)ds, fortel0,+00),x€Q
T 2ui=1 G 0
z(t) 7‘212 i Foo
= <214+ -Z==L50 ) yeR / d
[ <2 (1 s Jvan [ e
and
+oo
(O] < 20@R) [ p(s)ds
T,L_Q £ +oo
2(1+15) VRR) [ pls)ds
— 2ui=1 Gi 0
Then
<2(1 e ) Cop) [ o) d
ol <2 (14 ZELE ) otom) [ eto)as
So )
Sy Ciki /+°°
<214+ ==L ) (2 d
Rz (1 EEE ) pen) [Tt o

Which contradict condition (H4).
Then by theorem of Leray-Schauder, the problem (2) has a solution on X.
Example :

Consider the following boundary value problem on the half-line:

" 1 1 m + |l’l(t)|
(P) ’ (t) - % . (1 +t)2 . 1+ |x<t)’ + ’SL’/(t)‘7 t e (0,—|—oo)
LE(O> = 7:; Cz‘CL’(&), tl}—i_moo l’/(t) —0
- ()]
=l
f(t,x,x’):i, 1 1+t |2/ (1)]

80 (1+1t)2 1+ |a(t)|+ |z (0]
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Existence solution of multi-point boundary value problem

choose :

Then , we have

2
(H1) 0<) ¢ <1

i=1

Cc1 =

DN | —

Cy =

and & =1, & =2

(H2) Tt holds that f : [0, +00) X R* — [0, +00) is continuous.

(H3) Moreover

thus,

(H4) There exists R > 0 such that R > 2

In fact,
2(1+

and

which gives

12:1 ci&i

1

/

“+o00

0

2 (14

| St (1 +tu,v) |

p(t) =

- 22=1 Ci) =2 <1

o(s)ds = /

1—

1 [
80 (1412 1+ (1+t)|ul+ vl

IN

1

—+00

Z?: 1 & fl

2
i=1Ci

L

+1
(1+

+ [v]

(1+1)2

80
p(t)(lul +[v])

—_
—_

B v =gt

)
>, ciki
1_2?:1 Ci

1d5_[_1
o (1482 | 1+s

Jotem [ ety

Then the problem (P) has a solution on X.
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) v R o(s)ds.
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Conclusion and perspectives

In the present memory, we have considered some boundary value problems of second
order differential equations posed on unbounded intervals and associated with multipoint
boundary conditions. Most of these problems stem from some physical phenomena.

We have started the memory with a general review on some recent results regard-
ing existence of solutions to Three-point boundary value problems of second-order over
unbounded intervals.

In our work was mainly to establish the existence results for some multipoint boundary
value problems of second order in the infinite interval of the real line.

The main difficulty in dealing with such types of Boundary value problems was the
possible lack of compactness due to the infinite interval together with some difficulties
related to the multipoint boundary conditions. In order to overcome these difficulties, we
have made use of some special Banach spaces adapted to each situation.

Some methods have been employed to prove existence of solutions. These are methods
based on the study of the corresponding Green’s function, some appropriate compactness
criteria, and fixed point arguments. For this, some sufficient conditions on the nonlinear
term are assumed throughout.

All of our existence results are supported by examples of applications.

In the future, we intend to investigate some questions related to the properties of
solutions for such classes of problems. Also the extension to more general nonlinear

boundary conditions is one of our topics of interest.
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Abstract

In this memory, we have studied the existence of solutions to certain boundary
value problems of second-order differential equations posed on unbounded intervals
and associated with multi-point boundary conditions. Methods have been used to
prove the existence of solutions. These methods are based on the study of the
corresponding Green’s function and some of its properties. We have transformed
the differential equation into an operational equation. Using a fixed point theorem,
sufficient conditions are obtained guaranteeing the existence of at least one solution.
Some examples illustrate the applicability of our main results.

key words: Differential equation, existence, multipoint, boundary value problem,

infinite interval, fixed point theorem.

Dans ce mémoire, nous avons étudié 'existence des solutions a certains problemes
aux limites d’équations différentielles du second ordre posées sur des intervalles non
bornés et associées a des conditions aux limites & multi points. Des méthodes ont
été employées pour prouver l'existence des solutions. Ces méthodes reposent sur
I’étude de la fonction de Green correspondante et de certaines de ses propriétés.
Nous avons transformé 1’équation différentielle en équation opérationnelle. Grace
a un théoreme du point fixe, des conditions suffisantes sont obtenues garantissant
I’existence d’au moins une solution. Quelques exemples illustrent ’applicabilité de
nos principaux résultats.

Mots clés : Equation différentielle, existence, multipoint, probléme aux limites,

intervalle infini, théoreme du point fixe.
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