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‘ Abstract I

The purpose of this study is to present some fixed point theorems by combining the contractions of Geraghty
and Hardy-Rogers with F'-contraction and a-admissible concepts in the setting of set-valued mappings under
weaker conditions. We give also an example and an application to support new theories.

Key words: F-contraction, Geraghty contraction,Hardy-Rogers contraction, o.-admissible, semi lower continu-
ous, integral inclusion.

‘ 1. Introduction I

The multivalued fixed point theory has many and different applications as in integral or differential inclusions,
economy, optimization, etc. The contraction principle due to Banach has been generalized in different direc-
tions and one of such generalizations is due to Nadler[2], where he used the Pompeiu-Hausdorff metric to
establish some fixed point results of multivalued mappings in metric spaces. Later many authors established
some results in nonlinear analysis concerning the multivalued fixed point theory and its applications using the
Pompeiu-Hausdorff distance.

Samet et al [4] introduced a new concept called as a-admissible, they obtained some fixed point results for
a — 1-contractive mappings, later many authors invested such concepts to establish some results. Recently,
Wardowski [6] introduced a new type of contractions called as F-contraction to show the existence of fixed
points for such contraction by more simple method of proof than Banach’s one. After that, several authors
studied on different variations of F-contraction for single-valued and multivalued mappings.

In this study, we combine the notion of o admissible with Wardowski contraction and the contractions of Ger-
aghty and Hardy-Rogers in order to introduce new types of multivalued contractions to establish some fixed
point theorems in the setting of complete metric spaces. We derive new fixed point results on a metric space
endowed with a graph by using the results obtained herein. Finally, we give an example and an application of
the existence of solution for an integral inclusion to illustrate our results.

‘ 2. Preliminaries I

Let (X, d) be a metric space, and let C'B(X) be a set of non empty, closed and bounded subsets of X, the
Hausdorff-Pompeiu metric is defined as:

H(A, B) = max{supd(a, B),supd(b, A)},
acA beB

forall A, B € CB(X) and d(a, B) = inf{d(a,b),b € B}. Also, denote the family of nonempty and closed subsets
of X by CL(X) and the family of nonempty and compact subsets of X by K(X).

Lemma. Let (X, d) be a metric space and A, B € CL(X) with H(A, B) > 0. Then, for each h > 1 and for each
a € A, there exists b = b(a) € B such that d(a,b) < hH(A, B).

Definition [6]. Let F' : R, — R be a function satisfying:

(Fy) : F'is strictly increasing.
(Fy) : For each sequence {«,} in X, lim «, = 0if and only if lim F(«,) = —occ.

n—oo n—oo

(F3) : There exists k € (0,1) satisfying lim o*F(a) = 0.

a—07T
Example Let F; : R, — R, i € {1, 2,3}, defined by
1. Fl(t) = 1Ht,
2. Fg(t> =1+ hlt,
3. [3(t) = —%.

Then F;, satisfying (F}), (F,), (F3) for each i € {1,2,3}.
Now, denote by:
F: the set of all functions F' satisfying the conditions (Fy) — (F3).
F.: the set of all functions F satisfying (Fy) — (F3) and (F}) : F' is right continuous.
(): the set of all functions 3 : [0,00) — [0, 1) satisfying lim,, . 5(t,) = 1 implies nlLrgO t, =0
Theorem of Geraghty:
Let (X, d) be a complete metric space and 7' : X — X be a mapping. Assume that there exists a function
£ e Qand

d(T'z, Ty) < B((d(z,y))d(z, y)
forall z,y € X. Then T has a unique fixed point.
Theorem
Let (X, d) be a metric space and let 7" : X — C'B(X) be a multivalued F'-contraction of Hardy-Rogers type, that
IS, there exist F' € F,, 7 > 0 and non-negative real numbers o, 3,~v,6, L with o+ 5 +~v+ 26 =1 and ~ # 1 such
that
21 + F(H(Txz,Ty)) < F(ad(z,y) + Bd(x, Tx) + vd(y, Ty) + éd(x, Ty) + Ld(y, Tx)),

forall z,y € X with H(T'x,Ty) > 0. Then T has a fixed point in X.
Definition :

Let (X, d) be a metric space and a: X x X — [0,4+00) be a given mapping. A mapping 7: X — CL(X) is an
1. a,-admissible, if a(x,y) > 1 implies a.(Tx, Ty) > 1, where

a(Tx, Ty) = inf{a(a,b) : a € Tx,be Ty},

2. a-admissible, if for each x € X and y € Tz with a(x,y) > 1, we have «a(y, z) > 1 for all z € Ty,

3. a-lower semi-continuous, if for € X and a sequence {z,} in X with lim,, .. d(z,,x) =0 and a(x,, x,.1) > 1,
for all n € N, implies
liminf d(x,, Tz,) > d(z, Tz).

n—oo

‘ 3. Results I

Definition:

Let (X,d) be a metric space and a : X x X — R. A mapping T : X — CL(X) is called a-F-Geraghty
contraction of Hardy-Rogers type if there exist FF € F, 8 € 2 and 7 > 0 and non-negative real numbers
ai, as, as, ay, as With a; + as + as + 2a4 = 1 and as # 1 such that

T+ F(H(Tz,Ty)) < F(B(N(z,y))N(z,y)), (3.1)

forall z,y € X with a(z,y) > 1 and H(Tx,Ty) > 0 where
N(z,y) = ad(z,y) + axd(z, Tx) + asd(y, Ty) + asd(x, Ty) + asd(y, Tx).

Theorem 1:
Let (X, d) be a complete metric space and T': X — K(X) be an «a-F-Geraghty contraction of Hardy-Rogers
type. Assume that the following conditions are satisfied:

1.7 is an a-admissible;
2. There exist zp € X and z; € T'zy such that a(xy, x1) > 1;

3. T is an a-lower semi-continuous mapping, or X is a-regular, that is, for every sequence {x,} in X such that
r, —x € X and a(x,,r,.1) > 1foralln € N, then a(x,,z) > 1 foralln € N.

Then T has a fixed point.
In the next theorem, we replace K(X) with CB(X) by considering in the setting of F..
Theorem 2:
Let (X, d) be a complete metric space and T : X — C'B(X) be an a-F-Geraghty contraction of Hardy-Rogers
type with F' € F,. Assume that the following conditions are satisfied:

1.7 1s an a-admissible;
2. There exist zp € X and z; € T'xy such that a(xg, x1) > 1;
3. T is an a-lower semi-continuous mapping, or X is a-regular.

Then T has a fixed point.
Example:
Let X ={1,2,3,4} and d(z,y) = |xr — y|. Define T: X — CB(X)and a: X x X — [0,00) by

{{2}, r € {1,2}
Ter=< {1}, =3

{3}, =4
and
o (b e
By taking F'(z) = Inx, 8(t) = 1=, 7 = }, a1 = 1 and a; = a3 = a4 = a; = 0. Then all conditions of Theorem 1

(resp. Theorem 2) are satisfied. Then T has a fixed point which is 2.

‘ 4. Some Consequences |

Now, we present the existence of fixed point for multivalued mappings from a metric space X, endowed with
a graph, into the space of nonempty closed and bounded subsets of the metric space. Consider a graph G
such that the set V' (G) of its vertices coincides with X and the set £ (G) of its edges contains all loops; that is,
E(G) 2 A,where A = {(z,z) : x € X}. We assume G has no parallel edges, so we can identify G with the pair
(V(G), E(G)).

If we define the function

1, if (x,y) € E(G),

a: X X X —=10,400), «alx,y)= ,
| ) (9) {O, otherwise,

then the following result is a direct consequence of our results.

Theorem

Let (X, d) be a complete metric space endowed with a graph G and T: X — CB(X) (resp. K(X)) be a multi-
valued mapping. Assume that the following conditions are satisfied:

1. Foreach z € X and y € Tz with (z,y) € E(G), we have (y, z) € E(G) for all z € Ty;

2. There exist xy € X and x; € T'xy such that (xg, z1) € E(G);

3. T is G-lower semi-continuous, that is, for x € X and a sequence {z,} in X with
lim,, yoo d(zp, x) = 0 @nd (z,, x,41) € E(G) for all n € N, implies

liminf d(x,, Tx,) > d(x, Tx)

n—oo

or, for every sequence {z,} in X such that z, — = € X and (z,,z,.1) € E(G) for all n € N, we have
(zn,x) € E(G) forall n € N;

4. There exist F' € F,, 8 € Q2 and 7 > 0 and non-negative real numbers ai, as, as, ay, as with
ai + as + as + 2a4 = 1 and az # 1 such that

T+ F(H(Tz,Ty)) < F(B(N(z,y))N(z,y)), (4.1)
forall x,y € X with (z,y) € F(G) and H(Tz, Ty) > 0 where
N(x,y) = ard(x,y) + asd(x, Tx) + azd(y, Ty) + asd(x, Ty) + asd(y, Tx).

Then T has a fixed point.

5. Application |

Let X := C(|a, b],R) be the space of all continuous realvalued functions on |a, b]. Clearly X with uniform metric
d(z,y) = supyeqy |2(t) — y(t)| is a complete metric space.
Consider now the following problem

x(t) € f(t) +/ Q(t, s, x(s))ds, teJ=la,b. (5.1)

where f € X and @ : J x J x R — CB(R). Our hypotheses are on the following data :
(A) for each x € X, the multivalued operator Q..(t, s) :== Q(t, s, x(s)), t,s € J x J, is lower semi-continuous;
(B) there exists a continuous mapping p : J x J — [0, +00) such that

Q(t, 5,u(s)) — Q(t,s,0(s))| < p(t,s) - In([u(s) —v(s)] + 1),

for all u,v € X with (u,v) € F(G) and u # v and for each (t,s) € J x J;
(C) there exists 7 > 0 such that

b
sup/ p(t,s)ds < e 7;

teJ

(D) there exist zy € X and x; € Tz, such that (xy, z1) € E(G);

(E) for each x € X and y € T'x with (z,y) € E(G), we have (y,z) € E(G) forall z € Ty;

for every sequence {z,} in X such that z, - =z € X and (z,,z,11) € E(G) for all n € N, we have (z,,z) € E(G)
for all n € N;

Theorem:

Under assumptions (A) — (F) the integral inclusion (5.1) has a solution in X.
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