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Abstract

Stability plays an important role in dynamic sestems and contol
characterizes the characteristic of non turbulent paths so that small
perturbations cause only small changes in the behavior of the systeme .In
this memiory we use fixed point techniques to obtain the stability results
of the integral differential equation with functional delays with the
introduction of some hypotheses in order to find a periodic solution
positive for the delay differential equation. With exemples to be given for

clarification.



Résumé

La stabilité joue un réle important dans les systemes dynamiques et le
contrble caractérise la caractéristique des trajectoires non turbulentes de
sorte que de petites perturbations ne provoquent que de petits
changements dans le comportement du systeme. Dans cette mémoire nous
utilisons des techniques de virgule fixe pour obtenir les résultats de
stabilité de la différentielle intégral équation avec retard fonctionnel tout
en présentant quelques hypothéses afin de trouve une solution périodique
positive pour [I'équation retard différentielle. Avec exemple de

clarification.
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Notations générales

Un ensemble non vide.

Une distance sur S.

Ensemble des nombres réels positifs ou nuls.

Espace vectoriel de dimension n construit sur le corps des réels.
La norme.

Valeur absolue d’un nombre réel.

Ensemble des fonctions continues de [a, b] dans R™.

un espace métrique complet.




Introduction

Why study this subject 7. Why study differential equations with time delays when so
much is known about equations without delays, and they are so much easier 7. The answer
is because so many of the processes, both natural and manmade, in biology, medicine,
chemistry, physics, engineering, economics, etc., involve time delays. Like it or not, time
delays occur so often, in almost every situation, that to ignore them is to ignore reality. A
simple example in nature is reforestation. A cut forest, after replanting, will take at least
20 years before reaching any kind of maturity. For certain species of trees (redwoods, for
example) it would be much longer. Hence, any mathematical model of forest harvesting
and regeneration clearly must have time delays built into it. A concrete exemple of this
begins with volterra (1928) who sought to model a certain biological problem by means
of the equation.

t
2 (t) = —/ a(t — s)g(z(s))ds (.0.1)
t—L
in which zg(z) > 0 if x # 0, L > 0, and a(t) is twice differentiable with a”(t) not
identically zero. Levin and Nohel (1964) extended that Liapunov functional to the case
of (:0.1)), itself. Here is thier result.Let L > 0, zg(z) > 0 when z # 0,a : [0, L] — R and
consider the IVP

T (t) = — /t_L a(t — s)g(z(s))ds, v : [-L,0] — R. (.0.2)

We need an initial function ,i),because we must define z/(0) :

This requires the intial datum of a function defined over the entire interval [—r, 0] of R.
When I = [—r, 0] these are finite delay differential equation in which case the phase space
C'is the space of continuous functions from [—r, 0] in R endowed with unifom convergence.
So the solution x must depend on a function such that z(t) = ¢ (¢),t € [—r,0]. When
Y (—00,0] = R and z(t) = ¢(t),t € (—o0,0],then to solve equation for t > 0, we
will associate an infinite functional delay which is not necessarily constant.

In first chapter of this memoire include some concepts, definition and theoremes related
to the fixed point results about differential equation with a delay. For more details, we
refer to the following references(see [22]; [2]; [7]; [I8]; [23]; [5]; [10]; [11]; and [32]).
The objective in the second chapter is to present an extension of the results and an
improvement of the conditions used in [24], [3], [31], [27]. This task relies on the definition
of a good continuous functio H and on the choice of assumptions on this functin ,
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Chapitre 1 INTRODUCTION

Without restrictions on the inverse of t — 7(¢), so that ,for a continuous function initially
given a fixed point map P associated With is built on a complete metric space S,in
itself allowinf P to have a fixed point this approach will make it possible to establish and
proove an asymptotic stability theorem of thhe zero solutin of (II.0.1]). With less restrictive
necessary and sufficient conditions

2 (t) = — X_; /t _T_(t)aj@, s)x(s)ds + Z_; c;(t)a' (t —7;(t)) (.0.3)

with the initial condition

where ¢ € C([m(0),0)],R) and
m;(0) = inf {t — 7,(t),t >t >}, m(0) = min{m;(0)1 < j < N}

to talk about new condition on b;, 7; and ¢;. Without contraints on ¢ — 7;(¢) so that
, for initially given functin ¢ a fixed point map can be defined on a carefullyb chosen
complete metric space in which this application has a fixed point offering a bounded and
stable solution to the problem posed .these conditions were proposed by Ardjouni and
Djoudi [1I], jin and luo [30]. Ardiouni and Djoudi have already,in [30] pushed the context
of this talk to a more advanced stage which supports copletely nonlinear differential
equations of neutral type and which clearly improves the previous results particularly
those of Burton, jin, Raffoul and Zhang [24],[3],[31],[33]. with fewer restrictions and more
rigors . The application of this method has also shown significant advantages of this
method over that of Liapunov when the coefficients are unbounded and or if the delay is
unbounded. The conditions of the first method are on average on the other hand those of
the second are always punctual the fundamental idea exposed here making it possible to
obtain asymptotic stability is based on the data of continuous function H subjected to
an asymptotic hypothesis.

In the last chapter, we consider existence, multiplicity and non existence of positive
w_periodic solutions for the following second-order neutral functional differential equa-
tion :

(x(t)—cx(t—10) +a®)z(t)=b(t)f(z(t—7()) (.0.4)

where ) is a positive parameter, ¢ and § are constants and |c| # 1. The existence
of periodic solutions for functional differential equations has been derived from many
fields such as physics, biology and mechanics [10],[32]. Many results were obtained by
Kuang [32], Freedman and Wu [9]. Wang [27] and many others by applying fixed point
index theory, theory of Fourier series, fixed point theorems in cones, Leray—Schauder
continuation theorem, coincidence degree theory and so on. We refer to [29],[16] for some
recent results in this field. Among the previous results on this problem many of them
concern neutral systems (Lu and Ge [20],Lu,Ge and Zheng [19] and Chen [§]). In this
part, we aim to establish existence, multiplicity and non existence of positive w_periodic
solutions for second-order neutral functional differential equation. Our approach is
based on a fixed point theorem in cones as well as some analysis techniques used in [27], [28].
The main goal in the sequel is to study some qualitative and quantitative properties of
solutions such as stability, asymptotic stability and the existence of periodic solutions.
We are interested in the asymptotic stability of the zero solution. First, we will briefly
present the theory of the stability of differential equations with functional delay of the

3



Chapitre 1 INTRODUCTION

neutral type. In a second step we present two examples of delayed differential equations,
the first being linear and the other nonlinear. These examples are part of the problems
that have resisted the study by Lyapunov’s method, supports fully nonlinear-type integro-
differential equations not covered here. In addition, our fixed point method clearly inproves
the previous results,particularly those of Becker and Burton [27],[23],[25]with far fewer
restrictions and with more rigor. The fixed point method used for stability purposes has
been used in a number of recent works like [16],[6],[23],[20],[33]. This method is based on
three fundamental elements. Remember that the method is based on three fundamental
elements :

W set M consisting of points which would be acceptable solutions ;

B a mapping P : M — M with the property that a fixed point solves the problem ;

B a fixed-point theorem stating that this mapping on this set will have a fixed point.
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In this section we discus compact sets. The following elements have been gathered

from several analysis and some specialized books on the functional analysis and the most
is in the following bibliography ([22],[2],[7])

I.1 Norm and mertic

Definition I.1.1 (Metric) Let X be a nonempty set and p: X x X — [0,00) a function.
Then p is called a metric on X if the following properties hold

i p(x,y) =0 if and only of x =y, for all z,y € X,

i p(z,y) = p(y, ) for all z,y € X,

iii p(z,y) < p(x, z) + p(z,y) for all x,y,z € X.

The value of metric p at (z,y) is called distance between x and y, and the ordered
pair (X, p) is called metric space.

Definition 1.1.2 (Norm) Let (X,+,.) be a linear space over a field k (R or C) and
N : X — [0,400) a function. Then, N is said to be a norm if the following properties
hold

i N(z) =0 if and only if z =0,

it N(Az) = |AIN(z) for allxz € X and X €k,

Wi N(x+y) < N(z)+ N(y) for allz,y € X.



Chapter 1 CHAPITRE I. PRELIMINARIES

The ordered pair (X, N) is called a normed space. We use the notation ||-|| for norm.
Then every normed space (X, ||-]|) is a vector space and it is a metric space (X, p) with
induced metric p(z,y) = ||z — y||. But a vector space with a metric is not always a normed
space.

Definition 1.1.3 Let X be a nonempty set and p is a metric on X, a sequence {x,} C X
is a Cauchy sequence if for each € > 0 there exists ng € N such that p(z,,x,) < € for all
n,m > ng, i.e limy, oo p(Tn, Tm) = 0.

Definition 1.1.4 The metric space (X, p) is complete if every Cauchy sequence in (X, p)
has a limit in that space.

Definition 1.1.5 A Banach space is a complete normed space. We often say a complete
normed vector space.

Theorem 1.1.1 A closed subspace of a Banach space is a Banach space.

Example I.1.1 The linear space C([a,b]) of continuous functions on the closed and boun-
ded interval [a,b] is a Banach space with the uniform convergence norm

[flloo = sup [f(#)].

t€la,b]

Definition 1.1.6 Let (X, p) be a metric space. Recal that a subset Q2 of X is called compact
if every open cover of Q has a finite subcover. Equivalently, a subset 2 of X is compact if
every sequence in §2 contains a convergent subsequence with a limit in €.

Example 1.1.2 Let ® : [a,b] — R" be continuous and let X the set of continuous func-
tions f : [a,c] — R™ with ¢ > b and f(t) = ®(t)for a < t < b. Define p(f,g9) =
SUp,<i<e | f(t) = g(t)| for f,g € X. Then (X, p) is complete metric space but not a Banach
spacg because f+gisnotin X.

Definition 1.1.7 Let (X, p) be a metric space. A subset Q0 of X is said to be totally
bounded if for each € > 0, there exists a finite number of elements x1, o, ..., x, in X such
that Q C U B(z;).

Proposition I.1.1 Let (X, p) be a metric space. Then the following are equivalent
i) X is compact.
ii) Every sequence in X has a convergent subsequence.
ii1) X 1is complete and totally bounded.

Definition 1.1.8 A set ) in a metric space (X, p) is relatively compact if its closure is
compact, i.e. £ is compact.

Proposition 1.1.2 Let 2 be a closed subset of a complete metric space (X, p). Then §2
1s compact if and only if it is relatively compact.

Definition 1.1.9 Let X be a compact metric space and § be a subset of C'(X).
* Q is uniformly bounded if there exists M > 0 such that ||u|| < M for all u € .
* Q) is equicontinuous if for any € > 0 there exists § > 0 such that ti,to € X and
p(t1,ta) < & imply |u(ty) — u(ta)| < € for all u € Q.




Chapter 1 1.2, FIXED POINT THEOREMS

The following result gives the main method of proving compactness in the spaces in
which we are interested.

Theorem 1.1.2 (Ascoli-Arzela [7]) Let X be a compact metric space. If 2 is an equicon-
tinuous, uniformly bounded subset of C(X), then Q is relatively compact.

Definition 1.1.10 Let S be a mapping from a metric space (X, p) into another metric
space (Y, p'). Then S is said to satisfy Lipschitz condition on X if there existe a constant
L > 0 such that

p'(Sz, Sy) < Lp(z,y) for all z,y € X

The following proposition guarantees the existence of Lipschitzian mappings.

Proposition 1.1.3 Let S : [a,b] C R — R be a continuous function on (a,b). Suppose S is
differentiable on |a,b]. Then, S is a Lipschitz continuous function (and hence is uniformly
continuous). Let X and Y be two Banach spaces and let the mapping S : X — X. Then
the mapping S is said to be

1) S is said to be bounded if ) is bounded in X implies S(Q2) is bounded.

2) locally bounded if each point in X has a bounded neighborhood V' such that S(V')
18 bounded ;

3) S is said to be closed if v, — x in X and Sx, — y inY imply Sx = y.

4) S is said to be compact if 2 is bounded in X implies S(2) is relatively compact (
S(Q) is compact), i.e. for every bounded sequence {x,} in X, {Sxz,} has convergent
subsequence in'Y .

5) S is said to be completely continuous if it is continuous and compact. In the case
of linear mappings, the concepts of continuity and boundedness are equivalent, but
it 18 not true in general

I.2 Fixed point theorems

In this section we state some fixed point theorems that we employ to help us in proving
existence and stability of solutions(see [21],[13],[23],[22],[15],[5])

Definition 1.2.1 Let S be a mapping in the set Q. we call fixed point of S any point
x satisfying S(x) = x. If there exists such x, we say that S has a fixed point, which is
equivalent to saying that the equation S(z) —x = 0 has a solution. Fized point theorems
guarantee the existence of a fired point under appropriate conditions on the map S and
the set Q.

1.2.1 Banach fixed point theorem

Let the classical Cauchy problem on existence and uniqueness of the solution to the
differential equation satisfying a given initial condition,

{ o' = f(t,x) (1.2.1)

ZL‘(to) = 29

can be expressed as an integral equation

z(t) = xo +/t f(s;z(s))ds, (I.2.2)

7



Chapter 1 CHAPITRE I. PRELIMINARIES

from which a sequence of functions {z,} may be inductively defined by

t
ot) =i a(t) =0+ [ f(siu)ds
to
and, in general
t
Tni1(t) = o +/ f(s;zn(s))ds : (1.2.3)
to

This is called Picard method of successive approximations and, under liberal conditions
on f , one can show that {z,} converges uniformly on some interval |t — to| < k to some
continuous function, say x. Taking the limit in the equation de ning x, .1, we pass the
limit through the integral and have

z(t) = xo +/t f(s;x(s))ds;

so that z(ty) = ¢ and, upon differentiation, we obtain xo(t) = f(¢t;2(t)). Thus, z is
asolution of the initial value problem. Banach realized that this was actually a fixed-point
theorem with wide application. For if we de ne an operator S on a complete metric space
C([to; to + k]; R) with the supremum norm ||.|| by x € C' implies

(Sz)(t) = zo —i—/t f(s;2(s))ds; (I.2.4)

then a fixed point of S , say S¢ = ¢, is a solution of the initial value problem. The
idea had two outstanding features. First, it had application to problems in every area
of mathematics which used complete metric spaces. And it was clean. For example, the
standard muddy and shaky proofs of implicit function theorems became clear and solid
using the fixed-point theory. We will use it here to prove existence of solutions of various
kinds of differential equations.

Theorem 1.2.1 (Contraction mapping principle [3]) Let (X;p) be a complete metric
space and S : X — X a contraction operator. Then there is a unique point x € X
with Sz = x. Furthermore, if y € X and if {y,} is defined inductively by y; = Sy and
Ynt1 = SYn, then y, — x, the unique fixed point. In particular, the equation Sx = x has
one and only

one solution. In applying this result to [[.2.1} a distressing event occurred which we
now briey describe. Assume that f is continuous and satisfies a global Lipschitz condition
in z, say
|f(t, 1) = f(t )] |21 — 2] ;
for t € R and x1; 25 € R". Then by we obtain (for ¢ > tg)

[S21(1) = Sw(t)] = /tf(s,xl(S))—f(s,ﬂfz(S))dS

< [ aleis) ~ o) ds

to

so that if ||.|| is the sup norm on continuous functions on [ty; ¢y + k|, then
|Sx1 — Sao|| < ak||xy — xo|

This is a contraction if ak = A < 1. Now is fixed and we take £ small enough that ak < 1.
This gives a fixed point which is a solution of on [to; to + kJ.

8



Chapter 1 1.3. DELAY DIFFERENTIAL EQUATIONS

1.2.2 Schauder’s theorem

Definition 1.2.2 Let X be a normed vector space and F' = {x1,xs,...,x,} a finite subset
of X. Then conv(F), the convex hull of F', is defined by

Conv(F) = {thxj =1: th =1t > O)}
j=1 j=1

For future applications, we will need a more general definition to handle the case in which
F' is infinite

Theorem 1.2.2 (Schauder’s fized point theorem [5]) Let Q be a closed, convexr and no-
nempty subset of a Banach space X. Let S : 2 — Q be a continuous mapping such that
SQ is a relatively compact subset of X. Then S has at least one fixed point in Q. That is
there exists an x € ) such that Sx = x

I.2.3 Krasnoselskii’s fixed point theorem

In 1955 Krasnoselskii’s observed that in a good number of problems, the integration of
a perturbed differential operator gives rise to a sum of two applications, (S¢ := Ap+ Byp)
a contraction and a compact application. It declares then Principle : the integration of a
perturbed differential operator can produce a sum of two applications, a contraction and
a compact operator. Krasnoselskii’s found the solution by combining the two theorems
of Banach and that of Schauder in one hybrid theorem which bears its name. In light, it
establishes the following result .

Theorem 1.2.3 (Krasnoselskii’s fixed point theorem [J]) Let Q) be a closed bounded convex
nonempty subset of a Banach space (X, || . ||). Suppose that A and B map 2 into X such
that

(i) A is a contraction mapping,

(i1) B is compact and continuous,

(i1i) x,y € Q, implies Ax + By € Q, Then there exists z € Q with z = Az + Bz.

Remark 1.2.1 Note that if B = 0, the theorem becomes the theorem of Banach. If A =0,
then the theorem is not other than the theorem of Schauder. We first state the well-known
fized point theorem in cones [15],[6]. For the proof, we refer to the classical works [20],[27].

Theorem 1.2.4 Krasnoselskii [15] ) Let E be a Banach space and K a cone in E. For

r >0, define K, = {u € K : ||u|]| <r} Assume that T : K, — K is completely continuous
such that Tv # x for v € 0K, ={u € K : |ju| =1}

1) || Tz|| > ||=|| for x € OK,, then i (T, K,,K)=0;

2) |Tx| < ||z|| for x € OK,, then i (T, K,, K) = 1.

1.3 Delay differential equations

Delayed problems are innumerable in literature. Some of these problems have been of
particular interest. We have chosen in this some models intervening in different real world
domains (see [18],[10],[11],[32]).




Chapter 1 CHAPITRE I. PRELIMINARIES

I.3.1 Definition of delay differential equations

For 7 > 0 a given real number, R = (—o00,00), R" is an n-dimensional linear vector
space over the reals with norm | . |, C([a, b],R") is the Banach space of continuous func-
tions mapping in the interval [a,b] into R™ with the topology of uniform convergence. If
la,b] = [—T,0] we let C' = C([—7,0],R™) and designate the norm of an element % in C'

by ||| = sup ||¥(s)||. Even though single bars are used for norms in different spaces,
—7<5<0

no confusion should arise. If o € R, A > 0 and x € C([to — 7,to + A],R™), then for any
t € [to, to + A], we let z; € C be defined by x:(s) = z(t + s), —7 < s < 0.

Definition 1.3.1 If() is a subset of RxC', f : Q — R" is a given function and represents
the right-hand derivative, we say that the relation

'(t) = f(t,x), (1.3.1)

where
z(s) =x(t+s),—7<s<0,

is a delay differential equation on §2 and will denote this equation by DDE. A function
x 18 said to be a solution of Equation on [to — 7,to + A) if there are ty € R and
A > 0 such that x € C([to — 7,t + A],R"™), (t,2;) € Q and xz(t) satisfies Equation
fort € [to,to + A). For given ty € R;¢p € C, we say z(t,to,1) is a solution of Equation
with initial value Yat ty or simply a solution through (to, 1) if there is an A > 0
such that z(t, to, 1) is a solution of Equation on [to—T,to+A) and xy,(t, 19, 1) = 1.

If 7 = 0, Equation is a very general type of equation and includes ordinary
differential equations.

If f(t, %) = L(t,v)+h(t) where L(t, ) is linear in v, we say Equation is linear
and is homogeneous if h = 0 and nonhomogeneous if h # 0.

If f(t, ) = g(v) where g does not depend on t, we claim Equation is autono-

mous.

Example 1.3.1 The following equations are delay differential equations
2'(t) = 3z(t) + 2z(t — 5), (1.3.2)

() = a(t)z(t) + b()a'(t — () + h(t), (1.3.3)

Y (t) = / "t 4 8)ds, (1.3.4)

-7

where a,b, T are continuous functions. Equation 15 an linear autonomous delay
differential equation with constant T = 5. Equation 18 monhomogeneous, linear no-
nautonomous delay functional differential equations and Equation 1s a delay linear
integro-differential equation. If to € R, 1 € C are given and f(t,) is continuous, then
finding a solution of Equatz’on through (to, ) is equivalent to solving the integral
equation

z (tg) = 1, (1.3.5)
z(t) = ¥(0) + /tt f(s,xs)ds,t > to.

10



Chapter 1 1.3. DELAY DIFFERENTIAL EQUATIONS

We define Sz by

(Sz)(t) =(0) + /ttf(s,xs)ds,t >ty, x =1 on [tog—T,to)

To prove the existence of the solution through a point (to,1) € R x C, we consider an
n > 0 and all functions x on [ty — T,to + A] which are continuous and coincide with
on [ty — 7,tol, that is, xty = 1. The values of these functions on [ty,to + 1] are restricted
to the class of x such that |x(t) —(0)| < 0 ort € [to,to +n|. The usual mapping S
obtained from the corresponding integral equation is defined and it is then shown that n
and § can be so chosen that S maps this class into itself and is completely continuous.
Thus, Schauder’s fized-point theorem implies existence.(for exemple details see the books

[1 0]7 ZF] 1/7[32/)

1.3.2 Existence and Uniqueness of the solutions

Theorem 1.3.1 (Ezistence [11]) In ([.3.1), suppose 2 is an open subset in R x C' and
f is continuous on Q. If (ty,v) € €, then there is a solution of passing through
(to, ). We say that f(t,1)) is Lipschitz in 1) in a compact set X of R x C' if there is a
constant k > 0 such that, for any (t,v;) € K, 1= 1,2,

[f(t401) = f(Eho)| Sk lihy — 4y

Theorem 1.3.2 (Uniqueness [11]) Suppose Q is an open set in R x C, f: Q — R"”
is continuous, and f(t,v) is Lipschitz in ¢ in each compact set in Q. If (to,v) € Q then

there is a unique solution of through (to, ).

1.3.3 Neutral functional differential equations

In order to define a general class of neutral delay differential equations NDDEs (or
neutral functional differential equations NFDEs), we need the definition of atomic.

Definition 1.3.2 Suppose 2 C RxC' is open with elements (t,1). A function ¥ : Q@ — R"
15 said to be atomic at 5 on 2 if U is continuous together with its first and second Fréchet
derivatives with respect to 1) and V1 the derivative with respect to 1, is atomic at 3 on

Q.

Definition 1.3.3 Suppose Q2 C R x C is open, f : Q@ — R", ¥ : Q — R" are given
continuous functions with ¥ atomic at zero. The equation

d
E\D(t th) = f(t7 mt)? (136)

is called the neutral delay differential equation NDDE(V, f).

Definition 1.3.4 A function x is said to be a solution of the NDDE(V, f) or equation
([3.4), if there are ty € R, A > 0, such that x € C([ty — 7,t0 + A),R"), (t,x;) € Q,
t € [to,to+ A),VY(t,x;) is continuously differentiable and satisfies on [to,to + A).
For a given ty € R,y € C, and (to, ) € Q, we say x(ty, ) is a solution of with
initial value ¥ at ty, or simply a solution through (ty, ) ,if there is an A > 0 such that

x(tg, ), is a solution of on [to — 7,to + A) and x4, (to, V) = 1.

11
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Theorem 1.3.3 (Ezistence [11]) If Q is an open set in R x C' and (to, ) € ), then there
exists a solution of the NDDE(V, f)through (ty, ).

Theorem 1.3.4 (Uniqueness [11)]) :If @ C R x C is open and f : Q — R" as Lipschitz
in Y on compact sets of 0, then, for any (to, 1) € Q, there exists a unique solution of the

NDDE(Y, f) through (ty, ).
Example 1.3.2 The equations
Z'(t) = 32'(t — 5),

2(t) = —az(t) + [2/(t —4) + 1],
() =xt)+2'(t—2) -2 (t-7),

are neutral differential equations.

I.4 Stability of delay differential equations

The theory of stability was created by the Russian mathematician Lyapunov (1857-
1918). This theory has found wide application in various fields of physics and mathematical
sciences. From a mathematical point of view, the theory of stability presents a particular
case of the qualitative theory of differential equations. Lyapunov method was the ultimate
object for studying stability for differential equations and partial differential equations.
Nevertheless, this method has encountered serious obstacles and there are still a lot of
problems that resist this technique. The simplest notion of stability is the one related to
stability of equilibrium points.

Definition 1.4.1 A point x(t) = . in the state space is said to be an equilibrium point of
the autonomous system x' = f(x) if and only if it has the property that when ever the state
of the system starts at ., it remains at x. for all future time.According to the definition,
the equilibrium points are the real roots of the equation f(z.) = 0. This is made clear by
noting that if !, = f(x.) = 0, then it follows that x. is constant and, by definition, an
equiltbrium point. Without loss of generality, we assume that 0 is an equilibrium point of
the system. If the equilibrium point under study, x., is not at zero we may define a new
(shifted) coordinate system x4(t) = x(t) — z. and note that

z () = 2'(t) = f(2(t) = f(2s(t) + ze) = fo(s(t)), 75(0) = 2(0) — ze.

The claim follows by noting that fs(0) = f(x.) = 0. In summary, the study of the zero
equilibrium point of x/s(t) = fs(xs(t)) is equivalent to the study of the nonzero equilibrium
point ze of x'(t) = f(x(t)). We consider the system

' = f(t,xt) for all t > to, (L.4.1)

x(t) = Y(t) for all ty — 7 <t < ty, (1.4.2)
where [ : (—o0,4+00) x C — R", with C = C([-7,0],R™) the Banach space of conti-
nuous functions v : [to — 7,to] — R", 7 > 0 equipped with the supremum norm ||| =
SUp_,<4<o |0 (t)]. We suppose that f is continuous and is supposed to satisfy all the condi-

tions which guarantee a solution x(t,ty, ) through of the problem -[[4-9) and to
be continuous in (t,to, 1) of the definition domain of f (see [9])

12
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Definition 1.4.2 Suppose that f(t,0) =0 for all t € R.
1) The trivial solution z(t) = 0 of is Stable in to(ty € R), if for every e > 0
there exists a 6 = §(e,t9) > 0 such that if ||| < §, the solution of -[4-9)

exists on [ty — 7,00) and |x(t,tg, )| < € for all t > ty. Otherwise we will say that
the solution is unstable in t,.

2) The solution © =0 of is said to be uniformly stable if the number 6 = 0(¢)
15 independent of ty.

3) The trivial solution x(t) = 0 of is Asymptotically stable in ty if it is stable in
to and if there exists 01 = 01(tg) > 0 such that whenever all ||¢|| < 61, the solution

of the problem -([[4-9) satisfies

|z(t,t1,9)| — 0 as t — oo

Definition 1.4.3 4) The trivial solution z(t) = 0 of is Asymptotically uni-
formly stable in ty if it is uniformly stable and if there exist 61 > 0 (independent of

to) as for all ty and ||¢|| < 01 the solution x of the problem -([[4-9) satisfies

the condition x(t,tg, 1) — 0 when t — oo, in the following way : for all n > 0 there
is a T =T(n) >0 such that |z(t,to, )| <n for allt >ty +T.

Remark 1.4.1 If all the solutions tend to zero, then x = 0 is globally asymptotically
stable.

Example 1.4.1 :Consider, for t > 1, the differential delay equation

Lo 2T (b2 1 27t
e el - e (5 = w0 (t = ~()

with 7(t) = 2 (t —1), with the initial condition x(1) = xo. We easily check that the
unique solution of this problem is z(t) = wotexp (—z3(t —1)) , for all t > 1. Thus,
lim; o z(t) = 0, for all xo. Suppose that |zo| = 9, then

1 1 2
== ) > =
e<5+(5)_e

Therefore, for all § the solution is outside the bali |x| < % ,in timest =1+ 5% , and the
solution is unstable.

1
x(l + ?)

I.5 Stability by method of the fixed point

When one wants to study the stability of the trivial solution of a differential equation
with delay by the method of fixed point one will have to proceed as follows

(1) A delay differential equation requires primarily a an initial function defined on an
appropriate initial interval I, i.e. ¢ : I;, — R". We must fall immediately after a
suitable space C' of functions ¢ : I;; U [ty, +00) — R"™ which coincide on I, with .
According to the case of needs we can always add other restrictions to the functions
¢ of C such as the boundary or the condition ¢(t) — oo when ¢t — oco. This last
condition is necessary if we wish to study asymptotic stability.

13
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(2) Then we have to invert the differential equation to define what we call a fixed
point application i.e., a mapping S : C' — C whose fixed point is the solution of
the given delay equation (the original equation).Nevertheless, this inversion can be
a delicate task in many cases. For example if the equation does not have a linear
term in its structure we will not be able to use the variation of the parameters. It is
therefore essential to act differently and to try if a trans formation of this equation
is possible.

(3) A fixed point theorem must be chosen allowing the equation S(x) = x to have
a solution. Specially if S is a contraction we can apply the Banach fixed point
theorem, if S is compact then we will apply the theorem of Schauder or Schaeffer
and if S is puts in the form of a sum of a contraction and a compact application
then the Krasnoselski ihybrid theorem can give satisfaction. It thus becomes clear
that the stability method by the fixed point method relies on three essential things,
the variation of the parameters,a complete space and a fixed point theorem.n one
stage we can conclude the existence (or even uniqueness) and stability.n addition,
it will be seen that this method always requires conditions on average however the
conditions of the Lyapunov method are always punctual.

14
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In this chapter we study a linear neutral integro-differential equation with variable
delays and give suitable conditions to obtain asymptotic stability of the zero
solution, by means of fixed point technique. To do this we define a suitable continuous
function H and find conditions for H, with no need of further assumptions on the inverse
of delays t—7;(t), so that for a given continuous initial function ¢ a mapping P for (II.0.1)
is constructed in such a way to map a complete metric space .Sy, into itself and in which P
possesses a fixed point. This procedure will enable us to establish and prove an asymptotic
stability theorem for the zero solution of with a necessary and sufficient condition
and with less restrictive conditions.

We consider the following linear neutral integro-differential equation with variable
delays

Z'(t) = — ; /t _T'(t)aj(t, s)a(s)ds + Y ¢;(t)a'(t — (1)) (I1.0.1)

with the initial condition
x(t) = ¢(t) for t € [m(0),0] (I1.0.2)

where ¢ € C(|m(0),0)],R) and
m;(0) = inf {t — 7;(t),t >t >} ,m(0) = min {m;(0),1 < j < N}

With a; € C(R* x [m(0);+00);R), ¢; € C*(R*;R), and 7; € C (RTR") with t —7; (¢t) —
+00 as t — oo for j = 1...N. Special cases of equation (I1.0.1)) have been investigated by
many authors. For example, Burton in [26], Becker and Burton in [14], Jin and Luo in [4]
studied the equation
t
2 (t) = —/ a(t, s)z(s)ds.
t—7(t)
It is known that studying the stability of an equation using a fixed point technic

involves the construction of a suitable fixed point mapping. This can be an arduous task.
So, to construct our mapping, we begin by transforming (II.0.1) to a more tractable, but

15
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equivalent, equation, which we then invert to obtain an equivalent integral equation from
which we derive a fixed point mapping. After that, we define a suitable complete space,
depending on the initial condition, so that the mapping is a contraction. Using Banach’s
contraction mapping principle, we obtain a solution for this mapping, and hence a solution

for (II1.0.1)), which is asymptotically stable.

II.1 Inversion and transformation of the equation

First, we have to trans form (II.0.1) into an equivalent equation that possesses the
same basic structure and properties to which we apply the variation of parameters to
define a fixed point mapping.

Lemma I1.1.1 Equation (I1.0.1]) is equivalent to

o' (t) = ZBJ(t7t_Tj(t)) (1=75t) = (t —7;(t))
34 ds—i—Zc] dE—7(8)  (ILL1)

where
s t—7;(t)
B;(t,s) = / aj (u,s)du and Bj (t,t —7,(t)) = / aj (u,t —7;(t)) du
t t

Proof: Differentiating the following integral,

d t
— B;(t,s)x(s)ds
i) B
becomes
d t
— B;(t,s)x(s)ds
dt t,.rj(t) ]( ) ( )

= Bj(t,t)x(t) = B; (t,t — 7;(1)) (1—T}(t))$(t—7j(t))+/t Bj(t,s)x (s)ds

74 (t) 8t

Substituting this into (II.1.1)),it follows that (II.1.1]) is equivalent to (I1.0.1)) provided B;

satisfies the following conditions

B; (t,t) =0 and g i (t,s) = —a;(t,s) (I1.1.2)
This equality implies
t
B (1) = — / a; (t,1) dt + o(t), (I1.1.3)
0

for some function ¢, and B, (¢, s) must satisf

B;(t,s) = _/0 aj (u,t)du+ ¢(t) =

16
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Consequently
t
o) = [ a;(u.t)du
0
Substituting this into(lI.1.3]), we obtain
t s s
B;(t,s) = —/ a; (u,s)du—i—/ aj (u,t)du = / a;j (u,s)du
0 0 t

This definition of B; satisfies (II.1.2)). Consequently,(I1.0.1)) is equivalent to(IL.1.1) m

Lemma I1.1.2 Suppose that 7; is twice differentiable and 7/(t) # 1 for allt € R, and
there exist continuous functions hj : [m;(0),00) — R for, j = 1..N. Then, x is a solution

of equation (I1.0.1])- if and only if x is a solution of the following integral equation.

., _ B N ¢;(0) _r _ = [0 s s s o
(v (¢<o> I M CIES /_ij[hj(HB(O ) >d>
3 () o(t—71 i h;(s) + Bj(t,s)] z(s)ds
+ et J<t>>+j21/wt)u<>+ S (6,)) ()
30 [ FIO s = 7)) + By, = (] (1= 75 (6) = 1y(5) s = ()
— 3 e~ Jo Hwdu g ’ h B du | ds
> <>(/sw)[ (1) + Byfs. )] a(w) )
Where
- [c; (O H() + )] = 7'(8)) + ¢;()77;(2)
H(t) = ;hj(t) » 15() (1—74(1))2
and

s t—;(t)
B(t,s) = /t a;(u, s)du with B(t,t — 7,(t)) = /t aj(u,t —7;(t))du.

Proof: Rewrite (I1.0.1)) in the following equivalent form

2(t) = Bj(t,t —7;(1))(1 = 7j(s))x(t — 7,(t))

N

d t
+Z£/t (t)B ds—{—Zc] 2 (t —7;(t)) (I1.1.4)
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Multiplying both sides of (IL.1.4) by efo #@du and integrating with respect from 0 to ¢, we
obtain

t N
w(t) = (0)e Jo Hlwdu 1 / e S N (s)a(s)ds

t . N d t
— [ H(u)du
+/O e~ Js Hw) JZl%/s—Tj(s) By (s, u)z(u)du

+/O e~ Jo Hwdu Z Bj(s,s — 7;(s))(1 — 7/(s))a(s — 75(s))ds

¢
+/ e~ Js Hwdu Z ci(s)x' (s — 7j(s))ds.
0

J=1

Thus

N t
z(t) = ¢(0)e‘f5H(“)d“+Z/e_fstH(“)d“hj(s)x(s)ds
j=1"0

N t s
: d
—I—;/Oefs H(“)d“£Z B;(s,u)x(u)du

—7;(s)

+ Z/O e‘f; H(u)dqu(s, s —7;(s))(1— 7‘3»(8)):1:(3 —7(s))ds

N t
+ Z/o e Js HWdue (6)2! (s — 7,(s))ds.
j=1

Performing an integration by parts, we obtain

N t
z(t) = w(o)efotH(u)dquzfef;H(u)dud (/
j=1"0 s

S

[hy(w) + By(s,u)] x(u)du)

—75(s)
+Z/O e~ Js Hwdu [hi(s —Tj(s)) + Bj(s,s —1j(s))] (1 — T;(s))x(s — Tj(S)) ds
- IO NPEPAEE < Y A . — Jo H(u)du
= <¢(O> - Z 1_ 7_/.<O)w( 7;(0)) Z/ [h;(s) + B;(0, )] w(s)dg) e o
j=1 J j=1 7=
3 () x(t—71 Wi hi(s) 4+ Bj(t,s)| z(s)ds
3 et f@))*;/”j(t)“”* ()] ()
30 [ FIO s = i)+ Bys, = (D] (1= 75(6) = 1y(9) s = ()
- 3 te Js Hwdu pr (g S hj(u) + Bj(s,u)| z(u)du | ds
Z/ <>(/S_Tj(s)[ (u) + By, )] () )
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I1I.2 Boundedness and stability of the solutions

Next, to obtain stability of the zero solution of (IL0.1)), we will define a mapping
directly from to map bounded functions into bounded functions. For that, we let
(C,||]]) to be the Banach space of real-valued bounded continuous functions on [m(0), o)
with the supremum norm |||, that is for ¢ € C

[l == sup{le ()] ;¢ € [m(0),00)}.
Our investigations will be carried out on the complete metric space (C, p), where p is the

uniform metric. That is, for ¢, ¢ € C we set p (¢, ¢) = || — ¢||. Let v» € C([m(0),0],R)
be fixed and define

Sy = {p: [m(0),00) = R [ ¢ cC, p(t) =9(t) for t € [m(0),0], p(t) — 0 as ¢ — oo}.
Being closed in C, (Sy, p) is itself complete. There is no confusion if we use the norm

||| on [m(0),0] or on [m(0),00). In other words, we carry out our investigations in the
complete metric space(Sy, p) where p is supremum metric

p(x,y) = sup |x(t) —y(t)| = ||z —y|| for z,y € Sy

t>m(0)

Now use this equality to define the operator P : Sy, — Sy by (Py)(t) = ¢(t) ift € [m(0), 0]
and for ¢t > 0 we let

al Cj 0) N 0 —/tH(u)du
(Pe)(t) = | +(0) - Zl—'%b(—ﬁ'(o)) - Z/ [7(5)B;(0, s)[¢(s)ds | e Jo

j=1 _7-3(0) j=17-7(0)
- Z 1 _Jf;)@) plt = 7;(t) + / 1)+ Bt )l (s)as

+Z / e O (1 (5 — 75(5) + By(s, s — 74(s))] (1= 7(5)) — r3(5)} ol — 5(5))ds

— Z/ (wdu [ () (/ [h;(u) + Bj(s,u)]gp(u)du> ds (I1.2.1)
s=7;(s)
For that reason we assume that the followings condition hold

Theorem I1.2.1 (H1) there exist a constant o € (0.1) such that fort >0

t
tlirn inf/ H(s)ds > —o0 (I1.2.2)
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N N t
(t
SO0 [ e+ B slas
j:]. 1 - T](t) ]_1 t T](t)
N t .
+ Z/ e S 1O (hy(s — 75(s) + By(s,s — 75(s)](1 = 7)(s)) = r5(s)] +
j=1"to

e~ Ji Hwdu 1 (u, s)|du | ds
+Z/ [H (s)] (/ W)!h]( ) + Bj(u, s)|d )d

IA
e

(11.2.3)

Theorem I1.2.2 Under the hypotheses of Lemma and (H1) we have the zero so-
lution of (I1.0.1) is asymptotically stable if and only if

t
/ H(s)ds — o0 ast — oo (I1.2.4)
0

Proof: First, suppose that ([1.2.4) holds. We set

K= sup{e— X HWS} (I1.2.5)
>0
N
Pol < K1+ 30 20 +Z/ (s)ds 9] + gl < oo
j=1 J to—T; to

It is clear that Py € [m(to), to]. We will show that (Py)(t) — 0 as t — oo . To this end,
denote the five terms on the right hand side of by I, I, ...I5, respectively. It is
obvious that the first term I; tends to zero as t — oo, by condition . Also, due
to the facts that ¢(t) — 0 and t — 7;(t) — oo for j = 1,2,..., N as t — oo, the second
term Iy in tends to zero as t — oo . What is left to show is that each of the
remaining terms in go to zero at infinity. Let ¢ € Sy be fixed. For a given € > 0
we choose Ty > 0 large enough such that ¢t — 7;(t) > Ty ,j = 1,2..., N implies |¢(s)| < €
if s >t — 7,.(t). There fore, the third term I3 in (II.2.1]) satisfies

Bl = 3 )+ B elsias
< Z/ s) + B;(t,s)| ds
< ae<e

Thus, I3 — 0 ast — oo . Now consider /4. For the given € > 0, there exists a 7} > 0 such
that s > 77 implies |p(s — 7,(s))| <€ for j =1,2,...,N . Thus, for ¢t > T}, the term I,
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n (I1.2.1)) satisfies

Ll = _fH“)d” [hi(s = 7;(s) + Bi(s, s = 7;()](1 = 75(5)) — () } (s — 75(s))ds

< Z/O 1€*f§ H(u)du |hj(s = 7;(s)) + Bj(s,s — 7;(s))(1 = 75(s)) — r;(s)|le(s — 75(5))| ds

+Z/ @ k(s — 75(s)) + Bj(s, s — m5(5))] (1= 74(s)) = 75(3)|[eo(s — 7(s))| ds

IA

sup [p(o IZ/ e SO [hy(s — 75(s)) + Bj(s,s = 75(s))] (1 = 7(s)) = r5(s)| ds

a>m(0)

+EZ/ e~ JoHu (S_Tj(s))+Bj(S,S_Tj(S)>(1_T;(S)>_Tj(s>:|’d5

By(|I1.2.4}), we can find Ty > T} such that ¢ > T implies

sup | (o |Z/ e~ @A [1(5 — 75(5)) + By(s, 5 — 75(5)(1 — 7(5)) — 5(5)] | ds

a>m(0)

— sup [p(o) —%HW“Z/e O |y (s = 7)) + By(s. 5 = 7y()] (1= 7(5)) = r(s)| ds

a>m(tg)

< €.

Now, apply(I1.2.3) to have |I4| < ¢ + ae. Thus, I, — 0 as t — oo. Similarly, by using

(I1.2.3)), then, if ¢t > T} then term I in (I1.2.1f) (II.2.1]) satisfies

—f H(wydu () </ ()[hj(u) + Bj(sau)]SO(U)du> ds

+ 1
< sup ’90( 6_ I, H(w)du Z/ - I H(u)du|H(S)|
j=170

o>m(0)

X (/ |hj(u)| + Bj(s,u)du> ds
5=7;(s)

N t s
7j=1 1 S—Tj(S

< €4+ ae < 2e.

[Is| =

Thus, Is — 0 as t — oo . In conclusion (Py)(t) — 0 as t — oo , as required. Hence P
maps Sy into Sy. Also, by condition(II.2.3)), P is a contraction mapping with contraction
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constant . Indeed, for ¢, € Sy and t > 0

IP(X)—U%MN

N

S [ )+ Byt lete) = s

j_

‘ o(t —75(8)) — n(t —75(8) +
+Z / ~ W (5o (5))4 B (5, 575 ()] (1-7(5)) ()] | 9(5-73 () (5073 (5))] s

+Z [ e >( | T(s)\hj<u>+8j<s,u>uw<u>—n<u>rdu> s
this

[P(p)(t) — (Pn)(t)
<Z'1_T '/tw)Z\h u) + By(t, )| ds

o [ B s — )+ B, = (] (1= 75(8) =1y (o) s

t s
n / o S H@du pp (o) (/ |y (u) + Bj(s,u)|du> ds] e =7l
0 5—7;(s)

<ale—n].

From condition P is a contraction mapping with constant a. By the contraction
mapping principle, P has a unique fixed point z in S, which is a solution of with
z(t) = ¥(t) on [m(0),0] and z(t) = x(¢,0,9) — 0 as t — oo. To obtain the asymptotic
stability, we need to show that the zero solution of is stable. Let ¢ > 0 be given
and choose § > 0 (6 < €) satisfying 20K + ae < e. If (t) = x(t,0,%) is a solution of
[LO.T)with , [|¢(¢)]| < 0 then x(t) = (Px)(t) defined in ([L.2.1)). We claim that |z(t)| < e
for all ¢ > to. Notice that |z(s)| < € on [m(0),0]. If there exists t* > 0 such that |z(t*)| = €
and |z(s)| < € for m(0) < s < t*, then it follows from that

2(t")
N (O "
< o (142|205 3 / 409 5) -
=1 TJ *TJ(O)
1 g(t)
ey |t ey +62/ $)+ By(t*, 5)|ds
j=1 J TJ(t*

-H/ief T [hy(s — 7i(s) + Bj(s, s = 7;(s))](1 = 75(s)) = (s)lds

to

+eZ / o >r< | rhj<u>+Bj<s,u>\du> ds
5=7;(s)
< 25K+a6<6

wich contradicts the definition of t*. Thus |z ()| < € for all ¢ > 0, and the zero solution of
(I1.0.1)) is stable. This shows that the trivial solution of eqution ([1.0.1)) is asymptoyically
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stable if (II1.0.1)) stable if (II.2.4]) holds. Conversely, suppose (I1.2.4)) fails. Then, by ([I.2.2))
tn

there exists a sequence {t,}, t, — 00 as n — oo such that lim,, / H(u)du = l) for
0

some [ € R. We may also choose a positive constant J satisfying
tn
—JS/ H(u)du < J
0

for all n > 1. To simplify our expressions, we define

wis) = Y |l (s = 7i(8) + B; (5,5 = 7;(s)] (1 = 75(5)) — 1(s)| ds

for all s > 0. By(I1.2.3]) , we have

tn o,
/ e~ M WA, (6 ds < o

0
This yields

tn
/ e fOSH(“)d“w(s)ds < avelo™ H(w)du < J.
0

tr
The sequence { / e JoH (“)d“w(s)ds} is bounded, so there exists a convergent subse-

0
quence. For brevity of notation, we may assume that

tn

lim e o Hwduy, () ds = ,

n—oo 0

for some v € R* and choose a positive integer m so large that

tn s 5
/tm e Jo Hwdu, (g )d3<4]€

for all n > m , where dy > 0 satisfies 20oKe’.+a < 1. By ([1.2.2) K in 1' is well
defined. We now consider the solution z(t) = (¢, t,,, 1) of ([L.0.1) with ¥ (t,) = do and

P(s) < dp for s < t,, . We may choose ¢ so that |z(¢)] S 1 for t > t,, and

tm

3 Cj(tm) — Ty i\S 1 S S)as
Z[ St =)+ [ )+ B s)(s)ds | >

/
J tm—7;(tm)

do

DO | —

J=1
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It follows from ([1.2.1)) with x(¢) = (Px)(t) that for n > m

OEY [Mwn —7i(t) + / C o hy(s) + Byt s)x(s)ds]

- T;‘ (tn> t—7(tn)

tn

> %506_ o H (w)du —/ e_fstn H(u)duw(s)ds

tm

1 — [ H(u)du _ft" H(u)du o J3 H(uw)du
— 5506 tm —e o elo w(s)ds
tm
tn
= e fffi H (w)du 150 —e " H(u)du/ e Jo H(u)duw<8)d5>
t

> e ftt’(:, H(u)du

( m
(

tn
bo— K [ elo H(“)d“w(s)ds)

1 tn
> Zfge Jim HWd > 27> 0. (I1.2.6)

On the other hand, if the zero solution of( [I1.0.1)) is asymptotically stable, then z(t) =
z(t,tm, ) — 0 as t — oo. Since t,— 7;(t,) — 00 as n — oo and(I1.2.3)) holds,we have

OEDY [an —7i(t) + / © [h(s) + Bt 9) x(s)ds] —0

j=1 L= T; (t”) tn—7j(tn)

as n — oo , which contradicts ([1.2.6) . Hence condition (II1.2.4) is necessary for the
asymptotic stability of the zero solution of( [I1.0.1)) The proof is complete. m

Remark I1.2.1 [t follows from the first part of the proof of that the zero solution
of (I1.0.1]) is stable under (|11.2.9) and . Moreover, still holds if

is satisfied for t > t, for some t, € RT. For the special case N =1 and ¢; =0, we have
the following result

Corollary I1.2.1 Suppose that 71 is differentiable and there exist continuous function
hy : [m1(0),00) — R and a constant o € (0,1) such that for t >0

t—o0

t

lim inf/ hy(s)ds > —o0 (IL.2.7)
0

and

/t Ihy(s) + B, (t,5)] ds

—711(¢)
t
+ / e Mt® | p (s — 71(5))] + | Buls, s = Ta(s))| [1 = 7'(s)|ds
0
t S
v [ ([ i+ i) i
0 S

—71(s)

<a (I1.2.8)
Then the zero solution of [[I1.0.1] is asymptotically stable if and only if

t
/ hi(s)ds — oo, ast — oo (I1.2.9)
0

Remark I1.2.2 when h;(s) = b;(g;(s)) for j =1,2,..N, then corollary(ll.2.1) reduced to
the
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I1.3 Applications

Example I1.3.1 Consider the linear neutral integro-differential equation with variable
delays.

Z/t . d8+ch (¢ — () (I1.3.1)

where 71(t) = 0.480t,75(t) = 0.478t,a:(t,s) = %% as(t,s) = 2, «(t) = 0.015,

2+17 52+17

c2(t) = 0.017 Then the zero solution of (I1.5.1) is asymptotically stable.

Proof: we have

®0.48 0.48(s — ¢ *0.52 0.52(s =t
Bi(t,s) = / du = (s ), Bs(t,s) = / du = L
, 241 s24+1 . 241 s24+1

Choosing hy(t) = tQH L and ho(t) = tzil n ([[1.2.2) we have H(t) = ' and

c;(t) 0.015 0.017
—_— = |— —— 1 < 0.062
- 1—73(15)' ’1—0.489 104w ’
2 t t t
—0.48t — 0.52t
Z/ |h;(s) + By(t,s)|ds = / 32— ds+/ 82— ds
1 (D) o511 | S+ 1 o520 | S+ 1

b5 —0.48t b s —0.52t
= ————ds+ — s
o511t S° T 1 o522t 5°+ 1
= t[0.48 arctan 0.511¢ + 0.52 arctan 0.522¢ — arctan ]
1
+In(#* +1) — 5[111(().5112252 +1) + In(0.522%* + 1)
= w()

Since the function w is increasing in [0.00) and

1-048 0.52
lim w(t)

= — — In(0.511 .522) ~ 0.
Lim 0FL1 0522 n(0.511 x 0.522) ~ 0.386,

then

2

t 2 t t
> / | (s)+B;(t, )|ds < 0.386, / e~ J W ()] ( /
t—Tj(t) ]:1 0 S

J=1 —75(s)

|hj(u) + Bj(s,u) du) ds < 0.38¢
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and

) / e [ HO| (5 — 7(5)) + Bls, s — 5()))(1 — 7 (s)) — r(s)ds

t P
= /e_fs mdu
0
. 48 x 0.5225  0.52(0.522s — 01
+/€ iy | oo (048 X 05225 052(05225 —5)) _ 0.017s
0 0.5222% + 1 0.522252 + 1 0.522(s? + 1)

0.48 t — [t A du S 0.015 t — [t du S
< 1 R — s w241 d s y241 —d
= < 0.511) /0 S PR 0.511/O «TTT e®

051y (0-52x 0.51Ls  048(0.51Ls — )\ 0.015s .
‘ 0.5112s2 + 1 0.5112s2 + 1 0.511(s2 + 1)

S

0.5112
t t  wu t t u
+ ]_ J— % / 67‘[‘5 u2+ldu;d8 _l_ M eifs u2+1duLd8
0.522 ) J 52 + 5o 0.522 J, 5241
0.48 0.015 0.52  0.017
1 l— —— + —— <0127

0.511 * 0.511 * 0.522  0.522

It is easy to see that all the conditions of ([II.2.2) hold for o = 0.062 4 0.386 + 0.386 +

0.127 = 0.961 < 1 . Thus, (I1.2.2)) implies that the zero solution of ([I.3.1) is asymptoti-
cally stable. m
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In this chapter,we consider existence, multiplicity and non existence of positive w periodic
solutions for the following second-order neutral functional differential equation :

(x(t) —ca(t—10) +a@®)z(t) =) f(z(t—7()) (111.0.1)

where \ is a positive parameter, ¢ and ¢ are constants and |c¢| # 1. The existence of
periodic solutions for functional differential equations has been derived from many fields
such as physics, biology and mechanics [§] ,[32]. Many results were obtained by Kuang
[32], Freedman and Wu [28], Wang [27] and many others by applying fixed point index
theory, theory of Fourier series, fixed point theorems in cones, Leray Schauder continuation
theorem, coincidence degree theory and so on.We refer to [29],[16] for some recent results
in this field. Among the previous results on this problem many of them concern neutral
systems (Lu and Ge [20], Lu, Ge and Zheng [19] and Chen [8]). In this section, we aim
to establish existence, multiplicity and nonexistence of positive w periodic solutions for
second-order neutral functional differential equation([IL0.1).Our approach is based on a

fixed point theorem in cones as well as some analysis techniques used in [27] and [28]. Let
L. fo=lim, o+ 2 and fo = lim, .o 29
2. ip = number of zeros in the set { fy, foo }
3. is = number of infinities in the set {fo, foo}

It is clear that ip or, i = 0,1 2. We will show that (I11.0.1)) has 7y or i, positive
w—periodic solution(s) for certain A, respectively. Let

— 1 /v
= — d
e RO
where a is a continuous w__ periodic function. In what follows we set
X ={z\ ze€CRR),z(t+w)=2x(t)}

with the norm defined by |z|y = max{|z(t)|:t € [0;w]}.Then (z,|z| ) is a Banach
space. We consider the following assumptions
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(H1) a,b € C(R,(0,400)) are w_ periodic functions,
max {a(t) : t € [0,w]} < (2)2

and 7 € C (R, R) is a positive w_ periodic function.
(H2) f e C([0,00),[0,00)) and f (u) > 0 for u > 0.
Next, we denote by

M = max{a(t):te€[0,w|},m={mina(t):t € [0,w]}
VA S

2(sin %“’ 2[sin %‘”
tm — [¢l (M +m)]

LM(1 — |c]).

k = [(M+m)+LM,a=

If the assumption (H1) holds, then M < (5)2 Thus we can see that L > [ > 0. Additio-
nally, define

r P k— ko —4LIMm
e 2LM

The rest here is organized as follows Section 2 is about statement of the method (a fixed
point theorem in cones) and some prior estimations in order to prove our main results;
in Section 3, we give the proofs of our main results by using our lemmas and present an
example.

Next, we transfer existence of positive w_ periodic solutions of neutral equation ([IL0.1))
into existence of positive fixed points of some fixed point mapping.

III.1 Some Lemmas
the following lemmas are used to study existence of In order to establish existence,

multiplicity and nonexistence of positive w_periodic solutions for (II1.0.1)) we need the
following lemmas. for this purpose, let A : X — X defined by

Az (t) =z (t) —cx (t —0).
Then, we have

Lemma II1.1.1 If |c| # 1, then A has continuous bounded inverse A~' on X and for all
reX

-1 . ijo ij‘(t —76)if |e| <1
A7 x(t) = { _2j21 izt 1 36) if |e > 1 (ITL.1.1)
e [Edl
Azl < Tllx
H HX— 11— |||
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Proof: According to [I5], we can get the equality(III.1.1)) and then verify ( [[IL.1.1]). We
consider the following equation

Y () +at) (A y) () =X @) f((A7y) (t—7(1))) (IT1.1.2)

where A~! is defined by ([11.1.1). By Lemma (III.1.1) we conclude that m

Lemma II1.1.2 y(t) is an w_ periodic solution of (III.1.3) if and only if (A~1y) is an
w_ periodic solution of (I11.0.1]).

Aiming to apply (??) to Eq. (IL1.2) , we rewrite(([IL1.2) as
' (t) +a)y((t) —a®) G (y (1) = (t) f ((A7'y) (t =7 (1))

where
Glyt)=yt)— (A y) y@)=—c(A"y) (t —0)

Set K ={zr € X :2(t) > a|z| y}. Clearly, K isaconein X. Note that Q, = {x € K : ||z[y < r}
and 09, = {z € K : ||z||y = r}. Additionally, welet C, = {x € C(R,R") : 2 (t + w) =z (t)}.

Um—|c[(M+m)]

TA(i—]ey »We can obtain the following result immedia-

By solving the inequality |c| <
tely.

Lemma IIL1.3 If |c| < min {k, MLW} sthen |c| < «

Lemma II1.1.4 If y € K and ¢ € (—min {kl, MLer} ,0], then
< (47100 <
(b) 'C'l C;' lyllx < Glu(®) < 2% llyllx ¢ € [0,w]

Proof: (a) : For y € K and ¢ € (— min {kl, Mlm} ,0], by Lemma (IIL.1.1}), we have

(A7) (1) = Yyt —0) =Yyl 30) = Yl y - 0) = T il
§ _1 J=Z J=Z
(A0 < il

(b) : From the definition of G (y (¢)) and (a), we have

el (e !D
1—¢

¢]
1—|¢]

lyllx < Gy (1) < 1yl x

The proof of ([II.1.4) is completed.Firstly, we consider the following equation :
y"(t) + My (t) = A (t),h €C,. (IT1.1.3)

Define G(t, s) by
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Thus,
tw v cos 8 (t + % — s) sin 3 (t + ¥ — s) e
/ G(t,s)ds = / . zw ds = : Zw
: ‘ 23 sin 5° 20 sin 57 '
1 1 1 1
= —St-—m=—=—
25% 25° 52 M
0 cos 3% < Gs) < ;
26 sin 3% 23 sin ﬁw

since M < (5)2 |
Directly from (I1I.1.3) we define a mapping as follows

t):/\/t+wG(t,s)h(s)ds

It is easy to show that T\h (t) > 0 for A (t) > 0. And by the properties of G (¢, s) and
h(t), Ty is completely continuous. Also, by simple computations and the maximum prin-
ciple, we establish the following lemma

Lemma IIL.1.5 .Suppose the assumptions (H1),(H2) hold and ¢ € (— min { ki, 7 m} 0].
For any h € C,,y(t) = T\h(t) is the unique positive w_ periodic solution of (L
Meanwhile,|| Ty || = £

Secondly, we study the following equation corresponding to ([I1.1.3)).
y' () +at)y(t)—a(t)G(y(t)) =Ah(t),h€C, (III.1.4)

Let
(M —a(t)y(t) +a(t) Gy (¢))]

> =

By(t) =

Clearly,

1
1B < (M —m+ )

M
(1—lel)
Then, from (III.1.5)), we have

y (t) = Thh (t) + Th\By (1) .

| < min {ky, 757} implies that SratEt < 180 |TB| < T 18] < Syt < L
Thus we have
y(t) = (I = T\B) ' Tyh (t) (IT1.1.5)
Let
Pyh (t) = (I — T\B) "' Thh ()

Then we can make the following conclusion.
Lemma IIL1.6 Suppose the assumptions (H1), (H2) hold and ¢ € (— min {k;, 72—

For any h € C,,, y (t) = P\h(t) is the unique positive w_ periodic solution of(|I11.1.4) II 1 PA
18 completely continuous and satisfies

M (1 —|c])
Tah (t) < Pyh(t) < m — (M +m)|c|

IT3hlx . h € C
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Proof: By expansions of Py

Py = (I-TWB) '"Th=(I+TB+ (T\B)* + - + (ThB)* + ) T)
= Th+ThB+ (T\B)* Ty + -+ + (T\B)" + Ty (I11.1.6)

P, is completely continuous since 7T) is completely continuous. From (III.1.6), we get

M (1 — |cf)
m — (M +m)|e

The proof is completed ([IL.1.5).and ([IL.1.6) are obtained similarly with([IL1.1]) and (??)
in [25]. Let Q\y (t) = Py(b(t) f((A™y)(t—7(t)))). Since P, is completely continuous, Q)
is completely continuous by the continuity of b(-) and f(-). Also, from the definition of
Ty and Py, it follows that is ), continuous about A. From the above arguments, we can
obtain the following lemma immediately m

Toh (1) < Pah () < Tkl he

Lemma II1.1.7 .Suppose the assumptions (H1), (H2) hold and ¢ € (—min {k;, MLer} ,0].
Then Q) (K) C K.

Proof: From the above arguments, it is easy to verify that Q\y(t + w) = Q\y (¢).For
y € K, we have

Quy(t) = PG F((A )t =7 (1) = Ta(b (1) f((A7 Yt — 7 (1)))ds

t+w

= A G (t,s)b(s) F((A7'y)(s — 7 (s)))ds

t

> [ b (A ) s = ()i
Qu(t) = P F(A )t — 7 (1))

< e I s) £ (D)

el e

- A L[ Ga)b(s) F(AT s — 7 ()i
M-l [ .

< A | YO AT e — v )

Therefore I (M +m) |el]
m — m) e
Q@ (0) > R 1Quly = o Quly

So @y (K) C k This completes the proof m

Lemma IIL.1.8 . Suppose the assumptions hold and (H1), (H2) hold and ¢ € (— min {kx, MLJFM} ,0].
Then y (t) is a positive fized point of Qx if and only if (A™'y) is a positive w_ solution

of I0.1).

Proof: If y (t) is a positive fized point of Q», theny (t) = Py\(b(t) fF((A7 y)(t—7(1)))) and
y € K from (I11.1.7). By (I11.1.6), y(t) is a positive w_ periodic solution of the equation

Yy () +a(t)y () —a(t)G((y () = Ab(t) F((A™"y)(t — 7 (1).

That is, y(t) is a posztwe w_ periodic solution of (II1.1.9). Since y € K, it follows
from (III.1./ that (A7Yy) (t) > 0. Therefore, (A™Yy) () is a positive w_ periodic solution

31



CHAPITRE I1I. EXISTENCE OF POSITIVE PERIODIC SOLUTION OF DELAY
Chapter 3 DIFFERENTIAL EQUATION

of(II1.0.1) by (?7).Suppose that there exists y € X such that (A7'y) (t) is a positive

w_ periodic solution of ([11.0.1).(?7) tells that y (t) is an w_ periodic solution of ([11.1.2
, that is, y (t) is an w_ periodic solution of the equation

y' () +at)y(t) —a(t)G((y (1) =Ab(t) f((A7 )t — 7 (t)

Additionally, y (t) = (A1 )( ) — c(A1y) (t — 6) > 0 since ¢ € (—min {ky, 372} ,0].
foltous from (TLL@that y (1) = Py(b (1) F((A~)(t 7 (D)) = Qay (1) Tha'y (5) 5 a
positive fized point of @y From [11.1.9)(I11.1.8), in order to discuss existence of positive
w_ periodic solutions of@, it 1s sufficient to consider existence of positive fixed
points of Qx. The following is about our prior estimations which play important roles in
the proofs of our main results m

Lemma II1.1.9 .. Suppose the assumptions (H1), (H2) hold and ¢ € (— min {kl, MLW} ,0;m >

0. If f((A ')t —7(1)) = (A y)(t — 7 (t))n fort € [0,w] and y € K, then

C
Qul > Ablon

> 1yl
Proof: For ¢ € (—min {kl, MLW} ,0] and y € K, we have

Quy () = P () F((A )t =7 (1) = Ta(b (1) F((A ) (t — 7 (1)))ds
= )\/t G (t,8)b(s) fF((A ') (z — 7 (s)ds

e / “b(s) FUA ) (s — 7 (5)))ds

> Dbn =1 )

Hence

1@yl x = Mblwn || Ix

Lemma IIL.1.10 . Suppose the assumptions hold and (H1), (H2) ¢ € (— min {k;, MLer} ,0].
If there exists € > 0 such that f((A y)(t — 7 (t)) < (A7 y)(t — 7 (t))e for t € [0,w], then

e —
(M 1 m) o Yx

Quyllx < Abwe—

Proof: In view of (|[III.1.1)), (IIL.1.4) and( [[IL.1.6)), we have

M—ld)  [* L
1Qwlx < —yc|(M+m)L/0 b(s) f ((A'y)(s — 7 (s)) ds
MA=|d) [ IV
S e [ ) F (A7) s 7 () d

e M=)
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Lemma IIL.1.11 Suppose the assumptions(H1), (H2) hold and ¢ € (— min {ky, MLer} ,0].
If y € 090, r > 0, then ~
1@xyllx = TAbwm(r)

Proof: Since y € 09, and ¢ € —min{kl,MLer} ,0],by ([11.1.4), we obtain ‘f:—'cC'r <
2

(A7) (s —7(s)) < & 7 Thus f(A y)(s — 7 (s) > m(r). Then it is easy to see that this
lemma can be proved in a similar manner as in ([[1.1.9) =

Lemma III.1.12 . Suppose the assumptions(H1), (H2)hold and c € (—min{k,, 37--},0].
If y € 092, r > 0, then

M — |e])

— e[ (M +m)

lQ:yl, < LAbw M(r)
m

Proof: Sincey € 00, andc € (— mm{kl,M —1.,0], by (I , we obtain 0 < (A™1y)(t—
T(t) < = 7 Thus (At —T7(1)) < M( ). Then zt is easy to see that this lemma

can be shown in a similar manner as in ([11.1.10). =

II1.2 Existence of positive periodic solutions

In this section, we give the proofs of main results based on lemmas in Section 1. We dis-
cuss existence of positive w _ periodic solutions of Eq ([11.0.1)). when ¢ € (— min {k;l, MLM} ; 0].

Theorem II1.2.1 Suppose the assumptions (H1), (H2) hold and

m
— mi ki <e<0
m1n{M+m, 1} c <

(a) If ig =1 or2, then (I11.0.1]) has ig positive w _ periodic solutions for \ > i )blw >
0.
(b) If ie = lor 2, then (II1.0.1) has i positive w_ periodic solutions for 0 < \ <

m—(M+m)|c|

ALbw(M~—M]|c|)M(1)" i
(c) If ie = 0 orig = 0, then ([I1.0.1) has no positive w_ periodic solution for
sufficiently small or large A > 0, respectively.

Proof: Part (a) : Take r, = 1 and A\, = m > 0. By( [[IL.1.11)) for y € 02, and
A> A\, 1

1@l x > llyllx
From(IIL.2.1), i(Qx, 2, , K) = 0.
Case I : If f, = 0, we can choose 0 < 7, < ry so that f(u) <eu for 0 <u <7, where
the constant € > 0 satisfies Iy

b 1 I11.2.1
“Em—|c|<M+m>< (L2.1)

Let r, = (1—|c|)75. Since 0 < (A~ 'y)(t —7 (t) < 2 |C| lyllxy <7, fory € 89 , by(IL.1.4),
we obtain f((A™1y)(t—7(t))) < e(A™ y)(t—7 (t)). Thus we have by ([I1.1.10)) and( [11.2. 1}

that, for , y € 092,

LM

[Quyllx < Abwe—
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It follows from (III.2.1) that i(Qy, ., , K) = 1. Thus i(Qx, 2, \Qy,, K) = —1 and Q,has
a fixed point y in €, \Q_,n2 By 1) we see that (A7'y)(t) is a positive w_ periodic
solution of for A > \,.

Case IT : If f_ = 0, there exists a constant H > 0 such that f(u) < eu for u > H ,

0(41:62) } Since

le|

|

where the constant € > 0 satisfies inequality(II[.2.1) Let r, = max {2r1,

(A~ yllt = 7(t) = Lyl > H for y € 00, we obtain f((A"y)(t — 7 (t))) <
e(A7'y)(t — 7 (t)). Thus we have by ([I1.1.10) and (IIL.2.1)) that, for y € 99,

LM

It follows from 1) that i(Qy, 2, ,K) = 1. Thus i(Qx, 2 \Q_Tl’ K) = —1 and Q,
has a fixed point ¥y in €, \Q By we see that (A7ly) is a positive w_ periodic
solution of ([IL0.1]) for A > A,

Case IIl : If f_ = f, = 0, from the above arguments, there exist 0 < r, < r, <7,
such that @y has a fixed point y (f) in €, \Q_,n2 and a fixed point y, () in Q, \Q,
Consequently, (A71y;) () and (A~ 1ys) (t) are two positive w_ periodic solutions of([I1.0.1])
for A > A,.

Part (b) : Let r, = 1. Take A\, = LEWTZL]\}(—]\]/\[JJT:%D)A;'(TQ > 0. By(III.1.12)), for y € 912, and
0<A<A,

Quyllx < Abwe—

1@Qxyllx < [yl x
By([[1.2.1), (Q,,,, K) = 1.

Case I: If fo = oo, we can choose 0 < 7, < 7, so that f(u) > nu for 0 < u <7,
where the constant 1 > 0 satisfies

Al‘mnol‘: L (I11.2.2)
Let 7 = (1 — |c|)7,. Since 0 < (A7 'y)(t — 7 (1)) < 1+\C\ lylly <7, for y € 09, we obtain
(A7)t — 7 () > n(A™'y)(t — 7(¢)). Thus we have by (IIL.1.9)and(IIL.2.2) that, for
y € 08, ,

| |
1Qullx > Abon=—75 T 9llx > llyllx

It follows from (III.2.1) that i(Q, 2, , K) = 1 Thus i(Qx, 2, \Q. , K) = —1 and Q, has
a fixed point y in Q, \ €, . By (II.1.2), we see that (A™y) (f) is a positive w__ periodic
solution of mfor re (0, A,

Case IL: If f_ = oo, there exists a constant H > 0 such that f(u) > nu foru> H ,

H(1-|¢|?)
a—|d]

. Since

where the constant 1 > 0 satisfies inequality([11.2.2)). Let r, = max {27“1,

(A )( 7(t) > ||yl > H for y € 0, by(IIL.1.4), we obtain f(A~'y)(t — 7 (1))
> n(A 'y)(t — 7 (t)). Thus we have by([[I1.1.9) and inequality(IIL.2.2) that, for y € 99,

- a—|c
1@xyllx = Ablwn——5 lyllx > llyllx

It follows from (IIL2.1) that i(Qx, €, K) = 1. Thus i(Qx, 2, \Q,,, K) = —1 and Q,
has a fixed pomt y in Q, \er By 1) we see that (A~ ) is a positive w_periodic
solution of (TIL.0.1])for A c (0,A,).

34



Chapter 3 II1.2. EXISTENCE OF POSITIVE PERIODIC SOLUTIONS

Case IIl: If f_ = f, = 00, it is clear from the above proofs that (), has a fixed point
y1 in Q. \Q,, and a fixed point y, in Q. \Q, . Consequently, (A~"y;) (t) and (A~'y,) (t)
are two positive w_ periodic solutions of (II11.0.1)) for A € (0, A,).

Part (c) : By ([IL1.4), (A~'y)(t—7 () > < |lylly > ||yl fort € [0,w] and y € K.

)

Case I: If ¢, = 0, we have f, > 0 and f_ > 0. Let ¢ :min{f(“) 'u>0} > 0, then

” .

we obtain f(u) > ciu, u € [0,400). Assume y (¢) is a positive w__ periodic solution of
[11.0.1) for A > \,, where \, = 1_—02) Since Q\y (t) = y (t) for t € [0,w], it follows

blwey (a—|c
from (I11.1.9) that, for A > A,

- a—|
ol = @l = Mo 2= Ly > il

which is a contradiction.

Case IT : If i, = 0, we have fy < oo and f,, < 00. Let c, :max{¥:u>0} > 0,
then we obtain f(u) < c,u,u € [0,400). Assume y (t) is a positive w__ periodic solution
of (I11.0.1) for A € (0, ),), where A, = ==2mld Gince Qy (t) = y (¢) for ¢ € [0,w] it

bwea LM
follows from (IILL.10) that, for A € (0,),)

LM
m — |c| (M 4+ m)

Iyl = 1Qxyllx = Ablwe, 1yllx > Nyl x

which is a contradiction. =

Theorem II1.2.2 . Suppose the assumptions (H1), (H2) hold and —min{MLer,kl} <
c<0.
(a) If there exists a constant ¢y > 0 such that f(u) > ciu for u € [0,+00), then

I11.0.1|) has no positive w_ periodic solution for A\ > m
(b) If there exists a constant co > 0 such that f(u) < cu for u € [0,400), then

I11.0.1]) has no positive w_ periodic solution for 0 < A < %

Proof: From the proof of part (¢) in(IIL.2.1)), we obtain this theorem immediately m

Theorem I11.2.3 Suppose the assumptions (H1), (H2) hold, ¢ € (—min {kx, MLer} , 0]
and g =1, =0 . If

1—c - m— (M 4+ m) |c|
max { fo, fso  bwl(a — |c|) max { fo, foo } bw LM

then (I11.0.1) has one positive w_ periodic solution.

Proof: Case I: f, < f_. In this case, we have

_ 1—c S)\§7n—(]_\4—|—m)|c]
lbwf (o —|e]) fobwL M

It is clear that there exists an 0 < € < f_ such that

I 1—co <>\<m—(M:|—m)|c|
w(f, —€e)a—1lc) — = (f, —€)bwLM
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For the above €, we choose 0 < 7, so that f(u) < (f, —€)u for 0 < u < 7. Let r, =

(1 — |e))7,. Since 0 < (A7Yy)(t — 7 (1)) < 1%|C| lyllx < 7 for y € 09, by(III.1.4)), we
obtain f(A7ly)(t —7(t)) < (f, —€)(A7 y)(t — 7 (t)) . Thus we have by(IIL.1.10) that, for

y € 0,

LM
m — |c| (M 4+ m)

lQxyllx < Abw(f, +¢) Iyllx < llyllx
On the other hand, there exists a constant H > 0 such that f(u) > (f, — €)u for u > H

Let r, — max{er,ﬁ(l_c2)}. Since (A~Yy)(t — 7 (1)) > 2yl > H . for y € 09,

a—|c| 1—c2?

by([IL.1.4), we obtain f((A7y)(t — 7 (1))(f.. — €)(A7y))(t — 7 (t)). Thus we have by(
that, for y € 09,

o —

; i
1Qull = Nl f, = 05— Iyl >

It follows from([IL.2.1)) that i(Qx, 2y , K) = 1,i(Qx, Q,, K) = 1 Thusi(Qx, 2 \Q,, K) =
—1 and @), has a fixed point y in €2, \Q,,. By(III.1.8)), we see that (A~'y) (¢) is a positive
w__ periodic solution of (II1.0.1]

Case I : fy > f.. In this case, we have

1—c m — (M +m) ||
= <A< —
blf w(a—|c|) fobwL M

It is clear that there exists an 0 < € < f, such that

1—cy <)\<m—(M—i—m)|c|
blw(f., — €)(a —c]) (fo — LM

For the above €, we choose 0 < 7, so that f(u)(f, —€)ufor 0 <wu < 7. Let r; = (1—|c|)7,.
Since 0 < (A7 'y)(t — 7 () < 1= |lyllx < 7 for y € 99, We obtain f(A1y)(t — 7 (1))
> (f, —€)(A'y)(t — 7 (t)) Thus we have by (III.1.9) that, for y € 09, ,

o —

7 c]
1@yl x = Abw(f, — G)m lyllx < llyllx

On the other hand, there exists a constant H > 0 such that f(u) < (f, +€)u for u > H .
Let r, = max {27"1, H(l_c|2)}. Since (A7)t —7 (1)) > 2 |y, > H fory e o8, we

a—|c 1—c2?

obtain f((A™1y)(t — 7 (t))(f.. +€)(A71y))(t — 7 (t)). Thus we have by ([[IL.1.10) that, for
Yy € 8QT2

LM
m— (M +m)|c|

It follows from that i(Qx, Q. , K) = 1. i(Qx,Q,, K) = 1. Thus i(Qx, Q. \Qy,, K) =
1 and Q, has a fixed point y in Q, \Q,,. By , we see that (A™'y) (¢) is a positive
w__ periodic solution of. Our results are applicable to consider existence problem

of periodic solutions of many neutral differential systems. m

lQxyllx < Abw(f, +¢) 1yllx < llyllx
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I11.3 Applications

Example II1.3.1 We consider the following neutral functional differential equation :

(u (1) + %u(t - g)) F () = A= sin2ffu(t — 7 ()T (1T131)

where A\ and a are positive parameters, T(t +m) = 7 (t). We see that § = T,

1 1
7 b(t)=1—sin2t, f(u)=ue"", M:m:Z
Additionally,

max f(u) = f(a)

u€[0,00)

Clearly, M = } < (£)? = 1. The assumptions (H1) and (H2) are satisfied and f- = 0.
Then we conclude.

Conclusmn 1 (a) If a € (0,1), then (I[II.3.1) has one positive T _periodic solution for
A>-—>00r0< A< 4}[(), where 7o —mln{f(T),f(%)};
(b) If a =1, then ([I1.5.1) has one positive m_ periodic solution for A\ > # >0
0

(c) If a > 1, then (III.3.1) has two positive ™ _periodic solutions for \ > # > 0.
0

In fact, by simple computations, we have

1 B 1 B B Cos%7r
b = 2’ L_QBSm%W_ % l—26sin’%7r
2+ 2 V2 V2+1-3
k = 4 Oé:T, kl 9 )
1 m V2+1-+/3 1 V2
‘C| = §<m1n{k1,m+M}— 9 ,’C’ §<T:Oé
Let t, = min {a, 2} and r, = min f(%i),f(%)},wehave
M(l):max{f(t):ogtgg}_f(to),
m(1) = min{f(t) PLPI 2} - mm{ﬂ%,f@} —
I m—(M+m)lef V2

Y

m(D)lwb 7o’ Lbw(M — M |c|)M(1)  4mf(to)

Additionally, if a € (0,1), fo = 400 ifa=1,fp=1and foo =0;ifa>1, fo = foo =0
From Theorem ([11.2.1]), we can obtain Conclusion (|1)).
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