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Abstract

In this thesis, we study the long-time behavior of certain truncated porous thermoelastic
systems, which are free from the adverse effects associated with the second spectrum of the
frequencies. We examine four problems involving different heat effect conduction laws, and
prove exponential stability result for each system.

In the first problem, heat conduction is governed by the classical Fourier law, resulting in
a hyperbolic-parabolic coupling. In the second problem, the thermal disturbance is described
by the Cattaneo law, leading to a problem characterized bysecond-sound heat conduction.
The third problem consists hereditary heat conduction governed by the Gurtin-Pipkin law.
Finally, the fourth system addresses a porous thermoelastic system in which heat conduction
follows the type III model introduced by Green and Naghedi.

For all the problems, well-posedness is established using a semigroup approach along
with the Hille-Yosida and Lax-Milgram theorems. Additionally, stability is achieved by
employing the multiplier method and Lyapunov functionals.

Keywords: Porosity, thermoelasticity, well-posedness, exponential stability, second
spectrum, truncated equation.
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Résumé

Dans cette thèse, nous étudions le comportement à long terme de certains systèmes
thermoélastiques poreux tronqués, non affectés par les effets indésirables liés au second
spectre de fréquences. Nous analysons quatre problèmes présentant des effets thermiques
distincts et démontrons un résultat de stabilité exponentielle pour chacun de ces systèmes.

Dans le premier problème, la conduction thermique est régie par la loi classique de
Fourier, ce qui conduit à un couplage hyperbolique-parabolique. Dans le deuxième prob-
lème, la perturbation thermique est décrite par la loi de Cattaneo, aboutissant à un modèle
caractérisé par une conduction de chaleur du second son. Le troisième problème carrac-
térisé par la conduction thermique héréditaire, régie par la loi de Gurtin-Pipkin. Enfin,
le quatrième système traite d’un milieu thermoélastique poreux dans lequel la conduction
thermique suit le modèle de type III, tel que décrit par Green et Naghedi.

Pour tous ces problèmes, l’existence et l’unicité ont été établies grâce à une approche par
semi-groupes ainsi qu’aux théorèmes de Hille-Yosida et de Lax-Milgram. De plus, la stabilité
a été démontrée par la méthode des multiplicateurs et les fonctionnelles de Lyapunov.

Mots clés: Porosité, thermo-élasticité, second spectre, existence et unicité, décroissance
exponentielle, équation tronquée.
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ملخص

التأثيرات من تخلو والتي المبتورة، المسامية ية الحرار المرونة أنظمة لبعض المدى بعيد السلوك دراسة الأطروحة هذه ٺتناول
الاستقرار خاصية اثبات مع ية، الحرار التأثيرات قوانين في تختلف مسائل أربع تحليل تم للترددات. الثاني بالطيف المرتبطة السلبية

حدة. على نظام لكل الأسي
زائدي-قطعي. اقتران يؤدي مما ، ( law Fourier ) الكلاسيكي فورييه لقانون الحرارة انتقال عملية تخضع الأولى، المسألة في
الصوت ظاهرة يمثل نموذجا ينتج مما ، ( law Cattaneo ) كاتانيو قانون وفق الحراري الاضطراب فيوصف الثانية، المسألة في أما
.(Gurtin-Pipkin) بيبكين غورتن- بقانون المحكوم الذاكرة بتأثير الحرارة انتقال الثالثة المسألة وٺتناول ية. الحرار المرونة في الثاني
قدمه الذي الثالث النوع من نموذج على قيها الحرارة انتقال يعتمد لزجة مسامية ية حرار لمسألة نموذجا الرابع النظام يدرس حين في

.( Naghdi and Green ) وناجدي غرين
(Hille-Yocida)بنظريتي بالاستعانة الزمر، أنصاف منهج باستخدام المدروسة الأنظمة لجميع الحلول ووحدانية وجود إثبات تم

ليابونوف ودوال المضاعف يقة طر باستعمال الأسي الاستقرار نتائج تحقيق تم كما .( Lax-Milgram ) و
.( functionals Lyapunov )

المبتورة. الثاني، الطيف الأسي، الإستقرار ووحدانية، وجود ية، الحرار المرونة المسامية، المفتاحية: الكلمات
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Notation

Hm Sobolev Spaces,
H1

0 (0, L) the closure of C∞
0 (0, L) in H1(0, L),

H−1(0, L) = L (H1
0 (0, L),R) the dual space of H1

0 (0, L),

C∞
0 (0, L) the test functions space,

Lp(0, L), L∞(0, L) the Lebesgue space,

Lq(0, L) = (Lp(0, L))′ the dual space of Lp(0, L),
1

p
+

1

q
= 1,

D (A) the domain of the operator A,

σ (A) The spectrum of operator A,

ρ (A) The resolvent set of the operator A,

N (A) = ker(A) The kernel of the operator A,

R (A) The range of the operator A,

|·| The euclidean norm on Rd,

∥·∥H The norm on a normed space H,
⟨·, ·⟩ the inner Product in a Hilbert space,
∂ The operator of partial differentiation,
L (H) The space of bounded linear operators from H into H,
H ′ The dual space of H,
Re⟨., .⟩ The real part of the inner product,
(T (t))t⩾0 A semigroup of linear operators,
C (X,Y ) The space of all continuous functions from X into Y,
a.e. almost everywhere (except on a negligible set).
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Introduction

Porous media theory

In recent years, the study of the asymptotic behavior of solutions of mathematical models
describing elastic materials has garnered increasing attention from researchers in mathemat-
ical analysis and theoretical mechanics. This growing interest stems from the crucial role
these models play in explaining the behavior of materials with complex internal structures,
such as porous materials or materials containing voids.

Due to their significant practical relevance, a substantial body of recent research has
focused on the rigorous analysis of the existence and stability properties of solutions to
these elasticity systems.

This theory envisions the material as a composite structure consisting of a solid ma-
trix interlaced with a network of interconnected empty pores. Its development has been
shaped by successive advancements and key milestones that have progressively refined and
strengthened its theoretical framework.

To the best of our knowledge, the first contribution to describing these materials was
made by Goodman and Cowin [25]. In 1972, they developed a model for granular materials
based on the assumption that the bulk density is the product of the material matrix density
γ and the volume fraction ν; that is, ρ = γν. This representation endowed the theory with
enhanced kinematic flexibility, enabling a more accurate description of the influence of the
micro-void structure on the material overall deformation.

Later, in 1979, Nunziato and Cowin [40] extended the previous model by proposing a
nonlinear theory to describe the behavior of porous materials, incorporating finite deforma-
tions and nonlinear effects.

By 1983, the theory of porous elasticity had matured, culminating in the linear for-
mulation proposed by Cowin and Nunziato [14]. Subsequent advancements by Ieşan [29]
incorporated thermoelastic and micro-temperature effects [30, 31], thereby completing the
theoretical framework underpinning modern porous thermoelasticity.

To the best of our knowledge, the investigation of the long-term behavior of porous
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media problems began with the work of Quintanilla. In [44], he examined the behavior of
the system:  ρutt = µuxx + βφx,

Jφtt = αφxx − βux − ξφ− τφt,
(1)

and showed that the solution of system (1) decays slowly. We note that, later in 2017,
Apalara [4] and Santos et al. [48] independently proved an exponential rate of decay for
system (1) provided that

µ

ρ
=
α

J

Parallel to advancements in the study of porous materials, researchers have increasingly
recognized the crucial role of thermal effects in the mechanical behavior of deformable media.
This understanding has led to the incorporation of heat conduction effects to porous elastic
problems. In the next section, we provide an overview of the fundamental laws governing
heat transfer within a material body.

Thermoelasticity

Thermoelasticity offers a comprehensive theoretical framework that describes the in-
teraction between thermal and mechanical fields in deformable media. It examines how
temperature variations induce mechanical deformation and how this deformation, in turn,
affects the material thermal state. Over time, various thermoelastic models have been devel-
oped from classical formulations based on Fourier’s law to advanced theories incorporating
relaxation, memory effects, and finite-speed heat propagation.

Fourier’s Law

Heat transfer within a material body is typically described by Fourier’s law of heat
conduction, which establishes a linear relationship between the heat flux vector q and the
temperature gradient ∇θ. This law is expressed as

q = −κ∇θ,
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and, together with the conservation of energy law

cθt +∇ · q = 0,

leads to the well-known parabolic heat equation

cθt = κ∆θ,

where κ denotes the thermal conductivity coefficient and c is the specific heat capacity.
Within the framework of classical porous thermoelasticity, Quintanilla and his coauthors

[11, 12, 34] investigated system (1) coupled with the heat equation governed by Fourier’s law.
They demonstrated that an exponential decay rate can be achieved when porous and thermal
damping act together, or when elastic and microthermal damping operate simultaneously.
Conversely, when these damping mechanisms do not act simultaneously, the system fails
to achieve exponential stabilization and instead exhibits a slower decay behavior. Further
insights can be found in [5, 20, 35, 36, 39, 49].

However, the parabolic heat equation derived from Fourier’s law leads to a physical
inconsistency: it predicts an infinite speed of heat propagation, implying that thermal
signals are felt simultaneously throughout the entire domain, which contradicts physical
reality. To address this inconsistency, scientists have proposed several alternative models
that transform the coupling from a hyperbolic-parabolic type to a hyperbolic-hyperbolic
type, thereby resolving the issue of infinite heat propagation speed.

Second sound thermoelasticity

The first model was proposed by Cattaneo [13] in 1958. He introduced the concept of
thermal relaxation time, τ , as a key factor in heat transfer. This modification fundamentally
altered the nature of heat propagation, changing it from instantaneous diffusion to wave-
like behavior. The modified constitutive equation, known as Cattaneo’s law, is expressed as
follows:

q + τqt = −κ∇θ.

This model represents a significant advancement in understanding heat transfer as a wave
phenomenon, as observed in the second sound effect.

3
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Second sound is regarded as one of the most significant phenomena challenging the
classical model. It was first experimentally observed in 1944 by Peshkov in superfluid
helium II (He II) at cryogenic temperatures [43]. However, its theoretical modeling only
became feasible following advancements in the law.

This extension resolves the paradox of infinite propagation speed by introducing a wave-
like mechanism of heat transport, similar to mechanical or acoustic waves. Graphically,
it is represented by hyperbolic partial differential equations rather than parabolic ones,
contradicting the infinite-speed prediction of Fourier’s law.

The corresponding heat transport system is described as follows:c0ρθt +∇ · q = 0

q + τqt + κ∇θ = 0,

which predicts a finite speed of heat propagation, given by ν =

√
κ

c0ρτ
.

Within this context, Messaoudi and Fareh [37] considered the system

ρutt = µuxx + bφx + γuxxt in (0, 1)× (0,+∞),

Jφtt = αφxx − bux − ξφ+ βθx in (0, 1)× (0,+∞),

cθt = −qx − βφxt − δθ in (0, 1)× (0,+∞),

τqt + q + κθ = 0 in (0, 1)× (0,+∞),

(2)

They proved an exponential decay result without imposing any restrictions on the system
coefficients. In [17], the same authors investigated the system (2) for γ = 0 and b2 =

ξµ. They introduced a stability number χ, which depends on the system coefficients, and
demonstrated an exponential rate of decay provided that χ = 0.

Recently, Li and Feng [21] examined the system

ρutt = µuxx + bϕx in (0, 1)× (0,+∞),

Jϕtt = αϕxx − bux − ξϕ+ βθx in (0, 1)× (0,+∞),

ρ1θt + qx + βϕxt = 0 in (0, 1)× (0,+∞),

τqt + γq + κθ = 0 in (0, 1)× (0,+∞),

(3)

along with the boundary conditions

ux(0, t) = ϕ(0, t) = q(0, t) = u(1, t) = ϕx(1, t) = θ(1, t) = 0, t ∈ (0,+∞).

4
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They presented the stability number

π =

(
ρ

µ
− J

α

)(
1− τρ1µ

ρ

)
− τβ2

α

and established an exponential rate of decay provided that π = 0 and a polynomial decay
in the opposite case.

Green and Naghedi theories

Green and Naghdi [26] proposed a series of pioneering theories aimed at reinterpreting
heat conduction within the framework of thermomechanics. Their formulation departs from
classical approaches by introducing a new state variable, the thermal displacement, defined
as

α(x, t) = α0 +

∫ t

0

θ(x, s) ds,

where α0 denotes the initial value at the reference time.

dα

dt
(x, t) = θ(x, t).

This approach offers a natural kinematic interpretation of thermal evolution, ensur-
ing that heat propagation aligns with the mechanical concepts of motion and finite speed.
Through this formulation, Green and Naghdi developed a generalized framework for the fun-
damental balance laws based on novel constitutive relations involving both the temperature
θ and the thermal displacement α.

These relations form the foundation of three distinct thermomechanical theories—Type
I, Type II, and Type III.

Thermoelasticity of Type I

The standard assumption in this version is that the heat flux vector q and the entropy
flux vector h are linearly related through the reference temperature T0; that is

q = T0 h,

5
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Here, T0 represents the absolute temperature that links the thermal and entropic fluxes.
This assumption results in the same constitutive law as that derived from classical Fourier
theory.

q = −κ∇θ,

where κ denotes the thermal conductivity. As a result, the heat equations corresponding
to the classical heat conduction theory and the linearized Green and Naghedi Type I for-
mulation appear mathematically identical. However, their physical interpretations differ:
the classical model addresses heat conduction phenomena, whereas the Type I formulation
incorporates these phenomena within a more rigorous thermodynamic framework.

Thermoelasticity of Type II

This model is based on the constitutive assumption that the entropy flux vector h de-
pends on the gradient of the thermal displacement α; namely,

h = −κ2 ∇α,

where κ2 is a material constant. The corresponding evolution equation takes the form:

ρc θt = ρc αtt = κ2 ∆α,

This is a hyperbolic-type heat equation describing the propagation of thermal disturbances
as finite-speed waves. In this case, heat propagates without energy dissipation at a charac-
teristic speed.

v =

√
κ2
cρ
.

This formulation offers a theoretical explanation for phenomena such as the second sound
observed in certain solids and super-fluids.

Thermoelasticity of Type III

The most comprehensive version of the Green–Naghdi models incorporates the effects
of both the temperature gradient and the thermal displacement gradient. In this case, the
heat flux vector q is expressed as

q = −κ3 ∇α − κ4 ∇θ

6
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Where κ3 and κ4 are material constants characterizing the coupling between thermal and
mechanical effects.

The corresponding evolution equation is expressed as follows:

ρc θt = ρc αtt = κ3 ∆α − κ4 ∆θ.

This mixed formulation captures both wave-like propagation and dissipative effects
within a unified framework, offering a more realistic description of heat transport in hetero-
geneous materials.

Gurtin–Pipkin Theory

In an ongoing effort to deepen the understanding of heat conduction phenomena, Gurtin
and Pipkin [27] developed a comprehensive nonlinear theory of heat conduction that effec-
tively incorporates the concept of material memory and allows for the occurrence of second
sound in thermoelastic media. A key aspect of their formulation is the introduction of
memory kernels, which enable the heat flux to depend on the entire ”past” history of the
temperature gradient. In the linear approximation, their constitutive law for heat conduc-
tion is expressed in integral form:

q(x, t) = −
∫ t

−∞
κ(t− s)∇θ(x, s) ds, (4)

where κ(t) is a relaxation function that characterizes the material memory response.
This model extends beyond Fourier’s law by accounting for finite propagation speeds and
non-local temporal effects. It provides a rigorous framework for studying heat transport in
materials with memory.

In this regard, Pata and Vuk [41] studied the linear thermoelastic system within the
framework of the Gurtin-Pipkin thermal law. Precisely, they looked into the system utt(x, t) = uxx(x, t)− θx(x, t),

θt (x, t) = −utx (x, t)− qx (x, t) ,

where the heat flux q is modeled by equation (4). They employed a semigroup method
and established an exponential stability result under certain assumptions on the kernel
µ(s). = −g′(s).

7
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Next, Fatori and Muñoz Rivera [19] analyzed the system utt − auxx + αθx = 0 in (0;L)× R+

θt − k ∗ θxx + αuxt = 0 in (0;L)× R+,

where
(k ∗ θxx) (t) =

∫ t

0

k (t− τ) θxx (τ) dτ.

As long as the kernel k is positive definite and decays exponentially, they obtained an
exponential decay result.

In the framework of Gurtin-Pipkin’s theory, Timoshenko-type systems have been studied.
For instance, Dell’Oro and Pata [16] studied the following system

ρ1φtt − κ (φx + ψ)x = 0,

ρ2ψtt − bψxx + κ (φx + ψ) + δθx = 0,

ρ3θt −
1

β

∫ +∞

0

g (s) θxx (t− s) ds+ δψtx = 0.

(5)

They introduced the stability number

χg =

[
ρ1
ρ3κ

− β

g (0)

] [ρ1
κ

− ρ2
b

]
− β

g (0)

ρ1δ
2

ρ3κb

and established exponential stability provided that χg = 0.
Fareh [18] examined the porous thermoelastic system

ρutt = µuxx + bφx − βθx,

Jφtt = αφxx − bux − ξφ+mθ − τφt,

cθt = −
∫ 0

−∞
k (t− s) θxx (s) ds− βutx −mφt.

(6)

An exponential decay rate was determined regardless to any restrictions on the coefficients
of the system (6).

Recently, Hao and Yang [28] investigated the porous thermoelastic system
ρutt − µuxx − bφx − γutxx = 0, in (0, 1)× R+,

Jφtt − δφxx + bux + ξφ+ βθx = 0, in (0, 1)× R+,

cθt + qx + βφxt = 0, in (0, 1)× R+,

(7)

where the heat flux vector q is governed by the Gurtin–Pipkin thermal law (equation 4),
and established an exponential decay rate independent of the system coefficients.

8
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Porous thermoelasticity free from second spectrum fre-

quency

It is generally acknowledged that Timoshenko-type systems are affected by the dam-
aging effects associated with the second spectrum of frequencies. In this section, we will
demonstrate that this phenomenon also influences porous systems.

If we study the undamped version of system 1 and eliminate the variable φ, we obtain

uxxxx +
β2 − ξµ

µα
uxx −

Jµ+ ρα

µα
uxxtt +

ξρ

µα
utt +

Jρ

µα
utttt = 0. (8)

By substituting u = Aei(γx+ωt) into equation (2.8), where A denotes the amplitude of the
harmonic solution u, ω represents the frequency, and γ is the wave number, we arrive at

ω4 −
[(

α

J
+
µ

ρ

)
γ2 +

ξ

J

]
ω2 +

µξ − β2

ρJ
γ2 +

αµ

ρJ
γ4 = 0.

The above equation admits frequency bands, denoted as ω1 and ω2, which are given by

ω1,2(γ) =
1

2

(
α

J
+
µ

ρ

)
γ2 +

ξ

2J
± 1

2

√((
α

J
− µ

ρ

)
γ2 +

ξ

J

)2

+
4β2

Jρ
γ2. (9)

Let us assume that ω and γ are related by the identity ω = cγ, where c is the phase velocity.
This yields

c1,2 =
1

2

(
α

J
+
µ

ρ

)
+

ξ

2Jγ2
± 1

2

√(
α

J
− µ

ρ
+

ξ

Jγ2

)2

+
4β2

Jργ2
. (10)

To simplify our results, we use the asymptotic representation of the discriminant, from
which we derive

c21 ≈
αµγ2 + (µξ − β2)

(αρ+ Jµ)γ2 + ρξ

c22 ≈
αµγ2 + (µξ − β2)

Jρ

1

c21γ
2
+ c21.

It is important to note that when µξ ≈ β2, c21 goes to zero as γ goes to zero, while c21 remains
bounded as γ tends to infinity. The curve c22 represents a hyperbola inversely proportional
to c21, which leads us to conclude that c22 increases significantly at lower frequencies. This
behavior is characteristic of the impairment associated with the so-called second spectrum,

9
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which was observed early in the Timoshenko system (see [2, 50]). Now, let us consider the
truncated system  ρutt − µuxx − βφx = 0,

−Juxtt − αφxx + βux + ξφ = 0.
(11)

The one variable equation corresponds to (11) is

uxxxx +
β2 − ξµ

µα
uxx −

Jµ+ ρα

µα
uxxtt +

ξρ

µα
utt = 0,

and the frequency equation becomes

αµγ4 + (ξµ− β2)γ2 −
(
(Jβ + ρα)γ2 + ξρ

)
ω2 = 0. (12)

which has a natural frequency given by

ω2 =
αµγ4 + (ξµ− β2)γ2

(Jβ + ρα)γ2 + ξρ
.

Given that the identity ω = cγ, we deduce

c2 =
αµγ2 + (ξµ− β2)

(Jβ + ρα)γ2 + ξρ
,

Hence, the phase velocity remains bounded as γ tends to infinity and

c→
√

µ

ρ+ (Jβ)/α

Therefore, the simplified porous elastic system exhibits a single phase velocity and is free
from the undesirable effects associated with the second frequency spectrum.

Within the framework of porous systems unaffected by the damage related to the sec-
ond spectrum, Ramos et al. [45] analyzed a simplified system that incorporates frictional
damping in the porous equation ρutt − µuxx − βφx = 0,

−Juttx − αφxx + βux + ξφ+ τφt = 0,
(13)

and established an exponential decay result regardless of the coefficients of the system.
As for stabilization via heat dissipation, Apalara et al. in [6] examined the simplified

Timoshenko system coupled with the heat equation described by Fourier’s law
ρ1φtt − κ(φx − ψ)x = 0,

−ρ2φttx − bψxx + κ(φx − ψ) + γθx = 0,

ρ3θt − βθxx + γψtx = 0,

(14)
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The study yielded an exponential decay regardless to any relationship between the sys-
tem coefficients. Also, Keddi et al.[32] extended this result to the case of the truncated
Timoshenko system with second sound thermoelasticity.

ρ1φtt − κ(φx + ψ)x = 0, in (0, 1)× (0,∞)

−ρ2φttx − bψxx + κ(φx + ψ) + δθx = 0, in (0, 1)× (0,∞)

cθt + qx + δψxt = 0, in (0, 1)× (0,∞).

τqt + βq + θx = 0, in (0, 1)× (0,∞).

(15)

In the context of the Gurtin-Pipkin thermal law, the same authors [38] studied the
following Timoshenko-type system

ρ1φtt − κ(φx + ψ)x = 0, in (0, 1)× (0,∞)

−ρ2φttx − bψxx + κ(φx + ψ) + δθx = 0, in (0, 1)× (0,∞)

cθt −
1

β

∫ ∞

0

g(s)θxx(t− s)ds+ δψtx = 0 in (0, 1)× (0,∞).

(16)

They provided a rigorous proof of well-posedness and established exponential decay rates
for the systems (15) and (16), independent of the coefficients of the systems.

Figure 1: Comparison between Timoshenko and Euler-Bernoulli beams

Figure 2: The slope wx for Timoshenko beam
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The remainder of the thesis is organized as follows: Chapter 1 presents the fundamental
definitions and essential theoretical background used throughout the thesis. In Chapter 2,
we examine a porous thermoelastic system modeled by Fourier’s law of heat conduction.
Chapter 3 investigates a similar porous thermoelastic system governed by Cattaneo’s law,
which characterizes the second-sound effect. Chapter 4 focuses on a system described by the
Gurtin–Pipkin heat conduction law. Finally, Chapter 5 addresses a porous thermoelastic
system based on the Green–Naghedi Type III theory. This model, along with the previous
one, explores the same porous structures but with different laws of heat propagation.
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chapter 1 Preliminear

In this chapter, we review a few mathematical ideas that will be used in this thesis.

1.1 Lp Spaces

Definition 1.1. [10] Let p ∈ [1,+∞[, we define the space

Lp (0, L) =

{
g : [0, L] → R; g is measurable and

∫ L

0

|g(x)|p dx < +∞
}
,

which is a Banach space with respect to the norm.

∥g∥Lp = ∥g∥p =
[∫ L

0

|g (x)|p dx
]1/p

, 1 ≤ p < +∞.

For p = ∞,

L∞ (0, L) =

 g : [0, L] → R; g is measurable and ∃ M > 0 suth that
|g(x)| ≤M a.e. on [0, L]

 ,

which is a Banach space with respect to the norm

∥g∥L∞ = ∥g∥∞ = inf {M ; |g(x)| ≤M a.e. on [0, L]} .

Theorem 1.1. (Young’s inequality)[10] Let p, q be real conjugates, then

∀a, b ∈ R, |ab| ≤ |a|p

p
+

|b|q

q
.

In particular if g, h ∈ L2(0, L) we have, for any ε > 0,∫ L

0

|gh|dx ≤ ε

∫ L

0

|g|2dx+ 1

4ε

∫ L

0

|h|2dx.

Theorem 1.2. (Hölder’s inequality)[10] Suppose that g ∈ Lp and h ∈ Lq where 1 ≤

p ≤ ∞ and 1

p
+

1

q
= 1. Then, gh ∈ L1 and∫

|gh| ≤ ∥g∥p ∥h∥q .

13



1.2. SOBOLEV SPACES CHAPTER 1

Theorem 1.3. (Cauchy-Schwarz inequality)[10] Let X be a Hilbert space and ⟨·, ·⟩ be
its inner product, then

|⟨g, h⟩| ≤ ⟨g, g⟩
1
2 ⟨h, h⟩

1
2 , ∀f, g ∈ X.

Remark 1.1. For p = 2, L2(0, L) is a Hilbert space with respect to the inner product

⟨g, h⟩L2 =

∫ L

0

g (x)h(x)dx.

Lemma 1.1. The subspace L2
∗ (0, L) of L2(0, L), defined by

L2
∗ (0, L) =

{
g ∈ L2(0, L);

∫ L

0

g(x)dx = 0

}
,

is a Hilbert space.

Proof. Let (ϕn) ⊂ L2
∗ (0, L) be a convergent sequence to ϕ in L2(0, L), then∣∣∣∣∫ L

0

ϕ (x) dx

∣∣∣∣ =

∣∣∣∣∫ L

0

ϕ (x) dx−
∫ L

0

ϕn (x) dx

∣∣∣∣
=

∣∣∣∣∫ L

0

[ϕ (x)− ϕn (x)] dx

∣∣∣∣ .
Using the Cauchy-Schwarz inequality, we arrive∣∣∣∣∫ L

0

ϕ (x) dx

∣∣∣∣ ≤ L

[∫ L

0

|ϕ (x)− ϕn (x)|2 dx
]1/2

.

We have lim
n→∞

∫ L

0

|ϕ (x)− ϕn (x)|2 dx = 0, so

∫ L

0

ϕ (x) dx = 0,

which implies that ϕ ∈ L2
∗ (0, L) . The proof is thus finished since L2

∗ (0, L) is closed in
L2 (0, L).

Remark 1.2. The above result, as well as its proof, remains valid in any space dimension.

1.2 Sobolev spaces

Definition 1.2. [51] For k ∈ N and 1 ≤ p ≤ ∞, we define the Sobolev space W k,p(0, L) by

W k,p (0, L) =
{
ϕ ∈ Lp(0, L);

∂jϕ

∂xj
∈ Lp(0, L), ∀j ∈ N with j ≤ k

}
,

14



1.2. SOBOLEV SPACES CHAPTER 1

where ∂jϕ

∂xj
= φ is the j−weak derivative of ϕ defined as

∫ L

0

ϕ (x)
∂jψ

∂xj
(x)dx = (−1)j

∫ L

0

φ(x)ψ (x) dx, ∀ψ ∈ C∞
0 (0, L).

The space W k,p(0, L), equipped with the norm

∥ϕ∥k,p =

(∑
j≤k

∥∥∥∥∂jϕ∂xj
∥∥∥∥p
p

) 1
p

, 1 ≤ p <∞

and
∥ϕ∥k,∞ = max

j≤k

∥∥∥∥∂jϕ∂xj
∥∥∥∥
∞

are Banach spaces.
The space W k,2(0, L) is denoted by Hk(0, L) and it is a Hilbert space with respect to the

inner product

⟨ϕ, ψ⟩Hk =
∑
j≤k

∫ L

0

∂jϕ

∂xj
(x)

∂jψ

∂xj
(x)dx, ∀ϕ, ψ ∈ Hk (0, L) .

Definition 1.3. [10] Given 1 ≤ p <∞, we denote by W k,p
0 (0, L) the closure of C∞

0 (0, L) in
W k,p(0, L).For p = 2, we denote W k,2

0 (0, L) by Hk
0 (0, L).

In this thesis, we are focus on the case where p = 2 and k = 1, so we frequently use the
space H1

0 (0, L).

Definition 1.4. The space H−1(0, L) is the dual space of H1
0 (0, L), namely,

H−1(0, L) =
(
H1

0 (0, L)
)′
= L

(
H1

0 (0, L),R
)
.

In addition, we denote by H1
∗ (0, L), H

2
∗ (0, L) and H3

∗ (0, L), the Hilbert spaces

H1
∗ (0, L) =

{
ϕ ∈ H1(0, L);

∫ L

0

ϕ(x)dx = 0

}
,

H2
∗ (0, L) =

{
ϕ ∈ H2(0, L); ϕx(0) = ϕx(L) = 0

}
,

H3
∗ (0, L) =

{
ϕ ∈ H3(0, L) ∩H1

0 (0, L); ϕxx(0) = ϕxx(L) = 0}.
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Theorem 1.4. (Poincaré’s inequality) Suppose that u ∈ H1
0 (0, L). Then there exists a

constant M > 0, depending only on L, such that

∥ϕ∥L2(0,L) ≤M∥ϕx∥L2(0,L), ∀ϕ ∈ H1
0 (0, L).

Remark 1.3. Poincaré’s inequality also holds for all ϕ ∈ H1(0, L) that satisfy∫ L

0

ϕ(x) dx = 0.

Definition 1.5. (Bilinear form) Let H be a Hilbert space over R .

A : H ×H −→ R.

is called a bilinear form if it is linear in each component separately, i.e.,

A(ϕ+ ψ, φ) = A(ϕ, φ) + A(ψ, φ), A(µ ϕ, ψ) = µ A(ϕ, ψ),

and similarly in the second argument.

Definition 1.6. (Continuity) A bilinear form A : H × H → R is said to be continuous
(or bounded) if there exists a constant M > 0 such that

|A(ϕ, ψ)| ≤M ∥ϕ∥ ∥ψ∥, ∀ϕ, ψ ∈ H.

Definition 1.7. (Coercivity) A bilinear form A : H × H → R is said to be coercive if
there exists a constant α > 0 such that

A(ϕ, ϕ) ≥ α ∥ϕ∥2, ∀ϕ ∈ H.

Theorem 1.5. (Lax Milgram) [10] Assume that A is a continuous and coercive bilinear
form on H. Then, for any ϕ ∈ H ′, there exists a unique element x ∈ H such that

A (x, y) = ⟨ϕ, y⟩, ∀y ∈ H.

Moreover, if A is symmetric, then x is characterized by the property
1

2
A(x, x)− ⟨ϕ, x⟩ = min

y∈X

{
1

2
A(y, y)− ⟨ϕ, y⟩

}
.

Theorem 1.6. (Rellich-Kondrachov)[1] Suppose that I ⊂ R is a bounded interval.
Then, we have the following compact embedding:

Hm(I) ⊂ Hn(I), ∀n ≤ m.

16



1.3. SPECTRAL THEORY OF OPERATORS CHAPTER 1

1.3 Spectral Theory of Operators

Definition 1.8. Let H be a Hilbert space and A : H → H an operator,

1. The operator A is said to be positive, if

⟨Aϕ, ϕ⟩ ≥ 0, ∀ϕ ∈ H.

2. The operator A is said to be self-adjoint, if

⟨Aϕ, ψ⟩ = ⟨ϕ,Aψ⟩, ∀ϕ, ψ ∈ H.

Theorem 1.7. (Invertibility of positive self-adjoint operators) [46][Theorem VI.3
p. 194 ] Let A : H → H be a bounded, self-adjoint operator. Suppose that there exists c > 0

such that
⟨Aϕ, ϕ⟩ ≥ c ∥ϕ∥2, ∀ϕ ∈ H,

then A is invertible and
∥A−1∥ ≤ 1

c
.

1.4 Some Semigroup arguments

Definition 1.9. We consider the bounded operator A ∈ L (H) . The resolvent set ρ(A) of
A is the set of all α in C for which (A− αI)−1 exists and bounded

ρ(A) =
{
α ∈ C; (A− αI)−1 ∈ L (H)

}
.

The spectrum of A, denoted by σ(A), is the complement of the resolvent set, i.e.,

σ(A) = C\ρ(A).

A complex number α is an eigenvalue of A if

N(A− αI) ̸= {0}.

17
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Theorem 1.8. Let H be a Banach space and A ∈ L (H). If the operator A satisfies
∥A∥ < 1, then I −A is invertible and its inverse is given by

(I −A)−1 =
∞∑

m=0

Am.

Definition 1.10. [42] Let H be a Banach space. A semigroup of bounded linear operators
is a family of linear operators T (t) ∈ L (H), which depend on a parameter 0 ≤ t < ∞ and
that fulfills the following characteristics.

(i) T (0) = I, (I is the identity operator on H).

(ii) T (t+ s) = T (t)T (s) for every t, s ≥ 0 (the semigroup property).
A semigroup of bounded linear operators T (t) is uniformly continuous if

lim
t→0+

∥T (t)− I∥ = 0.

The infinitesimal generator of a semigroup T (t) is the operator A defined on

D(A) =

{
x ∈ H : lim

t→0+

T (t)x− x

t
exists

}
by

Ax = lim
t→0+

T (t)x− x

t
, for x ∈ D(A).

Definition 1.11. (Maximal Monotone Operators)[10]: Let H be a Hilbert space, an
unbounded linear operator A : D(A) ⊂ H → H is said to be monotone (accretive) if it
satisfies

Re ⟨Au, u⟩ ≥ 0, ∀u ∈ D(A).

In addition, the operator is said to be maximal monotone, if R(I +A) = H i.e.,

∀g ∈ H, ∃v ∈ D(A), such that v +Av = g.

Remark 1.4. If −A is monotone, we say that A is dissipative.

Proposition 1.1. [10] Let A be a maximal monotone operator on a Hilbert space. Then

(i) D(A) is dense in H.

18
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(ii) A is a closed operator.

(iii) For all α > 0, (I + αA) is bijective from D(A) into H, (I + αA)−1 is a bounded
operator, and ∥(I + αA)−1∥L (H) ≤ 1.

Remark 1.5. If the operator A is coercive (strictly monotone) and maximal then

∥(I + αA)−1∥L (H) < 1.

Theorem 1.9. (Hille-Yosida)[10] Let A be a maximal monotone operator. Then, given
any v0 ∈ D(A) there exists a unique function

v ∈ C1([0,+∞);H) ∩ C([0,+∞);D(A))

satisfying 
dv

dt
+Av = 0 on [0,+∞),

v(0) = v0.
(1.1)

Theorem 1.10. (Lumer-Phillips) [42, 51] Let A : D(A) ⊂ H −→ H be a densely defined
operator on a Hilbert space H. Then A generates a C0-semigroup of contractions on H if
and only if

(i) A is dissipative;

(ii) there exists α > 0 such that αI −A is surjective.

Theorem 1.11. [33] Let A : D(A) ⊂ H −→ H, be a linear operator and H Hilbert space.
Suppose that D(A) is dense in H, A is dissipative and 0 ∈ ρ(A). Then, A is the

infinitesimal generator of a C0−semi-group of contractions on H.

Theorem 1.12. [51] Let H be a Banach space and A : D(A) ⊂ H −→ H be the infinitesimal
generator of a C0-semigroup {S(t); t ≥ 0} on H. Then, for each ξ ∈ D(A) and each t ≥ 0,
we have S(t)ξ ∈ D(A), and the mapping

t −→ S(t)ξ

is of class C1 on [0,+∞) and satisfies

d

dt
(S(t)ξ) = AS(t)ξ = S(t)Aξ. (1.2)
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1.5 Exponential stability notions

Definition 1.12. The solution U(t) = eAU0 of (1.1) is said to be exponentially stable if
there exist two positive constants α and C > 1 such that

∥U(t)∥ ≤ Ce−λt, ∀t ≥ 0.

Theorem 1.13 (Gerhard-Bruss). [23, 33] A C0−semigroup of contractions S (t) = eAt

generated by an operator A in a Hilbert space H is exponentially stable if and only if
i) iR = {iλ, λ ∈ R} ⊂ ρ(A),

ii) lim
|λ|→∞

∥(iλI −A)−1∥ <∞.

Theorem 1.14. [3] Let A (unbounded operator) be the infinitesimal generator of a semigroup
of contractions S(t) = eAt. Then, S (t) is exponentially stable if and only if there exists a
positive constant c such that

inf
λ∈R

∥(iλI −A)U∥ ≥ c∥U∥, ∀U ∈ D(A). (1.3)
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chapter 2 Exponential Stability of a Trun-

cated Porous Elastic System

with Classical Thermoelasticity

2.1 Introduction

In this chapter, we investigate a truncated porous thermoelastic system in which heat
conduction is governed by the classical Fourier law. The system is free from the adverse
effects associated with the secondary spectrum of frequencies. We employ a non-classical
approach based on operator theory, utilizing a novel technique developed by Messaoudi and
Keddi [32, 38], who formulated the problem using the semigroup method.

We prove the well-posedness result using the Hille–Yosida theorem, and establish expo-
nential stability by applying the multiplier method.

We are concerned with the following problem
ρutt − µuxx − βφx = 0,

−Juttx − αφxx + βux + ξφ+ δθx = 0,

cθt − κθxx + δφtx = 0.

(2.1)

where u, φ, θ are the displacement of a elastic material, the volume fraction and the tem-
perature difference, respectively. The coefficients κ, ρ, J, µ, α, ξ, c, δ, β are positive constants
and defined as follows: ρ expresses the mass density of the material, J = ρκ, where κ is
the porous inertia coefficient, µ is the elastic modulus, α denotes the porous diffusivity, ξ
denotes the weight of the restoring force, c = ρcp, where cp is the specific heat capacity.
Finally, β and δ are the coupling coefficients, assume to satisfy

µξ − β2 > 0.
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2.2. WELL-POSDENESS CHAPTER 2

The system (2.1) is supplemented by the following initial and boundary conditions

u(x, 0) = u0(x), ut(x, 0) = u1(x), φ(x, 0) = φ0(x), θ(x, 0) = θ0(x), x ∈ [0, L] (2.2)

u(0, t) = u(L, t) = φx(0, t) = φx(L, t) = θ(0, t) = θ(L, t) = 0, t ∈ (0,+∞) (2.3)

Observe that Neumann boundary conditions are imposed on φ, which, in turn, prevent the
applicability of Poincaré’s inequality . However, from the second equation of (2.1) and the
boundary conditions (2.3), we obtain∫ L

0

φ(x, t) dx = 0,

which allows the use of Poincaré’s inequality.

2.2 well-posdeness

In this section, we start by applying a series of transformations to the system (2.1)–(2.3)
to recast it within the framework of the Hille–Yosida theorem. This approach enables us to
establish the existence and uniqueness of the solution.

First, multiply all equations in (2.1) except the first one by β, and differentiate the
second equation of (2.1) with respect to x. We then find

ρutt − µuxx − βφx = 0,

−Jβuxxtt − αβφxxx + β2uxx + ξβφx + δβθxx = 0,

cβθt − κβθxx + δβφtx = 0.

(2.4)

From the first equation of (2.1) we have

βφx = ρutt − µuxx. (2.5)

Next, substitute equation (2.5) into the second and third equations of (2.4); we obtain −Jβuxxtt − α(ρutt − µuxx)xx + β2uxx + ξ(ρutt − µuxx) + δβθxx = 0,

cβθt − κβθxx + δ(ρutt − µuxx)t = 0.
(2.6)

This corresponds to [ξρI − (Jβ + αρ)∂xx] utt + αµuxxxx + (β2 − ξµ)uxx + δβθxx = 0,

cβθt − κβθxx + δρuttt − δµuxxt = 0.
(2.7)
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Putting B = ξρI − (Jβ + αρ)∂xx, with domain D(B) = H2(0, L) ∩H1
0 (0, L). we get Butt + αµuxxxx + (β2 − ξµ)uxx + δβθxx = 0,

cβθt − κβθxx + δρuttt − δµuxxt = 0,
(2.8)

∂xx =
1

αρ+ Jβ
(ξρI − B) , (2.9)

and
ξρI = B + (αρ+ Jβ)∂xx. (2.10)

Remark 2.1. Note that B is invertible because it is coercive. By applying the Lax-Milgram
Theorem, for any f ∈ L2([0, L]), the problem −(αρ+ Jβ)uxx + ξρu = f, in (0, L),

u(0) = u(L) = 0,
(2.11)

admits a unique solution u ∈ H1
0 ([0, L]) that satisfies the inequality

∥u∥H1
0 (0,L)

≤ C∥f∥L2(0,L).

Next, by using standard elliptic regularity theory, we infer that the solution u belongs to(
H2(0, L) ∩H1

0 (0, L)
)
.

From the equation in (2.11), we have

uxx =
1

αρ+ Jβ
(ξρu− f).

Therefore,
∥uxx∥L2(0,L) ≤ Ĉ

(
∥u∥L2(0,L) + ∥f∥L2(0,L)

)
≤ C ′∥f∥L2(0,L).

Consequently,
∥u∥H2(0,L) ≤ C ′∥f∥L2(0,L).

which confirms that the operator B is invertible with inverse B−1 : L2(0, L) → H2(0, L) ∩

H1
0 (0, L). In addition B−1 commutes with ∂xx since B does.

Remark 2.2. Note that A = −∂xx with Dirichlet boundary conditions is strictly monotone,
because

⟨−∂xxu, u⟩ = ∥ux∥2 ≥
1

Cp

∥u∥2L2 ,
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then, 〈
I − αρ+ Jβ

ρξ
∂xxu, u

〉
≥
(
1 +

αρ+ Jβ

ρξCp

)
∥u∥2L2 .

Therefore, if we set v = Bu = ρξu− (αρ+ Jβ)uxx, we arrive at

∥v∥L2∥u∥L2 ≥ ⟨v, u⟩ ≥
(
ρξ +

αρ+ Jβ

Cp

)
∥u∥2L2 .

Consequently, since u = B−1v, we have

∥v∥L2 ≥
(
ρξ +

αρ+ Jβ

Cp

)
∥B−1v∥L2 ,

which yields
∥B−1∥ ≤ 1

ρξ + αρ+Jβ
Cp

<
1

ρξ
.

Thus, there exists δ > 0, (for instance δ = 1

2

(
1

ρξ
− ∥B−1∥

)
), such that

∥B−1∥ < 1

ρξ
− δ.

Now, returning to the first equation of (2.8), we have

uttt = −αµB−1uxxxxt + (ξµ− β2)B−1uxxt − δβB−1θxxt. (2.12)

Substitute P = ∂xx ◦B−1 = B−1 ◦ ∂xx, we get

uttt = −αµPuxxt + (ξµ− β2)Put − δβPθt. (2.13)

In addition, from (2.9) and since B−1 : L2(0, L) → H2(0, L) ∩H1
0 (0, L), we have

P =
1

αρ+ Jβ

(
ξρB−1 − I

)
: L2(0, L) → L2(0, L).

Substituting (2.13) in the second equation of (2.8), we get(
cβI − δ2ρβP

)
θt − κβθxx + δµ (ξρI − αρ∂xx)Put − δρβ2Put − δµutxx = 0.

As shown in (2.10), we derive(
cβI − δ2ρβP

)
θt − κβθxx + δµ [(B + Jβ∂xx) + αρ∂xx − αρ∂xx]Put − δρβ2Put − δµuxxt = 0,(

cβI − δ2ρβP
)
θt − κβθxx + δµ (B + Jβ∂xx)Put − δρβ2Put − δµuxxt = 0.
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We conclude from the definition of P that BPut = uxxt, so

(cβI − δ2ρβP )θt − κβθxx − βδ (ρβI − Jµ∂xx)Put = 0. (2.14)

Finally, by multiplying system (2.8) by B−1, we obtain the following auxiliary problem: utt + αµPuxx − (ξµ− β2)Pu+ δβPθ = 0,

Sθt − κβθxx + δβTut = 0,
(2.15)

where S, T : L2(0, L) → L2(0, L) are self-adjoint operators defined by
S = cβI − δ2ρβP,

T = −RP = −
(
ρβI − Jµ∂xx

)
B−1 ◦ ∂xx,

R = ρβI − Jµ∂xx.

Note that since B−1 : L2(0, L) → H2(0, L) ∩ H1
0 (0, L) then P : H2(0, L) ∩ H1

0 (0, L) ⊂

L2(0, L) → H2(0, L) ∩ H1
0 (0, L), therefore we can apply R to Pu for any u ∈ D(P ) =

H2(0, L) ∩H1
0 (0, L) Consequently D(T ) = H2(0, L) ∩H1

0 (0, L).
On the other hand, by inserting P =

1

αρ+ Jβ
(ξρB−1 − I) into the expression of T , we get

T = −RP = − 1

αρ+ Jβ

(
ρβI − Jµ∂xx)(ξρB

−1 − I)
)
,

that is
T = − 1

αρ+ Jβ

[
(ρβI − Jµ∂xx)ξρB

−1 − ρβI + Jµ∂xx
]
,

equivalently, we get

T = − 1

αρ+ Jβ

[
((ρβI − Jµ∂xx)ξρI − ρβB)B−1 + Jµ∂xx

]
.

Substituting B, we arrive at

T = − 1

αρ+ Jβ

[(
αβρ2 − Jρ(ξµ− β2)

)
B−1 + JµI

]
∂xx. (2.16)

Remark 2.3. Note that we have

⟨Sv, v⟩ = cβ∥v∥2L2 + δ2ρβ⟨B−1vx, vx⟩.

Since B−1 is positive self-adjoint, the second term is nonnegative, so

⟨Sv, v⟩ ≥ cβ∥v∥2L2 , ∀v ∈ L2(0, L).

Therefore, S is coercive and consequently, is invertible.
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In fact, R = ρβI − Jµ∂xx is clearly positive definite. Moreover, since both B and −∂xx
are positive definite operators, we deduce that −P is also positive definite, and consequently
S = cβI − δ2ρβP is also positive definite. In addition, we have T = −(ρβI −Jµ∂xx)B

−1∂xx

on H2(0, L) ∩H1
0 (0, L). Then, for any ϕ ∈ D(T ), recalling that B−1 is positive, we have

⟨Tϕ, ϕ⟩ =
〈
−(ρβI − Jµ∂xx)B

−1ϕxx, ϕ
〉

= ρβ⟨B−1ϕx, ϕx⟩+ Jµ⟨B−1ϕxx, ϕxx⟩ ≥ 0.

Moreover, if ⟨Tϕ, ϕ⟩ = 0, then ⟨B−1ϕx, ϕx⟩ = 0. Since B−1 is positive definite, this implies
that ϕx = 0. Because ϕ ∈ H1

0 (0, L), it follows that ϕ = 0. Therefore, T is definite.
Consequently, R, S, and T admit well-defined square roots, denoted by R1/2, S1/2, and

T 1/2, with domains D(R1/2) = D(T 1/2) = H1
0 (0, L) and D(S1/2) = L2(0, L).

Remark 2.4. Because B−1 commute with ∂xx and D(R) = D(P ) = H2(0, L) ∩ H1
0 (0, L),

we have

T = −RP = −(ρβI − Jµ∂xx)B
−1∂xx = −(ρβB−1∂xx − Jµ∂xxB

−1∂xx)

= −(ρβ∂xxB
−1 − Jµ∂xxB

−1∂xx) = −∂xxB−1(ρβI − Jµ∂xx))

= −B−1∂xx(ρβI − Jµ∂xx) = −PR.

Thus, T is symmetric because R and P commute, and the product of two self-adjoint operators
is self-adjoint if and only if the operators commute.

Let H be the Hilbert space

H = (H2(0, L) ∩H1
0 (0, L))×H1

0 (0, L)× L2(0, L),

equipped with the inner product

⟨Φ,Φ∗⟩ = αµ ⟨Tux, u∗x⟩+ ⟨Rv, v∗⟩+ ⟨Sθ, θ∗⟩+ (ξµ− β2) ⟨Tu, u∗⟩ ,

where Φ = (u, v, θ)T ,Φ∗ = (u∗, v∗, θ∗)T ∈ H.
Next, system (2.15) can be represented as a Cauchy problem by introducing the new

variable v = ut and defining Φ = (u, v, θ)T as follows:
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 Φ′(t) +AΦ(t) = 0, ∀t ≥ 0,

Φ(0) = (u0, u1, θ0),
(2.17)

where the operator A : H −→ H is defined by

AΦ =


−v

αµPuxx − (ξµ− β2)Pu+ δβPθ

δβS−1Tv − κβS−1θxx

 ,

with domain

D(A) = H3
∗ (0, L)× (H2(0, L) ∩H1

0 (0, L))× (H2(0, L) ∩H1
0 (0, L)).

where
H3

∗ (0.L) =
{
ϕ ∈ H3(0.L) ∩H1

0 (0.L) : ϕxx ∈ H1
0 (0.L)

}
.

We present the well-posedness result for the auxiliary problem (2.15) as follows:

Theorem 2.1. For any Φ0 ∈ H, there exists a unique weak solution Φ ∈ C(R+,H) of
problem (2.17). Moreover, if Φ0 ∈ D(A), then Φ ∈ C(R+, D(A)) ∩ C1(R+,H).

Proof. The proof of Theorem 2.1 will be given by applying the Hille-Yosida theorem 1.9, so
it suffices to show that A is monotone and maximal.

First, we prove that A is monotone.
For any Φ ∈ D(A), using the inner product and the definitions of the operators R,S and T
, we have

⟨AΦ,Φ⟩H =− αµ ⟨Tvx, ux⟩+
〈
αµRPuxx − (ξµ− β2)RPu+ δβRPθ, v

〉
+ ⟨−κβθxx + δβTv, θ⟩ − (ξµ− β2) ⟨Tv, u⟩

=− αµ ⟨Tvx, ux⟩ − αµ ⟨Tuxx, v⟩+ (ξµ− β2) ⟨Tu, v⟩ − δβ ⟨Tθ, v⟩

− κβ ⟨θxx, θ⟩+ δβ ⟨Tv, θ⟩ − (ξµ− β2) ⟨Tv, u⟩ .

Note that T is symmetric (self-adjoint) on H2(0, L) ∩ H1
0 (0, L), since B−1 is positive self-

adjoint and ∂xx is symmetric with Dirichlet boundary conditions. Therefore, we can freely
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interchange T between the two entries of the inner product. An integration by parts leads
to

⟨AΦ,Φ⟩H = κβ ⟨θx, θx⟩ ≥ 0. (2.18)

Hence A is monotone.
Next, to establish the maximality of A, let F = (f1, f2, f3)

T ∈ H, we prove that there
exists Φ ∈ D(A) satisfying (I +A)Φ = F, that is

u− v = f1,

v + αµPuxx − (ξµ− β2)Pu+ δβPθ = f2,

δβTv − κβθxx + Sθ = Sf3.

(2.19)

Form the first equation of (2.19), we obtain

v = u− f1. (2.20)

Next, by substituting (2.20) into the second and third equations of (2.19), we get u+ αµPuxx − (ξµ− β2)Pu+ δβPθ = f1 + f2,

δβTu− κβθxx + Sθ = Sf3 + δβTf1.
(2.21)

Introducing the space
V = (H2(0, L) ∩H1

0 (0, L))×H1
0 (0, L).

We multiply formally, the first equation from system (2.21) by Ru∗ with u∗ ∈ H2(0, L) ∩

H1
0 (0, L) and the second equation by θ∗ ∈ H1

0 (0, L), and using the symmetry of R, we obtain
the variational formulation corresponding to (2.21), which can be expressed as follows:

A((u, θ), (u∗, θ∗)) = L(u∗, θ∗), (2.22)

with A : V × V → R is the bilinear form given by:

A((u, θ), (u∗, θ∗)) =αµ ⟨Tux, u∗x⟩+ (ξµ− β2) ⟨Tu, u∗⟩+ ⟨Ru, u∗⟩

− δβ ⟨Tθ, u∗⟩+ δβ ⟨Tu, θ∗⟩+ ⟨Sθ, θ∗⟩+ κβ ⟨θx, θ∗x⟩ ,

and L : V → R is the linear functional defined by

L(u∗, θ∗) = ⟨R(f1 + f2), u
∗⟩+ ⟨Sf3, θ∗⟩+ δβ ⟨Tf1, θ∗⟩ .
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It is clear that A and L are bounded. In addition, by substituting T from (2.16), we get

A((u, θ), (u, θ)) =
αµ

αρ+ Jβ

(
(αβρ2 − Jρ(ξµ− β2))⟨B−1uxx, uxx⟩+ Jµ∥uxx∥2

)
+ (ξµ− β2)⟨Tu, u⟩+ ρβ∥u∥2 + Jµ∥ux∥2 + ⟨Sθ, θ⟩+ κβ∥θx∥2,

then,

A((u, θ), (u, θ)) =
αµ

αρ+ Jβ

(
(αβρ2 + Jρβ2)⟨B−1uxx, uxx⟩ − Jξµρ⟨B−1uxx, uxx⟩+ Jµ∥uxx∥2

)
+ (ξµ− β2)⟨Tu, u⟩+ ρβ∥u∥2 + Jµ|ux∥2 + ⟨Sθ, θ⟩+ κβ∥θx∥2.

By virtue of Remark 2.2 and using the positiveness of B−1, we infer that

A((u, θ), (u, θ)) ≥ δJαµ2

αρ+ Jβ
∥uxx∥2 + ρβ∥u∥2

+ (ξµ− β2)⟨Tu, u⟩+ Jµ|ux∥2 + ⟨Sθ, θ⟩+ κβ∥θx∥2.

Consequently, there exists a positive constant m such that

⟨A(u, θ), (u, θ)⟩ ≥ m
(
∥u∥2 + ∥ux∥2 + ∥uxx∥2 + ∥θx∥2

)
= m∥(u, θ)∥2V ,

which shows that A is coercive. Consequently, by Lax-Milgram Lemma, Eq. (2.22) has a
unique solution

(u, θ) ∈ (H2(0, L) ∩H1
0 (0, L))×H1

0 (0, L).

By substituting u into the equation (2.20), we infer that

v ∈ H2(0, L) ∩H1
0 (0, L). (2.23)

Furthermore, by taking u∗ ≡ 0 in (2.22), we arrive at

κβ ⟨θx, θ∗x⟩+ ⟨Sθ, θ∗⟩+ δβ ⟨Tu, θ∗⟩ = ⟨Sf3, θ∗⟩+ δβ ⟨Tf1, θ∗⟩ , ∀θ∗ ∈ H1
0 (0, L),

which still valid for θ∗ = ϕ ∈ C1
0(0, L), then we get

κβ

∫ L

0

θxϕxdx = −
∫ L

0

(Sθ + δβTu− Sf3 − δβTf1)ϕdx, ∀ϕ ∈ C1
0(0, L). (2.24)

Since, Sθ + δβTu− Sf3 − δβTf1 ∈ L2(0, L), (2.24) shows that θx ∈ H1(0, L), with

θxx =
1

κβ
(Sθ − δβTu+ Sf3 + δβTf1) ∈ L2(0, L),
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consequently, θ ∈ H2(0, L). In addition, the integration by parts of the left-hand side of
(2.24) and the density of C1

0(0, L) in H1
0 (0, L) lead to

κβθxx = Sθ − δβTu+ Sf3 + δβTf1.

By using (2.20), we arrive at

κβθxx = Sθ + δβTv − Sf3,

which shows that θ satisfies the third equation of (2.19).
Similarly, by taking θ∗ ≡ 0 in (2.22) and using the definition of R, we obtain

⟨αµTux − Jµ(f2 + f1)x, u
∗
x⟩ =

〈
ρβ(f1 + f2)− (ξµ− β2)Tu−Ru+ δβTθ, u∗

〉
, (2.25)

for all u∗ ∈ H2(0, L) ∩H1
0 (0, L), which also holds for u∗ ∈ C1

0(0, L) ⊂ H2(0, L) ∩H1
0 (0, L).

Therefore,
αµTux − Jµ(f2 + f1)x ∈ H1(0, L),

with

(αµTux − Jµ(f2 + f1)x)x = −(ρβ(f1 + f2)− (ξµ− β2)Tu−Ru+ δβTθ) ∈ L2(0, L).

An integration by part in (2.25) and the fact that Rf2 ∈ H−1(0, L) yield

−αµTuxx = R(f2 + f1)− (ξµ− β2)Tu−Ru+ δβTθ ∈ H−1(0, L)

Moreover, bearing in mind that the operator −∂xx defines an isomorphism between H1
0 (0, L)

and H−1(0, L), we infer that uxx ∈ H1
0 (0, L) and consequently,

u ∈ H3
∗ (0.L).

Substituting f1 = u− v from (2.20) in the last equality, we get

−αµTuxx +Rv + (ξµ− β2)Tu− δβTθ = Rf2. (2.26)

Finally, by applying R−1 to the terms in equation (2.26), we deduce that u satisfies the
third equation of (2.19).
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We therefore conclude that (u, v, θ) demonstrates that A is maximal. Consequently, by
the Hille–Yosida theorem, problem (2.17) has a unique solution. This completes the proof
of Theorem 2.1. Next, we put

H = H2(0, L) ∩H1
0 (0, L)×H1

0 (0, L)×H1
∗ (0, L)× L2(0, L),

and define the set

D =

(u, v, φ, θ) ∈ H ;
∣∣∣ u ∈ H3

∗ (0, L),

φ ∈ H2
∗ (0, L),

v ∈ H2(0, L) ∩H1
0 (0, L)

θ ∈ H2(0, L),

 ,

where
H1

∗ (0, L) :=

{
ϕ ∈ H1(0, L);

∫ L

0

ϕ(x)dx = 0

}
,

and
H2

∗ (0.L) =
{
ϕ ∈ H2(0.L) : ψx(0) = ϕx(L) = 0

}
.

The well-posedness result of problem (2.1)-(2.3) is given by the following theorem:

Theorem 2.2. Let (u0, v0, φ0, θ0) ∈ D and satisfies the following compatibility condition

B
(
φ0 +

β

ξ
u0x
)
= −

[
β

ξ

(
Jβ + αρ− Jµξ

β

)
u0xxx + δρθ0x

]
.

Then there exists a unique solution (u, v, φ, θ) of problem (2.1) that satisfies

(u, v, φ, θ) ∈ C(R+,D)) ∩ C1(R+,H ).

2.2.1 Proof of theorem 2.2

From Theorem 2.1, we have (u, ut, θ) ∈ C(R+, D(A)) ∩ C1(R+,H). Particularly,

u ∈ C
(
R+;H3(0, L) ∩H1

0 (0, L)
)
∩ C1

(
R+;H2(0, L) ∩H1

0 (0, L)
)
∩ C2

(
R+;H1

0 (0, L)
)
.

Now, returning to (2.13) we have

uttt ∈ C
(
R+;L2(0, L)

)
,

that is
utt ∈ C1

(
R+;L2(0, L)

)
.
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Next, we define

φ(x, t) = −µ
β
ux(x, t) +

ρ

β

∫ x

0

utt(y, t)dy. (2.27)

Since u ∈ H3
∗ (0, L) and is a solution of the auxiliary problem (2.15), then ux ∈ C(R+;H2(0, L)).

We easily check that φx(0) = φx(L) = 0, and consequently,

φ ∈ C(R+;H2
∗ (0, L)),

and
ρutt − µuxx − βφx = 0. (2.28)

In addition
∫ L

0

φ(x, t) = 0, because by using (2.6)1, we infer

∫ L

0

φ(x, t) =− µ

β

∫ L

0

ux(x, t)dx+
Jβ + αρ

ξβ

∫ L

0

∫ x

0

uxxtt(y, t)dydx−
αµ

ξβ

∫ L

0

∫ x

0

uxxxx(y, t)dydx

+
(ξµ− β2)

ξβ

∫ L

0

∫ x

0

uxx(y, t)dydx−
δ

ξ

∫ L

0

∫ x

0

θxx(y, t)dydx

Since (u, ut, θ) ∈ C(R+, D(A)) ∩ C1(R+,H) and the boundary condition, we have∫ L

0

φ(x, t) =

[
−µ
β
u(x, t) +

Jβ + αρ

ξβ
utt −

αµ

ξβ
uxx +

(ξµ− β2)

ξβ
u− δ

ξ
θ

]L
0

= 0.

Using (2.28), system (2.6) becomes −Juxxtt − αφxxx + βuxx + ξφx + δθxx = 0,

cθt − κθxx + δφxt = 0.
(2.29)

The second equation clearly shows that φxt ∈ C(R+, L2(0, L)) and, hence, φ ∈ C1(R+, H1(0, L)).
Moreover, a straightforward integration of the first equation of (2.29) over (0, x) yields

− Jρuxtt + Jρu0xtt − αρφxx + αρφ0xx + βρux − βρu0x + ξρφ− ξρφ0

+ δρθx − δρθ0x + Jβφ0xx − Jβφ0xx +
β

ξ
(Jβ + αρ)u0xxx −

β

ξ
(Jβ + αρ)u0xxx

+ Jµu0xxx − Jµu0xxx = C,
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For some constant C that depends only on t.
After simplification, we obtain

− Jρuxtt + Jρu0xtt − αρφxx + βρux + ξρφ+ δρθx

− B

(
β

ξ
u0x + φ0

)
− δρθ0x − Jβφ0xx

− β

ξ
(Jβ + αρ)u0xxx + Jµu0xxx − Jµu0xxx = C,

using the compatibility condition and Jρu0xtt = Jβφ0xx + Jµu0xxx, we get

− Juxtt − αφxx + βux + ξφ+ δθx = C.

Integrating over (0, L), we obtain∫ L

0

(−Juxtt − αφxx + βux + ξφ+ δθx) dx = LC(t).

So
−J
[
utt
]L
0
− α

[
φx

]L
0
+ β

[
u
]L
0
+ ξ

∫ L

0

φdx+ δ
[
θ
]L
0
= LC(t).

By the boundary conditions (2.3) and
∫ L

0
φ(x, t) = 0 all terms vanish, hence

LC(t) = 0,

which implies C(t) = 0. Therefore, (u, φ, θ) solves the problem (2.1) with the initial and
boundary conditions (2.2), (2.3), which completes the proof of Theorem 2.2.

2.3 Exponential Stability

This section is devoted to proving the exponential decay of the solution to the problem
(2.1)-(2.3).

First, we define the energy associated to the solution of (2.1) by

E (t) :=
1

2

∫ L

0

(
Jρ

β
u2tt +

Jµ

β
u2xt + ρu2t + µu2x + αφ2

x + 2βuxφ+ ξφ2 + cθ2
)
dx.

Note that since µξ > β2, we have

E (t) =
Jρ

2β

∫ L

0

u2ttdx+
Jµ

2β

∫ L

0

u2xtdx+
ρ

2

∫ L

0

u2tdx+
1

2

(
µ− β2

ξ

)∫ L

0

u2xdx+
α

2

∫ L

0

φ2
xdx
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+
1

2

∫ L

0

(
β√
ξ
ux +

√
ξφ

)2

dx+
c

2

∫ L

0

θ2dx,

which shows that E(t) is a positive form.

Remark 2.5. Differentiating the first equation of (2.1) with respect to t, we obtain

φxt =
ρ

β
uttt −

µ

β
uxxt. (2.30)

Using integration by parts and substituting (2.30), we get

−J
∫ L

0

uxttφtdx =J

∫ L

0

uttφxtdx

=J

∫ L

0

[
ρ

β
uttt −

µ

β
uxxt

]
uttdx

=
Jρ

β

∫ L

0

utttuttdx−
Jµ

β

∫ L

0

uxxtuttdx,

using integration by parts for the integral
∫ L

0

uxxtuttdx, so

−J
∫ L

0

uxttφtdx =
Jρ

2β

d

dt

∫ L

0

u2ttdx+
Jµ

2β

d

dt

∫ L

0

u2xtdx.

Remark 2.6. Clearly, we have

β
d

dt

∫ L

0

uxφdx+
µ

2

d

dt

∫ L

0

u2xdx+
ξ

2

d

dt

∫ L

0

φ2dx

=
1

2

d

dt

∫ L

0

(√
ξφ+

β√
ξ
ux

)2

dx+
1

2

(
µ− β2

ξ

)
d

dt

∫ L

0

u2xdx.

Theorem 2.3. The energy functional E(t) satisfies, along the solution of (2.1),(2.3), the
estimate

E (t) ≤ AE(0)e−λt, ∀t ≥ 0,

where A and λ are two positive constants.

The proof of Theorem 2.3 will be established with the help of several lemmas.

Lemma 2.1. The energy E(t) satisfies, along the solution (u, φ, θ) of (2.1), the estimate

E ′ (t) ≤ −κ
∫ L

0

θ2xdx ≤ 0. (2.31)
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Proof. Taking the L2-inner product of the equation of (2.1) by ut, φt and θ, respectively,
the first equation yields

ρ

2

d

dt

∫ L

0

u2tdx+ β

∫ L

0

uxtφdx+
µ

2

d

dt

∫ L

0

u2xdx = 0 (2.32)

and the second equation leads to

− J

∫ L

0

uttxφt +
α

2

d

dt

∫ L

0

φ2
xdx+ β

∫ L

0

uxφt +
ξ

2

d

dt

∫ L

0

φ2dx+ δ

∫ L

0

θxφt = 0.

By invoking Remark 2.5, we get

Jρ

2β

d

dt

∫ L

0

u2ttdx+
Jµ

2β

d

dt

∫ L

0

u2xtdx+
α

2

d

dt

∫ L

0

φ2
xdx

+ β

∫ L

0

uxφt +
ξ

2

d

dt

∫ L

0

φ2dx+ δ

∫ L

0

θxφt = 0. (2.33)

Finally, the third equation produces

c

2

d

dt

∫ L

0

θ2dx− δ

∫ L

0

φtθxdx = −κ
∫ L

0

θ2xdx, (2.34)

From equations (2.32)–(2.34), we obtain

ρ

2

d

dt

∫ L

0

u2tdx+ β

∫ L

0

uxtφdx+
µ

2

d

dt

∫ L

0

u2x +
Jρ

2β

d

dt

∫ L

0

u2ttdx+
Jµ

2β

d

dt

∫ L

0

u2xtdx

+
α

2

d

dt

∫ L

0

φ2
xdx+ β

∫ L

0

uxφt +
ξ

2

d

dt

∫ L

0

φ2dx+ δ

∫ L

0

θxφt +
c

2

d

dt

∫ L

0

θ2dx− δ

∫ L

0

φtθxdx

= −κ
∫ L

0

θ2xdx.

Remark 2.6 implies that
E ′ (t) = −κ

∫ L

0

θ2xdx ≤ 0.

Lemma 2.2. Let (u, φ, θ) be the solution of (2.1)–(2.3). The functional

F1 (t) =− J√
ξ

∫ L

0

uxt

(
β√
ξ
ux +

√
ξφ

)
dx

+

(
Jc

δ
+
cαβρ

ξµδ

)∫ L

0

utθdx+
αβρ

ξµ

∫ L

0

φxutdx,
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satisfies, for any positive constant ε, the estimate

F ′
1 (t) ≤− α

µ

(
µ− β2

ξ

)∫ L

0

φ2
xdx−

1

2

∫ L

0

(
β√
ξ
ux +

√
ξφ

)2

dx

− Jβ

2ξ

∫ L

0

u2xtdx+ Cε

∫ L

0

θ2xdx+ ε

∫ L

0

u2ttdx. (2.35)

Proof. From the first and second equations of (2.1), we have

uxx =
ρ

µ
utt −

β

µ
φx (2.36)

and
−Juxxt = αφxx − βux − ξφ− δθx. (2.37)

By differentiating F1(t) and using (2.37), we arrive at

F ′
1 (t) =− J√

ξ

∫ L

0

uxtt

(
β√
ξ
ux +

√
ξφ

)
dx− J√

ξ

∫ L

0

uxt

(
β√
ξ
uxt +

√
ξφt

)
dx

+

(
Jc

δ
+
cαβρ

ξµδ

)∫ L

0

uttθdx+

(
Jc

δ
+
cαβρ

ξµδ

)∫ L

0

utθtdx

+
αβρ

ξµ

∫ L

0

φxuttdx+
αβρ

ξµ

∫ L

0

φxtutdx

=
α√
ξ

∫ L

0

φxx

(
β√
ξ
ux +

√
ξφ

)
dx−

∫ L

0

(
β√
ξ
ux +

√
ξφ

)2

dx

− δ√
ξ

∫ L

0

θx

(
β√
ξ
ux +

√
ξφ

)
dx− Jβ

ξ

∫ L

0

u2xtdx− J

∫ L

0

uxtφtdx

+

(
Jc

δ
+
cαβρ

ξµδ

)∫ L

0

uttθdx+

(
Jc

δ
+
cαβρ

ξµδ

)∫ L

0

utθtdx

+
αβρ

ξµ

∫ L

0

φxuttdx+
αβρ

ξµ

∫ L

0

φxtutdx.

Using the third equation of (2.1) and applying integration by parts, we get

F ′
1 (t) =− αβ

ξ

∫ L

0

φxuxxdx− α

∫ L

0

φ2
xdx−

∫ L

0

(
β√
ξ
ux +

√
ξφ

)2

dx

− δ√
ξ

∫ L

0

θx

(
β√
ξ
ux +

√
ξφ

)
dx− Jβ

ξ

∫ L

0

u2xtdx+ J

∫ L

0

utφxtdx

+

(
Jc

δ
+
cαβρ

ξµδ

)∫ L

0

uttθdx−
(
Jκ

δ
+
καβρ

ξµδ

)∫ L

0

uxtθxdx−
(
J +

αβρ

ξµ

)∫ L

0

utφxtdx

+
αβρ

ξµ

∫ L

0

φxuttdx+
αβρ

ξµ

∫ L

0

φxtutdx.
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Recalling (2.36); we obtain

F ′
1 (t) =− αβρ

ξµ

∫ L

0

φxuttdx+
αβ2

ξµ

∫ L

0

φ2
xdx− α

∫ L

0

φ2
xdx−

∫ L

0

(
β√
ξ
ux +

√
ξφ

)2

dx

− δ√
ξ

∫ L

0

θx

(
β√
ξ
ux +

√
ξφ

)
dx− Jβ

ξ

∫ L

0

u2xtdx+

(
Jc

δ
+
cαβρ

ξµδ

)∫ L

0

uttθdx

−
(
Jκ

δ
+
καβρ

ξµδ

)∫ L

0

uxtθxdx+
αβρ

ξµ

∫ L

0

φxuttdx.

=− α

µ

(
µ− β2

ξ

)∫ L

0

φ2
xdx−

∫ L

0

(
β√
ξ
ux +

√
ξφ

)2

dx− δ√
ξ

∫ L

0

θx

(
β√
ξ
ux +

√
ξφ

)
dx

− Jβ

ξ

∫ L

0

u2xtdx−
(
Jκ

δ
+
αβρ

ξµ

)∫ L

0

uxtθxdx+

(
Jc

δ
+
cαβρ

ξµδ

)∫ L

0

uttθdx. (2.38)

By applying Young’s and Poincaré’s inequalities, we arrive at

− δ√
ξ

∫ L

0

θx

(
β√
ξ
ux +

√
ξφ

)
dx ≤ 1

2

∫ L

0

(
β√
ξ
ux +

√
ξφ

)2

dx+
δ2

2ξ

∫ L

0

θ2xdx, (2.39)(
Jκ

δ
+
αβρ

ξµ

)∫ L

0

uxtθxdx ≤ Jβ

2ξ

∫ L

0

u2xtdx+
ξ

2Jβ

(
Jκ

δ
+
αβρ

ξµ

)2 ∫ L

0

θ2xdx, (2.40)

and (
Jc

δ
+
cαβρ

ξµδ

)∫ L

0

uttθdx ≤ ε

∫ L

0

uttdx+
1

4ε

(
Jκ

δ
+
αβρcp
ξµ

)2 ∫ L

0

θxdx. (2.41)

By substituting inequalities (2.39), (2.40), and (2.41) into equation (2.38), the estimate
(2.35) is confirmed, with

Cε =
δ2

2ξ
+

ξ

2Jβ

(
Jκ

δ
+
αβρ

ξµ

)2

+
1

4ε

(
Jκ

δ
+
αβρcp
ξµ

)2

.

Remark 2.7. Notice that

µu2x − 2βuxφ− ξφ2 = µu2x − 2βuxφ− ξφ2 +
β2

ξ
u2x −

β2

ξ
u2x

= −
(
µ− β2

ξ

)
u2x −

(
β√
ξ
ux +

√
ξφ

)2

Lemma 2.3. Let (u, φ, θ) be a solution of system (2.1-(2.3),the functional

F2 (t) = ρ

∫ L

0

utudx− J

∫ L

0

uxtφdx+
Jc

δ

∫ L

0

utθdx,
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satisfies, for any positive constant ε, the estimate

F ′
2 (t) ≤−

(
µ− β2

ξ

)∫ L

0

u2xdx−
α

2

∫ L

0

φ2
xdx

−
∫ L

0

(
β√
ξ
ux +

√
ξφ

)2

dx+ ρ

∫ L

0

u2tdx+ C ′
ε

∫ L

0

θ2xdx

+ ε

∫ L

0

u2ttdx+ ε

∫ L

0

u2xtdx. (2.42)

Proof. By directly differentiating F2, we obtain

F ′
2 (t) =ρ

∫ L

0

uttudx+ ρ

∫ L

0

u2tdx− J

∫ L

0

uxttφdx− J

∫ L

0

uxtφtdx

+
Jc

δ

∫ L

0

uttθdx+
Jc

δ

∫ L

0

utθtdx.

Using (2.1), we arrive at

F ′
2 (t) =β

∫ L

0

φxudx+ µ

∫ L

0

uxxudx+ ρ

∫ L

0

u2tdx+ α

∫ L

0

φxxφdx− β

∫ L

0

uxφdx

− ξ

∫ L

0

φ2dx− δ

∫ L

0

θxφdx− J

∫ L

0

uxtφtdx+
Jc

δ

∫ L

0

uttθdx

+
Jκ

δ

∫ L

0

utθxxdx− J

∫ L

0

utφxtdx.

Applying integration by parts yields

F ′
2 (t) =− µ

∫ L

0

u2xdx+ ρ

∫ L

0

u2tdx− α

∫ L

0

φ2
xdx− 2β

∫ L

0

uxφdx

− ξ

∫ L

0

φ2dx+ δ

∫ L

0

θφxdx+ J

∫ L

0

utφxtdx+
Jc

δ

∫ L

0

uttθdx

− Jκ

δ

∫ L

0

uxtθxdx− J

∫ L

0

utφxtdx.

By applying Remark2.7, we obtain the following equality

F ′
2 (t) =−

(
µ− β2

ξ

)∫ L

0

u2xdx+ ρ

∫ L

0

u2tdx−
∫ L

0

(
β√
ξ
ux +

√
ξφ

)2

dx

− α

∫ L

0

φ2
xdx+ δ

∫ L

0

θφx +
Jc

δ

∫ L

0

uttθdx−
Jκ

δ

∫ L

0

uxtθxdx. (2.43)

38



2.3. EXPONENTIAL STABILITY CHAPTER 2

Thus, by applying Young’s and Poincaré’s inequalities, we deduce

δ

∫ L

0

θφxdx ≤ α

2

∫ L

0

φ2
xdx+

δ2

2α

∫ L

0

θ2dx

≤ α

2

∫ L

0

φ2
xdx+

δ2cp
2α

∫ L

0

θ2xdx, (2.44)

Jc

δ

∫ L

0

uttθdx ≤ ε

∫ L

0

u2ttdx+
J2c2

4δ2ε

∫ L

0

θ2dx

≤ ε

∫ L

0

u2ttdx+
J2c2cp
4δ2ε

∫ L

0

θ2xdx, (2.45)

and

−Jκ
δ

∫ L

0

uxtθxdx ≤ ε

∫ L

0

u2xtdx+
J2κ2

4δ2ε

∫ L

0

θ2xdx. (2.46)

By substituting inequalities (2.44), (2.45), and (2.46) into equation (2.43), the estimate
(2.42) established, with

C ′
ε =

δ2cp
2α

+
1

ε

(
J2c2cp
4δ2

+
J2κ2

4δ2

)
.

Lemma 2.4. Let (u, φ, θ) be the solution of (2.1)-(2.3), then the functional

F3 (t) =
αρ

β

∫ L

0

ut

(
φx +

c

δ
θ
)
dx

satisfies, for any positive constant ε the following estimate

F ′
3 (t) ≤− Jρ

2β

∫ L

0

u2ttdx−
1

2

∫ L

0

(
β√
ξ
ux +

√
ξφ

)2

dx

+ ε

∫ L

0

u2xtdx+ C ′′
ε

∫ L

0

θ2xdx+ C

∫ L

0

u2xdx. (2.47)

Proof. By integrating the second equation of (2.1) over (0, x) and using (2.3), we easily see
that

αφx = −Jutt + βu+ ξ

∫ x

0

φ(y)dy + δθ. (2.48)

Taking the derivative of F3(t), we get

F ′
3 (t) =

αρ

β

∫ L

0

utt

(
φx +

c

δ
θ
)
+
αρ

β

∫ L

0

ut

(
φxt +

c

δ
θt

)
=
αρ

β

∫ L

0

uttφxdx+
cαρ

βδ

∫ L

0

uttθdx+
αρ

β

∫ L

0

utφxtdx+
cαρ

βδ

∫ L

0

utθtdx.
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Using the third equation from (2.1) and equation (2.48), we obtain

F ′
3 (t) =− Jρ

β

∫ L

0

u2ttdx+
ρ

β

∫ L

0

utt

(
βu+ ξ

∫ x

0

φ(y)dy

)
dx

+
ρ

β

(
δ +

cα

δ

)∫ L

0

uttθdx+
αρκ

δβ

∫ L

0

utθxxdx. (2.49)

Next, we put

f1 =
ρ

β

∫ L

0

utt

(
βu+ ξ

∫ x

0

φ(y)dy

)
dx, f2 =

ρ

β

(
δ +

cα

δ

)∫ L

0

uttθdx, f3 =
αρκ

δβ

∫ L

0

utθxxdx.

Using ρutt = (µux + βφ)x and integration by parts, we get

f1 =
ρ

β

∫ L

0

utt

(
βu+ ξ

∫ x

0

φ(y)dy

)
dx =

1

β

∫ L

0

(µux + βφ)x

(
βu+ ξ

∫ x

0

φ(y)dy

)
dx

= −
∫ t

0

(
µ

β
ux + φ

)
(βux + ξφ) dx

= −
∫ L

0

(
µ

β
ux + φ

)√
ξ

(
β√
ξ
ux +

√
ξφ

)
dx

= −
∫ L

0

(
µ
√
ξ

β
ux +

√
ξφ

)(
β√
ξ
ux +

√
ξφ

)
dx,

so
f1 = −

(
µ
√
ξ

β
− β√

ξ

)∫ L

0

ux

(
β√
ξ
ux +

√
ξφ

)
dx−

∫ L

0

(
β√
ξ
ux +

√
ξφ

)2

dx,

We apply Young’s inequality to the first part of the last inequality, we infer

f1 ≤ −1

2

∫ L

0

(
β√
ξ
ux +

√
ξφ

)2

+
(ξµ− β2)

2

2ξβ2

∫ L

0

u2xdx. (2.50)

Next, we apply integration by parts on f2 and f3, then use Young’s and Poincaré’s
inequalities again, to arrive at

f2 =
ρ

β

(
δ +

cα

δ

)∫ L

0

uttθdx ≤ Jρ

2β

∫ L

0

u2ttdx+
ρ

2Jβ

(
δ +

cα

δ

)2
cp

∫ L

0

θ2xdx. (2.51)

f3 =
αρκ

δβ

∫ L

0

utθxxdx = −αρκ
δβ

∫ L

0

uxtθx

f3 ≤ ε

∫ L

0

u2xtdx+
α2ρ2κ2

4δ2β2ε

∫ L

0

θ2xdx. (2.52)

Finally, by taking

C =
(ξµ− β2)

2

2ξβ2
and C ′′

ε =
ρ

2Jβ

(
δ +

cα

δ

)2
+
α2ρ2κ2

4δ2β2ε
.
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and substituting equations (2.50), (2.51), and (2.52) into (2.49), we establish the estimate
(2.47). Now, we define the Lyapunov functional L by

L (t) := NE (t) +N1F1 (t) +N2F2 (t) + F3 (t) . (2.53)

where N(i=1,2) are positive constants to be fixed later and F1,F2 and F3 are given in Lemmas
2.2, 2.3 and 2.4, respectively.

Lemma 2.5. There exists a positive constant χ such that

(N − χ)E(t) ≤ L(t) ≤ (N + χ)E(t) ∀t > 0.

Proof. We have∣∣∣L(t)−NE(t)
∣∣∣ ≤JN1√

ξ

∫ L

0

∣∣∣uxt( β√
ξ
ux +

√
ξφ

) ∣∣∣dx+ (Jc
δ

+
cαβρ

ξµδ

)
N1

∫ L

0

∣∣∣utθ∣∣∣dx
+
αβρN1

ξµ

∫ L

0

∣∣∣φxut

∣∣∣dx+ ρN2

∫ L

0

∣∣∣utu∣∣∣dx+ JN2

∫ L

0

∣∣∣uxtφ∣∣∣dx
+
JcN2

δ

∫ L

0

∣∣∣utθ∣∣∣dx+ αρ

β

∫ L

0

∣∣∣ut (φx +
c

δ
θ
) ∣∣∣dx.

Applying Young’s inequality, we deduce that there exists a a positive constant χ so that

∣∣∣L(t)−NE(t)
∣∣∣ ≤χ(∫ L

0

u2tdx+

∫ L

0

u2xdx+

∫ L

0

φ2dx+

∫ L

0

φ2
xdx+

∫ L

0

θ2dx

)
+ χ

(∫ L

0

u2xtdx+

∫ L

0

(
β√
ξ
ux +

√
ξφ

)2

dx

)
≤ χE(t).

So

−χE(t) ≤ L(t)−NE(t) ≤ χE(t),

NE(t)− χE(t) ≤ L(t) ≤ NE(t) + χE(t).

Thus,
(N − χ)E(t) ≤ L(t) ≤ (N + χ)E(t), ∀t > 0.
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Proof theorem 2.5

By differentiating equation (2.53) and substituting equations (2.35), (2.42) and (2.47),
then applying Poincaré’s inequality, we obtain

L′(t) ≤−
[
Jρ

2β
− ε (N2 +N1)

] ∫ L

0

u2ttdx−
[
Jβ

4ξ
N1 − ε (N2 + 1)

] ∫ L

0

u2xtdx

−
[
Jβ

4ξcp
N1 − ρN2

] ∫ L

0

u2tdx−
[(
µ− β2

ξ

)
N2 − C

] ∫ L

0

u2xdx

−
[
α

µ
(µ− β2

ξ
)N1 +

α

2
N2

] ∫ L

0

φ2
xdx−

[
1

2
N1 +N2 +

1

2

] ∫ L

0

(
β√
ξ
ux +

√
ξφ

)2

dx

− κ

2cp
N

∫ L

0

θdx−
[κ
2
N − CεN1 − C ′

εN2 − C ′′
ε

] ∫ L

0

θ2xdx.

First, we select N2 >
C(

µ− β2

ξ

) and N1 >
4ξρN2cp
Jβ

,

then choose ε = min
{

Jρ

2β(N1 +N2)
,

Jβ

4ξ(N2 + 1)

}
.

Finally, pick N large such that[κ
2
N − CεN1 − C ′

εN2 − C ′′
ε

]
> 0 and N > χ.

Then, we conclude that there exists a positive constant ζ such that

L′ (t) ≤ −ζE(t), ∀t ≥ 0 (2.54)

Moreover, from Lemma 2.5, we have L (t) and E(t) are equivalents. So

L′ (t) ≤ −λL (t) ⇐⇒ L (t) ≤ L (0) e−λt, ∀t ≥ 0.

Therefore, the desired result follows by the equivalence of L (t) and E(t). This completes
the proof of Theorem 2.3.

42



chapter 3 On the Exponential Stability of

a Truncated Porous Elastic Sys-

tem with Second Sound Ther-

moelasticity

The results presented in this chapter have been published in our paper [7].

3.1 Introduction

In this chapter, we examine the well-posedness and long-time behavior of the solution
to a porous thermoelastic system free of the second spectrum. We employ a non-classical
approach based on operator theory to demonstrate the existence of a unique solution. Addi-
tionally, we utilize the multiplier method to establish the exponential decay of the solution,
independent of any relationships between the coefficients of the system.

The problem studied in this chapter is the following:

ρutt − µuxx − βφx = 0 in (0, L)× (0,+∞),

−Juxtt − αφxx + βux + ξφ+ δθx = 0 in (0, L)× (0,+∞),

cθt + qx + δφtx = 0 in (0, L)× (0,+∞),

τqt + q + θx = 0 in (0, L)× (0,+∞),

(3.1)

where the heat conduction in system (3.1) is governed by Cattaneo’s law.
The system (3.1) is subjected to the following initial and boundary conditions:

u(x, 0) = u0(x), ut(x, 0) = u1(x), φ(x, 0) = φ0(x), θ(x, 0) = θ0(x), q(x, 0) = q0(x), (3.2)
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for x ∈ [0, L], and

u(0, t) = u(L, t) = φx(0, t) = φx(L, t) = θ(0, t) = θ(L, t) = 0, t ∈ (0,+∞), (3.3)

where u is the displacement, φ is the volume fraction, θ denotes the difference of temperature
and q is the heat flux of a one-dimensional porous material of length L. Regarding the
positive coefficients ρ, µ, J, α, ξ, c, β and δ, they are the same as those introduced and defined
in the previous chapter. The parameter τ represents the relaxation time.

Furthermore, to ensure that the energy E(t) associated with the system (3.1) is positive
definite, we assume that

ξµ > β2. (3.4)

It is important to note that the applicability of Poincaré’s inequality to q cannot be estab-
lished by the absence of boundary conditions for q. To address this issue, we proceed as
follows:
From the fourth equation of (3.1) and the boundary conditions in (3.3), we deduce that

d

dt

∫ L

0

q(x, t)dx+
1

τ

∫ L

0

q(x, t)dx = 0. (3.5)

By solving the differential equation (3.5), we get∫ L

0

q(x, t)dx = e
−t
τ

∫ L

0

q0(x)dx.

Next, we introduce the new variable

q̃(x, t) = q(x, t)− e
−t
τ

L

∫ L

0

q0(x)dx,

then, we have ∫ L

0

q̃(x, t)dx = 0. (3.6)

In addition, by integrating the second equation of (3.1) and applying the boundary condi-
tions in (3.3), we obtain

−J d
2

dt2

∫ L

0

ux(x, t)dx+ ξ

∫ L

0

φ(x, t)dx = 0.
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From the boundary conditions (3.3), the first integral on the left-hand side vanishes, leading
to the following result: ∫ L

0

φ(x, t)dx = 0. (3.7)

Thus, Poincaré’s inequality can be applied for q̃ and φ. Moreover, (u, φ, θ, q̃) satisfies (3.1)–
(3.3). For simplicity, we will henceforth write (u, φ, θ, q) instead of (u, φ, θ, q̃).

3.2 Well-posedness

In this section, we prove that the problem presented by (3.1)–(3.3) has a unique solution.
First, we apply several transformations to convert the original problem it into an auxiliary
boundary value problem, and then we apply the Hille–Yosida theorem.

First, we differentiate the second equation of (3.1) with respect to x, and substitute φx

from the first equation of (3.1) into the remaining equations. As result, we find


Butt + αµuxxxx + (β2 − ξµ)uxx + δβθxx = 0,

cβθt + βqx + δρuttt − δµuxxt = 0,

τqt + q + θx = 0,

(3.8)

where B is a positive, self-adjoint, and invertible operator defined on L2(0, L) with domain
D(B) = H2(0, L) ∩H1

0 (0, L), given by

B = ξρI − (Jβ + αρ)∂xx.

Clearly, we have
∂xx =

1

αρ+ Jβ
(ξρI − B) . (3.9)

Then, from the first equation of (3.8) we have

uttt = −αµB−1uxxxxt + (ξµ− β2)B−1uxxt − δβB−1θxxt. (3.10)

Inserting (3.10) into the second equation of (3.8), we get

(
cβI − δ2ρβB−1 ◦ ∂xx

)
θt + βqx + δβ

[
−αµρ

β
B−1 ◦ ∂xx +

ρ

β
(ξµ− β2)B−1 − µ

β
I

]
◦ ∂xxut = 0,
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substituting (3.9) into the last equation, we arrive at

Sθt + βqx +
δβ

Jβ + αρ

[
−αρ

2ξµ

β
B−1 +

αµρ

β
I + Jρ(ξµ− β2)B−1

]
◦ ∂xxut

+
δβ

Jβ + αρ

[
αρ2ξµ

β
B−1 − αρ2βB−1 − JµI − ραµ

β
I

]
◦ ∂xxut = 0,

which gives, after simplification,

Sθt + βqx +
δβ

Jβ + αρ

[
Jρ(ξµ− β2)B−1 − αρ2βB−1 − JµI

]
◦ ∂xxut = 0. (3.11)

we put

T = − 1

Jβ + αρ

[
αρ2βB−1 − Jρ(ξµ− β2)B−1 + JµI

]
◦ ∂xx,

= − 1

Jβ + αρ

[
−JρI(ξµ− β2) + αρ2βI + JµB

]
B−1 ◦ ∂xx,

= − 1

Jβ + αρ

[
−JρI(ξµ− β2) + αρ2βI + Jµ (ξρI − (Jβ + αρ)∂xx)

]
B−1 ◦ ∂xx,

= − 1

Jβ + αρ

[
Jρβ2I + αρ2βI − J2µβ∂xx − Jµαρ∂xx

]
B−1 ◦ ∂xx,

= − 1

Jβ + αρ
[(Jβ + αρ) (ρβI − Jµ∂xx)]B

−1 ◦ ∂xx.

= − (ρβI − Jµ∂xx)B
−1 ◦ ∂xx.

Accordingly, (3.11) can be rewritten in the following form:

Sθt + βqx + δβTut = 0, (3.12)

where S : L2(0, L) → L2(0, L), and P, T,R : H2(0, L) ∩H1
0 (0, L) ⊂ L2(0.L) → L2(0.L)

are the operators defined as follows

P = B−1 ◦ ∂xx,

S = cβI − δ2ρβP,

R = ρβI − Jµ∂xx,

T = −RP = − 1

αρ+ Jβ

[(
αβρ2 − Jρ(ξµ− β2)

)
B−1 + JµI

]
∂xx,

with domains D(R) = D(T ) = H2(0, L) ∩H1
0 (0, L) and D(S) = L2(0, L).

Returning to the first equation from (3.8) and multiplying it by B−1, we obtain
utt + αµPuxx − (ξµ− β2)Pu+ δβPθ = 0,

Sθt + βqx + δβTut = 0,

τqt + q + θx = 0.

(3.13)
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Let H be the Hilbert space

H = H2(0, L) ∩H1
0 (0, L)×H1

0 (0, L)× L2(0, L)× L2
∗(0, L),

where
L2
∗(0, L) =

{
q ∈ L2(0, L) :

∫ L

0

qdx = 0

}
.

We equip H by the inner product

⟨Ψ,Ψ∗⟩ = αµ ⟨Tux, u∗x⟩+ ⟨Rv, v∗⟩+ ⟨Sθ, θ∗⟩+ (ξµ− β2) ⟨Tu, u∗⟩+ βτ ⟨q, q∗⟩ ,

where Ψ = (u, v, θ, q)T and Ψ∗ = (u∗, v∗, θ∗, q∗)T . The associated norm is

∥Ψ∥2H = αµ∥T 1/2ux∥2 + ∥R1/2v∥2 + ∥S1/2θ∥2 +
(
ξµ− β2

)
∥T 1/2u∥2 + βτ∥q∥2.

Next, in order to apply the Hille-Yosida Theorem 1.9, we introduce the new variable
v = ut, Therefore we get

ut − v = 0,

vt + αµPuxx − (ξµ− β2)Pu+ δβPθ = 0,

Sθt + βqx + δβTv = 0,

τqt + q + θx = 0.

(3.14)

The system (3.14) can be formulated as a Cauchy problem in the following manner: Ψ′(t) +AΨ(t) = 0, ∀t ≥ 0,

Ψ(0) = (u0, u1, θ0, q0),
(3.15)

where A : H −→ H is the operator defined by

AΨ =


−v

αµPuxx + (β2 − ξµ)Pu+ δβPθ

δβS−1Tv + βS−1qx
1

τ
q +

1

τ
θx

 , (3.16)

with domain

D(A) =

(u, v, θ, q) ∈ H,
∣∣∣ u ∈ H3

∗ (0, L), v ∈ H2(0, L) ∩H1
0 (0, L),

θ ∈ H1
0 (0, L), q ∈ H1

0 (0, L) ∩ L2
∗(0, L)

 ,
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where
H2

∗ (0, L) :=
{
ψ ∈ H2(0, L); ψx(0) = ψx(L) = 0

}
,

and
H3

∗ (0.L) :=
{
ψ ∈ H3(0.L) ∩H1

0 (0.L) : ψxx(0) = ψxx(L) = 0
}
.

The following theorem shows the well-posedness of problem (3.15).

Theorem 3.1. For every Ψ0 ∈ H, there exists a unique weak solution Ψ ∈ C(R+,H) to the
problem (3.15). Furthermore, if Ψ0 ∈ D(A), then Ψ belongs to C(R+, D(A)) ∩ C1(R+,H).

The proof of Theorem 3.1 is based on the Hille-Yosida Theorem 1.9 and the Lax-Milgram
Theorem 1.5, and it will be established through several lemmas.

Lemma 3.1. The operator A defined by (3.16) is monotone.

Proof. A direct calculation gives, for Ψ ∈ D(A),

⟨AΨ,Ψ⟩H =− αµ ⟨Tvx, ux⟩+
〈
αµRPuxx + (β2 − ξµ)RPu+ δβRPθ, v

〉
+ ⟨δβTv + βqx, θ⟩ − (ξµ− β2)⟨Tv, u⟩+ β⟨q + θx, q⟩.

Utilizing the properties of the operators T = −RP , we arrive at

⟨AΨ,Ψ⟩H =− αµ ⟨Tvx, ux⟩+ αµ ⟨Tux, vx⟩+ (ξµ− β2) ⟨Tu, v⟩ − δβ ⟨Tθ, v⟩

+ β ⟨qx, θ⟩+ δβ ⟨Tv, θ⟩ − (ξµ− β2)⟨Tv, u⟩+ β⟨q, q⟩+ β⟨θx, q⟩

The operator T is self-adjoint on H2(0, L) ∩H1
0 (0, L); therefore, it can be shifted between

the arguments of the inner product. Integration by parts yields

⟨AΨ,Ψ⟩H =β⟨q, q⟩ ≥ 0.

Thus, A is monotone.

Lemma 3.2. The operator A defined by (3.16) is maximal.

Proof. Let G = (g1, g2, g3, g4)
T ∈ H, and we will seek the existence of Ψ ∈ D(A) that

satisfies the equation
(I +A)Ψ = G, (3.17)
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that is 

u− v = g1,

v + αµPuxx − (ξµ− β2)Pu+ δβPθ = g2,

δβTv + Sθ + βqx = Sg3,

θx + (τ + 1)q = τg4.

(3.18)

From the first and fourth equations of (3.18), we deduce that

v = u− g1,

θx = −(τ + 1)q + τg4.
(3.19)

The integration of the second equation in (3.19) yields

θ = −(τ + 1)

∫ x

0

q(y)dy + τ

∫ x

0

g4(y)dy ∈ L2(0.L). (3.20)

Substituting (3.19) into (3.18), we obtain

u+ αµPuxx − (ξµ− β2)Pu− δβ(τ + 1)P

∫ x

0

q(y)dy

= g1 + g2 − τδβ

∫ x

0

g4(y)dy,

δβTu− (τ + 1)S

∫ x

0

q(y)dy + βqx = Sg3 + δβTg4 − τS

∫ x

0

g4(y)dy.

(3.21)

At this stage, we define the space

W = (H2(0, L) ∩H1
0 (0, L))× L2

∗(0, L).

By formally multiplying the equations in (3.21) by Ru∗ ∈ H2(0, L) ∩ H1
0 (0, L) and by

−(τ +1)

∫ x

0

q∗(y) dy ∈ L2
∗(0, L), we derive the associated variational problem corresponding

to the system (3.21).
A((u, q), (u∗, q∗)) = L(u∗, q∗), (3.22)

where A and L are, respectively, the bilinear and linear forms defined on W by:

A((u, q), (u∗, q∗)) =αµ
〈
T 1/2ux, T

1/2u∗x
〉
+ (ξµ− β2)

〈
T 1/2u, T 1/2u∗

〉
+
〈
R1/2u,R1/2u∗

〉
+ δβ(τ + 1)

〈
T 1/2

∫ x

0

q(y)dy, T 1/2u∗
〉

− δβ(τ + 1)

〈
T 1/2u, T 1/2

∫ x

0

q∗(y)dy

〉
+ (τ + 1)2

〈
S1/2

∫ x

0

q(y)dy, S1/2

∫ x

0

q∗(y)dy

〉
+ β(τ + 1) ⟨q, q∗⟩ ,
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and

L(u∗, q∗) = ⟨R(g1 + g2), u
∗⟩+ δβ

〈
T

∫ x

0

g4(y)dy, u
∗
〉
− δβ(τ + 1)

〈
Tg1,

∫ x

0

q∗(y)dy

〉
− (τ + 1)

〈
S

(
g3 − τ

∫ x

0

g4(y)dy

)
,

∫ x

0

q∗(y)dy

〉
.

A and L are bounded. Additionally, we have

A((u, q), (u, q)) =αµ ⟨Tux, ux⟩+ (ξµ− β2) ⟨Tu, u⟩+ ⟨Ru, u⟩

+ δβ(τ + 1)

〈
T

∫ x

0

q(y)dy, u

〉
− δβ(τ + 1)

〈
Tu,

∫ x

0

q(y)dy

〉
+ (τ + 1)2

〈
S

∫ x

0

q(y)dy,

∫ x

0

q(y)dy

〉
+ β(τ + 1) ⟨q, q⟩

=αµ ⟨Tux, ux⟩+ (ξµ− β2) ⟨Tu, u⟩+ ⟨Ru, u⟩

+ (τ + 1)2
〈
S

∫ x

0

q(y)dy,

∫ x

0

q(y)dy

〉
+ β(τ + 1) ⟨q, q⟩ .

The definition of T and R, and integration by parts yield

A((u, q), (u, q)) =
αµ

αρ+ Jβ

(
(αβρ2 − Jρ(ξµ− β2))⟨B−1uxx, uxx⟩+ Jµ∥uxx∥2

)
+ (ξµ− β2)⟨Tu, u⟩+ ρβ∥u∥2 + Jµ∥ux∥2 + (τ + 1)2

〈
S

∫ x

0

q(y)dy,

∫ x

0

q(y)dy

〉
+ β(τ + 1)∥q∥2.

then,

A((u, θ), (u, θ)) =
αµ

αρ+ Jβ

(
(αβρ2 + Jρβ2)⟨B−1uxx, uxx⟩ − Jξµρ⟨B−1uxx, uxx⟩+ Jµ∥uxx∥2

)
+ (ξµ− β2)⟨Tu, u⟩+ ρβ∥u∥2 + Jµ∥ux∥2 + (τ + 1)2

〈
S

∫ x

0

q(y)dy,

∫ x

0

q(y)dy

〉
+ β(τ + 1)∥q∥2.

By virtue of Remark 2.2 and using the positiveness of B−1, we infer that

A((u, θ), (u, θ)) ≥ Jδαµ2

αρ+ Jβ
∥uxx∥2 + (ξµ− β2)⟨Tu, u⟩+ ρβ∥u∥2

+ Jµ∥ux∥2 + (τ + 1)2
〈
S

∫ x

0

q(y)dy,

∫ x

0

q(y)dy

〉
+ β(τ + 1)∥q∥2.
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Consequently, there exists a positive constant m such that

A((u, θ), (u, θ)) ≥ m(∥ux∥2 + ∥uxx∥2 + ∥q∥2) = m∥(u, q)∥2W ,

with a positive constant m, which ensures that A is coercive, it follows from the Lax-Milgram
Theorem that equation (3.22) admits a unique solution

(u, q) ∈ (H2(0, L) ∩H1
0 (0, L))× L2

∗(0, L).

Furthermore, by taking u∗ ≡ 0 in (3.22), we get

− δβ

〈
Tu,

∫ x

0

q∗(y)dy

〉
+ (τ + 1)

〈
S

∫ x

0

q(y)dy,

∫ x

0

q∗(y)dy

〉
+ β ⟨q, q∗⟩

=−
〈
S

(
g3 − τ

∫ x

0

g4(y)dy

)
,

∫ x

0

q∗(y)dy

〉
− δβ

〈
Tg1,

∫ x

0

q∗(y)dy

〉
,

for all q∗ ∈ L2
∗(0, L). In particular, for q∗ = ψx, with ψ ∈ C1

0(0, L), we get

⟨q, ψx⟩ =
〈
δTu− (τ + 1)

β
S

∫ x

0

q(y)dy − 1

β
S

(
g3 − τ

∫ x

0

g4(y)dy

)
− δTg1, ψ

〉
, (3.23)

for all ψ ∈ C1
0(0, L). From the definitions of S and T we have that

δTu− (τ + 1)

β
S

∫ x

0

q(y)dy − 1

β
S

(
g3 − τ

∫ x

0

g4(y)dy

)
− δTg1 ∈ L2(0, L),

this shows that q ∈ H1
∗ (0, L). In addition, an integration by parts in (3.23) shows that

βδTu− (τ + 1)S

∫ x

0

q(y)dy − S

(
g3 − τ

∫ x

0

g4(y)dy

)
+ βqx = δβTg1.

By using (3.19) and (3.20), we obtain

δβTv + Sθ + βqx = Sg3,

which shows that q solves the third equation of (3.18).
Similarly, by taking q∗ ≡ 0 in (3.22), we obtain

αµ ⟨Tux, u∗x⟩+ (ξµ− β2) ⟨Tu, u∗⟩+ ⟨Ru, u∗⟩+ δβ(τ + 1)

〈
T

∫ x

0

q(y)dy, u∗
〉

= ⟨R(g1 + g2), u
∗⟩+ δβ

〈
T

∫ x

0

g4(y)dy, u
∗
〉
,

Consequently
αµ ⟨Tux, u∗x⟩ =
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−
〈
(ξµ− β2)Tu+R(u− g1 − g2) + δβ(τ + 1)T

∫ x

0

q(y)dy − δβτT

∫ x

0

g4(y)dy, u
∗
〉
,

for all u∗ ∈ C1
0 , which implies that

αµTuxx = (ξµ−β2)Tu+R(u−g1−g2)+δβ(τ +1)T

∫ x

0

q(y)dy−δβτT
∫ x

0

g4(y)dy. (3.24)

Replacing (3.19) and (3.20) into (3.24) we find

αµTuxx = (ξµ− β2)Tu+R(v − g2)− δβTθ.

Recall that If g ∈ H1
0 (0, L), the functional −∂xxg : H1

0 (0, L) → R operates on H1
0 (0, L)

through the bilinear pairing

⟨−∂xxg, u⟩ =
∫ L

0

∂g

∂x

∂u

∂x
dx.

This operator is bounded on H1
0 (0, L), which implies that −∂xxg ∈ H−1(0, L). Furthermore,

by applying the Lax–Milgram theorem, it can be rigorously established that the operator
−∂xx defines an isomorphism between H1

0 (0, L) onto H−1(0, L). We have the identity T ≡

− (I +B−1) ∂xx, with domain D (I +B−1) = L2(0, L). Moreover, since g2 ∈ H1
0 (0, L), it

follows that
Rg2 = (ρβI − Jµ∂xx) g2 ∈ H−1(0, L).

It is also clear that Tu, Rv, and Tθ belong toH−1(0, L). Consequently, αµTuxx ∈ H−1(0, L).
Based on the preceding analysis and the definition of the operator T , we can deduce that

uxx ∈ H1
0 (0, L).

which implies that uxx(0) = uxx(L) = 0. Consequently,

u ∈ H3
∗ (0.L).

Next, by applying R−1, we obtain

v + αµPuxx − (ξµ− β2)Pu+ δβPθ = g2.

As a result, (u, v, θ, q) ∈ D(A) and it satisfies system (3.18), demonstrating that A is
maximal.
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Thanks to the Hile–Yosida Theorem, problem (3.15) has a unique solution. This com-
pletes the proof of Theorem 3.1.

At this stage, we denote by H the Hilbert space

H = H2(0, L) ∩H1
0 (0, L)×H1

0 (0, L)×H1
∗ (0, L)× L2(0, L)× L2

∗(0, L),

and define the set

D =

(u, v, φ, θ, q) ∈ H ;
∣∣∣ u ∈ H3

∗ (0, L),

φ ∈ H2
∗ (0, L),

q ∈ H1
∗ (0.L),

v ∈ H2(0, L) ∩H1
0 (0, L)

θ ∈ H1
0 (0, L),

 .

The well-posedness result of problem (3.1)-(3.3) is given by the following theorem:

Theorem 3.2. Let (u0, u1, φ0, θ0, q0) ∈ D , then the problem (3.1) has a unique solution
(u, ut, φ, θ, q) ∈ C (R+;D) ∩ C1 (R+;H ).

Proof of Theorem 3.2

Based on Theorem 3.1, there exists a unique solution (u, ut, θ, q) in the space C (R+;D(A))∩

C1 (R+;H) to the problem (3.15). Thus, the problem (3.1)-(3.3) can be reduced to finding
a solution to the following problem: −αφxx + ξφ = f in (0.L),

φx(0) = φx(L) = 0,
(3.25)

where,
f = Juxtt − βux − δθx.

From Theorem 3.1, we have

u ∈

 C (R+;H3
∗ (0, L) ∩H1

0 (0, L)) ∩ C1 (R+, H2(0, L) ∩H1
0 (0, L))

∩C2 (R+, H1
0 (0, L))

 ,

and

θ ∈ C
(
R+;H1

0 (0, L)
)
∩ C1

(
R+;L2(0, L)

)
.
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On the other hand, from (3.10), we have

uttt ∈ C
(
R+;L2(0, L)

)
.

Therefore, u ∈ C3 (R+, L2(0, L)).
The function f is formed by summing several terms that are continuous over time and

take values in the space L2(0, L). Since the term uxtt, ux and θx each possess the required
smoothness and are in L2(0, L), and because multiplication by constants does not affect
their smoothness, it follows that:

f = Juxtt − βux − δθx ∈ C1(R+, L2(0, L)).

To prove that the problem (3.25) admits a unique solution,we apply the Lax-Milgram the-
orem. Let be consider the following variational formulation

α

∫ L

0

φxϕxdx+ ξ

∫ L

0

φϕdx =

∫ L

0

fϕdx, ∀ϕ ∈ H1(0, L) (3.26)

and denote by

Ã(φ, ϕ) = α

∫ L

0

φxϕxdx+ ξ

∫ L

0

φϕdx

and
L̃(ϕ) =

∫ L

0

fϕdx.

It is clear that Ã is a bilinear form and L̃ is linear form. Both Ã and L̃ are bounded.
Moreover

Ã(φ, φ) = α

∫ L

0

φ2
x dx+ ξ

∫ L

0

φ2 dx,

≥ C

(∫ L

0

φ2
x dx+

∫ L

0

φ2 dx

)
.

By choosing C = min(α, ξ), we get Ã(φ, φ) ≥ C∥φ∥2
H1

0
. We conclude that, the bilinear form

Ã is coercive.
Thanks to the Lax-Milgram theorem, the problem (3.26) has a unique solution φ ∈

H1
0 (0, L). Furthermore, by substituting ϕ ∈ C1

0(0, L) ⊂ H1(0, L) into equation (3.26), we
obtain: ∫ L

0

φxϕx dx = − 1

α

∫ L

0

(ξφ− f)ϕ dx, ∀ϕ ∈ C1
0(0, L).
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This shows that φ ∈ H2(0, L). Next, we integrate equation (3.26) by parts, we get

αφx(L)ϕ(L)− αφx(0)ϕ(0) =

∫ L

0

(αφxx − ξφ+ f)ϕ dx, ∀ϕ ∈ H1(0, L). (3.27)

Taking ϕ ∈ H1
0 (0, L), we get

−αφxx + ξφ = f.

Substituting in (3.27), we arrive at

αφx(L)ϕ(L)− αφx(0)ϕ(0) = 0, ∀ϕ ∈ H1(0, L).

Since ϕ is arbitrary, we deduce that:

φx(0) = φx(L) = 0. (3.28)

Consequently, φ ∈ H2
∗ (0, L), and it satisfies the equation given in (3.25).

Therefore, (u, ut, φ, θ, q) belongs to the domain D . Moreover, since (u, ut, θ, q) is a
solution of equation (3.13), we conclude that (u, ut, φ, θ, q) is the unique solution to problem
(3.1) with the initial and boundary conditions given by (3.2) and (3.3). This completes the
proof of Theorem 3.2.

3.3 Exponential stability

In this section, we analyze the time-behavior of the solution to problem (3.1)–(3.3). We
demonstrate that the solution exhibits exponential decay without imposing any restrictions
on the coefficients of the system (3.1).

First, we introduce the energy associated with the solution (u, φ, θ, q) of problem (3.1)–
(3.3), defined as:

E (t) =
Jρ

2β

∫ L

0

u2ttdx+
Jµ

2β

∫ L

0

u2xtdx+
ρ

2

∫ L

0

u2tdx+

(
µ− β2

ξ

)∫ L

0

u2xdx+
α

2

∫ L

0

φ2
xdx

+

∫ L

0

(
β√
ξ
ux +

√
ξφ

)2

dx+
c

2

∫ L

0

θ2dx+
τ

2

∫ L

0

q2dx.

We have the following result.
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Lemma 3.3. Let (u, φ, θ, q) be a solution to (3.1)-(3.3). Then the energy functional E(t)
satisfies

E ′(t) = −
∫ L

0

q2dx ≤ 0, ∀t > 0. (3.29)

Proof. Performing the L2-inner product of the four equations in (3.1) with ut, φt, θ, and q,
respectively, and applying integration by parts, we obtain

ρ

2

d

dt

∫ L

0

u2tdx+
µ

2

d

dt

∫ L

0

u2xdx+ β

∫ L

0

uxtφdx = 0,

α

2

d

dt

∫ L

0

φ2
xdx− J

∫ L

0

uxttφtdx+ β

∫ L

0

uxφtdx+
ξ

2

d

dt

∫ L

0

φ2dx− δ

∫ L

0

φxtθdx = 0,

c

2

d

dt

∫ L

0

θ2dx−
∫ L

0

qθxdx+ δ

∫ L

0

φxtθdx = 0,

τ

2

d

dt

∫ L

0

q2dx+

∫ L

0

q2dx+

∫ L

0

qθxdx = 0. (3.30)

We now that
β

∫ L

0

uxtφdx+ β

∫ L

0

uxφtdx = β
d

dt

∫ L

0

uxφdx. (3.31)

Next, applying integration by parts and using the first equation from (3.1) leads to

−J
∫ L

0

uxttφtdx =J

∫ L

0

uttφxtdx = J

∫ L

0

[
ρ

β
uttt −

µ

β
uxxt

]
uttdx

=
Jρ

β

∫ L

0

utttuttdx−
Jµ

β

∫ L

0

uxxtuttdx

=
Jρ

2β

d

dt

∫ L

0

u2ttdx+
Jµ

2β

d

dt

∫ L

0

u2xtdx. (3.32)

Substituting equations (3.31)–(3.32), we find the following:
ρ

2

d

dt

∫ L

0

u2tdx+
µ

2

d

dt

∫ L

0

u2xdx+ β
d

dt

∫ L

0

uxφdx+
Jρ

2β

d

dt

∫ L

0

u2ttdx+
Jµ

2β

d

dt

∫ L

0

u2xtdx

+
α

2

d

dt

∫ L

0

φ2
xdx+

ξ

2

d

dt

∫ L

0

φ2dx+
c

2

d

dt

∫ L

0

θ2dx+
τ

2

d

dt

∫ L

0

q2dx+

∫ L

0

q2dx. (3.33)

In addition
µ

2

d

dt

∫ L

0

u2xdx+ β
d

dt

∫ L

0

uxφdx+
ξ

2

d

dt

∫ L

0

φ2dx

=
µ

2

d

dt

∫ L

0

u2xdx+ β
d

dt

∫ L

0

uxφdx+
ξ

2

d

dt

∫ L

0

φ2dx+
β2

2ξ

d

dt

∫ L

0

u2xdx−
β2

2ξ

d

dt

∫ L

0

u2xdx

=
1

2

d

dt

∫ L

0

(
β√
ξ
ux +

√
ξφ

)2

dx+
1

2

d

dt

(
µ− β2

ξ

)∫ L

0

u2xdx. (3.34)

Finally, by substituting equation (3.34) into equation (3.33), we obtain equation (3.29).
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Lemma 3.4. Let M and N be the functionals defined by

M(t) = τc

∫ L

0

θ

∫ x

0

q(s)dsdx− τδ

∫ L

0

qφdx− δµτ

β

∫ L

0

quxdx+
δρ

β

∫ L

0

θutdx,

and

N (t) =
ρ

β

∫ L

0

(αφx − δθ) utdx.

Then, we define the functional

I1(t) = κ1M(t) + κ2N (t),

where κ1 =
(αρ
β

+
δ2ρ

cβ

)
and κ2 =

δ2ρ

cβ
.

I1(t) satisfies, for any positive constant ε1, the estimate along the solution (u, φ, θ, q) of
(3.1)

I ′
1 (t) ≤− ρ

2β

(
δ2 + cα

)∫ L

0

θ2dx− Jδ2ρ2

cβ2

∫ L

0

u2ttdx+ ε1

∫ L

0

u2xtdx+ ε1

∫ L

0

φ2
xdx

− δ2ρ

2cβ

(
µ− β2

ξ

)∫ L

0

u2xdx−
δ2ρ

cβ

∫ L

0

(
β√
ξ
ux +

√
ξφ

)2

dx+ Cε1

∫ L

0

q2dx, (3.35)

where Cε1 is a positive constant.

Proof. By differentiating M(t), we get

M(t) =τc

∫ L

0

θt

∫ x

0

q(s)dsdx+ τc

∫ L

0

θ

∫ x

0

qt(s)dsdx− τδ

∫ L

0

qtφdx− τδ

∫ L

0

qφtdx

− δµτ

β

∫ L

0

qtuxdx−
δµτ

β

∫ L

0

quxtdx+
δρ

β

∫ L

0

θtutdx+
δρ

β

∫ L

0

θuttdx,

From the third and fourth equations of (3.1), we arrive

M′(t) =− c

∫ L

0

θ2dx− c

∫ L

0

θ

∫ x

0

q(s)dsdx− τ

∫ L

0

qx

∫ x

0

q(s)dsdx

− δτ

∫ L

0

φxt

∫ x

0

q(s)dsdx+ δ

∫ L

0

qφdx+ δ

∫ L

0

θxφdx− δτ

∫ L

0

qφtdx

+
δµ

β

∫ L

0

quxdx+
δµ

β

∫ L

0

θxuxdx−
δµτ

β

∫ L

0

quxtdx

− δρ

cβ

∫ L

0

qxutdx−
δ2ρ

cβ

∫ L

0

φxtutdx+
δρ

β

∫ L

0

θuttdx.
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Integration by parts along with the boundary conditions yield

M′(t) =− c

∫ L

0

θ2dx− c

∫ L

0

θ

∫ x

0

q(s)dsdx+ τ

∫ L

0

q2dx+ δτ

∫ L

0

φtqdx+ δ

∫ L

0

qφdx

− δ

∫ L

0

θφxdx− δτ

∫ L

0

φtqdx+
δµ

β

∫ L

0

quxdx−
δµ

β

∫ L

0

θuxxdx−
δµτ

β

∫ L

0

quxtdx

+
δρ

cβ

∫ L

0

quxtdx−
δ2ρ

cβ

∫ L

0

φxtutdx+
δρ

β

∫ L

0

θuttdx. (3.36)

By substituting φx =
1

β
(ρutt − µuxx) into (3.36), we obtain

M′(t) =− c

∫ L

0

θ2dx− c

∫ L

0

θ

∫ x

0

q(s)dsdx+ τ

∫ L

0

q2dx+ δ

∫ L

0

qφdx

− δ

β

∫ L

0

θ (ρutt − µuxx) dx+
δµ

β

∫ L

0

quxdx−
δµ

β

∫ L

0

θuxxdx

− δµτ

β

∫ L

0

quxtdx+
δρ

cβ

∫ L

0

quxtdx−
δ2ρ

cβ

∫ L

0

φxtutdx+
δρ

β

∫ L

0

θuttdx,

=− c

∫ L

0

θ2dx− c

∫ L

0

θ

∫ x

0

q(s)dsdx+ τ

∫ L

0

q2dx+ δ

∫ L

0

qφdx

− δρ

β

∫ L

0

θuttdx+
δµ

β

∫ L

0

θuxxdx+
δµ

β

∫ L

0

quxdx−
δµ

β

∫ L

0

θuxxdx

− δµτ

β

∫ L

0

quxtdx+
δρ

cβ

∫ L

0

quxtdx−
δ2ρ

cβ

∫ L

0

φxtutdx+
δρ

β

∫ L

0

θuttdx,

which can be simplified to

M′(t) =− c

∫ L

0

θ2dx− c

∫ L

0

θ

∫ x

0

q(s)dsdx+ τ

∫ L

0

q2dx+ δ

∫ L

0

qφdx

+
δµ

β

∫ L

0

quxdx+
δ

β

(ρ
c
− µτ

)∫ L

0

quxtdx− κ2

∫ L

0

φxtutdx. (3.37)

On the other hand, by differentiating N (t), we get

N (t) =
ρ

β

∫ L

0

(αφxt − δθt) utdx+
ρ

β

∫ L

0

(αφx − δθ) uttdx

=
αρ

β

∫ L

0

φxtutdx−
δρ

β
θtutdx+

αρ

β

∫ L

0

φxuttdx−
δρ

β
θuttdx.

The integration of the second equation in (3.1) over the interval (0, x), together with the
boundary conditions in (3.3), yields

αφx = −Jutt + βu+ δθ + ξ

∫ x

0

φ(y)dy, (3.38)
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then using (3.38) and (3.1), we obtain

N ′(t) =
αρ

β

∫ L

0

φxtutdx+
ρ

β

∫ L

0

utt

(
−Jutt + βu+ δθ + ξ

∫ x

0

φ(y)dy

)
dx

− δρ

β

∫ L

0

θtutdx−
δρ

β

∫ L

0

uttθdx,

=− Jρ

β

∫ L

0

u2ttdx− µ

∫ L

0

u2xdx+
αρ

β

∫ L

0

utφxtdx− β

∫ L

0

uxφdx

+
ξ

β

∫ L

0

(µuxx + βφx)

(∫ x

0

φ(y)dy

)
dx+

δρ

cβ

∫ L

0

ut (qx + δφxt) dx.

Using integration by parts, we get

N ′(t) =− Jρ

β

∫ L

0

u2ttdx− µ

∫ L

0

u2xdx− ξ

∫ L

0

φ2dx+ κ1

∫ L

0

utφxtdx

−
(
µξ

β
+ β

)∫ L

0

uxφdx−
δρ

cβ

∫ L

0

quxtdx. (3.39)

By substituting the results of the derivatives from equations (3.37) and (3.39) into I ′
1(t), we

obtain

I ′
1(t) =− cκ1

∫ L

0

θ2dx− cκ1

∫ L

0

θ

∫ x

0

q(s)dsdx+ τκ1

∫ L

0

q2dx+ δκ1

∫ L

0

qφdx

− Jρ

β
κ2

∫ L

0

u2ttdx+
δµ

β
κ1

∫ L

0

quxdx+
δρ

cβ

(
κ1 −

cµτ

ρ
κ1 − κ2

)∫ L

0

quxtdx

− µκ2

∫ L

0

u2xdx− κ2

(
µξ

β
+ β

)∫ L

0

uxφdx− ξκ2

∫ L

0

φ2dx.

To approximate the final three terms, we apply the inequality ξµ

β
> β to obtain

−µ
∫ L

0

u2xdx−
(
β +

µξ

β

)∫ L

0

uxφdx− ξ

∫ L

0

φ2dx

≤ −µ
∫ L

0

u2xdx− ξ

∫ L

0

φ2dx− 2β

∫ L

0

uxφdx

≤ −
(
µ− β2

ξ

)∫ L

0

u2xdx−
∫ L

0

(
β√
ξ
ux +

√
ξφ

)2

dx. (3.40)

So

I ′
1(t) ≤− cκ1

∫ L

0

θ2dx− cκ1

∫ L

0

θ

∫ x

0

q(s)dsdx+ τκ1

∫ L

0

q2dx+ δκ1

∫ L

0

qφdx

− Jρ

β
κ2

∫ L

0

u2ttdx+
δµ

β
κ1

∫ L

0

quxdx+
δρ

cβ

(
κ1 −

cµτ

ρ
κ1 − κ2

)∫ L

0

quxtdx

− κ2

(
µ− β2

ξ

)∫ L

0

u2xdx− κ2

∫ L

0

(
β√
ξ
ux +

√
ξφ

)2

dx. (3.41)
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At this stage, we utilize Young’s, Cauchy–Schwarz, and Poincaré’s inequalities.

−cκ1
∫ L

0

θ

∫ x

0

q(s)dsdx ≤ cκ1
2

∫ L

0

θ2dx+
cκ1
2

∫ L

0

q2dx. (3.42)

δµ

β
κ1

∫ L

0

quxdx ≤ κ2
2

(
µ− β2

ξ

)∫ L

0

u2xdx+
κ21δ

2µ2

2κ2β2

(
µ− β2

ξ

) ∫ L

0

q2dx. (3.43)

Similarly, for any ε1 > 0, we have

δκ1

∫ L

0

qφdx ≤ ε1

∫ L

0

φxdx+
δ2κ21
4ε1

∫ L

0

q2dx. (3.44)

δρ

cβ

(
κ1 −

cµτ

ρ
κ1 − κ2

)∫ L

0

quxtdx ≤ ε1

∫ L

0

u2xtdx+
δ2ρ2

4ε1c2β2

(
κ1 −

cµτ

ρ
κ1 − κ2

)2 ∫ L

0

q2dx.

(3.45)
We put

Cε1 =
cκ1
2

+
κ21δ

2µ2

2κ2β2

(
µ− β2

ξ

) +
δ2κ21
4ε1

+
δ2ρ2

4ε1c2β2

(
κ1 −

cµτ

ρ
κ1 − κ2

)2

+ τκ1.

Using the inequalities (3.42), (3.43, 3.44) and (3.45), and substituting the values of κ1
and κ2 into (3.41), we obtain (3.35).

Lemma 3.5. Let (u, φ, θ, q) be the solution of (3.1). Then, there exists a positive constant
C such that the functional

I2 (t) = − J√
ξ

∫ L

0

uxt

(
β√
ξ
ux +

√
ξφ

)
dx+

Jc

δ

∫ L

0

utθdx,

satisfies the estimate

I ′
2 (t) ≤− α

2µ

(
µ− β2

ξ

)∫ L

0

φ2
xdx−

∫ L

0

(
β√
ξ
ux +

√
ξφ

)2

dx

− Jβ

2ξ

∫ L

0

u2xtdx+ C

(∫ L

0

θ2dx+

∫ L

0

q2dx+

∫ L

0

u2ttdx

)
. (3.46)

Proof.

I ′
2(t) =− J√

ξ

∫ L

0

uxtt

(
β√
ξ
ux +

√
ξφ

)
− J√

ξ

∫ L

0

uxt

(
β√
ξ
uxt +

√
ξφt

)
dx

+
Jc

δ

∫ L

0

uttθdx+
Jc

δ

∫ L

0

utθtdx,

60



3.3. EXPONENTIAL STABILITY CHAPTER 3

using the second equation of (3.1), we arrive at

I ′
2 (t) =

α√
ξ

∫ L

0

φxx

(
β√
ξ
ux +

√
ξφ

)
dx−

∫ L

0

(
β√
ξ
ux +

√
ξφ

)2

dx

− δ√
ξ

∫ L

0

θx

(
β√
ξ
ux +

√
ξφ

)
dx− Jβ

ξ

∫ L

0

u2xtdx− J

∫ L

0

uxtφtdx

+
Jc

δ

∫ L

0

uttθdx+
Jc

δ

∫ L

0

utθtdx.

Then, integration by parts yields

I ′
2 (t) =− αβ

ξ

∫ L

0

φxuxxdx− α

∫ L

0

φ2
xdx−

∫ L

0

(
β√
ξ
ux +

√
ξφ

)2

dx

+
δ√
ξ

∫ L

0

θ

(
β√
ξ
uxx +

√
ξφx

)
dx− Jβ

ξ

∫ L

0

u2xtdx

+
J

δ

∫ L

0

ut (cθt + δφxt) dx+
Jc

δ

∫ L

0

uttθdx.

Afterward, we apply the first and third equations of (3.1) to obtain the result

I ′
2 (t) =− αβρ

µξ

∫ L

0

φxuttdx−
α

µ

(
µ− β2

ξ

)∫ L

0

φ2
xdx−

∫ L

0

(
β√
ξ
ux +

√
ξφ

)2

dx

+
δβ

ξµ

∫ L

0

θ (ρutt − βφx) dx+ δ

∫ L

0

θφxdx−
Jβ

ξ

∫ L

0

u2xtdx

− J

δ

∫ L

0

utqxdx+
Jc

δ

∫ L

0

uttθdx,

which simplifies to

I ′
2 (t) =− αβρ

ξµ

∫ L

0

φxuttdx−
α

µ

(
µ− β2

ξ

)∫ L

0

φ2
xdx

−
∫ L

0

(
β√
ξ
ux +

√
ξφ

)2

dx+
δ

ξµ

(
ξµ− β2

) ∫ L

0

θφx

− Jβ

ξ

∫ L

0

u2xtdx+
J

δ

∫ L

0

uxtqdx+

(
Jc

δ
+
δβρ

ξµ

)∫ L

0

uttθdx. (3.47)

As the final step, we apply Young’s inequality

−αβρ
ξµ

∫ L

0

φxuttdx ≤ α

4µ

(
µ− β2

ξ

)∫ L

0

φ2
xdx+

αβ2ρ2

µξ(ξµ− β2)

∫ L

0

u2ttdx. (3.48)

δ

ξµ

(
ξµ− β2

) ∫ L

0

θφx ≤ α

4µ

(
µ− β2

ξ

)∫ L

0

φ2
xdx+

δ2 (ξµ− β2)

αµξ

∫ L

0

θ2dx. (3.49)

J

δ

∫ L

0

uxtqdx ≤ Jβ

2ξ

∫ L

0

u2xtdx+
Jξ

2βδ2

∫ L

0

q2dx. (3.50)(
Jc

δ
+
δβρ

ξµ

)∫ L

0

uttθdx ≤
(
Jc

δ
+
δβρ

ξµ

)2 ∫ L

0

u2ttdx+
1

4

∫ L

0

θ2dx. (3.51)
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We take

C = max
(

αβ2ρ2

µξ(ξµ− β2)
+

(
Jc

δ
+
δβρ

ξµ

)2

,
δ2 (ξµ− β2)

αµξ
+

1

4
,
Jξ

2βδ2
,

)
By substituting results (3.48),(3.49) ,(3.50), and (3.51) into (3.47), we obtain the estimate
(3.46).

At this point, we introduce the Lyapunov functional defined as

L(t) := NE(t) +N1I1(t) + I2(t), (3.52)

where I1 and I2 the two expressions defined in Lemmas 3.4, 3.5, and N,N1 are positive
constants to be determined later.
First, we have the following result:

Lemma 3.6. There exists a positive constant χ such that

(N − χ)E(t) ≤ L(t) ≤ (N + χ)E(t), ∀t > 0.

Proof. We determine that there is a positive constant χ by using Young’s inequality, so that∣∣∣L(t)−NE(t)
∣∣∣ ≤χ(∫ L

0

u2tdx+

∫ L

0

u2xdx+

∫ L

0

φ2dx+

∫ L

0

φ2
xdx+

∫ L

0

θ2dx

)
+ χ

(∫ L

0

q2dx+

∫ L

0

u2xtdx+

∫ L

0

(
β√
ξ
ux +

√
ξφ

)2

dx

)
≤ χE(t).

So

−χE(t) ≤ L(t)−NE(t) ≤ χE(t),

NE(t)− χE(t) ≤ L(t) ≤ NE(t) + χE(t)

Consequently,
(N − χ)E(t) ≤ L(t) ≤ (N + χ)E(t), ∀t > 0.

Now, we are ready to cite our mean theorem, which reads as follows:

Theorem 3.3. There exist positive constants A and ω such that the energy E(t) associated
to the solution (u, φ, θ, q) of the problem (3.1)-(3.3), satisfies

E(t) ≤ AE(0)e−ωt, for all t ≥ 0. (3.53)
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Proof of Theorem 3.3

By differentiating L(t) and replacing (3.36), (3.46) in (3.52) and applying Poincaré’s
inequality, we get

L′(t) ≤−
[
Jδ2ρ2

cβ2
N1 − C

] ∫ L

0

u2ttdx−
[
Jβ

4ξ
− ε1N1

] ∫ L

0

u2xtdx

− Jβcp
4ξ

N1

∫ L

0

u2tdx−
δ2ρ

2cβ

(
µ− β2

ξ

)
N1

∫ L

0

u2xdx

−
[
α

2µ

(
µ− β2

ξ

)
− ε1N1

] ∫ L

0

φ2
xdx−

[
δ2ρ

cβ
N1 + 1

] ∫ L

0

(
1√
ξ
ux +

√
ξφ

)2

dx

−
[
c

2

(αρ
β

+
δ2ρ

cβ

)
N1 − C

] ∫ L

0

θ2dx− [N − CN1 − C]

∫ L

0

q2dx.

At this stage, we must choose the constants N,N1 and ε1 carefully, to obtain the estimate
(3.53).

First, we select N1 large enough such that

Jδ2ρ2

cβ2
N1 > C and c

2

(αρ
β

+
δ2ρ

cβ

)
N1 > C,

We proceed by setting

c0 =
Jδ2ρ2

cβ2
N1 − C and c1 =

c

2

(αρ
β

+
δ2ρ

cβ

)
N1 − C.

Next, we choose ε1 so small such that

ε1 < min
{

Jβ

4N1ξ
,

α

2N1µ

(
µ− β2

ξ

)}
,

then, we set
c2 =

Jβ

4ξ
− ε1N1 and c3 =

α

2µ

(
µ− β2

ξ

)
− ε1N1.

Finally, we pick N so large such that

N > C(N1 + 1) and N > χ,

then, we put

c4 = N − C(N1 + 1), c5 =
Jβcp
4ξ

N1, c6 =
δ2ρ

2cβ

(
µ− β2

ξ

)
N1,
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and
c7 =

δ2ρ

cβ
N1 + 1.

Accordingly, L(t) ∼ E(t), and

L′(t) ≤− c0

∫ L

0

u2ttdx− c2

∫ L

0

u2xtdx− c5

∫ L

0

u2tdx− c6

∫ L

0

u2xdx− c3

∫ L

0

φ2
xdx

− c7

∫ L

0

(
β√
ξ
ux +

√
ξφ

)2

dx− c1

∫ L

0

θ2dx− c4

∫ L

0

q2dx. (3.54)

By taking λ = min {c0, c1, c2, c3, c4, c5, c6, c7}, leads to

L′(t) ≤ −λE(t), ∀t ≥ 0. (3.55)

Moreover, from Lemma 3.6, we have L(t) ∼ E(t). It follows that , there exists a positive
constant ω, for which (3.55) becomes

L′(t) ≤ −ωL(t), ∀t ≥ 0.

The integration over (0, t) gives

L(t) ≤ L(0)e−ωt ∀t ≥ 0.

Finally, the estimate (3.53) follows from the equivalence between L(t) and E(t). The proof
of Theorem 3.3 is then completed.
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chapter 4 Well posedness and decay es-

timate for a truncated porous

thermoelastic system with

Gurtin-Pipkin thermal effect

and free of second spectrum

The results presented in this chapter have been published in our paper [8].

4.1 Introduction

In this chapter, we examine a truncated porous thermoelastic system, which is modeled
by the memory-type Gurtin-Pipkin thermal law. The system is free from the adverse effects
associated with the second spectrum of frequencies. Our results represent a significant
improvement over those presented in [18, 28] for classical porous thermoelastic problems.

We are concerned with the following system
ρutt − µuxx − bφx = 0 in (0, L)× (0,+∞) ,

−Juttx − αφxx + bux + ξφ+ δθx = 0 in (0, L)× (0,+∞) ,

cθt −
1

β

∫ s

0

g(s)θxx(s− t)ds+ δφtx = 0 in (0, L)× (0,+∞) ,

(4.1)

where u denotes the transverse displacement, φ the volume fraction, and θ represents of the
temperature difference from a reference confguration of a porous material of length L. The
coefficients J, ρ, µ, α, β, b, ξ, c and δ are positive constants, and µ, ξ, b satisfy

µξ > b2. (4.2)

65



4.2. PRELIMINARIES CHAPTER 4

4.2 Preliminaries

To formulate the problem (4.1) in the setting of semigroup theory, we follow Giorgi et
et al. [24] and introduce the new variable

θt(x, s) := θ(x, t− s), s ≥ 0

and
η(x, s) = ηt(x, s) :=

∫ s

0

θt(x, τ)dτ, s ≥ 0,

which represent the past history and the integrated past history of θ up to t, respectively.
Clearly, we have

ηt(x, s) = θ(x, t)− ηs(x, s). (4.3)

The system (4.1) is completed with the following initial and boundary conditions
u(x, 0) = u0(x), ut(x, 0) = u1(x), φ(x, 0) = φ0(x), θ(x, 0) = θ0(x), x ∈ (0, L) ,

θ(x,−s) = h(x, s), s > 0, η0(x, s) =

∫ s

0

h(x, τ)dτ = η0(x, s),

η(x, 0) = lim
s−→0

ηt(x, s) = 0.

(4.4)

 u(0, t) = u(L, t) = φx(0, t) = φx(L, t) = θ(0, t) = θ(L, t) = 0

ηt(0, s) = ηt(L, s) = 0, t ∈ (0,+∞) , s > 0,
(4.5)

where, h ∈ C ((0,+∞);H1(0, L)) expresses the history of θ.
Note that since Neumann boundary conditions are considered for φ, which may prevent

the application of Poincaré’s inequality. However, from the second equation of (4.1) and the
boundary conditions (4.5), we have

∫ L

0

φ(x, t) dx = 0,

which allows the use of Poincaré’s inequality.
Regarding the memory kernel g, we assume that lim

s→∞
g (s) = 0 , and that there exists a

function κ such that g′(s) = −κ(s), with the following hypotheses:

(h1) κ ∈ C (R+) ∩ L1(R+),
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(h2) κ (s) > 0, κ′ (s) ≤ 0, ∀s ≥ 0,

(h3)
∫∞
0
κ(s)ds = g(0),

(h4) there exists λ > 0 such that κ′ (s) ≤ −λκ(s), ∀s ≥ 0.

A formal integration by part yields

q = −
∫ t

−∞
g (t− s) θx (x, s) ds = −

∫ +∞

0

κ (s) ηtx (x, s) ds.

Thus, the system (4.1) becomes

ρutt − µuxx − bφx = 0 in (0, L)× (0,∞),

−Juttx − αφxx + bux + ξφ+ δθx = 0 in (0, L)× (0,∞),

cθt −
1

β

∫ +∞

0

κ(s)ηxx(s)ds+ δφtx = 0 in (0, L)× (0,∞),

ηt + ηs − θ = 0 in (0, L)× (0,∞).

(4.6)

Let define the weighted Hilbert space

M = L2
κ(R+, H1

0 (0, L)) = {η : R+ → H1
0 (0, L);

∫ +∞

0

κ(s)∥ηx(s)∥22ds < +∞},

and the inner product
⟨η, ζ⟩M =

∫ +∞

0

κ(s)⟨ηx, ζx⟩ds,

with the associated norm
∥η∥2M =

∫ +∞

0

κ(s)∥ηx(s)∥22ds,

where ⟨., .⟩ denotes the L2− inner product

⟨ψ, ψ̃⟩ =
∫ L

0

ψ(x)ψ̃(x)dx,

and ∥ · ∥2 is the associated L2−norm defined by

∥ψ∥22 =
∫ L

0

|ψ|2dx.

Next, let H be the Hilbert space

H = H2(0, L) ∩H1
0 (0, L)×H1

0 (0, L)×H1(0, L)× L2(0, L)×M,
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and

D =

(u, v, φ, θ, η) ∈ H ;
∣∣∣
u ∈ H3

∗ (0, L), v ∈ H2(0, L) ∩H1
0 (0, L),

φ ∈ H2
∗ (0, L), θ ∈ H1

0 (0, L),

η ∈ N ,

∫ s

0

κ(s)ηxx(s)ds ∈ L2(0, L)

 ,

where
H2

∗ (0, L) :=
{
ψ ∈ H2(0, L); ψx(0) = ψx(L) = 0

}
,

H3
∗ (0.L) :=

{
ψ ∈ H3(0.L) ∩H1

0 (0.L) : ϕxx(0) = ϕxx(L) = 0
}
,

and
N := {η ∈ M : ηs ∈ M, η(0) = 0}.

4.3 Well-posedness

In this section we demonstrate that problem (4.6) has a unique solution. The proof relies
on semigroup approach and the Hille-Yosida Theorem.

Our well-posedness result reads as follow:

Theorem 4.1. Let (u0, u1, φ0, θ0, η0) ∈ D. Then the problem (4.6) has a unique solution
(u, ut, φ, θ, η) ∈ C (R+;D) ∩ C1 (R+;H ).

Before proving Theorem 4.1, we will address an auxiliary problem. To formulate this
problem associated with the system (4.6) we proceed as follows:

First, we multiply the second and third equations in (4.6) by b. Next, we differentiate
the second equation with respect to x. Then, we substitute φx from the first equation of
(4.6) into the second and third equations to obtain

Butt + αµuxxxx − (ξµ− b2)uxx + δbθxx = 0,

bcθt −
b

β

∫ +∞

0

κ(s)ηxx(s)ds+ δ(ρuttt − µuxxt) = 0,

ηt + ηs − θ = 0,

(4.7)

where B = ξρI − (Jβ + αρ)∂xx is a self-adjoint, positive operator defined on L2(0, L) with
domain H2(0, L) ∩ H1

0 (0, L). Note that B is invertible because it is coercive. For any
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f ∈ L2(0, L), the equation Bu = f admits a unique solution u ∈ H2(0, L) ∩ H1
0 (0, L).

Moreover, by differentiating the first equation of (4.7) with respect to t and then applying
B−1, we obtain

uttt = −αµ(B−1 ◦ ∂xx)uxxt + (ξµ− b2)(B−1 ◦ ∂xx)ut − δb(B−1 ◦ ∂xx)θt. (4.8)

Inserting equation (4.8) into the second equation of (4.7), we get

cbθt −
b

β

∫ +∞

0

κ(s)ηxx(s)ds− δαµρ(B−1 ◦ ∂xx)uxxt + δρ(ξµ− b2)(B−1 ◦ ∂xx)ut

− δ2bρ(B−1 ◦ ∂xx)θt − δµuxxt = 0,

Sθt −
b

β

∫ +∞

0

κ(s)ηxx(s)ds− δαµρ(B−1 ◦ ∂xx)uxxt + δρ(ξµ− b2)(B−1 ◦ ∂xx)ut − δµρuxxt = 0.

From the definition of B we have

B−1 : L2(0, L) −→ H2(0, L) ∩H1
0 (0.L),

and
∂xx =

1

Jb+ αρ
(ξρI − B).

So, we put
F = B−1 ◦ ∂xx =

ξρB−1 − I

Jb+ αρ
: L2(0, L) −→ L2(0, L).

By substituting this expression into the last equality, we obtain the following:

0 =Sθt −
1

β

∫ +∞

0

κ(s)ηxx(s)ds− δαµρ

[
ξρB−1 − I

Jb+ αρ

]
uxxt + δρ(ξµ− b2)(B−1 ◦ ∂xx)ut − δµuxxt

=Sθt −
b

β

∫ +∞

0

κ(s)ηxx(s)ds+
δb

Jb+ αρ

[
−αρ

2ξµB−1

b
uxxt +

αµρ

b
uxxt + Jρ(ξµ− b2)B−1uxxt

]
+

δb

Jb+ αρ

[
αρ2ξµ

b
B−1uxxt − αρ2bB−1uxxt − Jµuxxt −

ραµ

b
uxxt

]
=Sθt −

b

β

∫ +∞

0

κ(s)ηxx(s)ds+
δb

Jb+ αρ

[(
Jρ(ξµ− b2)− αρ2b

)
B−1 − JµI

]
∂xxut

=Sθt −
b

β

∫ +∞

0

κ(s)ηxx(s)ds+
δb

Jb+ αρ

[
Jρ(ξµ− b2)− αρ2b− JµB

]
B−1 ◦ ∂xxut

then, we get

Sθt −
b

β

∫ +∞

0

κ(s)ηxx(s)ds+
δb

Jb+ αρ
[(Jb+ αρ)(Jµ∂xx − ρb)]B−1 ◦ ∂xxut = 0.
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Accordingly, the second equation in (4.7) can be rewritten as follows:

Sθt −
b

β

∫ +∞

0

κ(s)ηxx(s)ds+ δbTut = 0, (4.9)

where S : L2(0, L) −→ L2(0.L) and T : H2(0, L) ∩H1
0 (0, L) −→ L2(0.L) are the operators

defined by

S = cbI − δ2ρb F, T = −RP = − 1

αρ+ Jb

[(
αbρ2 − Jρ(ξµ− b2)

)
B−1 + JµI

]
∂xx,

with R = ρbI − Jµ∂xx and

D(S) = L2(0, L), D(R) = D(T ) = H2(0, L) ∩H1
0 (0, L).

Finally, multiplying the first equation of (4.7) by B−1, we arrive at
utt + αµFuxx − (ξµ− b2)Fu+ δbFθ = 0,

Sθt −
b

β

∫ +∞

0

κ(s)ηxx(s)ds+ δbTut = 0,

ηt + ηs − θ = 0.

(4.10)

In order to formulate the auxiliary problem within the semigroup framework, we introduce
the Hilbert space

H = H2 ∩H1
0 (0, L)×H1

0 (0, L)× L2(0, L)×M,

equipped with the inner product

⟨Ψ,Ψ∗⟩H = αµ ⟨Tux, u∗x⟩+ ⟨Rv, v∗⟩+ ⟨Sθ, θ∗⟩+ (ξµ− b2) ⟨Tu, u∗⟩+ b

β
⟨η, η∗⟩M.

Moreover, we define a new independent variable ut = v and let Ψ = (u, v, θ, η)T , conse-
quently, the system (4.10) can then be expressed as follows: Ψ′(t) +AΨ(t) = 0, ∀t ≥ 0,

Ψ(0) = (u0, u1, θ0, η0)
T ,

(4.11)

where A is the operator defined on H by

A =



0 −I 0 0

αµF∂xx − (ξµ− b2)FI 0 +δbFI 0

0 +δbS−1TI 0 − b

β
S−1

∫ +∞

0

κ(s)∂xxds

0 0 −I ∂s


,

(4.12)
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with domain

D(A) =

Ψ = (u, v, θ, η)T ∈ H,
∣∣∣ u ∈ H3

∗ (0, L), v ∈ (H2(0, L) ∩H1
0 (0, L)),

θ ∈ H1
0 (0, L), η ∈ N ,

∫ +∞

0

µ(s)ηxx(s)ds ∈ L2(0, L)

 .

Lemma 4.1. [24] For any η ∈ N and θ ∈ L2(0, L), we have

−
∫ +∞

0

κ(s)
d

ds
∥ηx(s)∥22ds =

∫ +∞

0

κ′(s)∥ηx(s)∥22ds (4.13)

and
−
∫ +∞

0

κ(s)⟨θ, ηs(s)⟩ds =
∫ +∞

0

κ′(s)⟨θ, η(s)⟩ds. (4.14)

Proof. First, we differentiate the square of the norm:

d

ds
∥ηx(s)∥22 = 2⟨ηx(s), ηsx(s)⟩.

Substituting this equality into the left-hand side of equation (4.13), we obtain:

−
∫ +∞

0

κ(s)
d

ds
∥ηx(s)∥22 ds = −

∫ +∞

0

κ(s)2⟨ηx(s), ηsx(s)⟩ ds.

Now, by applying integration by parts, we consider:

−
∫ +∞

0

κ(s)
d

ds
∥ηx(s)∥22 ds = −κ(s)∥ηx(s)∥22

∣∣∣+∞

0
+

∫ +∞

0

κ′(s)∥ηx(s)∥22 ds.

Since η(0) = 0 and η(s) → 0 as s→ +∞, leading to the desired conclusion:

−
∫ +∞

0

κ(s)
d

ds
∥ηx(s)∥22 ds =

∫ +∞

0

κ′(s)∥ηx(s)∥22 ds.

In a similar manner, by applying integration by parts to the left-hand side of equation
(4.14), we obtain

−
∫ +∞

0

κ(s)⟨θ, ηs(s)⟩ ds = −κ(s)⟨θ, η(s)⟩
∣∣∣+∞

0
+

∫ +∞

0

κ′(s)⟨θ, η(s)⟩ ds.

And assuming boundary terms vanish, so we find

−
∫ +∞

0

κ(s)⟨θ, ηs(s)⟩ ds =
∫ +∞

0

κ′(s)⟨θ, η(s)⟩ ds.
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The following theorem establishes the well-posedness of the auxiliary problem (4.10).

Theorem 4.2. For any Ψ0 ∈ H, The problem (4.11) has a weak unique solution Ψ ∈

C(R+,H). Moreover, if Ψ0 ∈ D(A), then Ψ ∈ C(R+, D(A)) ∩ C1(R+,H).

Proof. According to the Hille-Yosida theorem 1.9, it suffices to prove that A is maximal and
dissipative First, we prove that A is monotone. Let Ψ ∈ D(A), we have

⟨AΨ,Ψ⟩H =− αµ ⟨Tvx, ux⟩+
〈
αµRFuxx − (ξµ− b2)FRu+ δβRFθ, v

〉
+

〈
δβTv − b

β

∫ +∞

0

κ(s)ηxx(s)ds, θ

〉
− (ξµ− β2) ⟨Tv, u⟩+ b

β
⟨−θ + ηs, η⟩M.

From definition FR = −T , so

⟨AΨ,Ψ⟩H =− αµ ⟨Tvx, ux⟩ − αµ ⟨Tuxx, v⟩+ (ξµ− b2) ⟨Tu, v⟩ − δβ ⟨Tθ, v⟩

− δβ ⟨Tv, θ⟩ − b

β

∫ +∞

0

κ(s) ⟨ηxx(s), θ⟩ ds− (ξµ− b2) ⟨Tv, u⟩ − ⟨θ, η⟩M + ⟨ηs, η⟩M.

Integration by parts, we get

⟨AΨ,Ψ⟩H =− αµ ⟨Tvx, ux⟩+ αµ ⟨Tux, vx⟩+ (ξµ− b2) ⟨Tu, v⟩ − δβ ⟨Tθ, v⟩

− δβ ⟨Tv, θ⟩+ b

β

∫ +∞

0

κ(s) ⟨ηx(s), θx⟩ ds− (ξµ− b2) ⟨Tv, u⟩

− b

β
⟨θ, η⟩M +

b

β
⟨ηs, η⟩M.

=
b

β

∫ +∞

0

κ(s) ⟨ηx(s), θx⟩ ds−
b

β
⟨θ, η⟩M +

b

β
⟨ηs, η⟩M.

We have
⟨θ, η⟩M =

∫ +∞

0

κ(s) ⟨θx, ηx(s)⟩ ds. (4.15)

So

⟨AΨ,Ψ⟩H = +
b

β
⟨ηs, η⟩M =

b

2β

∫ +∞

0

κ(s)

〈
d

ds
ηx, ηx

〉
ds,

using equation (4.13), find

⟨AΨ,Ψ⟩H = − b

2β

∫ +∞

0

κ′(s)∥ηx(s)∥22ds ≥ 0,

which shows that A is monotone.
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Next, to demonstrate that A is maximal, we consider H = (h1, h2, h3, h4) ∈ H and seek
Ψ ∈ D(C) that satisfies

(I +A)Ψ = H. (4.16)

which is expressed in terms of components

u− v = h1,

−αµTuxx + (ξµ− b2)Tu+Rv − δβTθ = Rh2,

δbTv + Sθ − b

β

∫ +∞

0

κ(s)ηxxds = Sh3,

−θ + η + ηs = h4.

(4.17)

From the first equation of (4.17), we have

v = u− h1, (4.18)

with the following lemma

Lemma 4.2. Solving the fourth equation of (4.17) yields

η(s) = (1− e−s)θ +

∫ s

0

er−sh4(r)dr. (4.19)

Proof. Let us consider the first-order linear differential equation:

dη

ds
+ η = θ + h4(s).

Next, by multiplying both sides of the equation by es, we obtain:

es
dη

ds
+ esη = esθ + esh4(s),

the left-hand side is the derivative of a product:

d

ds
(esη) = esθ + esh4(s),

integrating both sides from 0 to s:

esη(s)− η(0) =

∫ s

0

erθ dr +

∫ s

0

erh4(r) dr.

Since θ is constant with respect to r, and η(0) = 0 we have:

esη(s) = (es − 1)θ +

∫ s

0

erh4(r) dr,
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dividing by es:
η(s) = e−sη(0) + (1− e−s)θ + e−s

∫ s

0

erh4(r) dr.

We rewrite the last integral using the change of variables r → s− τ :

e−s

∫ s

0

erh4(r) dr =

∫ s

0

e−(s−r)h4(r) dr,

hence, the solution simplifies to:

η(s) = (1− e−s)θ +

∫ s

0

er−sh4(r) dr.

Replacing v and η from (4.18)and (4.19) into the second and third equations of (4.17),
we obtain

−αµTuxx + (ξµ− b2)Tu+Ru− δbTθ = R(h1 + h2),

δbTu+ Sθ − b

β

∫ +∞

0

κ(s)

[
(1− e−s)θxx +

∫ s

0

e−(s−r)h4xx(r) dr

]
ds = Sh3 + δbTh1,

(4.20)
we put

cκ =
b

β

∫ +∞

0

κ(s)(1− e−s)ds <
b

β
g(0),

therefore, (4.20) can be expressed as follows:
−αµTuxx + (ξµ− b2)Tu+Ru− δbTθ = R(h1 + h2) ∈ H−1(0, L),

δbTu+ Sθ − cκθxx = Sh3 + δbTh1 +
b

β

∫ +∞

0

e−sκ(s)

(∫ s

0

erh4xx(r)dr

)
ds ∈ H−1(0, L).

(4.21)
Let W = (H2(0, L) ∩ H1

0 (0, L)) × H1
0 (0, L). By ‘formally’ multiplying the equations of

(4.21) by ∗
u ∈ H2(0, L) ∩H1

0 (0, L) and
∗
θ ∈ H1

0 (0, L), respectively, we arrive at the following
variational formulation

A((u, θ), (
∗
u,

∗
θ)) = L(

∗
u,

∗
θ), (4.22)

where A(·, ·) and l are the bilinear and linear forms defined over W by:

A((u, θ), (
∗
u,

∗
θ)) =αµ

〈
Tux,

∗
ux

〉
+ (ξµ− b2)

〈
Tu,

∗
u
〉
+
〈
Ru,

∗
u
〉

− δb
〈
Tθ,

∗
u
〉
+ δb

〈
Tu,

∗
θ

〉
+

〈
Sθ,

∗
θ

〉
+ cκ

〈
θx,

∗
θx

〉
,
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and

L(
∗
u,

∗
θ) =

〈
R(f1 + f2),

∗
u
〉
+

〈
Sf3,

∗
θ

〉
+ δb

〈
Tf1,

∗
θ

〉
+
b

β

∫ +∞

0

κ(s)

〈∫ s

0

er−sf4xx(r)dr,
∗
θ

〉
ds.

A straightforward calculation shows that A and L are bounded. In addition, we have

A((u, θ), (u, θ)) =αµ ⟨Tux, ux⟩+ (ξµ− b2) ⟨Tu, u⟩+ ⟨Ru, u⟩

+ ⟨Sθ, θ⟩+ cκ ⟨θx, θx⟩

=
αµ

αρ+ Jβ

(
(αβρ2 − Jρ(ξµ− β2))⟨B−1uxx, uxx⟩+ Jµ∥uxx∥2

)
+ (ξµ− β2)⟨Tu, u⟩+ ρb∥u∥2 + Jµ∥ux∥2 + ⟨Sθ, θ⟩+ cκ∥θx∥2,

then,

A((u, θ), (u, θ)) =
αµ

αρ+ Jβ

(
(αβρ2 + Jρβ2)⟨B−1uxx, uxx⟩ − Jξµρ⟨B−1uxx, uxx⟩+ Jµ∥uxx∥2

)
+ (ξµ− β2)⟨Tu, u⟩+ ρb∥u∥2 + Jµ∥ux∥2 + ⟨Sθ, θ⟩+ cκ∥θx∥2.

By virtue of Remark 2.2 and using the positiveness of B−1, we infer that

A((u, θ), (u, θ)) ≥ Jδαµ2

αρ+ Jβ
∥uxx∥2 + (ξµ− β2)⟨Tu, u⟩+ ρb∥u∥2

+ Jµ∥ux∥2 + ⟨Sθ, θ⟩+ cκ∥θx∥2.

Consequently, there exists a positive constant m such that

A((u, θ), (u, θ)) ≥ m(∥ ux ∥2 +∥uxx∥2+ ∥ θx ∥2) = m ∥ (u, θ) ∥2W .

This demonstrates that A(·, ·) is coercive. Consequently, the Lax-Milgram Theorem guar-
antees that the equation (4.22) has a unique solution

(u, θ) ∈ (H2(0, L) ∩H1
0 (0, L))×H1

0 (0, L).

By substituting u into the first equation (4.18), we infer that

v ∈ H2(0, L) ∩H1
0 (0, L). (4.23)
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From (4.19) we have η(0) = 0. On the other hand, using (4.19) along with Cauchy-Schwarz
inequality, we get∫ +∞

0

κ(s)∥ηx∥22ds ≤ 2

∫ ∞

0

κ(s)(1− e−s)2∥θx∥22ds

+ 2

∫ ∞

0

κ(s)

(∫ s

0

e2(r−s)dr

)(∫ s

0

∥h4x(r)∥22dr
)
ds

≤ 2g(0)∥θx∥22 + 2

∫ ∞

0

κ(s)

(
1

2
− e−2s

2

)(∫ s

0

∥h4x∥22dr
)
ds,

≤ 2g(0)∥θx∥22 +
∫ ∞

0

κ(s)

(∫ s

0

∥h4x∥22dr
)
ds

≤ 2g(0)∥θx∥22 +
∫ ∞

0

∥h4x∥22
∫ +∞

r

κ(s)dsdr.

Using the hypothesis (h4), we arrive at∫ +∞

0

κ(s)∥ηx∥22ds ≤ 2g(0)∥θx∥22 −
1

λ

∫ ∞

0

∥h4x∥22
∫ +∞

r

κ′(s)dsdr

≤ 2g(0)∥θx∥22 +
1

λ

∫ ∞

0

κ(r)∥h4x∥22dr < +∞,

which shows that η ∈ M. Finally,

ηs(s) = e−sθ + h4(s)−
∫ s

0

er−sh4(r)dr = θ + h4 − η(s) ∈ M. (4.24)

Therefore, η ∈ N .
Next, by taking

∗
θ ≡ 0 in (4.22), we arrive at

αµ
〈
Tux,

∗
ux

〉
= −

〈
(ξµ− b2)Tu+Ru−R(h1 + h2),

∗
u
〉
, ∀∗

u ∈ C1
0(0, L),

which gives
αµTuxx = (ξµ− b2)Tu+Ru−R(h1 + h2) ∈ H−1(0, L).

The regularity theory of elliptic equations and the definition of the operator T yield

uxx ∈ H1
0 (0, L).

Consequently
u ∈ H3

∗ (0.L).

Similarly, by taking ∗
u ≡ 0 in (4.22), we obtain for any

∗
θ ∈ C1

0(0, L) :〈
cκθx +

b

β

∫ +∞

0

κ(s)

∫ s

0

er−sh4x(r) dr ds,
∗
θx

〉
=

〈
−δbTu− Sθ + Sh3 + δbTh1,

∗
θ

〉
.
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Given the definitions of the operators S and T , and recalling that u, h1 ∈ H2(0, L)∩H1(0, L),
θ ∈ H1

0 (0, L), and h3 ∈ L2(0, L), it follows that:

−δbTu− Sθ + Sh3 + δbTh1 ∈ L2(0, L),

which implies that

cκθx +
b

β

∫ +∞

0

κ(s)

∫ s

0

er−sh4x(r) dr ds ∈ H−1(0, L),

with

cκθxx +
b

β

∫ +∞

0

κ(s)

∫ s

0

er−sh4xx(r) dr ds = δbTu+ Sθ − Sh3 − δbTh1. (4.25)

By virtue of (4.19), we arrive at∫ +∞

0

κ(s)ηxx(s) ds = δbTu+ Sθ − Sh3 − δbTh1 ∈ L2(0, L). (4.26)

Therefore, the solution (u, v, θ, η) of system (4.11) belongs to D(A), which shows that A is
maximal. This completes the proof of Theorem 4.2.

At this stage, we turn to the main problem (4.6).

Proof of Theorem 4.1

Let (u0, u1, θ0, η0) ∈ D(A), then from theorem 4.2, there exists a unique solution (u, ut, θ, η) ∈

C (R+;D(A)) ∩ C1 (R+;H) to the problem (4.6). As a result, we have

u ∈ C
(
R+;H3

∗ (0, L) ∩H1
0 (0, L)

)
∩ C1

(
R+;H2(0, L) ∩H1

0 (0, L)
)
∩ C2

(
R+;H1

0 (0, L)
)
.

Thus, (4.8) obtains

uttt = −αµ(B−1 ◦ ∂xx)uxxt + (ξµ− b2)(B−1 ◦ ∂xx)ut − bδ(B−1 ◦ ∂xx)θt ∈ C
(
R+;L2(0, L)

)
.

Next, let define φ by

φ(x, t) = −µ
b
ux(x, t) +

ρ

b

∫ x

0

utt(y, t)dy, (4.27)

then we get
ρutt − µuxx − bφx = 0. (4.28)
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Replacing (4.28) into the second equation of (4.7), we arrive at

cθt −
1

β

∫ s

0

κ(s)ηxx(s)ds+ δφtx = 0. (4.29)

Consequently,
φxt ∈ C

(
R+, L2(0, L)

)
,

which implies that
φ ∈ C1(R+, H1

0 (0, L)).

Moreover, from (4.27), we have

φx = −µ
b
uxx +

ρ

b
utt.

Bearing in mind that u ∈ H3
∗ (0, L), we infer that φ ∈ H2

∗ (0, L). Therefore, (u, φ, θ, η) solves
the problem (4.6) with the initial and boundary conditions (4.4) and (4.5). which completes
the proof of Theorem 4.1.

4.4 Exponential Stability

In this section, we establish an the exponential decay of the solution of the problem
(4.6).First, we define the energy associated with the solution (4.6) by

E (t) : =
1

2

∫ L

0

(
Jρ

b
u2tt +

Jµ

b
u2xt + ρu2t + µu2x + αφ2

x + 2buxφ+ ξφ2 + cθ2
)
dx

+
1

2b

∫ +∞

0

κ(s)∥ηx(s)∥22ds.

Note that as µξ > b2, we have

E (t) =
Jρ

2b

∫ L

0

u2ttdx+
Jµ

2b

∫ L

0

u2xtdx+
ρ

2

∫ L

0

u2tdx+

(
µ− b2

ξ

)∫ L

0

u2xdx+
α

2

∫ L

0

φ2
xdx

+

∫ L

0

(
b√
ξ
ux +

√
ξφ

)2

dx+
c

2

∫ L

0

θ2dx+
1

2β

∫ +∞

0

κ(s)∥ηx(s)∥22ds,

which shows that E(t) is a positive definite form.
Our stability result reads as follows.
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Theorem 4.3. The energy functional E(t) satisfies, along the solution of (4.4),(4.5)-(4.6),
the estimate

E((t) ≤ AE(0)e−ζt ∀t ≥ 0, (4.30)

where A and ζ are two positive constants.

The proof of Theorem 4.3 will be established through the following two lemmas.

Lemma 4.3. The energy E(t) satisfies, along the solution (u, φ, θ) of (4.6), the estimate

E ′ (t) =
1

2β

∫ +∞

0

κ′(s)∥ηx(s)∥22ds ≤ 0. (4.31)

Proof. Performing the L2-inner product of the first three equations of (4.6) with ut, φt, and
θ, respectively, and applying integration by parts, we arrive at

ρ

2

d

dt

∫ L

0

u2tdx+
µ

2

d

dt

∫ L

0

u2xdx+ b

∫ L

0

uxtφdx = 0, (4.32)

J

∫ L

0

uttφxtdx+
α

2

d

dt

∫ L

0

φ2
xdx+ b

∫ L

0

uxφtdx+
ξ

2

d

dt

∫ L

0

φ2dx+ δ

∫ L

0

θxφtdx = 0, (4.33)

and
c

2

d

dt

∫ L

0

θ2dx− 1

β

∫ L

0

θ

(∫ +∞

0

κ(s)ηxx(s)ds

)
dx− δ

∫ L

0

φtθxdx = 0. (4.34)

Referring back to Remark 2.5 and equation (4.33), we find that

Jρ

2b

d

dt

∫ L

0

u2ttdx+
Jµ

2b

d

dt

∫ L

0

u2xtdx+
α

2

d

dt

∫ L

0

φ2
xdx+ b

∫ L

0

uxφtdx

+
ξ

2

d

dt

∫ L

0

φ2dx+ δ

∫ L

0

θxφtdx = 0. (4.35)

Moreover, integration by parts and the boundary conditions (4.5), we obtain∫ L

0

θ

(∫ +∞

0

κ(s)ηxx(s)ds

)
dx = −

∫ +∞

0

∫ L

0

κ(s)θxηx(s)dxds.

From the last equation of (4.6), we get

−
∫ +∞

0

∫ L

0

κ(s)θxηx(s)dxds =−
∫ +∞

0

∫ L

0

κ(s) (ηt(s) + ηs(s)) ηx(s)dxds

=− 1

2

d

dt

∫ +∞

0

κ(s)∥ηx(s)∥22ds−
1

2

∫ +∞

0

κ(s)
d

ds
∥ηx(s)∥22ds.

79



4.4. EXPONENTIAL STABILITY CHAPTER 4

Returning to Lemma 4.1 and using (4.13), we obtain∫ L

0

θ

(∫ +∞

0

κ(s)ηxx(s)ds

)
dx = −1

2

d

dt

∫ +∞

0

κ(s)∥ηx(s)∥22ds+
1

2

∫ +∞

0

κ′(s)∥ηx(s)∥22ds.

(4.36)
Consequently, (4.34) becomes

c

2

d

dt

∫ L

0

θ2dx+
1

2β

d

dt

∫ +∞

0

κ(s)∥ηx(s)∥22ds+
1

2β

∫ +∞

0

κ′(s)∥ηx(s)∥22ds

− δ

∫ L

0

φtθxdx = 0. (4.37)

Finally, equations (4.32), (4.35), and (4.37) yield the desired estimate (4.31).

Lemma 4.4. For any ϕ ∈ L2 (0, L) and any ε positive, we have

−
∫ L

0

ϕ

∫ ∞

0

κ′(s)η(s)dsdx ≤ ε

∫ L

0

ϕ2dx− λcpg(0)

4ε

∫ ∞

0

κ′(s)∥ηx(s)∥2ds. (4.38)

and ∫ L

0

(∫ +∞

0

κ(s)ηx(s)ds

)2

dx ≤ −g(0)
λ

∫ ∞

0

κ′(s)∥ηx(s)∥22ds. (4.39)

.

Proof. By applying Young’s and Cauchy–Schwarz inequalities, we infer

−
∫ L

0

ϕ

∫ ∞

0

κ′(s)η(s)dsdx ≤ ε

∫ L

0

ϕ2dx+
1

4ε

∫ L

0

(∫ ∞

0

κ′(s)η(s)ds

)2

dx,

≤ ε

∫ L

0

ϕ2dx+
1

4ε

∫ L

0

∫ ∞

0

κ′(s)ds

∫ ∞

0

κ′(s)η2(s)dsdx.

From (h4) and Poincaré’s inequality, we get

−
∫ L

0

ϕ

∫ ∞

0

κ′(s)η(s)dsdx ≤ ε

∫ L

0

ϕ2dx− λcp
4ε

∫ L

0

∫ ∞

0

κ(s)ds

∫ ∞

0

κ′(s)η2xdsdx

≤ ε

∫ L

0

ϕ2dx− λcpg(0)

4ε

∫ ∞

0

κ′(s)∥ηx(s)∥2ds.

Next, based on assumptions (h3) and (h4), we have∫ L

0

(∫ +∞

0

κ(s)ηx(s)ds

)2

dx ≤
∫ L

0

(∫ ∞

0

κ(s)ds

)∫ ∞

0

κ(s)η2x(s)dsdx

≤ −g(0)
λ

∫ ∞

0

κ′(s)∥ηx(s)∥22ds.
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Remark 4.1. In this remark we use µξ

b
> b, so

− µ

∫ L

0

u2xdx− ξ

∫ L

0

φ2dx−
(
b+

µξ

b

)∫ L

0

uxφdx

≤− µ

∫ L

0

u2xdx− ξ

∫ L

0

φ2dx− 2b

∫ L

0

uxφdx

=− µ

∫ L

0

u2xdx− ξ

∫ L

0

φ2dx− 2b

∫ L

0

uxφdx+
b2

ξ

∫ L

0

u2xdx−
b2

ξ

∫ L

0

u2xdx

≤−
(
µ− b2

ξ

)∫ L

0

u2xdx−
∫ L

0

(
b√
ξ
ux +

√
ξφ

)2

dx. (4.40)

Lemma 4.5. Let K1(t) and K2(t) be the functionals

K1(t) =
−cb
g(0)

∫ L

0

θ

∫ +∞

0

κ(s)η(s)dsdx+ δρ

∫ L

0

utθdx

− δρ

g(0)

∫ L

0

utt

∫ +∞

0

κ(s)η(s)dsdx,

K2(t) =
αρ

b

∫ L

0

φxutdx−
δρ

b

∫ L

0

θutdx,

and let the functional
G1 := γ1K1(t) + γ2K2(t),

where
γ1 =

(
αρ

b
+
δ2ρ

cb

)
and γ2 =

δ2ρ

c
.

The estimate below holds for all ε > 0 along the solution (u, φ, θ, η) of equation (4.6):

G ′
1 (t) ≤− γ1cb

2

∫ L

0

θ2dx− γ2Jρ

2cb

∫ L

0

u2ttdx+ ε

∫ L

0

u2xtdx

− γ2

(
µ− b2

ξ

)∫ L

0

u2xdx− γ2

∫ L

0

(
b√
ξ
ux +

√
ξφ

)2

dx

−m

(
1 +

1

ε

)∫ ∞

0

κ′(s)∥ηx(s)∥22ds, (4.41)

where m is a positive constant.
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Proof. Direct differentiation of K1(t), using equation (4.6), yields

K ′
1(t) =

−cb
g(0)

∫ L

0

θt

∫ +∞

0

κ(s)η(s)dsdx− cb

g(0)

∫ L

0

θ

∫ +∞

0

κ(s)ηt(s)dsdx+ δρ

∫ L

0

uttθdx

+ δρ

∫ L

0

utθtdx−
δρ

g(0)

∫ L

0

uttt

∫ +∞

0

κ(s)η(s)dsdx− δρ

g(0)

∫ L

0

utt

∫ +∞

0

κ(s)ηt(s)dsdx,

=
b

g(0)

∫ L

0

[
− 1

β

∫ ∞

0

κ(s)ηxx(s)ds+ δφxt

] ∫ +∞

0

κ(s)η(s)dsdx

− cb

g(0)

∫ L

0

θ

∫ +∞

0

κ(s) (θ − ηs(s)) dsdx

+ δρ

∫ L

0

θuttdx+
ρδ

c

∫ L

0

ut

(
1

β

∫ ∞

0

κ(s)ηxx(s)ds− δφtx

)
dx

− δ

g(0)

∫ L

0

(µuxxt + bφtx)

∫ +∞

0

κ(s)η(s)dsdx

− ρδ

g(0)

∫ L

0

utt

∫ ∞

0

κ(s) (θ − ηs(s)) dsdx.

Integration by parts and the boundary conditions (4.5) yield

K ′
1(t) =

b

βg(0)

∫ L

0

(∫ ∞

0

κ(s)ηx(s)ds

)2

dx+
δb

g(0)

∫ L

0

φxt

∫ +∞

0

κ(s)η(s)dsdx

− cb

g(0)

∫ L

0

(∫ +∞

0

κ(s)ds

)
θ2dx+

cb

g(0)

∫ L

0

θ

∫ +∞

0

κ(s)ηs(s)dsdx

+ δρ

∫ L

0

θuttdx−
ρδ

cβ

∫ L

0

uxt

∫ ∞

0

κ(s)ηx(s)dsdx−
δ2ρ

c

∫ L

0

utφtxdx

+
δµ

g(0)

∫ L

0

uxt

∫ +∞

0

κ(s)ηx(s)dsdx−
δb

g(0)

∫ L

0

φtx

∫ +∞

0

κ(s)η(s)dsdx

− ρδ

g(0)

∫ L

0

utt

(∫ ∞

0

κ(s)ds

)
θdx+

ρδ

g(0)

∫ L

0

utt

∫ ∞

0

κ(s)ηs(s)dsdx.

Using hypothesis (h3) and equation (4.13), we derive the following

K ′
1 (t) =

b

βg(0)

∫ L

0

(∫ +∞

0

κ(s)ηx(s)ds

)2

dx− cb

∫ L

0

θ2dx

− cb

g(0)

∫ L

0

θ

∫ +∞

0

κ′(s)η(s)dsdx− δ2ρ

c

∫ L

0

utφxtdx

+

(
δµ

g(0)
− δρ

cβ

)∫ L

0

uxt

∫ +∞

0

κ(s)ηx(s)dsdx

− δρ

g(0)

∫ L

0

utt

∫ +∞

0

κ′(s)η(s)dsdx.
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Next, we have the expression from equation (4.39)

b

βg(0)

∫ L

0

(∫ +∞

0

κ(s)ηx(s)ds

)2

dx ≤ − b

βλ

∫ +∞

0

κ′(s)∥ηx(s)∥22dsdx, (4.42)

and from equation (4.38)

− cb

g(0)

∫ L

0

θ

∫ +∞

0

κ′(s)η(s)dsdx ≤ ε

∫ L

0

θ2dx− c2b2λcp
4εg(0)

∫ L

0

∫ +∞

0

κ′(s)∥ηx(s)∥22dsdx.

We choose ε = cb

2
, and we get

− cb

g(0)

∫ L

0

θ

∫ +∞

0

κ′(s)η(s)dsdx ≤ ε

∫ L

0

θ2dx− cbλcp
2g(0)

∫ L

0

∫ +∞

0

κ′(s)∥ηx(s)∥22dsdx. (4.43)

Hence, by substituting the two expressions (4.42) and (4.43), we obtain the following:

K ′
1 (t) ≤

−b
βλ

∫ ∞

0

κ′(s)∥ηx(s)∥22ds−
cb

2

∫ L

0

θ2dx

− λcbcp
2g(0)

∫ ∞

0

κ′(s)∥ηx(s)∥2ds−
δ2ρ

c

∫ L

0

utφxtdx

+

(
δµ

g(0)
− δρ

cβ

)∫ L

0

uxt

∫ +∞

0

κ(s)ηx(s)dsdx

− δρ

g(0)

∫ L

0

utt

∫ +∞

0

κ′(s)η(s)dsdx. (4.44)

On the other hand, the integration of the second equation of (4.6) over (0, x), and boundary
conditions (4.5), yield

αφx = −Jutt + bu+ δθ + ξ

∫ x

0

φ(y)dy. (4.45)

Next, differentiating K2(t) with the use of (4.6) and (4.45) yields

K ′
2(t) =

αρ

b

∫ L

0

φxtutdx+
αρ

b

∫ L

0

φxuttdx−
δρ

b

∫ L

0

θtutdx−
δρ

b

∫ L

0

θuttdx,

=
αρ

b

∫ L

0

utφxtdx+
ρ

b

∫ L

0

utt

(
−Jutt + bu+ δθ + ξ

∫ x

0

φ(y)dy

)
dx

− δρ

b

∫ L

0

utθtdx−
δρ

b

∫ L

0

uttθdx

=− Jρ

b

∫ L

0

u2ttdx+
αρ

b

∫ L

0

utφxtdx+

∫ L

0

(µuxx + bφx) udx

+
ξ

b

∫ L

0

(µuxx + bφx)

(∫ x

0

φ(y)dy

)
dx

− δρ

cb

∫ L

0

ut

(
1

β

∫ ∞

0

κ(s)ηxx(s)ds− δφxt

)
dx.
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Integration by parts, we obtain

K ′
2(t) =− Jρ

b

∫ L

0

u2ttdx+

(
αρ

b
+
δ2ρ

cb

)∫ L

0

utφxtdx− µ

∫ L

0

u2xdx

−
(
µξ

b
+ b

)∫ L

0

uxφdx− ξ

∫ L

0

φ2dx+
δρ

cbβ

∫ L

0

uxt

∫ ∞

0

κ(s)ηx(s)dsdx.

By returning to equation (4.40), we obtain

K ′
2(t) ≤− Jρ

b

∫ L

0

u2ttdx+

(
αρ

b
+
δ2ρ

cb

)∫ L

0

utφxtdx−
(
µ− b2

ξ

)∫ L

0

u2xdx

−
∫ L

0

(
b√
ξ
ux +

√
ξφ

)2

dx+
δρ

cbβ

∫ L

0

uxt

∫ ∞

0

κ(s)ηx(s)dsdx. (4.46)

Substituting (4.44) and (4.46) into G ′
1(t) = γ1K

′
1(t) + γ2K

′
2(t), we arrive at

G ′
1(t) ≤− bγ1

βλ

∫ ∞

0

κ′(s)∥ηx(s)∥22ds−
cbγ1
2

∫ L

0

θ2dx

− λcbcpγ1
2g(0)

∫ ∞

0

κ′(s)∥ηx(s)∥2ds− γ1γ2

∫ L

0

utφxtdx

+ γ1

(
δµ

g(0)
− δρ

cβ

)∫ L

0

uxt

∫ +∞

0

κ(s)ηx(s)dsdx

− δργ1
g(0)

∫ L

0

utt

∫ +∞

0

κ′(s)η(s)dsdx− Jργ2
b

∫ L

0

u2ttdx

+ γ2γ1

∫ L

0

utφxtdx− γ2

(
µ− b2

ξ

)∫ L

0

u2xdx

− γ2

∫ L

0

(
b√
ξ
ux +

√
ξφ

)2

dx+
δργ2
cbβ

∫ L

0

uxt

∫ ∞

0

κ(s)ηx(s)dsdx.

After simplification, we obtain

G ′
1(t) ≤− γ1

λ2βcbcp + 2bg(0)

2g(0)βλ

∫ ∞

0

κ′(s)∥ηx(s)∥22ds−
cbγ1
2

∫ L

0

θ2dx

+

[
γ1

(
δµ

g(0)
− δρ

cβ

)
+ γ2

δρ

cbβ

] ∫ L

0

uxt

∫ +∞

0

κ(s)ηx(s)dsdx

− δργ1
g(0)

∫ L

0

utt

∫ +∞

0

κ′(s)η(s)dsdx− Jργ2
b

∫ L

0

u2ttdx

− γ2

(
µ− b2

ξ

)∫ L

0

u2xdx− γ2

∫ L

0

(
b√
ξ
ux +

√
ξφ

)2

dx. (4.47)
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By applying Young’s inequality and using equation (4.39), we obtain:[
γ1

(
δµ

g(0)
− δρ

cβ

)
+ γ2

δρ

cbβ

] ∫ L

0

uxt

∫ +∞

0

κ(s)ηx(s)dsdx

≤ε
∫ L

0

u2xtdx+
1

4ε

[
γ1

(
δµ

g(0)
− δρ

cβ

)
+ γ2

δρ

cbβ

]2 ∫ L

0

(∫ +∞

0

κ(s)ηx(s)ds

)2

dx.

≤ε
∫ L

0

u2xtdx−
g(0)

4λε

[
γ1

(
δµ

g(0)
− δρ

cβ

)
+ γ2

δρ

cbβ

]2 ∫ L

0

∫ ∞

0

κ′(s)∥ηx(s)∥22dsdx. (4.48)

On the other hand, by selecting ε1 =
Jργ2
2b

, equation (4.38) yields

−δργ1
g(0)

∫ L

0

utt

∫ +∞

0

κ′(s)η(s)dsdx ≤ ε1

∫ L

0

u2ttdx−
1

4ε1

δ2ρ2γ21λcp
g(0)

∫ +∞

0

κ′(s)∥ηx(s)∥22ds

≤ Jργ2
2b

∫ L

0

u2ttdx−
bρλcpδ

2γ21
2Jg(0)γ2

∫ +∞

0

κ′(s)∥ηx(s)∥22ds.

(4.49)

We put m = max
(
g(0)

4λ

[
γ1

(
δµ

g(0)
− δρ

cβ

)
+ γ2

δρ

cbβ

]2
,
bρλcpδ

2γ21
Jg(0)γ2

,
λ2βcbcp + 2bg(0)

g(0)βλ
γ1

)
.

In the final step, we substitute m and equations (4.48) and (4.49) into equation (4.47);
the estimate (4.41) follows immediately.

Lemma 4.6. Let (u, φ, θ, η) be the solution of (4.6), then, the functional

G2 (t) =− J√
ξ

∫ L

0

uxt

(
b√
ξ
ux +

√
ξφ

)
dx

+

(
Jc

δ
+
cαbρ

ξµδ

)∫ L

0

utθdx+
αbρ

ξµ

∫ L

0

φxutdx,

satisfies the following estimate

G ′
2 (t) ≤− α

2µ

(
µ− b2

ξ

)∫ L

0

φ2
xdx−

∫ L

0

(
b√
ξ
ux +

√
ξφ

)2

dx

− Jb

2ξ

∫ L

0

u2xtdx+ C1

∫ L

0

θ2dx+

∫ L

0

u2ttdx− C2

∫ +∞

0

κ′(s)∥ηx(s)∥22dxds. (4.50)

Proof. By differentiating G2(t) and applying the relation −Juttx = αφxx − bux − ξφ− δθx,
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we obtain

G ′
2 (t) =− J√

ξ

∫ L

0

uxtt

(
b√
ξ
ux +

√
ξφ

)
dx− J√

ξ

∫ L

0

uxt

(
b√
ξ
uxt +

√
ξφt

)
dx

+

(
Jc

δ
+
cαbρ

ξµδ

)∫ L

0

uttθdx+

(
Jc

δ
+
cαbρ

ξµδ

)∫ L

0

utθtdx

+
αbρ

ξµ

∫ L

0

φxtutdx+
αbρ

ξµ

∫ L

0

φxuttdx

=
α√
ξ

∫ L

0

φxx

(
b√
ξ
ux +

√
ξφ

)
dx−

∫ L

0

(
b√
ξ
ux +

√
ξφ

)2

dx

− δ√
ξ

∫ L

0

θx

(
b√
ξ
ux +

√
ξφ

)
dx− Jb

ξ

∫ L

0

u2xtdx− J

∫ L

0

uxtφtdx

+

(
Jc

δ
+
cαbρ

ξµδ

)∫ L

0

uttθdx+

(
Jc

δ
+
cαbρ

ξµδ

)∫ L

0

utθtdx

+
αbρ

ξµ

∫ L

0

φxuttdx+
αbρ

ξµ

∫ L

0

φxtutdx.

Integration by parts, then use the third equation of (4.6) yield

G ′
2 (t) =

αb

ξ

∫ L

0

φxxuxdx− α

∫ L

0

φ2
xdx−

∫ L

0

(
b√
ξ
ux +

√
ξφ

)2

dx

+
bδ

ξ

∫ L

0

uxxθdx+ δ

∫ L

0

φxθdx−
Jb

ξ

∫ L

0

u2xtdx+ J

∫ L

0

utφxtdx

+

(
Jc

δ
+
cαbρ

ξµδ

)∫ L

0

uttθdx+

(
J

δβ
+

αbρ

ξµδβ

)∫ +∞

0

κ(s)

∫ L

0

utηxx(s)dxds

−
(
J +

αbρ

ξµ

)∫ L

0

utφxtdx+
αbρ

ξµ

∫ L

0

φxuttdx+
αbρ

ξµ

∫ L

0

φxtutdx.

. Using integration by parts and the relation uxx =
ρ

µ
utt −

b

µ
φx, we obtain

G ′
2 (t) =− α

µ

(
µ− b2

ξ

)∫ L

0

φ2
xdx−

∫ L

0

(
b√
ξ
ux +

√
ξφ

)2

dx− Jb

ξ

∫ L

0

u2xtdx

−
(
δb2

ξµ
− δ

)∫ L

0

φxθdx+

(
Jc

δ
+
cαbρ

ξµδ
+
δbρ

ξµ

)∫ L

0

uttθdx

−
(
J

δβ
+

αbρ

ξµδβ

)∫ L

0

uxt

∫ +∞

0

κ(s)ηx(s)dsdx. (4.51)

By applying Young’s inequality, we derive

−
(
δb2

ξµ
− δ

)∫ L

0

φxθdx ≤ α

2µ

(
µ− b2

ξ

)∫ L

0

φ2
xdx+

µ

(
δb2

ξµ
− δ

)2

2α

(
µ− b2

ξ

) ∫ L

0

θ2dx, (4.52)
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(
Jc

δ
+
cαbρ

ξµδ
+
δbρ

ξµ

)∫ L

0

uttθdx ≤
∫ L

0

u2ttdx+
1

4

(
Jc

δ
+
cαbρ

ξµδ
+
δbρ

ξµ

)2 ∫ L

0

θ2dx, (4.53)

and

−
(
J

δβ
+

αbρ

ξµδβ

)∫ L

0

uxt

∫ +∞

0

κ(s)ηx(s)dsdx

≤ Jb

2ξ

∫ L

0

u2xtdx+
ξ

2Jb

(
J

δβ
+

αbρ

ξµδβ

)2 ∫ L

0

(∫ +∞

0

κ(s)ηx(s)ds

)2

dx,

by applying (4.39), we obtain

≤ Jb

2ξ

∫ L

0

u2xtdx−
ξg(0)

2Jbλ

(
J

δβ
+

αbρ

ξµδβ

)2 ∫ +∞

0

κ′(s)∥ηx(s)∥22ds. (4.54)

Then, we take

C1 = max


µ

(
δb2

ξµ
− δ

)2

2α

(
µ− b2

ξ

) , 1
4

(
Jc

δ
+
cαbρ

ξµδ
+
δbρ

ξµ

)2

 and C2 =
ξg(0)

2Jbλ

(
J

δβ
+

αbρ

ξµδβ

)2

.

Substituting expressions (4.52), (4.53), and (4.54) into (4.51), estimate (4.50) follows im-
mediately.

At this stage, we introduce the Lyapunov functional L as follows:

L (t) := N1E (t) +N2G1 (t) + G2 (t) , (4.55)

where N1 and N2 are two positive constants to be determined later, G1 and G2 are defined
in Lemmas 4.5 and 4.6.

Lemma 4.7. Let K(t) = L(t)−N1E(t), then there exists a positive constant C̃, such that∣∣∣K(t)
∣∣∣ ≤ C̃E(t) ∀t > 0.

Proof. Simple calculation shows that∣∣∣K(t)
∣∣∣ ≤W {∫ L

0

∣∣∣utθ∣∣∣dx+ ∫ L

0

∣∣∣φxut

∣∣∣dx+ ∫ L

0

∣∣∣∣uxt( β√
ξ
ux +

√
ξφ

)∣∣∣∣ dx}
+W

{∫ L

0

∣∣∣∣θ ∫ +∞

0

κ(s)η(s)ds

∣∣∣∣ dx+ ∫ L

0

∣∣∣∣utt ∫ +∞

0

κ(s)η(s)ds

∣∣∣∣ dx} ,
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where W is a positive constant that depends on N2, γ1 and γ2.
Thanks to Young’s and Cauchy–Schwarz inequalities, we conclude the existence of a

positive constant C̃ such that ∣∣∣K(t)
∣∣∣ ≤ C̃E(t), ∀t > 0.

proof of Theorem 4.3

A direct substitution leads to the result

L′(t) ≤−
[
Jργ2
2b

N2 − 1

] ∫ L

0

u2ttdx−
[
Jb

4ξ
− εN2

] ∫ L

0

u2xtdx

− Jbcp
2ξ

∫ L

0

u2tdx− γ2N2

(
µ− b2

ξ

)∫ L

0

u2xdx−
α

2µ

(
µ− b2

ξ

)∫ L

0

φ2
xdx

− (1 + γ2N2)

∫ L

0

(
b√
ξ
ux +

√
ξφ

)2

dx−
[
cbγ1
2
N2 − C1

] ∫ L

0

θ2dx

+

[
N1 −mN2

(
1 +

1

ε

)
− C2

] ∫ L

0

∫ +∞

0

κ′(s)∥ηx(s)∥22ds.

Now, we select N1, N2, and ε carefully.
First, we choose N2 > max

{
2C1

cbγ1
,

2b

Jργ2

}
, then we choose ε = Jβ

8ξN2

.
Finally, we pick for N1 large such that

N1 > mN2

(
1 +

1

ε

)
+ C2. (4.56)

Therefore, there exists a positive constant χ ≥ 0 such that As a result, , there existssuch
that

L′ (t) ≤ −χE(t) ∀t ≥ 0. (4.57)

Also, we choose N to be large enough so that (4.56) is satisfied and N > C̃, where C̃ is the
constant that satisfy Lemma 4.7. Consequently, L(t) ∼ E(t). Thus, there exists a constant
ζ > 0 such that

L′ (t) ≤ −ζL (t) ∀t ≥ 0,

an integration with respect to t leads to
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L (t) ≤ L (0) e−ζt ∀t ≥ 0.

Finally, the desired estimate (4.30) follows from the equivalence between L(t) and E(t).
This completes the proof of Theorem 4.3.
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chapter 5 Exponential Stability of a Trun-

cated Porous System of Ther-

moelasticity with Type III

Remark. After completing our thesis, we discovered that this problem had already
been solved by H. Zougheib and T. Arwadi [52]. However, for establishing well-posedness,
they used the Faedo-Galerkin method; however, we employed the semigroup approach.

5.1 Introduction

In this chapter, we focus on the following truncated porous system with thermoelasticity
of Type III, 

ρutt − µuxx − βφx = 0,

−Juttx − αφxx + βux + ξφ+ δθx = 0,

γθtt − κθxx + δφttx − τθtxx = 0,

(5.1)

subjected to the following initial and boundary conditions

u(x, 0) = u0(x), ut(x, 0) = u1(x), φ(x, 0) = φ0(x), θ(x, 0) = θ0(x), θt(x, 0) = θ1(x), x ∈ [0, L]

(5.2)

u(0, t) = u(L, t) = φx(0, t) = φx(L, t) = θ(0, t) = θ(L, t) = 0, t ∈ (0,+∞) , (5.3)

where the coefficients are positive constant and satisfy the following conditions:

ξµ > β2.
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Note that although φ satisfies the Neumann-boundary conditions, simple integration of
(5.1)2 and use (5.3) give ∫ L

0

φ(x, t) dx = 0,

which allows the use of Poincaré’s inequality.
In this chapter we investigate the well-posedness of the problem (5.1)–(5.3), using semi-

group theory. Additionally, we prove the exponential stability by employing the multiplier
method.

Now, by differentiating the first two equations of (5.1) with respect to t and taking
ut = v and φt = ψ, the system (5.1)-(5.3) gives

ρvtt − µvxx − βψx = 0,

−Jvttx − αψxx + βvx + ξψ + δθxt = 0,

cθtt − κθxx + δψxt − τθxxt = 0

(5.4)

v(x, 0) = v0(x), vt(x, 0) = µuxx(x, 0) + βφx(x, 0) = v1(x), ψ(x, 0) = ψ0(x),

θ(x, 0) = θ0(x), θt(x, 0) = θ1(x) x ∈ [0, L] (5.5)

v(0, t) = v(L, t) = ψx(0, t) = ψx(L, t) = θ(0, t) = θ(L, t) = 0, t ∈ (0,+∞) (5.6)

5.2 Well-posedness

In this section, we prove the existence and uniqueness of a solution to problem (5.4)–(5.6),
using the semi-group theory, utilizing certain operators introduced in previous chapters.

First, we differentiate the second equation of (5.4) with respect to x, then, we substitute
ψ from the first equation of (5.4) into the second and third equations of the same system to
obtain  Bvtt + αµvxxxx − (ξµ− β2)vxx + δβθxxt = 0,

cβθtt − κβθxx + δ (ρvttt − µvxxt)− τβθxxt = 0,
(5.7)

where B is a positive, self-adjoint, and invertible operator defined on L2(0, L) with domain
H2(0, L) ∩H1

0 (0, L), given by

B = ξρI − (Jβ + αρ)∂xx.
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Through a series of calculations, we examine the following auxiliary problem vtt + αµPvxx − (ξµ− β2)Pv + δβPθt = 0,

Sθtt − κβθxx + δβTvt − τβθxxt = 0,
(5.8)

with S, P, T : L2(0, L) → L2(0, L) are the operators defined as follows

P = B−1 ◦ ∂xx,

S = cβI − δ2ρβP,

R = ρβI − Jµ∂xx,

T = − 1

αρ+ Jβ

[(
αβρ2 − Jρ(ξµ− β2)

)
B−1 + JµI

]
∂xx = − (ρβI − Jµ∂xx)B

−1 ◦ ∂xx = −RP,

with domains D(R) = D(T ) = H2 ∩H1
0 (0, L) and D(S) = L2(0, L).

Note that S is invertible, and the operators R, B, and −∂xx are positive definite. It
follows that −P , and consequently S and T , are also positive definite and well-defined.
Therefore, we can define their square roots R1/2, S1/2, and T 1/2.

Now, to rewrite problem (5.8) in the semigroup setting, we introduce the new variables:
w = vt, q = θt, and Ψ = (v, w, θ, q)T , and set the Hilbert space

H =
[
H2(0, L) ∩H1

0 (0, L)
]
×H1

0 (0, L)×H1
0 (0, L)× L2(0, L),

equipped with the inner product

⟨Ψ,Ψ∗⟩ = αµ ⟨Tvx, v∗x⟩+ ⟨Rw,w∗⟩+ (ξµ− β2) ⟨Tv, v∗⟩+ βκ ⟨θx, θx⟩+ ⟨Sq, q∗⟩ .

Then, the system (5.8) can be written as follows Ψ′(t) +AΨ(t) = 0, ∀t ≥ 0,

Ψ(0) = (v0, v1, θ0, θ1),
(5.9)

where the operator A : H −→ H is defined by

AΨ =


−w

αµPvxx − (ξµ− β2)Pv + δβPq

−q

δβS−1Tw − βS−1 (κθ + τq)xx

 ,
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with domain

D(A) =

Ψ = (v, w, θ, q)T ∈ H,
∣∣∣ v ∈ H3

∗ (0, L), w ∈ H2(0, L) ∩H1
0 (0, L)),

κθ + τq ∈ H2(0, L) ∩H1
0 (0, L),

 .

where
H3

∗ (0.L) =
{
ϕ ∈ H3(0.L) ∩H1

0 (0.L) : ϕxx ∈ H1
0 (0.L)

}
.

The well-posedness result is given by the following theorem.

Theorem 5.1. For any Φ0 ∈ H, there exists a unique weak solution Φ ∈ C(R+,H) of
problem (5.9). Moreover, if Φ0 ∈ D(A), then Φ ∈ C(R+, D(A)) ∩ C1(R+,H).

Proof. According to the Hille–Yosida theorem 1.9, it suffices to show that A is monotone
and maximal.

First, we prove that A is monotone. For any Ψ ∈ D(A), we have

⟨AΨ,Ψ⟩H =− αµ ⟨Twx, vx⟩+
〈
αµRPvxx − (ξµ− β2)RPv + δβRPq, w

〉
− (ξµ− β2) ⟨Tw, v⟩ − βκ ⟨qx, θx⟩

− β ⟨(κθ + τq)xx , q⟩+ δβ ⟨Tw, q⟩ .

Using the definitions of the operators T and integration by parts, we obtain

⟨AΨ,Ψ⟩H = κβ ⟨qx, qx⟩ ≥ 0. (5.10)

Accordingly, it follows that A is monotone.
Next, to establish the maximality of A, let F = (f1, f2, f3, f4)

T ∈ H , we seek Ψ ∈ D(A)

that satisfies (I +A)Φ = F . That is,

v − w = f1,

w + αµPvxx − (ξµ− β2)Pv + δβPq = f2,

θ − q = f3,

δβTw − β(κθ + τq)xx + Sq = Sf4.

(5.11)

Form the first and fourth equations of (5.11), we get

w = v − f1, (5.12)

q = θ − f3. (5.13)
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Next, by substituting equations (5.12)–(5.13) into the second and third equations of (5.11),
we obtain  v + αµPvxx − (ξµ− β2)Pv + δβPθ = g1,

δβTv − κβθxx + Sθ − τβθxx = g2,
(5.14)

where g1 = f1 + f2 + δβPf3 ∈ L2(0, L) and g2 = S(f4 + f3) + δβTf1 − τβf3xx ∈ H−1(0, L).
Now, we introduce the space

V = H2(0, L) ∩H1
0 (0, L)×H1

0 (0.L).

The variational formulation corresponding to equation (5.14) can be expressed as follows:

A((v, θ), (v∗, θ∗)) = L(v∗, θ∗). (5.15)

with A : V × V → R is the bilinear form given by:

A((v, θ), (v∗, θ∗)) =αµ
〈
T

1
2vx, T

1
2v∗x

〉
+ (ξµ− β2)

〈
T

1
2v, T

1
2v∗
〉
+
〈
R

1
2v,R

1
2v∗
〉

− δβ
〈
T

1
2 θ, T

1
2v∗
〉
+ δβ

〈
T

1
2v, T

1
2 θ∗
〉
+
〈
S

1
2 θ, S

1
2 θ∗
〉
+ κβ ⟨θx, θ∗x⟩

+ τβ ⟨θx, θ∗x⟩ ,

and L : V → R is the linear functional defined by

L(u∗, θ∗) = ⟨R(f1 + f2), v
∗⟩ − δβ ⟨Tf3, v∗⟩+ ⟨S(f3 + f4), θ

∗⟩+ δβ ⟨Tf1, θ∗⟩+ τβ ⟨f3x, θ∗x⟩ .

It is clear that A and L are bounded. In addition, A is also coercive because

A((v, θ), (v, θ)) =αµ ⟨Tvx, vx⟩+ (ξµ− β2) ⟨Tv, v⟩+ ⟨Rv, v⟩

+ ⟨Sθ, θ⟩+ κβ ⟨θx, θx⟩+ τβ ⟨θx, θx⟩ ,

From the definitions of the operators R and T , and by applying integration by parts, we
obtain

A((v, θ), (v, θ)) =
αµ

αρ+ Jβ

(
(αβρ2 − Jρ(ξµ− β2))⟨B−1vxx, vxx⟩+ Jµ∥vxx∥2

)
+ (ξµ− β2)⟨Tv, v⟩+ ρβ∥v∥2 + Jµ∥vx∥2 + ⟨Sθ, θ⟩+ κβ∥θx∥2 + τβ∥θx∥2
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then,

A((u, θ), (u, θ)) =
αµ

αρ+ Jβ

(
(αβρ2 + Jρβ2)⟨B−1vxx, vxx⟩ − Jξµρ⟨B−1vxx, vxx⟩+ Jµ∥vxx∥2

)
+ (ξµ− β2)⟨Tv, v⟩+ ρβ∥v∥2 + Jµ∥vx∥2 + ⟨Sθ, θ⟩+ κβ∥θx∥2 + τβ∥θx∥2

By virtue of Remark 2.2 and using the positiveness of B−1, we infer that

A((u, θ), (u, θ)) ≥ Jδαµ2

αρ+ Jβ
∥vxx∥2 + (ξµ− β2)⟨Tv, v⟩+ ρβ∥v∥2 + Jµ∥vx∥2

+ ⟨Sθ, θ⟩+ κβ∥θx∥2 + τβ∥θx∥2

Consequently, there exists a positive constant m such that

A((v, θ), (v, θ)) ≥m(∥vx∥2 + ∥vxx∥2 + ∥θx∥2) = m∥(v, θ)∥2V .

Thus, A is coercive, and consequently, the Lax-Milgram Theorem shows that equation (5.15)
has a unique solution

(v, θ) ∈ H2(0, L) ∩H1
0 (0, L)×H1

0 (0, L).

By substituting v, θ into the equation (5.12)-(5.13), we deduce

w ∈ H2(0, L) ∩H1
0 (0, L), (5.16)

q ∈ H1
0 (0, L). (5.17)

Moreover, by taking v∗ ≡ 0, and replace f3 = θ − q, (5.15) becomes

β ⟨(κθ + τq)x, θ
∗
x⟩+ ⟨Sθ, θ∗⟩+ δβ ⟨Tv, θ∗⟩ = ⟨S(f3 + f4), θ

∗⟩+ δβ ⟨Tf1, θ∗⟩

for all θ∗ ∈ H1
0 (0, L), if θ∗ = v, v ∈ C1

0 this implies

β ⟨(κθ + τq)x, θ
∗
x⟩ = ⟨S(f3 + f4) + δβTf1 − Sθ − δβTv, θ∗⟩ ,

which shows that κθ + τq ∈ H2(0, L), with

β(κθ + τq)xx = −S(f3 + f4)− δβTf1 + Sθ + δβTv.

Therefore
(κθ + τq) ∈ H2(0, L) ∩H1

0 (0, L).
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In addition, bearing in mind that f1 = v − w and f3 = θ − q, we arrive at

δβTw − β(κθ + τq)xx + Sq = Sf4.

Similarly, by letting θ∗ ≡ 0, we obtain, from(5.15),

αµ ⟨Tvx, v∗x⟩+ (ξµ− β2) ⟨Tv, v∗⟩+ ⟨Rv, v∗⟩ − δβ ⟨Tθ, v∗⟩ = ⟨R(f1 + f2), v
∗⟩ − δβ ⟨Tf3, v∗⟩

for all v∗ ∈ H2 ∩H1
0 , If v∗ ∈ C1

0 , then

−αµTvxx = R(f1 + f2)− δβTf3 − (ξµ− β2)Tv −Rv + δβTθ,

Then, using (5.12) and (5.13), we obtain

−αµTvxx = Rf2 − (ξµ− β2)Tv −Rw + δβTq ∈ H−1(0, L).

Since T is an isomorphism from H1
0 (0, L) into H−1(0, L), we infer that vxx ∈ H1

0 (0, L),
consequently,

v ∈ H3
∗ (0, L),

and
−αµTvxx + (ξµ− β2)Tv +Rw − δβTq = Rf2.

We therefore conclude that (v, w, θ, q) ∈ D(A) and it solves system (5.11), which demon-
strates that A is maximal. Consequently, by the Hille–Yosida theorem, problem (5.9) has
a unique solution. This completes the proof of Theorem 5.1.

Next, we introduce

H =
[
H2(0, L) ∩H1

0 (0, L)
]
×H1

0 (0, L)×H1
∗ (0, L)×H2(0, L) ∩H1

0 (0, L)× L2(0, L),

where
H1

∗ (0, L) :=

{
ϕ ∈ H1(0, L);

∫ L

0

ϕ(x)dx = 0

}
.

and define the domain D ⊂ H , by

D =

(v, w, ψ, θ, q) ∈ H ;
∣∣∣ v ∈ H3

∗ (0, L),

ψ ∈ H2
∗ (0, L),

w ∈ H2(0, L) ∩H1
0 (0, L)

κθ + τq ∈ H2(0, L) ∩H1
0 (0, L)

 ,

where
H2

∗ (0.L) =
{
ψ ∈ H2(0.L) : ψx(0) = ψx(L) = 0

}
.

The well-posedness of problem (5.4) is given by the following theorem:
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Theorem 5.2. Let (v0, w0, ψ0, θ0, q0) ∈ D . Then there exists a unique solution (v, w, ψ, θ, q) ∈

C(R+,D)) ∩ C1(R+,H ), of problem(5.4).

5.2.1 Proof of theorem 5.2

From Theorem 5.1, we have (v, vt, θ, θt) ∈ C(R+, D(A)) ∩ C1(R+,H). As a result, we
get

v ∈ C
(
R+;H3

∗ (0, L)
)
∩ C1

(
R+;H2(0, L) ∩H1

0 (0, L)
)
∩ C2

(
R+;H1

0 (0, L)
)
.

Now, from (5.7) we have

Bvtt = −αµvxxxx +
(
ξµ− β2

)
vxx − δβθxxt,

so

vttt = −αµ
(
B−1 ◦ ∂xx

)
vxxt +

(
ξµ− β2

) (
B−1 ◦ ∂xx

)
vt − δβ

(
B−1 ◦ ∂xx

)
θtt ∈ C

(
R+;L2(0, L)

)
⇒ vtt ∈ C1

(
R+;L2(0, L)

)
.

Let

ψ(x, t) = −µ
β
vx(x, t) +

ρ

β

∫ x

0

vtt(y, t)dy, (5.18)

by differentiation, we get
ρvtt − µvxx − βψx = 0. (5.19)

By inserting (5.19) into the second equation of (5.7), we obtain

cθtt − κθxx + δψtx − τθxxt = 0. (5.20)

Consequently,
ψxt ∈ C

(
R+, L2(0, L)

)
,

which implies that
ψ ∈ C1(R+, H1

0 (0, L)).

Finally, since ψx = −µ
β
vxx +

ρ

β
vtt and v ∈ H3

∗ (0, L), we conclude that ψ ∈ H2
∗ (0, L).

Therefore, (v, ψ, θ) solves the problem (5.4) with the initial and boundary conditions (5.5),
(5.6), which completes the proof of Theorem 5.2.
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5.3 Exponential Stability

In this section, we prove the exponential stability of the solution (v, ψ, θ) to the system
(5.4)-(5.6).

Note that, since µξ > β2, the energy associated with the solution of equation (5.4)
defined by

E(t) = Jρ

2β

∫ L

0

v2ttdx+
Jµ

2β

∫ L

0

v2xtdx+
ρ

2

∫ L

0

v2t dx+

(
µ− β2

ξ

)∫ L

0

v2xdx+
α

2

∫ L

0

ψ2
xdx

+

∫ L

0

(
β√
ξ
vx +

√
ξψ

)2

dx+
κ

2

∫ L

0

θ2xdx+
c

2

∫ L

0

θ2t dx,

is a positive definite form.

Lemma 5.1. Let (v, ψ, θ) be a solution to (5.4)-(5.6). Then the energy functional E(t)

satisfies

E ′(t) = −τ
∫ L

0

θ2xtdx ≤ 0, ∀t > 0. (5.21)

Proof. Taking the L2-inner product of (5.4) by vt, ψt and θt respectively, then appling the
remark 2.5 to the second equation, we have

ρ

2

d

dt

∫
v2t dx+ β

∫
vxtψdx+

ρ

2

d

dt

∫
v2xdx = 0,

Jρ

2β

d

dt

∫
v2ttdx+

Jµ

2β

d

dt

∫
v2xtdx+

α

2

d

dt

∫
ψ2
xdx+ β

∫
vxψt +

ξ

2

d

dt

∫
ψ2dx+ δ

∫
θxtψt = 0,

c

2

d

dt

∫
θ2t dx+

κ

2

d

dt

∫
θ2xdx+ δ

∫
ψxtθtdx+ τ

∫
θ2xtdx = 0.

Consequently

d

dt
E (t) =

1

2

d

dt

∫ L

0

(
Jρ

β
v2tt +

Jµ

β
v2xt + ρv2t + µv2x + αψ2

x + 2βvxψ + ξψ2 + κθ2x + cθ2t

)
dx

= −τ
∫
θ2xtdx.

Lemma 5.2. The functional

K1 (t) = c

∫ L

0

θtθdx+
τ

2

∫ L

0

θ2xdx+ δ

∫ L

0

ψxθdx
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satisfies, along the solution of problem (5.4) and for any positive constant ε, the estimate

K′
1 (t) ≤ −κ

∫ L

0

θ2xdx+ c

∫ L

0

θ2t dx+ ε

∫ L

0

ψ2
xdx+ Cε

∫ L

0

θ2xtdx, (5.22)

where Cε is positive constant that depends on ε.

Proof.

K′
1 (t) = c

∫ L

0

θttθdx+ c

∫ L

0

θ2t + τ

∫ L

0

θxtθxdx+ δ

∫ L

0

ψxθtdx+ δ

∫ L

0

ψxtθdx.

By virtue of the third equation in (5.4), we find

K′
1 (t) = κ

∫ L

0

θxxθdx+ τ

∫ L

0

θxxtθdx+ c

∫ L

0

θ2t + τ

∫ L

0

θxtθxdx+ δ

∫ L

0

ψxθtdx.

The integration by part yields

K′
1 (t) = −κ

∫ L

0

θ2xdx+ c

∫ L

0

θ2t + δ

∫ L

0

ψxθtdx. (5.23)

Using Young’s and Poincaré’s inequalities for the last term, we have, for any ε > 0:

δ

∫ L

0

ψxθtdx ≤ ε

∫ L

0

ψ2
xdx+

δ2

4ε

∫ L

0

θ2t dx,

≤ ε

∫ L

0

ψ2
xdx+

δ2

4ε

∫ L

0

θ2xtdx. (5.24)

We set Cε =
δ2

4ε
and substitute inequality (5.24) into equation (5.23) to obtain the estimate

(5.22).

Lemma 5.3. Let us introduce the functional

K2 (t) = ρ

∫ L

0

vtvdx− J

∫ L

0

vxtψdx+
Jc

δ

∫ L

0

vtθtdx,

along the solution of problem (5.4). Then, there exist two positive constants C2) and C3,
such that K2 satisfies the following estimate:

K′
2 (t) ≤−

(
µ− β2

ξ

)∫ L

0

v2xdx−
α

2

∫ L

0

ψ2
xdx

−
∫ L

0

(
β√
ξ
vx +

√
ξψ

)2

dx+ ρ

∫ L

0

v2t dx+
C2

ε1

∫ L

0

θ2xdx

+ C3

∫ L

0

θ2xtdx+ ε

∫ L

0

v2ttdx+ ε1

∫ L

0

v2xtdx. (5.25)
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Proof. We differentiate K2(t) then use (5.4), we get

K′
2 (t) =ρ

∫ L

0

vttvdx+ ρ

∫ L

0

v2t dx− J

∫ L

0

vxttψdx− J

∫ L

0

vxtψtdx

+
Jc

δ

∫ L

0

vttθtdx+
Jc

δ

∫ L

0

vtθttdx,

=µ

∫ L

0

vxxvdx+ β

∫ L

0

ψxvdx+ ρ

∫ L

0

v2t dx+ α

∫ L

0

ψxxψdx− β

∫ L

0

vxψ

− ξ

∫ L

0

ψ2dx− δ

∫ L

0

θxtψdx− J

∫ L

0

vxtψtdx+
Jc

δ

∫ L

0

vttθtdx+
Jκ

δ

∫ L

0

vtθxxdx

− J

∫ L

0

vtψxt +
Jτ

δ

∫ L

0

vtθxxtdx.

For convenience, we add and subtract the term β2

ξ
vx. Using integration by parts, the

expression can be rewritten as

K′
2 (t) =−

(
µ− β2

ξ

)∫ L

0

v2xdx+ ρ

∫ L

0

v2t dx−
∫ L

0

(
β√
ξ
vx +

√
ξψ

)2

dx

− α

∫ L

0

ψ2
xdx− δ

∫ L

0

θxtψdx+
Jc

δ

∫ L

0

vttθtdx−
Jκ

δ

∫ L

0

vxtθxdx−
Jτ

δ

∫ L

0

vxtθxtdx.

(5.26)

Thus, using Young’s and Poincaré’s inequalities, we deduce

−δ
∫ L

0

θxtψdx ≤ α

2

∫ L

0

ψdx+
δ2

2α

∫ L

0

θ2xtdx

≤ α

2

∫ L

0

ψxdx+
δ2

2α

∫ L

0

θ2xtdx, (5.27)

Jc

δ

∫ L

0

vttθtdx ≤ ε

∫ L

0

v2ttdx+
J2c2

4δ2ε

∫ L

0

θ2t dx

≤ ε

∫ L

0

v2ttdx+
J2c2

4δ2ε

∫ L

0

θ2xtdx, (5.28)

−Jτ
δ

∫ L

0

vxtθxtdx ≤ ε1
2

∫ L

0

v2xtdx+
J2τ 2

2δ2ε1

∫ L

0

θ2xtdx, (5.29)

−Jκ
δ

∫ L

0

vxtθxdx ≤ ε1
2

∫ L

0

v2xtdx+
J2κ2

2δ2ε1

∫ L

0

θ2xdx. (5.30)

By taking C2 =
J2κ2

2δ2
and C3 =

δ2

2α
+
J2c2

4δ2ε
+
J2τ 2

2δ2ε1
, and substituting equations (5.27)–

(5.30) into (5.26), we obtain the desired result (5.25).
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Lemma 5.4. The functional

K3 (t) =− J√
ξ

∫ L

0

vxt

(
β√
ξ
vx +

√
ξψ

)
dx

+

(
Jc

δ
+
cαβρ

ξµδ

)∫ L

0

vtθtdx+
αβρ

ξµ

∫ L

0

ψxvtdx,

satisfies, along the solution and for any positive constant ε, the estimate

K′
3 (t) ≤− α

ξµ
(ξµ− β2)

∫ L

0

ψ2
xdx−

1

2

∫ L

0

(
β√
ξ
vx +

√
ξψ

)2

dx

− Jβ

2ξ

∫ L

0

v2xtdx+ ε

∫ L

0

v2tt + C4

∫ L

0

θ2xtdx+ C5

∫ L

0

θ2xdx. (5.31)

Proof. By differentiating K3(t) and employing the second equation from (5.4), we obtain

K′
3 (t) =− J√

ξ

∫ L

0

vxtt

(
β√
ξ
vx +

√
ξψ

)
dx− J√

ξ

∫ L

0

vxt

(
β√
ξ
vxt +

√
ξψt

)
dx

+

(
Jc

δ
+
cαβρ

ξµδ

)∫ L

0

vttθtdx+

(
Jc

δ
+
cαβρ

ξµδ

)∫ L

0

vtθttdx

+
αβρ

ξµ

∫ L

0

ψxvttdx+
αβρ

ξµ

∫ L

0

ψxtvtdx

=
α√
ξ

∫ L

0

ψxx

(
β√
ξ
vx +

√
ξψ

)
dx−

∫ L

0

(
β√
ξ
vx +

√
ξψ

)2

dx

− δ√
ξ

∫ L

0

θxt

(
β√
ξ
vx +

√
ξψ

)
dx− Jβ

ξ

∫ L

0

v2xtdx− J

∫ L

0

vxtψtdx

+

(
Jc

δ
+
cαβρ

ξµδ

)∫ L

0

vttθtdx−
(
J +

αβρ

ξµ

)∫ L

0

vtψxtdx+

(
Jτ

δ
+
ταβρ

ξµδ

)∫ L

0

vtθxxtdx

+

(
Jκ

δ
+
καβρ

ξµδ

)∫ L

0

vtθxxdx+
αβρ

ξµ

∫ L

0

ψxvttdx+
αβρ

ξµ

∫ L

0

ψxtvtdx.

Integration by parts yields

K′
3 (t) =− αβ

ξ

∫ L

0

ψxvxxdx− α

∫ L

0

ψ2
xdx−

∫ L

0

(
β√
ξ
vx +

√
ξψ

)2

dx

− δ√
ξ

∫ L

0

θxt

(
β√
ξ
vx +

√
ξψ

)
dx− Jβ

ξ

∫ L

0

v2xtdx+

(
Jc

δ
+
cαβρ

ξµδ

)∫ L

0

vttθtdx

−
(
Jτ

δ
+
ταβρ

ξµδ

)∫ L

0

vxtθxtdx−
(
Jκ

δ
+
καβρ

ξµδ

)∫ L

0

vxtθxdx+
αβρ

ξµ

∫ L

0

ψxvttdx.

101



5.3. EXPONENTIAL STABILITY CHAPTER 5

From the first equation in (5.4), we have vxx =
ρ

µ
vtt −

β

µ
ψx. So, we infer

K′
3 (t) =− α

ξµ

(
ξµ− β2

) ∫ L

0

ψ2
xdx−

∫ L

0

(
β√
ξ
vx +

√
ξψ

)2

dx− δ√
ξ

∫ L

0

θxt

(
β√
ξ
vx +

√
ξψ

)
dx

− Jβ

ξ

∫ L

0

v2xtdx−
(
Jκ

δ
+
καβρ

δξµ

)∫ L

0

vxtθxdx−
(
Jτ

δ
+
ταβρ

ξµδ

)∫ L

0

vxtθxtdx

+

(
Jc

δ
+
cαβρ

ξµδ

)∫ L

0

vttθtdx. (5.32)

Now, by using Young’s inequality, we arrive at

− δ√
ξ

∫ L

0

θxt

(
β√
ξ
vx +

√
ξψ

)
dx ≤ 1

2

∫ L

0

(
β√
ξ
vx +

√
ξψ

)
+
δ2

2ξ

∫ L

0

θ2xtdx, (5.33)

−
(
Jκ

δ
+
καβρ

ξµδ

)∫ L

0

vxtθxdx ≤ Jβ

4ξ

∫ L

0

v2xtdx+
ξ

Jβ

(
Jκ

δ
+
καβρ

δξµ

)2 ∫ L

0

θ2xdx, (5.34)

−
(
Jτ

δ
+
ταβρ

ξµδ

)∫ L

0

vxtθxtdx ≤Jβ
4ξ

∫ L

0

v2xtdx+
ξ

Jβ

(
Jτ

δ
+
ταβρ

ξµδ

)2 ∫ L

0

θ2xtdx, (5.35)(
Jc

δ
+
cαβρ

ξµδ

)∫ L

0

vttθtdx ≤ ε

∫ L

0

v2ttdx+
1

4ε

(
Jc

δ
+
cαβρ

ξµδ

)2 ∫ L

0

θ2xtdx. (5.36)

Then, by substituting equations (5.33)-(5.36) into (5.32), we obtain equation (5.31), for

C4 =
δ2

2ξ
+

ξ

Jβ

(
Jτ

δ
+
ταβρ

ξµδ

)2

+
1

4ε

(
Jc

δ
+
cαβρ

ξµδ

)2

, and C5 =
ξ

Jβ

(
Jκ

δ
+
καβρ

δξµ

)2

.

Remark 5.1. From the first equation in (5.4), we have

ρvtt = (µvx + βψ)x . (5.37)

Using equation (5.37) and integration by parts, we get

ρ

β

∫ L

0

vtt

(
βv + ξ

∫ x

0

ψ(y)dy

)
dx = −

∫ L

0

(
µ
√
ξ

β
vx +

√
ξψ

)(
β√
ξ
vx +

√
ξψ

)
dx

= −
∫ L

0

(
µ
√
ξ

β
vx −

β√
ξ
vx +

(
β√
ξ
vx +

√
ξψ

))(
β√
ξ
vx +

√
ξψ

)
dx

= −
∫ L

0

(
ξµ− β2

β
√
ξ

)(
β√
ξ
vx +

√
ξψ

)
vxdx−

∫ L

0

(
β√
ξ
vx +

√
ξψ

)2

dx.

Lemma 5.5. The functional given by

K4 (t) =
αρ

β

∫ L

0

vt

(
ψx +

c

δ
θtt

)
dx,
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satisfies, along the solution of problem (5.4), and for any positive constant ε, the estimate

K′
4 (t) ≤− Jρ

2β

∫ L

0

v2ttdx−
1

2

∫ L

0

(
β√
ξ
vx +

√
ξψ

)2

dx

+ ε1

∫ L

0

v2xtdx+
C6

ε1

∫ L

0

θ2xdx+ C7

∫ L

0

θ2xt + C8

∫ L

0

v2xdx. (5.38)

Proof. From the second equation in (5.4) and the boundary condition, we have

αψx = −Jvtt + βv + ξ

∫ x

0

ψ(y)dy + δθt. (5.39)

Differentiating K4(t) and using equation (5.39) along with the third equation of (5.4), we
obtain

K′
4 (t) =

αρ

β

∫ L

0

vtt

(
ψx +

c

δ
θt

)
+
αρ

β

∫ L

0

vt

(
ψxt +

c

δ
θtt

)
=− Jρ

β

∫ L

0

v2ttdx+
ρ

β

∫ L

0

vtt

(
βv + ξ

∫ x

0

ψ(y)dy

)
dx+

ρ

β

(
δ +

cα

δ

)∫ L

0

vttθtdx

+
αρκ

δβ

∫ L

0

vtθxxdx+
αρτ

δβ

∫ L

0

vtθxxtdx.

Applying integration by parts, as noted in Remark 5.1, we arrive at

K′
4(t) =− Jρ

β

∫ L

0

v2ttdx−
(
ξµ− β2

β
√
ξ

)∫ L

0

(
β√
ξ
vx +

√
ξψ

)
vxdx−

∫ L

0

(
β√
ξ
vx +

√
ξψ

)2

dx

+
ρ

β

(
δ +

cα

δ

)∫ L

0

vttθtdx−
αρκ

δβ

∫ L

0

vxtθxdx−
αρτ

δβ

∫ L

0

vxtθxtdx. (5.40)

Now, using Young’s and Poincaré’s inequalities, we have, for any ε > 0:

−
(
ξµ− β2

β
√
ξ

)∫ L

0

(
β√
ξ
vx +

√
ξψ

)
vxdx ≤ 1

2

∫ L

0

(
β√
ξ
vx +

√
ξψ

)2

+
1

2

(
ξµ− β2

β
√
ξ

)2 ∫ L

0

v2x.

(5.41)

ρ

β

(
δ +

cα

δ

)∫ t

0

vttθtdx ≤ Jρ

2β

∫ L

0

v2tt +
β

2Jρ

(
ρδ

β
+
cαρ

δβ

)2 ∫ L

0

θ2t

≤ Jρ

2β

∫ L

0

v2tt +
β

2Jρ

(
ρδ

β
+
cαρ

δβ

)2 ∫ L

0

θ2xt. (5.42)

−αρκ
δβ

∫ t

0

vxtθxdx ≤ ε1
2

∫ L

0

v2xtdx+
α2ρ2κ2

2δ2β2ε1

∫ L

0

θ2xdx. (5.43)

−αρτ
δβ

∫ t

0

vxtθxtdx ≤ ε1
2

∫ L

0

v2xtdx+
α2ρ2τ 2

2δ2β2ε1

∫ L

0

θ2xtdx. (5.44)

Setting C6 =
α2ρ2κ2

2δ2β2
, C7 =

β

2Jρ

(
ρδ

β
+
cαρ

δβ

)2

+
α2ρ2τ 2

2δ2β2ε1
, C8 =

1

2

(
ξµ− β2

β
√
ξ

)2

and
substituting equations (5.41)–(5.44) into equation (5.40), we obtain the estimate (5.38).
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At this stage, we define the Lyapunov functional L as follows:

L (t) := N1E (t) +N2K1 (t) +N3K2 (t) +N3K4 (t) +K4 (t) , (5.45)

where Ni(i = 1, 2, 3, 4) are positive constants to be determined later, and K1,K2,K3 and K4

are given in Lemmas 5.2-5.5, respectively.

Lemma 5.6. For sufficiently large N1, there exist positive constants m1 and m2 such that

m1E(t) ≤ L(t) ≤ m2E(t). (5.46)

Proof. A simple calculation leads to∣∣∣L(t)−N1E(t)
∣∣∣ ≤c ∫ L

0

∣∣∣θtθ∣∣∣dx+ τ

2

∫ L

0

∣∣∣θ2x∣∣∣dx+ δ

∫ L

0

∣∣∣ψxθ
∣∣∣dx+ ρN2

∫ L

0

∣∣∣vtv∣∣∣dx
+ JN2

∫ L

0

∣∣∣vxtψ∣∣∣dx+ JcN2

δ

∫ L

0

∣∣∣vtθt∣∣∣dx+ JN3√
ξ

∫ L

0

∣∣∣vxt( β√
ξ
vx +

√
ξψ

) ∣∣∣dx
+N3

(
Jc

δ
+
cαβρ

ξµδ

)∫ L

0

∣∣∣vtθt∣∣∣dx+ N3αβρ

ξµ

∫ L

0

∣∣∣ψxvt

∣∣∣dx
+
αρN4

β

∫ L

0

∣∣∣vt (ψx +
c

δ
θtt

) ∣∣∣dx.
Applying Young’s inequality, we deduce that there exists a positive constant χ such that∣∣∣L(t)−N1E(t)

∣∣∣ ≤χ(∫ L

0

v2t dx+

∫ L

0

v2xdx+

∫ L

0

ψ2dx+

∫ L

0

ψ2
xdx+

∫ L

0

θ2t dx

)
+ χ

(∫ L

0

θ2xdx+

∫ L

0

v2ttdx+

∫ L

0

v2xtdx+

∫ L

0

(
β√
ξ
vx +

√
ξψ

)2

dx

)
≤ χE(t).

So

−χE(t) ≤ L(t)−N1E(t) ≤ χE(t),

N1E(t)− χE(t) ≤ L(t) ≤ N1E(t) + χE(t).

Consequently,
(N1 − χ)E(t) ≤ L(t) ≤ (N1 + χ)E(t), ∀t > 0.

It suffices to choose N1 large enough so that N1 − χ > 0 and then set m1 = N1 − χ and
m2 = N1 + χ.
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Theorem 5.3. Let (v, ψ, θ) be the solution of the system (5.4)-(5.6), then there exist positive
constants A and ω such that the energy E(t) associated to the solution satisfies

E(t) ≤ AE(0)e−ωt, for all t ≥ 0. (5.47)

Proof of Theorem 5.3

By differentiating L(t), substituting equations (5.22), (5.25),(5.31) and (5.38) into (5.45),
and applying Poincaré’s inequality, we obtain

L′(t) ≤−
[
Jρ

2β
− ε (N3 +N4)

] ∫ L

0

v2ttdx−
[
Jβ

4ξ
N4 − ε1 (N3 + 1)

] ∫ L

0

v2xtdx

−
[
Jβ

4ξcp
N4 − ρN3

] ∫ L

0

v2t dx−
[(
µ− β2

ξ

)
N3 − C8

] ∫ L

0

v2xdx

−
[
α

ξµ
(ξµ− β2)N4 +

α

2
N3 − εN2

] ∫ L

0

ψ2
xdx−

[
N3 +

1

2
N4 +

1

2

] ∫ L

0

(
β√
ξ
vx +

√
ξψ

)2

dx

−
[
τ

2cp
N1 − cN2

] ∫ L

0

θ2t dx−
[
κN2 −

C2

ε1
N3 − C5N4 −

C6

ε1

] ∫ L

0

θ2xdx

−
[τ
2
N1 − C1N2 − C3N3 − C4N4 − C7

] ∫ L

0

θxtdx.

First, we put ε1 = 1, then we select N3 >
C8(

µ− β2

ξ

) .

Subsequently, we choose N4 ≥ max
{4ξcpρ

Jβ
N3,

4ξ

Jβ
(N3 + 1)

}
.

Furthermore, we pick N2 large such that

[κN2 − C2N3 − C5N4 − C6] > 0

Having completed the above steps, we can now proceed to make a choice ε positive, such
that

ε ≤ min
{ Jρ

4β(N3 +N4)
,
α(ξµ− β2)N4

ξµN2

}
.

Finally, we pick N1 large such that[τ
2
N1 − C1N2 − C3N3 − C4N4 − C7

]
> 0,

[
τ

2cp
N1 − cN2

]
> 0 and N > χ.
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Therefore, L ∼ E , and if we define the constants ζ1, ζ2, ζ3, ζ4, ζ5, ζ6, ζ7, ζ8, ζ9 > 0, as

ζ1 =
Jρ

2β
N4 − ε(N2 +N3),

ζ2 =
Jβ

4ξ
N3 − ε1(N2 +N4),

ζ3 =
Jβ

4ξcp
N3 − ρN2,

ζ4 =

(
µ− β2

ξ

)
N2 − C8N4,

ζ5 =
α

ξµ
(ξµ− β2)N3 +

α

2
N2 − ε,

ζ6 = N2 +
1

2
N3 +

1

2
N4,

ζ7 =
τ

2cp
N1 − c,

ζ8 = κ− C2

ε1
N2 − C5N3 −

C6

ε1
N4,

ζ9 =
τ

2
N1 − C1 − C3N2 − C4N3 − C7N4,

we get

L′(t) ≤− ζ1

∫ L

0

v2ttdx− ζ2

∫ L

0

v2xtdx− ζ3

∫ L

0

v2t dx− ζ4

∫ L

0

u2xdx− ζ5

∫ L

0

ψ2
xdx

− ζ6

∫ L

0

(
β√
ξ
vx +

√
ξψ

)2

dx− ζ7

∫ L

0

θ2t dx− ζ8

∫ L

0

θ2xdx− ζ9

∫ L

0

θ2xtdx. (5.48)

By taking η = min {ζ1, ζ2, ζ3, ζ4, ζ5, ζ6, ζ7, ζ8, ζ9}, we get

L′(t) ≤ −ηE(t), ∀t ≥ 0. (5.49)

Moreover, from Lemma 5.6, we have L(t) ∼ E(t). It follows that equation (5.49) becomes

L′(t) ≤ −ωL(t) ⇐⇒ L(t) ≤ L(0)e−ωt ∀t ≥ 0.

Therefore, the desired result follows from the equivalence between L(t) and E(t). This
completes the proof of Theorem 5.3.
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Conclusion

In this thesis, we conducted a systematic study of the long-time behavior of several
truncated porous thermoelastic systems. A key feature of these systems is that they are
free from the adverse effects associated with the second spectrum of frequencies, which
often complicates the analysis of classical porous thermoelastic models. By focusing on
truncated formulations, we rigorously analyzed the stability properties of the resulting dy-
namics. Specifically, we examined four distinct problems, each characterized by a different
heat conduction law. For each system, we proved the exponential stability of the corre-
sponding solutions.

The first problem addressed in this thesis concerns heat conduction governed by the
classical Fourier law. In this context, the coupling between the porous structure and the
thermal field results in a hyperbolic-parabolic system. The parabolic nature of the heat
equation provides a strong dissipative mechanism, which facilitates the stability analysis.
Despite the hyperbolic character of the elastic component, the overall system has been
shown to be exponentially stable.

In the second problem, the classical Fourier law was replaced by the Cattaneo law of
heat conduction. This law introduces a relaxation time for thermal disturbances, resulting
in a phenomenon known as second-sound heat conduction. Unlike the Fourier case, both
the mechanical and thermal equations in this model are hyperbolic. This characteristic
adds complexity, as the dissipative effect is weaker. Nevertheless, by carefully constructing
appropriate Lyapunov functionals, we were able to establish exponential stability for this
system as well.

The third problem addresses a more general scenario, specifically hereditary heat conduc-
tion governed by the Gurtin–Pipkin law. This constitutive relation accounts for memory
effects in the thermal response, rendering the system nonlocal in time. The presence of
memory introduces additional mathematical challenges, particularly in the analysis of well-
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posedness. However, by employing semigroup theory and imposing suitable assumptions
on the memory kernel, we have proven that the system is well-posed and that its solutions
decay exponentially to equilibrium.

The fourth and final problem investigated in this thesis concerns a porous thermoelas-
tic system in which heat conduction follows the type III model introduced by Green and
Naghdi. This model interpolates between the Fourier and Cattaneo laws, incorporating
both instantaneous and second-sound effects. The resulting system exhibits a combination
of parabolic and hyperbolic characteristics. Using a combination of energy estimates and
multiplier techniques, we demonstrated that exponential stability holds under appropriate
conditions on the physical parameters.

For all four problems, the well-posedness of the systems was rigorously established. To
achieve this, we employed a unified semigroup approach, which allowed us to reformulate
each system as an abstract Cauchy problem on an appropriate Hilbert space. The Hille–
Yosida theorem was then applied to verify that the associated semigroup is strongly con-
tinuous, thereby guaranteeing the existence and uniqueness of solutions. In certain cases,
particularly for the hereditary and type III models, the Lax–Milgram theorem was also
invoked to address the variational formulation of the elliptic components.

Regarding stability, we systematically applied the multiplier method in combination with
Lyapunov functionals. The multiplier method proved particularly effective for deriving the
necessary energy estimates, while the construction of appropriate Lyapunov functionals
enabled us to establish the exponential decay of the total energy. For each problem, a
suitable Lyapunov functional was carefully designed to account for the specific dissipative
mechanisms inherent in the corresponding heat conduction law. The exponential stability
results obtained are uniform with respect to the initial data and provide precise decay rates.

In summary, this thesis advances the mathematical theory of porous thermoelasticity
by demonstrating that, under the considered truncation, exponential stability is a robust
property that holds for a wide range of heat conduction models, including Fourier, Cattaneo,
Gurtin–Pipkin, and Green–Naghdi type III. These results not only extend existing results
in the field but also open the horizon for further investigations, such as the study of optimal
decay rates, numerical simulations, and extensions to nonlinear or multidimensional settings.
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