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Abstract

In this thesis, we study the long-time behavior of certain truncated porous thermoelastic
systems, which are free from the adverse effects associated with the second spectrum of the
frequencies. We examine four problems involving different heat effect conduction laws, and
prove exponential stability result for each system.

In the first problem, heat conduction is governed by the classical Fourier law, resulting in
a hyperbolic-parabolic coupling. In the second problem, the thermal disturbance is described
by the Cattaneo law, leading to a problem characterized bysecond-sound heat conduction.
The third problem consists hereditary heat conduction governed by the Gurtin-Pipkin law.
Finally, the fourth system addresses a porous thermoelastic system in which heat conduction
follows the type III model introduced by Green and Naghedi.

For all the problems, well-posedness is established using a semigroup approach along
with the Hille-Yosida and Lax-Milgram theorems. Additionally, stability is achieved by
employing the multiplier method and Lyapunov functionals.

Keywords: Porosity, thermoelasticity, well-posedness, exponential stability, second

spectrum, truncated equation.
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Résumé

Dans cette these, nous étudions le comportement a long terme de certains systémes
thermoélastiques poreux tronqués, non affectés par les effets indésirables liés au second
spectre de fréquences. Nous analysons quatre problemes présentant des effets thermiques
distincts et démontrons un résultat de stabilité exponentielle pour chacun de ces systemes.

Dans le premier probléme, la conduction thermique est régie par la loi classique de
Fourier, ce qui conduit a un couplage hyperbolique-parabolique. Dans le deuxieme prob-
leme, la perturbation thermique est décrite par la loi de Cattaneo, aboutissant a un modele
caractérisé par une conduction de chaleur du second son. Le troisieme probleme carrac-
térisé par la conduction thermique héréditaire, régie par la loi de Gurtin-Pipkin. Enfin,
le quatrieme systeme traite d’un milieu thermoélastique poreux dans lequel la conduction
thermique suit le modele de type III, tel que décrit par Green et Naghedi.

Pour tous ces problemes, ’existence et I'unicité ont été établies grace a une approche par
semi-groupes ainsi qu’aux théoremes de Hille-Yosida et de Lax-Milgram. De plus, la stabilité
a été démontrée par la méthode des multiplicateurs et les fonctionnelles de Lyapunov.

Mots clés: Porosité, thermo-élasticité, second spectre, existence et unicité, décroissance

exponentielle, équation tronquée.
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Notation

m
H} 0, L)

H=Y(0,L)

C3°(0, L)

LP(0,L), L>(0,L)
L(0,L) = (LP(0, L))’
D (A)

o(A)

p(A)

Sobolev Spaces,
the closure of C§°(0, L) in H'(0, L),
=% (H3}(0,L),R) the dual space of H}(0, L),
the test functions space,
the Lebesgue space,
1 1

the dual space of LP(0,L), — + - =1,
p q

the domain of the operator A,

The spectrum of operator A,

The resolvent set of the operator A,
The kernel of the operator A,

The range of the operator A,

The euclidean norm on R,

The norm on a normed space H,

the inner Product in a Hilbert space,

The operator of partial differentiation,

The space of bounded linear operators from H into H,

The dual space of H,
The real part of the inner product,

A semigroup of linear operators,

The space of all continuous functions from X into Y,

almost everywhere (except on a negligible set).
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Introduction

Porous media theory

In recent years, the study of the asymptotic behavior of solutions of mathematical models
describing elastic materials has garnered increasing attention from researchers in mathemat-
ical analysis and theoretical mechanics. This growing interest stems from the crucial role
these models play in explaining the behavior of materials with complex internal structures,
such as porous materials or materials containing voids.

Due to their significant practical relevance, a substantial body of recent research has
focused on the rigorous analysis of the existence and stability properties of solutions to
these elasticity systems.

This theory envisions the material as a composite structure consisting of a solid ma-
trix interlaced with a network of interconnected empty pores. Its development has been
shaped by successive advancements and key milestones that have progressively refined and
strengthened its theoretical framework.

To the best of our knowledge, the first contribution to describing these materials was
made by Goodman and Cowin [25]. In 1972, they developed a model for granular materials
based on the assumption that the bulk density is the product of the material matrix density
~ and the volume fraction v; that is, p = yv. This representation endowed the theory with
enhanced kinematic flexibility, enabling a more accurate description of the influence of the
micro-void structure on the material overall deformation.

Later, in 1979, Nunziato and Cowin [40] extended the previous model by proposing a
nonlinear theory to describe the behavior of porous materials, incorporating finite deforma-
tions and nonlinear effects.

By 1983, the theory of porous elasticity had matured, culminating in the linear for-
mulation proposed by Cowin and Nunziato [14]. Subsequent advancements by lesan [29)]
incorporated thermoelastic and micro-temperature effects [30, B1], thereby completing the
theoretical framework underpinning modern porous thermoelasticity.

To the best of our knowledge, the investigation of the long-term behavior of porous
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media problems began with the work of Quintanilla. In [44], he examined the behavior of

the system:

PUy = gy + By,
Jou = apgy — Bug — Ep — Ty,

(1)

and showed that the solution of system (EI) decays slowly. We note that, later in 2017,
Apalara [4] and Santos et al. [48] independently proved an exponential rate of decay for

system @) provided that

Parallel to advancements in the study of porous materials, researchers have increasingly
recognized the crucial role of thermal effects in the mechanical behavior of deformable media.
This understanding has led to the incorporation of heat conduction effects to porous elastic
problems. In the next section, we provide an overview of the fundamental laws governing

heat transfer within a material body.

Thermoelasticity

Thermoelasticity offers a comprehensive theoretical framework that describes the in-
teraction between thermal and mechanical fields in deformable media. It examines how
temperature variations induce mechanical deformation and how this deformation, in turn,
affects the material thermal state. Over time, various thermoelastic models have been devel-
oped from classical formulations based on Fourier’s law to advanced theories incorporating

relaxation, memory effects, and finite-speed heat propagation.

Fourier’s Law

Heat transfer within a material body is typically described by Fourier’s law of heat
conduction, which establishes a linear relationship between the heat flux vector q and the

temperature gradient V6. This law is expressed as

q=—kxV0,
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and, together with the conservation of energy law
ct+V-q=0,
leads to the well-known parabolic heat equation
by = KAD,

where x denotes the thermal conductivity coefficient and ¢ is the specific heat capacity.

Within the framework of classical porous thermoelasticity, Quintanilla and his coauthors
[11, 12, B4] investigated system (EI) coupled with the heat equation governed by Fourier’s law.
They demonstrated that an exponential decay rate can be achieved when porous and thermal
damping act together, or when elastic and microthermal damping operate simultaneously.
Conversely, when these damping mechanisms do not act simultaneously, the system fails
to achieve exponential stabilization and instead exhibits a slower decay behavior. Further
insights can be found in [B, 20, B5, B6, B9, 49].

However, the parabolic heat equation derived from Fourier’s law leads to a physical
inconsistency: it predicts an infinite speed of heat propagation, implying that thermal
signals are felt simultaneously throughout the entire domain, which contradicts physical
reality. To address this inconsistency, scientists have proposed several alternative models
that transform the coupling from a hyperbolic-parabolic type to a hyperbolic-hyperbolic

type, thereby resolving the issue of infinite heat propagation speed.

Second sound thermoelasticity

The first model was proposed by Cattaneo [13] in 1958. He introduced the concept of
thermal relaxation time, 7, as a key factor in heat transfer. This modification fundamentally
altered the nature of heat propagation, changing it from instantaneous diffusion to wave-
like behavior. The modified constitutive equation, known as Cattaneo’s law, is expressed as
follows:

q+71q =—kV0.

This model represents a significant advancement in understanding heat transfer as a wave

phenomenon, as observed in the second sound effect.
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Second sound is regarded as one of the most significant phenomena challenging the
classical model. It was first experimentally observed in 1944 by Peshkov in superfluid
helium II (He II) at cryogenic temperatures [43]. However, its theoretical modeling only
became feasible following advancements in the law.

This extension resolves the paradox of infinite propagation speed by introducing a wave-
like mechanism of heat transport, similar to mechanical or acoustic waves. Graphically,
it is represented by hyperbolic partial differential equations rather than parabolic ones,
contradicting the infinite-speed prediction of Fourier’s law.

The corresponding heat transport system is described as follows:

copty +V-q=0

q+7q + VO =0,

K
which predicts a finite speed of heat propagation, given by v = .
\/ copT
Within this context, Messaoudi and Fareh [37] considered the system

( .

Pl = [lgy + 0Py + Vg in (0,1) x (0, 4+00),
Jou = pgp — bug — o + 6, In (0,1) x (0, +00), 2)
by = —qp — B — 00 in (0,1) x (0,400),

| 7 +q+ K0 =0 in (0,1) x (0,400),

They proved an exponential decay result without imposing any restrictions on the system
coefficients. In [17], the same authors investigated the system (E) for v = 0 and V* =
&p. They introduced a stability number x, which depends on the system coefficients, and
demonstrated an exponential rate of decay provided that x = 0.

Recently, Li and Feng [21] examined the system

/

Pl = [z + by in (0,1) x (0, +00),
Jbu = Qpe — by — E¢+ B0, in (0,1) x (0, +00), 3)
P10 + Gz + By =0 in (0,1) x (0, 400),

(| T¢:+7¢+K0=0 in (0,1) x (0, +00),

along with the boundary conditions

ue(0,) = ¢(0,8) = q(0,8) = u(1,t) = ¢o(1,8) = O(L1,¢) = 0, t € (0, +00).
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They presented the stability number

and established an exponential rate of decay provided that m = 0 and a polynomial decay

in the opposite case.

Green and Naghedi theories

Green and Naghdi [26] proposed a series of pioneering theories aimed at reinterpreting
heat conduction within the framework of thermomechanics. Their formulation departs from
classical approaches by introducing a new state variable, the thermal displacement, defined

as

¢
alx,t) = ag +/ 0(z, s)ds,
0

where o denotes the initial value at the reference time.

da
E(:L’,t) =0(x,t).

This approach offers a natural kinematic interpretation of thermal evolution, ensur-
ing that heat propagation aligns with the mechanical concepts of motion and finite speed.
Through this formulation, Green and Naghdi developed a generalized framework for the fun-
damental balance laws based on novel constitutive relations involving both the temperature
f and the thermal displacement .

These relations form the foundation of three distinct thermomechanical theories—Type

I, Type II, and Type III.

Thermoelasticity of Type I

The standard assumption in this version is that the heat flux vector ¢ and the entropy

flux vector h are linearly related through the reference temperature Tj; that is

q:T0h7
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Here, Tj represents the absolute temperature that links the thermal and entropic fluxes.
This assumption results in the same constitutive law as that derived from classical Fourier
theory.

q=—kVo,

where x denotes the thermal conductivity. As a result, the heat equations corresponding
to the classical heat conduction theory and the linearized Green and Naghedi Type I for-
mulation appear mathematically identical. However, their physical interpretations differ:
the classical model addresses heat conduction phenomena, whereas the Type I formulation

incorporates these phenomena within a more rigorous thermodynamic framework.

Thermoelasticity of Type II

This model is based on the constitutive assumption that the entropy flux vector A de-

pends on the gradient of the thermal displacement «; namely,
h = —ks Va,
where ko is a material constant. The corresponding evolution equation takes the form:
pcty = pcay = Ky Aa,

This is a hyperbolic-type heat equation describing the propagation of thermal disturbances
as finite-speed waves. In this case, heat propagates without energy dissipation at a charac-
teristic speed.

Rg
V= ,/—.

cp
This formulation offers a theoretical explanation for phenomena such as the second sound

observed in certain solids and super-fluids.

Thermoelasticity of Type III

The most comprehensive version of the Green-Naghdi models incorporates the effects
of both the temperature gradient and the thermal displacement gradient. In this case, the

heat flux vector ¢ is expressed as

q=—r3Va — V0o
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Where k3 and k4 are material constants characterizing the coupling between thermal and
mechanical effects.

The corresponding evolution equation is expressed as follows:

pcly = pcay = k3 Aa — Ky AG.

This mixed formulation captures both wave-like propagation and dissipative effects
within a unified framework, offering a more realistic description of heat transport in hetero-

geneous materials.

Gurtin—Pipkin Theory

In an ongoing effort to deepen the understanding of heat conduction phenomena, Gurtin
and Pipkin [27] developed a comprehensive nonlinear theory of heat conduction that effec-
tively incorporates the concept of material memory and allows for the occurrence of second
sound in thermoelastic media. A key aspect of their formulation is the introduction of
memory kernels, which enable the heat flux to depend on the entire "past” history of the
temperature gradient. In the linear approximation, their constitutive law for heat conduc-
tion is expressed in integral form:

q(z,t) = —/ k(t —s) Vl(z,s)ds, (4)

—o0
where £(t) is a relaxation function that characterizes the material memory response.
This model extends beyond Fourier’s law by accounting for finite propagation speeds and
non-local temporal effects. It provides a rigorous framework for studying heat transport in
materials with memory.
In this regard, Pata and Vuk [41] studied the linear thermoelastic system within the

framework of the Gurtin-Pipkin thermal law. Precisely, they looked into the system
U (T, 1) = U (x, 1) — O (2, 1),
O (z,t) = —uy, (x,t) — qu (x, 1),
where the heat flux ¢ is modeled by equation (@) They employed a semigroup method

and established an exponential stability result under certain assumptions on the kernel

pu(s). = —g'(s).
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Next, Fatori and Mufioz Rivera [19] analyzed the system

Uy — AQlUgy + aly, = 0 in (0; L) x Ry
O — k*x0p +auy =0 in (0; L) X Ry,

where
t
(k*0.,) () = / k(t—7)0., (7)dr.
0
As long as the kernel k is positive definite and decays exponentially, they obtained an
exponential decay result.
In the framework of Gurtin-Pipkin’s theory, Timoshenko-type systems have been studied.

For instance, Dell’Oro and Pata [16] studied the following system

prow — K (z +1), =0,

1 [tee
p30t - 5 g (S) Qxx (t - S) ds + 51/)tx = 0.
0

They introduced the stability number

= [ﬂ_i} 2 _e2] _ B
I psk g(0)] L b g (0) p3kb

and established exponential stability provided that x, = 0.

Fareh [18] examined the porous thermoelastic system

PU = gy + by — B0,

Jgott = OQPyy — buaz - ng +mb — TPts (6)
0
c@t:—/ k(t—s)em(s)ds—ﬁum—m%-

An exponential decay rate was determined regardless to any restrictions on the coefficients
of the system (B)

Recently, Hao and Yang [28] investigated the porous thermoelastic system

Pl — Mgy — 0Or — Yligr = 0, in (0,1) x R,
Jouw — 0@us + buy +Ep+ B0, =0, in (0,1) x RT, (7)
CQt + 7% + /BQO;Ut = O, in (0, 1) X R+,

where the heat flux vector ¢ is governed by the Gurtin—Pipkin thermal law (equation @),

and established an exponential decay rate independent of the system coefficients.
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Porous thermoelasticity free from second spectrum fre-
quency

It is generally acknowledged that Timoshenko-type systems are affected by the dam-
aging effects associated with the second spectrum of frequencies. In this section, we will
demonstrate that this phenomenon also influences porous systems.

If we study the undamped version of system m and eliminate the variable ¢, we obtain

- Ju+ pa J
g ,uofuum - %u$xtt + j_gutt + lu_zutttt =0. (8)

umcxx +

By substituting v = Ae’**%" into equation (@), where A denotes the amplitude of the

harmonic solution u, w represents the frequency, and ~ is the wave number, we arrive at

4 a 2 § 2 M§_52 2 Ol 4
— -+ - = - —~*=0.
“ [(J+p> +J]w+ YRR

The above equation admits frequency bands, denoted as w; and wy, which are given by

2 4 2
w3 (8t 5o (51 5) o

Let us assume that w and ~ are related by the identity w = ¢y, where c is the phase velocity.

This yields
1 (a § 1 Jfa p &N 4P
=-(=+C +4/(=-E . 10
o 2(J+p>+2~772 2\/(J p+J72 +Jm2 (10

To simplify our results, we use the asymptotic representation of the discriminant, from

which we derive
2 O+ (p€ = B%)
T (ap+ Ty + g
2 W E (€= 5%
? Jp 3y

2
+ 1.

It is important to note that when pé ~ 82, ¢? goes to zero as ~y goes to zero, while ¢? remains
bounded as «y tends to infinity. The curve c2 represents a hyperbola inversely proportional
to ¢, which leads us to conclude that c3 increases significantly at lower frequencies. This

behavior is characteristic of the impairment associated with the so-called second spectrum,
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which was observed early in the Timoshenko system (see [2, 50]). Now, let us consider the
truncated system

Py — [illzy — Ppz =0,

—JUgtt — QWP + Bug + Ep = 0.

(11)

The one variable equation corresponds to (@) is

B2 =&u  Ju+pa £p

Uggprr T Ugzy Uggtt T — Uy = 07
J1te’ J1te’ J1%e’
and the frequency equation becomes
apy* + (Ep— B7)7" — ((JB + pa)y® +Ep) w? = 0. (12)

which has a natural frequency given by
o _ oyt + (§u — %)
(JB + pa)y® + &p
Given that the identity w = ¢y, we deduce
o _ oy + (Ep— %)
(JB + pa)y* +&p’

Hence, the phase velocity remains bounded as « tends to infinity and

Kk
p+(JB)/a

Therefore, the simplified porous elastic system exhibits a single phase velocity and is free
from the undesirable effects associated with the second frequency spectrum.

Within the framework of porous systems unaffected by the damage related to the sec-
ond spectrum, Ramos et al. [45] analyzed a simplified system that incorporates frictional

damping in the porous equation

Uty — UUgy — T = 07
P — H By (13)
—J Uty — Py + Bum + fg& + T = 0,
and established an exponential decay result regardless of the coefficients of the system.
As for stabilization via heat dissipation, Apalara et al. in [§] examined the simplified

Timoshenko system coupled with the heat equation described by Fourier’s law
prpw — K(pe — 1)z =0,

—P2Ptte — bqu)a:;r + K(Soac - ¢) + '79:0 =0, (14)
p39t - /Beccar + /W/)tx = 07

10
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The study yielded an exponential decay regardless to any relationship between the sys-
tem coefficients. Also, Keddi et al.[32] extended this result to the case of the truncated

Timoshenko system with second sound thermoelasticity.

;

p1pe — K(pe + ) =0, in (0,1) x (0, 00)
—p2ptte — Wz + K(pz +10) + 00, =0, in (0,1) x (0,00) (15)
chy + qu + 0Pz = 0, in (0,1) x (0, 00)

\ Tq + Bq+0, =0, in (0,1) x (0, 00)

In the context of the Gurtin-Pipkin thermal law, the same authors [38] studied the

following Timoshenko-type system

P1Ptt — K’(pr + w)x =0, in (07 1) X (07 OO)
—PoPitr — bbyy + (e + ) + 00, =0, in (0,1) x (0,00) (16)
6, — % 9(8)0ra(t — 5)ds + Oy =0 in (0,1) x (0, 00).

0

They provided a rigorous proof of well-posedness and established exponential decay rates

for the systems () and (@), independent of the coefficients of the systems.

z
Euler-Bernoulli

Timoshenko

—
<
O —
—=
S

Figure 2: The slope w, for Timoshenko beam

11
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The remainder of the thesis is organized as follows: Chapter 1 presents the fundamental
definitions and essential theoretical background used throughout the thesis. In Chapter 2,
we examine a porous thermoelastic system modeled by Fourier’s law of heat conduction.
Chapter 3 investigates a similar porous thermoelastic system governed by Cattaneo’s law,
which characterizes the second-sound effect. Chapter 4 focuses on a system described by the
Gurtin—Pipkin heat conduction law. Finally, Chapter 5 addresses a porous thermoelastic
system based on the Green—Naghedi Type III theory. This model, along with the previous

one, explores the same porous structures but with different laws of heat propagation.

12



chapter

]_ Preliminear

In this chapter, we review a few mathematical ideas that will be used in this thesis.

1.1 LP Spaces

Definition 1.1. 10/ Let p € [1,+o0o[, we define the space
L
LP(0,L) = {g [0, L] = R; g is measurable and / lg(2)|" dz < —{—oo} ,
0

which is a Banach space with respect to the norm.

L 1/p
||g||Lp=||g||p=[/ |g<x>|pdx] 1<p< oo
0
For p = o0,

1% (0, 1) g:10,L] = R; g is measurable and 3 M > 0 suth that
7 lg(x)] < M a.e. on [0, L] ’

which is a Banach space with respect to the norm
191l 10 = llglloc = inf{M; |g(z)| < M a.e. on [0,L]}.
Theorem 1.1. (Young’s inequality)/|10] Let p,q be real conjugates, then
al? 1ol
Va,b e R, |ab] < +
p q
In particular if g,h € L*(0, L) we have, for any ¢ > 0,

L
/ |gh|dx<e/ lg|*dr + — / |h|?dx.

Theorem 1.2. (Hélder’s inequality)/10] Suppose that g € LP and h € L? where 1 <
1 1

p<ooand —+ — =1. Then, gh € L' and
b

q
/ 19h] < llgll, 1],

13



1.2. SOBOLEV SPACES CHAPTER 1

Theorem 1.3. (Cauchy-Schwarz inequality)/10] Let X be a Hilbert space and (-,-) be

its inner product, then
1 1
[{g: )| < (g, 9)2(h, )2, VfgeX
Remark 1.1. Forp =2, L*(0,L) is a Hilbert space with respect to the inner product
L
(o)1= [ 9(a) ).
0

Lemma 1.1. The subspace L?(0,L) of L*(0, L), defined by

L

zon={se 20 [ goe=of,
0

is a Hilbert space.

Proof. Let (¢,) C L?(0, L) be a convergent sequence to ¢ in L*(0, L), then

x)d:v—/OL¢n(x)dx

/0 6 (2) — b ()] de

Using the Cauchy-Schwarz inequality, we arrive

<LU 16 (2) — 6 (2)? dx]l/z.

We have lim/ o (x (z)|* dz = 0, so

/OL¢<w>dx=

which implies that ¢ € L?(0,L). The proof is thus finished since L? (0, L) is closed in
12(0,L). 0

x)dx

Remark 1.2. The above result, as well as its proof, remains valid in any space dimension.

1.2 Sobolev spaces

Definition 1.2. [51/ For k € N and 1 < p < oo, we define the Sobolev space WP (0, L) by

¢

Whe (0, L) = {qs e L/(0,L); 5

€ IP(0,L), Vj € N with j < k}

14
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o7
where 8_35(? =  is the j—weak derivative of ¢ defined as

/ 6(@) 28 (@) = (-1y [ etww@as, wecro.n.

The space W5P(0, L), equipped with the norm

1olkp = (Z

J<k

8|

J
(%cp

13
) ; I<p<oo

and .
54 qb
Oz

19100 = max

are Banach spaces.
The space W*2(0, L) is denoted by H*(0, L) and it is a Hilbert space with respect to the

inner product
6%15 811/) L
(&, ) v = Z/ 55 (@) g5 (@)dr, Vo, g € HY(0,L).

Definition 1.3. [10] Given 1 < p < oo, we denote by Wy (0, L) the closure of C3°(0, L) in
W (0, L).For p = 2, we denote W*(0,L) by HE(0, L).

In this thesis, we are focus on the case where p = 2 and k = 1, so we frequently use the

space Hg (0, L).

Definition 1.4. The space H*(0, L) is the dual space of H}(0,L), namely,
H7(0,L) = (H}(0,L)) = £ (H(0,L),R).

In addition, we denote by H(0, L), H2(0, L) and H2(0, L), the Hilbert spaces

mo.n-{oemon ") = o}

H2(0,L) = {6 € H*(0,L); ,(0) = 6,(L) = 0},

H2(0, L) = {6 € H*(0.1) N HJ(0.1); 622(0) = 6ra(L) = O},

15
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Theorem 1.4. (Poincaré’s inequality) Suppose that w € H}(0,L). Then there exists a
constant M > 0, depending only on L, such that

Pl 220,y < M| bzl 20,19, Vo € Hy(0,L).

Remark 1.3. Poincaré’s inequality also holds for all ¢ € H'(0, L) that satisfy

/OL 6(x) dz = 0.

Definition 1.5. (Bilinear form) Let H be a Hilbert space over R .

A:HxH—R.

1s called a bilinear form if it is linear in each component separately, i.e.,

Alp+1p,0) = Ao, ) + A(h, @), Al ¢,0) = pu A(¢, ),

and similarly in the second argument.

Definition 1.6. (Continuity) A bilinear form A : H x H — R is said to be continuous
(or bounded) if there exists a constant M > 0 such that

|Alo, )| < M |[¢l [ell, Vo, € H.
Definition 1.7. (Coercivity) A bilinear form A : H x H — R is said to be coercive if

there exists a constant o« > 0 such that

A(d,¢) Z a|lgll’, Vo e H.

Theorem 1.5. (Lax Milgram) [10] Assume that A is a continuous and coercive bilinear

form on H. Then, for any ¢ € H', there exists a unique element x € H such that

A(z,y) = (o,y), Vye H.

Moreover, if A is symmetric, then x is characterized by the property

%A(x,@ — (¢,7) = min {%A(y,w - <¢,y>} :

Theorem 1.6. (Rellich-Kondrachov)[1] Suppose that I C R is a bounded interval.

Then, we have the following compact embedding:

H™(I)c H"(I), ¥Yn<m.

16
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1.3 Spectral Theory of Operators
Definition 1.8. Let H be a Hilbert space and A : H — H an operator,
1. The operator A is said to be positive, if

(Ap,¢) >0, Vo e H.

2. The operator A is said to be self-adjoint, if

(Ad,9) = (o, AY), Vo, € H.

Theorem 1.7. (Invertibility of positive self-adjoint operators) [6][Theorem VI.3
p. 194 ] Let A: H — H be a bounded, self-adjoint operator. Suppose that there exists ¢ > 0
such that

(Ad,9) > clloll?, Vo e H,

then A is invertible and
1
A7 < -
1.4 Some Semigroup arguments

Definition 1.9. We consider the bounded operator A € £ (H) . The resolvent set p(A) of
A is the set of all o in C for which (A — ol)™! exists and bounded

p(A)={aeC; (A-al) ' e LH)}.
The spectrum of A, denoted by o(A), is the complement of the resolvent set, i.e.,
a(A) = C\p(A).

A complex number « is an eigenvalue of A if

N(A - aI) # {0}.

17
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Theorem 1.8. Let H be a Banach space and A € L (H). If the operator A satisfies

|A|l < 1, then I — A is invertible and its inverse is given by
(I-A)" =) A"
m=0

Definition 1.10. [42] Let H be a Banach space. A semigroup of bounded linear operators
is a family of linear operators T'(t) € L (H), which depend on a parameter 0 <t < oo and
that fulfills the following characteristics.

(i) T(0) =1, (I is the identity operator on H ).

(i) T(t+s) =T(t)T(s) for every t,s >0 (the semigroup property).

A semigroup of bounded linear operators T(t) is uniformly continuous if

lim | T(t) — I|| = 0.

t—0t

The infinitesimal generator of a semigroup T(t) is the operator A defined on

D(A) = {ZL‘ €H: lim% em'sts}

t—0t

M, for x € D(A).

Ax = lim
t—0t

Definition 1.11. (Maximal Monotone Operators)[10]: Let H be a Hilbert space, an
unbounded linear operator A : D(A) C H — H is said to be monotone (accretive) if it
satisfies

Re (Au,u) >0, Yu e D(A).

In addition, the operator is said to be maximal monotone, if R(I + A) = H i.e.,
Vg € H, Jv € D(A), such that v+ Av = g.
Remark 1.4. If —A is monotone, we say that A is dissipative.

Proposition 1.1. [10] Let A be a mazximal monotone operator on a Hilbert space. Then

(i) D(A) is dense in H.

18
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(ii) A is a closed operator.

(iii) For all a > 0, (I + «.A) is bijective from D(A) into H, (I + aA)™ is a bounded
operator, and ||(I + aA) ™| o) < 1.

Remark 1.5. If the operator A is coercive (strictly monotone) and maximal then
I + )Ml < 1.

Theorem 1.9. (Hille-Yosida)|10] Let A be a mazimal monotone operator. Then, given

any vg € D(A) there exists a unique function
v € CY([0, +00); H) N C([0, +00); D(A))

satisfying
dv +Av=0 [0, +00)
— v=0 on |0,+00),
dt (1.1)
v(0) = vp.
Theorem 1.10. (Lumer-Phillips) [44, 51] Let A : D(A) C H — H be a densely defined
operator on a Hilbert space H. Then A generates a Cy-semigroup of contractions on H if

and only if
(i) A is dissipative;
(ii) there exists o > 0 such that ol — A is surjective.

Theorem 1.11. [33] Let A: D(A) C H — H, be a linear operator and H Hilbert space.
Suppose that D(A) is dense in H, A is dissipative and 0 € p(A). Then, A is the

infinitesimal generator of a Co—semi-group of contractions on H.

Theorem 1.12. [51] Let H be a Banach space and A : D(A) C H — H be the infinitesimal
generator of a Cy-semigroup {S(t);t > 0} on H. Then, for each & € D(A) and each t > 0,
we have S(t)€ € D(A), and the mapping

t — S(t)¢

is of class C* on [0,400) and satisfies

d

Z(S()) = AS(D)E = S(1)AS. (1.2)
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1.5 Exponential stability notions

Definition 1.12. The solution U(t) = e“Uy of ) is said to be exponentially stable if

there exist two positive constants o and C' > 1 such that
[U(t)|| < Ce™™, ¥t >0.

Theorem 1.13 (Gerhard-Bruss). /23, 33] A Co—semigroup of contractions S (t) = e**
generated by an operator A in a Hilbert space H is exponentially stable if and only if

i) IR = {i\,\ € R} C p(A),

i) |A1|i§oo |(GA — A) 7| < .

Theorem 1.14. [3] Let A (unbounded operator) be the infinitesimal generator of a semigroup
of contractions S(t) = e*. Then, S (t) is exponentially stable if and only if there exists a

positive constant ¢ such that

inf[|(iAL — AU = ¢|U], YU € D(A). (1.3)

20



chapter

2 Exponential Stability of a Trun-
cated Porous Elastic System

with Classical Thermoelasticity

2.1 Introduction

In this chapter, we investigate a truncated porous thermoelastic system in which heat
conduction is governed by the classical Fourier law. The system is free from the adverse
effects associated with the secondary spectrum of frequencies. We employ a non-classical
approach based on operator theory, utilizing a novel technique developed by Messaoudi and
Keddi [32, B8], who formulated the problem using the semigroup method.

We prove the well-posedness result using the Hille-Yosida theorem, and establish expo-
nential stability by applying the multiplier method.

We are concerned with the following problem

Pl — fge — Bpe =0,

— Uty — WPy + By + Ep + 00, = 0, (2.1)

cl; — KBpy + 601 = 0.
where u, p, 0 are the displacement of a elastic material, the volume fraction and the tem-
perature difference, respectively. The coefficients &, p, J, i, o, &, ¢, 9, 8 are positive constants
and defined as follows: p expresses the mass density of the material, J = pk, where k is
the porous inertia coefficient, u is the elastic modulus, o denotes the porous diffusivity, &
denotes the weight of the restoring force, ¢ = pc,, where ¢, is the specific heat capacity.

Finally, 8 and § are the coupling coefficients, assume to satisfy

pé — 3 > 0.
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2.2. WELL-POSDENESS CHAPTER 2

The system (@) is supplemented by the following initial and boundary conditions
U(ZL‘, O) = UO(ZL‘),Ut(ZL’, O) = ul(x)a (,O(I‘, 0) = ¢O(m)7 g(mv O) - HQ(ZE), YIS [07 L] (22)
uw(0,t) = u(L,t) = ¢,(0,t) = p.(L,t) = 60(0,t) = 0(L,t) =0, t € (0,+00) (2.3)

Observe that Neumann boundary conditions are imposed on ¢, which, in turn, prevent the
applicability of Poincaré’s inequality . However, from the second equation of (@) and the
boundary conditions (@), we obtain

L
/ o(x,t)dx =0,
0

which allows the use of Poincaré’s inequality.

2.2 well-posdeness

In this section, we start by applying a series of transformations to the system (@)—(@)
to recast it within the framework of the Hille—Yosida theorem. This approach enables us to
establish the existence and uniqueness of the solution.

First, multiply all equations in (1) except the first one by g, and differentiate the
second equation of (Z1) with respect to x. We then find

PUtt — UUgy — Bgox = O,
cB0; — kB0 + 0P = 0.

From the first equation of (21) we have
Next, substitute equation (@) into the second and third equations of (@), we obtain

_Jﬁumctt - a(putt - ,uuxx)xx + 52/“:09: + 5(Putt - Huxa:) + 65911 = 07

(2.6)
cB0; — kB0 + d(puy — ptigs )y = 0.
This corresponds to

cB0; — kB0 + dpuyy — Sty = 0.
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Putting B = {pl — (JB8 + ap)dys, with domain D(B) = H*(0, L) N H(0, L). we get

Butt + AU gz + (62 - g,u)umc + 5601‘3: = Oa

(2.8)
Cﬁet - "iﬁeazx + 5puttt - 5,uux:vt = 07
Oy = —— (0l - B) (2.9)
xxr — ap+ J/B p ) *
and
ép1 = B+ (ap + JB)ya. (2.10)

Remark 2.1. Note that B is invertible because it is coercive. By applying the Lazx-Milgram
Theorem, for any f € L*([0, L)), the problem

—(ap + JB)Uze +Epu = f, in (0, L),

u(0) = u(L) = 0, (20

admits a unique solution u € H ([0, L]) that satisfies the inequality

ull a0,y < ClIflle20,0)-
Next, by using standard elliptic reqularity theory, we infer that the solution u belongs to
(H?(0,L) N H(0,L)).
From the equation in ), we have

1
Ugy = m(fﬂu —f)-
Therefore,
[tz || L2(0,0) < é\(HuHL?(O,L) + 1fl200.1)) < CNflle20,1)-
Consequently,

lullm20,0) < C'|| fll20,1)-

which confirms that the operator B is invertible with inverse B~' : L?(0, L) — H?*(0, L) N
H}(0,L). In addition B™' commutes with 0., since B does.

Remark 2.2. Note that A = —0,, with Dirichlet boundary conditions is strictly monotone,
because

1
(= 0w, u) = [Jua|l® = =IlullZ2,

Cy
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then,

ap+ Jp > ( ozp—i—Jﬁ) )
=20 wu) > (142220 )2,
< pé pec, )1

Therefore, if we set v = Bu = pu — (ap + JB)uy:, we arrive at

ap+ Jp
el 2 (o) 2 (o6 + 22572 ) e
p

Consequently, since w = B~'v, we have

ap+ Jp _
ol = (o6 + 2522 ) 150l
p
which yields
1 1
Bl <——— < —.
171 < o <
1 /1
Thus, there exists 6 > 0, (for instance § = 5 (_§ - ||B_1||>), such that
p
1
B <= -4
1B~ pr:

Now, returning to the first equation of (23), we have
Ugt = — B Mggper + (€ — B°) B gt — 08B 10,0t (2.12)
Substitute P = 9,, o B~! = B~ 0 d,,, we get
Uy = — Ot Py + (g1 — %) Puy, — 5BP0,. (2.13)
In addition, from (@) and since B! : L*(0, L) — H?*(0, L) N H{(0, L), we have
p- W;JB (€pB™ — 1) : L3(0,L) — L*(0, L).
Substituting () in the second equation of (@), we get
(cﬁ] — 52pBP) 0 — K804 + 0p (EpI — apdyy) Puy — dpB° Puy — dpittyzy = 0.

As shown in (), we derive

(cﬂ] — 52pﬁP) 0, — B0y, + 01 (B + JB0ys) Puy — 6pB3° Puy — 0pittyey = 0.
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We conclude from the definition of P that BPu; = gy, SO
(cBI — 8*pBP)0; — kB0, — B0 (pBI — Jdyy) Puy = 0. (2.14)
Finally, by multiplying system (@) by B!, we obtain the following auxiliary problem:

Ut + OC/JJPuxx - (é-:u - BQ)Pu + (5ﬂP9 = 07
S0y — kB0, + 08Ty, =0,

(2.15)

where S, T : L?(0,L) — L?(0, L) are self-adjoint operators defined by

S = ¢8I — 62pBP,
T =—RP = —(pBI — Judyz) B~" 0 Oy,
R = pBI — J1idys.

Note that since B~! : L*(0,L) — H?(0,L) N Hi(0,L) then P : H?(0,L) N H}(0,L) C
L*(0,L) — H?*(0,L) N H3(0,L), therefore we can apply R to Pu for any u € D(P) =
H?(0,L)N H(0, L) Consequently D(T) = H*(0, L) N H}(0, L).

On the other hand, by inserting P = (épB~! — I) into the expression of T, we get

ap+ JpB
T=—-RP=———— (pBI — Judy,)(EpB~' — 1)),
PPN (pBI — Jp0ua)(Ep )
that is
1
T:—— [—J am Bil_ [ Jazl‘7
o 75 (0BT — J1udaa)ép pBI + J 0z,
equivalently, we get
1
T=——— I — Jud)épl — pBB) B~ + J 10y, .
aerJﬁ[((pﬁ 11022 )EpI — pBB) B~ + J 0y, ]
Substituting B, we arrive at
1
T=——— 2_J — BPNB Y+ Jul| 0y 2.16
ap+w[(aﬁp pép — %) B~ + Jul] (2.16)

Remark 2.3. Note that we have
(Sv,v) = cBlvl[7> + 8*pB{B ™ v, va).
Since B~ is positive self-adjoint, the second term is nonnegative, so
(Sv,v) > cB|v|j32, Yo € L*(0,L).

Therefore, S is coercive and consequently, is invertible.
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In fact, R = pS1 — Ju0,, is clearly positive definite. Moreover, since both B and —0,,
are positive definite operators, we deduce that — P is also positive definite, and consequently
S = ¢BI — §?pBP is also positive definite. In addition, we have T' = —(pBI — J10pe) B~ 0,
on H%(0,L) N H}(0,L). Then, for any ¢ € D(T), recalling that B~! is positive, we have

(T, ) = (—(pBI — Jpi0rz) B br, )
= pB{B™ b, 0z) + JH(B™ by, Gzz) 2 0.

Moreover, if (T'¢, ¢) = 0, then (B~'¢,, ¢,) = 0. Since B~! is positive definite, this implies
that ¢, = 0. Because ¢ € H}(0, L), it follows that ¢ = 0. Therefore, T' is definite.

Consequently, R, S, and T admit well-defined square roots, denoted by R'/? S'/2, and
T'? with domains D(RY?) = D(T"/?) = H}(0, L) and D(S'?) = L*(0, L).

Remark 2.4. Because B~' commute with 0., and D(R) = D(P) = H*(0,L) N H(0,L),

we have

T =—RP=—(pBI — JuOps) B 0pr = —(pBB 100 — J1100e B~ 01z
= —B 0, (pBI — Jud,,) = —PR.

Thus, T is symmetric because R and P commute, and the product of two self-adjoint operators

is self-adjoint if and only if the operators commute.

Let H be the Hilbert space
H = (H*(0,L) N Hy(0,L)) x H}(0,L) x L*(0, L),
equipped with the inner product
(®,0%) = ap (Tuz,uz) + (Rv,v%) +(80,07) + (p — 5%) (Tu, u*),

where ® = (u,v,(‘))T , P* = (u*,v*,&*)T eH.
Next, system () can be represented as a Cauchy problem by introducing the new

variable v = u; and defining ® = (u,v,0)T as follows:
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(1) + AD(t) = 0, V>0,
q)(o) = (u07u1790)7

(2.17)

where the operator A : H — H is defined by

—v
Ad = apPug, — (§p— B*)Pu+66PO |,
885~ Tv — kBS™10,,

with domain
D(A) = H2(0,L) x (H*(0,L) N Hy(0,L)) x (H*(0, L) N Hy(0,L)).
where
H(0.L) = {¢ € H*(0.L) N Hy(0.L) : ¢, € Hy(0.L)} .
We present the well-posedness result for the auxiliary problem () as follows:

Theorem 2.1. For any ®, € H, there exists a unique weak solution ® € C(RT,H) of
problem ) Moreover, if ®y € D(A), then ® € C(R™, D(A)) N C*(R*,H).

Proof. The proof of Theorem @ will be given by applying the Hille-Yosida theorem @, SO

it suffices to show that A is monotone and maximal. ]

First, we prove that A is monotone.
For any ® € D(.A), using the inner product and the definitions of the operators R, .S and T

, we have

(AD, ®),, = — ap (Twy, up) + (apRPuy, — (Ep — B*)RPu+ §BRPY, v)
+ (B0 + 08T v,0) — (Ep — %) (Tw, u)
= — ap (T, ug) — ap (Tugy,v) + (Ep = %) (Tu,v) — 66 (T6,v)
— 3 (02, 0) + 08 (T,0) — (& — B%) (T, u) .

Note that T is symmetric (self-adjoint) on H?(0, L) N Hy(0, L), since B~! is positive self-

adjoint and 0,, is symmetric with Dirichlet boundary conditions. Therefore, we can freely
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interchange T" between the two entries of the inner product. An integration by parts leads

to
(AD, ®),, = K[ (,,0,) > 0. (2.18)

Hence A is monotone.
Next, to establish the maximality of A, let F' = (fi, f2, f3)T € H, we prove that there
exists ® € D(A) satisfying (I + A)® = F, that is

u—v=fi,
v+ apuPug, — (Ep— B2 Pu+ 06P0 = fo, (2.19)
0TV — kB0, + S0 = S fs.

Form the first equation of (), we obtain

v=u— fi. (2.20)
Next, by substituting () into the second and third equations of (), we get

U+ Py, — (€ — B2 Pu+ 58P0 = f1 + fo,
§BTu — kB0, + S0 = Sfs + 68T fr.

(2.21)

Introducing the space

V = (H?*(0,L) N H}(0, L)) x H (0, L).

We multiply formally, the first equation from system () by Ru* with u* € H*(0,L) N
H}(0, L) and the second equation by 8* € H}(0, L), and using the symmetry of R, we obtain

the variational formulation corresponding to (), which can be expressed as follows:
A((u, 0), (u*,0%)) = L(u*,0%), (2.22)
with A :V x V — R is the bilinear form given by:

A((u, 0), (", 07)) =0 (Tug, uz) + (§p0 — B7) (Tu, w") + (Ru, u”)
— 00 (T0,u™) + 03 (Tu,0%) + (56,0%) + k3 (0, 67) ,

and L : )V — R is the linear functional defined by

L(u",0%) = (R(f1 + f2), u") + (Sfs,07) + 65 (T f1,0") .
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It is clear that A and L are bounded. In addition, by substituting 7" from (), we get
_ o 2 2 -1 2
A((u, 0), (u,0)) _ap—i— 7B ((Oéﬁp Jp(Ep — B))(B™ U, Uga) + J ][t | )
+ (& = B2)(Tu,u) + pBllull* + Tullu.||* + (S0, 0) + r5]10.],

then,

A((w,0), (1, 0)) =55 (@B T8N B s thae) = TEpp{ B s ) + Tl ?)

+(Ep = B7)(Tu, w) + pBllull® + Tulua||* + (S0,0) + kB|6:]*.

By virtue of Remark P.2 and using the positiveness of B™', we infer that

§J oy
P L E—
Tap+Jp

+ (€ = B2) (T, u) + Tplu|* + (S0, 0) + #5]|0,]|*.

A((u, 0), (u,0)) [eael* + pBl[ul*
Consequently, there exists a positive constant m such that
(A(u,0), (u,0)) = m ([ul]* + [luall + [luse|* + 162]1%) = ml|(w, )],

which shows that A is coercive. Consequently, by Lax-Milgram Lemma, Eq. () has a
unique solution

(u,0) € (H*(0, L) N Hy(0, L)) x Hy(0, L).

By substituting u into the equation (), we infer that
v e H*(0,L)N Hy(0,L). (2.23)

Furthermore, by taking v* = 0 in (), we arrive at

KB (04, 0%) + (S0,0%) + 08 (Tu, 0%) = (Sfs,0°) + 6B (T f1,0%), V0" € H} (0, L),
which still valid for 6* = ¢ € C}(0, L), then we get

L L
/@5/ 0,0 dx = —/ (SO +6Tu — Sfs — BT f1) pdx, Vo € Cy(0, L). (2.24)
0 0

Since, SO+ 68Tu — Sfs — 08T f, € L(0, L), (2.24) shows that 6, € H'(0, L), with

1

Oue = (S0 — 06T u + Sfs + 66T ) € (0, L),
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consequently, # € H?(0,L). In addition, the integration by parts of the left-hand side of
() and the density of C3(0, L) in H}(0, L) lead to

kB0 = SO — 08Tu+ Sfs+ 08T f1.
By using (), we arrive at
kB0, = SO+ 6BTv — Sfs,

which shows that 6 satisfies the third equation of ()
Similarly, by taking 6* = 0 in () and using the definition of R, we obtain

(pTuy — Jp(fo + f1)e,wy) = (pB(fr + f2) — (€p — B2)Tu — Ru+65T0,u*),  (2.25)

for all u* € H?(0, L) N H}(0, L), which also holds for u* € C3(0,L) C H?*(0,L) N H(0, L).
Therefore,

apTu, — Ju(f2+ fr)e € H'(0, L),
with
(apTug — Jp(fo+ fi)a)e = —(pB(fL + fo) — (Ep — B%)Tu — Ru + 68T0) € L*(0, L).
An integration by part in (2.23) and the fact that Rf, € H~'(0, L) yield
—apTuze = R(fo + f1) — (€ — B3 Tu — Ru+ §8T0 € H1(0, L)

Moreover, bearing in mind that the operator —d,, defines an isomorphism between Hg (0, L)

and H~1(0, L), we infer that u,, € HJ(0, L) and consequently,
u € H3(0.L).
Substituting f; = v — v from () in the last equality, we get
—apT Uy, + Ro+ (Epp— B Tu — §8TO = Rfs. (2.26)

Finally, by applying R~! to the terms in equation (), we deduce that wu satisfies the

third equation of ()
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We therefore conclude that (u,v, ) demonstrates that A is maximal. Consequently, by
the Hille-Yosida theorem, problem () has a unique solution. This completes the proof
of Theorem @ Next, we put

A = H*(0,L) N Hi(0,L) x H(0,L) x H}0, L) x L*(0, L),

and define the set

we HY0,L), v e HA0,L) N HY0, L)
9 = (u,U,@,G)E%;‘ 5
@€ H2(0,L), 6¢cH*0,L),

where
HN0,L) := {¢ € H'(0, L);/0 P(z)dx = 0} ,
and
HX(0.L) = {6 € H(0.L) : ,(0) = ¢ (L) = 0}.

The well-posedness result of problem (@)—() is given by the following theorem:

Theorem 2.2. Let (ug, vy, po,60) € Z and satisfies the following compatibility condition

Then there ezists a unique solution (u,v,p,0) of problem @) that satisfies

(u,v,0,0) € C(RT, 2)) N C'(RT, 7).

2.2.1 Proof of theorem 2.2

From Theorem @, we have (u,u;,0) € C(RT, D(A)) N CHR*,H). Particularly,
ue C(RYH?0,L) N Hy(0,L)) nCH (RY; H*(0, L) N Hy(0,L)) NC* (RT; Hy(0, L)) .
Now, returning to (Z13) we have
uw € C (R*; L*(0, L)),

that is
Uy € Cl (R+, LQ(O, L)) .
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Next, we define

o(x,t) = —%ux(x,t) + % /Or u(y, t)dy. (2.27)

Since u € H2(0, L) and is a solution of the auxiliary problem (), then u, € C(R*; H*(0, L)).
We easily check that ¢,(0) = ¢,(L) = 0, and consequently,

¢ € C(RT; H2(0,L)),

and

Pl — Py — By = 0. (2.28)

L
In addition / o(z,t) = 0, because by using (Z8);, we infer
0

L L L oz
/ o(x,t) = — B ug(x, t)dm + — Jﬁ + ap / / Uzt (Y, t)dyde — B / / Ugzze (Y, t)dydz
0 0

2

Since (u, ug, ) € C(RT, D(A)) N Cl(R+ H) and the boundary condition, we have
L 2 L
7 JB +ap ap (Ep—5%) 5]

x,t) = |—=u(x,t) + ———u Upe + ————u— =0 =0.
/o*”(>[ﬁ(> & s g T,

Using (), system (@) becomes

_Jumxtt — QPzzz + 5uzm + f%c + 693:3: = 07

(2.29)
ety — Kby + 6y = 0.

The second equation clearly shows that ¢, € C(R*, L*(0, L)) and, hence, ¢ € C*(R*, H'(0, L)).
Moreover, a straightforward integration of the first equation of () over (0, ) yields

— Jpugy + J pUogy — QPPrz + PPoza + Bpuy — Bpuos + Epp — Eppo

§
+ JMUO:vacac - Juu0$$$ = C’
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For some constant C' that depends only on t.

After simplification, we obtain

- qu:vtt + JpUOxtt — QPPrx + Bpu;t + prO + 5p0x

- B (§u0m + 900> - 5p80$ - JBQOOIx

- ?(Jﬁ + ap)u()xa:x + JMUOCC$12 - J,uu()azxz - C,

using the compatibility condition and Jpugey = JBYoze + J gz, We get
— JUzp — 0O + PBug + Ep + 60, = C.

Integrating over (0, L), we obtain

L
0

So
L
T[] _a[%]§+ﬁ{u}g+g/o odr 1 8[6)F = LC(t).

By the boundary conditions (@) and fOL @(x,t) = 0 all terms vanish, hence
LC(t) =0,

which implies C'(t) = 0. Therefore, (u,p,0) solves the problem (@) with the initial and
boundary conditions (@), (@), which completes the proof of Theorem @

2.3 Exponential Stability

This section is devoted to proving the exponential decay of the solution to the problem

(k.1)-(k3.

First, we define the energy associated to the solution of (@) by

I Jp o Jp g 2 2 2 2 2
E(t) = 3 / 7 + 5 lat + pui + pug + vy + 2Bugp + Ep° + 07 | du.
0

Note that since pué& > 5%, we have

Jp [* 2 Ju " 2 P/L 2 1( 52>/L 2 O‘/L 2
= — updr + — uydr + = wydr + - | p— — uzdr + — sdx
28 Jo T 28 )y T2 )y TR T ) 2Jo 7
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1 L 5 2 c L2
— — Uy d — 0°dx,
-|—2/0 (\/Eu—I—\/g(p) x—|—2/0 T

which shows that £(t) is a positive form.

Remark 2.5. Differentiating the first equation of ) with respect to t, we obtain

Pzt = %uttt - %u:m:t- (2.30)

Using integration by parts and substituting ), we get

L L
—J / Uggpiprdr =J / (I
0 0

L
_J/ [guttt - %umzt:| Udx

6 / Utttuttdif—— / UpgtUpd,

using integration by parts for the integral / Ut Ut AT, SO
0

L L L

Jp d 9 Jud/ 9
— et 01 dT = — — d — dzx.
J/o Uz prdT QBdt/o Uy, x+26dt ; us,dx

Remark 2.6. Clearly, we have

2dt

2 1 32\ d
th (\/_90—1— x) d$+§(,u f)dt/o uidz.

Theorem 2.3. The energy functional E(t) satisfies, along the solution of @),), the

d [* d [* d [*
6— uxgpdx—l—ﬁ—/ uid:ﬂjtgd—/ o*dx
0

estimate

E(t) < AE(0)e ™™, Vt >0,
where A and X are two positive constants.

The proof of Theorem @ will be established with the help of several lemmas.

Lemma 2.1. The energy E(t) satisfies, along the solution (u,p,0) of ), the estimate

L
") < —m/ 02dr < 0. (2.31)
0
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Proof. Taking the L?-inner product of the equation of (@) by wu, p; and 6, respectively,
the first equation yields

pd [* pd (",
sdi |, urdz + 3 uxtgodx + B 5 7t uxdx =0 (2.32)

and the second equation leads to

L o d L d L L
- T 2 9:5 :O
J/ Utt:cSOt‘det d$+ﬁ/ ug0t+2dt dx+5/0 O

By invoking Remark @, we get

L L
Qi/ uftdx—i-ﬂi/ dx—l——i ©2dx

203 dt 203 dt 2 dt
L L
+ ﬁ/ Ugp Oy —i— 57 oidr + 6/0 0.0; = 0. (2.33)
Finally, the third equation produces
cd 92(1:15 — 5/L o dr = —K/L 0%dx (2.34)
2dt . 0o
From equations ()—(), we obtain
gdt d:x—l—ﬁ/ umgodx#—aa ’ +g—g%/ 2 dw +;—g%/L u?, dx
L cd [F L
+§£ d:L‘—I—B/ uxgpﬁ—ia 2dx~|—5/0 Gxgoﬁ—éd— 92dat—6/0 b dx

L
= —Ii/ 02dx.
0

Remark @ implies that s
&)= —/1/ 02dxr < 0.
0

Lemma 2.2. Let (u,p,0) be the solution of (@) f(@) The functional

Fi(t) = \/—/ uxt( ux+\/_go)da:

L
- (— + Caﬁp)/ usfdr + a—ﬂp/ pudz,
§po 0 S Jo
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satisfies, for any positive constant e, the estimate

2 L 1 (L 2
F{(t)g—%(u—%>/o goidx—i/o (%uz—k\/&D) dx

Jg [ L L
— 2 wlde+C. | 0idv+ 6/ uz,d. (2.35)
2€ Jo 0 0

Proof. From the first and second equations of (@), we have

Uge = Butt - és% (236)
peoop

and

—JUppt = WPy — LUy — Ep — 66, (2.37)

By differentiating F;(t) and using (), we arrive at

Fi(t) = \/-/ umtt( ux+\/_<p>dx \[/ uzt( uwt+\/—90t>
cafip Je  cafp
+ <T+ 51&5)/{) up0dx + ( 3 + f,u5)/0 uOpdx
afp
P T ttd e xt td
+ /0 Pz U x+ / PrtUrdx
\/_/ gom( ux+\/_g0)das—/ ( ux+\/_g0) dx
\/_/ ( ux—l—\/_go)dx——/udx— /uxtgotdx
Je cafp Jc  cafip
+< +&M)/uMM+( +&M)/uﬂw

«
+ﬂ/ PzUpdr + —/ Oprtrdx.
SrJo

Using the third equation of (@) and applying integration by parts, we get
L L 2
Fi(t) = Oéﬁ goccumdx - a/ 2dr — / (ﬁum + \/Zcp) dx
0 0
L
/ ( Uy + \/_90> dr — — uxtda: + J/ Uppapdr
Ve 0

L
+ (E + mﬁp)/ gy Odr — (ﬁ + mﬁp) / Ut Opdr — (J+ Q—B'O)/ Uppred
gl,b(; 0 f,U«(S 0 gl’t 0

«
+ﬂ/ @xuttdl"i‘—/ Pprurdx.
Sr Jo
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Recalling (), we obtain

Fl(t)=— &ﬁp/o gpxuttd:v—i——/ 2cl.vc—a /0< ux+\/_90> dx
f/ ( ux—l—\/_go)dx——/ umtd:c—l—(% ngp) uttﬁdaﬁ
_<_+”§f§p>/ U, da:+a§tp/0 oty da.
e D [ G ) G )

_JB _(Jx aBp L (Jc caﬁp)
</ umda; (5 + §u)/ U0 dx + + 0 / ufdz. (2.38)

By applying Young’s and Poincaré’s inequalities, we arrive at

\/’/ ( ux+\/—<p)d$ ;/L(%ux+\/5¢> dx~|—§ Legdx, (2.39)

Jr , abp il & (IR abp 2
(5 +§,u)/ Ugpbpdr < — /umtd +2JB( + )/de (2.40)

and
Je  cobp /L fds < /L do + — O‘B”C” /ed (2.41)
5 5”5 ; Ut r S € ; Ut AT 45 5 xT. .

By substituting inequalities (), (), and () into equation (), the estimate

() is confirmed, with
52 3 ( a,@p) 1 (JK, aBpc )2
Ce= 2+ 502 + + ==+ S
26 2Jp §p e \ 0 3z

Remark 2.7. Notice that

s = 2Bugp — E* = pu — 2Bupp — Ep° + —ulh — —u?

()4 ()

Lemma 2.3. Let (u, ¢, 0) be a solution of system @-),the functional
L L Je (F
Fo(t) = p/ wudr — J/ Ugppdr + 7/ usfdx,
0 0 0
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satisfies, for any positive constant €, the estimate

/ 52 L 2 Q L 2
}—z(t)ﬁ—(lt—?)/o de$_§/0 ppdr
L 2 L L
—/0 (%ux+\/2gp) d$~|—p/0 ufd:v%—C;/O 02dx

L L
+ 5/ uzdr + 6/ u?,d. (2.42)
0 0

Proof. By directly differentiating F5, we obtain

L L L L
F5 () :p/ ugudr + p/ ufdw — J/ Ugpppdr — J/ Ugypydx
0 0 0 0

‘I— £ uttedfﬁ + E Utetdl'.
0 Jo o Jo

Using (@), we arrive at

L L L L
Fy(t) =p g%udx + ,u/ Upgudr + p/ ufdx + a/ Peztpdr — 3 Uz pdr
0 0 0

L JC L
—5/ oidr — 6 / &gpdm—J/ uxtgptdx—i-T/ uyfdx
. 0 0
+—/ utﬁmdx—(]/ UpPpdx.
o Jo 0

Applying integration by parts yields

L L L L
Fy(t)=— ;L/ uldr + p/ uidr — a/ o2dr — 25/ uzpdr
0 0 0 0
L L L Je (T
- 5/ O?dr + (5/ Oprdr + J/ Upppdr + — / upfdx
0 0 0 0 Jo

J L L
— TH Ugt O dr — J/ U P dex.
0 0

By applying Remark@, we obtain the following equality

/ 32) L L L( 3 )2
F S = d 2dy — Zu, d
5 (1) (u € /0 u; m—l—p/o u;dx /0 u +\/gg0 x

L JK
— o d:v +9 9%: + — uttéda: 5 uxtexd.r. (2.43)
0 0
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Thus, by applying Young’s and Poincaré’s inequalities, we deduce

L a L 52 L
5/ Op dr < —/ goidx—i——/ 0 dx
0 2a
L

o [E
<3 dx+ / 02dz, (2.44)
0 0
Je L L )
s uttGd:U < 5/0 ug,dx —|— 152 / 0-dx
L 2.2 L
5/ ul,dz + J CQCP/ 02dz, (2.45)
0 40 0
and
Jk L L JZI{Z L
—— UgiOpdr < 6/ u? dx + / 02dx. 2.46
s Jo 0 46% J, (246)

By substituting inequalities (2.44), (243), and (2.46) into equation 2.49), the estimate
() established, with
Cy:f@+l(ﬂ@%+J%j‘

e 200 € 442 442

Lemma 2.4. Let (u,p,0) be the solution of )-@), then the functional

Fs(t) = %/OLut ((pw+§8) dx

satisfies, for any positive constant € the following estimate

Jp

1 (* 2
Fi(t) <— 25 ftdx—§/0 (%uz—i—\/ggo) dx

L L L
+ 5/ uZ,dr + C’;’/ 02dz + C/ uldz. (2.47)
0 0 0

Proof. By integrating the second equation of (@) over (0,z) and using (@), we easily see
that

Taking the derivative of F3(t), we get

Fy(t) = 5/utt %c* 9 /Ut Pat + 9t>

L
:? i uttgoxdx—i—ﬁ/ uttﬁdx+—/ utgpxtdx—l— / w0, dex.
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Using the third equation from (@) and equation (), we obtain

T ( ﬂ/ uttdx%—ﬁ/ utt(ﬁu—i-é/ )

CY
+5 (5 + 7) /0 unbdz + L / wBads. (2.49)

Next, we put

fi= %/OL Ugt (ﬁu +£/Ox @(y)dy) dzr, fo= % ((5 + ?) /OL upfdz, f3= O;—gi /OL w0, dx.

Using puy = (pu, + Bp), and integration by parts, we get

flzg/OLUtt(BU‘i‘ﬁ/oz‘P(y )daz—%/ (utz + B), <6u+€/ )d:r
/(Huﬁ ) (Buy + Ep) dx

-

-

p
(s )

(8 (G2

SO

wWE BN [F (8 LB ’
fi= (———)/ Uy (—ux—l—\/ap dr — Zu, +/Ep ) dr,
1 6 VE) S T\VE 0o \VE
We apply Young’s inequality to the first part of the last inequality, we infer

1 [t (ep—57°
f1§—§/0 ( ux—i-\/—go) T /0 uidr. (2.50)

Next, we apply integration by parts on f; and f3, then use Young’s and Poincaré’s

inequalities again, to arrive at

f2:§<5+?>/0 uybdz < ﬁ/ uttd:v+m (5+5 ) cp/OLegdx. (2.51)

L L
PR PR
f3 :% utgaca:dx = _% uactex
L 2p2/€2 L )
f3 < 5/0 2dr 4+ ——— 102772 / O dz. (2.52)

Finally, by taking

(-’ , P ca\? | a’pPK?
=g o =53 (04 5) 02
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and substituting equations (), (), and () into (), we establish the estimate
() Now, we define the Lyapunov functional £ by

where N(;—; 2y are positive constants to be fixed later and 7, F; and JF3 are given in Lemmas
@, @ and @, respectively.

Lemma 2.5. There exists a positive constant x such that
(N =x)E@1) < L(t) < (N+x)E([R) Vt>O0.
Proof. We have

- I /

N
+0450 1/
0

dx

ut«9

L
u:vt( Uz—l-\/_SO) ‘d + (Jc+caﬁp) Nl/

Eud
L L
d:n—l—pNg/ d:v+JN2/

§p 0 0
JeN, /L ap/L
+ dv + —
o Jo B Jo

Uy (gpm + E@) ‘dx.
o
Applying Young’s inequality, we deduce that there exists a a positive constant y so that

L L L L L
L(t) — NS(t)‘ <x (/ urdz —|—/ udx —|—/ o*dx —|—/ 2dx —|—/ 92dx)
0 0 0 0 0
L L 2
+X ( /0 uf,dr + /0 (%u - ¢Z¢> d:c) < YE(t).

dx

P Ut U

Uyt P

utg

So

—xE(t) < L(t) — NE(t) < xE(t),

NE() — xE(t) < L(t) < NE(®) + XxE(1).

Thus,
(V= E() < L(t) < (N + )E(L), ¥t > 0.
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Proof theorem 2.5

By differentiating equation () and substituting equations (), () and (),

then applying Poincaré’s inequality, we obtain

- L L
L'(t) <— Jp _ e (Ny+ Nl)] / ug, dr — [J—BNl —e(Ny + 1)] / u?,dx
0 0

|26 48
r L 2 L
(o] o[- )] o

L L 2
Lo o] e [ ] ()

KR L K L
~ N bde - [—N _C.N, — C'Ny — Cg’] / 02dz.
2¢p 0 2 0

C 4€pN.
First, we select No > —— — and N; > EpNacy

DT
S
Jp JB }

2B(Ny + Na)" 4§(Na + 1)
Finally, pick N large such that

then choose € = min

[gN _C.N, — C'Ny — C;'} >0 and N> y.

Then, we conclude that there exists a positive constant ¢ such that

L (t) < —CE®), V>0 (2.54)
Moreover, from Lemma @, we have £ (t) and &(t) are equivalents. So
L)< =AC(t) <= L(t) < L(0)e™ Vt>0.

Therefore, the desired result follows by the equivalence of £ (¢) and £(¢). This completes
the proof of Theorem . [
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chapter

On the Exponential Stability of
a Truncated Porous Elastic Sys-
tem with Second Sound Ther-

moelasticity

The results presented in this chapter have been published in our paper [[].

3.1 Introduction

In this chapter, we examine the well-posedness and long-time behavior of the solution
to a porous thermoelastic system free of the second spectrum. We employ a non-classical
approach based on operator theory to demonstrate the existence of a unique solution. Addi-
tionally, we utilize the multiplier method to establish the exponential decay of the solution,
independent of any relationships between the coefficients of the system.

The problem studied in this chapter is the following:

( PUy — MUz — By =0 in (0,L) x (0, 400),
—JUgy — Py + Puy + Ep + 00, =0 in (0, L) x (0, +00), (3.1)
el + ¢z + 00, =0 in (0,L) x (0,+00),

| Tt +q+0,=0 in (0,L) x (0,400),

where the heat conduction in system (@) is governed by Cattaneo’s law.

The system () is subjected to the following initial and boundary conditions:

U(ZL‘,O) = u0($)7ut(x70) = ul(IL‘),(p(fL’, 0) = 900<$),9(I,0> = 00($)7Q(x70) = C]o(x): (32)
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for x € [0, L], and
uw(0,t) = u(L,t) = 0.(0,t) = p.(L,t) = 0(0,t) = O(L,t) =0, t € (0,+00), (3.3)

where u is the displacement, ¢ is the volume fraction, 6 denotes the difference of temperature
and ¢ is the heat flux of a one-dimensional porous material of length L. Regarding the
positive coefficients p, i, J, a, &, ¢, 5 and 9, they are the same as those introduced and defined
in the previous chapter. The parameter 7 represents the relaxation time.

Furthermore, to ensure that the energy £(t) associated with the system (@) is positive

definite, we assume that

Ep > B (3.4)

It is important to note that the applicability of Poincaré’s inequality to ¢ cannot be estab-
lished by the absence of boundary conditions for ¢q. To address this issue, we proceed as
follows:

From the fourth equation of (@) and the boundary conditions in (@), we deduce that

d L

1 L
— t)dr + — t)dz = 0. .
G [ e [Cana =0 35

By solving the differential equation (@), we get

L ot
/ q(z,t)de =e+ / qo(x)dx.
0 0

Next, we introduce the new variable

Gz, t) = q(z,t) — eZ /0 qo(x)dzx,

then, we have 5
/ iz, t)dz = 0, (3.6)
0
In addition, by integrating the second equation of (@) and applying the boundary condi-
tions in (@), we obtain

d2 L

L
_J@ i um(x,t)d:p—i—f/o o(x,t)dx = 0.
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From the boundary conditions (), the first integral on the left-hand side vanishes, leading

to the following result:
L
/ o(x,t)dx = 0. (3.7)
0

Thus, Poincaré’s inequality can be applied for ¢ and ¢. Moreover, (u, ¢, 0, q) satisfies (@)f
(@) For simplicity, we will henceforth write (u, ¢, 6, q) instead of (u, ¢, ,q).

3.2 Well-posedness

In this section, we prove that the problem presented by (@)—(@) has a unique solution.
First, we apply several transformations to convert the original problem it into an auxiliary
boundary value problem, and then we apply the Hille-Yosida theorem.

First, we differentiate the second equation of (B) with respect to x, and substitute ¢,

from the first equation of (@) into the remaining equations. As result, we find

Butt + O-/,uuaca:a:x + (52 - £,u>uxac + 550&% = Oa
cf0; + Bqe + 0pusy — dpitigey = 0, (3.8)
Tqt + q + 036 = 07

where B is a positive, self-adjoint, and invertible operator defined on L?(0, L) with domain
D(B) = H*(0, L) N H}(0, L), given by

B =¢pl — (JB + ap)Oya.

Clearly, we have

1

Then, from the first equation of (@) we have
Uit = _aMB_luxxawt + (éﬂ - 62)B_1Ua:$t - 563_10x$t' (310)
Inserting () into the second equation of (@), we get

(cBI = 8°pBB™" 0 0..) 6, + By, + 05 {—%B—l © Do+ {60 = BB =TI | 0 Drati =0,
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substituting (@) into the last equation, we arrive at

5 ap*ép .y app > _1}
S0 . - B 4+ L84 Jpép— B*)B -
' + Bq +J5+a,o[ 5 +5 + Jp(p — B7) 0 DUy
08 Tap*p , 20 p-1 paus }
Bl — B ' — gul — 221 0 8,,u =0,
*Jﬁwp[ 5 R I A
which gives, after simplification,
66 2 -1 2 -1
0 2 — BB — B~'— Jul =0. 11
S t"_qu_’_ Jﬁ—l—ap [Jp(€M ﬂ) ap ﬂ J,U’ ]O Ut 0 (3 )
we put
1
T = — 2 B—l o Q2 B—l I
JBJrap[apB Jp(&p — BB~ + Jul] © Op,
1
= ———— [~ JpI(En — B 81 + JuB] B!
Jﬁ+ap[ Ipl(Ep — %) + ap?BI + JuB] B~ 0 84,
1
Jﬁ+ozp[ JpI(Ep — B%) 4+ ap®BI + Ju (Epl — (JB + p)Oug)| B~ 0 Oyas
o [JpB + apBI — Ty — Tiapds] B Oy,
JB+ ap
1
- - I — T B_l T
T3t ap [(JB +ap) (pBI — Jpdy,)] B~ 00

= — (pBI — JpOyy) B~1 0 0,y
Accordingly, () can be rewritten in the following form:
S0, + Bgs + 68T u, = 0, (3.12)

where S : L*(0,L) — L*(0,L), and P, T, R : H*(0,L) N H}(0,L) c L*(0.L) — L*(0.L)
are the operators defined as follows
[ P=B"00,,
S = cfI — 6?pBP,
R = pBl — J 10ya,

1
\ I'=—-RP= —m [(04502 — Jp(§p — 52))3_1 + J/l[} Oy

with domains D(R) = D(T) = H*(0,L) N H}(0, L) and D(S) = L*(0, L).

Returning to the first equation from (@) and multiplying it by B~!, we obtain
Ust + p Py, — (§pp — %) Pu+ 6P = 0,
S0, + B, + 05T, = 0, (3.13)
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Let ‘H be the Hilbert space
H = H*(0,L) N Hy(0,L) x Hy(0,L) x L*(0, L) x L2(0, L),
where

L2(0,L) = {q c L*(0,L) : /OL qdr = o} :

We equip H by the inner product

(U, 0%) = ap (Tug, uy) + (Ro,v*) +(S0,0%) + (Eu — %) (Tu, u*) + BT (¢,47) ,
where ¥ = (u,v,6,q)" and ¥* = (u*,v*, 6%, ¢*)T. The associated norm is

19113 = apl| T 2u || + | RY?0l* + |SY20)1* + (61 — B8°) 1T >ul® + Brlql>

Next, in order to apply the Hille-Yosida Theorem @, we introduce the new variable
v = u, Therefore we get

.
uy —v =0,

v + Py, — (p — B?)Pu + B8P0 = 0,
SO, + Bq. + 6BTv =0,

(3.14)

\

The system () can be formulated as a Cauchy problem in the following manner:

V() + AT(t) =0,  Vt>0,

3.15
W (0) = (uo,u1,00,q0), (319)

where A : H — H is the operator defined by

—v

apPuy, + (82 — Ep)Pu + 55P0O
AU = ( ) : (3.16)
dBS~ITv + S~ 1q,
1 1
—q+ _ex
T T

with domain

we H30,L), wve H*0,L)n HN0,L),
D(A) = { (u,v,0,q) € H, 0.L) 0.L)N H (0, L) ,
0 € HY(0,L), q€ H{(0,L)NL30,L)
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where
H3<07 L) = {w € H2<07 L); %(0) = %(L) = O} )
and

H}0.L) := {¢ € H*(0.L) N Hy(0.L) : ¢42(0) = ¥pa(L) = 0} .
The following theorem shows the well-posedness of problem ()

Theorem 3.1. For every Uy € H, there exists a unique weak solution ¥ € C (R, H) to the
problem ) Furthermore, if Wy € D(A), then ¥ belongs to C(RT, D(A)) N CY(RT, H).

The proof of Theorem @ is based on the Hille-Yosida Theorem @ and the Lax-Milgram
Theorem @, and it will be established through several lemmas.

Lemma 3.1. The operator A defined by ) is monotone.

Proof. A direct calculation gives, for ¥ € D(A),

(AU, U),, = — ap (T, ug) + {apRPug, + (8> — Eu) RPu + §BRPY,v)
+ (08T + B4y, 0) — (§p — B2)(Tw,u) + Blq + 02, q).

Utilizing the properties of the operators T'= —RP, we arrive at

(AW, W), = — ap (T, ) + ap (Tug,v,) + (€ — 52) (Tu, ) — 55 (T6,0)
3 (g0, 0) + 86 (T,0) — (€5 — B2)(Tv,u) + Bla, q) + B0, )

The operator T is self-adjoint on H?(0, L) N H}(0, L); therefore, it can be shifted between

the arguments of the inner product. Integration by parts yields

(AV, W), =B(¢,q) = 0.
Thus, A is monotone. O
Lemma 3.2. The operator A defined by ) s mazximal.

Proof. Let G = (g1,99,93,94)7 € H, and we will seek the existence of ¥ € D(A) that
satisfies the equation

(I+ AV =3, (3.17)
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that is
(w— v = g1,
SBTv + 50 + Bq, = Sgs, '
(O, + (T +1)g = T4
From the first and fourth equations of (), we deduce that
UV =u—4gi,
(3.19)
9:): = _(7_ + 1)q + Tgs.
The integration of the second equation in () yields
0=—(r+ 1)/ q(y)dy + 7'/ gs(y)dy € L*(0.L). (3.20)
0 0
Substituting () into (), we obtain
( T
u+ AP, — & F)Pu =83+ VP [ aty)dy
0
=01+ 092 — 755/ 94(y)dy, (3.21)
xr X 0
397w~ (7 + 1S [ a(w)dy + Ba. = Sos+35Tg — 75 [ guw)dy
0 0

\

At this stage, we define the space
W = (H*(0,L)N Hy(0,L)) x L0, L).

By formally multiplying the equations in () by Ru* € H?*(0,L) N H}(0,L) and by
—(7+1) / q*(y)dy € L2(0, L), we derive the associated variational problem corresponding

to the sys’é)em ()
A(u, ), (u”, q%)) = L(u", ¢%), (3.22)

where A and L are, respectively, the bilinear and linear forms defined on W by:
Al(u, q), (", q*)) =ap (T ?uy, TV + (€ — B2) (T ?u, TH?u*)
+ <R1/2u, Rl/Qu*> +96(T+1) <Tl/2 /Ox q(y)dy, T1/2u*>
—dp(t+1) <T1/2u, T2 /Ox q*(y)dy>
w02 (57 [aan s [Ca ) + 56+ 1) ),
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and

L(u* ) = (R(gr + go), ") + 65 <T I g4<y>dy,u*> 5B+ 1) <Tg1, | q*(y)dy>

—(T+1) <5 (93 - T/Ox 94(y)dy) /Ox q*(y)dy>-

A and L are bounded. Additionally, we have
A((u, ), (u,9)) =ap (Tug, uy) + (§p — %) (Tu, u) + (Ru, u)
w5+ 1 (7 [ atodnn) — 65t +0 (To, [ atiran)
+(r+1)? <S/Ox a(y)dy, /Ox Q(y)dy> +B(1 +1) (g, q)
=ap (Tuy, uz) + (Ep — 5%) (Tu, u) + (Ru, u)
+(r+1)? <5’/0x a(y)dy, /Ox q(y)dy> +B(r+1)(g,9) -

The definition of T" and R, and integration by parts yield

A((“a Q)J (u7 Q)) :apc_y’_ Jﬂ ((aﬁp2 - Jp(é-u - 62))<B_1uxzauxx> + J:uHum¢H2)
T (61— B (Tuy) + pBllull® + Jullus + (v + 1) <s [ s, [ xq(y)dy>
B+ Dl

then,

A((u,6), (u, 0)) =ap‘ff 7 (@80 + TpB) (Bt ta) = JE(B ) + Tl )

x

(€ — B (Tuyu) + pBllull® + Jlus|? + (7 + 1)? <S / A(y)dy, /

+B(r + Dllqll*.

q(y)dy>

By virtue of Remark @ and using the positiveness of B~!, we infer that

Joopu?
ap+Jp

+ Jullug|® + (7 + 1) <5/0I q(y)dy, /Ox q(y)dy>

+B(r + 1llq]l*.

A((u, 0), (u,0)) = [tz ll® + (0 = B2)(Tu, u) + pBlull®
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Consequently, there exists a positive constant m such that
A((,0), (w,0)) = m([lua]® + lluwal* + llall®) = m|(w, @) [y

with a positive constant m, which ensures that A is coercive, it follows from the Lax-Milgram

Theorem that equation () admits a unique solution
(u.9) € (H(0, L) N HY(0, L)) x L*(0, L),

Furthermore, by taking v* = 0 in (), we get

yy <Tu, I q*(y)dy> F(rt) <s [ atwas. [ q*<y>dy> +B{0.0")

= <S <93 - T/Oz 94(y)dy> /Ox q*(y)dy> —p <T91, /OI q*(y)dy> :

for all ¢* € L2(0, L). In particular, for ¢* = 1),, with ¢ € C3(0, L), we get

(¢, %) = <5Tu b ; 1)S/qu(y)dy - %S (93 - T/Ox 94(y)dy) - 5Tgmb> , o (3.23)

for all ¢ € C3(0, L). From the definitions of S and T' we have that

_E+D [ 1 ( [ )_ 2
Tu— s /0 oy =55 (=7 /0 a(y)dy ) — 6Tg, € I2(0, L),

this shows that ¢ € H!(0, L). In addition, an integration by parts in () shows that
poru (405 [y =5 (a7 [ alan) + 0. = 95T
By using () and (), we obtain
0BTv + SO + Bq, = Sgs,

which shows that ¢ solves the third equation of ()
Similarly, by taking ¢* = 0 in (), we obtain

041 (T, w3) + (6 — ) (T, ) + (Ruyu®) + 66( +1) <T | q(y)dy,u*>

— (R(gr + gu), ") + 68 <T | g4<y>dy,u*> ,

Consequently
ap <Tuér7 u::) =
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= (= Tt Rlu— g0 = )+ 08+ 0T [ty o507 [ miar),

for all u* € C, which implies that
W Tt = (€= P)Tut Rlu—g1~ )+ 58+ DT | alw)dy—057T | gu(w)dy. (3:20
0 0
Replacing (M) and (M) into () we find

apiTuy, = (Ep — 2)Tu + R(v — g3) — 64T6.

Recall that If ¢ € H}(0,L), the functional —@,,g : Hi(0,L) — R operates on Hg(0, L)
through the bilinear pairing

L 9g ou

This operator is bounded on H} (0, L), which implies that —d,,¢g € H~'(0, L). Furthermore,
by applying the Lax—Milgram theorem, it can be rigorously established that the operator
—0, defines an isomorphism between H{ (0, L) onto H~(0, L). We have the identity T =
— (I + B™') 04z, with domain D (I + B~') = L?*(0,L). Moreover, since g, € H}(0,L), it
follows that

Rgy = (pBI — Judye) g2 € H (0, L).

It is also clear that T'u, Rv, and T belong to H(0, L). Consequently, auTu,, € H~(0, L).

Based on the preceding analysis and the definition of the operator T', we can deduce that
Uy € H (0, L).

which implies that ., (0) = u..(L) = 0. Consequently,

u € H3(0.L).

Next, by applying R~!, we obtain

v+ apPug, — (Ep — B°)Pu+ 66PY = g,.

As a result, (u,v,0,q) € D(A) and it satisfies system (), demonstrating that A is

maximal. O
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Thanks to the Hile-Yosida Theorem, problem () has a unique solution. This com-
pletes the proof of Theorem @
At this stage, we denote by . the Hilbert space

A = H*(0,L) N H}(0,L) x Hy(0,L) x H:(0, L) x L*(0, L) x L*(0, L),

and define the set

u€ H}0,L),
€ H2(0,L) N HL(0, L)
9 = q (u,v,0,0,q) € ;| p € HX(0,L),
0 € HY(0,L),
q € H!(0.L),

The well-posedness result of problem (@)—(@) is given by the following theorem:

Theorem 3.2. Let (ug,u1, o, 00,q) € Z, then the problem (@) has a unique solution
(u,u, 0,0,9) € C(RY; 2)NCH(RY; ).

Proof of Theorem 3.2

Based on Theorem @, there exists a unique solution (u, u, 6, ¢) in the space C' (R™; D(A))N
C' (RT;H) to the problem () Thus, the problem (@)—(@) can be reduced to finding

a solution to the following problem:

—QPzg + 690 = f in (OL)>

(3.25)

where,

f = Jumgt — B'U/w — (5996
From Theorem @, we have

. C(RT; HY(0,L) N Hy(0, L)) N CH (RF, H2(0, L) N Hy(0, L))
u )
NC? (R*, Hy(0, L))

and

0 € C (R Hy(0,L))NnC* (R L*(0,L)) .
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On the other hand, from (), we have
Ut € C (R+, L2(0, L)) .

Therefore, u € C? (R™, L*(0, L)).

The function f is formed by summing several terms that are continuous over time and
take values in the space LQ(O, L). Since the term .y, u, and 6, each possess the required
smoothness and are in L?*(0, L), and because multiplication by constants does not affect

their smoothness, it follows that:
f = Jugy — Pu, — 60, € CH(RT, L*(0, L)).

To prove that the problem () admits a unique solution,we apply the Lax-Milgram the-

orem. Let be consider the following variational formulation

L L L
_ 1
oz/o gpxgbxdxjtf/o gquda:—/o fodx, Yo € H (0, L) (3.26)

and denote by
L L
Alp, ¢) = a/ Pududr +§/ podx
0

0
and

Z@oziéLfam.

It is clear that A is a bilinear form and L is linear form. Both A and L are bounded.

Moreover

L L
A((p,go):a/ goida:+§/ ©o* dz,
0 0
L

L
ZC(/ goid:c—i—/ @de).
0 0

By choosing C' = min(a, £), we get A(p, ) > CngH%{&. We conclude that, the bilinear form
A is coercive.

Thanks to the Lax-Milgram theorem, the problem () has a unique solution ¢ €
H;(0,L). Furthermore, by substituting ¢ € C3(0,L) C H'(0,L) into equation (B.26), we

obtain:

«

L 1 L
/wmwwr~/kw—ﬂmm Y6 € L0, L),
0 0
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This shows that ¢ € H?(0, L). Next, we integrate equation () by parts, we get

0 (L)B(L) — i (0)(0) = /0 (0pus — €+ ldde, Voe HNO,L).  (327)

Taking ¢ € Hj(0, L), we get
— Pz +Ep = f

Substituting in (), we arrive at
a@x(L)gb(L) - O‘QOJJ(O)QMO) =0, Voe H1(07 L)

Since ¢ is arbitrary, we deduce that:

02(0) = wz(L) = 0. (3.28)

Consequently, ¢ € H?(0, L), and it satisfies the equation given in ()

Therefore, (u,u, ¢,0,q) belongs to the domain 2. Moreover, since (u,uy, 0,q) is a
solution of equation (), we conclude that (u, uy, @, 0, q) is the unique solution to problem
(@) with the initial and boundary conditions given by (@) and (@) This completes the
proof of Theorem @

3.3 Exponential stability

In this section, we analyze the time-behavior of the solution to problem (@)—(@) We
demonstrate that the solution exhibits exponential decay without imposing any restrictions
on the coefficients of the system (@)

First, we introduce the energy associated with the solution (u, ¢, 8, q) of problem (B1)—
(B33), defined as:

Jp [* JN/L 2 p/L 2 ( 52)/]: 2 O‘/L 2
E(t)=— updr + — uy,dr 4+ = upde + | pp— — uydr + — ~dx
=95 )yttt g Jy g ¢) )y 2 )

L 3 )2 c L2 - L2
— Uy d — 0-d — dz.
+/0 (\/Eu+\/ggo x+2/0 J;+2/qu

We have the following result.
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Lemma 3.3. Let (u,p,0,q) be a solution to @)—@) Then the energy functional E(t)

satisfies
L
E't) = —/ ¢*dx <0, Vt > 0. (3.29)
0

Proof. Performing the L?-inner product of the four equations in (@) with wu, 4, 6, and g,

respectively, and applying integration by parts, we obtain

d [t d [t g
B_ ulde +H—/ idx—l—ﬁ/ Ugppdr = 0,

2dt 2d
ad d [ L
5T idm — J/ Ugprrdx + B/ Ugppdx + gdt pidr — 6/0 Opfdr =0,
L
2 — =
2dt/ 0°dx /0 q0, d:c—|—5/ Ypbdr =0,
Td L L
—— q2d:z:+/ q2dx—|—/ qb.dx = 0. (3.30)
We now that
L L d (F
6/ uxtgpdat~l—ﬁ/ Upppdr = B% Uzpdr. (3.31)
0 0 0

Next, applying integration by parts and using the first equation from (@) leads to

L L L P "
—J/ Uz Py dT :J/ U Pyt dT = J/ |:_uttt - _uazxt:| updx
0 0 o LB B

—ﬁ Lu Updr — ﬁ Lu Ugedx
- B 0 ttt Wit 6 0 xat Wit
Jp d Jud [F

Substituting equations ()7(), we ﬁnd the followmg:

pd (F wd LQ d [* de/L2 Jud/LQ
—— uldr + = — uxd:L‘—i—ﬁ— uypdr + updr + —— uy,dx
2 dt dt 23 dt f 0

+gi 2d _|_ / 2d _|_ / 0% dr +_£/L 2dx—|—/L 2dx (333)
2 dt 2dt 2 dt 2d , T '

In addition

pd [* £d [* 2

5 T udx—i—ﬁ /uwwdx—l—th e dx

pd L 2 d [* §d 2 2d/L 2 2d/L 2

==— d — 2pod = — pidr + —— der — —— d
2dt0umx+ﬁ Ou<p:1: 5 77 +2§dt uzdx 2£dt0ux1:
1d [* L 1d 2\ [f

Finally, by Substltutlng equation () into equation (), we obtain equation () O
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Lemma 3.4. Let M and N be the functionals defined by

L
/ / s)dsdx — 75/ qpdxr — 5‘% / qudx + — Qutd:v
0

and

P
= —/ (v, — 00) uydzx.
B Jo

Then, we define the functional

Il (t) = /il/\/t(t) + I{QN(t),
ap . 52p 5?p
5 e ) and ko = E

Z,(t) satisfies, for any positive constant €1, the estimate along the solution (u,¢,0,q) of

(X}
J(SZ 2 L L
I{()g—— 52—|—ca / 0*dx — / uttdaz—l—sl/o uitd:c—l—al/o 2dx

52 3 52 s 2 L,
_@(ﬂ_?)/o ugd —J <ﬁux+\/@0> dw+C€1/0 ¢*dz, (3.35)

where Cg, is a positive constant.

where kK1 = <

Proof. By differentiating M(t), we get

L L
—TC/ Gt/ dsda:+Tc/ / q(s dsdx—7(5/ qtgpdx—7(5/ qpdx
0 0
out
— 7/0 Giugdr — %/0 quxtda:+g/0 9tutda?—|——/ Ougdx,
From the third and fourth equations of (@), we arrive
M (t) =— c/ 62 dx — c/ / s)dsdx —7‘/ qx/ s)dsdx
’ L
—57’/ goxt/ dsdm+5/ qudw—i—(S/ xgodx—&'/ qpidr
0
Sy 1
— uxdw—i——/ U d ——/ Uy dT
B / q 3 qUgt
P

0

—5/ qxutda:——/ Optidr + — / OQugdx.
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Integration by parts along with the boundary conditions yield

L L L
M (t) =— c/ 0*dx — c/ / s)dsdx + 7'/ ¢dr + 57/ wrqdz + 5/0 qedz
L
—5/ Ogoxdm—&'/ piqdr + — / quzdxr — —/ Uy AT — —/ qUgzdr
0

+25 / Qs = 5 / patdy + / Ouseda. (3.36)

1
By substituting ¢, = — (puy — pug,) into M , we obtain
y ¥ 3 P

L L
M(t):—c/ 92d:zc—c/ / dsdx—l—T/ 2dx+(5/ qpdz
0

)
ﬁ 0 (pugy — Pty dx—i—— / qu dx — 5 / O, dx

— 5%— quxtd:v—i- — / qUzdr — 5 / goxtutdm—i—— / Ouydz,

:—c/ szx—c/ / dsda?—l—T/ 2dx+5/ qpdz
0

— (5_p Quttdm + —/ Ou,,dx + —/ quzdr — —/ Ou,dr
5 Jo g

— (SM—T qumdx—k — / qUgpdr — / goxtutdqu— / Ougdx,
B Jo 0 B Jo

which can be simplified to

L L
/ 0%dr — c/ / s)dsdx + 7'/ ¢*dx + 5/ qpdx
0 0

P L L
/ qugdr + — (— — ,LLT) / qugrdr — /ig/ Oty dx. (3.37)
B 0 0

On the other hand, by differentiating N (t), we get

p [* p [t

ap
B

The integration of the second equation in (@) over the interval (0,z), together with the
boundary conditions in (@), yields

goxuttda: — %Quttdaj.

5 / Parupdr — Qtutdx—i—

ap, = —Juy + Bu + 60 + {/ y)dy, (3.38)
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then using () and (@), we obtain
/ ap 1Y L
N (t) —_ %tutdm + = 3/, ug | —Juy + Bu+ 06 —i—f dx

0

5/ Oupdx — —/ uyfde,
= 5 uttdx ,u/ ulde + Fp/ t%:tdx_ﬁ/ ugpdx

L
+ %/ﬂ (ptize + Bpz) ( /0 Uy (@ + 0puy) dz.

Using integration by parts, we get

Nty =—2 [" i ) : )
=—— [ uydv—p | u d:c—£ edr + K1 [ upndr
0

— (%ﬁ —1—6) / Uzpdr — / qugd. (3.39)

By substituting the results of the derivatives from equations () and () into Z; (t), we

obtain

L L
Zi(t) = — cKy / 0%dx — cm/ / s)dsdx + Tk / ¢dx + 0k, / qpdx
0 0 0
Jp / o / dp < CuT )/L
— —K urdr + — kK quzdr + — | Ky — —K; — K quzrdx
B ’ 0 . B ' 0 cf ! P ' ’ 0 '

- 23 - "
- /,Ll{g/ uZdr — Ky ( 3 + B) / Ugpdr — 5’12/ prda.
0 0

To approximate the final three terms, we apply the inequality él > (3 to obtain

g
L L
—,u/ uldr— (ﬁ + ,uf) / Ugpdr — §/ oz
0 B Jo 0
L L L
< —,u/ uldr — f/ oidr — 2&/ Ugpdx
0 0 0

< - (p, - %2) /OL wde — /OL (%uw + \/E¢)2 dz. (3.40)
So

L L
i (t) _—cml/ 0%d x—cnl/ / dsdx+7/<al/ q2d:1:~|—(5/<al/ qedr
0 0 0
Jp L Sp cpuT /L
5/12/0 uttx+ﬂfﬂ;1/0 qu $+Cﬁ K1 p/fl K2 ; qUztdT

— Ky (u — %2> /OL uidr — ko /OL (%uw + \/Ego) dz. (3.41)
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At this stage, we utilize Young’s, Cauchy—Schwarz, and Poincaré’s inequalities.

L
—cki / / $)dsdr < C P+ = ddr (3.42)
0 0
5 L 2 L 252 2 L
E'um/ quﬂxﬁ%(u—%)/ uldr + ke 7 / ¢’dx. (3.43)
0 ‘ 2k 3 (M - —> "
§
Similarly, for any ; > 0, we have
L L 5262 (L
(551/ qudx§51/ pedr + 1/ ¢dx. (3.44)
0 0 de1 o
dp cuT L Ly 52 p? cuT 2t
— - —K — adr < d —_— - — K — dx.
cﬁ(ﬁl ,01{1 mg)/oqutx_sl/o uzt$+4510252 K1 pl-il Ko /Oq X
(3.45)

We put

22,2 2,2 2 2 2
CK1 K101 K] ) cuT
C.,=— — k] — )
€1 5 + , 2( ﬁQ) + 1 +45102ﬁ2 K1 P Ki— Kz | + Tk
KoB% | — —5

Using the inequalities (|34j), (13.451, |344I) and (M), and substituting the values of x;

and Ky into (), we obtain () O

Lemma 3.5. Let (u,p,0,q) be the solution of @) Then, there exists a positive constant
C such that the functional

I, (t) = f/ uxt( um+\/<p)dx+—/ ufdz,

satisfies the estimate

I (t) < — 2(2(/1—%2) /OLgoida:—/OL (%ugﬁ—l—\/ggo)ah:

JB g 2 g 2 g 2 g 2
—— | wupde+C *dx + | ¢de+ | wupdx). (3.46)
28 Jo 0 0 0
Proof.
2 = \/—/ Ugtt ( Uy + \/_90) \/—/ Ut < Ugt + \/_§0t>
+ — Uttedl' + — / Utetdlv
5 0
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using the second equation of (@) we arrive at

T ( \f/ som( u;{;—i-\/_cp)dx—/L( ux+\/_90> dz
f/ ( ux—i—\/_go)dx——/udx— /umgotd:c

+ e Uttedl’ + — / Utetdl'
5 0

Then, integration by parts ylelds

L L 2
I, (t) = 6 soxumd:c /O padr — /0 <%u1+\/@p> dx
L
\/_/ ( um—i-\/_g%) :E—J?ﬁ uitdx
0

+ g / Ut (C&t + (S(pxt) dx + — / Uttedl'
0

Afterward, we apply the first and third equations of (@) to obtain the result

2 L 2
7 (t) = aﬁp gpxuttdx Z (u - B—) /0 2dx —/ ( Bé_ux + \/Zgo) dx

5/ 0 (puy — Bor) d:z:+5/ Op,dx — —/ u?,dx

— —/ utqzdx + _/ Uttedaj
0 Jo

which simplifies to

/ . O‘ﬁp ¢ _6_2) L 2
7, (t) §/~L /0 PpUgdr p (M ¢ /0 prdx
[ (B )2 O ey [T
/ (\/gugﬁ\/gso o+ £ (=) [ o

L L
_ J?ﬁ u?.dr + %/ Ugrqdx + (JC + 5;%) / uyOdex. (3.47)
0 0

As the final step, we apply Young’s inequality

Oéﬁp Oéﬁ2p2 L )
- td 2d —— dz. 4
52 _ Q2 L
& (fu 52) Ope < - ) 2dx+%/o 0%dz. (3.49)
L
5/ Ugrqdr < 2—?/ 2552/0 ¢dx. (3.50)
L
(JC + 55’0) uttﬁd < (J7 %) utztdm+}1/0 0dzx. (3.51)
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We take

2 2 2 2 2
o T (Je L) Pl 1 e
e (#&(&u = T\ Tad) T e T 2B
By substituting results (l34§),(t34d) ,(B.5d), and () into (), we obtain the estimate
(B.46). N

At this point, we introduce the Lyapunov functional defined as
L(t) :=NE(t) + N1Zy(t) + (1), (3.52)

where 7Z; and Z, the two expressions defined in Lemmas @, @, and N, N; are positive
constants to be determined later.

First, we have the following result:
Lemma 3.6. There exists a positive constant x such that
(N = x)E(t) < L(t) < (N +x)E(t), ¥t > 0.

Proof. We determine that there is a positive constant x by using Young’s inequality, so that

L L L L L
L(t) — Ng(t)) <x (/ uidzx +/ uldw +/ ©*dx +/ 2dx +/ 82dx>
0 0 0 0 0

Lo, L, L(ﬁ )2
—|—X</O qu—i—/o urtdx—i—/o \/Euqu\/g(p dr | < xE(t).

—x&(t) < L(t) — NE(t) < xE(1),

So

NE(t) = xEW) < L(F) < NE() +xE()

Consequently,

(N = x)E(t) < L(t) < (N +x)E(t), vt > 0.

Now, we are ready to cite our mean theorem, which reads as follows:

Theorem 3.3. There exist positive constants A and w such that the energy E(t) associated

to the solution (u,p,0,q) of the problem )—), satisfies

E(t) < AE(0)e ™", for allt > 0. (3.53)
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Proof of Theorem 3.3

By differentiating £(¢) and replacing (|33d), (Blld) in (|35j) and applying Poincaré’s

inequality, we get

J52 2 L J L
L'(t) < - { cﬁg Ny — C’] /0 uy,dr — {—B —51N1} /0 u,dx

4€

L L
_ Jfgp]vl/ ulde — % (,u — %2) Nl/ uZdx
0 0
2 L 52 L 1 2
[ 2) ] o] (G

2 L L
- F(%+Q)N1—C]/ 02dx—[N—CN1—C]/ ¢2da.
0 0

2\ [ cf
At this stage, we must choose the constants N, N1 and e, carefully, to obtain the estimate
(B.59.
First, we select Ny large enough such that
J62p? crap %p
Ny >C d = <— —)N > C,
gz M wmd o\ )t
We proceed by setting
J62p? crap 6%p
— 2P N~ C and :—(— —)N—C.
Co B2 1 and ¢ 2\ 3 + o3 1

Next, we choose €1 so small such that
e <mind I8 @ B
in{ —— — —
: e 2N \" T ) S

J a 2
Cy = 4—? —81N1 and C3 = ﬂ ([1,— %) —ElNl.

Finally, we pick IV so large such that

then, we set

N >C(Ny+1) and N > y,
then, we put

JBc 0 i
Cy = N — C(Nl + 1)7 cy = _fgp_Nlp Ce = ﬁ (,M - %) N17
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and
52p
= —N;+1.
Cr o3 1+

Accordingly, L(t) ~ £(t), and

L L L L L
L'(t) < - cg/ uz, dr — 02/ uZ,dr — 05/ uidr — 06/ udr — C3/ 2dx
0 0 0 0 0

L 2 L L
- 07/0 <%um + \/E<p> dx — 01/0 0*dr — 04/0 ¢*dz. (3.54)

By taking A = min {¢y, ¢1, ¢2, 3, ¢4, ¢5, ¢, ¢7}, leads to

L'(t) < =XE(t), Vvt >0. (3.55)

Moreover, from Lemma @, we have L(t) ~ E(t). It follows that , there exists a positive
constant w, for which () becomes

L'(t) < —wL(t), Vt > 0.
The integration over (0,t) gives

L(t) < L(0)e™" Vit >0.

Finally, the estimate () follows from the equivalence between L£(t) and £(t). The proof
of Theorem @ is then completed.
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chapter

Well posedness and decay es-
timate for a truncated porous
thermoelastic system = with
Gurtin-Pipkin thermal effect

and free of second spectrum

The results presented in this chapter have been published in our paper [g].

4.1 Introduction

In this chapter, we examine a truncated porous thermoelastic system, which is modeled
by the memory-type Gurtin-Pipkin thermal law. The system is free from the adverse effects
associated with the second spectrum of frequencies. Our results represent a significant
improvement over those presented in [18, 28] for classical porous thermoelastic problems.

We are concerned with the following system

Pl — Pz — b, =0 in (0,L) x (

Y %
3 8

(4.1)

C(gt B % g(‘g)em:(s - t>d8 + 6(‘0”0 =0 in <O’ L) X ( 7+OO) ’
0

where u denotes the transverse displacement, ¢ the volume fraction, and 6 represents of the

0
_Jutt:r: - Oéﬁpxa: + mb + f%p + 5990 = O in (07 L) X (O
0

temperature difference from a reference confguration of a porous material of length L. The

coefficients J, p, i, o, 5,0, &, ¢ and 9 are positive constants, and pu, &, b satisfy

pg > b, (4.2)
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4.2 Preliminaries

To formulate the problem (@) in the setting of semigroup theory, we follow Giorgi et

et al. [24] and introduce the new variable
0'(x,8) :==0(x,t —s), s >0

and
o) =o', i= [ Oy 520,
0
which represent the past history and the integrated past history of 6 up to ¢, respectively.

Clearly, we have
n(x,s) = 0(x,t) — ns(z, s). (4.3)

The system (@) is completed with the following initial and boundary conditions

u(z,0) = ug(x), u(z,0) = uy(x), p(x,0) = goo(xs),e(a:,O) =bOy(z), v € (0,L),
O(x,—s) = h(z,s),s >0, n°(z,s) = /0 h(z,T)dr = no(x, s), (4.4)

n(x,0) = lim n'(z,s) = 0.
s—0

u(0,2) = u(L,t) = (0, 1) = (L, 1) = 6(0,1) = 0(L,t) = 0 (45)
4.5
7'(0,s) =n'(L,s) =0, t € (0,400), s >0,
where, h € C ((0,+00); H'(0, L)) expresses the history of 6.
Note that since Neumann boundary conditions are considered for ¢, which may prevent

the application of Poincaré’s inequality. However, from the second equation of (@) and the

boundary conditions (@), we have

L
/ o(x,t)dx =0,
0
which allows the use of Poincaré’s inequality.

Regarding the memory kernel g, we assume that lim ¢ (s) = 0, and that there exists a
S5—00

function x such that ¢'(s) = —k(s), with the following hypotheses:

(h1) & € C (R*) N LY(RY),
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(h2) k(s) >0,k (s) <0, Vs >0,
(h3) fooo k(s)ds = ¢(0),
(h4) there exists A > 0 such that &' (s) < —Ak(s), Vs > 0.

A formal integration by part yields

q:—/t g(t—s)@m(x,s)dSZ—/0+Oo/<a(s)7yi(x,s)ds.

—00

Thus, the system (@) becomes

(

PUy — Pz — b, =0 in (0,L) x (0,00),
—JUgy — Py + buy + Ep 4+ 60, =0 in (0, L) x (0, 00),
1 +o0 (46)
cl, — E K(8)Nzz(8)ds + 0o = 0 in (0, L) x (0, 00),
0
m+ns—0=0 in (0,L) x (0,00).

\

Let define the weighted Hilbert space
+oo
M= LR H0.L) = {15 R = HO.L) [ n(s)n(s)]ds < +o0)
0

and the inner product .

. On= [ Rl G,
with the associated norm -

Il = [ o)l s
where (.,.) denotes the L?>— inner product

(6, 0) = / (o) (@)de,

and || - ||2 is the associated L?—norm defined by

L
Iz = / [

Next, let 7 be the Hilbert space

A = H*(0,L) N H(0,L) x Hy(0,L) x H'(0, L) x L*(0, L) x M,

67



4.3. WELL-POSEDNESS CHAPTER 4

and
we H2(0,L), wve H*0,L)N H0,L),
9 = (u,v,w,@,n)é%;‘ SOGHE(()?L)? QGH(%(O?L)? )
nenN, / K(8)Nwe(s)ds € L*(0, L)
0
where
HZ(0,L) := {3 € H*(0,L); 2(0) = (L) = 0},
HY(0.L) := {¢ € H*(0.L) N Hy(0.L) : ¢2(0) = bua(L) = 0},
and

N :={neM:n, e M,;n0)=0}.

4.3 Well-posedness

In this section we demonstrate that problem (@) has a unique solution. The proof relies
on semigroup approach and the Hille-Yosida Theorem.

Our well-posedness result reads as follow:

Theorem 4.1. Let (ug,u1, 9o, 00,1m0) € D. Then the problem (@) has a unique solution
(u,u, ,0,m) € C(RT; D) N CH(RY; ).

Before proving Theorem @, we will address an auxiliary problem. To formulate this
problem associated with the system (@) we proceed as follows:

First, we multiply the second and third equations in (@) by b. Next, we differentiate
the second equation with respect to x. Then, we substitute ¢, from the first equation of
(@) into the second and third equations to obtain

Buy + opitlyzze — (Ep — b Ugy + 00, = 0,

“+oo

b
bety — E K(8) N2 (5)ds + 6 (P — f1lzar) = 0, (4.7)
0

ne+ns—0=0,

where B = {pl — (JB + ap)0y, is a self-adjoint, positive operator defined on L?(0, L) with
domain H?(0,L) N H}(0,L). Note that B is invertible because it is coercive. For any
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f € L*0,L), the equation Bu = f admits a unique solution v € H*(0,L) N H(0, L).
Moreover, by differentiating the first equation of (@) with respect to ¢ and then applying

B~! we obtain
Uppp = —oz,u(B_1 0 Oy )Ugat + (Ep0 — 62)(3_1 0 Oz ) Ut — 51)(3_1 0 Oz )0 (4.8)

Inserting equation (@) into the second equation of (@), we get

+oo
cbl; — % #(8)Nea(8)ds — Sapup(B™F 0 Oy )tigar + 6p(Epp — b?) (B~ 0 Oy )y
0
— 8%bp(B ™! 0 04 )0 — Opttigey = 0,
+oo
S0, — % K(8)Nwe(8)ds — Sapup(B™" 0 Opy )tgar + 6p(Epn — b?) (B~ 0 Opp )ty — Sj1piyey = 0.
0

From the definition of B we have

B~': L*(0,L) — H*(0,L) N Hy(0.L),

and
1
Oy = I — B).
Jb+ap(§p )
So, we put
_ EpB~ =1
F=B1'00,=>——:1%0,L L?(0,L).
© Jb+0(p (7 >—> (7 )

By substituting this expression into the last equality, we obtain the following:

1 [F EpB™' — 1 2v/ p—1
0 =56, — B K(8)Nez(8)ds — dapup m Uzt + 0p(Ept — b7) (B™" 0 Oy )y — Ofitizyy
0
b [T ob ap*éuB~1 o
:Sgt - E o K(‘S)rr]mz(‘s)d‘s + Jb + ap |:_ P 55 Ugqt + %uxmt + Jp(f:u - bQ)B_lumtt
b [ap®§p 2 o1 pa
+ Jb + ap |: b B Uggt — P bB Uggt — J,uu:m:t - Tumt
b [T
=S6:—7 | () (5)ds + = [(Jp(ép =) — ap®b) B~ — Jul] Oppy
b [T
=50, — 7/ K(8)Nz(s)ds + To+ ap [Jp(Ep — b*) — ap®b — JuB] B~ 0 Oypuy
then, we get
S0, — b +<><> K(8)Nee(s)ds + o [(Jb+ ap)(Jpdype — pb)] B~ 0 Oppiy = 0
t 6 0 TIJ,’J: Jb+ap P ,u xTT P xx Wt — Y.
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Accordingly, the second equation in (@) can be rewritten as follows:

“+oo
S0, — % K(8)Nzz(s)ds + 6bTu; = 0, (4.9)
0

where S : L?(0, L) — L?*(0.L) and T : H*(0, L) N H}(0, L) — L*(0.L) are the operators
defined by

1

S=cbl —?pbF, T=—RP=—
¢ poE ap+Jb

[(abp® = Tp(gp — b%)) B~ + Tl | Oua,
with R = pbl — Ju0,, and

D(S) = L*(0,L), D(R)= D(T)= H?*0,L)N H}O0,L).
Finally, multiplying the first equation of (@) by B~!, we arrive at

gt + apFug, — (Ep— 0*)Fu+ 6bF0 = 0,
b +oo

B
n:+mns — 60 =0.

S0, K(8)Naz(s)ds + SbTuy = 0, (4.10)

In order to formulate the auxiliary problem within the semigroup framework, we introduce

the Hilbert space
H=H*NH0,L) x Hy(0,L) x L*(0, L) x M,
equipped with the inner product
(V) = ap (T} + (Ro”) 4 (S8.6°) + (6 = 1) (T} + 0.7

Moreover, we define a new independent variable u; = v and let ¥ = (u,v,0,n)T, conse-

quently, the system () can then be expressed as follows:

U(t) + AU(t) = 0,V¢ > 0,

(4.11)
\IJ(O) = (UO, Uy, 907 UO)Ta
where A is the operator defined on H by
0 -1 0 0
apuF 0y, — (Ep— V)FI 0 +obF'1 0
A= b +oo ’
0 +0bS™ITT 0 —ES_I / Kk(8)0zzds
0
0 0 -1 0s
(4.12)
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with domain

we B0, L), v e (H2(0,1) N HL(0, L)),
D(A) = { W = (u,0,0,0)" €A, | 4o
6 e H(0,L), ne /\/,/ 1(8)n2e(s)ds € L*(0, L)

0

Lemma 4.1. [24] For anyn € N and 6 € L*(0, L), we have

[ R = [ el (1.13)

and
—/0 H(S)(Q,T}S(S»dS:/O k' (8)(0,n(s))ds. (4.14)

Proof. First, we differentiate the square of the norm:

%|’nx(3)||g = 2<7]m<8)7 st(3)>'

Substituting this equality into the left-hand side of equation (4.13), we obtain:

[ RO LB =~ [ K629 nalo) s

Now, by applying integration by parts, we consider:

+o0 +o0 +oo
- [ ROl ds = =]+ [ R () s

Since n(0) = 0 and 7n(s) — 0 as s — +00, leading to the desired conclusion:

[ RSB = [ Rl ds

In a similar manner, by applying integration by parts to the left-hand side of equation

(), we obtain
_/0 ) k(s)(0,n5(s)) ds = —m(s)(e,n(s»l

+oo

+ /0 h K'(8)(0,m(s)) ds.

0

And assuming boundary terms vanish, so we find

- / " k() (0. mu(s)) ds = / " (){6,n(s)) ds.
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The following theorem establishes the well-posedness of the auxiliary problem ()

Theorem 4.2. For any Vg € H, The problem ) has a weak unique solution W &
C(R*,H). Moreover, if Uy € D(A), then ¥ € C(RT, D(A)) N CY (R, H).

Proof. According to the Hille-Yosida theorem , it suffices to prove that A is maximal and
dissipative First, we prove that A is monotone. Let ¥ € D(A), we have

(A, W), = — ap (T, ug) + (uRFug, — (S — b*)FRu + §BRF0,v)
b o[t b
#0870 = 5 [ R mua5)ds, ) = (6 5 (T} + 500+ s
0
From definition FR = —T, so

<A\I]7 \II>H =—au <Tvx; um> —ap <Tu:m> U) + (gﬂ - 62) <Tu7 U> - 65 <T'97 U>
bo[toe

-—5ﬁ<7%79>—-3 () (o (), 0) ds — (§0 = b) (Tw, u) = (0, m) a1 + (s, 1) a1

Integration by parts, we get
(AV, )., = — ap (Tvg, uy) + o (Tug,vg) + (Ep — b°) (Tu,v) — 63 (T0,v)

68(Tv.0) + /3/“ (1a(5), 62) ds — (€1 — 1) (T, u)

- %(9 mm + 2075, ) M
—%A wma>>m—g@mM+%%mM
We have .
@mMzi (5) (B, 02 (5)) ds. (4.15)
So

(AT, ), = + 2 —i/mfc(s) A s ) ds
» E )y = 5773777/\/1—26 . dsnxanx )
using equation (), find
(A, == [ R ds = 0
26 Jo

which shows that .4 is monotone.

72



4.3. WELL-POSEDNESS

CHAPTER 4

Next, to demonstrate that A is maximal, we consider H = (hy, ho, h3, hy) € H and seek

U € D(C) that satisfies
(I+ AV =H.

which is expressed in terms of components

¢

\

From the first equation of (), we have
v=u— hy,

with the following lemma

Lemma 4.2. Solving the fourth equation of ) yields

n(s) = (1— e=)0 + / e ha(r)dr-
0
Proof. Let us consider the first-order linear differential equation:

dn
— =0+h .
s +1n + ha(s)

Next, by multiplying both sides of the equation by e®, we obtain:

d
esd—z +e’n =e°0 + e’hy(s),

the left-hand side is the derivative of a product:

d
%(6577) = €0 + e°hy(s),

integrating both sides from 0 to s:

en(s) — n(0) = /0 Ce0dr + /0 e ha(r) dr.

Since 6 is constant with respect to r, and 1(0) = 0 we have:

e’n(s) = (e* = 1) + /05 e"hy(r) dr,

u—v = hy,
—apTug, + (pp—0*)Tu + Rv — 8T0 = Rhy,
b [T
obTv + SO — B/ H(S)T}xmdS = Shg,
0

(4.16)

(4.17)

(4.18)

(4.19)
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dividing by e®:
n(s) =e*n(0) + (1 —e )0 + es/ e"hy(r) dr.
0

We rewrite the last integral using the change of variables r — s — 7

e_s/ erh4(7‘)dr:/ e~ hy(r) dr,
0 0

hence, the solution simplifies to:

nis)=(1—-e7*)0+ /08 e""*hy(r) dr.
[

Replacing v and 7 from ()and () into the second and third equations of (),
we obtain
—apT g, + (Epp— 0*)Tu + Ru — 0bT0 = R(hy + hy),
+oo s
obTu + S0 — —/ [ (1—e )0 + / e*(sfr)hz;m(r) dr| ds = Shs + 6bThy,
0
(4.20)

we put

+00 b

therefore, () can be expressed as follows:

—apTUgy + (Epp — b*)Tu + Ru — 6bT0 = R(hy + hy) € H1(0, L),

obTu+ SO — ¢,.0,, = Shs + 0bThy + %/O+Oo e °k(s) (/05 eTh4m(r)dr> ds € H(0,L).
(4.21)
Let W = (H?*(0,L) N H}(0,L)) x H}(0,L). By ‘formally’ multiplying the equations of
() by u € H*(0,L) N H(0, L) and 0 e H}(0, L), respectively, we arrive at the following
variational formulation

A((u,0), (u,0)) = L(u, 0), (4.22)

where A(-, ) and [ are the bilinear and linear forms defined over W by:

*

A((u, ), (4, 8)) =ap <Tux, u> 4 (Epn—b?) <Tuu> + <Ru, u>

—6b <Te,&> +6b <Tu,5> n <Se,§> ¥e <9x,5m> ,
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and

L(i,0) = (R(f + f2), ) + <Sf3,5> 46 <Tf1,5>

2 [ ([t as

A straightforward calculation shows that A and L are bounded. In addition, we have

A((“a 0)7 (u’ 9)) = <Tu;r:7 ux) + (5;“ - bz) <TU7 u) + <RU, u>
+(S6,0) + ¢, (0.,0.)

:—apiﬂjﬁ ((Oéﬁp2 — Jp(Ep — 7)) (B g, tag) + JMHumH?)

+ (& — BT, u) + pbllull* + Tullus||* + (S0, 0) + cl10]1%,

then,

A((w,0),(1,0)) =55 (@B TpB N B s thae) = TEpp{ B s ) + Tl ?)

(€ — B)(Tu,u) + pblfull® + Tullu, |2 + (S6,6) + .61

By virtue of Remark @ and using the positiveness of B!, we infer that

Joop?
> 27
Tap+Jp

+ Jpljug]|® + (S0, 0) + c.||0.]°.

A((u,0), (u,0)) [uaall® + (€10 = B2) (T, u) + pbllul?

Consequently, there exists a positive constant m such that
A((w,0), (w, 0)) = m(|| wg [I* Hlewaa P+ 11 0 [17) = m || (w, 0) [y -

This demonstrates that A(-,-) is coercive. Consequently, the Lax-Milgram Theorem guar-

antees that the equation (4.22) has a unique solution

(u,0) € (H*(0, L) N Hy(0, L)) x Hy(0, L).

By substituting « into the first equation (), we infer that

ve H*(0,L)N Hy(0, L). (4.23)
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From () we have 77(0) = 0. On the other hand, using () along with Cauchy-Schwarz

inequality, we get

—+o00 [e’e)
A Hﬁwm@%§2é k()(1 — )26, ]3ds

42 /0 " (o) < /0 S 62(’"S)dr) ( /O 5 Hh4w(r)||§dr) ds
<2908 +2 [ wo) (5- 5 ) ([ Waliar) as

sme&M+/'M$(/nmwads
0 0
[’ —+o00

<2900+ [ el [ wts)dsdr

0 T

Using the hypothesis (h4), we arrive at
e 2 , 1 [ o [T
r(s)lInallzds < 29(0)10llz = 5 [ sl K'(s)dsdr
0 0 T
1 oo
<2908+ [ () huslBdr < +oc,
0

which shows that n € M. Finally,

ns(s) = e7°0 4 hy(s) — / e" " hy(r)dr =60+ hy —n(s) € M. (4.24)

0

Therefore, n € N.
Next, by taking 6 = 0 in ({1.29), we arrive at

ap <Tuu> __ <(€u — V) Tu+ Ru— R(h1 + hz),i}> L Vi e CL0, L),

which gives

apiTug, = (€ — b*)Tu + Ru — R(hy + hy) € H (0, L).
The regularity theory of elliptic equations and the definition of the operator T" yield
Uy € H (0, L).

Consequently
u € H2(0.L).

Similarly, by taking « = 0 in (4.22), we obtain for any 0 € C3(0, L) :

+o0 s * *
<c,{9z + %/ K(s) / € *hy,(r) dr ds, 91> = <—5bTu — S0 4 Shs + 6bThy, 6> .
0 0
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Given the definitions of the operators S and T, and recalling that u, hy € H?*(0, L)NH(0, L),
0 € H}(0,L), and hs € L?(0, L), it follows that:

—6bTu — SO + Shs + 6bThy € L*(0, L),
which implies that
b +oo s
Cobly + —/ K(S)/ e *hyy(r)drds € H (0, L),
B Jo 0
with
b “+o0o S
CiOpn + B/ K(s) / e *hyge(r)drds = 6bTu + SO — Shy — 6T h;. (4.25)
0 0
By virtue of (), we arrive at
+oo
/ #(8) 00w (8) ds = SbTu + SO — Shy — 5bThy € L*(0, L). (4.26)
0

Therefore, the solution (u, v, 8, n) of system () belongs to D(A), which shows that A is
maximal. This completes the proof of Theorem @ ]

At this stage, we turn to the main problem (@)

Proof of Theorem 4.1

Let (ug, u1,00,m0) € D(A), then from theorem @, there exists a unique solution (u, uy, 0,71) €
C (RT; D(A)) N C* (RT;H) to the problem (@) As a result, we have

ue C(RYH0,L) N Hy(0,L)) nC* (RY; H*(0,L) N Hy(0,L)) N C* (RT; Hy(0, L)) .
Thus, (@) obtains
g = — (B 0 O Ytgar + (€pt — b*)(B™ 0 0y )uy — b3(B ™! 0 0,)0; € C (RY; L2(0, L)) .
Next, let define ¢ by
o(x,t) = —%ux(x,t) + [—;/Ox u(y, t)dy, (4.27)

then we get

Py — gy — bp, = 0. (4.28)
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Replacing () into the second equation of (@), we arrive at

cly — % K($)Nex(s)ds + i = 0. (4.29)
0

Consequently,

¢u € C (RT,L*(0,1)),

which implies that
p € CH(R™, Hy(0,L)).

Moreover, from (), we have

u p
e = — T Uz + T Us.
¥ b p, Ut

Bearing in mind that u € H2(0, L), we infer that ¢ € H2(0, L). Therefore, (u, ¢,8,n) solves
the problem (@) with the initial and boundary conditions (Q) and (@) which completes
the proof of Theorem @

4.4 Exponential Stability

In this section, we establish an the exponential decay of the solution of the problem
(@).First, we define the energy associated with the solution (@) by
1 [(H(J J
E(t): = 5/ <Tpuft + Tuuit + pui + pul + ap? + 2bugp + Ep* + 092) dx
0
1 [T

1 2
9 ) k(s)||nz(s)||2ds.

Note that as pu& > b%, we have

Jp L Juu L P L b2 L a [F
ey =35 [ widor g [adesd [Cdos (- [Cars § [ e

—+00

L b 2 I L 1
b [ (Dot V)t f [ [ s

which shows that £(t) is a positive definite form.

Our stability result reads as follows.
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Theorem 4.3. The energy functional E(t) satisfies, along the solution of @),@)-(@),

the estimate

E((t) < AE(0)e™" Wt > 0, (4.30)
where A and ( are two positive constants.

The proof of Theorem @ will be established through the following two lemmas.

Lemma 4.3. The energy E(t) satisfies, along the solution (u,p,0) of (@), the estimate

“+o0o
< .
55 FOlmIks <o (1.31)

Proof. Performing the L2-inner product of the first three equations of (@) with wug, ¢, and
0, respectively, and applying integration by parts, we arrive at
L

pd [* o —pd [*, /L
pa dr + 22 dr+b | uppds =0, 4.32
2dt0utx+2dt0u$x+ Outapx 0 (4.32)

L a d L L 5 d L L
J/ U Prpdr + — 5T O2dr + b/ Ugppdr + = o*dx + 5/ O prdz =0, (4.33)
0 0 0

2 dt

cd 9 L
6 de — — ($)Nez(8)ds | dz — 06 [ pifpdx = 0. (4.34)
2 dt 0

Referring back to Remark @ and equatlon (), we find that

and

Jpd ) Jud L .2 ad (1, /L
Lo 2do + —— dr+b | ugpd
2 dt 0“ o ar +2dt PalL 4D | Uaipr
2
ca — 0. 4.
+2dt dz‘—l—é/ Opprde =0 (4.35)

Moreover, integration by parts and the boundary conditions (@), we obtain

/OLH(/O+OO R (8) M (s dS)dx— /+OO/ )01z (s)dads.

From the last equation of (@), we get

- +OO/ utta(s)dwds = = /m / )+ () me(s)dads

-3 [T Rl )szs—% | (o) 3as.
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Returning to Lemma @ and using (), we obtain

[o([7 womatias) dr= =35 [ solmolias + 3 [ w6t ias

(4.36)
Consequently, () becomes
cd 1 d +o0 400 )
s [t [ s+ 5 [ WOl
o
- 5/ pfdx = 0. (4.37)
0
Finally, equations (), (), and () yield the desired estimate () O
Lemma 4.4. For any ¢ € L? (0, L) and any € positive, we have
A oo
/ b / §)dsde < ¢ / Pdu %(0) / () (s)|2ds.  (4.38)
0
and
L +00 2 g(O) o )
/ ( / ﬁ(s)nx(s)ds) ar < -2 / ! ()l|ms (5)||2ds. (4.39)
0 0 0

Proof. By applying Young’s and Cauchy—Schwarz inequalities, we infer

/ ¢/ dsdx<5/ ¢2dx+41€ " (/OO m’(s)n(s)ds)de,
ge/o P dr + — / / /0 K (s)n?(s)dsdz.

From (h4) and Poincaré’s inequality, we get

/ ¢ / s)dsdx < e / L¢2da; A% / / / K (s)n2dsdz
<e [ - Acff D[ o) s

Next, based on assumptions (h3) and (h4), we have

/OL (/O+OO H(S)nx(S)dS) dr < /OL (/Ooo m(s)ds) /OOO k(s)n2(s)dsdz

<2 [T
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IS

Remark 4.1. In this remark we use 5 > b, so

—u/o uldr — 5/ <b+%€)/0LuI<pda:

< - u/ud:c—ﬁ 2dx—2b/0Luzgod:c

——u/ udx—f/ 2b/ uzgod:r;—l—gf uda:——/ uidx
(,u—%)/o uxd:c—/o < ugc—i-\/_gO) dzx. (4.40)

Lemma 4.5. Let K;(t) and Ky(t) be the functionals

b +00 L
¢ / / dsdx+(5,0/ ufdx
0
+o00
— (5p / Ut / s)dsdzx,

Ky(t) = %/g Opudr — ?/0 Oudz,

and let the functional
G1 = 1K1 (t) + 72 Ks(t),
where

52 52
"= %+_p and 'yg:—p.
b cb c

The estimate below holds for all e > 0 along the solution (u,p,0,n) of equation @)

b oL Jp [E L
/ <_£/ 2, 2 P/ 2 / 2
g, (t) < > 0°dx 2 ), ugdr + ¢ i ugdx

b2 L L b \/_ 2

—mu—— /uidfc—’y/ (—uwr 590) da

( £> 0 Jo \VE

1 [e¢]

—m(l—i—g)/ K'(3)||n.(5)]3ds, (4.41)

0

where m is a positive constant.
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Proof. Direct differentiation of K (t), using equation (@), yields

_ —+o00 +oo L
Ki( Cb/ / s)dsdx — cb / / (s)m:(s )dsdx+5p/ uufdx
Sp +°° e
+5,0/ w0 dx — / / s)dsdr — —— / utt/ K($)ni(s)dsdzx,
9(0) 9(0) Jo 0
k(s

:E%}ALP% mm<w&+wmlé w(s)n(s)dsd

Cb L +o0
_ 6/ k(8) (0 —ny(s)) dsdx
o a) (s) ( (s))
L p(s L 1 [e’s)
+ 5,0/ Ougdr + — Uy (—/ K(8) Nz (8)ds — 59075&:) dx
0 C Jo B Jo

/L (Mgt + P /+OO (s)n(s)dsdx

— p5 / utt/ ) (0 — ns(s)) dsdz.
Integration by parts and the boundary conditions (@) yield
. b L fe') +o0
Kt:—/ </ K(8)N, s) dx—i——/ I/ s)dsdx
(0 =557 [ ([ womie oo
ch L +o0 ) +o0
- — ds)9 da:—i——/ / s)ns(s)dsdx
9(0)/0 (/ (s)
+5p/ Ouydr — — / uxt/ $)N.(s)dsdx — —/ U Pz dx
+00 +oo
/ Uyt / s)dsdx — / Dtz / s)dsdx
— 0d s)dsd
MA%M())H /W/ s
Using hypothesis (h3) and equation (), we derive the following
b L +o00
K (1) ﬁ—/ (/ K(s)n.(s)d > x—cb/ 0%d
+0o0
/ / s)dsdx — —/ U Pprd
5 oo
+< a )/ uxt/ $)nz(s)dsdx
9(0)
+oo
/ Ut / s)dsdz.
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Next, we have the expression from equation ()

b L +00 2 b Yoo
and from equation ()

+o0 L 2h? +oo
Cb s)dsdr < e | 0*dx — b )\Cp s)||n.(s)|l3dsdz.
0 4eg(0 ?

We choose ¢ = —, and we get

+o00 b\ L +o00
/ / s)dsdx < e/ - Cp/ s)|In.(s)|l3dsdz. (4.43)
0 o Jo

Hence, by substituting the two expressions (M) and (|Z_L4i), we obtain the following:

ch [*F

K@) <3) [T RO -5 [ o

Acbe, §p [*
- [ Renras =22 [ wpds

+oo
+ <_’u — _>/ Umt/ 772? de.I
g(0
+oo
- (5p / utt/ s)dsdzx. (4.44)

On the other hand, the integratlon of the second equation of (@) over (0, z), and boundary
conditions (@), yield

ap, = —Juy + bu + 60 + é/ o(y)dy. (4.45)
0

Next, differentiating Ko (t) with the use of (@) and () yields
L L 5 L (5 L
Ké(t) :%/ goxtutdx + %/ @xuttdiﬂ — —p/ 9tutdw — —p/ 9uttd:13,
b Jo b Jo b Jo b Jo
Oép L p L x
- Uppprdr + 7 / . (—Jutt + bu + 00 + §/ go(y)dy) dx
0 0

5p [* 5p [*
— —p utﬁtdx — —p / Uttedﬂj
b Jo b Jo

L ap [F L
= = / u?tdx + — / U pepdx + / (Htze + bipy) udz
b 0 b 0 0

+ % /OL (Htze + bpy) (/OI w(y)dy) dzx

L o)
— @ Uy (l/ K(8)Npe(s)ds — 6g0mt> dx.
cb 0

83
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Integration by parts, we obtain

L 2 L
Kj(t) = — Q/ urdx + (% - 5—) / Urpprdx —u/ udx
b J, b b
— (%g+b>/0 uxgodx—f/ 2dx+%/ uxt/ s)dsdzx.
By returning to equation (), we obtain
L 2 L 2 L
Kj(t) < — Q/ ul dr + ap op / Uppprdr — | pp — v / uZde
b Jo b b £/ Jo
L

—/ ( Uy + \/_90) / uxt/ s)dsdz. (4.46)

0
) =

Substituting () and () into Gi(t) = 11 K{(t) + 1= K5(t), we arrive at

by [ by [*
(0 <=7 [ R ne)ds - T [ o
0 0

Aebe,n [0 /L
ot [ () Pds = [ e

“+o0o
M <g5_u__>/ umt/ nm de.T
+oo
5p%/ / k' (s)n(s)dsdx — J,Z’m/ u dx
0
b2 L
+7271/ Up Pz dT — 72 (u—z>/ uidx
0
L \/— ’ P”Yz
—7/ (—uer {go) dx+ /ux/ s)dsdzx.

After simplification, we obtain

N2Bcbe, + 2bg(0) [ cby, [t
gt < — P / K ($)|Ine(s)|?ds — ——= 0%dx
()<~ 229200 [ oty s - 2

+00
+ |:71 (% - _> + 2_:| / umt/ T/z de.T
6p’yl +oo Jpre 2
/ / n(s)dsdx : /0 uydz
L b 2
) o [ o
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By applying Young’s inequality and using equation (), we obtain:
O op op /L /+°°
— - = — dsd.
|:71 (g(o) Cﬁ) +,}/2666:| o Ugt K(S)nl‘(s) sax
L 1 o op op too 2
<e uidm—l——[ (———)—I— ]/ (/ k(s xsds) dz.
/0 T a [ \g(0) " e3) T s , )
L
g(0 op op
gg/o ul,dr — ﬁg [’yl (m - —) } / / s)||na(s)||3dsdz.  (4.48)

On the other hand, by selecting £, = %, equation () yields
5ml/ /*"o /L 2 1 8°p*7i e, /*"" : 2
s)dsdx < ¢ updr — _— K (s)||In:(s)]|3ds
1 o tt 481 g(O) . ( )HTI ( )”2
TPy / P bpAed®at / e >
< de — ————= - ds.
= 9} 0 Uy T 2Jg(0)72 0 K (3)H77 (8)H2 S

(4.49)

2 2,2 )2
We put m = mas (@[«w 37) 1 2] B0t My 2 )

4\ 9(0) ¢B) T PaB] T Ig0) T g(0)BX

In the final step, we substitute m and equations ({.48) and () into equation (),
the estimate () follows immediately. O

Lemma 4.6. Let (u,p,0,n) be the solution of @), then, the functional

G.() - - 2 u (Lot vEs) o

Je cabp> /L abp /L
+ | =+ ufdr + — Ypurdr,
( 0 §uo 0 t §rJo :

satisfies the following estimate

o AN L/ g 2
! S — - — 2de — — Uy dz
05 (1) [l [ (oo 5

Jb L L L +o0
% u? dr + C, / 0*dx + / uz, dw — Cg/ K (8)||n.(s)||5dxds.  (4.50)
0 0 0 0

Proof. By differentiating Go(t) and applying the relation —Juy, = app, — buy — Ep — 60,
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we obtain

gg - \/—/ Ugtt < Uy + \/_SD> \/—/ Uyt ( Ugt + \/_Qot)
(5 Zbg) [ st (2402 [ g

ab
+ _p g@mtutdm + - / gOmuttdac

Ly 2
i o ) [ (fore )
L
\/_/ ( uz-l—\/_go) x——/ u?,dr — /uzt¢tdx
Je  cabp Je  cabp
+(_+§u5)/ u“edx+< +£u5)/ e

abp

f
Integration by parts then use the third equation of (@) yield

b L L b 2

b5 L L b (L L
+ — Ugr0dr + 5/ w0dr — Jb u?,dr + J/ U Pt dx
§ Jo 0 3 0

Jec  cabp J abp /+°° /L
- 0d 2z (8)dxrd
(5 [ x+(55 5W) ) [ o) dads
b
(J 4 %) / Up P dx + —_— / Yrupdr + - / Prturd.
§p 0
. Using integration by parts and the relation u,, = Butt gox, we obtain
M Iz
a AN Lrb ? Jb [t
g/t:__(u——)/ (pid:p—/ <—ux—|— 5@0) d:L‘——/ uidw
> () H 3 0 0 VE \/_ £ Jo '
ob? L J bp b o
— (— — (5) / w0dx + ( c + P + —p) / uyOdx
Ep 0 Eno &) Jo

Oébp +o0
(66 5#55> / / $)Nx(8)dsdzx. (4.51)

By applying Young’s inequality, we derive

5> ?
5b? L a b\ [* M(E_CS) r
I Odr < — [ — — 2o + —=>——/— [ 6%dx, 4.52
(fu )/o ? ‘”—m( 5)/0 7 ‘”2@( b)/ R

S%Uttdﬂﬁ + —/ Prrtpd.
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Je  cabp (5bp> / / (JC cabp (5bp)2 /L ,
— 4+ + — ugfdr < uldr + - + + — 0°dx, (4.53
( 5 &us | p " " Euo &) Jo (459)

and
J  abp
(55 " fuaﬁ) / / s)dsda
< Jb § (J  abp +o0 2
<3¢ ) e 55 (5 5#56) [ (" womtons) ae

by applying (), we obtain

_ b £9(0) abp \* [T,
<2 uida: 20) (55+5W) [ Rk sy

Then, we take

C] = max

(5b2 5 ?
pwl— - 2
Eu ) 1 /Jc  cabp 0bp &9(0) (T abp
» (M_ ﬁ) 1 (_ T 5) =5 b (55 ! fuéﬁ)
§

Substituting expressions ({.57), (), and () into (), estimate () follows im-

mediately. [

At this stage, we introduce the Lyapunov functional £ as follows:

where N7 and N, are two positive constants to be determined later, G; and G, are defined

in Lemmas @ and @

Lemma 4.7. Let K(t) = L(t) — N\E(t), then there exists a positive constant C, such that
‘K(t)‘ < CE(t) Vit > 0.

Proof. Simple calculation shows that

‘IC(t)‘ SW{/OL d$+/OL d$+/OL Uyt (%ugﬁ—\/gso)

—l—W{/OL H/OJFOOK(S)U(S)CZS da:+/0L

(e Pzl

aq

o [ weutelas| e}
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where W is a positive constant that depends on Ny, v, and s.
Thanks to Young’s and Cauchy—Schwarz inequalities, we conclude the existence of a

positive constant C such that

‘IC(t)‘ < CE(t), Yt > 0.

]
proof of Theorem 4.3
A direct substitution leads to the result
Jpye L Jb v
L'(t) <-— [ 5% Ny — 1} /0 uldr — {E _€N2:| /0 u? dx
Jbe, [t ( b2)L2 oY v\ [*,
— uydr — Ny | pp — — /uxdx—— w— — /(pxdx
26 Jo ' o 3 0 24 3 0
L 2 L
b b
- (1+72N2)/ (—ux+ \/Ego> dz — {C—glNg 01}/ 0%d
0 0
+oo

# v (14 2) =] [0 [ s

Now, we select Ny, N, and e carefully.
. 2C7  2b } JB
First, we choose Ny > max ¢ ——, —— ¢, then we choose ¢ = .
? by’ Jpya 8¢N:
Finally, we pick for Ny large such that
1

Therefore, there exists a positive constant x > 0 such that As a result, , there existssuch

that

L' (t) < —xE() VE>0. (4.57)

Also, we choose N to be large enough so that () is satisfied and N > C, where C is the
constant that satisfy Lemma @ Consequently, L(t) ~ £(t). Thus, there exists a constant
¢ > 0 such that

L () <—=CL(t) Vt>0,

an integration with respect to ¢ leads to
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L(t) < L(0)e " vt >0.

Finally, the desired estimate () follows from the equivalence between L(t) and E(t).
This completes the proof of Theorem @
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chapter

5 Exponential Stability of a Trun-
cated Porous System of Ther-
moelasticity with Type 111

Remark. After completing our thesis, we discovered that this problem had already
been solved by H. Zougheib and T. Arwadi [b2]. However, for establishing well-posedness,

they used the Faedo-Galerkin method; however, we employed the semigroup approach.

5.1 Introduction

In this chapter, we focus on the following truncated porous system with thermoelasticity
of Type III,
Pus — fllzy — Bipz = 0,
— Tttty — Wy + Pug + Ep + 60, = 0, (5.1)
Vit — K02z + 001z — TOtaw = 0,

subjected to the following initial and boundary conditions

u(z,0) = ug(x), us(x,0) = uy (), o(z,0) = po(z),0(x,0) = by(x), 0:(x,0) = 0, (x), x € [0, L]

u(0,t) = u(L,t) = ¢.(0,t) = @, (L, t) = 0(0,t) = 6(L,t) =0, t € (0,+00), (5.3)
where the coefficients are positive constant and satisfy the following conditions:

En > B2
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Note that although ¢ satisfies the Neumann-boundary conditions, simple integration of
(B), and use (@) give
L
/ o(x,t)dx =0,
0

which allows the use of Poincaré’s inequality.

In this chapter we investigate the well-posedness of the problem (@)—(), using semi-
group theory. Additionally, we prove the exponential stability by employing the multiplier
method.

Now, by differentiating the first two equations of (@) with respect to ¢t and taking
uy = v and ¢, = 1, the system (@)—(@) gives

PVt — UWUgze — wa = Oa
_Jvttx - Oﬂpzm + /BU:L' + éw + 59mt = 07 (54)
Cett - ﬁewz + 6¢$t - Teacxt =0

U(SE, 0) = UO<x>7 Ut(SC, 0) = Mu:m(xa O) + ﬁ@z(mv O) = Ul(x>> w(xv O) = wo(l'),
0(x,0) = by(x), 0,(z,0) = 01(x) x € [0, L] (5.5)
v(0,t) = v(L,t) = ¥,(0,t) = (L, t) = 0(0,t) =0(L,t) =0, t € (0, +00) (5.6)

5.2 Well-posedness

In this section, we prove the existence and uniqueness of a solution to problem (@)f(@),
using the semi-group theory, utilizing certain operators introduced in previous chapters.

First, we differentiate the second equation of (@) with respect to x, then, we substitute
1 from the first equation of (@) into the second and third equations of the same system to

obtain
tht + QpVszr — (5/’6 - BQ)/UMC + 5ﬁ0x:pt = 07 (5 7)
PO — B0z + 0 (1t — (WUzat) — TBOpu = 0,

where B is a positive, self-adjoint, and invertible operator defined on L?(0, L) with domain

H?(0,L)N H(0, L), given by

B =¢pl — (JB + ap)daa.
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Through a series of calculations, we examine the following auxiliary problem

Uy + O[,UPU;m; - (5#’ - /32)PU + 6/8P9t =0,

(5.8)
S0y — /{ﬁexx + 55Tvt - Tﬁeu’crt =0,
with S, P, T : L*(0, L) — L*(0, L) are the operators defined as follows
( P = B_l o aﬂcm
S = cfI — §?pBP,
S
R = pBI — Juo,.,
1
7T=——— 27 —B2)B™ 4+ Jul| 0pe = — (pBI — JuOpy) B~ 0 Oy = —RP,
\ o 7p PP = (& = %) B+ Tl (pBI = JpOys) B~ 0

with domains D(R) = D(T) = H>N H}(0, L) and D(S) = L*(0, L).

Note that S is invertible, and the operators R, B, and —0,, are positive definite. It
follows that —P, and consequently S and T, are also positive definite and well-defined.
Therefore, we can define their square roots RY/2, S1/2, and T/2.

Now, to rewrite problem (@) in the semigroup setting, we introduce the new variables:

w =, q=0; and ¥ = (v,w,0,q)T, and set the Hilbert space
H = [H?(0,L) N Hy(0,L)] x Hy(0,L) x Hy(0,L) x L*(0, L),
equipped with the inner product
(U, 0) = ap (Toe,03) + (R, ) + (€5 — ) (To,07) + B (B2, 02) + (S,07) -
Then, the system (@) can be written as follows

V() + AT(t) =0, V>0,

\I/(O) = ('U(),Ul,eo,el), (59)

where the operator A : H — H is defined by

—w
qv— | osPus = (§pu — B*)Pv +0BPq |
—q
881 Tw — S~ (kO + 71q),,
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with domain
ve HY0,L), we H2(0,L) N HL(0, 1),

D(A): \Ij:(v?w797Q)T€H7
kO +7q € H*(0,L) N H(0, L),

H(0.L) = {¢ € H*(0.L) N Hy(0.L) : ¢y € Hy(0.L)} .
The well-posedness result is given by the following theorem.

Theorem 5.1. For any ®, € H, there exists a unique weak solution ® € C(RT,H) of
problem ) Moreover, if ®y € D(A), then ® € C(RT, D(A)) N CHR*, H).

Proof. According to the Hille-Yosida theorem @, it suffices to show that 4 is monotone

and maximal. ]
First, we prove that A is monotone. For any ¥ € D(A), we have
(AT, U),, = — ap (Twy, vz) + (auRPv,, — (Eu — B°)RPv + §BRPq,w)
— (&u = B7) (Tw,v) — Bk (g, 0a)

— B{(KO +7q),, ) + 6B (Tw,q) .

Using the definitions of the operators T" and integration by parts, we obtain
(AV, V), = KB (qs, 4z) > 0. (5.10)

Accordingly, it follows that A is monotone.
Next, to establish the maximality of A, let F' = (f1, fo, f3, f4)T € H , we seek ¥ € D(A)
that satisfies (I +.4)® = F. That is,

(

v—w = fi,
+ apPug, — (€ — B2)Pu + 68Pq = f,
w+ apPrg, — (§p— %) Pv+ 66Pq = [ (5.11)
0 — q= f37
| 68T w — B(k6 + 7q), + Sq = Su.
Form the first and fourth equations of (), we get

w=uv— fi, (5.12)
g=0— fs. (5.13)
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Next, by substituting equations ()f() into the second and third equations of (),

we obtain

{ v+ apPuy, — (Ep— %) Pv+ BP0 = gy, (5.14)

08Ty — kB0, + SO — 760, = go,
where g1 = fi + fo + 08P f3 € L*(0,L) and go = S(fa + f3) + 08T f1 — 70 f30e € H1(0,L).

Now, we introduce the space
V = H?*(0,L)N Hy(0, L) x Hy(0.L).
The variational formulation corresponding to equation () can be expressed as follows:
A((v,0), (v*,0)) = L(v*,0"). (5.15)
with A :V x V — R is the bilinear form given by:
A((v,0), (v*,0%)) =ap <T%vz, T%v;> + (En— B%) <T%v, T%v*> + <R%v, R%v*>
— 68 <T%9, T%v*> + 68 <T%v, T%9*> + <5%9, Sée*> + kB (6,07
+ 75 (02, 07)
and L : V — R is the linear functional defined by
L(u*,0%) = (R(f1 + f2),v") — 6B (T f3,v") +(S(f3 + fa),0%) + 0B (T f1,0") + 78 (f3e,0;) -

It is clear that A and L are bounded. In addition, A is also coercive because

A((v,0), (v,0)) =ap (T, v) + (Ep = 5%) (T, 0) + (Ru, v)
+(56,0) + kB (0,,0,) + 75 (05, 0,) ,

From the definitions of the operators R and T, and by applying integration by parts, we

obtain

A((0.0), (0,0)) =5 (0857 = Tp(ép = ) (B vy vae) + il ?)

+(Ep = B°)(Tv, ) + pBllol* + Tpllval* + (S0, 0) + kB16:]* + 75 6:
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then,
_op 2 2\ /-1 -1 2
+ (Ep = BT, 0) + pBloll* + Tullva|* + (S0,0) + kB0 + 710 |*

By virtue of Remark @ and using the positiveness of B!, we infer that

Joau?
ap+ Jp

+(56,0) + kpB10.]> + 78|16

A((u,0), (u,0)) = [vaal* + (S = B*){Tw,v) + pBllv]|* + Tullve*

Consequently, there exists a positive constant m such that
A((v,0), (v,0)) Zm(l|vell* + lvaall* + 10211%) = mll(v, O)]3;-

Thus, A is coercive, and consequently, the Lax-Milgram Theorem shows that equation ()

has a unique solution
(v,0) € H*(0, L) N Hy(0, L) x H(0,L).
By substituting v, 6 into the equation ()—(), we deduce

w € H*(0,L) N Hy(0, L), (5.16)
q € Hy(0,L). (5.17)

Moreover, by taking v* = 0, and replace f3 =60 — q, () becomes
B{(K0 +7q)2,0;) + (56,07) + 65 (Tv, 07) = (S(fs + f1),67) + 05 (T'}1,67)
for all 6* € H}(0, L), if 6* = v,v € C§ this implies
BA(KO + 7q)e,07) = (S(fs + fa) + 68T fr — S0 — 65T, 0%) ,
which shows that x6 + 7¢ € H?*(0, L), with
B(KO + Tq)aw = =S(fs + fa) — 68T f1 + S0 + 65T v.

Therefore

(k0 +7q) € H*(0, L) N Hy(0, L).
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In addition, bearing in mind that f; = v —w and f3 = 6 — ¢, we arrive at
6BTw — B(kO + 7q)ze + Sq = Sfi.
Similarly, by letting 6* = 0, we obtain, from(),
ap(Tvg, v;) + (Ep — B7) (Tv,v") + (Ru, v*) = 68 (T0,v") = (R(f1 + fo),v") — 68 (T f5,v")
for all v* € H2 N H}, If v* € C}, then
—apiTv,, = R(fi + f2) — 0BT fs — (€ — B2)Tv — Ru+ 83T,
Then, using () and (), we obtain
—apTve = Rfy — (€ — B*)Tv — Rw + 63Tq € H (0, L).

Since T is an isomorphism from H}(0,L) into H'(0,L), we infer that v,, € Hg(0, L),
consequently,
v e H0,L),
and
—ap TV + (€ — BHTv + Rw — 68Tq = Rfs.

We therefore conclude that (v,w,0,q) € D(A) and it solves system (), which demon-
strates that A is maximal. Consequently, by the Hille-Yosida theorem, problem (@) has
a unique solution. This completes the proof of Theorem @

Next, we introduce
A = [H*(0,L) N Hy(0,L)] x Hy(0,L) x H'(0,L) x H*(0, L) N Hy(0,L) x L*(0, L),
where
H(0,L) := {¢ € H'(0,L); /L P(z)dx = 0} .
and define the domain 2 C 4 , by :

ve H¥0,L), we H0,L)NHLY0,L)

7 =4 (v,w,9,0,q) € H;
Y e H2(0,L), kO+7qe H*0,L)NH(0,L)

)

where
H}(0.L) = {¢ € H*(0.L) : 4,(0) = 9, (L) = 0} .

The well-posedness of problem (@) is given by the following theorem:
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Theorem 5.2. Let (vy, wo, Yo, 0o, qo) € Z. Then there exists a unique solution (v, w,,0,q) €
CR*™, 2))NCHRY, ), of problem).

5.2.1 Proof of theorem 5.2

From Theorem EI, we have (v,v,6,6,) € C(RT, D(A)) N C*(RT,H). As a result, we
get
veC (R H0,L))NCH (RT; H*(0, L) N Hy(0,L)) N C? (R*; Hy(0, L)) .
Now, from (@) we have

tht = —QUzzze + (f,u - 62) VUge — 6/89$:17t7
SO

Vgt = —Old (Bil o a’E:v) (e + (é-,u - 62) (Bi1 o azm) Uy — (5ﬁ (Bil o a’r:v) ett S C (RJra L2<07 L))
= Uy € Cl (R+, LQ(O, L)) .

Let

_ ks v [
¢(flf>t) - ﬁvx(mat) + ﬁ/g Utt(y>t)dy7 (518)

by differentiation, we get
PV — Wz — PB1)y = 0. (5.19)

By inserting (p.19) into the second equation of (@), we obtain

Cgtt — /ﬁlewz + (ﬁbtz - Tex‘rt =0. (520)

Consequently,

Y € C (RY,L%(0, L)),

which implies that
¥ € CHRF, Hy(0,L)).

Finally, since v, = —va + tht and v € H2(0,L), we conclude that ¢ € HZ2(0,L).

Therefore, (v,,6) solves the problem (@) with the initial and boundary conditions (@),
(@), which completes the proof of Theorem @
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5.3 Exponential Stability

In this section, we prove the exponential stability of the solution (v,,0) to the system

(b4)-(5.d).

Note that, since pué > (2, the energy associated with the solution of equation (@)
defined by

_Jp Ju ¥, P B Lo a b,
E(t)_ﬁ v dx +% vxtdx—i—i/o vy dx + u—? /vadx+§/0 Ppde

L L
+/ ( Uy + \/_w) dx + = / 02dx + g/ 07dz,
0 0 0

is a positive definite form.

Lemma 5.1. Let (v,1,60) be a solution to )—) Then the energy functional E(t)
satisfies

L
'(t) = —r/ 0%, dx <0, Vt > 0. (5.21)
0

Proof. Taking the L2-inner product of (@) by v, v and 6, respectively, then appling the

remark @ to the second equation, we have

g%/vfdx—i—ﬁ/vxt@/)dx—i-Ei/vidxzo,

i [ viae s S [ e s 5 [vraess o S fvarss [
25dt/vttdx+2ﬁdt xtx+2dt vidr + vxwt—i-th V2de +6 [ O, =0,

cd 2 K d 2 / / 2 9.
5 0;dx + 5 7 Ordr +0 | Yubdx+ 7 [ 0,dr = 0.
Consequently

d 1d Jp o Jp 02 2 2 2 2
el S —— 2
dtg(t) th/ (5 Vi + — 5 V2, + pup + vt 4 ah? + 2B, + € + KO2 + b} ) dx

= —T/Qgtdl‘.

Lemma 5.2. The functional

L L L
K (t) = c / 0.0dz + - / 02dx + 6 / byfd
0 2 0 0
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satisfies, along the solution of problem ) and for any positive constant €, the estimate

L L L L
Ki(t) < —li/ 02dx + c/ 07dzr + 8/ Vidr + C’a/ 62,dx, (5.22)
0 0 0 0

where C. is positive constant that depends on €.

Proof.

L L L L L
0 0 0 0 0

By virtue of the third equation in (@), we find

L L L L L
Ky(t) = Ii/ 0,.0dx + 7'/ 0,0dx + c/ 0 + 7'/ 0,10, dx + (5/ Y 0id.
0 0 0 0 0

The integration by part yields

L L L
Ky(t) = —l{/ 02dz + c/ 07 + 5/ U 0idz. (5.23)
0 0 0

Using Young’s and Poincaré’s inequalities for the last term, we have, for any ¢ > 0:

L L 52 L
5/ Y 0pdr < 5/ Yidr + —/ 0idz,
0 0 de Jy

L 52 L
ge/ ¢§dm+—/ 02,dx. (5.24)
0 de J,

52
We set C. = P and substitute inequality () into equation () to obtain the estimate

€
(b-22). O
Lemma 5.3. Let us introduce the functional

L L Je L
Ko (t) = p/ vodr — J/ Vppthdr + — / v 0, dx,
0 0 o Jo

along the solution of problem ) Then, there exist two positive constants Cy) and Cs,
such that Ko satisfies the following estimate:

L L
K'Q(t)g—(,u—ﬁ;)/o vgdx—%/o Vida

L 2 L L
_ /0 (%% + \/Zw) dr + p/o vidr + ) 02dx

&1 Jo

L L L
+Cs / 02, dx + 5/ vidr + & / v2,dr. (5.25)
0 0 0
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Proof. We differentiate ICo(t) then use (@), we get

L L L L
K, (t) :p/ vpodx + p/ de:v — J/ Vg dx — J/ Vgt pd
0 0 0 0

L L
‘I— £ 'Uttetdl’ + £ / ’Utettdl’,
0 Jo 0 Jo

:M/vaxvdx+6 L@/)mvd:tva/ dm+a/ wmwx—/ﬁ/

- 5/ w dr — / It@/}dx — / Uzt¢tdx + _/ Uttetd.r + _/ Ut@xmdl'
0
- J/ VP + —/ (U —
0
2

For convenience, we add and subtract the term ?vx. Using integration by parts, the

expression can be rewritten as

Ky (t) = (M—%>/%2M+p/L¢M—/¢< 1@+vq0

- a/ 1/12(13: - 5/ O 0dr + —/ vbidr — vxtﬁ dr — % VO dix.
0
(5.26)

Thus, using Young’s and Poincaré’s inequalities, we deduce

L « L 52 L
—5/ O pdr < —/ @szx—l——/ 02, dx
0

Sb/%w+_/9wL (5.27)

L 2.2
J_c vbidr < 5/ vttda: + T / Qde
0 0

0 Jo 46%¢
L JQ 2 L )
< 6/0 v dr + 52 /0 0 dx, (5.28)
Jr L £1 L ) J27_2 L )
_T ; vxté’udx S E\/O' Umtd‘r + 25251 A thdl', (529)
Jk [ e [T J2k2 b
— wledr < — 2d 2dx. 5.30
5 Varbpde < < i Umtx+25251/0 “dx ( )
!]2 2 52 (]2 2 J2 2
By taking Cy = " and Cs = ¢ + T and substituting equations ()—

242

452 0281’
() into (), we obtain the desu"ed result () O
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Lemma 5.4. The functional

Ks(t) = \/— / ( (e \/_ w) dz
+ (—+ cggp ) / vibyd +O‘—5p / bavede,
satisfies, along the solution and for any positive constant €, the estimate
/ oy [F 2 LB i
G0 < S [ wa-) | (Jeve+ VE0) o

Jp 2 by o o
- — vztdm +e | vy +Cy | 05,dx+Cs | Oidx. (5.31)
2€ Jo 0 0 0

Proof. By differentiating K3(t) and employing the second equation from (@), we obtain

1= oG )i o e i)
+( +C§‘ﬁ5p ) / vttetdx+<‘gc+cg‘£5p ) /0 vl
+O‘_5P /wavttd:cnt% /0 " vnde
f/ %( vx+\/_¢)dl’ /OL<ﬁvx+¢Ew)2d:c

s [ J3 L
— | (v de— "= | Whdr—J | vaid
VE Jo t< U+\/_1/)) § ov v /ovtwtx

L
+ (£ + Caﬁp)/ vbyda — (J+ @)/ itbud + (JT + mﬁp) / o
o &uo ) Jy §po
L
+ ﬁ—i— Ko fp / vtemdx—i——/ wazvttdw—i__/ Vytyd.
0 &po
Integration by parts yields
ﬁ L L L 6 2
—/ @vamdx—a/ @/)idl‘—/ (—vz+\/§¢) dz
0
JB Jc  cafp /L
\/—/ xt ( Vg + f¢) dz f ; U d + ( + &u(s ) Uttetdilf

Tafp Jrk  kafBp /L /
< + 5#5 ) / Uxtﬁxtdx ( (5 + fué ) ; v t@ dx + é,M ; w VAT
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From the first equation in (@), we have vy, = pvtt — é%. So, we infer
1

5u—@2)/L¢idx—/OL( wﬁb) da:—f/ ( wfw)

50 == ¢ ( O
~ J?ﬁ Ongtd:c - (ﬁ v “;;ip) /0 valpd — (% + T;ﬂip ) /0 e
+ <% ngp ) /O bl (5.32)
Now, by using Young’s inequality, we arrive at
(5.33)

L
f/ (Ve e ve «z Ver) + g
/-@oz,é’p) / 5 3 ( maﬁp) / 2
— + VUglpdr < — vd—i—— — Oidx, (5.34)
( £ t A€ 78 SEp
Jr Taﬁp) / / (JT Tozﬂp) / 2
- —+ vx9xdx<— v, de —I—— — + 0. dx, 5.35
( &s o &us ) Jo (5:35)
Je  cafip /L / 1 (Jc  caBp 2/L 9
— < . .
(5 + 5M5> i vubidr < e i vgdr + — " -+ 10 i 7 dx (5.36)
Then, by substituting equations ()—() into (), we obtain equation (), for
C—é—z—i—i £+Tozﬁp 2+i E_i_cozﬁp 2 Cand O — f JI{+I€Ozﬂp 2 =
P B ns ) T ae\0 T us TIp oén )
Remark 5.1. From the first equation in ), we have

pow = (W + BY), - (5.37)

Using equation ) and integration by parts, we get
va + \/EQ/J) <%Um + \/E¢> dx

%/OL% (5v+£/oxw(y>dy> dm:_/oL< B

:_/OL (“—\/va—ﬁ (—vx+\/_¢>) (%vﬁ\/@) dx

B VE”
[ (5 (oo [ (G v

Lemma 5.5. The functional given by
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satisfies, along the solution of problem ), and for any positive constant €, the estimate

J L 1 L 2

Ky () <32 ,?tda:——/ T VED) ds
Qﬁ 2 Jo
L Ci L L
+e / diC + — 92d$ + C7/ Git + Cg/ Uidl‘ (538)
0 €1 Jo 0

Proof. From the second equation in (@) and the boundary condition, we have

ath, = —Juy + Po —|—§/Ozw(y)dy + 06;.

Differentiating K4(t) and using equation () along with the third equation of (@), we

(5.39)

obtain

Ky () :% Lvtt <¢x + < / Vg (Yt + Htt)

_ B/ vttdm—f—ﬁ/ (5v+§/ W(y dy)dx+ﬁ(5+ 5)/0Lvtt0tdx

o7
56 / Ut9mdx ‘l‘ 5 ; Utemtdx.

Applying mtegratlon by parts, as noted in Remark @, we arrive at

ey ey (G ) [ (o )
arr (5.40)

Ccxx L apK
+ B (5 + 7) /0 ’Uttetdl' - % Umte dx — 55 'Uxtextdil?.

Now, using Young’s and Poincaré’s inequalities, we have, for any € > 0
() [ (o)< [ (o) w352 [
( (e Voo o= [ (G o) 45 (U)o

BVE
(5.41)
%(6+?)/ﬂvtt9tdaz<26/ v+ %(’;SJFC;B’))Q/LW
h

Jp ", pd  cap 2/L )
< 2P cap (542
Ut+2Jp<ﬂ+(5ﬁ 05, (5.42)

=33
¢ 2 2,2 (L
apr Lt a*pr >
— < — : A4
55 ), Vgl dr < 2/0 vy dr + 2525251/ gidx (5.43)
¢ L 2 2 9 L
e wtOpdr < — d 0z, dx. 5.44
i [, vetade < 5 [ otdo il [ G

2 2,2 5 )
Setting ngﬂ, C7zi '0_4_@ +04p7-7 A §u—p and

24232 3 8 523%, AENG
substituting equations ()—() into equation (), we obtain the estimate (p.38). [

I
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At this stage, we define the Lyapunov functional £ as follows:
L(t) := Ni& (t) + Noky (t) + N3k (1) + N3ICu () + K4 (1), (5.45)

where N;(i = 1,2, 3,4) are positive constants to be determined later, and Ky, Ky, K3 and K4
are given in Lemmas —@, respectively.

Lemma 5.6. For sufficiently large Ny, there exist positive constants my and mo such that
miE(t) < L(t) < me&(1). (5.46)

Proof. A simple calculation leads to

L - L L
E(t)—Nlé'(t)‘ §c/ dx+§/ das+5/
0 0 0

L J N. L
+JN2/ vpth|dz + 25 2/
0 o Jo
Jc  cafp /L
Na [ 2=
s ( 0 i fM(S) 0
apNy [F c
+ ,06 4/0 Uy <¢x + 59#) ’dm.
Applying Young’s inequality, we deduce that there exists a positive constant y such that
L L L L L
L‘(t)—Nlﬁ(t)‘ <x (/ v,?da:+/ vgdx+/ wzd:c—l—/ wider/ efda:)
0 0 0 0 0
L L L L3 2
+ X / Hidx—l—/ vfﬂx—%/ vfctdx—l—/ (—vx—l—\/@/}) dr | < xE(t).
0 0 0 o \V¢

0> dz

6.0

VU

L
0

JN; [* B )
d — P d
x+\/g/0 Uy (\/EU +\/E@D ‘x

N L
dr + safp / Y |dx
S 0

vy

00,

So

—xE(t) < L(t) — N1E(t) < xE(1),

NE(t) — xE(t) < L(t) < N1E(t) + xE(t).
Consequently,
(N1 = x)E() < L(t) < (N1 +x)E(F), VE> 0.

It suffices to choose N; large enough so that N; — x > 0 and then set m; = N; — x and
Mo = N1 -+ X- O
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Theorem 5.3. Let (v,1,0) be the solution of the system )-), then there exist positive

constants A and w such that the energy E(t) associated to the solution satisfies

E(t) < AE(0)e ™', for allt > 0. (5.47)

Proof of Theorem 5.3

By differentiating £(¢), substituting equations (lSQj), (I525|),(l53]]) and (15?@) into (),

and applying Poincaré’s inequality, we obtain

- L L
L'(t) < - ;—g —e(N; + N4)1 /0 vidr — [j—?i\ﬂl — e (N3 + 1)] /0 v, dw

r L 2 L
(-] [ [ )]

[« a L 1 1 L/ B 2
— | —(&pn— BHN. —N—N/Qd—N—N—/—x d
_f,u(f’u 5)4+2 3 52} O%CE st 5Nt 3 WA +V/Ev ) da
r L C L
— | =N - CNQ] / 02dy — {m\@ — 22Ny — C5N, — %} / 02da
| 2¢p 0 €1 1] Jo
- L
— §N1 — ClNQ — 03N3 — C4N4 — 07] / thd:c
: 0
. Cs
First, we put €; = 1, then we select N3 > —/6’2
M_ R
4( 54)
Subsequently, we choose Ny > max{ ic/gpNg, J—E(Ng + 1)}

Furthermore, we pick N, large such that
[I{NQ — CyN3 — C5Ny — 06] >0

Having completed the above steps, we can now proceed to make a choice € positive, such

that

Jp alép — 52)N4}'

o
g—mm{w(z\fﬁz\m’ 1N,

Finally, we pick /Ny large such that

gNl — OyNy — C5Ny — C4N, — 07} >0, [QLNI . cNQ] >0 and N > y.
Cp
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Therefore, £ ~ &, and if we define the constants (i, (s, (3, (4, (5, (s, C7, (g, (o > 0, as

J
Cl = —pN4 — €(N2 + Ng),

=35

G = i—st —e1(Na + Ny),
J

Gz = 4§pr3 — pNy,

62
Ca = (,u - ?) Ny — CgNy,

le) 9 Q
- _ N. =N, —
(6 = N —l—lN —l—lN
6 = 1Va 5 3 5 4,
T
= N, —
Cr 20p 1—6C
C. C
Cs—ﬂ——2N2—05N3——6N47
€1 €1
-
Cg—§N1—C1—C3N2—C4N3—C7N4,

we get

L L L L L
cy <G [ -G [ - [ dde-g [ - [ v
0 0 0 0

0

B L ﬁ )2 B L ) B L ) - L ,
CG/O (\/va-l-\/glb dx C7/0 07 dx Cg/o Oidx Cg/o 05 dx.  (5.48)

By taking 1 = min {(1, (2, (3, (4, G5, G6, C7, Gs5 Co }» We get
L'(t) < —n&(t), Vvt > 0. (5.49)
Moreover, from Lemma b.6, we have £(t) ~ £(t). Tt follows that equation (5.49) becomes
L) < —wL(t) < L) <L0)e ™ Vvt>0.

Therefore, the desired result follows from the equivalence between L(t) and £(t). This
completes the proof of Theorem @
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Conclusion

In this thesis, we conducted a systematic study of the long-time behavior of several
truncated porous thermoelastic systems. A key feature of these systems is that they are
free from the adverse effects associated with the second spectrum of frequencies, which
often complicates the analysis of classical porous thermoelastic models. By focusing on
truncated formulations, we rigorously analyzed the stability properties of the resulting dy-
namics. Specifically, we examined four distinct problems, each characterized by a different
heat conduction law. For each system, we proved the exponential stability of the corre-
sponding solutions.

The first problem addressed in this thesis concerns heat conduction governed by the
classical Fourier law. In this context, the coupling between the porous structure and the
thermal field results in a hyperbolic-parabolic system. The parabolic nature of the heat
equation provides a strong dissipative mechanism, which facilitates the stability analysis.
Despite the hyperbolic character of the elastic component, the overall system has been
shown to be exponentially stable.

In the second problem, the classical Fourier law was replaced by the Cattaneo law of
heat conduction. This law introduces a relaxation time for thermal disturbances, resulting
in a phenomenon known as second-sound heat conduction. Unlike the Fourier case, both
the mechanical and thermal equations in this model are hyperbolic. This characteristic
adds complexity, as the dissipative effect is weaker. Nevertheless, by carefully constructing
appropriate Lyapunov functionals, we were able to establish exponential stability for this
system as well.

The third problem addresses a more general scenario, specifically hereditary heat conduc-
tion governed by the Gurtin—Pipkin law. This constitutive relation accounts for memory
effects in the thermal response, rendering the system nonlocal in time. The presence of

memory introduces additional mathematical challenges, particularly in the analysis of well-
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posedness. However, by employing semigroup theory and imposing suitable assumptions
on the memory kernel, we have proven that the system is well-posed and that its solutions
decay exponentially to equilibrium.

The fourth and final problem investigated in this thesis concerns a porous thermoelas-
tic system in which heat conduction follows the type III model introduced by Green and
Naghdi. This model interpolates between the Fourier and Cattaneo laws, incorporating
both instantaneous and second-sound effects. The resulting system exhibits a combination
of parabolic and hyperbolic characteristics. Using a combination of energy estimates and
multiplier techniques, we demonstrated that exponential stability holds under appropriate
conditions on the physical parameters.

For all four problems, the well-posedness of the systems was rigorously established. To
achieve this, we employed a unified semigroup approach, which allowed us to reformulate
each system as an abstract Cauchy problem on an appropriate Hilbert space. The Hille—
Yosida theorem was then applied to verify that the associated semigroup is strongly con-
tinuous, thereby guaranteeing the existence and uniqueness of solutions. In certain cases,
particularly for the hereditary and type III models, the Lax—Milgram theorem was also
invoked to address the variational formulation of the elliptic components.

Regarding stability, we systematically applied the multiplier method in combination with
Lyapunov functionals. The multiplier method proved particularly effective for deriving the
necessary energy estimates, while the construction of appropriate Lyapunov functionals
enabled us to establish the exponential decay of the total energy. For each problem, a
suitable Lyapunov functional was carefully designed to account for the specific dissipative
mechanisms inherent in the corresponding heat conduction law. The exponential stability
results obtained are uniform with respect to the initial data and provide precise decay rates.

In summary, this thesis advances the mathematical theory of porous thermoelasticity
by demonstrating that, under the considered truncation, exponential stability is a robust
property that holds for a wide range of heat conduction models, including Fourier, Cattaneo,
Gurtin-Pipkin, and Green—Naghdi type III. These results not only extend existing results
in the field but also open the horizon for further investigations, such as the study of optimal

decay rates, numerical simulations, and extensions to nonlinear or multidimensional settings.
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