People’s Democratic Republic of Algeria
Ministry of Higher Education and Scientific Research
Echahid Hamma Lakhdar University El Oued

\;:_lq..ul u.n.cll:l . \;q!q![ u.n.al:
Université D€l Oved Faculty Of EX&Ct S ciences Université D€l Oved

Departement of Mathematics

THESIS

Submitted to obtain the degree of Doctorate in Sciences
Specialty: Mathematics
Option: Applied mathematics

Global Existence and Stability in Porous-elasticity
with Heat Conduction

Presented by: Abdelbaki CHOUCHA

In front of the jury:

Mr. Lamine Nisse Professor El-oued University President
Mr. Djamel Ouchenane MCA Laghouat University Supervisor
Mr. Said Beloul Professor El-oued University Co-Supervisor
Mr. Salah Boulaaras Professor Quassim University Examiner
Mr. Abdelaziz Rahmoune MCA Laghouat University Examiner
Mr. Khaled Habita MCA El-oued University Examiner

University year: 2022-2023



Acknowledgements

All praise and thanks is due to Allaah (Subhanahu wa Ta’ala).

First, my gratitude to my supervisor Dr. Djamel Ouchenane, who He supervised my work and was

patient with me throughout the work period.

I also thank Pr. Said Beloul, the co-supervisor, for standing with me and for the great assistance

to him.

I must also thank Pr. Salah Boulaaras, who made such a huge contribution to me getting to this

day, I am very grateful to him.

Many thanks to Pr. Khaled Zennir for all the help he provided me.

I would also like to thank the members of the jury for accepting the evaluation of my work: The

president: Pr. Lamine Nisse and the examiners: Dr. Abdel Aziz Rahmoune and Dr. Khaled Habita.

Finally, I would also like to thank all the people who were directly or indirectly involved in the

realization of this work.

Thank you all



Dedication

To my father, may Allah have mercy on him.

To my mather, may Allah prolong her life.
To my wife and children.

To all family and friends.

Abdelbaki Choucha
2022



Jabe

Loariadl GG 5 W) a g5 J) BLENE Gl PN g 39m I £ jamy clle] 5a D)) 0da e Syl
aod) S ey n Trsll Bolke Bl jany WSy (rlly LAl RblEl (G Rl ey L
el sy Bl Gy b Gl b Bus Leasiad o) Ll SLEG) Jb 5 VN ENWER S

f\ B3 J) AL s
Qo) JSlne2¥lg kel i) Jnd Syl sgmy ki B8 (I8 4]
Adae LB g o ijjtd?? Lol Jotl il gy B8 i3 (O l) £l G

38y amilly Hl W) Ly 25 iyt o Wolin i3 g Lo i ol Dslae Flie a1 b B
Aedle Uy b b 3 @aliadl aesdly wadl oW gl

£u.G

ciall o

IRURRWEL KT F AR PITIn el plaas tadl mogl ole g hE ¢ plae (B o0 plae BB
sl s (2 ol Uslie thikin L5 )2 ¢y 1 2B ¢ 5itg0 2B (R s By ) 42,14 &y LT 43,141 s L)

sV

Abstract

The aim of this thesis is to give some results of existence and general decay, as well as providing the reader
with the methods used to study some elastic, thermoelastic and viscous systems, as well as some wave equation
problems with the presence of various dissipation and damping mechanisms under suitable assumptions. We
have used many methods, including: energy method and Lyapunov function.

We divided the thesis into three parts:

In the first part, we study the existence and general decay of solutions for some porous type systems.

As for the second part, we extend the study to other systems, namely Bresse system and Laminate beam.
Finally the third part is concerned with wave equation problems including Kirchhoff’s equations, we study
general decay, blow-up and growth of solutions with various dissipation and damping mechanisms under suitable

conditions.

Key-words

Porous system; Swelling porous system; Stability; General decay; Well-posedness; Delay term; Memory term;
Microtemperature damping; Thermoelasticity; Viscoelasticity; Timoshenko system; Bresse system; Laminated

beam; Wave equation; Blow-up; Exponential growth.



Résumé

Le but de cette thése est de donner quelques résultats d’existence et de décroissance générale, ainsi que de fournir
au lecteur les méthodes utilisées pour étudier certains systémes élastiques, thermoélastiques et visqueux, ainsi que
quelques problémes d’équation d’onde avec la présence de divers mécanismes de dissipation et d’amortissement
sous des hypothéses appropriées. Nous avons utilisé de nombreuses méthodes, notamment : la méthode de
I’énergie et la fonction de Lyapunov.

Nous avons divisé la thése en trois parties:

Dans la premiére partie, nous étudions l'existence et la décroissance générale de solutions pour certains systémes
de type poreux.

Quant a la deuxiéme partie, nous étendons 1’étude a4 déautres systémes, & savoir le systéme Bresse et la poutre
Laminate.

Enfin, la troisiéme partie concerne les problémes d’équation d’onde, y compris les équations de Kirchhoff, nous
étudions la décroissance générale, 1'explosion et la croissance de solutions avec divers mécanismes de dissipation

et d’amortissement dans des conditions appropriées.

Mots-clés

Systéme poreux; Systeme poreux gonflant; La stabilité; Délabrement générale; Bien posé; Terme de retard;
Terme de mémoire; Amortissement a micro-température; Thermo-élasticité; Visco-élasticité; systme Timochenko;

Systiie Bresse; Poutre laminée; Equation d’onde; Exploser; Croissance exponentielle.
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Introduction

In this thesis, we consider a some hyperbolic systems with a different damping. The well-posedness is
established, the general decay result , blow-up and growth of solutions is studied by the multiplier
method.

We also tried to shed light on the various types of damping with the largest number of types of systemes,
in order to provied the reader with a some what comprehensive study, and we hope that it will be a
reference for researchers in the future.

At the outset, we give a brief overview of some of the systems that we are about to study.

0.0.1 Porous system

In 1972, Goodman and Cowin [66] introduced the concept of a continuum theory of granular materials
with interstitial voids into the theory of elastic solids with voids. This idea gave the relationship
between the elasticity theory and the porous media theory and has attracted the attention of many
researchers to produce and develop a lot of work in this area. For more details about porous-elastic
theory, we refer the readers to the work of Cowin and Nunziato [18] in 1983, and [19] in 1985.

Firstly, we consider the following two basic evolution equations of the one-dimensional porous materials

theory

pu = Tx,

Jou = Hy+D. (0.0.1)
The variables u is the displacement of the solid elastic material and ¢ is the volume fraction. T, H
and D represent the stress tensor, the equilibrated stress vector, and the equilibrated body force,
respectively. The parameter p is the mass density and J is the product of the equilibrated inertia by
the mass density.
Quintanilla in [117] considered the system (0.0.1) with

T =pu,+bd, H=205¢,, D=—buy—Ep— Ty, (0.0.2)

1



Introduction

where the coefficients u,d,b,£, 7 are positive constants, with initial and mixed boundary conditions, and
showed that the damping in the porous equation (—7¢;) is not strong enough to obtain an exponential
decay but only a slow (nonexponential) decay can be obtained. In [8] Apalara showed that the same
system considered in [117] is exponentially stable for the case of equal speeds of wave propagation.

The viscoelastic damping (see [52] for details) is (according to the Boltzmann Principle) represented
by a memory term in the form of a convolution which arises in the constitutive equation between the

stress o (z,t) and the strain € (x,t)

o(z,t) ze(x,t)+/[)tg(ts)e(z,s)ds.

This type of viscoelastic dissipation (see [7] for details) could be said to coincide to viscosity with null
initial history because it is assumed that the strains have been zero for —oo < t < 0 or, equivalently, if
any past strains have occurred sufciently long ago that the efect is trivial In other words, there will be a
time prior to which all the strains which have previously occurred will have a trivial contribution. Thus,
an experiment generally starts at some time (¢t = 0) when the material is free of stresses. Ammar-Khodja

et al in [1], considered a linear Timoshenko system with a viscoelastic damping term of the form

/0 "Gt =) b (1,5 ds. (0.0.3)

In [7], T. Apalara considered the system (0.0.1) with

T = puz +bp, H=70¢, — /tg(t— $) bz (z,8)ds, D= —buy—EP, (0.0.4)
0

he proved that the unique dissipation given by the memory term is strong enough to exponentially
stabilize the system, depending on the kernel of the memory term and the wave speeds of the system.
Afer that, in [50], the authors considered the same system in [7], they extend the result to the case of
non-equal wave speeds, which is more realistic from the physics point of view.

Minoz Rivera and Fernandez Sare [129], considered the same system in [1], but with a past history

term (Infinite memory term) of the form

/Ooog(s) Gus (T, —8)ds, (0.0.5)

instead of (0.0.3) and showed that the dissipation given by the history term is strong enough to
stabilize the system exponentially if and only if the wave speeds are equal. They also proved that the
solution decays polynomially for the case of different wave speeds. In [90], the authors suggested a
one-dimensional porous-elastic system with infinite memory and a nonlinear damping term, given by

the system (0.0.1) with

T = pug + bo, H:&]ﬁx—/ooog(s)qﬁx (x,t—s)ds,
D = —buy —&p—a(t) f(r), (0.0.6)

2
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they established the well-posedness of the system using semigroup theory and showed the general decay

for the case of nonequal speeds of wave propagation.

On the other hand, time delays arise in many applications because most phenomena naturally
depend not only on the present state but also on some past occurrences. In recent years, the control
of PDEs with time delay effects has become an active area of research. In many cases it was shown
that delay is a source of instability unless additional condition or control terms are used, the stability
problem of systems with delay is of theoretical and practical great importance. This term has several

types: delay (us(z,t—7)), distributed delay ([* B(s)ut(t — s)ds) and time-varying delay (u:(z,t—7(t)))

T

where [ is a L*> function. See the papers ([132],[133],[134]).
In [95], the authors considered the system (0.0.1) with
T2
T = pug +bp, H=0¢,, D=—buy—E§p—p1dy */ |k2(s)|¢ (x,t—s)ds, (0.0.7)
T1

under suitable assumptions on the weight of distributed delay, they established the well-posedness of the
system by using semigroup theory and they showed that the dissipation given by this complementary
control stabilizes exponentially the system for the case of equal wave speeds of propagation.

In [28] A. Choucha et al considered the system (0.0.1) with

T = puy + b, H:6¢x_/[)tg(t_3)¢x(xvs)d5)

D= —buy—Ed— 1 — / " a(s)|e (2.t - 5) ds, (0.0.8)

T1

where they mixed the memory term and distributed delay term and under suitable suppositions on the
weight of distributed delay and the kernel of memory, we established the exponential stability of the
solution for the case of equal wave speeds of propagation.

Thermal effects were included in the work of Iesan [31]. In the one-dimensional case the evolution

equations are:

puy = T,
Joww = Hy+D,

dnyy = ¢q. (0.0.9)
Here g,n are the heat flux vector and the entropy. The constitutive equations are

T = pug, +bop—~0 D = —bu, —Ep+mb,
H=06¢,  pn=ryuz+cl+mo,

q = kb, (0.0.10)
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where 6 denote the temperature. In [21], the authors considered the couplying (0.0.9) and (0.0.10)
with added the damping term (—7¢;) on the functional D:

pUR = HUgg+ b¢a: - 79x7
J¢tt = 6¢x:c —bug — §¢ +mo — T¢t7
s = KbOpp — YUtz — MOy, (0.0.11)

where

(z,t) € (0,L) x Ry,

they proved that when both kinds of dissipation terms are taken into account in the evolution equations
the solutions are exponentially stable. For more information and in depth in this type of problem, we
refer the reader to the following papers ([103],[147]).

On the other hand, the basic evolution equations for one-dimensional theories of porous materials with

temperature and microtemperature given by

puy = Ti,
Jouw = Hy+D,
pTon: = qu,

pE; = Pi4q—Q. (0.0.12)

Here P is the first heat flux moment, () is the mean heat flux and F is the first moment of energy and

Ty > 0 is the absolute temperature. The constitutive equations are

T = pug +bop—~0 D=—bu, —&p+mb,
H=0¢p,—dw  pn=rug+c+me,
q=kKb0;+kiw P = —kow,,

pE = —aw —do, Q= —ksw—k0,, (0.0.13)

where 0,w denotes the temperature and the microtemperature vectors and ki, ko, k3, u,6,&,a,k and ¢
are constitutive constants which are positive. As coupling is considered, b must be different from zero
and satisfies pu& > b%. The coefficients v,m and d are constants that are not necessarily positive.

In [54], the authors considered the couplying (0.0.12) and (0.0.13) with added the damping term (—S¢;)
on the functional D, they studied the asymptotic behavior of solutions for the porous thermoelastic
system with temperatures and microtemperatures effects, and they proved the exponential stability in
case of zero thermal conductivity (k= 0) and without any condition on the coefficients of the system.

For more inform ([9],[57],[34]-[36]).
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Also, the model describing elastic solids with voids when viscoelasticity is present, and subjected to
thermal effects. This theory established the first time by Cowin and Nunziato ([18], [19], [135]).
The linear theory of elastic materials with voids deals with small changes from a reference configuration
of a porous body and it is distinguished from linear elasticity theory by the consideration of the void
volume as an additional kinematic variable. In the one-dimensional case the evolution equations for

the theory of elastic solids with voids are given by

puy = T
proy = Hy+G

pT0E: = qq. (0.0.14)

Here, T is the stress, H is the equilibrated stress, GG is the equilibrated body force, ¢ is the heat flux
and Tj is the absolute temperature in the reference configuration which is assumed positive. The
variables u, and = are the displacement of the solid elastic material, the volume fraction and the
entropy, respectively. We assumed that p and k are positive constants whose physical meaning is well
known. In general, we can considered several dissipation mechanisms in this theory (see [33]).

In [139], the authors restricted our attention to the case that the viscoelasticity is present and the
viscosity at the microstructure is also present apart the temperature effect. They assumed the following

constitutive equations (see [33])
T = pug 4+ bp — SO — yugy G = —buy, —E{p+mb
H = 6pz + 19+ k10, p= = Pug +cl+my

q=kby+kopr . (0.0.15)

It is assumed that the internal mechanical energy density is a positive definite form. Thus, the

constitutive coefficients satisfy the conditions
p>0, §>0, ut>0b> (0.0.16)

Thus, in particular when they assumed that 7 or k£ vanish then they also have k; = ko = 0. If introduce

the constitutive equations in the evolution equations, they obtained the field equations

PUt = Mgy +bpy — B0y — YUgar
Jotw = 0Pze —bug —Ep+mb +1ppat + k102,

cly = k*Orp— Bugt —mpr+ k3 Prat (0.0.17)

Here J = pk, k* = kT, ' and k3 = ko T}, .

As coupling is considered, b # 0, but its sign does not matter in the analysis. As thermal effects is
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considered, they assumed that the thermal capacity ¢ and the thermal conductivity k are strictly
positive. The sign of the coupling term [ does not matter in the analysis neither. And as viscoelastic
dissipation is assumed in the system, v > 0.

By assume that the porous dissipation is absent (n=k; = ky = 0). They studied the asymptotic
behavior and the analyticity of the solutions of the problem (0.0.17) with thermal effect.

Recently, in [28] the authors considered the system (0.0.17) with added term of distributed delay

T2
G = —bu, —§g0+m0—,u1g0t+/ lp2(s)|pt(x,t —s)ds,
T1

under suitable assumption they proved the exponential stability result. There are also many works
from this type of model with many results with regard to the existence or stability , see ([53],[48],[152]).
In the absence of temperature and in the presence of microtemperature the coupling (0.0.12) and
(0.0.13) to get porous-elastic system with microtemperature, for example in [154] tha authors considered

the following system

PUty = Ulgy + b¢x7
Jo = 5¢:mt —buy — §p— dw, — T4,
oawr = kiwee — ddiy — kow, (0.0.18)

they proved that the system (0.0.18) is exponentially stable if and only if % = %.

0.0.2 Swelling porous soils

Eringen was the first to present a theory in which a mixture of viscous liquid and solids mixed with
gas [55]. Then, after studying this heat-resistant mixture, you get to the field equations [15].

Expansive (swelling) soils have also been classified under porous media theory which studies this type
of problem. This is why this field is considered fertile for study, as there are many studies to reduce
the damage caused by swelling soil, especially in civil engineering and architecture, for more depth see

(see [18],[80],[521,[87],[91],[143]).

Where the basic field equations of the linear theory of swelling porous elastic soils were presented by

putiyy = P+ G+ Hi,
pePi = DPog+Gao+ Ha, (0.0.19)
where u, ¢ are the displacement of the fluid and the elastic solid material, p,,ps > 0 are the densities

of each constituent. And (P;,G1, Hy) are the partial tension, internal body forces, and eternal forces

acting on the displacement, respectively. Similarly (P2, G2, H2) but acting on the elastic solid.
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In addition, the constitutive equations of partial tensions are given by

P, ai,a U
S I e B i (0.0.20)
Py az,as Pa
A
where a1,a3 > 0 and ap # 0 is a real number. A is matrix positive definite with ajas > a3.
Quintanilla [1413] investigated (0.0.19) by taking
G1=G2=§(ut— ), Hi=aguz, Hz=0,

where £ > 0, they obtained the stability is exponentially. Similarly, in [160] the authors are considered

(0.0.19) with a different conditions
Gl = G2 = 07 Hy = _Pu’Y(fE)Ut’ Hy = Oa

where () is an internal viscous damping function with positive mean. By the spectral method they
obtained the exponential stability result.

In [33] A. Choucha et al are interested in problem (0.0.19) with null internal body forces, but the
eternal force acting only on the elastic solid is in the form of viscoelastic damping and distributed

delay terms, that is

G1=Gy=H; =0,
t
ng/o g(t—s)(;ﬁm(x,s)ds—ﬂlqbt—/

T

" 1Bt (2.t — o) dor,

they showed the exponential stability result of the system, for more detail of this type see ([10],[130],

[143]-[146],[160)).

The basic evolution equations for one-dimensional theories of swelling porous materials with temperature

and microtemperature ([54],[84]-[26]) given by

puute = TIg,
Pt = Hp+G,
plon: = Ga,
pE, = P'iq—Q. (0.0.21)

Here T, H,G,q,n, P*,Q, E, T represents the stress, the equilibrated stress, the equilibrated body force,
the heat flux vector, the entropy, the first heat flux moment, the mean heat flux, the first moment of

energy and the reference temperature at the equilibrium.
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The constitutive equations are

T=P+G1+H P"=—kow,,
H=P+PF; pn = Yug + ot +me,
G:G2+H2 Q:—k'gw—klex,
q= kKb, + k1w pE = —aw —d¢,. (0.0.22)
where w is the microtemperature vector and ki, ko, k3, o, &, co, 1,7, m,d > 0.

As coupling is considered, ao # 0 and satisfies

2

a
a=az——=2>0. (0.0.23)

ai
In [35], the authors supposed that the heat capacity ¢y > 0, and for more excitement in posing the

problem, they supposed that Ty = 1 for simplicity, the thermal conductivity is non-existent x = 0 and

they considered

Gi1=G2=0, P3=—dw
Hy = _797

H, :mG—/ngZ)t—/Tz \2(0) |t (2, — &) dor (0.0.24)

T1

By substituting (0.0.22)-(0.0.24) into (0.0.21), they arrived at the following problem:

Pultt — 01 Ugy — A2Qzz — 7‘9:10 =0,

T2
PoPtt — A3Pzz — A2Ugzy — dWy + MmO + 111y +/ |2 (o) ot (z,t — o) do =0,
T1

coby = — YUtz — m¢t — k1wy,

owy = koWgy — kaw — k10, — dpis,

where

(x,0,t) € H=1(0,1) x (11,72) X (0,00),

they established the well-posedness of the system and they proved the exponential stability result

under appropriate suppositions.

0.0.3 Thermoelasticity of type III
The constitutive law of the classical heat conduction is given by the Fourier law:
q(z,t) = —rVl(z,t), (0.0.25)

where x stands for the Lagrangian coordinates material point, ¢ is the time, ¢ is the heat flux, 0 is

the difference of temperature, measured with respect to a reference temperature and « is the thermal

8
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conductivity of the material which is a thermodynamic state property. Equation (0.0.25) states that
the temperature gradient at a material point  and at time t gives rise to the heat flux at the same
point x and at the same time ¢. Equation (0.0.25) together with the conservation law (assuming for

simplicity that no heat sources are present)

p0: + odivg = 0, (0.0.26)
yields the classical heat equation (of parabolic type)

PO — kpAO =0, (0.0.27)

Unfortunately, equation (0.0.27) predicts that thermal signals propagate at infinite speed. Clearly, such
behavior is physically unrealistic and indicates that Fourier’s law does not provide, in certain cases, an
adequate description of the heat conduction. This has forced researchers to look for new constitutive
relations. Consequently, a number of modifications of the basic assumption on the relation between the
heat flux and the temperature have been made, such as Cattaneo’s law, Gurtin and Pipkin’s theory,
Jefrey’s law, Green and Naghdi’s theory and others. The common feature of these theories is that all
of them lead to hyperbolic differential equations and model heat flow as thermal waves traveling at
finite speed. See ([21],[89]) for more details.

The Cattaneo law

T4qt +q+kVEO =0, (1,>0, relatively small) (0.0.28)

was proposed by Cattaneo in his famous paper [22]. It is perhaps the most obvious, most widely
accepted and simplest generalization of Fourier’s law that gives rise to a finite speed of heat propagation.
When the Fourier law (0.0.25) is replaced by the Cattaneo law (0.0.28) for the heat conduction, the
equations of thermoelasticity become purely hyperbolic and predict a finite signal speed leading to the

system with second sound. In [94] studied the following system
P1ULE — Pz — bdy =0
P20t — OPgy +buy +Ed —i—/o 9(8) Py (t — s)ds+~0,
T2
+p1ot +/ lp2(0)|pr(z,t — 0)do+ a(t) f(¢r) =0 (0.0.29)
T1

p30; — Qe + Yotz =0

paq +dq+ kb, =0,
where

(x,0,t) € (0,1) x (11, 72) x (0,00),

they established the well posedness of the system, and they proved the stability results of the system

for the cases of equal and nonequal speeds of wave propagation. For more details on this theory, we

refer to ([117],[118],[126],[149],[150L[158]).
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Green and Naghdi ([70],[71]) developed a model of thermoelasticity which includes temperature
gradient and thermal displacement gradient among the constitutive variables and proposed a heat

conduction law as

q(z,t) = —[kVO(x,t) + K" V], (0.0.30)

where v; = 6 and v is the thermal displacement gradient, x and k* are two positive constants. Equation

(0.0.30) together with the energy balance law (0.0.25) lead to the equation
PO — 0k AOy — 0k AO =0, (0.0.31)

which permits propagation of thermal waves at finite speed.
The coupling of equation (0.0.31) with the equations of elasticity has been an active area of research in
the last two decades.
In [137], the authors cosidered the following system
p1Ut = PlUgg + bz,

T2

prbu = Obun — g —E¢— BOn — 1oy — / 2 (8)| 1 (.t — 5) ds,

T1

p30tt = 104, — 'Yqbtt:p + katw:p, (0032)
where
(x,s,t) € (0,L) x (11,72) X Ry,

they established the well posedness of the system, and by the energy method combined with Lyapunov
functional, they discussed the stability of system for both cases of equal and nonequal speeds of wave

propagation. See in this connection ([112],[125],[147],[151],[166]).

0.0.4 Bresse system

The Bresse system, which is also known as the circular arch problem is a model for planar, linear
shearable beam with initial curvature involving couplings of longitudinal, vertical and shear motions

[19]. The evolution equations describing a classical Bresse system are

prow— Sz —1Q =0,
pothr — My + S5 =0,
prw — QL +15 =0, (0.0.33)
where
(z,t) € (0,L) x R,
Here ¢ = v (x,t) is the shear angle displacement, ¢ = ¢(x,t) is the vertical angle displacement,

w = w(x,t) is the longitudinal angle displacement and L is the length of the beam. The coefficients

10
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I =R™',py = pA, py = pI are physical parameters, where I, A, R, p represent the second moment of the
cross-section, the cross sectional curvature, the radius of curvature and the material density respectively.

The constitutive laws are given by

S = k(g ++lw),
Q = k3(w$ - lgO),
M = ko, (0.0.34)

where S, Q) and M stand for the shear force, the axial force and the bending moment respectively. For
k1 =kGA, ko = El ks = FEA, where G, E,k is the shear modulus, the modulus of elasticity and the

shear factor respectively and substituting (0.0.33) and (0.0.34), we obtain the classical Bresse system

prow —k1(pz + ¢ +lw)x — ksl(we —lp) =0,

/321/1tt — kothpy + k1 (9033 ++ lw) =0,

prwir — k3(wy — 1)z +k1l(pr + 0 +1w) = 0. (0.0.35)
In [120], the authors coupling (0.0.33) and (0.0.34) with
t
M = kb, — / 9t — 8)ba (, 8)ds, (0.0.36)
0

they studied the system with Dirichlet—-Neumann—Neumann boundary conditions and proved that the
solutionnenergy has a general decay rate if

ki k
o2 and ky = ks.
P1 P2

Furthermore, they established a weaker stability result for strong solution provided

ki k
22 and ky = ks.
pPL - P2

After that, in [1258] the authors considered the thermoelastic dissipation effect on the bending moment

of a Bresse system, where the heat is given by Fourier’s law, we have
P30t + g+ =0, (0.0.37)

where 0 = 0(x,t) is the temperature difference, ¢ represents the heat flux, ps and v are capacity and
adhesive stiffness, respectively. Coupling (0.0.33) and ( 0.0.37), we arrive at the thermoelastic Bresse

system
P1Ptt — SJ: - lQ = 07
p2s — My +S =0,
prwg — Qz +15 =0,
p3‘9t +q.+ ’7¢xt =0, (0038)

11
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with

t
_ k1(<px—|—111—|—lw)—k‘1/0g(t—s)(gox+1/)+lw)(a:,s)ds,

Q = k3(w$_l<p)a
M = ko, —~0, q=—30,, (0.0.39)

they showed that with weaker conditions on the relaxation function and physical parameters, the
solution energy has general and optimal decay rates.

In [127], the authors considered a Bresse system with viscoelastic law acting on the vertical angle
displacement and thermoelastic dissipation govern by Maxwell-Cattaneo’s law acting on the shear
angle displacement. The constitutive laws in this case are given by

t
= hpr v e) ki [ glt—s)(ps+ v le)(a,5)ds,

Q = k3(wxil¢)a
M = kothy—n0, (0.0.40)

and the evolution equations describing such model is

prow — Sz —1Q =0,
p2tbie — My + S =0,
prwit — Qz +15 =0,
P30t + Gz + Y2t =0,

T+ g +0, = 0. (0.0.41)

By assuming very general conditions on the memory term and physical parameters, they proved the
stability of the system, and they showed that the solution energy has a general and optimal decay
estimate from which the exponential and polynomial decay estimates are only particular cases.

Silva et al. In [156] considered the Bresse system in

P19t — Sz — 1Q = =714,
P2y — My + S = —y21y,

P1wit — Qx -+ 1S = O, (0042)

with two frictional dissipations an exponential stability of system has been proved under conditions of
equal speeds of wave propagation.

In [161], the authors by adding the delay term and the past history term considered the following

12
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System
p1p1t — Sz —1Q = —p1pr — papr(w,t —7),
P2ty — Mz + S5 =0,
P1Wet — Qa; + lS = O,
p30t + qx + ’Yw:vt =0,
Tq +B8q+ 6, =0, (0.0.43)
with
= kl((pr —|—'¢+l(ﬂ),
Q = k3(w$ - lgO),
M = ko, —~0 —/ 9(8) Yz (x,t—s)ds, (0.0.44)
0

they established the well-posedness of problem using the semigroup method. By using the energy
method, and they discussed the stability of the system for two cases. An exponential stability result
of system is obtained in the case where the propagation velocities are equal in equation of vertical
displacement. Furthermore, a result of algebraic stability is obtained in the case of the different

propagation velocities.(See [93],[106],[167] for details).

0.0.5 Laminated beam

Laminate beam was introduced for the first time by Hansen and Spies, see ([70],[77]). And this is due
to the relevance of the research topic to the applicability of these materials in the industry. Whereas,
they presented a mathematical model of two-layer beams with structural damping due to the inter-slip
obtained by

pwit+G (Y —wg)e =0

Ip(33tt - wtt) - G(i/i - wx) - D(3Sm - wmac) =0 (0-0-45)

Isy— G —wy)+ %'ys + %Bst — D5y, =0.
There are some results related to laminated beam equations, that studies global existence and stability
from the relevant system. And by adding appropriate damping effects such as frictional damping
(boundaries) viscoelastic or internal damping. Whereas, if we add linear damping terms to two of
the three equations system (0.0.45) is exponentially stable under the assumption (equal wave speeds)
(p/1,) = (G/D). But if we add these conditions in all equations, the system decays exponentially
without assuming equal wave speedss, see ( [3], [20], [25],[58], [61], [131]). As for thermoelastic laminated
Timoshenko beam, there are a few results including the work of Liu et al [109] and Apalara [6]. In

[109], the authors considered that mexing the sytem (0.0.45) and the temperature with past history in

13
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the second equation of the form

/OOO 9(8)(Bw — 1) 4z (t — s)ds.
They established the global well posedness of solutions to the system and the stability of the system.
If B # 0, they proved the exponential and polynomial stabilities depending on the behavior of the
kernel function g and. If g =0, they established exponential stability in case of equal wave speeds
assumption and exponential stability not exist in case of nonequal wave speeds assumption. Apalara [0]
considered a laminated beam with second sound (mexing by the second equation) and established the
global well posedness and proved exponential and polynomial stabilities depending on the parameter y.
In [59] Feng considered the same system in [(] but the mexing by the third equation, he studied the
global well posedness and stability of systems.
A. Choucha et al, in [30] introduced a distributed delay term into the system of the paper [59] make
problem different from those considered, they established the well posedness and proved the stability
results of the system for the cases of equal and nonequal speeds of wave propagation.
After that, in [31] Choucha et al considered the same system in [30] by adding the infinite memory

(past history) in the third equation
pwit + G(Q,Z) - Wx)x +00, =0

Ip(35_w)tt_D(35_w)xx_G 1/1 wx —0

T2
485+ [ late = o =0
71

030 + Gz + 0w, =0

(0.0.46)

TQt+OfQ+ex = 0)
where

(x,0,t) € (0,1) x (11, 72) X (0,00),

with the Neumann-Dirichlet boundary conditions, they established the well posedness and proved the

stability results of the system for the cases of equal and nonequal speeds of wave propagation.

0.0.6 Wave equation

The nonlinear wave equations may come from the modelizaton continuous media such as vibrating

strings, elasticity and fluid flows. For example the one dimensional wave equation
Ut = Ugy, (0047)

was introduced and analyzed by d’Alembert as a model of the vibrating string. Also, two and three

dimensional wave equations

Ut — AU, (0048)

14
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was studied by Bernoulli as a model of acoustic waves.

The study of single wave equation with the presence of different mechanisms of dissipation, damping and
for more general forms of nonlinearities has been extensively studied and results concerning existence,
nonexistence and namelly asymptotic behavior of solutions have been established by several authors and

many results appeared in the literature over the past decades. See ([26],[44],[47],[64],[99],[104],[105]).

0.0.7 Blow-up

Hyperbolic equations, like ordinary differential equations, may experience solutions that do not exist
globally.

We say then that they "blow up" in finite time. The diagnosis of such an occurrence proceeds always
from the same principle: one exhibits a scalar quantity that cannot exist globally- due for instance
to the fact that this quantity satisfies an ordinary differential equation whose solution blows up in
finite time. This issue can be addressed from a different angle: for a given wave equation, under what
circumstances will the solution blows up in a finite time? If blow-up does occur in a finite time, one
may further ask: What is the set of the blow-up points? What is the blow-up rate of the solution when
time approaches the blow-up time? These problems, which are also important from the point of view
of applications, have become one of interesting topics of research since the middle of the 1980s.

The interaction between the term damping and the source makes the problem more interesting. This
position was first considered by Levine ([102]), ([103]).

Recalling some results regarding wave equations similar to the following form:
uge — A+ alug ™ 2up = blulP?u, x € Q,t >0, (0.0.49)

where Q is a bounded domain of RY and a and b are positive constants, together with initial and
boundary conditions of Dirichlet type has been studied by Levine and Todorova [101], they showed
that the solution of (0.0.49), blows-up in finite time, and then has been extensively studied and results
concerning existence, blow up and asymptotic behaviour of smooth as well as weak solutions have been
established by several authors over the past three decades see ([03],[64],[78],[102],[113],[119],[153]) and
references therein).

Viscoelasticity is the property of materials that exhibit both viscous and elastic characteristics when
undergoing deformation. It is well known that viscoelastic materials show the damping. These damping
effects are modeled by two integro-differentials operators such, the first is viscoelastic problems with

finite memory
t
/ g(t—s)Au(s)ds, (0.0.50)
0

from the mathematical point of view. The study on viscoelastic wave equations has attracted many

researchers. For example, Dafermos ([50],[51]) discussed a one dimensional viscoelastic equation and
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proved the well-posedness of the problem and showed that the solutions decay asymptotically to
zero. However, no rate of decay has been specified. Guo et al. studied Hadamard well posedness,
blow-up of the solutions for the history value problem of a viscoelastic wave equation which features a
fading memory term as well as a supercritical source term and a frictional damping term in ([67],[08]).
There exist many related works concerning the blow-up phenomenon of solutions for viscoelastic wave
equations, the interested readers can refer to ([114],[157]) and the reference therein.

The second type is viscoelastic problems with infinite memory

/Ooog(s)Au(t—s)ds, (0.0.51)

There are a lot of results by many authors regarding the existence of solutions and their stability in

addition to the blow-up and growth of solutions.

Recently, in [2], the authors considered the following problem
g — Au— Auyy +/ g(8)Au(t — 8)ds + |ug] ™ 2uy = 0, (0.0.52)
0
they showed that the stability of the system. More in depth see ([73],[74],[115],[116]).

In the case of logarithmic nonlinearity f(u)=uln|ul¥ , Many authors proved the existence of global
solutions and infinite time blow-up. The results were obtained by use of the potential well method and

the logarithmic Sobolev inequality. See ([111],[23],[27]).

0.0.8 Kirchhoff equation

The Kirchhoff equation belongs to the famous wave equation’s models describing the transverse
vibration of a string fixed in its ends. It has been introduced in 1876 by Kirchhoff [98] and it is more

general than the D’Alembert equation. In one dimensional space it takes the following form:

Ny
w — 22—
" ph  2Lp Jo

where the function u(x,t) is the vertical displacement at the space coordinate z, varying in the segment

2

ou
%(‘/K’t)

dm) Ugy = 0, (0.0.53)

[0,L] and over time ¢ > 0, p is the mass density, & is the area of the cross section of the string, Py is the

The nonlinear coefficient
2

dx,

initial tension on the string, L is the length of the string and F is the Young modulus of the material.
0
= (t)

L
/0833

is obtained by the variation of the tension during the deformation of the string. When we do not have

an initial tension (i.e. Py =0), we call that a degenerate case as opposed to the non-degenerate case.
This problems type with different types of damping and sources has been extensively studied and

results concerning existence, asymptotic behavior and blow-up have been established, we refer the
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interested readers to ([123],[124]) and the references therein.

In [13], Balakrishnan and Taylor they proposed a new model of damping called it the Balakrishnan-
Taylor damping , as it relates to the span problem and the plate equation. For more depth, here are
some papers that focused on the study of this damping ([14],[17],[46],[110],[165] ).

Among the works on this type of problem, we mention what was mentioned in [37] , Choucha et al
they mixed several dampings, including Balakrishnan-Taylor damping and distributed delay term, as
they considered the following problem

t
s = (G0 + GIVulB +0(Vu Vur) ey ) Ault) +alt) [ At~ )du(e)d

+ 51 [ue (£) ™ 2 (2) +/T172 |B2(s)||u(t — s)]m_2ut(t— s)ds =0.

u(z,0) =uo(z), ue(z,0)=u1(z), in Q (0.0.54)
ut(x,—t) = fo(z,t), in Qx(0,72)
u(z,t) =0, in 9Q x (0,00).

By the energy method they established the general decay rate under suitable hypothesis.

Very recently, also Choucha et al in [36], considered a system of coupled nondegenerate Kirchhoff

equations with distributed delay, by using the energy method and Faedo-Galerkin method, they proved
the global existence of solutions. Furthermore, they proved the exponential stability result.

The problem [30] is a description of axially moving viscoelastic strings composed of two different
materials (like the wires of electricity) that are nonhomogeneous and which will be of influence on
its moving, specially on the acceleration. From the mathematical point of view, this influence is
represented by |ug|Puy, where |u.|? is the material density, varying the velocity. A lot of work has been
published with this term, for example see [121] and [122], where we find different results about the

global existence and nonexistence of solutions and the decay of energy.

0.0.9 Growth of solutions

The well known "Growth" phenomenon is one of the most important phenomena of asymptotic behavior,
where many researches omit from its study especially when it comes from the evolution problems. It
gives us very important information to know the behavior of equation when time arrives at infinity, it
differs from global existence and blow up in both mathematically and in applications point of view.
Although the interest of the scientific community for the study of delayed problems is fairly recent,

multiple techniques have already been explored in depth. In this direction, in [38] considered the
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following delayed damped system

t
g — Au — wAuy —I—/ g(t—s)Au(s)ds
0

T2
+prug +/ |2 (s)|ug(z,t — s)ds = blulP2u, 2 €Q,t>0,
T1

u(z,t) =0, x € 09, (0.0.55)

Ut (l‘,—t) = f()(xvt)7 (‘Tvt) € x (077—2)7

u(z,0) =up(x), u(z,0) =u (x), z €.

They proved that if the initial energy E(0) of the solutions is negative (this means that the initial data
are large enough), then the local solutions in bounded.

More precisely, they proved that the L,-norm of the solution grows as an exponential function.
ul[h) — oo, as t — +oo. (0.0.56)

For more information and to delve deeper into the subject, we refer the reader to the following papers,

for example ([39],[40],[140],[141],[163],[164]).

After this comprehensive introduction, we present some concepts, definitions and propositions

needed and used in the arguments in this thesis.

0.0.10 Semi-group

Let (X,<.,.>,].||) be a Hilbert space and let A: D(A) C X — X be a linear operator. We introduce

in this section some basic concepts that will be needed in the study of the initial value problem

w(t) = Au(t), t>0

(0.0.57)
u(0) = uo (),
the solution of (0.0.57) is given by
u(t) = eMug, (0.0.58)
where
et = go A;tn. (0.0.59)

At

The family of matrices e is called a semigroup.

Definition 0.1. Let X be a Banach space. A family (S(t))i>0 of bounded linear operators from X

into X is called a semigroup of bounded linear operators on X if
1. 5(0) = Id.
2. S(t+s)=S5()+S(s), Vt,s>0.
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If moreover the semigroup S(t) also fulills

lim S(t)z ==,
t—0+

then S(t) is called a strongly continuous semigroup (Cy-semigroup) of bounded linear operators on X.

The definition of semigroup is an extension of eA* defined in (0.0.59). For the matrix A, one has

My —u My —eAy dety
Au = lim —— = lim =
t—0+ t t—0+ t—0 dt

(0.0.60)

=0
We can say that the semigroup is generated by A. The relation (0.0.60) can be generalized to the case

of Cp-semigroup. Indeed, the linear operator A defined by

At,
D(A) = {u e X, lim 474 exists}, (0.0.61)
t—0+ t
and
Au = lim S{tyu—u = dS(t)u , for ue X, (0.0.62)
t—0+ t at  |,_

is called the infinitesimal generator of the semigroup S(t). We usually write S(t) = e

Now, we start by recalling the notion of m-dissipative (maximal-dissipative) operators.

Definition 0.2. Let A: D(A) C X — X be an unbounded linear operator. A is said to be dissipative
(monotone) if Re < Au,u >x<0 (Re < Au,u>x> 0> . The dissipative operator A is m-dissipative if

M — A is surjective for some A > 0.

Definition 0.3. [52] Let V' be a (real) Hilbert space with scalar product noted (.,.), and associated
norm ||.||v; we propose to solve the following problem

find w eV such as for any v eV we have: A(u,v) = L(v),

the following conditions are imposed

I) L is an application defined on V; to values in R verifying moreover

1. L is linear.

2. L is continuous; i.e. there exists a constant C >0 such that
forall veV, |L()| < C|v]v.

II) A is an application defined on V x V' ; to values in R verifying moreover
1. A is bilinear.

2. A is continuous; i.e. there exists a constant M > 0 such that
for all (u,v) € V2, |A(u,0)| < Mlullv|v]lv.
3. A is coercive; i.e. Ja >0 such that
forall veV, |A(v,v)| > aljv|v.
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Lemma 0.1. (Laz-Milgram) Let V' be a real Hilbert space, A be a bilinear form, continuous and
coercive on 'V and L a continuous linear form on F. So, there exists a unique element u of V' solution
of the variational problem. If the bilinear form is symmetric; (i.e. if A(u,v) = A(v,u) for all u,v € V
), pose

forall veV, E(v)= %A(v,v) — L(v)

such that is equivalent to a minimization problem for the quadratic functional E.

Theorem 0.1. (Lumer-Phillips) A linear operator A: D(A) C X — X is the infinitesimal generator

of a Cy-semigroup (S(t))e>o0 if and only if A is m-dissipative.

Theorem 0.2. (Hille-Yosida) Let (A,D(A)) be an unbounded linear operator on H. Assume that A
is the infinitesimal generator of a Cy-semigroup of contractions S(t)t > 0.

1. For ug € D(A), the problem (0.0.57) admits a unique strong solution
u(t) = S(t)ug € C([0,00[, H)NC([0,00[, D(A))
2. For ug € D(A), the problem (0.0.57) admits a unique weak solution
u(t) € C°([0,00[, H).

Moreover,

lu(t)] < |uol|, and du(t)‘ = |Au(t)| < |Aug|, Vt>0.

dt

0.0.11 Stability Consepts

Various types of stability have been defined for the solutions of differential equations describing
dynamical systems. The most important one is that concerning the stability of solutions near to a
point of equilibrium. This may be discussed by the theory of A. Lyapunov. In the simplest of terms, if
the solutions that start out near an equilibrium point w, stay near u, forever, then u, is Lyapunov
stable. More strongly, if u. is Lyapunov stable and all solutions that start out near u. converge to .,

then wu, is asymptotically stable. Consider in a Hilbert space X, the differential equation
ut(t) = Au(t), (0.0.63)

where A is an unbounded operator with domain D(A) C X. Suppose that the above differential
equation subject to the condition u(0) = ug(x) is uniquely solvable and that v =0 is an equilibrium

point for (0.0.63). We are interested in the asymptotic stability of the null solution in the sense.

Definition 0.4. The equilibrium of (0.0.63) is:

1. exponentially stable if it exist constants a,b,e >0 such that if ||ug(x)| <e, then
lut,2)|| < ae™[luo(2)ll, ¥ =0,
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2. polynomially stable if it exist constants o, 3,€ >0 such that if ||uo(x)|| <e, then

[u(t, 2)|| < Bt |uo ()|, ¥t >0,

The thesis beginning by general introduction and consists of three parts. It has 8 chapters.

Part I

In the chapter 1, we consider a one-dimensional porous-elastic system with the presence of
both memory and distributed delay terms in the second equation. Using the well known energy
method combined with Lyapunov functional approach, we prove a general decay result. This

result has been published in [25].

In the chapter 2, the work deals with one-dimensional porous-elastic system with thermoelasticity
of type III and distributed delay term. This model is dealing with dynamics of engineering
structures and non-classical problems of math- ematical physics. We establish the well posedness
of the system, and by the energy method combined with Lyapunov functionals, we discuss the
stability of system for both cases of equal and nonequal speeds of wave propagation. This result

has been published in [137].

In the chapter 3, the swelling porous thermoelastic system with the presence of temperatures,
microtemperature effect, and distributed delay terms is considered. We will establish the well
posedness of the system, and we prove the exponential stability result. This result has been

published in [35].
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Part 11

Part III

In the chapter 4, a one-dimensional linear thermo-elastic system of Bresse type with past
history and delay term is considered. We prove the well-posedness of the problem using the
semigroup method. By using the energy method we discuss the stability of the system for two
cases. An exponential stability result of the system is obtained in the case where the propagation
velocities are equal in the equation of vertical displacement and the equation of the system
rotation angle. On the other hand, a result of algebraic stability is obtained in the case of the

different propagation velocities. This result has been published in [161].

In the chapter 5, we consider a linear thermoelastic laminated timoshenko beam with distributed
delay, where the heat conduction is given by cattaneods law. we establish the well posedness of
the system. For stability results, we prove exponential and polynomial stabilities of the system
for the cases of equal and nonequal speeds of wave propagation. This result has been published

in [30].

In the chapter 6, we are concerned with the problem of a nonlinear viscoelastic wave equation
with distributed delay, strong damping and source terms. We obtain a blow-up result of solutions

under suitable conditions. This result has been published in [41].

In the chapter 7, a nonlinear viscoelastic wave equation with Balakrishnan-Taylor damping and
distributed delay is studied. By the energy method we establish the general decay rate under

suitable hypothesis. This result has been published in [37].

In the chapter 8, we are concerned with a problem for a viscoelastic wave equation with strong
damping, nonlinear source and distributed delay terms. We show the exponential growth of

solution with L,-norm, i.e., [|u[|; = co. This result has been published in [35].

lim
t—o00
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Porous-elastic Systems
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Chapter 1

General decay of solutions in one-dimensional

porous-elastic with memory and distributed

delay terms

1.1 Introduction

Our purpose in this chapter is to give a general decay result of solutions in one dimensional porous-
elastic system with memory and distributed delay term.

Let H = (0,1) x (11,72) % (0,00), we consider the following problem

putt — Mgy — bpy =0,
TGt — 00z +btia + 60+ o g (=) o (2, 5) ds + 1 11D
+ [T [pa(9) |6 (2.t — 5)ds =0,

where

(z,s,t) € H.
As in [133], taking the following new variable
z(x,p,8,t) = ¢(x,t — sp),

then we obtain
szt($7p787t) +Zp(l’,p,87t) = 07
z(x,0,s,t) = ¢u(x,1).
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Chapitre 1 Porous-elastic with memory

Consequently, the problem is equivalent to

PUt — PUgy — by =0,
J b1t — OGun +bug +Ed+ [§ g (t — 8) bua (2, 8) ds + p1 ¢y
+ [ [p2(8)| ¢t (x,t —s ) ds = 0,

szi(x,p,s,t) +2p(x,p,8,t) =0,

(1.1.2)

where

(xapasat) S (071) xH.

The system with memory and delay term acting only on the porous equation together with the initial

data
u(x,0) =ug (x),us (z,0) =up (x), (1.1.3)
(25(.13,0) = ¢0 (-Z'),(Z)t(.’L',O) = ¢1 (x),a; € (071)7

and Neumann-Dirichlet boundary conditions
ug (0,t) =uy (1,t) =9 (0,t) =@ (1,t) =0, > 0. (1.1.4)

Here, u is the longitudinal displacement, ¢ is the volume fraction of the solid elastic material and
p, 11,b,J,8,& are positive constants with u,&,b satisfying u& > b%. The integral represents the memory
and delay term with 7,72 > 0 are a time delay, p; is positive constant, uo is an L™ function and g is
the relaxation function satisfying

(H1) g € C*'(R,R,) is a non-increasing function satisfying
oo
g(0) >0, b—/ g(s)ds=1>0. (1.1.5)
0
(H2) There exists a positive non-increasing differentiable function ¥ € (R4, R ) satisfying
g t)<—=9(t)g(t),t>0. (1.1.6)
(H3) pa : [11,72] — R is a bounded function satisfying

/:2|,u2(s)]ds<u1. (1.1.7)

1
In what follows, we consider (u,¢) to be a solution of system (1.1.2)-(1.1.4) with the regularity needed
to justify the calculations in this chapter. We specify Section 2 to the statements and prove of our
stability result. We use ¢ throughout this chapter to denote a generic positive constant. Meanwhile,
from (1.1.2) and (1.1.4), it follows that

d2

1
ﬁ/o u(z,t)dr=0. (1.1.8)
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Chapitre 1 Porous-elastic with memory

So, by solving (1.1.8) and using the initial data of u, we get

/Olu(az,t)da::t/olm (ff)dx-i-/oluo(m)dx,

Consequently, if we let
1 1
u(z,t) :u(x,t)—t/ uy (ac)d:c—/ ug () dx, (1.1.9)
0 0
we get

1
/ u(z,t)dz =0,Vt> 0.
0

Therefore, the use of Poincare’s inequality for u is justified. In addition, simple substitution shows

that (ﬁ,(b) satisfies system (1.1.2) with initial data for u given as

1 1
uo (z) = uo () 7/0 ug (z) dx and uy (z) = uy (z) 7/0 up (z)dx.

Henceforth, we work with u instead of u but write u for simplicity of notation.

For the existence result we use the Faedo Galarkin method, for more information see ([79],[29]).

1.2 Main Result

In this section, we state and prove our decay result for the energy of the system (1.1.2)-(1.1.4) using
the multiplier technique.

We need the following lemmas.

Lemma 1.1. The energy functional E, defined by

E(t) — ;/01 {pu§+uu§+J¢§+(5—/(;9(5)615)¢§+§¢2+2bux¢}dx

1 1 1 1 T
+790¢m+*/ // slua(s)|2 (x, p,s,t) dsdpdz, (1.2.1)
2 2Jo Jo Jn
satisfies
/ 1 / 1 ! 2 2 1 2
E'(t) = 3¢ ocbx—fg(t)/ ¢rdr — (m—/ !uz(s)lds>/ prdz, (1.2.2)
2 2 0 1 0
and
/ 1 / ! 2
E (t) < 59 Od)a:*n[)/ ¢td$§0, (1.2.3)
0

where no = p1 — [[* [p2(s)|ds > 0 and gov = I3 JEg(t—s) (vg () — vz (5))* dsda.

Proof. Multiplying the first equation of (1.1.2) by u; and the second equation by ¢, then integration
by parts over (0,1), and using (1.1.4), we get

1d 1 1 t
o | o 5640624 €00 4 2bung] du— [ ui [ g(t-5)00 () dsda
2dt Jo 0 0

1 1 T2
—I-,u1/ <Z>?dx+/ ¢t/ |pa(s)|z (x,1,s,t)dsdx = 0. (1.2.4)
0 0 1
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Chapitre 1 Porous-elastic with memory

The last term in the left hand side of (1.2.4) is estimated as follows.
1 t 1 t
[ 0u [ glt=s)0c)dsdr = [0 [ glt—5)(00) =62 () dsda

—/tg(s)ds/o1 Gt Prdx

1d 1d rt 1 1
- - - el d 2d = -
5909~ 2dt/og(8)8/0¢xx 59 0¢
1
+fg(t)/ P2dz. (1.2.5)
2 0

Now, multiplying the last equation in (1.1.2) by z|ua(s)|, and integrating the result over (0,1) x (0,1) x

dt2/// s|ua(s)|2%(x, p, s,t)dsdpdx
— —/// |M2(s)|zzp(x,p,s,t)dsdpdg;
- / / / |2 (s)| 2" (, p, s,t) dsdpda

= 2/ / ‘/’[’2 .’E O,S,t)—z (w,l,s,t))de.f

1
= 5/ |u2 \ds/ b7 :13——// |2 (s)|2% (2,1, 5,t) dsda.

Now, using Young’s inequality, we have

(T1,72)

B() < 5oo6—300) [ e (= [ luals)las) [ 6t

2
1 T2 1
< 5oote— ([ lnas)las) [ oar, (12)
T 0
then, by (H3), there exists a positive constant 7y such that
E'(t) < §g "oy — 7]0/ ¢tdx (1.2.7)
then we obtain E' is a non-increasing function. O
Lemma 1.2. The functional
1 bp 1 T
t):= J/ qbtqﬁdx—{——/ QS/ ut (y) dyde, (1.2.8)
0 HJo 0

satisfies
[ 1 1 1 1 1
Di(t) < —f/ (Z)idl‘—ug/ ¢2dx+51/ uldx +c(1+ = )/ pidx
2Jo 0 0 €1 Jo
1 T2
—|—cgo¢x+c/ / |M2(s)|z2 (x,1,s,t)dsdz, (1.2.9)
0 Jrm

Whereugzﬁ—%>0.
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Chapitre 1 Porous-elastic with memory

Proof. Direct computation using integration by parts and Young’s inequality, for £; > 0, yields

DLt = —5/1¢§d:c—({—b2>/1¢2da:+J/l¢?da:+bp/Ol@/ozut(y)dydx

+/ gzsx/ (t— 5) b (5) dsdz — M/ e — /1¢/TQ|,u2(s)]z(93,1,s,t)dsdx

¢ (s)
_5/ ¢%dw—< H>/ ¢2daf+c 1+— )/ gbtdac—l—sl/l (/Omut(y)dy>2dw
(s)

+/ ¢>x/ (t— 5) b (5) dsdz — ul/ edbd — /¢>/ﬁ 28| 2(x, 1, 5, t)dsda.

IN

(1.2.10)
By Cauchy-Schwartz inequality, it is clear that
1 z 2 1 1 2 1
/ (/ ut(y)dy> dxg/ (/ utda:> da:g/ uldx.
0 \Jo 0o \Jo 0
So, estimate (1.2.10) becomes
1
Di(t) < —5/ Qﬁxdaz—(f—)/ q§2d95—1—c<1+ ) gbtdm—l—él/ u2dx
0
i / Pz — / b / 112(5)) (3, 1,5, ) dsdla
+/ gi)x/ (t—5) ¢y (s)dsdz. (1.2.11)

The last term in the RHS of (1.2.11) is estimated as follows:

/qﬁ/ (t—s)ps (s)dsdx
/ ds/ p2dx — /qu/ (t—25) (g (t) — ¢z (5)) dsdz
< <51+/ ds>/ ¢2da;+451</ (5)d5>god)x7 (1.2.12)

where we have used Cauchy-Schwartz, Young’s and Poincare’s inequalities, for d1,e9,e3 > 0.

By substituting (1.2.12) into(1.2.10), we obtain

Di(t) < —(5—/0tg(s)d8—(51—,ulc52—,u1053>/1¢925d33—(g_)/ d*dx
+el/lutdx+<< 4 [Cgtaer o ([ a()ds)gos.

45 // \p2(s)|22(x,1,5,t)dsdz. (1.2.13)

Bearing in mind that pé > b? and using the fact that § — fo g(s)ds>1,

l l
and letting 61 = —, d2 = 03 = ——, we obtain estimate (1.2.9). O
6 6cpy

In the following Lemma, we use the essential hypothesis that the wave speeds of the system are

equal

“_i. (1.2.14)
p
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Lemma 1.3. Assume that (H1) and (1.2.14) hold. Then the functional

B 1 1 N 1 t B
t) —/0 ¢xutd$+/0 druzdr ,UJ/O ut/o g(t—s) s (s)dsdx,

satisfies, for any ea >0

1
DL(t) < —% 2d1:+c(1+ >/ qbzda:—kcsg/ ulda (1.2.15)
0

1
+c/ ¢?+cgo¢x—fg’o¢x+cm// a(5)|22(2, 1,5, 1) da.
0 £2 0 Jm

Proof. By differentiating Dy, then using (1.1.2), integration by parts, and (1.1.4) we obtain

b 1 0 W 1 b 1 pg (0) 1
D/ t = — 7 2d <_>/ x x:rd */ 2d _7/ xd
2() Jouxw+J Ou<b X + 0<Z>I:L‘ J Out¢x

é— 1 b 1 t
—j 0 Ux(z)dm_'uj/o ¢x/0 g(t_8)¢w(s)d5dx

—leut/tg%t—s)%(s)dsdm

—%/ rugde — /um/ |2 (s)|2%(x,1,5,t)dsdz. (1.2.16)

In what follows, we estimate the last five terms in the right hand side of (1.2.16), using Young’s,

Cauchy-Schwartz, and Poincare’s inequalities. For d4,d5,62 > 0, we have

£ [ £ / 2 / 2,
—= s0dr < 26 dr+ ——
Jou¢$_<]4o $+4J54 ¢°d
: b . : : :
By letting 04 = 6757 using Poincar’s inequality, we get
¢ 1 bl 1
7 uppdr < 7l idx+c/0 Pde, (1.2.17)

_l?]/ol%/otg(t_s)%(s)dsdx = MJ/ (Zﬁx/gt—s ) (0z (t) — ¢z (5)) dsdx

MJ ds/ P2dx

(55—M>/Og(s)ds/0 qﬁidw—l—é—igogbx.

IN

b
By letting d5 = — we get
ud

b 1 t
—7/0 %/0 g(t—s) bz (s)dsdz < cgo ¢y, (1.2.18)
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L [ [ = osiste = [N [ -5) (020~ 02 () ds

bt 1
——/ g'(s)ds/ Ut Ppd
J Jo

pea [1 2 pg (0) / pg () /1
2y Y LA d
207 Jo + = 0] utp T Jo utppdx

+2M~Jz-:2/ ds// (t—5) (¢ (t) — b (5))* dsda
pea [ty (/ , ) )
i utdx+2,uja g (s)ds ) g opy.
90 i 220 [
@ 2 P Ly .
T o utd$+2MJ62 (/0 g(s)ds)g 0 ¢y

pg(0) [ plg(®)? ',
7 /Outgi)xdx—l- S)es /0¢de

IN

IN

IN

1 1 0) sl
< 662/ u?d:}H—i/ ¢§dw+pg()/ Ut P dx
0 €2 Jo wd Jo
_ L ody, (1.2.19)
€9
—‘“/1¢ud <M/¢ /1 wldx (1.2.20)
JJo T ! 2J56 et -

/ ux/ lpa(s)|z(x,1,s,t)dsde < Orit1 1u2dm (1.2.21)

J o 2J Jo  °

1 1 pm 9
+7 1% x,1 t d
2:}57/0 /7'1 | 2(5)|Z ( ’ ’S’ ) °

b
The replacement of (1.2.17)-(1.2.21) into (1.2.16), and by letting dg = d7 = 1
1
bearing in the mind (1.2.14), yields (1.2.15). O

1
t):= —p/ ugudz,
0

D4(t) < —p /1 dx+32/ 2dx+c/ $2da. (1.2.22)

Lemma 1.4. The functional
satisfies

Proof. Direct computations give

1 1 1
1) = —p [ wddotp [ detd [ i
0 0 0

Estimat (1.2.22) easily follows by using Young’s and Poincaré inequalities.

1 1 1 bl
Di(t) < —p/ u?daz—i—u/ uidm—i—bs/ uidw—l——/ p*dx
0 0 0 4e Jo
1 1 1 be [l
< —p/ ufd:c—ku/ uidm—i—bs/ uidw—k—/ P2dr,
0 0 0 4e Jo
by letting & = %, we obtain (1.2.22). O
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Chapitre 1 Porous-elastic with memory

Now, let us introduce the following functional used by

Lemma 1.5. The functional

1 1,7

= [ [ [ s () @, pos.t) dsdpda,

0 JOo Jnm

satisfies,
Dj(t) < —771/ // s|pa(s)|22 :Cp,stdsdpda:—i—,ul/ pidx
- / [ a(s)122 (.1, 5,0) dsdr (1.2.23)

0 Jm

where N1 is a positive constant.

Proof. By differentiating Dy, with respect to ¢ and using the last equation in (H3), we have

_2/// ~pa(s ‘Zzp(fU p,8,t)dsdpdx
= _/// se %P ug(s)|22 (z, p, s,t) dsdpdz
0 O T1

1 ,r
—/ / ’ \p2(s)|[e %22 (x,1,5,t) — 2% (x,0,5,t)|dsdz.
0 Jm

Dy (t)

Using the fact that z(z,0,s,t) = ¢(x,t), and e=* < e % < 1, for all 0 < p < 1, we obtain

Dj(t) = —771/// s|ua(s)|22 (z, p, s,t) dsdpdx
// ~5| o (s)] 22 (a:,l,stdsdx+/ |pa(s |d3/ pida.

Because —e™* is a increasing function, we have —e™% < —e™ "2 for all s € [11,79].
Finally, setting 171 = e~ and recalling (H3), we obtain (1.2.23). We are now ready to prove the main

result.

Theorem 1.1. Assume (H1), (H2), (H3) and (1.2.14) hold. Then, for any to > 0, there exist positive

constants o and 3 such that the energy functional given by (1.2.1) satisfies

E(t) <ae Jo?@% gy s g (1.2.24)
Proof. We define a Lyapunov functional
L (t) =NFE (t) + N1Dq (t) + NoDo (t) + D3 (t) + N4Dy (t) R (1225)
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Chapitre 1 Porous-elastic with memory

where N, N1, No, and Ny are positive constants to be selected later.

By differentiating (1.2.25) and using (1.2.1), (1.2.9), (1.2.15), (1.2.22), (1.2.23), we have

IN 1
Lt < - [Ql—cNg(l—i—8 —c}/ p2dx —[p N151—N2052]/ ulde
2 0
bN- 1 1
{ 2 3'“]/ uidx—[noN—ch(l—l—)—Ngc—ull\q/ gb?dw
2J 2 0 €1 0
1 1,72
—Nl,ug/ ¢2dl’—[N4T]1—CN1—CN2]/ / \2(s)|22 (2,1, 5,t) dsdx
0 0 Jrm
N ¢N.
+c[N1+ Na]gody + [22]9 Yo
1 1 pm2
N [ [ [ slias)]2 (@50 dsdpd
0 JOo Jmg
By setting
4N1’ 46]\727
we obtain
Ny
L'(t) < —[Z2—CN2 1+ Ny)— }/ o5 dm—f/

N 1
[M_?’MU uidx—[noN—cN1(1+N1)—cNg—u1N4]/ ¢2dx
0 0

2J 2

1 1 rm

—Nlug/ ¢2dx—[N4m—cN1—cNg}/ / lp2(s)|22 (x,1,5,t) dsdx
0 0 Jm

N 20

+c[N1+NaJgo s + E_CN2 g o ¢z
1 pl rro

N [ [ [ slin(9)]2 st dsdpda
0o JO Jm

Next, we carefully choose our constants so that the terms inside the brackets are positive.

We choose N> large enough such that

bN2 3,u
=———>0
B} A M
then we choose N7 large enough such that
IN
Qg = Tl—CNQ(1+N2)—C> 0,

then we choose N4 large enough such that
az = Nyn —cNy —cNa >0,
thus, we arrive at
L't < —ag/ P2dx — ao/ &*dx — '0/ uldx — al/ udx—[noN—c/ prda
5= o¢x+cgo¢z—a3/ [ ()] @ 15.4) dsd

—a4/// s|ua(s)|2% (x, p, 5,t) dsdpd, (1.2.26)
0 JOo Jn
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b2
where ag = usN1 = (f — ) Ni. On the other hand, if we let
W

£(t) = N1Dy (t) 4+ NoDo (£) + D3 (t) + NyDy (1),

then
1 1
1£(t)] < JNl/ \<z><z>t|dx+N2/

bpNy /

+N4/// se—sp‘u2(5)|z (x,p,s,t)dsdpdz.
o Jo Jn

¢xut+ux¢t_7ut/ g(t—s) oy (s)ds|dx

ut )dy

d:c—i—p/ luru| dz

Exploiting Young’s, Cauchy-Schwartz, and Poincaré inequalities, we obtain

1
2@ < cf (@+d+dtuied?)drregos
0
1 1 rm
b [ ) s ) dsdp
0 JO Jm
< cE(t)
Consequently, we obtain
L) =[L(t) —NE(t)| < cE(t),

that is
(N=c)E(t)<L({t)<(N+c)E(t). (1.2.27)
Now, by choosing N large enough such that
N
§—C>O,N—C>O,N770—C>0,
and exploiting (1.2.1), estimates (1.2.26) and (1.2.27), respectively, give

L' (t) < —k1E(t) +kago ¢y, Vt > to, (1.2.28)

and

E(t) < L) < c3E(t),Vt >0, (1.2.29)

for some k1, ks,ca,c3 > 0.

By multiplying (1.2.28) by 9 (¢), we obtain
D)L (t) < —k19 () E(t) + kot (t) g 0 b, Yt > to. (1.2.30)
The last term in (1.2.30) is estimated as following, using (1.1.6), we have
90906, = 00 [ [ 9t-5)(0(0) 62 (5)dsda
< [ [ 951009 6a ()~ 60 () dsi

// (t—5) (¢ (t) — bp () dsdz = —g' 0 ¢y
—2F' (t

IN

IN
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Chapitre 1 Porous-elastic with memory

Thus, (1.2.30) becomes
I(t) L' (1) < —k19 () E(t) — 2k E' (t) ,Vt > 1y,

which can be rewritten as
(9 () L(t)+2kaE (1)) =9 (t) L (1) < —k10 (t) E(t),Vt > to,
using the fact that ¥ (¢) <0,Vt > 0, we have
(0 (8) L(t) +2k2E (1)) < —k19 (1) E (1)t > to.

By exploiting (1.2.29), we notice that

R(t)=0(t)L(t)+2koE(t) ~ E(1). (1.2.31)
Consequently, for some positive constant A, we obtain

R (t) < AR (t)9(t),Vt > to. (1.2.32)

A simple integration of (1.2.32) over (to,t) leads to

t
R(t) < R(to)ef/\j;o I(s)ds

V> 1. (1.2.33)
Consequently, (1.2.24) is established by virtue of (1.2.29) and (1.2.33). O

Remark 1.1. We give some examples to illustrate the energy decay rates obtained by Theorem 3.2.

We consider the three different examples

If g(t) = Bre™ ™", then ¢'(t) = —0(t)g(t), where I(t)= B,

then
E(t) < coe P2t Wi >0,
_ A Ty . Pa+1

If g(t) = AT H5 then ¢'(t) = —9(t)g(t), where V(t) = 1

then
o
E(t) = (1 -|—t)(ﬁ2+1)01 vt 20,
— Bl ! _ o ™
90) = gy e 910 = 9090 where 9(8) = 52 —aretgt),

then

€0 vt > 0.

<
E(t> = cl(et(%farctgt)m)ﬂz’ -
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Chapter

On the porous-elastic system with
thermoelasticity of type III and distributed
delay: Well-posedness and stability

2.1 Introduction

This chapter studied the asymptotic behavior of a one-dimensional porous-elastic with thermoelasticity
of type III system combined by distributed time delay. We established the well-posedness of the system,
and we proved stability estimates by means of appropriate Lyapunov functionals. Typically, under the
assumption (2.1.4), the system keeps the same properties that the one without delay but only with a

standard frictional damping c¢:, for some coefficient c.

Let H =(0,1) x (11,72) x (0,00), 71,72 > 0. For (x,s,t) € H, we consider the following porous-elastic
system:
P1us = gy + by
P61 = B = b~ €= s = [ a1 = 5)ds (2.1.1)
P304 = 02z — Ydttz + kbiza,
with the initial data

u(z,0) = wug(x),u(z,0)=wu;(x),

¢($,0) = ¢0(x)7¢t(x70):¢1(x)7¢t(x7_t):f0<mvt)
0(x,0) = 6y(x),0:(x,0) =6 (z),x€(0,1),t>0, (2.1.2)

and boundary conditions
Uy (0,8) = uy (1,8) = ¢ (0,8) = ¢ (1,t) = 0,(0,t) = 0,(1,¢t) =0,t > 0. (2.1.3)
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Chapitre 2 Porous-elastic with thermoelasticity of type III

Here, ¢ is the volume fraction of the solid elastic material, u is the longitudinal displacement and 6 is
the difference in temperatures. The parameters p1, po, p3,14,0,9, &€,1,7, 5,k are positive constants with
pé > b2, The integral represents the distributed delay term with 71,7 are a time delays, j; is positive
constant, pe is an L function such that

(Hypl) pa : [11,72] = R is a bounded function satisfying

/:2 \a(8)|ds < pur. (2.1.4)

1

This type of problem mainly based on the following equations for one-dimensional theories of porous

materials with temperature
prug — 1T =0
p2du—Hy —G =0 (2.1.5)
P30t + qu + Ytz = 0,

where (z,t) € (0,L) x (0,00).

According to Green and Naghdi’s theory, the constitutive equations of system (2.1.5) given by:

T = puz+bo,

G = —bus—o—pmoi— [ Inals)idn(a,t—s)ds,

H = d6p— B0, 1

q = —1®,—kd,,, (2.1.6)

where [,k > 0 are the thermal conductivity, and & is the thermal displacement whose time derivative is
the empirical temperature 6, that is ®; = 6.

We substitute (2.1.6) in (2.1.5) with the condition b # 0, which results in us

prULE = Uz + by
p2¢tt:6¢m¢_bux_§¢_ﬂl¢t—/ ’N2(S)|¢t(w7t_3)d8_/89x (217)

1
p39t = lq):v:c - 7¢t$ + k(I)ta::v
By using ®; =6 in the system (2.1.7) we find directly our system (2.1.1).

Our work differs from all of them, since we took the delay in the second equation where to make
the distributed delay in the rotation angle of the filament, which makes the contributions clear and
important. In addition, we established the well-posedness of the system, and we obtain the exponential

— © é

decay rate when ;% = and the energy takes the algebraic rate for the case o #+ ;‘—1, these results are

mainely stated in Theorem 2.2.
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Chapitre 2 Porous-elastic with thermoelasticity of type III

In order to show the dissipativity of system (2.1.1)-(2.1.3), we introduce the new variables ¢ = u;

and 1) = ¢;. So, problem (2.1.1)-(2.1.3) takes the form

P11t = Pz + b1y

paes = St — bipy — £ — piathy — / " a() (st — 5)ds — BBy

T1

,039tt =10y, — 'thx + ketha

with the initial data

QD(:L‘,O) = %o (l')ﬂOt ($70) =¥1 (l‘) ,1[)(1’,0) = 1o (IL‘),
P (2,0) =11 (2),0(2,0) =0y (2),60; (x,0) =01 (x),
i(z,—t) = — fo(x,t), = €(0,1),

and boundary conditions
0z (0,1) = (1,t) = (0,t) = (1,t) = 6,(0,t) = 0,(1,t) =0,t > 0.

First, as in [133], taking the following new variable

Z(xaP,S,t) :wt(%t—SP%
then we obtain

szi(x,p,s,t) + 2p(x,p,5,1) =0

z(x,0,s,t) = P (x,t).

Consequently, the problem rewritten as

P11t = [Mpza + by
ptht = &‘ijx - bng - §¢ - ,U/lwt - f;? ‘N2(8)’Z(‘T7 1737t)d8 - /Betcc
P39tt = leww - 7¢tm + ketmm

szi(x,p,s,t) + 2p(x,p,8,t) =0,

where

(xapvsat) S (071) X Ha

with the boundary and the initial conditions

Px (O’t) = Pz (Lt) = ¢(07t) = ¢(17t) = G:Jc(ovt) = ex(lvt) = O,t > 0.

(p($,0) :(po(l'),(pt(w,()) =¥1 (w)alb(%o) :¢0($)7

Y (2,0) =1 (2),0 (x,0) =6y (z),0 (x,0) =01 (x),z € (0,1),

z(x,p,8,0) = —fo(z, ps) = ho(z,ps), z€(0.1),p€ (0.1),s € (0,72).
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Chapitre 2 Porous-elastic with thermoelasticity of type III

Meanwhile, from (1.1.2); and (2.1.12), it follows that

dt2/ o(z,t)d (2.1.13)

So, by solving (2.1.13) and using (2.1.12), we get

/01()0(1U,t)d58:t/[)lsol(l’)d$+/(Jl(p0(x)d$'

Consequently, if we let
1

P (2,1) = cp(ﬂs,t)—t/olcpl (x)dx—/o oo () da, (2.1.14)

we get

1
/ o (x,t)dx =0,Vt >0,
0

and from (2.1.11)3, we have
d2 1
@/0 0 (x,t)dz =0. (2.1.15)

So, by solving (2.1.15) and using (2.1.12), we get

/OIQ(x,t)dw—t/OlHl (x)dx—i—/olﬁo(x)daf

g(aﬁ,t) = H(x,t)—t/ol 61 (:v)da:—/o1 o (x)dx, (2.1.16)

Consequently, if we let

we get

1
0 (z,t)dx =0,Vt > 0.
0

Then, by using the Poincare’s inequality for ¢ and 9 are justified. A simple substitution shows that

(gp,w,ﬁ) satisfies system (1.1.2) with initial data for ¢, and ) given as

vo(z) = o (x /800 )dz and o1 (z /@1

and

90 (a;) = / 9() dx and 91 / 91

Now, we use @,5 instead of ¢,0 and writing ¢,0 for simplicity.

2.2 Well-posedness

In this section, we give the existence and uniqueness result of the system (2.1.11)-(2.1.12) using the

semigroup theory.
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First, we introduce the vector function

U = <¢7¢t7¢7¢t79;9taz)T7

and the new dependent variables u = ¢, v = 1)y, w = 0y, then the system (2.1.11) can be written as

follows:

U =AU
U(0) =Uo = (0, ¢1,%0, 91,060,061, ho) ",
where A :D(A) C H :— H is the linear operator defined by

u

1
PT [M@wx + wa]

(Y
T2

AU = p%[6¢xx_bgox_&/}_ﬁwx_,uﬂbt__/ |a(s)|z(z,1,s,t)ds]

T1

w

1
o (1030 — YUz + kway)

1
el

and H is the energy space given by

H = H!xL?%0,1)x Hy x L*(0,1) x H} x L*(0,1)

x L2((0,1) x (0,1) x (11,72)),

where
1
L0.0) = {6el20.1) / [ o()dr=0}
HN0,1) = HY0,1)NL%(0,1)
Hf(O,l) - {¢€H2(071) / ¢x(1):¢m(0)20}'
For every

U = (¢7u7¢7v707w7z)T€H7
U = (3,9,0,0,0,2)" cH,

we equip H with the inner product defined by

~ 1 1 1
<UU>y = Vpl/ uudx +7p2/ vﬁdx+’y§/ Ppdx
0 0 0

1 1 1
+Bp3/ w@dw+w/ sox@xdﬂ:+75/ Yptppdx
0 0 0
1 R 1
b [ (a4 0p)do+15 [ 0,0,
0 0

1 rl prmo
+7/ / / slua(s)|zzdsdpdx.
0 JO Jm
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The domain of A is given by

UeH /p,0€H(0,1)NHL(0,1),4 € H*(0,1)N Hg(0,1),
D(A) =14 u,we HX(0,1),v € H}(0,1),2(x,0,s,t) = v
z,z, € L2((0,1) x (0,1) x (11,72)).

Clearly, D(A) is dense in H. Now, we can give the following existence result.

Theorem 2.1. Let Uy € H and assume that (2.1.4) holds. Then, there exists a unique soltion
UeCR4,H) of problem (2.1.11).
Moreover, if Uy € D(A), then

UeCRy,D(A))NC R, H).

Proof. First, we prove that the operator A is dissipative. For any Uy € D(A) and by using (2.2.3), we

have
1 1 T2
<AUU >y = —’yul/ U2dl’—’7/ / |2 (s)|vz(x,1,s,t)dsdx
0 0 Jr
1 1 pmo ' 1
—’y/ / / |u2(s)|zpzdsdpda:—ﬁk:/ wdz. (2.2.4)
0oJo Jn 0
For the third term of the right-hand side of (2.2.4), we have
/1/1/72 dsdpd 1/1/T2/1 4 dpdsd
- s)|zpzdsdpdr = —= s)|—=z sdx
7 et lzpsasas s [ el e
1 1 T2 9
= 5 | [ ) s 0dsds
2 0 Jm
1 1 T2 5
+§/ / |pa(s)|z*(x,0,s,t)dsdz. (2.2.5)
0 Jn
By using Young’s inequality, we get
1 T2 1 T2 1 9
—/ / |2 (s)|vz(x,1,s,t)dsdx < 7(/ |u2(s)|ds)/ vodx
0 Jm 2 T1 0
1 1 rm
+§/ / 2 ()22 (2,1, 5, £) disd. (2.2.6)
0 Jm
Substituting (2.2.5),(2.2.6) into (2.2.4), using the fact that z(z,0,s,t) = v(z,t) and (2.1.4), we obtained

< AU,U >y

IN

T2 1 1
= [ a(s)lds) [ vido— gk [ wdda
T 0 0
< 0. (2.2.7)

Hence, the operator A is dissipative.
Next, we prove the operator A is maximal. It is sufficient to show that the operator (/d—.A) is surjective.
Indeed, for any F' = (f1, f2, f3, f1, f5, fo, f7)T € H, we prove that there exists a unique V = (¢, u, ¥, v,0,w,2) €
D(A) such that

(Id—A)V =F. (2.2.8)
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That is

p—u=fi

PIU = fpzg — bty = p1f2

Yp-—v=1fs

P2V = 0g + oy + €Y + P + v
+ [72 | pa(s) |2 (2,1, 5,t)ds = pa fa

0—w=fs

(2.2.9)

P3W — 1030 + Y0y — KWy = p3 f6

szi(x,p,s,t) + 2p(x,p,8,1) = sfr.
We note that the last equation in (2.2.9) with z(z,0,s,t) = v(x,t) has a unique solution given by

p
z(x,p,s,t) = e_psv—i—ses”/ e* f7(z,0,s,t)do, (2.2.10)
0
then
1
z(x,1,8,t) = e_sv—l—ses/ e* fz(x,0,s,t)do, (2.2.11)
0
we have
u=p—fi, v=1yv—f3, w=0—fs. (2.2.12)

Inserting (2.2.11) and (2.2.12) in (2.2.9)2, (2.2.9)4 and (2.2.9)¢, we get

P1P — 1pze — 0y = I
path — 0z +bpy + B0y = ho (2.2.13)
rhozf — (l + k)goc:c +7¢x = h37

where

e =pa+E+ 1+ %’w—f;f |pa(s)le *ds

h1 = p1(f1+ f2)

ha = pa(f3+ fa) +p1 — [17 |pa(s)|e™%ds) fads (2.2.14)

[ slua(s) e i e fra, oy, )dods + B s
hs = p3(f5+ f6) +7f32 — k foza-

We multiply (2.2.13) by ¢, 12,5 respectively, and integrate their sum over (0,1) to get the following

variational formulation:

-~ ~

B((¢,%,0),(3,9,0) =T(3,,0), (2.2.15)

where

B:(H0,1)x H}(0,1) x H}(0,1))? = R,
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is the bilinear form defined by

-~

—~ 1 1
B((p,4,0),(p,20,0) = '7,01/0 @@dﬂﬂrw/o e Prdr
1 . 1 .
b /0 ($@a + oa)de i /0 Vidz
1 . 1 R 1 R
0 / Yatodz -8 / b 0dx + By / Vebdz
0 0 0

1 1 R
+Bp3 / 00dx + B+ k)2 / 0,0, dx, (2.2.16)
0 0

and

T: (H!(0,1) x Hy(0,1) x H!(0,1)) = R,

is the linear functional given by

~

R 1 1 1
0(3,0.0) = /0 b Gdz + /O hotidz + /0 habdz. (2.2.17)

Now, for V = H}(0,L) x H}(0,L) x H}(0, L), equipped with the norm

1w, O = lll3 +leal3 + 1913 + a3 + 1015 + 162113,

then, we have

Bl (e08) = o1 [ Pdeian [ e
+vu4/01w2dx+75/01w3d$
+p36/0162dx+5(z+k)/019§dx
+29b /O ' oubdz, (2.2.18)

we have

N |

b b
12 + pap® + 20,0 = [U(‘Pm+u¢)2+ﬂ4(w+u4@z)z

RPRLSE
H— )P, M4 — —
14 f
1 o, v? 2}
> (= =)@+ (a — —)?|, 2.2.19
5= e+ (= )0 (22.19)
by the assume pé —b? > 0, we get
b? b?
p——>0, pg——>0,
114 1
then, for some My > 0
B((,1,0), (¢,4,0)) = Mo|| (0,,0) ||} (2.2.20)
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Thus B is coercive. Consequently, using Lax-Milgram theorem, we conclude that the existence of a

unique solution ((¢,,0)) in V satisfying:

UZQO—flGHi(O,l)
v=1)— f3€ H}(0,1)

w=0—fs€ H0,1). (2.2.21)
Substituting ¢, 1,6 into (2.2.11) and (2.2.12), respectively, we have

u,0 € HL(0,1)

W € Hy(0,1)
2,2, € L*((0,1) x (0,1) x (71,72)), (2.2.22)
let ¢ € H}(0,1) and denote
R 1
5= o) - | ple (2223)
which gives us @ € H}(0,1). Now we replace ($,1,8) by ($,0,0) in (2.2.15) to obtain
NN TN IR 1
wl/o wdm+w/0 soxtpzdaﬂrvb/o Yupd :/0 hipdz, (2.2.24)
we get
1 = 1 =
w/o PaPrdr = /0 (h1 —yp1ep — Vb ) pd, (2.2.25)
which yields
_ 2
V1pze = Yp19 — Y0z —ha € L*(0,1). (2.2.26)
Thus
©e H%*0,1). (2.2.27)

Moreover, (2.2.13); also holds for anyevery @ € C'([0,1]). Then, by using integration by parts, we

obtain
I 1 ~
’YN/O @x@xdm = A (hl _7P1§0_7b¢x)§0d$. (2.2.28)
Then, we get for any @ € C*([0,1])
p2(1)p(1) = 2(0)(0) = 0. (2.2.29)

Since @ is arbitrary, we get that ¢, (0) = ¢, (1) = 0. Hence, p € H2(0,1). Using similar arguments as

above, we can obtain

Y€ H*(0,1)NH(0,1)

6 c H2(0,1). (2.2.30)
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Finally, the application of regularity theory for the linear elliptic equations garantees the existence of
unique U € D(A) such that (2.2.8) is satisfied.
Consequently, we conclude that A is a maximal dissipative operator. Hence by Lumer-Philips theorem

(see [13%]), we have the well-posedness result. This completes the proof. O

2.3 Stability results

We prepare the next Lemmas (Lemma 2.1-Lemma 2.6) which will be useful to introduce the Lyapunov

functional in (2.3.18).

Lemma 2.1. The energy functional E associated with our problem, defined by

20 = 3| [p163 + g2 + pasp 4 602 + €02+ hpy]

1 1 (1 7
+/B{/ 1624 gt azy + 7 [ [ [ Sl sty s
2% Jo 2Jo Jo Jn

(2.3.1)
satisfies
1 1
E(t) < kB [ Odo—ym [ vEdu <o, (2:3.2)
0 0

where o = 1 — [T a(s)|ds > 0.

Proof. Multiplying (2.1.11)1 by vy¢y, (2.1.11)2 by v1)¢, and (2.1.11)3 by (6, then integration by parts

over (0,1), we get

d 1 !
oy [wf %+ pat? 4 SUR 4 6+ 26%14 dotp [ wids
5 d 1 1 T2
+§£/ [w?g"‘pi’ﬁ?] d$+7/ wt/ lua(s)|z (2,1,s,t) dsdx = 0. (2.3.3)
0 1

Now, multiplying (2.1.11)4 by z|u2(s)|, and integrating the result over (0,1) x (0,1) x (71,72), we get

dt2/// s|ua(s)|22(z, p, s,t)dsdpdz
= —’Y/// |M2(S)lzzp(x,p,s,t)dsdpdx
= /// lp2(s)| =22 (z, p, s,t) dsdpdx

= 7/ / l2(s) (,0,s,t) — 2%(x,1,5,t))dsdx

= X / a(s)|ds /0 Yido

1 rm
[ )1 s dsda (2.3.4)
0
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From(2.3.3) and (2.3.4), we get (2.3.1) and (2.3.2) .

Now, using Young’s inequality, (2.3.2) can be written as

/ Lo 2 Lo
B(t) < k8 [ Gdv—a(m- [ luals)ids) [ vide.
0 T 0

Then, by (2.1.4), there exists a positive constant 7y such that

1 1

'(t) < —kﬂ/ foda:—’yno/ Yid.
0 0

Thus, the functional F is a non-increasing. O

Lemma 2.2. The functional

P —p2/ Unpda+ 2L /zp/ oy dydx+“1/ W2 (2.3.5)
satisfies
Fi(t) /wxdx Mg/ szderal/ gotdx—i—c 1+ /wtd:p
+c/0 szda:—i—c/o/ \2(s)|22 (z,1,5,t) dsdz, (2.3.6)
m

where,ugzé—%>0.

Proof. Direct computation, using integration by parts and Young’s inequality, for €1 > 0, yields

Fl(t) = —6/1w§da:—(f—bZ)/ledwm/lw?dx

S [ [C )y [ e

- / " / 2(9)|2(2, 1,5, t)dsda

fa/ %dx(g)/ ¢2d:c+c<1+ )/ Yida
o [ ([otway) @s [ v

1 T2
—/ 1/1/ |2 (s)|z(x,1,s,t)dsdx. (2.3.7)
0 T1

IN

By Cauchy-Schwartz’s inequality, it is clear that

/01 (/Ox%(y)dyfdwﬁ/ol (/Olsotdx)2d:c§/olsofdx.

So, estimate (2.3.7) becomes

Fi(t) < —5/ wwdac—<§—)/ 1/12da?+c<1+ )/ W2da
e /0 pidz— B /0 POy — /O v / l2(s)|=(x, 1,5, 1) dsdz,

where the Cauchy-Schwartz, Young and Poincare’s inequalities have been used, for €; > 0.

By the fact that p& > b?, we get the desired result (2.3.6). O
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Lemma 2.3. Assume that (2.1.4) hold. Then the functional

1 1
?A%%“+A%%“’

satisfies,

b
Fy(t) < 2p2/ dz+c/ wzdaz+c/ V2
+c/ th—I—c// \p2(s)|22(z,1,5,t)dx
+<_M)/ Pezzdr.
P2 P1/Jo

Proof. By differentiating Fy, then using (2.1.11), integration by parts gives
1

1 1
F2/ (t) = _ﬁ @gdx+<6_u>/ Soaswxxdﬂj"‘b/ ¢§d$
p2 Jo P2 p1/Jo P10

1 1 1
_5/ @wwdﬂf—&/ wt@mdx_ﬂ/ Qtﬂpxdx
P2 Jo P2 Jo p2 Jo

1 1 T2
—*/ SOx/ \2(s)|22(z,1,5,t)dsdz.
P2 J0 Tl

(2.3.8)

(2.3.9)

Thanks to Young, Cauchy-Schwartz, and Poincar’s inequalities to estimate terms in RHS of (2.3.9).

For 41,02,683,04 > 0, we have

/ %wdqu/ goxdx+—/ 2 de,

461
and
M1 1
-0 e <6y [t mm
P2 Jo
and
B [t 1
——/ ngoa;dwg&z,/ goidx—i— /02 dzx,
P2 Jo 0
and

T2

1 1
—*/ o lpa(s)|z(x,1,s,t)dsdx
0

T1

// i (s)|22(2, 1, 5, £)ds

The replacement of (2.3.10)-(2.3.13) into (2.3.9), and setting §; = dy = 3 = 04 = 30
P2

(2.3.8).

Lemma 2.4. The functional
1
F3(t) := —m/o proda,
satisfies

/ Ly 3 [t Lo
Fg(t)ﬁ—pl/ %daﬁg/ soxd$+0/ Prpda.
0 0 0
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O]
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Proof. Direct computations give

1 1 1
Fé(t)z—m/o w?deru/O @idl”rb/o Prpda.

Estimat (2.3.14) easily follows by using Young’s and Poincaré inequalities

1 1 1 c [l
Fé (t) < —p1/ go?dx—l—u/ gpidx—i—(ir)/ (pidﬂ:—i——/ @Z)zdﬂj,
0 0 0 405 Jo
setting 05 = % to obtain (2.3.14).

Lemma 2.5. The functional
1
Fu(t)i=—ps | 0o,
0

satisfies

[t 1 1
Fi(t) < —5/0 Hg,dx—i—c/o w?dx—i-c/o 62, dx.

Proof. Direct computations give

1 1 1 1
Flt) = —z/o egdxﬂ/o watd:z—k:/o Qaﬁmdx—kpg/o 62dz.

By using Young and Poincaré’s inequalities, we get (2.3.15).
Lemma 2.6. The functional
1 1 rm
Fot)i= [ [ [ se  lua(o)|2* (.5, t) dsdp,

0 JOo Jnm
satisfies

1 1l pm L

Fi(t) < —771/0 /0 / 8| pa ()| 2> (x,p,s,t)dsdpdx+u1/o Yidx
T1
1 T2
_771/ / |/’LQ(S)|Z2 (LL',l,S,t)deZE,
0 Jm

where m1 1S a given positive constant.

(2.3.15)

(2.3.16)

Proof. By differentiating F5, with respect to ¢ and using the last equation in (Hypl), we have

1 1 pm
B = =2 [ [ ua()lsz, (@050 dsdpds
T1
d 1 1 rm
= 2 [ [ s na() |2 (st dsdpds
dpJo Jo Jn

1 pro
= [ [T )l 15,0 - 2 (0,0,5,0)dsdr
0 Jrm
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Using the fact that z(z,0,s,t) =¥ (z,t —s), and e % < e <1, for all 0 < p < 1, we obtain

Fi(t) = —771/// s|uz(s)|22 (z, p, s,t) dsdpdz
1
7// 6_5\u2(8)|22(x,l,s,t)dsdx+/ \,uz(s)|ds/ Vida.
0 Jm T1 0

We have —e™* < —e™™Vs € [11,72]. Set 1 = e~ and by (2.1.4), we get (2.3.16).

We state and prove the decay result in the next Theorem

Theorem 2.2. Let (2.1.4) hold. Then, there exist positive constants A1 and A2 such that the functional
(2.3.1) satisfies, for any t >0

0
E(t) < )\2€_>\1t, zf JE— ﬂ,
P2 pP1
0
E(t) < CE0)+B0)t, if < #2. (2.3.17)
P2 pP1
Proof. We define a class of an appropriate Lyapunov functional as
L (t) =NFE (t) + N1 Fy (t) + NoFy (t) + F3 (t) + Fy (t) +N5F5(t), (2.3.18)

where N, N1, Ny, and N5 are positive constants to be selected later.

Differentiating (2.3.18) and by (2.3.2), (2.3.6); (2.3.8), (2.3.14),(2.3.15), (2.3.16), we have

SN 1 1
L' < - (sl—ch—C}/ ¢§dfﬂ—[Pl—N1€1]/0 prdz

1 1
— vnoN—ch(l—l— ) NQC—MlNg,—C]/ Vide
0

bN
— 2—}/ goxdx Nlug/ 2 da
L 2p2

—[N5771—CN1—CN2]// |M2(5)|22(x,1,5,t)dsdx
0 Jm

[ 1 1 1 pm
—f/ szx—Ng,m/// s|,ug(s)\22(:L‘,p,s,t)dsdpdx

[Nkﬁ—CNl—CNQ—C/ 9 wdx + No(— — — @xwmazdx‘
PQ
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. P1 .
By setting €1 = ——, we obtain
y g el 2N1 , W

N 1 1 N 1
cw < -[r-ela—d [a-2 e [22 -2 [
0 0 p2 2 1Jo

1
—[’YUON—CNl(l*FNl)—CNz—mNs—c]/O Yida
1 ,m
—[N5771—cN1—cN2]/ / |2 ()22 (2,1, 5,t) dsdx
0 Jm

1 1 l 1
N / V2de — [NkB — Ny — eNa—d] / 03— / 62dz
0 0 0

1 rl pro
Nomn [ [ [ sluals)122 (@, po,t) dsdpda
0 JOo Jm

5 1
+N2(7_ﬂ)/ @xwmzdx-
P2 pP1 Jo

Next, we carefully choose the constants. Starting by Ns to be large enough such that

bN2 3/1,
m=57 570
and N so that
ON-
g = Tl—cNg—c>0,

and Ny large enough such that
az = Nsnp —cNy —cNg > 0.

We arrive at
1 1 p ! 1
L't < —ag/ wgdw—ao/ ¢2dx_,/ @?dm—al/ 2de
0 0 2Jo 0
1 1 e
—['yngN—c]/ ¢§dm—[kﬁN—c]/ wadx—i/ 02dx (2.3.19)
0 0 0

1 T2 1
*053/ / \p2(s)|22 (z,1,5,t) dsdx+a5/ Orzzdr
0 T1 0

1 1 prm2
—a4/ / / s|ua(s)|2% (x, p, 5,t) dsdpdz, (2.3.20)
0 JOo Jm
b2 )
where ag = 3 N1 = | £ = — | N1,a4 = Nsmi, o5 = Nokg = No| — — — .
© P2 Pl

Now, let us define the related functional
£(t) =N F; (t) + No Iy (t) + F3 (t) + Fy (t) + N5F5(t),

then

N 1
da+ 2 1/ e
0

1 bplNl 1 T
£ < JNl/O el da+ 2 /0‘1/1/0 o1 () dy :

1 1 )
—I—Nz/o |¢m<ﬁt+¢x¢t|dx+pl/o |<Pt80|d$—|-p3/0 10,0| da
1 1 pm
0o Jo Jn
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Thanks to Young, Cauchy-Schwartz, and Poincaré’s inequalities, to get

1
L@l < c/o (07 +07 + 2+ 2+ +07 +62) do
1 1 pro
v [ [ slua(s) 22 (wpustydsdp < B (1),
0 JOo Jrm

Then
L) =[L@1)—NE(t)| < cE(?).

Thus
(N—=o)E({t) <L) < (N+c)E(t). (2.3.21)

One can now, choose N large enough such that
N—-—c>0,kBN —c>0,Nyng—c >0,

we get

eE(t) < L) < csE (1), >0, (2.3.22)

and using (2.3.1), (2.3.19), (2.3.21) and the fact that

1 1
/ 02dx < / 62, dz,
0 0

1
L£'(t) < —klE(t)+a5/ Ozzzdr, ¥t > 0. (2.3.23)
0

which gives

for some kq,ca,c3 > 0.

Case 1: If, ko = % — p—“l =0, in this case, (2.3.23) takes the from

L' (t) < =k E(t),Vt>0. (2.3.24)

A combination with (2.3.22) and (2.3.24) gives

L) <—=ML(»),Vt>0, A\ = ? (2.3.25)
2

Finally, by integrating (2.3.25), and recalling (2.3.22), we obtain the first result of (2.3.17).
Case 2: If, kg = % - p—“l #0, and

k1p?~8 ;
ko < 2N2(p1+b)’ if ko>0

Ky p? .
‘k()‘ < 2]1\;;;1, lf ko < 0.

Let
E(t) = E(QD,¢,9,Z) = El(t),
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denotes by
EQ(t) = E(@ta¢t79t72t)7

Then, we have

1 1
By(t) < k8 [ Ohudo—mo [ vhde. (2.3.26)
0 0
The last term in (2.3.23), by using (2.1.11)1, and Young’s inequality, and by setting K = =522, we
have
1
O45/ S%%xdﬁ = a5p1/ wa}‘;ottdx"’_i/ wzdx
0
1
= —K(d— / ﬂ}%tdfﬂ—/ Yrprdx )—K/ OVl de
t 0 0
b
045/ w da
bOé5
< / Yprdr — / thDxdx / %dw
/ wttdeKl/ padz. (2.3.27)
Let
1 1
= / Ypgrdr — / Yrpgda, (2.3.28)
0 0
then (2.3.23)
/ ! / ba5 2
LO+EN(E) < —kEl(t / W2dx
K
| |/ 1/1ttd33+|K’/ prda
where
bOé5
ko=k ——(|K
2=k~ (K4 752).
Let
G(t) = L(t)+ KN (t) + Ns(Ev(t) + Ex(t)). (2.3.30)

If N3 > max{Co|K|—c1,|K]|, %} Indeed,

1 1
NI = | [ ondsl+] [ dipsdal
< 2/ 2 dr+ = /wtdx—i— /dex—F /g02d:v
< Ex(t) +CoEn (1),
where C) —max{% o “/%2} By (2.3.22), we obtain
G(t) < cabu(t)— |K[(Eax(t) + CoEr(t) + Ns(E(t) + Ea(t))
< (N3+c1—Co|K|)Er(t) + (N3 — |K|)Ea(t).

o1
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It is not hard to prove

mi(E1(t) + Ea(t)) < G(t) < ma(Er(t) + Ea(1)),
where my,mg > 0. By using (2.3.29) and (2.3.28), we obtain

G'(t) = L'(t)+EN'(t)+Ns(E1(t) + Es(t))

K 1
—ka By (t) + (— CNs + u’) /0 W2dz.

IN

Choosing N3 such that

K
CN3—U>O,

we have

G'(t) < —ka By (1),

Integrating (2.3.33), we get

[ By < - (60) - ) <
0 2

using the fact that
(tEL(t)) =tE1(t)+ Ey(t) < Ex (1),

we get that

tEL () < %(El (0) + E»(0)),
2

which is desired the second result of (2.3.17). This completes the proof.
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(2.3.32)

(2.3.33)
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Chapter

Exponential stabilisation of a Swelling
porous-elastic with microtemperature effect and

distributed delay

3.1 Introduction

In this chapter, the swelling porous thermoelastic system with the presence of a temperatures, mi-
crotemperature effect and distributed delay terms is considered. We will established the well-posedness
of the system and we prove the exponential stability result.

First, expansive (swelling) soils have also been classified under porous media theory which studies this
type of problem. This is why this field is considered fertile for study, as there are many studies to
reduce the damage caused by swelling soil, especially in civil engineering and architecture.

Where the basic field equations of the linear theory of swelling porous elastic soils were presented by

puttty = Pz +G1+Hy,

pePtt = DPog+Go+ Ha, (3.1.1)

where u, ¢ are the displacement of the fluid and the elastic solid material, p,,ps > 0 are the densities
of each constituent. And (P;,G1, Hy) are the partial tension, internal body forces, and eternal forces
acting on the displacement, respectively. Similarly (Ps,G2, H2) but acting on the elastic solid. In

addition, the constitutive equations of partial tensions are given by

Py} ar,a9 Uy (31.2)
P2 a27a3 ¢.Z‘
A
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where a1,a3 > 0 and ap # 0 is a real number. A is matrix positive definite with ajas > a3.
The basic evolution equations for one-dimensional theories of swelling porous materials with temperature

and microtemperature are given by

Pulitt = sz
Pt = Hyp+G,
plont = qu,

pE, = Pr+q¢—Q. (3.1.3)

Here T, H,G,q,n, P*,Q, E, T represents the stress, the equilibrated stress, the equilibrated body force,
the heat flux vector, the entropy, the first heat flux moment, the mean heat flux, the first moment of
energy and the reference temperature at the equilibrium (we assume 7y = 1 for simplicity).

The constitutive equations are

T=P+G +H P'=—kw,,
H=P+P; PN =Yg + ot +ma,
G =G2+ H> Q= —ksw— k10,

qg=kKl+kw  pE=—cw—dp,. (3.1.4)

where w is the microtemperature vector and ki, ko, k3, o, &, co, 1,7y, m,d > 0.
As coupling is considered, ao # 0 and satisfies
2

a=a3—%>0. (3.1.5)

The goal of this work is the thermal effects, so we suppose that the heat capacity cg > 0, and for more
excitement in posing the problem, we suppose that the thermal conductivity is non-existent x = 0.
And by introduting the distributed delay term, form a new problem different from previous studies.
Under appropriate suppositions the well posedness of the system is established and we prove the
exponential stability result by the energy method.

We consider in this work:
Gl:Gg:O, sz—dw
Hl = _707

H2:me—m@—/m|M2(a)|¢t(x,t—a)da (3.1.6)

T1
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Now, by substituting (3.1.4)-(3.1.6) into (3.1.3), we arrive at the following problem:

Pulitt — 01 Ugy — A2Pzz — ’70:1: =0,

cobly = — YUtz — md)t — k1wy,

0wy = koWgy — kaw — k10, — Az,

where
((E,O’,t) EH= (071) X (TI;TQ) X (0700)7

under the initial and boundary conditions
u(z,0) = uo (z),u (,0) = ui (2),0(x,0) = 0o ()

), u
¢( ): ( ) ( ):¢1(x)’w($’0):w0(x)7$€(0’1)7
Ge(x,—t) = fo(z,t), (x,t) €(0,1)x(0,72),

w(0,8) =u(1,t) = ¢(0,) = ¢(1,) =0,
0(0,t) =0(1,t) =w, (0,t) =wy (1,t) =0,t > 0.
First, as in [133], we introduce the new variable
y<x7p707t) = (bt(xat_o.p)?
then we get

oVi(x,p,0,t)+ Vy(x,p,0,t) =0,
V(x,0,0,t) = ¢4(x,t).

Consequently, our problem is written in the form

Pulltt — Q1 Ugy — A2Prg — '79;1: =0,

coly = — YUy — Mo — 1wy,

awy = koWgy — k3w — k10, — doy,,

Uyt(l'?p’U?t) +yp(xap7aat) = Oa

where
(x,p,0,t) € (0,1) X H,
with the initial data
u(:):,()) =Uo (.CI?) y Ut (.CIZ‘,O) =u1 (.CE) ,0($,0) = 90(37)7
¢ (x,0) = ¢o (z), ¢ (2,0) = ¢1 () ,w(z,0) = wo(z)x
y(w,p,U,O) = f()(x,pO'), (377/)70') € (071) X (071) X (077-2)7

95

T2
p¢¢tt - a3¢xz — A2Ugy — dwz +mb+ Mld’t +/ ‘,u2(0-) |¢t (SC, t— U) do
T1

T2
Pobit — 3B — Aatiag —dwx+me+u1¢t+/ a() [ (2,1,0,8) do = 0,
T1

€ (0,1),

(3.1.7)

(3.1.8)

(3.1.9)
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and the boundary conditions

U(O,t) = (1>t) = ¢(07t) = (b(lvt) =0,

" (3.1.10)
0(0,6) = 0(1,¢) = wy (0,8) = wy (1,6) = 0, £ >0.

Here, the integral represent the distributed delay terms with 71,7 > 0 are a time delay, s is an L™
function satisfying:

(H1) po: [11,72] — R is a bounded function satisfying

T2
/ \2(0)|do < . (3.1.11)

1

Meanwhile, from (3.1.8)4 and (3.1.10), it follows that

d (1 ks (1
—/ w(:v,t)dx—i——/ w(z,t)dz=0. (3.1.12)
dt Jo a Jo

So, by solving (3.1.12) and using the initial data of u, we get

/Olw(x,t)d:n = </01w0 (x)dx)e_(txk?’.

O (2,t) = w (2,1) — (/Olwo (m)dx)e_rtxk3, (3.1.13)

Consequently, if we let

we get

1
/ w(x,t)dx =0,Vt > 0.
0

Therefore, the use of Poincare’s inequality for w is justified. In addition, simple substitution shows
that (u,,0,w,)) satisfies system (3.1.8 ). Henceforth, we work with w instead of w but write w for
simplicity of notation.

In this work, we consider (u,¢,0,w,)) to be a solution of system (3.1.8)-(3.1.10) with the regularity
needed to justify the calculations. In Section 2, the well-posedness is established, and in section 3 the

exponential stability is proved. In all of the following we mention that ¢ > 0.

Remark 3.1. The coupling that we have proposed in this work with the presence of microtemperatures
and distributed delay in problems of swelling in porous elasticity, we believe constitutes a new contribution

and differs from the previous studies.

3.2 Well-posedness

In this section, we established the well-posedness of the system ( 3.1.8)-(3.1.10).

First, introducing the vector function

U == (uaut7¢7¢t707w7y)T7
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and the variables v = u, ¢ = ¢4, then the system (3.1.8) writes as follows:

U, =AU
(3.2.1)
U(O) - UO - (UO,U1,¢O,¢1,00,w0,fQ)T,
where A : D(A) C H :— H is the linear operator given by
v
_p%[alux;t +a2¢zax _’Yez]
¥
T2
AU = i[azs%x +a2uxx_dwx+m0_,u190_/ ‘MQ(O-)D}(J"?LU’t)dU] ) (322)
T1
1
_E[VUx'i‘m(P"i‘klwx]
é[k‘?wmx —kaw — k10, — d@z]
*%y/ﬂ
and H is the energy space given by
H = H0,1)x L*(0,1) x H}(0,1) x L*(0,1) x L*(0,1) x L2(0,1)
xL*((0,1) x (0,1) x (11,72)),
where
1
L) = {vel’0.1) / [ wa)dz=0)
0
H(0,1) = H'(0,1)NnL(0,1)
HZ(0,1) = {YeH*(0,1) / ¢u(1)=1s(0) =0}
For any
U = (4v,0,00,wY) €,
U = (4,0,0,6,0,d,9)" €,
we equip H with the inner product defined by
. 1 1 1
<UU>y = pu/ v@d:c—i—al/ uzﬁzdx+p¢/ ppdx
0 0 0
1 1 1
+a3/ qﬁmqudx—i—co/ 99d:1:+a/ wwdx
0 0 0
1 ~
tay [ oy +Tub0)d
0
1 1 pmo .
+ / / / o|12(0)| Y Pdodpds. (3.2.3)
0 JO Jm

The domain of A is given by
UecH/u,¢p€ H*0,1)NHE(0,1),v,0,0 € HE(0,1),
D(A) =1 we H2(0,1)NnH(0,1),
V.Y, € L?((0,1) x (0,1) x (11,72)), Y (2,0,0,t) = ¢

o7
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Clearly, D(A) is dense in H.

Theorem 3.1. Let Uy € H and assume that (3.1.11) holds. Then, there exists a unique solution
U e C(Ry,H) of problem (3.2.1).
Moreover, if Uy € D(A), then

UecCRy,DA))NCHR,,H).

Proof. First, we prove that the operator A is dissipative. For any Uy € D(A) and by using (3.2.3), we

have
1 1 pro
<AUU >y = —,ul/ g02dx—// lp2(o)|pd(x,1,0,t)dodz
0 0 Jr
1 1 rm2 '
[ [ [ o),y dodpds
0 JOo Jnm
1 1
—kg/ widm—kg/ w?dz. (3.2.4)
0 0

For the third term of the RHS of (3.2.4), we have
1 1 ) 1 1 T 1 d 9
[ e vdodpds = ~5 [* 7 [ lus(o)] 73 dpdoda
0o Jo Jn 2Jo Jn Jo dp
1 1 T2
= 5 | [ @y 10.0dods
2 Jo T1

1 [t om
N / / |2(0)|V?(2,0,0,t)doda.
0 Jm

(3.2.5)
By using Young’s inequality, we get
1 rm 1 To 1 9
[ [T ey Lotydods < 5([ " atolde) [ e
T1 T1
1 1 ) 9
+§/ / a(0) V2 (2, 1,0, 1) dodr.
0 Jrm
(3.2.6)
Substituting (3.2.5),(3.2.6) into (3.2.4), using Y(x,0,0,t) = ¢(z,t) and (3.1.11), we find
1 1 1
<AUU >y < —?70/ gdex—kg/ wid:c—kg/ wdz.
0 0 0
< 0, (3.2.7)

where 19 = (u1 — [ |p2(0)|do) > 0. Hence, A is dissipative operator.
Next, we prove A is maximal operator. It is sufficient to show that (AI —.A) is surjective operator.
Indeed, for any F = (f1, fo, f3, f1, f5, f6, f7)T € H, we prove that there exists a unique U = (u,v, ¢, ,0,w, 2) €
D(A) such that

(M —-A)U =F. (3.2.8)
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That is

Au—v=f € H}(0,1)

PuAV — A1 Usg — 0200z + 0z = pufz € L*(0,1)

Ap—p = fz € Hy(0,1)

PN = U3Pzz — AUz + dwy —mO + p1 o+ [ |p2(0)|V(2,1,0,t)do = py fs € L? (3.2.9)
coANd +yv, +mo + k1w, = cofs € L2(0,1)

QAW — koWyy + k3w + k10, + dp, = afg € H(0,1)

oXVi(z,p,0,t) +V,(x,p,0,t) =0 f7 € L2((0,1) x (0,1) x (11,72)).

We note that the equation (3.2.9)7 with Y(x,0,0,t) = ¢(z,t) has a unique solution defined by

p
V(z,p,0,t)= ef)‘pggo—l—ae"p)‘/ M fr(x, 0,0,t)do, (3.2.10)
0
then
1
VY(z,1,0,t) = ef)“’go—i—ae’\”/ e)“’gf7(:v, 0,0,t)dp, (3.2.11)
0
and we have
v=Au—f1, p=Ap— f3. (3.2.12)

Inserting (3.2.11) and (3.2.12) in (3.2.9)2,(3.2.9)4,
(3.2.9)5 and (3.2.9)g, we get

pu)\Qu — A Ugy — a2¢xl‘ + 7913 = h’l

U3 — a3Pzz — AUy + dwy —mO = ha

(3.2.13)
col +yug +mo+ %lwx = hs
aA;\_kS w — %wmc + kylex +dpz = hy,
where
hi = pu(Af1+ f2)
ha = pgfa+ (peA+ 1+ [12 |pa(o)|e 7 do) f3
— 72 olpa(0)e™ [y €7 fr(x, 0,0, t)dodo. (3214

hs = 1(Vfie +mfs+cofs)
h4 = %(afﬁ-i-d)\f?))
p3 = ppA* + A+ A [ 2 (o) e do.

We multiply (3.2.13) by ﬁ,@, 0, d, respectively, and integrate their sum over (0,1) to find the following
variational formulation:

B((u,¢,0,w), (1, 6,0,®)) = T(a, ¢,0, ), (3.2.15)

where

B:(H(0,1) x H}(0,1) x L*(0,1) x H}(0,1))? = R,
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is the bilinear form given by

- 1 1
B((u,6,0,w),(@,0,0,7) = puA? / wiidz + ay / Uyl da
0 0
1 1
—I-a2/ %axdaz—i-w/ 0. udx
0 0
1 1
s [ 0ddo+as [ 6ududs
0 0
1
+a2/ Uy Prdx
0
1 1
—|—d/ wxqbdﬂs—m/ Oodx
0 0
1 1
—i—co/ 99dm—|—7/ u0dx
0 0
1 kb~
—I-m/ gb@d:v—l-f/ wg0dr
0 A Jo

1 1
+a)\+k:3 / wwdx + kg/ Wy Wy dr
A 0 A Jo

k;l 1 1
| / 0,dz -+ d / bpibdz,
A Jo 0

(3.2.16)
and
[ (HZ(0,1) x H}(0,1) x L?(0,1) x H}(0,1)) = R,
is the linear functional defined by
~ o~ 1 1 1 1
T(6,0,0,5) — / htids+ / hodda + / habdz + / haiddz. (3.2.17)
0 0 0 0
Now, for V = H}(0,1) x HE(0,1) x L?(0,1) x H}(0,1), equipped with the norm
1(u, 0,0, w15 = [lull3 + lusll3 + 16113 + ll¢o 13+ 10113 + llwa 13 + [lwl3,
then, we have
1 1
Bl(w6.0.0), (w,0.w)) = pu¥ [ wdutar [ uddo
0 0
1 1
s / $2d + a / $2do
0 0
1 1
—|—2a2/ uzqﬁmdx—l—co/ 0%dx
0 0
Atkg [t ko [t
L AT 3/ dea:Jr—z/ w2dz. (3.2.18)
A 0 A Jo
On the other hand, we can write
1
a1u§+2a2ux¢x+03¢?g = {al(ux+a2¢m)2+a3(¢z+a2uw)2
2 as ai
2 a3 2 a3
Fug(ar — =)+ ¢y (as — )}. (3.2.19)
as ap
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Since (0.0.23), we deduce

1 a
a1u2+2a2ux¢x+a3¢i > B ui(al—a—z)—l—aﬁi(ag——), (3.2.20)

then, for some My >0
B((ua ¢707w)7 (’LL, ¢,¢9,’UJ)) > MOH (uv qb,@,w) ||%/ (3221)

Thus B is coercive. Hence, we use the Lax-Milgram theorem to conclude that (3.2.15) has a unique

solution:

u,¢ € Hy(0,1)
w e HL0,1)

6 L*0,1). (3.2.22)
Substituting u, ¢,0, and w into (3.2.9); 3, we have
v, € H3(0,1).
Similarly, the compensation of v in (3.2.10) with (3.2.9)7, gives
V.Y, € L*((0,1) x (0,1) x (11, 72)).
Moreover, if we take =6 =@ = 0 in (3.2.16), we get
1 1 1
as [ Gubodups [ 66dr-tan [ usdudo
0 0 0
1 1 T ~
+d/ wmqbdx—m/ 9¢dw:/ hopdz, Vo € H}(0,1),
0 0 0
which implies
1 1 ~ ~
ag/ GpPrdr = / (hg — U3+ AUy — dwy +m9) pdx, Vo € HE(0,1),
0 0
that is
ag(bgm = /13(;5 — AoUpy +dw, —mb —hy € L2(O, 1).

Consequently
¢ € H*(0,1)NH(0,1).

Similarly, we get

w e H*0,1)NH(0,1)

0 c H}(0,1), (3.2.23)
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and, if we let 1=60=¢ =0 in (3.2.16), we get

al+ ks
A

1 1 1
+d/ ¢xwdg;—m/ 9¢)dx:/ hywdz, Yo € HL(0,1),
0 0 0

1 ko [l ko [1
/ wwdz + —2/ Wy Wepdr + —1/ 0, wdx
0 A Jo AJo

which implies

ky (1 1 Abks  k
i/ wx@/}md:v:/ (—h4+a i 3w—|—16?m+d<bm>wdx,
A Jo 0 A A

vy e C1(0,1) C H;(0,1),

thus, using integration by parts, we get

therefore
wy (1) = w,(0) =0.

Consequently
w e H2(0,1)NHL(0,1).

Finally, the application of regularity theory for the linear elliptic equations guarantees the existence of
unique U € D(A) such that (3.2.8) is satisfied.
Consequently, we conclude that A is a maximal dissipative operator. Hence by Lumer-Philips theorem

(see [138]), we have the well-posedness result. This completes the proof. O

3.3 Exponential decay

In this section, we prove our stability result of the system (3.1.8)-(3.1.10).

For this we have the following lemmas.

Lemma 3.1. The energy functional E, defined by

1 1
E(t) = 5/ {puuf—kalui+p¢¢f+a3¢i+2a2ux¢x+cot92+aw2 dx
0

1 1 1 )
5 [ [ [ ol @ piot) dodpds,
2Jo Jo Jn
(3.3.1)

satisfies
1 1 1
E'(t) < —kg/ wid:z:—k:g/ w2d$—770/ prdx <0, (3.3.2)
0 0 0

where o = — 72 |a2(0)|do > 0.
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Proof. Multiplying the equations (3.1.8)1234 by u, ¢, and w, integrating by parts over (0,1), and

using (3.1.10), we get
1d
2 dt
1 9 1 T2
+u1/0 qbtda:+/[) gi)t/ |2 (0)| Y (z,1,0,t) dodx
1

1
/ [puu? + alui + p¢¢>? + agqﬁi + 249Uy + cob* + ozwﬂ dz
0

1 1
+ks3 / w?dx + ky / wrdx = 0. (3.3.3)
0 0

Now, multiplying the equation ((3.1.8))s by Y|u2(o)|, and integrating the result over (0,1) x (0,1) x

(T1,72)

dl 1 1 T2 9
Gl [ [ ol dodpda
T1

1 1 7o
— _/0/0-/ lp2(0)| VY, (x,p,0,t) dodpdx
T1
1 /1 1 pm d )
- 2 g 73} 1.7 707t dO'd dx
L o)y ety dod

1 1 ym
= 5/0/ |2 (0)|(V? (%,0,0,t) — V*(x,1,0,t))dodx

1 T2 1 5 1 1 T2 9
= 5 [ maoldo [ gtdr— [ [ (@) @ 1,0, dods.
T1 0 0 Jmn
(3.3.4)
Now, by substituting (3.3.4) into (3.3.3), and using Young’s inequality, we have
1 1 ™ 1
E'(t) < —kg/ w2daz—k‘2/ w?dx — (Ml —/ |,u2(a)|da>/ prdz,
0 0 1 0
then, by (3.1.11), Ing > 0 so that
1 1 1
E'(t) < —k‘g/ wzdx—krg/ wgdx—no/ pidz, (3.3.5)
0 0 0
then we obtain (3.3.2) (£ is a non-increasing function ). O
Remark 3.2. Using (3.1.5), we conclude that E(t) satisfies
1 r1
E(t) > 5/ [puuf+a4ui+p¢¢f+a5¢>§+0092+aw2] dx
0
1 1 1 T2 9
5 [ [ [ olua@)y? @it dodpda,
2Jo Jo Jn
where
1 2
ay = (al—az> >0
2 as
1 2
as = (ag—%) > 0.
2 al
(3.3.6)

Then, the function E(t) is non-negative.
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Lemma 3.2. The functional
1 as 1 g (1o,
D (t) := p¢/ qﬁtqﬁdfc——pu/ gbutdx+—/ o du, (3.3.7)
0 aiJo 2 Jo
satisfies, for any e1 >0
a 1 1 1 1 1
Di(t) < —f/ d)idx—i—al/ uide +c(1+ - )/ gf)?dm—kc/ wdx
2 Jo 0 €1 Jo 0
1 1 T2
+c/ 02d33+c/ / l2(0)|V? (2,1,0,t) dodz. (3.3.8)
0 0 Jnm
Proof. Direct computation using integration by parts and Young’s inequality, yields
1 1 a2 ! as 1
Di(t) = o [ Gdatpy [ otdo+ 2 [ 2dnt Zp, [ orude
0 0 0
1 1
_d/ wz¢d:v—|—m/ Hgbdm—l—@’y/ O, pdx
0 0
1 T2
= o[ @t 0.0dod
< 3—)/ o d$+ﬂ¢/ Prdx + Pu/ brurdx
1
—d/ wmqﬁda:—km/ 9¢dm+i/ O, pda
0 0 a1 Jo
1 T2
- [ ¢ ey 1,0, dods,
T1

IN

(3.3.9)
we use Cauchy-Schwartz, Young’s and poincare’s inequalities, for d1,e1 > 0, we obtain
a2
Di(t) < (ag——u1051>/ qudx—i—el/ utdx—i-cl—i- / prdx
+d / wpdz +m / fpda — @ / 0¢,d
0 0
1 t prm2 9
e / / a(0) |2 (2, 1,0, ) dode. (3.3.10)
461 0 Jm
Bearing in mind that (3.1.5), and letting d; = 21, we obtain the estimate (3.3.8). O
c
Lemma 3.3. The functional
1 1
—ag(/ qbtudac—/ ¢utdw),
0 0
satisfies,
2 1 1 1 1
Dy(t) < ——2/ uidaz%—c/ gbidm%—c/ gbfdx—l—c/ w?dx
2pg Jo 0 0 0
1 1 rro
+c/ 62dx+c/ / 2(0)| %, 1, 0, ) dordr. (3.3.11)
0 0 Jm
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Proof. By differentiating Dy, then using (3.1.8), integration by parts, and (3.1.10) we obtain

2 1 2 1 1
Di(t) = —@/ uidm—i—&/ ¢§d$_(a2a3_a1a2>/ Dpugdr
Py JO Pu P
aﬂ“/ u¢tdx+—/ wumdx—i-i/ Oudzx
0
“”/ O dz —7/ / 12(0)|V(2, 1,0, t)dodz. (3.3.12)

Now, we estimate the last six terms in the RHS of ( 3.3.12), using Young’s, Cauchy-Schwartz, and

Poincare’s inequalities. For d2,03,04,95,0¢ > 0, we have
asas aa azas ajaz\> 1 [1
—<23 12>/¢qudx<62/ gday+<”— 12) 7/ $dz,
Pé P pu /) 402 .Jo

1 1
azd wuxdx < 53/ 2dx+—/ wdz,
Pe 0 443

azpt1

1
— /u@dm < 054/ udaz—f—f/ pidz,
Py JO

and

agm/ Qudx < 550/ ud:l?—i—f/ 0%dx,
465

as 1 T 1 9
——/ u/ |2 (0)|V(xz,1,0,t)dodr < 056/ uzdr
Py JO T1

1
456// \p2(0)|V*(2,1,0,t)dodz.

By letting dy = 63 = 04 =05 =06 = and substituting into (3.3.12), we get (3.3.11). O

a2
10p¢ lOcp ’

Lemma 3.4. The functional
1
Ds(t)i=—p. [ uruds,
0
satisfies
1 1 as (1 A2l
Di(t) < —pu/ u?dm—l—?)al/ uidm+—/ qbidx—l——/ 0%dx. (3.3.13)
0 0 4 Jo da1 Jo
Proof. Direct computations give
1 1 1 1
Di(t) = —pu/ ufdx—i—al/ uidx%—ag/ UgPrdr —y | u bBdx.
0 0 0 0
Estimat (3.3.13) easily follows by using Young’s inequality and (3.1.5). O

Lemma 3.5. The functional

Dy(t):= —coa/olé?(/omw(y)dy> dx
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satisfies
ki [l 1 1 /1
Di(t) < —m/ 92dm—|—52/ u?dm+c(1+f)/ w?dx
2 Jo 0 g2 Jo
1 1
+c/ ¢t2dx+c/ w2dz. (3.3.14)
0 0
Proof. Direct computations give

1 1 1
Dj(t) = —cok:l/o 92d1‘—|—04k:1/0 dex—l—ow/O wwdx

1 1 T
—i—cod/ H(btda;—am/ (bt(/ w(y)dy) dx
0 0 0
1 1 x
—i—cok‘z/ wﬁdaz—cokg/ 9(/ w(y)dy)dw.
0 0 0

Estimat (3.3.14) easily follows by using Young’s and Cauchy-Schwartz inequalities. O
Now, let us introduce the following functional used by
Lemma 3.6. The functional
1 1 T2
— [ [ [ oe )3 @.p.0t) dodpi,
0 JO Jm
satisfies,
) 1 1 pm ) L
Di(t) < —m [ [ [ olua(o)? @.povt)dodpda+ [ oo
T1
1 rro
i / / 2(0)| V2 (21,0, 8) dod, (3.3.15)
0 Jrm
where 171 > 0.

Proof. By differentiating D5, with respect to ¢ and using the last equation in (3.1.8), we have

DL(t) = -2 / / / =] 13(0)| VY (2, py 1) dodpda
= _/0 /0 /7'1 o€ | pa(0)|V? (z, p, 0, t) dodpdz

1 rm2
- / / 2(0)|[e7V2 (2,1,0,8) — Y2 (2,0, 0, 1) dodz.
0 Jm

Using the fact that Y(x,0,0,t) = ¢¢(x,t), and e”7 <e 77 <1, for all 0 < p < 1, we obtain

D5(t) = —771/// olp2(a)|V? (z, p,0,t) dodpdx

_/0 /T1 6_0’,“2(0)‘372(x,l,U,t)dUd{L‘—i—(/Tl ’M2(U)‘da)/01¢?dx,
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Because —e™7 is a increasing function, we have —e™? < —e™ "2, for all o € [11,79].
Finally, setting 1 = e~ ™ and recalling (3.1.11), we find (3.3.15). We are now ready to prove the main

result.

Theorem 3.2. Assume (3.1.11) hold. Then, Yty > 0, there exist 31,52 > 0 such that the energy

functional given by (3.3.1) satisfies
E(t) < Bie ™, vit>o. (3.3.16)
Proof. We define the functional of Lyapunov
L(t):=NE(t)+ N1Di(t)+ NaDy(t)+ D3 (t) + NyDy(t)+ N5 D5 (t), (3.3.17)

where N, Ny, No, Ny, N5 > 0 we will assign them later.
By differentiating (3.3.17) and using (3.3.1), (3.3.8), (3.3.11), (3.3.13),(3.3.14), (3.3.15), we have

"aN 1 1
L < - E—CNQ—@ ¢2dx— pu— N1e1 — Nyeo uldx
o 0o !

2 4
2N 1 1

_ |22 3a1] / uldr — [kQN*CNzL]/ w2dx
2pg 0 0

- 1 1
— 770N—CN1(1+)_NQC_NALC_,UINIS]/ ¢jdz
I 0

- 1 L
- ng—ch—cNg—ch;(l—l—E)}/ w?dz
L 0

[ cok1 Ny
2

2
2 1
—cN1 —cNy — 4@1 /0 6%dx
1

1 rme
i[NE')T]l*CNl*CNQ]/O/ \u2(0)|y2(:c,1,0,t)dad:v
1 r1 pm ' 9
—N5771/0 /0 / o|p2(0)| Y (x,p,0,t)dodpdx.
Ty

By setting
=P gy = P
4N, 4Ny

€1
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we obtain

o < —[GQM—CNQ—U $2de —[p“]/ 2dz

2 V. 1
_ [GQ 2 —3a1] / uldr — [k:gN—cN4]/ w2dx
0 0

1
—[noN—CNl(l—{—Nl)—NQC—N4C—[L1N5]/ gbfd:n

[k‘gN—CNl—CNQ—CN4(1+N4 / w?dz
k1.
—[CO L 4— Nl—CNQ_i / deill

2 4a1
1
—[Nsm —eNy — ch]/O / \p2(0)|V? (2,1,0,t) dodx
T1

1 rl pro
—Nsmi /0 /0 / o l12(0) V2 (@, py 0, ) dodpd.
T1

At this point, choosing our constants.

We choose N large enough so that

2N.
a1:a2 2—3(11>0
2pg
then we pick Nj large enough such that
alN
QQ—TI—CNQ—Z >0
then we select Ny and N5 large enough such that
k1 N. 2
ag = o1 4—ch—cNg—q/—>O
2 4&1

ay = Nsm—cNp—cNe > 0.
Thus, we arrive at
1 1 1
ﬁl < —042/ ¢md$—f u?dm—al/ u?gdx—[noN_c]/ ¢%d$
0 0
1 1
_[kSN_C]/ w2d$_[k¢2N—C]/ wida:—ag/ 0%dx
0 0 0
1 pm
*044// |\ (0)|V? (2,1,0,t)dodx
0 Jr
-
—a5/ / / olp2(0)|V? (z,p,0,t) dodpda. (3.3.18)
0 JO Jm

where as =11 N5.

On the other hand, if we let

£(t) = N1D1 (t) + NoD2 (t) + D3 (t) + NyDy () + N5 D5 (t)
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then

! az ! pr 1 2
L@ < Nlqu/ |¢¢t|d$+N1*Pu/ ’¢ut|dl‘+N17/ ¢ dx
0 ar Jo 2 Jo

1 1
+N2a2/0 !qﬁut—uqﬁt\daﬂ—i-pu/o |uru| do

+N400a/01 |0(/Oxw(y)dy> |dz

1 1 pm
+N5/ / / oe 7| ua(0)|V? (2, p,0,t) dodpda.
0 0 T1

According Young’s, Cauchy-Schwartz, and Poincaré inequalities, we find

1
2@ < c/ (i + 62+ 8%+ 2 +07 +w?) da
0

1 1 o
" C/O /0 / U|M2(U)|y2 (xaPaU,t)dodp.
T1

Hence, by (3.2.19) and (3.2.20), we get

that is

[E@)=[L£@E) - NE(@#)| <cE(t),

(N—c)E(t) < L(t) < (N+c)E(t). (3.3.19)

At this point, we choose N large enough such that

N—-—c>0,Nny—c>0,Nks—c>0,Nky—c>0,

and exploiting (3.3.1), the estimates (3.3.18) and (3.3.19), respectively, gives

and

for some dy,ca,c3 > 0.

eE(t) < L () < csE (1), >0, (3.3.20)

L' (t) < —diE(t),Vt>0, (3.3.21)

Consequently, for some 82 > 0, we find

L' (t) < —B2L(t),Vt > 0. (3.3.22)
Integration of (3.3.22) over (0,t) gives

L(t) < L(0)e 2 vt > 0. (3.3.23)
Consequently, (3.3.16) is established by virtue of (3.3.20) and ( 3.3.23). O

69



Part 11

Some PDEs of Hyperbolic type: Bresse

system and Laminated beam
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Chapter

Stability result for thermo-elastic Bresse system
of second sound with past history and delay

terms

4.1 introduction

In the present chapter, a one-dimensional linear thermo-elastic system of Bresse type with past history
and delay term is considered. We prove the well-posedness of the problem using the semigroup method.
By using the energy method we discuss the stability of the system for two cases. An exponential
stability result of the system (4.1.1) is obtained in the case where the propagation velocities are equal
in the equation of vertical displacement and the equation of the system rotation angle in (4.3.31).
On the other hand, a result of algebraic stability is obtained in the case of the different propagation
velocities in (4.3.32).

Here, we are interested in the question of stability for the system

prpie — k (@ +lw +), — kol (we — 1) + prps (1) + pos (x,t —7) =0

p2thy — bibgg + k (@a +lw +1) +/Ooog(s)1!}m (z,t—5)ds+~0, =0

prwy — ko (wz — @), +El (P +lw+1) =0 (4.1.1)
P30+ Kqz + Ytz =0

aqi+ Bq+ k0, =0,

where

(z,t) € (0,1) x (0,00),
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with initial-boundary conditions

go(x,t) = Sﬁz(l'at) = ¢x(x,t) = ﬂ)(i',t) =0

wy(z,t) =w(x,t) =0(x,t) =q(x,t) =0, ©=0,1. (4.1.2)
and
80(1"’0) = 800(1'),1,01/(1’,0) = ‘Pl(x)a US (071)
1/1(%0)Zwo(x)ﬂ/ft(%o):%(m)a $€(0’1)
w(x,0) = wo(x),we(z,0) =wi(x), =€ (0,1) (4.1.3)

0(x,0) = bo(x),q(x,0) = qo(x)
ei(z,t—7) = fo(z,t —7),

with 7 > 0 is a time delay, 1 > 0 and pus is a real constant. The function 6 is the temperature difference,
q is the heat flux, p1,p2,p3,k,l,ko,b,7v,k,, 3 are positive constants. The relaxation function g satisfies
the folowing

(G1) The function g € C*(R;,R;) satisfying

g(0)>0,b—go=L>0, goz/ g(s)ds>0. (4.1.4)
0
(G2) For some positive constant ¢, we have
g (t) < —Cg(t),vt>0. (4.1.5)

(G3) The following hypotheses
|p2| < pa (4.1.6)

Hold. We prove the well-posedness and establish a stabilities results related with the following

2
n= (52— aﬁ/zo:;) <p]€1_ ?) —% and k = ko. (4.1.7)

Remark 4.1. The case where 1) # 0 is very important from the application point of view, where waves
are not necessarily of equal speeds. The stability result in this case will be shown in (4.3.32) which is
new and very original. Never before have researchers reported this case, especially in thermo-elastic

Bresse system.

4.2 Basic concepts and Well-posedness

By using the semigroup theory, we will prove that systems (4.1.1)-(4.1.3) are well-posedness. Let us

introduce a new variable as in [132]

z(x,p,t) =t (z,t—7p),z € (0,1),p€(0,1),t>0. (4.2.1)
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Then, we have

T2t(x, pit) + zp(x, p,t) =0 in (0,1) x (0,1) x (0,00). (4.2.2)

Set an auxiliary variable as in [51]

nt(az,s):w(:z:,t)—w(a:,t—s),szo.

Then,
7]715f (l’,S) +"7§ (ZL',S) =1y (:L‘at) .

Therefore, problem (4.1.1) takes the form

p1pw —k (oo +Hlw+1), — ko (wy — 1) + pipe (z,t) + poz (z,1,t) =0

Tz¢(x, p,t) + 2p(x,p,t) =0

P2¢tt—L¢m+k(s0x+lw+w)—/Ooog(s)nfm (x,8)ds+70, =0

prwge — ko (wy — 1), + 1k (¢z +lw+1p) =0 (4.2.3)
p3bs + Ko +1thte =0

aqi+ g+ kKl =0

i (x,8) + 11 (2,8) = Y (2,1).

With the boundary and initial conditions

p(@,t) = pu(@,t) = Yo(x,t) = P(z,t) = we(2,1) = w(z,t) =0

O(x,t) = q(x,t) =0, x=0,1, t>0,7°(0,8) =n'(1,5) =0,Vs >0

¢(2,0) = @o(x), pt(2,0) = ¢1(x),¥(z,0) = Yo(z), z €(0,1)

Yi(2,0) = 1 (2),w(2,0) = wo(z), wi(2,0) = wi(z),z € (0,1)

0(x,0) = Op(z),q(z,0) = qo(z),z € (0,1) (4.2.4)
¢i(x,—t) = fo(x,t) in (0,1) % (0,7)

z(x,1,t) = fo(x,t—7) in (0,1) x (0,7)
7' (x,0) =0, V>0
0’ (w,8) =no(s) =0 Vs > 0.
Let £ > 0 such that
Tlpa| <€ <7 (2pm —|p2l), (4.2.5)

where, 7 is a real number with 0 < 7 and p1 > 0 and pg is a real constant and (o, ©1, fo, %0, %1, wo,w1,00,90,7M0)

belong to a suitable space. Let us set

U= (so,wt,z,w,wt,w,wtﬁ,qmt)T,

then

T
U= ((PhSﬁttyztaT/’tﬂ/}tt;wtawttaetv%ﬂﬁ)
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Then (4.2.3)-(4.2.4) can be take the form

U’ (t) — AU (t) =

(4.2.6)
U(O) = (<P0»901,f0(-, —7'),7/J0ﬂ/flaw0,w1,907(10,770)a
and the new dependent variables ¢; =u, ¥ =v, ' =¢, wi=w
the operator A is given by
® U
(0 + w4 16), + 58 (w, — lip) — By — £22(., 1)
: L)+
P v
a| V2| w4 79 () ()5 = 00 | (4.2.7)
w w
@ Bo (w, 1), — B (pu + 1w+ )
o1 T " p T
0 _ﬁQI - lvx
q —Lq-=0,
Qb _¢s +v

We consider the following space
H = H(0,1)x L?(0,1) x L? ((0, 1), HX(0, 1)) x HY(0,1) x L2(0,1) x H!(0,1)
xL2(0,1) x L*(0,1) x L*(0,1) x L2 (R*, H}(0,1)),
where
0.1 = {0 € H}(0,1), 6:(0) = 8:(0) =0},

and Lg (RT,H(0,1)) denotes the Hilbert space of H}—valued functions on RT, endowed with the

inner product
(Vly‘/Q)L2 R+ HI(Q / / ‘/le ‘/QI( )deLL‘

We are now going to show that A generates a Cp semigroup on H under (4.2.5). For this end, we define

on H for
o= o — T
U: (@’u7z7¢7v7w’w’97q7¢) 7U: (¢7u7z’w’v’w7w’97q7¢> b
the inner product
_ 1 _ 1
<U,U> = k/ (pz+ 0+ lw) (@E—l—w—l—lw)d:r—i—ko/ (wy — L) (W, — 1) da
H 0 0
1 1 1 I
+p1/ uﬂdaz—i—pg/ v@d:c+p1/ wﬁd:c—kL/ Yt dr
0 0 0 0
1 1 1,1
+p3/ 99dm+a/ q@dm—i—&/ / zZdpdx
0o Jo
+/ / bs () dds, (4.2.8)
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for | small enough since, it is easy to see that 7 is a Hilbert space. We define the domain of A as
UcH/pe H*NH vy, we H*NH} u,v,0 € HL(0,1),

0.q€ HY(0,1),u=z2(.,0),2, € L*((0,1),L2(0,1)),
¢s € L2 (RT,H(0,1)),

D(A) = (4.2.9)

The following two Lemmas will be useful to prove that A is a maximal monotone operator.

Lemma 4.1. The operator A is dissipative and satisfies, for any U € D (A),

_5/ 2d:v+( 1 +|M2’ 2T>/1u2dx
+(‘”2’—2§T)/1 2(z,1)dx

+//

< (4.2.10)

(AU, U), <

$)|¢a (@, 5)|* dsdx

Proof. Using the inner product for any U € D (A)

(AU U)y, =

—E (o +lw+9) + L [5°

< Ly,

— T
ki
_ k4 _ 0
p3de = p; Vx
—04— 56
—@s+v
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Then
1 1
AU = k[ pra(pat v tlo) 4k [ (ot in)de
0 0
1 1
+kl wt(@z—Flw—f—@Z})"‘kO/ Wty (ww—l(p)
0 0
1
+ /0 1 [k (9o + 1w +10), + ol (wy — 19) — gt — iz (1))
1 1
+/0 wt[ko(wx—lw)x—lk(¢x+lw+w)]—kol/o ot (wy —lp)
1
+/0 Py {me— (Lpg;—i-lw—i—z/} +/ <;5m( )ds—’me]
1
+L/ %%—5/ / z(@,p) zp (z, p) dudp

+// (— s+ ), dads
- [ auda - v/ 05 [ ¢~ [ g
_ fg/qu M/ud:c m/ 2 (2, 1) udz
_f// :npzpznpdpdx—l—// 8) ¢ (,5) |2 dsdz
_ _5/ dz — Ml/ wlds — m/ 2 (2,1) uda
/ / (z,p dpda:—i—/ / $) |6a (z, )2 dsdz
_ _5/qu ul/udaz uz/ 2 (2, 1) udz

_% { (z,1) —2%( 330 dm+// |¢>zxs)| dsdx

= —B/ ¢dx— Ml/ w?dx — Mg/ (xlud;v——/

2d:):+/ / s)|¢e (z,5)|* dsdz, (4.2.11)

we obtain by Young’s inequality that
1 1 1
(AU,U)g < —5/ q2dx—,u3/ u2d$—,u4/ 22 (x,1)dx
0 0 0

+/01 /Ooog’(s) b (2, 8)|* dsda.

where
:( _W‘|_5> :(f_w)
M=\ Ty or 2 )
By condition (4.2.5), the desired result yields. O

Lemma 4.2. The operator I — A is surjective.

Proof. For all
F = (f1, fas f3, f1, f5, f6r f15 fs fo, fr0)” € H
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We show that there exists U € D (A) such that
U-AU=F

that is

—u+@=f1eH(0,1)

—k (¢ +1w+), — kol (wy = 1) + pru+ pu+p2z (., 1) = p1 f2 € L2 (0,1)
247 2,=7f3€ L%((0,1),H'(0,1))

—v+1p=fr € H(0,1)

—Ltpzg +k (0 +lw +9) + p2v = [ 9(5) Gua (5) ds +705 = p2f5 € L*(0,1)
—w+w=fg€ H(0,1)

—ko (wg — 1), + Kl (z + 1w +1p) + p1ow = p1 fr € L*(0,1)

Gz +7Vz + p30 = p3 fs € L*(0,1)

(B+a)q+0, =afye L?(0,1)

¢+¢s—v=fio € L*(0,1).

From (4.2.13), we define

0 Za/oxfg(y)dy— (ﬁ+a)/0xQ(y)dy,
then 6(0,t) = 0. Inserting
u=p—fr,o=9— fr,m=w—fg,
and (4.2.13) into (4.2.14), we get
—k (g + 1w +1), — kol (wg —lp) + (p1 + p1 + p2e™ ") = hy € L*(0.1)
—Ltpaw + k(o + 1w+ 1) + p2t) — [57 9 (8) Gua (s)ds =y (B+a) g = hy € L?
—ko (wg — 1), + Kl (z +lw+1) + prw = hg € L?(0.1)

Qx+(ﬁ+a)f(;cQ(y)dy_71/}x =hy € L? (0'1)
z4+7712,=hs; € L*(0.1)
¢+ s —v=nhe € L*(0.1),

where
h1 = p1(f1+ f2) + (11 f1 + p220)

ha = p2 (fa+ f5) — v fo

hs = p1(fe + f7)
ha=—7f1z—p3(fs —a Jy fo(y)dy)
hs =7 fs.

he = fio-

Furthermore, by (4.2.13) we can find as z (z,0) = u (z) for = € (0,1).

As in [133], we obtain, by using equation for z in (4.2.13)
p

2 (z,p) :u(:v)e_Tp-i-Te_Tp/ f3(xz,s)e™Pds.
0

7

(4.2.12)

(4.2.13)

(4.2.14)

(4.2.15)

(4.2.16)
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By (4.2.13), we get
p
z(z,p) = p(x)e P — fleTp—i-Te_Tp/ f3(z,s)e"Pds,
0
then
z(x,1)=p(z)e” "+ 20 (x),
such that
p
20(x) =—fre" "+ 7'8_7—/ fa(x,s)e™ds.
0
Equation (4.2.15)g with ¢ (x,0) =0 has a unique solution given as
o) = ([l +o@de)
T
= ([t +v@-ni@de). (4.2.17)
To solve (4.2.16) let us consider
a((,w,0), (7,9,9,7)) = L(5,9,,7), (4.2.18)

where

2
a: [HE(0,1) x HE(0,1) x H!(0,1) x L*(0,1)] — R,
is the bilinear form defined by
~ 1 ~
a((0bs0,0). (5:5,8.0) = k[ (oatlw+) (fo+10+5) do
0
1 1 -~
+(5+0¢)/ qc}dm—f—b/ Yothpdr
0 0
1 1 _
tp0 [ Wddr—r(8+a) [ qida
1 1
o [ wbdst(B+a) [ vids
1 1
+p1 /0 wwdzr + /0 P (p1+p1+pze” ") d

1
ko / (we — 1) (T — 13) da
0

erg(ﬁJroz)/o1 (/qu(y)dy/oxci(y)dy) dz,

(4.2.19)

and

L: [HE(0,1) x HY (0,1) x H (0,1) x L2(0,1)] — R,
is the linear form given by
~ 1 1 _ 1
L (@,w,w,a) — / hlcﬁdaﬂ—/ h2¢dx+/ haida
0 0 0

+(a+) [ s | i dya. (4.2.20)
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It is not hard to see that a is continuous and coercive and L is continuous. So by using the Lax-Milgram

theorem, we find that
v (.0, @,4) € HE(0,1) x H! (0,1) x H!(0,1) x L*(0,1)
the problem (??) admits a unique nsolution
(p,0,w,q) € H} (0,1) x H}(0,1) x H} (0,1) x L*(0,1).

The existence of unique U € D (A) such that (4.2.6) is satisfied comes from the regularity theory for
the linear elliptic equations. Then, by Lemmas 2.1 and Lemma 2.2, we conclude that A is a maximal

monotone operator. Hence, by Hille-Yosida theorem we can state well-posedness result (see [138]). O

Theorem 4.1. Let Uy€ H, then there exists a unique weak solution U € C'(RT,H) of problem (4.1.1)-

(4.1.3). Moreover, if Uy € D(A), then U € C (RT,D(A))NC* (RT,H).

4.3 Exponential and algebraic Stabilities

Here, we introduce our stabilities results for solution of (4.1.1)-(4.1.3). The energy associated with

solution is given by
1 r1
E(t) = 5/0 [Pl@?+p21/Jt2+p1wt2+sz§+p392+aq2
1,1
+k(¢x+¢+lw)2+ko(wx—lcp)2]dﬂs—i—257_/ / 22 (z, p,t) dpdz
0 Jo
1 1 poo
+*// s
5 )y Jy 90

To achieve our goal, we need the following Lemmas.

¢ 2
g (m,s)’ dsdz. (4.3.1)

Lemma 4.3. Let (¢,9,w,0,q,2,1") be the solution of (4.2.3)-(4.2.4). Then the energy functional,
defined by (4.3.1) satisfies

1 1 1
E'(t) < —B/O qzdx—u:a/o ¢?dw—u4/0 2 (x,1,t)dz
1 1 poo
+§/ / q'(s)
0 JO

where,ugz(ul—%—%i‘)>0, ,u4=(2§7—%>>0.

2
nt (m,s)‘ dsdzx, (4.3.2)

Proof. Multiplying (4.1.1)1, (4.1.1)2, (4.1.1)3, (4.1.1)4, and (4.1.1)5 by @4, 14, wy, 0, and g, respectively.
The integration over (0,1) and using (4.2.5), we get (4.3.2). O

Lemma 4.4. Let (p,¢,w,0,q,2,1m") be the solution of (4.2.3)-(4.2.4). Then the functional

Fi(t):= ap3/010/0zq(y)dydx, (4.3.3)
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satisfies, for any €1 > 0, the estimate

psk [ 1 1 1
F{(t)g—T/ 02d:c—l—51/ ¢§da:+c<1+>/ ¢*dz.
0 0 €1 0

Proof. Taking the derivative of Fy, using (4.2.3)s5, (4.2.3)s, we get

1
Fl(t) = —pgli/ 92da:+a/<a/ 2dm+a7/ qdz — ﬁpg/ 6/ y) dydz.
0

Thanks to Cauchy—Schwartz and Young’s inequalities with €1 > 0 to get (4.3.4).

Lemma 4.5. Let (¢,v,w,0,q,2,n") be the solution of (4.2.3)-(4.2.4). Then the functional

Pzps/ ¢t/ 0 (y) dydz,

1 1 1
Fy(t) < —%2/0 wfderag/O (cpx+w+lw)2dx+ag/0 Vidx
1 1
+c(1—|— + — )/ 92daj+c/ 2dx
g2 €3 0
+c//

Proof. By differentiating Fy, then exploiting the (4.1.1)2, (4.1.1)4 we get

satisfies, for any 1,62 > 0, the estimate

)0k (z s)’ dsdz.

/ ! Yo, Lps [
Fy(t) = —m/ wtdx—v/ tbuda+ps | edz—,y/o O

k x
503 [ ) / 0 (y) dydz
Y Jo 0

p3/ / s)0nt (x,s)dsdz.

We obtain (4.3.7) by applying the Cauchy—Schwarz and Young’s inequalities.

Lemma 4.6. Let (p,v,w,0,q,2,1m") be the solution of (4.2.3)-(4.2.4). Then the functional
F5(t) == p2 /Oliﬁ"tbtd%

satisfies

L 1 1
i) < =5 [ vddotpn [ vido

L3k
2¢cL

-I-c//

Proof. Taking the derivative of F3 and using (4.2.3)s, it follows that

1 1
(c,ow +w+lw)2d:c+c/ 0 dx
0

)|k (z s)‘ dsdz.

Fl(t) — —L/lwgdx+p2/lwt2dx+7/01¢x9da:—k/olw(apx—H/J—I—lw)dx
+/ Uy (x / )7735(93 s)dsdzx.

Thanks to Young and Poincaré’s inequalities, to get (4.3.10).
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Lemma 4.7. Let (p,v,w,0,q,2,1") be the solution of (4.2.3)-(4.2.4). Then the functional

1 1
Fy(t):= —p1/0 Ot (wx—lgo)dw—pl/o w (pz + 1+ lw) dx, (4.3.12)

satisfies the estimate

/ lko 1 lp1 ! 2 ! 2
Fi) < =5 [ (w—tp)da p— L 0 wtda:+c/0 Pldo
1 1 1
+c/ @Z)?d:ﬂ—i—lk/ (gpz—|—¢+lw)2dx+c/ 22 (2,1,t) dx. (4.3.13)
0 0 0

Proof. By differentiating Fy and using (4.2.3)1, (4.2.3)4, we obtain

1 1 1
Fl(t) = —lko/o (wz—lgo)zda?—lpl/o wfda;—l—lpl/o P2d
1 1
+lk/ (sox+¢+lw)2d:c—p1/ Prwydz (4.3.14)
0 0

1 1
+u1/ Ot (wx—lgo)d:n+u2/ z(x,1,t) (wy — L) dex.
0 0

We obtain (4.3.13) by applying Young’s inequality. O

Lemma 4.8. Let (p,¢,w,0,q,2z,1") be the solution of (4.2.3)-(4.2.4) and let (4.1.7) holds. Then the

functional
B0 = [ vileatvrt)des P [
+Lp3 ('01—>/ Oprda —(pkl—pz)/ q(pz + +lw) dz
LZI:OP?/O Dby + lpl/ Yw tdx,i/ @t/ s)dsdr,  (4.3.15)

satisfies, for any €4,€5,6¢ > 0, the estimate

1

k L?1?
Fi(t) < ~3 ) (pz + 1 +1w) da:—|—2£4/ wtda:+<k+4€6>/ Yide

1 1

+255/ (wx—lnp)zdx+c(l+>/ ¢t2dx+c<1+€>/ ¢dx
0 4/ Jo
1+— —|— / O“dr+c(1+— / z%(z,1,t)dx
€5 €6 0
1 1
—i—c(l—i— +5 )/ / )|k (2 s)‘ dsdx—i—c(l—i—)/ ldx
6

—c/ / g (s)|nk (z s)‘ dsdw%—f/ 02 (pz +1 +1w)dz, (4.3.16)

81



Chapitre 5 Thermo-elastic Bresse system

Proof. A simple differentiation of F5 gives

1 1
Ft) = pz/ wtt(¢x+w+lw)dfc+p2/ Vi (P + 9 +1w), dx
/ O Pedr — p1/ <Pt¢xtd$+Lp3 (pl—>/ Oprdx

L

7E <P1f’2>/ ¢ (0o + 1+ lw), dz — lp?/ Yide

vy \k L
Ll2 Ll Ll

P2 / Y+ =Lt / watpde + 2L / wepd
Ll2/72

/ (o (m)/oog(s)ni (x,s)dsdx

/ SOtt/ dsda:——/ dt{/ g s)ni(s)ds}daz.

Using (4.1.1)-(4.1.3), the terms in (4.3.17) take the forme

1 1
p2/ wtt((pm‘i‘w‘f‘lw)d% = —k/ (¢x+¢+l’w)2da:
0 0
1
1
*L/ Vs (P + 0 +1w), dx
0

1 (%)
[ et [ gt (s)dsda,
0 0
1 1 1
o / outbedr = k / Vo (1 + L), dz + kol / (w —19) o dt
0 0 0
1 1
—,ul/o thptd:c—,ug/o z(x,1,t)de,

1 1 1
P3 /O Orpordr = K /0 qPzdr +y /0 Yrogde,

1 1
/ Opudr = —k/ 0 (0z + 1 +lw) d:p—l——/ 0(w, —lp)d
0 p1.Jo

1
—&/ chtdx—@/ 0z(x,1,t)dx
P1J0 P1J0

1 /B 1
~[(atervrtyde = 2 [g(e v ru)da
0 @ Jo

1
—l—ﬁ/ 0 (0z + 9 +lw)dx
a Jo

1 1 1
—pa [ wvde = L[ vtk [ (on+irtu)de

_’Y/ ‘9¢xd$—/ ?/)/ s)nk.(s)dsdz,
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AL [T gomisrdste = [ ettt [T g(ots)dsds

k
[ = t9) [ gt (s)asda

k
/wt/ g(s)n.(s)dsda

+’;2 (m,l,t)/o g(s)t (s)dsd, (4.3.24)
d oo
/;{;1 tdt{/o g(s)nfc(s)ds}dx— —% got{gowﬁ-/ )ds}d:p, (4.3.25)
1 1
0 /0 wiptbde = —kg /O b (w5 — 1) daz — K /0 b (e + 3+ lw) do. (4.3.26)

Substituting (4.3.18)-(4.3.26) into (4.3.17), by (4.1.7), to get
1 L2 1
FL(t) = —k/ (gox—kw—i-lw)de—i-(pg— p2>/ Yida
0

Ll
+(lp2+ ,01)/ wtwtdSC‘F*/ O (92 +1 +lw)dx

) o265 [

L L
_#/O @th w_ﬂ/ wx .’L',l,t

Lk
o Llkops (Pl ﬂ2>/ 0 (wy —1p)d / O, dx
YP1 k
I L
_ H1p3 <’01_p2>/ @tadl’- H2p3 (pl—)/ 92 .ZE,l,t
’701 ]{j L 0 ’7101

iy (—1)/ b (w
Ll?”/ wm/ )1l (s)dsdz+ £L / @t/ s)dsdz

10 [ a 1) [T g1

Ll ! (x,l,t)/oog() ! (s)dsda

k
TRal / prprdr +— 2 / sot/ s)dsdx. (4.3.27)
We obtain (4.3.16) by Cauchy—Schwarz and Young’s inequalites since k = k. O

Lemma 4.9. Let (¢,9,w,0,q,2,n") be the solution of (4.2.3)-(4.2.4). Then, we define the functional
1,1
:/0 /0 e 2P 22 (x, p,t) dpdz. (4.3.28)

Then the following result holds.

C1

1 1 1
/ 22 (z,1,t) dx—i—f/ ©? (x,t) d, (4.3.29)
27 27 Jo

Fg(t) < —Fg(t) —
where ¢ > 0.
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Proof. Differentiating (4.3.28) with respect to t and using the equation (4.2.2), we have

d 11 1 /1 1
— (/ / e 2TP22 (x,p,t) d,od:n) = ——/ / e ¥ Pzz, (x,p,t) dpdx
dt \Jo Jo TJo Jo

1,1
= 7/ / e 2P 22 (x, p,t) dpdx (4.3.30)
0o Jo
1 trto 27
- = (e27p,2
27/0 /0 ap (e z (:L',p,t)) dpdzx.
This implies that there exists a positive constant ¢; such that (4.3.29) holds. O

The main result is given in the next Theorem

Theorem 4.2. Assume that (4.1.4)—(4.1.6) hold, and (4.1.7). Then the energy functional (4.3.1)
satisfies, Vt > 0

E(t) < e Mt Jf 7=0 (4.3.31)

E(t) < C(E(0)+ B0t~ Jif ##0 (4.3.32)

where the positive constant \g is directly depending on initial data and the uniform constant \i is

depending only on the coefficients of the system.

Proof. We define a Lyapunov functional
L(t):=NE((t)+ N1Fy(t)+ NoFs(t)+ N3F5(t)+ Fy (t) + N5 F5 (t) + Fg (1), (4.3.33)

where N, N1, No, N3, N5 > 0.
By differentiating of (4.3.33), and using (4.3.2), (4.3.4), (4.3.7), (4.3.10), (4.3.13), (4.3.16), and (4.3.29),
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we have

By setting

L'(t)

IN

L L2 2
§N3 - 63N2 - 4€6N5 - 7N5

/wd:p

l
P1 —2€4N5:|/ w?dx
i 0

1
_255]\75}/ (wz—lgp)Qda:
2 0

cN2+cN3—|—c<1—|— + — )N5:|// 773555'5)‘ dsdx
L €5 €6

—d\%}/ / ) [0k (z 5)’ dsdz

:L’O

Z N / O + lw + 1) d — F (£).

L&Y 0

_k)N5 _LN3 o — LN3 c lp1 lko N _%N
2T RN, T8N, O T 3aN T T 8N T SN, T Bk
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we obtain

- N, 1
e < - BN—clNl (1+N)—ch—c(1+N5)N5]/ ¢*dz
2 0

— Nugfc 14— N5 —c / prdx
N3 0

Ny 1
- Nu;;—c(l—i—)]\%—c]/ 22 (x,1,t) da
N3 0

Nipsk ( Ny N2>
A LA 122 22
[ 5 cNoy 1+ N + N, cN;

(1+N5+) / 0%dx

_ NQIZ—pQNg—C(1+N5)N5—C:|/ ’lﬁgdl‘
L 0
[k

1
— 8N5—c}/ (pz +lw +p)* da
0

—j 1—1224 }/ Yida —[Zm}/ widz

)
+ CN2+CN3+C<1+N5+>N5}/ /
0 JO

e[ [

" L”N5] [ Outi b )~ Fo ) (4:3.35)

2
s) |0t (=, s)’ dsdx

lk 1
) |0k (z s)‘ dsdx — [40}/0 (wy —l)* da:

We need now to choose carefully the constants. We start by choosing N5 large enough such that

§N5—C>0,

we fixed N5, and choosing [ small enough such that

24
527 > 0.

Moreover, we pick Ny large enough so that

NQ%—IOQN3_C(1+N5)N5_C>O,

we take Nj large enough such that

p3K No NQ) ( N>
Ni— —cNy 1+ —+4+—|—cN3—c|1+ N5+ — | N5 > 0.
175 62(+N5+N3 cN3—c|1+ 5+N3 5 >

On the other hand, if we let

L(t) = N1Fy (t)+ NoFy (t)+ N3 Fs (t) + Fy (t) + N5 F5(t) + Fo(t),
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then

1
20| < psal; /0

H/OIq(y)dy’dmez/ o [ o)y d

1 1
+pa Ny /0 e dz + py /0 (e (we — )| dx

1 1
o0 [ unlipattw )] do+-Nopa | [t (a4 1) do

+7N5/ |@t¢x|d$+ﬂ%_7|N5/ |0 |d

Lt oy
k

L1 ! o t vt —27p 2

+*N5/ \wt/ g(S)Hx(S)dS\de/ / e 772" (z,p,t) dpdz

LZQPQ Llpl

—f N5/ g (¢ + 1 +1w) |dz
0

Ns / lpiprlda + =P N / e de. (4.3.36)

Thanks to Young’s, Cauchy-Schwartz and Poincaré’s inequalities, to get

1
L@l < c/ (42 + 02+ 07 + (0o +lw+0)° + (we — 19)* + 6% +¢*) da

+c// ]nxa:s|ds+c// (x,p,t)dpdx < cE(t).

(L@ =IL(t) - NE ()| <cE(t),

Then

that is
(N—o)E({t) <L) < (N+c)E(t). (4.3.37)

Choosing N large enough such that

N
N—c>0,,6’N—C>O,N,u3—c>O,N,u4—c>0,5—c>0,

we get
E ) <L) <csE(t),VE>0, (4.3.38)
we obtain
L'(t) < —-kE(t +a2/ / )|k (xz,s)|*ds
+a1/0 0 (pz +lw+)de, Vt>0, (4.3.39)

for some k1,c2,c3,a2 >0, and ag = N5%'

Case 1: If 77 =0, in this case, (4.3.39) takes the from

L) < —kiE(t +a2/ / )t (x,8)2ds, V>0, (4.3.40)
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The last term in (4.3.40) is estimated as following, using (4.1.5), we have

1 poo
o [ [Talibtesfas = %2 [T coiiespas

1 pt
9
< 2 [ [ ek
¢ Jo Jo
< —2?2E(t) (4.3.41)
Thus, (4.3.40) becomes
2
L) <~k B (t) - %E’(t),w >0,
which can be rewritten as
2 /
(co+22B@®) <-kB@).v 20
By exploiting (4.3.38), we notice that
20&2
R(t)=L(t)+ TE(t) ~E(t). (4.3.42)
Consequently, for some positive constant \i, we obtain
R (t) < —MR(t),Vt>0. (4.3.43)
where \| = %
Finally, the integration of (4.3.43) and by (4.3.38) give (4.3.31).
Case 2: if, 71#£0, and
N 2kk1va
< — . 4.3.44
7] NemLps ( )
Let
E(t) = E(9071/}7w707Q7Z777t) = El(t),
and
Ey(t) = E(@t,¢tawt70t,Qtaztan€)'
Then
1 1 1
B) < B[ qdi-ps [ ehdo—pu [ @b de
0 0 0
1 b, ; 2
+§/ / g (s) ’nm (x,s)‘ dsd. (4.3.45)
o Jo

88



Chapitre 5 Thermo-elastic Bresse system

The last term in (4.3.39), by using (4.2.3)1, and Young’s inequality, and by setting K = % as follows
! _apr kola
al/ Bu( s +lw+)de = / Opuda+ -2 / (w5 — Up)8dz
0 0
041#1

9 ordz —“2 L[ (e, 1,)0da

0
= = / O dr + — / 02dx+—51 / 62dx

1
8 52/( o —1p)2da 4+ — 53/ 92d:c+—54/ P2de
0

1
+—55/ 0 d:c—l——56/ 22(z,1,t)dx, (4.3.46)
2 0 2 0
then (4.3.39)
L'(t) < —koEy(t +oz2/ / s)|nt (z,s)|*ds
/ ©rdr+ — 56/ 22(z,1,t)dx, (4.3.47)
where
o K (1+51+53+(55) 0o 04 _ K
=iyl p3 Tt TR
and by (4.3.44) we have ky = k1 — %772 > 0.
Let
G(t) = L(t)+ N7(E1(t) + E2(t)). (4.3.48)

With (4.3.38), we obtain
G(t) < cEi(t)+ N7(Ei(t) + Ex(t)).
It is note hard to see that
mi (B () + Ea(t)) < G(t) < ma(Br(t) + Ea(t)), (4.3.49)
where mqy,mg > 0. By using (4.3.47) and (4.3.48), we obtain

G'(t) = L'(t)+N7(Ei(t)+Es(t))
—koF1 (t —i—ozz/ / s)|nk (xz,s)|*ds

1
(M3N7—5) / o2 — (M4N7——66) /O 2(x,1,0)da, (4.3.50)

IN

we choose N7 large enough, such that

psN7 — % >0,

p1aN7 — 566 >0,
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we have

G'(t) < —koEr(t +a2// (8)|nt (z,s)|*ds,

by using (4.3.41), we get
K'(t) < —ko By (1),

where

Integrating (4.3.52), we get

[ Bty < (600) (1) < K(0) < T (B (0) + Ba(0),
0 2 2 2
and by
(tEL (1)) =tE1(t) + B (t) < B (1),
we have

tEL(t) < %(El (0) + E2(0)),
2

yields (4.3.32). This The proof is complete.
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Chapter

Well Posedness and Stability result for a
Thermoelastic Laminated Timoshenko Beam

with distributed delay term

5.1 introduction

In this chapter, we consider a linear thermoelastic laminated Timoshenko beam with distributed delay,
where the heat conduction is given by Cattaneoés law. We establish the well posedness of the system.
For stability results we prove exponential and polynomial stabilities of the system for the cases of equal
and nonequal speeds of wave propagation. Our work is a natural extension of Feng’s work in [59]. We

use ¢ throughout this work to denote a generic positive constant.

In this work, we are concerned with the following system,

pwtt+G(¢_Wx)x+50x =0
Ip(?’s - w)tt - D(3S - w)xa: - GW _W:c) =0
T2
Ipstt—Dsm—&—G(w—wgc)—i-%’ys—i—%ﬁst-i-%/ lu2(0)|st(z,t —0)do=0 (5.1.1)
i

1039t +qz + dwie =0

TQt+aq+6I = O)
where

(x,0,t) € (0,1) x (11, 72) X (0,00),
with the Neumann-Dirichlet boundary conditions
wz(0,t) =wy (1,8) =9 (0,t) =9 (1,t) =0,t >0 (5.1.2)
s(1,t) = s(0,t) =60(0,t) =0(1,t) =0,t >0,
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and the initial data

w(2,0) =wo (x),wt (#,0) = w1 (2), ¥ (x,0) = tho (x)
¢t (x,()) :1/}1 (:L“),S(SC,O) =30 ($)’St(x70) =51 (:C),

0(x,0) = 0o(x),q(x,0) = qo(x). (5.1.3)

where

(z,) € (0,1) x (0,00).

Here p,G,1,,D,,[3,0,p3,o and T are positive constants. 71,72 are tow real numbres with 0 <7 <7y ,
wo is an L°°function satisfying:

(H1) po : [11,72] — R is a bounded function satisfying

| na()lde < 5. (5.1.4)

1

First, as in [133], taking the following new variable

y(x7p7 Qat) — St(CC,t— Qp)7
then we obtain
oyt(z,p, 0,t) +yp(x,p,0,t) =0
y(x707 Qat) = St(.’L‘,t).
Consequently, the problem is equivalent to
pwit + G(@b - w:r:)z +00, =0
Ip(33 - 7p)tt - D(33 - w)acac - G(¢ _wm) =0
T2
Tosu=Daee Gl —wr)+ ot §s+d [ Cmlob@onde=0
1 1.
P30 + Gz + 0wy =0
Tq+oaq+0, =0

Qyt(xapv 0, t) +yp(x7pa Q7t) = 07
where
($ap79>t) € (0’1) X (071) X (7—1’7—2) X (0,00),
with the following boundary and initial conditions:
Wy (Oat) = Wy (17t) = ¢(0;t) = w(lat) =0,t=>0

0(0,t) = 0(1,) = s(1,t) = s(0,£) = 0,£ > 0

w(2,0) = wo () ,wt (,0) = w1 (2) 9 (2,0) = o (x)
Ve (,0) =1 (x),s(2,0) = s0(x),s¢ (2,0) = 51 ()
q(x,0) = qo (x),0(x,0) = bo(z),

y(@,p,0,0) = fo(z,po)/z € (0.1),p € (0.1),s € (0,72).
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Meanwhile, from (5.1.1) and (5.1.3), it follows that

d2

1
@/0 w(x,t)dx=0. (5.1.6)

So, by solving (5.1.6) and using the initial data of u, we get

/Olw(x’t)dx:t/olwl (x)d:c—l—/olwo(:c)d:z.

Consequently, if we let
1 1
&(x,t):w(x,t)—t/ w1 (x)dm—/ wo (z) da, (5.1.7)
0 0

we get

1
/ w(z,t)dx =0,Vt >0,
0

and, we have
d Il 1
T—/ q(w,t)dx—i—a/ q(z,t)dx=0. (5.1.8)
dt Jo 0
Consequently, if we let

3 o 1
q (z,t) :q(x,t)—e(?)t/o qo (x)dz, (5.1.9)

we get

1
/ q(z,t)dz =0,vt > 0.
0

Therefore, the use of Poincare’s inequality for w, ¢ is justified. In addition, simple substitution shows
that (w,1,s,0,q) satisfies system (5.1.1). Henceforth, we work with w, ¢ instead of w,q but write w,q

for simplicity of notation.

5.2 Well-posedness

In this section, we give the existence and uniqueness result of the system (5.1.1)-(5.1.3) using the
semigroup theory. To achieve our goal,

Introducing the vector function
U = (wawta 38 - wa (38 - w)ta S, Sty 97 q, y)T7

and the two new dependent variables v = wy, u = 1, = s¢, then the system (5.1.5) can be written as

follows:

Ui =AU

(5.2.1)
U(0) = Uy = (wo,w1,380 — ¥o,381 — ¥1, 80, 51,00, 90, fo)* ,
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where A : D(A) C H :— H is the linear operator defined by

v

_%[G(q/}z - wa:)m + 591]

3p—u
EDBs =)+ Gthr —wy)]
| , (5.2.2)

T2
EDsse — G —wy) — 575 — 380 — —/ |u2(0)ly(z,1, 0.t)do]

T1

and H is the energy space given by

H = H!xL?%0,1)x H} x L*(0,1) x H} x L*(0,1) x L*(0,1) x L2(0,1)

x L2((0,1) x (0,1) x (11,72)),

where
12(0,1) = {¢6L2(0,1) / /01¢(x)dx20}
H!(0,1) = HY0,1)nL*0,1)
H0.1) = {6€H0.1) / 6:(1) = 6:(0) =0 .
For any
U = (w,v,35s—1,30—u,s,¢0,0,¢,9) €M,
U = @,0,35—1,36—-1,5,3,0,3,9)" €M,

we equip H with the inner product defined by

~

1 1 1
<UU>y = p/ vﬁd:&l—lp/ (3<,0—u)(3c2—ﬂ)d:z+3lp/ ppdx
0 0 0
1 R 1 1
+G/ (w—wx)(w—@m)dxmg/ 9«9d:r+r/ gide
0 0 0
1 R 1 1
+D/ (3s—w)w(3§—w)wda:+4*y/ s§dx+3D/ Sy8pdx
0 0 0

1 1 rm
+4/0/0/ olp2(o)|lyydodpdz. (5.2.3)
T1

The domain of A is given by
UcH/we H2NH} 3s—,s€ H*NH},
D(A)=1q v,qg€ H},3p—u,p,0 € H}(0,1),
Y yp € L*((0,1) x (0,1) x (11,72)),y(2,0,0,t) =

Clearly, D(A) is dense in H. Now, we can give the following existence result.
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Theorem 5.1. Let Uy € H and assume that (5.1.4) holds. Then, there exists a unique solution
UeCR4,H) of problem (5.2.1).
Moreover, if Uy € D(A), then

UcCRy,DA))NCHR,,H).

Proof. First, we prove that the operator A is dissipative. For any Uy € D(A) and by using (5.2.3), we

have

1 1 pmo
<AUU >y = —4,8/ gozdx—ll// |u2(0)|ey(x, 1, 0,t)dodx
0 0 Jr
TS ' L
—4/0 /0/ \,ug(s)|ypydgdpdm—a/0 qdx. (5.2.4)
71

For the third term of the right-hand side of (5.2.4), we have

1 1 T2 1 1 ) 1 d 9
—/ / / \12(0)|ypydedpdr = —*/ / / \n2(0)| -~y dpdodx
0o Jo Jn 2Jo Jn Jo dp

1 1 T2 9
= —5/ / |u2(0)ly”(z,1, 0,t)dodz

0 Jm

1 1 T2 9
0 Jrm

By using Young’s inequality, we get
1 rm 1 T2 1 9
[ [ ela@leuta 1 odede < ([ lelo)lde) [ e
0 Jm T1 0

1 1 ) 9

+§/ / |u2(0)ly* (1, 0,t)deodx. (5.2.6)

0 Jn

Substituting (5.2.5),(5.2.6) into (5.2.4), using the fact that y(z,0, 0,t) = ¢(x,t) and (5.1.4), we obtained

T2 1 1
<AUU >y < —4(5—/ qu(g)ldg)/o w2dw—a/0 ¢*dx
T1
< 0. (5.2.7)

Hence, the operator A is dissipative.

Next, we prove the operator A is maximal. It is sufficient to show that the operator (Id—.A) is
surjective.

Indeed, for any F = (f1, fo, f3, f1, 5, f6, 7, fs, fo)T € H, we prove that there exists a unique V =

(v1,v2,v3,v4,05,06,07,08,09) € D(A) such that

(Id—A)V =F. (5.2.8)
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That is

v1—v2=fi

pv2 — GUige — Gugg + 6v7z = p fa

v3—vg = f3

I,y — Dvsgy — Gus +Guz +Guiy = I fa

vs —v6 = f5

(I, + %ﬂ)vg — Dvusge — Gus — Gy + (3G + %7)@5
+5 [ p2(0)ly(x,1, 0,t)do = I f

P37 + Vsz + V2, = p3 fr

(T+a)vg+v7, =T7f3

(5.2.9)

Qyt(%/)y&t) +yp(x7p797t) = Qf97

We note that the last equation in (5.2.9) with y(z,0,0,t) = ¢(x,t) has a unique solution given by

p
y(x,p,0,t) = e_pgtp—i—ge@p/ e fo(x,0,0,t)do, (5.2.10)
0

then
1
y(x,1,0,t) :e_Qcp—i-ge"/ e? fo(x,0,0,t)do, (5.2.11)
0

and we infer from (5.2.9)g that

v = —(740) / vs(0)do+7 / fs(0)do, (5.2.12)
0 0
and we have
vy =v1—f1, v4=v3—f3, v6=Us—[5. (5.2.13)

Inserting (5.2.11), (5.2.12) and (5.2.13) in (5.2.9)2,(5.2.9)4,(5.2.9) and (5.2.9)7, we get

pv1 — Guigy — Gusy + 3Gus, — 0(T + a)vg = by
Ipv3 — D’Ugmc — 3G’U5 + 3G’U11« = hg

(5.2.14)
p3vs — Dvsge — Guz — Gy = ha
—p3(T+a) [y vs(o)do + vgy + Gv1z = ha,
where
p3=1I,+3G+ 568+ 57+5 [ |ua(o)|e 2do
hi = p(fi+ f2) =713
ho = I(f3+
2= Ll 1) (5.2.15)

hy = L,(fs+ f6) + 5(8— [ |ua(0)|e~%do) f5
—4 72 olpz(0)le? [y €2 fo(w,0,0,t)dodo.
ha = p3fr—p37 [o fs(0)do +0 fi.
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We multiply (5.2.14) by 01,703,075, and (7+ «) [; Us(0)do respectively, and integrate their sum over

(0,1) to get the following variational formulation:

B((v1,v3,v5,v8), (V1,03,05,08)) = I'(v1, 03,05, 0s), (5.2.16)

where

B:(HN0,1) x H}(0,1) x H}(0,1) x L2(0,1))? = R,
is the bilinear form defined by
o 1 1
B((v1,v3,v5,08), (V1,03,05,08)) = ,u4/0 U5175d56+p/0 v101dx
1 1
—G—Ip/ Ug’t/)\gd.’L'—{—(T—}—Oz)/ vgUgdx
0 0
1 1
—I—D/ U3x@3xd$+3D/ V55 UsdT
0 0
1
+G/ (—’1)11—1)34-3’05)(—@13;—§3+3@5)dm’
0
1 x x
tpa(r +a)? / ( / vg(o)dor)( / ts(0)do)dz, (5.2.17)
0o Jo 0

where juq =3I, +48 +4y+4 [T |u2(0) e~ do.
And
T (HLN0,1) x H}(0,1) x H}(0,1) x L2(0,1)) = R,

is the linear functional given by
1 1 1
T(31,55,05,05) — / hlﬁlder/ hgagdwr/ hyBsda
0 0 0
1 x
4 / ha(=(r+a) / Bs(0)dor)d. (5.2.18)
0 0
Now, for V = H}(0,L) x H}(0,L) x H}(0,L) x L2(0,L), equipped with the norm

I(v1,v3,05,09) [ = [[(~v1e — 3+ 3vs) I3 + Joa 13

Hlvsll3 + [[vsel3 + llvse I3,
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then, we have

1 1
B((0,1,0,P). (0, 10,0,P)) = pus /0 v2dz+ p /0 vidz

1 1
—I-Ip/ vgd:n+(7+a)/ vide
0 0
1 1
+D / v3,dx+3D / ve dx

0 0
1
+G/ (—le—7)3+32)5)2d(£
0

1 T
+p3(T+OZ)2/O (/0 vg(0)do)?dx

1 1
> p/ U%dl’—F(T—{—Oé)/ vidx
0 0
1 1
+D / v3,dx+3D / v2 da
0 0
1
+G/ (—v1z —v3 + 3vs)2d, (5.2.19)
0
then, for some My >0
B((v1,v3,v5,08), (v1,03,v5,08)) = Mol|(v1,v3,v5,08) [} (5.2.20)

Thus B is coercive. Consequently, using Lax-Milgram theorem, we conclude that (5.1.5) has a unique

solution:
v € HL(0,1),
v3,V5 € H&(O,l),
vg € L2(0,1). (5.2.21)
Substituting v1,v3,v5, and vg into (5.2.11), (5.2.12) and (5.2.13), respectively, we have
va € Hi(0,1),
V4,V € H& (0, 1),
vr € HL(0,1),

Y,y € L*((0,1) x (0,1) x (11,72)), (5.2.22)

let 1 € H}(0,1) and denote

<))

1="01(z) - /Olﬁl (€)d¢, (5.2.23)

which gives us v, € H1(0,1). Now we replace (1,03,05,08) by (01,0,0,0) in (5.2.16) to obtain

1 - 1 L
G/ (—le—v3+3v5)(—ﬁ1x)dx+p/ vlﬁlda::/ h1v1dzx, (5.2.24)
0 0 0
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we get

1 . 1 1
G/ VigeU1gdr = ,0/ vlﬁld$7G’/ V34 V12dT
0 0 0

+G /0 1v5ﬁlxda; - /0 1h151dx, Vo, € H(0,1), (5.2.25)
which yields
GV1ze = pv1 — Gy + Gus, — hy € L2(0,1). (5.2.26)
Thus
v; € H?(0,1). (5.2.27)

Moreover, (5.2.26) also holds for any ® € C1([0,1]). Then, by using integration by parts, we obtain
1 1 1
Gv1z(1)®(1) — Gui(0)2(0) —G/ vlm<I>d:1:+p/ vﬂbdx—G/ V3, Pdx
0 0 0
1 1
—I—G/ ’U5I(I)dl‘—/ h1®dx = 0. (5.2.28)
0 0
Then, we get for any ® € C1([0,1])
Gu12(1)®(1) — Gui,(0)®(0) = 0. (5.2.29)

Since ® is arbitrary, we get that v1,;(0) = v1,(1) = 0. Hence, v; € H2(0,1). Using similar arguments as

above, we can obtain

v3,v5 € H2(0,1)NH(0,1),
V7 € H(%(071)7

vg € HL(0,1). (5.2.30)

Finally, the application of regularity theory for the linear elliptic equations guarantees the existence of
unique U € D(A) such that (5.2.8) is satisfied.
Consequently, we conclude that A is a maximal dissipative operator. Hence by Lumer-Philips theorem

(see [109],[138]), we have the well-posedness result. This completes the proof. O

5.3 Exponential decay

In this section, we state and prove our stability result. We need the following lemmas.
Lemma 5.1. The energy functional E, defined by
1 1
E(t) = 5 /0 {pw? +1,(3s— )7 + 31,57 +3Ds2 +4ys> + D(35s — )2
1 pmo
+D (¢ —wy)® + p3b* + 7¢° +4/0 / olu2(0)|y* (. p, 0,t) dodp}da, (5.3.1)
T1
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satisfies
1 1
E'(t) < foz/ qzdxfélno/ sidx <0, (5.3.2)
0 0

where no = B — [7? |u2(0)|de > 0.

Proof. Multiplying the equations of system (5.1.5) by wy, (3s —),0,q respectively, and integrating

over (0,1), using integration by parts, and using (5.1.2), we get

1d 1
o /{pwtz—f—fp(?)s—@b)?—l-SIps?+3Ds§+4752+D(35—1/1)§
0
1 1
—|—D(@Z)—wx)2—|—p302+7'q2}dx—i—4ﬁ/ s?dm—l—a/ ¢ dx
0 0
1 T2
4 [ s [ lua(o)ly (e 1.0 doda =0. (53.3)
T1
Using Young’s inequality, we arrive at
1 T2 1 T2 1 9
s [y 10 dodr < G [ linlellde) [ st
T1
2// \u2(0)|y? (2,1, 0,t)dodz. (5.3.4)

Now, multiplying the last equation in (5.1.5) by y|ua(e)|, and integrating the result over (0,1) x (0,1) x

1 1 1 T2 2
dt 2 /0/0/71 olpe(0)|y” (z, p, 0,t)dodpdz
1 1 pm
- _/ // |'u2('9)|yyp(x’P,Q,t)dgdpdx
B c/// |u2(0)| =y (x, p, 0,t) dodpda

= 2/ / ’N? -T 0 0, ) (13,17Q,t))dgd$

= 5[t >rdg>/ 2

// |2 (0)|y” (1, 0,t) dodz. (5.3.5)

(T1,72)

From (5.3.1),(5.3.3),(5.3.4), and(5.3.5), we get (5.3.2).

Et) < —a/oqudx—zl(B—/TQ\Mg(s)])/olsfd:c, (5.3.6)

T

then, by (5.1.4), there exists a positive constant 7 such that

1 1
E'(t) < —4770/ sidx — a/ ¢*dx <0. (5.3.7)
0 0
Then we obtain E is a non-increasing function. O
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Lemma 5.2. The functional

1 1 T
Fit) = I, [ Gs=0)Bs—uhdo—p [ ([ Bs—u)w)aydz,

satisfies

D
Fi) < -5 |

1 1
+c(1+l)/ (3s—¢)§da;+c/ 02dz.
€1 Jo 0

1 1
(3s —)2dx+ e / widx
0

Proof. Direct computations using integration by parts, we have

HO) = 5 [ @D [ (@3- v)da
1 x
6 /0 0, ( /0 (35— ) (y)dy)da
1 T
0 [ [ Bs=0xw)dy)da.

Using Young’s, Cauchy-Schwarz and poincare’s inequalities, we obtain (5.3.9).

Lemma 5.3. The functional

satisfies

1 1
< =5 [w-wdere [ (35— vk

1 /1 1 1
+c(1+f)/ wfdx+c/ 02dx+c/ stdz.
e2” Jo 0 0

Fy(t)

Proof. Differentiating F(t) with respect to ¢t and using integration by parts, we have

1 T 1
Ft) = p/O wt(/o Wt(y)dy)d$+P/() wida
G [ [ (6w
A Wy ) dx ; wye)ldz.

(5.3.8)

(5.3.9)

(5.3.10)

(5.3.11)

(5.3.12)

(5.3.13)

Using the fact that ¢y = 3s; — (3s — )¢, Young’s and Cauchy-Schwarz inequalities, we obtain (5.3.12). [

Lemma 5.4. The functional

satisfies

(5.3.14)

(5.3.15)
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Proof. Direct computations and using integration by parts, we have

1 1
Fi(t) = 7'/ q2dx+7'5/ wrqdx
0 0
1 T 1 9
~pa [ 6| ap)dydo—ps [ 6ds.
0 0 0
Using Young’s and Cauchy-Schwarz inequalities, we obtain (5.3.15).

Lemma 5.5. The functional

1 x
mwzz—%AwA%@mm
satisfies

/ po ! 2 ! 2
Fi(t) < 5 | wi dx—|—€4/ (Y —wg)“dx
0 0
1 1 1
+c(1+—)/ 92daz+c/ ¢dzx.
€4 Jo 0
Proof. We take the derivative of F; and use (5.1.3) and integrate by parts to obtain
1 1
Fi(t) = —p/ qwtdm—pé/ widz
0 0
1 1
+p3G/ G(w—wx)dx+p35/ 62dz.
0 0

Using Young’s, Cauchy-Schwarz and Poincare’s inequalities, we obtain (5.3.18).

Lemma 5.6. The functional

1 1
F5(t) = TéGIp/O (BS—w)t(w—wI)da:—Tde/o wi(3s — 1) dx
1
+psr(Dp—GI,) /0 0(3s — )sd

1
—7(Dp— Glp)/o q(3s — 1) dx,

satisfies
O0GI, [1 1
Bt < -T2 [ @s-wdotes [ (3s—v)ds
0 0
1 1 /1 c [l
+€6/ 02dx+c(1+—)/ (w—wx)zdx—i——/ ¢dx
0 €6 JO €5 J0
1 1
+c/ sfdx—l—x/ 0(3s— 1), dx,
0 0
where

TpgD

X:T(SQD—(Dp—GIp)( 1).

p
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Proof. By differentiating F5 with respect to ¢, and integrate by parts to get

2 ! 2 !
Fl(t) = 7G% /O () — wp)2de +7GS1, /0 (35 — ) sinda

Tp3D

p

1 1
407 [ 0,35 0)udat T2 (Dp- G, [ 0,(35 - v)ds

1 1
+P(Dp=Gl,) [ 00 —wa)dz+a(Dp=GL,) [ a3s—)ade

Iy
1
+(Dp—GI) / 0, (35 — ¥)uda. (5.3.23)
0
Using the fact that i, = 3s; — (3s — 1), and Young’s inequality, we obtain (5.3.21). O

Lemma 5.7. The functional
1 1
Fs(t) := 3Ip/ sstdaf;+2ﬁ/ s2de, (5.3.24)
0 0

satisfies

1 1 1
Fi(t) < 73D/0 Sidx*?Y/o s2dx+c/0 (Y — we)?dx

1 1 T2
—|—C/ SthZL‘—l-C/ / l2(0)|y? (z,1, 0,t) dodz. (5.3.25)
0 0 Jm
Proof. Direct computations using integration by parts, we have
1 1 1
Fi(t) = 73D/ sid:r:f?)G/ s(¢7wx)dx+3lp/ stdx
0 0 0
1 1 T2
—47/ 52d$—4/ s/ |2 (0)|y (z,1,0,t) dodz. (5.3.26)
0 0 1
Using Young’s, Cauchy-Schwarz and Poincare’s inequalities, we obtain (5.3.25). ]

Lemma 5.8. The functional
1 1 r7o 9
F7(t):=/0/0/ o™ |u2(0)ly” (x,p, 0,t) dodpdz,
T1
satisfies,
) 1,1 pm ) L
Fi(t) < —771/0 /O/ olu2(0)ly (x,p,g,t)dgdpdwrﬁ/o sydx
T1

1 T2
o [ [ sl w1, 0.1) dode, (53.27)
T1

where 1 1S a positive constant.

Proof. By differentiating F7, with respect to ¢ and using the last equation in (5.1.5), we have
, 1 1 rm
) = —2/0 /0 / e |u2(0)lyyp (x,p, 0,t) dodpdz
T1
1 1 rro 9
= —/ / / oe”?|ua(0)ly” (z,p, 0,1) dodpda
0 JOo Jnm
1 rmo 9 9
[ [ malollle 2y @1, 0.0) —? (2,0, 0.0)dodz,
T1
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Using the fact that y(z,0,s,t) = si(x,t), and e72 < e 9 < 1,for all 0 < p < 1, we obtain
, 1 1 rm 9
F(t) = —/0 /O / oe”?|p2(0)ly” (. p, 0,t) dodpdx
T1

1 pmo To 1
- /0 [l @ 1ot doda+ ([ lnolde) [ st
T1

T1 0
Because —e™¢ is a increasing function, we have —e™¢ < —e™ "2, for all g € [11,72].

Finally, setting 71 = e~ ™2, and recalling (5.1.4), we obtain (5.3.27). O

We are now ready to prove the following result.

5.3.1 Exponential Stability
In this subsection, we study the exponential stability of systems, we consider the case y = 0.

Theorem 5.2. Assume (5.1.4), there exist positive constants A1 and Ao such that the energy functional
given by (5.3.1) satisfies
E(t) < Xge Mt Wt > 0. (5.3.28)

Proof. We define a Lyapunov functional
=7
L(t):=NE(t)+Fi(t)+Y_ N;Fi(t), (5.3.29)
i=2

where N, and N;,i=2...7, are positive constants to be selected later.

By differentiating (5.3.29) and using (5.3.2), (5.3.9),(5.3.12),(5.3.15),(5.3.18),(5.3.21),(5.3.25) (5.3.27),
we have

D 1

cw o< -3 —65N5] /0 (35— )2dz

— [450N — N3 — ¢N3 — eNg — BN] /0 sy

(TGO,

1
N5 —c(1+ 511) —EQNQ] /0 (3s — ) 2dx

- ) 1
- GN2—€4N4—C(1—|—)N5—CN6]/ (Y — we)2dx
| 2 €6 0

[ pd 1 L,
- fN4—51—C(1—|-*)N2—63N3 / wydz
| 2 €9 0

-p3 1 1 2
—|=N3—e6N5 —c(1+ —)Ny—cNa—c / 0“dzx
| 2 €4 0

- 1 1
— aN—cN4—c(1+)N3—CN5} / ¢dx
i €3 €5 0

1 1
— [27Ng] / s%dx — [3DNg) / sdx
0 0
1 pro
~mNo—eNel [ [ el (L 0.t deda
T1
1 1 T2 9
~[Nom] /0 /0 | el w.p.0.t)dedpd. (5.3.30)
T1
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By setting
T7G61,N5 1 GN, D 1

e1=1,e0= N €3 = —,€4
2

Ny AT AN, T AN S T N

we obtain

L) < —m /01<38—w>ida:

1
— [4770N — CN2 — CN3 — CNG — ,3N7]/ S?dﬂ:‘
0

[TGol,
4

r 1
- jN2_C(1+N5)N5_CN6}/ (¢ — wg ) da
i 0

N5 — 20] /01(33 — ) 2dx

[pd Ny !

- N L
- mNg—C(1+4)N4—CN2—C—1}/ 0%dx
| 2 No 0

- 1
— aN—cN4—c(1+N3)N3—CN§}/ ¢ dx
L 0
1 1
—[2’yN6]/ s2dx—[3DN6}/ sidx
0 0

1 rm
~mNe=eNe] [ [ " lal0)ly? @.1,0.0)dode
T1

1 1 rm
— [Nym] /0 /0 / olu2(0)ly? (. p, 0,t) dodpde.
T1

Next, we carefully choose our constants so that the terms inside the brackets are positive.

We fixed Ng, and we choose N5, N7 large enough such that

B 7G6ol,
4
ag =1 N7 —cNg >0,

aq N5 —2¢ >0,

then we choose Ny large enough such that
G
g = ZNQ — C(l —|—N5)N5 —cNg >0,

then we choose N, large enough such that

then we choose N3 large enough such that

N
as=2 Ny —e(1+ 2)Ny—eNo—c—1> 0,
2 N
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thus, we arrive at
D [l
4 Jo
1 rre
—042/0/ .Q]ug(g)\yQ(x,l,g,t)dgdw—al/ (33—¢)?dw
T1

1

1
£t < - (35—@[})2(13}—@3/ (T,Z)—wx)QdZL'—[NUo—C]/ sida
0 0

1
0
1 1 1 1
—a5/ 02d1‘—a7/ Sidl‘—[&N—C]/ q2d:U—o<4/ wfdx
0 0 0 0
L, 1,1 )
—aa/o S dx—ag/o /0 / olp2(0)ly” (z,p, 0,t) dodpdz, (5.3.32)
T1

where ag = 2vNg, a7 = 2D Ng, ag = n1 N7.
On the other hand, if we let

=7
E(t):Fl(t)—i-ZNle(t),
1=2
then
1 1 x
SOI < 5 [ 16— 0)Bs—w)ldatp [l [ Gs— ) @dylda
1 x 1 x
8o [ 10 =wn) ([ wnly)dylde+ Narps [ 100 ] a)dy)lde
1 x 1
+Nipps [ 10 [ wrlp)dy)lda+ Nsr|(Dp~G1,)| [ la@s )z
1 1
+NyréGI, / (35 — )4 (1 — wy)|de + Ns76 Dp / (35 — )| dz
0 0
1 1
+N5p37'|(Dp—GIp)|/O |0(3s—1/))t]da:+3lp]\76/0 |s1| dz

1 1 1 T
+2/3’/ s2d:c+N7/ /0 / 0~ | u2(0)|y* (z, p, 0,t) dodpda.
0 0 T1

Exploiting Young’s, Cauchy-Schwarz, and Poincaré inequalities, we get
1
IT@)| < c/ (wt2+(3s—zp)§+(3s—w)§+(w—wx)2+52+s§+s§)dag
0
Lo, 1 1 7 )
+0/ (9 +q )d:HC/ / / olu2(0)|y” (z,p, 0,t) dodpdz,
0 0 0 T1

then
|Z(t)] < cE(t).

Consequently, we obtain

[T =[L@E) - NE(@#)| <cE(t),

that is
(N—c)E({t)<L({t)<(N+c)E(t). (5.3.33)

Now, by choosing IV large enough such that

N—-c>0,aN—c>0,mN —c>0,
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and exploiting (5.3.1), estimates (5.3.32) and (5.3.33), respectively, give

L' (t) < —kE(t), (5.3.34)

for some ko > 0, and
aFE(t)<L(t) <cE(t),Vt >0, (5.3.35)
for some c1,cy > 0, we have
L(t) ~ E(t)

A combination with (5.3.34), gives

L'(t) < —=ML(>), (5.3.36)
where \; = %
Finally, a simple integration of (5.3.36), we obtain (5.3.28). Then the proof is complete. O

5.3.2 Polynomial Stability

In this subsection, we study the polynomial stability of systems, we consider the case x # 0.

Theorem 5.3. Assume (5.1.4), there exist positive constant C1 such that the energy functional given

by (5.3.1) satisfies

Et) < %,Vt > 0. (5.3.37)

Proof. First, we introduce second-order energy functional Es(t) by
E(t) = Ex(we, e, 56,0t q¢) = E(we, ¥, 56,01, 1),
satisfies

Ey(t)

IN

1 1
—a/ qidr — 4770/ shdx
0 0

1
< —a/ gida. (5.3.38)
0
An thanks to (5.1.5)5 and Young’s inequality, the last term of F¥(t), gives

1 1 1
X/o 0:(3s =) dx = —XT/O qt(3s—¢)zdx—x/0 q(3s — 1) dx

c [ 2 c [t 2 ! 2
—/ q; dx—i——/ q d:1:+2€7/ (3s —1)zdx.
erJo €7J0 0

IN

We define a Lyapunov functional

=7
G(t):=N(E{t)+Ei(t)) + Fi(t)+>_ NiFi(t), (5.3.39)
=2
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where N, and N;,i=2...7, are positive constants to be selected later.
By differentiating (5.3.39) and using (5.3.2), (5.3.9),(5.3.12),(5.3.15),(5.3.18),(5.3.21),(5.3.25), (5.3.27)
and (5.3.38) we have

gt < - g — (&5 +257)N5} /01(33 — )2 da

1
— [4ngN — ¢Ny — ¢N3 — ¢Ng — SN7] / sidx
0

[TG6I 1 1
_[C pNg,—c(l—i—)—ggNg]/ (3s —p)2dx
2 €1 0
G 1 1 9
— fN2—€4N4—C(1—|—f)N5—CN6 /(zﬁ—wx) dzr
| 2 €6 0
[ pd 1 1
— pN4—81—C(1+)N2—€3N3]/ wfda:
| 2 €9 0
[p3 1 !
— N3—56N5—c(1+)N4—cN2—c}/ 0%da:
| 2 €4 0
I 1 c ¢ 1,
—|aN —¢cNgy—c(14+ —)N3—(—+ —)Ns / q“dx
L €3 €5 &7 0

1 1
— [27Ng] / s%dx — [3DNg) / sidx
0 0

1 pro
- [771N7—CN6]/0 / lu2(0)|y? (2,1, 0,t) dodx
T1

1 1 rro
—[N7771]/0/0/ olu2(0)|v? (z,p, 0,t) dodpdx
T1

1
—[Na—£N5]/ da. (5.3.40)
€7 0
By setting
1 7Go1,N5 1 GN» D 1 D
E1 = Eg = ——m— Q= — . Ey= ——,g = — . ER = —.E7 =
1 32 4N2 y<3 N37 4 4N47 5 8N57 6 N5’ 7 16N5’
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we obtain

¢ < -[2] [ G-yt

1
7[47]0N70N270N370N675N7]/ s?dx
0

_ 7 1
_ [0 pN5—26:|/ (3s—v)idx
4 0
G 1 )
— ZNQ—C(1+N5)N5—CN6 / (Y —wy)dx
L 0

[ pd Na !
— _2N4—c(1—|—N5)N2—2}/0 wide

- N 1
— pgNg—C(l—l—4)N4—CN2—C—1:|/ 0 dx
| 2 Ny 0

_ 1
— aN—cN4—c(1+N3)N3—CN52}/ ¢*dx
L 0
1 1
— [2.Ng] / s2dx — [3DNg] / sidx
0 0
1 T2
~mNe—eNel [ [ la()ly? (2L 0.t deda
T1
1 1 T2 9
—[N7771]/0 /0 / olp2(0)|y” (x,p, 0,t) dodpdx
T1

1
—[Na-— CNE?]/O ¢idz.

Next, we carefully choose our constants so that the terms inside the brackets are positive.

We fixed Ng, and we choose N5, N7 large enough such that

B T7G61,
4
ag =11 N7 —cNg >0,

o1 N5 —2¢> 0,

then we choose Ny large enough such that

G
a3 = ZNQ - C(l +N5)N5 —cNg >0,

then we choose N4 large enough such that

,05 N2
=—Ng—c(l+—-—)Ny—2
Qg 5 4 C( +N) 2 >0,

5

then we choose N3 large enough such that

a5:@N3—c(1+—4)N4—cN2—c—1>0,
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thus, we arrive at

1

D sl 1
g < 1 (33—¢)idw—a3/0 (w—wz)zdas—[]\fno—c}/o sida

1 pro 1
—ag/o/ g|u2(g)]y2(x,l,g,t)dgdx—al/o (3s —)2dx
T1
1 1 1 1
—a5/ «92d:c—a7/ Sid:c—[aN—c]/ qzdas—a4/ widz
0 0 0 0
1, 1 1 pm )
—aﬁ/o s dx—ocs/o /O / olu2(0)|y” (z,p, 0,t) dodpdx
T1
1
—[Na—c]/ ¢idz, (5.3.42)
0

where Qg = Q’YNG,OW = QDNG,ag = T]1N7.
On the other hand, if we let

=7
K(t) = Fi(t) + 3 NiFi(8),
=2

1 1 T
KO < 1 [ (85— 0)Bs—wnlde+p [ feal [ 35— 0) )
1 T 1 T
+Nap [ (0 —wa)([ wiw)aylde+Norps [ 10(]" alw)dy)lde
1 T 1
+Nupps [ 10 [ wnlw)dy)lda-+ Ns|(Dp—GI,)| [ lafBs—v)ilda
1 1
+N57'5GIP/ \(33—w)t(zp—wm)|dx+N5T(5Dp/ |wi(3s — 1), |dx
0 0
1 1
+Nsps7|(Dp—GL)| /0 16(35 — )|dz +31,Ng /0 55| dz
1 1 1 T2
+25/ szdw+N7/// e~ %|ua(0)ly? (x,p, 0,t) dedpdz.
0 0 0 T1
Exploiting Young’s, Cauchy-Schwarz, and Poincaré inequalities, we get
1
K@) < c/ (wtz+(35—@!))?+(38—1/1)§+(¢—wx)2+52+si+s§)d:E
0
Lo, 1,1l pm )
+C/ (0 +q)dm+6/// olu2(0)|y” (,p, 0,t) dodpdz,
0 0 JO Jm

then
[IC(t)| < cEq(t).

Consequently, we obtain
K@) =16 () = N(E1(t) + Ex(t))| < cE(t) = cEr (1),

that is

(N—=c)E1(t)+ NE2(t) (t) < L(t) < (N +c)Eqr(t)+ NEs(t). (5.3.43)
Now, by choosing IV large enough such that
N—-c>0,Na—c>0,Nng—c>0,
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and exploiting (5.3.1), estimates (5.3.43) and (5.3.42), respectively, give
mi(Ey(t) + Ea(t)) < G (t) < ma(E1(t) + Ea(t)), Ve = 0,

for some my,mg > 0.
we have

G(t) ~ (Er(t) + E2(t)),

and we have

g/ (t) < _dlEl (t)>

for some d; > 0.

Integrating (5.3.45), we get

[ By < 1©0)-60) < 160
0 1 1
< B0+ Bx(0),

using the fact that

we get that

which gives us

where C1 = 72 (E1(0) + E2(0)), we obtain (5.3.37). Then the proof is complete.
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Chapter

Blow up of a nonlinear viscoelastic wave
equation with distributed delay, strong damping

and source termes

6.1 introduction

In this chapter, we are concerned with a problem for a nonlinear viscoelastic wave equation with
distributed delay, strong damping and source termes, under suitable conditions we proved a blow up
result of the solution.

We consider the following problem

t
up — Au — wAuy + / g(t—s)Au(s)ds
0

T2
st [ o)l - 0o = b2, (2.0) € 2 (0,00),
T1

u(z,t) =0, €09, (6.1.1)

Uy (1‘,—t> = fO (:C,t), (‘Tvt) € Q% (077—2)7

u(z,0) =ug(x), w(x,0) =ui (), z€Q,

where w,b, 41 >0, p > 2 and 71,7 are the time delay with 0 <7 < 7o, and po is an L* function, and

g is a differentiable function, and under the assumptions (A;),(Az),and(As).

In this work, we studied problem (6.1.1), All damping mechanisms were considered at the same
time ( i.e. w>0; g # 0; and p; > 0, g € L), these assumptions make our problem different from the
one previously studied, specially the blow up of solutions.
the our goal is to expand the results of the blow-up results to our strong damping for a viscoelastic

problem with distributed delay, we prove the blow-up result under the following suitable assumptions.
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(A1) g: Ry — Ry is a differentiable and decreasing function so that

g()>0 | 1—/ g(s)ds=1>0.
0

(A2) There exists a constant £ > 0 such that

g ()< —&g(t) , t>0.

(A3) pg: [11,72] = R is an L*™ function so that

26 —1 T2 1
(T)/ lp2(o)|do < p1 , 6> 3
T1

6.2 Blow up

In this section, we prove the blow up result of solution of problem (6.1.1).

First, as in [133], we introduce the new varible

y(x7p7 Q7t) - Ut(%,t— Qp)a

then we obtain
oy(@,p, 0,1) +yp(x,p, 0,1) =0
y(x,0,0,t) = u(z,t).

Let us denote by

gou = /Q/Otg(t— ) |u(t) —u(s)|*dsdz.

Therefore, problem (6.1.1) takes the form:

up — Au— wAuy + /Otg(t —s)Au(s)ds
+puqug + /:2 |2 (0)|y(z,1,0,t)do = blulP~2u, x€Q,t>0,
1
oyi(x, p, 0,t) +yp(z, p,0,t) = 0,
with initial and boundary conditions
u(z,t) =0, x€df,

y(z,p,0,0) = fo(z,0p),

u(z,0) =wug(x), u(z,0)=uy (),

where

(x,p,0,t) € Q% (0,1) x (11,72) X (0,00).

Theorem 6.1. Assume (6.1.2),(6.1.3), and (6.1.4) holds. Let

2n—2

2<p< , n=>3;
n—2

p =2, n=1,2

(6.1.2)

(6.1.3)

(6.1.4)

(6.2.1)

(6.2.2)

(6.2.3)

(6.2.4)

(6.2.5)
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Then for any initial data
(uo,ur, fo) € H / H = Hg(Q) x Hg(2) x L* (2 x (0,1) x (11,72)),
the problem (6.2.4) has a unique solution
ue C([0,T];H),
for some T > 0.

We define the energy functional

Lemma 6.1. Assume (6.1.2),(6.1.3),(6.1.4), and (6.2.5) hold, let u(x,t) be a solution of (6.2.3), then

E(t) is non-increasing, that is

B = lhuld+ 30 [ o)) Vulld+ 3 (g0va)

2/// olu2(0)y?* (z, p, 0, )d@dpdw—*IIUH

T2
20 <-aluli+ | [l 1,0.0dedz).
71

satisfies

Proof. By multiplying the equation (6.2.3); by u; and integrating over 2, we get

d 1
Sl + 50 [ o)) Vull+ 56070 — g}
= —mluli— [ [ leo)ly(e L. o.t)dod
1 1

+5(g'oVu) - Sg(t )IVull3 —wl[ Va3,

and, we have

1 1 rm

t)dodpdr = —= 2 dodpd

dt2/// olu2(0)ly* (x,p, 0,t)dodpdz 2/9/0 /n |u2(0)|yypdodpda
1 [ [

= 43 [ [ @l w.0,0.00deda
T1
T2

// |M2 ‘y xvl)Qa )dgdx

— 5(/ |2 (0)do) [|uell3

// |/’L2 ‘y JJ,LQ? )deIL‘

then, we get

d T2 1
GEO = = [ [ (@1 o.t)deds + 5 (g'0Va)
T1

1 1, [m
9Ol — e Tl + 5[ a(e)de)] il

// |M2 ‘y vaQ) )de.ﬁE
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By (6.2.8) and (6.2.9), we get (6.2.6).
And by using Young’s inequality, (6.1.2),(6.1.3) and (6.1.4) in (6.2.10), we obtain (6.2.7). O

Lemma 6.2. There exists ¢ > 0, depending on §2 only so that
(/Q [ulPda)*/? < | Vul3 + [[ull?], (6.2.11)
for all w € LPTH(Q) and 2 < s < p.
Using the fact that |lu|3 < c||u||12) < c(]|u||§)2/p, we have
Corollary 6.1. There exists C' > 0, depending on €2, such that
lull3 < c[lIVully” + (ull2)?7). (6.2.12)
Lemma 6.3. There exists C' > 0, depending on €2, so that
lully < CUVul3+[[ulb], (6.2.13)
for all w € LPTH(Q) and 2 < s < p.

Proof. If ||u||, > 1 then

[l < llull}-

If f|lul[, <1 then, |ul|; < ||u||12) Using Sobolev embedding theorems, we have

lull, < llully < el Vul3.

O
Now we define the functional
1 t
H(t) =-E(t) = *ll?ﬂlp |IUt||2 2(1—/ 9(s)ds) || Vull3
goVu —f// / olp2(0) |y (x, p, 0,t)dodpdz. (6.2.14)

Theorem 6.2. Assume (6.1.2)-(6.1.4), and (6.2.5) hold. Assume further that E(0) <0, then the

solution of problem (6.2.3) blow up in finite time.

Proof. From (6.2.6), we have
E(t) < E(0) < 0. (6.2.15)

Therefore

=
=
I
|
&
=
vV

T2
(el + [ [ i@l @1, 0.t)deda)
T1

T2
Cl/ﬂ/ lua(0)|y?(x,1, 0,t)dedz > 0, (6.2.16)
T1

v
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and
b
0 <H(0) <H{(t) < EHU% (6.2.17)
We set
K(t) :]H[ka—i—e/ uupdr + — et u2dac—|—€—w/ (Vu)?dz, (6.2.18)
Q 2 Ja 2 Ja
where € > 0 to be assigned later and
2(p—2) p—2
1. 2.1
P <a< o < (6.2.19)

By multiplying (6.2.3); by u and with a derivative of (6.2.18), we get

K'(t) = (1—a)H*“H/(t)—i—EHutH%—i—a/QVu/o g(t—s)Vu(s)dsdx

T2
—EHVUH%—FEZ)/ ]u\pdaz—s// |2 (0)|uy(z, 1, 0,t)dodz. (6.2.20)
Q QJrm
Using
T2
[ [ (@t 1 ndpde < 6{61<]/ 12(0)ldo) |l
451
and

t t
5/0 g(t—s)ds/QVu.Vu(s)dxds = 5/0 g(t—s)ds/QVu.(Vu(s)—Vu(t))dxds

t
+e [ gls)as| vl
0

e [t €
> | ato)dsvul -5 (907w, (6.2.22)

Y

we obtain, from (6.2.20),

t

,a 1
K't) > (1-a)H H’()+€HUtH2—€(1—§ 9(s)ds) ||V ull3 + &bl ul5

T2 £
—qum@WWM—E//|m@Mmemm
T 1JQJn

—I-g(goVu). (6.2.23)

1
Therefore, using (6.2.16) and by setting d; so that, Do = kH~%(t), substituting in (6.2.23), we get
1€1

K'(t) > [(1-a)—en]HH'(t) +ellucl3

_5[(1—;/Otg(s)ds)]HVuH%~|—6b||u||§
; Hﬁf? (/:‘”2( )ldo)|ull3 + 5 (goVu) (6.2.24)
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For 0 <a <1, from (6.2.14)
ep(l—a)
2

PO 0 [ o) 190l + 5p0 - govu)

ep(l —a 1 T2
+p(2)// / olp2(0)y*(z, p, 0,t)dodpdz.
QJo Jn

ebllullj = ep(l—a)H(t)+ e 3 + ebal|ul [}

substituting in (6.2.24), we get

p(1—a)
+1] |3

4P [ty - (15 [ g()as)Ivul3

K'(t) > [(1—a)—ex]HH'(t) +£]

2

o) [
S 2 nalo)lde) 3 +ep(1 — a)Ei(t) + cbalulf
T1

ep(l—a 1 pmo
+p(2)/ / / olu2(0)|y*(z,p, o, t)dodpda
QJo Jr

+%(p(1 —a)+1)(goVu).

Using (6.2.12), (6.2.17) and Young’s inequality, we get

He(#)||ull3 < (b/Q\U\”dw)"HUH%

([ fuday 2 ([ uprae) Tully)

IN

IN

Exploiting (6.2.19), we have

2
P _<p
p—2

2<pa+2<p, and 2<

Consequently, by lemma 6.2, we get
H (1) Jul3 < e{[[ulhde+ | Vul3}.

Combining (6.2.26) and (6.2.28), we obtain

8[29(1

K@) > [(1—a)— erH B (t) + o222 1) uy3

9

2
w0 - [ g(spas P

([ nate)de)}Ivul}

derk Jny

+=(p(1—a)+1)(goVu)

selab— ([ Ins(@)ldo)]ull +p(1 - @E(D

Ep 1—a 1 T2
+(2)/// oluz2(0)|y*(z, p, 0, t)dodpdz.

Q 0 T1

11

8

c{(/ |U|pdff)(pa+2)/p+||Vu||§+(/ |u|Pd)Pe/ =)},
@ Q

(6.2.25)

(6.2.26)

(6.2.27)

(6.2.28)

(6.2.29)
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In this stage, we take a > 0 small enough so that

1_
o =P1=9 o
2
and we assume
p(l—a)
/OO (s)ds < — 2 oo
s)ds =
o I (P(l—@_}) 201417
2 2
then we choose x so large that
p(1-a) ¢ oopll-a)-1 e I
= (21— _
0y = (P =)= [LaasPE=2=) - 2 " s()lde) > 0,
and
T do) > 0
as=ab= 1 ([ " lna(e)lde) >

we fixed k and a, we appoint € small enough so that
as=(1-a)—ex>0.
Thus, for some 3 >0, estimate (6.2.29) becomes

K'(8) > B{HE) + uel3 + [Vl + (goVu) + [|ullf

+/// olu2(0)|y*(x, p, 0,t)dodpdz},

and

K(t) > K(0) >0, t>0.

Next, using Holder’s and Young’s inequalities, we have

Julla = ([ wdayt < [( [ (uf®)y2do)?.( | 12)'" 1% < clul,

and

!/Qmwdx\ < luello-lullz < elluell2-flullp,

then

\

e 1 1
\/Quutdajl—a > CHUtHQPQ-HU”;ﬂ
< [HUtH s

where i—i—% =1, we take § = 2(1 —a), to get

Subsequently, for s = (1%&), we obtain
1
I/ uuedz| =5 < of Jue |3+ [Jull3).
Q
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Therefore, lemma 6.3 gives

V

1
I/Quutdfﬁllfa > cf|luell+ l[ulf + 1 Vul3]

IN

clllue |3+ lullp + [IVul3+ (goVu)). (6.2.35)
Subsequently,

K= (t) = (Hl‘a+s/ uutal:chEﬂ u2d$+@/vU2dx)ﬁ

IN

EE 2 2
() + | | a5 + [l 57 + | V)

< C[H(E) + a3+ [ulls+ Va3 + (90Vu)]. (6.2.36)

From (6.2.31) and (6.2.36), gives

1

K'(t) > \KT== (t), (6.2.37)

where A > 0, this depends only on 5 and c.
by integration of (6.2.37), we obtain

o 1
Ki=a(t) > —
K= (0)— A\ (1f‘a)t
Hence, K(t) blows up in time
11—«
T<T'= .
- AakCe/ (1=a) ()

Then the proof is completed. ]
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Chapter

General decay rate for a viscoelastic wave
equation with distributed delay and
Balakrishnan-Taylor damping

7.1 Introduction and Preliminaries

The objective of this chapter is the study of the general decay of solutions for a viscoelastic wave
equation with distributed delay and Balakrishnan-Taylor damping. This type of problem is frequently
found in some mathematical models in applied sciences. Especially in the theory of viscoelasticity.
What interests us in this current work is the combination of these terms of damping (Memory term,
Balakrishnan-Taylor damping and the distributed delay terms), which dictates the emergence of these

terms in the problem.

Let H =Q x (11,72) x (0,00), in the present work, we consider the following wave equation

t
gy — (Cg+C1\|Vu||%+J(Vu,Vut)L2(Q)>Au(t)+a(t) /0 h(t— 0)Au(o)do

+ B | (8) [ 2ug (t) + /ﬁT2 |Ba(s)||ug(t — )™ 2us(t — s)ds = 0.

u(z,0) = up(z), w(z,0)=ui(z), in Q (7.1.1)

ug(z,—t) = fo(x,t), in Qx(0,72)
u(xz,t) =0, in 00 x (0,00),

where Q € RY is a bounded domain with sufficiently smooth boundary 0. (y,(1,0, /31 are positive
constants, m>1for N=1,2, and 1 <m < % for N > 3.
71 < T2 are non-negative constants such that fa : [171,72] — R represents distributive time delay, h,« are

positive functions.
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The combination of these terms of damping (Memory term, Balakrishnan-Taylor damping and the
distributed delay ) in one particular problem with the addition of «(t) to the term of memory and
the distributed delay term (/T2 |B2(s)||ue(t — 5)|™ 2uy(t — 5)ds) we believe that it constitutes a new
problem worthy of study and Trlesearch, different from the above that we will try to shed light on.
Our chapter is divided into several sections: in the next section we lay down the hypotheses, concepts

and lemmas we need. Finally, we prove our main result.

For studying our problem, in this section we will need some materials.
Firstly, introducing the following hypothesis for B2, h and «a:

(A1) h,a:R; — R, are non-increasing C'! functions satisfying
00 t
h(t) >0, a(t) >0, lg = / h(o)de < o0, Co— Qa(t)/ h(o)do >1>0, (7.1.2)
0 0

(A2) 3 : R, — R, is a non-increasing C! function, satisfying

— /t)
IO+ 1 () <0, >0 and lim —1) _ 1.
ORO+ (O <0, 120 and i 510 (713
(A3) Ba:[71,72] = R is a bounded function satisfying
T2
/ |B2(s)|ds < . (7.1.4)
T1

Let us indroduce
(how)t) = [ [ h(t=)lu(t) = () Pdode.

and

M(t) = (<o+<1uw\\%+a<w<t>7wt<t>>m<m).

Lemma 7.1. (Sobolev-Poincare inequality [1]). Let 2<q<oo(n=1,2) or 2 <q< 2% (n>3). Then,
Jde,. = ¢(2,q9) > 0 such that
lully < e Vull2, Yue Hy(Q).

As in [133], taking the following new variables
y(x7p7 S7t) = Ut(.%',t - Sp)7

which satisfy
Syt(m7p787t)+yp(m7p787t) 207
y(x,(],s,t) :Ut(.l',t).

(7.1.5)
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So, problem (7.1.1) can be written as

t
gy — <g0+g1||vuy§+a(vu,vut)L2(Q))Au(t)+a(t)/0 h(t— 0)Au(o)do
B O 2ut) + [ 182(5) e 1, D2, 1,5, 0)ds =0
Syt(l'apasvt)"i'yp(mapasvt):0' (716)
u(z,0) =up(z), u(z,0)=ui(z), in Q

y(@,p,5,0) = fo(z,ps), in 2x(0,1)x(0,72)
u(x,t) =0, in 92 x (0,00),

where

(x,p,s,t) € Q2 x(0,1) X (11,72) X (0,00).

Now, we give the energy functional.

Lemma 7.2. The energy functional E, defined by

B0 = luld+3(0-a [ aere) IVu g+ L 1vutol}

—1 1 pm
+ 5T+ [ [ s te.ps s

(7.1.7)

satisfies

( “ Balslas ) a0+ S0 0 V)0

(/ o) vuli -5 (4 {ivucniz)) (7.1.8

Proof. Taking the inner product of (7.1.6); with wu;, then integrating over €, we find

(e (), ue(t)) L2(0) — (M () Au(l),ue(t)) L2(q)
alt) [ it =) Au(e)do,un(t)) 2oy + Br (™ 2ue,ur) 200

T2
+/ ‘/82(5)|(‘y($’ 17‘97t)|m_2y($’ 1757t)7ut(t))L2(Q)dS =0.
T1

(7.1.9)

By computation, integration by parts and the last condition in (1.1.2), we get

(v (1), () ) = 5 (I 1B (7.L.10)
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by integration by parts, we find

(M) Au(t),u () 20
- —<(<o+c1\|w||%+o<w< ), V(b)) (m)Au(t),ut(t))Lz(m

(go + IVl + o (Valt), Vug (D), (Q)) Vu(t). Vi (£)dz

D

(co+IVal+o(Vult) Vuu®) ey ) 5 [ 1Vuto)Par}

d
_ i{ (co+ STl ) Ivuce)i3 }+Zdt{uw(t)”§}2’

and we have

/ h dg ut )L 2(Q2)

_ /h £)) 120y do
= / h(t {/ Vu(z,o)Vu(x, t)dx}d

and

V(. 0) Vulx,t) = ;Z{wu(:ﬂ, o) — Vu(;v,t)(t)|2} _ ;${|Vu(x,t)|2},

then

/h 0); Vuy(t))r2(q)do

= —/0 h(t—g)/ [;Z{|Vu(x 0)— Vu(a;,t)\QHdwdg.

_/Oth(t—g)/ [;jt{|Vu(:U t)|2}]d:vdg
= ;/Oth(t— Lﬁ{/ﬂ]Vu(x,t)—Vu(x,g)Pdedg
1/t

—3 [ wte=o)| 2] Ivute 0B} dude.

by (7.1.2), we find

2/ h(t {dt{/ |Vu(z,t) — Vu(z, g)|2d:UHdQ
= th{/ h(t {/ |Vu(z,t) — Vu(z, )| daz} }dg

/h {/ |Vu(x,t) — Vu(z, )| d:r}dg

— Eﬂ(h VU)()—*(h Vu)(t),
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and

-5 [ - o[ S {19013} asde
—5( [ 1t ae) (£{ivutoi} ) s
_ _(/h g( {||Vu |2}>daz (7.1.16)

_ _M{(/hm )Hvu >||§}+;h<t>uw<t>ué,

by inserting (7.1.15) and (7.1.16) into (7.1.14), we find

(006 [ hte - )ruto)to (1)) .

= 2L ovuyn - "D [ noae) 1vuoiz)

_a;t)(h’oVu)(t) + g)h(t)IIVU(t)H%

lz(t) (/Oth(@)d@> IV7u(®)]]3- (7.1.17)

Now, multiplying the equation (7.1.6)2 by —y|52(s)|, and integrating over Q x (0,1) X (71,72), and using

Q

Q

- “/2(” (hoVu)(t) +

(7.1.5)2, we get

cclit - 1// /T1 s|B2(8)|.ly(z, p,s,t)|"dsdpdx

= =0 [ [ [T pdsdpa

- _E/ /1/72‘/82(5”Ci)|y(l’,/?78,t)|md8dpdx
/ /T1 |B2(s) (]y (2,0,s,t)|™ |y(a:,1,s,t)|m>d3dg;

_ mml</ Ba(s \ds)/\ut )" da
_m_

7// 1B2()|-ly (2,1, 5,¢) " dsdz

= ([ st ol

m—1

S [T 8@y 15,0 s, (7.1.18)

and by Young’s inequalitie, we have

7180 (50 2y s ) (t)) s (7.1.19)

L2(Q)
1 T2 1
< m(/n ‘62(3)|d8>”ut( )Hm—i-mT/ 1B2(s)|]ly (z,1,s,t)||mds.

By inserting (7.1.10)—(7.1.11) and (7.1.17)—(7.1.19) into (7.1.9), we obtain (7.1.7) and (7.1.8).

Hence, by (7.1.3), we get the function E is a non-increasing V¢ > ¢;. This completes of the proof. [
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Now we state the local existence of problem (7.1.6).

Theorem 7.1. Suppose that (7.1.2)-(7.1.4) are satisfied. Then, for any ug,u1 € HE(Q)NL3(Q), and
fo € L2(£2,(0,1),(11,72)), there exists a weak solution u of problem (1.1.2) such that

we C(J0,T[, HE(Q)nC(10,T[,L2(Q)),

ut € C(]Oa T[? H&(Q)) N L2(]07 T[? L2(Q’ (07 1)7 (7—177—2)))'

7.2 General Decay

In this section, we state and prove the asymptotic behavior of the system (7.1.6). For this goal,

we set

U(t) = /Qu(t)ut(t)d:c—i—%HVu(t)H%, (7.2.1)

B(t) = — /Q " /0 "Bt = o) (ult) — u(0))dodz, (7.2.2)

and

1 To
o) = /0 / 5¢%|Ba(8) | Iy (2, p, 5, 8) | T dsdlp.
(7.2.3)

Lemma 7.3. The functional ¥(t) defined in (7.2.1) satisfies, for any e >0

V() < Juelld— (0 —eler+e2))IVull3 = Gl Vallz + aff)(hOVU)(t)

se@(lullz+ [ 1) Iyt 1s.0l7ds ). (1.2,

Proof. A differentiation of (7.2.1) and using (7.1.6)1, gives

U'(t) = HutH%—I—/Quttudw—l—aHVuH%/QVutVudx

= Nl =Gl ul =GV uld =51 [ url uuda
Iy
+alt) /Q Vu(t) /0 "Bt = 0)Vu(o)dodz
Iz
—/Q/ 1Ba(s)|ly(x, 1, 5,8) ™2y (2,1, 5, )udsdz. (7.2.5)
"

I3
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We estimate the last 3 terms of the RHS of (7.2.5). Applying Hélder’s, Sobolev-Poincare and Young’s

inequalities, (7.1.2) and (7.1.7), we find

I <

IN

IN

IN

and

I

IN

IN

Similarly to I;, we have

L < gcz||wy\§+c(a)/

B [[ullm + c(e)l[ullm

bt ey IVullz' +c(e)lutllm

efy"

l

021 <E(O) > (m—2)/2

ect||Val3 + e(e)|uel7,

20()( [ (e)aa)|Full+ 5 (ho v

(Go=DIIVull3 +—=

a(t)
4

T

Combining (7.2.6)-(7.2.8) and (7.2.5), we get

a(t)

(hoVu)(t).

V() < fuell3— (1 —eler+e2)Vull3 =Gl Vaully

+O‘ff)(hovu)(t)+c(a)(uutum+/:\Bz(s)!\y(w,l,s,t)llﬁds>-

IVaull3 + () eI

T2
|Ba(s)|-ly(, 1,5, )| ds.
1

Lemma 7.4. The functional ®(t) defined in (7.2.2) satisfies, for any § >0

¥() < —( /Oth@dg—a)Hut\|%+6(<o+2<1—z>2a<t>)uw||%+<15uw\%

oE(0)

+6l

+e0) (el + [ 1l 1.5.0) s ) -

(

ld
2 dt

2
IVal) + (el6)+ 25+ 35)(6o - Da(®) ) (ho Vu) (1)
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(I o Vu)(t).

(7.2.6)
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(7.2.8)
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Proof. A differentiation of (7.2.2) and using (7.1.6)1, gives
(1) = / utt/ h(t—o (0))dodz

/ut/ h'(t—o ) —u( ))dgdx</ h(o dQ)”UtHz

= (ot Gl Vuld) /Q Vu /0 h(t - 0)(Vu(t) — Vu(o))dodz
Ji

—|—U/QVuVutdx./QVu/Oth(t—g)(Vu(t)—Vu(g))dgdx

Jo
o [ (| th(t—g)Vu(g)dg).( /O "t = 0)(Vu(t) - Vale))de) dr
1 [ ™2 [ e = o))~ ul@)ide ) da

T2
[ L 1Bl x,l,stnwy(a:,l,s,t)

</ h(t—o ))dg)dgda:
/ut/ B (¢ — o) (u(t) — u(o))dodz — </ h(o dg)||ut|]2 (7.2.10)

Je

We estimate the terms J;,i = 1,..,6 of the RHS of (7.2.10). Applying Hoélder’s, Sobolev-Poincare and
Young’s inequalities, (7.1.2) and (7.1.7), we find

(Go+alvul) (a1 9ul+ L (hovu o)

Go(Co—1) n C1(Go — 1) E(0)
49 416

|J1]

IN

IN

6ol Vl + 6l + ) e vao),

(7.2.11)

and

o(Go—1)
46

2
Jy < 50(/ VuVutd:E> V|3 + (hoVu)(t)

- l 2dt

sa() | ( / th(t—g><|w<t>—w<g>|—vu<t>|>dg)2dsc
o) [ ([ 1t o)utt) - Vute)do) as

< 25¢(Gy— 1)’ ()\Ivu!!2+c<26+ )(co—z> () (ho Vu) (1), (7.2.13)

5"E()(||v \|2> (CO D (hovu)(t), (7.2.12)

| J3]

IN
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< eIVl +os [ ([ he- oo -u(e)de) de

< e(O)IVuell+ 687" (Go— 1™ m/ h(t = 0)[|Vu(t) — Vu(o)||3'do
< @IVl + (-0 e (22 o vy
< c(9)||Vue|[my 4 des(ho Vu)(t). (7.2.14)
Similarly, we have
Js < c(0)|ly(x,1,s,t)|m + dca(ho Vu)(t), (7.2.15)
5 h(O)c]?J ,
Jo < Ol|uelz— v (h' o Vu)(t). (7.2.16)

A substitution of (7.2.11)-(7.2.16) into (7.2.10), we get

t
¥(t) < ([ hle)do5)lulf+5(G+2e(co - Da(t) ) IVul} + 5] Vul

SO (14 19u) - (ct6) + @5+ )6t (ho v
veto)(Juaz+ [ st 15015 ) ~ "0 oo,
O
Lemma 7.5. The functional O(t) defined in (7.2.3) satisfies
0'1) <~ [ [ sloa(o) iyt ps.lizdsds
[ 1y (s, s+ B (D)7 (7.2.17)

Proof. By differentiating of ©(t), and using (7.1.6)2, we have

@’(t) = —m/// sp|ﬁ2 ||y’m 1 ($>P757t)d8dpdx
- _/// se”*|Ba(s)|.ly(z, p, 5,t)| "dsdpdz
aJo Jn
T2
_/Q/ ’52(8)’[65|y($’1’8¢) ™=y (x,0,5,)|™ | dsda.
T1

Applying y(x,0,s,t) = us(x,t), and e * < e 5" <1, for any 0 < p < 1, and we set 71 = e~ "2, we obtain
, 1 pmo
) < —m [ [ [ sBals) L lyta.p.s.0) " dsdpds
T1

_771/9/7—:2‘BQ(S)HZ/(Z',1,S,t)|mdsd$+/7—:2|B2(S)|ds/9|ut’m(t)dx

using (7.1.4), we find (7.2.17).
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Now, we introduce the functional
Gt) = E(t)+e1at)¥(t)+e2a(t)2(t) +e30(t)O(t).
for some positive constants €;,i = 1,2,3 to be determined.
Lemma 7.6. There exist 1, pus >0, such that
mE(t) <G(t) < paE(t).

Proof. From (7.2.1)-(7.2.3), by using Holder, Young’s and poincare inequalities, we get

5020 < el (@B +IvuB) +eor = vucs
o(t) la(o)]

+52T||Ut(t)”%+52 cp(Co—1)(hoVu)(t)

2
1 rm

teala®] [ [ s Ba() (e, ps.0)ldsd.
T1

Using the fact that 0 < a(t) < a(0) and e™?% < 1, we find

60-BO < P (ITuB+1uB) +er 2 vus
o2 O 03+ 22, (G (ho Tut)

1 pmo
tes0(0) /0 [ se18a() .0 o
T1

< Cf(e1,e2,e3)E(t).

Choosing €1,e2 and e3 sufficiently small, then (7.2.19) follows from (7.2.21).

Lemma 7.7. There exist ds,dg,to > 0 satisfying
G'(t) < —dsa(t)E(t)+dsa(t)(hoVu)(t), t>to.

Proof. Since the function h is a positive and continuous, for all tg > 0, we have

t to
[ hodo= [ hle)do:=ho, ¥t = to
0 0
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A differentiation of (7.2.18), using 7.1.8, the Lemmas 7.3, 7.4 and 7.5

G'(t) = E(t)+e1d (t)U(t)+eoa/ (t)P(t) +e30/(£)O(t)
+e1a(t) W (1) +eaa(t) D' (t) +e3a(t)O (1)

a(t) (51 —e2(ho — 5)) 13

IN

Fa(t) (525(C0 +20(Co—1)2a(t)) — er(I— 1 + CQ») Va2

2
Fa(t) 8250EZ(0) _ a‘(’o)> (;iuvu\g)

+a(c(d)+ 25+ 55) (G~ D) ) (ho Tu) 1)

1
h(O)cIQJ ,
- )(h o V) (#)

+a(t)| e1c(e) +eac(d) +e361 — OZZ%)> [t ||,

1 rre
—a(team | [ " slBa(5) (e p.5,8) sy
SO [ hiopde)Ivuto3
terd (1) /Q wugda + 20 (t) /Q ut /0 "Bt — o) (u(t) — u(o))dodx

1 rm
teac () [ se () lyta. .0 dsdp. (7.2.23)
T1

By using the fact that e™#® < 1, Young’s and Sobolev-Poincare inequalities, we find

o (t) /Q wugda + o () /Q i /0 "Bt = o) (ult) —u(0))doda

1 pro
() [ [ se g (g5, 0) [dsdp
T1

IN

e c2 t
~ O ZIVull - o'l - o' OZ ([ hodde)hovu)(e)

1 pm
/() [ [ " s18a(s) I p.5,0) dsp.
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Hence

G'0) < aft)(e1-alho~0)~ 2

+a(t) (525((0 +2¢(Co — 1)%a(t)) —e1 (1 —e(c1 + ¢2))

o (t)c?

20(0) (/0 h(o)do) _61204(15)p> [Vull3
+af(t) (62(15—€1C1) IVull3

ot (=™ 5 (o)

+a(t) (28 +ealel®) + 25+ 1) (G~ Dah)

alt) (elc<e>+gzc<5>+53m —a’zg)) e 12

+a(t) (51c<e> +eae(6) - 77163) / 1Ba() 1y, 1,5,8) [ ds

o/(t)
a(t)

vates(-m- 2 [ sl Iy s,

Choosing d,¢ so small that

o

1
ho—68>~hg, —
0 27 (1=¢(c1+ )

(C+2(1-1)%) < iho.

For any fixed § > 0, we select €1,e9 so small satisfying

ho ho
—eg < &1 < —e9,
4 S &1 5 g9

and

62(h0 —5) —e1 >0,

e1(l — (e +c2) —£26(Co +2¢(Go —1)a(t)) > 0.

Then, we select €1,e2 and €3 so small that (7.2.19) and (7.2.24) to remain valid, and further,

o cE(0) 1 h(0)c3
C1(81—€25)>0, a(o)—525 ] >0, 5—52 15 >0,
% —e1¢(e) —e2¢(0) —e3P1 > 0, niez —e1c(e) —e2c(d) > 0,

where no = 1 — [[2[B2(s)|ds > 0.
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Therefore, (7.2.24) becomes, for positive constants dj,ds,ds,ds

G'0) < ~aft) (s + 0l - (s | Tl

a(0)
o/ (1) o (1)
—a(t)(dQ—i- 20 (1) /h (0)do) +e1 2a(t) )||Vu!§
o (1) 2
+a(t) (dﬁ - 52%) (hoVu)(t)
—a(tes(m -2 f))) / 1 [ da(s) .. s (7.2.25)

According (7.1.3), lim;—0 % =0, we can choose t; >ty so that (7.2.25) can be written as

g't) < —a(t) (leUtH% +ds | Vul3 + daf |Vl — de(ho Vu) (1)

s 1 / fswz(s).||y<m,p,s,t>r|mdsdp)
< —a(O)dsE(t)+a(t)ds(hoVu)(t), V> . (7.2.26)

O]

Theorem 7.2. Suppose that (7.1.2)-(7.1.4) are satisfied, for any (ug,u1, fo) satisfy E(0) > 0. Then,
the energy E(t) of (7.1.6) decays to zero exponentially. That is, IX1, Ao > 0 such that

t
B(t) < Ao 2 @00 gy 5y (7.2.27)

Proof. Multiplying (7.2.22) by 9(t), using (7.1.2) and (7.1.8), we find

WOG(E) < —dsd(t)a(®)E®) +dsalt)d(t)(ho Vu)(¢)
< —dsd(t)a()E() — dsalt) (W o Vu)(¢)
< —dsdOaE®D - do{2E'0) -’ 0)( [ hode)IVudB}.  (7228)

Since Y(t) is non-increasing function, we have

d

4 (900(0)+240E()) < ~dso(t)al) B(0) ~doe’(0) [ t hle)de ) Vu(t) (7.2.29)

From (7.1.7) and (7.1.3) that I||Vu(t)||3 < E(t), we find

H(9060)+2550)) < s B0~ duo' () [ oo IVal)]B
< —dsa(t)I(t)E(t) WE@)
< —a(t)d) <d5+ W)E(t). (7.2.30)
Since limy_,qp ﬁ(t)(az 5 =0, we can choose 11 > to such that ds + Qdﬁ(lo)a(()) >0 for t > t,.
Finally, let
' K(t) == 0()G(t) + 2ds E(t) ~ E(1). (7.2.31)
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Hence, for some A9 > 0, we obtain
K'(t) < =X (t)a(t)K(t), VEt>1t. (7.2.32)
By integrating (7.2.32) over (t1,t) yields
K(t) < Ko(ty)e 2 @@ sy (7.2.33)

Hence, (7.2.27) is established by virtue of (7.2.31) and (7.2.33). The proof is complete. O
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Chapter

Exponential growth of solutions with L,-norm
of a nonlinear viscoelastic wave equation with
strong damping, source and distributed delay

termes

8.1 introduction

In this chapter, we are concerned with a problem for a nonlinear viscoelastic wave equation with strong
damping , source and distributed delay terms. We will show the exponential growth of solutions with

L,-norm.

We considered the following problem

t
g — Au— wAuy +/ g(t—s)Au(s)ds
0
T2
+prug +/ |2 (8)|ug(x,t — s)ds = blu|P~2u, 2€Q,t>0,
T1
u(z,t) =0, z €, (8.1.1)

ug (z,—t) = fo(x,t), (z,t) € Q2x(0,72),

u(z,0) =up(x), ut(z,0) =up (z), z €,

where w, b, 41 are positive constants, p > 2 and 71,72 are the time delay with 0 <7 < 79, and us is an
L™ function, and g is a differentiable function.

In this work, we investigated the problem (8.1.1), in which all the damping mechanism have been
considered in the same time ( i.e. w > 0; g # 0; and p; > 0,2 € L), these assumptions make our

problem different form those studied in the literature, specially the exponential growth of solutions.
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Chapitre 12 Exponential Growth of Solutions

We will prove that if the initial energy F(0) of our solutions is negative ( this means that our initial

data are large enough), then our local solutions in bounded and
e 3+ I Vul|3 — oo (8.1.2)

as t tends to +oo: In fact it will be proved that the L,-norm of the solution grows as an exponential
function. An essential tool of the proof is an idea used in [164], which based on an auxiliary function
(which is a small perturbation of the total energy).

Our aim in the present work is to extend the existing exponential growth results to our strong damping
for a viscoelastic problem with distributed delay, we prove the exponential growth result under the
following suitable assumptions.

(A1) g: Ry — Ry is a differentiable and decreasing function so that
oo
g(t)>0 1—/ g(s)ds=1>0. (8.1.3)
0
(A2) There exists a constant £ > 0 such that
g)<=g@t) , t=0. (8.1.4)

(A3) pg: [11,72] — R is an L*™ function so that

26—1

) [ e)ds < 6> (8.1.5)

8.2 Main results

In this section, we prove the Exponential Growth result of solution of problem (8.1.1). First, as in

[133], we introduce the new varible
Z(xvpasat) = ut(:r,t—sp),

then we obtain

sze(x, p,s,t)+2,(x,p,8,t) =0
(@, p,8,t) +2p(x,p,8,1) (8.2.1)

2(z,0,s,t) = w(x,t).
Let us denote by
t
gou = / / g(t — s)|u(t) —u(s)|*ds. (8.2.2)
QJo
Therefore, problem (8.1.1) takes the form:
t
g — Au— wAuy +/ g(t—s)Au(s)ds
0
™
+uaug +/ \p2(s)|z(x,1,5,t)ds = blufP%u, x€Q,t>0, (8.2.3)
1
Szt(x7p787t) +Zp(x7p7s7t) = 07
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with initial and boundary conditions

u(z,t) =0, x€0Q,
Z(SU,p,S,O):fO(JJ,Sp), (824)

u(x,0) =ug(x), u(x,0) =uq (x),

where

(x,p,s,t) € Q2 x(0,1) X (11,72) X (0,00).

We first state a local existence theorem that can be established by combining arguments of Georgiev

and Todorova [64].

Theorem 8.1. Assume (8.1.3),(8.1.4), and (8.1.5) holds. Let

n—2
2<p< , n>3;

-2 (8.2.5)
p =2, n=1,2

Then for any initial data
(uo,u1, fo) €H / H = Hg(2) x Hy () x L*(Q2 x (0,1) x (11,72)),
with compact support, problem (8.2.4) has a unique solution
ue C([0,T];H),
for some T > 0.

In the next theorem we give the global existence result, its proof based on the potential well depth
method in which the concept of so-called stable set appears, where we show that if we restrict our

initial data in the stable set, then our local solution obtained is global in time, that is to say, the norm
[[uel2 + [ Vull2 (8.2.6)

in the energy space L?(Q2) x H}(£2) of our solution is bounded by a constant independent of the time ¢.

We will make use of arguments in [155].

Theorem 8.2. Suppose that (8.1.3),(8.1.4),(8.1.5), and (8.2.5) holds. If ug € W, uy € H}(Q) and

bCt  2p p=2
(g PO <1, (8.2.7)

where Cy 1is the best Poincare’s constant. Then the local solution u(t,z) is global in time.

We introduce the energy functional
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Lemma 8.1. Assume (8.1.3),(8.1.4),(8.1.5), and (8.2.5) hold, let u(t) be a solution of (8.2.3), then

E(t) is non-increasing, that is

B() = glul+ 50~ [ o(e)ds)|Vul+ 5 (g0va)

= / [ slas)l mp,swdsdpdx—fnun

T2
B(t) < —er(ul3+ [ [ (o) @.1,5,0)dsdo)
T1

satisfies

Proof. By multiplying the equation (8.2.3); by u; and integrating over (2, we get

Sl + (= [ o))Vl + 5 (g0%u) — fulz)
dt L2 0 g 2T 5\ pilp

= —mlulf— [ [ o). 1.5 )dsd
1 1

+5(g'oVu) - Sg(t )IVull3 —wl[ Va3,

and, we have

1 1 rm
dt2/_// s|p2(s)|2%(z, p, s,t)dsdpdr = —5/9/0 /T1 2|pa2(s)|2z,dsdpdx
1 T2 9
= +§// |u2(s)|z"(2,0,s,t)dsdx
T1

T2
// \p2(s)|22(z,1,5,t)dsdx

- 5(/ |u2(s)ds) ||u3

-/ [ ()] w15, s

then, we get

d

T2 1
SR = - / / a9l (, 1,5, )dsda + - (g/0V)
T1

1 1
=590l — ol T3+ 5[ a(s)ds) el

—7// 2 (s)|22(z,1, 5, t)dsdzx.

By (8.2.10) and (8.2.11), we get (8.2.8).
And by using Young’s inequality, (8.1.3),(8.1.4) and (8.1.5) in (8.2.12), we obtain (8.2.9).

Now we are ready to state and prove our main result. For this purpose, we define
b, p 1 5 1 t 9
@) =B = luly= gl - 50 [ g(s)ds)|Vul}

1 1 1 T2
5 (0Vw) — 5 [ [ [ sla(s)] w5 )dsdpds.
2 2 QJo Jn
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Theorem 8.3. Suppose that (8.1.3)-(8.1.5), and (8.2.5). Assume further that E(0) <0 holds. Then

the unique local solution of problem (8.2.3) grows exponentially.

Proof. From (8.2.8), we have
E(t) < E(0) <0.

Hence
H'(t)=—-E'(t) > 01(||Ut||3+/9/: |na(s)|2* (2,1, 5,t)dsdx)
> cl/Q/T2\u2(5)|22(az71,s,t)dsdx207
"
and
0<HO) S HO < ul},
We set

o) = Hy+ [ unde+ L [ 2ao+ % [ (Gwlas,
Q 2 Ja 2 Ja

where € > 0 to be specified later.

By multiplying (8.2.3); by u and taking a derivative of (8.2.17), we obtain
t
Kt = H() +e||ut\|g+e/ Vu/ g(t —5)Vu(s)dsde
Q 0

T2
—5\|Vu||%+sb/ |u|pdfc—€// |pa(s)|uz(z,1,s,t)dsdz.
Q QJrn

Using
o[ o)zt s tydsde < <o [ a(e)las)ul

451// \p2(s)|2%(x,1,5,t)dsdz},

and

8/0 g(t—s)ds/QVu.Vu(s)dxds = 5/0 g(t—s)ds/QVu.(Vu(s)—Vu(t))dxds
+e [ g(s)ds]| Tl
0

e [t 5 £
5 [ gs)ds|Vul— S (govu),
0

v

we obtain, from (8.2.18),
1 rt
K0 = HO+elulf -3 [ o(s)ds)[Tul+ebul+ 5 (90w)
T2
—eor( [ (o)l - g5 [ [ a2 1o s

1
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1
Therefore, using (8.2.15) and by setting 01 so that, B = substituting in (8.2.21), we get
11

K'(t) = [L—enlH'(t) +ellueli3

1
—eld=3 | 9(8)ds)|l[Vul[3 +eblful?

€ 2 9 €
— = . .2.22
o[ Ina(las)ul3 + 5 (g0v0) (5.2:22)

For 0 <a <1, from (8.2.13)

Ep(l—a)|
2

(1= [ gl)9)IVul3+ 5p(1 ~a)(goVa)

ebljull; = ep(1—a)H(t)+ Jue|3 + eballulp

ep(l—a)
+ 2

1— 1 p7mo
+€p(2a)/ / / s|ua(s)|22(z, p, s,t)dsdpdz. (8.2.23)
QJo Jn

Substituting in (8.2.22), we get

LD
1 [ 1)~ (1= 5 [ g(s)as)Ivl?

€ T2
~1 (/ |2 (s)|ds)||ull3 +ep(1—a) H(t) +ebalull}
C1R T1

1— 1 T2
AL ™ ()]0, 5, s
2 QJo Jn

+§(p(1 —a)+1)(goVu). (8.2.24)

K'(t) > [1—ex|H'(t)+¢]

+E[(p(l—a)

Using Poincare’s inequality, we obtain

K > 1enl 0+ P a5 (1 - a) + 1) (g0v)

wef Py [ s,

c T2
~1 (/ |2 (5)|ds) | Vul|3 +eabllu|lh +ep(l —a) H(t)
C1K Jr

1 _ 1 T2
+€p(2a)/ / / sz (s)|22(z, p, s,t)dsdpdz. (8.2.25)
QJo Jrp

At this point, we choose a > 0 so small that

1—
a=PIZY oy
2
and assume
p(1—a)
/oo (s)ds < ——2 2 (8.2.26)
0 gl8)as p(l—a) 1, 20141’ o
E -2

then we choose k so large that

ar= (P )= [yas"E0 T = ([ a(slas >0
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Chapitre 12 Exponential Growth of Solutions

Once k and a are fixed, we pick € so small enough so that
ag=1—¢er >0,

and

b
K(t) < I;IIUHI’?

Thus, for some > 0, estimate (8.2.25) becomes

K'(t) = BLH) +luel3 + | Va3 + (goVu) + lullh

—i—/// s|ua(s)|22(x, p,s,t)dsdpda},

K(t) > K(0) >0, t>0.

and

Next, using Young’s and Poincare’s inequalities, from (8.2.17) we have

Kt) = (H—i—s/ uutdx—l—i/ wrde+ =2 /Vuzdac
Q 2 Ja

IA

C[H(t)+!/QumdeHUHﬁHVUHQ]

< c[H () +[IVull3 + [lul13],

for some ¢ > 0: Since, H(t) > 0, we have from (8.2.3)

1

30= [ a1Vl - 3 go¥a)

1 1 T2 b
_f// / 8|M2(8)\z2(x,,0,s,t)dsclpdw_|_,Hung>0’
2Jato Jny .

— 2_
3

then

1 t
30 [o@dsIvull <l < 7 Jull+ (g0

1 rro
+// / slua(s)|2*(x, p, s, t)dsdpdz.
QJOo Jn

In the other hand, using (8.1.3), to get

1 ) b b
FU=DIVully < llully < llully +(g0Vu)

1 pro
++// / s|ua(s)|22(x, p, s,t)dsdpdz.
QJo Jr

Consequently,

2b
IVullf < ;IIUI|§+2(90VU) [ Vul3

1 pmo
—|—2// / s|pa(s)|2%(x, p, s,t)dsdpdz.
QJOo Jn
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(8.2.29)

(8.2.30)

(8.2.31)

(8.2.32)

(8.2.33)

(8.2.34)
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Inserting (8.2.34) into (8.2.30), to see that there exists a positive constant k; such that
b
K(t) < ki[H(t)+]|Vull3+ HUtII%+1;HUI|§+(90VU)(75)
1 pro
—i—/ / / s|ua(s)|2%(x, p, s,t)dsdpdz], ¥t > 0. (8.2.35)
QJOo Jr

From inequalities (8.2.28) and (8.2.35) we obtain the differential inequality

K'(t) > AK(t), (8.2.36)
where A > 0, depending only on 8 and kj.
a simple integration of (8.2.36), we obtain
K(t) > K(0)e™) Ve > 0. (8.2.37)
From (8.2.17) and (8.2.27), we have
b
K(t) < ];||uH£ (8.2.38)

By (8.2.37) and (8.2.38), we have

ul|p > CeP) vt > 0.

Therefore, we conclude that the solution in the L,-norm growths exponentially. This completes the

proof. O
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Conclusion

In this thesis, we studied various problems of porous-elastic type, and by adding different dessipations
and dampings, we prove the existence of solutions, and the results of stability under suitable conditions.
We also expanded the study to other types of hyperbolic systems, by using various methods we have
improved many works.

The same thing with wave equations that we allocated for the third part.
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