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Chapter 1

Quantum Optics

What is quantum optics?

It is the quantum theory of light with the concept of the photon as an elementary
excitation of the electromagnetic field.

o A nonrelativistic version of quantum electrodynamics.

o The first quantum optics paper by Roy J. GLAUBER (1925-2018, Nobel Prize
2005) in 1963 [R. J. Glauber, The quantum theory of optical coherence, Phys.
Rev. 130, 2529 (1963)].

o It describes the interaction of the quantized electromagnetic field with atoms,
molecules, and macroscopic dielectrics.

o Today also covers a large portion of atomic physics. It is more than light (see

Fig. (1L.1)).

o We study quantum-mechanical description of light, which enables us to study
effects that have no classical analogue. These include squeezing and photon an-
tibunching, which we will analyze in more detail in this chapter.

1.1 Field quantization in free space

o For the quantum theory of light the quantization of the electromagnetic field is
needed.

m What is the (canonical) quantization procedure?

1



Chapter 1. Quantum Optics

3 (b) Bose-Einstein condensates (Nobel
= Prize 2001: Eric A. CORNELL, WOLF-
(a) Cooling and trapping of neutral atoms. GANG KETTERLE, CARL E. WIEMAN).

e O0DCOO0OO0O ©

-
(¢c) Manipulation of individual quan-

tum systems (Nobel Prize 2012: SERGE (d) Dispersion forces (CASIMIR and VAN
HAROCHE, DAVID J. WINELAND). DER WAALS forces).

Fig. 1.1: Recent developments of quantum optics.
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1.1. Field quantization in free space

1. Promote complex number quantities such as position x and momentum p to
HILBERT-space operators.

2. Postulate (equal-time) commutation relations, i.e. replace POISSON brackets
by ih times the commutator: {-,-} = ih[-, -].

e There are two ways to field quantization:

1. Quantum field theoretic approach: start straightaway from canonical vari-
ables of MAXWELL theory, postulate field commutator and hope for the
best.

2. Pedestrian approach: perform mode expansion of electromagnetic field, quan-
tize each individual mode separately, construct field commutator from mode

expansion.

« MAXWELL’s equations in free space without sources reads

V- D(r,t) = 0, (1.1)
V-B(r,t) = 0, (1.2)
V x E(r,t) = —B(r,t), (1.3)
V xH(r,t) = D(r,t), (1.4)

where B(r,t) represents the magnetic induction field, E(r, t) is the electric field,
D(r,t) denotes the electric displacement field, H(r, t) is the magnetic field.

e Moreover, we can write the constitutive equations as

D(r,t) = ¢oE(r,t) (1.5)
H(r,t) = —LB(r¢), (1.6)
Ho

where €9 and pp represent the permittivity and the permeability of the vacuum,
respectively.

e The two equations () and (@) exactly solved by introduction of potentials
B(I‘, t) =V X A(I‘, t)7 E(I‘, t) = —V(P(I', t) —A(I', t)7 (17)

with the scalar potential ¢(r, ) and the vector potential A(r,t). But for the rest
of two equations (El!) and ()

V-D(r,t) =0 = |—¢ [Ap(r,t)+V-A(r,t)] =0, (1.8)

Lecture notes on quantum optics and lasers



Chapter 1. Quantum Optics 4

and

V xH(r,t) =D(rt) = |VxVxAf+ ClZA(r, H) = — LV, b).

CZ
(1.9)
yields two coupled partial differential equations for potentials. @
« But: potentials are not uniquely defined due to gauge freedom
A D) o A D+ VgD, gt o g g, (110)

which gives identical electromagnetic fields for arbitrary gauge function. Hence
choose g(r,t) such that

V-A(r,t)=0 (1.11)
known as COULOMB gauge (transverse vector potential). Therefore
Ap(r,t) =0= ¢(r,t) =0 (1.12)
using boundary conditions at infinity for the scalar potential, and the vector
identity
VXxVxA=V(V-A)—AA, (1.13)
we obtain the wave equation for vector potential
At - L2 A =0 (1.14)
r,t)— =—5A(r,t) = 0. .
’ cZot2

1.1.1 Maxwell’s equations in covariant form

o MAXWELL’S equations (ll:ll—), and the wave equation (), can be written
in a very compact covariant form. For this purpose, we introduce the following
notation: the contravariant and covariant components of a four-vector a consist of
the temporal component a® and the spatial three-vector a, which can be combined
into

a" = (a°,a), a, = (a° —a). (1.15)

e The transformation from covariant to contravariant vectors is carried out with
the metric tensor ¢ in the form

a' = g"a,, ay = gua’ (1.16)

according to EINSTEIN’s summation convention, a summation is carried out over
indices that appear twice (one upper and one lower index). In this way, one
obtains the invariant a* = ata, = (a°)? —a?.

Lecture notes on quantum optics and lasers



1.1. Field quantization in free space

o In flat space, the metric tensor takes the diagonal form g = diag(1,—1,—1,—1).

Important examples of four-vectors are:

position four-vector: x# = (
velocity four-vector:  ut = (
wavevector four-vector: k¥ = (

c
current density four-vector: j* = (cp,j),
potential four-vector: A¥ = (4—5 A> ,
gradient four-vector: 9, = d/dx" = (d/act, V).

The four-velocity here is dimensionless and is expressed in terms of the dimen-
sionless velocity B = v/c and the LORENTZ factor ¢ = (1 — p%)~1/2.

The field strength tensor is defined as
F¥(x) = " A"(x) — oV A¥(x). (1.17)
Using Eq. (@) prove that

0 —E'/¢ —E%/c —E3/c

El/e 0 B3  —B?
FHY = 1.18
=1/, B o Bl (1.18)
E3/c B>  —B! 0
The field stress tensor is antisymmetric, i.e., FFY = —F'F., The MAXWELL equa-
tions (@)7(@) now read in covariant notation
OFFP(x) + o°F*(x) + o"FP¥(x) = 0, (1.19)
9, F"(x) = 0. (1.20)

The equation ([L.19) replaces equations ([l.2) and (@), whereby it must be noted
that none of the indices are contracted. This is the covariant form of a JACOBI
identity. Equation () replaces the other two MAXWELL equations () and
() The first of the two covariant equations ([l.19) can be further simplified
with the aid of the dual field strength tensor. The dual tensor of an arbitrary
second-rank tensor TH is defined as

1
*THY = Ee”"“ﬁTaﬁ, (1.21)

Lecture notes on quantum optics and lasers



Chapter 1. Quantum Optics 6

where €#*P is the four-dimensional (completely antisymmetric) LEVI-CIVITA

pseudotensor (e1?3* = 1 and cyclic). The dual field strength tensor is thus
01 —B! —332 —1233
ORI S A (122)
B> E?*/c —E'/c 0
and Equation ([L.19) is replaced by
9, “F"(x) = 0, (1.23)

which, apart from the duality transformation, is equivalent to ([L.20).

1.1.2 Lagrangian and Hamiltonian

o From classical electrodynamics it is known that MAXWELL’s equations can be
derived from a Lagrangian formalism. The Lagrangian density of the electromag-
netic field in this case is given by

1

L= % {SQAZ(I‘, t) 1
0

[V X A(r, t)]z} = —1F, F". (1.24)

The vector potential here plays the role of the generalized coordinates. The
HAMILTON principle of least action,

@JLdt =0, L= Jd3r£, (1.25)

yields the EULER-LAGRANGE equations

d 6,L 5. L
— — =0 1.26
dt 5, A(r,t) O, A(r,t) ’ (1.26)

which is nothing other than the wave equation () for the vector potential.
Since the vector potential is a transverse vector field, the variation may only be
carried out over such fields. This is what is meant by the notation ¢, .

o The vector potential, as a generalized coordinate, has a corresponding canonical
momentum, which is obtained from the Lagrangian density as follows

M(r, ) = ﬁ‘;;(it) — eoA(r, t) — —eoB - (r, £). (1.27)

Lecture notes on quantum optics and lasers



1.1. Field quantization in free space

The LEGENDRE transformation
H= Jdi”r[n(r,t) -A(r,t) — L] (1.28)

then yields the classical Hamiltonian function as

H— %Jd%{inz(r’ ) _,_%[V X A(r, t)f},

or

_ 1|43 12, 1 524,
H—Zjdr{soE (,t)+mB(,t)}. (1.20)

which, as expected, represents the electromagnetic field energy.

1.1.3 Classical mode expansion

o In order to arrive at a canonical quantization of the electromagnetic field in free
space, two approaches can in principle be taken. On the one hand, starting from
the knowledge of the canonically conjugate variables A(r,t) and II(r,t), a field
quantization can be carried out by directly promoting these classical quantities
to HILBERT space operators and postulating for them the equal-time canonical
commutation relations

[Ai(r, t),l'[]-(r’,t)] = ihé,-]-cSL(r—r’). (1.30)

The alternative, which we shall pursue here, is based on the mode expansion of
the classical fields, which then leads to the quantization of an (infinite) set of
harmonic oscillators.

o For this reason, let us recall that the fundamental solutions of the wave equation
(IL.14) are plane waves. Obviously, any arbitrary vector potential can be repre-
sented as a superposition of such plane waves with certain expansion coefficients

A(I‘, t) = ZC/\A)\(I')L[/\(t), (1.31)
A

where A, (r) being a set of spatial mode functions and u, (f) are the amplitude
functions.

e The separation of variables with separation constant w%\/ c? yields

w2
AA,(r) + C—Z/\AA(r) =0, (1.32)
i) (t) + wiuy(t) = 0. (1.33)

Lecture notes on quantum optics and lasers



Chapter 1. Quantum Optics 8

« The equation () is known as HELMHOLTZ equation which is an eigenvalue
problem for the hermitian operator (—A). Therefore A, (r) is a complete set of
orthonormal functions, i.e.,

Z IcAlPAL(r) @ AL(r) = S(r—1')1 (1.34)
A

|cA|2Jd3rA§(r) “Ay(r) = S (1.35)
+ Asan example we choose transverse plane waves A (r) ~ ege* T where A = (k, 7).

Hence

&’k i(kr—wt) | % —i(kr—wt)
A(I‘, t) = Z Weg |:uk0—e + uko-e :| y (136)
[

where the coefficients uy, = u*, carry a vector index with respect to the

wavevector k and a discrete index ¢ for the two orthogonal transverse polarization
degrees of freedom, with unit vectors satisfying e, - ;s = 6,,. The expansion
b

« We now insert the mode expansion () into the Hamiltonian () and obtain

H= —%%“J%{ {so(eg-e(ﬂ)ww’nL l(k x ey) - (k' x ea/)l

) by construction yields a real vector potential.

Ho
% [ukgei(km—wt) o uﬁae—i(k»r—wt)]
« [uk/a/ei(k’-r—w/t) - ulﬂ;/a/e—i(k/-r—w/t)]
(1.37)
o Using the orthogonality of the polarization unit vectors e, - e,r = J,, as well

as the relation (k x ey) - (k X ey) = k?(ey - €,/) = k?6,,, integration over r as
[ dBrelK)T vields (277)35(k — k') and then integrate over K’ to find

H= 2sOZJd3kw2|ukg|2. (1.38)
g

o The expansion coefficients uy, are in general complex functions, which we decom-
pose into their real and imaginary parts

. 1 .Pka * 1 o .Pko
Uke = 2—\/% [Qka‘i‘l?} ) Uy = N [qko 1 w } ) (1.39)
with
Txo = /€0 (Uko + Uiy ) , Pxe = —iw /€o (Uke — Uiy ) - (1.40)

Lecture notes on quantum optics and lasers



1.1. Field quantization in free space

o With these definitions, we obtain the classical Hamiltonian as

H=1 ZJdBk (P + wals) (1.41)
o

The electromagnetic field is composed of infinitely many uncoupled harmonic
oscillators with frequencies w = |k|c. The interpretation suggested by this result
is that the electromagnetic field in free space can be regarded as an ensemble of
uncoupled harmonic oscillators, each of which can now be quantized separately.

1.1.4 Creation and annihilation operators

o In Equation () variables appear that correspond to the position and momen-
tum variables of harmonic oscillators. Each of these oscillators corresponds to an
electromagnetic field mode, characterized by a continuous wavevector index and a
discrete polarization index. Each of these variables is then canonically quantized
by promoting the c-numbers to HILBERT space operators,

ko = é]\km Pxo = ﬁk(fu

and postulating the equal-time commutation relations
[Gke, Prror] := 116 (k — K)oy (1.42)

e As in the usual theory of the quantum-mechanical harmonic oscillator, we in-
troduce, analogous to the complex expansion coefficients 1y, the non-Hermitian
operators 4, (k) and 4% (k) as

fp(k) = ,/% (qu+ iﬁkg) , (1.43)
A fw ([, i
a;(k) = ﬁ (Qka - apko) . (1.44)

e From the commutation relations of gy, and Py, it follows that the new operators
satisfy
a0(k), 8%, (k)] = 5(k — k). (1.45)

o We know from the quantum theory of the harmonic oscillator that the operators
axe and ﬁfzg annihilate or create quanta of energy T|k|c, respectively. The natural
interpretation here is that these quanta represent excitations of the electromag-
netic field mode A. These elementary excitations are called photons.

Lecture notes on quantum optics and lasers



Chapter 1. Quantum Optics 10

o If we insert these ladder operators into the mode expansion of the vector potential,
we obtain

3 . .
A(r) = ;J (22{)};/2 \/ 2£Zla)ea [elk'rﬁa(k) + e kTal (k)| (1.46)

e The expansion () refers specifically to the decomposition of the vector poten-
tial into plane waves. However, one may also use any complete orthonormal set

of functions as the basis of the HELMHOLTZ operator. In general, this relation
can be written as

Am =Y [AA(r)aA + A;(r)aﬂ . (1.47)
A
with A)(r) as the spatial mode functions from classical optics (e.g. HERMITE-
GAUSSs modes, LAGUERRE-GAUSS modes etc), written with a mode index A that
is not further specified.

« Inserting into the Hamiltonian function (), we obtain

A= %Zhw;\ (ﬁ;\ﬁx—l—ﬁ a ) Zha},\ (aAa;ﬁ— ) (1.48)
A

where in the last equation we have used the commutation relations () in the
form [ﬁ/\,ﬁj\,] = 0. The Hamiltonian () yields HEISENBERG equations of
motion for the photonic ladder operators

. 1 N :

b= [ H] =iy = (1) = ey, (1.49)
: 1 ~ .

i = AR =il = al) = a, (150)

o We have here explicitly distinguished between the HEISENBERG picture, in which
the operators carry the time dependence, and the SCHRODINGER picture, in which
the states carry the time dependence and the operators are time-independent.
Both pictures coincide at t = 0. The amplitude operators appear in the com-
binations e!¥T=“ta, (k) and e kr=@tat (k). For this reason, the annihilation
operators A, (k) are associated with the positive frequency part of the electromag-
netic field, and the creation operators With the negative frequency part. From

the classical relation E ), it now follows from the HEISENBERG
equations of motion, ) and ( ) that the operator of the electric field is
given as
Br)=-A(r)=i) w, [AA(r)aA_A;(r)aﬂ . (1.51)
A

Lecture notes on quantum optics and lasers



1.1. Field quantization in free space

Q

o From the Hamiltonian (|L.48) one sees that, even in the absence of any photonic
excitations, the electromagnetic field possesses a ground-state energy

0) =10)5, ®10)1, ®---®10)a, (1.52)
3k
O1A10) =15 oy = 2 5 [ =25 i — too (1.53)
2 ~ ~ J(ZT[)WZ

Each harmonic oscillator contributes fw, /2 to vacuum energy. This is, of course,
infinitely large because there are infinitely many modes, hence vacuum energy is
+o00. This is an effect that is solely due to the quantization of the field, since it
originates from the non-vanishing commutator of the ladder operators. Does that
matter? Is the infinite energy a constant or is there a physical effect associated
with it?

e In summary, the quantized electromagnetic field consists of infinitely many un-
coupled harmonic oscillators associated with each mode — Hamiltonian is a
sum of Hamiltonians for each mode. Photons are elementary excitations of a
(monochromatic) mode or narrow-band collection of these modes (pulse). The
ladder operators create/destroy photons.

Lecture notes on quantum optics and lasers



Chapter 1. Quantum Optics 12

1.2 Quantum states of light

o In the quantization of the electromagnetic field operators, we have seen that the
quantized electromagnetic field is a collection of uncoupled harmonic oscillators,
each of which is described by a Hamiltonian

I:I/\ = Tl(,d)L (ﬁ/\ + %) . (1.54)

It is therefore possible, when introducing the possible quantum states, to focus
on a single mode and, if necessary, extend this to a multimode system. From now
on, we will therefore no longer explicitly carry the mode index A.

o What is the quantum state of a photon? — eigenvalue problem for Hamiltonian.

1.2.1 Fock states

o First look at single-mode monochromatic field described by Hamiltonian

H=hw(a'a+1/2)
is solved by considering the eigenvalue problem 474. Both problems are equivalent,
since

A,a%a) =o0.

—

.I_

e Define number operator as @'4 = 7 fulfilling the eigenvalue equation

Alpn) = nlpn), (1.55)
where n is the eigenvalue of 71 and [¢,,) is the corresponding eigenstate.

e Since the number operator 7 is Hermitian, its eigenvalues are real, and its eigen-
vectors [p,) form a complete set of orthogonal states. From

(ulftlpn) = <4’n|ﬁ+5ﬁ|4’n> = 1{Pnltpn)
= lafpa)I* >0, (1.56)

it follows that n must be a nonnegative number, since both [¢,) and alg,) are
HILBERT space vectors with nonnegative norm.

Lecture notes on quantum optics and lasers
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1.2. Quantum states of light

« Applying the commutation relation [4,4%] = 1 gives

[a,7]) = [a,a%a) = a,

and thus

A(alyn)) = (an—[a,2])lpn) = (n —=1)(aln)). (1.57)
This means that dli,) is an eigenvector of the number operator with eigenvalue
n — 1, which we denote by [,_1).

Since all eigenvalues must be nonnegative, there must exist a state |¢g) such that
alyg) = 0.

This state is called the ground state. It contains no excitations and cannot be
annihilated further. Similarly, one finds

A(E [ pn)) = (n+1) (8" [n)). (1.58)

From equations () and (), it follows that 4 and 4" indeed decrease or
increase the number of excitations of the electromagnetic field mode.

Starting from the ground state |io), all other states can now be generated by

successive application of the creation operator 4,

[¥n) = (a")"Ipo).

If we normalize these states as [n) = [(,) / \/(WYnlpn), we obtain the Fock states
or photon-number states. We assume that the ground state [0) = |¢pg) is
already normalized. The n-th FOCK state is then given by

[n) = ca(a")"0), (1.59)
where the normalization constant ¢, still needs to be determined.
This is obtained from the condition
(nn) = lea?(0la" (a%)"0) = 1, (1.60)
by calculating

(0la" (a™)"0) = (ofa" "

= (012" 'a(a®)"10) + (0la" " (a")"0).

Lecture notes on quantum optics and lasers



Chapter 1. Quantum Optics 14

o Applying the commutation rule

one obtains the result

(0la™(a")™0) = n(0la"(a")"110) = n(n—1)(0[a"2(a")"2|0) = - - - = n!(0|0).
(1.61)
It immediately follows from ([L.60) that

&y = 1/l (1.62)

e In summary, we therefore find the normalized FOCK states

_ L ﬁ’r n
In) = = (@)"10). (1.63)

The action of the ladder operators is
atln) = Vn+1n+1), (1.64)
aln) = /nn—1). (1.65)
« Since the eigenvectors of the number operator are mutually orthogonal, we have
(mn) = dpmn. (1.66)

and they form a complete set of orthonormal vectors. Thus, with the identity
operator

i n)(nl =1, (1.67)
n=0

any arbitrary state can be expanded in terms of the FOCK basis.

1.2.1.1 Photon statistics of Fock states

o We will now consider some properties of FOCK states with respect to their photon
statistics. A single mode in a FOCK state |[n) contains exactly n quanta of exci-
tation energy hw. Thus, the state describes a photon number state with exactly
n quanta. The mean energy in such a mode is

(nlHn) = hw (n+ %), (1.68)

so that we can indeed identify an energy hw with each photon. Note that even
in the absence of photons, the ground state energy is

(0|H|0) = hw/2 > 0.
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1.2. Quantum states of light

« The fluctuations of an observable O are expressed by its variance {(AQO)?), where

AO = O — (O). For the photon-number variance in a FOCK state we obtain

(n|(An)?n) = (n|Aa?n) — (niln)? = 0. (1.69)

This is of course to be expected, since the photon number in a FOCK state is
well-defined and thus no energy fluctuations can occur.

Things become more interesting if one considers the mean electric field. From
equation () and the relation E(r) = —A(r) it follows for a single-mode field

A

B(r) = BEH (@) + B (1) = iw [A(r)ﬁ - A*(r)a+] , (1.70)

where A(r) is again the spatial mode function, and E(*) (r) and B(-)(r) represent
the positive and negative frequency parts of the electric field, respectively. This
leads to the expectation value

(n[E(r)n) = 0. (1.71)

This is obviously an unusual result, since classically one would expect that a
state with n photons should contain an electric field. However, if one considers
the intensity of the field [(r) = B (r) - E(+)(r), one obtains

(nI(r)|n) = W?|A(r)n, (6.45)
which, as expected, grows with the photon number.

The fluctuations of the k-th component of the electric field are

(n] [AEx(r)]* In) = w?|Ap(x)(2n + 1), (1.72)

and these also increase with photon number. In the absence of all photons,
however, residual field fluctuations remain

(0] [AEx(r)]*10) = w?Ag(r) . (1.73)

This means that the finite ground-state energy can be interpreted as the energy
of the vacuum fluctuations. All these unusual properties make the FOCK states
highly nonclassical states. We shall postpone the precise definition of nonclassi-
cality until later.
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1.2.1.2 Multi-mode states

« The monochromatic, single-mode light represents very strong (often unphysical)
approximation.

o Generalize to multi-mode light fields labelled by A = 1...#n, the HILBERT space is
tensor product space H = H; ® Hy ® ... ® H, where eigenstates of Hamiltonian
are tensor products of single-mode eigenstates [{n,}) = ®,|n,), hence

Hin) = Y hw (ny+3) ina)) - (1.74)
A

The total number of photons N = > )7y commutes with the Hamiltonian
[N, H] = 0. Therefore

Niima) = (3 m) i) (1.75)

A

o But: different possibilities of distributing N photons across M modes.

« Example: two-mode states |n1,np) = |n1) ® [ny)

N =0:{0,0)}

N =1:{]1,0),]0,1)}
N =2:{2,0),]1,1),]0,2)}

o The properties of multi-mode FOCK states are
{mH(AN)?H{na)) =0,

and

{m\E(r){n,}) = 0.
1.2.1.3 Polarization states

o The electromagnetic field has two orthogonal transverse polarizations, hence we
use multi-mode description even for monochromatic light.

e Possible choices of bases are

— H/V (horizontal /vertical),
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17 1.2. Quantum states of light

— D/A (diagonal/anti-diagonal), and
— R/L (right/left circular)

with ladder operators (for single frequency) g, dy.

o FOCK states can be expressed as

11y) = alloy),. ..

1y) = ayloy), ...
o« Notation: sometimes found in the literature

1) =H), [ly) =1[V)

Anti-Diagonal Diagonal
135 Degree Polarization 45 Degree Polarization
(Bit=1) (Bit = 0)

(Bit=0)

Diagonal Basis

1.2.1.4 Density operator

Horizontal
Zero Degree Polarization

Rectilinear Basis N

Vertical
90 Degree Polarization
(Bit=1)
N

« Pure states: quantum system prepared in state [) — full knowledge that
the state is indeed [1p), but the measurement of an observable O still subject to

quantum mechanical indeterminism

(0) = (¢lOlyp) = Tr[1p)(¢lO]

(1.76)

« Mixed state: statistical uncertainty about preparation of a quantum system in

states {|¢;)} with probabilities p; > 0, ;p; = 1:
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(0) = Z piTr [|9i) ($;l0] = Tr[Z pili) (| O] (1.77)

—_——
0

where the statistical (density) operator

0= Z pilpi) (il (1.78)

reflects classical statistical uncertainty about which states have been prepared.

« Example: single-photon source with probability p; to generate a photon in a
given mode, and probability pg = 1 — p; of producing no photon at all:

o = p1l1) (1l + (1 —p1)10) (0l

e The measure for mixedness of p is stated as

(o) = Tr[p?] < 1. (1.79)

« Example: for pure state
p=1) (9l = 0% = 1) (Ylp) (¢l = ) (¢l = p
= Trp?>=Tp=1
« Example: for mixed state
p = pil1) (114 (1= p1)I0) (0] = p* = pil1) (114 (1 — p1)?I0) (0]

= Trp? = pi+ (1-p1)* <1
o Example: for maximally mixed state

p=1 Z 9 (il = Tep? =

n P n

this reflects total lack of knowledge as to which state has been prepared.
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19 1.2. Quantum states of light

o The properties of the density operator are

2. Trp =1,
3. p>0.

« From the SCHRODINGER equation for state vector [¢) and its hermitian adjoint
L d A
i lp(6) = Alp(r),

. d A
i (0] = WL,

we obtain the VON NEUMANN equation for density operator p = [) (¢

ih% _ ih% (y¢><¢y> —in (%?@P! + W’)%)

o .
o = Al) (9l =) (yIA,

or

- = _[A,p], (1.80)

— = _[0,H]. (1.81)

 Beside the minus sign difference between () and (|1.81]), the quantum state or
statistical operator is expressed in SCHRODINGER picture, whereas the operator
O in HEISENBERG picture.

o The density operator encodes the state of the quantum system, and its time
evolution follows directly from the VON NEUMANN equation ([L.80).
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1.2.1.5 Multi-mode quantum systems and single-mode observables

o Assume a quantum system consisting of two (interacting subsystems) A, B with
Hamiltonian
H= HA+HB+I:IAB-

B |1/JZA ), |1PZ-B ) form a complete set of basis states of subsystems A, B of Hamiltonians
H,, Hg, respectively, and |l/JZA, lPF) for the total system of Hamiltonian H.

« But: the expectation value of observable O 4 associated with subsystem A is

A

(Oa) = Tr [pa04] -

o The partial trace over subsystem B reads

oa="Tegp =) (PIply}).

1

o The partial trace reflects complete lack of knowledge about the state of a subsys-
tem, e.g. environment.

o Even if state of total system is pure, partial trace generically results in mixed
states, except when [p/B) = [pA)|yB).

« Example: equal superposition of pure states

1 d
ABy _ _— A B
) ﬁ;w@,w
yields
d
b4 = Tea ™) (9471 = 3 5 /)l
i=1

d
1
A AB AB B B
pp = Tralp™®) (@™ =2 > 1P ) (7,
i=1
which are maximally mixed states.
o Entanglement means the quantum correlations between subsystems.
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1.2. Quantum states of light

« Example: polarization state of two photons:

L
V2

i.e. the detection of photon A in H polarization predetermines outcome of sub-

9%) = —= (IHA HD) + VA, VD))
sequent measurement of polarization of photon B — this state is entangled.

But: the state

1
98) = 5 (IHY) +1v4) (IHP) +v7))
is separable, i.e. the measurement outcome of A does not influence outcome in B.

Definition: A quantum state is separable if and only if it can be written in the
form

p=2_pibl @pr,

otherwise, it is entangled.

1.2.2 Coherent states

The preparation of the quantized electromagnetic field in a FOCK state has the
unusual effect that the expectation value of the electric field vanishes. We there-
fore look for other quantum states whose statistics resemble those of classical
light. In particular, we look for states |a) for which the expectation value of the
electric field has the classical value

(aE(r)la) = iw [A(r)a — A*(r)a*], (1.82)

where the ladder operators @ and a are replaced by the complex numbers & and
o™, respectively. Such states are called coherent states.

These states can be constructed as follows. From quantum theory, we know that
any given complete set of orthonormal functions can be transformed into another
such set by a unitary transformation. Here, we consider the unitary operator

+

U =D(a) =2 (1.83)

where « is a complex number. This operator, known as displacement operator, can
be written in different operator orderings. The BAKER-CAMPBELL-HAUSDORFF
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formula for two operators A and B, with [A,[A,B]] = [B,[A, B]] = 0, can be
written as
- L a
ATE = (ABem2lAB] (1.84)
Applied to the displacement operator () with A = aat and B = —a*4, this
yields the normal- and anti-normal-ordered forms of the displacement operator
as

() = M o0 la/2 - imal order, (1.85)

D(a) = e W aea a/2 - anti normal order. (1.86)

>

Note: they are exactly the same operators, only the order of creation and anni-
hilation operators is different!

We now use the displacement operator to transform both the ladder operators
and the FOCK states as

i = D(a)aD%(a), (1.87)
n'y = D(a)ln).

For the transformation of the operators, we use the representations ([1.85) and

(), and write

N A ~ A At ks (]2 ~ n*h _—pxpt 2
a’:D(oc)aD+(oc) N N ] /Z[Zetx a, zxaelzx\ /2
normal order anti-normal order
at o _axpt
— oM oA

2!

1
= (1 +adt 4+ Za?(@"2 - )a(l —arat + —(a")?(a")? +- )

I
x>

— Q.
Applied to the transformed ground state |0'), we have
a'0"y =0 = (a—a)D(a)|0). (1.90)

We now call this transformed ground state
0") = D(a)[0) = |a),

since it depends on the complex number «.
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1.2. Quantum states of light

o From Eq.([1.90), we see that the coherent states |a) are right-hand eigenstates of

the annihilation operator 4, i.e.

dla) = alw). (1.91)

Analogously, there are, of course, also left-hand eigenstates of @7, namely
<oc!ﬁJr = (ala™.

The coherent states are normalized, (ala) = 1, and the amplitude a determines, in
the complex phase space, the point corresponding to the coherent amplitude of the
harmonic oscillator. Since they are eigenstates of a non-Hermitian operator, they
are not orthogonal to one another and therefore do not satisfy an ortholﬁahty

1.67) to

relation. However, we can use the completeness of the FOCK states (|
expand the coherent states in terms of them,

@) = Y In){nk)
n=0

= Y (nD(a)[0)ln)

n=0
(o]

= Z(nle“ﬁ+e_“*ﬁe_|0‘|2/2|0>|n>

n=0

> 2 at
= ) e "2 {ne"|0)n)
n=0

a 2
_ —laf=/2
= E e n). 1.92
— vn! > ( )

=

The photon number states in a coherent state are Poissonian-distributed, |{n|a)
|vc|2”e_|"“2/n!, with a mean value (a|fila) = la2. Tt can be shown that the coherent
states are overcomplete and satisfy the relation

% sza o) (| = 1. (1.93)

1.2.2.1 Photon number statistics of coherent states

With these definitions, the statistical properties of the coherent states follow
immediately. As required at the beginning, the expectation value of the k-th
component of the electric field is indeed
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(a|Ex(r)|a) = icw [A(r)a — Af(r)a] . (1.94)

o The variance of the electric field is, however,

(@l[AE(r)]Pla) = w?|Ag(r)P, (1.95)

that is, independent of the coherent amplitude. The electric field variance in a
coherent state always has the same value as in the ground state.

o This means that the relative noise of the electric field

([ B () 2le) | .
\/ [(@lEe(r)la))2  2lal|sin @(Ag, o)l 2 Wk (1.96)

decreases with the square root of the mean photon number || = +/(alfi|a) =
V/7i. This behavior resembles classical noise, i.e. classical statistical concept of

independent measurements. Therefore, coherent states are very close to classical
states.

1.2.2.2 States of minimal uncertainty

o To obtain a better picture of coherent states in phase space, we introduce the
quadrature operators

2(¢p) = ae? +ate 9 (1.97)

which depend on a phase ¢. We can express the operator of the electric field by
means of the quadrature operator as Ei(r) = w|A(r)|£(¢p) with ¢ = arg Ai(r) +
7t/2. The quadrature operators for two different angles ¢ and ¢’ satisfy the
commutation relation

[£(9), 2(¢")] = 2isin(¢ —¢'). (1.98)

o This means that two quadrature operators with orthogonal phases ¢ = ¢ +
71/2 can be regarded as position and momentum operators in phase space, since

[2(¢), (¢ + 7/2)] = 2i.
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1.2. Quantum states of light

+ The general HEISENBERG uncertainty relation® for these operators thus reads

AR($p) AR(Pp+ 7/2) > 1. (1.99)

The electric field variance () in a coherent state can now be rewritten using
the quadrature operators, yielding the result

(al[A%(¢)]?[a) =1 (1.100)

for all angles ¢. This means that the coherent states are minimum-uncertainty
states, i.e., they are those states for which the uncertainty relation () exactly
attains its lower bound.

Ja

o4

NRa

1.2.3 Squeezed states

« HEISENBERG’s uncertainty relation only limits the area of uncertainty in phase
space that the variances of the quadrature operators must occupy, but not the
shape of this area.

o [t is possible to reduce the quadrature noise in one direction in phase space on the
expense of the quadrature orthogonal to it (”squeezing”). Such quantum states
actually exist and are called squeezed states.

o The squeezed states are generated, like the coherent states, by a unitary operator,
which in this case is given by

A

0 = $(¢) = exp E (g*az —g(a*)zﬂ , (1.101)
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and depends on the (complex) squeezing parameter ¢.
o We will see later that such operators can be realized with nonlinear optics.

o The squeezing operator g((j ) transforms the ladder operators as
o' = S(&)aS™(¥) = ua+va', (1.102)
@Yy = $§(&)atsT(¢) = v*a+ uat, (1.103)
where y = cosh|¢] and v = el sinh |&].

e These relations can be derived either by direct TAYLOR expansion or by using
the BAKER-HAUSDORFF lemma

X _n
e o
B = ) — 1A Bl (1.104)
n=0
A PN 22 A A A
= B+z[A B+ 5;[A [AB]] + ..., (1.105)
with B =4 (or B = a'"), and [A, B), = [A,[A,B],_1], [A,B]o=B.
Take zA = § (&*a? —¢at?) = z[A,a)=¢at,  z[A,a']=¢"a.

o Equations (|1oﬂ) and (IlO%) are unitary transformation mixing creation and
annihilation operators ("BOGOLJUBOV transformation”).

1.2.3.1 Photon number statistics of the squeezed vacuum

o Definition: The squeezed vacuum is defined as
&) = S(@)l0). (1.106)

» Operator disentangling theorem (without proof):
) 1 A+1/2 *
ser=en(5) (i) ool®)

5 = e (—iaﬂ) 0),

Hence

= v \" /(2n)!
= ﬁnzo <_ﬂ> o l2n). (1.107)

The squeezed vacuum state contains only even photon numbers!
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1.2. Quantum states of light

e The mean photon number reads

(¢lalg) = (0187()AS(g)l0)
= (0I[$7(2)a"$(2)] [$T(2)as()] o)
= (0l[S(=¢)a"ST(=2)] [S(—¢)asST (—¢)]I0)
= (0| —v*a+ pa'] [ua —va']|o)
= J?
= sinh?|@. (1.108)

¢ The mean electric field is calculated as

(CIEk(r)Ig) = wlA(x)I(C1%(9)1Z), (1.109)
where
(c2(9)Ig) = (0IST() £(¢) 5(&)I0)
= (0|(ua —va*)e? + (—v*a + pa®)e ?|0)
= 0, (1.110)
hence
(GlE(r)Ig) = 0. (1.111)

« Analogously, one finds for the electric field variance

(CIAE()]?10) = WAk (x)P (1 (9)1E), (1.112)

where the quadrature variance

EDR@2E) = (E22(e)IE) — ((@12(9)IE))?
T

= (EI22(9)IE)
= (0I3(~¢) (ae'? + aTe9)* 5t (—¢)[0)

2
- ot

— Lueiqb icp|2

= |u— |v|e 24’+¢c>| (1.113)
which is minimal for e 1(2¢+¢:) — 1: (E122(Pmin)IE) = “u |1/|‘2 — o206l
and maximal for e~ 1(20+¢¢) — 1: (E1%%(Pmax)IE) = |;4 + |V|‘ = 28l
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« The noise is reduced below vacuum noise by e 2 in one quadrature, and increased
by €24l in the orthogonal quadrature:

_ (EIAE(@)?1E) o
W50 =0 g

B EBE @28
AL B VAT A

(1.114)

e The product of the variances in the two orthogonal directions shows, however, that
the squeezed state is still a state of minimal uncertainty, so that HEISENBERG’s

uncertainty relation is not violated. Squeezed states therefore cause a phase-
sensitive suppression of quantum noise.

1.2.3.2 Two-mode squeezed vacuum

o The non-degenerate version of the single-mode squeeze operator is

A

B ra astat) _ZA-|-A-|- l f1+72+1 V_*,\ A
S(&) = exp( ¢ a1ay — Caja; ) = exp ualaz " exp ‘ualaz :

e The operators can be transformed as

A

$'()a15() = pay —vay,  S(§) 82 5(G) = pdy —va].
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e The two-mode squeezed vacuum reads

TMSV) = 5(¢)I0,0)

= 1eXp (—%ﬁ{ﬁ;) 0,0)

H
-1 (—3) ). (1.115)
=\

This is a quantum state with correlated photon numbers in both modes = en-
tangled state.

For weak squeezing:

I¢] <1 = ITMSV) ~|0,0) —[&]|1,1) + ... (1.116)

1.2.4 Nonclassical light

We already said that, e.g., FOCK states are strongly nonclassical states, but what
does monclassical’ really mean?

We look for criteria based on statistical properties of classical and quantum
physics

The general nonclassicality criteria have to be based on the theory of quantum
statistical distributions, e.g., in phase space (see later).

Meanwhile, one can look for certain pragmatic criteria (which might not be mu-
tually exclusive).

A quantum state of the electromagnetic field is called nonclassical if its photon
statistics cannot be simulated by any classical light source.

The term ”statistics” implies that we must take a closer look at the properties of
certain correlation functions.

1.2.4.1 Nonclassicality criterion: squeezing

Recall field fluctuations in vacuum state
(OI[AE(r)]?10) = w?lAk(r)l, (1.117)
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o A quantum state shows squeezing if, for some direction in phase space,

([AEx(r)]?) < (Ol[AEk(r)]?I0). (1.118)

 Rewrite criterion as

(AE)%) = (Ef) —(E)’
= (B + BT — (B
with the normal-ordering symbol : O : as the normally ordered version of the
operator O without use of the commutation relation [4,4"] = 1 (for example:
:aat .= ata).
« Note that
(B E]) = wllag((a,a"]) = Ay (1.120)

e The quantum state is squeezed if

(: (AE)?:) <. (1.121)

o Why is that nonclassical?

o The classical expectation value of a quantity O reads
<O>:Jﬁﬁwxmaﬂﬂﬂ@, Pu(a) > 0. (1.122)

Here

Oa,a*) = [AE(r,a,0*)]* >0 = (0) = <[AEk(r,a,a*)]z> >0,
(1.123)
i.e., a quantum state with (: (AE;)? :) < 0 does not have a classical counterpart.

1.2.4.2 Nonclassicality criterion: anti-bunching

o Define the normally ordered and time-ordered intensity correlation function (mea-
surable in a HANBURY BROWN—-T'WISS interferometer) as

~

GO (ry, t4+ w0, t) = (I(r, t+7)(r2, 1) 2)
= (B E T e b+ DE T (b 4+ D) E (1, 8))
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with classical analogue
CH(ry, t+ 1w t) = (I(ry,t+1)I(rp, 1))
_ JdIdI’Pd(I, b+, I Iy (ry).  (1.124)

The CAUCHY—SCHWARZ inequality

G (ry, t+ 1m0, 1) < [(PP(re, £+ 1))] P [(P(ra, £))] 2 (1.125)
implies
) 1/2 1/2
G (x1,t+ Tirayt) < U A Pa(I,t +7) [z(rl)ﬂ U Al Py(T', ) [I'(x2)]?
(1.126)
with marginal distributions
Pu(Lt) = JdI’Pd(I, EIE). (1.127)
In the stationary limit t — oo, define
G)(r) = lim G t+ 1m0 t) = G¥(1)<G@(0).  (1.1298)
— 00

i.e., classical statistics predict larger intensity correlations for short delay times
(bunching).

The quantum states with

G2 (1) > G?(0) (1.129)

cannot be modeled by a classical probability distribution (photon anti-bunching).

The normalized second-order intensity correlation function reads

O gy — piy CIOLEE DI, 8) 2)
$0 =l (Frr,t+ 1) (F(ra,£)) (1.130)

Example: for coherent state

B (1)) ) = iw A(x;) ala), (1.131)
= (a| : I(r)) I(r2) : |a) = (alI(ry)|a) {alI(rp)a), (1.132)
= ¢ (1) =1. (1.133)

Example: for a Fock state |1)

A

EH) (1) 1) = iw A(r;) 0), (1.134)
= g¥ (1) =0. (1.135)
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1.3 Qunatum optics in phase-space

o The statistical properties of quantum states should be reflected by distribution
functions.

o The classical average in phase space reads
(X)a = [ P Pa(a) X(a), (1.136)
with classical probability distribution Py(a) > 0 and [d?a Py = 1.
e The quantum average of operator O is
(O)p = Tr[pO). (1.137)
Can one define a similar expression in phase space?
Take operator O to be a functional of amplitude operators 4, a*
O = O(a,a")
= classical analogue by formally replacing
a— . at o at.
o But: watch out for operator ordering, e.g.,
2(p) = 8% 4+ (a")%e 29 4 (ﬁﬁ+ + ﬁ+ﬁ> symmetric order (1.138)
= 42?9 4 (ah)2e H 4 (2ﬁ+ﬁ +1) normal order (1.139)

= 42?9 4 (ah)2e 2P 4 <2ﬁ+ﬁ — 1) anti-normal order. (1.140)
 For now we use symmetric order. Rewrite classical function O(a,a*) identically

Otw.a*) = | 2B3(a — B)O(B. ") (1.141)
with 2D-delta function of complex variable & = &’ + in”’
o@) = da)o(a")

— ﬁ JI dxdyei(oc’x—l—lx”y)

= +. 1 * *
=75 (x+iy) _Zjdz,yezx'y —a*y

<

szfye"‘w_’”*, (1.142)

;lN| —_
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1.3. Qunatum optics in phase-space

so that 1
O a*) = — f f B2y =B )T==B)T" 0 (B, §*)

Formally replace again & — 4, a* — a'

A 1 ﬁ'l'_ *\y—(A— * *
O(a,a") = — [[ a*pd’ye™FN=(F1"0(p, p*)

with operator-valued delta function in symmetric order

2/ A . 2 At % (A * . 1 2 Qo * A

S(a—p) = _Jd yeld =B )= (@=p)r" — ﬁjd eV B D ()
given as a 2D-FOURIER transform of displacement operator D(’y).
1.3.1 Wigner function
Formal expansion of operator

O(.i") = | 42p5(a—)O(B. 5"

and its expectation value yields

(O(@,%) = | BW(B) O(p. ).

where

W(B) = (8(a—P)) = Tr[pd(a—B)]

is the WIGNER function.

(1.143)

(1.144)

(1.145)

(1.146)

(1.147)

(1.148)

Expression for quantum average looks formally the same as classical average.

WIGNER function replaces classical probability distribution.

But: WIGNER function is not positive semi-definite, thus not a classical proba-

bility distribution (quasi-probability distribution).

1.3.1.1 Operator expansion in phase space

So far: only formal relation for operators in phase space as we have no precise

way yet of computing the classical correspondence:

O(a,a*) — compute from O(a,4") by inversion.
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o Using

Tr[8(a—p)d(a—v)] = % If A2y d2ape®1P=B" 827 =827" Ty [D(a1) D(a2)]
(1.149)

efa’l‘ﬁ efaﬁﬁeoczbfr] e(\lxz\2*|“1|2)/2

normal anti—mormal

- T [e(a1+az)ﬁ*e—(a;+a;)a] ollaP—lag?) /2

1 J 2 ol@rtag)a —(af+a3)a , (Ieo—lay[?) /2
= —|d%ae1T®2 12/ et T
7T

Hence,

Te[3(a—p)o(a—)] = %szalew*ai‘ﬁemwm
- %JdZMe“l(ﬁ*_V*)_“T(ﬁ_ﬂ
7T
1 2
= —[ma(p—7)]
1
= —0(B—7) (1.151)

o Multiplying Eq. () from the right by §(a — ) yields
O, 1")6(1—7) = | B8~ 6@ -1OB.p).  (L132
Taking the trace of both sides and using the identity () we find

O(B,B*) = nTx [O(a, at)6(a— /3)} . (1.153)

« Plugging Eq() into Eq() we obtain the formal operator expansion
O(a,a") = anzaTr [O(a,a*)é(a —(x)} 3(3—u) (1.154)

that works for all operators O, in particular the density operator 0, for which
Tr[pd(a—a)] = W(a) (1.155)
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« Expansion of density operator in symmetric order
0= anzaW(zx) 5(a—a). (1.156)

o Finally we confirmed that there is one-to-one relation

p = W(n) (1.157)

1.3.1.2 Examples of Wigner functions

« Example 1: Coherent state p = |ng) (g

W(a) = (wold(a—a)lao) (1.158)
1 * * A

= — szﬁe“ﬁ B (wg| D (B)]ao) (1.159)

— % sz/se@““o)ﬁ*W“S)ﬁlﬁlz/z (1.160)

= %e—z'“—“O'Z (1.161)

o WIGNER function is positive, bounded by 2/7t, FWHM = unit disk which cor-
responds to uncertainty area in "naive” phase-space picture. For a9 = 1 +1i, the
corresponding WIGNER function is depicted below

O
o e e
S

« Example 2: Squeezed vacuum state p = |&)({]

o Starting from the relation
(€ID(B)Ig) = (0157(2) D(B) S(£)I0), (1.162)
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expand displacement operator in TAYLOR series

ST(&)D(B)S(¢) = D(Bu + p*v). (1.163)
e The WIGNER function reads
W) = |t prp 2
2 06/2 “//2
= —exp|2( T+ o (1.164)

o WIGNER function is positive, bounded by 2/7r, FWHM = squeeze ellipse, i.e.
corresponds to the uncertainty ellipse in phase-space.

LR
S

&
222
SRR

P,

« Example 3: FOCK state p = |n)(n|, we have

nD(B)ln) = e 1BP/2(n)eht" o= A)y)

_ oy _<—(Lf"§gm (nl(@t)"a" )
m=0 )

B2/ (—1)™ "
= o BP2L,(1BP). (1.165)

o FOURIER transform of LAGUERRE polynomial is again a LAGUERRE polynomial

W(a) = %(—1)”e2"‘|2Ln (4|oc|2) . (1.166)

« WIGNER function no longer positive semi-definite —2 < W(a) < 2, cannot be
interpreted as a classical probability distribution. Oscillatory behaviour in radial

direction, no phase information.
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1.3. Qunatum optics in phase-space

\

1.3.2 Normal and anti-normal operator order

WIGNER function is strictly associated with symmetrically ordered operator prod-
ucts.

Sometimes it is important (or necessary) to obtain expectation values of (anti-)
normally ordered operator products.

WIGNER function of squeezed states is positive: is the squeezed vacuum classical?

In normal ordering all creation operators to the left of all annihilation operators
using commutator [4,4%] = 1, e.g.,

22(¢p) = a%e®? 4 (a")%e P9 + (22%a + 1), D(a) = ' gt g —laf?/2 (1.167)

Recall
(O(a,a")) = szrx W(a) O(a, &) (1.168)

for symmetrically ordered operators O(ﬁ,ﬁ+) with associated classical function

O(a,a™).

For normally ordered operator O(N)(ﬁ,ﬁ+

define

) with classical function O™ (&, a*),

(O(a,a")) = szsz(zx) 0™ (a, &) (1.169)
with GLAUBER—SUDARSHAN P function P(«).
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e Because of normal ordering we write

0N (a,0*) = (a|O(a,a")|a)
= Tr|la) a|é(a,a*)]. (1.170)

Plugging into Eq. () yields
(0(@.a") = Tr[pOG@a,ah)]

Thus

= sza P(uc)Tr[M)(D(IO(ﬁ,ﬁJr)] . (1.171)

o= | PaP(@) o) ol (1.172)

« Looks formally like a statistical average over phase space of coherent states.

e P(a) can be highly singular and negative, hence not a classical probability distri-

bution.

« Example: For a coherent state we have

p =lag){agl = Pla)=0(a—ap) (1.173)

How to compute the GLAUBER—SUDARSHAN P function, and what is its relation
to the Wigner function W?

Starting from the fact that

O(a,a™)

Therefore

O(a,a")

1 W —B* )y —(— * *
— ?ffdzﬁdz’ﬂ?( BB o (B, B*)

1 *_ @k —(a— * %
= ?jfdzﬁdzfye(“ B~ (@B oN) (B, %), (1.174)

% [ a2pazqeld =8 re=a-p1" 0 (g, )
J 25 {% J eyt B8 D(V)Q%WZ} o) (8, ")

sz/s [% szfye7*ﬁ7ﬁ* : D(7) :] oWN)(g,p*).  (1.175)

Recall that : O: is the normal-ordering symbol that brings the operator O into

normal order without using the commutation relation [4,4"] = 1. Finally we

obtain that

P(B) = (:6(a—B)3) (1.176)

Lecture notes on quantum optics and lasers



39

1.3. Qunatum optics in phase-space

e Since D(a) =:D(a): e **/2 we write

= :5(a—a): +FT [e_w /2]
— E 2, —2a—y? R
= d“ye o(a—1y)
(1.177)
W(OC) = P(DC) * F'T |:ei‘a|2/2} = %Jd27 P(’)’) e*2|“*7‘2’ (].].78)

i.e., WIGNER function is the convolution of the P function with a Gaussian.
o In the case of anti-normal ordering we have

D(oc) _ e—a*ﬁead+e\a\2/2

= 1D(x) te*/2, (1.179)

o Husimr Q function is defined as

Q(B) = (Bltd(a—p) LIB). (1.180)

e Smoothing relation:

P(a) xe /2 = W(a)xe /2 = Q(a).

o As an example for the smoothing relation between phase-space functions, consider
a coherent state p = |ag) (agl:

« Normal order:
p= sza P(a)la){a] = Pa)=05(a—ap) (1.181)

2 o2 (1.182)

W(a) = %sz,yp(lx)e—%x—vz _ =
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0.8 :

0.6 P[a—aol
0.4 — Wla-ap]
0.2/ L i Q[a-ag]
: ' Re[a]
1.0 1:5 2.0 2.5 3.0
e Anti-normal order: convolution with Gaussian
2 1
Qla) =~ J W (a)e 27 = —em ol = (alag). (1.183)

o There is a one-to-one correspondence between density operator and phase-space
distributions = use phase-space distributions to compute expectation values of
operators.

e Recipe:

1. Bring operator O(ﬁ,ﬁ+) into suitable operator order (normal, symmetric,
anti-normal).

2. Construct classical function O(a,a*) by replacing amplitude operators by
complex amplitudes.

3. Use appropriate phase-space function (P, W, Q) to compute expectation
value (O(a,at)).

« Example : mean photon number (7)

1. Normal order:
s ata N A a2 a2
n=aa = na’)=h" = (@)= Jd alal*P(a).  (1.184)

2. Symmetric order:

N|—

A=1@'a+a’—1) = n(ea)=hP-1 = (ﬁ):sza(W—

3. Anti-normal order:
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1.4 Manipulation of quantum states of light by
linear optical elements

e Quantum light can be manipulated by optical elements similar to classical light

— manipulation of spatial mode functions.

 Linear optical elements: devices consist of (dielectric) materials with linear re-
sponse to electromagnetic fields — no mixing of frequencies, e.g.
1. Mirrors: reflection of light beams at material interfaces.
2. Phase shifters: retardation of light by propagation through material.

3. Beam splitters: reflected and transmitted beams at material interface.

1.4.1 Quantum theory of phase shifters

o Look for (unitary) operator that rotates coherent states in phase space

L 2
o) = Y —=e M 2n).
n:O\/m
Thus
| (g ci#)"
I(xe“P) — Z( ¢ ) e—\ﬂé|2/2|n>

—" vn!
S 2
_ i¢ﬁZ “la?/2
e O—me In)
n=

= 7). (1.187)
Finally we obtain the corresponding unitary operator
U (¢) = ™. (1.188)
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1.4.2 Quantum theory of lossless beam splitters

« Construct quantum-optical input output relations at a dielectric plate (effective
one-dimensional propagation). Consider dielectric plate of thickness d, restrict to

one particular linear polarization and propagation along x-direction.

G, b,
E— —
b, a,
- -
dib-

Fig. 1.2: Representation of the input/output photonic operators

e The scalar electric field operator reads
B(x) = inkclklA(x,k)ﬁ(k) —inkclklA*(x,k) it (k). (1.189)

o The scalar mode functions A*(x, k) fulfill HELMHOLTZ equation

2

aa?A(x,k) +n?(x,k) kK2 A(x,k) = 0. (1.190)

o Assume a refractive index profile as

n(x) = (1.191)
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1.4. Manipulation of quantum states of light by linear optical elements

The solution to HELMHOLTZ equation is similar to the solution of the SCHRODINGER
equation at a potential wall.

An incoming plane wave ¢** from the left (k > 0) splits into a reflected part
R(w) e * and a transmitted part T(w) e**.

An incoming plane wave €** from the right (k < 0) splits into a reflected part
R'(w) e ** and a transmitted part T’ (w) elk*.

Mode functions: For k > 0,

14 eikx 4 R(a)) e—ikx’ X < _;j
Alx k) = | ——— ‘ d (1.192)
dmegw A T(w) e, x> -

2
For k < 0,
. d
7 T (w) el X< —=,
A(x, k) = ypmes R . g2 (1.193)
e W oikx + Rl((,(]) e—lkx7 x> 5

Reflection and transmission coefficients depend on the details of the beam splitter.

ikx
e > T o™
—lkx e
Re —
-
T ikx eikx
e -~
*‘— R re_lkn’f
—
e
X

| el
M| AL
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1.4.2.1 Input-output relations

e So far, we have decomposed the spatial mode functions into incoming and outgo-
ing waves. Now, we decompose the electric field itself into incoming and outgoing
fields as

1. Incoming field

S h . .
E, _: d " wx/c 4 —iwx/c 4 h.c.
in (%) 1J0 w1/4n€0wA [e i (w)+e az(w)] +h.c

(1.194)
2. Outgoing field

. o0 h . A . o
Eou — 1 wx/c —iwx/c he.
t(x) 1JO dw”47re0wA [e b(w) +e bz(w)] +h.c

(1.195)
o According to Fig. (), the beam splitter input-output relations are
bhi(w) = T(w)d(w)+ R (w)d(w),
by(w) = R(w)a(w)+ T (w)ax(w).
or
b(w) = T(w) - 4(w) (1.196)
where
sy (b)) L (m(w) _ (T(w) R(w)
ble) = (%(w))’ )= (azw 2 O =\ Rw) Tw))
(1.197)
e From the commutation relations for incoming fields
[4i(w), ()] = &, (1.198)

where
[ﬁl(w)?d-{(w)} =1, [dZ(w)ﬂﬁz(w)] =1, [ﬁl(W),ﬁ;(w)} =0, (1.199)

we find from the commutation relations for outgoing fields

[bi(w), bf (w)] = &3, (1.200)

that
[b1(w). b (w)] = 1 = |T(w)P + IR (w)P, (1.201)

and
(b2 (w), By (w)] =1 =IR(w)* + T (w)*. (1.202)
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1.4. Manipulation of quantum states of light by linear optical elements

« Equations (1.20i) and (IQOi) ensure photon-number (energy) conservation.

e The commutation relation

[62(w), b} (w)] = 0 = T*(w)R(w) + R™*(w) T (w) (1.203)

yields phase relation between transmission and reflection coefficients from both
sides where

IT(w)| =T (w)], [IR(w)|=|R(w)] (1.204)
which says that the modulus of the transmission (reflection) coefficient from one
side to the beam splitter is the same as from the other side "ONSAGER-LORENTZ
reciprocity theorem”. We choose the following phase relation:

T (w) =T"(w), R(w)=-R*(w). (1.205)

Hence reflection and transmission coefficients are not independent. Thus, the
beam-splitter matrix T is unitary.

T(w) = (;EZ; }EZS?) € SU(2)2. (1.206)

1.4.2.2 Quantum-state transformation at lossless beam splitters

Regard density operator as functional of amplitude operators (drop frequency
index) Pin = pin [4, a'].

Given that the density operator is expressed as functional of the amplitude opera-
tors of the incoming fields, one has to replace those with the amplitude operators
of the outgoing fields to obtain transformed density operator

(1.207)

pout [8.87] = pun [T, TT-a]

i.e., the transformation of quantum states (i.e. density operators) is inverse of the
transformation of photonic amplitude operators. This can be understood from
the discrete time evolution in SCHRODINGER picture vs. HEISENBERG picture
(O) =Te[pO(t)] = Tr[pU’(+)OU(t)] "HEISENBERG”  (1.208)
Te[U(H)pUT(t) O]  "SCHRODINGER”  (1.209)
()

t

= Tr[p(t)0], (1.210)

=N

where U(t)pUT(t) is the inverse time-evolution of the quantum state p(t).

2Special unitray 2 x 2 matrix with determinat equals +1.
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 Example: Two-single photons
li) = [1,1) = alal|o,0). (1.211)
Thus
|lpout> = (TBI + RB;) (T*E; - R*ED ’0’ 0>
= (T*R(EDZ — TR*(b})2 4 (ITP? - |R|2)13{B§> 0,0)
= V2T R*|04,25) — V2T R*|21,0,) + (IT1> — [R?)|11,15.)

 In the case of balanced beam splitter (50/50) with R =T = 1/v2
1

|[Wout) = \@<|O’2> —12,0)). (1.212)

e This is due to quantum interference between amplitudes of both photons being
either reflected or being transmitted (HONG-OU-MANDEL effect).

Why the two probability amplitudes (3) and (4) vanish?

In quantum mechanics, the probability amplitudes add up before squaring. We
know from classical electromagnetism, a phase shift occurs upon reflection. The
probability amplitude (4) has a phase shift of 7t due to two reflections, hence the
same magnitude as (3) but opposite sign. These two paths vanish in the sum.
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Lasers

2.1 A brief history of lasers

o LASER acronym for Light Amplification by Stimulated Emission of Radiation.The
lasing process is based on stimulated emission which has to compete with the in-
verse process of absorption. The laser consists of a gain (amplifying) medium
where the stimulated emission process occurs, a resonator made of fully and par-
tial reflecting mirrors, and a pumping process, as seen in Fig. (El!)

mi feedback and mirror
rror  osciflation e atoms (laser medium)

— | T T I T T Io T -— laser output
___________ beam
P i
A\
o ﬁ ﬁ ﬁ ﬁ o

pumping process

Fig. 2.1: Elements of a typical laser.

e 1917 EINSTEIN used stimulated emission do derive PLANCK’s equation for radi-

ation.
e 1928 LADENBURG measured stimulated emission.

e 1954 TOWNES used stimulated emission for the amplification of radiation. He
build a MASER (with microwaves).

47
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« 1954 BAsOV and PROKHOROV calculated MASERS.

e 1958 SCHAWLOW and TOWNES build a resonator.

e 1959 GOULD find a patent about lasers.

« 1960 MAIMAN build the first laser (ruby laser at 694 nm).
e 1961 JAVAN made the first He-Ne gas laser at 633 nm.

e 1964 TowNES, BAsOV and PROKHOROV received the NOBEL Prize in physics
for "fundamental work in the field of quantum electronics, which has led to the
construction of oscillators and amplifiers based on the maser—laser principle”.

o It’s fascinating that only a few years after the first laser was developed, by the
mid-1960s, laser activity had been observed in all types of media, including gases,
liquids, semiconductors, and crystalline solids. However, the titanium sapphire
laser, which holds significant economic importance, is a notable exception, as it
wasn’t developed until 1984.

o The range of laser types, technologies, and applications after forty years of re-
search and development is so vast that a comprehensive list is nearly impossible.
Applications span from the treatment of retina to laser-induced nuclear fusion,
and from beam steering in tunnel construction to the study of ultrafast chemical
processes with sub-10-fs pulses and quantum information transfer.

Materials Technologies

1960 MAIMAN: Ruby laser (694 nm). 1961 CoOLLINS: Q-switch.

1961 JAvAN: He-Ne laser (1150 nm, 633 nm). 1965 MOCKER and COLLINS: passive mode

1961 SNiTZER: Nd>* glass laser (1064 nm). locking (ps pulses).

various: GaAS diode laser (840 nm). 1968 BRADLEY and DURRANT: synchroneous
pumping.

1964 PATEL: CO, laser, GEUSIC: Nd:YAG laser. 1971 KOGELNIK and SHANK: distributed
1965 KASPER and PIMENTEL: chemical HCI laser. | feedback laser.

1966 SOROKIN and LANKARD: dye laser. 1985 STRICKLAND and MOUROU: chirped
1971 BAsov: Excimer laser. pulse amplification.
1985 MouLTON: Ti-Sa laser (800 nm, pulsed). 1991 SPENCE: KERR lens mode locking.

Table 2.1: Laser materials and technologies
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2.2. Properties of laser radiation

2.2 Properties of laser radiation

An ideal monochromatic source emits electromagnetic radiation at a single fre-
quency as plane wave homogeneous electric field

E(t) = Epcos(k-r—wt) (2.1)
= EORe{ei‘P}, o=k -r—wt (2.2)

i 1 o—i¢
- EO%. (2.3)

Definitions:

i) ¢ = k-r—wt is the phase.
ii) k =27m/A is the wave vector.

iii) w = 27 is the angular frequency.
The electric field E is determined by the amplitude Ey and the phase ¢.
The speed of light is ¢ = Av = 299792458 m /s.

The photon energy is given by E = hv = mc? = pc, with the momentum p = mc,
such that p = h/A is the momentum of light where h = 6.626 x 10734Js is
PLANCK’s constant.

The intensity of the field reads
I(t) = eoclE(t)[?, (2.4)

where g = 8.8 x 10712 A's/V m is the dielectric constant. Since the photodetec-
tors are too slow to measure I(t) instantaneously, averaging over time yields

1
I = §€0CE%- (2.5)

2.3 Important laser parameters

Parameters needed to describe a laser beam are:

a) Spectral or temporal intensity distribution.

b) Spatial intensity distribution.

Lecture notes on quantum optics and lasers



Chapter 2. Lasers 50

c) Temporal and spatial coherence.

d) Polarization.

a) FOURIER transform connects spectrum to temporal behavior
~ +w .
f(w) = J I(H)e“dt, (2.6)
—O

time-limited pulses have always a broad spectrum.

b) If a laser beam is not ideally symmetric as a Gaussian beam, one uses for identify-
ing the beam radius W the definition of the second moment (which is measurable

quantity)
W2(z) = [ [721(r, ¢, z)rdrd¢ 2.7)
[ I(r, ¢, z)rdrdg ‘
The divergence angle is defined as
W, — W
g.= = "1 (2.8)
22 — 121
2R$ 0 Ak

! k

\

Fig. 2.2: The divergence of a collimated laser beam at an aperture.

 An intuitive connection between W(z = 0) and 6 can be explained using particle-
wave duality:

1. The particle character: the photon is a particle that can transfer energy,
angular momentum, or parity during an interaction.

2. The wave character: the light is a wave when discussing interference,
diffraction, beam propagation, etc.

o The interference phenomena that occurs for waves behind a double slit works
as well for photons. The non-local character of a wave does not arise from the
overlapping of many photons. The ability to interfere is not an ensemble property;
indeed, the interference pattern of the double-slit setup arises even when the
photon flux is too low that at any given time, no more than one photon is detected.

Lecture notes on quantum optics and lasers



51

2.3. Important laser parameters

o The following example aims to illustrate particle-wave duality: One could detect

an interference pattern behind a double slit, for instance, by using an arrange-
ment of photomultipliers. Each photomultiplier is localized with an extent Ax in
the plane perpendicular to the direction of photon propagation, and individual
photons are detected by triggering an electron avalanche.

The quantum nature of photons implies an uncertainty in momentum AxAp >
h/ 7™ The distribution of photons is similar to the wave character. The uncer-
tainty relation is also valid for particular propagation. For example an aperture
with radius R = Ax causes a divergence angle

Ak A

R = Ax, Ap—hAk:>6—T2ﬁ. (2.9)
This phenomenon is called diffraction. Due to diffraction, there cannot be a
collimated laser beam over arbitrary distances. The finite diameter of the laser
beam inevitably leads to divergence. Following the beam path in the opposite
direction, one realizes that a corresponding laser beam cannot be focused into
an infinitesimal point but only into a finite, diffraction-limited spot. In fact, this
spot is at least 1.4 times larger than given in Eq. (@) This is related to the
definition of beam width Ax, for which, conventionally, the 1/e? width of the
intensity distribution, equivalent to the 1/e width of the amplitude distribution,
has been taken here. The laser beam is diffraction-limited

A
0> —. 2.10
~ Rm ( )
Moreover the product of the divergence angle and the beam waist fulfills
A
OWy > — 2.11
0z (2.11)

where Wy = W(z = 0).

For ideal Gaussian beams Wy = %, and for real beams Wy > % Let us define
factor Q = M?, called the beam propagation factor (M? factor), which indicates
the beam quality of a real beam. One forms the quotient of the real beam radius
Wy with the ideal beam radius

a2 Wo w7t
Q—M—WO Wo - (2.12)

IThe exact form depends somewhat on the choice of wave functions and the precise definition of

Ax and Ap.
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This value indicates by how much the beam diameter is larger compared to the
ideal (Gaussian) beam, while maintaining the same divergence angle. Therefore,
it is a measure of the beam’s ability to focus.

Similarly, it indicates by how much the divergence angle ® of a real beam is larger
than the divergence angle 8 of the ideal beam, given the same radius of the beam
waist:

® = M?6. (2.13)

The term "beam quality factor” illustrates that divergence is a consequence of
diffraction.

For certain applications, such as material processing, the definition of brightness
is meaningful. It is essentially the quotient of power and beam quality:
P

L= BT (2.14)

Finally, the brilliance takes into account the spectral distribution of the radiation

and is defined as:
B LA /1000

B(A) A

(2.15)

Coherence

The measurement of the phase of a wave emitted from a light source E(r, ) at two
distinct points in space (r1,rp) and time (t1, ;) reveals the coherence properties
(temporal and spatial) of the light source.

Suppose we measure this field at some point r{ and different times tq, t,. For
stationary light source we define the first-order temporal correlation function

T (ry, b1, t0) = T (ry,1q,7)
= (E"(r1,t + T)E(r1,)) e (2.16)

where (- --) . states for an ensemble average and T = t; — t is some time delay.

Assuming ergodicity, i.e., the ensemble average is equivalent to time average.
Therefore

T
TV (r,r,7) =TV (1) = lim ,H E*(r1,t+ T)E(ry,t)dt. (2.17)

T—o0 0
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2.3. Important laser parameters

PN PN PN ps
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Fig. 2.3: Coherence.

o>

Moreover, the normalized coherence function can be written as

(E*(r1,t +T)E(r1,1))
(E*(rq,t + T)E(r1, t + 7))/ (E*(rq, £)E(r1, 1))/
< (r17t+T)E(r17 )>

(I(r1,t)) '

g(r) =

(2.18)

¢ (1) is the complex degree of temporal coherence, and its modulus [g™) (7)] is
the degree of temporal coherence.

Properties of g1 (7):

1. gW(0)=1.
2. gW(—1) =g (7).
3. lgM(n) < 1.

If [V (1)| = 1, V7, the beam is perfectly coherent.

1f [§V(1)| = 0,¥T > 0, the beam is completely incoherent.
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o In the case of monochromatic wave E(r,t) = Eg(r)e ¢!
1 (T . ,
r(l)(r17r17T) = Tlim TJ |E(r1)|261w(t+r)eﬂwtdt
—00 0
— |E(r1)|2ei“’T
= 1(r)e”, (2.19)
so that
gM () =1, vr, (2.20)

i.e., perfect coherence.

Since Ig(l) (7)| is symmetric in T, the coherence time T, is defined as

+o0 . )

Teoh :J g (7)Pdr, (2.21)
—00

where T,,n — o0 in the case of perfect coherence and T.on, — 0 for complete

incoherence.

The coherence length reads
Leoh = CTeoh- (2.22)

MICHELSON interferometer measures the degree of coherence of light waves. A
light source impinges on 50 : 50 beam splitter, one part Eq(t) propagates upward
and reflected by a mirror and the other part Ep(t) is transmitted by the beam
splitter and reflected back by a movable mirror. The light field E5(#) is equivalent
to El(t + T) because it travels an excess amount of time T = 2d/c whenever
recombines to the beam splitter. Finally, the detector measures simultaneously
the electric field at different times.

Ey

Fig. 2.4: MICHELSON interferometer.
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o The electric field at the detector is

E(t) = Ei(t)+Ex(t)
= Ei(t)+Ei(t+ 1), (2.23)
hence the intensity would be
(1) = ((Ex(t)+Ea() " (Ea() + Ea(1)) )
= (Ey()Ex(t)) + (Ex(t)Ea(t)) + (E1(£) Ex(t)) + (E3(£) Ex(t))
= 2I1 +2Re (E](t)E(1))
= 211 +2ReTW(r, 1, 7). (2.24)
« For a monochromatic wave Eq(t) = Ege %!
I(tr) = 2L +2Ree“T
= 2L (1+ coswT)
= 2L(1+RegM(1)). (2.25)

o For monochromatic light wave entering the interferometer, the intensity at the
detector oscillates with frequency w and period 7. Additionally, the amplitude
of the intensity varies between 0 and 41;.

o According to Eq. (), the intensity amplitude is maximum/minimum at max-
imum /minimum Re T (7). The figure (@) shows the intensity at the detector
for different light waves.

| I(z) 411”[(7) 411"](r)
21
coherent 6 partially coherent o incoherent

Fig. 2.5: Intensity of the signal for different light sources.

The coherence order can also be quantified via the fringe visibility

Imax(Tl) - Imin(TZ)

V= )
Imax(Tl) + Imin(TZ)

(2.26)
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« Assuming that ReT(M) (1) & —Re T (1) = [TV (7)|, we find from () that

Inax(11) = 2L + 2T (1), (2.27)
Lin(2) = 2L = 2T (7)], (2.28)

which implies that
v(r) = g (7)!. (2:29)

Thus measuring the fringe visibility provides a direct access to the degree of
temporal coherence.

o The spectrum of a stochastic light source is given by Fourier transform

~+o00 ) B
E(r,w) = J E(r,t)e!dt, and E(r,w)=0 for w <O0. (2.30)

—0o0

o The quantity <|E(r, w)|2> is called the spectral energy density.

« The expression () is not well-defined for monochromatic waves, hence cut-off
at finite time T is needed for stationary light fields

+T/2 '
Er(r,w) = J  Er e (2.31)

and the spectral power density reads

1, .
S(CU)ZTlggOT<\ET(r,w)\2> and S(w)=0 for w <D0, (2.32)

o The average total intensity is therefore

Iw) = JOO S(w)daw. (2.33)

o The integral () is a convolution of electric fields and can be written as

+o0 .
S(w) = J TV (r,r, ) “TdT, (2.34)

—00

which is known as WIENER-KHINCHIN theorem.
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Proof. We insert Eq. () into Eq. ()

S(w) = lim%<ﬁ?(r

T—o00

1 +T/2 )
= lim = J E* (I‘, tz)GWtzdtz J
T—ooT ~T/2 ~T/2

r+T/2

T 12
1 r+T/2

J —T/2
r+T1/2

J 7T/2
1 r+T/2

J-T/2

,CU)ET(I‘, w)>

+T/2

r+T/2

J=T/2
r+T/2

J=T/2
P+T/2+t1 .
e Wt T (¢ r T)dTdH

J 7T/27f1

IO (r,r,w)dt; =TV (r,r,w).

e lw(ti—t2) (1) (r,t1;r, tp)dt1dty

E (I‘, tl)e_iwtl dtq >

e wh=h) (E* (v t,)E(r, 1)) dtydty

(2.35)

o The spectral width (line width) is the width of the spectral density function S(w)
because S(w) and T (1) are FOURIER-transform pairs.

« The widths of S(w) and TV () are inversely proportional to one another

(J3 S(w)dw)® 1

A = . 2.36
(eoh Jo S (w)dw  Teon (2.36)
Source AVeon Teoh = 1/Aveon Leon = CTeon
Sunlight 400 — 800 nm 3.74 x 1014 Hz | 2.671s 800 nm
LED A = 1um 1.5 x 103 Hz 67 fs 20 pm
Single-mode laser Ag = 632 nm 1 x 10® MHz 1ps 300 m

Table 2.2: Coherence properties for different light sources

« Nowadays, there exist lasers having sub-hertz linewidths, and hundreds of kilo-

meters coherence lengths.

d) Polarization

« Since the wave equation is a linear differential equation, the supperposition prin-

ciple holds. Consider a plane wave propagating in z-direction, then the cartesian
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components of the electric field are

Ex(z,t) = |Ex|cos(kz—wt+ ¢x) (2.37)
Ey(z,t) = |Eylcos(kz—wt+ ¢y) (2.38)
E.(z,t) = 0. (2.39)

o« If x # ¢y, the polarization is called elliptic and the field vector Re E(r, t) rotates
at r on an ellipse spanned by the unit vectors ey and ey

o If px = @y = 71/2 and |E,| = |E,|, the polarization is called circular.
o If 9x = ¢y +nm and |Ex| = 0 or |[Ey| = 0, the polarization is called linear.
o At z = 0 the electric field components becomes

Ex(t) = |Ex|lcos(—wt+ ¢y) (2.40)
Ey(t) = |Eylcos(—wt+ ¢y). (2.41)

Therefore, an equation of ellipse derived from Eq() and Eq() reads

2 2
Ex) (Ex> 2ELE, L,
+ - cos(px — @y) = sin®(gx — @y ). 2.4
(|Ex| |Ey| |ExlIEy| (9x = y) (¢x — ¢y) (2.42)
Ey
,,,,,,,,,,,,,,,,,,,,,, Byl
Bl E

Fig. 2.6: Elliptic polarization
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2.4. Einstein coefficients and the Planck’s law of radiation

2.4 Einstein coefficients and the Planck’s law of
radiation

Assume an idealized material with two nondegenerate energy levels, 1 and 2,

having populations N1 and N», respectively. Moreover, let us consider that the

total number of atoms in these two levels is constant

Ni + N> = N. (2.43)

We can distinguish three forms of interaction between light and atoms (introduced
in 1917 by A. EINSTEIN):

a)

Spontaneous emission
An excited atom emits a photon spontaneously (or induced via vacuum
fluctuations) when the electron in the upper energy level E; jumps to the
lower energy level E1. The rate dN;p/ dt describing the depopulation of E,
reads

dN;p 1

= —A>» N Ay = — 2.44
i 21 N2, 21 - (2.44)

where Ajp is EINSTEIN coefficient for spontaneous emission and Ty, being

the lifetime for spontaneous radiation in the upper energy level. The emitted
photons are not coherent and the radiation is isotropic.

Stimulated emission

An incoming photon induces an excited atom to emit another one. The
radiation is not isotropic (the emitted photons have the same direction and
with the same phase). The corresponding rate equation reads

dNs!
dt

= —lesz(l/), (2.45)

where Bpp is EINSTEIN coefficient for the stimulated emission and p(v) is
the spectral energy density.

Induced absorption
An incoming photon is absorbed by an electron in the lower energy level Eq,
and subsequently the electron jumps into the upper energy level E:

dNjbs
dt

= —B1aNip(v), (2.46)
where B1p is EINSTEIN coefficient for absorption.
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E Eo E
e 2 2 2 22
-h 2_E1 hr hy
v hp -’W
A= AN AN~
SVAVA =
hv
1 1 1
Eq E1 Eq

(a) (b) (c)

Fig. 2.7: Schematic illustration of the three processes: (a) spontaneous emission; (b)
stimulated emission; (¢) absorption.

o With Ay, By and B1y EINSTEIN was able to derive PLANCK’s law for black-body
radiation.

o Combining the three processes, the change of upper- and lower-level populations
can be written as

dN dN.
d_tl — _d_tz = By1Nop(v) — BiaN1p(v) + A2 Ny (2.47)
o The relation AN AN
2 1
e _ 2.48
dt dt ( )

can be easily derived from Eq()

o Assumption: atoms are in thermal equilibrium with a reservoir of temperature T
require equal numbers of "upward” and "downward” transitions such that

dN, dN;
L 2.4
dt dt 0 (249)
and the population Ny and Np are given by the BOLTZMANN distribution N7 ~
e Et/ksT N, ~ e E2/k8T where ky = 1.38 x 10722J. K ! is the BOLTZMANN

constant. Hence

N _(Ep—Eq) _w
ﬁz = e kBT = e kBT (250)
1

where E; — E1 = hv is the photon energy.

o Equation () implies that N7 > N,, thus more absorption than stimulated
emission.

o For high intense light, the spontaneous emission is negligible and, therefore, both
levels are equally populated, i.e., N7 = N».
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» Equation () yields

By1Nop(v) — B1aNip(v) + A1 Ny = 0,

so that )
Nz B12p v
— = . 2.51
N1 BZLO(U) + A21 ( )
Comparison of Eq. () and () gives
Anq 1
p(v) = By, i I (2.52)
(Baeist 1)

What is the relation between coefficients A1, Bp1 and Byp?

Following EINSTEIN approach for T — co v p(v) — 00 :
Since Ay < o0,
Ay

lim p(v) = lim —

—_—— =
T—o0 T—00 B1zekBiT o B21

hv
= TH—H}oo(BlZ@-T/_BZl) =0
e

. 259

Hence

o(v) = — 32— (2.54)
Bm(GkBT — 1)

o Now we compare with the experimental results of RAYLEIGH-JEANS at low fre-
quencies (v — 0)

82
oM (v) = kBT (2.55)
Taylor expansion around v — O:
Iy = /v \"1 hv
v=0
thus
. A Axn Ao kgT
lim p(v) = T T o (2.57)
v—> 321(1 + kT 1) B21 T 21
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Comparing Eq() with () yields
AZl kBT ! 87'(1/2

= kgT
le hv 3 B
or
Azl 87Th1/3
B_21 — C3 . (258)
e Thus
8thvd 1
V) =—5"= (2.59)
eksT —1

which is PLANCK’s law of black-body radiation.

o Note: The speed of light ¢ is here the value in the medium ¢ = ¢y/n, where ¢
is the speed of light in vacuum and # is the index of refraction.

o EINSTEIN derivation was a strong indication that the concept of quanta with
E = hv is correct.

o PLANCK’s law is universal since it is independent of the atoms that take part and
the particular energy levels. The only condition is that the body is able to absorb
photons of all frequencies.

« Example: Consider black-body radiation for a sphere filled with gas, in thermal
equilibrium T = 1000 °C. The ratio of spontaneous to stimulated emission is

1. For visible light, 3—2211 — 1010,

2. For radio frequencies, 2—2211 = 108.

2.5 Line shape and line broadening mechanisms

e So far we considered the laser field as a plane wave. In reality lasers are not
monochromatic and have certain distribution of spectrum implying line shape.

e Lines are broadened via various mechanisms:

— Homogeneous broadening is a particle property, the same for all atoms that
take part.

— Inhomogeneous broadening is an ensemble property, only a selection of atoms
participate.
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a) Natural broadening
o Is a consequence of HEISENBERG’s uncertainty principle.
o The shape and width of a transition between two energy levels hw = E; — Eq
depends on the decay time T of the excited state.
e The line shape function
1 v
w)=— 2.60
) = 2 w—an + (1727 (200
is Lorentzian "homegeneous mechanism”.
o The full width at half maximum (FWHM): Aw = ¢y = 1/7 (inverse lifetime of
the upper level), hence TAwT = AET = T is, indeed, an uncertainty relation.
o Defining of a quality factor "line fidelity” for characterizing the natural line width
wo
= —. 2.61
Q= (261)
o Example: For calcium, the lifetime of an upper level, T, is about 4.6 ns for a
transition wavelength A = 423 nm. The corresponding frequency is v = c/A =
7 x 10" Hz. During T, the electromagnetic wave oscillates vT = 3 x 10° times
until the intensity drops to 1/e, therefore
wo 151 -9 7
= ——=x~44x10 4.6 x1077s ~ 2 x 10”.
Q Ao s S
b) Doppler broadening

If the atom moves with a velocity v, relative to the observer, then the resonance
frequencies are shifted due to DOPPLER effect

1 2
w=wy+k-v=wp 1+——7Tvz = wy 1+% (2.62)
2nv A c

where k is the wave vector.

This is the case of an inhomogeneous broadening.

Ifk L v=w=uwyp.
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V

emitter

» observer

Fig. 2.8: Radiation emitter moves with a velocity component towards the observer.

o The angular frequency of the received radiation will be shifted (into the blue for
positive v, and into the red for negative v;).

o A gas that absorb or emit light consists of atoms with mass M following, at ther-
mal equilibrium, a statistical distribution that depends on T, namely MAXWELL-
BorrzMANN distribution of velocities.

e The number of atoms dN whose velocities between v, and v, 4+ dv, is given by
MAXWELL’s distribution

_ MoZ(w)
AN = Ne~ %57 do,. (2.63)
Using
dw  wy c(w — wy)
- - =~ 7 2.64
do, c wo (2.64)
we obtain
— 48 (wﬂﬁo)z c
dN = Ne 8" “ —duw. (2.65)
wo

o Given that the spectral intensity distribution I(w)dw ~ dN and the intensity
profile of the emitted line I(w) = I(wp)g(w), the line shape function g(w) will

2

1 [ Mc2 -5l
= = @ 2.66
g(w) wo\| 2ekn T 0 (2.66)

o The FWHM of this distribution is (left as an exercise)

2wy [2kgT
Ao = 0 In2
w c M n

= 7.16 x 10_7wm/% (2.67)

T the temperature of the emitters in K, and M the atomic weight in atomic mass

follow as

units (amu).
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e DOPPLER broadening depends on the frequency wy itself and produces a Gaussian
profile.

o DOPPLER broadening increases with temperature and with the frequency of the
line, and decreases as the atomic mass increases.

o The comparison between Gaussian and Lorentzian profiles reveals that the Gaus-
sian decays faster, the wings of the line profile are still determined by the Lorentzian.

o DOPPLER broadening is created by emission of many DOPPLER-shifted lines with
a natural (Lorentzian) line width. The convolution of many Lorentzian distribu-
tion functions yields Gaussian distribution.

a)

Gaussian

"_/ Lorentzian

Gaussian

Lorentzian

f T T T T T T T T T ! —T T T

Fig. 2.9: a) Comparison between a Gaussian and a Lorentzian curve with the same half-
width and area. b) DOPPLER broadening arises from the emission of many DOPPLER-
shifted lines with natural line width.

c) Saturation broadening

o If the intensity of the laser increases, a considerable part of the atom ensemble
is excited (spontaneous emission cannot depopulate the upper levels sufficiently
quick, hence absorption reduced). This is called saturation of a transition.

» Using rate equations

dN» dN;
@2 _ — B — A =S .
T 12N1p(v) 21N20(v) 21N, 5 =0
induced absorption  stimulated emission  spontaneous emission
(2.68)
Since B21 = BlZ we write
2B12p(v) (N2 — N1) +2A21N, =0
or
2B12p(v) (N2 — Ni) 4 A1 (N2 + Ni) + A1 (N — Np) = 0. (2.69)
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Calling Eq. () gives

Ni—N; =

N N

142820) © gy 1)

(2.70)

with I(v) = cp(v) and Is = cAp1 /2By is the saturation intensity.

« With the difference in population numbers, the absorption coefficient « (i.e., the
material dependent cross-section for absorption, independent of the line shape
function) also becomes a function of intensity

(2.71)

o The impact on the line shapes depends on the type of broadening (homogeneous
or inhomogeneous). Both cases are outlined in Figure ()

o In the case of a homogeneous mechanism (if the DOPPLER shift is not considered).
The Lorentzian line shape function is no longer normalized:

C

g«U)::(a”—am)2+-Cﬁ/2)2 (2.72)

with vs = 74/1 4+ Iis’ thus 75 > <. This means that the line shape is maintained
but the line gets wider as the absorption in the center of the line is more reduced
than in the wings.

o At the saturation intensity I = I, according to Eq. (), N, = N /4, meaning
a quarter of all atoms are in the excited state, and the line width has increased
by a factor of \/E

o In the case of inhomogeneous transitions, however, spectral selective saturation
occurs. With sufficiently narrowband excitation, so-called hole burning occurs.
For DOPPLER broadening, for example, each frequency component of the line
profile can be assigned to a group of atoms with specific velocities. When light of
a certain frequency is irradiated, interaction occurs only with atoms of matching
velocity or frequency. The width of the resulting hole cannot be narrower than
the natural line width.

o If DOPPLER effect is not removed, then the broadening is inhomogeneous (the
effect is not the same for different velocities), hence selective spectral saturation
or spectral hole burning.
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2.5. Line shape and line broadening mechanisms

N -\ a)
N3/4 weeeed

intensity

b) inhomogeneous line C)

(e.g., GauB)

homogeneous line
(e.g., Lorentz)

T
®g

Fig. 2.10: a) Intensity dependence of the population numbers in the two-level atom. b)

Saturation broadening of a homogeneous line. ¢) Spectral hole burning in an inhomo-

geneously broadened line profile.

d) Pressure broadening

e In the presence of collisions with other atoms the phase of the emitted photon is

disturbed.

The phase interrupts and thus shortens the emission process (increases energy
uncertainty).

The collisions can be interpreted as a decay taking into account that the rate has
an additional decay channel.

This leads to Lorentzian line profile (homogeneous broadening)

_ i Ytot
)= 2 =P + /2 273

with the FWHM
Aw = v+ 2con, (2'74)

where
Yeoll = TPUrel (275)

is the collision rate which is proportional to the scattering cross section ¢ and
PUrel is the flux of atoms, i.e., the density times the relative velocity. For a gas
in thermal equilibrium we use the MAXWELL-BOLTZMANN statistics to obtain
Urel = 4VkgT/7tM, and the ideal gas law yields p = pkpT for the pressure.
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collisions

—_—
e

Fig. 2.11: Elastic collisions change the phase of the emitted wave of a damped harmonic
oscillator.

o Example: For He-Ne laser, the half-width of collisional broadening at a pressure
of p = 0.5mbar is Aw = 100 MHz.

e) Time-of-flight broadening

o This broadening mechanism results from the finite interaction time between the
absorber material and the incident laser beam. This effect must be considered
when the interaction time is short compared to the natural lifetime of the excited
atom. In such cases, the line width of such a transition is not determined by the
lifetime but by the flight time of an atom through a laser beam. The frequency

profile of the radiation then depends on the intensity distribution of the laser
beam and is typically an inhomogeneous mechanism as a result.

o Example: Calcium atoms from a T = 1000 °C hot furnace have a root-mean-
square velocity of Upms = v/3kgT/M = 790ms~!. The lifetime of an upper level

Tp1(A = 657 nm), is about 4.6 ns. When focussing the laser beam down to 4 pm,
the time-of-flight broadening becomes relevant.
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2.6. Important solutions to wave equation

2.6 Important solutions to wave equation

We provide here important (approximate) solutions for the wave equation
1 02
<V2 — ——) E(r,t) =0 (2.76)

of the laser field in free space.
Consider a monochromatic wave

E(r,t) = E(r)e " (2.77)
Plugging () into () yields

(A+KHE(r) =0, k=

w
= (2.78)

which is called HELMHOLTZ equation for spatial modes.

k-r

The solutions E(r) ~ e,e¥T are special solutions to the equation (2.7§). If we
concentrate on one polarization, the scalar HELMHOLTZ equation for the field

amplitude reads
(A +Kk*)Eo(r) = 0. (2.79)

Plane waves
Writing the Laplacian in Cartesian coordinates yields

E(r) = Ege'k™. (2.80)

Spherical waves

In spherical coordinates the solution of Eq.(R.78) in one dimension reads

ikr
E(r) = AS

. 2.81
: (2.81)
with a constant A satisfying the scalar HELMHOLTZ equation in spherical coor-

dinates. The wave fronts are spherical shells with a radial distance of A = 27t /k,
which propagate radially with the phase velocity c.

Parabolic waves

The spherical waves can be simplified under certain circumstances. For example,
we consider a spherical wave that propagates from the origin of coordinates at a
location near the z-axis, so that the condition p = \/x% 4+ y? < z is fulfilled.
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o Using the so-called FRESNEL approrimation

o’ &
—Jor+2~z 1+ ) =24+ & 2.82
r % +z z( +222) Z+2z (2.82)
and substituting in Eq () gives

A o 2
E(r) = ;elk‘zelk%, (2.83)

where we considered that r ~ z in the amplitude.

o The wave fronts are paraboloids. Moreover, if the distance z becomes much larger,
the spherical wave turns into a plane wave.

SR
)

Paraboloids Plane

o Other way: approximate wave equation, then find exact solutions.

2.6.1 Paraxial Helmholtz equation

o If the wave fronts change only slightly along z-direction, we may in good approx-
imation consider it as a plane wave. We therefore start from a plane wave

Eo(r) = A(r)e*? (2.84)
with slowly varying amplitude A(r) of the position.

o As a consequence the envelope A(r) and its derivative with respect to z do not
vary much within a wavelength A = 27t/k (this is the so-called slowly varying
envelope approzimation, or SVEA)

0A 02A
< kA d —2 < KA. 2.
3z < an 522 <K ( 85)
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e Inserting into HELMHOLTZ equation gives

. . 92 .
<V2 + k2> Ar)e® = V2 A(r)e* + (8 >+ kz) A(r)elk?
=  VZiA(r)e* + (%f—k2A+2k%—+k2 )
SVEA 0A

~" VZA(r)e 1k2+21k§

e Thus we obtain the pararial HELMHOLTZ equation

OO a2k A =0 (2.86)
ox2 " gyz) N T AR T |

o It also possible to verify that the parabolic waves () are even exact solutions
of paraxial HELMHOLTZ equation ()

spherical
waves  “~_ 4},
X ~J G,
¢ e
Q;{‘"b) s ~ < /
"
Helmholtz parabolic
equation waves
&P&\'\ S ) ‘Z})CJK)
¢ s paraxial ¥
A Helmholtz
equation

Fig. 2.12: Two different points of view for solving Helmholtz equation.

2.6.2 Gaussian beams

o Another class of solutions to the paraxial HELMHOLTZ equation is found by re-
placing z — g(z) = z —izg, with a constant zg, in the parabolic wave

A ik iki
E(r) = —e"%e 20, 2.87
W= 287
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o The function 1/g(z) can be divided into real and imaginary parts

1 1A
1~ RE) W)y (288)
where
2
W(z) = Woy/1+ (i) . W2= AZ?R R(z) =z {1 + (‘%R)z (2.89)

+ Redefining the constant A — A/(izr ) and the GOUY phase {(z) = — arctan (i) :
we then find for the complex amplitude

Br) = Mo oo (—W’;—EZD exp {1kz+ik21§52) +i§(z)], (2.90)

so the intensity take the following form

I(p,z) = |A]? (WV\(/(;))zexp [—V\ff;)} (2.91)

which is Gaussian function of p for every z.

o The width of the beam is determined by W(z), where at z = 0: W(z =0) = W
the beam is narrowest with waist radius Wy, or, the spot size of the beam is 2Wj.

o The Gaussian beam diverges during the propagation, where zg is the RAYLEIGH
length which characterizes the defocusing. The focal length at which the beam
waist increases by a factor of v/2 is twice the RAYLEIGH length, i.c.,

2TW3
A

2z = . (2.92)

o The wave fronts of the Gaussian beam are defined by the phase in (), neglect-
ing the z-dependence in R(z) and {(z), then the wave fronts are given by the

relation
2

z+ g—R ~ const. (2.93)

This is an equation of a parabolic surface with radius of curvature R. The wave
fronts are shown in Fig. .
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2.6. Important solutions to wave equation

Fig. 2.13: Evolution of the beam radius of a Gaussian beam.

2.6.3 Hermite-Gaufl modes

The Gaussian beams are not the only modes that satisfy the paraxial HELMHOLTZ

A

equation ()

An important and interesting class of modes arises when the complex envelope
Eg(r) of Gaussian beam is modified in such a way that

(2.94)

E(r) = Eg(r >f[f()}fy[f(ﬂ

with real functions fy,f, and f;.

The phase of envelope given by f(z) does not depend on x and y, and equals the
phase of Gaussian beam. This means that the wave fronts coincide with those of
the Gaussian beam. In particular, they have the same radius of curvature R(z).

These properties are ensured exactly when the envelope Eg(r) () satisfies the
paraxial HELMHOLTZ equation.

Defining u = \/Ex/W(z) and v = \/Ey/W(z), we write

ofc _ V2 3fe Bfe _  u OW(2)0fe

o W@ ou 9z W) 9z ou (2.95)
and
9 f = 2.96
a G(r) 1 q(z) (I‘) ( : )
1 oW(z) = zWF 1
W(z) 0z z%iwzo(z)_R(z)' (297)
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o If we now use the relation 1/g(z) —1/R(z) = 2i/(kW?(z)), and since the Gaus-
sian envelope Eg(r) satisfies the paraxial HELMHOLTZ equation, one obtains the
differential equation

(e =)+ 4

ou?

(azfy 2%> kW?(z )af =0 (2.98)

fy v 0z

o This equation consists of the sum of three terms, each depends only on one of the
variables (u,v,z). We therefore solve this equation by separating the variables
with two separation constants —2m and —2n, so that

182fx afx

5.2 +u 5 = mfy (2.99)
192f, afy

537 + 0 5 = nfy (2.100)

[14—( )}aaj;z = —(m+n). (2.101)

o The first two equations are eigenvalue equations for the differential operators on
the left side with the eigenvalues m and n. Moreover, the eigenfunctions are
precisely the HERMITE polynomials Hy,(#) and Hy(v), thus

fx(u) = Hy(u), fy(v) = Hu(v). (2.102)

Integrating the remaining equation yields

fulz) = —(m—l—n)arctan% = (m+n)Z(2). (2.103)

e The complex amplitude thus becomes

Emn(r) = Apn w%hm(wf?;)hn(v%) exp [1kz+1k p(z i+ +1)2(2)]

(2.104)
where hj(u) = Hl(u)e_”2 represents the so-called HERMITE function.

o If m =n =0, the amplitude is reduced to the usual Gaussian beam.

e The intensity distributions of the lowest HERMITE-GAUSS modes are shown in

Fig.(2.14).
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2.7. Pumping processes
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Fig. 2.14: Intensity distribution of the lowest Hermite-GauB modes for (m,n) =

(0,1,2).

e These HERMITE-GAUSS modes are eigenmodes of confocal resonator that would

fit exactly with these parabolic wave fronts. These modes are labeled as TEM,,,;,.

2.7 Pumping processes

a) Optical Pumping
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Shining a laser medium (solid or liquid) with a short-pulse flash lamp yields a
fairly short pulses. Flash lamp pulses as short as ~ 1 s exist.

Unfortunately, this yields a pulse as long as the excited-state lifetime of the laser
medium, which can be considerably longer than the pump pulse.

Since solid-state laser media have lifetimes in the microsecond scale, it produces
pulses microseconds to milliseconds long.

Electrical Pumping

In gas lasers, the population inversion is achieved by using avalanche electrons in
a high voltage discharge.

As the electrons move in the discharge, they speed up and thus gain kinetic energy.
The inelastic collision of an electron with an atom in the ground state leads to
an energy transfer of a part this kinetic energy. As a result, the atom is excited
and the electron moves with lower kinetic energy.

Chemical Pumping

In some chemical reactions, the product is formed in an excited state, hence the
condition of population inversion is established via creation of excited molecules.

In reality, rare halide molecules exist solely in an excited state, therefore, pop-
ulation inversion is achievable. Lasers operating on such principle are known as
excimer laser.

2.8 Phonomenological laser model

To model a laser, one needs to consider

— An active medium to amplify light.
— A pumping mechanism to create population inversion.
— A part of the amplified light has to be coupled back into the medium with

the correct phase.

We aim to describe the functioning of a laser using a very simplified model, as
depicted in Figure , in a phenomenological manner. The active medium has
a gain coefficient 7 and length Ly,. Feedback occurs through reflection from two
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mirrors with reflectivity coefficients Ry and R,, with no additional losses beyond
that.

Fig. 2.15: Laser model. A gain medium of length L, is situated within a resonator of
length L, formed by mirrors with reflectivities Ry and R».

o To keep the laser working, the amplitude of the electromagnetic wave needs to be
stationary (temporally constant).

o The losses by mirrors (the out-coupled light) has to be compensated by the am-
plification caused by the pumping.

o The part of the wave that is reflected (not coupled out) has to be coupled back
with the same phase.

e In each plane perpendicular to the laser axis the field E at time ¢ has to exactly
match the field E at time t + T with T is the round-trip time

E(t) = E(t+1). (2.105)

« A continuous wave (cw) laser has a pulse length longer than the round-trip time.

e During propagation through the medium the field gets amplified with the factor
e7Em/2 and it gets damped to the mirrors with factors v/Ry and /Ry, respectively.
Thus

E(t) _ Eoei(kz—wt)

; Eoei(szw(t—i—r))e'yLm /R1 /R2

o It follows that
. |
VRiRye WTerlm =1 (2.106)

which is the heuristic laser model.
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o Introducing the refractive index n the round-trip time T reads

Lm . L—L %
p=olltm o2 m _H% (2.107)
C C Cc

where L' = L + Ly, (n— 1) is the optical length.

e In order to fulfill the condition (), the amplitude as well as the phase in Eq.
() have to equal 1 independently, i.e.,

e~2wL'/¢ — 1| phase condition” (2.108)
Hence Dl
“é Logm, geN, (2.109)

i.e., discrete values for the frequencies of the amplified and emitted light

e c
wg=q77| or |Vg=4q55 (2.110)

The arrangement of the two mirrors forms a resonator or oscillator with discrete
resonance frequencies v4. The corresponding fields are called longitudinal modes
of the resonator, and the frequency spacing is known as the free spectral range

(FSR).

o Example: Typical length of a resonator for He-Ne laser is L' = 50cm at A =
633nm, thus the ¢ = 2.6 x 10°-th longitudinal mode is excited, meaning that
the corresponding standing wave has the same number of antinodes.

e The amplitude condition yields

VRiRyelim =1 2.111
1482 3

which reads in logarithmic form as

L (—1 ) (2.112)
= —— 1N . .
T I, VRiR,

o The relationship between the required gain yL;, and the coupling losses due to
the incomplete reflectivity R1Ry < 1 of the two mirrors gives the conditions in
the laser, ensured by saturation of the gain (see equation (?7))

lm — 1 _ (2.113)
VRiR, ’
we obtain
141 _7olm (2.114)
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e In the limit I — 0 (I < ), and using In (ﬁ) ~ 1—+/Ri1R; yields the

threshold for lasing

YoLm =1—+/R1Ry,| or |v/RiRy=1—79Ln| (2.115)

Hence, for a given reflectivity R = 1/R1Rp, the gain gLy has to exceed a cer-

tain value (depending on the gain coefficient and the length of the gain medium)
for the lasing process to start. Vice versa, for a given gain gLy, the reflectiv-
ity R = v/R1R; has a lower bound for laser operation. The gain coefficient is
spectrally limited. In only a few cases is its spectral width smaller than the free
spectral range of the resonator, so that normally multiple modes are amplified.
However, the number of active modes, as described the threshold condition, is
also a function of the resonator losses, as only the modes for which the gain

compensates for the coupling losses can oscillate. This is illustrated in Figure
- 0.

gain curve threshold

T = e s =S S Y

S U

estting \ | resonator modes
o= ) ]|

Fig. 2.16: Gain curve, lasing threshold, resonator modes, and the resulting active modes

of a laser.

Alternative derivation using rate equations

e Let us consider Nj the population of the upper level and Np > N

dN2 N2 (o
—= =P)— ———IN, 2.11
dt 2 T hv 2 ( 6)

o Moreover, we define % as losses due to finite lifetime of photon in resonator

1 c
— =~ (1—R)— 2.117
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where R = y/R1R; and the above approximation holds if Ry = Ry =~ 1.
The rate equation for the intensity I of light reads

dI I
— = I——. 2.11
T coNp - (2.118)

« In equilibrium (dI/dt = 0), we obtain that

1
coNp[ — —1 =0, (2.119)
R
hence
1
N, = 2.120
2= o ( )

which is independent on I.

o Assuming I > 0, the equilibrium condition (dN,/dt = 0) yields

Pz—f—;—%mz — 0, (2.121)
therefore
I = Pyhvetg — :—_:_/2. (2.122)
o At the threshold where I — 0, we find
P = CU:ZTR
= ;T;Li (2.123)
where we have used the relation ()
o Thanks to the relation
Y0 = 0Ny = 0P,
we find the threshold condition for lasing
YoLm = 1—R. (2.124)
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2.9. Resoantors

P,

Py, = 1/CUT2TR

Fig. 2.17: The population of the upper laser level Ny and the intensity I as a function

of the pumping rate P.

2.9 Resoantors

Optical resonators are devices in which the electromagnetic field is enclosed be-
tween highly reflective mirrors that define the mode structure.

When deriving the mode of electromagnetic field in vacuum, we took advantage
of the fact that we could use any complete set of orthonormal basis functions of
the HELMHOLTZ operator to represent the electromagnetic field.

In particular, we did not care about the coordinate system used for derivation.
In a resonator, it is the geometry of mirrors that determines a specific choice of
modes. Therefore, it is immediately clear that optical resonators are suitable for
selecting special modes.

2.9.1 Planar resonators

We first consider two plane-parallel, infinitely extended plates, which are not com-
pletely reflecting, but rather have transmission coefficients Ty, T, and reflection
coefficients Ry, Ry, respectively (Fig. ) In this FABRY—PEROT interferrom-
eter (FPI) of length L, a monochromatic plane electromagnetic wave entering at
an angle 0 has the form

E(z,t) = Egepelr—wh, (2.125)
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Fig. 2.18: FABRY—PEROT interferrometer consists of two plane-parallel mirrors with
transmission coefficients T7, T, and reflection coefficients Ry, Rj, respectively.

« The amplitude Ej of the electromagnetic field behind the FABRY-PEROT res-
onator is then given as a superposition of all partial waves that are reflected
many times inside the resonator.

o The reflection take place at inner sides of both mirrors, hence the phase jumps of
7t at the optically dense medium.

i(k-r—wt)

e The phase factor €' is chosen such that is unity in the mirror plane.

e The transmitted complex amplitude reads

(9]
-
By = ZETf
i=1
5L

—iwL cos 277 _—iw3L cos 22 i4m —iw3k cosd
= EgT4Tpe '“ec©® —|—E0T1T2R1Rze\1f/e Wi cos —|—E0T1T2R1R261 Mo lWie Cost ..
(1) (2) (3)
— EOTsze—iw% cos@(l + Rlee—iw% cosf + R%R%e—iw% cosf 4. ) (2.126)
(1) : is the dynamic phase due to resonator length.
(2) : 2 times reflection at optically dense medium, i.e., (ei”) (ei”) = 27,
(3) : is the dynamic phase due to 3 passes through the resonator.

E/ . : .
0= Te 3 (14 R 4 R2% 20 4., (2.127)
0
where we have assumed Ty = T, = VT , Ry =Ry = VR and defined the phase
shift w
0= ?(ZL)COSQ (2.128)
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arising from the difference in travel between two adjacent partial waves.

The infinite geometric series is evaluated using ) 2 ,q" = % with g = Re™%:

—-q
E,  Tei2
- = 2.129
EO 1—Re ¥ ( )
The transmission function of the resonator can be expressed as
E)|® T2
Tpp = |=2| = . 2.130
P E, 1—2Rcosd + R2 (2.130)
Using cosé = 1 —2sin?(6/2), the denominator of this expression can be cast in
the form
1—2Rcosd + R? = (1—R)? 14 AR 28 (2.131)
(1—R)? 2|’ '

so that we obtain

E/
Trp = | =2
FP = E

Equation () is known as the AIRY function. It is depicted in in Fig. as
a function of the phase shift ¢ /2.

i - (%)2 [1 + % sin? g} il. (2.132)

Tep
Lo

0B

04

P S [N N T S T T, S [N o T T [N S S N [ T O T | 52
5 pd | ]

Fig. 2.19: Transmission of a FABRY—PEROT resonator.

e The maxima of the transmission function are reached at phase shifts § = 27tm

(m € Ny), i.e., with constructive interference of the partial waves. The maxima
in the frequency space reads
_ Wn c

“ 2 "2Lcose’ (2.133)

Vm

Lecture notes on quantum optics and lasers



Chapter 2. Lasers 84

hence the distance between two maxima

B c
~ 2Lcos6

OV = V1 — Vm (2.134)

is called the dispersion region or the free spectral range (FSR).

o To compute the line width of the interference structure assume 6 < 27t (very
close to resonances), hence
T? T?

T (1-R)?+4Rsin?(2Lcos)  (1—R)2 + 4R L2 cos? 0 (2139

which is a Lorentzian curve with a half-width w1/,

2 C2(1 —R)2

= 2.136
W72 7 4RIZ cos2 6 ( )
corresponding to a linewidth (FWHM)
2w1/2
Av = —1= 2.1
v o (2.137)
N av—_—c° 1=R (2.138)
~ 2Lcost 7R’ ’
o The ratio of FSR to FWHM
p_dv _ VR (2.139)
Av  1—R

defines the finesse of the resonator.

o Example: A FABRY-PEROT interferometer (FPI) with a length of L = 30cm
and a mirror reflectivity R = 99%. The finesse is F = ﬂ\/@/0.0l ~ 314. For
normal incidence, the free spectral range is calculated as év = ¢/2L ~ 500 MHz
and hence Av = év/F ~ 1.6 MHz.

e An intuition behind the connection between the lifetime of photons in the res-
onator and the finesse is based on the following considerations:

— The larger R, the more round trips the photons experience in the resonator,
so a storage time T has to be taken into account.
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— If one would abruptly block the flow of photons into the resonator, the
transmitted intensity decays exponentially.

Therefore, the spectrum is a LORENTZ curve with line width Av = %—‘7‘1’ = %
and the finesse reads
c 1 c CTTT
_ = 9 = . 2.140
2Lcos0 Av 2L cos® T L cos® ( )

Replacing T by NT, where N is the average of round trips in the resonator and
T = 2L cosB/c is the time for one round trip, yields
c c 2Lcos®

F=——2nNT = 2
2L cos @ N 2L cosB N c

27N. (2.141)

Thus, the finesse roughly indicates the average number of round trips of the
photon in the resonator.

2.9.2 Spherical resonators

Planar resonators have a crucial disadvantage that they have to be adjusted ex-
tremely precisely so that an incident beam (typically with a finite transverse
extent) is superimposed to the reflected partial waves. This is the reason behind
the usefulness of spherical resonators in practical applications.

The eigenmodes of spherical resonators are the Gaussian modes. The reason is
that their wave fronts are curved and, therefore, adapted to the curvature of
mirrors. A Gaussian beam impinging on a spherical mirror is reflected into itself
if its curvature matches with the beam. So we get a spherical resonator if we place
mirrors with appropriate curvatures in the right places on the Gaussian profile in

Fig. (2.13).

We have seen that HERMITE—-GAUSS modes are also solutions for paraxial HELMHOLTZ

equation having the same wave fronts as Gaussian beams. This implies that
HERMITE-(GAUSS modes are also eigenmodes for spherical resonators. The cor-
responding phase whose indices (m, 1) on the beam axis at p = 0 reads

¢(0,z) =kz+ (m+n+1)((z) (2.142)

To observe constructive interference, the phase shift of the wave after a complete
trip through the resonator of length L must be a multiple of 27,

2kLcosO +2(m+n+1)A =2mq, q€Z, (2.143)
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where Al = ((z2) — {(z1) represents the difference of the GOUY phases at the
mirror positions. Setting k = 27tv/c the resonance frequencies of these resonator
modes are

Vg = OV + (m+n + 1)%@(51/, (2.144)

where dv is the distance between two resonance frequencies

B C
- 2LcosB’

v (2.145)

The three indices (m,n,q) are explained as follows: modes with different g but
the same (m,n) have the same transverse intensity distributions are called longi-
tudinal modes. The indices (m,n) describe the different transverse modes.

o From () one can deduce that all transverse modes with the sum index m +n
have the same resonance frequency. Two transverse modes with the same longi-
tudinal index g have the frequency separation

A
Vg — Vit g = [(m +n) — (m' 4 n')] %51/, (2.146)

which characterizes the frequency shift between the groups of longitudinal modes.

2.9.3 Stability of resonators

 Instead of fitting the two mirrors to a given Gaussian beam, we look for a Gaussian
beam that match both curved mirrors M; and M, with radii of curvature Ry and
R; and spacing L.

e The curvature at z1 and z, should match mirrors, thus we obtain three equations

2
R(Zl) = zZ1+ Z—R =—R; (2.147)

1

Z2

R
R(Zz) = Zy+ Z_ = —|—R2 (2.148)

2

and

L= Zp —Z7. (2.149)
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)

Fig. 2.21: The resonator g-factors.

o Let us define g-factors as

L L
1 2

e Therefore, the RAYLEIGH length of the mode is given by

$182(1—8182) 2
12, 2.151
(81 +82—28182)? (2.151)

3 =

and the positions of the two mirrors with respect to beam waist are

$2(1-81) L and

g1(1—g2)
= Zn = L. 2.152
! 81+ 82—28182 2 g1+ 82 —29182 ( )

e Moreover, the mode sizes can be written as follows

— Waist spot size:

LA | 8182(1—8182)
W2 === . 2.153
Coom \/(81 + 82 —28182)° (2.153)
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— Spot size at first mirror:

WE=—"2 | —2 (2.154)

— Spot size at second mirror:

LA g1
wi==2 /st 92.155
27 1\ e(l-81%) (2.155)

e Real and finite solutions Wy, W7 and W, can exist only if g-factors fulfills the
stability condition for the resonator

0<g182 <1 (2.156)

Plane-parallel resonator
. - H. = HE = o0
0102 =1

f/? --%\, Spherical resonator (concentric)
| { = || Ry=R;= L2
W | gigs = 1

H ____'____-——-*—"{:\I Hemispherical resonator

— || Ry=o, Ry=L
——q._____F_____?lllj g 92 - D

,” If _ > —— \'.\'u Confocal resonator
Dy || Ri=H;=L
R . i e g4g:=0

T /| Ry=e=, Ay=2L

I -+ _____———%\., Hemiconfocal resonator
> =/ &=k

Fig. 2.22: Examples of stable resonators.

— Plane-parallel resonator: g1 = g2 = 1.
— Spherical (concentric) resonator: g1 = g» = —1.

— Hemispherical resonator: g1 =1, go = 0.
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— Confocal resonator: g1 = g» = 0.

— Hemiconfcal resonator: g1 =1, go = 1/2.

/7 K

I.' \ -| "| Ry=R,=LI3

Ll I iz = 4

\ 1l

W i

'||'———__1_____|'II|I H.:sz—L

i giga=4

L \\

/7 L. /

(| o __‘::T’? Ry=Li2 Ry=-L

| Il_____——"'__:r | Gigs=—2

Ay 5\

T\"'.--r;‘:',"

I|' Tt H.:—L,szm
| ,| ﬂ gigz=2

1

concentric

g192=1

Fig. 2.24: Stability diagram for a two-mirror optical resonator.

« Semi-confocal is more stable because it is not on edge of stability region.
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o The products of g-factors of the confocal, concentric, and hemispheric resonators
reside exactly at the boundaries of stability region. Therefore, usually their pa-
rameters are slightly detuned to move inside the stability region.

« Example: Concentric resonator L = 2R, hence ¢ = —1. Decreasing length by
AL yields Lpew = 2R — AL, and gnew = 1 — 5E.

e Choosing a particular resonator due to certain requirements concerning mode
volume, beam width, etc.

o Plane-parallel resonator has a large mode volume in its entire length, but very
hard to adjust. Not often used in laser resonators.

o Confocal resonator has a very small mode volume, low diffraction losses, and
easier to adjust.

o Hemispherical resonator is often used but has small beam waist. Having a good
mode size at active medium, can change mode size by translating mirrors, and
can change beam position by radially translating mirrors.

« Mode sizes for symmetric resonators (g1 = g2 = g)

LA [ 1+4g LA 1
2 _ _ 2 == , 2.1

o All these resonators lie along the diagonal passing through the origin in the g-

plane (see Fig. ())

e The curvature of mirrors can be steadily increased for a fixed spacing length L

(see Fig. ())

Wi, Wo

Yo

05 o

Fig. 2.25: Mode radii Wy at the beam waist and Wy, at the mirrors of a symmetric
resonator as a function of the g-parameter.
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2.10 ABCD Formalism

o We want to describe the action of an optical element via matrix formalism. Con-
sider a light ray in paraxial approximation travelling in z-direction at distance
y(z) from the optical axis till y'(z), i.e., y'(z) = % = tan® ~ O.

o In geometrical optics, a ray is characterized by its distance from the axis and its
slope.

L )

Fig. 2.26: The quantities y; and y, are distances of the ray from the optical axis before
and after the optical element, ® is the direction angle, and z, —z1 = d.

e For the translation from z; to z» in vacuum:

y(z2) = y(z1) +y'(z1)(z2—21) (2.158)
y'(z2) = y'(z1) (free space) (2.159)

Skipping the arguments, we rewrite both equations as

v = y1+vyi(z2—21) (2.160)
vy = ¥ (2.161)

o In matrix notation, the latter is equivalent to

Y2 A B\ (1 y2 = Ay1 + By}
= = 2.162
(%) (c D) <y3> s = Cys + Dy (2102

A B 1 z—z
(c D>:<0 21 1) (2.163)

which is ABCD matrix for free space.

e Free space
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e Thin lens

1 1 1 Vi vyi1 N / 1N
i d T f i A f Vo= v2=y1. ( )

Thus
1 O
()-( () -(the) e

i.e. the lens changes the direction of the ray.
o In general, within ABCD formalism we can combine optical elements.

« Example: Ray passes through a lens with focal length f, then through free space

d:
—4d 4
E2) -G -0 e

e Summary of different ABCD matrices

n,=1 n,=n }—1 - -

Free space /
1

propagation Z

. - .
¥4 Zy
F 1
1 0
Thin lens . S
A 1
f
i 1
Spherical 7\ 1 0
mirror - : -2 1
R "~ i R
Spherical /( 1 (4]
dielectric . .
interface >~ nif N2 np-ny 1. m
R™~ n, R N

Fig. 2.27: ABCD matrices for some common cases.
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e In the the case of gradient index lens or GRIN-lens of arbirary thickness L, where
the refraction index profile reads

1
n(r) =ng— Enzrz, (2.167)

NIVAWARARY.
RNV EAVARVERVZ

we have

) (2.168)

1 .
(A B> cos (Lw/:ll—;) g Sin (L Z—é
¢ D \/MoM7 sin (L Z—é) cos <L Z—é)
o For a GAUSSIAN aperture with the transmission profile

T(r) = Toe " /® (2.169)

| ]
t

2a)

I

( b O) , (2.170)

the ABCD matrix is

where A is the wavelength.
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