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PREFACE

Finite element method (FEM) is a numerical technique for solving a differential or inte-
gral equations. It has been applied to a number of physical problems, where the governing
differential equations are available. The method essentially consists of assuming the piece-
wise continuous function for the solution and obtaining the parameters of the functions in
a manner that reduces the error in the solution.

The FEM has been in existence for more than 70 years. One of the authors, John Argyris,
invented this technique in World War II in the course of the check on the analysis of the
swept back wing of the twin engined Meteor Jet Fighter. In this work, he also consistently
applied matrix calculus and introduced triangular membrane elements in conjunction with
two new definitions of triangular stresses and strains which are now known as the com-
ponent and total measures. In fact, he was responsible for the original formulation of the
matrix force and displacement methods.

In this work we will present the numerical solution using the finite element method for
a parabolic integro-differential equations with boundary conditions. This type of equations
arise quite frequently as mathematical models in diverse disciplines. The origins of the
study of integral and integro-differential equations may be traced to the work of Abel, Lotka,
Fredholm, Malthus, Verhulst and Volterra on problems in mechanics, mathematical biology
and economics. The work of Volterra on the problem of competing species is of fundamental
importance for the development of mathematical modeling of real world problems. From
those beginnings, the theory and applications of Volterra integro-differential equations with
bounded and unbounded delays have emerged as new areas of investigation. This continu-
ous process of development during the past few decades is reflected in the large number of
research papers and books covering some of these areas.

Many numerical methods have been developed for solving integral and integro-differential
equations such as finite-difference methods, finite-element methods, boundary-element meth-
ods, etc. Each of these numerical methods has its inherent advantages and disadvantages
and the search for alternative, more general, easier and more accurate numerical methods is
a continuous and ongoing process. In the past several decades, many effective methods for
obtaining solutions of nonlinear Volterra integral and integro-differential equations have
been presented.
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PREFACE

The contents of each chapter are summarized as follows.
In the first chapter, we will present some preliminary concepts in the functional analysis
required by the method of finite elements and some special concepts that we need to study
the parabolic integro-differential equations.

Chapter two is concerned with giving a simple theoretical introduction to the method of
finite elements applied to a partial differential equation. Where we gave the method of find-
ing the linear system and how to study error estimation. Then we performed a numerical
application on a ordinary differential equation.

In third chapter, finite element approximation is established for parabolic integro-differential
equations. First, we obtain variational form of the problem, and then, finite element method
and basic functions will be used. Also, the error analysis of the method is considered. Fi-
nally, optimal error estimate is deduced for backward Euler discrete scheme. Furthermore,
the efficiency of the proposed method will be considered through numerical example.
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NOTATIONS

A positive self adjoint elliptic second order operator.
A(., .) bilinear form associated with A.
B second order partial differential operator.
B∗ adjoint operator to B.
B(., .) bilinear form associated with B.
C,c constants.
Cr(Ω) space of continuously differentiable functions up to rth order.
Dt,Dx derivatives with respect to t and x.
D(Ω) vector space of C∞(Ω) functions, with compact support.
e = u −uh the error.
h step size in space variable x.
Hm(Ω) =Wm

2 (Ω) Hilbert space.
Ih interpolation operator.
k step length in time variable t.
K(t) kernel function under Volterra integral.
Lp(Ω) space of integrable functions.
PDE partial differential equation.
P IDE parabolic integro-differential equation.
Ph L2 −projection operator.
q conjugated exponent of p, i.e. 1

p + 1
q = 1.

Rh Ritz-projection operator associated with A.
Sh piecewise polynomial subspace.
t time variable.
u = u(t,x) unknown.
u0 = u(0,x) initial value.
ut,ux derivatives with respect to t and x respectively.
uh finite element solution to space discretization.
uh,t Dtuh.
Un fully discrete finite element solution at time tn.
Vh Ritz-Volterra projection operator associated with A and B.
Wm
p (Ω) =Wm,p(Ω) Sobolev space.

x = (x1, . . . ,xn) space variable.
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NOTATIONS

θ = uh −Vhu the error.
ρ = Vhu −uh the error.
Ω domain in space, with boundary ∂Ω.
Ωh mesh domain with stepsize h.
∂tU

n = (Un −Un−1)/k backward difference quotient.
|.|
R
N norm in R

N .
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CHAPTER 1

PRELIMINARY IN FUNCTIONAL
ANALYSIS

In functional analysis many different fields of mathematics come together. The purpose of
this chapter is to give an introduction of functional analysis that the finite elements methods
required, and the basic tools necessary for the effective use of the analysis of the method with
integro-differential problem.

1.1 Normed Spaces. Banach Spaces

Throughout K = R or C.

Definition 1.1.1 (Normed space).
Let E be a vector space. A map E −→R, x 7−→ ‖x‖ is called a "norm" on E if :

i) ‖x‖ ≥ 0, ∀x ∈ E and ‖x‖ = 0⇔ x = 0.

ii) ‖αx‖ = |α|‖x‖, ∀x ∈ E and α ∈K.

iii) ‖x+ y‖ ≤ ‖x‖+ ‖y‖, ∀x,y ∈ E. (triangle inequality).

We call (E,‖.‖) or simply E a "normed space" [7].

Example 1.1. For E = R
N and x = (x1, . . . ,xN ) ∈RN , we define the norms:

‖x‖1 =
N∑
i=1

|xi |, ‖x‖2 =

 N∑
i=1

x2
i


1/2

(Euclidean norm), ‖x‖∞ = sup
i
|xi |.

Lemma 1.1.
Let (E,‖.‖) be a normed space and define

d(x,y) = ‖x − y‖ (1.1)

for all x,y ∈ E. Then (E,d) is a "metric space".

Definition 1.1.2 (Banach space).
A Banach space is a complete normed space (complete in the metric defined by the norm (1.1)) [7].

Example 1.2. The simplest example of a Banach space is RN or CN with the Euclidean norm.

1



CHAPTER 1. PRELIMINARY IN FUNCTIONAL ANALYSIS

1.2 Hilbert Spaces

1.2.1 Inner Product Spaces

Throughout we let E denote a vector space over K.

Definition 1.2.1 (Inner product, inner product space).
A mapping 〈., .〉 : E × E −→ K is called an "inner product" or "scalar product" for x,y,z ∈ E and
α ∈K, if

(i)
〈
x,y

〉
=

〈
y,x

〉
.

(ii)
〈
αx,y

〉
= α

〈
x,y

〉
.

(iii)
〈
x+ y,z

〉
= 〈x,z〉+

〈
y,z

〉
.

(iv) 〈x,x〉 ≥ 0 and 〈x,x〉 = 0⇔ x = 0.

We say that E equipped with 〈., .〉 is an "inner product space" or "pre-Hilbert space" [6].

Remark 1.1.
An inner product on E defines a norm on E given by

‖x‖ =
√
〈x,x〉. (1.2)

and a metric on E given by

d(x,y) = ‖x − y‖ =
√〈
x − y,x − y

〉
. (1.3)

Definition 1.2.2 (Hilbert space).
A Hilbert space is a complete inner product space (complete in the metric defined by the inner
product (1.3)).

Remark 1.2.
Inner product spaces are normed spaces, and Hilbert spaces are Banach spaces.

Orthogonality:

Definition 1.2.3. An element x of an inner product space E is said to be orthogonal to an element
y ∈ E if 〈

x,y
〉

= 0.

We also say that x and y are orthogonal, and we write x ⊥ y. Similarly, for subsetsA,B ⊂ E
we write x ⊥ A if x ⊥ a for all a ∈ A, and A⊥ B if a⊥ b for all a ∈ A and all b ∈ B [7].

Projection:

Theorem 1.1 (Projection Theorem).
Let H be a Hilbert space, and let C be non-empty convex and closed part of H . Thus for all x ∈H ,
there is a unique y ∈ C such that:

‖x − y‖ = dist(x,C).

We say y = PC(x) is a projections of x onto C. It is characterized by the property:

y ∈ C and Re
〈
x − y,z − y

〉
≤ 0, ∀z ∈ C.

2



CHAPTER 1. PRELIMINARY IN FUNCTIONAL ANALYSIS

If the set is not convex, PC(x) can consist of several points, if it is convex, it is precisely
one.

Definition 1.2.4 (Cauchy-Schwarz inequality, triangle inequality).
An inner product and the corresponding norm satisfy the Cauchy-Schwarz inequality and the
triangle inequality as follows.

a) Cauchy-Schwarz inequality:
|
〈
x,y

〉
| ≤ ‖x‖‖y‖ (1.4)

where the equality sign holds if and only if {x,y} is a linearly dependent set.

b) Triangle inequality:
‖x+ y‖ ≤ ‖x‖+ ‖y‖ (1.5)

where the equality sign holds if and only if y = 0 or x = cy (c real and ≥ 0).

[7].

1.3 Functional Spaces

1.3.1 Notations

• Let Ω be an open not empty set of RN , (N ∈N∗).

• A vector α = (α1, . . . ,αN ) ∈ N
N is called a multi-index, and |α| = α1 + . . . + αN is the

length of the multi-index.

• Let u be a function of Ω into R, α an element of N
N . We note Dαu the α order

derivative of u, we write:

Dαu :=
∂|α|u

∂α1x1. . . . .∂αN xN

1.3.2 Continuous Function Spaces

• We note by Cr(Ω) the space of derivable functions till order r, whose the derivatives of
order r are continuous.
We write :

u ∈ Cr(Ω)⇔∀α ∈NN , |α| ≤ r, Dαu exist and continuous.

• Also we note by Cr(Ω) the space of derivable functions till order r on Ω, whose the
partials derivatives till order r are continuous, and extendable by continuity to Ω.
We write:

Cr(Ω) =
{
u ∈ Cr(Ω), such that ∀α = (α1, . . . ,αN ) with |α| ≤ r, Dαu continually extends to Ω

}
.

With norm:
‖u‖Cr (Ω) = sup

x∈Ω,|α|≤r
|Dαu(x)|.

Remark 1.3. The functional space Cr(Ω) equipped with ‖.‖Cr (Ω) is Banach space. (Ω is bounded)
[1].

3



CHAPTER 1. PRELIMINARY IN FUNCTIONAL ANALYSIS

Definition 1.3.1 (Support of a function).
Let Ω be a open of RN . We call a support of u ∈ Cr(Ω) the set:

supp(u) := {x ∈Ω, u(x) , 0}.

Definition 1.3.2.
We note by Dr(Ω) the space of functions of class Cr with compact support.

Dr(Ω) := {u ∈ Cr(Ω), with compact support } .

Remark 1.4. r = +∞, D∞(Ω) noted by D(Ω) is called "test function" space.
We write

D(Ω) = {u ∈ C∞(Ω)|∃K compact, K ⊂Ω,u ∈ DK (Ω)}
where DK (Ω) = {u ∈ C∞(Ω), supp(u) ⊂ K} .

Definition 1.3.3.
The distribution space with support in Ω is the topological dual of D(Ω), noted by D′(Ω) [1].

1.3.3 Lebesgue Spaces

Definition 1.3.4 (Measurable function).
A function u : Ω −→R, it said to be "measurable" if for all α ∈R, the set

Eα = {x ∈Ω | u(x) ≥ α}

is measurable in the sense of Lebesgue.

Definition 1.3.5 (Integrable function).
It is said that a measurable function u : Ω −→R can be integrated in the Lebesgue sense if∫

Ω

|u| <∞.

[11].

Definition 1.3.6 (Lp(Ω) spaces, 1 ≤ p ≤ +∞).

• Let p ∈R with 1 ≤ p < +∞, we pose:

Lp(Ω) = {u : Ω −→R,u measurable, and
∫
Ω

|u(x)|pdx < +∞}.

We define and note the norm in Lp(Ω) by

‖u‖Lp :=
(∫

Ω

|u(x)|pdx
) 1
p

• For p = +∞, we pose:

L∞(Ω) := {u : Ω −→R;u measurable, and ∃c > 0 such that |u(x)| ≤ c almost all Ω}

We define and note the norm in L∞(Ω) by

‖u‖L∞ := inf{c > 0 such that |u(x)| ≤ c almost all Ω}

4



CHAPTER 1. PRELIMINARY IN FUNCTIONAL ANALYSIS

Remark 1.5.
We call L∞(Ω) the space of essentially bounded functions, and we say that ‖u‖L∞ is the essential
sup of u:

‖u‖L∞ := supess(u).

Remark 1.6.
‖.‖Lp and ‖.‖L∞ defines a norm on Lp(Ω), with 1 ≤ p ≤ +∞, for which Lp(Ω) is a Banach space
[5].

Hölder Inequality:

Let (p,q) a couple of [1,+∞]2 with 1
p + 1

q = 1. The application :

Lp(Ω)×Lq(Ω) −→ C, (u,v) 7−→
∫
Ω

u(x)v(x)dx,

is continuous bilinear with values in L1(Ω) and

‖uv‖1 ≤ ‖u‖Lp‖v‖Lq .

Minkowski Inequality:

Let u,v ∈ Lp(Ω) with 1 ≤ p < +∞. Thus, u + v ∈ Lp(Ω), and:

‖u + v‖Lp ≤ ‖u‖Lp + ‖v‖Lp ,

[12].

1.4 Sobolev Spaces

Weak Derivative:

Let u ∈ C1(Ω) and ϕ ∈ C1
0(Ω), then, by integrating by parts we will have:∫

Ω

u
∂ϕ

∂xi
dx = −

∫
Ω

∂u
∂xi

ϕdx, ∀ϕ ∈ C1
0(Ω), i = 1,2, . . . ,N

note that the term on the left has a meaning if u ∈ L1
loc(Ω), when the term on the right only

has meaning if u ∈ C1(Ω).

Definition 1.4.1.
It is said that the function u ∈ Lp(Ω), admits a first weak partial derivative with respect to xi if
there exists a function vi ∈ Lr(Ω) for 1 ≤ r <∞ such that∫

Ω

u
∂ϕ

∂xi
dx = −

∫
Ω

viϕdx, ∀ϕ ∈ Lq(Ω)

vi is noted
∂u
∂xi

.

More general: Let m ≥ 1 and α ∈ NN , it is said that u admits a weak derivative of the
order α, if there exists vα such that:∫

Ω

u
∂|α|ϕ

∂α1x1∂α2x2 . . .∂αN xN
dx = (−1)|α|

∫
Ω

vαϕdx, ∀ϕ ∈ C∞0 (Ω),

vα is noted by
∂|α|u

∂α1x1∂α2x2 . . .∂αN xN
or Dαu [10].

5



CHAPTER 1. PRELIMINARY IN FUNCTIONAL ANALYSIS

1.4.1 The H1 Spaces

Definition 1.4.2 (The H1(Ω) space).
Let p be an element of [1,+∞[,Ω an open set from R

N . We call a "Sobolev space" of the first order,
and we note W 1,p(Ω) (resp H1(Ω) if p = 2), the set:

W1,p(Ω) =
{
u ∈ Lp(Ω) | ∀i, 1 ≤ i ≤ n, ∂u

∂xi
∈ Lp(Ω)

}

where the derivative
∂u
∂xi

, i = 1,2, . . . ,N is taken in the sense of the distributions [12].

Proposition 1.1.
For p ∈ [1,+∞], and for all Ω an open from R

N . We have the following properties:

1. The Sobolev space W1,p(Ω) is a Banach space for the norm:

u −→ ‖u‖ 7→


‖u‖pLp +

N∑
i=1

‖ ∂u
∂xi
‖pLp


1
p

, if 1 ≤ p < +∞

max
(
‖u‖L∞ ,‖

∂u
∂xi
‖L∞ 1 ≤ i ≤N

)
, if p =∞

2. For p = 2, H1(Ω) is a Hilbert space for the inner product:

(u,v) 7→ 〈u,v〉 =
∫
Ω

uvdx+
N∑
i=1

∫
Ω

∂u
∂xi

∂v
∂xi

dx.

3. For 1 < p < +∞, the space W1,p(Ω) is reflexive.

4. For 1 ≤ p < +∞, the space W1,p(Ω) is separable.

Remark 1.7.
For all p,q from [1,+∞[, the bidual of Lp(Ω), also the dual of its dual Lq(Ω) with

1
p

+
1
q

= 1,

identifies algebraically and topologically with Lq(Ω). It is said that space Lp(Ω) is reflexive.

The H1
0 (Ω) Space:

Definition 1.4.3.
We denote by H1

0 (Ω) the closure of D(Ω) in H1(Ω).
We write:

H1
0 (Ω) :=

{
v ∈H1(Ω) : ∀ε > 0,∃ϕ ∈ D(Ω) such that ‖v −ϕ‖H1(Ω) < ε

}
=D(Ω).

Remark 1.8. The semi-norm of H1(Ω) given by:

|v|2H1(Ω) :=
∫
|∇v(x)|2

R
Ndx, ∀v ∈H1(Ω),

defined a norm on H1
0 (Ω) equivalent to that of H1(Ω).

Proposition 1.2. The space (H1
0 (Ω), |.|H1(Ω)) is a Hilbert space [5].

6



CHAPTER 1. PRELIMINARY IN FUNCTIONAL ANALYSIS

Poincaré Inequality:

Let Ω be a bounded domain of RN . There is a constant C > 0 such that:

‖u‖L2(Ω) ≤ C‖∇u‖L2(Ω), ∀u ∈H1
0(Ω).

Green’s Formula:

Proposition 1.3.
Let Ω ∈RN be a bounded open and ∂Ω is Lipschitzian, then for all functions u,v ∈H1(Ω)∫

Ω

∆uvdx =
∫
∂Ω

∂u
∂n
vds −

∫
Ω

∇u∇vdx,

where, n = (ni)1≤i≤N is the unit vector normal to ∂Ω directed outwards [10].

1.4.2 The Hm,m ∈N∗ Spaces

Definition 1.4.4 (The Hm(Ω) space).
Let Ω be a non empty open of RN , we define Hm(Ω) by:

Hm(Ω) =
{
v ∈ L2(Ω) : ∀α ∈NN , |α| ≤m, Dαv ∈ L2(Ω)

}
.

Where Dα is the derivative of the order α taken in the sense of the distributions [12].

Proposition 1.4.
Hm(Ω) is a Hilbert space if we define the following scalar product, norm and semi-norm ∀u,v ∈
Hm(Ω), there:

〈u,v〉Hm :=
∑
|α|≤m

∫
Ω

Dαu(x).Dαv(x)dx,

‖u‖Hm :=

 ∑
|α|≤m

∫
Ω

|Dαu(x)|2dx


1/2

,

|u|Hm :=

 ∑
|α|=m

∫
Ω

|Dαu(x)|2dx


1/2

.

[10].

The Hm
0 (Ω) Spaces:

Definition 1.4.5.
For m ∈N, we denote by Hm

0 (Ω) the closure of D(Ω) in Hm(Ω). We note

Hm
0 (Ω) =D(Ω) = C∞0 (Ω).

Proposition 1.5. The space Hm
0 (Ω) is a Hilbert space.

Remark 1.9 (Poincaré Inequality in Hm(Ω)).
Let Ω be a bounded domain of RN . There is a constant C > 0 such that:

‖u‖Hm(Ω) ≤ C|u|Hm(Ω), ∀u ∈Hm
0 (Ω).
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The H−m(Ω),m ∈N∗ Spaces:

Definition 1.4.6.
We denote by H−m(Ω) the dual topological of the space Hm

0 (Ω). We equipped H−m(Ω) with the
norm:

‖v‖H−m(Ω) := sup
{
|v(u)| : u ∈Hm

0 (Ω) such that ‖u‖Hm(Ω) ≤ 1
}
.

Proposition 1.6. (H−m(Ω),‖.‖H−m(Ω)) is a Hilbert space.

1.5 Some Important Operators

1.5.1 The Interpolation Operator Ih
It is straight forward to extend the concept of interpolation to continuous piecewise linear
functions. Given a continuous function f we define the continuous piecewise linear inter-
polate πf ∈ Vh to f by

πf (x) =
N∑
i=1

f (xi)ϕi .

Where Vh is the space of continuous piecewise linear functions, and {ϕi}Ni=0 is a basis of Vh.
(Will be introduce in the next chapter).

We have the following estimates for continuous piecewise linear interpolation.

Proposition 1.7. The following interpolation estimates hold.

‖f −πf ‖2L2(Ω) ≤ C
N∑
i=1

h4
i ‖f
′′‖2L2(Ωi )

.

‖(f −πf )′‖2L2(Ω) ≤ C
N∑
i=1

h2
i ‖f
′′‖2L2(Ωi )

.

1.5.2 The L2-projection Operator Ph
Interpolation is a simple way of approximating a continuous function, but there are, of
course, other ways. In this section we shall study orthogonal, or L2-projection as a tech-
nique for approximating functions. L2-projection gives a good on average approximation,
as opposed to interpolation which is exact at the nodes. Moreover, in contrast to interpola-
tion L2-projection does not require the function we seek to approximate to be continuous or
have well-defined node values.

Definition 1.5.1.
Given a function f ∈ L2(Ω) the L2-projection Phf ∈ Vh of f is defined by∫

Ω

(f − Phf )vdx = 0, ∀v ∈ Vh. (1.6)

In analogy with projection onto subspaces of RN , (1.6) defines a projection of f onto Vh,
since the difference f − Phf is required to be orthogonal to all functions v ∈ Vh.

8
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Definition 1.5.2 (Derivation of a Linear System of Equations).
To compute the L2-projection Phf we first note that the definition (1.6) is equivalent to∫

Ω

(f − Phf )ϕidx = 0, i = 1,2, . . . ,N . (1.7)

Where ϕi , i = 1,2, . . . ,N are the hat basis functions (Vh basis). This is a consequence of the fact
that if (1.6) is satisfied for any choice of v as a hat function, then it is also satisfied for a linear
combination of hat functions, and, conversely, since any function v ∈ Vh is a linear combination
of hat functions (1.6) implies (1.7).
Now, since Phf belongs to Vh it can be written as the linear combination

Phf =
N∑
i=0

ξiϕi .

with n+ 1 unknown coefficients ξi , i = 0,1, . . . ,N to be determined [13].

1.5.3 The Ritz-projection Operator Rh
Ritz projection is a technique for approximating a given function u, and is very similar to
L2-projection. Both L2 - and Ritz projection compute the orthogonal projection of u onto
a finite dimensional subspace with respect to a certain scalar product. For L2-projection
the subspace is Vh and the scalar product the usual L2-product

∫
uvdx. However, for Ritz

projection the subspace is Vh,0 ⊂ Vh and the scalar product
∫
au′v′dx, where a ≥ a0 > 0 is a

positive weight function. The practical consequence of this is that the mass matrix should
be replaced by the stiffness matrix when switching from computing L2 - to Ritz projections.
We shall not study Ritz projection in depth, but only state its definition and approximation
properties.

Definition 1.5.3.
The Ritz projection Rhu ∈ Vh,0 to a given function u ∈ Vh is defined by∫

Ω

a(u −Rhu)′v′dx = 0, ∀v ∈ Vh,0.

With this definition we have the following approximation result [13].

Proposition 1.8. The following estimate holds.

‖u −Rhu‖ ≤ Ch2‖D2u‖.

1.5.4 The Ritz-Volterra Projection Operator Vh
If we consider the following initial boundary value problem of a parabolic integro-differential
equation: 

ut +Au =
∫ t

0
Bu(s)ds+ f , (x, t) ∈QT = Ω× J, J = (0,T ],

u = 0 on ∂Ω× J,
u(0) = u0 in Ω.

(1.8)

where A is a uniformly elliptic operator of second order, and B is an arbitrary partial differ-
ential operator of second order.

9



CHAPTER 1. PRELIMINARY IN FUNCTIONAL ANALYSIS

In order to analyse the semidiscrete finite element approximation to the parabolic prob-
lem, we introduce the Ritz-Volterra projection (or quasielliptic projection) Vhu(t) ∈ Sh which
satisfies:

A (Vhu(t)−u(t),v) =
∫ t

0
B (Vhu(s)−u(s),v)ds, v ∈ Sh. (1.9)

Where Sh is a piecewise subspace [2].

Also it is shown that using Vhu as a comparison function, the error analysis of the finite
element for PIDE can be simplified (see chapter 3).

10



CHAPTER 2

PRESENTATION OF FINITE ELEMENT
METHODS

In this chapter we shall introduce the finite element method (FEM) as a numerical tech-
nique for solving problems which are described by partial differential equations or can be
formulated as functional minimization. A domain of interest is represented as an assembly
of finite elements. Approximating functions in finite elements are determined in terms of
nodal values of a physical field which is sought. A continuous physical problem is trans-
formed into a discretized finite element problem with unknown nodal values. For a linear
problem a system of linear algebraic equations should be solved. Values inside finite ele-
ments can be recovered using nodal values.

2.1 General Principle of The Methods

2.1.1 General formulation

The general approach of the finite element method is as follows. We have an PDE to solve
on a domain Ω ∈Rn, (n = 1,2,3). We write the variational formulation of this PDE, and then
we obtain a problem of the type:

Find u ∈ V such that a(u,v) = L(v), ∀v ∈ V . (2.1)

Where assuming that V is a Hilbert space [8].

We next try to approximate u by a continuous piecewise linear function. To this end
we introduce a mesh on a domain Ω ∈ R

n, (n = 1,2,3), consisting of N subintervals, and
the corresponding space Vh of finite dimension is a subspace of V (which is usually of in-
finite dimension), of all continuous piecewise linears. Since we are dealing with functions
vanishing at the end-points of Ω, then the approximate problem is:

Find uh ∈ Vh such that a(uh,vh) = L(vh), ∀vh ∈ Vh. (2.2)

The existence and uniqueness of a solution for this problem is proved using the Lax-Milgram
theorem [13].
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Theorem 2.1 (Lax-Milgram).
Let V be a Hilbert space with norm ‖.‖V and scalar product (., .)V , and assume a is a bilinear form
on V ×V , and L is a linear form on V , that satisfy:

• a is is symmetric, i.e. a(u,v) = a(v,u), ∀u,v ∈ V .

• a is continuous, i.e. ∃M ∈R such that

|a(u,v)| ≤M‖u‖V ‖v‖V , ∀u,v ∈ V . (2.3)

• a is V -elliptic (coercive), i.e. ∃η > 0 such that

a(u,u) ≥ η‖u‖2V , ∀v ∈ V . (2.4)

• L is continuous, i.e. ∃K ∈R such that

|L(u)| ≤ K‖u‖V , ∀v ∈ V . (2.5)

Then there is a unique function u ∈ V such that a(u,v) = L(v) for all v ∈ V .

2.1.2 Error Estimation

We wish to bound from above the error e = u−uh in the ambient norm ‖.‖V . We first observe
an important property:

Lemma 2.1 (Galerkin orthogonality).
The error e = u −uh satisfies

∀vh ∈ Vh, a(e,vh) = 0. (2.6)

Proof.
The exact solution u satisfies a(u,v) = L(v) for any v ∈ V . Since Vh ⊂ V , we can take a test
function in Vh and thus deduce that a(u,vh) = L(vh) for any vh ∈ Vh.
Using that a(uh,vh) = L(vh) for any vh ∈ Vh, we immediately get the result.

We are now in position to establish the celebrated Céa lemma, which states that the
error u − uh is bounded from above (up to an explicit multiplicative constant) by the best
approximation error.

Lemma 2.2 (Céa lemma).
We suppose that assumptions (2.3),(2.4) and (2.5) holds. Let u be the solution to (2.1) and uh be
the solution to (2.2). Then

‖u −uh‖V ≤
M
η

inf
vh∈Vh

‖u − vh‖V . (2.7)

Proof.
For any vh ∈ Vh we deduce from the Galerkin orthogonality (2.6) that a(u −uh,uh − vh) = 0.
Therefore, we have

η‖u −uh‖2V ≤ a(u −uh,u −uh) = a(u −uh,u − vh) ≤M‖u −uh‖V ‖u − vh‖V .

We can now divide by ‖u −uh‖V to obtain

‖u −uh‖V ≤
M
η
‖u − vh‖V

As the function vh is arbitrary in Vh, we deduce (2.7).
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The quantity infvh∈Vh ‖u − vh‖V is usually called the best approximation error. It is an
upper bound (up to a multiplicative constant) of the error u − uh. Obviously, it is also a
lower bound of the error, since infvh∈Vh ‖u − vh‖V ≤ ‖u −uh‖V .
If the best approximation error converges to 0, then so does the error u−uh, at the same rate
[8].

2.1.3 The linear system

The space Vh is of finite dimension, therefore the problem (2.2) can actually be recasted as a
linear system, as we now show. Denote N the dimension of Vh and let (ϕ1, . . . ,ϕN ) be a basis
of Vh. We expand uh ∈ Vh on the basis of Vh as:

uh =
N∑
i=1

uiϕi

with ui = uh(xi) is the approximate value of the exact solution at the point xi . And by
considering ϕj as test function, we see that the problem (2.2) is equivalent to:

Find u1, . . . ,uN such that
N∑
i=1

uia(ϕi ,ϕj) = L(ϕj), ∀j = 1, . . . ,N . (2.8)

We thus introduce the matrix A ∈RN×N defined by:

Aij = a(ϕi ,ϕj)

and the vector F ∈RN defined by:
Fj = L(ϕj)

and recast the above problem as the linear system:
a (ϕ1,ϕ1) · · · a (ϕn,ϕ1)

...
...

a (ϕ1,ϕn) · · · a (ϕn,ϕn)



u1
...
un

 =


l (ϕ1)
...

l (ϕn)

 (2.9)

In matrix form we write this :
AU = F.

The matrix A is called the stiffness matrix, by reference to problems in mechanics where it
has first been introduced. This matrix has properties that directly come from the properties
satisfied by the bilinear form a, and F as the load vector [6], [8].

2.1.4 Lagrange Finite Elements

Definition 2.1.1.
A finite element of Lagrange is a triplet (K,Σ, P ) such that:

• K is a geometric element of Rn, (n = 1,2, or 3), compact, connexe, and interior not empty.

• Σ = {a1, . . . , aN } is a finite set of N distinct points of K .

• P is a finite dimensional vector space of real functions defined on K .
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Definition 2.1.2.
Let (K,Σ, P ) be a finite element of Lagrange. We call "the local base function" of the element the
N functions pi , i = 1, . . . ,N of P such that:

pi(aj) = δij , 1 ≤ i, j ≤N.

We can easily verify that (p1, . . . ,pN ) defined a basis of P .

Definition 2.1.3.
We call operator of P -interpolation on Σ the operator πK , which at any function v defined on K ,
combines the function πKv of P defined by:

πKv =
N∑
i=1

v(ai)pi .

Theorem 2.2.
πKv is therefore the only element of P which takes the same values as v on the points of Σ.

Example 2.1 (Lagrange Finite Elements).
We denote by Pk the vector space of polynomials of total degree less than or equal to k.

• On R, Pk = V ect{1,X, . . . ,Xk} and dim Pk = k + 1.

• On R
2, Pk = V ect{XiY j ;0 ≤ i + j ≤ k} and dim Pk =

(k + 1)(k + 2)
2

.

• On R
3, Pk = V ect{XiY jZ l ;0 ≤ i + j + l ≤ k} and dim Pk =

(k + 1)(k + 2)(k + 3)
6

We denote by Qk the vector space of polynomials of degree less than or equal to k with respect to
each variable.

• On R, Qk = Pk .

• On R
2, Qk = V ect{XiY j ;0 ≤ i, j ≤ k} and dim Qk = (k + 1)2.

• On R
3, Qk = V ect{XiY jZ l ;0 ≤ i, j, l ≤ k} and dim Qk = (k + 1)3.

[10].

2.2 Model Problem

2.2.1 Variational Formulation

Let us consider the following homogeneous Dirichlet problem in dimension n = 1: −αu”(x) + βu(x) = f (x), on Ω =]a,b[
u(a) = u(b) = 0

(2.10)

Where α, β are constants and f is a given continuous function [14].

The derivation of a finite element method always starts by rewriting the differential
equation under consideration as variational equation. In our case this so-called variational
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formulation is obtained by multiplying −αu” + βu = f by a test function v, which is as-
sumed to vanish at the end-points of the interval Ω, and integrate by parts. This leads to
the following variational formulation of the problem (2.10): Find u ∈H1

0 ([a,b]) where:∫ b
a
αu′(x)v′(x)dx+

∫ b
a
βu(x)v(x)dx =

∫ b
a
f (x)v(x)dx, ∀v ∈H1

0 ([a,b]).
(2.11)

Thus the following form of the problem (2.11):Find u ∈H1
0 ([a,b])

a(u,v) = L(v), ∀v ∈H1
0 ([a,b]).

(2.12)

Where

a(u,v) =
∫ b

a
αu′(x)v′(x)dx+

∫ b

a
βu(x)v(x)dx (2.13)

and

L(v) =
∫ b

a
f (x)v(x)dx.

The existence and uniqueness of a solution for this problem is proved using the Lax-Milgram
theorem.
Where, a is a bilinear form, and from (2.13) we have

|a(u,v)| =
∣∣∣∣∣∣
∫ b

a
αu′(x)v′(x)dx+

∫ b

a
βu(x)v(x)dx

∣∣∣∣∣∣ .
Using the Cauchy–Schwarz, Poincaré inequalities and Sobolev norm, we have

|a(u,v)| ≤ α‖u′‖L2‖v′‖L2 + β‖u‖L2‖v‖L2

≤ α‖u‖H1
0
‖v‖H1

0
+ c2β‖u‖H1

0
‖v‖H1

0
=M‖u‖H1

0
‖v‖H1

0
.

Where M = α + c2β. Thus a is continuous.
Furthermore, we prove the V -ellipticity of a. For this purpose, we have for v ∈H1

0 ([a,b])

a(v,v) = α
∫ b

a
v′(x)v′(x)dx+ β

∫ b

a
v(x)v(x)dx ≥ α

∫ b

a
(v′(x))2dx = α‖v‖2

H1
0
. (2.14)

Thus
a(v,v) ≥ η‖v‖2

H1
0
, (2.15)

where η = α. Thus a is a V -elliptic if η > 0. Therefore, by Lax-Milgram theorem the equation
(2.10) has a unique solution.

2.2.2 Domain Discretization

Admissible Meshing on 1D

Let’s introduce a discretization of the interval [a,b] in N subintervals or elements Ti =
[xi−1,xi]. The elements Ti dose not necessarily have the same length. Vh is then the space of
piecewise affine continuous functions (affines on Ti segments) and zero at x = a and x = b.
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Figure 2.1: Discretization (mesh) of the segment [a,b] in finite element P1

with a local discretization step hi = xi+1 − xi , 0 ≤ i ≤N .

We pose that h = max0≤i≤Nhi . The points {xi}0≤i≤N+1 constitute the vertices of the mesh
and the {xi}0≤i≤N are the inner vertices. Les segments {[xi ,xi+1]}0≤i≤N are called the elements
of the mesh or more simply the meshes. In a dimension of space, the relationship between
the number of vertices Nv , the number of interior vertices Ni,v , and the number of meshes
Nm is very simple:

Nv =Ni,v + 2 =Nm + 1 =N + 2

For reasons of simplicity, we would often assume that the vertices of the mesh are regularly

spaced so that for all 0 ≤ i ≤N + 1, we have xi = a+ ih with h =
b − a
N + 1

.

Remember that each function vh ∈ Vh is uniquely determined by the data of its point
values xi for i = 2, . . . ,N . Space Vh is of dimension N − 1 and it is generated by the Lagrange
base which is formed of N − 1 functions ϕi ∈ Vh defined by:

ϕi
(
xj

)
= δij =

{
1 if i = j
0 if not

∀i = 2, . . . ,N and ∀j = 2, . . . ,N

Hence:

ϕi(x) =


xi−x
xi−xi−1

if x ∈ [xi−1,xi]
xi−x
xi−xi+1

if x ∈ [xi ,xi+1]
0 if x < [xi−1,xi+1] ,

Figure 2.2: Basic functions of P1.

Any function vh is written in this base:

vh(x) =
N∑
i=2

viϕi(x).

With vi = vh(xi). The coefficients vi are therefore the values of vh at xi points [6].
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Remark 2.1 (Admissible Meshing on 2D).
Let τh a rectangle on a domain Ω using convex quadrilaterals Ki of diameter ≤ h, so that means:
if Ki and Kj are any two but distinct elements of τh, we would have:

Ki ∩Kj =


Let φ.
Let be a common summit.
Let a common side.

In the latter eventuality, the volumes Ki and Kj will be said to be adjacent.
One can also use an admissible triangular mesh which fulfills the preceding conditions [10].

(a) Triangular mesh. (b) Rectangular mesh.

Figure 2.3: Admissible mesh on 2D.

2.2.3 The approximate problem

In that case, the approximation method is said to be conformal. In the sequel, we approxi-
mate the continuous problem (2.12) by the following problem:Find uh ∈ Vh such that

a(uh,vh) = L(vh), ∀vh ∈ Vh.
(2.16)

Where

a(uh,vh) =
∫ b

a
αu′h(x)v′h(x)dx+

∫ b

a
βuh(x)vh(x)dx (2.17)

and

L(vh) =
∫ b

a
f (x)vh(x)dx.

On the other hand, if uh is solution of the problem approached in Vh, we can express it in
the base of ϕi as follows:

uh(x) =
N∑
i=2

ujϕj(x),

with uj = uh(xj) is the approximate value of the exact solution at the point xj . Thus the
approached problem is written as:Find u1,u2, . . . ,uN such that∑N

j=2

(∫ b
a
αϕ′j(x)ϕ′i(x)dx+

∫ b
a
βϕj(x)ϕi(x)dx

)
uj =

∫ b
a
f (x)ϕi(x)dx.

(2.18)
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Where:

Fi :=
∫ b

a
f (x)ϕi(x)dx

and

Aij :=
∫ b

a
αϕ′j(x)ϕ′i(x)dx+

∫ b

a
βϕj(x)ϕi(x)dx.

We notice that the approximate problem takes the form of a linear system ofN −1 equations
with N − 1 unknowns, which can be written in the following matrix form:

AU = F.

2.2.4 Error Estimation

We have uh is an approximate solution of (2.16), and u is the exact solution of (2.12), we get:

a(u,vh) = L(vh), ∀vh ∈ Vh (2.19)

and also
a(uh,vh) = L(vh), ∀vh ∈ Vh. (2.20)

If e = u −uh, Then from Lemma 2.1

a(e,vh) = 0, ∀vh ∈ Vh.

We define the inner product energy as follows:

(., .) : V ×V → R
(u,v)a = a(u,v)

and also the energy norm ‖u‖2E = (u,u)a.
By the relation between the inner product and energy norm, using the Schwarz inequality,
we have

|a(v,w)| ≤ ‖v‖‖w‖, ∀v,w ∈ V .

Since (e,vh)a = a(e,vh) = 0, Lemma 2.1 yields that e is orthogonal to any vh ∈ Vh.

Also, for each particular v̂h =
∑n
i=1ξiϕi(x) ∈ Vh, and ‖u −uh‖ = min{‖u − vh‖;vh ∈ Vh}, and

using Cea’s Lemma 2.2, we have

inf‖u − vh‖V ≤ ‖u − v̂h‖V

if v̂h is equal to ûh, and we get an upper bound for the interpolation error. Also,

‖u −uh‖V ≤ C‖u − ûh‖V ≤ Chζ , ζ > 0

where the constant C =
M
η

is independent of h. Therefore

‖u −uh‖V ≤ Chζ .

Hence the norm of error tends to zero as h −→ 0, and the order of the method is O(hζ) [19].
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2.2.5 Numerical Application

We propose to seek an approximate solution to the following problem:
Find u(x) in the domain Ω = [0,1] satisfying the differential equation

d2u(x)
dx2 + 2

du(x)
dx

− 3x = 0 (2.21)

with the border conditions of Ω

u(0) = 0 and
[
du(x)
dx

]
x=1

= 0.

In this problem, Ω is a dimension 1 domain and time does not appear.

• Variational Formulation:

We have V =
{
u ∈H1(Ω)/u(0) = 0,

∂u
∂x

(1) = 0
}
.

Solving the differential equation is equivalent to Find u(x) ∈ V such that∫
Ω

v(x)
(
d2u(x)
dx2 + 2

du(x)
dx

− 3x
)
dx = 0, ∀v ∈ V , (2.22)

with

u(0) = 0 and
[
du(x)
dx

]
x=1

= 0.

This is the variational formulation of the problem (2.21).

We obtain, after using the integration by parts and the boundary conditions, u(0) = 0

and
[
du(x)
dx

]
x=1

= 0, the following variational formulation of the problem (2.21), so we

have:
Find u(x) such that

−
∫ 1

0

dv(x)
dx

du(x)
dx

dx+ 0− v(0)
[
du(x)
dx

]
x=0

−2
∫ 1

0

dv(x)
dx

u(x)dx+ 2v(1)u(1)− 0

−3
∫ 1

0
v(x)u(x)dx = 0, ∀v(x) ∈ V .

(2.23)

• Choice of mesh:

We arbitrarily divide Ω into three meshes of the same size (see figure 2.4)

Ω1 = [0,
1
3

], Ω2 = [
1
3
,
2
3

], Ω3 = [
2
3
,1].
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Figure 2.4: Meshing of the problem.

• Choice of nodes and local fields:

We decide to take elements with 3 nodes, and for the family of local fields of the poly-
nomials of degree 2. The nodes are chosen at the ends and in the middle of each mesh.

Each local field can therefore be expressed as a function of the values at the nodes.
Indeed, there exists only one polynomial of the second degree which satisfies the fol-
lowing conditions: 

a1x
2
1 + b1x1 + c1 = u1

a1x
2
2 + b1x2 + c1 = u2

a1x
2
3 + b1x3 + c1 = u3.

Where x1, x2, and x3 are the coordinates of the 3 nodes of the elements, and u1, u2, and
u3 are values of u at the 3 nodes of the element.
We obtain

a1 =
x2u1 − x2u3 + x1u3 −u1x3 −u2x1 +u2x3

(x2 − x3)(x1 − x3)(x1 − x2)
, (2.24)

b1 =
x2

1u3 − x2
1u2 + x2

3u2 −u1x
2
3 −u3x

2
2 +u1x

2
2

(x2 − x3)(x1 − x3)(x1 − x2)
, (2.25)

c1 =
x2

1x2u3 − x2
1u2x3 −u3x

2
2x1 + x2

3u2x1 +u1x
2
2x3 − x2

3x2x1

(x2 − x3)(x1 − x3)(x1 − x2)
. (2.26)

The polynomial with the coefficients a1, b1, and c1 above is called "the interpolation
function" of element 1.

The interpolation polynomials of the other 2 are of the same form: For the second,
we replace the indices 1;2;3 by indices 3;4;5 and for the third, we replace the indices
1;2;3 by indices 5;6;7.

Hence, we obtain the three interpolation polynomials of the 3 elements, as follows:

ũ1 = (18u3 − 36u2 + 18u1)x2 + (−3u3 + 12u2 − 9u1)x+u1. (2.27)

ũ2 = (18u5 − 36u4 + 18u3)x2 + (−15u5 + 36u4 − 21u3)x+ 3u5 − 8u4 + 6u3. (2.28)

ũ3 = (18u7 − 36u6 + 18u5)x2 + (−27u7 + 60u6 − 33u5)x+ 10u7 − 24u6 + 15u5. (2.29)

In this example, we have 7 nodes. If an arbitrary value is given to each node, the inter-
polation functions are determined and define by piecewise a c0 continuous function ũ
on the domain Ω. The space of functions Ũ , defined in 3 pieces, is of dimension 7.
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• Discretization of the problem:

In our example, if we choose the formulation on the (2.23) , the functions vi(x) must
have a nonzero derivative everywhere, so that the formulation is not trivial. On the
other hand, in this formulation, the second derivative of the function u(x), which will
be replaced by the approximation ũ(x); no longer appears. We could therefore choose
a simpler approximation family ũ(x).

We choose for example the 7 test functions v1,v2, . . . , v7 defined by the following figure:

Figure 2.5: The seven vi(x) functions.

Their derivatives are constant (+6, or − 6), or zero and we have vi(x) = δij

For each test function vi , we write a scalar equation:

−
∫ 1

0
dvi(x)
dx

dũ(x)
dx dx − vi(0)

[
dũ(x)
dx

]
x=0
− 2

∫ 1
0
dvi(x)
dx ũ(x)dx+ 2vi(1)ũ(1)

−3
∫ 1

0
vi(x)xd(x) = 0 pour i = 1,7.

Where ũ(x) are the function of x, and values at nodes u1, u2, and u3.

The integrals of these 7 equations are easy to calculate: they are reduced to integrals
on the segment where the derivatives of vi are non-zero.
For example, the first equation (with vi) is:

−
∫ 1

6
0
dv1(x)
dx

dũ1(x)
dx dx − v1(0)

[
dũ1(x)
dx

]
x=0

−2
∫ 1

6
0
dv1(x)
dx ũ1(x)dx+ 2v1(1)ũ1(1)− 3

∫ 1
6

1
v1(x)xdx = 0.

Either still

−
∫ 1

6

0
(−6)

dũ1(x)
dx

dx −
[
dũ1(x)
dx

]
x=0
− 2

∫ 1
6

0
(−6)ũ1(x)dx − 3

∫ 1
6

0
(1− 6x)xdx = 0. (2.30)

Where ũ(x) = ax2 +bx+c on the segment [0, 1
6 ], with a, b, and c defined on (2.24), (2.25),

(2.26). So the same is done for the other 6 equations.
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We thus obtain a system of 7 equations with 7 unknowns (the values at nodes u1,u2, . . . ,u7):

23
6
u1 −

14
6
u2 +

17
6
u3 −

1
72

= 0

5u1 − 12u2 + 7u3 −
1

12
= 0

1
6
u1 +

14
3
u2 − 12u3 +

22
3
u4 −

1
6
u5 −

1
6

= 0

1
6
u3 +

14
3
u4 − 12u5 +

22
3
u6 −

1
6
u7 −

1
3

= 0

5u5 − 12u6 + 7u7 −
5

12
= 0

1
6
u5 +

14
3
u6 −

29
6
u7 −

17
72

= 0

(2.31)

This system can be written in the following matrix form

AU = F

Hence 

23
16 −14

6
17
6 0 0 0 0

5 −12 7 0 0 0 0
1
6

14
6 −12 22

3 −1
6 0 0

0 0 5 −12 7 0 0
0 0 1

6
14
3 −12 22

3 −1
6

0 0 0 0 5 −12 7
0 0 0 0 1

6
14
3 −29

6





u1
u2
u3
u4
u5
u6
u7


=



1
72
1

12
1
6
1
4
1
3
5

12
17
72


The matrix A is invertible therefore u = A−1F.
The solution of this system gives the values to the nodes of the approximation ũ(x)
sought

u1 =
4107

54872
, u2 = −7063

8664
, u3 = −236893

164616
, u4 = −25563

13718

u5 = −350779
164616

, u6 = −374605
164616

, u7 = −127275
54872

.
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CHAPTER 3

FINITE ELEMENT APPROXIMATION OF
A PARABOLIC INTEGRO-DIFFERENTIAL

EQUATION

This chapter is divided in two section, the first one discusses the error estimates for the nu-
merical solution by means of the Galerkin finite element method of an integro-differential
equation of parabolic type with the case of weakly singular kernel. Optimal-order estimates
are shown for spatially semidiscrete and completely discrete methods. And the second sec-
tion discusses a numerical model of the method.

3.1 General Principle

3.1.1 General Problem

We shall consider the initial value problem (with ut = ∂u/∂t)
ut(x, t) +Au(x, t) =

∫ t

0
K(x, t − s)Bu(x,s)ds+ f (x, t), x ∈Ω, for t > 0

u = 0 on ∂Ω, t > 0
u(x,0) = u0(x) x in Ω.

(3.1)

Where A is a linear positive self adjoint elliptic and B a general partial differential operator
of second order with smooth, time-independent coefficients, where K is a weakly singular
kernel K(t) such that

|K(t)| ≤ Ct−α with 0 ≤ α < 1, for t > 0, (3.2)

and Ω is a sufficiently smooth domain in R
n,n > 1.

3.1.2 Discretization of the Problem

For the numerical solution we assume that we are given a family {Sh} of finite dimensional
sub-spaces of H1

0 =H1
0 (Ω) such that

inf
χ∈Sh
{‖v −χ‖+ h‖v −χ‖1} ≤ Ch2‖v‖2, ∀v ∈H2 ∩H1

0 , (3.3)

where ‖.‖ is the norme in L2 = L2(Ω) and ‖.‖s that in H s =H s(Ω).
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• Semidiscretization:

We consider first the semidiscrete problem of finding uh : [0,∞) −→ Sh such that

(uh,t,χ) +A(uh,χ) =
∫ t

0
K(t − s)B(uh(s),χ)ds+ (f (t),χ), ∀χ ∈ Sh, t > 0

uh(0) = u0h.

(3.4)

Where (., .) is the inner product in L2 and A(., .) and B(., .) are the bilinear forms on H1
0

associated with the differential operators A and B, and where u0h is an appropriate
approximation in Sh of the initial data in (3.1). We shall show that, for each T > 0, we
then have the error estimate

‖uh(t)−u(t)‖ ≤ CT h2
{
‖u0‖2 +

∫ t

0
‖ut‖2ds

}
, for t ≤ T . (3.5)

• Full Discretization:

We shall also consider the discretization in time of (3.4). Thus, let k be a time step
such that k = T

N , and let Un ∈ Sh be the approximation of the exact solution of (3.1) at
time tn = nk.
The time discretization considered will be based on the backward difference quotient

∂tU
n =

Un −Un−1

k
.

The integral term then has to be evaluated by numerical quadrature from the values
of the Un, but since the integrand is singular, even when the solution is smooth, we
shall use product integration:
We shall approximateφ in Jn(φ) =

∫ tn
0
K(tn−s)φ(s)ds by the piecewise constant function

taking the value φ(tj) in (tj , tj+1), and thus use

Jn(φ) ≈Qn(φ) =
n−1∑
j=0

∫ tj+1

tj

K(tn − s)φ(tj)ds =
n−1∑
j=0

κn−jφ(tj),

where

κj =
∫ tj

tj−1

K(s)ds. (3.6)

Our completely discrete scheme is therefore

(∂tU
n,χ) +A(Un,χ) =

n−1∑
j=0

κn−jB(U j ,χ) + (f (tn),χ), ∀χ ∈ Sh, n ≥ 1,

U0 = u0h.

(3.7)

For this completely discrete method we shall show

‖Un −u(tn)‖ ≤ CT (h2 + k)
{
‖u0‖2 +

∫ tn

0
(‖utt‖+ ‖ut‖2)ds

}
for t ≤ T . (3.8)
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Before the analysis of these discrete methods, we shall mention the existence of the solution
of (3.1).
And the following is the main existence result.

Theorem 3.1.
Assume that u0 ∈Hβ ∩H1

0 , f ∈ C([0,T ],Hβ−2) and tγft ∈ L∞([0,T ],Hβ−2) with β > 2, 0 < γ < 1.
Then there exist a unique solution of (3.1) in C([0,T ],L2).
Furthermore,

u ∈ C([0,T ],H2 ∩H1
0 ), ut ∈ C([0,T ],L2)∩L1([0,T ],H2 ∩H1

0 ), and utt ∈ L1([0,T ],L2).

Proof. see [2],[3].

Then, we shall need the following version of Gronwall’s lemma [3].

Lemma 3.1.
Assume that y is a non-negative function in L1(0,T ) which satisfies

y(t) ≤ b(t) + β
∫ t

0
(t − s)−αy(s)ds, for 0 < t ≤ T . (3.9)

Where b(t) ≥ 0, β ≥ 0. Then there is a constant CT such that

y(t) ≤ b(t) +CT

∫ t

0
(t − s)−αb(s)ds, for t ≤ T .

We shall also need the following lemma [3].

Lemma 3.2.
Let K ∈ L1(0,T ). Then for each ε > 0 there is a constant Cε = Cε(‖K‖L1(0,T )) such that∣∣∣∣∣∣

∫ T

0

∫ t

0
K(t − s)f (s)f (t)dsdt

∣∣∣∣∣∣ ≤ ε
∫ T

0
f (t)2dt +Cε

∫ T

0
|K(T − t)|

∫ t

0
f (s)2dsdt. (3.10)

3.1.3 Error Estimation

� Discretization in Space:

In this section we shall derive the error estimate (3.5) stated above for the semidiscrete
method (3.4).
Where u0h ∈ Sh is an approximation to u0 satisfying

‖u0h −u0‖ ≤ Ch2‖u0‖2.

The main result is the following [2].

Theorem 3.2.
Assume that u(t) and uh(t) ∈ Sh are the solutions of (3.1) and (3.4) respectively, then for
each T > 0 there is a constant CT , therefore

‖uh(t)−u(t)‖ ≤ CT h2
{
‖u0‖2 +

∫ t

0
‖ut‖2ds

}
, for t ≤ T .
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Before proving the theorem, we need to mention the following two lemmas.

For the analysis we introduce the Ritz-Volterra projection Vhu ∈ Sh satisfying

A(Vhu(t)−u(t),χ) =
∫ t

0
K(t − s)B(Vhu(s)−u(s),χ)ds, ∀χ ∈ Sh, t ≥ 0. (3.11)

Lemma 3.3.
For the Ritz-Volterra projection, we have:

‖(Vhu −u)(t)‖+ h‖(Vhu −u)(t)‖1 ≤ Ch2 sup
s≤t
‖u(s)‖2 ≤ Ch2

{
‖u0‖2 +

∫ t

0
‖ut‖2ds

}
.

Proof. Let W = Vhu and ρ =W − u. We begin with an H1-estimate, and introduce also
the standard Ritz projection Rh defined by

A(Rhu −u,χ) = 0, ∀χ ∈ Sh.

Recalling under the assumption (3.3) that

‖Rhu −u‖+ h‖Rhu −u‖1 ≤ Ch2‖u‖2.

We have, using the definition of W and notation θ =W −Rhu ∈ Sh, that with c > 0

c‖θ(t)‖21 ≤ A(θ,θ) = A(ρ,θ) =
∫ t

0
K(t − s)B(ρ(s),θ(t))ds

≤ C‖θ(t)‖1
∫ t

0
(t − s)−α‖ρ(s)‖1ds

and hence

‖ρ(t)‖1 ≤ C
∫ t

0
(t − s)−α‖ρ(s)‖1ds+ ‖(Rhu −u)(t)‖1.

Where ρ(t) = θ + (Rhu −u).
Lemma 3.1 now implies

‖ρ(t)‖1 ≤ CT sup
s≤t
‖(Rhu −u)(s)‖1 ≤ CT hsup

s≤t
‖u(s)‖2.

Consider now the L2-estimate, which will be derived from a duality argument. Using

‖ρ(t)‖ = sup
‖φ‖=1

(ρ(t),φ).

For each such φ, let ψ be the solution of

Aψ = φ in Ω, ψ = 0 on ∂Ω,

and recall that
‖ψ‖2 ≤ C‖φ‖ = C. (3.12)

Then, for χ ∈ Sh,
(ρ(t),φ) = A(ρ,ψ) = A(ρ,ψ −χ) +A(ρ,χ),
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where

A(ρ,χ) =
∫ t

0
k(t − s)B(ρ(s),χ)ds

=
∫ t

0
k(t − s)B(ρ(s),χ −ψ)ds+

∫ t

0
k(t − s)(ρ(s),B∗ψ)ds.

Hence, with χ = Rhψ, using (3.12),

(ρ(t),φ) ≤ C sup
s≤t
‖ρ(s)‖1‖Rhψ −ψ‖1 +C

∫ t

0
(t − s)−α‖ρ(s)‖ds‖ψ‖2

≤ C
{
h2 sup

s≤t
‖u(s)‖2 +

∫ t

0
(t − s)−α‖ρ(s)‖ds

}
.

Thus,

‖ρ(t)‖ ≤ Ch2 sup
s≤t
‖u(s)‖2 +C

∫ t

0
(t − s)−α‖ρ(s)‖ds.

By using Lemma 3.1, the proof of Lemma 3.3 is complete.

For the time derivatives of ρ in the Ritz-Volterra projection there is the following esti-
mate.

Lemma 3.4.
Under the assumptions of Lemma 3.3 we have for ρ = Vhu −u,∫ t

0
(‖ρt‖+ h‖ρt‖1)ds ≤ Ch2

{
‖u0‖2 +

∫ t

0
‖ut‖2ds

}
.

For the proof of Lemma 3.4 see [3].

Proof of Theorem 3.2:

In a standard fashion we write

uh −u = (uh −Vhu) + (Vhu −u) = θ + ρ.

Lemma 3.3 immediately gives the desired estimate for ρ, so it remains to get a bound
for θ. We have the following directly from our definition,

(θt,χ) +A(θ,χ) =
∫ t

0
K(t − s)B(θ(s),χ)ds+ (ρt,χ), ∀χ ∈ Sh,

setting χ = θ, it leads to

1
2
d
dt
‖θ‖2 +A(θ,θ) ≤ C

∫ t

0
(t − s)−α‖θ(s)‖1‖θ(t)‖1ds+ ‖ρt‖.‖θ‖.

By integration in t and ellipticity of A, this yields

‖θ(T )‖2 +
∫ T

0
‖θ‖21dt

≤ C
{
‖θ(0)‖2 +

∫ T

0

∫ t

0
(t − s)−α‖θ(s)‖1‖θ(t)‖1dsdt +C

∫ T

0
‖ρt‖.‖θ‖dt

}
.
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Using Lemma 3.2 with a suitable choice of ε for the double integral, we thus have

‖θ(T )‖2 +
∫ T

0
‖θ‖21dt

≤ C
{
‖θ(0)‖2 +

∫ T

0
‖ρt‖.‖θ‖dt +

∫ T

0
(T − t)−α

∫ t

0
‖θ(s)‖21dsdt

}
.

and obtain by Lemma 3.1 the bound

‖θ(T )‖2 +
∫ T

0
‖θ‖21dt ≤ CT

{
‖θ(0)‖2 +

∫ T

0
‖ρt‖.‖θ‖dt

}
,

Further, using Lemma 3.4 and noting that Vh(0) = Rh, it becomes

‖θ(T )‖ ≤ CT
{
‖θ(0)‖+

∫ T

0
‖ρt‖dt

}
≤ CT

{
‖θ(0)‖+

∫ T

0
(‖ρt‖+ h‖ρt‖1)ds

}
≤ CT

{
‖u0h −Rhu0‖+ h2

(
‖u0‖2 +

∫ T

0
‖ut‖2ds

)}
≤ Ch2

{
‖u0‖2 +

∫ T

0
‖ut‖2ds

}
.

This completes the proof of the desired estimate for θ, and thus of the theorem.

� The Completely Discrete Scheme:

In this section we shall consider the completely discrete method (3.7).
The following error estimate is the main result of this section.

Theorem 3.3.
For each T > 0, there is a constant CT such that for the solutions of (3.7) and (3.1),

‖Un −u(tn)‖ ≤ CT (h2 + k)
{
‖u0‖2 +

∫ tn

0
(‖utt‖+ ‖ut‖2)ds

}
for t ≤ T .

To prove Theorem 3.3 we need some lemmas.
In the next lemma we estimate a time-discrete L1([0,T ];L2(Ω)) type norm of the quadra-
ture error

εn(φ) =
n−1∑
j=0

κn−jφ(tj)−
∫ tn

0
K(tn − s)φ(s)ds,

where κj is defined by (3.6).

Lemma 3.5.
For each T > 0, there is a constant CT such that, if φt ∈ L1([0,T ],L2), then

k
N∑
n=1

‖εn(φ)‖ ≤ CT k
∫ tN

0
‖φt(s)‖ds for Nk ≤ T .
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Proof. By the definition of the κj we have

εn(φ) =
n−1∑
j=0

∫ tj+1

tj

K(tn − s)(φ(tj)−φ(s))ds,

and for each x ∈Ω, since |K(t)| ≤ Ct−α,

|εn(φ)| ≤
n−1∑
j=0

∫ tj+1

tj

|K(tn − s)|
∫ tj+1

tj

|φt(σ )|dσds

≤ C
n−1∑
j=0

µα,n−j

∫ tj+1

tj

|φt(σ )|dσ,

where

µα,j =
∫ tj

tj−1

s−αds =
t1−αj − t1−αj−1

1−α
(3.13)

and
N∑

n=j+1

µα,n−j =
∫ tN−j

0
s−αds ≤ CT =

T 1−α

1−α
.

Using integration in x and Minkowski inequality, this yields

‖εn(φ)‖ ≤ C
n−1∑
j=0

µα,n−j

∫ tj+1

tj

‖φt‖ds,

and, by interchanging the order of summation, we find

N∑
n=1

‖εn(φ)‖ ≤ C
N−1∑
j=0

N∑
n=j+1

µα,n−j

∫ tj+1

tj

‖φt‖ds ≤ CT
∫ TN

0
‖φt‖ds.

This completes the proof.

The following two Lemmas are discrete analogues of Lemmas 3.1 and 3.2 respectively,
and can be proved similarly [2],[3].

Lemma 3.6.
let µα,j be defined by (3.13) and assume that yn ≥ 0 and satisfies

yn ≤ bn + β
n−1∑
j=0

µα,n−jyj , for n ≥ 0,

Where bn ≥ 0, β ≥ 0. Then for each T > 0 there is a constant CT such that

yn ≤ bn +CT
n−1∑
j=0

µα,n−jbj , for nk ≤ T .
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Lemma 3.7.
Let K ∈ L1(0,T ), and let κj be defined by (3.6). Then for each ε > 0 there is a constant
Cε = Cε(‖K‖L1(0,T )) such that∣∣∣∣∣∣∣∣

N∑
n=1

n−1∑
j=0

κn−jfjfn

∣∣∣∣∣∣∣∣ ≤ ε
N∑
n=1

f 2
n +Cε

N−1∑
n=0

|κN−n|
n−1∑
j=0

f 2
j

Proof of Theorem 3.3:

With the Ritz-Volterra projection W = Vhu introduced in (3.11), we write

Un −u(tn) = (Un −W n) + (W n −u(tn)) = θn + ρn

The term ρn has been estimated in Lemma 3.3. For the term θn, by our definition, we
have

(∂tθ
n,χ) +A(θn,χ) =

n−1∑
j=0

κn−jB(θj ,χ) + (τn,χ), (3.14)

where
τn = unt −∂tW n + εn(BhW ).

We show by an energy argument that

‖θN ‖ ≤ CT

‖θ0‖+ k
N∑
n=1

‖τn‖

 , for Nk ≤ T . (3.15)

In fact, choosing χ = θn in (3.14), which yields

1
2
∂t‖θn‖2 +

1
2
k‖∂tθn‖2 +A(θn,θn) =

n−1∑
j=0

κn−jB(θj ,θn) + (τn,θ
n),

where

∂t‖θn‖2 + ‖θn‖21 ≤ C
n−1∑
j=0

µα,n−j‖θj‖1‖θn‖1 +C‖τn‖.‖θn‖,

and, after summation,

‖θN ‖2 + k
N∑
n=1

‖θn‖21 ≤ ‖θ
0‖2 +Ck

N∑
n=1

n−1∑
j=0

µα,n−j‖θj‖1‖θn‖1 +Ck
N∑
n=1

‖τn‖.‖θn‖.

Using Lemma 3.7 with K(t) = Ct−α, we conclude that

‖θN ‖2 + k
N∑
n=1

‖θn‖21 ≤ ‖θ
0‖2 +Ck

N∑
n=1

‖τn‖.‖θn‖+C
N−1∑
n=0

µα,N−n

k n−1∑
j=0

‖θj‖21

 .
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Combining with Lemma 3.6, in which yn is replaced by yN = k
∑N
n=1 ‖θj‖21, this shows

‖θN ‖2 ≤ ‖θN ‖2 + k
N∑
n=1

‖θn‖21

≤ ‖θ0‖2 +Ck
N∑
n=1

‖τn‖.‖θn‖+C
N−1∑
n=0

µα,N−n

k n−1∑
j=0

‖θj‖21


≤ CT

‖θ0‖2 + k
N∑
n=1

‖τn‖.‖θn‖

 , for Nk ≤ T ,

and (3.15) follows.
Going back to estimate τn, we then write

τn =
4∑
l=1

τ ln = τ1
n + τ2

n + τ3
n + τ4

n ,

where
τ1
n = unt −∂tun,
τ2
n = ∂t(u

n −W n) = −∂tρn,
τ3
n = εn(Bhu),

τ4
n = εn(Bhρ).

We have at once

k
N∑
n=1

‖τ1
n‖ ≤ Ck

N∑
n=1

∫ tn

tn−1

‖utt‖ds = Ck
∫ tN

0
‖utt‖ds,

and, by Lemma 3.4,

k
N∑
n=1

‖τ2
n‖ ≤

N∑
n=1

∫ tn

tn−1

‖ρt‖ds =
∫ tN

0
‖ρt‖ds

≤ Ch2
{
‖u0‖2 +

∫ tN

0
‖ut‖2ds

}
.

To estimate τ3
n , we note that when u is smooth, Bhu = PhBu and hence, by Lemma 3.5,

k
N∑
n=1

‖τ3
n‖ ≤ Ck

∫ tN

0
‖PhBut‖ds ≤ Ck

∫ tN

0
‖ut‖2ds.

Using the inverse assumption ‖χ‖1 ≤ Ch−1‖χ‖, ∀χ ∈ Sh, we have

(Bhρ,χ) = B(ρ,χ) ≤ C‖ρ‖1‖χ‖1 ≤ Ch−1‖ρ‖1‖χ‖,

so that
‖Bhρ‖ ≤ Ch−1‖ρ‖1.

Hence, for τ4
n , by Lemmas 3.4 it follows

k
N∑
n=1

‖τ4
n‖ ≤ CT k

∫ tN

0
‖Bhρt‖ds ≤ CT kh−1

∫ tN

0
‖ρt‖1ds

≤ CT k
{
‖u0‖2 +

∫ tN

0
‖ut‖2ds

}
.
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Substituting these estimates into (3.15), it leads to

‖θN ‖ ≤ CT ‖u0h −Rhu0‖+CT (h2 + k)
{
‖u0‖2 +

∫ tN

0
(‖utt‖+ ‖ut‖2)ds

}
.

This completes the proof.

3.2 Numerical Example

Consider the following parabolic partial Volterra integro-differential equation:

ut(x, t)−uxx(x, t) = f (x, t) +
∫ t

0
K(x, t, s)u(x,s)ds, −1 ≤ x ≤ 1, 0 ≤ t ≤ 1 (3.16)

with the following initial and boundary conditions

u(x,0) = 1− x2, x ∈ [−1,1], (3.17)

u(−1, t) = u(1, t) = 0, t ∈ [0,1]. (3.18)

Where K(x, t, s) = −sin(x(t − s)),

and f (x, t) = (1− x2)et +
(x2 − 1)(xcos(xt) + sin(xt)− xet)

x2 + 1
+ 2et,

with the exact solution u(x, t) = (1− x2)exp(t).

3.2.1 Finite Element Method

Now, we explain how to solve the problem with finite element method using the radial basis
functions (RBFs) for discretization of both time and space variables. Let

Ω =
{
(xi , tj), −1 ≤ xi ≤ 1, 0 ≤ tj ≤ 1, i, j = 1,2, . . . ,n

}
be a set of scattered nodes. Then the approximated solution of the problem (3.16)-(3.17)-
(3.18) is considered as follows:

û(x, t) =
N∑
i=1

αiϕi(x, t) (3.19)

where ϕi(x, t) = ϕ(‖(x, t) − (xk , tl)‖), k, l = 1,2, . . . ,n, i = 1,2, . . . ,N = n2, for a radial function
and αi , i = 1,2, . . . ,N are unknown coefficients that must be found.

The collocation technique is used for finding unknowns αi , i = 1,2, . . . ,N . Let

Ω = Ω1 ∪Ω2 ∪Ω3 ∪Ω4, (3.20)

where
1th side : Ω1 =

{(
xi , tj

)
,−1 ≤ xi ≤ 1, tj = 0, i, j = 1,2, . . . ,n

}
2th side : Ω2 =

{(
xi , tj

)
,xi = −1,0 < tj ≤ 1, i, j = 1,2, . . . ,n

}
3th side : Ω3 =

{(
xi , tj

)
,xi = 1,0 < tj ≤ 1, i, j = 1,2, . . . ,n

}
Inner area : Ω4 =

{(
xi , tj

)
,−1 < xi < 1,0 < tj ≤ 1, i, j = 1,2, . . . ,n

}
.
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Also assuming that Ωi , ∅, for i = 1,2,3,4.
Now (3.16)-(3.17)-(3.18) are approximated by using (3.19). Thus we have

N∑
i=1

αiϕi(xk , tl) = 1− x2
k , (xk , tl) ∈Ω1. (3.21)

N∑
i=1

αiϕi(xk , tl) = 0, (xk , tl) ∈Ω2. (3.22)

N∑
i=1

αiϕi(xk , tl) = 0, (xk , tl) ∈Ω3. (3.23)

N∑
i=1

αi

[
∂
∂t
ϕi(xk , tl)−

∂2

∂x2ϕi(xk , tl)
]
−A(xk , tl) = f (xk , tl), (xk , tl) ∈Ω4, (3.24)

where

A(xk , tl) =
∫ tl

0
K(xk , tl , s)

N∑
i=1

αiϕi(xk , s)ds

= −
∫ tl

0
sin(xk(tl − s))

N∑
i=1

αiϕi(xk , s)ds

= −
N∑
i=1

αi

∫ tl

0
sin(xk(tl − s))ϕi(xk , s)ds, (xk , tl) ∈Ω4.

(3.25)

and

f (xk , tl) = (1− x2
k )etl +

(x2
k − 1)(xk cos(xktl) + sin(xktl)− xketl )

x2
k + 1

+ 2etl . (3.26)

For obtaining A(xk , tl), (xk , tl) ∈ Ω4, by change of variable s = tl
2 (ξ + 1) where {ξ}Mi=1 are

Legendre-Guass nodes [18], so (3.25) can be written as:

A(xk , tl) =
tl
2

∫ 1

−1
K(xk , tl ,

tl
2

(ξ + 1))
N∑
i=1

αiϕi(xk ,
tl
2

(ξ + 1))dξ

= −
N∑
i=1

αi

∫ 1

−1
sin

(
xk(tl −

tl
2

(ξ + 1))
)
ϕi(xk ,

tl
2

(ξ + 1))dξ, (xk , tl) ∈Ω4.

(3.27)

By applying numerical integration method given in [18], we can approximate the integral
in (3.27) and we can get:

A(xk , tl) '
tl
2

M∑
j=0

wjK(xk , tl ,
tl
2

(ξj + 1))
N∑
i=1

αiϕi(xk ,
tl
2

(ξj + 1)), (xk , tl) ∈Ω4.

= −tl
2

M∑
j=0

wj

N∑
i=1

αi sin
(
xk(tl −

tl
2

(ξj + 1))
)
ϕi(xk ,

tl
2

(ξj + 1)),

(3.28)

where wj , j = 0,1, , . . . ,M are the weights [18]. We can have a system of equations that can be
solved to obtain the coefficient αi , i = 1,2, . . . ,N .
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There are many different RBFs can be used [20]. Here to obtain the following results

we have been used the multiquadratics (MQ) ϕ(r) = (r2 + c2)
β
2 ,β , 0,β , 2N, and Gaussians

(GA) ϕ(r) = e−c
2r2

.

In figure 3.1, the exact solution, numerical solution and the corresponding absolute error
function |u − û| are plotted by using GA-RBF with c = 0.1 and the uniform set of collocation
points xi = −1 + (i − 1)/5 and ti = (i − 1)/10, i = 1,2, . . . ,11.

Figure 3.1: Exact solution (a), approximated solution (b) and absolute error function |u − û|
for N = 121 using GA-RBF with c = 0.1.
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3.2.2 Error Analysis

Madych have proven exponential convergence property of multiquadratic approximation
[17]. He has shown that under certain conditions, the interpolation error is ε =O(λ

c
h ) where

c is the shape parameter, h is the mesh size and 0 < λ < 1 is a constant. It implies we can
improve the approximated solution either by reducing the size of h or by increasing the
magnitude of c. It means that if c −→∞ then ε −→ 0. Since increasing of c can improve the
accuracy exponentially without extra computation, it is preferred to decrease error rather
than reducing h.

However, according to "uncertainty principle" of Schaback [15], as the error becomes
smaller, the matrix becomes more ill-conditioned, hence the solution will break down as c
becomes too large. The experimental results confirm such behavior of the error values as c
becomes larger.

The numerical results for the example are demonstrated in Tables 3.1, 3.2 and Figures
3.2, 3.3 which show according to the findings of Madych, the error functions decrease ex-
ponentially as c becomes larger in bounded interval. After that according to the research of
Schaback the error values decline as c becomes too large. The best c is different for various
problems and not the same RBFs.

c MQ-RBF
0.1 1.31× 10−1

1 3.16× 10−3

5 1.82× 10−5

19 3.75× 10−11

25 3.31× 10−11

30 2.54× 10−11

35 8.01× 10−11

Table 3.1: The maximum absolute error by using MQ-RBF with different c.

c GA-RBF
0.001 3.49× 10−4

0.01 8.51× 10−12

0.1 9.25× 10−12

0.5 8.38× 10−7

1 3.63× 10−4

1.2 1.59× 10−3

2 2.82× 10−2

3 8.55× 10−2

Table 3.2: The maximum absolute error by using GA-RBF with different c.
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Figure 3.2: Horizontal axis is related to shape parameter (c) with log mode and vertical axis
shows absolute error values with log mode when the solutions are approximated by using
MQ-RBF.

Figure 3.3: Horizontal axis is related to shape parameter (c) with log mode and vertical axis
shows absolute error values with log mode when the solutions are approximated by using
GA-RBF.
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Abstract

In this work, we gave a simple idea how to apply the Galerkin
finite element method to an integro-differential equation of parabolic
type with a memory term containing a weakly singular kernel.
Optimal-order estimates are shown for spatially semidiscrete and
completely discrete methods. Furthermore, the efficiency of the
proposed method will be considered through numerical example.
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Résumé
Dans ce travail, nous avons donné une idée simple comment ap-

pliquer la méthode des éléments finis de Galerkin à une équation
intégro-différentielle de type parabolique avec un terme de mémoire
contenant un noyau faiblement singulier. Des estimations d’ordre
optimal sont présentées pour les méthodes spatialement semi-discrètes
et complètement discrètes. De plus, l’efficacité de la méthode pro-
posée sera prise en compte à travers un exemple numérique.


