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Objectives

Complete students' knowledge and teach them new concepts such as transient heat
transfer, conduction through fins in the presence of a heat source, as well as heat
exchangers, and methods for calculating heat transfer equipment.

SEEE N

Dr. Mohammed Fouad Ferhat



Introduction

Heat exchangers are critical components in numerous engineering and industrial applications, playing a pivotal role
in efficiently transferring thermal energy between different media. This pedagogical booklet aims to provide a
comprehensive and structured introduction to the fundamentals of heat transfer and the design of heat exchangers,
emphasizing both theoretical concepts and practical applications to equip students and engineers with a deep

understanding of this field.

The booklet begins by revisiting the core principles of heat transfer, including thermal conduction, convection, and
radiation, with detailed explanations of Fourier's, Newton's, and Stefan-Boltzmann's laws, complemented by
practical examples to illustrate these concepts. It then delves into the heat diffusion equation, analyzing heat transfer
under steady-state and transient conditions, with a focus on multidimensional applications. The booklet also explores
finned surfaces, their configurations, and efficiency, alongside an in-depth study of thermal convection (natural and
forced) and key dimensionless numbers such as Nusselt, Prandtl, and Reynolds.

In its later chapters, the booklet focuses on heat exchangers without phase change, covering their theoretical
foundations, various types (such as double-tube, plate, and shell-and-tube heat exchangers), and performance
calculation methods, including the overall heat transfer coefficient, the log mean temperature difference method,
and the effectiveness-NTU method. This booklet aims to equip learners with analytical and practical tools to

confidently design and evaluate heat exchanger performance.

We hope this booklet serves as a valuable educational guide, enhancing your understanding of heat transfer

principles and their application in the design and analysis of heat exchangers across diverse engineering fields.

Dr. Mohammed Fouad Ferhat



Chapter 1: Reminders of the Laws of Heat Transfer

Chapter 1: Reminders of
the Laws of Heat
Transfer

In this chapter we lay the groundwork for much of the material covered in the text. We do this by raising

several questions:

What is heat transfer? How is heat transferred? Why is it important? One goal is to develop an appreciation of
the fundamental concepts and principles underlying heat transfer processes.

A second goal is to illustrate how knowledge of heat transfer can be used with the first law of thermodynamics

(conservation of energy) to solve problems in technology and society [
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What is heat transfer?

1. Heat transfer
1.1. What is heat transfer?

/* Definition: Heat transfer?

Heat transfer (or heat) is thermal energy in transit due to a spatial temperature difference.

/* Definition: Driving force?

Temperature difference as voltage difference in electric current as pressure difference in fluid flow. The rate

depends on the gradient AT.

Whenever a temperature difference exists in a medium or between media, heat transfer must occur.

1.2. How is heat transferred?

As shown in Figure 1.1, we refer to different types of heat transfer processes as modes. When a temperature

gradient exists in a stationary medium, which may be a solid or a fluid, we use the term conduction to refer to

the heat transfer that will occur across the medium.

In contrast, the term convection refers to heat transfer that will occur between a surface and a moving fluid

when they are at different temperatures.

The third mode of heat transfer is termed thermal radiation. All surfaces of finite temperature emit energy in

the form of electromagnetic waves. Hence, in the absence of an intervening medium, there is net heat transfer

by radiation between two surfaces at different temperatures [2]

*

Conduction through a solid
or a stationary fluid

Convection from a surface
to a moving fluid

Net radiation heat exchange
between two surfaces

T, > T,

Ty Ty

|

T,>T.

oo

Moving fluid, 7

Surface, T,

\\4‘ Surface, T,
XY

1
"
q, €—

Figure 1.1: Conduction, convection, and radiation heat transfer modes.



2. Thermal conduction
2.1. Definition

/* Definition: Conduction

Heat (energy) transfer without macroscopic transport of matter.

& Example:Seen as

Higher temperatures are associated with higher molecular energies. When neighboring molecules collide, as

they are constantly doing, a transfer of energy from the more energetic to the less energetic molecules must

occur. In the presence of a temperature gradient, energy transfer by conduction must then occur in the direction

of decreasing temperature. This would be true even in the absence of collisions, as is evident from Figure 1.2.

Figure 1.2: Association of conduction heat transfer with dif fusion of energy due to molecular

2.2. Fourier's law (1822)

Heat transfer processes can be quantified in terms of appropriate rate equations. These equations may be used

to compute the amount of energy being transferred per unit time.



Fourier's law (1822)

>~

> X

< [ —>»

Figure 1.3: One-dimensional heat transfer by conduction (dif fusion of energy).

For heat conduction, the rate equation is known as Fourier's law. For the one-dimensional plane wall shown

in Figure 1.3, having a temperature distribution T(x), the rate equation is expressed as:

dT
Y=—k— (1.1

-The heat flux q"X(W/mz) is the heat transfer rate in the x-direction per unit area perpendicular to the direction

of transfer, and it is proportional to the temperature gradient, dT/dx, in this direction.

-The parameter k is a transport property known as the thermal conductivity (W/m. K) and is a characteristic
of the wall material.

-The minus sign is a consequence of the fact that heat is transferred in the direction of decreasing temperature.

- Under the steady-state conditions shown in Figure 1.3, where the temperature distribution is linear, the
temperature gradient may be expressed as:

1 H HE



EXAMPLE 1.1

dT T, T,
dx L
and the heat flux is then:
” I, -T,
95 = ~k=p—
or
T, —T> AT
"=k————=k— (1.2
* Note

Note that this equation provides a heat flux , that is, the rate of heat transfer per unit area.
The heat rate by conduction, q, (W), through a plane wall of area A is then the product of the flux and the

area, q, = q"X.A .

2.3. EXAMPLE 1.1

The wall of an industrial furnace is constructed from 0.15-m-thick fireclay brick having a thermal conductivity
of 1.7 W/m . K. Measurements made during steady-state operation reveal temperatures of 1400 and 1150 K at
the inner and outer surfaces, respectively. What is the rate of heat loss through a wall that is 0.5 m x 1.2 m on a
side?

«

SOLUTION

»

Known: Steady-state conditions with prescribed wall thickness, area, thermal conductivity, and surface

temperatures.
Find: Wall heat loss.

Schematic:

mEE



Heat convection

k= 1.7 Wim-K
T, = 1400 K / T,=1150K

q ‘; \(

Wall area, A

L, |
Y L=015m <

Assumptions:

1. Steady-state conditions.
2. One-dimensional conduction through the wall.
3. Constant thermal conductivity.

Analysis:

Since heat transfer through the wall is by conduction, the heat flux may be determined from Fourier's law.

Using Equation 1.2, we have

250 K

AT
——1 K
=k JW/m- ><O15

= 2833 W/m?

The heat flux represents the rate of heat transfer through a section of unit area, and it is uniform (invariant)
across the surface of the wall. The heat loss through the wall of area is then A=H x W.

« = (HW)g” = (0.5 m x 1.2 m)2833 W/m? = 1700 W

Comments: Note the direction of heat flow and the distinction between heat flux and heat rate.

THEER



Definition

3. Heat convection
3.1. Definition

/* Definition: Convection

Heat (energy) transfer with macroscopic transport of matter.

A Warning

Composed of two mechanisms:
Energy transfer due to random molecular motion - diffusion.

Energy transfer by the mass movement of the fluid - advection.

& Example:Seen as

We are especially interested in convection heat transfer, which occurs between a fluid in motion and a
bounding surface when the two are at different temperatures. Consider fluid flow over the heated surface of
Figure 1.5.

A consequence of the fluid-surface interaction is the development of a region in the fluid through which the

velocity varies from zero at the surface to a finite value u__ associated with the flow. This region of the fluid is

known as the hydrodynamic, or velocity, boundary layer. Moreover, if the surface and flow temperatures

differ, there will be a region of the fluid through which the temperature varies from T at y=0 toT | in the outer

flow. This region, called the thermal boundary layer, may be smaller, larger, or the same size as that through

which the velocity varies. In any case, if TS >T,., convection heat transfer will occur from the surface to the

outer flow.

The convection heat transfer mode is sustained both by random molecular motion and by the bulk motion of the
fluid within the boundary layer. The contribution due to random molecular motion (diffusion) dominates near
the surface where the fluid velocity is low. In fact, at the interface between the surface and the fluid (y =0 ), the
fluid velocity is zero, and heat is transferred by this mechanism only. The contribution due to bulk fluid motion
originates from the fact that the boundary layer grows as the flow progresses in the x-direction. In effect, the
heat that is conducted into this layer is swept downstream and is eventually transferred to the fluid outside the
boundary layer. Appreciation of boundary layer phenomena is essential to understanding convection heat
transfer. For this reason, the discipline of fluid mechanics will play a vital role in our later analysis of

convection.

T



Classification

— — ——
——

Velocity
distribution

Temperature
distribution

"

u(y) q I(y)

Ts
T > X
L— » )  Heated L > T(y)
surface
Figure 1.5: Boundary layer development in convection heat transfer.
3.2. Classification
Buoyancy-driven
flow
Forced q"
: — Hot components
flow Air / on printed
> circuit boards q'"’
— P
—_—
D
_AFAAAA
D
wot 1}
(a) (b)

Figure 1.6: Convection heat transfer processes. (a) Forced convection. (b) Natural convection.

" Definition: Forced convection (provoked)

Convection heat transfer may be classified according to the nature of the flow. We speak of forced convection

when the “ow is caused by external means, such as by a fan, a pump, or atmospheric winds.

Example:Forced convection

As an example, consider the use of a fan to provide forced convection air cooling of hot electrical components

on a stack of printed circuit boards (Figure 1.6a).

Free convection (natural)

Free convection (or natural), the flow is induced by buoyancy forces, which are due to density differences

caused by temperature variations in the fluid.

EEEBE



Newton's Law of Cooling

& Example:Free convection

An example is the free convection heat transfer that occurs from hot components on a vertical array of circuit
boards in air (Figure 1.6b). Air that makes contact with the components experiences an increase in temperature
and hence a reduction in density. Since it is now lighter than the surrounding air, buoyancy forces induce a

vertical motion for which warm air ascending from the boards is replaced by an in flow of cooler ambient air.

Moist air
q'" Water
droplets
Cold \ T
water Py A
o (] o ] III \
Vapor q" - ° o 0 1/
bubbles Water ° \7

Hot plate

(c) (d)

Figure 1.7: Convection heat transfer processes. (c) Boiling. (d) Condensation.

We have described the convection heat transfer mode as energy transfer occurring within a fluid due to the
combined effects of conduction and bulk fluid motion. Typically, the energy that is being transferred is the
sensible, or internal thermal, energy of the fluid. However, for some convection processes, there is, in addition,
latent heat exchange. This latent heat exchange is generally associated with a phase change between the liquid
and vapor states of the fluid.

Two special cases of interest in this text are boiling and condensation.

Example:Boiling and Condensation

For example, convection heat transfer results from fluid motion induced by vapor bubbles generated at the
bottom of a pan of boiling water (Figure 1.7¢) or by the condensation of water vapor on the outer surface of a

cold water pipe (Figure 1.7d).

3.3. Newton's Law of Cooling

Regardless of the nature of the heat transfer process by convection, the transmitted heat flux equation is given

by the relationship known as Newton's law:
g’ =h(T,-T,) (1.3a)

where q", the convective heat flux (W/mz), is proportional to the difference between the surface and fluid

temperatures, T, and T_, respectively. This expression is known as Newton's law of cooling, and the

parameter h (W/m?. K) is termed the convection heat transfer coefficient. This coefficient depends on
conditions in the boundary layer, which are influenced by surface geometry, the nature of the fluid motion, and

an assortment of fluid thermodynamic and transport properties.

Any study of convection ultimately reduces to a study of the means by which h may be determined. Although
consideration of these means is deferred to Chapter 6, convection heat transfer will frequently appear as a
boundary condition in the solution of conduction problems (Chapters 2 through 5). In the solution of such
problems we presume h to be known, using typical values given in Table 1.1.

T



Heat radiation

Process h (W/m’.K)
Free convection
Gases 2-25
Liquids 50-1000
Forced convection
Gases 25-250
Liquids 100-20,000

Convection with phase change

Boiling or condensation

2500-100,000

Table 1.1: Typical values of the convection heat transfer coefficient

A Warning

When Equation 1.3a is used, the convection heat flux is presumed to be positive if heat is transferred from

the surface (T >T_)) and negative if heat is transferred to the surface (T, > T,). However, nothing precludes

us from expressing Newton's law of cooling as:

C]” =h (Too = Ts)

in which case heat transfer is positive if it is to the surface.

(1.36)

The heat rate by convection, dy (W), is then the product of the heat flux and the surface area (section) A.

dconv = hAs (T — Ts)

i HHEB



Definition

4. Heat radiation
4.1. Definition

/* Definition: Radiation

Thermal radiation is energy emitted by matter that is at a nonzero temperature (greater than 0 K) transported by

electromagnetic waves (or photons).

4.2. Loi de Stefan-Biltzmann

7/ Definition: Emittance (Surface emissive power)

Consider radiation transfer processes for the surface of Figure 1.8a. Radiation that is emitted by the surface

originates from the thermal energy of matter bounded by the surface, and the rate at which energy is released

per unit area (W/m?) is termed the surface emissive power, E. There is an upper limit to the emissive power,

which is prescribed by the Stefan Boltzmann law:
Ey=0oT* (14)

Where Ts is the absolute temperature (K) of the surface and o is the Stefan Boltzmann constant (¢ = 5.67 x

108 W/m2.K*). Such a surface is called an ideal radiator or blackbody.

7 Definition: Emissivity

The heat flux emitted by a real surface is less than that of a blackbody at the same temperature and is given by:
— 4
E=¢g0T; (1.5)

Where ¢ is a radiative property of the surface termed the emissivity. With values in the range 0<e<1, this

property provides a measure of how efficiently a surface emits energy relative to a blackbody.

Gas
T,h

Gas
T,h

G E ., Surroundings ., .,
?71\ '54)'1 /qconv at Tsur (Irat\ /CIConv
Surface of emissivity Surface of emissivity T.,>T,,.T,>T
&, absorptivity @, and &=a,area A, and
temperature T, temperature 7|

(a) (b)

Figure 1.8: Radiation exchange: (a) at a surface and (b) between a surface and large surroundings.
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Loi de Stefan-Biltzmann

& Complement:Irradiation G

Radiation may also be incident on a surface from its surroundings. The radiation may originate from a special
source, such as the sun, or from other surfaces to which the surface of interest is exposed. Irrespective of the
source(s), we designate the rate at which all such radiation is incident on a unit area of the surface as the

irradiation G (Figure 1.8a).

A portion, or all, of the irradiation may be absorbed by the surface, thereby increasing the thermal energy of
the material. The rate at which radiant energy is absorbed per unit surface area may be evaluated from
knowledge of a surface radiative property termed the absorptivity a. That is:

Gups = aG  (1.6)

Where 0 < a < 1. If a <1 and the surface is opaque, portions of the irradiation are reflected. If the surface is

semitransparent, portions of the irradiation may also be transmitted.

However, whereas absorbed and emitted radiation increase and reduce, respectively, the thermal energy of
matter, reflected and transmitted radiation have no effect on this energy.

A Note

Note that the value of o depends on the nature of the irradiation, as well as on the surface itself. For example,
the absorptivity of a surface to solar radiation may differ from its absorptivity to radiation emitted by the walls
of a furnace.

< Method

A special case that occurs frequently involves the exchange of radiation between a small surface at Tg and a

much larger isothermal surface T which completely surrounds the smaller one (Figure 1.8b).

The surroundings could, for example, be the walls of a room or a furnace whose temperature T - differs from

that of an enclosed surface (T__ _# Ts).

sur

G=o0T?

sur

If the surface is assumed to be one for which a = € (a gray surface), the net rate of radiation heat transfer

from the surface, expressed per unit area of the surface, is:

Draa = % =¢Ep (Ts) —aG = e0 (T;1 — Tfur) (1.7)

This expression provides the difference between thermal energy that is released due to radiation emission and

that gained due to radiation absorption.

For many applications, it is convenient to express the net radiation heat exchange in the form:
Grad = WA (Ts — Tgyr ) (1.8)

Where, from Equation 1.7, the radiation heat transfer coefficient hr is:

hy = 60 (Ts + Tor) (T2 + T2,) (1.9
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EXAMPLE 1.2

Here we have modeled the radiation mode in a manner similar to convection. In this sense we have linearized
the radiation rate equation, making the heat rate proportional to a temperature difference rather than to the

difference between two temperatures to the fourth power.

Note, however, that h_ depends strongly on temperature, whereas the temperature dependence of the

convection heat transfer coefficient h is generally weak.

The surfaces of Figure 1.8 may also simultaneously transfer heat by convection to an adjoining gas. For the

conditions of Figure 1.8b, the total rate of heat transfer from the surface is then
— — 4 4
4= Geony + Grad = hA (T = To) + eAc (TH = TZ,)  (1.10)

4.3. EXAMPLE 1.2

An uninsulated steam pipe passes through a room in which the air and walls are at 25° C. The outside diameter
of the pipe is 70 mm, and its surface temperature and emissivity are 200 °C and 0.8, respectively. What are the
surface emissive power and irradiation? If the coefficient associated with free convection heat transfer from

the surface to the air is 15 W / m2 K, what is the rate of heat loss from the surface per unit length of pipe?

SOLUTION
»
Known: Uninsulated pipe of prescribed diameter, emissivity, and surface temperature in a room with fixed

wall and air temperatures.
Find:

1. Surface emissive power and irradiation.

2. Pipe heat loss per unit length, q'.

Schematic:

: e
Air 5
T = 25°C
h =15 W/m?K




The concept of thermal resistance

Assumptions:

1. Steady-state conditions.
2. Radiation exchange between the pipe and the room is between a small surface and a much larger
enclosure.

3. The surface emissivity and absorptivity are equal.
Analysis:

1. The surface emissive power may be evaluated from Equation 1.5, while the irradiation corresponds to G=6T

4
sor * Hence

E = eoT] =08(5.67x 107 W/m? - K*) (473 K)* = 2270 W/m’
G =0T} =5.67x10"° W/m?-K*298 K)* = 447 W/m?

sur

2. Heat loss from the pipe is by convection to the room air and by radiation exchange with the walls. Hence, q=

Aeony T dpaq @nd from Equation 1.10, with A= nDL,
g = h(xDL) (Ts — Tw) + e(xDL)0 (T;‘ -T4,)
The heat loss per unit length of pipe is then

q = % =15 W/m? - K(r x 0.07 m)(200 — 25)°C
+0.8(r x 0.07 m)5.67 x 1078 W/m? - K* (473* - 298*) K*
¢ =577 W/m + 421 W/m = 998 W/m

Comments:

Note that temperature may be expressed in units of °C or K when evaluating the temperature difference for a
convection (or conduction) heat transfer rate. However, temperature must be expressed in kelvins (K) when

evaluating a radiation transfer rate.
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Thermal resistance

5. The concept of thermal resistance
5.1. Thermal resistance

The three modes of heat transfer were introduced in the preceding sections. As is evident from Equations 1.2,

1.3, and 1.8, the heat transfer rate can be expressed in the form

AT
—g’A=— (1.11
qg=9q R (1.11)

t

where AT is a relevant temperature difference and A is the area normal to the direction of heat transfer. The

quantity R; is called a thermal resistance and takes different forms for the three different modes of heat

transfer.

& Example

For example, Equation 1.2 may be multiplied by the area A and rewritten as:

AT

QxZR—t’C

Where Rt,c is a thermal resistance associated with conduction, having the units K/W.

L
R = xa

6. Problem solving: Methodology
6.1. Objectives:

Analyzing different problems will give you a deeper appreciation of the fundamentals of the subject and you

will gain confidence in your ability to apply these fundamentals to the solution of engineering problems.

6.2. Methodology

<= Advice:Be consistent by following these steps:

Known

Find
Schematic
Assumptions
Analysis

AN A o

Comments
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Chapter 2: Heat diffusion equation

Chapter 2: Heat
diffusion equation

In this chapter, we will study the heat conduction equation and its solutions. Thermal conduction in a
medium is said to be stationary (permanent) when the temperature does not vary with time and transient when
it does.

Thermal conduction in a medium is said to be one-dimensional when the conduction is significant in only one
dimension and negligible in the other two dimensions.

It is said to be two-dimensional when the conduction in the third dimension is negligible and three-

dimensional when the conduction in all dimensions is significant.

In heat transfer analysis, the conversion of electrical, chemical, or nuclear energy into thermal energy is

characterized as heat generation [1]*.

1. Problem and application

Determine the temperature distribution in a system resulting from the conditions imposed at its boundaries.
The conduction heat flow at any point in the system or surface can be calculated from Fourier's law.
This information could be used to determine thermal stresses, expansions and deformations.

Temperature distribution can also be used to optimize the thickness of an insulating material or to determine
the compatibility of special coatings or adhesives used with the material.
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Steady state vs transient

2. Heat transfer in Steady-State and transient conditions
2.1. Steady state vs transient

Heat transfer problems are often classified as being steady (also called steady-state) or transient (also called

unsteady).

The term steady implies no change with time at any point within the medium, while transient implies variation
with time or time dependence. Therefore, the temperature or heat flux remains unchanged with time during
steady heat transfer through a medium at any location, although both quantities may vary from one location to

another (Figure 2.1).

For example, heat transfer through the walls of a house will be steady when the conditions inside the house and
the outdoors remain constant for several hours. But even in this case, the temperatures on the inner and outer
surfaces of the wall will be different unless the temperatures inside and outside the house are the same.

Time =2 pm Time =5 pm

15°C 7°C  12°C 5°C

NV NV
) 0 ) O -0

(a) Transient

15°C 7°C  15°C 7°C

NV NV
) 0 ) O, -0

(b) Steady-state

Figure 2.1: Steady and transient heat conduction in a plane wall.
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Heat generation (Source)

3. Heat generation and energy storage

3.1. Heat generation (Source)

A medium through which heat is conducted may involve the conversion of electrical, nuclear, or chemical
energy into heat (or thermal) energy. In heat conduction analysis, such conversion processes are characterized

as heat generation.

For example, the temperature of a resistance wire rises rapidly when electric current passes through it as a
result of the electrical energy being converted to heat at a rate of I2 R, where I is the current and R is the
electrical resistance of the wire. The safe and effective removal of this heat from the sites of heat generation
(the electronic circuits) is the subject of electronics cooling, which is one of the modern application areas of
heat transfer.

Likewise, a large amount of heat is generated in the fuel elements of nuclear reactors as a result of nuclear
fission that serves as the heat source for the nuclear power plants. The natural disintegration of radioactive

elements in nuclear waste or other radioactive material also results in the generation of heat throughout the

body [2]".

The heat generated in the sun as a result of the fusion of hydrogen into helium makes the sun a large nuclear
reactor that supplies heat to the earth.

Another source of heat generation in a medium is exothermic chemical reactions that may occur throughout the
medium. The chemical reaction in this case serves as a heat source for the medium. In the case of endothermic
reactions, however, heat is absorbed instead of being released during reaction, and thus the chemical reaction
serves as a heat sink. The heat generation term becomes a negative quantity in this case.

Note that heat generation is a volumetric phenomenon. That is, it occurs throughout the body of a medium.

Therefore, the rate of heat generation in a medium is usually specified per unit volume and is denoted by £,
, whose unit is W/m 3orBtu/h - £63.

The rate of heat generation in a medium may vary with time as well as position within the medium. When the
variation of heat generation with position is known, the total rate of heat generation in a medium of volume V

can be determined from:
E, = gdxdydz (2.1)

3.2. Energy Storage

In addition, changes may occur in the amount of the internal thermal energy stored by the material in the
control volume. If the material is not experiencing a change in phase, latent energy effects are not pertinent, and

the energy storage term may be expressed as:
. oT
Ey = pc, dedydz 2.2)

where P€, OT/0t is the time rate of change of the sensible (thermal) energy of the medium per unit volume.

Once again it is important to note that the terms £, and £, represent different physical processes. The

energy generation term £, is a manifestation of some energy conversion process involving thermal energy on
one hand and some other form of energy, such as chemical, electrical, or nuclear, on the other. The term is
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Multidimensional Heat Transfer

positive (a source) if thermal energy is being generated in the material at the expense of some other energy

form; it is negative (a sink) if thermal energy is being consumed. In contrast, the energy storage term £,

refers to the rate of change of thermal energy stored by the matter.
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Definition

4. Multidimensional Heat Transfer
4.1. Definition

Heat transfer problems are also classified as being one-dimensional, twodimensional, or three-dimensional,
depending on the relative magnitudes of heat transfer rates in different directions and the level of accuracy

desired. In the most general case, heat transfer through a medium is three-dimensional.

That is, the temperature varies along all three primary directions within the medium during the heat transfer
process. The temperature distribution throughout the medium at a specified time as well as the heat transfer
rate at any location in this general case can be described by a set of three coordinates such as the x, y, and z in
the rectangular (or Cartesian) coordinate system; the r, @, and z in the cylindrical coordinate system; and the r,
@, and O in the spherical (or polar) coordinate system. The temperature distribution in this case is expressed as
T(x, y, z, t), T(r, D, z, t), and T(r, D, O, t) in the respective coordinate systems.

The general form of the energy conservation equation (Overall Energy Balance) is:
Ei, + Eg —Eo = Ey (2.3)
Hence, recognizing that the conduction rates constitute the energy inflow Ein and outflow Eout

4.2. Rectangular coordinates (or Cartesian)

Consider a homogeneous medium within which there is no bulk motion (advection) and the temperature
distribution T(X, y, z) is expressed in Cartesian coordinates. Following the methodology of applying
conservation of energy (2.3), we first define an infinitesimally small (differential) control volume,
dx - dy . dZ, as shown in Figure 2.2.

Choosing to formulate the first law at an instant of time, the second step is to consider the energy processes that

are relevant to this control volume.

In the absence of motion (or with uniform motion), there are no changes in mechanical energy and no work
being done on the system. Only thermal forms of energy need be considered. Specifically, if there are
temperature gradients, conduction heat transfer will occur across each of the control surfaces.

The conduction heat rates perpendicular to each of the control surfaces at the X—, y—, andz—coordinate
locations are indicated by the terms gy, ¢y, and g, respectively.

The conduction heat rates at the opposite surfaces can then be expressed as a Taylor series expansion where,
neglecting higher-order terms,

TT



Rectangular coordinates (or Cartesian)

9y + dx

A ,’
______ r/
“ W
4

Figure 2.2: Differential control volume, dx dy dz, for conduction analysis in Cartesian coordinates.

Gx+dx = gdx t
(9

Gy = s+ Gody 24D)
0q,

Gz+dz = 4z + a_dz (2.4¢)

In words, Equation 2.4a simply states that the X-component of the heat transfer rate at X + dX is equal to the
value of this component at X plus the amount by which it changes with respect to X times dX.

Substituting Equations 2.1 and 2.2 in Equations 2.3, we obtain:

. oT
qx + qy + q; + qdxdydz — Gxidx — GQyrdy — Grrdz = pcpdedydz (2.5)

Substituting from Equations 2.4, it follows that

0
_94x 9% % 4y _ 9g:
0x ﬁy 0z

oT
——dz + ¢dxdydz = pc,— o dxdydz (2.6)

The conduction heat rates in an isotropic material may be evaluated from Fourier's law,

oT

qx = —kdydza— 2.7a)
oT

qy = —kdxdzg (2.7b)
oT

q, = —kdxdy— (2.7¢)
0z



Cylindrical Coordinates

Where each heat flux component has been multiplied by the appropriate control surface (differential) area to
obtain the heat transfer rate. Substituting Equations 2.7 into Equation 2.6 and dividing out the dimensions of
the control volume (dxdydz), we obtain

o ( 0T\ [ oT\ o[ oT oT
) e L) Lk 4 g = pe, = .
ax(kax)+ay(kay)+az(kaz)+q Pergr 29

It is often possible to work with simplified versions of Equation 2.8. For example, if the thermal conductivity
is constant, the heat equation is

o’T s o’T .\ o’T
oxr 0y 072

q
1= (.
YeTaa Y

Where @ = k/ PCp is the thermal diffusivity.
4.3. Cylindrical Coordinates

The general heat conduction equation in cylindrical coordinates can be obtained from an energy balance on a
volume element in cylindrical coordinates, shown in Figure 2.3, by following the steps described above. It can
also be obtained directly from Equation 2.8 by coordinate transformation using the following relationships

between the coordinates of a point in the rectangular and cylindrical coordinate systems:

x=rcosD,y=rsinQetz=1z

qz+dz

A

: =Y _ar~
.y P
\ - q
| |‘\\’J|’ - o
R dz | : 1 . I
I I
~ o 'v".?ﬂ/ 1 | | :
“LTIJ. / P 1
ST AT
— < S
r 1(r,¢,2) AN : f ’,/J 4. ar
<>\/ _S_:‘-— -~

| y

q.
Figure 2.4: Differential control volume, dr. r d®. dz, for conduction analysis in cylindrical coordinates (r, @, z).
The following general form of the heat equation is obtained:

10 oT 1 0 (, 0T o (. oT . oT
;E(kra)+r—Z%(k%)+—(k—)+Q—pCp o1 (211)
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EXAMPLE 2.1

4.4. Spherical Coordinates

The general heat conduction equations in spherical coordinates can be obtained from an energy balance on a
volume element in spherical coordinates, shown in Figure 2.4, by following the steps described above. It can
also be obtained directly from Equation 2.8 by coordinate transformation using the following relationships

between the coordinates of a point in the rectangular and spherical coordinate systems:

x=rcos®sinf,y =rsin®sinf etz = cos

4o + ae

Figure 2.5: Differential control volume, dr. rsin@ d®. r dO, for conduction analysis in spherical coordinates (r,®,
0).

The following general form of the heat equation is obtained:

1 T 1 T
e

- 222
20 0 24in2 9 o 0
r= or r r2 sin” 6 09 o (2.12)
+—1 iksinGa—T +'—ca—T
72 sin 0 96 00 ) TPy
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EXAMPLE 2.1

5. EXAMPLE 2.1
5.1. EXAMPLE 2.1

The temperature distribution across a wall 1 m thick at a certain instant of time is given as
T(x) = a+ bx + cx?

where T is in degrees Celsius and X is in meters, while a = 900°C, b= —300°C/m, and
c = -50°C/ m?. A uniform heat generation, § = 1000 W/ m? , is present in the wall of area 10 m?
having the properties 0 = 1600 kg/m3,k =40 W/m- K, and Cp = 4 k]/kg - K.

1. Determine the rate of heat transfer entering the wall (x = 0) and leaving the wall (x = 1 m).
2. Determine the rate of change of energy storage in the wall.
3. Determine the time rate of temperature change at x = 0, 0.25, and 0.5 m.

«

SOLUTION

»

Known: Temperature distribution T(x) at an instant of time t in a one-dimensional wall with uniform heat

generation.
Find:

1. Heat rates entering, ¢in (x = 0), and leaving, Gout (x = 1 m), the wall.

2. Rate of change of energy storage in the wall, E.
3. Time rate of temperature change at X = 0, 0.25, and0.5 m.

Schematic:
A=10m? g = 1000 W/m?
I k =40 W/m-K
! I p = 1600 kg/m>
C, = 4 kJ/kgK
T(x) =
a + bx + cx? ——

e

qm _— —quut

o

«—L=1m—>

—»X




EXAMPLE 2.1

Assumptions:

1. One-dimensional conduction in the x-direction.

2. Isotropic medium with constant properties.

3. Uniform internal heat generation, § ( W/ m?3 )
Analysis:

1. Recall that once the temperature distribution is known for a medium, it is a simple matter to determine the
conduction heat transfer rate at any point in the medium or at its surfaces by using Fourier's law. Hence the
desired heat rates may be determined by using the prescribed temperature distribution with Equation 2.1.

Accordingly,
oT
gin = qx(0) = - kAﬁ_ = —kA(b + 2¢x) =
X 1x=0
¢in = —bkA = 300°C/m x 40 W/m - K x 10 m* = 120 kW
Similarly,

oT
Gour =qx(L) = — kAB_ = —kA(D + 2cx)x=L
X lx=L
Jout = — (b + 2CL)kA = - [—SOOOC/m

+2 (—50°C/m2) x 1 m] X 40 W/m - K x 10 m? = 160 kW

2. The rate of change of energy storage in the wall Est may be determined by applying an overall energy

balance to the wall. Using Equation 2.3 for a control volume about the wall,
Ein + Eg - Eout = Est

where Ey = gAL, it follows that

Est = Ein + Eg - Eout = gin + GAL — Gout

Ey = 120 kW + 1000 W/m® x 10 m? x 1 m — 160 kW

Eg = -30kW

3. The time rate of change of the temperature at any point in the medium may be determined from the heat
equation, Equation 2.9, rewritten as

T k 8T ¢
dt  pcy, 0x*  pcy

From the prescribed temperature distribution, it follows that
T 9 (0T
ax2  ox\ox

= i(b +2¢x) =2¢ = 2(—50°C/m2) = -100°C/m?
ox

Note that this derivative is independent of position in the medium. Hence the time rate of temperature change
is also independent of position and is given by

L LR



EXAMPLE 2.1

T 40 W/m - K )
3 T 1600 kg/m? x4kl jkg - K (~100°C/m)
. 1000 W/m®
1600 kg/m3 x 4 kJ /kg - K
oT

e —6.25 x 107*°C/s + 1.56 x 107*C/s

—4.69 x 107*C/s

Comments:

1. From this result, it is evident that the temperature at every point within the wall is decreasing with time.
2. Fourier's law can always be used to compute the conduction heat rate from knowledge of the

temperature distribution, even for unsteady conditions with internal heat generation.
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Chapter 3: HEAT TRANSFER FROM FINNED SURFACES

Chapter 3: HEAT
TRANSFER FROM
FINNED SURFACES

The chapter "Heat Transfer from Finned Surfaces" explores the principles and optimization of heat
transfer using finned surfaces, which are critical in enhancing thermal performance by increasing the surface
area for heat dissipation. It begins with the Fin Equation, which describes the heat transfer rate from finned
surfaces by considering factors like geometry, material properties, and boundary conditions, providing a
foundation for predicting fin performance. The concept of Fin Efficiency is then introduced, measuring how
effectively a fin conducts heat relative to its maximum potential, influenced by parameters such as geometry
and thermal conductivity. Next, the chapter covers Fin Effectiveness, which compares the heat transfer rate of
finned surfaces to those without fins, helping determine the practical benefits of adding fins. Finally, the
importance of selecting the Proper Length of a Fin is discussed, highlighting the point at which extending the
fin length yields diminishing returns on heat transfer, balancing performance with cost and space
considerations. Together, these topics provide a comprehensive overview of optimizing finned surfaces for

improved heat transfer in various engineering applications.

1. Definitions

The term finned surfaces is commonly used to depict an important special case involving heat transfer by
conduction within a solid and heat transfer by convection (and/or radiation) from the boundaries of the solid.
Until now, we have considered heat transfer from the boundaries of a solid to be in the same direction as heat
transfer by conduction in the solid. In contrast, for an extended surface, the direction of heat transfer from the

boundaries is perpendicular to the principal direction of heat transfer in the solid.

Consider a strut that connects two walls at different temperatures and across which there is fluid flow (Figure
3.1). With T > T, temperature gradients in the x-direction sustain heat transfer by conduction in the strut.
However, with 77 > T5 > T, there is concurrent heat transfer by convection to the fluid, causing ¢y, and

hence the magnitude of the temperature gradient, |[d7 /dx]|, to decrease with increasing X.
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Different Fin configurations

L
—> dconv
Fluid =
—_—
Too’ h //
e
—h
| 0
Qx, 1 Tl T2
T(x)
,>T,>T,

Figure 3.1: Combined conduction and convection in a structural element.

Although there are many different situations that involve such combined conduction- convection effects, the
most frequent application is one in which an extended surface is used specifically to enhance heat transfer
between a solid and an adjoining fluid. Such an extended surface is termed a fin.

2. Different Fin configurations

Consider the plane wall of Figure 3.2a . If Ts is fixed, there are two ways in which the heat transfer rate may
be increased. The convection coefficient /1 could be increased by increasing the fluid velocity, and/or the fluid
temperature T o could be reduced.

However, there are many situations for which increasing /2 to the maximum possible value is either insufficient
to obtain the desired heat transfer rate or the associated costs are prohibitive. Such costs are related to the
blower or pump power requirements needed to increase / through increased fluid motion. Moreover, the

second option of reducing T o, is often impractical.
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Different Fin configurations

o ){/ T, h

e
7Ry TN

(a) (b)

Figure 3.2: Use of fins to enhance heat transfer from a plane wall. (a) Bare surface. (b) Finned surface.

Examining Figure 3.2b , however, we see that there exists a third option. That is, the heat transfer rate may be
increased by increasing the surface area across which the convection occurs. This may be done by employing

fins that extend from the wall into the surrounding fluid.

Consider also the tubes with attached fins used to promote heat exchange between air and the working fluid of

an air conditioner. Two common finned-tube arrangements are shown in Figure 3.3.

Liquid flow

Gas flow

Figure 3.3: Schematic of typical finned-tube heat exchangers.
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Fin Equation
A General Conduction Analysis
To determine the heat transfer rate associated with a fin, we must first obtain the temperature distribution along

the fin. As we have done for previous systems, we begin by performing an energy balance on an appropriate
differential element. Consider the extended surface of Figure 3.4.

e

—
>
L L
(b) (c) (d)

Figure 3.4: Fin configurations. (a) Straight fin of uniform cross section. (b) Straight fin of nonuniform cross
section. (c) Annular fin. (d) Pin fin.

3. Fin Equation

Consider a volume element of a fin at location X having a length of dX, crosssectional area of A, and a
perimeter of P, as shown in Figure 3.5. Under steady conditions, the energy balance on this volume element

can be expressed as:

Figure 3.5: Energy balance for an extended surface.
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Fins of Uniform Cross-Sectional Area

Rate of heat Rate of heat Rate of heat
conduction into | = | conduction from the | + | convection from
the element at x element at x + Ax the element

) dE.«" . ) o
Eq = ,_a(tit = Ein — Eout + Eé G.1)

Applying the conservation of energy requirement, Equation 3.1, to the differential element of Figure 3.5, we
obtain:

qx = Gx+dx + dqcony (3.2)

where:
dconv = h(P dx) (T - Ty) (3.3)

Substituting and dividing by dX, we obtain:

{cond,x+dx — Ycond,x

dx

+hp(T = Tw) = 0 (3.4)

Taking the limit as dx — O gives:

dCIcond
dx

+hp(T = Te) = 0 (3.5)

From Fourier's law of heat conduction we have:

dT
9cond = _kAc (36)
dx

where A is the cross-sectional area of the fin at location X. Substitution of this relation into Equation 3.5 gives

the differential equation governing heat transfer in fins,

d dT
kAc— |- hp(T —Tw) =0 (3.7)
dx dx
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Equation Solving

4. Fins of Uniform Cross-Sectional Area
4.1. Equation Solving

To solve Equation 3.7 it is necessary to be more specific about the geometry. We begin with the simplest case

of straight rectangular and pin fins of uniform cross section (Figure 3.6).

In general, the cross-sectional area A, and the perimeter p of a fin vary with X, which makes this differential
equation difficult to solve. In the special case of constant cross section and constant thermal conductivity, the

differential Equation 3.7 reduces to:

Il
S

T,
L t
P=2w+2t ,\/

P
A, =wt A, = nD%/4
(a) (b)

Figure 3.6: Straight fins of uniform cross section. (a) Rectangular fin. (b) Pin fin.

where:
hP
2 —
m° = — 3.9)
kA,
andd = T — Tuisthe temperature excess. At the fin base we have O, = T} — T .

Equation 3.8 is a linear, homogeneous, second-order differential equation with constant coefficients. Its
general solution is of the form:

O(x) = C1e™* + Cre™™* (3.10)

By substitution it may readily be verified that Equation 3.10 is indeed a solution to Equation 3.8.

To evaluate the constants C; and C» of Equation 3.10, it is necessary to specify appropriate boundary
conditions. One such condition may be specified in terms of the temperature at the base of the fin (x = 0).

Boundary condition at fin base: 0(0) = 6, = T, — T, (3.11)
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Case A: Convection from Fin Tip

The second condition, specified at the fin tip (X = L), may correspond to one of four different physical

situations.

4.2. Case A: Convection from Fin Tip

The first condition, Case A, considers convection heat transfer from the fin tip. Applying an energy balance to

a control surface about this tip (Figure 3.7), we obtain:

Boundary condition at fin tip:

T
hAT(L) - Too] = —kAcd— (3.12)
dx L
or:
ho(L) = —k d6
dx x=L

That is, the rate at which energy is transferred to the fluid by convection from the tip must equal the rate at
which energy reaches the tip by conduction through the fin. Substituting Equation 3.10 into Equations 3.11
and 3.12, we obtain, respectively,

O, =C1+C, (3.13)
and
h(Cie™ + Cre ™) = km(Cae™ — Ce™F)
Solving for C7 and Cj, it may be shown, after some manipulation, that:
Convection from fin tip:

i _ coshm(L — x) + (h/mk) sinh m(L — x)
Op coshmL + (h/mk) sinh mL

(3.14)

The form of this temperature distribution is shown schematically in Figure 3.7. Note that the magnitude of the
temperature gradient decreases with increasing X. This trend is a consequence of the reduction in the

conduction heat transfer ¢ x (x) with increasing X due to continuous convection losses from the fin surface.
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Case B: Negligible Heat Loss from the Fin Tip (Adiabatic fin tip, q(fin tip)=0)

Fluid, 7_

qconv
T, /

L = m
Gy = q —— ‘kAc% i AT - 7]
B 1]
eb
c
>
0
0 L
X

Figure 3.7: Conduction and convection in a fin of uniform cross section.

The rate of heat transfer from the fin can be found by substituting the temperature gradient at the base of the

fin, obtained from Equation 3.14, into the Fourier's law of heat conduction. The result is:

do
= —kA.—
x=0 ¢ d.x

dT

qr = 4p = —kA,—

- (3.15)

x=0
Hence, knowing the temperature distribution,f(x), q f may be evaluated, giving:

sinhmL + (h/mk) coshmL
= VhPkA, 6 3.16
s <7 coshmL + (h/mk) sinh mL ( )

4.3. Case B: Negligible Heat Loss from the Fin Tip (Adiabatic fin tip, q(fin tip)=0)

The second tip condition, Case B, corresponds to the assumption that the convective heat loss from the fin tip

is negligible, in which case the tip may be treated as adiabatic.

Boundary condition at fin tip:

de

— =0 3.17
axl (3.17)

Substituting from Equation 3.10 and dividing by 71, we then obtain:
Cle’"L - Cze""L =0

Using this expression with Equation 3.13 to solve for C; and C5 and substituting the results into Equation

3.10, we obtain the desired relation for the temperature distribution:
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Case C: Specified Temperature T(fin, tip) = TL
Adiabatic fin tip:

¢ coshm(L - x)
— = 3.18
Op coshmL ( )

Using this temperature distribution with Equation 3.15, the fin heat transfer rate is then:

qr = VhPkA.6, tanh mL (3.19)

4.4. Case C: Specified Temperature T(fin, tip) = TL

In this case the temperature at the end of the fin (the fin tip) is fixed at a specified temperature 7 7. This case
could be considered as a generalization of the case of Infinitely Long Fin where the fin tip temperature was

fixed at T . The condition at the fin tip for this case is:

Boundary condition at fin tip:
H(L) = HL = TL - Too (320)

In the same manner, we can obtain the fin temperature distribution and heat transfer rate for Case C, where the
temperature is prescribed at the fin tip. That is, the second boundary condition is @(L) = 6, and the resulting

expressions are of the form

Specified fin tip temperature:

6 _ (0./6p) sinhmx + sinh m(L — x)

0p sinh mL

(3.21)

hmL - 6, /6
qr = VAPRA 6 —— L/6b (3.22)

sinh mL

A, Note

Note that Equations 3.21 and 3.22 reduce to Equations 3.24 and 3.25 for the case of infinitely long fin
(L - o0).

4.5. Case D: Infinitely Long Fin T(fin tip)=Too

The very long fin, Case D, is an interesting extension of these results. In particular, as L — 00, §; — 0 and
it is easily verified that:

Boundary condition at fin tip:
OL) =T(L)-T =0 as L — o (3.23)

The temperature distribution along the fin in this case can be expressed as:

Very long fin:

0
— =X 3.24
o e (3.24)

The steady rate of heat transfer from the entire fin can be determined from Fourier's law of heat conduction:
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PROBLEM 3,1

qr = VhPkAb, (3.25)

The foregoing results are summarized in Table 3.1:

TABLE 3.1 Temperature distribution and heat loss for fins of uniform cross section
Tip Condition Temperature Fin Heat
Case (x=1L) Distribution 6/6, Transfer Rate g
A Sﬁﬁsvfifi‘m heat coshm(L — x) + (himk) sinh m(L — x) sinhmL + (himk) cosh mL
hé(L) _ kdol dx‘x:L cosh mL + (h/mk) sinh mL cosh mL + (h/mk) sinh mL
B Adiabatic: cosh m(L — x)
—_ M tanh mL
doldx|,_, = 0 coshmL "
C Prescribed temperature:
o(L) =0, (6,/6,,) sinh mx + sinh m(L — x) (coshmL — 6,/6,)
sinh mL sinh mL
D Infinite fin (L — ):
o(L) =0 e ™ M
0=T-T, m? = hP/IkA,
0,=60)=T,—T. M=\hPkAS,
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PROBLEM 3,1

5. PROBLEM 3,1

5.1. PROBLEM 3,1
A very long rod 5 mm in diameter has one end maintained at 100°C. The surface of the rod is exposed to
ambient air at 25°C with a convection heat transfer coefficient of 100W / m? - K.

1. Determine the temperature distributions along rods constructed from pure copper, 2024 aluminum
alloy, and type AISI 316 stainless steel. What are the corresponding heat losses from the rods?

2. Estimate how long the rods must be for the assumption of infinite length to yield an accurate estimate of
the heat loss.

«

SOLUTION
»
Known: A long circular rod exposed to ambient air.
Find:

1. Temperature distribution and heat loss when rod is fabricated from copper, an aluminum alloy, or
stainless steel.

2. How long rods must be to assume infinite length.

Schematic:

Air
N
T = 25°C

/Tb = 100°C ;zo = 100 W/m?K

¢ !

Lk, L—oo, D =5 mm

)

Assumptions:

Steady-state conditions.

One-dimensional conduction along the rod.
Constant properties.

Negligible radiation exchange with surroundings.
. Uniform heat transfer coefficient.

IRV S

. Infinitely long rod.

Properties: Table A.1, copper [T = (T, + To)/2 = 62.5°C ~ 335K]: k = 398W/m - K. Table A.
1, 2024 aluminum(335K) : k = 180W/mK. Table A.1, stainless steel, AISI 316 (335K): k = 14W/m - K.
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PROBLEM 3,1

Analysis:

1. Subject to the assumption of an infinitely long fin, the temperature distributions are determined from
Equation 3.24, which may be expressed as:

T =T+ (T —Te)e™™

WP [
"= Nka, T NkD

Substituting for /2 and D, as well as for the thermal conductivities of copper, the aluminum alloy, and the

where

stainless steel, respectively, the

values of m are 14.2,21.2, and 75.6m~L. The temperature distributions may then be computed and
plotted as follows:

100

80

60

T (°C)

20 l
0 50 100 150 200 250 300
x (mm)

From these distributions, it is evident that there is little additional heat transfer associated with extending the
length of the rod much beyond 50, 200, and 300 mm, respectively, for the stainless steel, the aluminum alloy,
and the copper.

From Equation 3.25, the heat loss is:

qgr = ‘VthACQb

Hence for copper,

q = [100W/m? - K x 7 x 0.005m|

1/2
X 398W/m - K X ;—T(O.OOSm)zl (100 —25)°C

=83 W

-1 I+



Fin Efficiency

Similarly, for the aluminum alloy and stainless steel, respectively, the heat rates are

qgr=5.6Wand 1.6 W.

2. Since there is no heat loss from the tip of an infinitely long rod, an estimate of the validity of this
approximation may be made by comparing Equations 3.19 and 3.25. To a satisfactory approximation, the
expressions provide equivalent results if tanh mL > 0.99 or mL > 2.65. Hence a rod may be assumed
to be infinitely long if:

2.65

T om

1/2
L>L. kAC)

=2.65
(77

For copper,

_ 211/2
L = 25| 398W/m 12<><(7r/4)(o.005m) ]  0.15m
100W/m? - K x 7(0.005m)

Results for the aluminum alloy and stainless steel are Lo, = 0.13 m and L., = 0.04 m, respectively.
Comments:
1,The foregoing results suggest that the fin heat transfer rate may accurately be predicted

from the infinite fin approximation if mL > 2.65. However, if the infinite fin approximation is to accurately
predict the temperature distribution 7°(X), a larger value of 7L would be required. This value may be inferred

from Equation 3.84 and the requirement that the tip temperature be very close to the fluid temperature. Hence,

if we require that @(L)/6, = exp(—mL) < 0.01, it follows that mL > 4.6, in which case
Lo, =~ 0.33,0.23, and 0.07 m for the copper, aluminum alloy, and stainless steel, respectively. These results
are consistent with the distributions plotted in part 1.

2. This example is solved in the Advanced section of /HT .

6. Fin Efficiency

In the limiting case of zero thermal resistance or infinite thermal conductivity (K — ©0), the temperature of
the fin will be uniform at the base value of 7'p. The heat transfer from the fin will be maximum in this case and

can be expressed as:

Q fin, max — hAﬁn (Tb - Too) (326)
We define a fin efficiency as:
S (3.27)
Qﬁn, max

or

Qﬁn = nﬁnQﬁn, max — nﬁnhAﬁn(Tb -Ts) (3.28)
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Fin Effectiveness

Where Aqp is the total surface area of the fin. This relation enables us to determine the heat transfer from a fin
when its efficiency is known. For the cases of constant cross section of very long fins and fins with adiabatic
tips, the fin efficiency can be expressed as:

O VhPkA(Ty -Tw) 1 KA, _ 1

== = = - = — 3.29
Miong fin Ot o hAm(Ty — Too) I hp s ( )
and
Ofin VhpkA(Ty — Too) tanhmL  tanh mL
Nadiabatic tip = = = (3.30)

Qﬁn, max hAﬁn(Tb - Too) B mL

Since Afip = pL for fins with constant cross section.

7. Fin Effectiveness
The performance of fins expressed in terms of the fin effectiveness Efy, is defined as Figure 3.8:

_ Qﬁn _ Qﬁn
Qno fin hAp (Tp — Tw)

(3.31)

Efin
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Fin Effectiveness

_ Qﬁn
€ fin —Q
no fin

Figure 3.8: The effectiveness of a fin.

A Note

Note that both the fin efficiency and fin effectiveness are related to the performance of the fin, but they are

different quantities. However, they are related to each other by:

_ Ofin _ Ofin _ NinhAsn (Th — Ts) _ Afin
Qno fn Ay (Tp —Ts) hA, (Tp — To) Ap

Efin TMfin (3.32)
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Fin Effectiveness

The rate of heat transfer from a sufficiently long fin of uniform cross section under steady conditions is given
by Equation 3.25. Substituting this relation into Equation 3.31, the effectiveness of such a long fin is
determined to be:

Ot _ VKA (Ty-Ts)  [kp
O 1o fin hA, (Ty, — Tw) hA.

(3.33)

€long fin =

Since A, = Ap in this case.

When determining the rate of heat transfer from a finned surface, we must consider the unfinned portion of the
surface as well as the fins. Therefore, the rate of heat transter for a surface containing N fins can be expressed

as:

Q total, fin = Q unfin + Qﬁn
= hAunﬁn (Tb - Too) + 77ﬁnhAﬁn(Tb - Too) (334)

= h(Aynfin + 77ﬁnAﬁn)(Tb -Ts)

We can also define an overall effectiveness for a finned surface as the ratio of the total heat transfer from the
finned surface to the heat transfer from the same surface if there were no fins:

QO total, fin _ h(Aunfin + N6nAsin)(Tp — T)
Q total, no fin hAno ﬁn(Tb - Too)

(3.35)

Efin, overall =

Where Apo fin is the area of the surface when there are no fins, Afp, is the total surface area of all the fins on
the surface, and Aypfin is the area of the unfinned portion of the surface (Figure 3.9).
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Fin Effectiveness

A
A

=wxXH
=wXH-3X({tXw)
=2XLXw+tXw(one fin)
=2XLXw

Figure 3.9: Various surface areas associated with a rectangular surface with three fins.

no fin
unfin

A

fin
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Chapter 4: Thermal Convection

Chapter 4: Thermal
Convection

1. General information

Thermal convection is a fundamental phenomenon in fluid dynamics, where heat is transferred within a fluid
(liquid or gas) through the combined effects of conduction and fluid motion. This process plays a crucial role
in a wide range of natural and industrial applications, including atmospheric dynamics, ocean circulation,
cooling of electronic devices, and various engineering systems. The study of thermal convection involves
understanding how heat transfer occurs due to the movement of fluid particles and how this movement is

influenced by different forces, such as buoyancy and external flow.

Convection can be classified into two primary types: natural (or free) convection and forced convection. In
natural convection, the fluid motion is generated by buoyancy forces that arise from temperature differences
within the fluid. In contrast, forced convection occurs when an external source, such as a fan or a pump, drives
the fluid motion. Each type of convection presents unique challenges and requires different approaches for

analysis and modeling.

To analyze thermal convection, several dimensionless numbers are employed to characterize the flow and heat
transfer behavior. The Nusselt number (N 1) represents the ratio of convective to conductive heat transfer,
while the Prandtl number (P7) relates the fluid's viscosity to its thermal diffusivity. The Reynolds number
(Re) describes the ratio of inertial forces to viscous forces in the flow, and the Grashof number (Gr)
indicates the significance of buoyancy forces compared to viscous forces. These dimensionless numbers

provide insights into the convective heat transfer mechanisms and help predict the heat transfer rate under

various conditions.

Empirical correlations have been developed to estimate the heat transfer coefficients in both free and forced
convection scenarios. These correlations, based on experimental data, provide practical tools for engineers and
scientists to design and optimize thermal systems. The following sections will explore the dimensionless
numbers in detail, discuss their significance in different convection regimes, and present empirical

correlations used in engineering applications to predict heat transfer rates in both natural and forced

convection.

1.1. Natural and forced convection

Convection is called forced convection if the fluid is forced to flow over the surface by external means such
as a fan, pump, or the wind. In contrast, convection is called natural (or free) convection if the fluid motion is
caused by buoyancy forces that are induced by density differences due to the variation of temperature in the
fluid (Figure 4.1). For example, in the absence of a fan, heat transfer from the surface of the hot block is by
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Dimensionless numbers

natural convection since any motion in the air in this case is due to the rise of the warmer (and thus lighter) air
near the surface and the fall of the cooler (and thus heavier) air to fill its place. Heat transfer between the block
and the surrounding air is by conduction if the temperature difference between the air and the block is not large

enough to overcome the resistance of air to movement and thus to initiate natural convection currents.

Forced Natural
convection convection

Ailr
Air ¢ \
B /;,7‘ \,(\

—-

—> &
—~(hot egg) = \ ~(hot egg)x_
—>

—> > <

Figure 4.1: The cooling of a boiled egg by forced and natural convection.
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Nusselt Number

2. Dimensionless numbers
2.1. Nusselt Number

In convection studies, it is common practice to nondimensionalize the governing equations and combine the
variables, which group together into dimensionless numbers in order to reduce the number of total variables. It
is also common practice to nondimensionalize the heat transfer coefficient (h) with the Nusselt number (Nu),

defined as:

hL,

Nu =
YT

4.1

Where K is the thermal conductivity of the fluid and L. is the characteristic length.
2.2. Prandtl Number

The relative thickness of the velocity and the thermal boundary layers is best described by the dimensionless
parameter Prandtl number, defined as:

Pr — Molecular diffusivity of momentum v _ ,l% 42)

Molecular diffusivity of heat T

Where @ = k/ (pc p) is the thermal diffusivity and i is the dynamic viscosity.

2.3. Reynolds number

For flow in a circular tube, the Reynolds number is defined as:

Re = Yol _ pVaeD '2( > )= i (4.3)

v u u \pnD?/4)  urnD

where Va\,g is the average flow velocity, D is the diameter of the tube, and Vv = u / P is the kinematic viscosity
of the fluid.

And The average velocity Vy,:

For flow through noncircular tubes, the Reynolds number as well as the Nusselt number, and the friction factor

are based on the hydraulic diameter D}, defined as:

Dy = 4.4)
4

where A_ is the cross sectional area of the tube and p is its wetted perimeter.
The hydraulic diameter for circular tubes sinc:

4A,  4xD*[4

D, =
" p nD

D (4.5)
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The Grashof Number

Consider a concentric annulus of inner diameter Di and outer diameter Do. The hydraulic diameter of the

annulus is:

4A, 4n(D%:-D?/4
= : =D, - Di 46
p 7T(D0 + Di) ? ( )

Dy =

The Reynolds number at a distance X from the leading edge of a flat plate is expressed as:

_pVx  Vx
= =5

Re, 4.7)

A Note

Note that the value of the Reynolds number varies for a flat plate along the flow, reaching Re; = VL/v at
the end of the plate.

2.4. The Grashof Number

The dimensionless parameter in the brackets represents the natural convection effects, and is called the
Grashof number Gr (Figure 4.2):

BT, - To)L}

GIL >

(4.8)

4
where:
£ = gravitational acceleration, I / s?
B = coefficient of volume expansion, 1/K (ﬁ = 1/T for ideal gases)
T ; = temperature of the surface, °C
T « = temperature of the fluid sufficiently far from the surface, °C

L. = characteristic length of the geometry, m

VY = kinematic viscosity of the fluid, m? /s
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Rayleigh number

Hot
surface

Friction

f
orce Cold

fluid

Warm
fluid

SONUONN N ONONONONONONNNNNNNNANN

Buoyancy
force

Figure 4.2: The Grashof number Gr is a measure of the relative magnitudes of the buoyancy force and the
opposing viscous force acting on the fluid.

Note that the best accuracy is achieved by redefining the characteristic length as:

L=—
P

where Ay is the surface area and P is the surface perimeter.
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Empirical correlations

2.5. Rayleigh number

The Rayleigh number , which is the product of the Grashof and Prandtl numbers:

wm—umh

12

Ra; = Gr Pr = 4.9)
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Empirical correlations for natural convection

3. Empirical correlations
3.1. Empirical correlations for natural convection

The following correlations have been derived for purely buoyancy driven flows (i.e. natural or free
convection) and for such circumstances the Nusselt number is typically expressed as a function of Rayleigh

number and Prandtl number,i.c.:

Nu = f (Ra, Pr)

TABLE 4.1
Empirical correlations for the average Nusselt number for natural convection over surfaces
Characteristic
Geometry length L, Range of Ra Nu
Vertical plate 10%-10° Nu = 0.59Ra} (9-19)
T 10°-10% Nu = 0.1Ra}?® (9-20)
s
r L Enti N 0.825 + 0-387Rat° ’ (9-21)
ntire ran =40. _————— -
¢ range “ [1 + (0.492/Pr)°/ 1627
(complex but more accurate)
. Use vertical plate equations for the upper
Inclined plate surface of a cold plate and the lower
surface of a hot plate
L
e\/L Replace g by g cosf for Ra < 10°
Horiontal plate 104-107 Nu = 0.54Ral* (9-22)
(Surface area A and perimeter p) 7 1011 _ 3
(a) Upper surface of a hot plate 10™-10 Nu = 0.15Ra} (9-23)
(or lower surface of a cold plate)
Hot surface /T.s
[ ]
Aslp
(b) Lower surface of a hot plate
(or upper surface of a cold plate)
! T N ! 105-101 Nu = 0.27Ra}* (9-24)
T,
Hot surface !
Vertical cylinder T A vertical cylinder can be treated as a
T g vertical plate when
L
L
i 0=t
I
Horizontal cylinder T D " 1012 N 06 0.387Ra}f 2 905
= =406 +——7—"———— -
' @ ! [1 + (0.559/Pr)¥16]827 5-29)
0.589Ra}*
Sphere Ra, = 101! Nu=2+ o7 9-26
@ ! [1 + (0.469/Pr)?16]4° 5-26)
D (Pr=0.7)

3.2. Empirical correlations for forced convection
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Forced convection on a flat plate in parallel flow

The following correlations have been developed for cases where forced convection is the dominant factor
for heat transfer and boundary layer behavior. For such circumstances the Nusselt number is typically
described as a function of Reynolds number and Prandtl number, ie.:

Nu = f (Re, Pr)

3.2.1. Forced convection on a flat plate in parallel flow

Figure 4.3 shows a typical boundary layer formation from the leading edge of a flat horizontal plate in parallel

flow.

T
v
(ASNGATa
— ORAG b
— /\3) Turbulent/e/
~— _Laminar”, )3 /D) )

T —  \ON = ) )

A
\

A

L .

Figure 4.3: Laminar and turbulent regions of the boundary layer during flow over a flat plate.

a) Correlations for an isothermal plate:

For an isothermal plate and a steady, incompressible, laminar flow with constant fluid properties, neglecting
viscous dissipation and assuming that d D /dx = 0 it may be shown that the local Nusselt number at a point

X < X, can be expressed as:

Laminar:

hy
Nu, = kx = 0.332Re Pr!'? Pr > 0.60 (4.10)

Turbulent:
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Correlations for a plate with uniform heat flux

Nu, = hzx = 0.0296 Re%8 Pr'/3 0.6 < Pr < 60
5% 10° < Re, < 107 4.11)

The average Nusselt number over the entire plate:

Laminar:

hL
Nu = —= = 0.664 Re)” Pr'/? Reyp <5x10° (4.12)

Turbulent:

hL
Nu = —= = 0.037 Re)® Pr'/? 0.6 < Pr< 60
5% 10° < Re; < 107 (4.13)

b) Correlations for a plate with uniform heat flux

When a flat plate is subjected to uniform heat flux instead of uniform temperature,
the Iocal Nusselt number is given by:

Laminar:
Nuy = 0.453 Re®SPr13 Prx 0.6 (4.14)
Turbulent:
Nu, = 0.0308 Re®3Pr13 0.6 < Pr < 60 (4.15)

3.2.2. Forced convection on a cylinder in cross flow

Another common forced convection application is the single cylinder in cross flow (see Figure 4.4 below).
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Forced convection on a cylinder in cross flow

3
vV&lll;vv

| ‘ .
Stagnation \—Sepatatlon
point point

Boundary layer

Figure 4.4: Typical flow patterns in cross flow over a cylinder.

Churchill and Bernstein have proposed a correlation for the average Nusselt number claimed to cover a wide
range of Nucyl and a wide range of P,. This correlation is deemed valid for Rep Pr > (.2 and reads

Nugy = 0.3 + (4.16)

O.62Reg2 Pri/3 1 Rep )5/8 3
[+ 04/Prn)e | (282000

The average Nusselt number for flow across cylinders can be expressed compactly as. One such widely used
correlation has been suggested by Hilpert:

hD
Nugy = - = C Rel Pr'/3 4.17)

Suggested values for C and 71 are found in Table 4.2 below:
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Forced convection in a circular tube

Re;, C m
04-4 0.989 0.330
4-40 0.911 0.385

40 - 4000 0.683 0.466
4000 - 40000 G.193 0.618
40000 - 400000 0.027 0.805

For flow over a sphere, Whitaker recommends the following comprehensive correlation:

hD 4 1/4
Nugh = == =2+1[04 Re!’? +0.06 Re*?] P (;"’) (4.18)
HMs
which is valid for 3.5 < Re < 80,000 and 0.7 < Pr < 380.
3.2.3. Forced convection in a circular tube
a) Laminar Flow in Tubes
Constant Surface Temperature
Circular tube, laminar (I'y = constant):
hD
Constant Surface Heat Flux
Circular tube, laminar (¢, = constant):
hD
Nu = ra =4.36 (4.20)

b) Turbulent Flow in Tubes

For turbulent tube flow and assuming small to moderate temperature differences (I'y — T},) the DIttus-

Boelter equation is a common approximation of the Nusselt number. This correlation reads:
Nup = 0.023 Re%S Pr" 4.21)

where . = 0.4 for heating and n = 0.3 for cooling of the fluid flowing through the tube.



Chapter 5: Description of Heat Exchangers without Phase Change

Chapter 5: Description of
Heat Exchangers without
Phase Change

The process of exchanging heat between two fluids at different temperatures, separated by a solid wall, occurs
in many engineering applications. The device used to implement this exchange is called a heat exchanger.
Heat exchangers facilitate the transfer of heat while keeping the two fluids from mixing with each other. They
are commonly used in a wide range of applications, such as space heating and cooling, power generation, waste
heat recovery, and chemical processing. For example, in a car radiator, heat is transferred from the hot water
flowing through the radiator tubes to the air flowing through the closely spaced thin plates attached to the
tubes outside. Unlike mixing chambers, heat exchangers do not allow the two fluids involved to mix.

1. Heat Exchanger Theory

General Principle

A heat exchanger operates by circulating two fluids through channels that allow them to come into thermal
contact, separated by a metal wall that facilitates heat transfer. Typically, heat is transferred from the hotter
fluid to the cooler one.

The primary challenge is determining an adequate surface area for heat exchange to ensure the required amount
of heat is transferred under specific conditions. The heat transfer rate depends not only on the surface area
available between the two fluids but also on several other factors.

Key factors influencing the rate of heat transfer include:

- The inlet temperatures of the fluids (7Tip hot and T'in cold),
- The thermal properties of the fluids, such as specific heat capacity (C p) and thermal conductivity (k),
- The convection heat transfer coefficients (/).

2. TYPES OF HEAT EXCHANGERS
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Double tube heat exchanger

Different heat transfer applications require different types of hardware and different configurations of heat
transfer equipment. The attempt to match the heat transfer hardware to the heat transfer requirements within

the specified constraints has resulted in numerous types of innovative heat exchanger designs.

2.1. Double tube heat exchanger

The simplest type of heat exchanger consists of two concentric pipes of different diameters, as shown in
Figure 5.1, called the double-pipe heat exchanger. One fluid in a double-pipe heat exchanger flows through the
smaller pipe while the other fluid flows through the annular space between the two pipes. Two types of flow
arrangement are possible in a double-pipe heat exchanger: in parallel flow, both the hot and cold fluids enter
the heat exchanger at the same end and move in the same direction. In counter flow, on the other hand, the hot

and cold fluids enter the heat exchanger at opposite ends and flow in opposite directions.

Cold Cold
in out
(a) Parallel flow (b) Counter flow

Figure 5.1: Different flow regimes and associated temperature profiles in a double-pipe heat exchanger.
2.2. Compact heat exchanger (plate)

Another type of heat exchanger, which is specifically designed to realize a large heat transfer surface area per

unit volume, is the compact heat exchanger.

The ratio of the heat transfer surface area of a heat exchanger to its volume is called the area density . A heat
exchanger with 5 > 700 m? / m? (or 200 ftz/ ft3) is classified as being compact. Examples of compact
heat exchangers are car radiators (,3 ~ 1000 m? / m3 ), glass ceramic gas turbine heat exchangers
(B =~ 6000 m?/m?) , the regenerator of a Stirling engine (B = 15,000 m?/m?), and the human lung
(B ~ 20,000m?/m?).
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Shell-and-Tube Heat Exchanger (With Complex Bundles)

Compact heat exchangers enable us to achieve high heat transfer rates between two fluids in a small volume,
and they are commonly used in applications with strict limitations on the weight and volume of heat exchangers
(Figure 5.2).

The large surface area in compact heat exchangers is obtained by attaching closely spaced thin plate or
corrugated fins to the walls separating the two fluids. Compact heat exchangers are commonly used in gas-to-
gas and gas-toliquid (or liquid-to-gas) heat exchangers to counteract the low heat transfer coefficient associated
with gas flow with increased surface area. In a car radiator, which is a water-to-air compact heat exchanger, for

example, it is no surprise that fins are attached to the air side of the tube surface.

In compact heat exchangers, the two fluids usually move perpendicular to each other, and such flow
configuration is called cross-flow. The cross-flow is further classified as unmixed and mixed flow, depending
on the flow configuration, as shown in Figure 5.2. In (a) the cross-flow is said to be unmixed since the plate
fins force the fluid to flow through a particular interfin spacing and prevent it from moving in the transverse
direction (i.e., parallel to the tubes). The cross-flow in (b) is said to be mixed since the fluid now is free to

move in the transverse direction. Both fluids are unmixed in a car radiator.

A Note

The presence of mixing in the fluid can have a significant effect on the heat transfer characteristics of the heat

exchanger.

1 I P_\ ___________ S
L |
L .
Cross-flow Cross-flow — =
I
(unmixed) Q i Q (mixed)
H N N
Tube flow
(unmixed) (unmixed)
(a) Both fluids unmixed (b) One fluid mixed, one fluid unmixed

2.3. Shell-and-Tube Heat Exchanger (With Complex Bundles)

Perhaps the most common type of heat exchanger in industrial applications is the shell-and-tube heat
exchanger, shown in Figure 5.3. Shell-and-tube heat exchangers contain a large number of tubes (sometimes

several hundred) packed in a shell with their axes parallel to that of the shell.
Heat transfer takes place as one fluid flows inside the tubes while the other fluid flows outside the
tubes through the shell.

Baffles are commonly placed in the shell to force the shell-side fluid to flow across the shell to enhance heat

transfer and to maintain uniform spacing between the tubes.
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Shell-and-Tube Heat Exchanger (With Complex Bundles)

outlet inlet Baffles

Front-end
header

Rear-end
header

Tubes

Shell
Shell Tube

outlet inlet

Figure 5.3: The schematic of a shell-and-tube heat exchanger (one-shell pass and one-tube pass).

Despite their widespread use, shelland-tube heat exchangers are not suitable for use in automotive and aircraft
applications because of their relatively large size and weight. Note that the tubes in a shell-and-tube heat
exchanger open to some large flow areas called headers at both ends of the shell, where the tube-side fluid
accumulates before entering the tubes and after leaving them.

Shell-and-tube heat exchangers are further classified according to the number of shell and tube passes involved.
Heat exchangers in which all the tubes make one U-turn in the shell, for example, are called one-shell-pass
and twotube-passes heat exchangers. Likewise, a heat exchanger that involves two passes in the shell and four
passes in the tubes is called a two-shell-passes and four-tube-passes heat exchanger (Figure 5.4).
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Shell-and-Tube Heat Exchanger (With Complex Bundles)

Shell-side fluid
In

Tube-side
fluid

—» Out
- In

Out

(a) One-shell pass and two-tube passes

Shell-side fluid
In

Out
—
Tube-
side
fluid
-

In

Out

(b) Two-shell passes and four-tube passes

Figure 5.4: Multipass flow arrangements in shell-and-tube heat exchangers.
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Shell-and-Tube Heat Exchanger (With Complex Bundles)

& Extra

Heat exchangers are often given specific names to reflect the specific application for which they are used. For
example, a condenser is a heat exchanger in which one of the fluids is cooled and condenses as it flows
through the heat exchanger. A boiler is another heat exchanger in which one of the fluids absorbs heat and
vaporizes. A space radiator is a heat exchanger that transfers heat from the hot fluid to the surrounding space

by radiation.
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Chapter 6: Heat Exchanger Calculations

Chapter 6: Heat
Exchanger Calculations

A heat exchanger typically involves two flowing fluids separated by a solid wall. Heat is first transferred
from the hot fluid to the wall by convection, through the wall by conduction, and from the wall to the cold
fluid again by convection. Any radiation effects are usually included in the convection heat transfer
coefficients.

1. THE OVERALL HEAT TRANSFER COEFFICIENT

A heat exchanger typically involves two flowing fluids separated by a solid wall. Heat is first transferred
from the hot fluid to the wall by convection, through the wall by conduction, and from the wall to the cold
fluid again by convection. Any radiation effects are usually included in the convection heat transfer
coefficients.

1.1. The thermal resistance network

The thermal resistance network associated with this heat transfer process involves two convection and one
conduction resistances, as shown in Figure 6.1.

Cold
fluid
Hot
fluid
Here the subscripts i and o represent the inner and outer surfaces
of the inner tube. For a double-pipe heat exchanger, the thermal
resistance of the tube wall is:
T T,
Ri=2 R R,=-!




The thermal resistance network

Figure 6.1: Thermal resistance network

associated with heat transfer in a double-
pipe heat exchanger.

In(D,/D;)

wall = kL (61)

where k is the thermal conductivity of the wall material and L is the length of the tube. Then the total thermal

resistance becomes:

1 InD,/D) 1
R = Riotal = Ri + Ryan + R, = T 27r(;cL ~ o+ " (6.2)
[t ] 0410

The Ai is the area of the inner surface of the wall that separates the two fluids, and A 0 is the area of the outer
surface of the wall. In other words, A; and A are surface areas of the separating wall wetted by the inner and

the outer fluids, respectively. When one fluid flows inside a circular tube and the other outside of it, we have

A; =nD;Land A, = nD,L (Figure 6.2).

Heat
transfer

Outer tube

Inner tube

A,=mwD,L

fluid Inner
fluid

Figure 6.2: The two heat transfer surface areas associated with a double-pipe heat exchanger (for thin tubes, Di ~
Do and thus Ai ~ Ao).



The thermal resistance network

In the analysis of heat exchangers, it is convenient to combine all the thermal resistances in the path of heat
flow from the hot fluid to the cold one into a single resistance R, and to express the rate of heat transfer
between the two fluids as:

. AT
Q = 7 = UAQAT = U,AIAT = UOA()AT (63)

where A is the surface area and U is the overall heat transfer coefficient, whose unit is W/ m? - K, which
is identical to the unit of the ordinary convection coefficient h. Canceling AT, Eq. (6.3) reduces to:

1 1 1 1 1
= = =R= — + RW + — 6.4
UA, UA;, U)A, hiA; l hoA, ©4)

A Note

Note thatU/;A; = U,A,, butU; # U, unless A; = A_. Therefore, the overall heat transfer coefficient U of
a heat exchanger is meaningless unless the area on which it is based is specified. This is especially the case
when one side of the tube wall is finned and the other side is not, since the surface area of the finned side is
several times that of the unfinned side.

When the wall thickness of the tube is small and the thermal conductivity of the tube material is high, as is
usually the case, the thermal resistance of the tube is negligible (Ryan & 0) and the inner and outer surfaces
of the tube are almost identical (A; ~ A, = Aj). Then Eq. (6.4) for the overall heat transfer coefficient
simplifies to:

1 1 1
—x—+—  (6.5)
where U =~ U; = U,,. The individual convection heat transfer coefficients inside and outside the tube, hi and

ho, are determined using the convection relations for internal and external forced convection flows, respectively.

The overall heat transfer coefficient U in Eq. (6.5) is dominated by the smaller convection coefficient, since

the inverse of a large number is small.

When one of the convection coefficients is much smaller than the other (say, ; < h,), we have 1 /h; > 1/h,
,and thus U =~ h,.

Therefore, the smaller heat transfer coefficient creates a bottleneck on the path of heat transfer and seriously
impedes heat transfer. This situation arises frequently when one of the fluids is a gas and the other is a liquid. In
such cases, fins are commonly used on the gas side to enhance the product UA and thus the heat transfer on that
side.

When the tube is finned on one side to enhance heat transfer, the total heat transfer surface area on the finned
side becomes:

As = Atotal = Afin + Aunﬁnned (66)

where Afp, is the surface area of the fins and A ypfinned is the area of the unfinned portion of the tube surface.
For short fins of high thermal conductivity, we can use this total area in the convection resistance relation
Reony = 1/hAj since the fins in this case will be very nearly isothermal. Otherwise, we should determine the

effective surface area from:



Fouling Factor

As = Aunﬁnned + nﬁnAﬁn (67)

where 7]y, is the fin efficiency which can be obtained from the relationships discussed in Chapter 3. This way,
the temperature drop along the fins is accounted for. Note that 7, = 1 for isothermal fins, and thus Eq. (6.7)
reduces to Eq. (6.6) in that case. Note that for the finned surface, the relevant area (A; or A,) in Eq. (6.4)
should be calculated from Eq. (6.7).

1.2. Fouling Factor

The performance of heat exchangers usually deteriorates with time as a result of accumulation of deposits on
heat transfer surfaces. The layer of deposits represents additional resistance to heat transfer and causes the rate
of heat transfer in a heat exchanger to decrease. The net effect of these accumulations on heat transfer is
represented by a fouling factor R #, which is a measure of the thermal resistance introduced by fouling.

The most common type of fouling is the precipitation of solid deposits in a fluid on the heat transfer surfaces.
You can observe this type of fouling even in your house. If you check the inner surfaces of your teapot after
prolonged use, you will probably notice a layer of calcium-based deposits on the surfaces at which boiling
occurs. This is especially the case in areas where the water is hard. The scales of such deposits come off by
scratching, and the surfaces can be cleaned of such deposits by chemical treatment. Now imagine those mineral
deposits forming on the inner surfaces of fine tubes in a heat exchanger (Figure 6.3) and the detrimental effect
it may have on the flow passage area and the heat transfer. To avoid this potential problem, water in power and
process plants is extensively treated and its solid contents are removed before it is allowed to circulate through
the system. The solid ash particles in the flue gases accumulating on the surfaces of air preheaters create similar
problems.

Figure 6.3: Precipitation fouling of ash particles on superheater tubes.
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ANALYSIS OF HEAT EXCHANGERS

Another form of fouling, which is common in the chemical process industry, is corrosion and other chemical
fouling. In this case, the surfaces are fouled by the accumulation of the products of chemical reactions on the
surfaces. This form of fouling can be avoided by coating metal pipes with glass or using plastic pipes instead of
metal ones. Heat exchangers may also be fouled by the growth of algae in warm fluids. This type of fouling is

called biological fouling and can be prevented by chemical treatment.

In applications where it is likely to occur, fouling should be considered in the design and selection of heat
exchangers. In such applications, it may be necessary to select a larger and thus more expensive heat exchanger
to ensure that it meets the design heat transfer requirements even after fouling occurs. The periodic cleaning of

heat exchangers and the resulting down time are additional penalties associated with fouling.

4 Note

The fouling factor is obviously zero for a new heat exchanger and increases with time as the solid deposits build
up on the heat exchanger surface. The fouling factor depends on the operating temperature and the velocity of

the fluids, as well as the length of service. Fouling increases with increasing temperature and decreasing velocity

The overall heat transfer coefficient relation Eq. (6.4) or (6.5), for an unfinned double-pipe heat exchanger is
valid for clean surfaces and needs to be modified to account for the effects of fouling on both the inner and the

outer surfaces of the tube. For an unfinned double-pipe heat exchanger, it can be expressed as

1 1 1 1 Rf,,' In (DO/D,-) Rf,o 1
= = = R = =+ + —+ +
UAS U,’Ai UOAO h,‘Al‘ Ai 2rkL Ao I’LOAO

(6.8)

where R f,i and R f,0 are the fouling factors at those surfaces.

2. ANALYSIS OF HEAT EXCHANGERS

Heat exchangers are commonly used in practice, and an engineer often finds himself or herself in a position to
select a heat exchanger that will achieve a specified temperature change in a fluid stream of known mass flow

rate, or to predict the outlet temperatures of the hot and cold fluid streams in a specified heat exchanger.

In upcoming sections, we discuss the two methods used in the analysis of heat exchangers. Of these, the log
mean temperature difference (or LMTD) method is best suited for the first task and the effectiveness—NTU
(the number of transfer units) method for the second task. But first we present some general considerations.

Heat exchangers usually operate for long periods of time with no change in their operating conditions.
Therefore, they can be modeled as steady-flow devices. As such, the mass flow rate of each fluid remains
constant, and the fluid properties such as temperature and velocity at any inlet or outlet remain the same. Also,
the fluid streams experience little or no change in their velocities and elevations, and thus the kinetic and
potential energy changes are negligible. The specific heat of a fluid, in general, changes with temperature. But,
in a specified temperature range, it can be treated as a constant at some average value with little loss in
accuracy. Axial heat conduction along the tube is usually insignificant and can be considered negligible. Finally,
the outer surface of the heat exchanger is assumed to be perfectly insulated, so that there is no heat loss to the

surrounding medium, and any heat transfer occurs between the two fluids only.

amm



ANALYSIS OF HEAT EXCHANGERS

The idealizations stated above are closely approximated in practice, and they greatly simplify the analysis of a
heat exchanger with little sacrifice from accuracy. Therefore, they are commonly used. Under these
assumptions, the first law of thermodynamics requires that the rate of heat transfer from the hot fluid be equal
to the rate of heat transfer to the cold one. That is,

Q = mcpc(Tc, out — Tc, in) (6.9)

and

Q = mhcph(Th, in = T, out) (6.10)

where the subscripts ¢ and h stand for cold and hot fluids, respectively, and
M, My, =mass flow rates

Cpc» Cpn = specific heats

T'¢. outs Th, out = outlet temperatures

T¢ in, Th, in = inlet temperatures

Note that the heat transfer rate (J is taken to be a positive quantity, and its direction is understood to be from

the hot fluid to the cold one in accordance with the second law of thermodynamics.

In heat exchanger analysis, it is often convenient to combine the product of the mass flow rate and the specific
heat of a fluid into a single quantity. This quantity is called the heat capacity rate and is defined for the hot
and cold fluid streams as:

Ch = I’i’lhcph and CC = mccpc (6.11)

The heat capacity rate of a fluid stream represents the rate of heat transfer needed to change the temperature of
the fluid stream by 1°C as it flows through a heat exchanger.

* Note

Note that in a heat exchanger, the fluid with a large heat capacity rate experiences a small temperature change,
and the fluid with a small heat capacity rate experiences a large temperature change. Therefore, doubling the
mass flow rate of a fluid while leaving everything else unchanged will halve the temperature change of that
fluid.

With the definition of the heat capacity rate above, Egs. (6.9) and (6.10) can also be expressed as:

Q = Cc(Tc, out — Tc, in) (612)

and

O =Ciy(Th in — Th, owr) (6.13)

That is, the heat transfer rate in a heat exchanger is equal to the heat capacity rate of either fluid multiplied by

the temperature change of that fluid.
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ANALYSIS OF HEAT EXCHANGERS

4 Note

Note that the only time the temperature rise of a cold fluid is equal to the temperature drop of the hot fluid is

when the heat capacity rates of the two fluids are equal to each other Figure 6.4.

T A
Hot fluid

|
|
AT, :
|

Cold fluid e
CC — Ch

|
|
|
|
AT = AT = AT, = constant :
|
|
|

> X
Inlet Outlet

Figure 6.4: Two fluid streams that have the same capacity rates experience the same temperature change in a well-
insulated heat exchanger.

Two special types of heat exchangers commonly used in practice are condensers and boilers. One of the fluids

in a condenser or a boiler undergoes a phase-change process, and the rate of heat transfer is expressed as:
O =rmhs,  (6.14)

where M is the rate of evaporation or condensation of the fluid, and /1 fg 1s the enthalpy of vaporization of the

fluid at the specified temperature or pressure.

An ordinary fluid absorbs or releases a large amount of heat essentially at constant temperature during a phase-

change process, as shown in Figure 6.5.
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THE LOG MEAN TEMPERATURE DIFFERENCE METHOD

TA ) )
v Condensing fluid ! T'A

b ’

|
|
|
|
|
|
Cold fluid i ‘ 0
l
I -
i L Boiling fluid
|
|
|

I
|
I
|
I
|

Ly
Inlet Outlet  Inlet Outlet
(a) Condenser (Cj, — =) (b) Boiler (C, — =)

Figure 6.5: Variation of fluid temperatures in a heat exchanger when one of the fluids condenses or boils.

The heat capacity rate of a fluid during a phase-change process must approach infinity since the temperature
change is practically zero. That is, C = I’hcp — 00 when AT — 0, so that the heat transfer rate
Q = frleAT is a finite quantity. Therefore, in heat exchanger analysis, a condensing or boiling fluid is
conveniently modeled as a fluid whose heat capacity rate is infinity.

The rate of heat transfer in a heat exchanger can also be expressed in an analogous manner to Newton's law of

cooling as:

0 = UA;AT), (6.15)

where U is the overall heat transfer coefficient, A is the heat transfer surface area, and AT, is an appropriate
mean temperature difference between the two fluids. Here, the surface area A can be determined precisely
using the dimensions of the heat exchanger. However, the overall heat transfer coefficient U and the
temperature difference AT between the hot and cold fluids, in general, may vary along the heat exchanger.

The average value of the overall heat transfer coefficient can be determined as described in the preceding
section by using the average convection coefficients for each fluid. It turns out that the appropriate form of the
average temperature difference between the two fluids is logarithmic in nature, and its determination is

presented in Section 6.4.

4 Note

It should be noted that the average temperature difference AT}, is dependent on the heat exchanger flow

arrangement and its type of construction.

3. THE LOG MEAN TEMPERATURE DIFFERENCE METHOD

Earlier, we mentioned that the temperature difference between the hot and cold fluids varies along the heat

exchanger, and it is convenient to have a

mean temperature difference AT, for use in the relation Q = UA AT,
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The Parallel-Flow Heat Exchanger

3.1. The Parallel-Flow Heat Exchanger

The hot and cold mean fluid temperature distributions associated with a parallel-flow heat exchanger are shown

in Figure 6.6

The temperature difference AT is initially large but decays with increasing , approaching zero asymptotically.
It is important to note that, for such an exchanger, the outlet temperature of the cold fluid never exceeds that of
the hot fluid. In A7, the subscripts 1 and 2 designate opposite ends of the heat exchanger. This convention is
used for all types of heat exchangers considered. For parallel flow, it follows that
Tpi=Tn1,Tho =Tho, Tei = Ter,andTey = T

The form of AT, may be determined by applying an energy balance to differential elements in the hot and
cold fluids. Each element is of length dxX and heat transfer surface area dA, as shown in Figure 6.6. The

energy balances and the subsequent analysis are subject to the following assumptions:

1. The heat exchanger is insulated from its surroundings, in which case the only heat exchange is between
the hot and cold fluids.

Axial conduction along the tubes is negligible.

Potential and kinetic energy changes are negligible.

The fluid specific heats are constant.

ok wn

The overall heat transfer coefficient is constant.

Ch_> Th —> | dq I _>Th+dTh
Ly, —dA Heat transfer
-I-v- -: surface area
C.—> T, —»| |—>Tc+ch
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|
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The Counterflow Heat Exchanger

Figure 6.6: Temperature distributions for a parallel-flow heat exchanger.

Comparing the above expression with Equation (6.15), we conclude that the appropriate average temperature

difference is a log mean temperature difference, AT ,,. Accordingly, we may write:
O=UANAT,  (6.16)
where

AT, — AT,
ATy = —— "2 6.17
M = (AT, /AT,) 6.17)

is the log mean temperature difference, which is the suitable form of the average temperature difference for
use in the analysis of heat exchangers. Here AT and AT represent the temperature difference between the
two fluids at the two ends (inlet and outlet) of the heat exchanger. It makes no difference which end of the heat
exchanger is designated as the inlet or the outlet (Figure 6.7).

T Tc, out

H(?t rc AT,

|
Wi
v

AT, T Cold fluid
T.. AT, =Ty, — T,

¢,in »1

AT2 = Th,out — T

c,out

(a) Parallel-flow heat exchangers

Figure 6.7: The ATI and AT2 expressions in parallel-flow heat exchangers.
3.2. The Counterflow Heat Exchanger

The hot and cold fluid temperature distributions associated with a counter-flow heat exchanger are shown in
Figure 6.8. In contrast to the parallel-flow exchanger, this configuration provides for heat transfer between the
hotter portions of the two fluids at one end, as well as between the colder portions at the other. For this reason,
the change in the temperature difference, AT = T}, — T, with respect to X is nowhere as large as it is for
the inlet region of the parallel-flow exchanger. Note that the outlet temperature of the cold fluid may now
exceed the outlet temperature of the hot fluid.
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The Counterflow Heat Exchanger

I
I
c, —» Th_’:dq| —» 1), +dT,, —>
:_LJ/_dA Heat transfer
Ly surface area
C. -«— «— | | <« T -
TC+ Tc ]
—> dx [*—
T

X

Figure 6.8: Temperature distributions for a counterflow heat exchanger.

The relation already given for the log mean temperature difference is developed using a parallel-flow heat
exchanger, but we can show by repeating the analysis for a counter-flow heat exchanger that it is also applicable
to counter-flow heat exchangers. But this time, AT} and AT are expressed as shown in Figure 6.9.
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Multipass and Cross-Flow Heat Exchangers:

Cold

flu
T .

c,1n

<
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>
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c,out ATI = Th,in - T

c,out

ATZ = Th,out — T,

¢,in

(b) Counter-flow heat exchangers

Figure 6.9: The ATI and AT2 expressions in counter-flow heat exchangers.

A Note

For specified inlet and outlet temperatures, the log mean temperature difference for a counter-flow heat
exchanger is always greater than that for a parallel-flow heat exchanger. That is, ATlm’ CF > ATlm’ PF, and
thus a smaller surface area (and thus a smaller heat exchanger) is needed to achieve a specified heat transfer
rate in a counter-flow heat exchanger, assuming the same value of the overall heat transfer coefficient.
Therefore, it is common practice to use counter-flow arrangements in heat exchangers.

3.3. Multipass and Cross-Flow Heat Exchangers:

The log mean temperature difference AT}y, relation developed earlier is limited to parallel-flow and counter-
flow heat exchangers only. Similar relations are also developed for cross-flow and multipass shell-and-tube heat

exchangers, but the resulting expressions are too complicated because of the complex flow conditions.

In such cases, it is convenient to relate the equivalent temperature difference to the log mean temperature
difference relation for the counter-flow case as:

ATy = FATm cr (6.18)

1 H H E



Multipass and Cross-Flow Heat Exchangers:

where F' is the correction factor, which depends on the geometry of the heat exchanger and the inlet and

outlet temperatures of the hot and cold fluid streams. The ATlm, CF is the log mean temperature difference for

the case of a counter-flow heat exchanger with the same inlet and outlet temperatures and is determined from

Eq. (6.17) by taking AT} = Thin — Teourand ATy = T} oue — T, in (Figure 6.10).

Cold | T,.;,

fluid

Cross-flow or multipass
shell-and-tube heat exchanger

K

ﬁTl ¢ TC,OUt

Heat transfer rate:

Q = UA;FAT, o

AT, — AT,
In(AT,/AT5)

where ATy cF =

AT =Thin— T, out
ﬁTZ = Th,out - T.

c,in

and F=... (Figure 6.11)

AT,

. Tf’!, out

Figure 6.10: The determination of the heat transfer rate for cross-flow and multipass shell-and-tube heat

exchangers using the correction factor.

The correction factor is less than unity for a cross-flow and multipass shell-and-tube heat exchanger. That is,

F < i. The limiting value of F* = 1 corresponds to the counter-flow heat exchanger. Thus, the correction

factor F for a heat exchanger is a measure of deviation of the ATy, from the corresponding values for the

counter-flow case.

The correction factor F' for common cross-flow and shell-and-tube heat exchanger configurations is given in

Figure 6.11 versus two temperature ratios and R defined as:
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Multipass and Cross-Flow Heat Exchangers:

h— 1
P=—— 6.1
T 1 (6.19)

and

-1, (M€ p)wbe side

= — (6.20)
h—1 (mc p)shell side

where the subscripts 1 and 2 represent the inlet and outlet, respectively.

» Note

Note that for a shell-and-tube heat exchanger, and represent the shell- and tube-side temperatures,

respectively, as shown in the correction factor charts.



Multipass and Cross-Flow Heat Exchangers:
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(d) Single-pass cross-flow with one fluid mixed and the other unmixed

Figure 6.11: Correction factor F charts for common shell-and-tube and cross-flow heat exchangers.
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THE EFFECTIVENESS-NTU METHOD

A Warning

It makes no difference whether the hot or the cold fluid flows through the shell or the tube. The determination
of the correction factor requires the availability of the inlet and the outlet temperatures for both the cold and
hot fluids.

A Note

Note that the value of ranges from O to 1. The value of , on the other hand, ranges from O to infinity, with
corresponding to the phase-change (condensation or boiling) on the shell-side and R — 00 to phase-change on
the tube side. The correction factor is for both of these limiting cases. Therefore, the correction factor for a

condenser or boiler is , regardless of the configuration of the heat exchanger.

4. THE EFFECTIVENESS-NTU METHOD

It is a simple matter to use the log mean temperature difference (LMTD) method of heat exchanger analysis
when the fluid inlet temperatures are known and the outlet temperatures are specified or readily determined
from the energy balance expressions, Equations 6.9 and 6.10 The value of ATy, for the exchanger may then
be determined. However, if only the inlet temperatures are known, use of the LMTD method requires a
cumbersome iterative procedure. It is therefore preferable to employ an alternative approach termed the
effectiveness—-NTU (or NTU) method.

4.1. Definitions

To define the effectiveness of a heat exchanger, we must first determine the maximum possible heat transfer

rate,Qmax, for the exchanger. This heat transfer rate could, in principle, be achieved in a counterflow heat
exchanger (Figure 6.8) of infinite length. In such an exchanger, one of the fluids would experience the

maximum possible temperature difference,Tm — TC,,'.
ATmax = Th, in — Tc, in (6.21)

The actual heat transfer rate in a heat exchanger can be determined from an energy balance on the hot or

cold fluids and can be expressed as:

Q = CC(TC, out — Tc, in) = Ch(Th, in — Th, out) (622)

where C. = mi.c pe and Cj, = m.c ph are the heat capacity rates of the cold and hot fluids, respectively.

The heat transfer in a heat exchanger will reach its maximum value when (1) the cold fluid is heated to the inlet
temperature of the hot fluid or (2) the hot fluid is cooled to the inlet temperature of the cold fluid. These two
limiting conditions will not be reached simultaneously unless the heat capacity rates of the hot and cold fluids
are identical (i.e., C. = Cp,). When C. # C}, which is usually the case, the fluid with the smaller heat
capacity rate will experience a larger temperature change, and thus it will be the first to experience the
maximum temperature, at which point the heat transfer will come to a halt. Therefore, the maximum possible
heat transfer rate in a heat exchanger is (Figure 6.12)

Qmax = Cmin(Th, in — Tc, in) (623)

TT
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where Cyip is the smaller of Cj, and C,.
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Figure 6.12: The determination of the maximum rate of heat transfer in a heat exchanger.

This method is based on a dimensionless parameter called the heat transfer effectiveness &€, defined as:

0 Actual heat transfer rate (6.24)
E=——= , , .
Omax ~ Maximum possible heat transfer rate

The determination of Qmax requires the availability of the inlet temperature of the hot and cold fluids and their

mass flow rates, which are usually specified. Then, once the effectiveness of the heat exchanger is known, the

actual heat transfer rate Q can be determined from:
0 = &0max = Scmin(Th, in — Tc, in) (6.25)

where



Definitions

Q _ Cc(Tc,out - Tc,in) _ Tc,out - Tc,in
Qmax - Cc(Th,in - Tc,in) - Th,in - Tc,in
Q  Cu(Thin—Thow) _ Thin = Thou
Qmax - Ch(Th,in_ c,in) B Th,in _Tc,in

if C. = Chin : E=

if Cy, = Chyin : =

For any heat exchanger it can be shown that:

Cmin
€= f(NTU, )

Cmax
where Chyin/Ciax is equal to C./C}, or C},/C, depending on the relative magnitudes of the hot and cold

fluid heat capacity rates. The number of transfer units (NTU) is a dimensionless parameter that is widely
used for heat exchanger analysis and is defined as:

UA

NTU = —  (6.26)
Cmin

where U is the overall heat transfer coefficient and A is the heat transfer surface area of the heat exchanger.

Note that NTU is proportional to A ;. Therefore, for specified values of U and Cpyjp, the value of NTU is a

measure of the heat transfer surface area Aj. Thus, the larger the NTU, the larger the heat exchanger.

In heat exchanger analysis, it is also convenient to define another dimensionless quantity called the is heat
capacity ratio C, as:

Cmin
C, = (6.27)
Cmax

and from Equations (6.9) and (6.10) it follows that:

Cmin _ mhcp,h _ Tc,o - Tc,i

C, = =
Cmax meCp.c Th,i - Th,o

Similar expressions have been developed for a variety of heat exchangers, and representative results are

summarized in Table 6.1

1 HHE



TABLE 11.3 Heat Exchanger Effectiveness Relations [5]

Definitions

Flow Arrangement

Relation

1 —exp[—NTU(1 + C))]
&=

Parallel iw itc (11.28a)
Counterfiw 1 —exp[-NTU( - C,)] .
ounter T T=C,exp[—-NTU(I — C)] € =<D
_ _NTU _
=TI NTU (C.=1 (11.29a)
Shell-and-tube
sup o L +exp[—(NTU),(1 + C})"] ]!
One shell pass (2, 4, . . . tube passes) e=2{1+C,+(1+C)H"X (11.30a)
1 —exp[—(NTU),(1 + CH'*
1—¢C,.\" 1—¢C,\" -1
n shell passes (2n, 4n, . . . tube passes) &= -1 -C, (11.31a)
1—¢ 1—¢
Cross-flw (single pass)
Both fluids unmixed e=1—exp [(%) (NTU)*? {exp [-C(NTU)" 7] — 1 }] (11.32)
Cpax (mixed), C,y, (unmixed) &= <Ci> (1 —exp{—C,[1 —exp(=NTU)]}) (11.33a)
Cpin (mixed), C,,,, (unmixed) e=1—exp(—C, {1 —exp[-C,(NTU)]}) (11.34a)
All exchangers (C, = 0) e=1—exp(—NTU) (11.35a)
Explicit relations for NTU as a function of & and C are provided in Table 6.1.
TABLE 11.4  Heat Exchanger NTU Relations
Flow Arrangement Relation
Parallel fiw SO Lt G2 11.28b
aralle = X (11.28b)
Counterfiw NTU= b o271 €<
C,—1 \eC,—1 "
NTU = lf (€, =1 (11.29b)
Shell-and-tube
One shell pass (NTU), = —(1 + €2 " 1n (b> (11.30b)
E+1
(2,4, ... tube passes)
2e,—(1+C)
=771 7 (11.30c)
(1+cH”
n shell passes Use Equations 11.30b and 11.30c with
(2n, 4n, . . . tube passes) P . oC, — 1\ NTU = nNTU b e
a e P55 = n(NTU), (11.31b, ¢, d)
Cross-fiw (single pass)
Cnax (mixed), Cyy,, (unmixed) NTU = — 1n|:1 + <CL) In(1 — aC,)] (11.33b)
Cpin (mixed), C, (unmixed) NTU = — <Ci) In[C.In(1 — &) + 1] (11.34b)
All exchangers (C, = 0) NTU = —In(1 — &) (11.35b)

The effectivenesses of some common types of heat exchangers are also plotted in Figure 6.13.
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Figure 6.13: Effectiveness for heat exchangers.
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