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Abstract

In this thesis, we combine the notion of a-admissible mappings with #-contraction and
weak contraction concepts to introduce a new type of contractions with some related fixed
point results in complete metric spaces and b-metric spaces. We also prove the existence
of fixed points in complete partially ordered metric spaces and in complete metric spaces
endowed with a graph by using our main results.

Finally, we provide two applications to prove the existence of the solutions for a Volterra

integral inclusion and a boundary value problem of fractional differential inclusions.

Keywords:
Metric spaces, fixed point theorem, 6-contraction, Berinde contraction, a-admissible, frac-

tional differential inclusions.



Résumé

Dans cette thése, nous combinons la notion des applications a-admissibles avec les con-
cepts de -contraction et de contraction faible pour introduire un nouveau type de contrac-
tions et quelques résultats de points fixes associés dans des espaces métriques complets et
dans espaces b-métriques complets. Nous prouvons également 'existence de points fixes
dans des espaces métriques partillement ordonnés et dans des espaces métriques complets
muni d’un graphe en utilisant nos principaux résultats.

Enfin, nous donnons des applications pour prouver l'existence des solutions d’une in-
clusion intégrale de tupe Volterra et d’un probléme aux limites d’inclusions différentielles

fractionnaires.

Mots clés:
Espaces métriques, point fixe, #-contraction, contraction de Berinde, a-admissible, inclusion

différentielle fractionnaire.
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Notations

The most frequently used notations, symbols and abbreviations are listed below:

The set of natural numbers.

The set of real numbers.

The set of positive real numbers.

The space continuous functions from [a, b] to R.
The Hausdorff distance between A and B.

The family of non-empty subsets of X.

The set of all closed subsets of X.

The set of all closed and bounded subsets of X.
The set of all compact subsets of X.

T is a multivalued map from X to P(Y).

The domain of 7.

The graph of T

The image of T

The set of vertices of a graph G.

The set of edges (arcs) of a graph G.

be a complete ordered metric space.

be a b-metric space.
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Introduction

Fixed point theory has had major influences on the development of many mathematical
disciplines associated with the fundamental problems of functional analysis. This theory
plays a major role in both linear and non linear analysis and because of its important
applications in game theory, economics, and numerical analysis in biology,..

Multivalued maps theory plays an important role in various branches of pure and applied
mathematics because it has many applications, for example, in real and complex areas of
analysis as well as in problems of optimal control. Over the years, this theory has increased
in importance and thus in the literature there are many documents that focus on discussing
abstract problems and practices that have multivalued applications. In fact, among the
various methods used to develop this theory, one of the most interesting is based on the
fixed point theory, often given the constructive nature of fixed point theorems especially in
its metric branch.

Multivalued fixed point theory was known some development, starting from the results
of Nadler [50], where he has established the existence of multivalued fixed point by using
the Hausdorff metric some generalizations were given in this way, for instance, see [4, 10,
18, 32, 34| and references therein.

Berinde [14] introduced the concept of almost as a generalization to weak contraction in
the context of single valued mappings, which has been extended to multivalued case in [16],
later some results have been obtained using this concept.

Samet and al. [56] furnished a new concept called as a-admissible and obtained some
fixed point results for o — 1-contraction maps, later some results were established in this

direction, see |6, 33, 34]. Recently, Jleli and Samet [35] introduced a new contractions type
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called #-contraction to prove the existence of fixed points for such contractions. It is worth
mentioning here, that a contraction in the sense of Banach is a particular of 6 contraction,
while there are some 6-contractions which are not Banach contraction. After that, several
authors studied on different variations of #-contraction for single-valued and multivalued
mappings, for example, see [2, 21, 24, 61].

This thesis is divided into five chapters divided as follows:
Chapter 1: We touched on some concepts of metric space, the Pompeiu -Hausdorff met-
ric and multivalued analysis with some examples, and then we defined a-admissible and
a-continue.
Chapter 2: We have given some types of contractions, whether in single-valued or multi-
valued maps.
Chapter 3: We will present the fixed point theorems for generalized almost (v, 1, 6) con-
traction and their proofs, in addition to practical examples of theorems, theorems fixed
point on partially ordered metric spaces and theorems fixed point on metric spaces endowed
with graph.
Chapter 4: we present some fixed point theorems in b-metric space for almost (a0, k)
contractions of Hardy-Rogers type, in addition to practical examples of theorems, theorems
fixed point on partially ordered b-metric spaces and theorems fixed point on b-metric spaces
endowed with graph.
Chapter 5: This chapter will be devoted to some applications concerning the study of some

problems such as:
1. The existence of solutions for a Volterra integral inclusions.

2. The existence of solutions for a boundary problem of fractional differential inclusions

with integral boundary conditions.



Chapter 1

Preliminaries

In this chapter, we present the notations and definitions and some preliminary properties

that are used in this thesis.

1.1 The Pompeiu -Hausdorff metric

The objective of this section is to present the definition of the Pompieu-Hausdorff. This
notion will allow us to define the notion of a multivalued contraction.

Firstly, let us first introduce the distance from a point to a set.

Definition 1.1.1. [1| Let (X,d) be a metric space, © € X and A a subset of X. The
distance from point x to A noted d(x, A) is defined by:

d(z,A) = inf{d(z,y) : y € A}.

By convention d(z,0)) = oco. If on the contrary, A is not empty, then for all ¢ > 0, it

exists an element y € A such that d(z,y) < d(x, A) +¢.
Theorem 1.1.1. Let x € X, A C K(X), so it exists xy € A such that d(z, A) = d(z, zy).

Proof. A function x — d(z,y) is continuous, with real values. It reaches its lower limit on

any compact. O

Lemma 1.1.2. Let (X, d) a metric space. For each B € CL(X)and x € X, we have

d(z,B) =0« z € B.
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Proof. By the definition of d(a, B), for each ny € N, it exists a sequence {b,} € B, such
that d(a, bn,) < ;-
Now, we have a sequence {b,} in B such that d(a,b,) < %, for all n € N. Next, we show
that lim d(a,b,) = 0. Let € > 0 by property Archimede it exist N € N, such that % < e,
n—-—ao0
where for all n € N we find £ < +.
So d(a,b,) < + < & <e¢, then lim d(a,b,) =0,s0 lim b, =a . As B is closed we
n——aoo n—-~o0
have a € B. O
Since we are working in the field of multivalued analysis, we need to define a distance
between two sets. A notion of this type was proposed by Pompeiu [53].

In this thesis, we will also use the Hausdorff metric [30] constructed from this function.

Definition 1.1.2. [53] Let (X, d) be a metric space and let e : CB(X) x CB(X) — Ry be
a function defined by:
e(A, B) =sup{d(a,B) : a € A}.

For A= and B # 0, we have: e(, B) = 0.
For A= B =10, we have: e¢((),0) = +o0
and e(A, D) = +oo for each A C X with A # 0.

Example 1.1.1. Let X =R, A=[0,1], B = [2, 3]
e(A, B) =sup{d(a,B), a€ A} =2
e(B,A) =sup{d(b,A), be B} =2

Now, we present some properties:
Proposition 1.1.1. [1]| Let (X,d) a metric space and A, B,C € CB(X). Then we have:
(a) e(A,B)=0< A C B.
(b) BC C=¢e(A,C)<e(A B).
(c) e(AU B,C) = max{e(A,C),e(B,C)}.

(d) e(A, B) < e(A,C) + e(C, B).
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Proof. (a) By the definition of the function e, we have:

e(A,B) = 0« supd(z,B)=0

z€EA

< d(z,B) =0 for each z € A.

Since B is closed in X,

d(z,B) =0« z € B.

So,
e(A,B)=0< AC B.
(b) We have
BcC=d(z,C)<d(x,B) for each z € X.
B c C = supd(z,C) < supd(z, B).
z€A €A
So
BcCcC=¢e(AC)<e(A B).
(c) We have
e(AUB,C) = sup d(z,C) = max{supd(z,C),supd(x,C)}.
r€AUB €A reB
So

e(AU B,C) = max{e(A,C),e(B,C)}.

(d) Let a € A,be B and c € C. So
d(a, B) < d(a,b) < d(a,c) + d(c.b).

< :
d(a, B) < d(a,c) + l}glfg d(e,b).
Then

d(a,B) <d(a,c) +d(c, B) <d(a,c) + e(C, B).
This implies

d(a, B) < d{a,c) + ¢(C, B),
We have
d(a,B) < iné d(a,c) +e(C, B).
ce
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Then
d(a,B) <d(a,C)+ ¢(C, B).
We have
supd(a, B) <supd(a,C) + e(C, B).
€A €A
So

e(A, B) < e(A,C) + ¢(C, B).

Definition 1.1.3. [30]
Let (X, d) be a metric space, and let CB(X) be a non empty, closed and bounded subsets
of X, the Pompeiu -Hausdorff metric is defined as:

H(A, B) = max{e(A, B),e(B,A)} = max{supd(a, B),supd(b, A)},
acA beB
for all A, B € CB(X).
Remark 1.1.1. if A = {a} (singleton) and B = {b}, then H(A, B) = d(a,b).

Example 1.1.2. Let X =R, A=10,2],B = [4,5]
So, supd(a, B) =4 and supd(b A)=3

a€A

Then, H(A,B) = max{sup d(a, B), sup d(b,A)} =
Proposition 1.1.2. 1. For A,Be CB(X), HA,B) =0<= A= B.

2. H(A,B) = H(B,A), for each A, B € CB(X).

3. H(A,B) < H(A,C)+ H(C, B), for each A,B,C € CB(X).
Proposition 1.1.3. If (X,d) is a metric space, then H is a metric on CB(X).
Proof. (1) By the definition of H, we have H(A, B) > 0, and

H(A,B) = 0< max{e(A,B),e(B,A)}=0
< e(A,B)=0ande(B,A) =0

& ACBand BC A
& A= B.
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(2) From the properties of max, we find that

H(A,B) = max{e(A, B),e(B,A)}
= max{e(B, A),e(A, B)}
= H(B,A).

(3) Using the proposition (1.1.1), we get

H(A,B) = max{e(A,B),e(B,A)}
< max{e(A,C) +e(C,B),e(B,C)+¢(C,A)}
< max{e(A,C),(C,A)} + max{e(B,C),e(C, B)}
= H(A,C)+ H(C,B).

[]

Remark 1.1.2. [t is easy to ensure that the completeness of (X, d) implies the completeness

of (CB(X),H) and (K(X), H).

Proposition 1.1.4. If (X,d) is a complete metric space, then K(X) is a closed set in
metric space (CB(X), H).

Lemma 1.1.3. [50] Let A,B € CB(X) and a € A. Then for e > 0. There exists b € B
such that:
d(a,b) < H(A,B) + ¢

Lemma 1.1.4. [50] Let (X,d) be a metric space and A, B € CB(X) with H(A, B) > 0.
Then, for each h > 1 and for each a € A, there exists b= b(a) € B such that

d(a,b) < hH(A, B). (1.1)

Proof. Let H(A, B) =0 then a € B and the above inequality holds for b = a.
Now, suppose that H(A, B) > 0 and we choose

e=(h—1)H(A,B) > 0. (1.2)
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Then, using the definition of d(a, B) and H(A, B) it follows that, for all ¢ > 0, it exists
b € B such as
d(a,b) <d(a,B)+e < H(A,B) +e¢. (1.3)

Finally, replacing (1.2) in (1.3), we get the inequality (1.1).
[l

Definition 1.1.4. [31| Let (X,d) be a metric space, and the sequence {A,} € CB(X). The
sequence {A,} is said

(1) Convergent if there exists A € CB(X) such that:
H(A,, A) — 0,when n — oo,
(2) Cauchy if for all m,n >0,

H(A,, A,) — 0,when n,m — oo,

1.2 Multivalued maps

As we mentioned earlier, in this thesis we will focus on the concept of multivalued maps.
These maps are not necessarily points, but rather groups.
In this part we give somes definitions of the multivalued maps and their properties

examples.

Definition 1.2.1. [7] Let X, Y be two non-empty sets. a multivalued mapping T' defines of
X in'Y is a map which associates to each v € X with a non-empty subset T'x of Y, which
called image or the value of T in X. We denote it by T : X — P(Y), or T : X — 2V
where P(Y) = 2Y denotes the set of non-empty subsets of Y.

Remark 1.2.1. The single-valued maps is also a multivalued maps since for any v € X

singleton T'(x) =y is a subset of Y .
Example 1.2.1. We present some examples:

1. Let T : R — P(R) defines by
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{-1} ifz <0,
Te=4q[-1,1] ifz=0,
{1} if x> 0.

Then T is multivalued mapping.

2. The mapping T : [0,1] — P([0,1]) defined by
Tz = [0,2?%], for each z € [0, 1],

15 a multivalued mapping.

3. Let T : R — P(R),and n € Z defines by

[n—1,n], if x =n,
Tr =

n; if z €n,n+1[.

So T is a multivalued mapping.

4. Let T : Ry — P(R),defines by
Tx = [e ", €], for each v € R,.

T is a multivalued mapping.

5. The mapping T : R — K(R) defined by Tx = [a, b], with a,b € R such that a < b, is a

constant multivalued mapping.

In order to work well within the framework of the multivalued analysis, let us now state
some definitions and characteristics specific to multivalued mappings. Notions of this part

come from [7].

Definition 1.2.2. Let X, Y tow sets, T : X — P(Y) is a multivalued mapping
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1. We call domain of T the set
Dom(T)={x € X : Tx # 0}

When Dom(T) # 0 (resp. Dom(T) = X ), the multivalued mapping T is said to be
proper (resp. strict).

2. We call tmage of T the set
Im(T)={yeP(Y),Jz € X,y € Tz}.
3. The graph of T 1is the subset of X XY defined by
Graph(T) = {(z,y) € X x Y,y € Tz}.
Definition 1.2.3. The inverse of T is a multivalued mapping T=' : Y — P(X) such that
reT 'ysyecTr < (v,y) € Graph(T).

Thus Dom(7') = Im(T) and Im(7T~!) = Dom(T).

Definition 1.2.4. Let T : X — P(Y) is a multivalued mapping, A a subset of X. The
immage of A by T is defined by:
T(A) = | T

€A

Definition 1.2.5. Let T : X — P(Y) be a multivalued mapping, and B a subset of Y. The
reciprocal image of B by T denoted by: T—(B) is defined by:

T YB):={x e X :TxN B # (}.
Example 1.2.2. Let T : R — P(R) such that Tx = [z,x + 1], for all x € R we have:

T7(0,1)= |J Tz =100.2], T(Ry) =Ry, T(R_)=]-o0,1].

z€[0,1]

T-YRy) =Ry, T YR.)=R_.

Example 1.2.3. Consider the multivalued mapping T : R — P(R) defined by:

10
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0, if z <0,
{=vz, vz}, ifz>0.

It is clear that T is proper and not strict because Dom(T)=R,.
Here

Ty =

ImT= | J{-Vz,Va} =R,

zeR

and
Graph(T) = {(z,v/x) : x > 0} U{(x, —vx) : © > 0}

Moreover, the inverse T™' : R — R is given by: T 'x = {2?}.

Definition 1.2.6. Let A be a subset of X, we denote by Tja the restriction of T on A,
defined by:

Tx, if x €A,
Tiar =

(0,  otherwise.

We have Dom(T) 4 = Dom(T)N A.

1.3 Semi-continuous maps

Definition 1.3.1. [23| Let X,Y be a metric spaces. Let T : X — P(Y) be a multivalued
mapping and a point xo € X. The mapping T is called

e upper semi-continuous on point xq if

lim e(T'(x,), T(x)) =0,

n—oo
for each sequence {x, }nen converges to xg.

e lower semi-continuous on point xg if

lim e(T'(xg), T (x,)) =0,

n—o0

for each sequence {x,}n,en converges to xg.

11
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Example 1.3.1.

1. The multivalued mapping Ty : R — R defined by

—1,1] if = #0,
Tio = 11 #

{0} if ©=0.
18 lower semi continuous i 0 but is not upper semi continuous in 0.

2. The multivalued mapping Ty : R — P(R) defined by

{0}  if x40,
1,1 if z=0.

Tgl’ =

18 upper semi continuous tn 0 but is not lower semi continuous in 0.

Lemma 1.3.1. [1| Let T : X — P(Y) be a multivalued mapping, then the following

statements are equivalent.
1. T is upper semi continuous.
2. VCY =T7YV) is closed in X.

Lemma 1.3.2. [1| Let T : X — P(Y) be a multivalued mapping, then the following state-

ments are equivalent.
1. T s lower semi continuous.
2. VCY =T Y int(V)) is open in X.

Definition 1.3.2. [23] We say that T is continuous at x if T is lower semi continuous
and upper semi continuous at x, and T is continuous if and only if it is continuous at every

point x € Dom/(T).

Now, we will define continuity in the sense of Hausdorft:

12
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Definition 1.3.3. [23]| A multivalued mapping T : X — CB(X) is continuous on xo with
respect to H if
lim H(T(x,),T(xy)) =0

n—-+o0o

for any sequence {x, }nen C X converging to xg.

Definition 1.3.4. [40] Let (X,d) be a metric space. A multivalued mapping T: X —

CB(X) is a-continuous, if for x € X and a sequence {x,} in X with lim d(x,,x) =0
n—oo

and a(xy,, Tpi1) > 1, for all n € N, implies

lim H(Tx,,Tx)=0.

n—o0

Remark 1.3.1. Note that the continuity of T implies the a-continuity of T, for all a function

a . In general, the converse is not true, (see Example 1.5.2).

Example 1.3.2. Let X =R, A\ € [10,20] and d(z,y) =| z—vy |, for all z,y € X. We define
T:X - CB(X) and a(z,y): X x X — R, by

Ax?} if a2 e 0,1],
__foen it ecn

{z} if z>1,
and

cosh(z? +y?) if x,y €0,1],
a(z,y) =
tanh(z +vy)  else.
It is clear that T is not continuous on (CB(X), H). Indeed, for a sequence x, = {1++}
m X, we see that x,, = 1—1—% — 1, but
Tr, = {1+ & (1} £ (0} = T(1).
Now, we are going to show that T is a-continuous on (CB(X), H). Let x,, be a sequence
m X such that x, LreX asn— 00, and oy, Tpy1) > 1, for all n € N. Then we have
z,x, € [0,1] for alln € N. So Tz, = {\22} A {\z*} = Tx. This shows that T a-continues
on (CB(X), H).

Now, we are going to give the concept of a-lower semi-continuous and a-upper semi-

continuous multivalued mappings.

13
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Definition 1.3.5. [33| Let (X,d) be a metric space. A mapping T: X — CL(X) is
(1) a-lower semi-continuous, if for v € X and a sequence {x,} in X with

lim d(z,,x) =0 and a(x,, 1) > 1, for all n € N, implies

n—oo

liminf d(z,, Tx,) > d(z,Tx).

n—oo

(2) a-upper semi-continuous, if for v € X and a sequence {z,} in X with

lim d(z,,z) =0 and a(xy,, xn1) > 1, for all n € N, implies
n—oo

limsup d(z,,, Tx,) < d(z,Tx).

n—oo

Remark 1.3.2. A multivalued mapping T is a- continuous if it is a-lower semi continuous

and a-upper semi continuous.

Example 1.3.3. Let X = R with usual metric d. Then (X, d) is a metric space. We define
T: X =28 a: X x X - R, by

~1,1] if 2 £0,
T — [—1,1]
{0} if =0,
0 if x,y#0,
a(z,y) =

2 if x=y=0,

First, we show that T} is not a multivalued mapping upper semi-continuous . For this,
either V.= [—1,1] C 2%, then T; (V) =T ' ([-1,1]) = R — {0} which is not closed in R,
so by Lemma (1.3.2), T} is not upper semi continuous. But T} is a multivalued mapping o
upper semi-continuous . Indeed, a(x,, x,11) > 1 for a sequence x, = 0, for alln € N. Then,
x, approximates to x = 0 only. Therefore, if x, — 0, then Tz, = {0} and T\x = {0}. This
implies that

limsup d(x,,, Tyz,) = 0 = d(z, T1z).

n—oo

On the other hand
lim H(Tix,, Thz) = 1.

n—o0

Therefore, T} is not an a-continue multivalued mapping.

14
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Example 1.3.4. Consider X as in Exvample (1.3.3). We define Ty: X — 2%, a: X x X —

R+ by
0 if ©#0,
T — {0}
—1,1] if 2 =0,
1 if x,y #0,
aly,r) =

0 if x=y=0.

First, we will show that Ty is not a lower semi-continuous multivalued mapping. For this,
either V.= [—1,1] C 2%, then Ty ' (int(V)) =Ty ' (] — 1,1[) = {0} which is not open in R,
so by Lemma (1.3.1) , Ty is not lower semi continuous. But Ty is a multivalued mapping o
lower-semi-continuous. Indeed, oy, Tny1) > 1 for a sequence x,, of non zero real numbers.

Here are two cases:

Case 1. z,, — x = 0.
If £, — 0, then Tox,, = {0} and Tox = [—1,1] such that d(x,, Trx,) = d(x,, {0}) = =,
and d(x, Tox) = d(0,[—1,1]) = 0. This implies that

liminf d(z,, Tex,) = liminf z,, = 2 = 0 = d(z, Trx).
n—00 n—00

Case 2. x, >z # 0.
If x,, — x, then Thx, = {0} and Tox = {0} such that d(z,, Tox,) = d(z,,{0}) = =,
and d(x, Tox) = x. This implies that

liminf d(z,, Tox,) = liminf z,, = x = d(z, Tyx).
n—oo n—oo

On the other hand, in Case 1. we have
lim H(Tyx,, Tox) = 1.
n—oo

Therefore, Ty is not an a-continue multivalued mapping.

15
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1.4 Admissible maps

1.4.1 Single-valued case

Definition 1.4.1. [56] Let (X,d) be a metric space, T : X — X and a: X x X — R, two
applications. We say that T is a-admaissible if for v € X,

alz,y) > 1= a(Tz,Ty) > 1.

Example 1.4.1. Let X = R,. We defineT : X — X and a: X x X — R} by Tx = Inx,
forallx € X, and

2 if x>y,
alz,y) =
0 if =<y,

then T is a-admissible.

Example 1.4.2. Let X = [0,+00). We defineT : X — X and o : X x X — [0, +00) by
Tz = \/x for allx € X and

e afr >y,
a(z,y) =
0 ifx<uy.

Then T is a-admissible.

Remark 1.4.1. [t is clear that every definite map of X into itself non-decreasing T is

a-admissible.

1.4.2 Multivalued case

First, Asl et al [56] have adapted the notion of a-admissible to multivalued maps as
a,-admissible. Subsequently, Mohammadi et al [49] introduced the concept of a-admissible

for multivalued maps.

Definition 1.4.2. [49] Let (X,d) be a metric space and ac: X x X — R, a given function,
and let T: X — CL(X) a multivalued mapping. T is said to be «-admissible, if for all
x € X andy € Tz with o(z,y) > 1, we have a(y, z) > 1 for all z € Ty.
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Definition 1.4.3. [56] Let (X,d) be a metric space and oc: X x X — R a given function,
and letT: X — CL(X) a multivalued maps. We say that T' is a..-admissible, if a(z,y) > 1
implies a,(Tx, Ty) > 1, where

a.(Tz, Ty) = inf {a(a,b) : a € Tx,b e Ty}.

Example 1.4.3. Let X =R, and § € ]0,1] be a fized number. We define
T: X - CL(X) by Tx = [0,0x] for allx € X and a: X x X — Ry by

1 if z,y €10,1],
a(r,y) =
0 if z¢10,1] ory ¢ [0,1].

Now we show that T is a.-admissible.

If a(z,y) > 1, then x,y € [0,1] and therefore Tx and Ty are subsets of [0,1]. Thereby,
a,b € [0,1] for all a € Tz and b € Ty. Therefore a(a,b) =1 for all a € Tx and b € Ty.
This implies that

a,(Tz, Ty) = inf {a(a,b) : a € Tx,be Ty} = 1.
So T is a,-admissible.

Remark 1.4.2. [t is clear that any a.-admissible map is also a-admissible, but the converse

s not true in general as shown in the following example.

Example 1.4.4. Let X = [—1,1] and a: X x X — R, defined by a(x,z) = 0 and a(z,y) =
1 for x #y. We define T: X — CB(X) by
{—a} if z¢{-1,0},
Tz =<{0,1} if z=—1,
{1} it z=0.

Letx = —1andy =0 € Tax ={0,1}, then a(z,y) > 1, but a,(Tx, Ty) = ({0, 1},{1}) =
0. So T is not a,-admissible.

Let us now show that T is a-admissible with the following cases:

Case 1. Ifx =0, theny = 1 and a(z,y) > 1. Also, a(y,z) > 1 since z = —1 € Ty =

(—1}.

17
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Case 2. If v = —1, theny € {0,1} and o(z,y) = 1. Also, a(y,z) = 1 for all z € Ty.

Case 3. If x ¢ {—1,0}, then y = —x and a(z,y) > 1. Also, a(y,z) = 1 since
z=x€Ty={x}.

18



Chapter 2

Weak contractions in Berinde sense

In this chapter, we will give definitions and basic notions concerning some classes of
weak contractions in both cases: single-valued and multivalued. Additionally, the fixed

point theorem for each type.

2.1 Banach contraction principle and its generalizations

In 1922, Stefan Banach [9] established a remarkable fixed point theorem known as "Ba-
nach’s Contraction Principle" which is one of the most important results of analysis and

considered to be the source principle of the metric fixed point theory.
Definition 2.1.1. [1] Let (X, d) be a metric space. AT : X — X mapping is said to be:

1. Lipschitz (or k-Lipschitz) if and only if there exists a constant k > 0 such that for all
x,y € X we have: d(Tz,Ty) < kd(x,y);

2. contraction if k < 1;
3. no-expansive if and only if it is 1-Lipschitz.

Theorem 2.1.1 (Banach contraction principle). [9] Let (X,d) be a complete metric

space and T : X — X be a contraction. So

(1) T has a unique fived point z* € X.

19



Weak contractions in Berinde sense M. Meneceur

(13) For all x € X, the Picard sequence {z,} defined by Tx, = x,.1, n € N converges to

*

T .

(1ii) For all z € X,

d(z,Tx),n € N.

Example 2.1.1. Let X =R and T : R = R a mapping defined by Tx = %x + 1,z € R.

then T is a contraction and x* = 3 a fized point of T.

Example 2.1.2. X =R and

1, z€
Tx = Q
0, z¢Q
T is not continuous, so is not a contraction.
1, x¢€
T?x = Q
1, 2¢Q

T? is a contraction, while T? and T has the same fived point 1.

Edelstein’s contraction

In the year 1962, Edelstein [25] proved the following generalization of Banach’s principle.

Theorem 2.1.2. (25| Let (X,d) be a compact metric space and T : X — X be a mapping.
Suppose that

d(Tz,Ty) < d(z,y) forallxz,y € X with x # y. (2.1)

Then T has a unique fixed point in X .

Kannan contraction

Theorem 2.1.3. [38| Let (X, d) be a complete metric space and T : X — X be a map such

that there exists a real number o € [O, %[ and for all x,y
d(Tz,Ty) < ald(Tz,z) + d(Ty,y)]. (2.2)

So
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(1) T has a unique fized point z* € X.

(73) lim T"x = z*.
n—oo

(131) Forallz € X

Chatterjea’s contraction

Theorem 2.1.4. [19] Let (X, d) be a complete metric space and T : X — X be a map such

that there exists a real number o € [0, %[ and for all x,y € X
d(Tz,Ty) < ald(Tz,y) + d(Ty, z)]. (2.3)
Then T has a unique fixed point in X.

Reich contraction

Theorem 2.1.5. [54] Let (X,d) be a complete metric space and T : X — X a map such

that there exist positive numbers a,b,c € [0, 1] matching a+b+ ¢ < 1 and:
d(Tz,Ty) < ad(x,y) + bd(z, Tx) + cd(y, Ty) for all x,y € X. (2.4)
Then T has a unique fized point in X.

Hardy and Rogers contraction

Theorem 2.1.6. [29] Let (X, d) be a complete metric space and T : X — X be a map such

that there exist positive numbers ay, as, as, ay, a5 € [0, 1] with a; +as+az+as+as <1 and :
d(T{L’, Ty) < (lld(ZL’, TZE) + a2d<y7 Ty) + agd(l’, Ty) + a’4d(y7 TI) + a5d(ac, y)7 (25)

forallz,y € X.
Then, T has a unique fixed point in X.
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Non-linear contraction

Theorem 2.1.7. [17] Let (X, d) be a metric space complete and T : X — X be a mapping.
Suppose there exists an upper semi-continuous function ¢ : R™ — RT such that ¢(t) <t for
each t > 0 and

d(Tx,Ty) < ¢(d(z,y)), for each z,y € X. (2.6)

Then T has a unique fived point x*. Also, for each x € X, we have lim T"x = x*.
n—o0

2.2 Nadler contraction and its generalizations

Definition 2.2.1. [50] A multivalued mapping T : X — CB(X) is called
(1) Lipschitz if and only if there exists k > 0 such that

H(T(x),T(y)) < kd(z,y) Va,y e X.
(2) a contraction if and only if it is Lipschitz with k < 1.

Definition 2.2.2. 7] Let X be a non-empty set and let T : X — P(Y). A pointx € X is
a fized point of T if x € Tx.

Theorem 2.2.1 (Nadler). [50| Let (X, d) be a complete metric space. If T : X — CB(X)
15 a multivalued contraction, then T has at least one fixed point, i.e. there exists x € X such

that x € Tx.

Proof. Let k € [0,1] be the Lipschitz constant of 7" and xy € X. We choose z; € Txy.
Since Txg, Txy € CB(X) and x7 € Tz, by lemma 1.1.3, there exists a point x5 € Tx; such
that

d(zq,x9) < H(Txg, Tx1) + k.

Now, when Tzy, Tzy € CB(X), there is a point x3 € T'zy such that
d(xg,23) < H(Txy, Txs) + K>

Continuing in this manner, we obtain a sequence {z;}2; of points of X such that z;; € Tz;
and

d(xi, 2i41) < H(Tx;y, Ta;) + k', for all 4 > 1.
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We note that

d(zi, vip1) < H(Twi 1, Tx;) + K
< kd(wii,z;) + K
< kH(Twig,Ta;q) + k"t + K
< K*d(wio, 15 1) + 2K
<
< K'd(zo, 1) + ik’
forall7>1. So
d(wi, wivg) < d(@i, Tig1) + d(Tigr, Tivo) + -+ d(@igjo1, Tij)

N

Kd(zg, z1) + ik' + K d(zg, 1) + (1 + 1)k
R d (g, w0) + (i 4§ — 1)k
(S k) o, ) + S0 ke,

IA

for all 4,5 > 1.
Therefore {x;}:2, is a Cauchy sequence and since the completeness of (X,d) then {z;}°,;

converges to a point z € X. In this case

d(xpi1,T2) < HTx,,Tz) < kd(x,, 2)
Passing to the limit when n — oo we get
d(z,Tz) =0.
So z € Tz = Tz, because Tz is closed. Then z is a fixed point of T O

Example 2.2.1. Let I = [0, 1] be the unitary interval of real numbers (with the usual metric)
and let f: 1 — I given by

2 1 2

—x—i-g ifxe}g,l].

We define T : I — 2" by Tz = {0} U{f(x)} for allz € I.

Then, T is a multivalued contraction (in Nadler sense) with fixed points of T' is {0, g, 1} .

Remark 2.2.1. Example (2.2.1) shows that the fized point of a multivalued contraction

mapping is not necessarily unique.
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2.3 Weak single-valued contractions

In [13], Berinde introduced the concept of weak contractions (or (d, L)-weak contraction)
and studied the existence of fixed points for this class of maps. Moreover, he proved that sev-
eral contraction-like applications (Kannan contraction, Chatterjee contraction, Zamfirescu

contraction, Hardy-Rogers contraction and many others) are weak contractions.

2.3.1 Berinde contraction

Definition 2.3.1. [13] Let (X, d) be a complete metric space and T : X — X be a single-

valued mapping. Then T is called a Berinde contraction
d(Tz,Ty) < éd(x,y) + Ld(y, Tx), (2.7)
for all x,y € X.

Remark 2.3.1. Due to the distance is symmetric, the condition 2.7 implicitly includes the
following dual condition

d(Tz, Ty) < 6d(x,y) + Ld(z, Ty)

Berinde’s theorem

Theorem 2.3.1. [12] Let (X,d) be a complete metric space and T : X — X be a weak
contraction such that there exists § € [0, 1] and L > 0 such that, for all x,y € X,

d(T'z,Ty) < éd(z,y) + Ld(y, Tx).
Then T has a unique fized point in X.

Definition 2.3.2. [13] Let (X, d) be a complete metric space and T : X — X be a single-
valued mapping. Then T is called a generalized Berinde contraction, if there exists § € [0,1)

and a function ¢ : X — [0,00) such that

d(Tx, Ty) < dd(x,y) + p(y)d(y, Tz), for all v,y € X.
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Comparison function and c-comparison function

Definition 2.3.3. [15] A function v : [0,4+00) — [0, +00) is called a comparison function
if the following conditions are satisfied:
(1) : 9 is non-decreasing,
(2) : lim ¥"™(t) =0, for allt € [0, +00).
n—oo

Throughout this section, we will denote by W the set of a comparison functions

Example 2.3.1. 1) The function 1(t) = at where 0 < a < 1 is a comparison function.

2) (t) = o7 for all t > 0.

Definition 2.3.4. [15] A function p 1 : [0,400) — [0, 400) is called a c-comparison func-

tion if the following conditions are satisfied:

(1) : 9 is non-decreasing,
(2) : Zw"(t) < 00, for allt € [0, +00).
n=0

Lemma 2.3.2. For each function v € U and it is increasing, then for all t € [0,+00),
lim Y™ (t) = 0 implies ¥(t) < t.

n—-+4o0o

Proof. Suppose 9 is increasing, lim ¢"(¢) = 0 and there exists ¢y > 0 such that ¥ (ty) > to.
n—0o0

Since v is increasing, then
V2 (to) > ¥(to) > to.

Continually by induction, we conclude 9 (ty) > to and therefore ¢™(t) -+ 0 when n — oco. It

is a contradiction. O
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Berinde [13] in 2004 defined a new type of non linear contraction using a comparison

function as follows.

Definition 2.3.5. Let (X,d) be a complete metric space and T : X — X a mapping and
Y Ry — Ry be a function of c-comparison. Then T is called contraction if there exists
d €10,1) such that

d(Tx, Ty) < ¢(d(x,y)) + Ld(z, Ty),
forall z,y € X.
Theorem 2.3.3. Let (X,d) be a complete metric space and T : X — X be a map and
¥Ry — Ry be a function of c-comparison such that for all x,y € X,

d(Tz, Ty) < Y(d(x,y)) + Ld(z, Ty).
Then T has a fixed point.
Definition 2.3.6. A function ¢ : (0,00) — [0,1) is called MT -function if it satisfies the

Mizoguchi- Takahashi condition, i.e.

limsup p(t) < 1 for all s € [0, +00)

t—st

Remark 2.3.2.

(1) If the function ¢ : (0,00) — [0,1) is non-increasing and non-decreasing, then it is

MT -function.

(2) The constant function ¢ : (0,00) — [0,1) such that (t) = c € [0,1) is a MT-

function.
Example 2.3.2. The function ¢ : (0,00) — [0,1) such that

sl ift e (0,%]
p(t) = ,
0 ft¢(0,3]
is a MT -function.

Example 2.3.3. The function ¢ : (0,00) — [0,1) such that

2t if0<t<j
@(t) = )
0 ift>3

is a MT -function.
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2.3.2 Wordowski contraction

In 2012, Wardowski [62] introduced a new type of contractions called F-contraction.

Definition 2.3.7. [62] Let F be the set of all functions F :]0,+oc[— R salisfying the

following conditions:
(F1): F is strictly increasing, that is, for all t1,ts €]0, +00[ such that t; < ta, F(t1) < F(t2).
(F2): For any sequence {t,},cn nl_1>r+noO t, = 0 if and only if nl_lgloo F(t,) = —oc.

(F3): There exists k €0, 1] such that lim t*F(t) = 0.

t—0t

Definition 2.3.8. [62| Let (X,d) be a metric space. A map T : X — X is said to be an

F-contraction or an F-contracting map if F' € F and there exists T > 0 such that
Ve,y € X, [d(Tx, Ty) > 0= 7+ F(d(Tx,Ty)) < F(d(z,y))]. (2.8)

If we replace Wardowski’s contraction condition in (2.8) by different examples of the
functions F', we obtain various types of contraction, some known types of which have been

found in the literature.

Remark 2.3.3. From (F)) and 2.8, we get d(Tx,Ty) < d(z,y), for all x,y € X,Tx # Ty,
that is, every F-contractual mapping is contractive. Moreover, it is well known that if T is
contractive, then it is non-expansive, hence Lipschitz, and then it is continuous. Therefore,

any F'-contracting mapping 1S continuous.

The following theorem, which was given by Wardowski, is a generalization of Banach’s

principle of contraction of a way different from the principle well known in the literature.

Theorem 2.3.4. |62] Let (X, d) be a complete metric space andT : X — X a F-contraction.

Then T has a unique fized point z € X. Moreover, for all xo € X, we have lirf T'zy = z.
n—-—+0o0

In the sequel, we will give another version of the theorem by Wardowski. We will first

need the following lemma. For the proof we refer to [57].

Lemma 2.3.5. Let F :]0,+00) — R be an increasing function and {t,}nen a sequence.

Then, the following statements are satisfied:
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1. If lim F(t,) = —oo, then lim ¢, =0.

n—-+o0o n——oo

2. IfinfF = —oo0 and lim t, =0, then lim F(t,) = —occ.

n—-+4o0o n—+00

Remark 2.3.4. According to the previous lemma, Secelean |57| showed that the condition
(Fy) in the definition 2.3.9 can be replaced by an equivalent and very simple condition as
follows:

(Fy) :infF = —oo0.

Also, Piri and Kumam [52] used the following condition instead of (F3):

(Fy) : F is continuous on ]0, +oo].

Denoting by F' the set of all functions F satisfying the conditions (Fy), (Fy) and (Fy).

Example 2.3.4. Let Fy(t) = =%, Fy(t) then we easily see that Fy, Fy € F.

T 1t
Theorem 2.3.6. [52| Let (X,d) be a complete metric space and T : X — X a mapping.
Suppose there is F' € F and 7 > 0 such that:

Ve,y € X, [d(Tz, Ty) >0 =7+ F(d(Tz,Ty)) < F(d(z,v))].
Then T has a unique fived point z € X. Moreover, for all xo € X, we have

lim T"xy = 2.
n—-+o0o

Definition 2.3.9. [46] Let (X,d) be a metric space. A map T : X — X is said to be an
weak F-contraction or an F-contraction of Berinde type map if F' € F and there exists T > 0

and L > 0 such that

Ve,y € X, [d(Tz, Ty) >0 =7+ F(d(Tz,Ty)) < F(d(z,y)) + Ld(y, T'z)], (2.9)
and

Ve,y € X, [d(Tz, Ty) >0 =7+ F(d(Tz,Ty)) < F(d(z,y)) + Ld(z, Ty)]. (2.10)

Theorem 2.3.7. [46] Let (X,d) be a metric complete space and T : X — X is Berinde
type F-contraction mapping, then T' has a fized point in X.
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2.3.3 Theta type contractions

In 2014, Jleli and Samet [35] introduced a new type of single-valued contraction called
f-contraction and established new fixed point theorems for such a contraction in the context

of generalized metric spaces.

Definition 2.3.10. Let © be the set of all functions 0 : (0,+00) — (1,400) be a function

satisfying:
(01) : 0 is non decreasing,

(02) = for each sequence {t,} in (0,+00), lim 0(t,) =1 if and only if lim ¢, =0,
n—o0 n—oo

o(t) —1
(05) : there exists r € (0,1) and [ € (0,00] such that lim o) -1 =1.

t—0+ tr

Example 2.3.5. 1. 6;(t) = €.

t

2. 82(15) = ete .
3. Hg(t) = 6\/5.
4. 94(t> = e‘/iet.

Definition 2.3.11. [35] Let (X,d) be a metric space. a map T : X — X is called 0-
contraction if there exists § € © and k € (0,1) such that

0(d(T. Ty)) < [B(d(z,y))]" (2.11)
forall z,y € X,d(Tz, Ty) > 0.

Theorem 2.3.8. [35] Let (X,d) be a complete metric space, and T : X — X is a 6-

contraction. Then T has a unique fixed point in X.

Remark 2.3.5. The theorem 2.3.8 is a modified version of Banach’s principle contraction.

Indeed, if T : X — X is a Banach contraction map with a constant X € (0,1), i.e.,
d(Tz,Ty) < Md(z,y),Vz,y € X.
We have 0(t) = eVt e O,t > 0, passing to the above inequality, we find

eVATTY) < o/ Ad@y) [e V d(x’y)} A = [e % d(x’y)] ’ NV, y inX,

where k = vVX. We follow from theorem 2.3.8 that T has a unique fized point in X .
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2.4 Weak multivalued contractions

We now introduce the class of multivalued contraction maps and obtain a fixed point

theorem for this class of maps.

2.4.1 Weak contractions

In 2007, M. Berinde and V. Berinde [16] proved the following fixed point theorem.

Theorem 2.4.1 (Berinde and Berinde). [16] Let (X, d) be a complete metric space and
T:X — CB(X) a multivalued mapping. If there exists L > 0 and a function ¢ : [0,00) —
[0,1) satisfying

limsupp(t) <1 forall s >0,

t—st

and for all x,y € X
H(Tz,Ty) < ¢(d(z,y))d(z,y) + Ld(y, Tz).
Then T has at least one fized point.

Note that if we take L = 0 in Berinde and Berinde’s theorem, then we can obtain the
Mizoguchi-Takahashi fixed point theorem [48] which is a partial answer to Reich’s problem
9 in [55]. Indeed, S. Reich established the following.

Theorem 2.4.2 (Reich). [55] Let (X, d) be a complete metric space and T : X — K(X) a
multivalued mapping. If there exists L > 0 and a function ¢ : [0,00) — [0,1) satisfying

limsupp(t) <1 forall s >0,

t—st

and for all x,y € X, v # vy

H(Tz,Ty) < o(d(z,y))d(z,y).

Then T has at least one fized point.

Theorem 2.4.3 (Mizoguchi and Takahashi). [48] Let (X, d) be a complete metric space and
T:X — CB(X) a multivalued mapping. If there exists L > 0 and a function ¢ : [0,00) —
[0,1) satisfying

limsupp(t) <1 forall s >0,

t—st
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and for all x,y € X, © #y
H(Tz,Ty) < p(d(z,y))d(z,y).
Then T has at least one fized point.

Definition 2.4.1. [16] Let (X, d) be a metric space, T : X — CB(X) is a multivalued map,
T is said to be a weak multivalued contraction or (9, L)-multivalued contraction if and only

if there exist two constants § € (0,1) and L > 0 such that
H(Tz,Ty) < 6(d(z,y)) + Ld(y, Tx),
forall z,y € X.

Theorem 2.4.4. [16] Let (X, d) be a metric space and T : X — CB(X) a map (6, L)-

multivalued contraction. So T has at least one fized point.

2.4.2 Theta type weak contractions

In 2016, Minak and Altun [45] introduced the notion of non-linear multivalued #-contraction

in this way.

Definition 2.4.2. [45] Let (X, d) be a metric space, T : X — CB(X) and0 € ©. Then T is
said to be 0-non-linear multivalued contraction if there exists a function k : (0,00) — [0,1)
such that

O(H (T, Ty)) < [0(d(, )0, (2.12)

for all x,y € X, with H(Tx,Ty) > 0.

Theorem 2.4.5. [45] Let (X, d) be a complete metric space, T : X — K(X) is a multivalued

non linear 0-contraction multivalued. If there is k : (0,00) — [0,1) such that

limsupk(t) < 1, for all s € [0,00).

t—st

Then T has a fixed point.

The concept of #-contraction from the case of single-valued maps extended to multivalued
maps in 2017 by Hanger and al [28] and they introduced the concept of multivalued 6-

contraction.
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Definition 2.4.3. 28] Let (X, d) be a metric space, T : X — CB(X) be an application and
let 0 € ©. We say that T is a multivalued 0-contraction if there exists k € (0,1) such that

0(H(Tx, Ty)) < [0(d(z,y))]". (2.13)
for all x,y € X, with H(Tx,Ty) > 0.

Remark 2.4.1. We can easily get that any multivalued contraction is also a 0-multivalued

contraction with 0(t) = eV

Theorem 2.4.6. [28] Let (X,d) be a complete metric space and T : X — K(X) be a
multivalued map. If T is a multivalued 0-contraction, then T has a fized point z € X, and

for all xy € X the sequence {T"xo}nen converges to z.

In this theorem 2.4.6 we notice that, Tz is compact for all x € X, Thus, they presented
the following problem: Can we replace C'B(X) instead of K(X). Unfortunately, the answer

is negative with the same conditions shown in the following example.

Example 2.4.1. Let X = [0,2]. We define the distance d on X and the map T : X —
CB(X), by

dr.y) = 0 Jaf r=y T — Qx Jif xeX\QX’

Ltz —yl if z#y X\Qx ,if r€Qx
where Qx is the set of all rational numbers in X. Then (X,d) is also a complete and

bounded metric space, hence all subsets of X are closed and bounded.

Let 6 € © which is defined by

eVt if t<1

0(t) = :
9 Jaf t>1

Now we show that T is a multivalued 0-contraction. Note that for allz,y € X : H(Tz,Ty) >
0 = {z,y} NQ s singleton. Therefore, we have
H(Tz,Ty) >0 = H(Txz,Ty)=1andd(z,y)=1+|z—y|>1
= O0(H(Tx,Ty)) = e and [0(d(z,y))]2 = VI =3
= O0(H(Tz,Ty)) < [B(d(z,y)))>.
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Therefore, T' is a multivalued 0-contraction, But T has not fized point.

To assert that for any map that satisfies the condition 2.13 of theorem 2.4.6 taking
CB(X) instead of K(X) to have a fixed point, we must add a weak condition on 6 :
(0,00) = (1,00)

(04) :  O(inf A) = inf(0(A)) for all A C (0,00) with inf A > 0.
We notice that, if 6 satisfies (6;), then it satisfies (64) if and only if it is right continuous.
Let ©, be the family of all functions 6 satisfying (61) — (64).

Example 2.4.2. The function 0 : (0, +00) — (1,+00) defined by 0(t) = e¥! fort < 1, and
0(t) =3 fort > 1, belongs to ©\O,.

Therefore, by considering the set ©,, we can provide the following theorem, which is a

real generalization of Nadler’s result.

Theorem 2.4.7. |28] Let (X, d) be a complete metric space and T : X — CB(X) be a
multivalued map. If T is a multivalued 0-contraction such as 0 € O, then T admits a fixed

point z € X, and for all x € X the sequence {T™x}en converges to z.

Example 2.4.3. [28]| Consider the complete metric space (X,d), where X = N and d :
X x X —[0,1) is given by
0 if =y
d(z,y) = _ :
cty if x#y

LetT : X — X be defined by

{0,1} if ze€{0,1,2}
{0,z —1} if >3

Ty =

Let x > 3 and y = 0, then we get

H(Tz, T
lim —( . Ty) = lim

T—00 d(l‘, y) T—+00 x

1
L

Thus, T is not a multivalued contraction. Now, we can assert that, T is multivalued 0-
contraction with (t) = eV with k = e 2.
To find 2.13, we have to show that

H(T%,TY) ey -ian <,

d(z,y) B

-1
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First of all, we notice that
H(Tz,Ty) >0 & (x#y and {z,y} N{0,1,2} is empty or singleton ).
Now, without loss of generality, we can assume x > y in the following cases.
Case 1. If {z,y} N{0,1,2} is singleton, then
H(Tz,Ty) =2z —1 and d(z,y) € {z,z + 1,2 + 2}.
Thus, we have

HIDTY) weao-ien < 221t ¢ o1
d(z,y) v

Case 2. If {z,y} n{0,1,2} is empty, then

H(Tx,Ty) =z —1 and d(z,y) = x + y.

Thus, we have

H(T2,TY) pre gy < =110y < o1,

d(z,y) Trty
This shows that all the conditions of the theorem 2.4.6 (or of theorem 2.4.7) are satisfied
and therefore T admits a fixed point.

Theorem 2.4.8. [45] Let (X,d) be a complete metric space, T : X — CB(X) is a mul-
tivalued non-linear 0-contraction map with 0 € ©O,. If there is k : (0,00) — [0,1) such
that

limsupk(t) < 1, for all s € [0,00).

t—st

Then T has a fixed point.

In the same year, Minak and Altun [47] introduced the notion of («,#)-multivalued
contraction and gave some fixed point results for maps of this type on a complete metric

space.

Definition 2.4.4. [47] Let (X,d) be a metric space, T : X — CB(X) a multivalued ap-
plication and o : X x X — [0,00) a function. We then say that T is a multivalued (o, 0)-
contraction if there exists 8 € © and k € (0,1) such that

0(H(Tx, Ty)) < [0(d(x,y))]",

for all (z,y) € S, where S = {(z,y) : a(z,y) > 1 and H(Tz, Ty) > 0}.
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Theorem 2.4.9. [47| Let (X, d) be a complete metric space and T : X — K(X) a multi-
valued (a, 0)-contraction, with 0 € © and alpha : X x X — [0,00) a function. Suppose the

following conditions are satisfied:
1. T 1s a-admissible.
2. There exists xg € X such that a(xg, Txg) > 1.

3. T is upper semi-continuous or X is a-regular, i.e., for any sequence {x,} in X such
that x,, — = € X and a(x,,xn41) > 1 for all n € N, therefore a(x,,x) > 1 for all
n € N.

Then T has a fized point.

We can take C'B(X) instead of K(X) by adding the condition (64) on © and we obtain

the theorem

Theorem 2.4.10. [47] Let (X,d) be a complete metric space and T : X — CB(X) a
(e, 0)- contraction, with 0 € ©, and a: X X X — [0,00) a function. Suppose the following

conditions are satisfied:
1. T is a-admissible.
2. There exists xg € X such that a(zg, Txg) > 1.

3. T is upper semi-continuous or X is a-regular, i.e., for any sequence {x,} in X such
that ,, —» x € X and a(x,,xny1) > 1 for all n € N, we have o (x,,z) > 1 for all
n € N.

Then T has a fived point.

Theorem 2.4.11. [47| Let (X,d) be a complete metric space and T : X — CB(X)
(resp. K(X)) a multivalued map and o : X x X — [0,00) a function. Suppose the fol-

lowing conditions are satisfied:

1. T is a,.-admissible.
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2. There ezists 0 € O, (resp. 0 € ©) and k € (0,1) such that
k
0(H(Tz,Ty)) < [0(d(x.y))],

for all (z,y) € S,, where

S, ={(z,y) : au(z,y) > 1 and H(Tz,Ty) >0} C X x X.

3. There exists xg € X such that a(zg, Txg) > 1.

4. T is upper semi-continuous or X is a-regular, i.e., for any sequence {x,} in X such

that ,, —» x € X and a(x,,xn41) > 1 for all n € N, we have o (x,,z) > 1 for all

n € N.

Then T has a fived point.
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Chapter 3

Fixed point theorems for generalized

almost 0-contractions

In this chapter, we will present our results published in [42] which concern some fixed
point theorems by combining generalized almost contraction with the concept of a-admissibility
in the context of multivalued maps. Moreover, we will establish new results of fixed points

on partially ordered metric spaces and in metric spaces equipped with a graph.

3.1 Fixed point theorems for generalized almost (a1, 6)
contractions

Definition 3.1.1. Let (X,d) be a metric space and o : X x X — R. A mapping T : X —

CB(X) is called a generalized almost (o, 1,0, k) contraction, if there exist a function 6 € ©,

YeWw, L>0andk: (0,00) = [0,1) satisfies lim sup k(t) <1 for all s € (0,00) such that
t—s

0(H(T2,Ty)) < [0 g)] " 4 LNz, y). (3.1)

for all x,y € X with a(z,y) > 1 and H(Tx,Ty) > 0, where

d(x, Ty) +d(y, Tz)
9

M(z,y) = max{d(z,y),d(z, Tx),d(y, Ty), }

and N(z,y) = min{d(z,Ty),d(y, Tx)}.
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Theorem 3.1.1. Let (X, d) be a complete metric space and T : X — K(X) be a general-
ized almost (o, 1,0, k) contraction, with § € ©. Assume that the following conditions are

satisfied:
1. T is a-admissible.
2. There exist xg € X and x1 € Txo such that a(xg,x1) > 1.

3. T is a-lower semi-continuous, or X is a-regular, that is, for every sequence {x,} in
X such that z,, —» © € X and o (x,, Tpy1) > 1 for alln € N, then a(x,,x) > 1 for
all n € N.

Then T has a fized point.
Proof. From (2) there exist o € X and x; € Txy such that a(xg,z1) > 1, then
H(Tﬂjo,TLUl) > d(.ﬁl]l,Tl’1> > O,

otherwise x; € Txq, or, g = x1, which implies x; is a fixed point and the proof completes.

For H(Tzy,Tx) > 0 using (3.1) we get:
0(d(1’1, TIl)) S Q(H(TI'Q, Tl‘l))

k(M (x0,1))
] +LN(5E17950) < [9<M($0,xl))]k(M(l‘o,m))‘

< [e(w(M(xo,:m)))

If d(xg,z1) < d(xy,Tx1), we get

k(d(a71 ,Tzl))
} + LN (20, 21) < 0(d(z1, Ty),

0(d(w1, Tar)) < |0 (d(r, Te))))
which is a contradiction. Then we have
k(d(zo,71))
0(d(wy, Tar)) < O(H (T, Tar)) < [0((d(x0, 21)))] .
Since Tz is compact, then there exists x5 € T'x; such that

9(d(l’1,$2)) = Q(d(l’l, TZEl)) S Q(H(Tl’o, TZEl))

k(d(zo,21))
| < 0(d(z0,71)).

< [Q(d(xo»xl))
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If x1 = x5, or x5 € Txy, then x5 is a fixed point. Suppose z; # w9 and xy & Ty, so
H(Tzy,Txy) > 0 and since T is a-admissible we have «(z1,22) > 1. Using (3.1) we get:

r(M(M@z))

O(d(xg, Tza)) < O(H(Tx1,Txs)) < [G(w(M(xl,xg))) + LN (x4, x2)

< {e(M(xl,xz))]'“(M(“””.

If d(zy,x9) < d(xq,Txs), we get

k‘(d(a)z,TxQ))
] 4 LN (21, 9) < 0(d(2, T2)),

0(d(w3, Twz)) < [0((d(w2, T2))
which is a contradiction. Then we have

Od(rs, Tra)) < O(H(Try, ) < [0, )]

The compactness of Txy implies that there exists 3 € T'z9 such that

9(d(l’2,$3)) = Q(d(xg, T$2)) S Q(H(Txl, T.TQ))

r(d(ﬂihmz))

< |00e(d(wr,22))) < 0(d(mr, v2)).

Continuing in this manner we can construct a sequence (x,) in X, if z,, = x,41 or 1 €

Tx,.1, then x,; is a fixed point, otherwise we get

k(M (zn,2n-1))
} + LN(xp, xp1).

O(d(n, T)) < [0 (20, 201))
As the same arguments in previous steps, we get

A(pg1, TTny1) < d(Tn, Tnyr),

so we obtain

k(d(n,Tn+1))
O(d(n, 20 11)) < O(H(Tg, Ty 1)) < |0((d(@0, 1))

} k(d(zn,zn—1))

= [0 (d(wn, 201)) < O(d(n, 7).

Since 6 is increasing, then the sequence (d(z,, Tn11))n is decreasing, further it is bounded at
below so it is convergent. On the other hand, lim sup k(t) < 1, then there exist § € (0,1)
t—s

and ng € N such that k(d(x,,x,11)) < 9, for all n > ng. Thus we have

1< 0, 204)) < [0 2g))] (3.2)

39



Fixed point theorems for generalized almost 6 contractions M. Meneceur

for all n > ny.
Letting n — oo in (3.2), we get

lim 0(d(xy,, T,41)) = 1,

n—oo

By (6), we infer that

lim d(z,,x,41) = 0.
n—oo

Now, we prove {z,} is a Cauchy sequence, from (f3) there exist € (0,1) and [ € (0, ]

such that

hm e(d(mmmn-&-l)) -1 _

[.
n—oo d($n7'xn+1)r

If | < oo, let 26 = [, so from the definition of limit there exists n; € N such that for all

n > ny, we have
0(d(zn, Tny1)) — 1
d(mna xn—i—l)r
0(d(xp, Tpi1)) — 1
€

e=l—e<

(d(zn, Tni1))" <

Then (3.2) gives

n(0(d( g, Tng41))” " = 1)

- (3.3)

n(d(n, Tp1))" <
In the case where [ = oo, let A be an arbitrary positive real number, so from the definition
of the limit there exists no € N such that for all n > n,, we have

O(d(xp, xpi1)) — 1

d(l’n, xn—l-l)T

> A,

which implies that

n(e(d(xnm xm-l-l))énino - 1).

"<
n(d($n7$n+1>> — A

(3.4)

Letting n — oo in (3.3), or in (3.4), we obtain

nll_{go n(d(zp, Tpi1))" = 0.

From the definition of the limit, there exists n3 > max{ng, n1,ny} such that for all n > ng,

we have
1

15
™

d($n7 anrl) S
n
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This implies

= = 1
Z d(Tp, Tni1) < Z T < 00.
n=ns 1 nr
For all m,n € N, there exists ng € N, m,n > ng
=1 X1
d(xp, ) < ) gzi—%—m.
i=n i=1

Then {z,} is a Cauchy sequence.

The completeness of (X, d) implies that {z,,} converges to a some z € X.

Now, we show that x is a fixed point of T'. In fact, if T" is a-lower continuous, then for all
n € N we have

0 <d(zp,Tx,) < d(Tp, Tpi1).

Letting n — +00, we get
lim d(z,,Tz,) = 0.

n—oo

The a-lower semi continuity of 7" implies

0 <d(z,Tz) < lim inf d(z,, Tz,) = 0.

n—o0

Hence d(z,Tz) = 0 and z is a fixed point of T
If X is regular, so a(z,,z) > 1 and H(Tz,,Tz) > 0, by using (3.1) we get

| < 0(d(wnay, Tx)) < O(H (T, T)) < [e(d(xno,x))]én_no.

Letting n — 400, we get
lim 0(d(x,,Tz)) =1,

n—oo
so (0) gives

lim d(z,,Tz) =d(z,Tz) =0,

n—oo

which implies that x € T'x. O

Theorem 3.1.2. Let (X,d) be a complete metric space and let T : X — CB(X) be a gen-
eralized almost (a,1,0) contraction, with 0 is right continuous. Assume that the following

conditions are satisfied:

(Hy) : T is a-admissible,
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(Hy) : there exist o € X and x1 € Txg such that a(xg,x1) > 1,

(Hs) : for every sequence {x,} in X converging to x € X with o(xp, py1) > 1, for all

n € N, then a(x,,z) > 1, for alln € N.
Then T has a fixed point.

Proof. From (Hj) there are xy € X and xy € Tzg such that a(zg, z1) > 1, if 2y = x4, or,
x1 € Txq, so z7 is a fixed point. Suppose the contrary, then H(Txg, Tz1) > d(z1,Tx1) >0
and by using (3.1) we get

0
< [9(¢(M(:Uo,931)))

k(M (zo,z1))
i| + LN(Z‘O, ZL’l)
k(M (zo,21))
< [Q(M([Eo,l’l))] —f—LN(J](),ZEl).
By right continuity of 6, there exists h; > 1 such that
k(M (zo,z1))
O(h H (Tzo, Tr)) < [9(¢(M(xo,xl)))} + LN (20, 71).

As in proof of Theorem 3.1.1 we get M (zg, x1) = d(xo, z1) and N(zg,x1) = 0, then by using

Lemma 1.1.4, there exist 9 € T'x; such that

0(d(z1,72)) < 0(hiH(Txo,Tx1))

] k(d(zo,71))

IN

AN
%l—|l—|%

0(¢(d(xo, 1))
0(v(d(xo, 21)))

(d(zo,71)).

]k’(d(fﬁowl))

<

Since T' is a-admissible, then a(xy,z5) > 1. Assume that z; # 25 and xs € Txs, so
H(Txy,Txs) > d(z2, Txs) > 0 and using (3.1), we obtain

1 < 0(d(x2, Ts)) < O(H(Ty, Tn)) < {e(w(mxl, e L LN G, )

k(d(z1,22))
< [Q(d(xl, :@))] .

As in previous step, we have M (z1,x2) = d(z1, x2), so we get

Od(as, Ta)) < OCH(Twr, T) < [0 (A, 2]
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< [otater. )] Hllmz)

Since 6 is right continuous and from Lemma 1.1.4, there exist ho > 1 and z3 € Txy such

that

0(d(zy, 3)) < O(hoH(Txy,Txs))

IN

k(d(z1,72))
[ xlaxQ :|

(d(z1,72))
[ 5151, $2 }

< 0(d(xy, x3))-

Continuing in this manner, we can construct two sequences {z,} C X and (h,) C (1, 00)

such that z,, # z,41, Tpi1 € Ty, a(zp, xy1) > 1 and

1 <0(d(xn, xns1)) < O(h H(Txp—1,Txy))
]k(d(ﬂfml’nl))

IN

O(d(xp, xn_1)) + LN(zp, Tx,—1)

< O(d(xp, xn-1)),

which implies that (d(z,,x,11)), is a decreasing sequence and bounded at below, so there

exist d € (0,1) and ny € N such that k(d(z,, z,+1)) < 9, for all n > ng. Thus we have

< 0, 2000)) < [0y 2i)] (3.5)

for all n > ny.

On taking the limit as n — oo, we get lim 6(d(zy, z,41)) = 1, so (62) gives

n—oo

lim d(x,,z,+1) = 0.
n—oo

The rest of the proof is like in the proof of Theorem 3.1.1. O]

Corollary 3.1.1. Let (X, d) be a complete metric space, a: X x X — [0, +00) be a function
and T: X — K(X) (resp CB(X) with 0 is right continuous) be an a-admissible multivalued

mapping and the following assertions hold:

(1) T is c-admissible.
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(13) There exist vg € X and x1 € Txy such that a(xg,z1) > 1.

(13i) T is a-lower semi-continuous, or, for every sequence {x,} in X such that x, — v € X

and a (xp, xpy1) > 1, for all n € N, we have a(x,,x) > 1, for all n € N.

(iv) There existd € ©, ¢ € ¥ and a function k : (0,00) — [0, 1) satisfying lim sup k(t) <1
t—s
such for x,y € X H(Tz,Ty) > 0 implies

(M )
| + LN(z,y), (3.6)

o, y)0(H(Tw, Ty)) < 0| ((M(z,y)))
where
M(z, ) = max{d(z, ), d(z, T), d(y, Ty), 5 (d(x, Ty) + d(y, Tx)))
and N(z,y) = min{d(z, Ty), d(y, Tz)}.
Then T has a fized point.
Proof. For z,y € X with o (2,y) > 1 and H(Tx,Ty) > 0, we have
0(H(Tz,Ty)) < a(z,y)0(H(Tz,Ty))

o[wor.yy] "

IA

+ LN(z,y),

which implies that the inequality (3.1) holds. Thus, the rest of proof is like in the proof of
Theorem 3.1.2 (resp. Theorem 3.1.1). O

If a(z,y) =1, for all x,y € X, we get the following corollary.

Corollary 3.1.2. Let (X,d) be a complete metric space and T: X — K(X) (resp. CB(X)
with 0 is right continuous) be a multivalued mapping such that there exist € ©, ¥ € U and
a function k : (0,00) — [0,1) satisfying lirr}r sup k(t) < 1 for all s € (0,00) such that

t—s

o2, 79) < 0[]+ LN Gy, (3.7

for z,y € X with H(Txz,Ty) > 0 where
1
M(w,y) = max{d(z,y),d(z, Tx),d(y. Ty), 5 (d(z, Ty) + d(y, Tx))}
and N(z,y) = min{d(z,Ty),d(y, Tz)}. Then T has a fized point in X.
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Example 3.1.1. Let X = {1,2,3} and d(x,y) = |v —y|. Define T: X — CB(X) and
a: X xX —[0,00) by

{1}, =€ {1,3}

{2}, z=2

Tx =

and a(z,y) = el* Y. Taking 0(t) = e, ¥(t) = &, L =2 and k(t) = L.

5 2
Now, we show that the contraction condition holds.

For z,y € X, we have |x — y| > 0, which implies e®=¥ > 1. Then T is a-admissible.
On other hand, H(Tx,Ty) > 0 and o(z,y) > 1 for all (z,y) € {(1,2),(2,1),(2,3),(3,2)}.

Then we have the following cases:
1. for x =2 and y = 3, we have
4
H(T2,T3)=1, d(2,3)=1, ¥(d(2,3)) = R and d(2,T3)=d(3,T2) =1,

then
e = T3« (VALA)Ys 4 [N(2,3)

e<e%+2.

2. Forx =2 and y = 1, we have

HT2,T1) =1, d(2,1) =1, ¢<d(2,1)):%1 and d(2,T1) = d(1,T2) = 1,

then
e = T2T3) (ew(d(z’l)))% + LN(2,1)
2
e <es + 2.

There exist xg = 3 and 1 = 1 € Txy such that o (3,1) > 1.

It is clear that T is a- lower semi continuous. Consequently, all conditions of Theorem 5.1.1

are satisfied. Then T has fized points which are{l,3}.
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3.2 Fixed point on partially ordered metric spaces

Now, we give an existence theorem of fixed point in a partially order metric space, by

using the results provided in previous section.

Theorem 3.2.1. Let (X, <X,d) be a complete ordered metric space and T: X — CB(X) be

a multivalued mapping. Assume that the following assertions hold:

1. For each x € X and y € Tx with x <y, we have y < z for all z € Ty;
2. There exist xg € X and x1 € T'xq such that rq = x1.

3. For every non decreasing sequence {x,} in X such that x, — x € X, we have x, = z,

for alln € N.

4. There exist a right continuous function 8 € ©, ¥ € U and k : (0,00) — [0,1) satisfies
lim sup k(t) <1 for all s € (0,00) such that
t—s

0(H(Te, Ty)) < [0wM @] "+ LN(z,y), (3.8)

for all x,y € X with x <Xy and H(Tx,Ty) > 0, where
M(z,y) = max{d(z,y), d(z, Tx),d(y, Ty), %(d(f& Ty) +d(y, Tx))}
and N(z,y) = min{d(z, Ty),d(y, Tx)}.
Then T has a fixed point.

Proof. Define a: X x X — [0, +00) as follows:

(z.1) L, ifz =y,
afz,y) =
0, otherwise.

From (1), for each x € X and y € Tx with z <y, i.e., a(x,y) =1 > 1, we have z < y,
for all z € Ty, i.e., a(x,y) =1 > 1. Thus T is a-admissible.

From (2), there exist xy € X and 1 € T'zg such that zo < zy, i.e., a(xg,z1) =1 > 1.

Condition (3) implies a- lower semi continuity of T, or regularity of X.

From (4), for z < y, we have a(z,y) = 1 > 1 then the inequality (3.1) holds, which

implies that 7" is a generalized almost (a, v, 8, k) contraction. O
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3.3 Fixed point on metric spaces endowed with a graph

In this section, as a consequence of our main results, we present an existence theorem of
fixed point for a multivalued mapping in a metric space X, endowed with a graph, into the

space of non-empty closed and bounded subsets of the metric space.

Definition 3.3.1. Let (X, d) be a metric space. A directed graph G is a pair formed by two
sets, a set V(G) whose elements are called vertices, and a set E(G) contained in the product

Cartesian X x X , whose elements are called arcs or edges. We denote G = (V(G), E(G)).

When a = (z,y) € E(G) we say that a is the edge of G with extremities z and y, or
that a joins x and y, or that a passes through x and y. The vertices z and y are said to be
adjacent in G.

Consider a graph G such that the set V (G) of its vertices coincides with X and the set
E (G) of its edges contains all loops; that is, E(G) DO A, where A = {(z,z) : x € X}. We
assume G has no parallel edges, so we can identify G with the pair (V (G), E (Q)).

Theorem 3.3.1. Let (X, d) be a complete metric space endowed with a graph G and
T: X — CB(X) be a multivalued mapping. Assume that the following conditions are
satisfied:

1. For each x € X andy € Tx with (z,y) € E(G), we have (y,z) € E(G) for all z € Ty,
2. There exist xg € X and xy € Txg such that (xo,21) € E(G),

3. T is G-lower semi-continuous, that is, for x € X and a sequence {x,} in X with

lim d(z,,z) =0 and (x,, xni1) € E(G) for all n € N, implies

n—oo

liminfd(x,, Tx,) > d(z, Tx)

n—o0

or, for every sequence {x,} in X such that x, — x € X and (x,,x,+1) € E(G) for
all n € N, we have (z,,,z) € E(G) for alln € N,

4. There exist a right continuous function @ € ©, 9 € ¥ and k : (0,00) — [0, 1) satisfying

lim sup k(t) <1 for all s € (0,00) such that
t—s

0(H(Te, Ty)) < [0 ()] " + LN (). (3.9)
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for all x,y € X with (z,y) € E(G) and H(Tx,Ty) > 0, where
M(z,y) = max{d(z,y), d(z,Tx),d(y, Ty), %(d(:& Ty) +d(y,Tx))}
and N(z,y) = min{d(x,Ty),d(y,Tz)}.
Then T has a fixed point.

Proof. This result is a direct consequence of results of Theorem 3.1.2 by taking the function

a: X x X — [0, 400) defined by:

1, if (z,y) € E(G),

0, otherwise.

a(z,y) =
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Chapter 4

Fixed point theorems for f-contractions

in complete b-metric space

The aim of this chapter is to give results which concern the fixed point theorem by
combining some types of contractions with the concept of o -admissibility in b-metric spaces
(also called metric spaces of type (b)[43]. Some consequences are established on partially

ordered b-metric spaces and b-metric spaces endowed with a graph.

4.1 b-Metric spaces

It is well known that in some functional spaces, the natural “norm” cannot satisfy the
triangle inequality for example, on LP(R™) when p €]0, 1].

In view of this observation, Bakhtin [8] proposed a generalization of metric spaces called
b-metric spaces in a way that allows the extension of fixed point theory to cover these spaces
of functions.

As a result, Czerwik [22]| used the notion of b-metric to generalize Banach’s principle
of contraction. Later, several results were published for various classes of single-valued and
multivalued maps in this type of spaces.

In this section, we will see some preliminaries, definitions and properties on b-metric

spaces.

Definition 4.1.1. [5| For a non empty set X and a given real number with s > 1. A
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function d: X x X — [0,00) is a b-metric on X if for all x1,29,23 € X, the following

conditions hold:

(b1) d(zy1,75) =0 if and only if z1 = o,
(b2) d(x1, ) = d(2, 1),

(03) d(xy, x3) < s[d(z1, x2) + d(x2, x3)].
A triplet (X, cz s) is called a b-metric space.

Remark 4.1.1. Also, every metric space is a b-metric space but the converse is not neces-

sarily true.

Example 4.1.1. Let X = [0;1] and d: X x X — R such that d(z,y) = |v — y|* for all
x,y € X. Clearly, (X, d, 2) is a b-metric space, but it is not metric.

Now, we will give two very famous examples of b-metric spaces which are not metric.

Example 4.1.2. [8] Space IP(R) = {{xn} CR: Z |z, P < oo} ( where p €]0,1[), such as
n=1

the function d : IP(R) x IP(R) — R is given by:

J({xn}v {yn}) = <Z |20 — yn|p> p )

for all {z,},{yn} € IP(R) is a b-metric space.
Indeed, by an elementary calculation we get:

d(xz,z) <2

[d(z,y) + d(y, 2)].

3=

Therefore, s = 9% > 1 in this case.

Definition 4.1.2. [20] Let (X, (?, s) be a b-metric space. The following concepts are natural

deductions from the corresponding metric versions:

1. A sequence {x,} in X converges to a point x € X if lim d(z,,z) = 0.
n—oo

2. A sequence {x,} in X is Cauchy if for all € > 0, there exists N such that

d(xp, Tpy) < €

for alln,m > N.
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3. We say that (X, c?, s) is a complete b-metric space if every Cauchy sequence is conver-

gent in X.

Definition 4.1.3. [22] Let (X, d, s) be a metric space, and let CB(X) be a set of non empty,
closed and bounded subsets of X, the Pompeiu -Hausdorff metric is defined as:

H(A, B) = max{e(A, B),e(B,A)} = max{supd(a, B),supd(b, A)},

acA beB

for all A, B € CB(X). and d(a, B) = inf{d(a,b),b € B}.
H s called Hausdorff’s b-metric.

Lemma 4.1.1. [5] Let (X, d, s) be a b-metric space, for all A, B,C € CB(X). The following
properties are satisfied.

1) J($,B) < d(z,b) for allz € X, b€ B.

2) d(a, B) < H(A, B) for all a € A.

3) d(x, A) < s(d(z,y) + d(y, A)) for all z,y € X.

4) H(A,A) =0.

5) HA,B) = H(B, A).

6) H(A, B) < s|H(A, B) + H(B,C)].

Lemma 4.1.2. [22] Let (X, d, s) be a b-metric space and A, B € CL(X) with H(A, B) > 0.
Then, for each b € B, there exists a = a(b) € A such that

d(a,b) < sH(A, B).
Definition 4.1.4. [59] For a non-empty set X and a self mapping T : X — X, « :
X x X — [0,00) be two maps. For a given real number s > 1, T is weak a-admissible of

type S if for v € X and o(z,Tx) > s, we have a(Tx, TTx) > s.

Definition 4.1.5. [5] Let (X, d,s) be a b-metric space. For a given function a: X x X —
[0, +00) a multivalued mapping T: X — CL(X) is

(1) as-admissible, if for each v € X and y € Tz with a(z,y) > s*, we have a(y,z) > s* for
each z € Ty.

(2) ot-admissible, if for x,y € X with a(z,y) > s we have o*(Tx,Ty) > s, where
o*(Tx,Ty) = inf{a(a,b): a € Tz,be Ty}.
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Definition 4.1.6. [33] Let (X,J,s) be a metric space, multivalued map T : X — CL(X)
and a function a : X x X — [0,00). T is called to be an as-lower semi continuous map if

for x € X and a sequence {x,} in X with lim d(z,,z) = 0 and a(z,,x,41) > s* for all
n—oo

n > 0 implies

lim inf d(z,, T'z,) > d(z, T'z).

n—00 -

In [22], Czerwik presented a generalization of Banach contraction in b-metric spaces

according to the following theorem:

Theorem 4.1.3. Let (X,(?,s) be a complete b-metric space. suppose that v € VU and
T: X — X map satisfying :

d(Txz,Ty) < Yd(x,y), for each z,yeT.

Then T has a unique fived point z in X and lim T"x = z, for each x € T.

n—oo

4.2 Fixed point theorems for almost (o, 0, k) contractions
of Hardy-Rogers type

Definition 4.2.1. Let ©; be the set of all functions 0 : (0, +00) — (1,+00) such that:

(01) : 0 is a non decreasing function.

(02) : For each sequence of real positive numbers {w,} lim 0(w,) = 1 if and only if
n—oo

lim w, = 0.
n—oo
: . fBw)—1
(05) : There exist p € (0,1) and x € (0,00] such that lim ——— = .

w—0t wr
k
(04) = For each sequence (uy) in Ry such that 0(su,) < [G(un_l)} , where k € (0,1), then
k
0(s"u,) < [9(3”*111”)] .
Definition 4.2.2. Let (X,CZS) be a b-metric space and o : X x X — R be a function.

A mapping T : X — CB(X) is called a multivalued almost (o, 0, k) contraction of Hardy-
Rogers type if there exist 6 € O5, L > 0 and k : (0,00) — [0,1) satisfies lim+ sup k(w) < 1
w—rS
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for all s € (0,00) and non-negative real numbers ay, as, as, ay, as with a; +as+as+2say = 1
and az # 1 such that

} r(d(z,y)) ~ ~

0(s*H(Tz, Ty)) < [H(Ns(m, V) + Lmin{d(z, Ty),d(y, Tx)}, (4.1)

for all z,y € X with a(x,y) > s* and H(Tz,Ty) > 0 where

Ns(xu y) = ald(x7 y) + CLQd(J], T.T) + a3d(y7 Ty) + a4d(x, Ty) + (l5d(y, TI)

Theorem 4.2.1. Let (X,d,s) be a complete b-metric space and T : X — CB(X) be a
multivalued almost (a, 0, k)- contraction of Hardy-Rogers type. Assume that the following

conditions hold:

1. T is an agz-admissible,
2. There exist 1o € X and 1, € Txg such that a(xg, 1) > s,

3. T is as-lower semi continuous, or X is as-reqular, that is, for every sequence {x,} in
X such that v, =z € X and o (x,, Tpy1) > s% for allm € N, then a(z,,z) > s, for
alln € N.

Then T has a fixed point.

Proof. From the hypothesis (2), there exist xy € X and z; € Tz such that a(zg, z;) > s>
If xg = x1 or 1 € T'xq, then x; is a fixed point of T" and so the proof is completed.

Because of this, assume that zo # z; and x; ¢ Txy, then d(x1,Tz;) > 0 and hence

H(Tzy, Tzy) > 0. From Lemma 4.1.2 there exists xo € T'zy such that

d(xy,29) < sH(Two, Txy) < s°H(Txg, Ty),

which implies

sd(z1,22) < s°H(Txg, Tay).

Since 6 is strictly increasing, then by using (3.1) we get

0(sd(z1,29)) < O(s*H(Tx0, T1)) < [H(Ns(xo,xl))]“(g(xo’xl)) < O(Ng(zg,x1)),

which gives

O(sd(z1,x2)) < O(Ng(xg, 1)),
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Since 6 is increasing, then we have

sd(x1,x2) < Ny(zo,21)

where

NS<IL’0, (L’l> = CL1d<I0, 131> -+ CLQd(l’(), TLL’()) —+ agd(l’l, TLL’l) —+ (Z4d($0, T.Il) -+ a5d(ac1, TJIQ)

Then

NS(ZL’(), I1> = aldv(dfo, (L’l> —|— GQJ(IO, ZEl) =+ CL367(ZL’1, 5(72) + G4J<J]0, Ig).
< alj(x(), x) + agglv(:co, x1) + a;;c?(a:l, x9) + sa4[£lv(x0, x1) + giv(azl, x9)].

< (ay + ag + saq)d(xg, x1) + (ag + saq)d(z, xa),

which implies

sd(z1,x2) < (a1 + ag + sag)d(xg, z1) + (as + saq)d(z1, x2).

Then
dv($17$2) < G F a2 ¥ S0 Sa4g($0, 1),
S —az — Say

since aq + as + az + 2say = 1, we get

d(xy,29) < d(zg,x7).

Thus,

Sd(ZEl, SL’Q) S (CL1 + ag + sa4)d(a:0,x1) + ((13 + 5a4)d(x0,a:1) = d(ﬂ?o, ;Cl),

SO

sd(xq, z2) < d(xg, x1).

Then we have

B(sd(x1, ) < [e(c?(xo, x1>)} o)

Assume that x1 # x9, then xo & Tz and d(x2, Txs) > 0 ;s0 H(Tx1,Txs) > 0. From Lemma
4.1.2 there exists z3 € Tz9 such that

0(sd(zq,23)) < O(s*H(Txy, Txy)) < [H(Ns(asl,wg))]”(g(“’“)) < O(Ng(xq,x9)).
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Then

0(sd(xa,x3)) < O(Ng(x1,x2)),

which gives

sd(xzg, x3) < Ng(x1,22)

where

Ns(xl, LUQ) = alg(ﬂfl, IQ) + agg(xl, T.Tl) + Ojgg(.’lfg, TQ?Q) + CL4J(I1, TSL’Q) + Cl567(.1’2, Txl)
< alg(xl, To) + agg(xl, T9) + agg(xg, x3) + 8a4(c§(a:1, To) + g(xg, x3))

< (a1 + ag + saq)d(z1, x2) + (asz + saq)d(za, x3).

Then

sd(xg, x3) < (a1 + ag + saq)d(xy, z2) + (as + say)d(za, x3),

which implies

(s — az — sas)d(w2, 23) < (a1 + az + sas)d(wy1, z2)

since a1 + as + az + 2say = 1, we get

d(zg, x3) < d(z1,22).

Then we have

~ ~ k(d(z1,72))
O(sd(xs, 13) < [e(d(xl, @))] .

By continuing in this manner, we construct a sequence (z,) in X, if there exists ng such that
Tng = Tpgt1y OF Tpgy1 € Ty then z,,4q is fixed point. If x,, # 2,41 and 41 € T,

then H(Txz,,Tx,1) > 0. From Lemma 4.1.2; there exists x,1 € Tz, such that

~ ~ H(d($n—17x’ﬂ))
0(sd(zn, 2ns1)) < [e(dm_l, xn))] , forallneN. (4.2)
It follows by (4.2) and (6,) that
~ i w(d(zn—1,2n))
0(s"A(, 2nsr)) < [9(3” d(xn_l,a;n))} , forallneN. (4.3)

Since # is increasing, then the sequence (g(xn, Tpt1))n 18 decreasing, further it is bounded at

below so it is convergent, then there exist § € (0,1) and ny € N such that k(d(z,, z,+1)) < 0,
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for all n > ng. Thus, from (4.3), we deduce

1 < 0(s"d(zp, Tpi1))

. ~ K d(wn1,20))
< (0(s" M d(zp-n, :vn))] 1

- ~ K(d(@n—2,n—1))r(d(@n—1,8n))
< 06" 2@z

< [otteo. )] 5 (4.4)

On taking the limit as n — oo, we get

lim 0(s"d(zp, xp11)) = 1.

n—oo

(05) gives

lim s"d(xp, 1) = 0.
n—oo

Now, we prove {z,} is a Cauchy sequence, by (#3) there exist p € [0,1) and x € (0, <]
such that

lim 9(3 dgvxnaxn-‘rl)) -1 =X
nee (8T, Tpg))P

If x < 00, let 2¢ = x. By the definition of limit, there exists n; € N such that

(8"d(2p, Tps1))? < e O(s" (2, Tny1)) — 1], for all n > ny.

Using (4.4) and the above inequality, we deduce

n(s"d(@n, t01))” < e n([0(d (o, 21)))°

n—mng

— 1), foralln>n;.

This implies that

lim n(s"d(x,, p41))” = 0.
n—oo

In the case where y = oo, let A be an arbitrary positive real number, so from the definition

of the limit there exists n, € N such that for all n > ng, we have

G(S”d(fn,xnﬂ)) -1 s A

(Snd(xm an))p
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which implies that

~ n((8(dlag, )" " ~ 1)

n(s"d(xn, Tni1))’ < 1 (4.5)
Letting n — oo in (4.5), we obtain
lim n(s"d(xp, Tny1))” = 0.
n—oo
Thence, there exists ny € N such that
~ 1
§"d(zy, Tpy1) < —, for all n > no. (4.6)
ne

Let m > n > max{ng, n1,ny}. Then, using the triangular inequality and (4.6), we have

. m—1 _ m—1 N m—1 1 0o 1
(T, ) <Y d(g,2551) <D s"d(wg,m50) < < E - <
j=n j=n j=n J7 Jj=n Jr

Hence {z,} is a Cauchy sequence.
Since (X, d, s) is complete, so {z,} converges to some z* € X.

If T is a-lower semi continuous, then for all n € N, we have

d(xp, Txy) < d(Tp, Tpir)-

Passing to the limit, we get

lim d(z,, Tx,) = 0.

n—oo

Then taken in the account T is a,-lower semi continuous, we obtain

0 < d(z*,Tz*) < lim inf d(z,, Tz,) = 0,

n—o0

which gives d(z*, Tz*). Hence z* is a fixed point.

If X is asregular, so for every sequence {z,} converges to z* with a(z,,z,11) > s*, then

a(zn, 2*) > 52 50 d(zps1, T2*) > 0, which implies H(Tx,, Tz*) > 0, then by (4.1), we get

1 < 0(sd(zpsr, Tx*)) < 0(s*H (T, T*)

n—mng

< [O(N(d(wo,21)))]°

< [B(d(wo, 1)) .
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Passing to the limit, we have

lim 6(d(zp41,T2")) =1,

n—0o0

then (0,) gives

lim d(z,q,Tx*) =0,
n—oo

which implies d(z*, Tz*) = 0. Hence z* is a fixed point of 7. O
Since each «a}-admissible mapping is also a,-admissible, we obtain following result.

Corollary 4.2.1. Let (X,(Zs) be a complete b-metric space, a: X x X — [0,4+00) be
a function and T: X — CB(X) be a multivalued mapping. Assume that the following

conditions hold:
(1) T is an af-admissible.
(ii) There exist o € X and 1 € Txg such that a (zg, 1) > s>

(ii7) For every sequence {x,} C X converges to some x in X and o*(xpn, Tni1) > 82, for

alln € N. Then o*(z,,z) > s%, for alln € N.

(iv) There exist 0 € ©, L > 0 and x : (0,00) — [0,1) satisfies lim sup k(t) < 1 for all
t—s
s € (0,00) such that

0(s*H(Tx1, Txs)) < [O(Ny(z1, 2))]F @) 4 [min{d(zy, Ts), d(22, Ta1)},

where

NS((L'l, IL‘Q) = ald($1, ZL‘Q) + CLQd(ZL‘l, Tl’l) + agd(l'g, T,Ig) —|— a4d(x1, TZEQ) —|— a5d(m2, TfL‘l)

Then T has a fixed point.

Corollary 4.2.2. Let (X,c?,s) be a complete b-metric space, a: X x X — [0,+00) be
a function and T: X — CB(X) be a multivalued mapping. Assume that the following

conditions are satisfied:

(1) T is an ag-admissible;
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(it) there exist xg € X and xy € Ty such that o (xg, 1) > §2;
(1ii) T is as-lower semi-continuous, or X is as-reqular;

(iv) there exist 0 € Og, L > 0 and k : (0,4+00) — [0,1) satisfies lim+ sup k(w) < 1 for all
w—z
z € (0, 4+00) and non negative real numbers ay, as, as, as, as with a;+as+az+2say = 1,

and az # 1 such that
0(s e, y) H(Tx, Ty)) < [0(N, (2, y)]" @ + Lmin{d(z, Ty), d(y, Tx)}.

for all x,y € X with H(Tx,Ty) > 0, where

Ny(z,y) = ard(z,y) + aod(z, Tx) + azd(y, Ty) + asd(z, Ty) + asd(y, Tx).

Then T has a fized point.
Proof. For all z,y € X, we have

H(Tx,Ty) < a(x,y)H(Tz,Ty),
since 6 is increasing function, we get

0(s*H (T, Ty)) < 0(s*a(z,y)H(Tx, Ty))
< [N, (2, y)]" ) + Lmin{d(x, Ty), d(y, Tx)}.

So this result is a consequence of Theorem 4.2.1. n

Corollary 4.2.3. Let (X,(Z,s) be a complete b-metric space, a: X x X — [0,+00) be
a function and T: X — CB(X) be a multivalued mapping. Assume that the following

conditions hold:
(1) T is almost (0, k)-contraction of Hardy Rogers type.
(13) T is lower semi continuous.

Then T has a fixed point.

Proof. Tt suffices to take a(x,y) = s? for all x,y € X in Theorem 4.2.1. O
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Example 4.2.1. Let X = [0,2] be a set endowed with a b-metric d(x,y) = |x — y|>. Define
T:X —->CB(X)and a: X x X —[0,00) by

Ty [0,2], z€][0,2)
{2}, x=2
and
RPN ERCE R

0, otherwise.

Taking 0(t) = €', k=3/4, s=2,L=0,a; = %, as =ay=as =0 and a3 = 1/3.

For all z,y € (0,2), we have a(x,y) = 4, H(Txy,Taz) > |82 > 0 and d(x,y) =

|w1 — 9|%. Then
1 2
SH(T2,Ty) = Hlo —yf = 22

which tmplies that

(SH(T2Ty) [eNs(z,y)} T

T is a-continuous. since if (x,) 1s a sequence in X converges to x* with a(x,, Tnii) > 4
n ny n+ i

then (z,) C [0,2) which implies Tx, = [0, %] and lim Tz, = [0, %] =Tz
n—oo

Consequently, all conditions of Theorem /.2.1 satisfied. Then T has a fixed point which is
2.
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Now, we give new fixed point results on a b-metric space endowed with a partial order-

ing/graph, by using the results provided in previous section.

4.3 Fixed point on partially ordered b-metric space

Define

s?, ifx <y,

a: X x X —[0,400), a(x,y)=
0, otherwise.

Then the following result is a direct consequence of our results.

Theorem 4.3.1. Let (X, =<,d) be a complete ordered b-metric space and T: X — CB(X)

be a multivalued mapping. Assume that the following assertions hold.
1. For each x € X and y € Tx with x <y, we have y < z for all z € Ty.
2. There exist xo € X and x1 € Txy such that o =X x1;

3. For z* € X and a sequence {x,} in X with

limy, 00 d(x, 2*) = 0 and x, 2 2,41 for alln € N, implies

lim inf d(z,,Tx,) > d(z*, Tx")

n—00 -

or, for every sequence {z,} in X such that x,, — x* € X and x, < x,41 for alln € N,

we have x, 2 x for all n € N.

4. There exist 0 € O4, L > 0 and k : (0,00) — [0,1) satisfies lim sup k(t) < 1 for all
t—s
s € (0,00) such that

o(sH (T, 7)) < [0 ()] 4 Lnin{d(e, 7). dly. 7o)},

where

Ns(xv y) = ald(‘ra y) + an(ma Tx) + as ((ya Ty) + a4d(:c, Ty) + (l5d(y, T:C)

Then T has a fixed point.
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4.4 Fixed point on b-metric space endowed with a graph

Now, we present the existence of fixed point for multivalued mappings from a b-metric
space X, endowed with a graph, into the space of non empty closed and bounded subsets
of the metric space.

We define the function
s?, if (z,y) € E(G),

a: X x X = [0,+00), a(z,y)=
0, otherwise.

Theorem 4.4.1. Let (X,cz s) be a complete b-metric space endowed with a graph G and
T: X — CB(X) be a multivalued mapping. Assume that the following conditions hold:

1. For each x € X andy € Tx with (z,y) € E(G), we have (y, z) € E(G) for all z € Ty;
2. There exist xg € X and x1 € Tz such that (zo,x1) € E(G);

3. For every sequence {x,} in X such that x, — z* € X and (x,,2,4+1) € E(G) for all
n € N, we have (z,,z*) € E(G) for alln € N;

4. There exist 0 € O4 and k : (0,00) — [0,1) satisfies lim sup k(t) < 1 such that

t—s

O(s*H(Tx, Ty)) < [Q(Ns(x, y))] ) + Lmin{d(z, Ty), d(y, Txz)}, (4.7)

where

Ny(z,y) = ard(z,y) + ad(z, Ty) + asd(y, Ty) + asd(x, Ty) + asd(y, Tx).

Then T has a fized point.
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Chapter 5

Applications

researchers try to highlight the quantitative approximation and the solution nature of a
problem. One of the techniques, among all the many strategies, is the theory of the fixed
point. The fixed point theory can be used as an essential tool to discuss the existence
and uniqueness of the solution of several types integral, differential, integro-differential,
fractional integrals and integral inclusions or differential equations.

In this chapter, we will apply theorems (3.1.2) and (4.2.1) to study the problem of
existence of the solution of fractional differential inclusions, and integral inclusions of the

Volterra type.

5.1 Application to integral inclusions

5.1.1 Notions on integral inclusions
Integral of multivalued mapping

Let F' C X, we note by w the set of integrable functions of K : X — P(Y).

Definition 5.1.1. [25] The integral of the multivalued mapping K over F is the set of

integrals of integrable functions of K :

/FKdS::{/Ffd5|f€w}.
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Integral inclusions

Definition 5.1.2. [25| Let E be a closed, bounded set of a vector space and X a space
of definite functions from E to K(R or C), assumed to be a Banach space. An integral

inclusion 1s a functional problem of the following form:
To findx € X, Vt € E, g(t)z(t) € f(t)+ / K(t,s,x(s))ds (5.1)
F

where f a function in X, g : E — K which is not necessarily in X and K a function such

that K : E* x K — P(K).

Linearity

Depending on the form of function K, the integral can be linear or non-linear. In the

particular case where the function K is written in the form:
K(t,s,z) = k(t,s)x

where k : E* — P(K); then our inclusion becomes linear.

In the case where we cannot separate the third variable, our inclusion is said to be non-
linear.

Between linearity and non-linearity, the analytical and numerical studies of our inclusion
are totally different.

In the linear case, the analytical study is based on the theory of bounded operators, especially
the study of the spectrum and the notions of convergence of operator sequences, the latter
is used in numerical studies and projection techniques.

On the other hand, for the non-linear case, then one applies the theorems of fixed points.

Types of integral inclusions:

In the mathematical and physical literature, there are two main classes of integral inclu-
sions :
Integral Fredholm-type inclusions

The first class concerns integral Fredholm inclusions, these inclusions are characterized by
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the condition £ = F. They are then written in the following form:
TEX, Ve, gt € f(t) +/ K(t, s, 2(s))ds (5.2)
E

Integral Volterra-type inclusions
The second class defines the integral inclusions of Volterra, it is characterized by the fact
that F' C E, where the domain of integration depends on the variable ¢, so we have the

following form:
TEX, Ve, gt)a(t) e f(t)+/ K(t, s, 2(s))ds (5.3)
F(t)

Remark 5.1.1. If we take E = [a,b] an interval of R, the Fredholm inclusions are given in

the form:
b
v e lab), Vi€ B, gt)a(t) € F(t) + / K(t, 5, 2(s))ds (5.4)

and those of Volterra are written:
t
x € [a,b], Vt € E, g(t)x(t) € f(t) +/ K(t,s,z(s))ds (5.5)

Classes of integral inclusions

The function g(¢) makes it possible to specify the classes of integral inclusion, we then
distinguish three classes of integral.
1. If g = 0, the integral inclusion is said to be of the first class. The most studied case is
the linear integral inclusion of Fredholm.
2. For the non-linear case, the studies were not exhaustive if g(¢) = A\(where X is a constant),
the inclusion is said to be of the second class. This kind of inclusion is the most treated,
there are a large number of studies that treat the types of Fredholm and Volterra in the
linear or non-linear case.
3. If g(t) is any function, we say of the third class. This kind of inclusion is recent, but it

is very interesting from a mathematical and physical point of view.
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5.1.2 Selection of multivalued maps

Definition 5.1.3. 7| We call selection of a multivalued mapping K : X — P(Y), any
function k: X —Y :
k(x) € Kz, Vre X.

A selection theorem ensured the existence of a single-valued function (selection) belongs
to a given multivalued mapping. There are various selection theorems, and they are impor-
tant in differential inclusion theory and economics. Among these theorems, the selection
theorem of Michael which was proved in 1956 by Ernest Michael. In what follows, we

consider X, Y two Banach spaces, then Michael’s selection theorem reads as follows:

Theorem 5.1.1. [44] Let K : X — P(Y) a lower semi-continuous multivalued mapping
non-empty closed convex. Then K has continuous selection, that is, there exists a continuous

function k : X — 'Y such that for all x € X, k(x) belongs to K.

Example 5.1.1. Let K : [0,1] — [0,1] a multivalued mapping defined by:

p

z it 2 e 0,05,
K(z)=<¢1[0,1] if z=0.5,
1

Clearly, K is a non-empty closed convezx-valued multivalued mapping, but it is not lower
semi continuous at 0.5. Then, we cannot apply Michael’s theorem in this case, i.e. K does

not admit a continuous selection.

5.1.3 Existence of solutions for an integral inclusion

In this section, we apply our obtained results to prove an existence theorem of solution
for an integral inclusion of Volterra-type . For this purpose, let X := C([a,b],R) be the
space of all continuous real valued functions on J = [a, b]. Note that X is complete b- metric

space by considering

d(z,y) = til[lpb] |z (t) — y(1)]?
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with s = 2 and define a function:
a: X xX — Ry by alz,y) =4,

for all z,y € X.

Consider now the following problem

x(t) € p(t) + /tF(t,r,:c(r))dr, teJ (5.6)

where p € X and F:J x J xR — K(R).
Consider the set-valued operator T': X — C'L(X) as follows

t
Tx(t) = {y € X:yep) —i—/ F(t,r,x(r))dr, te J} :
We consider the following hypotheses:

(Ay) : For each z € X, the multivalued operator F, : (¢t,r) — F(t,r,z(r)), is lower semi

continuous.

(Ay) : There exists a continuous function € : J x J — [0, +00) such that

|qa(t,7) — qy(t,7)| < &(E,7)|a(r) — y(r)],
for all z,y € X, all ¢, € F,, q, € F, and for each (t,r) € J x J.

(As3) : There exists v > 0 such that
6_7

1
8)'

sup / £t r)ldr < (

teJ

Theorem 5.1.2. The integral inclusion (5.6) has a solution in X provided the assumptions

(A1) — (As) hold.

Proof. The set-valued operator F,(t,7) : JxJ — K(R) is lower semi continuous, then from
Michael’s selection theorem, for x € X there exists a continuous function ¢, : J x J — R
such that ¢, (t,r) € F,(t,r) for all ¢,r € J.

It follows that p(t) + f(f qz(t,7)dr € Tz, so Tz is non-empty for all z € X.

Since p and ¢, are continuous on J, resp. J?, their ranges are bounded and closed and hence
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Tx is bounded, i.e., T : X — K(X).
Let x,y € X and let v € T'x. Then

v(t) € p(t) + /tF(t7T,£B(T’))d7“, teJ
It follows that there exists g, € F(¢,r) such that
v(t) = p(t) + /t ¢ (t,r)dr,  (t,r) € J x J,
From (Aj), there exists q,(t,7) € F,(t,r) such that
|42 (t,7) = qy(t,r)] < &E(E,r) - |(r) = y(r)l,
for all (¢,r) € J x J. Let P be a multi valued operator defined by
P(t,r) = Fy(t,r) N{z € R: gz (t,7) — 2| <&(E,7) - |(r) —y(r)l},

for all (t,r) € J x J. Since, by (A;), P is lower semi-continuous, there exists a continuous

function ¢,(t,r) € P(t,r). Then we have

u(t) = p(t) + /t qy(t,m)dr € p(t) + /tF(t,r,y(r))dr, teJ

and
~ 2
d(v, Ty) < |v(t,r) — u(t,r) / lq.(t,7) y (1 T)’d’/’)

< ( / ts<t,r>rx<r> - y(r)\dr)

IN
n
= e
T
§
m
@;.
3
Q.
-y

| |
\
m
@o.
3
Q.
3

Consequently, we have

8d(v, Ty) < e "d(z,y),

interchanging the role of x and y, we get

SH(Tx, Ty) < e d(z,y).
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Taking exponents we get

€8H(Tx,Ty) S [eg(z,y):| e

Then, the mapping 7' satisfies all the conditions of Corollary 4.2.1 with 0(t) = €', a; = 1,
a; = L = 0,1 = 2,3,4,5 and kK = e7?. So, T has a fixed point, which implies that the

integral inclusion (5.6) has a solution in X. O

5.2 Application to fractional differential inclusions

5.2.1 Integral and Derivative Fractional

Integral Fractional

Definition 5.2.1. [39] The fractional integral of the function f € C([a,b]) of order a € R
1s defined by

1

10) = g [ =

Proposition 5.2.1. We have the following properties:
i) I°f(t) = f(t),
ii) 1°1° £(t) = I°+9 £(0),
ii1) the integral operator 1% is linear,

ISOV(E) + g(t)) = MOf(t) + I°g(t), a€R,, AeC,

i) G(If)(t) =171 f(2).

Fractional derivative

There are several approaches for fractional differentiation, in this part we will give some

definitions and proprieties of fractional derivative.
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Definition 5.2.2. [39] Let f be an integrable function on [a,b], then the derivative fractional

order a (withn — 1 < a < n) in the sense of Riemann-Liouville is defined by:

RLDag(t) ﬁ— [ =)
& (ref () = DU ().

here n = [a] + 1 and [a] denoting the integer part of .
Proposition 5.2.2. We have the following properties:

1. The fractional differentiation operator in the sense of Riemann-Liouville is a left in-

verse
REDT(ITF(L) = f(1),
i general we have
RLDn ([r2f (1)) =L Drre (1)
and if ry —ro < 0L DMz f(4) = T2 f(1).

2. In general derivation and fractional integration do not commute

“ t—a)k
RLD*T’l RLDTQ t RL DTQ 1 RLDT‘Q k (
(FED f(1)) = f (1) Z QI oy

withm—1<ry <m
3. if :f®(a) =0 for allk =0,1,2,...,n—1
dn RL yr RL n+r
%( D" f(t)) =" D™ f(t),

but

dn n—1 f(k: t— a)k r—mn
RLDT el __RL Dn+7“ .
(dt”f(t)) /) Zo I'(k —r—n—irl)

4. For the Riemann-Liouville fractional differential operator, the corresponding interpo-

lation property reads

Lm BEDef(t) = f™(¢).

a—n

lim D f(t) = f=D(¢t)

a—n
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5. 1s a linear operator a € R, ;A € C
FEDY(Af(1) + (1) = MDD f(t) +7 D7g(t).

Definition 5.2.3. [39] Let f be an integrable function on |a,b], then the derivative fractional

order a (withm — 1 < a < n) in the sense of Caputo is defined by:

cD~ -t t — )l (g)ds
D10 = i [ (= s

here n = [a] + 1 and [a] denoting the integer part of .
Proposition 5.2.3. We have the following proprieties:
1. The relationship with the Riemann-Liouville derivative.
Suppose that n —1 < o < n, myn € N, a € R and let the function f(t) be such that
cDf(t) and BLDf(t) exist, then:

)t~ a)
—a+1)

n—1
De () =" el — 30 L
['(k
k=0
We deduce that if f*)(a) =0, for k=0,1,2,....,n — 1, we will have:
Do f(t) =" Df(1).

2. Suppose thatn —1 < o < n, m,n € N, a € R and let the function f(t) be such that
¢ D*f(t) exists, then:

‘DUD™f(t) = “D*T"f(t) # DD ().

3. For the Caputo fractional differential operator, the corresponding interpolation prop-

erty reads
lim“D*f (1) = /1)
lim D f(t) = fD(t) = f*71(0)

a—n

4. it is a linear operator « € Ry, A € C
DUAS(E) +9(t) = XDf(t) +° D"g(t).
Lemma 5.2.1. [39] Let o > 0, then
I°°Df(t) = f(t) + co + 1t + cot® + - + ¢ g t"

forc; € Ri=0,1,2,....n—1,n=[a] + 1,
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5.2.2 Existence of solutions for fractional differential inclusions

Consider the following boundary value problem of fractional order differential inclusion

with boundary integral conditions:

cDix(t) € F(t,x(t)), 0<t<1, 1<qg<2
az(0) — bz’ (0) =0 (5.7)
= fol h(s)g(s,x(s))ds

where D7 | 1 < q < 2 is the Caputo fractional derivative, F', g, and h are given continuous
functions, where

F:[0,]]xRxR— K(R),g:[0,1] xR —R, he L' ([0,1]),a+b>0
ho = [[hl]s.

Denote by X = C([0, 1], R) the Banach space of continuous functions z : [0, 1] — R, with

s oip <¢—1and

the uniform convergence norm

| 7 [[oo= sup{|z(t)[, ¢ €I =10,1]}.

X can be endowed with the partial order relationship <, that is, for all x,y € X x <X y if
and only if z(t) < y(t), so (X, dw, X) is a complete order metric space.
x is a solution of problem (5.7) if there exists v(t) € F'(t,x(t))), for all t € I such that

‘Dizg(t)=v(t), 0<t<1, 1<qg<2
( ) —bx'(0) = (5.8)
fol h(s)g

Lemma 5.2.2. Let 1 < ¢ <2 andv € AC(I,R) = {v: I — R, fis absolutely continuous}.

A function x is a solution of (5.8) if and only if it is a solution of the integral equation:

o) = [ Gt oplsis + 2 / h(s)g(s)ds,

0

where G is the Green function given by

(at+b)(1—s)~1 (t—s)7—1
— , §<t
CER B T -
CHNONE t<s.
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Proof. For some constants ¢y, ¢c; € R, we have

x(t) = ﬁ/o (t —8)7 u(s)ds + co + cit.

Using the boundary conditions on (5.8), we get

acy — bcy =0,

1 ! g—1 = 1 s)g(s)as
o [ A=t tate = [ s

Therefore

Co =

{ Tq) /01( — )" 1g(s,x(s))ds+/ol h(s)g(sjgj<3))d8:|'

C1 =

il ] (1= sy t(s)ds + / h(s)as. o(s))ds].

It means that

() = ﬁ /0 (= )T M(s)ds + — {ﬁ /0 (1= )7 Yo(s)ds + /O 1 h(g)g<s,x(s))ds]

a+b

+ 2 [ am o+ [ sigts.atonsl

a+b
_ [l A ) (s [ et A s
[ iy s [ o
[ rslats aas = [ G+ [ hsaeds

Moreover, we have

/01 G(t,s)ds = TZ) [/Ot(t — §)71ds + C;t:bb /01(1 - s)q_lds]

Define a set valued mapping

at+b (!
L2 [ hgtssmats)is}.

0

Txi(t) ={z€ X,2(t) = /0 G(t,s)v(s)ds +

The problem (5.7) has a solution if and only if 7" has a fixed point. Assume that the following

assumptions hold:
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e (Ay): For each x; € X and 5 € Txy with 21 < x9 we have xy < x5 for all z3 € Txs.
e (Ay) : There exist o € X and x; € Tz such that o < ;.

e (A3): There exist K > 0 and L > 0 such that for all x;, 2z, € R, we have

H(F(t,z1(t)), F(t,z2(t))) < K|z1 — 22|
and
|g(t, 21(2)) — g(t, 22(t))] < Lfzy — o,
with kg = F(Qq—fjl) + hoL < 1.
Theorem 5.2.3. Under the assumptions (A1) — (As) the problem (5.7) has a solution in
X.

Proof. Since F' is continuous, it has a selection, i,e., there exists a continuous function
vy € F(t,z1(t)) such that Tz, is non empty and has compact values.

Let x1,79 € X and z; € Tz, then there exists v; € F(t,x1(t)) such that

at +b
a+b

zl(t):/o G(t,s)vi(s)ds + /Oh(s)g(s,xl(s))ds.

Then by using (Ay), we get

d(vi, Fxg) = inf |vy —u| < H(F(t, z1(t)), F(t,z2(1)))

ueFxo

S K|I1 - $2|7

the compactness of F'(t,x5(t)) implies that there exists u* € F(t, x2(t)) such that

d(vy, Fxg) = |v — u*| < K|z — x9).
Define an operator P(t) = {u* € R, |v;(t)—u*| < Klz1(t)—x2(t)|}. Clearly PNF(t,z5(t))
is continuous, so it has a selection v, such that

|’U1 — ?J2| S K|ZL‘1 — {L'2|.

Define

1
Zt:bb /o h(s)g(s, x2(s)ds.

2y = /O 1 G(t, s)va(s)ds +

74



Applications M. Meneceur

For all t € I, we have

at +b

L [ ot ma(5) — gl s

at+b
a+b

1
5 — | < / Gt 5)[ oy — valds +
0

1
< K|z — x2|/ |G(t,s)|ds + hoL|z1(s) — x2(s)|
0

2K

— (F(q 1) 0 )’ 1 2‘ 0’ 1 2‘
l llen, we llaVe

sup [ inf |z — ZQ|:| < kolzy — 2.
21€Tx1 zo€T xo

Hence, by interchanging the role of x; and x5 we obtain
H(Tl‘l, TQTQ) S k’0|{lf1 — $2|.

On taking the exponential of two sides, we get

eH(TCUl,Tﬁ?Q) g (€2k0‘xl 7I2|) %

< gholzi—a2| 4 d(xe, Txy).

If {z,,} is a non decreasing sequence in X which is convergent to € X, so for all t € I and
n € N we have z,(t) < z(t), which implies that x is an upper bound for all terms z,, (see
[51]), then x,, < .

Consequently, all the conditions of Theorem 3.2.1 are satisfied, with 0(¢) = e*, ¥(t) = 2kot
and k(t) = 3.

Hence, T has a fixed point which is a solution of the problem (5.7). ]
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Conclusion and perspectives

Conclusion

This thesis is devoted to the study of existence of multivalued fixed point for a new type
of contractions in metric spaces. Generalized almost #-contractions type in metric spaces,
as well as certain consequences which concern the existence of a fixed point in partially
ordered metric spaces and in metric spaces equipped with a graph. As an application, we
have studied the existence of the solution of an integral inclusion. In addition, results have

been established for contraction of Hardy-Rogers type in b-metric spaces.

Perspectives
In the future, we will look at the following issues as examples:

(1) We will try to apply the obtained results to study the existence problem of the solution

of a Fredholm-type integral inclusions.

(2) We will look for other combinations of the various contractions to improve our results

and find new results.
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