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Abstract

This work concerns the study of a class of variational inequalities, in the sense that the
obstacle does not depend on the solution, by applying the multi-grid methods V-cycle and
W-cycle.

Multi-grid methods consist in successively using grids (or meshes) of different sizes, so
as to obtain a detailed solution in the high frequencies, while ensuring a rapid relaxation of
the low frequencies.

Multi-grid methods have been studied for linear elliptical problems. For our part, we
are interested in finite difference approximation, by introducing multi-grid algorithms, for
non-linear variational inequalities, insofar as the non-coercive and linear operator, the sec-
ond member depends on the solution the mixture of the last two cases and the last case

where the operator and the second member are non-linear.

Key words: Nonlinear elliptic variational inequalities, Multi-grid method, Finite elements

approximations.



Résumé

Ce travail concerne I’étude d'une classe des inéquations variationnelles, dans le sens ou
I'obstacle ne dépend pas de la solution, en appliquant les méthodes multigrilles V-cycle et
W-cycle.

Les méthodes multigrilles consistent & utiliser successivement des grilles (ou maillages)
de différentes tailles, de maniére a obtenir une solution détaillée dans les hautes fréquences,
tout en assurant une relaxation rapide des basses fréquences.

Les méthode multigrilles ont été étudiées pour les problemes elliptiques linéaires. Pour
notre part, on s’intéresse a ’approximation par différences finies, en introduisant les algo-
rithmes aux multigrilles, pour des inéquations variationnelles non linéaires, dans la mesure
ou 'opérateur non coercive et linéaire, le seconde membre dépend de la solution le mélange

des deux derniers cas et le dernier cas ou 'opérateur et le second member son non linéaires.

Mots clés: Inéquation variationnelle elliptique non linéaire, Méthodes Multigrilles, Ap-

proximations par éléments finies.
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Introduction

In the last sixty years, variational inequalities have become a tool relevant in the study
of non-linear problems in physics and mechanics. The theory of variational inequalities was
made from the results concerning the problems unilateral obtained by A. Signorini [5] and
G. Fichera [10]. The mathematical theory has been obtained by G. Stampacchia [11], J. L.
Lions and G. Stampacchia [18] and then developed by H. Brézis [13], G. Stampacchia [12], J.
L. Lions [17], U. Mosco [46], D. Kinderlehrer and G. Stampacchia [7]. For the approximation
of variational inequalities we recall, the contributions of U. Mosco [45], R. Glowinsky [36],
J. L. Lions, R. Trémolieres and R. Glowinsky [38].

The theory of variational inequalities has been used in several fields such as mechanics,
physics, optimization, optimal control, linear programming, financial mathematics, etc.;
Today it is considered an indispensable tool in several areas of applied mathematics.

For a long time researchers in their study of ordinary differential equations, partial differ-
ential equations, variational equations in general and in particular variational inequalities,
were interested in different approximation techniques, namely the methods of finite differ-
ences, finite elements [9, 19, 39], finite volumes and methods spectral and consisted of the

following problem of the obstacle

Au> f in €2,
u<v; Y =0,
u=0; on 0f,

where

A is an operator linear coercive.
- feL>®Q).
- Q) an open set of R™ with sufficiently regular boundary 0f2.

- 1 € W*P(Q) an obstacle such that ¢ > 0 on 9.
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Our work is concerned to four types as same as the previous problem with some modifica-

tions. We mention its briefly:
- The non coercive problem can solved by adding a variable to the both of members.
- The non linear second member can solved by the linearisation of the second member.

- The non coercive problem and non linear second member can solved by using the

previous resolutions in the same time.

- The non linear (operator and second member) problem can solved by the linearisation

of the operator and the second member.

This work is divided into four chapters:

Chapter I is devoted to presenting generalities on the elliptic variational inequality [6].
In the first section, we show some basic notations of spaces and norms. The second is for
existence and uniqueness of the solution continuous with switching to the Hamilton-Jacobi-
Bellman equation [21, 23] and third section of this chapter a theorem of existence and
uniqueness of the solution discrete due to Stampacchia has been demonstrated. In section
four, we will see the non-coercive operator problems [24, 25|, the fifth is for the non-linear
second member problems and the sixth for the mixing of the two previous. The last section
is for the non-linear operator and second member problems [8, 37].

Chapter II is a representation of the multi-grid method [15, 35, 43, 44, 47, 48]. We start
with the iterative Gauss Seidel method for pre-smoothing and post-smoothing, then the
transfer operators (extension and restriction). Then, the two-grid method and its generality
and finally the convergence of this method in the L*°-norm.

For the chapter III, it is contained by three sections. Firstly, We introduce an algorithm
which gives a formulation of the V.I in stationary Hamilton Jacobi Bellman equations in-
spired by the Hoppe multigrid method [4, 40]. This algorithm will subsequently be called
M.G.H.J.B and we give the iteration matrices associated with the algorithm. We give in the
third paragraph, the first original results for the approximation and smoothing properties
in norm L*>° and we show the uniform convergence of the M.G.H.J.B algorithm. Finally, we
have an application numerical where the operator is linear and the second member is non

linear and depend the solution and consisted of the problem

Au+ u > f+ du in Q,
u < ; Y >0,
u=0; on 0f,

where
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- A is an operator linear non-coercive.

- feL>®Q).

- Q an open set of R™ with sufficiently regular boundary 0f2.
- 1 € W*P(Q) an obstacle such that ¢ > 0 on 9.

- A > 0 large enough.

We applied the Gauss Seidel method and the multi-grid methods V and W-cycle.
Secondly, We introduce an algorithm which gives a formulation of the V.I in stationary
Hamilton Jacobi Bellman equations inspired by the Hoppe multigrid method [4]. This algo-
rithm will subsequently be called M.G.H.J.B and we give the iteration matrices associated
with the algorithm. We give in the third paragraph, the first original results for the ap-
proximation and smoothing properties in norm L and we show the uniform convergence
of the M.G.H.J.B algorithm. Finally, we have an numerical application where the operator

is linear and non coercive, and the second member is linear, we consisted of the problem

Au > f(u) in €,
u < i Y =0,
u = 0; on 0,

where
- A is an operator linear coercive.
- f(u) € L*(Q).
- ) an open set of R™ with sufficiently regular boundary 0f).
- 1 € W?P(Q) an obstacle such that 1) > 0 on 99.

We applied the Gauss Seidel method and the multi-grid methods V and W-cycle.

Lastly but not least, We introduce an algorithm which gives a formulation of the VI.
in stationary Hamilton Jacobi Bellman equations inspired by the Hoppe multigrid method
[4, 40]. This algorithm will subsequently be called M.G.H.J.B and we give the iteration
matrices associated with the algorithm. We give in the third paragraph, the first original
results for the approximation and smoothing properties in norm L*° and we show the uniform

convergence of the M.G.H.J.B algorithm. Finally, we have an numerical application where
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the operator is non coercive, linear and the second member is linear, where we considred of
the problem

Au+ M > f(u) + Au in €,

u < P; Y =0,

u = 0; on 0f),

where
- A is an operator linear non-coercive.
- f(u) € L=(Q).
- Q an open set of R™ with sufficiently regular boundary 0f2.
- ¢ € W*P(Q) an obstacle such that ¢» > 0 on 99Q.
- A > 0 large enough.

We applied the Gauss Seidel method and the multi-grid methods V and W-cycle.

In the last chapter, We introduce the method which gives a formulation of the VI in
stationary Hamilton-Jacobi-Bellman equations inspired by the Hoppe multigrid method [22].
We give the iteration matrices associated with this method. In the third paragraph, we see
the first original results for the approximation and smoothing properties in norm L* and we
show the uniform convergence of the multigrid methods [20]. Finally, we have an application
numerical where the operator and the second element are non-linear and consisted of the
following problem

Au> f(u)+Au  inQ,
u <1 Y >0,
u=0; on 0,

where
- A is an operator non-linear.
- f(u) € L™ (Q).
- ) an open set of R™ with sufficiently regular boundary 0f2.
- 1 € W*P(Q) an obstacle such that ¢» > 0 on 9.

We used the Gauss-Seidel method and the V-cycle and W-cycle multi-grid methods for

solving the linear system obtained.



Chapter 1

Generality of the Elliptic Variational
Inequalities (E.V.I) and their

approximations

The objective of this chapter is to recognize the variational inequalities and their ap-
proximations and to have a brief understanding of existence and uniqueness theorems, finite
element approximation, convergence, error estimation and familiarization with this kind of

problems, in particular the problem of the obstacle.

1.1 Analysis tools

The object of this section is the introduction of the basic notions, necessary for the good
comprehension of our thesis. On the open set {2 of R", we introduce the following spaces:

LP(Q)) the space of measurable functions on 2, provided with norms

1
1f1lLr () = (/ If!pda:) if 1 < p < +oo, (1.1.1)
Q

/1l () 28u8688|f| if p = +o0, (1.1.2)
xe

is a Banach space.
L*(Q) is a Hilbert space, the scalar product corresponding to the norm (1.1.1) with p = 2
is given by

(f.9) = / f(@)g(z)dz. (1.1.3)
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For p > 1,m € N, we call Sobolev space of order m on LP(2) the space
wmr(Q) ={v/ velf(Q), D elLP(Q), |a<m},

equipped with the standard

S

V]|l wmr) = ID*v|% ey | (1.1.4)
@

la|<m
is a Banach space.
For p = 2, the space
W™ Q) = H™(Q) = {v/ veL*Q), D eL*Q), |af<m},

equips with the scalar product

(U, v) pm(q) = Z (D%, D*v) , (1.1.5)

la|<m

is a Hilbert space.
Space
Hy(Q) ={v/ veH(Q), wvlp=0},

is a closed subspace of H'((2).
So H}(Q) is a Hilbert space for the structure induced by that of H'((2).

1.2 Continuous elliptic variational inequality (E.V.I)

We begin by giving notations and assumptions useful in the study of continuous varia-

tional inequalities.

1.2.1 Notations and assumptions

Let © be an open set of R” with sufficiently regular boundary 02. For uw,v € V, the
space Hg(Q) or H*(Q), we set the bilinear form

a(u,v) :/Q< Z aij(x)g—;g—gi—i— Z ai(x)gzv—l—ao(x)uv) dx, (1.2.1)

1<i,j<n 1<i<n
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with the coefficients a;;(x), a;(x) and ao(x) are sufficiently regular and
ap(z) > B >0, Veel (1.2.2)
We assume that the bilinear form is continuous and strongly coercive
Ja >0 suchas |a(v,v)| > allull}, VYveV. (1.2.3)
Moreover, we consider a second member f such that
f e L>Q), (1.2.4)

and an obstacle
U € W?°°(Q) such that ¥ > 0 on 9. (1.2.5)

1.2.2 Existence and uniqueness of a continuous E.V.I solution

We are looking for u the continuous solution of the following variational inequality
(abbreviated 1.V):

Find v € V such that
a(u,v —u) > (f,v—u), YveV,

(1.2.6)
u<W¥ and v<W.

The existence and uniqueness of a continuous solution of the variational inequality (1.2.6)

is given by:
Theorem 1. (c¢f. [7]) Under the previous assumptions and notations the problem (1.2.6)

admits a unique solution.

1.2.3 Regularity of continuous E.V.I. solution

The regularity of the continuous solution of the E.V.I relies on the following theorem.

Theorem 2. (¢f. [1, 1/]) Under the previous assumptions, we have

u€ W*(Q), 2<p<oo. (1.2.7)
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1.2.4 Switching from a system to the continuous H.J.B

Consider the Hamilton-Jacobi-Bellman equation (This equation is approximated by the
system (1.2.6))
max (Au— fi,u; — ;) =0, (1.2.8)

1<i<M

where the A; are the M second-order uniform elliptic operators and the f; are regular

functions.

Theorem 3. [1] The equation (1.2.8) is a system of variational inequalities coercive admit-

ting a unique solution.

1.3 Discrete elliptic variational inequality (E.V.I)

One introduces the discrete problem and one carries out a study similar to that under-
taken previously for the continuous problem. To insist on the symmetry of the study, we
will follow the same approach as in the previous paragraph.

We will consider a space of conformal finite elements constructed from polynomials of
degree P1. The introduction of polynomials of higher degree has not been considered insofar
as the regularity properties encountered do not seem to make it possible to take advantage
of them.

We establish on €2 a quasi-uniform regular triangulation and we introduce V; the fol-

lowing conformal finite element space
Vi, = {v, € C(Q2) NV such as v, /7 € P }. (1.3.1)

Let Mg, s = 1,2,...,m(h) be the vertices of the triangulation which do not belong to 0.
We denote by ¢s,s = 1,2,...,m(h) the usual basis functions (p, (M;) = ds symbol of
Kronecker). We also introduce the restriction operator 73, for v € C(Q) N H3(Q2)

m(h)
ThU = Z v (M) ps(z,y). (1.3.2)

s, =1

The order on Vj, will be that induced by R™"® . We naturally introduce the discretization

matrix A with generic coefficients a (¢, ¢s).
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1.3.1 Existence and uniqueness of a discrete E.V.I solution

Consider the discrete problem associated with problem (1.2.6):
Find u;, € V), such that

{ a(uh,vh —uh) > (f,?)h —Uh), V’Uh € Vh, (1 3 3)

up, <rpW and v, < WL

Theorem 4. (cf. [30]) Under the previous assumptions, the problem (1.3.3) admits a unique

solution.

1.3.2 Regularity of the discrete solution of E.V.I

As in the continuous case, the regularity of the discrete solution of the E.V.I (1.3.3)

relies on the following theorem.

Theorem 5. (cf. [33]) There exists a constant C' independent of h such that
la (un, @i)| < Cllgillpiq), Ve i=1,2,....,m(h). (1.3.4)

The assumption of the discrete maximum principle (DMP): We assume that

the matrix A is an M-matrix. (A™!) exists and is non-negative, with moreover A,, > 0 and
Ais <0 for [ #s).

1.3.3 H.J.B Discrete equation

The finite element analysis of the H.J.B equation (1.2.8) with an easy transfer to the
discrete problem and satisfying the maximum principle [26, 31].
In effect, the discrete version of the H.J.B is to search for u;, € V}, such that

max (Ahﬂ'uh - fh,i; Up,; — \I/h,i) = 0. (135)

1<i<M

By analogy, in [31], Cortey-Dumont prove that the solution of (1.3.5) is a limit in C'(Q) of
the solution of the system of discrete E.V.Is associated with the system (1.2.6).

1.3.4 Approximation in L°°-norm

Theorem 6. [29] According to the previous assumptions and notations, we have

|u —upll, < Ch?[logh|*. (1.3.6)



Generality of the Elliptic Variational Inequalities

In the following section, we will see the variational inequalities with non-coercive operator

in the continuous, discrete case and the associated H.J.B equation.

1.4 Non-coercive operator of E.V.I

We assume that (1.2.3) does not hold. In this case, it is well known (see [1, 2]) that

the corresponding problem exists unconstrained the problem can be handled like this (see

[1, 2]):
Contains A > 0 large enough

a(v,v) + A(v,v) > §|lv]|*, &> 0. (1.4.1)

We also assume that the constants defined in (1.2.2) and (1.4.4) are [ and § as follows

Leq (1.4.2)

B

As a result of this, E.V.I (1.2.6) change into
blu,v —u) > (f + Au,v —u), YveV, (1.4.3)
where the non-linearity of f is assumed to be non-decreasing and Lipschitz-continuous, i.e

[f(@) = fW <z —yl, Vz,y€eR, (1.4.4)

where [ is a normal constant, the new variational equation form b(u,v) = a(u,v) + A(u,v)
obviously satisfies the strong coercive force assumption.
Now to approximate the continuous solution, we proceed as follows front part. In fact, we

construct the corresponding fixed-point map
Ty\: L>(2) — L™(2), w— Thw = (), (1.4.5)
where () is the solution of the following constrained variational inequality
b(Cn,v—20) > (f(w)+ A w,v—C\), Yvek.

Proposition 1. The mappings Ty is contraction in L>*(S2). The contraction constant is
equal to (L + X\)/(A+ B). So they have a unique fized point agree with the solution of E. V.1
(1.4.3).

10
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Proof. We drafted the proof of E.V.I. Just set it up

G=0(Fy), G=o(FY), ©= A+ﬁ”F Flls, (1.4.6)
where F' = f(w) + \w, F = f(@)+ Mb, it follows
F<F4||F = Fllo
5 ao()
<F F—F|. 1.4.7
<P+ PRIF - F (14.7)
S F-'-Qoq)

(because ag(x) > B > 0). Thus, using the standard comparison results in constrained

variational inequalities, we get
o(F ) <o (F—i—ao(x) . @,z/;) < o(F + @, 0). (1.4.8)

So
OL <G+ (1.4.9)

Similarly, if we swap the roles of w and w, we get

OGSO+ (1.4.10)

At last,

1w = Thi|l o, < =5 1F = Flloo. (1.4.11)

Thus the shrinkage properties of T' result from the combination of (1.4.2) and (1.4.4). O

1.4.1 The non-coercive discrete problems
The discrete non-coercive E.V.I is defined as follows
b (Uh, Vv — uh) > (f + )\uh, v — Uh> , Yv € Kh, (1412)
her associated fixed point mappings is

T)\’h : LOO<Q) — LOO(Q), w — T,\,hw = C)\,ha (1413)

11



Generality of the Elliptic Variational Inequalities

where () 5, is the only solution to the following mandatory E.V.I.
b(C)\7h,U—C,\,h) > (f+)\w,v—(’,\7h), Yv € V,,. (1414)

Similar to the continuous case, under DMP it can be easily shown that 7} ; is a contraction
of L>(€2) with a contraction constant of (I + \))/(A + 3).
The assumption of the discrete maximum principle (DMP): We assume that the

matrix B is the M-matrix. (B~!) exists and is non-negative, with moreover B, > 0 and

Bis <0 for [ #s).

1.4.2 Discrete H.J.B equation of non-coercive problem

The discrete problem is satisfying the maximum principle [26, 31].
In effect, the discrete version of the H.J.B is to search for w, € V}, such that

max (B}M'Uh — fh,i — )\U}m, Up; — \Ijh,i) = 0. (1415)

1<i<M

By analogy, in [31], Cortey-Dumont prove that the solution of (1.3.5) is a limit in C'(Q) of
the solution of the system of discrete E.V.Is associated with the system:
Find v € V such that

bu,v —u) > (f — Au,v —u), YveV,
u<W¥ and ov<VU.

1.4.3 L*-error estimates for the non-coercive problems

Adjusting [30] we get the following lemma:

Lemma 1. The following inequalities apply
| Taw — Th |, < Ch*[log h*||f + Aw]|so. (1.4.16)

Before proving the following theorem we need the following proposition which works by
the fixed point mapping associated with the E.V.I (1.4.12):
We consider the mapping

T)\,h . LOO(Q> — V}“ w — T;th = g%’l? (1417)

12
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where (), € V), solves the following coercive E.V.I
a (C)\,h,’l) — C/\,h) > (f + /\w, VvV — C)\,h) , Yo € Vh. (1.4.18)

Proposition 2. Under the DMP and assumptions (1.4.2) and (1.4.4), the mapping Ty, is a

contraction for L>(Q)), namely
| T pw — Thp|| < —|w — 0| s- (1.4.19)

Therefore, there exists a unique fized point, consistent with the solution of E.V.I (1.4.12).
Proof. Same steps as Proposition 1. O
Then there is the error estimate.

Theorem 7. The following inequalities apply

Ch?|log h|?
— < + M| oo - 1.4.20
Proof. It’s easy to see
lu =l < llu = Topaull + [ Tri=ll (1.4.21)

Further, according to Theorems 1 and 2, u and w; are the fixed points of Ty and T},
respectively, namely
u="Twu, u,="T\uu. (1.4.22)

If we apply the Lemma 1 with w = u, then

lu = unll o < Thu = Thpull o + [ Tanu — Thpunll,

[+ \ (1.4.23)
< Ch?|log h|? A —
thus,
Ch?[log h*|| f 4+ Al
— < , 1.4.24
which is the desired error estimate. O

In the following section, we will see the variational inequalities with non-linear second

member in the continuous, discrete case and the associated H.J.B equation.

13
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1.5 Non-linear second member of E.V.I

We assume that (1.2.3) does not hold. In this case it is well known that the corresponding

problem exists. The non-linear second term problem can be handled as follows (see [1, 2])
a(v,v) > §|lv||?, &> 0. (1.5.1)

We also assume that the constants [ and § defined in (1.2.2) and (1.4.4) respectively are
also in (1.4.2).
As a result, E.V.I (1.2.6) translates to

a(u,v—u) > (f(u),v —u), YveV, (1.5.2)

where the non-linearity of f is assumed to be non-decreasing and Lipschitz continuous
satisfing (1.4.4), where [ is a positive constant and clearly the variational form a(u,v)
satisfies the strong coercivity assumption.

Now, in order to approximate the continuous solutions, we shall proceed as in the pre-

vious sections. Indeed, we construct the respective fixed point mappings
T:L>®Q) — L*(Q), w— Tw=¢, (1.5.3)
where ( is the solution of the coercive variational inequality below

a(C,v—2C) > (f(w),v—(), Yvek (1.5.4)

Proposition 3. The mappings T is contraction in L>(S2). The contraction constant is
equal to (1)/(B). So they have a unique fized point agree with the solution of E.V.I (1.5.2).

Proof. We sketch the proof for the E.V.I. It suffices to set
~ ~ 1 ~
(=0o(FY), (=oa(F,), <I>=BHF—FHOO, (1.5.5)

where F' = f(w) and F' = f(), it follows

gﬁ+%|w—ﬁ||m (1.5.6)
S F+a0¢)7

(because ag(z) > B > 0). Thus, using the standard comparison results in coercive variational

14
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inequalities, we get
o(Fv) <o (F+agle) - @,0) < o(F +0,0). (1.5.7)

So
(<C+. (1.5.8)

Similarly, if we swap the roles of w and w, we get

(<C+0, (1.5.9)

at last,
1 .
| Tw —Tw| < EHF—FHOo (1.5.10)

Thus the shrinkage properties of T" result from the combination of (1.4.2) and (1.4.4). O

1.5.1 The discrete non-linear second member problems

The discrete non-linear second member E.V.I is defined as follows
a(up, v —up) > (f(up),v—up), YveKy, (1.5.11)
her associated fixed point mappings is
Ty : L2(Q) — L), w— Thw = (p, (1.5.12)
where (j, is the unique solution of the following mandatory E.V.I
a(Crv—Gn) 2 (f(w),v—=G), VveV, (1.5.13)

Similar to the continuous case, under the DMP it can be easily shown that T}, is a contraction
of L>(£2) with a contraction constant of [/[.
The assumption of the discrete maximum principle (DMP): We assume that the

matrix B is an M-matrix. (B™!) exists and is non-negative, with moreover By, > 0 and

Bis <0 for [ #s).

15
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1.5.2 Discrete H.J.B equation of non-linear second member prob-

lem

The discrete problem is satisfying the maximum principle [26, 31].

In effect, the discrete version of the H.J.B is to search for u;, € V}, such that

max (.Ahﬂ-uh - fh,i(uh,i), Up; — \Ilh,i) =0. (1514)

1<i<M

By analogy, in [31], Cortey-Dumont prove that the solution of (1.3.5) is a limit in C'(Q) of
the solution of the system of discrete E.V.Is associated with the system
Find w € V such that

a(u,v—u) = (f(u)7v_u)7 Vv € ‘/7
u<V¥ and ov<WU.

1.5.3 L*-error estimates for the non-linear second member prob-

lems

Adjusting [30], we get the following lemma:

Lemma 2. The following inequality apply
|Tw — Thw|,, < Ch*[log h|*|| f(w)] so- (1.5.15)

Before proving the following theorem we need the following proposition which works by
the fixed point mapping associated with the E.V.I (1.5.11).
We consider the mapping

Ty : LOO(Q) — Vh, w— Thw = Cha (1516)
where (j, € V}, solves the following E.V.I

a(Cu,v—2Ch) > (f(w),v—_C), YveVy. (1.5.17)

Proposition 4. Under the DMP and assumptions (1.4.2) and (1.4.4), the mapping Ty, is a

contraction in L>(2), that is
s [ 8
|Thw — Tl < EHw—me. (1.5.18)

Therefore, there exists a unique fized point, consistent with the solution of E.V.I (1.5.11).

16
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Proof. The same steps of Proposition 1. m

Then, there is the error estimate:

Theorem 8. The following inequality apply

Ch?|log h|?
U—Up|| o < o | [() |00 1.5.19
I | 1= (/7) 1S ()] ( )
Proof. It’s easy to see that
[ = unllo < [Ju—Thull + | Thu — ua| - (1.5.20)

Also, by Propositions 3 and 5, u and w; are the fixed points of T" and T}, respectively,

namely
w="Tu, wu,="Thu. (1.5.21)

If we apply the Lemma 2 with w = u, then

= wnlloe < 1T = Thull o, + [T - Treanll

) ) I (1.5.22)
< Ch7[log A[| f ()]l + 3 [l = unll
thus,
Ch?|log h|? 0

1—(1/B)
This is the desired error estimate. Before proving this theorem we need the following
proposition which works by the fixed point mapping associated with the E.V.I (1.5.11).
We consider the mapping

Ty : LOO(Q) — Vh, w— Thw = Cha (1524)
where (j, € V}, solves the following E.V.I

a(Cu,v—2Ch) > (f(w),v—_C), YveVy. (1.5.25)

Proposition 5. Under the DMP and assumptions (1.4.2) and (1.4.4), the mapping Ty, is a

contraction in L>(2), that is
s [ 8
|Thw — Tl < EHw—wHoo. (1.5.26)

Therefore, there exists a unique fized point, consistent with the solution of E.V.I (1.5.11).

17
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Proof. The same steps of Proposition 1. n

In the following section, we will see the variational inequalities with non-coercive operator
and non-linear second member in the continuous, discrete case and the associated H.J.B

equation:

1.6 Non-linear second member and non-coercive op-
erator of E.V.I

We assume that (1.2.3) does not hold. In this situation It is well known (cf. [1, 2]) that
the question of existence for the corresponding problem exists unconstrained problems can
be handled as follows (cf. [1, 2]):

Exists A > 0 large enough

a(v,v) + Av,v) > §|lv||*, &> 0. (1.6.1)

Let us also assume that the constants [ and § defined in (1.2.2) and (1.4.4) are in (1.4.2).
As a result of this, E.V.I (1.2.6) change into

bu,v —u) > (f(u) + Au,v —u), Yv eV, (1.6.2)

where the non-linearity of f is assumed to be non-decreasing and Lipschitz continuous
satisfing (1.4.4), where [ is a positive constant, the new variational form b(u,v) = a(u,v) +
A(u,v) obviously satisfies the strong coercivity assumption.

Now to approximate the continuous solutions, we proceed as follows front part. In fact, we

construct the corresponding fixed-point maps
Ty\: L>(Q2) — L™(Q2), w— Thw = (), (1.6.3)
where () is the solution of the coercive variational inequality below
b(Cn,v—20C) > (flw)+ A w,v—C), Ywek (1.6.4)

Proposition 6. The mappings Ty is contraction in L>*(S2). The contraction constant is
equal to (I+X)/ (A4 ). So they have unique fized-point agree with the solution of the E. V.1
(1.6.4).

18



Generality of the Elliptic Variational Inequalities

Proof. We drafted the proof for the E.V.I. Just set it up:

G=0(Fy), G=o(FY), ©= A+6”F Flls, (1.6.5)
where F' = f(w) + M\w, F = f(i0) + M\, it follows
F<F4||F = Fllo
5 ao()
<F F—Fls 1.6.6
< F+ HBH | (1.6.6)
S F-'-Qoq)

(because ag(z) > £ > 0 ). Thus using standard comparison results in constrained variational

inequalities, we get
o(F,0) < o (F+ao(a)- @,0) < o(F+,9). (1.6.7)

So
OL <G+ (1.6.8)

Similarly, if we swap the roles of w and w, we get

GG+ (1.6.9)

At last,

1w = Thi|l o, < =5 1F = Flloo. (1.6.10)

Thus the shrinkage properties of T' result from the combination of (1.4.2) and (1.4.4). O

1.6.1 The non-linear second member and non-coercive operator

discrete problems

The discrete non-coercive E.V.I is defined as follows
b(up,v —up) > (f(up) + Aup, v —up) , Vo € Ky, (1.6.11)
her associated fixed point mappings is

T)\,h : LOO(Q) — LOO<Q), w —r T)“h’w = C)\,ha (1612)
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where () 5, is the only solution of the following mandatory E.V.I
b (C)\7h,1} — C)\,h) > (f(W) + )\U),U — C)\,h) , You € Vh. (1613)

Similar to the continuous case, under the DMP it can be easily shown that T} j is a con-
traction of L>°(2) with a contraction constant of: (I + \)/(A + ).
The assumption of the discrete maximum principle (DMP): We assume that the

matrix B is an M-matrix. (B™!) exists and is non-negative, with moreover By, > 0 and

Bis <0 for [ #s).

1.6.2 Discrete H.J.B equation of non-linear second member and

non-coercive operator problem

The discrete problem is satisfying the maximum principle [26, 31].
In effect, the discrete version of the H.J.B is to search for u; € V}, such that:

max (Bmuh — fh’i(uh,i) — /\uhﬂ-, uh,i — \I/}M') = 0 (1614)

1<i<M

By analogy, in [31], Cortey-Dumont prove that the solution of (1.6.14) is a limit in C(Q) of
the solution of the system of discrete E.V.Is associated with the system
Find v € V such that

b(u,v —u) > (f(u) — Au,v —u), Yo eV,
u<W¥ and v<W.

1.6.3 L*-error estimates for the non-coercive problems
Adjusting [30] we get the following lemma:

Lemma 3. The following inequality apply
| Tvw — Thpw||, < Ch*[log h?|| f(w) + Aw]|so. (1.6.15)

Before proving the following theorem we need the following proposition which works by
the fixed-point mapping associated with the E.V.I (1.6.11):

We consider the map

T>\7h : LOO(Q> — V;“ w — T)th = CAJ“ (1616)
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where (), € V), solves the following E.V.I
a (C)“h, v — C,\,h) > (f(’LU) -+ )\w, v — C)\,h) , Yv € Vy,. (1617)

Proposition 7. Under the DMP and assumptions (1.4.2) and (1.4.4), the mapping Ty, is a
contraction for L>()) namely

[T pw — Thp|| o < = llw — 10]|oo- (1.6.18)

Therefore, there exists a unique fized-point, consistent with the solution of E.V.I (1.6.11).
Proof. Same steps of Proposition 1. Il

Then, there is the error estimate.

Theorem 9. The following inequality apply

h2|log h|?
e = ], < — P18

=S T207 0/ 079 | f(uw) + M| o (1.6.19)

Proof. It’s easy to see
| —upll oo < fJu = Toapull + || Thpw — unll, - (1.6.20)

Further, according to Propositions 1 and 2, v and u;, are the fixed-points of T and T}y,
respectively, namely
u = TAUJ, Up = T,\Jlu. (1621)

If we apply the Lemma 1 with w = u, then

lu —unlloo < | Toau — Thpull o + | Tanu — Thnunll .

I+ A\ T (1.6.22)
)\‘i‘ﬁ hlloo

< CR*|log h|?||f(u) + M| +

thus,
Ch?|log h|?|| f(u) + Aul|o

L—(I+N/N+p)

which is the desired error estimate. O

lu —upl| o, < (1.6.23)

Corollary 1. If the right-hand side is independent of u, the problem (1.4.3) reduces to the

well-known stochastically governed linear unconstrained variational inequality [32]. In this
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situation the approzimation convergence orders (1.4.16) transforms into:
For the E.V.I of stochastic control (cf. [32])

Ch?|log hl|?
=l < 125k Tl (1624

In the following section, we will see the variational inequalities with non-linear operator

and second member in the continuous, discrete case and the associated H.J.B equation.

1.7 Non-linear E.V.I (operator and second member)

Let € be an open set of R™ with sufficiently regular boundary 02. For u,v € V, the

space H}(Q) or H'(Q), we set the non-linear operator

du=— Y % (aij@) + F(u), (1.7.1)

1<ij<n =t Oz
with the coefficient a;;(z) are sufficiently regular and
F(.) € C*(R). (1.7.2)

In the following, C' will be a positive constant involved in the calculations and independent
of the discrete parameter h.

Let & : V — V' be the non-linear operator verify the following proprieties:

1. The operator & is strongly monotone and more precisely there exists a function

strictly monotone i.e
X : [0, 00 [— R such thaty(0) =0 and tliglo x(t) = +oo. (1.7.3)
Such that for every u,v € V
(Fu— dv,u—v)y > x(|lu—2])|u—20]. (1.7.4)
2. of is strictly T-monotone that is for every u,v € V(u —v)™ #0

(u— v, (u—v)")>0.
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3. o/ is Lipschitz continuous for a bounded argument, for any ball
B(0,r) ={veV suchthat |v| <7},
we have for every u,v € B(0,r)

7w — vl < 5(r)llu— ol

4. If a(u,v) is a variational form associated with &7, for every positive constant J, we
have
Vu,v € Vo >0 a(u,v) < alu+0,v).

5. Let f(u) € L>®(Q) is I-Lipschitzian such that

)
>0 and - <1.
d g

which will be the right hand side.

6. Let U be an obstacle. In the following, we will take ¥ in W1 such that for every
zo € €2 there exists a function p such that W (zy) = p(20), ||pllwz~ < C and for every
z in B (xo, Ch) ¥(x) < p. For example if ¥ € W?>> we can take p = V|p(y,,cn)-

1.7.1 The Continuous Problem

Let us now consider an "obstacle problem" for the non-linear operator i.e. the following
variational problem.

Find u the solution of

{ a(u,v —u) > (f(u),v —u), VvéeEK, (1.7.5)

u€ K,

where K = {v € V,v < ¥ in 2} is a closed convex subset of V.

The regularity of u is not simple. For the sake of generality we will introduce the hypothesis
of regularity in an indirect manner (see [7]).

The discretisation of this problem is the same of the linear part (section 1.3).

We will associate with a(.,.) an approximation of the variational form noted a(.,.). In this

way, we can consider techniques of numerical integration.
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1.7.2 The Discrete Problem

Let us now consider the discrete problem associated with (1.7.5). Find u, € V), the

solution of

{ an (un, v — up) > (f(un),vp —up), Yo € Ky, (1.7.6)

up € Kh,

where K}, = {v, € V}, such that v, < r,V}.
With such a definition, the constraint for the discrete function is imposed only on the nodes

of the regular triangulation.
Let o be the application of R™® belongs to R™" such that

%(U) = (*Q{l(u)a T ’"Q{m(h)(u)) )
where
Ay (u) = an (up, px) k€ (1,--+,m(h)).
The DMP is needed the following assumption:
1. o, is a continuous surjective M-function.

2. h(u) < (u+v) where 47 = (6,---,6) is a constant vector of R™" with § > 0

arbitrary.

For completness we will recall the definition of an M-function.
Let us note ¢ the ™ -vector of the coordinates (ef = (0,---,0,1,0,---,0)) and Oy the
following function

On(t) = ), (v+te)  for every t in R.

Definition 1. The application <, is a Z-function if for all k # [,t — Ok (t) decreases. If
moreover . (u) < ot (v) implies u < v. o, is called an M-function.

Theorem 10. [3/] Let <. is a continuous surjective M -function, the existence and unique-

ness of the solution of the discrete problem (1.7.6) is well-known.

1.7.3 Discrete H.J.B equation of non-linear E.V.I

The discrete problem is satisfying the DMP.

In effect, the discrete version of the H.J.B is to search for w, € V}, such that

max (@, iup — fr,i(wni), un; — ¥pi) = 0. (1.7.7)

1<i<M
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1.7.4 L*-error estimates for the non-linear problems

As we have said above, we will consider the regularity implicitely as follows:
Let @, be the solution of ay (uy,vs) = a(u,vy) where u is the solution of the continuous
variational inequality.

We suppose

(1.7.8)

lu — @] . < Ch?|| log h*
|lu — rpull, < Ch?|| log h[2 )

Assumption related to the obstacle ¥
Va € B (xg, Ch) such that u (zg) = ¥ (x¢) then |u(x) — p(x)| < CR?*|logh|®>.  (1.7.9)

The principal result will be to show the following:

Theorem 11. (cf.[34]) Under the proprieties (1) to (6), the assumptions of DMP (1 and
2) and the hypothesis (1.7.8),(1.7.9), we have the following estimate

Ju —upll, < Ch*|logh|?. (1.7.10)

25



Chapter 2

Representation of the Multi-grid
Method for E.V.I

We present in this chapter the principle of multi-grid methods based on of the method
developed later in the thesis, in order to reduce the computation time of the shaping simula-
tions and to obtain a convergence more favorable to the resolution of large linear problems.

We perform here a description of the multi-grid methods. First of all we start with the
iterative Gauss-Seidel method, then the transport operators (prolongation and restriction),

then the two-grid and multi-grid methods, finally the convergence of this method.

2.1 Gauss-Seidel method (iterative method)

The Gauss-Seidel method is an iterative method for solving linear systems Az = f, where
A is a square matrix of order N and z, f are vectors of RY. It consists of the following
manipulation:
We write A in the foorm A = D — L — U, where D is a diagonal matrix, —L is a lower
triangular matrix (L for Lower), and —U is an upper triangular matrix (U for Upper). We

can then transform the system into
Arv=f<= (D-Lz-Ur=f<=az=(D-L)'Wa+(D-L)'f (2.1.1)

We then define a sequence of vectors (2*) by choosing a vector xy € RY and by the recurrence

formula
" = (D — L)y'U2* + (D - L)7'f. (2.1.2)

We hope that the sequence (xk ) ., converges to a solution of Az = f. Under good assumptions

about the matrix A, this is indeed the case.
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Theorem 12. If A is a positive definite symmetric matriz, or if A is a strictly diagonal
dominant matriz, then for any choice of 2° € RY, the sequence (xk) converges to the unique
solution of Az = f.

This method calls for several comments. The first is that we can ask ourselves why
we need a method which gives an approximate solution to an equation, when we have
an algorithm (the Gaussian pivot) which gives in a reasonable time (from I order of N3
operations) an exact solution. It turns out that the Gaussian pivot is numerically unstable.
The calculation errors of the computer accumulate and make that the solution which one
calculates is sometimes very far from the exact solution. The convergence of the Gauss-
Seidel method is based on the fixed point theorem, and this method is more numerically
stable.

Then, we must check that the sequence (x’“) is easily computable. But since (D — L) is a

lower triangular matrix, it is not at all difficult to invert, and we have the following formula

k+1 (fz Zaz,]karl Z ai,jx§> . (213)

j=i+l

to calculate zF+1

This formula shows that the Gauss-Seidel method is an improvement of the Jacobi method.

In the Jacobi method, the recurrence relation is

gt = (fl Zawa:’ Z ;2 > . (2.1.4)

Jj=t+1

The advantage of the Gauss-Seidel method is that, to calculate a:k“, we use the already

calculated values of :UkH

for j < i, at instead of xj as in the Jacobi method. The Gauss-
Seidel method is a spec1al case of relaxation methods.
In the next section, we will see the principal and transfer operators of the multi-grid method.

They are the operator of prolongation and operator of restriction.

2.2 Nested meshes, transfer operators

One considers two uniform discretizations of the interval of study Mj, mesh smooth, and
My, coarse mesh. It is assumed that these meshes are "nested", i.e. say that the coarse mesh
nodes are also smooth mesh nodes. For fix the ideas, and although this is not a necessary

condition, it is assumed moreover, the coarse mesh is half as dense as the fine mesh.
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2.2.1 Prolongation operator

Definition 2. We call extension or prolongation any interpolation operator on the fine

(smooth) mesh of functions known by their discretizations on the coarse mesh.

Remark 1. By using the term interpolation operator, we implicitly assume that it satisfies
a condition of consistency and even precision, that we will endeavor to verify in specific

cases.

Exercise 1.
P =1 My, — My, (2.2.1)

=
e

L sl

Figure 2.1: The principle of prolongation operator.
Linear interpolation

’U,ll = (U0+U1)/2

uh = uy
Uy ulhy = (uy +ug) /2
Usp = | uo | —up=| u)=1us (2.2.2)
us ug: U2+U3)/2
Uy = Us

uh = (us + uq) /2

where the boundary values, in the example ug and uy, are not degrees of freedom and do not

intervene in the identification of the operator of prolongation:
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12 0 0
1 0 0
1/2 1/2 0
P=] 0 1 0 (2.2.3)
0 1/2 1/2
0 0 1
0 0 1/2

2.2.2 Restriction operator

Definition 3. We call restriction any interpolation operator on the coarse mesh of functions

known by their discretizations on the fine mesh.

Remark 2. Again, the notions of consistency and precision are implicit.

Exercise 2.
R=1": My, — My, (2.2.4)

=
o 4~
-
® 2
D
9 =~
I
® o
D =
~4X

=
e

Figure 2.2: The restriction operator principle.

1. Injection

0100000
R=(0001000 (2.2.5)
0000010

In the case of the fundamental discrete model, it is noted that by ninjectionz eigen-
vectors associated with the fine discretization, one obtains the eigenvectors associated

with the coarse discretization. In this sense, the ninjection respects the proper modesz.

29



Representation of the Multi-grid Method for E.V.I

2. The following restriction operator is preferable:

1/4 1/2 1/4 0 0 0 0
R:§PT: 0 0 1/4 1/2 1/4 0 0 (2.2.6)
0 0 0 0 1/4 1/2 1/4

in the following section, we will show the two grid method which use only two level:

2.3 Two-grid method

The bi-grid (two-grid) method uses only two levels of calculation, i.e. it has only one
only coarse grid in addition to the starting grid. We use the index h to designate the fine
level and 2h for the coarse level.

Consider the linear system to be solved
An X = fu.

The different stages of a bi-grid cycle are as follows:

1. Pre-smoothing: We perform viterations (called smoothing) of an iterative method

(called smoothing) L in order to obtain a first approximation X, of the solution

Xh =L (Ah, fhtha Z/) . (231)

2. Calculation of the residue:

Ry = fn — AXp. (2.3.2)

3. Residual restriction: The residual is projected on the coarse grid thanks to the
restriction operator R
Ron = RRy,. (2.3.3)

4. Calculation of the correction: The correction on the coarse grid esh is calculated

by solving the following linear system
Aon&on = Ran, (2.3.4)

thanks to a resolution method ®, where Ay, is the matrix of the linear system projected
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on the coarse grid
Eon = © (Aan, Ran) - (2.3.5)

5. Extension of the correction: The correction &y, is interpolated on the fine grid

thanks to the extension operator P

En = P&y, (2.3.6)

6. Application of the correction: The approximate solution X, is updated by adding
the correction coming from the coarse grid

7. Post-smoothing: We perform v/ smoothing with a smoother L’ to eliminate high

frequencies from the correction. Generally, L = L’
X, =1 <Ah,fh,Xh,y’) . (2.3.8)

In the following figure, we determine the steps of the method of a one cycle (two-grid) by a

diagram:
Relax on 4,x, = f, Correct
- X!z o Xh Ll Eh
Calculate i, — [, — A, X,
Restyict Intergolate
Rzp, = RRy, Ean = P Egy,

Solve ApEap = Rap,
Ezpn = (Azn) 'Rap

4

Figure 2.3: Diagram of two-grid method.
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2.4 Multi-grid method

The generalization of the bi-grid method leads to multi-grid methods, in which we con-
sider more levels of calculation. The correction is then only calculated on the coarsest level,
while the pre-smoothing and post-smoothing steps are performed on the fine level and on
the intermediate levels. The order in which the different grids are traversed describes the

multi-grid cycle, some of which are schematized in Figure below.

Smoothgrid @ o [ /. °
/ ® 0o /
Intermediate grid @ \) \/. .\ /.
\ / o d o
Coarse grid le)
V-cycle W-cycle Full multigrid
@ Pre-smoothing Restriction
@ Post-smoothing ——  Prolongation .

O Correction calculation

Figure 2.4: Diagrams of V-cycle, W-cycle and Full Multi-grid.

The V-cycle consists in replacing the operator by another bi-grid cycle as adding a
coarser level. The transition from a bi-grid method to a V-cycle of 3 grids is schematized
in Figure below. This cycle, the most commonly used in the literature.

The W-cycle consists in carrying out several operations of the big-grid method on the
grids coarser before extending the correction on the fine grid. By multiplying the operations
on coarse, normally inexpensive grids, a better correction is calculated and slightly improves
convergence (Strang, 2007). Little used in the literature, because less natural than the V-
cycle when going from 2 to more grids, the W-cycle is numerically more expensive and you
have to count on a significant reduction in the number of cycles to become justified.

The Full Multi-grid method consists of initializing the multi-grid cycle on the coarsest
grid and to go through the coarser levels before reaching the smoother grid.

Once the type of cycle has been chosen, the multi-grid method is defined from the parameters

following resolutions:

- The operators: The prolongation is a linear operator, between two-dimensional
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@ @ Smoothgrid
Smooth grid @ @ \
I @ @ Intermediate grid
Coarse grid @) \o/ Coarse grid
V-cycle
Bi-grid method Method of 3-grids

Figure 2.5: Switching from a 2-grid method to a 3-grid V-cycle.

spaces. Hence, it can be represented as a matrix. Using the standard basis of RV/2~1
and RY~! then

— N =

— N

e ROV-Dx(NV/2-1) (2.4.1)

N |
— N

and if the spaces RVN~! and RY/2-1 are equipped with the standard bases, the matrix

representation of the weighted restriction operator has the form

1 21

bl e RW/2-Dx(N-1), (2.4.2)

B~ =

With this representation, one can see an important connection between weighted re-
striction R and interpolation P
R=2(P)". (2.4.3)

- The number of smoothing iterations v.
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- The resolution method (and its possible parameters) for the resolution of the system

from the coarsest grid.

2.5 The Convergence of the Multi-grid Method in the

L*>° norm

2.5.1 Approximation property

Theorem 13. The matriz Yy, = [JA [uf] uf] ™" — p[J A1 [uf] ruf] ™ r] has the approzi-
mation property
1 Tklloe < CRE [Inhy|*. (2.5.1)

Proof. According to the previous theorem (convergence of H.J.B equation), we have

= el < OB Jlog i [ fillgand  w € W2?

whence
lu = oo < Ch [log hi|*[| gl
then
[ui = uioal| o < Chj, Nlog T [|gklloc-
Pose:

Ly, = JA [up] uf,

Ly = JA_ [u}] ruj

then, there exists a second member g such that
b(riLy'g,v) = ((r,’;)_lg,v) Vv e L?

and
b (rk_lL,:lrg,v) = ((7“};)71 g, v) Vv € L?

whence we have

|rily g — Tk—lL];_llrgHoo < Chi [log h|* gl
Ikt = ritra Litir) 9|, < Chi log il gl

Lt = ritrea Lt yr|| o < Chi |log byl
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whence
1A [yl up) ™ = p [ A [ug] rug] | < O [log .

0
2.5.2 Smoothing Property
We introduce the basic lemma (cf. [42])
Lemma 4. Let A be a matriz such that ||Al|l < 1 then, we have
1 2
1= AT+ Ay, <207 |2 > (25.2)

™q
Proof.

(I—A)(I+A)q:(I—A)Z<Z)Ak:]—Aq+1+zq:<<Z>—(i_l))Ak.

LS

Whence
. Ll q q
nu—mu+Anusz+§j(k)—<k_l>,
q q 1 g\ (4
(2):() st = (3)-(1)
We have
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2
1 < 2%,/ — for allg > 1,
4] V mq

as:

for more detail see [42]. So

. q
HU—MU+AHu§2<[ =

2
}>§2q —  forallg>1.

q
2

]

As a smoother, we use a relaxation method with an iterative matrix Si. For the following
theorem, Arnold Reusken applied that for the equations and it work for our work because

it is related uniquely by the operator.

Theorem 14. Assuming the previous assumptions and notations are satisfied, there exists

a constant C independent of k and o such that the following smoothness properties hold
v [e 1 —2
1(B5) Sillo < Cﬁhk : (2.5.3)

Proof. We pose Ly = JAy [uf] up = Mg— Ny and we consider the relaxation method (w = %)
with the iteration matrix )
S =1 =MLy
As the A, are M-matrices we can verify that HMk_lNk”oo < 1land || My, < Ch;>.
Then

1 p
I o] ] U ) e = s (1= 500 )

Pose
A=M"'"Ny=1—-M;"Ly,

we have

A 3] ) [l rei L, = (M = A) () (2 4+ AP < Ml ()7 2770 /2.
Then .

< C—=h.*

LT A [ur] ui] [T Sk [up] rug)l o < 7

2.5.3 L-error estimates for the multi-grid method

We obtain the result by using the norm in (2.3.7) and considering (2.5.1) and (2.5.3).
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Theorem 15. Under the previous assumptions and symbols, the iteration uy,v > 0 of the
two networks k and k — 1 satisfies

o =il < (< Moel) g = il (3.6)
Proof. We have
Jutt =il = ([ (5= P (= MG (BL) T Re) (B 87 (k — )|
< (= Pe = MGron) (BiL) 7 R | IBESE o s = il
< (%h) (Ci2 flog hu ) 1 — wp)..
< (S22 g i — .
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Chapter 3

Approximation of the multi-grid
method for linear variational

inequalities

In this chapter, we study the numerical solution of elliptic problems by a multi-grid
method. We prove the uniform convergence of the multi-grid algorithm using the elementary
sub-differential calculus and ideas from the convergence theory of non-linear multi-grid

methods.

3.1 Approximation of the multi-grid method for non-

coercive variational inequality

Let us give u,(:) € R™, v > 0 and calculate u,(:ﬂ) € R™ ag being the solution of equation

Biultt — 7y =0, (3.1.1)
such that
Zy = Fy + My
where
Bi fBZV—ZZ> v.o— s
By, = 4 Bra () A0 By = Zs > iy = (3.1.2)
’ (" if 1<i<N,
Z’i fBZV—ZZ> hi )
gy, = Zei A Bty = Zni > i = U, (3.1.3)
' U, if 1<i<N.
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Approximation for non-coercive variational inequality

Let u; be the unique solution of the discrete H.J.B equation (1.4.15)

max (Byiuj — Zii, uj; — i) = 0. (3.1.4)

1<i<N

3.1.1 Multi-grid ( M.G.H.J.B) algorithm for V.Is.

If we choose iterative uf,v > 0 for the multi-grid method, we obtain u} by applying the

iterative method to the system (3.1.1) «, expressed as
ay = Sy (uf) (3.1.5)

where S}, is the iteration or smoothing operator and « is the number of iterations performed.
We denote the solution of (3.1.1) as uj. Error setting e} = u} — u} and residual d,(:) =

Zy — Bju}, we can write the equation (3.1.1) as
By (uy + ef) = Zy.
This leads to the residual equation
Biet = z¢ — Bk = d\”.

On the fine grid, after the relaxation on Bjjuy = Z}/ the error will be smooth, while on the
coarse grid this error seems to be more oscillatory, and the relaxation will be so efficient.
Therefore, to fully determine e, we must compute e}_; at the level of (k—1) as the solution

for the coarse grid system
Bl el =dY,. (3.1.6)

We can explain e}, (resp B;_,, d,iﬁ) as an approximate operator of e} <resp By, d,(:)> on
k — 1 layer Ry and its inverse Py .

Therefore, we determine k-level improvement iterations
uytt = a4+ Py (ef_y) - (3.1.7)
Due to nesting, we use the well-defined identity operator

™ : Vk,1 — Vk,

™ = .
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Approximation for non-coercive variational inequality

Define the prolongation and restriction operators, i.e.
Pr=ry ' rh1, Ri =Py (3.1.8)

Remark 3. The previous algorithm describes a loop of two grid iterations to solve (3.1.1)
for two grid levels Qy_1. Clearly, the coarse mesh system (3.1.6) has the same shape as the
system (3.1.1). Therefore, we can approximate the system (3.1.6) by recursively performing

two-grid iterations on all grid layers {Qx, k =0, ..., my} untie.

3.1.2 Matrix of the M.G.H.J.B Algorithm

The iteration matrix for the two-grid method with a; pre-smoothing and «sy post-

smoothing iterations at the k level is given by
TG Qo vy—1 v -1 v o
i (@, ap) = S° ((Bk) — Py (BY,) Rk) (BY) 52, (3.1.9)

Theorem 16. (see [3]) The multi-grid method is a linear iterative method whose iteration

matrix MGy, is given by

MGy =0, (3.1.10)
MGy = 52 (Ik — Pe (I — MGy_y) (BL_)) ™ Rk> (BY) S, (3.1.11)
= TGy + SEPMGyy (BL_)) " Ry (BY) S, k=1,2,.. (3.1.12)

Proof. The result in (3.1.10) is trivial. The result in (3.1.12) follows from (3.1.11) and the
definition of TG. We now prove the result in (3.1.11) by induction. For k = 1 it follows from
(3.1.10) and (3.1.9). Assume that the result is correct for £k —1. Then MGMy_1 (yx_1,2Zx_1)

defines a linear iterative method and for arbitrary y,_1,zi_1 € R™-1 we have
MGMk_l <Yk—17 Zk—l) - (B,’;_l)_lzk_l = MGk_l (Yk—l - (Bg_l)_lzk_l) . (3113)
We write the algorithm as follows:

x' = 5P (x4, ZY)
x* i=x" + P, MGM;_; (0, Ry (Zy — Bix'))

x " =57 (XQ, Z,’;) :
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From this we get

Q= =X = ()2 = S (< - x)
=57 (x1 — x5, + P MGMy,_4 (O,R;c (Z,Z — B,’;xl)) .
Now we use the result (3.1.13) with y,_1 = 0,251 := Ry (Z¢ — Byx'). This yields
new * Qoo 1 * —1 v —1
X — X = Sk: (X — X + Pk (Bk_lzk_l — MGM}C_1<B,€71) Zk—l)
=57 (I — P (I —MGMy_1) (B,’;_l)*leBZ) (x1 — XZ)
=522 (I— Py (I— MGMy_1) (By_y) 'RieBy) St (x4 —xj) .

This completes the proof. Il

3.1.3 Convergence of the Multi-grid algorithm in the L*°-norm
In this section, we present a unified convergence analysis for multi-grids. The algorithm

was described in the previous section using maximum norm.

Approximation property

Theorem 17. (see [28] ) The matriz T = |(BY) ™' — Py (Bg_l)fl Rk} has the approxima-
tion property
ITlloo < Ch2 [Inhyl. (3.1.14)

Proof. The proof of approximation property introduced by Arnold in [4] and based on
Theorem in Hoppe (see [41]). O

Property of Smoothing

To demonstrate the smoothness property, we decompose B} = Ej — N} and use the

following assumptions
Ej, is regular and ”Ek_lNk’Hoo <1, forall k. (3.1.15)

| Exll, < Ch;? for all k, with C independent of k. (3.1.16)

As a smoother, we use a relaxation method with an iterative matrix

Sk:Ik—wEglNk, S (0,1).
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For the following theorem, Arnold Reusken applied that for the equations and it work for

our work because it is related uniquely by the operator.

Theorem 18. Assuming the previous assumptions and notations are satisfied, there exists

a constant C independent of k and o such that the following smoothness properties hold
v [e 1 —2
1(B5) Sitllo < Cﬁhk : (3.1.17)

Considering the norm in (3.1.7) and considering (3.1.14) and (3.1.17), we need to prove
the following stability limit

A0 |57 < Cs, for all k and . (3.1.18)

The convergence analysis is based on the following two mesh divisions Iterate the matrix

using ap = 0

TG (an,0)]l, = | (B = P (Br1) ™" Ra ) (Bp) 5
< |[(Bo " =P (Br) " Ra)||_NBD) sl

Often, we will select a hierarchy from more than two grids. In this case, the iteration matrix
(3.1.10), (3.1.11) and (3.1.12) can be defined by recursion using the iteration matrix (3.1.9)
for all levels k. Therefore, if we assume that (3.1.18) holds, the result that L> converges

can be easily deduced from the previous results.

Theorem 19. ([3]) Consider the multi-grid method given the iterative matriz, input (3.1.10),
(3.1.11) and (3.1.12). Under the previous assumptions, then for the parameter value ay =
0,00 =a > 0,7 > 2. For each ¢ € (0,1) there is ac* such that for all & > o*

IMGyll. < ¢ k=0,1,... (3.1.19)

hold.

Proof. If the approximation and smoothness properties are combined with (3.1.18), then we

can apply the same parameters as in [[3], Theorem 7.20]. O

The following sentence represents the main result of our work.

Theorem 20. Under the previous assumptions and symbols, the iteration uj,v > 0 of the
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Approximation for non-coercive variational inequality

two networks k and k — 1 satisfies

v+1 *
™ — i

Va
Proof. We have

Jtt =il = || (5 = P (i = MGy (Broy) ™ Ra) (BY) S5 ) (= i)
< (5= P = MG (Br) T R | IBESE N N = i
<
<

3.1.4 Numerical Simulation

C 14 *
S (— ILoghk|2) g, — wll o - (3.1.20)

’ o0

o0

Cy y .
(S0 (Cuntlog ) ui = )l

(V&

2 v *
) log hul? 1t — i .

In this section we present numerical examples of non-linear variational inequalities.

To apply this method to our example, we assume that the data of our problem should be

smooth enough and apply Bellman’s principle dynamic programming, then we solve (1.4.3)

as we discussed before, with the following data:

(3.1.21)

(Au<f nQ=[01p,
<Au_f7u_¢> :07
u <,
(U= 0, in 0f).
Where
Au = —Au— 00220 4 o152 4o 154+ (1+ Mu
= . 81‘82; Log, LBy )

[ =sin(rz)sin(2ry)sin(n(x + y)) + Au,
A =2,
Y =0

We restrict ourselves to FEM discretizations with uniform triangulation and P1 nested finite

element function spaces. For domain discretization, we use the PDE toolbox in MATLAB

(R2017b) to generate meshes that can then be efficiently solved using multi-grid FEM as

described above. The domain consists of 64 triangles and 41 nodes.

This numerical example is intended to demonstrate the high efficiency of the multi-grid
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method. We choose the Gauss-Seidel method for pre/post-smoothing in the multi-grid code.
For recursion in the multi-grid method, we stop the recursive multi-grid algorithm when the

degrees of freedom (number of internal grid points) are less than 5.

012
Multigrid Method V-cycle
—#— Multigrid Method W-cycle
0.1 —&— Gauss Seidel Method

o
o
@

0.06 9

Residual norm

10 20 30 40 50 60 70 80 90 100
Number of iterations

Figure 3.1: Comparison between the convergence behaviour of Multi-grid and Gauss-Seidel
methods.

The figure above illustrates the convergence behaviour of the multi-grid solver (green).
The red curve represents the maximum norm of the multi-grid residuals (V and W cy-
cles) versus the number of iterations performed. For comparison, Gauss-Seidel convergence
behaviour (blue curve) included.

Execute multi-grid V loop, we get the finest mesh with 41 nodes and the coarsest with
4 nodes, then we apply the Matlab backslash operator and Gauss-Seidel to this finest mesh

and get the solution in the figure below.
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Solution by Matlab backslash operator solver

%1073

Multigrid Solution V-cycle

Gauss Seidel Solution

%1072
2
o
-2
4
E
-8

=10 3l
1

1
05 0e 0B
0.4
0.2
0 o
Multigrid Solution W-cycle
%1072

- N

&

-10 &l

0.2

Figure 3.2: Solution of the problem (3.1.21) on fine grid with 41 DOFs using Matlab back-
slash operator solver, Gauss Seidel Method, Multi-grid Method V-cycle and W-cycle after

100 iterations.
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Iterations number

Gauss-Seidel method

Multi-grid V-cycle
method

Multi-grid W-cycle
method

5

0.067462393216819

3.476538790181394¢ %

4.884981308350689¢ 1

20

0.001927545543214

2.220446049250313¢ 10

2.220446049250313¢ 1

20

1.549240267406660e

2.220446049250313¢ 16

2.220446049250313¢ 1

100

1.076361222374089¢ 1

2.220446049250313¢ 16

2.220446049250313¢ 1

Table 3.1: The norm of residual with three method in the iterations.

Notting that, if we perform more than 20 iterations, the multi-grid solution is better
than the Matlab backslash-operator (M.B.O) solution.

3.2 Approximation of the multi-grid method for varia-

tional inequality where the second member is non-

linear

Let us give u,(:) € R™, v > 0 and calculate u

such that:

where

k,i:{

k

(v+1)

A ™ = 7 =0,

Zy. = By (ug),

Uk 4 if

lec/,i = {

Uk, 5 if

'Ak»i (uk) if Amuzvi — Z}m > UZJ- — ¢k7i’

1<i<N

i b Apgug; — Zii > uf; — Yri

1<i<N

Let u; be the unique solution of the discrete H.J.B equation (1.5.14)

max (Aklu;; = iy Uy — sz) = 0.

1<i<N
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Approximation for variational inequality where the second member is non-linear

3.2.1 Multi-grid (M.G.H.J.B) algorithm for V.Is

If we choose iterative u},v > 0 for the multi-grid method, we obtain @} by applying the

iterative method to the system (3.2.1) «, expressed as
uy = Sy (uy) (3.2.5)

where S}, is the iteration or smoothing operator and « is the number of iterations performed.
We denote the solution of (3.2.1) as uj. Error setting e} = u} — u} and residual d,(:) =

Zy — Alu}, we can write the equation (3.2.1) as
Al (ay +ef) = Z},.
This leads to the residual equation
Avel = 7V — Al = d").

On the fine grid, after the relaxation on Aju} = Z; the error will be smooth, while on the
coarse grid this error seems to be more oscillatory, and the relaxation will be so efficient.
Therefore, to fully determine e}, we must compute ej_; at the level of (k—1) as the solution

for the coarse grid system
Ve =dY). (3.2.6)

We can explain e, (resp A7, ,(:)1> as approximation operator of e (resp Az,d,(:)> on

k — 1 layer Ry and its inverse Py.

Therefore, we determine k-level improved iterations
uptt = ay + Py (ef_y) - (3.2.7)
Due to nesting, we use the well-defined identity operator

nm:v,.;, — Vk,
IIv = v.

Define the prolongation and restriction operators, i.e.,
Pe=r."rs1, Ri="Ps. (3.2.8)

Remark 4. The preceding algorithm describes a loop of two grid iterations to solve (3.2.1)
for two grid levels Q1. Clearly, the coarse mesh system (3.2.6) has the same shape as the
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system (3.2.1). Therefore, we can approzimate the system (3.2.6) by recursively performed

two-grid iterations on all grid layers {Qx, k =0,...,my} untie.

3.2.2 Matrix of the M.G.H.J.B Algorithm

The iteration matrix for the two-grid method with a; pre-smoothing and «s post-

smoothing iterations at the k level is given by
TGy (a1, a) = S22 ((Ag)—l — P (AL, Rk> (AY) 52 (3.2.9)

Theorem 21. ([3]) The multi-grid method is a linear iterative method whose iteration

matric MGy, is given by

MGy =0, (3.2.10)
MG, = 52 (Ik — P (I — MGyy) (A7) Rk) (AY) S, (3.2.11)
= TGy + S2P MGy (AL Re (AY) SO, k=1,2,.. (3.2.12)

Proof. The result in (3.2.10) is trivial. The result in (3.2.12) follows from (3.2.11) and the
definition of TGy. We now prove the result in (3.2.11) by induction. For k = 1 it follows from
(3.2.10) and (3.2.9). Assume that the result is correct for k — 1. Then MGMy_1 (yx_1,Zx—1)

defines a linear iterative method and for arbitrary y,_1,z,_1 € R™-1, we have
MGMy—1 (Yr-1,25-1) — (Af_1) ‘21 = MGroy (yio1 — (A7) 'zi1) (3.2.13)
We write the algorithm as follows:

x! = St (led ,Z,’:)
x? = x! + Py MGM;_4 (07 Ry (ZZ - AZX1)>

X =52 (x%, Zy)
From this, we get

new

X X=X — (AN 2 = S (- x)

= 5p2 (x' —x} + Py MGM; 1 (0, Ry, (27 — A7x')) .
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Now we use the result (3.2.13) with y;,_1 = 0,21 := Ry (Z¥ — A¢x'). This yields

leew — X]: = S]?Q (Xl — Xz + Pk (A,;_llzk_l — MGMk_l(AZ,l)_lzk_l)
=572 (I = Pp (T = MGMy_1) (A_) "R AY) (x' — x3)
=52 (I = Pyp (T — MGM;_y) (A7) "Ry Ay) St (x4 —x7) .

This completes the proof. O

3.2.3 Convergence of the Multi-grid algorithm in the L*° norm
In this section, we present a unified convergence analysis of multi-grids. The algorithm
was described in the previous section using maximum norm.

Property of approximation

Theorem 22. (/28]) The matriz L) = [(AZY1 — Py (AZ_I)_l Rk} has the approximation

property
[ Tklloo < Ch2 [Inhyl” .. (3.2.14)

Proof. The proof of approximation property introduced by Arnold in [4] and based on
Theorem in Hoppe (see [41]). O

Property of smoothing

To demonstrate the smoothness property, we decompose A} = Ej — Nj and use the

following assumptions:
E}, is regular and ||E/,€_1]\7;</,HOO <1, forall &, (3.2)

| Ex]l, < Ch;? for all k, with C independent of k. (3.3)
As a smoother, we use a relaxation method with an iterative matrix
Sp=1Iy —wE, "Ny, w € (0,1).

For the following theorem, Arnold Reusken applied that for the equations and it work for

our work because it is related uniquely by the operator:

Theorem 23. ([}]) Assuming the previous assumptions and notations are satisfied, there

exists a constant C' independent of k and « such that the following smoothness properties
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hold )
(A7) S¢ e < O i (3215

Considering the norm in (3.2.7), and considering (3.2.14) and (3.2.15), we need to prove
the following stability limit

3AC; : ||SE || o < Cs, for all k and «. (3.2.16)

The convergence analysis is based on the following two meshes divisions iterate the matrix

using ap = 0

TGOl = (0 P ) ) A 5]
< [ (0™ =P () Ra)|| 64D S

Often, we will select a hierarchy from more than two grids. In this case, the iterative matrix
(3.2.10), (3.2.11) and (3.2.12) can be defined by recursion using the iterative matrix (3.2.9)
for all levels k. Therefore, if we assume (3.2.16) holds, the result that L> converges can be

easily deduced from previous results.

Theorem 24. (/3]) Consider a multi-grid method given the iterative matriz, input (3.2.10),
(3.2.11) and (3.2.12). Under the previous assumptions, then for the parameter value g =
0,1 = > 0,7 > 2. For each ( € (0,1) there is ac* such that for all « > o*

IMGyll. < ¢ k=0,1,... (3.2.17)

hold.

Proof. 1f the approximation and smoothness properties are combined with (3.2.16), then we

can apply the same parameters as in [[3], Theorem 7.20]. O

The following theorem represents the main result of our work.

Theorem 25. Under the previous assumptions and notations the iterated uy,v > 0 for two
meshes k and k — 1 satisfy

C
o =il < (T Mogel) g = il (3:218)
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Proof. We have

v+1 *
H“k — Uy

[e.o]

= (5 =P = MG ()T R) (A S2) (ki)

‘ o0

< (5 =Pt = MG (AL) T R || IS k= ikl
C — v *
. Q%@ﬁ«mm%mﬁm%—%mm
C,C
- ( \/5> log Aul? luf — .

3.2.4 Numerical Simulation

In this section, we present numerical examples of a non-linear variational inequality.
To apply this method to our example, we assume that the data of Our problem should
be smooth enough and apply the Bellmans principle Dynamic programming, then we solve
(1.5.2) As we discussed before, with the following data:

(Au< f(u), inQ={(x,y)|2>+y> <1},
(Au — f(u),u— 1) =0,

u <,

(u =0, in 0.

(3.2.19)

Where
Au = —Au,

f(u) = cosu,
Y = 0.
We restrict ourselves to FEM discretization with a uniform triangulation and P1 nested finite
element function spaces. For domain discretization, we use the PDE toolbox in MATLAB
(R2017b) to generate meshes that can then be efficiently solved using multi-grid FEM as
described above. The domain is as following;:

This numerical example is intended to demonstrate the high efficiency of the multi-grid
method. We choose the Gauss-Seidel method for pre/post-smoothing in the multi-grid code.
For recursion in the multi-grid method, we stop the recursive multi-grid algorithm when the
degrees of freedom (number of interior grid points) are less than 5.

The figure above illustrates the convergence behaviour of the multi-grid solver (green).The

red curves represents the maximum norm of the multi-grid residuals (V and W cycle) versus
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Figure 3.3: Domain of our problem with 2048 triangle and 1089 nodes.
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Figure 3.4: Comparison between the convergence behaviour of Multi-grid and Gauss-Seidel
methods.

the number of iterations performed. For comparison, Gauss-Seidel convergence behaviour (
blue curve) included.

Execute multi-grid V loop, we get the finest mesh with 1089 nodes and the coarsest with
4 nodes then we apply the Matlab backslash operator and Gauss-Seidel on this finest mesh

and get the solution in the figure below.
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Solution by Matlab backslash operator solver

Gauss Seidel Solution

Figure 3.5: Solution of the problem (3.2.19) on fine grid with 1089 DOFs using Matlab
backslash operator solver, Gauss Seidel Method, Multi-grid Method V-cycle and W-cycle

after 100 iterations.

Iterations number

Gauss-Seidel method

Multi-grid V-cycle

Multi-grid W-cycle

method method
5 1.3214 0.1699 0.0498
20 0.6334 0.0049 4.5777e%
50 0.2723 4.4366eY 3.7937e 11
100 4.058087199609872¢ 12 | 4.440892098500626e 1 | 4.440892098500626¢ ¢

Table 3.2: The norm of residual with three method in the iterations.

Notting that, if we perform more than 20 iterations, the multi-grid solution is better
than the Matlab backslash-operator (M.B.O) solution.
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3.3 Approximation of the multi-grid method for non-
coercive variational inequality and the non-linear

second member

Let us give u,(:) € R™ v > 0 and calculate u,(:ﬂ) € R™ as being the solution of the

equation
Byuyt — Z{ =0, (3.3.1)
such that
2y = Fy (up) + M
where
Bi ‘fBiV~—ZZ~> Lpp— i
gy, = Brs () 10 Bty = Zi > i = (3.3.2)
' (7 if 1<i<N,
Zy; i Byuy, — Zyi > uy; — Yrg,
Z’Zz — k, 1 k, uk,l k“7- uk,z ¢k, (333)
7 ug,; if 1<i<N.
Let u; be the unique solution of the discrete H.J.B equation (1.6.14)
max (Byup — Zig,up; — Vi) = 0. (3.3.4)

1<i<N

3.3.1 Multi-grid (M.G.H.J.B) algorithm for V.Is

If we choose iteration uj,v > 0 for the multi-grid method, we obtain u}, by applying

the iterative method to e the system (3.3.1) by «, expressed as
ay = Sy (uf) (3.3.5)

where S}, is the iteration or smoothing operator and « is the number of iterations performed.
We denote the solution of (3.3.1) as uj. Error setting e} = u} — u} and residual d,(:) =

Zy — Bju}, we can write the equation (3.3.1) as
By (uy + ef) = Zy,.
This leads to the residual equation
Bilet = 77 — Bk = d\”.

On the fine grid, after the relaxation on Bju;, = Z}/ the error will be smooth, while on the
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coarse grid this error seems to be more oscillatory, and the relaxation will be so efficient.
Therefore, to fully determine e}, we must compute ej_; at the level of (k—1) as the solution
for the coarse grid system

Bl el =dY. (3.3.6)

We can explain e}_, (resp B,’gfl,dgl) as approximation operator of ef <resp BZ,d,&”) on
k — 1 layer R and its inverse Py .

Therefore, we determine k-level improved iterations
uptt = ay + Pr (ef_y) - (3.3.7)
Due to nesting, we use the well-defined identity operator

m Vi1 — Vg,

™ =.

Define the prolongation and restriction operators, i.e.,
Pe=r1} 11, Ri=Pj. (3.3.8)

Remark 5. The preceding algorithm describes a loop of two grid iterations to solve (3.3.1)
for two grid levels Q1. Clearly, the coarse mesh system (3.3.6) has the same shape as the
system (3.3.1). Therefore, we can approzimate the system (3.3.6) by recursively performed

two-grid iterations on all grid layers {Qx, k =0, ..., my} untie.

3.3.2 Matrix of the M.G.H.J.B Algorithm

The iteration matrix for the two-grid method with «a; pre-smoothing and «s post-

smoothing iterations at the k£ level is given by
TGy (ar, az) = S ((B,g)*l — P (BL) Rk) (BY) S, (3.3.9)

Theorem 26. (see [3]) The multi-grid method is a linear iterative method whose iteration

matriz MGy, is given by

MGy =0, (3.3.10)
MGy = 52 (Ik — P (I — MGyy) (BL,) ™" Rk> (BY) S, (3.3.11)
= TGy + S2P MGy (BY_)) ™ R (BY) S, k=1,2,.. (3.3.12)

Proof. The result in (3.3.10) is trivial. The result in (3.3.12) follows from (3.3.11) and the
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definition of TG. We now prove the result in (3.3.11) by induction. For k = 1 it follows from
(3.3.10) and (3.3.9). Assume that the result is correct for £k —1. Then MGMy_1 (yx—1,2Zx_1)

defines a linear iterative method and for arbitrary y;_1,z;_1 € R™-1 we have
MGMk_l (Yk—h Zk—l) — (BZ?I)_IZk_l = MGk_l (Yk—l — (BZ71>_1Z]€_1) . (3313)
We write the algorithm as follows:

x' =5 (x4, ZY)
x? = x' + Py MGM,,_4 (O,Rk (Z,Z — B,’;xl))
x " =8 (XQ, Z,’;) )
From this we get
X =X (BY) 2 = S (- x))

= 52 (x' — x5, + Pe MGM,,_1 (0, Ry, (Z) — Byx')).
Now we use the result (3.3.13) with y,_1 = 0,2, := Ry (Z¥ — Byx!'). This yields
new * Qoo 1 * —1 v —1

=52 (I— Py (T — MGM;1) (By_,) 'RuBy) (x' — x})
=52 (I— Py (I— MGMy_1) (By_y) " 'RieBy) St (x4 —xj) .

This completes the proof. Il

3.3.3 Convergence of the Multi-grid Method in the L*°-norm
In this section, we present a unified convergence analysis of multi-grid. The algorithm

was described in the previous section using the maximum norm.

Property of approximation

Theorem 27. (see [28]) The matriz 1) = [(B,’g)fl — P (B,’;_l)*l Rk] has the approxima-
tion property
[ Tklloo < Ch2 [Inhyl” .. (3.3.14)

Proof. The approximation property proof introduced by Arnold in [4] and based on Theorem
in Hoppe (see [41]). O
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Property of smoothing
To demonstrate the smoothness property, we decompose B; = Ej, — Nj and use the
following assumptions

E}, is regular and ||Ek_1NkHOO <1, forall k. (3.3.15)

| Exll, < Chi? for all k, with C independent of k. (3.3.16)

As a smoother, we use a relaxation method with an iterative matrix
Sk:[k_WEjlek; w e (0,1)

For the following theorem, Arnold Reusken [4] applied that for the equations and it work

for our work because it is related uniquely by the operator.

Theorem 28. ([/]) Assuming the previous assumptions and notations are satisfied, there
exists a constant C' independent of k and « such that the following smoothness properties

hold
1

7a

Considering the norm in (3.3.7), and considering (3.3.14) and (3.3.17), we need to prove

180 S < C—=hic™ (3.3.17)

the following stability limit
A0 |57l < Cs, for all k and «a. (3.3.18)

The convergence analysis is based on the following two meshes divisions Iterate the matrix

using ap = 0

|(B)7 =P (BLL) ™ R) (B S|
<||(B7 =P (B) R 180 S

Often we will select a hierarchy from more than two grids. In this case, the iterative matrix
(3.3.10), (3.3.11) and (3.3.12) can be defined by recursion using the iterative matrix (3.3.9)
for all levels k. Therefore, if we assume (3.3.18) holds, the result that L> converges can be

easily deduced from previous results.

Theorem 29. (/3]) Consider a multi-grid method given the iterative matriz, input (3.3.10),

(3.3.11) and (3.3.12). Under the previous assumptions, then for the parameter value g =
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0,0 = a > 0,7 > 2. For each ¢ € (0,1) there is aa* such that for all « > o*
MGl <¢k=0,1,.. (3.3.19)

hold.

Proof. If the approximation and smoothness properties are combined with (3.3.18). Then,

we can apply the same parameters as in [[3], Theorem 7.20]. O

The following theorem represents the main result of our work.

Theorem 30. Under the previous assumptions and notations the iterated uy,v > 0 for two

meshes k and k — 1 satisfy

e
i ™ = ]|, < <ﬁ ILogthQ) = il - (3.3.20)
Proof. We have
Jugtt =il = ([ (5= Pethe = MG (BrL) ™ Ra) (B ) (i — )|

< (B =P = MG (BL) T R | 1BESE e g = wil

Cy  _ v *

< (Sa?) (Cont o) sk - il
C,C: *

< (S22 ol i~ il

3.3.4 Numerical Simulation

In this section, we present numerical examples of a non-linear variational inequality.
To apply this method to our example, we assume that the data of Our problem should be
smooth enough and apply the Bellman’s principle of Dynamic programming, then we solve
(1.6.2) as we discussed before, with the following data:

(Bu < flu)+ A u, inQ=][0,1]?

(Bu — f(u) + Au,u —¢) =0, (3.3.21)
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Where 5 5
Bu = —Au— C’l—u + C’l—u + (Cy 4+ N,

ox dy

f(u) = cos(u),

Cy = 0.5,Cy = 0.045,

P = 0.
We restrict ourselves to FEM discretization with a uniform triangulation and P1 nested finite
element function spaces. For domain discretization, we use the PDE toolbox in MATLAB
(R2017b) to generate meshes that can then be efficiently solved using multi-grid FEM as
described above. The domain is with 64 triangle and 41 nodes. This numerical example
is intended to demonstrate the high efficiency of the multi-grid method. We choose the
Gauss-Seidel method for pre/post-smoothing in the multi-grid code. For recursion in the
multi-grid method, we stop the recursive multi-grid algorithm when the degrees of freedom

(number of interior grid points) are less than 5.

Multigrid Method V-cycle
457 —+— Multigrid Method W-cycle
—&— Gauss Seidel Method

Residual norm
58]
(%]

3]

10 20 30 40 50 60 70 B0 =1 100
Number of iterations

Figure 3.6: Comparison between the convergence behaviour of Multi-grid and Gauss-Seidel
methods with A = 80.

The figure above illustrates the convergence behaviour of the multi-grid solver (green).
The red curves represents the maximum norm of the multi-grid residuals (V and W cycle)
versus the number of iterations performed. For comparison, Gauss-Seidel convergence be-
haviour ( blue curves) included.

Execute multi-grid V loop We get the finest mesh with 41 nodes and the coarsest with 4
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nodes then we apply the Matlab backslash operator and Gauss-Seidel on this finest mesh

and get the solution in the figures below.
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Solution by Matlab backslash operator solver

o

Multigrid Solution V-cycle

Gauss Seidel Solution

0o o

Multigrid Solution W-cycle

Figure 3.7: Solution of the problem (3.3.21) on fine grid with 41 DOFs using Matlab back-
slash operator solver, Gauss Seidel Method,Multi-grid Method V-cycle and W-cycle after

100 iterations.

Iterations number

Gauss-Seidel method

Multi-grid V-cycle
method

Multi-grid W-cycle
method

bt

1.185927829687301

2.215893886159392¢ V7

1.421085471520200e

20

0.025268278660178

2.842170943040401e~ 14

2.842170943040401¢~ 14

20

1.470710959949884¢ %

2.842170943040401¢~ 14

2.842170943040401¢~ 14

100

5.977085493213963¢

2.842170943040401¢~ 14

2.842170943040401¢~1*

Table 3.3: The norm of residual with three method in the iterations.

Notting that, if we perform more than 20 iterations, the multi-grid solution is better
than the Matlab backslash-operator(M.B.O) solution.

Remark 6. In this example, the \ is important because when the X > 44 the problem is

converge.
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=— Multigrid Method V-cycle
4.5 —+— Multigrid Method W-cycle
—&— Gauss Seidel Method

Residual norm
58]
%] o

o
n

0.5

DJ . - - - - -+ — - - - — z s w7 o . o
) 2 4 (5] 8 10 12 14 16 18 20
Number of iterations

Figure 3.8: Comparison between the convergence behavior of Multigrid method and Gauss-
Seidel methods with A = 80 in 20 iterations.
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Chapter 4

Approximation of the multi-grid
method for non-linear variational
inequality (the operator and the

second member)

In this chapter, we study the multi-grid method for a non-linear elliptic variational in-

equality, where the operator and the second member depend the solution.

4.1 Proposition of problem

We consider the following non-linear stationary variational inequality (abbreviated VI).
If V is a subspace of H'(Q2) and K C V a closed convex,
find v € K solution of

<Au,v—u> > < f(u),v—u> ,veEK, (4.1.1)
where A is a non linear application of V' in its dual V'’ and f is [-Lipschitzian such that
[
f(u) e L*(Q), f>0 and 3 <1
In the following, the focus is on obstacle problems where K is given by

K={veV]v<y}, (4.1.2)
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or

K={veV]v>y}, (4.1.3)

the function ¥ noting an upper obstacle in (4.1.2) and a lower obstacle in (4.1.3).

Furthermore, it is assumed that the obstacle problem (4.1.1), (4.1.2), (resp. (4.1.1),
(4.1.3)) is equivalent to the following complementary non-linear problem (abbreviated to
CNP). Find u € V solution of

Au < f(u), u<9 (resp Au > f(u), u>4), (4.1.4)

< Au— f(u),u —19 >=0, (4.1.5)

where "< .,. >" refers to the canonical order in L?(2).

The numerical approximation of VI (4.1.1) by finite elements leads classically to the solution
of VI in finite dimension .

Find u;, € K} solution of

(Apup,vp, —up) > (falup),vn —up), v, € Kp, (4.1.6)

where K, is a closed convex of RM N, € N, Aj, : RV — RM¥and  f, € L>®(Q).

We give each other a suite {h}._, decreasing of positive real numbers, ie hyy; < hg,
0 < k <1 —1,and we associate to each hy an analogous discretization of VI (4.1.1) by finite
element method.

Let K; C RM be the closed convexes, Ay : RV — R™ be the nonlinear application and
fr € L™(R2) the vectors generated by the chosen discretization (for simplicity the notation
we write K, instead of K}, etc).

Concerning the applications Ay, we assume that

Ag, O < k <, is a Z-function continuously differentiable and
< Akuk — Akvk,uk - > > C ||uk — Uk||2, 0<k< l, (417)

where ¢ > 0 and |.| =< .,. >1/2.

It is well known (see [7]) that under previous assumptions VI (4.1.6) with h = hy, O < k <,
has a unique solution u;, € Kj.

In addition, giving discrete obstacles ¥, € RM, 0 < k <[, it is easy to check in the case
of upper obstacle problems that the VIs (4.1.6) are equivalent to the following CNPs.
Find the solution u; € RV of

Apur < felug),  up <y : (4.1.8)
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< Akuk — fk(uk), U — ¢k >=0. (419)

Formally the CNPs (4.1.8)-(4.1.9) can be written asthe following Hamilton-Jacobi-Bellman
(H.J.B) equations.
Find u; € R+ solution of

Mar1<i<ny (Akzukz - fk,i(uk,i)a Uk, — wk,i) =0, (4-1-10)

Note that when the direction of the inequality changes in (4.1.8) that is, the equation (4.1.10)

replaces the "max" by " min".

In the multigrid method presented here, we will use this scheme in the smoothing processes
at the level 1 < k <[ and as an iterative solution procedure at the level k£ = 0.

In the following, we confine ourselves to the problems of the upper obstacle. The necessary
modifications in case of a lower obstacle are immediate.

Then, at level k£ the mentioned algorithm is given as follows:

Starting from the iterate uf € R v > 0, we decompose the set [, = 1,2,..., N} in

I, = U3_ I} (uf) where

L (ug) = {i € I | (Awug — fr (uf)); > i, — Pra}
I (up) = {i € I | (Apuf, — fie (uf)); < i, —¥ni} (4.1.11)
I (uy) = {i € Iy | (Auf — fio (uf)); = uf; — ns} -

Then, we define an application Ag[u?] : RV — RN and a vector fi,(uy)[u¥] € RN by

Y (Akvk)i; if 7€ Il(u”),
(Ar[uilve): = B (4.1.12)
Uk if @€ IF(uf)Ud(uy).

A e
Fri(ui)[uy] = Fisln) Tf Z € 1i{u), (4.1.13)
Vi if @€ IF(ul) U3 (uy).

Then, we determine the iterate uZH by the solution of the non linear system

AR ul ™ = fr(ug)[uf). (4.1.14)

Note the difference between IZ(uY) and I}(uY) in (4.1.11), which is not used in (4.1.12),

(4.1.13) will have its effect on the convergence analysis in the next theorem.

Theorem 31. (see [20]) Under the assumption (4.1.7), it can be shown that, starting from

u, the sequence of iterate ul, v > 1 is decreasing and converges to the unique solution u}
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of the CNP (4.1.8)-(4.1.9).

In the multigrid method, given an iterate uy,v > 0 we first determine first determine
uy, by k1 > 0 applications of a nonlinear iterative method for the the solution of the system
(4.1.14). In the convergence analysis in the next paragraph, we will choose nonlinear Gauss-
Seidel iteration as a representative of these methods. If we denote an application of this

procedure by Si[uy](., fi(ur)[uy]) we determine u} = v;*, k > 0 according to

ot = Seluf] (vp, fe(ue)[ug]), 0< <k —1

where v = uY.
Than, if we set df = Agu} — fi(ug) , it is immediate that the solution uj of CNP (4.1.8)-
(4.1.9) at level k satisfies the following CNP:

< Akuz — (Akﬂz — dZ), u]: — 77Z)k >= 0. (4116)

In the multi-grid method, the CNP (4.1.15)-(4.1.16) is approximated by a CNP correspond-
ing to the k — 1 level.

Find wu;_; € RM1 solution of

Apury <0 g1, w1 <l ; (4.1.17)
< Ak_luk_l — k—1, Uk—1 — T’,Iz_I@Dk >= (), (4118)

where
Ger = A tay — vty (4.1.19)

and 7F7! : RV — RM—1 denote a suitable restriction (see the note below).
In view of (4.1.15)-(4.1.18) we can interpret uz_, — 7y 'u% as an approximation to k — 1 level
of error uj — u¥ and consequently, by using an appropriate extension pf_; : RM-1 — RNk
we determine an iterate improved at k level by

ul ™ =g+ k(e — ). (4.1.20)

Remark 7. The restriction r’,j_l must be chosen carefully to ensure that the solution uj of

the CNP (4.1.8)-(4.1.9) is a fixed point of the multi-grid iteration.

Remark 8. (i) The multi-grid cycle is called V -cycle, if v =1, and W-cycle, if v = 2.
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(13)  Usually the CNP solution (4.1.17)-(4.1.18) at level k = 0 is replaced by p iterations
with the scheme (4.1.12) - (4.1.14) using k3 iterations for auziliary problems (4.1.14).

(1it) Another modification is to apply the smoothing process again with ko iterations at

each intermediate level 1 < k <1 — 1 after running a reduced multi-grid cycle.

In the next paragraph we will demonstrate the local convergence of the multi-grid pro-
cedure MGVI(l,u;, g;) (multigrid method for variational inequality). Consequently, it is
necessary to determine an initial iteration in a sufficiently small neighborhood of the ex-
act solution u; of the CNP (4.1.8)-(4.1.9) at the [ level. In multi-grid methods this can
be achieved by using a nested iteration method where, starting from an approximation of
the CNP solution (4.1.8)-(4.1.9) at level &k = 0, at each level 1 < k <[ we determine an
approximation of the CNP (4.1.8)-(4.1.9) using MGVI(k, ug, g) with v, = p¥_jux_1 and
gr = fr(ug). Usually the extension pf_, is based on the interpolation of a higher order than

in the multi-grid cycle.

4.2 Convergence results

In the following we stick to the case where the discrete VIs (4.1.6) are obtained by a
finite element method applied to the VI (4.1.1). Note that, in the case of piecewise linear
finite element discretization, the resulting algebraic systems are essentially the same.

We start with a stability result for the CNP (4.1.8)-(4.1.9) using from which we which we
can demonstrate the convergence of the solutions uj of VIs (4.1.6) to the solution u* of VI
(4.1.1).

If we denote by JAy [zx] (ug), zx € RY*, the Jacobian at the point u; € R™* of the applica-

tion Ay [zx], we first show:

Lemma 5. ([16]) Under the assumptions (4.1.7), for all up,zx € R¥ 0 < k < I, the

Jacobian JAg [zi] (ug) is a M-matriz.

From to the previous result it follows:

Theorem 32. Let uj. (resp. ui) be the solutions of CNP (4.1.8)-(4.1.9) to data Ay, fi, 1}
(resp. Ax, f£,02,0 <k <1). Then, under the assumptions (4.1.7) and

(A (v,g))‘1||p’p+2 <O, p=0,1, k>0 (4.2.1)
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we have
ek = il < Cmax (I i () = feCwn)lly - |95 = i) (422)
Proof. According to (4.1.8)-(4.1.9), we have
By (] — ) = Au [od] o — Ay [] o < ) [] - filn) [l] . (423)

where )
B,g:/ A [uh] (uf+ ¢ (u] — i) db, i€ {1,2),5 € {1,2)\{i}.
0

We deduce from Lemma 5 that the Bi are M-matrices and consequently, we have from
(4.2.3), that

— (B (SR (w) [ub] — fhw) [uh]) <k — o
< (B) " (i) [w] = i) [12))
and therefore
Juk = ] < max (| (BE) ™ (/G [uk] = i) [ui])]
(827 () [1] - f0ue) [12])])

where |vg| = (Jvgal, .-, vk, ])-
We conclude, from the monotony of the norm || - ||2 and to (4.2.10). O

To apply the previous theorem we denote by r,: V N C(Q) — R¥, 0 < k < the

application defined by the trivial restriction of V' N C(Q2) to the space C (€2) of the discrete
functions defined on the set €2, and we suppose that the VIs (4.1.6) and the VI (4.1.1) are

consistent in the sense that we have a positive constant & such that
I (Au* — f(u) — (Agrsu™ — fe(ug)) llo = O (hy)  (hi —0), (4.2.4)

[re = ¥lla =0 (hy)  (hi — 0). (4.2.5)

Furthermore, it is assumed that
Hﬁllzfﬂ’k—w* —rpu’lle = O (hﬁ) (hy — 0), (4.2.6)

151 ll22 < C, (4.2.7)
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where pf ;1 < k < [, is the extension used for the nested iteration NMGVI(l,uy, g;)
(nonlinear multigrid method for variational inequality).

Note that the consistency conditions (4.2.4)-(4.2.5) and the condition (4.2.6) presuppose a
sufficient regularity of the data and of the solution of the VI (4.1.1).

Corollary 2. Under the hypotheses (4.1.7), (4.2.4)-(4.2.5), (4.2.6)-(4.2.7) and

hk < hkz—l < Chk, 1<k< l, (428)
i oy <C, 0<p<3, (4.2.9)
(AL @) e <€ p=0,1, k>0, (4.2.10)
we have
Jug — w2 = O (hg) (he = 0), k>0, (4.2.11)
1pF_up ) — ullls = O (h§) (hy = 0), k>1. (4.2.12)

Proof. If we set
up =, fR () = felun) — e (Au® = fu) + (Apriu® — fi(ug))

and

Vp = p — (Y — rpt),

it is easy to see that u? is the solution of the CNP (4.1.8)-(4.1.9) of data Ay, f7,v?. Then,
taking uj, = u}, fi(ux) = fe(ux) and ¥} = 1)y, the assertion (4.2.6)-(4.2.7) is an immediate
consequence of (4.2.2). Finally, using (4.2.8), (4.2.6)-(4.2.7) the assertion (4.2.12) is deduced
without difficulty of (4.2.6) and (4.2.11). O

Before we turn to the convergence analysis of the MGVI(l, vy, g;) it is necessary to
specify the discrete free boundary of VIs (4.1.6). In this regard, we note that there is an
univoc correspondence between the discrete functions wu; on the meshes €, 0 < k <[, and
the vectors (ugq,...,urn,) € RN+ Indeed, for any x, € (), there exists only one index
i(n) € I such that uy (x,) = uy(), and conversely, for any i € Ij, there is a node ;) € €2
such that wuy (%(z‘)) = uy,;. Consequently, using index sets I} (uf),1 < p < 3, given by
(4.1.11), we can define

QF (up) ={x, € U | i) € I (uy)}, 1<p<3. (4.2.13)
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In particular, a node z,, € Q is said to be active, if z,, € QF (uf) U} (uf), and inactive,
if 7, € O (uf). Note that Q2 (u}) U Q3 (u}) corresponds to the set of coincidence of the
solution uj of the VI (4.1.6) with the discrete obstacle .

In the following, it is assumed that the CNPs (4.1.8)-(4.1.9) are strictly complementary in

the following sense:
QB (up)=2, 0<k<I (4.2.14)

Moreover, we denote by N, (z,) the set containing z,, € €, and all the nodes x € €2, in the

neighbourhood of z, . So we define

4 (up) = {wy € Qi | Ny () € (up)} (4.2.15)

O, (up) = O (up) \& (uf), 1<p<2. (4.2.16)

For the next theorem, it is an adaptation of a theorem [22] for the convergence of the finite

elements and it is work for the nonlinear operator:

Theorem 33. Under the previous assumptions and notation, we have
lu = il < ChE Nlog Al | f (1) oo (4.2.17)

Let us denote by QF (@), 1 < p <2, the sets defined as in (4.2.15) with u} replaced
by %, this strategy can be put into practice as follows: if pf ;1 < k < [, designate the

prolongation based on the bilinear interpolation, we pose

(ph_yui—) (2) :{ v g‘lugl) () if milst:l 2 () (4.2.18)

The usefulness of all the above conditions will become apparent when calculating the iter-
ation operator of the MGVI. Moreover, in this point we need some elementary results of
subdifferential calculus.

We consider the non linear function Fj, : RV — R¥r given by
Fruy, = max (Agug — fir(ug), up — ¥r) - (4.2.19)

It is a max-function with two differentiable arguments, which has a generalized Jacobian
OFy, (ug) ,ux € RV (cf. [16]), so that

Ny

OF () C [ 0Fri (we) (4.2.20)

i=1
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where OFy,; (u;) denote the set of matrices whose i-th row is an element of the generalized
gradient
8Fk7i (Uk) = {62} , if1 € [,3 (Uk) , (4.2.21)
co{VAg; (ug),et}, ifiel}(u),
where co (2}, z2) denoting the convex envelope of vectors zj, 2.

Moreover, we have
Fruy, — Fiu, € coOF}, ([uk, Uk]) (uk — Uk) (4222)

where the right side above denotes the convex hull of all vectors in the form DFy(uy — vy)
where DF, € 0F(wy), wy € [ug, vg] =

{zk|2zr = tug + (1 — t)vg, t € [0, 1]}.

In particular, it follows from (4.2.22) that there exists a matrix DFy, [uy, vg] €

coO0Fy, ([ug, vg]) not necessarily unique such that
Fkuk — Fkvk = DFk [Uk, Uk] (uk - Uk) . (4223)
Using the previous results, for the non-linear Gauss-Seidel smoothing process we have this

lemma is valid for our work because it is related with the first member (matrix):

Lemma 6. Let uj be the v-th iteration of the multi-grid method at level k and let ujbe
the smoothed iterate obtained by k applications of non linear Gauss-Seidel iteration starting
from uf. Then, under the assumptions (4.1.7), (4.2.14) there exists a matriz D" Sy [uf, u}] €
co0Fyuy, v] such that

uy — uy, = DSy [uy, uy] (uf —uy) . (4.2.24)

Moreover, for any e > 0 there exists o, > 0 such that
1D Sy [y, ug] = (T Sk [ug] (ui))"llz2 < €, (4.2.25)

provided that ||uf — uilla < O, where JSy [ui] (u}) denotes the Jacobian of the application
Sk [ur] (-, g [ui]) to the point uj.

It is well known that the convergence of the multi-grid method in case [ > 1 can be

deduced from that in the case of two meshes (cf.[28]). For that we demonstrate:

Lemma 7. Let uf,v > 1, be the iteration obtained by applying the MG VI(l,u;, g;) for two
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meshes (two grids). Under the assumptions (4.1.7), (4.2.8)-(4.2.9), (4.2.14) and

1T Ak [ug] (ui) (S [ui] (ui))"llyy < Co(R)h®,0 < 6 < fimmax (1), k21,

4.2.26
where Cy(k) >0 (k—00) and Emax(h) = 0o (h — 0)(matriz norm). ( )
we have
u;j+1 i u? _ (Mllfl + Zl) (uif _ u?‘) , (4227)
where
_ * *)\ T L)) e
M = (AR @) = 2y (FAa [ ] ()™ o]
< [JA; [u]] (u7) (S5 (] (u))"] (4.2.28)
and )
Z < v
12l = C(r)n™, (4.2.29)

(IMillpg =sup L Miugllg/Ilurll, | e € RNy # 0}),

C (k) be a positive constant, which depends x, and n') denoting a function so that n) —
0, if [luy — uill, = 0.

Proof. We define Fj_y [], 2 € R, and Fll_l by

Fioi (2] (ver) = max (Ao — A a4+ (A — fil(z)
v — ), (4.2.30)
Fll_lvl = mmax (Tf_l (Ao — filw)) »7"5_1 (v — ¢l)) : (4.2.31)
Then, observing that Fi_y [@/] (u_1) = 0, F_q [a!] (ray) = F'ay and F 'y = 0,
using (4.2.22) we deduce the existence of the matrices
(Dﬁ}_l [ﬁ}’]) (w1, vy )] € co <8E_1 [ﬂ;’]) ([wer, 7 'a]) .
and
DF{™ [uj, @] € co0F " ([uj, @) ,

so that

= F [@] (wer) — B[] (')

= [l — F'ay = DE [ @) (uf — ),
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hence, in view of (4.1.20) and (4.2.24)
~ -1
=g = (5= (DR 1) [t )
XDF{ = 1luf, ) x DS [uf, uj]) (uf = 7).

It follows from (4.2.14) that the generalized Jacobians 0F_; [u}] (ry'up) and OFt (uf)

are univalent and therefore it is justified to pose

~ -1 -
Xl,1 = <8Fl,1 [uZ‘] (7”;71167)> <DF},1 [’lj;j]) [ul,l,rfflﬂﬂ — [lfl, (4232)
~ -1 ~
X, = (aF;—l (u;)) DES @] — I, (4.2.33)
Y, = D"S; [uf,uj] — (JS; [u)] (u)))". (4.2.34)

Using the derivation of compound functions, we have
OF/ " (up) = ;"' OF (uf),

and therefore, it follows that
uyt = up = |(OF () (1 + X))~ = vy (0F1 [] (1) |
X (L1 + Xo0)) " e [OF (u) (1 + X))
X ((JSi[u] (u)"™ + Y)] (u — ), (4.2.35)

so we affirm that
HX1*1H2,2 < C(Ki)n(y), HXle < C(ﬁ)??(”), HY2H22 < C(’f)n(u)- (4.2.36)

The last two assertions are an immediate consequence of (?7) and (4.2.25). By writing
. -1,
X1 = (8}7},1 [uf] (rflu}“)) (DFl,l [uZ‘]) [ul,l,rf’lﬁﬂ — I+

+(0F ) (0)) (DR 1) furea, ot

- (DE_1 [uﬂ) [w—wf_lﬂiﬂ ’

where (DF,_; [u}]) [ul,l, rf’lﬁﬂ € co (0F_1 [u}]) ([ul,l, rf’lﬁl”]) , the first assertion is proved,

if we verify

-1 x

|wet =7ty , < C(k)n™, (4.2.37)

, < Cr)n™. (4.2.38)

ot o )
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In this point, observing that w;_ is the solution of the CNP (4.1.8)-(4.1.9) of data A;_1, g1—1,

rf’lwl and that 'r’f’luf satisfies the equation:

max (Al,lrf’luf — Al,lrfflu}k + 7’;’1 (A — fi(u))) ,rf’l (uj — wl)) =0,

it follows from Theorem 32 that

-1, *

Hul,l —r |, = C || (Bl,lfrf’l — rf’lBl) D"Sy [uy, uy] (u) — u;‘)‘

I 0

where
1 1
B4 z/ JA Ly (7 (1)) dt, Bzz/ JA (m(t) dt,  z(t) =uf +t (4] — ),
0 0

t € 10,1].

We deduce from it the assertion (4.2.37) using (4.2.9) and from to Lemma 6.
By writing

(A — ) =T DS ) ] (u) — )

the assertion (4.2.38) is an immediate consequence of (4.2.9) and Lemma 6.
Finally, using (4.2.8) , (4.2.26), (4.2.36) and observing (4.2.14), (4.2.21) the assertions
(4.2.27), (4.2.28) and (4.2.29) can easily be deduced from (4.2.35). O

In view of (4.2.27) and (4.2.29) the previous lemma implies that the convergence of the
multi-grid method for two meshes depends essentially on the iteration matrix ,Mll’1 given
by (4.2.28). We demonstrate:

Lemma 8. (/26]) Under the assumptions of the previous lemma, we have

M7, < CCo(k). (4.2.39)

If we use the estimates (4.2.29) and (4.2.39) in (4.2.27), we get the convergence of this

method for our work:

Theorem 34. In the iterates u,v > 0, of the MG VI(l,u;, g;) for two meshes satisfy
[ui*t = ui|, < [CCo(k) + C)n™] uy —ufl, (4.2.40)

Proof. Under hypotheses (4.1.7), (4.2.8)- (4.2.26) and (4.2.14) the iterates u},v > 0, of the
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MGVI(l, u, g;) for two meshes satisfy

e+ — ], < [CColw) + CoI™] st~ ]l (4:2.41)

this estimate work for V' and W cycle of multigrid method. n
By Theorem 4.2 there exists a neighborhood
$he, (up) = {on € R |[log, — willa < ex}

of the solution of CNP (4.1.8)-(4.1.9) at the level 1 < k < [ so that for any u) € &, (u})
the iteration uf,v > 1, obtained by the MGVI(k, uy, gi) satisfy

™ = uille < qllug — uill2,v > 0,q < 1.

Moreover, under the conditions (4.2.4)- (4.2.7), according to Corollory 2 we have the exis-

tence of a positive constant C' such that

Phgup_y —upll, <Chg, 1<k <L (4.2.42)

After these preparatory considerations we are able to deduce the following convergence
result for the nested iteration NMGVI(l, u;, g;) (nonlinear multigrid method for variational
inequality)(cf. [[27]; Theorem 3.9]).

Theorem 35. We assume that the assumptions (4.1.7), (4.2.8), (4.2.26), (4.2.4)-(4.2.7) and
(4.2.14) are true and further that the constants & and C in (4.2.42) are such that

2ChS <ep, 1<k<I (4.2.43)

Then, if we choose T in the NMGVI(l,u;, g;) so that

N

¢ <1/20), C= sup ||pf_y|l,, (hio1/hi)®, (4.2.44)
1Sk<T ’
and if we determine an approzimation uy of u; such that
luo — ugll, < (C/C)hg, (4.2.45)
the iterations ug, 1 < k <1, obtained by NMG VI(l,u;, g;) satisfy

Jug — up|l, < 2ChSq" (4.2.46)
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Proof. If we pose u,(go) =¥ jup_1,1 S k <1, we have

~k * * ~ *
o1ty — uil|, + PlHHz,z [T

-]

Then, using (4.2.42) and the conditions (4.2.43)- (4.2.45) the assertion (4.2.46) is easily
deduced by induction. O]

4.3 Numerical results

In this section, we present numerical examples of a non-linear variational inequality.
To apply this method to our example, we assume that the data of Our problem should be
smooth enough and apply the Bellman’s principle Dynamic programming, then we solve
(1.7.5) as we discussed before, with the following data:

1. Linear second member:

(Au < f(u), inQ=(0,1)?
(Au— f(u),u—1) =0,

(4.3.1)
u <1,
(u =0, in 0,
where 9 5

Y P
Au = —Au pe 0.18y—|—u,
f(u) = sin(27z) sin(27y) + 10u,
P =0.

We restrict ourselves to the FEM discretization with a uniform triangulation and P1
nested finite element function spaces. For domain discretization, we use the PDE
toolbox in MATLAB (R2017b) to generate the meshes that can then be efficiently
solved using multi-grid FEM as described above. The domain is with 64 triangle and
41 nodes. This numerical example is intended to demonstrate the high efficiency of
the multi-grid method. We chose the Gauss-Seidel method for pre/post-smoothing
in the multi-grid code. For recursion in the multi-grid method, we stop the recursive
multi-grid algorithm when the degrees of freedom (number of interior grid points) are
less than 5.
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Figure 4.1:
methods.

10 20 30 40 50
Number of iterations

Multigrid Method V-cycle
—#— Multigrid Method W-cycle
—&— Gauss Seidel Method

60 70 80 90

100

Comparison between the convergence behaviour of Multi-grid and Gauss-Seidel

The figure above illustrates the convergence behaviour of the multi-grid solver (green).

The red curves represents the maximum norm of the multi-grid residuals (V and

W cycle) versus the number of iterations performed. For comparison, Gauss-Seidel

convergence behaviour (blue curves) included.

Execute multi-grid V loop, we get the finest mesh with 41 nodes and the coarsest with

4 nodes then we apply the Matlab backslash operator and Gauss-Seidel on this finest

mesh and get the solution in the figure below.

Iterations number

Gauss-Seidel method

Multi-grid V-cycle
method

Multi-grid W-cycle
method

) 0.256358806186284 | 8.321445754688739¢ ™ | 7.105427357601002¢~1°
20 0.005519442045605 | 3.552713678800501e~ 1 | 3.552713678800501e~°
20 2.797008283650371e~% | 3.552713678800501e~1* | 3.552713678800501e
100 9.007905532598670e 2 | 3.552713678800501e1° | 3.552713678800501¢ 1

Table 4.1: The norm of residual with three method in the iterations.

Notting that, if we perform more than 20 iterations, the multi-grid solution is better
than the Matlab backslash operator (M.B.O) solution.
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Solution by Matlab backslash operator solver Multigrid Solution V-cycle

Multigrid Solution W-cycle Gauss Seidel Solution

Figure 4.2: Solution of the problem (4.3.1) on fine grid with 41 DOFs using Matlab backslash
operator solver, Gauss Seidel Method, Multi-grid Method V-cycle and W-cycle after 100
iterations.

2. Non-linear second member: We discussed with the following data

(Au> fu), inQ={(y)*+y* <1}
(Au— f(u),u— ) =0,

(4.3.2)
u >,
(u =0, in 0.
where 9 5
U U
Au= —(0.6)A 0.15— +0.1— 2
u (0.6)Au + o 9 + u?,
f(u) = cos2u,
1 = 0.

We do the same steps of the linear second member. So we have

The figure above illustrates the convergence behaviour of the multi-grid solver (green).
The red curves represents the maximum norm of the multi-grid residuals (V and
W cycle) versus the number of iterations performed. For comparison, Gauss-Seidel
convergence behaviour ( blue curves) included.

Execute multi-grid V loop We get the finest mesh with 41 nodes and the coarsest with
4 nodes then we apply the Matlab backslash operator and Gauss-Seidel on this finest
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Figure 4.3: Comparison between the convergence behaviour of Multi-grid and Gauss-Seidel

methods.

mesh and get the solution in the figure below.

Iterations number

Gauss-Seidel method

Multi-grid V-cycle
method

Multi-grid W-cycle
method

b} 6.449078715498047¢ % | 4.440892098500626¢ ¢ | 4.440892098500626¢ 16
20 .440892098500626¢1° | 4.440892098500626¢ 16 | 4.440892098500626¢ 16
20 .440892098500626¢1° | 4.440892098500626¢ 16 | 4.440892098500626¢ 16
100 4.440892098500626¢ ¢ | 4.440892098500626¢ 16 | 4.440892098500626¢ 10

Table 4.2: The norm of residual with three method in the iterations.

Notting that, if we perform more than 5 iterations, the multi-grid solution is better
than the Matlab backslash operator (M.B.O) solution.
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Solution by Matlab backslash operator solveMultigrid Solution V-cycle

0.1 0.1
0.05 0.05
0 0

1 ] 1 ]

Multigrid Solution W-cycle Gauss Seidel Solution

0.1 0.1
0.05 0.05
0 0

=4

Figure 4.4: Solution of the problem (4.3.2) on fine grid with 25 DOFs using Matlab backslash
operator solver, Gauss Seidel Method, Multi-grid Method V-cycle and W-cycle after 100
iterations.
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Conclusion and Future works

In this work, we apply the algebraic multi-grid method Efficient iterative solutions to
the discretizing elliptic variational inequalities. Adaptive finite element approximation for
discretization cycle domain. After discretization, we declare a multi-grid Methods for solving
discrete problems. we introduced uniforms convergence of our problem and show that the
multi-grid method has a shrinkage number with respect to the maximum norm. In Figures
we present experimental examples of variational inequalities. This numerical results show
that Gauss-Seidel is still not good even after many iterations. Compared to multi-grid
method with debugging capabilities (reducing high-frequency error through relaxation while
low-frequency errors are mapped to the coarse grid and reduced there), it only takes a few
iterations to converge. Many extensions of the above techniques are possible. An interesting
future case is the application of parallel full multi-grid methods to solve unconstrained

elliptical variations.
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Abstract

This work concerns the study of a class of variational inequalities, in the sense that the
obstacle does not depend on the solution, by applying the multi-grid methods V-cycle and W-
cycle.

Multi-grid methods consist in successively using grids (or meshes) of different sizes, so as to
obtain a detailed solution in the high frequencies, while ensuring a rapid relaxation of the low
frequencies.

Multi-grid methods have been studied for linear elliptical problems. For our part, we are

interested in finite difference approximation, by introducing multi-grid algorithms, for non-
linear variational inequalities, insofar as the non-coercive and linear operator, the second
member depends on the solution the mixture of the last two cases and the last case where the

operator and the second member are non-linear.
Résumé

Ce travail concerne I'étude d'une classe des inéquations variationnelles, dans le sens ou
I'obstacle ne dépend pas de la solution, en appliquant les méthodes multigrilles V-cycle et W-
cycle.

Les méthodes multigrilles consistent a utiliser successivement des grilles (ou maillages) de
différentes tailles, de maniere a obtenir une solution détaillée dans les hautes fréquences, tout
en assurant une relaxation rapide des basses fréquences.

Les méthode multigrilles ont été étudiées pour les problemes elliptiques linéaires. Pour notre

part, on s'intéresse a I'approximation par différences finies, en introduisant les algorithmes
aux multigrilles, pour des inéquations variationnelles non linéaires, dans la mesure ou
I'opérateur non coercive et linéaire, le seconde membre dépend de la solution le mélange des

deux derniers cas et le dernier cas ou I'opérateur et le second member son non linéaires.
LAl
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