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Abstract

In this dissertation, we introduce a novel Euclidean Green function approach to compute Rényi
entropy on lattices and fuzzy spaces. Rényi entropy for an arbitrary subset of coupled harmonic
oscillators is written as a zero temperature partition function generated by an Euclidean action with
n-fold step potential. The associated Green’s function is explicitly constructed and an alternative
new formula for Rényi entropy is obtained. The developed approach allows one to go beyond the
Gaussian case and systematically investigate interacting theories, which represents a real advance
and paves the way for the investigation of entanglement entropy on lattices and fuzzy spaces for
interacting theories. This approach is further applied to several systems with a focus on 1+1
scalar field theory. The case of half space entanglement was obstructed by the necessity to invert
a special class of Toeplitz matrices. An asymptotic inverse for this class of matrices is conjectured
and several analytical and numerical tests are in favor of its truthfulness. We finally outline how
this approach can be used to investigate entanglement entropy for free and interacting scalar field
theory on fuzzy spaces.
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Introduction

Entanglement, that mysterious puzzle of quantum mechanics, it is truly one of the most fasci-
nating phenomena in the quantum world. As a matter of fact, the existence of entanglement was
questionable at the beginning; it challenges classical intuition by imposing non-local effects and
it was regarded as clear evidence of the non-completeness of the quantum theory [1]. However,
as far as it proved, quantum mechanics can be spooky more than ghosts themselves and ordinary
intuition can take no place in it. Experimental tests were always in favor of its existence [2–4].

The need to quantify entanglement has induced the development of many entanglement mea-
sures [5]. However, entanglement entropy is the most complete and coherent one. It nicely fulfills
all the requirements of a proper entanglement measure [5]. In addition, its notion has a sense of
physical universality; it has many clones in several fields, like Von Neumann entropy in statistical
mechanics, Shannon entropy in quantum information,... etc. It thereby finds a place in different
areas of physics, like quantum computation and quantum information theory [6, 7], condensed
matter [8–10], black holes physics [11,12], high energy physics and quantum field theory [13,14].

The entropy of entanglement is considered when a two-partite system AB is in a pure state.
The entanglement entropy is defined in terms of the reduced density matrix of the subsystem A
or B, depending on which subsystem is considered physically inaccessible. Intuitively, the amount
of entanglement between A and B should not change whether the observer has access only to
the subsystem A or only to the observables of the subsystem B; the two subsystems are equally
entangled. Fortunately, the entanglement entropy fulfills this requirement; that’s because the
eigenvalues of the reduced density matrices ρA and ρB are equal, up to zero modes, when the
overall state of the system AB is a pure state.

It is important to note here that the entanglement entropy does not scale like the volume of
the controlled subsystem; regardless of the volume difference between the subsystems A and B
the density matrices ρA and ρB provide the same amount of entanglement. This feature of the
entanglement entropy can be intuitively explained by the proportionality of the entanglement to
the boundary between the two subsystems rather than their volume. This is known by the area
law; the entanglement entropy for d + 1 theory of fields is proportional to the separating area
between the two considered subsystems [15] :

S ∼ Ad−1

εd−1

where Ad−1 is the d − 1 dimensional area and ε is the UV cutoff. The proportionality factor
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depends on the regulating scheme, except in the situation of one spatial dimension d = 1, where
the proportionality coefficient therein is universal. This represents an interesting feature for the
entanglement entropy as a measure in 1+1 field theory.

This interesting behavior of entanglement entropy has been directly related to black hole
physics. Remarkably, the physics of black holes showed a close analogy with thermodynamical
laws. At first, it was considered as a useful analogy [16] but it turned out to be more than that;
the black hole behaves as a thermodynamical object that obeys the four laws of thermodynamics
and it has its own temperature and entropy [17]. The latter turns out to be proportional to the
area of the black hole horizon

SBH =
1

4l2pl
A

A is the area of the black hole horizon and lpl = (~G/c3)1/2 is Planck length. The early explanations
of the source of black hole entropy suggested a connection between it and the entanglement entropy
[11, 12, 18, 19]. Black holes give natural rise to entangling phenomena. It is by definition an
information hider where any observer outside the horizon can have no access to any event inside
it. However, the source of the entropy of black holes and their statistical origin is not totally
understood yet. The main obstacle which prevents defining the entanglement entropy as the
entropy of black hole, or at least part of it, is that the entropy of black hole is finite whereas the
entanglement entropy for d+ 1 field theory diverges in the absence of a UV cutoff [20].

Indeed, a simple comparison between the entanglement entropy and black hole entropy strongly
points towards a discrete nature of space-time at the Planck scale, and the continuum is merely
an effective approximation of a yet to be uncovered underlying more fundamental geometry [21].

The UV divergence of entanglement entropy for a theory of fields in the absence of UV cutoff
reminds us of the black body ultraviolet catastrophe, which was overcome by discretizing the phase
space into Planck cells. This discretization has a quantum mechanical origin, the uncertainty prin-
ciple or the non-commutative nature of the phase space, i.e. {q, p} do not commute, therefore
they cannot be exactly determined at the same time. This is indeed a very preliminary example of
non-commutative and fuzzy spaces. The fuzziness of phase space when treated quantum mechan-
ically beautifully lifts the divergence without any need to impose a cutoff. Motivated by the black
body scenario, a natural question may arise here : Can the replacement of the ordinary continuum
space-time by a non-commutative version render the entanglement entropy finite or soften the UV
divergences? This proposal was taken up in [22] and it was shown that entanglement entropy is
UV finite, proportional to the boundary degrees of freedom and satisfies the area law [22,23].

Many techniques have been developed in order to evaluate the entanglement entropy depending
on the area of research and the treated physical situation. These techniques can be classified into
two principal categories : Real time approach and the Euclidean time approach.

The real time approach was initially developed in [11,18] where it was addressed to investigate
the source of black hole entropy. A more efficient technique within real time formalism was
developed by Peschel [24]. This technique is especially useful for numerical investigations; it
reformulates the problem in terms of the two-point correlators of the field variables. However, this
technique becomes less attractive and practically untractable when an interaction is introduced or
for non-gaussian states for which Wick’s theorem is not applicable and higher order correlators are
needed.
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The Euclidean time approach, on the other hand, provides more powerful tools for investigating
the entanglement entropy analytically. It was first developed in [12,25] in the context of black hole
entropy investigation. After taking Wick’s rotation to the space-time, the entanglement entropy
can be written in terms of the heat kernel or Green’s function.

These techniques are especially useful analytically in Quantum field theory when it comes to
extracting the UV divergence and establishing the area law. Moreover, it allows one to make a
connection with string theory [26] and to extract finite mass dependent but cutoff independent
contribution to the area law [27]. Moreover, Euclidean Green’s function offers a systematic method
to handle non-gaussian states, it allows one to handle interacting theories perturbatively [28], and
to investigate the dependence of entanglement entropy on the renormalized mass.

Now, despite being a powerful tool in investigating the entanglement entropy in the continuum,
the Euclidean time approach seems to be limited to some special geometries. For example, if the
subsystem is assumed to be half of d + 1 space-time, the Rényi entropy is governed by simple
geometry, namely that of a cone with deficit angle 2π(n − 1), for which Green’s function or the
Heat kernel expansion is known. However, if the subsystem is a finite region or a collection of
disconnected regions, the problem becomes untractable and it is generally very hard to construct
the associated Green’s function or to recognize the underlying n-sheeted geometry over which the
Heat kernel expansion is to be made.

The main motivations for this work were the lack of a Euclidean formalism for entanglement
entropy on lattice and fuzzy spaces, as well as the limitation of the real-time approach to free
and gaussian states. In [29, 30], the Green’s function for an arbitrary chain of coupled harmonic
oscillators was constructed and an alternative formula for Rényi entropy was obtained. The en-
tangled subsystem can be randomly chosen out of the total lattice of oscillators. Unprecedently, a
perturbation series can be obtained for the entanglement entropy in interacting theories in terms
of the constructed Green’s function [29,30].

This dissertation is organized as follows : The first chapter gives an overview of the basic
concepts of two-partite systems entanglement. The example of qubit system was taken as a toy
model to introduce the concept of entanglement quantification for the entangled states. The entan-
glement entropy is subsequently introduced as an entanglement measure. The different methods
used to evaluate the entanglement entropy are introduced through the Real time approach and the
Euclidean time approach. Different examples within each approach are discussed.

In the second chapter, Green’s function is constructed for an arbitrary set of intervals. The
proof is well established and the necessary conditions to be fulfilled by Green’s function are all
presented and proved. Rényi entropy is finally written in terms of the obtained Green’s function.

In the last chapter, a number of applications of Green’s function are established. We start with
a quick test of the method by investigating the two coupled harmonic oscillators entanglement. We
further apply the formalism to a scalar field theory on a 1+1 lattice by considering the entanglement
entropy in two important particular cases : one resulting from tracing out half of the space and the
second resulting from tracing out an interval of infinitesimal size, in particular an interval made
of a single point. We performed an analytical study for both cases.

From the technical point of view, the case of one-point turned out to be easy to handle an-
alytically within this approach, and we could recover explicitly the formalism developed in [24].
However, the case of half-space entanglement entropy necessitated the finding of an asymptotic
inverse for a special class of Toeplitz matrix with an N-dependent symbol. This problem turned
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out to be a strenuous one due, as far as we are aware, to the lack of any solution for this kind
of problem in the mathematical literature. A conjecture on the inverse of this class of Toeplitz
matrices is proposed, suited by a numerical and analytical discussion.

The power of Green’s function in treating interacting theories is presented through a quartic
perturbation. We apply the present technique to evaluate the correction to the entanglement
entropy due to a quartic type interaction for a system made of a finite number of coupled oscillators.
In particular, we derive explicitly the first order correction to the standard entanglement entropy
between two coupled harmonic oscillators due to a perturbation of the form λ

∑
q4
i . We show

that to the first order in perturbation theory, the standard gaussian free entanglement entropy
formula stays valid for interacting theories with a shifted parameter due to the perturbation of the
ground state. Our result systematically confirm earlier conjecture that the entanglement entropy
can be written exclusively in terms of the perturbed two-points correlators to the first order in
perturbation theory [31] .

In addition to the above quartic interaction, we consider another natural quartic interaction
which cannot be seen as arising from a discretization of a non-local term. In contrast to the first
interaction, this quartic interaction appears to have an IR divergence that cannot be normalized
away.

Finally, we conclude this dissertation with an outlook on the applications of the developed
formalism to free and interacting scalar field theories on fuzzy spaces.



Chapter 1
Entanglement Entropy : An Overview

This chapter gives a brief overview of the basic concepts of entanglement and techniques to
compute the entanglement entropy. The focus is on the entanglement entropy for quantum fields,
in particular scalar theories in connection with black holes.

1.1 Entanglement of a bipartite system

The entanglement between some systems is a manifestation of a previous interaction between
them. Because of the interaction, the states of these systems can not be described separately from
each other. The entanglement of a two-partite system is particularly easy to recognize. Consider
a two-partite system AB in a pure state |ψ〉. The density operator that describes the composed
system AB is :

ρAB = |ψ〉 〈ψ| (1.1)

Hilbert space for the system AB is of the form HA ⊗HB, where HA(HB) is Hilbert space for the
subsystem A(B). Suppose that an observer can have no access to the observables of the subsystem
B. From his point of view, the subsystem A is described by the reduced density operator

ρA = TrB(ρAB) =
∑
i

B〈 i|ρAB|i〉B (1.2)

{|i〉B} is an orthonormal basis for the subspace HB.
The subsystems A and B are said to be non-entangled if the tensorial product of ρA and ρB

reproduces the total density operator ρAB, such that

ρAB = ρA ⊗ ρB (1.3)

Equivalently, the state |ψ〉 is said to be separable if the variables of the subsystem A can be sepa-
rated from the variables of the subsystem B by a simple tensor product |ψ〉 = |φ〉A ⊗ |φ′〉B. The
generalization to a multipartite system is straightforward.
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The entanglement of a pure two-partite state can be defined systematically using Schmidt
decomposition of the state vector |ψ〉, which can be uniquely decomposed as

|ψ〉 =
n∑
j=1

√
λj |j〉A ⊗ |j〉B (1.4)

Where {|j〉A(B)} is the set of eigenvectors of the reduced density matrix ρA(B) which corresponds
to a non-zero eigenvalues {λj}. The state |ψ〉 is entangled if Schmidt number n is greater than
one, otherwise it is separable.
The variables intersection caused by entanglement makes the state of each subsystem dependent
on the other, even if there is no current interaction between the two. Stranger still, the state
dependence exists even if the two entangled systems are a million light years apart since manipu-
lating one state, by some measurement, will lead to the collapse of the overall state, and the state
of the other system will instantly change the moment the mentioned operation is executed, even
if no physical action is applied locally on it.

This is the secret magic of entanglement and the seeds of the EPR paradox [1]. The latter
attacks this weird non-local effect of entanglement via a gedanken experiment proposed by Einstein,
Podolsky and Rosen in 1935. However, in 1964, J. S. Bell suggested an inequality called after
his name, ’Bell inequality’ [32], which could be tested experimentally to check the validity of
entanglement and the general philosophical reasoning of quantum mechanics as proposed by the
Copenhagen interpretation. Experimental results were always hand in hand with entanglement
(see [2], [3] and [4] ) and the question is no longer about its existence or its validity.

The identification of entanglement is important but not enough. There was a natural need for
the concept of quantifying entanglement in order to give rise to the applications it sets up. For
this purpose, many measures have been proposed and developed [5].

1.1.1 Entanglement quantification : Qubit state

In order to quantify entanglement for a certain state, it is necessary to introduce an entangle-
ment measure. We start by discussing a simple example that intuitively illustrates how entangle-
ment can be quantified.

The intended system is the quantum bit or Qubit. It is the simplest non-trivial quantum system
with a Hilbert space of two dimensions only. Using Schmidt decomposition, the general state of
two entangled Qubits AB can be written as :

|ψ〉 = cos(θ) |0〉A |0〉B + sin(θ) |1〉A |1〉B (1.5)

Where θ ∈ [0, π[.
It is obvious that the state |ψ〉 is separale for θ = 0 or θ = π/2, i.e., it contains zero entan-

glement. The subsystems A and B are then in a pure state and there is no dependence between
the two systems on each other. The state |ψ〉 becomes entangled for other values of θ and the
underlying systems can no longer be described by separate state vectors.
One can depict entanglement as a band that connects the entangled systems. The strength of the
band illustrates the amount of entanglement between the two systems. It might be evaluated by
how close the state |ψ〉 is to a separable state or how close the reduced density matrix is to a
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projector. This can be better explained as follows; the reduced density matrix for the subsytem A
is :

ρA =

[
cos2(θ) 0

0 sin2(θ)

]
(1.6)

If cos2(θ) = 1 or sin2(θ) = 1, the system A is not entangled with B, and the reduced density
matrix ρA becomes a simple projector. Other values of θ offer entanglement. However, the different
values of θ give density matrices that are differently close to the non-entangled state, for example:

ρA =

[
0.99 0

0 0.01

]
(1.7)

this density matrix is clearly less entangled than

ρA =

[
0.6 0
0 0.4

]
(1.8)

It is straightforward now to determine the most entangled state. Obviously, it corresponds
to the density matrix ρA with equal eigenvalues. It is indeed the farthest density matrix, loosely
speaking, from any projector on the subspace HA. In this situation, the entanglement makes the
observer of the subsystem A loses any prediction on which state vector he will obtain when he
applies a measurement, he has equal probabilities of getting either one of the two state vectors
{|0〉A , |1〉A}. For less entangled states, he always has a bigger probability to get one state vector
from the other ( see figure 1.1 ).

However, this is just a loose and non-precise description of the situation. One needs to define
a trustworthy measurement, built on firm physical and mathematical ground, which would give a
precise numerical value to quantify the amount of entanglement for every given state.

1.1.2 Entanglement entropy

Entanglement entropy is an entanglement measure. It evaluates the amount of entanglement
between a two-partite system in a pure overall state. It is indeed one of the widest used measures.
Its importance partly comes from the manifestation of this notion, or a closed form of it, in differ-
ent fields of physics for different purposes, especially : Shannon entropy in quantum information
and thermodynamical entropy in statistical mechanics.

Consider a bipartite system AB in a pure state |ψ〉. The subsystem A is described by the
reduced density matrix ρA = TrB(|ψ〉 〈ψ|). The amount of entanglement between the subsystems
A and B as given by the entanglement entropy is :

S(ρA) = −Tr(ρA ln(ρA)) (1.9)

One can easily show using Schmidt decomposition (1.85) of the state |ψ〉 that

S(ρA) = S(ρB) (1.10)
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Figure 1.1: the figure represents (ρA(θ))11 in red and (ρA(θ))22 in blue for θ ∈ [0, π/2]. The
argument θ = π/4 corresponds to the maximally entangled state.

This is a very important property for this measure; it states that each party is equally entangled
to the other party, as it should be, regardless of the way in which the overall system AB is devided
into two subsystems A and B, in other words, regardless of the volume difference between A and
B.

The definition of entanglement entropy (1.9) is formal, one of the possible ways to evaluate it
is by using the spectral decomposition of the reduced density matrix, it is then straightforward to
show that

S(ρA) = −
∑
i

λi ln(λi) (1.11)

Where {λi} are the eigenvalues of ρA and ρB.
Let’s go back to the two qubits example, it is easy to see that the entanglement entropy vanishes
for separable states, as it should be, where {λi = 0, 1}. The amount of entanglement of other
states can be easily obtained when using the expression (1.6) for ρA :

S(ρA) = − cos2(θ) ln
(
cos2(θ)

)
− sin2(θ) ln

(
sin2(θ)

)
(1.12)

The entanglement entropy (1.12) is illustrated in figure 1.2.
Historically, within the context of black holes, the entanglement entropy was also called geo-

metric entropy. The latter has been used as a promising candidate to explain the source of black
hole entropy [11,12,18]. It has been shown, within a theory of fields, that the entanglement entropy
is proportional to the separating area between the two subsystems [28]. This result was related to
the entropy of black holes, since this latter has the weird property of being proportional to the area
of the black hole horizon, not to its volume. The geometric entropy was named after the action
of taking some geometrical region from configuration space and tracing over the field degrees of
freedom inside it in order to define a black hole [12].
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Figure 1.2: the figure represents the entanglement entropy (1.12) as a function of θ for two en-
tangled qubits. The entanglement is zero for separable states corresponding to θ = 0, π/2 and
maximal for maximally entangled states corresponding to θ = π/4, 3π/4.

1.2 Real time approach

The real time approach is a formalism to compute the entanglement entropy. It’s based on
evaluating the reduced density matrix for the vacuum state directly. One generally starts with
a discretized version of field theory. Here the approach will be exposed for a number of models
and the results will later be compared with the findings of the new approach developed in this
dissertation.

1.2.1 Two coupled harmonic oscillator

It turned out that the problem of evaluating the entanglement entropy resulting from tracing
out a subset of N -coupled harmonic oscillators can be reduced to the problem of two coupled
harmonic oscillators. Therefore, we shall start by working out this case explicitly.

Consider the following Hamiltonian for a system of 2 coupled one-dimensional harmonic oscil-
lators ith equal unit mass :

H =
1

2

2∑
i,j=1

(δij pipj + Vij qiqj) (1.13)

Where qi is the coordinate of the i-th oscillator and pi is its corresponding momentum. The
potential matrix V is a real symmetrical positive definite matrix. To simplify the notation, define
the vectors Q = (q1, q2)T and P = (p1, p2)T . The Hamiltonian then takes the form :

H =
1

2
(P TP +QTV Q) (1.14)
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The two oscillators are taken to be in their ground state. In q-basis it is given by [33] :

ψ0(q1, q2) = (det

(
W

π

)
)1/4e−

1
2
QtWQ (1.15)

The matrix W is the positive square root of the potential matrix V . If one assumes that the
information about the second oscillator are unvailable, the first oscillator is then described by the
reduced density matrix :

ρred(q1, q
′
1) = Tr2(ρtot) =

∫ ∞
−∞

dq2 ψ0(q1, q2).ψ∗0(q′1, q2) (1.16)

It is not hard to show that

ρred(q1, q
′
1) =

(
det(W )

πω2

)1/2

exp

(
−1

2
(ω1 −

ω2

2ω2

)(q2
1 + q′1

2) +
ω2

2ω2

q1q
′
1

)
(1.17)

Where the following notation W11 = ω1, W22 = ω2 and W12 = W21 = ω is adopted. Since the
matrix W is positive, its trace and determinant are also positive; such that ω1.ω2 − ω2 > 0 and
ω1 + ω2 > 0.

Given that ρred has a gaussian form, the eigenfunctions are easy to guess; they can only have
a gaussian form. The first inspection is to use a reparametrized version of the harmonic oscillator
eigenfunctions from quantum mechanics [33], take for example the form :

fn = Hn(
√
αx) exp

(
−α

2
x2
)

(1.18)

{Hn} are Hermite polynomials and α is to be determind. The functions {fn} should satisfy
the following relation : ∫ ∞

−∞
dy ρred(x, y)fn(y) = λnfn(x) (1.19)

Let γ = ω1 − ω2/(2ω2) and β = ω2/(2ω2), the reduced density matrix takes then the form :

ρred(q, q
′) =

√
γ − β
π

e−
1
2
γ(q2+q′2)+βqq′ (1.20)

It follows that :

∫ ∞
−∞

dy ρred(x, y)fn(y) =

√
γ − β
π

∫ ∞
−∞

dy e−
γ
2

(x2+y2)+βx.yHn(
√
αy)e−

α
2
y2

=

√
2(γ − β)

π(γ + α)
e(−γ

2
+ β2

2(α+γ)
)x2

∫ ∞
−∞

dy′ e−(y′−x′)2

Hn(cy′) (1.21)



CHAPTER 1. ENTANGLEMENT ENTROPY : AN OVERVIEW 16

Where x′ =
√

β2

2(γ+α)
x, y′ =

√
γ+α

2
y and c =

√
2α
α+γ

. The previous integral can be evaluated

using the standard formula [34] :

∫ ∞
−∞

dy exp
(
−(x− y)2

)
Hn(cy) =

√
π(1− c2)n/2Hn[

cx

(1− c2)1/2
] (1.22)

So, one gets :

∫ ∞
−∞

dy ρred(x, y)fn(y) =

√
2(γ − β)

(γ + α)
(1− c2)n/2e(−γ

2
+ β2

2(α+γ)
)x2

Hn[
cx′

(1− c2)1/2
] (1.23)

In order to prove that the functions {fn} are indeed the eigenfunctions of ρred; two conditions
must be fulfilled simultaneously :

−α = −γ +
β2

α + γ
√
α =

c

(1− c2)1/2

β√
2(α + γ)

It is easy to check that these two equations have the same solution with respect to α, which is
the following

α =
√
γ2 − β2 (1.24)

Henceforth it is possible to deduce the eigenvalues of ρred from (1.23) as follows :

λn =

√
2(γ − β)

γ + α
(1− c2)n/2, n = 0..∞ (1.25)

With a little manipulation, the eigenvalues can be rewritten in the form

λn = (1− ξ)ξn, ξ = β/(γ + α) (1.26)

It is easy to show that
∑
λn = 1, therefore the set of eigenfunctions (1.18) is complete. As a result,

the entanglement entropy can be evaluated in straightforward manner

S = −
∞∑
n=0

λn ln(λn) = − ln(1− ξ)− ξ

1− ξ
ln(ξ) (1.27)

This is the entanglement entropy for two coupled harmonic oscillators [18].
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1.2.2 N-coupled harmonic oscillators

We now turn to the problem of N-coupled harmonic oscillators. It will be shown that the
solution of this problem comes from a simple generalization of the problem of two coupled harmonic
oscillators treated earlier. The Hamiltonian of the system is given by

H =
1

2
(PTP + QTVQ) (1.28)

V is an N×N real symmetric positive definite matrix. Q and P are N-component coulomn vectors;
such that Q = (q1, q2, .., qN)T and P = (p1, p2, .., pN)T . The ground state of the system is given
by a simple generalization of the ground state of 2-coupled harmonic oscillators :

ψ0(q1, q2, ..., qN) =

(
det

(
W

π

))1/4

e−
1
2
QTWQ (1.29)

The matrix W is the positive square root of the matrix V . The density matrix of the total system
can be easily derived as follows :

ρ(Q,Q′) = (det(
W

π
))1/2e−

1
2

(QTWQ+Q′TW.Q′) (1.30)

The reduced density matrix that describes the first M oscillators is found by tracing the density
matrix (1.30) over the variables of the last N −M oscillators {qi, i = M + 1..N}, the information
on these oscillatos are considered unavailable.

ρred(Q,Q
′) =

∫ ∞
−∞

N∏
i=M+1

dqi ρ(q1..qM , qM+1..qN ; q′1..q
′
M , qM+1..qN) (1.31)

Where Q is the M-component vector Q = (q1, q2, .., qM)T ; where Q = (Q, Q̄)T and Q̄ =
(qM+1, qM+2, .., qN)T . In order to evaluate the previous integral, one uses the following decomposi-
tion for the matrix W

W =

[
A B
BT C

]
(1.32)

Where A, B and C are M ×M, (N −M)×M and (N −M)× (N −M) matrices respectively.
It follows that

ρred(Q,Q
′) = (det

(
W

π

)
)1/2e−

1
2

(QTAQ+Q′TAQ′)

∫ N∏
m=M+1

dqm e−(Q̄TCQ̄ + Q̄TBT (Q+Q′)) (1.33)

The normalization of ρred is going to be ignored from now on, it will be implemented in a factor
Nc. This factor is going to change from one operation to another. However, the same symbol will be
kept. The reasoning here is that ρred can always be renormalized to 1 to find the proper ’Nc’, there-
fore this factor does not affect the derivation of the eigenvalues and thus the entanglement entropy.
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The matrix C is a real positive symmetric matrix, so it is possible to diagonalize it through an
orthogonal transformation; such that C = UTCdU where the matrix Cd is diagonal and UTU = I.
Put J = BT .(Q+Q′), it follows that :

∫ N∏
m=M+1

dqme
−(Q̄CQ̄+Q̄T J) =

∫ N∏
m=M+1

dqme
−( ¯̄QTCd

¯̄Q+ ¯̄QT J̄)

=
N∏

m=M+1

∫ ∞
−∞

dqme
−( (Cd)m ¯̄q2

m+¯̄qmJ̄m )

=
N∏

m=M+1

e
J̄2

4(Cd)m

√
π

(Cd)m

= eJ
TC−1J/4 π

N−M
2

det(C1/2)
(1.34)

Where ¯̄Q = UQ and J̄ = UJ . The reduced density matrix ρred then becomes

ρred(Q,Q
′) = Nce

− 1
2

(QTAQ+Q′TAQ′− 1
2
JTC−1J) (1.35)

The aim is to write ρred as a function product, each function is of the form of the reduced den-
sity matrix of two coupled harmonic oscillators (1.20). This can be done by repetitively changing
the variables in order to exploit the diagonal form of the contributing matrices, so one can finally
achieve the required factorization.

Let JTC−1J = (QT +Q′T )M1(Q+Q′) where M1 = BC−1BT , it follows that :

ρred(Q,Q
′) = Nce

− 1
2

( QT (A−M1
2

)Q+Q′T (A−M1
2

)Q′− 1
2

(QTM1Q′+Q′TM1Q) ) (1.36)

Let M2 = A−M1/2. M2 is a real symmetric matrix that can be diagonalized using the following
orthogonal transformation :

M2 = UT
2 (M2)dU2 UT

2 U2 = I

Let M3 = U2M1U
T
2 and Q̃ = U2Q, it is straightforward to show that :

ρred(Q,Q
′) = Nce

− 1
2

( Q̃T (M2)dQ̃+Q̃′T (M2)d.Q̃
′− 1

2
(Q̃TM3Q̃′+Q̃′TM3Q̃) )

= Nce
− 1

2
( Q̂T Q̂+Q̂′Q̂− 1

2
(Q̂′M4Q̂+Q̂M4Q̂′) ) (1.37)

Where M4 = (M2)
−1/2
d M3(M2)

−1/2
d and Q̂ = (M2)

1/2
d Q̃ are defined. It was assumed here that

M2 is invertible, which will be proved later.
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Finally, one gets :

ρred(Q,Q
′) = Nc.e

− 1
2

(Q̆T Q̆+Q̆′T Q̆− 1
2

(Q̆′T (M4)dQ̆+Q̆T (M4)dQ̆
′))

= Nc

M∏
m=1

e−
1
2

(q̆2
m+q̆′m

2−(M4d)m.q̆mq̆′m) (1.38)

where M4 = UT
4 (M4)dU4 and Q̆ = U4Q̂. This is the desirable result! The density matrix

ρred(Q,Q
′) is factorized into a functions product, each of which takes the form of the reduced

density matrix (1.20) of two coupled harmonic oscillators. The entanglement entropy can be
formally obtained from (1.27).

However, it is required here to determine the eigenvalues of the matrix M4 in order to be
able to evaluate the entanglement entropy by means of (1.27). This turns out to be untractable
task since the obtained form of the matrix M4 is really complicated; it can be shown that M4

shares the same eigenvalues with the matrix M1.M
−1
2 which has the perplexing form M1.M

−1
2 =

BC−1BT (A−BC−1BT/2)−1.
To partially overcome this problem, one could rewrite the reduced density matrix of two coupled

oscillators (1.20) with a little twist in order to change the matrix that should be diagonalized. The
density matrix (1.20) can be rewritten as :

ρred(q, q
′) =

√
γ − β
π

e−
1
2

((γ−β)(q2+q′2)+β(q−q′)2) (1.39)

Using the same tricks and tools used before, the reduced density matrix (1.36) is factorized
into a function product of the same form of (1.39). The details are resumed as follows

ρred(Q,Q
′) = Nce

− 1
2

(QT (A−M1
2

)Q+Q′T (A−M1
2

)Q′− 1
2

(QTM1Q′+Q′TM1Q))

= Nce
− 1

2
(QTM ′2Q+Q′TM ′2Q

′+ 1
2

(Q−Q′)TM1(Q−Q′))

= Nce
− 1

2
(Q̃T Q̃+Q̃′T Q̃′+ 1

2
(Q̃−Q̂′)M ′3(Q̃−Q̃′))

= Nce
− 1

2
(Q̂T Q̂+Q̂′T Q̂′+ 1

2
(Q̂−Q̂′)(M ′3)d(Q̂−Q̂′))

= Nc

M∏
m=1

e−
1
2

(q̂2
m+q̂′m

2+ 1
2

(M ′3d)m(q̂m−q̂′m)2) (1.40)

The unknown matrices and vectors are listed below :

M1 = B.C−1BT

M ′
2 = A−M1 = A−BC−1BT = U ′2

T (M ′
2)dU

′
2

M ′
3 = (M ′

2)
−1/2
d U ′2M1U

′
2
T (M ′

2)
−1/2
d = U ′3

T (M3)dU
′
3

Q̃ = (M ′
2)dU

′
2Q

Q̂ = U ′3Q̃
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The obtained factorization (1.40) is useful if the eigenvalues of the matrix M ′
3 can be determined.

It can be easily shown that M ′
3 has common eigenvalues with the matrix M1M

′
2
−1 as follows

det(M ′
3 − λI) = det

(
(M ′

2)
−1/2
d U ′2M1U

′
2
T (M ′

2)
−1/2
d − λI

)
= det

(
(M ′

2)
1/2
d [(M ′

2)
−1/2
d U ′2M1U

′
2
T (M ′

2)
−1/2
d − λI](M ′

2)
−1/2
d

)
= det

(
U ′2M1U

′
2
T (M ′

2)−1
d − λI

)
= det

(
M1M

′
2
−1 − λI

)
(1.41)

The matrix M1M
′
2
−1 can be rewritten in a more intuitive way. Actually, if the matrix W−1 is

decomposed into a block sub-matrices in a similar manner to the matrix W :

W−1 =

[
Ā B̄
B̄t C̄

]
(1.42)

Where Ā, B̄ and C̄ are M ×M, M × (N −M) and (N −M) × (N −M) matrices respectively.
Then it is not diffucult to show that

M1M
′−1
2 = −BB̄T (1.43)

The key idea is to use the identity W−1.W = I, from which two relations are needed

ĀA+ B̄BT = IM (1.44)

ĀB + B̄C = 0 (1.45)

Solving these two equations with respect to Ā, one finds that

Ā(A−BC−1BT ) = IM (1.46)

Therefore

M ′
2 = Ā−1 = A−BC−1BT (1.47)

This is an implemented argument that M ′
2 is a positive definite and thus invertible matrix1. It

follows from (1.45) that B̄T = −C−1BT Ā, hence one gets to the intended form

M1M
′
2
−1 = BC−1BT Ā = −BB̄T (1.48)

The matrix −BB̄T is mathematically a lot simpler and physically better and more intuitive.
The form of the matrix depends directly on the set of the traced oscillators. Also, it has some
form of discrete convolution :

(M1M
′
2
−1)ij =

N∑
a=M+1

−Wia(W
−1)ja i, j = (1,M) (1.49)

1Since M ′2 is positive definite, M2 is a priori positive definite and therefore invertible matrix, as it is the sum of
two positive definite matrices ( M ′2 and BC−1BT /2 ).
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Which could be a very simplifying factor when taking the continuous limit.
Even after these simplifications, there is no guarantee that we will find the eigenvalues analytically.
This depends directly on the form of the potential matrix V . As a matter of fact, the eigenvalues
are found numerically for non-trivial physical models. Once they are determined, the entanglement
entropy can be calculated directly by a straightforward generalization of the entanglement entropy
of two coupled oscillators (1.27).
The density matrix (1.40) can be reparametrized in the form :

ρ(q1..qM) =
M∏
m=1

ρm(qm) (1.50)

Such that Tr(ρm) = 1. It follows that

S = −Tr(ρ. ln(ρ) ) = −Tr

(
M∏
l=1

ρl(ql).
M∑
m=1

ln(ρm(qm) )

)

= −
M∑
m=1

Tr( ρm(qm). ln(ρm(qm)) )

=
M∑
m=1

Sm (1.51)

The entanglement entropy is therefore the sum of the entanglement entropies of two coupled
oscillators (1.27), where ξm = λm(1 +

√
1 + λm)−2. It then follows that

S =
M∑
m=1

− ln

(
2

1 +
√

1 + λm

)
− λm

2(1 +
√

1 + λm)
. ln

(
λm

(1 +
√

1 + λm)2

)
(1.52)

Where {λm} are the eigenvalues of the matrix M1M
′ −1
2 = −BB̄T .

1.2.3 Entanglement entropy of N-coupled harmonic oscillators through
correlators

For a lattice of harmonic oscillators, there is another method to determine the entanglement
entropy in real time approach. This method depends on a physically more intuitive tool, namely
the two point function or the correlator.

The Hamiltonian of the lattice is defined by (1.38). As before, the accessed system is formed
of the first M oscillators. For the ground state, one can define the functions :

Xij = 〈qiqj〉, Pij = 〈pipj〉 i, j = 1..M (1.53)

{qi} are the canonical coordinates and {pi} are their corresponding momenta. The M ×M
matrices X and P are obviously real and symmetric. Higher order correlators can be found using
Wick’s theorem [15,24]:

〈Of1.f2...f2k〉 =
1

2kk!

∑
{σ}

〈Ofσ(1).fσ(2)〉.〈Ofσ(3).fσ(4)〉...〈Ofσ(2k−1).fσ(2k)〉 (1.54)
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Where O is an ordering operator, ’f ’ is either the momentum or the coordinate operator and
{σ} are all possible ordering permutations. It is useful to keep in mind that {qi, pj} can be written

using the creation and annihilation operators {ci, c†i}

qi ∝ ci + c†i , pi ∝ ci − c†i (1.55)

The correlators Xij and Pij are defined for the reduced system by means of the ’overall’ pure
ground state :

Xij = 〈Ψ0 | qiqj | Ψ0〉; Pij = 〈Ψ0 | pipj | Ψ0〉 (1.56)

Where ψ0(q1, q2, ..., qN) = 〈q1, q2, ..., qN | Ψ0〉 is the ground state defined by (1.29). However, it is
completely valid to write these correlators using the reduced density matrix ρred of the reduced
system :

Xij = Tr(ρred qiqj); Pij = Tr(ρred pipj) (1.57)

Therefore, Wick’s theorem can be exclusively written using the reduced density operator ρred.
Since not any form of functions admits such a property, one suspects that ρred is a function of the
creation and annihilation operators {ci, c†i}, more precisely, a Gaussian form of them [24] :

ρred = K exp

(
−
∑
ij

Hijc
†
icj

)
(1.58)

where K is the normalization constant and Hij is the matrix element of the matrix H, and it is to
be determined. Since ρred is Hermitian (the subscript of ρred will be omitted from now on), this
means that H is also Hermitian. The matrix H is then diagonalizable and its eigenvalues {εi} are
real :

ρ = K exp

(
−

M∑
i=1

εia
†
iai

)
(1.59)

where

ci =
∑
k

ηk(i)ak (1.60)

{η(i)} are the eigenvectors of the matrix H. It is not hard to show that {ai, a†i} is a set of creation
and annihilation operators. Thanks to the orthonormality property of the eigenvectors {η(i)},
the operators {ai, a†i} fulfill the property [ai, a

†
j] = δij. All that is left now is to determine the

eigenvalues {εi} in terms of known quantities, in order to identify ρ and evaluate the entropy.
First, it is preferable to write {qi} and {pi} in terms of {ai, a†i} directly. From (1.55) and (1.60)

one can write :

qi =
∑
j

αij(aj + a†j)

pi =
∑
j

iβij(aj − a†j) (1.61)
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where α and β are the specific transformation matrices to the specific set of creation and anni-
hilation operators {ai, a†i}. The general condition on α and β is derived from the commutation
relation [qi, pj] = iδij which is

α.βT = −1/2

The normalization constant ’K’ can be easily computed as follows

K−1 = Tr

(
exp

(
−

M∑
i=1

εia
†
iai

))
=

M∏
i=1

Tr
(

exp
(
−εia†iai

))
=

M∏
i=1

∞∑
m=0

(−εi)m

m!

∞∑
ui=0

〈ui | (a†iai)m | ui〉 =
M∏
i=1

∞∑
m,ui=0

(−εi)m

m!
umi

=
M∏
i=1

∞∑
ui=0

exp(−εi.ui) =
M∏
i=1

1

1− e−εi
(1.62)

It was taken that {εi} is positive, the necessary condition to have a proper density matrix. By
the same previous way, one can compute the following

nij ≡ 〈a†i .aj〉 = tr(ρa†i .aj) =
e−εi

1− e−εi
.δij (1.63)

〈ai.a†j〉 = 1 + 〈a†i .aj〉 =
1

1− e−εi
.δij (1.64)

Using these two equations and the property α.βT = −1/2, one can easily find that

X = α(2n+ 1)αT (1.65)

P = β(2n+ 1)βT (1.66)

XP =
1

4
α(2n+ 1)2α−1 (1.67)

Where the matrix ’n’ is defined by (1.63).
Finally, by means of (1.67), it is straightforward to write {εi} in terms of the eigenvalues of the

matrix C ≡
√
XP , call them {νi}, such that

νi =
1

2
coth(εi/2) (1.68)

It is time now to evaluate the entanglement entropy, Using the form (1.59) for the density matrix,
it is straightforward to show that

S = −Tr(ρ. ln(ρ)) = −Tr

(
ρ.

(
lnK −

M∑
i=1

εi.a
†
i .ai

))
= − lnK +

M∑
i=1

εi.nii

=
M∑
i=1

[
− ln

(
1− e−εi

)
+

εi.e
−εi

1− e−εi

]
(1.69)
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Which could be written in a more compact form using matrix notation as follows :

S = Tr ((C + 1/2) ln(C + 1/2)− (C − 1/2) ln(C − 1/2)) (1.70)

Where the identity exp(εi) = (νi + 1/2)/(νi − 1/2), derived from (1.68), has been used.
For a lattice of oscillators, the two point functions evaluated with respect to the ground state

(1.29) are the following [35] :

Xij =
1

2
(V −1/2)ij ≡

1

2
(W−1)ij

Pij =
1

2
(V 1/2)ij ≡

1

2
Wij (1.71)

where the indices {i, j} refer only to the oscillators of the reduced system, such that (i, j = 1 : M).
As a result, using the previous section notation, the determination of the entanglement entropy

requires the determination of the eigenvalues of the matrix C =
(
Ā.A

)1/2
/2. The equivalence

between the current entropy and the one obtained by the previous method (1.52) is all clear and
obvious when knowing that

Ā.A = IM − B̄BT (1.72)

Which is deduced from (1.44). The matrix Ā.A has common eigenvalues with the matrix AĀ =
IM −BB̄. Finally, the form (1.52) of the entanglement entropy can be found in a straightforward
manner.

1.2.4 Free massive scalar field

When adopting a theory of fields and trying to quantify the amount of entanglement between
two regions of space, if the total state is not separable, then the entanglement entropy is indeed
infinity! One of the ways to explain this is the following (more discussion can be found in [11] );
if one assumes that each point of the field incorporates into the entanglement entropy by some
amount, then the total entropy will be infinity since there are an infinity of points.

A possible way to lift this infinity is to impose a distance cutoff, i.e., to lift the continuity
of the space and to take the fields to be at discrete permitted positions in space. These points
form a lattice. The spacing ε between two successive vertices of the lattice is called the ultraviolet
cutoff. This cutoff is taken to be very small, of the order of Planck’s distance. This discretization
of space to lift the infinity of the entanglement entropy is similar to the divergence lifting of the
entropy in statistical mechanics, where the phase space was taken to be formed of cells based on
the Heisenberg uncertainty principle, in order to have a finite entropy for the system of gas.

To avoid the infinite sum over the lattice vertices, it is also required to put another cutoff on
the macroscopic scale, i.e., to put the lattice in a box of length L. This latter is called the infrared
cutoff.

It is worth to mention here that this is not the only existing way to avoid the divergence of the
entropy (again, see [11]). Another regularization can be imposed on the energy of the field modes,
limiting the possible energy range by two cutoffs : ultraviolet cutoff ε−1 and infrared cutoff L−1.
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Let’s take an example. The aim here is to illustrate the field regularization into a spatial
lattice. It will show up that the bosonic field problem will be reduced to the problem of N-coupled
harmonic oscillators discussed earlier. Hence, it will be possible to use the result of previous section
directly.

A real massive scalar field has the lagrangian density :

L =
1

2
(φ̇2− | ~∇φ |2 −µ2φ2) (1.73)

The entanglement is going to be evaluated between a sphere and the rest of space. To exploit the
spherical symmetry of the problem, the field will be expanded on the spherical harmonics basis :

φ =
∞∑
l=0

l∑
m=−l

φlm(r, t).Y m
l (θ, ϕ) (1.74)

The field φ itself is real but its components {φlm} are not, this is due to the non reality of the
spherical harmonics. Actually, the property (Y m

l )∗ = (−1)mY −ml of spherical harmonics means
that

(φml )∗ = (−1)mφ−ml (1.75)

In order to evaluate the field Lagrangian, the orthogonality property of spherical harmonics will
be used, where ∫

dΩ Y m
l Y

m′

l′ = δll′δmm′

It follows that

L =
1

2

∑
l,m

∫
r2dr

(
φ̇lm.φ̇

∗
lm +

dφlm
dr

.
dφ∗lm
dr

+ l(l + 1)
φlm
r
.
φ∗lm
r
− µ2φlm.φ

∗
lm

)
(1.76)

Now define the field components {Φlm} such that
Φlm = r.

√
2 Re(φlm) m > 0

Φlm = r.φlm m = 0

Φlm = r.
√

2 Im(φlm) m < 0

(1.77)

{Φlm} are real, they were chosen in this manner to avoid dealing with the complex components
{φlm}. By means of the property (1.75), it is not hard to show that this choice fulfills∑

l,m

φlmφ
∗
lm =

∑
l,m

(Re(φlm))2 + (Im(φlm))2 =
∑
lm

1

r2
Φ2
lm (1.78)

∑
∂rφlm∂rφ

∗
lm and

∑ ˙φlmφ̇
∗
lm can be treated in the same way, so one finally gets the following

L =
1

2

∫
dr
∑
lm

(
Φ̇2
lm + r2

(
d

dr

Φlm

r

)2

+ l(l + 1)
Φ2
lm

r2
− µ2Φ2

lm

)
(1.79)
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It is time now to project the field into a spatial lattice. The discretization will be performed
over the radial coordinate r because the Lagrangian is solely dependent on it. The radial spacing
is ε which also represent the UV cutoff. The permitted sites in space are those which have radial
coordinate of the form {rj = jε} where j is a positive integer. The system is assumed to be in a
spherical box of radius L, where L = N ε represents the infrared cutoff. It follows that

L ≡ 1

2

∑
l,m

N∑
j=1

ε

(
Φ̇2
lmj + (

rj + rj+1

2
)2 1

ε2
(
Φlm,j+1

rj+1

− Φlm,j

rj
)2 + l(l + 1)

Φ2
lm,j

r2
j

− µ2Φ2
lmj

)

=
1

2

∑
lm

N∑
j=1

ε

(
Φ̇2
lmj +

1

ε2
(j +

1

2
)2(

Φlm,j+1

j + 1
− Φlm,j

j
)2 + l(l + 1)

1

ε2
Φ2
lm,j

j2
− µ2Φ2

lmj

)
(1.80)

Where Φlmj ≡ Φlm(rj). Obviously, the previous equation is the Lagrangian of N-coupled harmonic
oscillators ! it just needs a simple rescaling to absorb the factor ε. Thus, it is justified to use the
results of previous section to calculate the entanglement entropy of real scalar field. The potential
matrix is block diagonal, its sub-matrices are defined as follows :

V
(k)
ij =


(2j2 + 1/2 + l(l + 1))/(j2ε2)− µ2 i = j 6= 1

9/(4ε2) + l(l + 1)/ε2 − µ2 i = j = 1
−(j + 1/2)2/ (ε2j(j + 1)) i = j + 1 or i = j − 1

0 else

(1.81)

Where k is the coordinate of the block sub-matrix V (k) in the potential matrix V . It corresponds
to a particular value of the doublet {l,m}. As a matter of fact, it is not possible to treat the
matrix V directly. It is an infinite size matrix (l → ∞)! Fortunately, it is possible to prove that
a bounded form of V with l < lb is equivalent to the infinite size potential matrix (see [36], [18]
and [22]). Finally, it is possible to get a formal expression of the entanglement entropy using
(1.52). A number of works estimate the entropy numerically by this way within the context of
black holes, since it is impossible to evaluate the eigenvalues {λk} of the matrix −BB̄T analytically
(see [18], [22], [37] and [48] ).

1.3 Euclidean time approach

In real time approach, it is nearly impossible to extract any analytic results for non triv-
ial physical systems. However, the techniques developed therein are very suitable for numerical
computation once the underlying space is discretized into a lattice. Within the context of black
holes, new techniques have been developed based on the path integral formulation. The developed
formalism, the Euclidean time approach, proved to be more powerful in performing analytical
computation in quantum field theory and extracting the UV divergence. The present section will
outline the existing techniques in this approach.
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1.3.1 State construction in path integral formulation

The main tool in path integral formulation is the kernel of the transition amplitude. The latter
gives the probability amplitude for the system to evolve from a given point in space to another
point within a given interval of time, written as a functional integral over all possible paths in
configuration space :

〈 ~x2, t2 | ~x1, t1〉 =

∫ ~x(t2)= ~x2

~x(t1)= ~x1

D(~x(t))ei
∫ t2
t1
dt L(x,ẋ) t2 < t1 (1.82)

Where L = (dx/dt)2/2 − V (x) is the classical Lagrangian of the studied system and D(~x) is
the functional measure over the space of functions. In Heisenberg formulation, the development
of the state is a consequence of the action of the evolution operator on it (only one dimension of
space is considered from now on, this causes no loss of generality) :

| x2, t2〉 = U(t2, t1) | x1, t1〉 (1.83)

= e−iH(t2−t1) | x1, t1〉

It is assumed here that the Hamiltonian H does not depend explicitly on time. So the transition
amplitude can now be written as :

〈x2, t2 | x1, t1〉 = 〈x2 | e−iH(t2−t1) | x1〉
=

∑
n

〈x2 | e−iEn(t2−t1) | En〉〈En | x1〉

=
∑
n

ψn(x2).ψ∗n(x1)e−iEn(t2−t1) (1.84)

Where {| En〉} is the eigenbasis of the Hamiltonian and {ψn(x)} are its corresponding eigen-
functions. It is really inevitable here to notice the correspondence between the previous expression
and the partition function Z of the canonical ensemble in statistical mechanics :

Z = Tr(e−βH) =
∑
n

e−βEn (1.85)

=

∫
dx1〈x1 | e−βH | x1〉 =

∫
dx1

∑
n

ψn(x1).ψ∗n(x1)e−βEn (1.86)

Actually, if one analytically continued the time in (1.84) from the real time to imaginary
time, the equivalence between the partition function and the transition amplitude is all clear and
obvious; the idea is to assume that the functional integral definition of the transition amplitude
is valid even when the time is imaginary, this can be proved using the same derivation steps for
(1.82), see for example [38,39]. This movement is known as Wick rotation, since it rotates the axis
in the complex time plane from real to complex axis [40].

Therefore, the time t can be replaced by −iβ, where β is real. Consider that t1 = t and t2 = 0,
so that the transition amplitude (1.84) becomes :

〈x2, 0 | x1,−iβ〉 =
∑
n

ψn(x2).ψ∗n(x1) eβEn (1.87)
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At low temperature T → 0 thus β →∞, the system tends to be in its ground state. This can
be seen via the partition function Z where the dominant term in the sum (1.85) becomes e−β.E0 .
The same thing happens for the transition amplitude (1.87) when β → −∞, such that :

lim
β→−∞

〈x2, 0 | x1,−iβ〉 = lim
β→−∞

eβE0 .( ψ0.ψ
∗
0 + ψ1.ψ

∗
1.e

β∆E1 + ψ2.ψ
∗
2.e

β∆E2 + ... )

≈ lim
β→−∞

eβE0 .ψ0(x2).ψ∗0(x1) (1.88)

Where ∆En = En − E0 > 0 for n > 0.
At this point, the ground state ψ0(x2) can be written as a functional integral using the formula

(1.88). First, one needs to fix the value of x1, the common choice is to put x1 = 0, but any
other value will do the job as long as one keeps the same value when deriving ψ0(x2). It is then
straightforward to see that

ψ0(x2) ∝
∫ x(0)=x2

x(−∞)=0

D(x(τ))e−
∫ 0
−∞ dτ LE(x,ẋ) (1.89)

Where LE = (dx/dτ)2/2 +V , the subscript E stands for ’Euclidean’ since Wick’s rotation changes
the Lorentzian metric in Minkowski space into an euclidean one.

The state ψ0 is then fixed by the formula (1.89) up to some constant. This constant can be
determined using the state normalization and it can be absorbed in the measure, so the ground
state ψ0 can be written as

ψ0(x) =

∫ x(0)=x

x(−∞)=0

D(x(τ))e−
∫ 0
−∞ dτ LE(x,ẋ) (1.90)

A similar treatement can be done to get ψ∗0(x) in the form of a functional integral : let t2 = −iβ
and t1 = 0, take β →∞, to get :

ψ∗0(x) =

∫ x(∞)=0

x(0)=x

D(x(τ))e−
∫∞
0 dτ LE(x,ẋ) (1.91)

Now, it is straightforward to write the ground state density matrix as a functional integral by
means of (1.90) and (1.91), such that :

ρ(x, y) = ψ0(x).ψ∗0(y) =

∫ x(0)=x

x(−∞)=0

D(x(τ)).e−
∫ 0
−∞ dτ LE(x,ẋ)

∫ x(∞)=0

x(0)=y

D(x(τ)).e−
∫∞
0 dτ LE(x,ẋ)

≡
∫ x(∞)=0

x(−∞)=0

D(x(τ)).e−
∫ 0−(x(0−)=x)
−∞ dτLE(x,ẋ)−

∫∞
0+(x(0+)=y)

dτLE(x,ẋ) (1.92)

The generalization of (1.92) to any dimension is straightforward.
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1.3.2 Rényi entropy

Rényi entropy for a system with density matrix ρ is defined as follows [41] :

Sα =
1

1− α
ln(Tr(ρα)), α > 0 (1.93)

Apart from its own importance and the information afforded by Rényi entropy itself, it plays the
role of an intermediate stage to get the entanglement entropy. In fact, it is not difficult to show
that the entanglement entropy S for normalized states is obtained from Rényi entropy by taking
α→ 1 :

lim
α→1

Sα ≡ − d

dα
ln(Tr(ρα)) |α=1= − 1

Tr(ρα)

d

dα
Tr(ρα) |α=1

= − 1

Tr(ρα)
.Tr

(
d

dα
ρα
)
|α=1= − 1

Tr(ρα)
.Tr(ln(ρ).ρα) |α=1

= −Tr(ρ. ln(ρ)) (1.94)

Where ln(Tr(ρ)) = 0 was used in the first equality. The final expression is easily identified as the
entanglement entropy.

Rényi entropy exhibits some interesting features; it is straightforward to show that it is a
positive function. It vanishes when the density matrix is a pure state, and it is maximal when the
state ρ is maximally entangled, which can be easily shown in finite dimensional spaces, where

Sα =
1

1− α
ln(Tr(ρα)) =

1

1− α
ln

(
N∑
i=1

(
1

N
)α

)
=

1

1− α
ln
(
N1−α) = ln(N) (1.95)

with N is the dimension of the space. In the two limiting states, maximally and non-entangled
states, the value of Rényi entropy coincides with the value of the entanglement entropy.

Furthermore, Rényi entropy is Schur concave for all α ; if the spectrum of ρ1 is majorized by
the spectrum of ρ2, such that

m∑
i=1

λi ≥
m∑
i=1

σi (1.96)

where 1 ≤ m ≤ N , N is the dimension of the space, {λi} ({σi}) are the eigenvalues of ρ1(ρ2)
ordered in a decreasing way, such that λ1 ≥ λ2 ≥ ... ≥ λN and σ1 ≥ σ2 ≥ .. ≥ σN . Rényi entropy
is Schur concave since it fulfills

Sα(ρ1) ≤ Sα(ρ2) (1.97)

On the other hand, Rényi entropy is concave only in the domain 0 < α < 1, such that∑
i

piSα(ρi) ≤ Sα(ρ) (1.98)
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where
∑

i piρi = ρ.
Besides, Rényi entropy is additive, i.e.

Sα(ρA ⊗ ρB) = Sα(ρA) + Sα(ρB) (1.99)

Some particular values of α are especially useful in certain domains. For example, α = 2
has many applications in information theory, it can be used to reduce the computational effort
needed to get some entropic estimations [42], or to establish an uncertainty relation stronger than
Heisenberg’s one [43,44]. Rényi entropy with α = 2 is called the collision entropy.

There are other special values for α; when α = 0 Rényi entropy is named Max entropy or
Hartley entropy, where

lim
α→0

Sα = ln(rank(ρ)) (1.100)

Max entropy forms an upper bound to Rényi entropy and therefore to the entanglement entropy.
The other lower bound is obtained when α =∞, where

lim
α→∞

Sα = − ln
(

max
i
λi

)
(1.101)

{λi} are the eigenvalues of ρ.
Theoretically, if one could get the formula of Rényi entropy as a function of α, it would be

possible to evaluate the entanglement entropy of the system. However, finding the explicit expres-
sion of Rényi entropy is not a tractable task. In the Heisenberg XY spin chain, for example, the
explicit form of Rényi entropy was obtained, because Rényi entropy is an automorphic function
with respect to a certain subgroup of the modular group [45]. Generally, it is not a priori obvious
how to take some real power of a matrix without struggling with the eigenvalues problem directly.
Fortunately, the replica trick offers a method to overcome this difficulty.

1.3.3 Replica trick

Consider a two-partite system AB with only two degrees of freedom. This model will serve
as a toy model that would be easy to generalize it to higher dimensions and even toward the
quantum field theory continuous limit. The overall non-normalized ground state density matrix
that describes the system AB can be expressed, by means of (1.92), as follows :

ρ(qA, qB; q′A, q
′
B) =

∫
DQ exp (−

∫ 0−(Q=(qA,qB))

−∞
dτLE −

∫ ∞
0+(Q=(q′A,q

′
B))

dτLE ) (1.102)

If one have access to the system A only, then the corresponding density matrix ρA is

ρA(qA, q
′
A) =

∫
dqB ρ(qA, qB; q′A, qB)

=

∫
DQ exp (−

∫ 0−(Q=(qA,qB))

−∞
dτLE −

∫ ∞
0+(Q=(q′A,qB))

dτLE ) (1.103)
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The functional integral includes the integration over the variable qB in the last equality. The
domain of integration is a bit tricky now! The functional integral is free to take any path in
Minkowski space until it reaches t = 0 , where it faces a jump in the variable of the system A. At
this point, all possible paths of integration are not free to take any value but only a specific one
for A’s variable : qA just before reaching t = 0 and q′A just after passing t = 0. After that, the
integral is allowed to proceed freely.

Now, if one wants to move towards Rényi entropy, the natural following step is to take some
power n of the density matrix, where n is a positive integer. It will show up that ρn is nicely
represented in the path integral language, such that :

ρnA(qA, q
′
A) =

∫
dq1

A..dq
n−1
A ρA(qA; q1

A).ρA(q1
A; q2

A).ρA(q2
A; q3

A)...ρA(qn−1
A ; q′A)

=

∫
dq1

B..dq
n−1
B dq1

A..dq
n−1
A ρ(qA, q

1
B; q1

A, q
1
B)...ρ(qn−1

A , qnB; q′A, q
n
B) (1.104)

it follows that

ρnA(qA; q′A) =

∫
DQ exp

(
−
∫ 0−(Q=Q(0−))

−∞
dτLE −

∫ ∞
0+(Q=Q(0+))

dτLE

)
(1.105)

Where

Q(0−) =



qA
q1
B

q1
A

q2
B

q2
A

.

.
qn−1
A

qnB


, Q(0+) =



q1
A

q1
B

q2
A

q2
B

q3
A

.

.
q′A
qnB


(1.106)

and

LE = LE ⊗ In (1.107)

It is possible at this point to generalize these findings. First, for multidimensional subsystems
A and B, all one needs is to consider qA (qB) as a vector whose dimension is equivalent to the
dimension of the subsystem A (B) and its coordinates are the degrees of freedom of the subsystem
A(B). For example, if A (B) is an m (m′) dimensional system, then qA (qB) is an m (m′)
dimensional vector, where

qA =


(qA)1

(qA)2

.

.
(qA)m

 , qB =


(qB)1

(qB)2

.

.
(qB)m

 (1.108)
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Furthermore, in order to reformulate the result for quantum field theory, it is enough to take
the continuous limit in the multidimensional case, where the vector qA(qB) is replaced by a smooth
function defined on some geometrical region in configuration space. This region of space represents
the zone of the system A(B), and the function represents the field φA(t,−→x ) (φB(t,−→x )) on that
region.

It is beneficial here to look over the space of integration in the field situation. The n power of
the density matrix is represented by :

ρnA(φA;φ′A) =

∫
DΦ exp

(
−
∫ 0−(Φ=Φ(0−))

−∞
dτLE(Φ, Φ̇)−

∫ ∞
0+(Φ=Φ(0+))

dτLE(Φ, Φ̇)

)
(1.109)

Where Φ is the n- fold field function. When taking the trace of ρnA, the boundary conditions can
be expressed as follows

Φ(0−) =



φ1
A

φ1
B

φ2
A

φ2
B

φ3
A

.

.
φnA
φnB


, Φ(0+) =



φ2
A

φ1
B

φ3
A

φ2
B

φ4
A

.

.
φ1
A

φnB


(1.110)

The space of integration for n = 1 can be roughly represented by figure 1.3. The different
boundary conditions at the level of system A at t = 0 represent a cut of discontinuity in the space
of integration. For n > 1, the space of integration is composed of n copy sheets of the original
one. Each one has a cut along the system A domain at t = 0. The n-fold manifold is represented
by figure 1.4. The integration over the fields at the level of the cut t = 0 in the functional integral
has the effect of stitching each sheet (label it l) along the two sides of the cut with the one just
before it; where the field at this sheet (φA)(l) at t ∼ 0− equals the field (φA)(l−1) in the l− 1 sheet
at t ∼ 0+, and with the copy just after it; where the field at this sheet (φA)(l) at t ∼ 0+ equals
the field in the next sheet (φA)(l+1) at t ∼ 0−.

The expression (1.109) represents a formal statement for ρnA. If the trace of ρn can be obtained
by evaluating the functional integral of (1.109), with one way or another, one will eventually obtain
some function of n. The replica trick’s key movement is to accept that the obtained function is
valid for all Re(n) > 1, despite the fact that it was originally evaluated for positive integers n
only. In other words, the resulting function has a unique analytic continuation for all Re(n) > 1 (
for proofs see [15], [20] and [46]). This step is essential to get Rényi entropy in a formal way and
eventually the entanglement entropy.

Consider now the normalized density matrix ρA ≡ ρA/Tr(ρA), the trace of ρnA can then be
re-expressed as follows :

Tr(ρnA) =

∫
dφA ρ

n
A(φA, φA) =

Zn
Zn

(1.111)
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Figure 1.3: The Euclidean space of integration for n = 1. The path integral has a discontinuity at
the level of region A at t = 0.

.

Figure 1.4: A representation of the n fold manifold, each two successive sheets are glued together
at t = 0 when the fields at the two sides of the cut coincide, the first and the last sheet are glued
by φ1

A.
.

Zn is just the trace of non-normalized ρnA and Z ≡ Z1. ρnA(φA, φA) is defined by (1.109). The
selection of the symbol Z was not by coincidence, but to indicate the already mentioned parallelism
between the ground state density matrix and the partition function Z at low temperatures. In
fact, it is possible here to write

Zn = Tr(ρnA) =

∫
Mn

DΦ exp

(
−
∫ ∞
−∞

dτLE(Φ, Φ̇)

)
(1.112)

Where Mn is the n-sheeted cover in which the functional integral is defined over. Indeed, one
cannot miss the formal analogy between (1.112) and the definition of the statistical partition
function in path integral formulation

Z =

∫
Dx exp

(
−
∫ β

0

dτH(x, ẋ)

)
Finally, by means of (1.94), the entanglement entropy can be expressed as

S = −(
d

dn
− 1) ln(Zn) |n=1 (1.113)
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The good thing about this formula is that the normalization of the partition function Zn is no
longer required to be calculated explicitly; it is implicitly embedded in (1.113).

1.3.4 The Heat Kernel expansion

The evaluation of Rényi entropy through the formula (1.112) is not always a possible task. The
formal structure of (1.112) cannot be manupilated directly. As a result, resorting to approximation
methods is required. One of these ways is the heat kernel expansion.

Historically, the heat kernel K(x, y, τ) is the solution of the heat diffusion equation

(∂τ +H(x))K(x, y, τ) = 0 (1.114)

with the initial condition

K(x, y, τ = 0) = δ(x, y) (1.115)

The kernel K(x, y, τ) has the formal solution :

K(x, y, τ) = 〈x | exp(−τH) | y〉 (1.116)

Now, how could this heat kernel be useful to our problem? Well, take a free massive scalar field,
it is straightforward to show that Euler- Lagrange equation for this field φ is formally identical to
the Heat equation (1.114) :

(∂τ −∇2 +m2)φ = 0 (1.117)

Where H(x) = −∇2 +m2. From path integral, the partition function (1.112) for this case has the
formal solution [40]

ln(Zn) = −1

2
ln
(
det
(
−∇2 +m2

))
= −1

2
Tr
(
ln
(
−∇2 +m2

))
(1.118)

The last equality can be proved using the eigenvalues spectral decomposition of the operator
(−∇2 +m2). Since one tries to avoid dealing with the logarithm of an operator, it is convenient at
this point to reformulate the last equation by means of an integration over an auxiallary parameter
called ’proper time’

ln(Zn) =
1

2

∫ ∞
0

ds
1

s
Tr(Km(s)) (1.119)

Km is the heat kernel defined by

Km(x, y, s) = 〈x | exp
(
s(∇2 −m2)

)
| y〉 = K0(x, y, s) exp

(
−sm2

)
(1.120)

Where K0 ≡ Km=0. A hint to show where (1.119) came from could be presented as follows : for a
positive number λ > 0 the following identity holds

ln(λ) = −
∫ ∞

0

ds
1

s
exp(−sλ) (1.121)
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This identity is correct up to some constant that does not depend on λ and can be renormalized
away. Taking the eigenbasis of the operator ln(−∇2) with eigenvalues {λi} it follows that :

Tr
(
ln
(
−∇2

))
=

∑
i

ln(λi) =

∫ ∞
0

ds
1

s
Tr
(
exp
(
s∇2

))
=

∫ ∞
0

ds
1

s
Tr(K0(s)) (1.122)

Finally, it is straightforward to rediscover the expression (1.119). A more rigorous way to find this
expression can be found in [47]. It is worth to mention here that the integral of (1.122) diverges
for small s due to the factor s−1 ( the already mentioned constant which does not depend on λ ).
This is an ultraviolet divergence. Therefore, it is necessary here to take a UV cutoff ε, such that

ln(Zn) = Tr(ln
(
−∇2 +m2

)
) =

∫ ∞
ε

ds
1

s
exp
(
−sm2

)
Tr(K0(s)) (1.123)

This expression is evaluated on a manifold with canonical singularity. The goal here is to determine
the kernel K0 in this space. Generally, one can not treat this problem directly. The suggested
method is to expand Tr(K0(s)) around small s and to evaluate the coefficients of expansion order
by order, where Tr(K0(s)) expansion around small s is given by [20,35] :

Tr(K0(s)) =
1

(4πs)d/2

∞∑
n=0

ans
n (1.124)

d is the dimension of Minkowski spacetime. {an} are called the heat kernel coefficients. The
determination of these coefficients depends on the manifold which are taking over : on its geometry,
its boundaries and the singularities it has (in a more general case). The coefficients have been
determined, up to some order, for some special cases that are related to the existing problem, i.e.
for a manifold with a canonical singularity. They can be mainly found in [49–52]. One can see [47]
and [53] for reviews on this topic.

1.3.5 Green’s Function

The heat kernel is not the only way to handle the partition function problem Zn in the Euclidean
framework. An alternative method is the Green function. As before, the starting point is the
relation (1.118). Where the first equality that will be used :

lnZn = −1

2
ln
(
det
(
−∇2 +m2

))
(1.125)

The clever trick is to note that

∂

∂m2
lnZn = −1

2

∂

∂m2

∑
λ

ln
(
−λ2 +m2

)
= −1

2

∑
λ

1

−λ2 +m2

= −1

2
Tr
(

(−∆ +m2)−1
)

(1.126)
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Where {λ} are the eigenvalues of the operator ∇. Technically, the operator (−∆ + m2)−1 is
Green’s function for the operator (−∆ +m2) :

(−∆ +m2)Gn(r, r′) = δ(r− r′) (1.127)

Therefore, finding the partition function Zn can be accomplished by determining Green’s function
for the operator −∆+m2 as a first step, then integrating the result with respect to m2. It is worth
to mention here that this technique is not limited to bosonic fields with the operator −∆ +m2; it
is straightforward to generalize it to any operator O. The twist in this situation is that one should
deal with the shifted operator O +m2I. At the end of calculations, it is enough to put m2 = 0 to
find the required partition function for the operator O.

Finally, the partition function can be written in terms of Green’s function as follows

∂

∂m2
ln(Zn) = −1

2

∫
dr Gn(r, r) (1.128)

The normalized version of the partition function is

∂

∂m2
ln(Tr(ρnA)) =

∂

∂m2
ln

(
Zn
Zn

)
= −1

2

∫
dr( Gn(r, r)− nG1(r, r) ) (1.129)

As it was shown, the heat kernel and Green’s function were extracted from the two parts
of the last equality of (1.118). The heat kernel from the left side and Green’s function from the
right side. One may wonder here about the relation between the two notions. To emphasize this
relation, the spectral decomposition of the two functions will be used. Take first the heat kernel,
from (1.116) it is not hard to show that :

K(x, y, s) =
∑
l

e−λlsΦl(x)Φ†l (y) (1.130)

where

(−∇2 +m2)Φl(x) = λlΦl(x) (1.131)∫ ∞
−∞

Φl(x)Φ†l′(x) = δll′ ,
∑
l

Φl(x)Φ†l (y) = δ(x− y) (1.132)

Laplace transform for the heat kernel K(x, y, s) is defined by

K(x, y, E) =

∫ ∞
0

ds e−EsK(x, y, s) =
∑
l

∫ ∞
0

ds e−Es−λlsΦl(x)Φ†l (y)

=
∑
l

1

λl + E
Φl(x)Φ†l (y) = 〈x | 1

−∇2 +m2 + E
| y〉 (1.133)

The last term of (1.133) is just the formal solution of Green’s function, which satisfies

(−∇2 +m2 + E)G(x, y) = δ(x− y) (1.134)

Finally, the relation between the heat kernel and Green’s function is all clear and obvious, Green’s
function is just the Laplace transform of the heat kernel for the system associated with the shifted
operator −∇2 +m2 +E. The generalization to other systems with different potentials is straight-
forward.
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Free massive scalar field

The evaluation of Green’s function depends on the geometry of space that it’s taking over. In
the current situation, it is evaluated over an n-fold manifold with canonical singularity. This last
depends on the way in which the sheets are glued together. In other words, it depends on the
choice of the extracted subsystem from the global one.

To see this in action, an example of a free bosonic field will be studied. The importance of
this example comes from the fact that it is one of the very few problems treated in the literature.
Moreover, it will give an essence to this method and enlight some important results which have
not been possible to get analytically in the real time approach.

The total system is taken to be the overall configuration space. The subsystem A occupies
the half of the space. The axes of configuration space are oriented so that the subsystem A is
defined by {x > 0,Rd−2}, Where d is the dimension of Minkowski space. The cut of discontinuity
is defined by {τ = 0, x > 0}. The subspace which contains this cut is C1 = {τ, x}. It is convenient
here to use polar coordinates {r ∈ [0,∞[, θ ∈ [0, 2π[ } for this subspace. The reason will be clear
in a moment.

The cut of discontinuity is the half line defined by {r ≥ 0, θ = 0}. Now, taking an n-copy
of the global space, gluing the edges of the cut as was previously explained, and the intended
n-fold space is consequently formed. As a result, each subspace C1 of each sheet is connected to
its neighbors, just before and just after, at the level of the cut. The union of these subspaces can
be simply presented by extending the angle θ, and it’s defined by Cn = {r ≥ 0, θ ∈ [0, 2πn[}. The
obtained geometry of Cn is the geometry of a cone with a deficit angle 2π(1− n).

The tip of the cone corresponding to r = 0 is a singular point; it is the point where the
discontinuity emerges. In the case of free bosonic fields, the operator LE = −∇2 +m2 is compatible
with the translational invariance. However, it is the singular point that breaks this symmetry.
Hence, one should not assume that Green’s function Gn is a function of (r− r′).

In the current examination, the steps of [46] will be followed. The dimension of Minkowski
space is taken to be two, i.e, the system is a line of fields.

By means of the identity :

Gn(r, r′) =
∑
λ

1

−λ2 + m2
Φλ(r)Φ∗λ(r

′) (1.135)

Where {Φλ((r))} are the normalized eigenfunctions of the operator (−∇2 + m2) and {λ} are the
eigenvalues of the operator (∇2), It is possible to check that Green’s function which fulfills the
differential equation (1.127) is the following :

Gn(r, r′) =
1

2πn

∞∑
k=0

dk

∫ ∞
0

λ dλ
Jk/n(λr).Jk/n(λr′)

λ2 + m2
cos(k(θ − θ′)/n) (1.136)

Where r = (r, θ), r′ = (r′, θ′), Jk/n are Bessel funcions of the first kind and {d0 = 1, dk = 2 for
k > 0}. In order to use the relation (1.129) it is required to evaluate the integral over λ and r
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when r = r′. The integral over λ is standard [34], where :

Gn(r, θ; r, θ) =
1

2πn

∞∑
k=0

dk

∫ ∞
0

λ dλ
Jk/n(λr).Jk/n(λr)

λ2 +m2
cos(k(θ − θ′)/n)

=
1

2πn

∞∑
k=0

dkIk/n(mr)Kk/n(mr) cos(k(θ − θ′)/n) (1.137)

({Ik/n}, {Kk/n}) are the modified Bessel functions of the first and second kind, respectively. Before
integrating over r, one needs first to evaluate the sum over k. For this purpose, Euler MacLaurin
formula will be used :

∞∑
k=0

dk Ik/nKk/n = 2

∫ ∞
0

dk Ik/nKk/n − 2
∞∑
j=1

B2j

(2j)!
(Ik/nKk/n)(2j−1) |k=0

= 2

∫ ∞
0

dk Ik/nKk/n −
1

6
∂k(Ik/nKk/n) |k=0 +

−2
∞∑
j=2

B2j

(2j)!
(Ik/nKk/n)(2j−1) |k=0 (1.138)

Where B2j are Bernoulli numbers. The last term of the final expression can be shown that it
vanishes when integrating over r [15] :

∂2j−1
k

∫ ∞
0

r.drIk/n(mr).Kk/n(mr) = ∂2j−1
k .

k

2m2
(1.139)

Since j > 1 the last expression vanishes identically. The term ∂k(Ik/n.Kk/n) |k=0 gives

∂k(Ik/n.Kk/n) |k=0= ∂kIk/n |k=0 .K0 =
−1

n
K2

0 (1.140)

where ∂kKk |k=0= 0 and ∂kIk |k=0= −K0 ( see [54] ). Hence

Gn(r, r) =

∫ 2πn

0

dθ Gn(r, θ; r, θ)

= 2

∫ ∞
0

dk Ik/n(mr).Kk/n(mr) +
1

12n
K2

0(mr)

= 2n

∫ ∞
0

dkIk(mr).Kk(mr) +
1

12n
K2

0(mr) (1.141)

Green’s function Gn(r, r) is formed out of two terms. The first is linear in n, where it has been
factorized out by a simple change of variables. It is important to remember here that one will
use the normalized partition function (1.129). The latter will cancel any term linear on n in Gn
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expression. Actually, this term is proportional to the total volume of the spacetime and has no
contribution to entanglement (see [28] for more discussion).

It is time to point out an important note : G1 does not depend on the choice of the subsystems
or the subspaces one wants to evaluate entanglement between them; it has no singularity caused
by the decomposition of subspaces. Hence, its resulting expression does not depend on the choice
of subspaces, nor does the entanglement. As a result, any term in Gn which is proportional to nG1

should be cancelled since it has no entanglement information.

The partition function out of expression (1.129) is then :

∂

∂m2
ln

(
Zn
Zn

)
= −1

2

∫ ∞
0

r.dr( Gn(r, r)− n.G1(r, r) )

= −(
1

24n
− n

24
).

∫ ∞
0

r.drK2
0(mr)

=
1

24m2
(n− 1

n
) (1.142)

Where
∫∞

0
r.drK2

0(r) = 1/2 ( see [34]). The partition function is obtained by a simple integra-
tion over m2

ln

(
Zn
Zn

)
=

1

24
(n− 1

n
) ln
(
ε2.m2

)
(1.143)

It is important to remember that the partition function is a unit free function. The integration
itself produces a constant independent of m2, which indeed has the effect of regulating the units.
Here, ε the UV cutoff, is the proper quantity to produce a scaleless function. Therefore, the
entanglement entropy for a 1 + 1 free scalar field is

S = − ∂

∂n
Tr(ρn) |n=1= − ∂

∂n

Zn
Zn
|n=1

= − ∂

∂n
(ε2.m2)

1
24

(n− 1
n

) |n=1= −1

6
ln(εm) (1.144)

It can be seen here that the entropy diverges when taking the continuum limit ε→ 0, this divergence
is logarithmic. In higher dimension scalar field theories d+ 1 (d > 1), the entropy is proportional
to the separating area between the two entangled systems, so that [28]

Sd+1 ∼
Ad−1

εd−1
(1.145)

In 1+1 field theory, the behavior of entropy seems different from higher dimensional ones. However,
the logarithmic divergence of 1+1 scalar field theory has an intuitive justification. In lattice
regularization this can be seen more clearly; each oscillator of the lattice is coupled with its first
neighbors only. If one lifts the oscillators of the boundary between the two entangling systems, these
two will be completely separated and there will be no entanglement left between them. Therefore,
it is natural for the entanglement to be proportional to the separating area. For 3+1 theory, the
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area is the superficial surface of the subsystem. For the 2+1 theory, it is the circumference. For
the 1+1 theory, one would expect some constant since the separating area is a point or number
of them depending on the shape of the subsystem. However, the logarithmic dependence becomes
totally understood when thinking of the area law (1.145) to come from an integral proportional to
rd−2. For d = 1, the logarithm is the compatible piece for an area law theory [55].



Chapter 2
Euclidean Green’s Function for Lattices

The Euclidean time approach and methods developed therein are generally used in quantum
field theory. Even there, they have been used in limited situations where the problem has a special
symmetry that allows one to construct Green’s function or to establish a Heat kernel expansion
over the resulting manifold. For example, if the reduced system is half the space. Else, the problem
is generally untractable to be handled analytically. On the other hand, no such methods have been
developed for lattices. They have been generally treated using a real time approach only. This
chapter shows how to construct the Euclidean Green’s function for a lattice of oscillators, where
the reduced system is an arbitrary set of lattice oscillators.

2.1 Formulation of the problem

The treated system is a lattice of coupled harmonic oscillators. The key importance of this
system comes from the fact that many physical situations can be modeled by it. In particular, the
space discretization of a theory of scalar fields produces a system of coupled harmonic oscillators.
This process is called lattice regularization of the fields.

The Lagrangian of N-coupled harmonic oscillator is given by :

L =
1

2

(
Q̇T Q̇−QTV Q

)
(2.1)

Where QT = (q1, q2, ..., qN) is the oscillators N-coordinate vector and V is the symmetric positive
definite potential matrix.

If one takes the lattice to be in its ground state, then the density matrix which describes this
state is

ρ(Q′, Q′′) =

∫ Q(∞)

Q(−∞)

DQ exp

(
−
∫ 0−(Q(0−)=Q′)

−∞
dτLE(Q, Q̇)−

∫ ∞
0+(Q(0+)=Q′′)

dτLE(Q, Q̇)

)
(2.2)

Where Q denotes the coordinates of the N -oscillators of the lattice. Take the reduced system
A to be formed of the first p oscillators. Its complementary system B is then formed of the rest of
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the lattice oscillators. The reduced density matrix ρA can be written as

ρA(Q′A, Q
′′
A) = TrB(ρ(Q′, Q′′)) =

∫
dQB ρ(Q′A, QB;Q′′A, QB)

=

∫
DQ exp

(
−
∫ 0−( Q(0−)=(Q ′A,QB ) )

−∞
dτLE(Q, Q̇)+

−
∫ ∞

0+( Q(0+)=(Q′′A,QB) )

dτLE(Q, Q̇)

)
(2.3)

where QT = (QA, QB), QT
A = (q1, q2, .., qp), Q

T
B = (qp+1, qp+2, ..., qN) and dQB =

∏N
i=p+1 dqi .

In order to be able to use the replica trick, one needs to take the power n of the reduced density
matrix ρA. Only the trace of ρnA is required :

Tr(ρnA) =

∫
ρA(Q1

A, Q
2
A).ρA(Q2

A, Q
3
A)...ρA(Qn

A, Q
1
A) dQ1

A.dQ
2
A...dQ

n
A

=

∫
ρ(Q1

A, Q
1
B;Q2

A, Q
1
B)ρ(Q2

A, Q
2
B;Q3

A, Q
2
B)..ρ(Qn

A, Q
n
B;Q1

A, Q
n
B) dQ1...dQn (2.4)

Using path integral formulation, this lengthy and unappealing form of Tr(ρnA) can be expressed
in a compact formula. The trick is to construct the n-fold vector Q as follows

Q =



Q1
A

Q1
B

Q2
A

Q2
B

.

.

.
Qn
A

Qn
B


(2.5)

By means of Q it is straightforward to show that

Tr(ρnA) =

∫
DQ exp

(
−
∫ 0−( Q(0−)=(Q1

A,Q
1
B ;Q2

A,Q
2
B ;...;QnA,Q

n
B) )

−∞
dτLE(Q, Q̇)+

−
∫ ∞

0+( Q(0+)=(Q2
A,Q

1
B ;Q3

A,Q
2
B ;...;Q1

A,Q
n
B) )

dτLE(Q, Q̇)

)
(2.6)

LE is the n-fold Euclidean Lagrangian defined by :

LE =
1

2

(
Q̇T Q̇ + QTVQ

)
, V = V ⊗ In×n (2.7)

The formal expression (2.6) of Tr(ρnA) cannot be handled mathematically due to the cut on the
boundary condition at τ = 0. Unlike the continuous case, when dealing with a theory of fields on
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flat space, one cannot try to recast the space into an n-fold manifold with canonical singularity
in order to make Tr(ρnA) take the form of a zero partition function. However, it is still possible to
rewrite (2.6) as a zero temperature partition function but with an alternative Lagrangian.

The idea is to move the cut from the boundary condition to the n-fold Lagrangian LE. It can
be seen from (2.6) that all the values of the variables {Qi

A, Q
i
B} in Q(0−) do exist in Q(0+) but

in a disorder way. The way of disorder depends on the chosen subsystem A : set of successive
oscillators, disjoint sectors of them and so on. The formula (2.6) of Tr(ρnA) considers a special
choice of the subsystem A, however, the generalization to any subsystem is straightforward. So,
if one properly re-order the variables {Qi

A, Q
i
B} when τ > 0, it will be able to get a continuity on

the boundary condition at τ = 0. It is then possible to write :

Tr(ρnA) =

∫
DQ exp

(
−
∫ ∞
−∞

dτ
1

2

(
Q̇T Q̇ + QTV(τ)Q

))
(2.8)

Where

V(τ) = θ(−τ)V + θ(τ)Vp (2.9)

Vp = PπVPTπ (2.10)

θ(τ) =

{
1 τ > 0
0 τ < 0

(2.11)

θ(τ) is Heaviside step function, Vp is the Nn × Nn permuted potential matrix and Pπ is an
Nn × Nn permutation matrix, its form depends on the choice of subsystem A. Its mission is to
redistribute the variables {Qi

A, Q
i
Ā
} in the second sector of (2.6) when τ > 0, in order to get the

same value for Q over the two sides of the cut, so that Q(0−) = PπQ(0+). As a result, the cut
disappears from the integration boundaries at τ = 0.

For our special case, the permutation matrix Pπ is given by 1

Pπ =



PB PA 0N . . . 0N 0N
0N PB PA . . . 0N 0N
0N 0N PB . . . 0N 0N
...

...
...

. . .
...

...
0N 0N 0N . . . PB PA
PA 0N 0N . . . 0N PB


(2.12)

The sub-matrices PA and PB are the projectors on the space of A and B respectively.

PA =

[
Ip 0
0 0N−p

]
, PB =

[
0p 0
0 IN−p

]
(2.13)

It is not difficult to check that Pπ does map the vector Q(0+)T = (Q2
A, Q

1
B;Q3

A, Q
2
B; ...;Q1

A, Q
n
B) into

the vector QT (0−) = (Q1
A, Q

1
B;Q2

A, Q
2
B; ...;Qn

A, Q
n
B) as it should do, i.e., PπQ(0+) = Q(0−). The

1it is important to say here that the developed method does not depend on the specific form of the matrix Pπ.
As a result, it does not depend on the choice of the subsystem A.
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action of Pπ on the n-fold potential matrix V can be easily shown if the matrix V is decomposed
as follows

V =

[
A B
BT C

]
(2.14)

it follows that

V = V ⊗ Inn =



A B 0 0 0 . . . 0 0
BT C 0 0 0 . . . 0 0
0 0 A B 0 . . . 0 0
0 0 BT C 0 . . . 0 0
0 0 0 0 A . . . 0 0
...

...
...

...
...

. . .
...

...
0 0 0 0 0 . . . A B
0 0 0 0 0 . . . BT C


(2.15)

Therefore, the permuted potential matrix Vp can be written as :

Vp = PπVPTπ =



A 0 0 0 0 . . . 0 B
0 C B 0 0 . . . 0 0
0 BT A 0 0 . . . 0 0
0 0 0 C B . . . 0 0
0 0 0 BT A . . . 0 0
...

...
...

...
...

. . .
...

...
0 0 0 0 0 . . . A 0
BT 0 0 0 0 . . . 0 C


(2.16)

As a matter of fact, this form of the n-fold matrix is typical in the calculations of entropy in
the euclidean approach [12], [56]. Although they show up here due to the action of Pπ but this
forms a good sign to the coherence of the method with existing works on this domain.

Fruitfully, the normalized Tr(ρnA) can be written as

Tr(ρnA) =
Zn
Zn1

=

∫
DQe

−SE

(
∫
DQe−SE)n

(2.17)

Where SE is the n-fold Euclidean action

SE =

∫ ∞
−∞

dτ
1

2

(
Q̇T Q̇ + QTV(τ)Q

)
, V(τ) = θ(−τ)V + θ(τ)Vp

Finally, Rényi entropy is given by

ln(Tr(ρnA)) = −1

2
ln

det
(
− d2

dτ2 + V(τ)
)

det
(
− d2

dτ2 + V
)n
, −∞ < τ <∞ (2.18)

Where the n fold potential matrix V(τ) is defined by (2.9).
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2.2 Green’s matrix function construction

In order to evaluate Rényi entropy (2.18) for a lattice of oscillators, it is required to use one
of the Euclidean methods presented in the first chapter : Green’s function or the Heat kernel
expansion, which have been shown to be equivalent. Precisely, the first is Laplace transform of the
second. The Heat kernel matrix Kn(τ, τ ′, s) for this system is an nN × nN matrix which satisfies
the differential equation :

(∂s −
d2

dτ 2
+ V(τ) ) Kn(τ, τ ′, s) = 0 (2.19)

Rényi entropy (2.18) can be written using Kn(τ, τ ′, s) as follows :

ln(Tr(ρnA)) =
1

2

∫ ∞
0

ds
1

s
( Tr(Kn(τ, τ, s))− nTr(K(τ, τ, s)) ), K = K1(τ, τ, s) (2.20)

It is understood here that the integration over τ is included in the trace of the kernel.
On the other hand, it is straighforward to show that Laplace transform of the heat kernel

G(τ, τ ′, E) =
∫∞

0
ds exp(−Es)K(τ, τ ′, s) is nothing but Green’s function associated with the dif-

ferential equation :

(− d2

dτ 2
+ V(τ) + E)Gn(τ, τ ′, E) = δ(τ − τ ′)I (2.21)

Although the apparent source of ’E’ in the previous equation is Laplace transformation, but it
plays an identical role to the parameter m2 in a massive scalar field theory, for other systems it
is the extra term which can be added to any potential where the integration of Green’s function
with respect to it gives ln(Tr(Zn)) as indicated by (1.128).

Rényi entropy can be written by means of Gn(τ, τ ′, E) as follows

ln(Tr(ρnA)) =
1

2

∫ ∞
0

dE(Tr(Gn(τ, τ, E))− nTr(G(τ, τ, E)) ), G ≡ G1(τ, τ, E) (2.22)

The advantage which comes from the definition of Green’s function as Laplace transform of the
heat kernel is that the obtained formula of Rényi entropy is exactly determined as a definite integral
in terms of Green function. Previously, as indicated by (1.129), it was defined up to some constant
since one only has the derivative of Rényi entropy with respect to m2.

The main difficulty in evaluating Gn as defined by (2.21) is the discontinuity on the potential
matrix V(τ). Furthermore, the two-sided matrices V and Vp of the matrix function V(τ) do not
generally commute, which makes finding Gn a non-straightforward task.

It is preferable, as a beginning, not to strike directly with this problem but rather to take a
simpler form of it. First, consider the case where V(τ) is a real scalar rather than a matrix. In this
situation, the problem reduces to the determination of Green’s function for the one-dimensional
step potential V (τ), where V and Vp are just numbers. The solution of Green’s function is available
in the literature for this situation [57], [58] :

G∓,∓(τ, τ ′) =
1

2W∓
e−W∓|τ−τ

′| +
1

2W∓
.

[
W∓ −W±
W− +W+

]
e±W∓(τ+τ ′)

(2.23)

G±,∓(τ, τ ′) =
1

W− +W+

e∓W±τ±W∓τ
′



CHAPTER 2. EUCLIDEAN GREEN’S FUNCTION FOR LATTICES 46

The used notationG+−(τ, τ ′) stands for Green function when τ > 0, τ ′ < 0, the others {G±,∓, G∓,∓}
can be deduced automatically, also we have

W∓ =
√
V∓, V− = V + E, V+ = Vp + E (2.24)

An equivalent problem to the one just discussed above is when the matrices V and Vp commute.
In this situation, the related matrices act as if they were scalars, and the order of the matrices
does not really matter since they commute. Therefore, Green’s matrix function when [V,Vp] = 0
has the same form of (2.23), where W∓ is the positive square root of V∓ and E is multiplied by
the unit matrix I, W−1

± and (W− + W+)−1 stand for the matrix inverses of W± and (W− + W+)
respectively.

It is now time to address the original problem directly, namely, the case where V and Vp do
not necessarily commute. The sure thing is that Green’s function reduces in this situation to
(2.23) when taking [V,Vp] = 0. The fundamental question here is : what are the terms that one
could miss when moving to the scalar case? In other words, are there extra terms that vanish
in the commutative case? Although one cannot obtain Green’s function directly by solving the
differential equation (2.21) to answer such a question, one can obtain a systematic series expansion
of Green’s function in powers of the potential matrix V and Vp. Pleasingly, the expansion series
indicates that all one needs does exist in (2.23) and no more terms are needed.

2.2.1 Green’s matrix function series expansion

The idea is to expand Gn around the free case, where V(τ) = 0. The generic term of the series
can be written as a reciprocal relation which depends only on the lower orders of the series terms.

First, for the free case V(τ) = 0 the differential equation (2.21) becomes

(− d2

dτ 2
+ E) G0(τ, τ ′, E) = δ(τ − τ ′)I (2.25)

The subscript n of Gn is abandoned in this subsection. G0 denotes Green’s function matrix for
the free case, which is well-known to be

G0(τ, τ ′) =
1

2
√
E
e−
√
E|τ−τ ′| (2.26)

Now, it is possible to use G0 to reformulate the original differential equation of Green’s function
(2.21) and transform it into an integral reciprocal equation with respect to the function G. One
originally has

(− d2

dτ 2
+ V(τ) + E) G(τ, τ ′) = δ(τ − τ ′)I (2.27)

Multiply it by G0(τ ′′, τ) and integrate it over τ to get rid of the delta function∫
dτ G0(τ ′′, τ)(− d2

dτ 2
+ V(τ) + E)G(τ, τ ′) = G0(τ ′′, τ ′) (2.28)
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integrate twice by parts the following term∫
dτG0

d2

dτ 2
G = G0

d

dτ
G |∞−∞ −

∫
d

dτ
G0

d

dτ
G

= G
d

dτ
G0 |∞−∞ +

∫
dτG

d2

dτ 2
G0

=

∫
dτ G

d2

dτ 2
G0 (2.29)

Where

lim
τ→±∞

G0
d

dτ
G = lim

τ→±∞
G
d

dτ
G0 = 0 (2.30)

Which can be deduced directly from the form of G0 (2.26) or from the properties of Green function.
As a result, (2.28) takes the following form :∫

dτ G(τ, τ ′)(− d2

dτ 2
+ E)G0(τ ′′, τ) +

∫
dτ G0(τ ′′, τ)V(τ)G(τ, τ ′) = G0(τ ′′, τ ′) (2.31)

It is important to remember here that V and G are matrices, and their order matters. By means
of the differential equation (2.25) of the function G0, it is straightforward to show that (2.31) takes
the form

G(τ ′′, τ ′) = G(τ ′′, τ ′)−
∫
dτ G0(τ ′′, τ)V(τ)G(τ, τ ′) (2.32)

The repetitive substitution of G in the right-hand side of the previous equation produces the series

G(τ, τ ′) =
∞∑
n=0

Gn(τ, τ ′) (2.33)

where

Gn(τ, τ ′) = (−1)n
∫
dτ1...

∫
dτnG0(τ, τ1)G0(τ1, τ2)...G0(τn−1, τn)G0(τn, τ

′)V(τ1)...V(τn) (2.34)

Gn can be simply written in terms of Gn−1 to give the desired reciprocal relation :

Gn(τ, τ ′) = −
∫
dt G0(τ, t)V(t)Gn−1(t, τ ′) (2.35)

Hence, the solution of the differential equation of Green’s function (2.27) reduces to the solution
of the integral equation (2.35). The solution is evaluated order-by-order. Since V(τ) has a finite
cut at τ = 0 this will produce a parallel decomposition for G at τ = 0 and τ ′ = 0 as it does in
the one step potential. This problem is a typical form of the problems solved by the Wiener-Hopf
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method : an integral equation with different boundary conditions on the two sides of the same
boundary. The method usually suggests the following decomposition for Gn :

G+
n (τ, τ ′) =

{
Gn(τ, τ ′) τ < 0

0 τ > 0

(2.36)

G−n (τ, τ ′) =

{
0 τ < 0

−Gn(τ, τ ′) τ > 0

The indices ± in G±n should not be mixed with the signs of the arguments τ and τ ′ in Green’s
function (2.23); in expression (2.36) they only refer to the relative sign between G±n and Gn.

By means of the two functions G±n , the function Gn defined by (2.35) can then be rewritten as

G+
n (τ, τ ′)−G−n (τ, τ ′) = −V

∫ 0

−∞
G0(τ, t)G+

n−1(t, τ ′)dt+ Vp

∫ ∞
0

G0(τ, t)G−n−1(t, τ ′)dt (2.37)

The form of G0 given by (2.26) suggests taking the two-sided Laplace transform for the previous
equation, it then becomes

F+
n (s, τ ′)− F−n (s, τ ′) = −V F0(s)F+

n−1(s, τ ′) + Vp F0(s)F−n−1(s, τ ′) ≡ Dn(s, τ ′) (2.38)

Where

F±n (s, τ ′) =

∫ ∞
−∞

dτe−sτG±n (τ, τ ′), analytic for ∓Re(s) > 0 (2.39)

F0(s) =
1

2

∫ ∞
−∞

dτe−sτ−
√
E|τ | =

1

E − s2
I, analytic for |Re(s)| <

√
E (2.40)

One should note that the domain of the definition of ’s’ for Laplace transforms (F±n ,F0) are
necessary to have proper transform functions; for example, in the domain |Re(s)| >

√
E the

integral of the transform F0 diverges!
The form of equation (2.38) is a typical form of Hilbert problem, where the contour of discontinuity
is the imaginary axis Re(s) = 0. The function F±n can then be determined using the contour
integration if one has already determined F±n−1. Therefore, the determination of {F±n }, and then
{G±n }, is accomplished order by order.

The region (τ ′ < 0, τ < 0) will be worked out explicitly until the second order. However, as it
will be seen, it is also necessary to determine lower order functions of the region (τ ′ < 0, τ > 0) in
order to compute the functions of the desired region. The other regions can be treated in a similar
way.

• Zeroth order

In this order, the function G0 is already determined by (2.26). The function F±0 can be directly
computed using Laplace transform as follows

F+
0 (s, τ ′) =

∫ 0

−∞
dτ e−sτG0(τ, τ ′)

=
−1

2
√
E

(
e
√
Eτ ′

s+
√
E

+
e−sτ

′

s−
√
E
− e−sτ

′

s+
√
E

)
, Re(s) < 0, τ ′ < 0 (2.41)
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Whereas

F−0 (s, τ ′) = −
∫ ∞

0

dτ e−sτG0(τ, τ ′) =
−e
√
Eτ ′

2
√
E(s+

√
E)
, Re(s) > 0, τ ′ < 0 (2.42)

It is straightforward to note that

F+
0 (s, τ ′) = F−0 (s, τ ′) +

e−sτ
′

2
√
E
F0(s) (2.43)

• First order

The functions F±1 are derived from (2.38), where

F+
1 − F−1 = −V F0 F+

0 + Vp F0 F−0 = δV F0 F−0 − V F2
0 e

sτ ′ , δV = Vp − V (2.44)

Hence

D1(x) = δV F0F
−
0 − V F 2

0 e
−sy (2.45)

From which we can compute F±1 (s, y) as follows

F+
1 (s, τ ′) =

1

2πi

∫ i∞

−i∞
dz
D1(z)

z − s
= c1 + c2 (2.46)

Where

D1(s) = δV F0(s) F−0 (s, τ ′)− V F2
0(s) esτ

′
(2.47)

c1 =
δV
2πi

∫ i∞

−i∞
dz

F0(z)F−0 (z, τ ′)

z − s
(2.48)

c2 =
−V
2πi

∫ i∞

−i∞
dz

F2
0(z)e−zτ

′

z − s
(2.49)

At this point, one needs to add an arbitrary polynomial of s to the solution of F+
1 . Fortunately,

the property of Fn to vanish at infinity; lims→−∞ Fn(s) → 0, guaranties that this polynomial is
identically zero. Finally, it is not hard to show that (see the appendices for mathematical details)
:

c1 =
δV

(2
√
E)3

e
√
Eτ ′

s−
√
E

c2 = −V e−sτ
′

(s2 − E)2
− V

e
√
Eτ ′

4E

[
τ ′√
E + s

− 1√
E(
√
E + s)

− 1

(
√
E + s)2

]
(2.50)

Hence

F+
1 (s, τ ′) =

δV
(2
√
E)3

e
√
Eτ ′

s−
√
E
− V

e−sτ
′

(s2 − E)2
− V

e
√
Eτ ′

4E

[
τ ′√
E + s

+

− 1√
E(
√
E + s)

− 1

(
√
E + s)2

]
, Re(s) < 0 (2.51)
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To obtain F−1 (s, τ ′), one can either use the same method used to obtain F+
1 (s, τ ′), or simply

deduce it directly from (2.44) such that

F−1 (s, τ ′) =
δV

(2
√
E)3

e
√
Eτ ′

s−
√
E

[
1− 4E

(s+
√
E)2

]
− V

e
√
Eτ ′

4E

[
τ ′√
E + s

+

− 1√
E(
√
E + s)

− 1

(
√
E + s)2

]
, Re(s) > 0 (2.52)

Now, to get the first order expansion of Green’s function G+
1 (τ, τ ′) all one needs is to use the

inverse Laplace transform over F+
1 ( see Appendix A ), where

G+
1 (τ, τ ′) =

1

2πi

∫ i∞

−i∞
esτF+

1 (s, τ ′)ds (2.53)

Therefore

G1(τ, τ ′) = − δV
(2
√
E)3

e
√
E(τ+τ ′) − V

2
√
E
G0(τ, τ ′)

(
| τ − τ ′ | + 1√

E

)
, τ < 0, τ ′ < 0 (2.54)

• Second order

In order to evaluate the second order contribution to Green’s function, it is required to deter-
mine D2(s). By means of (2.38) it follows that

D2 = −VF0F+
1 + VpF0F−1 (2.55)

Where

F+
2 − F−2 = D2(s) (2.56)

By means of (2.44), one can rewrite F+
1 in terms of F−1 , D2(s) then becomes :

D2 = −VF0(F−1 + VpF0F−0 − VF0F+
0 ) + VpF0F−1

= δVF0F−1 − V Vp F0 F−0 + V2 F2
0 F+

0 (2.57)

Therefore F+
2 can be written as

F+
2 (s, τ ′) =

1

2πi

∫ i∞

−i∞
dz
D2(z)

z − s
=

1

2πi

∫ i∞

−i∞

dz

z − s
(δVF0F−1 − V Vp F0 F−0 + V2 F2

0 F+
0 )

=
1

2πi

∫ i∞

−i∞

dz

z − s

(
δVF0F−1 − V F0

[
δV F0 F−0 − V F2

0 e
−zτ ′
] )

≡ c1 + c2 + c3 (2.58)
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In order to avoid lengthy expressions, the term c1 will be decomposed into two parts : c1 = c1
1+c2

1

where (See appendix A for mathematical details),

c1
1 =

δV
2πi

∫
dz

z − s
1

E − z2

(
δV

(2
√
E)3

e
√
Eτ ′

z −
√
E

[
1− 4E

(z +
√
E)2

])

=
−1

16
√
E

(
δV
E

)2
e
√
Eτ ′

s−
√
E

(2.59)

Whereas

c2
1 =

δV
2πi

∫
dz

z − s
1

E − z2

(
−Ve

√
Eτ ′

4E

[
τ ′√
E + z

− 1√
E(
√
E + z)

− 1

(
√
E + z)2

] )

=
1

16

δV V
E2

e
√
Eτ ′

s−
√
E

[
τ ′ − 3

2
√
E

]
(2.60)

The term c2 is the following

c2 = −V δV
2πi

∫
dz

z − s
F2

0 F−0 = −V δV
2πi

∫
dz

z − s
1

(z2 − E)2

−e
√
Eτ ′

2
√
E(z +

√
E)

=
1

16

V δV
E2

.
e
√
Eτ ′

s−
√
E

[
1

s−
√
E
− 3

2
√
E

]
(2.61)

c3 by its turn is given by

c3 =
1

2πi

∫
dz

z − s
V2F3

0e
−zτ ′

= −V2

[
e−sτ

′

(s2 − E)3
+

e
√
Eτ ′

2(2
√
E)3(
√
E + s)

([
τ ′ − 3

2
√
E
− 1√

E + s

]2

+

+
3

4E
+

1

(s+
√
E)2

) ]
(2.62)

It is possible now to write down F+
2 expression

F+
2 (s, τ ′) =

−1

16
√
E

(
δV
E

)2
e
√
Eτ ′

s−
√
E

+
1

16

δV V
E2

e
√
Eτ ′

s−
√
E

[
τ ′ − 3

2
√
E

]
+

+
1

16

V δV
E2

.
e
√
Eτ ′

s−
√
E

[
1

s−
√
E
− 2

3
√
E

]
− V2 e−sτ

′

(s2 − E)3
− V2 e−

√
Eτ ′

2[2
√
E(
√
E + s)]3

−V2

[
e
√
Eτ ′

2(2
√
E)3(
√
E + s)

([
τ ′ − 3

2
√
E
− 1√

E + s

]2

+
3

4E

) ]
(2.63)
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Finally, one can recover G+
2 (τ, τ ′) by taking the inverse of Laplace transform for F+

2 (s, y) :

G2(τ, τ ′) =
1

2πi

∫ i∞

−i∞
ds esτF+

2 (s, τ ′)

=
e−
√
E|τ−τ ′|

2
√
E

[
1

16

(
V
E

)2(√
E | τ − τ ′ | +3

2

)2

+
3

4

]
+
e
√
E(τ+τ ′)

2
√
E

[
1

8

(
δV
E

)2

+

− VδV
16E2

(
√
Eτ − 3

2
)− δV V

16E2

(√
Eτ ′ − 3

2

) ]
, τ < 0, τ ′ < 0 (2.64)

At this stage, it would be enough to see if the expansion of Green’s function defined by (2.23)
coincides with the expansion obtained by the Wiener-Hopf method. In other words, to test if
the expression of Green’s function (2.23) is also valid when V is a matrix not just a scalar. As a
matter of fact, the Green function (2.23) just needs a simple rearrangement of its terms to match
the expansion obtained before. To be more specific, the proper Green’s function is

G∓,∓(τ, τ ′) =
1

2
W−1
∓ e
−W∓|τ−τ ′| +

1

2
W−1
∓ e
±W∓τ (W∓ −W±) (W− + W+)−1 e±W∓τ

′

(2.65)

G±,∓(τ, τ ′) = e∓W±τ (W− + W+)−1 e±W∓τ
′

where W± are given by

W− =
√

(V + E)⊗ In, and W+ = PπW−PTπ
The expansion of G(τ, τ ′) for τ, τ ′ < 0 obtained by Wiener-Hopf method is

G(τ, τ ′) = G0(τ, τ ′) + G1(τ, τ ′) + G2(τ, τ ′) + ..., τ, τ ′ < 0

=
1

2
√
E
e−
√
E|τ−τ ′|

[
1− V

E
(
√
E | τ − τ ′ | +1) +

1

16

(
V

E

)2
( (√

E | τ − τ ′ | +3

2

)2

+

+
3

4

)
+ ...

]
+
e
√
E(τ+τ ′)

2
√
E

[
− δV

4E
+

1

8

(
δV
E

)2

− VδV
16E2

(
√
Eτ ′ − 3

2
) + ...

]
(2.66)

As anyone can check, Green’s function given by (2.65), precisely G−−, does have the same
expansion (2.66) when τ, τ ′ < 0. This is a good sign for (2.65) to be the correct solution of Green’s
function. However, there are more requirements to be fulfilled in order to consider it as a proper
solution :

1. it should satisfy Green’s differential equation :

(− d2

dτ 2
+ V(τ) + E)G(τ, τ ′) = δ(τ − τ ′).I

2. limτ,τ ′→±∞G(τ, τ ′) = 0
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3. All continuity conditions are satisfied.

4. The Hermiticity constraint G(τ, τ ′)† = G(τ ′, τ)

The first condition is a priori satisfied. The second condition is trivial to check. The third
condition stands for the continuity of all parts of Green’s function and their first derivatives at
τ, τ ′ = 0. Such a condition is extracted from the spectral decomposition of G. Where all the
eigenfunctions {Φl(τ)} and their first derivatives should be continuous at the cut τ = 0, since the
jump in the potential at τ = 0 is finite, so that

lim
τ→0−

Φl(τ) = lim
τ→0+

Φl(τ), lim
τ→0−

d

dτ
Φl(τ) = lim

τ→0+

d

dτ
Φl(τ) (2.67)

The fourth condition is easily proved using the spectral decomposition of G :

G(τ, τ ′) =
∑
l

1

λl
Φl(τ)Φ†l (τ

′) (2.68)

From which it follows directly that G(τ, τ ′)† = G(τ ′, τ).
The last two conditions are not directly obvious. For this reason, they will be detailed separately

in the next section.

2.2.2 Hermiticity constraint and Continuity conditions

The starting point will be the hermiticity constraint, since it will allow us to reduce the number
of continuity conditions by half, as it will be shown later on.

This constraint can be stated for G(τ, τ ′) given by (2.65) as follows :

G+−(τ, τ ′)† = G−+(τ ′, τ) (2.69)

G±±(τ, τ ′)† = G±±(τ ′, τ) (2.70)

The first condition (2.69) is trivial to check. The second condition is a bit more complicated. To
see that it is fulfiled by G(τ, τ ′), only one of these two conditions of (2.70) will be proven, take for
example :

G†−−(τ, τ ′) = G−−(τ ′, τ) (2.71)

where

G−−(τ ′, τ) =
1

2W−
e−W−|τ−τ

′| +
1

2W−
eW−τ

′
(W− −W+) (W− + W+)−1 eW−τ (2.72)

G−−(τ, τ ′)† =
1

2W−
e−W−|τ−τ

′| +
1

2
eW−τ

′
(W− + W+)−1 (W− −W+)

1

W−
eW−τ (2.73)

In order to show that G†−−(τ, τ ′) = G−−(τ ′, τ), it is required to show first that

W−1
− (W− −W+)(W− + W+)−1 = (W− + W+)−1(W− −W+)W−1

− (2.74)
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where

(W− + W+)−1(W− −W+)W−1
− = (W− + W+)−1 − (W− + W+)−1W+W−1

−

= (W− + W+)−1 − (W−W−1
+ (W− + W+))−1

= (W− + W+)−1 −W−1
− (W−W−1

+ + 1)−1

= (W− + W+)−1 −W−1
− W+(W− + W+)−1

= (1−W−1
− W+)(W− + W+)−1

= W−1
− (W− −W+)−1(W− + W+)−1 (2.75)

Therefore, condition (2.71) is fulfilled.

• Continuity conditions

There are 6 continuity conditions to be proved, listed as follows

limτ ′→0 G−+(τ, τ ′) = limτ ′→0 G−−(τ, τ ′)
limτ ′→0 G+−(τ, τ ′) = limτ ′→0 G++(τ, τ ′)

limτ ′→0 ∂τG−+(τ, τ ′) = limτ ′→0 ∂τG−−(τ, τ ′)
limτ→0 ∂τG−+(τ, τ ′) = limτ→0 ∂τG++(τ, τ ′)
limτ ′→0 ∂τG+−(τ, τ ′) = limτ ′→0 ∂τG++(τ, τ ′)
limτ→0 ∂τG+−(τ, τ ′) = limτ→0 ∂τG−−(τ, τ ′)

(2.76)

The other 6 continuity conditions, with respect to the other argument of G, are satisfied identically
by the hermiticity constraint.
The first condition of (2.76) can be simply proved :

lim
τ ′→0

∂τG−+(τ, τ ′) = eW−τ
1

W− + W+

lim
τ ′→0

∂τG−−(τ, τ ′) =
1

2W−
.eW−τ +

1

2W−
eW−τ (W− −W+)

1

W− + W+

= eW−τ
1

2W−
[ W− + W+ + (W− −W+) ]

1

W− + W+

= eW−τ
1

W− + W+

If one takes the hermitian conjugate of this condition, one will get :

lim
τ→0

G+−(τ, τ ′) = lim
τ→0

G−−(τ, τ ′) (2.77)

Which is a different condition; the condition for the other argument τ , thanks to the hermiticity
constraint, it is identically fulfilled.

The second condition of (2.76) can be handled by the same previous manipulation.
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The continuity of the derivatives can be handled in a similar manner, where

∂τ G++(τ, τ ′) = − | τ − τ
′ |

2(τ − τ ′)
e−W+|τ−τ ′| − 1

2
e−W+τ (W+ −W−)(W− + W+)−1e−W+τ ′

∂τ G−−(τ, τ ′) = − | τ − τ
′ |

2(τ − τ ′)
e−W−|τ−τ

′| +
1

2
.eW−τ (W+ −W−)(W− + W+)−1eW−τ

′

∂τ G+−(τ, τ ′) = −W+e
−W+τ (

1

W− + W+

)eW−τ
′

∂τ G−+(τ, τ ′) = W−eW−τ (
1

W+ −W+

)e−W+τ ′

For the third condition of (2.76), it simple to show that it is satisfied :

∂τG−+(τ, τ ′) = W−eW−τ
1

W− + W−
(2.78)

∂τG−−(τ, τ ′) =
1

2
e−W−τ +

1

2
eW−τ (W+ −W−)(W− + W+)−1

=
1

2
eW−τ [W− + W+ + (W− −W+)] (W− + W+)−1

= W−eW−τ (W− + W+)−1 (2.79)

As it was shown, no new ideas were used to prove the third condition;the same trick was used to
prove the first one. This is the case for the rest of the conditions. Therefore, their proof will be
skipped and all continuity conditions will be considered fulfilled.

To this end, Green’s function matrix given by (2.65) satisfies all requirements. As a result, it
is the proper solution for a chain of coupled harmonic oscillator systems. The differ-
ential equation for its Green’s function is defined by (2.27).

2.3 Rényi entropy via Green’s matrix function

After obtaining the formula of Green’s function for a subset of harmonic oscillators arbitrarily
chosen from the chain of oscillators, it is straightforward to write down Rényi entropy for the
system. From the expression of Rényi entropy (2.22) and after a simple integration over τ for
Gn(τ, τ, E), Rényi entropy is found to be

ln(Tr(ρn)) =
1

8

∫ ∞
0

dE Tr
[

(V−1
− − V−1

+ )(W− −W+)(W− + W+)−1
]

(2.80)

This is the formal expression of Rényi entropy, which can be used to find the entanglement
entropy via the replica trick.
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The alternative new formula (2.80) of Rényi entropy directly shows the dependence of the
entropy on the chosen subsystem A, which is implemented on ( W+, V−1

+ ) via the permutation
matrix Pπ.

When the subsystem A is assumed to be the overall system so that ρA = ρAB, the permutation
matrix becomes the identity matrix, and Rényi entropy vanishes, as it should because V+ = V−.

In general, when the permutation matrix and the potential matrix commutes [V,Pπ] = 0, the
permuted potential coincides with the potential matrix, V = Vp, there is no entanglement in this
situationand Rényi entropy vanishes identically. Therefore, the quantity ‖ [V,Pπ] ‖/‖ V ‖ can be
used as some sort of indicator or a measure of the degree of entanglement.

A final remark about (2.80) is that it’s a scaleless quantity, i.e., it is invariant under an overall
rescaling of the potential. A property which should be intuitively satisfied by a proper entanglement
measure.



Chapter 3
Applications and Outlook

The obtained Green’s function for a lattice of oscillators gave a formal expression for Rényi
entropy. The aim of this chapter is to see the possible applications of this expression and compare
it with the already existing results. The possibility of using the obtained Rényi entropy to treat
interacting theory problems is shown via λφ4 type of interaction. The interaction was treated as
a perturbation, and Rényi entropy was expanded as a power series of λ.

3.1 Entanglement of 2-coupled oscillators

The preliminary example of the entanglement of two coupled harmonic oscillators, already
treated in the first chapter within the real time approach, is a perfect candidate as a first test of
the validity of the obtained Green’s function and the method as a whole.

As a starting point, take two oscillators with the same frequency. This system is described by
the Lagrangian :

L =
1

2

(
Q̇T Q̇−QTV Q

)
(3.1)

where

V =

[
a 1
1 a

]
, Q =

[
q1

q2

]
(3.2)

q1 (q2) is the coordinate of the first (second) oscillator. The potential V is rescaled from the
beginning, so that V12 = V21 = 1. To evaluate Rényi entropy, one first needs to determine the
matrices V−1

± and W±). The fact that V is a 2 × 2 circulant matrix simplifies the determination
of V −1 and W , where

V −1 =
1

a2 − 1

[
a −1
−1 a

]
, W =

1

2

[
α+ α−
α− α+

]
(3.3)

With α± =
√
a+ 1 ±

√
a− 1. It is straightforward to determine the matrices V−1

− and W− since
W− = (V +E)1/2⊗ In and V−1

− = (V +E)−1⊗ In. The matrices V−1
+ and W+ are easily obtained
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by the permutation matrix (2.12). The situation here is similar to the one taken in the previous
chapter, where half of the chain is traced over, so that

V−1
+ = PπV−1

− PTπ =
1

a2 − 1



a 0 0 0 0 . . . −1
0 a −1 0 0 . . . 0
0 −1 a 0 0 . . . 0
0 0 0 a −1 . . . 0
...

...
...

...
...

. . .
...

0 0 0 0 0 . . . 0
−1 0 0 0 0 . . . a


(3.4)

W+ = PπV1/2
− PTπ =

1

2



α+ 0 0 0 0 . . . α−
0 α+ α− 0 0 . . . 0
0 α− α+ 0 0 . . . 0
0 0 0 α+ α− . . . 0
...

...
...

...
...

. . .
...

α− 0 0 0 0 . . . α+


(3.5)

It is understood here that E is implemented in the term a, in other words, a ≡ a + E. It is
simple to show that the corresponding matrix product (V−1

− − V−1
+ )(W− −W+) is given by

(V−1
− − V−1

+ )(W− −W+) = − α−
2(a2 − 1)

C (3.6)

Where C is 2n× 2n circulant matrix defined as follows

Cij =


2 i− j = 0
−1 i− j = 2, 2n− 2

0 else
(3.7)

In this case, the matrix (W+ + W−) is a circulant matrix. Its inverse, call it C′, is also a
circulant matrix. It can be easily shown to be :

C′ij =


2α+ i− j = 0
α− i− j = 1, 2n− 1
0 else

(3.8)

Thus

Tr
(
V−1
− − V−1

+

)
(W− −W+)(W− + W+)−1 = − α−

2(a2 − 1)
Tr(CC′) (3.9)

Both matrices C and C′ are circulant, thus they can be diagonalized simultaneously. The
eigenvalues of C and C′ are given by

λj = 2

(
1− cos

(
2πj

n

))
, λ′j =

(
α+ + α− cos

(
πj

n

))−1

j = 0..2n− 1 (3.10)
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Rényi entropy can be easily obtained using the formula (2.80), such that

ln(Tr(ρn)) =
1

8

2n−1∑
j=0

(
1− cos

(
2πj

n

))∫ ∞
a

dx
−α−(x)

(x2 − 1)(α+(x) + α−(x) cos(πj/n) )
(3.11)

Where x ≡ a+E. The integration in (3.11) can be evaluated exactly. Taking into consideration that
the two terms j = 0, n of the sum vanish from the beginning, the result after some rearrangements
and simplifications is

ln(Tr(ρn)) = −
n−1∑
j=1

ln

(
cos
(
πj
n

)
+ β√

β2 − 1

)
(3.12)

where β = a+
√
a2 − 1. To achieve the sum, one can use the formula [34] :

n−1∏
k=1

(
β + cos

(
kπ

n

))
=

1

(2α)n−1

α2n − 1

α2 − 1
, α = β +

√
β2 − 1 (3.13)

it follows that

ln(Tr(ρn)) = ln

(
(α2 − 1)n

α2n − 1

)
(3.14)

Finally, the entanglement entropy can be easily shown to be

S = − d

dn
ln(Tr(ρn)) |n=1= − ln(1− ξ)− ξ

1− ξ
ln(ξ) (3.15)

This is the standard relation for the entanglement entropy of two coupled harmonic oscillators.
This realtion was already derived in the first chapter within the real time approach, relation (1.27),
where it turns out that

√
ξ = 1/α. Pleasingly, the new method gives exactly the same standard

result!

3.1.1 Entanglement of 2 harmonic oscillators with different frequencies

The situation when the two coupled oscillators have different frequencies is a bit more compli-
cated than the previous one. In this situation, the rescaled potential matrix is given by

V =

[
a 1
1 c

]
(3.16)

whereas the matrices V −1 and W are given by

V −1 =
1

ac− 1

[
c −1
−1 a

]
, W =

[
ω1 ω
ω ω2

]
(3.17)
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with

ω1 =
1

λ+ − λ−
(
√
λ−(λ+ − a)−

√
λ+(λ− − a) ) (3.18)

ω2 =
1

λ+ − λ−
.(
√
λ+(λ+ − a)−

√
λ−(λ− − a) ) (3.19)

ω =
1

λ+ − λ−
(
√
λ+ −

√
λ− ) (3.20)

λ± =
1

2
(c+ a±

√
(a− c)2 + 4) (3.21)

The evaluation of the entanglement between the two oscillators using Green’s function requires
the determination of V−1

+ and W+, where

V−1
+ =

1

ac− 1



c 0 0 0 0 . . . −1
0 a −1 0 0 . . . 0
0 −1 c 0 0 . . . 0
0 0 0 a −1 . . . 0
...

...
...

...
...

. . .
...

0 0 0 0 0 . . . 0
−1 0 0 0 0 . . . a


, W+ =



ω1 0 0 0 0 . . . ω
0 ω2 ω 0 0 . . . 0
0 ω ω1 0 0 . . . 0
0 0 0 ω2 ω . . . 0
...

...
...

...
...

. . .
...

0 0 0 0 0 . . . 0
ω 0 0 0 0 . . . ω2


(3.22)

Again, it is understood here that ’E’ is implemented in the terms a and c, such that a ≡ a+E
and c ≡ c+E. Now, it is possible to calculate the trace of the matrix product. The starting point
will be :

(V−1
− − V−1

+ )(W− −W+) = ω
−1

ac− 1
C (3.23)

Where C is the same circulant matrix defined before by (3.7). It is then diagonalizable by Fourier
discrete transformation; C = F−1CdF , where F is Fourier discrete transform :

F = (F−1)∗ =
1√
2n


1 1 1 . . . 1
1 w w2 . . . w2n−1

1 w2 w4 . . . w2(2n−1)

...
...

...
. . .

...
1 w2n−1 w2(2n−1) . . . w(2n−1)(2n−1)

 , w = e−2πi/2n (3.24)

The eigenvalues of C are the following :

(Cd)jj = 2 (1− cos(2πj/n)) , j = 0..2n− 1 (3.25)

The trace of the matrix product can then be written as follows :

Tr
(
(V−1
− − V−1

+ )(W− −W+)(W− + W+)−1
)

=
−ω
ac− 1

Tr
[
CdF (W+ + W−)−1F−1

]
=

−ω
ac− 1

Tr
[
Cd(F (W+ + W−)F−1)−1

]
(3.26)
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The matrix W−+W+ can be decomposed to the sum of a circulant matrix, call it C, and an extra
matrix, call it M , such that

C =


2ω1 ω 0 . . . ω
ω 2ω1 ω . . . 0
0 ω 2ω1 . . . 0
...

...
...

. . .
...

ω 0 0 . . . 2ω1

 , M = 2(ω2 − ω1)



0 0 0 0 . . . 0
0 1 0 0 . . . 0
0 0 0 0 . . . 0
0 0 0 1 . . . 0
...

...
...

...
. . .

...
0 0 0 0 . . . 1


(3.27)

When a Fourier transformation is applied to the matrix C, it is diagonalized; such that FCF−1 = Cd.
The eigenvalues of C are the following :

(Cd)jj = 2

(
ω1 + ω cos

(
πj

n

))
, j = 0..2n− 1 (3.28)

On the other hand, the matrix FMF−1 is given by :

(FMF−1)ij =


ω2 − ω1 i = j

ω1 − ω2 |i− j| = n

0 otherwise

(3.29)

The inverse of the matrix F (W− +W+)F−1 can be obtained by the Gaussian elimination. Take a
2n× 2n matrix T of the form :

Tij =


ai i = j

d | i− j |= n

0 otherwise

(3.30)

The inverse of the matrix T is given by :

T−1
ij =


an+i/(an+iai − d2) i = j < n

ai−n/(ai−nai − d2) i = j ≥ n

d/(d2 − ajai) | i− j |= n

0 otherwise

(3.31)

The inverse matrix (F (W− + W+)F−1)−1 can be easily deduced from (3.31) since the matrix
F (W− +W+)F−1 has the same form of the matrix T . Therefore, it is straightforward to compute
the matrix product Tr

(
(V−1
− − V−1

+ )(W− −W+)(W− + W+)−1
)

given by (3.26). Rényi entropy is
then given by

ln(Tr(ρn)) =
2n−1∑
j=0

∫ ∞
x0

dx
−1

8

(1− cos
(

2πj
n

)
)

x2 − δ2

δ2 − (x−
√
x2 − δ2) cos(πj/n)

2δ2
√
x2 − δ2 + (x−

√
x2 − δ2) sin2(πj/n)

(3.32)
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where :

x = E +
a+ c

2
, x0 =

a+ c

2
, δ =

√(
a− c

2

)2

+ 1 (3.33)

It is not difficult to show that the term multiplied by cos(πj/n) in (3.32) is summed to zero. Also,
the two terms j = 0, n of the sum vanish from the beginning.

Consider the following change of variable y = (x+
√
x2 − δ2)2, Rényi entropy then becomes :

ln(Tr(ρn)) = 2

∫ ∞
y0

dy
n−1∑
j=1

−(1− cos(2πj/n))

8

1

( y − δ2 + sin2(πj/n) )(y − δ2)

= 2
n−1∑
j=1

−(1− cos(2πj/n))

8

1

sin2(πj/n)
ln

(
y0 − δ2 + sin2(πj/n)

y0 − δ2

)

=
−1

2
ln[

n−1∏
j=1

(
y0 − δ2 + sin2(πj/n)

y0 − δ2
)] (3.34)

By means of the identity (3.13), one can evaluate the following product

n−1∏
j=1

(y0 − δ2 + sin2(πj/n)) =
n−1∏
j=1

(
√
y0 − δ2 + 1− cos(πj/n) )(

√
y0 − δ2 + 1 + cos(πj/n) )

=

(
n−1∏
j=1

(
√
y0 − δ2 + 1 + cos(πj/n))

)2

=
1

(2α)2n−2

(α2n − 1)2

(α2 − 1)2
(3.35)

Where α =
√
y0 − δ2 +

√
y0 − δ2 + 1. In the second equality, the product was raised to power two

because cos(π(n− j)/n) = − cos(πj/n), and thus the two products are equal.
Hence, Rényi entropy can be written as

ln(Tr(ρn)) = − ln

(
α2n − 1

(α2 − 1)n

)
(3.36)

Finally, the entanglement entropy for two coupled oscillators with different frequencies is

S = − d

dn
ln(Tr(ρn)) |n=1= − ln

(
α2 − 1

)
− α2

1− α2
ln
(
α2
)

(3.37)

Where α =
√
y0 − δ2 +

√
y0 − δ2 + 1 with y0 = ( (a+c)/2+

√
a.c− 1 )2 and δ = [ (a− c)2/4 + 1 ].

It can be checked that α2 = ξ−1, it then follows that (3.37) gives the same standard formula (1.27)
of the entanglement of two coupled harmonic oscillators.
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3.2 Entanglement of 1+1 Massive scalar field

The investigation of the case of two coupled harmonic oscillators formed a good exercise to
check the validity of the method. It is time now to move into a more explored physical situation
: the case of a massive Klein-Gordon field. This problem has been extensively treated in the
literature, especially in the continuum.

In this section, the problem is treated discretely by applying a lattice regularization to the
field. After that, it is possible to apply Green’s function approach over it.

The Lagrangian of 1+1 real massive scalar field is given by

L =
1

2

∫
dx
(
φ̇2 − (∂xφ)2 +m2φ2

)
(3.38)

This spatial line of fields is discretized into a chain of oscillators as follows : The position axis
x is discretized so that only specific locations are allowed. Precisely, the permitted positions are of
the form xi = iε where i ∈ Z and ε is the lattice spacing. It also represents the UV cutoff. For the
infrared cutoff, the line is taken to be limited to 2N sites only, with periodic boundary conditions.
Therefore, the field function φ(x) becomes

φ(x)→ qi ≡ φ(xi), i = −N..N (3.39)

The lagrangian then becomes of the form

L =
1

2

∑
i

ε

(
q̇2
i −

(
qi+1 − qi

ε

)2

+m2q2
i

)
(3.40)

By the simple rescaling q2
i → q2

i /ε, the Lagrangian can be rewritten as

L =
1

2

∑
i

(
q̇2
i −

1

ε2
(
q2
i+1 + q2

i − 2qiqi+1 + ε2m2q2
i

)2
)

=
1

2

(
Q̇T Q̇− 1

ε2
QTV Q

)
(3.41)

The rescaled potential V will be considered from now on instead of V/ε2. Since the boundary
conditions are periodic, this means that the last coordinate and the first are identical. Therefore,
Q is a 2N coordinate vector and V is 2N × 2N matrix given by :

V =



2 + µ2 −1 0 0 0 . . . 0 −1
−1 2 + µ2 −1 0 0 . . . 0 0
0 −1 2 + µ2 −1 0 . . . 0 0
0 0 −1 2 + µ2 −1 . . . 0 0
0 0 0 −1 2 + µ2 . . . 0 0
...

...
...

...
. . .

... 2 + µ2 −1
−1 0 0 0 . . . 0 −1 2 + µ2


(3.42)
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Where µ = mε.
Fortunately, V is a symmetrical circulant matrix. Its elements can be formally written in terms

of its eigenvalues as follows

Vlm =
1

2N

2N−1∑
k=0

ϕke
iπk(l−m)/N (3.43)

{ϕk} are the eigenvalues of V given by

ϕk = (µ2 + E + 2(1− cos(πk/N)) ), k = 0..2N − 1 (3.44)

Where the matrix E⊗I2N is implemented in V upon this stage. Similarly, the circulant matrices
V −1 and W have the following matrix elements:

V −1
lm =

1

2N

2N−1∑
k=0

ϕ−1
k eiπk(l−m)/N (3.45)

Wlm =
1

2N

2N−1∑
k=0

ϕ
1/2
k eiπk(l−m)/N (3.46)

The determination of W+ and V−1
+ necessitates the determination of the reduced system A.

Two situations will be explored; the first takes half the space to be under supervision. The second
situation is a more peculiar one, where the reduced system is formed of only one vertex of the
lattice, namely the origin. This latter turned out to be exactly solvable, and it gave some interesting
results.

3.2.1 Situation one : Entanglement of half space

In this situation, half of the oscillators in the chain are traced over, keeping only the first
N -oscillators under supervision and averaging over the rest. The matrices W+ and V−1

+ are found
using the permutation matrix (2.12). It is preferable first to decompose the matrices W and V −1

as follows

V −1 =
1

ac− 1

[
A B
BT A

]
, W =

[
G F
F T G

]
(3.47)

A, B, G and F are N ×N matrices, their matrix elements are given as follows

Alm =
1

2N

2N−1∑
k=0

ϕ−1
k eiπk(l−m)/N , l,m = 0..N − 1 (3.48)

Blm =
1

2N

2N−1∑
k=0

ϕ−1
k (−1)keiπk(l−m)/N , l,m = 0..N − 1 (3.49)



CHAPTER 3. APPLICATIONS AND OUTLOOK 65

Glm =
1

2N

2N−1∑
k=0

ϕ
1/2
k eiπk(l−m)/N , l,m = 0..N − 1 (3.50)

Flm =
1

2N

2N−1∑
k=0

ϕ
1/2
k (−1)keiπk(l−m)/N , l,m = 0..N − 1 (3.51)

The related matrix product (V−1
+ − V−1

− )(W+ −W−) is given by

(V−1
− − V−1

+ )(W− −W+) = B.F ⊗ C (3.52)

C is the same circulant matrix defined by (3.7). On the other hand

(W+ + W−) =



2G F 0 0 0 . . . 0 F
F 2G F 0 0 . . . 0 0
0 F 2G F 0 . . . 0 0
0 0 F 2G F . . . 0 0

0 0 0 F 2G
. . . 0 0

...
. . . . . . . . . . . . . . . . . .

...
...

. . . . . . . . . . . . . . . 2G F
F 0 0 0 . . . 0 F 2G


(3.53)

(W+ + W−) is a block circulant matrix. It has an explicit block inverse when applying a
block-discrete Fourier transformation on it. The trace of the matrix product (V−1

+ − V−1
− )(W+ −

W−)(W+ + W−)−1 can be partially computed in terms of the block submatrices as follows

Tr
(
(V−1

+ − V−1
− )(W+ −W−)(W+ + W−)−1

)
=

2n−1∑
j=0

(1− cos
2πj

n
) Tr

(
B.F

(
G+ F. cos

(
πj

n

) )−1)
(3.54)

It is straightforward to show that the two coupled harmonic oscillator’s problem is a special
case of (3.54), where N = 1 and B, Fand G are just scalars.

The determination of (3.54) turns out to be a strenuous task. The main problem is to determine
the inverse of the matrix (G+F cos(πj/n) ), which is a special Toeplitz matrix with N-dependent
symbol and, as far as we are aware, there is no solution for this kind of problem in the mathematical
literature. In fact, finding the exact inverse of (G+F cos(pij/n)) is not required; only an asymptotic
inversion for large N is needed. Thus, it is necessary to overcome this problem by trying to find
an asymptotic inverse to it. More details will be explored in the next section.
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3.2.2 On the asymptotic inverse of a special class of Toeplitz matrices

In simple words, the task is to find the asymptotic inverse for Toeplitz matrix of the form of
(G + F cos(πj/n) ) in large N limit. In this limit, it turns out to be more convenient to look for
the inverse of the N ×N matrix TN(α), where

TN(α)l ≡
√

2(G+ F cos(πj/n) )l ) |N>>1

w
1

N

N−1∑
k=0

√
ck(α+ + α−e

iπl/N)e
2πikl
N = α+C + α−C̃ (3.55)

where α± = 1 ± cos
(
πj
n

)
and ck = a + cos(2πk/N) with a = ( (µ2 + E)/2 + 1). It is understood

here that (TN)ij ≡ (TN)i−j. The matrices C and C̃ are defined as follows

Cl =
1

N

N−1∑
k=0

√
cke

i2πkl/N , C̃l =
eiπl/N

N

N−1∑
k=0

√
cke

i2πkl/N (3.56)

C is a circulant matrix, whereas C̃ is an anti-circulant matrix. They are both invertible matrices,
such that :

C−1
l =

1

N

N−1∑
k=0

√
c−1
k ei2πkl/N

C̃−1
l =

eiπl/N

N

N−1∑
k=0

√
c−1
k ei2πkl/N

The matrix elements of TN mainly live in two specific regions : | l |<< N and | l |∼ N . This
is easily deduced by rearranging the expression of TN as follows

TN(α)l =
1

N
(1 + eiπl/n)

∑
k

√
cke

i2πkl/N + cos(πj/N)
1

N
(1− eiπl/N)

∑
k

√
cke

i2πkl/N (3.57)

When | l |<< N , the first sum survives, whereas when | l |∼ N , the second sum survives. The
other elements are damped by the harsh oscillating sum when taking very large N . Therefore, the
distribution of the elements of TN is known, however, the extent or the width of this distribution
depends upon the value of N , which gives a meaning for | l |<< N and | l |∼ N . This makes TN
an N -dependent symbol matrix. As a matter of fact, the N-independent symbol matrix admits a
Wiener form, which represents an asymptotic inverse circulant matrix. Unfortunately, no explicit
treatment for the N-dependent symbol matrix has been found in the mathematical literature.

The search for the inverse of the matrix TN was led by two principal clues : The first clue is
that the inverse of the Toeplitz matrix should be persymmetric. The second clue is that it should
satisfy the condition Tr

(
TNT

−1
N

)
= N . Hand in hand with numerical and analytical investigations,

an ansatz MN of the inverse of TN is suggested

(MN)lm =
1

N2

N−1∑
p,k=0

[
αkpe

−iπm/Nk+(p− k) + αpke
iπl/Nk−(p− k)

]
ei2πkl/Ne−i2πpm/N (3.58)
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where αpk is a function of p and k to be determined and k± are defined as follows

k±(x) =
1

2

N−1∑
m=0

e
2πi
N

(x±1/2)m =
1

1− e2πi(x±1/2)/N
(3.59)

MN can be easily seen to be persymmetric for arbitrary αkp. The next step is to recognize that
the function αkp given by

αkp =
1

α+
√
ck + α−

√
cp

(3.60)

This αkp solves the equation Tr(TN .MN) = N exactly for any N . Furthermore, this choice of
αkp coincides exactly with the matrix T−1

N for the two invertible special cases α+ = 0 and α− = 0.
Therefore, one can suggest the following conjecture.

Conjecture :

Let TN be an N ×N Toeplitz matrix defined by

TN(α) = α+C + α−C̃ (3.61)

C and C̃ are also Toeplitz matrices given by

Cl =
1

N

N−1∑
k=0

√
cke

i2πkl/N , C̃l =
eiπl/N

N

N−1∑
k=0

√
cke

i2πkl/N (3.62)

where α± = 1± cos πj
n

, and ck = a− cos 2πk
N

.
Then the following matrix

(MN)lm =
1

N2

N−1∑
p,k=0

[
αkpe

−iπm/Nk+(p− k) + αpke
iπl/Nk−(p− k)

]
ei2πkl/Ne−i2πpm/N (3.63)

with

k±(x) =
1

2

N−1∑
m=0

e
2πi
N

(x±1/2)m, αkp =
1

α+
√
ck + α−

√
cp

(3.64)

is an asymptotic inverse of TN(α).

By asymptotic inverse here we mean that MN fulfills the following condition

lim
N→∞

δN(a) = |TN .MN − I| → 0, ∀a > 1 (3.65)

Numerical investigation for δN shows its beautiful sliding to zero depending on the value of a,
where it turns out that a and N have an anti-proportional relation. For example, for a > 1.2 and
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Figure 3.1: The curve represents δ as a function of N for a fixed α±, where α+ = 1.5 and α− = 0.5.
.

N = 30 one finds that δ < 10−3 ( using the weak norm or Hilbert-Schmidt norm ). The related
interesting case is when a → 1, i.e. the continuum limit µ = mε → 0. Here one needs to take
larger N . Numerical calculation suggests that δ vanishes like 1/N . For example, for a = 1.002 and
N = 100 one finds that δ = 0.003, for a = 1.002 and N = 200 one gets δ = 0.0015 . Figure 3.1
shows the way in which δ tends to zero when taking larger and larger N .

Another encouraging sign for the conjecture is that Neumann expansion of MN for large a
matches the T−1

N expansion order by order, at least for the first few investigated orders.
The theory of Generalized locally Toeplitz GLT [59,60] provides a tighter test on the conjecture.

This machinery estimates the trace of T−1
N in the limit N →∞ by

lim
N→∞

Tr(TN(α)−1)

N
=

1

π

∫ π

0

dθ√
a− cos θ

=
1

π
√
a+ 1

K

(√
2

a+ 1

)
(3.66)

Where K is the complete elliptic integral of the first kind. One hopes that the trace of MN matches
the value predicted by GLT machinery (3.66), as this should represent an asymptotic inverse for
TN when N → ∞. Pleasingly, it turns out that the trace of MN does have the same value as
(3.66), as it will be shown later.

One cannot claim that all these clues form a proof of the conjecture. However, it does give it a
good sense of credibility since it gave accurate outcomes, which are unlikely to be by coincidence.

Interestingly, numerical studies of several Toeplitz matrices similar to TN but with different ck
and α±, revealed that the ansatz extends beyond this particular problem. More precisely, if TN is
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a Toeplitz matrix defined by
TN(α) = αC1 + βC̃1

Cl =
1

N

N−1∑
k=0

ake
i2πkl/N , C̃l =

eiπl/N

N

N−1∑
k=0

ake
i2πkl/N

ak and bk are two functions of k, which need to satisfy certain technical conditions, otherwise
arbitrary.

Then the following matrix

(MN)lm =
1

N2

N−1∑
p,k=0

[
αkpe

−iπm/Nk+(p− k) + αpke
iπl/Nk−(p− k)

]
ei2πkl/Ne−i2πpm/N

with

αpk =
1

αak + βbp

is an asymptotic inverse for TN with limN→∞ δN → 0.

This results, if confirmed by analytic calculation, will provide a general solution for the asymp-
totic inverse of a wide class of Toeplitz matrices, with N -dependent symbol, which are not covered
by the known results in literature [61, 62].

In the situation of half-chain entanglement, it is possible to use the conjecture inverse to com-
pute the entropy. However, it turns out that the obtained expression is complicated by first
inspection. The aim is to find a way to manipulate it and extract the diverging term,and this will
be the subject of our next research.

Estimation of the trace of the matrix MN

In this section, the average of the trace of MN will be evaluated in large N limit, where

lim
N→∞

TrMN(α)

N
= lim

N→∞

1

N3

N−1∑
k,p,q,l=0

αkpe
2πil(p−k+1/2)/N .e2πiq(k−p−1/2)/N

= lim
N→∞

1

N2

N−1∑
k,p=0

N−1∑
l=−(N−1)

(1− |l|
N

)αkpe
i2π(p−k+1/2)l/N (3.67)

For abitrary N , it is not hard to show that

N−1∑
l=1

αkpe
2πil(p−k+1/2)/N +

N−1∑
l=1

αkpe
2πi(−l).(p−k+1/2)/N = 0 (3.68)

To prove it, one just needs to achieve the sum over ’l’. It follows that

N−1∑
k,p=0

N−1∑
l=−(N−1)

αkpe
2πil(p−k+1/2)/N =

N−1∑
k,p=0

αkp (3.69)
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Hence we are left with three contributions :

I0 =
1

N2

N−1∑
k,p=0

αkp (3.70)

I− = (I+)∗ =
N−1∑

k,p=0,l=1

l

N3
αkpe

2πil
N

(p−k+1/2) (3.71)

Let’s start with I0, one can transform the sum into an integral since we are interested in the limit
N →∞. Take the sum over p as a beginning, define the complex integration for z ≡ exp(2πip/N)
over the unit circle C1 as follows

1

N2

N−1∑
k,p=0

αkp =
1

2πi.N

N−1∑
k=0

∮
C1

dz

z

1

α+.
√
ck + α−.

√
Rz

(3.72)

where Rz = (1/r−z)(z−r)/(2z). It is not hard to show that r, 1/r and 0 are branch points for the
integrand where r = a−

√
a2 − 1 < 1. The branch point z = 1/r is outside the contour therefore

it will not be considered in the calculations. Consider the contourW illustrated in figure 3.2. This
contour with the branch cut over the positive real axis can be decomposed into three circles (the
unit circle C1 around z = 0 and two infinitesimal circles around z = 0 and z = r) and two lines
(back and forth over the segment x ∈]0, 1[). It follows that∮

W

dz

z

1

α+

√
ck + α−

√
Rz

=

∮
C1

dz

z

1

α+

√
ck + α−

√
Rz

+

+

∫ r

0

dx

x

1

α+

√
ck + α−i

√
Rx

+

∫ 0

r

dx

x

1

α+

√
ck − α−i

√
Rx

where Rx = (1/r − x)(r − x)/(2x).
The integration over the components of the contour W cancels identically, except for the ones

shown in the previous equation. These integrals are listed below∮
cε(0)

dz

z

1

α+

√
ck + α−

√
Rz

= lim
ε→0

∫ 2π

0

iεeiθdθ
1

εeiθ
1

α+
√
ck + iα−e−iθ/2/

√
2ε

= 0∮
cε(r)

dz

z

1

α+

√
ck + α−

√
Rz

= lim
ε→0

∫ π

2π

iεeiθdθ
1

r

1

α+

√
ck + α−

√
εeiθ/2

√
1/r − r/(−

√
r)

+

+ lim
ε→0

∫ 0

π

iεeiθdθ
1

r

1

α+

√
ck + α−

√
εeiθ/2

√
1/r − r/(

√
r)

= 0∫
x(→)

dz

z

1

α+

√
ck + α−

√
Rz

=

∫ r

0

dx

x

1

α+

√
ck + α−i

√
Rx

+

∫ 1

r

dx

x

1

α+

√
ck + α−

√
Rx∫

x(←)

dz

z

1

α+

√
ck + α−

√
Rz

=

∫ 0

r

dx

x

1

α+

√
ck + α−(−i)

√
Rx

+

∫ r

1

dx

x

1

α+

√
ck + α−(−

√
Rx)

Therefore

I0 =
1

πN

N−1∑
k=0

∫ r

0

dx

x

α−
√
Rx

α2
+ck + α2

−Rx

(3.73)
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Figure 3.2: The contour of integration W .
.

Similarly, the sum over k can be converted into an integral and evaluated. One may easily note
that there are no branch points in this situation, and it is possible to use the Residues theorem
directly.

I0 =
α−

π(2πi)

∫ r

0

dx

√
Rx

x

∫
dz

z

1

α2
+Rz + α2

−Rx

(3.74)

The integrand has only one simple pole inside the unit circle, which is u = e−
√
e2 − 1 ≤ r with

e = a+ α2
−Rx/α

2
+. Thus

I0 =
α−
π

∫ r

0

√
Rx

α2
+x
√
e2 − 1

(3.75)

The same manipulation can be done for I−, starting with the sum over p, one finds

I− =
N−1∑

k,p=0,l=1

l

N3
αkpe

2πil
N

(p−k+1/2)

=
1

2πiN2

N−1∑
k=0,l=1

l.e
2πil
N

(−k+1/2)

∫
C1

dz

[
zl−1

α+
√
ck + α−

√
Rz

+
zl−1−N

α+
√
ck + α−

√
Rz

]
(3.76)

The extra term proportional to zl−N comes from the Euler-Maclaurin formula. When turning
the sum into an integral, this term is the only surviving term from the reminder.

It is not hard to show that the first term of the previous expression does not contribute when
taking large N limit. One can evaluate the integral by taking the same previous contour W . It
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follows that

N−1∑
l=1

e
2πil
N

(−k+1/2) l

N

zl−1

α+
√
ck + α−

√
Rz

=
N−1∑
l=1

e
2πil
N

(−k+1/2) l

N

∫ r

0

dx xl−1 2iα−
√
Rx

α2
+ck + α2

−Rx

(3.77)

where

lim
N→∞

N−1∑
l=1

l

N
xle

2πil
N

(−k+1/2) → 0 (3.78)

To evaluate the second term of I− it is preferable to take its complex conjugate in order to avoid
some divergent difficulties at the origin. After that, the integral can be evaluated using the complex
contour W , where

(∮
C1

dz
zl−1−N

α+
√
ck + α−

√
Rz

)∗
= −

∮
C1

dz
zN−1−l

α+
√
ck + α−

√
Rz

=

∫ r

0

dx.xN−1−l 2iα−
√
Rx

α2
+ck + α2

−Rx

(3.79)

It is straightforward to evaluate the sum over l, omitting any vanishing terms when taking the
limit N →∞, one then has :

N−1∑
l=1

l

N
xN−1−le−

2πil
N

(−k+1/2) → 1

x− e 2πi
N
k

(3.80)

When turning the sum over k into an integral, the integrand shows no branch points and the
integral can be achieved by means of the Residue’s theorem, thus

I− =
α−
πN

∫ r

0

dx
√
Rx

N−1∑
k=0

(
1

x− e 2πi
N
k

1

α2
+ck + α2

−Rx

)∗
=

α−
π

∫ r

0

dx
√
Rx

(
1

2πi

∮
C1

dz

z

1

(x− z)(α2
+Rz + α2

−Rx)

)∗
=

α−
π

∫ r

0

dx
√
Rx

(
− 1

x(α2
− − α2

+)Rx

+
1

α2
+(x− u)

√
e2 − 1

)
(3.81)

Consequently

I0 − I− − I+ =
α−
α2

+π

∫ r

0

√
Rx

x
√
e2 − 1

+ 2
α−

(α2
− − α2

+)π

∫ r

0

dx
1

x
√
Rx

− 2

∫ r

0

dx
α−
α2

+π

√
Rx

(x− u)
√
e2 − 1

The last term can be manipulated as follows

α−
√
Rx

α2
+(x− u)

√
e2 − 1

=
α−
√
Rx√

e2 − 1

x− u−1

α2
+(x− u)(x− u−1)

=
α−
√
Rx(x− e−

√
e2 − 1)√

e2 − 1

1

2x(α2
+ − α2

−)Rx

= − α−(x− e)
2(α2

− − α2
+)x
√
Rx.
√
e2 − 1

+
α−

2(α2
− − α2

+)x
√
Rx

(3.82)
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Define the term Q as follows

Q =
1

π

∫ r

0

α−
√
Rx

α2
+x
√
e2 − 1

− 1

π

∫ r

0

dx
−α−(x− e)

(α2
− − α2

+)x
√
Rx.
√
e2 − 1

=
1

π

∫ r

0

α−
α2

+

.(
α2

+

α2
+ − α2

−
)

√
Rx

x
√
e2 − 1

+
1

π

∫ r

0

dx
α−(x− a)

(α2
− − α2

+).x
√
Rx.
√
e2 − 1

=
1

π

α−
α2

+ − α2
−

∫ r

0

dx
Rx − x+ a

x
√
Rx.
√
e2 − 1

=
1

π

α−
α2

+ − α2
−

∫ r

0

dx
1

x
√
Rx.
√
e2 − 1

.

(
−xdRx

dx

)
(3.83)

Therefore one can write

lim
N→∞

TrMN(α)

N
= I0 − I+ − I− = Q+

α−
π(α2

− − α2
+)

∫ r

0

1

x
√
Rx

(3.84)

To evaluate Q, one can make the change of variable x→ (α2
−/α

2
+)Rx and use standard integral

formulas [34] to find :

Q =
1

π

α+

α2
+ − α2

−

2√
a+ 1

K

(√
2

a+ 1

)
(3.85)

On the other hand ∫ r

0

dx

x
√
Rx

= 2
√

2rK(r)

=
2
√

2r

1 + r
K

(
2
√
r

1 + r

)
(3.86)

Where the integral (3.131) and the identity (8.126) of [34] have been used. One can easily show
that

2
√
r

1 + r
=

√
2

1 + a
(3.87)

where r = a−
√
a2 − 1.

Finally, one finds

lim
N→∞

Tr(MN)

N
=

1

π

1√
a+ 1

K

(√
2

a+ 1

)
(3.88)

Which is identical to the result found by GLT machinery given by expression (3.66).
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3.2.3 Situation 2 : One point entanglement

The situation presented here, namely the entanglement of the oscillator at the origin with the
rest of the lattice oscillators, indeed forms a peculiar situation. However, it does come together
with other physical situations and gives compatible results with them.

As a matter of fact, the entanglement of a finite interval L out of line of 1+1 massive scalar
field is extensively studied in the literarture. The universal part of the entanglement entropy in
1+1 has been derived using different techniques, see [15, 46] and references therein. This leading
universal divergences is given for a massive scalar theory by

S =
1

3
ln

(
L

ε

)
+ ... (3.89)

Where ε is the UV cut off and L is generally considered very large comparing to ε.
In the current situation, the subsystem consists of only one oscillator. Therefore, L is of the

order of ε. The divergence seems to disappear here. So, by first inspection, one would expect to
have a finite entropy. However, this is not the case as it will show up later.

Surprisingly, another softer divergence shows up. This divergence is related to the IR origins of
massless scalar fields, which turns out to have a fundamental analogy with one-point entanglement.

In order to add some symmetry to the related matrices of the problem. The lattice is considered
to be made up of 2N + 1 vertices instead of 2N . The subsystem A is formed by the oscillator at
the origin. It is straightforward to show that

ρn(q1; q1) =

∫
dQ{i}dq{j 6=1} ρtot(

Q0

q1

Q2

 ;

Q0

q4

Q2

).ρtot(

Q3

q4

Q5

 ;

Q3

q7

Q5

)...ρtot(

Q3n−3

q3n−2

Q3n−1

 ;

Q3n−3

q1

Q3n−1

)

Where ρtot is the density matrix which describes the total lattice and Q is a vector with N
coordinates describing N successive oscillators of the lattice. Henceforth, it is possible to deduce
the permutation matrix Pπ :

Pπ({q0}) =



P2N 02N 02N . . . 02N P0

P0 P2N 02N . . . 02N 02N

02N P0 P2N . . . 02N 02N
...

...
...

. . .
...

...
02N 02N . . . P0 P2N 02N

02N 02N 02N . . . P0 P2N


(3.90)

Where 02N stands for (2N+1)×(2N+1) zero matrix, P2N and P0 are (2N+1)×(2N+1)projector
matrices given as follows

P2N =

 IN 0 0N
0 0 0

0N 0 IN

 , P0 =

 0N 0 0N
0 1 0

0N 0 0N

 (3.91)
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IN represents N × N identity matrix and 0N is an N × N zero matrix. The other zeroes above
represent either zero columns or vectors, depending on their position. P0 represent the projector
into the subsystem A whereas P2N projects into the complement system.

The form of the permutation matrix leads to a natural decomposition of the potential matrix
V , it follows that

V− = V + E =

 A b B
bT 2a b′T

BT b′ A

 (3.92)

Where A and B are N ×N matrices, b and b′ are N -coordinates vectors and a is the same scalar
defined earlier a = (µ2 + E)/2 + 1. A similar decomposition for V −1

− and W− can be done

V −1
− =

 C dT D
d c d′

DT d′T C

 , W− =

 E f F
fT e f ′T

F T f ′ E

 (3.93)

C, D,E and F are N ×N matrices, d and f are N -coordinate vectors, c and e are only scalars.
Next step is to evaluate V−1

+ and W+, It is not hard to show that

V−1
+ = PπV−1

− PTπ =


MC MT

d 0 0 . . . 0 Md

Md MC MT
d 0 . . . 0 0

0 Md MC MT
d . . . 0 0

...
...

...
...

. . .
...

...
MT

d 0 0 0 . . . Md MC

 (3.94)

W+ = PπW−PTπ =


ME MT

f 0 0 . . . 0 Mf

Mf ME MT
f 0 . . . 0 0

0 Mf ME MT
f . . . 0 0

...
...

...
...

. . .
...

...
MT

f 0 0 0 . . . Mf ME

 (3.95)

Where

MC =

 C 0 D
0 c 0
DT 0 C

 , Md =

 0 0 0
dT 0 d′T

0 0 0

 , ME =

 E 0 F
0 e 0
F T 0 E

 , Mf =

 0 0 0
fT 0 f ′T

0 0 0


It is then straightforward to evaluate the matrix product

(V−1
− − V−1

+ )(W− −W+) =


2M −M 0 0 . . . 0 −M
−M 2M −M 0 . . . 0 0

0 −M 2M −M . . . 0 0
...

...
...

...
. . .

...
...

−M 0 0 0 . . . −M 2M

 (3.96)
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Where M = (Md + MT
d )(Mf + MT

f ). Obviously, the resulting matrix is block circulant, a very
important property that will be used later. In fact, the matrix W− + W+ is also a block circulant
matrix :

W− + W+ =



W− +MG MT
f 0 0 . . . 0 Mf

Mf W− +MG MT
f 0 . . . 0 0

0 Mf W− +MG MT
f . . . 0 0

...
...

...
. . .

...
...

...
0 0 . . . Mf W− +MG MT

f 0
0 0 0 . . . Mf W− +MG MT

f

MT
f 0 0 . . . 0 Mf W− +MG


This means that the matrix product (V−1

− −V−1
+ )(W−−W+)(W−+W+)−1 can be simultaneously

block diagonalized as follows

Tr((V−1
− − V−1

+ )(W− −W+)(W− + W+)−1) = 2
n−1∑
j=0

(1− cos

(
2πj

n

)
TrMT−1 (3.97)

where
T = W− +ME + e−

2πij
n Mf + e

2πij
n MT

f

The evaluation of the previous trace requires the determination of the inverse of the matrix T .
Noting that T can be rewritten as

T = W− +ME + e−
2πj
n Mf + e

2πij
n MT

f = 2W− + ξ∗Mf + ξMT
f (3.98)

Where ξ = 1 − e 2πij
n . It is then possible to calculate its inverse by a recursive use of a theorem

introduced by K. Miller [63]. Since W− is an invertible matrix and both Mf and MT
f are rank-one

matrices,the matrix T can be inverted as follows :

(2W− + ξ∗Mf )
−1
lm =

(W−1
− )lm
2

+
ξ∗

2∆
(δNj − (W−)NN(W−1

− )Nm)

T−1
lm = (2W− + ξ∗Mf + ξMT

f )−1
lm = (2W− + ξ∗Mf )

−1
lm +

ξ∆

∆′
(
δlN − (W−)NN(W−1

− )lN+

+
ξ∗

∆
(W−)NN(W−1

− )lN
(

(W−)NN(W−1
− )NN − 1

) )
(2W− + ξ∗Mf )

−1
Nm (3.99)

Where

∆ = 2− ξ∗(1− (W−)NN(W−1
− )NN) (3.100)

∆′ = 2∆− ξ
(
1− (W−)NN(W−1

− )NN
) (

∆− ξ∗(W−)NN(W−1
− )NN

)
(3.101)

It is only a matter of lengthy calculations to find out the result :

Tr
(
(V−1
− − V−1

+ )(W− −W+)(W− + W+)−1
)

=
n−1∑
j=0

4

∆′

(
1− cos

(
2πj

n

))((
(W−1
− )NN

)2

+

−(V
−3/2
− )NN(W−)NN

)
(3.102)
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It is then straightforward to obtain Rényi entropy

ln TrρnA = −1

2

n−1∑
j=1

(
1− cos

(
2πj

n

))∫ ∞
0

( (
(W−1
− )NN

)2

− (V
−3/2
− )NN(W−)NN

)
dE

∆′
(3.103)

This expression is valid for any N . In order to evaluate the precedent integral, one suggests the
change of variable ω = (W−)NN(W−1

− )NN , so that

ln TrρnA = −1

2

n−1∑
j=1

(
1− cos

(
2πj

n

))∫ ω0

1

dω

(1 + ω) + (1− ω) cos 2πj
n

=
1

2

n−1∑
j=1

ln

(
(1 + ω0) + (1− ω0) cos

2πj

n

)
= ln[(C + 1/2)n − (C − 1/2)n] (3.104)

where C =
√
ω0/2 and ω0 = (W−1

− )NN(W−)NN |E=0.
It is fruitful to know that the correlators method presented in the first chapter gives exactly the

same Rényi entropy. Here the subsystem is formed of only one oscillator, therefore the correlator
matrix in this situation is C =

√
XP =

√
XNNPNN , where (see [35])

XNN = < qNqN >=
1

2
W−1
NN |E=0 =

1

2
(V −1/2)NN (3.105)

PNN = < q̇N q̇N >=
1

2
WNN |E=0 =

1

2
(V 1/2)NN (3.106)

Thus C =
√
ω0/2 as found before. Until now, we are steel taking N arbitrary. To discuss the

relevant behavior of the entropy, one needs to take the limit N →∞. It follows that

WNN |E=0 =
1

2π

∫ 2π

0

(µ2 + 2− 2 cos q)1/2dq =
(a2

0 − 1)1/4

21/2
P1/2(

a0√
a2

0 − 1
)

W−1
NN |E=0 =

1

2π

∫ 2π

0

(µ2 + 2− 2 cos q)−1/2dq =
21/2

(a2
0 − 1)1/4

P−1/2(
a0√
a2

0 − 1
)

where a0 = µ2/2 + 1, P1/2 and P−1/2 are the associated Legendre functions of the first kind.
In the continuum limit µ = mε→ 0 and using the asymptotic form of P1/2 and P−1/2 [64], one

finds

C =
2

π
(− lnµ)1/2 (3.107)

It follows that Rényi entropy is

ln TrρnA = (n− 1)(
1

2
ln(− lnmε) + ln

2

π
) + lnn (3.108)
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Finally, the entanglement entropy can be easily deduced

S =
d

dn
ln TrρnA |n=1=

1

2
ln(− lnmε) + ln

2

π
+ 1 (3.109)

Interestingly, the entropy diverges when taking the continuum limit ε→ 0! This divergence is
related to the one of 1+1 massless scalar field. Investigations on the latter showed that the entropy
difference in the limit m→ 0 behaves as follows [15]

S(L)− S(L0) ∼ 1

3
ln(L/L0) +

1

2
ln(− ln(mL))− 1

2
ln(− ln(mL0)) (3.110)

This shows that the entropy diverges in the massless limit by the term ln
(

1
2

ln(mL)
)

for any set.
Usually, when L >> ε it becomes irrelative and the dominant divergent coefficient is ln

(
1
2

ln(m)
)
.

It is inevitable here to see the analogy between the entropy (3.110) and the one point entanglement
entropy (3.109).

The divergence in the massless 1+1 scalar field is due to the development of zero modes. The
ground state of a massless field is therefore non-normalizable in the full Minkowski space nor in
R× S1 (which is the present situation where we took periodic boundary condition).

In the absence of a normalizable ground state, one should not expect to have a finite entropy.
Nevertheless, the divergence of the entropy when m → 0 reflects the disturbance that happened
to the theory due to the creation of zero modes. In one point entanglement, the divergence of the
entropy has fundamentally the same origin.

Roughly speaking, since the entropy is a scaleless quantity, it should be a function of scaleless
parameters. Here one has only two available parameters (m, ε), since (L ∼ ε) it is not considered a
different parameter than ε. Therefore, entanglement entropy should be a function of (mε). In this
situation, the continuum limit ε→ 0 is technically equivalent to the massless limit. When µ→ 0
there is noway to distinguish if it is ε→ 0 or it is m→ 0. In both situations, zero modes will rise
and produce divergence.

3.3 Perturbative evaluation for Interacting Theories, Be-

yond the Gaussian State

In real time approach, which is practically the only way used to treat lattice models or systems
with finite degrees of freedom, one usually needs to solve an eigenvalue problem, whether it was
the density matrix eigenvalues or the related correlator matrix C =

√
XP eigenvalues. Not to

mention the difficulty arising from tackling such a problem itself, there is no systematic method
to extract a perturbative contribution to the entropy caused by some interacting potential. It
is worth mentioning here that there was an attempt to generalize the entanglement entropy of
two harmonic oscillators (1.27) by taking a non-Gaussian density matrix. However, the result is
limited to the first order of the perturbation series only, and one cannot a priori see or choose the
perturbed potential. A brief illustration of this method will be presented later.

An essential profit of developing Green’s matrix approach for lattices is that it gives a systematic
method to deal with interacting theories. The method provides a systematic expansion of the
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partition function in powers of the perturbation. This allows one to have a more accurate entropy
when dealing with more realistic systems.

To illustrate the method, φ4 interaction will be examined in two versions. The first version
takes a perturbative potential of the form

∑
q4
i which is obtained out of the discretization of φ4

field. The other version takes a little bit different perturbation, namely of the form (QTQ)2. It is
a quartic interaction, but obviously cannot be interpreted as a discretization of φ4 field.

3.3.1 Local interaction

In this situation, the Euclidean Lagrangian is the following

LE =
1

2

(
Q̇T Q̇+QTV Q

)
+
λ

4!

∑
i

q4
i (3.111)

The interaction term λ
4!

∑
i q

4
i is named local interaction, since there is no mixing between the

oscillators degrees of freedom. Each oscillator is locally perturbed in a distinct way from the other
oscillators.

To construct the related action SE, one should remember that the cut at τ = 0 was surmounted
with a rearrangement of the coordinate {qi} when τ > 0, so that Q → PπQ. Fortunately, this
rearrangement does not change the sum {

∑
q4
i } since it will only translate each coordinate ql into

another coordinate qm in the set {qi}, therefore the sum
∑
q4
i remains unchanged, and it follows

that

SE(λ) =

∫ ∞
−∞

dτ
1

2

(
Q̇T Q̇ + QTV(τ)Q

)
+
λ

4!

∑
i

q4
i (3.112)

The partition function takes the form :

Zn(λ) =

∫
DQ exp

{
−
∫ ∞
−∞

dτ
1

2

(
Q̇T Q̇ + QTV(τ)Q

)
+
λ

4!

∑
i

q4
i

}
(3.113)

Consider now the generating partition function Zn(J) which is written in terms of an external
source J as follows :

Zn(J) =

∫
DQ exp

{
−
∫ ∞
−∞

dτ
1

2

(
Q̇T Q̇ + QTV(τ)Q

)
−

nN∑
i=1

Ji(τ)qi(τ)

}

=

∫
DQ exp

{
−
∫ ∞
−∞

dτ
1

2
QT

(
− d2

dτ 2
+ V(τ)

)
Q− JT (τ).Q(τ)

}
(3.114)

Where J is a Nn-dimensional coordinate vector. The term
∫∞
−∞ dτ Q̇T Q̇ has been integrated by

parts and the limit limτ→±∞QT Q̇→ 0 was taken.
On the other hand, define the partition function Zn(λ, J) as follows

Zn(λ, J) =

∫
DQ exp

{
−
∫ ∞
−∞

dτ
1

2
QT

(
− d2

dτ 2
+ V(τ)

)
Q +

λ

4!

∑
i

q4
i − JT .Q

}
(3.115)
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Where Zn(λ, J = 0) ≡ Zn(λ). The partition function Zn(λ, J) can be evaluated perturbatively in
powers of the interaction parameter λ, but first consider Green’s function Gn defined by (2.65)
which satisfies the following differential equation(

− d2

dτ 2
+ V(τ)

)
Gn(τ, τ ′) = δ(τ, τ ′)I, E = 0 (3.116)

This identity will be used later.
Consider now the change to a new variable

Q→ Q = Q̃+

∫ ∞
−∞

dτ1Gn(τ, τ ′)J(τ ′) (3.117)

It is straightforward to show that

QT

(
− d2

dτ 2
+ V(τ)

)
Q = Q̃T

(
− d2

dτ 2
+ V(τ)

)
Q̃ + 2JT Q̃ +

∫
dτ ′JT (τ)Gn(τ, τ ′)J(τ ′)

Where the differential equation (3.116) has been used besides the fact that∫
dτ Gn∂τ

2Q =

∫
dτ ∂τ 2GnQ

It follows that

Zn(J) =

∫
DQ exp

{
−
∫ ∞
−∞

dτ
1

2
QT

(
− d2

dτ 2
+ V(τ)

)
Q− JT (τ).Q(τ)

}
→
∫
DQ̃ exp

{
−
∫ ∞
−∞

dτ
1

2
Q̃T

(
− d2

dτ 2
+ V(τ)

)
Q̃ +

1

2

∫∫
dτdτ ′JT (τ)Gn(τ, τ ′)J(τ ′)

}
= Zn(0). exp

{
1

2

∫∫
dτdτ ′JT (τ)Gn(τ, τ ′)J(τ ′)

}
(3.118)

The perturbative expansion of Zn(λ, J) in powers of λ can be written as

Zn(λ, J) =

∫
DQ exp

{
−
∫ ∞
−∞

dτ
1

2

(
Q̇T Q̇ + QTV(τ)Q

)
+
∑
i

λ

4!
q4
i − Jiqi

}

=

∫
DQ

(
1− λ

4!

∑
i

∫
dτq4

i (τ) +
λ2

2(4!)2

∑
ij

∫∫
dτdτ ′q4

i (τ)q4
i (τ
′) + ...

)
.

× exp

{
−
∫ ∞
−∞

dτ
1

2

(
Q̇T Q̇ + QTV(τ)Q

)
−
∑
i

Jiqi

}
One can easily note that q4

i (τ) in the perturbation series can be replaced by δ4/(δJ4
i (τ)), this

follows from the identity
δJj(y)

δJi(x)
= δij δ(x− y)
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It follows that

Zn(λ, J) =

∫
DQ

(
1− λ

4!

∑
i

∫
dτ

δ4

δJ4
i (τ)

+
λ2

2(4!)2

∑
ij

δ4

δJ4
i (τ)

δ4

δJ4
i (τ ′)

+ ...

)
× exp

[
−
∫ ∞
−∞

dτ
1

2

(
Q̇T Q̇ + QTV(τ)Q

)
−
∑
i

Jiqi

]
=

(
1− λ

4!

∑
i

∫
dτ

δ4

δJ4
i (τ)

+
λ2

2(4!)2

∑
ij

δ4

δJ4
i (τ)

δ4

δJ4
j (τ ′)

+ ...

)
×
∫
DQ exp

[
−
∫ ∞
−∞

dτ
1

2

(
Q̇T Q̇ + QTV(τ)Q

)
−
∑
i

Jiqi

]
=

(
1− λ

4!

∑
i

∫
dτ

δ4

δJ4
i (τ)

+
λ2

2(4!)2

∑
ij

δ4

δJ4
i (τ)

δ4

δJ4
j (τ ′)

+ ...

)
Zn(J)

The expansion of the partition function Zn(λ) can be easily evaluated by means of the previous
equation and the formula (3.118) for Zn(J). Satisfied with the first order expansion, it is not hard
to show that

Zn(λ) '
(

1− λ

4!

∑
i

∫
dτ

δ4

δJ4
i (τ)

)
Zn(J)

∣∣∣∣
J=0

= Zn(0)

(
1− λ

4!

∑
i

∫
dτ

δ4

δJ4
i (τ)

)
exp

{
1

2

∫∫
dτdτ ′JT (τ)Gn(τ, τ ′)J(τ ′)

}∣∣∣∣∣
J=0

= Zn(0)

(
1− λ

4!
.
(
3
∑
i

∫
dτG2

ii(τ, τ)
))

(3.119)

It is then straightforward to obtain the first order expansion of Rényi entropy

ln Tr(ρn(λ)) = lnZn(λ)− n lnZ1(λ)

= lnZn(0)− n lnZ1(0)− 3λ

4!

∫ ∞
−∞

dτ

[
nN∑
i=1

Gii(τ, τ)2+

−n
N∑
i=1

Gii(τ, τ)2

]
+O(λ2) (3.120)

Where Gii is evaluated for E = 0.
To illustrate the applicability of (3.120), an example of two coupled harmonic oscillators will

be examined. But before using (3.120), it will be useful to present the result of [31] for later
comparison. As mentioned before, there was an attempt to generalize the standard formula of
the entanglement entropy (1.27) of two coupled harmonic oscillators, where the state is gaussian,
into non-gaussian states by means of the correlators method. In [31], they were able to prove that
the entropy of a non-gaussian state has the same form as the gaussian one but with correlators
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evaluated with respect to the non-gaussian state. However, this result is valid for the first order
correction only.

Consider a non-Gaussian state of the form

ρλ(q, q
′) = Ne−

A
2

(q2+q′2)−C
2

(q−q′)2−λ[α1(q4+q′4)+α2(q3q′+qq′3)+α3q2q′2] (3.121)

The entanglement entropy of this state as found by [31] is

S = − ln(1− ξcorr)−
ξcorr

1− ξcorr
ln(ξcorr) (3.122)

where

ξcorr = ξ + λ

[
3ξ

(ξ + 1)(ξ − 1)3
α1 +

3(ξ + 1)

2(ξ − 1)3β2
α2 +

1 + ξ + ξ2

(ξ + 1)(ξ − 1)3β2
α3

]
(3.123)

ξ is the parameter of the two coupled harmonic oscillator’s entanglement entropy. The entangle-
ment entropy (3.122) is valid only to the first order in λ. A brief overview of the method used
by [31] can be found in the appendices, complete details can be found in [31].

Back to Green’s method, a quartic perturbation on the bosonic lattice of two oscillators has
the following Euclidean lagrangian

LE =
1

2
[q̇2

1 + q̇2
2 + ω2q2

1 + ω2q2
2 + 2bq1q2] +

λ

4!
(q4

1 + q4
2) (3.124)

The corresponding potential matrix has already been treated before, namely

V = b

(
a 1
1 a

)
, a = ω2/b (3.125)

Back to [31], it was the state that suffered from a quartic perturbation. The ground state
density matrix of the lagrangian (3.124) is unknown. However, a simple comparison between the
entropy (B.8) and the one will be obtained here shows that the density matrix of (3.124) has the
same form as ρλ and it can be determined by matching the coefficient (α1, α2, α3).

In order to evaluate the first order of the perturbation series, it is required to determine the
diagonal matrix elements {Gii(τ, τ)}, since

δ ln Tr(ρn) = −3λ

4!

∫ ∞
−∞

dτ

[
2n∑
i=1

Gii(τ, τ)2 − n
2∑
i=1

Gii(τ, τ)2

]
(3.126)

To avoid lengthy mathematical details, the determination of {Gii(τ, τ)} will be found in the
appendices, where∫ ∞
−∞

dτ
2n∑
i=1

(G)2
ii(τ, τ)− n

2∑
i=1

(Gii)
2(τ, τ) =

1

b
√
b

[
n

[
− 3

16λ+λ−
− 3

16λ2
+

− 1

4λ2
+λ−

− 1

4λ+λ2
−

+

+
1

4λ−λ+(λ− + λ+)

]
+

[
1

2λ+λ−
+

1

4λ2
+

− 1

2λ−(λ+ + λ−)

]
B− +

+

[
1

2λ+λ−
+

1

4λ2
−
− 1

2λ+(λ+ + λ−)

]
B+ +

1

n

[
1

4λ+

B2
− +

1

4λ−
B2

+ +
1

λ− + λ+

B−B+

] ]
(3.127)
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where

λ± =
√
a± 1, B± =

1

2

n−1∑
j=1

2µ± ν(1 + cos 2πj
n

)

2µ2 − ν2(1 + cos 2πj
n

)
, µ =

λ+ + λ−
2

, ν =
λ+ − λ−

2

The sum B± can be achieved using standard formulas. After rewriting λ± in terms of ξ (using√
ξ = β −

√
β2 − 1 where β = a +

√
a2 − 1), the first order correction to R’enyi entropy can be

obtained as follows :

δ ln TrρnA(λ) = −n λ

32b
√
b
(x2 − 1)3/4

√
2x
[
x2(1− 12x2) + 2x(4x2 − 1)Bn+

+(4x2 + 1)B2
n

]
(3.128)

where Bn = (1 + ξn)/(1− ξn), x ≡ B1 = (1 + ξ)/(1− ξ).
Finally, the first order correction of the entanglement entropy from a local quartic perturbation

obtained by Green’s method is

δSent = − d

dn
δ ln TrρnA|n=1 =

2λ

b
√
b

√
1 + ξ(

1 + ξ

1− ξ
)3ξ7/4 ln ξ

(1− ξ)2
(3.129)

This correction was obtained systematically. Higher-order corrections are valid to compute. The
first order correction obtained here can be shown to confirm the result of [31]. The entropy Sλ has
the same form of the free case (B.5) until the first order, but for the perturbed ξλ, such that

Sent(λ) = − ln(1− ξλ)−
ξλ

1− ξλ
ln ξλ (3.130)

where

ξλ = ξ + δξ, δξ =
2λ

b
√
b

√
1 + ξ(

1 + ξ

1− ξ
)3ξ7/4 (3.131)

This property for the first order correction of the entropy is not valid in general for higher order
corrections. According to [31], higher order correlators will start to contribute to the non-gaussian
state when exceeding the first order. This may be a reflection of the contribution of the tunneling
terms G±,∓ of Green’s function, since these terms did not contribute in the zeroth nor in the first
order correction to the entropy.

3.3.2 Non-local interaction

The perturbation in this situation is also quartic. However, it takes a little different form from
the standard one. The Euclidean Lagrangian is given by

LE =
1

2

(
Q̇T Q̇+QTV Q

)
+
λ

4!
(QTQ)2 (3.132)
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The perturbation term (QTQ)2 is highly entangled. Each oscillator in the lattice is coupled to all
other oscillators1.

The Euclidean action SE can be written as follows

SE =

∫ ∞
−∞

dτ
1

2

(
Q̇T Q̇ + QTV(τ)Q

)
+
λ

4!

nN∑
i,j=1

q2
i q

2
j (3.133)

Similar to the previous section, the leading correction of the entropy is given by means of Wick’s
theorem as follows

δ ln Tr(ρn) =
−λ
4!

∫
dτ
[
2
(

Tr
(
G2(τ, τ)

)
− nTr

(
G2(τ, τ)

) )
+

+ (Tr(G(τ, τ)) )2 − n (Tr(G(τ, τ)) )2] (3.134)

There are two contributions to the perturbation correction. The first contribution is the term
[Tr(G2(τ, τ))− nTr(G2(τ, τ))], which is represented by connected Feynman diagrams. This term
gives a finite contribution, which is found to be (see the appendices)

(δ ln Trρn)c = −2λ

4!

[
−3n

8
TrV −3/2 +

1

4
Tr(V−1

p + V−1)(W + Wp)
−1 + 2F (W,Wp)

]
(3.135)

where the function F is defined by

F (W,Wp) =

∫ 0

−∞
dτ Tr

[
(W + Wp)

−1e2Wτ (W + Wp)
−1e2Wτ

]
(3.136)

Whereas the second contribution is given by the term
[
(Tr(G(τ, τ)) )2 − n (Tr(G(τ, τ)) )2],

which is represented by disconnected Feynmann diagrams. This term has unremovable infinity,
such that∫ ∞

−∞
dτ (Tr(G(τ, τ)) )2 − n (Tr(G(τ, τ)) )2 =

∫ 0

−∞
dτ

[
1

2

(
Tr
(
W−1

))2 − n

2

(
Tr
(
W−1

))2
+

+
1

2

(
Tr

(
e2Wτ

W

) )2

+ 2

(
Tr

(
e2Wτ 1

W + Wp

) )2

− 2 Tr

(
e2Wτ

W

)
Tr

(
e2Wτ 1

W + Wp

)]
+

−1

2
Tr
(
W−1

)
Tr
(
W−2

)
+ Tr

(
W−1

)
Tr

(
W−1 1

W + Wp

)
(3.137)

See the appendices for details. The divergence comes from the term∫ 0

−∞
dτ

1

2

(
Tr
(
W−1

))2 − n

2

(
Tr
(
W−1

))2
=
n2 − n

2
Tr
(
W−1

) ∫ ∞
0

dτ =∞ (3.138)

This divergence has not been removed by the scaling n ln(Z1), as what happened with (δ ln Tr ρn)c
or with local interaction. As a matter of fact, non-local interaction or long range interaction in the

1Therefore the notion non-local interaction.
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continuum does not produce such IR divergence, it just rescales the total entanglement entropy (see
for example [65]). However, it seems illegal to compare the treated problem with the continuous
case, since the interaction (QTQ)2 cannot be seen as a discretization of some field interaction.

It is hard to tell whether this IR divergence is a feature of all long-range interactions or even
to exclude its existence from all short-range interactions. All that can be said is that it does not
appear in the first neighbor interaction; like one of the form (qi+1− qi)4. In this example, even the
disconnected Feynman diagram does not produce divergence, precisely the term Gi+1,i+1Gii. A
simple manipulation on the matrix G shows that Gi+1,i+1Gii = G2

ii = ((2W )−1
ii )2. Its counterpart

in the supermatrix G behaves in the same way, and the divergence in this situation is cancelled
out in the same manner to local interaction in the previous section.

3.4 Applications to fuzzy spaces and outlook

Fuzzy or non-commutative spaces are spaces in which the coordinates do not commute. It is
then impossible to define a point in this space exactly and one can only get a fuzzy estimation of
it, depending on the non-commutativity or fuzziness parameter. The first familiar fuzzy space is
phase space in quantum mechanics, where the position coordinate and its conjugate momentum
do not commute.

The investigation of the entanglement entropy in fuzzy spaces was first considered in [22]. It
was possible to show in [22], that the problem of a scalar field in non-commutative geometry can
be transformed into a problem of a set of coupled harmonic oscillators for the considered models.
Therefore, the use of the obtained Green’s function (2.65) is valid to evaluate the entanglement en-
tropy, at least formally, in these fuzzy models. Moreover, it would be possible to handle interaction
theory perturbatively.

A rigorous mathematical description of fuzzy spaces is very technical mathematically. However,
a rough investigation into one of the models considered in [22] will be done in order to give a
concrete example of the way that fuzzy spaces can be handled.

The example is free scalar field in fuzzy sphere. The sphere in commutative space is defined
by the identity

x2 + y2 + z2 = R2 (3.139)

A sphere in a non-commutative space is defined by the same identity. However, since the
coordinates do not commute, they represent operators rather than scalars. A fuzzy sphere is then
defined by

x̂2 + ŷ2 + ẑ2 = R̂2 (3.140)

R̂2 here is an operator, but in order to make analogy with the commutative sphere it should
be represented by a scalar, more precisely a scalar times a unit operator. It is then required to
determine the non-commuting operators {x̂, ŷ, ẑ} which satisfy the sphere equation.

The rotational symmetry of space suggests the use of angular momentum operators, since these
last do not commute, it follows that

{x̂, ŷ, ẑ} → {θL̂x, θL̂y, θL̂z} (3.141)
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Where θ is a scalar with dimension of length, such that

[x̂, ŷ] = iθẑ rotational (3.142)

The radius of the sphere is then given by

R̂2 = θ2L̂2 (3.143)

By taking the basis in which z is diagonal, it follows that R̂2 is also diagonal since [ẑ, R̂2] = 0.
The eigenvalues of L̂2 are of the form l(l+ 1) with l = 0..∞. Each eigenvalue is 2l+ 1 degenerate.
The eigenvalues of Lz are of the form ml where −l ≤ ml ≤ l for each specific value l.

The identification of a fuzzy sphere reads as follows : each value l corresponds to a sphere
with radius R = θ

√
l(l + 1), the space dimension of the sphere is N = 2l + 1. The larger l is,

the larger R and its corresponding sphere are. The commutative sphere is obtained by taking the
limit (θ → 0, l→∞, R→ constant). In this limit, the coordinate commutes since θ → 0.

Roughly speaking, the commutative sphere is obtained by reducing the fuziness parameter θ
and blowing up the number of degrees of freedom indicated by l ( the total number of degrees of
freedom is given by N2 = (2l + 1)2) in order to reidentify the point on continuous surface.

Take a sphere with a given value for l. The fields defined on the sphere are (2l + 1)× (2l + 1)
matrices. The integral over the fields in the commutative limit is substituted by the trace as follows∫

φ1φ2 dΩ→ 1

N
Tr(φ1φ2) (3.144)

The laplacian ∆ in the commutative sphere is given by

∆ =
L2

R2
(3.145)

One then assumes that the Laplacian on a fuzzy sphere is defined by means of L2. Indeed, the
Laplacian of a fuzzy sphere is given by

∆ = L2
1 + L2

2 + L2
3 (3.146)

Where Li(φ) = [Li, φ] and L2
i (φ) = [Li, [Li, φ]].

Let us now consider a real scalar free field on spacetime with a topology of R× S2
N , where S2

N

is a fuzzy sphere of space dimension N = 2l + 1. The Lagrangian is given by :

L =
1

2N
Tr
(
φ̇2 − φ(L2

i + µ2)φ
)

(3.147)

Where µ is the mass parameter.
Define the basis {| a〉} which corresponds to the set of eigenvectors of L3 with eigenvalues

{−a + l + 1} where a = (1..2l + 1). L3 is diagonal in this basis since it is its own eigenbasis. As
a matter of fact, the argument given below does not depend on this particular choice of the basis.
One can choose the eigenvectors of an arbitrary component of the angular momentum ~L.~n without
affecting the argument.
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First, the Laplacian term Tr(φL2
iφ) can be written as :

Tr
(
φL2

iφ
)

= 2 Tr(φabMab,cdφcd) (3.148)

Where

Mab,cd = (L2)bcδda − (Li)bc(Li)da = l(l + 1)δbcδda − (Li)bc(Li)da (3.149)

The aim here is to reformulate the problem into a theory of a set of real coupled harmonic
oscillators. For this purpose, one decomposes φ into two real scalar field matrices as follows :
φ = φ1 + iφ2. The Hermiticity of φ implies that φ1 is real symmetric matrix and φ2 is real
antisymmetric matrix. In the eigenbasis of L3, the matrix elements of L1, L2 and L3 are given by

(L1)ab =
1

2
[bδa,b+1 +Baδa,b−1]

(L2)ab =
i

2
[bδa,b+1 −Baδa,b−1]

(L3)ab = Aaδab

Where Ba =
√
a(N − a) and Aa = −a+ N+1

2
with (a, b) = (1 : N).

It is easy to note that Mba,dc = Mab,cd, this can be easily shown using the form of {L1, L2, L3}
given above. It follows that

Tr
(
φL2

iφ
)

= 2(φ1 + φ2)abMab,cd(φ1 + φ2)cd

= 2ΦabMab,cdΦcd (3.150)

Where Φ ≡ φ1 + φ2. Using the explicite form of {L1, L2, L3} it is straightforward to show that

Tr
(
φL2

iφ
)

= 2Φab(l(l + 1)− AaAb)Φab − Φab(Ba−1Bb−1)Φa−1,b−1 +

−Φab(BaBb)Φa+1,b+1 (3.151)

It is not hard to note that Φab,Φa−1,b−1 and Φa+1,b+1 lie on the same diagonal of the field
matrix Φ. This suggests the introduction of the field vectors {Q(p)} which represents the set of
the matrix Φ diagonals, where the positive (negative) ’p’ stand for upper (lower) diagonals where
p = −(N − 1) : N − 1, such that

Q(0) = (Φ11,Φ22, ...,ΦNN)

Q(−1) = (Φ21,Φ32, ...,ΦN,N−1)

Q(+1) = (Φ12,Φ23, ...,ΦN−1,N)

For general | p |, the vectors Q(|p|) and Q(−|p|) has N− | p | degrees of freedom, such that

Q(−|p|) = (Φ1+|p|,1,Φ2+|p|,2, ...,ΦN,N−|p|)

Q(|p|) = (Φ1,1+|p|,Φ2,2+|p|, ...,ΦN−|p|,N)
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Since the sum over a and b in (3.151) includes all the matrix elements of the matrix Φ, the sum
on (3.151) can be turned into the sum over all components of the vectors {Q(p)}. It is not hard to
show that

Tr
(
φL2

iφ
)

= 2
N−1∑

m=−(N−1)

N−|m|∑
a=1

Q(m)
a

[
( l(l + 1)− AaAa+|m| )δab −

1

2
Ba−1Ba−1+|m|δa−1,b +

−1

2
BaBa+|m|δa+1,b

]
Q

(m)
b (3.152)

The other part of the Lagrangian can be computed in the same way, such that

Tr
(
φ̇2 − µ2φ2

)
=

N−1∑
m=−(N−1)

N−|m|∑
a=1

Q̇(m)
a Q̇(m)

a + µ2Q(m)
a Q(m)

a (3.153)

Hence the Lagrangian can be written as :

L =
N−1∑

m=−(N−1)

L(m) =
N−1∑

m=−(N−1)

N−|m|∑
a,b=1

1

2
[Q̇(m)

a Q̇(m)
a −Q(m)

a V
(m)
ab Q

(m)
b ] (3.154)

where

V
(m)
ab = 2

[(
l(l + 1) +

µ2

2
− AaAa+|m|

)
δa,b −

1

2
Ba−1Ba−1+|m|δa−1,b −

1

2
BaBa+|m|δa+1,b

]
. (3.155)

Therefore, the Lagrangian of free scalar field theory on a fuzzy sphere naturally splits into
2(2l)+1 independent sectors {L(m)} with m = −(N−1), · · ·, (N−1), each sector L(m) has N−|m|
degrees of freedom (N − |m| coupled harmonic oscillator).

To evaluate the entanglement entropy for the fuzzy sphere, one first needs to divide the field
degrees of freedom into two sets, each residing in two, or several, disjoint regions. Let’s take the
case of the upper and lower fuzzy hemispheres. It has been conjectured in [22] using a heuristic
argument that the two hemispheres are represented by the elements of the upper left triangular
part of the field matrix Φ+ and the right lower triangular part Φ−. For example, take the fuzzy
sphere where N = 5, the matrices Φ− and Φ+ are the following

Φ+ =


Φ11 Φ12 Φ13 Φ14 0
Φ21 Φ22 Φ23 0 0
Φ31 Φ32 0 0 0
Φ41 0 0 0 0
0 0 0 0 0

 , Φ− =


0 0 0 0 Φ15

0 0 0 Φ24 Φ25

0 0 φ33 φ34 Φ35

0 Φ42 Φ43 Φ44 Φ45

Φ51 Φ52 Φ53 Φ54 Φ55

 (3.156)

This conjecture was subsequently proven in [66] using rigourous mathematical argument.
It is fruitful to see that this splitting of the fuzzy sphere across the spatial axis z leads to a

natural splitting to the field vectors {Q(m)} into halfs. This proves that {Q(m)} are the proper
coordinates to handle this problem.
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For free scalar field theory in a non-commutative sphere, it has been shown that the Lagrangian
splits into sectors of independent variables. Each sector has the standard form of the Lagrangian
of a set of coupled harmonic oscillators. The global ground state density matrix is given by

ρ =
N−1⊕

m=−(N−1)

ρ(m). (3.157)

Whereas the reduced density matrix is obtained as follows

ρ+ = Tr−(ρ) =
N−1⊕

m=−(N−1)

Tr−(ρ(m)) =
N−1⊕

m=−(N−1)

ρ
(m)
+ . (3.158)

It has been shown in [22] that the entanglement entropy for the system defined by the La-
grangian (3.154) is proportional to the number of degrees of freedom residing at the boundary,
which can also be interpreted as proportional to the circumference of the separating area, the fuzzy
circle. This was shown using numerical methods whithin the real time approach.

The developed Green’s function (2.65) can be used in straightforward manner in the fuzzy
sphere system, at least numerically, since the obtained Lagrangian (3.154) for this model has a
quadratic positive potential. Green’s function itself is splitted into sectors. Each sector of the
potential corresponds to a sector of Green’s function as follows

Gn(τ, τ ′) =
N−1⊕

m=−(N−1)

G(m)
n (τ, τ ′) (3.159)

Unlike the case of 1 + 1 lattice the potentials V (m) are not circulant matrices, which poses
an additional complication to the analytical investigation of this model. However, it was shown
in [23] that the entanglement entropy is essentially captured by the near boundary approximation
where the potentials are Toeplitz matrices. In addition to this it can be shown that not all sectors,
different m, are equally relevant, there are sectors which are weakly entangled and hence give
negligible contributions to the entanglement entropy in the large N limit [36], and the relevant
sectors are governed by Toeplitz potentials in the near boundary approximation . Putting all this
together, it is conceivable that in the large N limit, one can approximate the potentials for the
relevant sectors with circulant matrices, which would greatly simplify the problem.

One of the motivations for developing Green’s function (2.65) was to investigate the interacting
theories in fuzzy spaces. Take a quartic interaction term of the form

Vint =
λ

4
Trφ4 (3.160)

In order to apply the Green’s function formalism, the interaction term should be rewritten in
terms of Φ first. It is not hard to show that

Tr
(
φ4
)

=
1

2

[
Tr
(
φ4
)

+ Tr
(
φ4
)∗]

=
1

2

[
Tr
(
(φ4

1 + iφ2)4
)

+ Tr
(
(φ4

1 − iφ2)4
)]

= Tr
(
φ4

1 + φ4
2 − 4φ2

1φ
2
2 − 2(φ1φ2)2

)
(3.161)
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Since Φ = φ1 + φ2 with φ1 (φ2) is a symmetric (antisymmetric) matrix, it follows that

2φ1 = Φ + ΦT , 2φ2 = Φ− ΦT (3.162)

It is straightforward to show that the interaction term can be written as

Vint =
λ

4
Tr

(
Φ2ΦT2 +

1

2
(ΦΦT )2 − 1

2
Φ4

)
(3.163)

It can be seen here that the interaction term produces new couplings between the degrees of
freedom which were not coupled in the free theory. In addition, it is not invariant under the action
of the permutation matrix Pπ once this interaction is expressed using the n-fold variables. This
makes the application of Wick’s theorem a bit subtle.

The interaction term (3.163) has some form of similarity with the non-local interaction, which
has been discussed in the previous section. It is natural to wonder if one would get an irremovable
IR infinity, for finite N, as in the non-local interaction. Although only an explicit calculation will
give a decisive answer to this question, we do not expect such irremovable IR divergence to be
present in this model. Actually, working the case N = 2 would be enough, because as long as this
particular IR problem is concerned, the size of the fuzzy sphere should play no role.

The main challenge which faces the investigation of this model, and other lattice and fuzzy
models, is the lack of information about the asymptotic behavior of N -dependent index Toeplitz
matrices, on which very little if any is known. Therefore, the development of new mathematical
tools on this issue is required.



Conclusion

Entanglement entropy is not just a reliable tool that promises unprecedented applications in
quantum computation and quantum information only; the ability to identify it and control it will
enable us to understand a number of physical phenomena in different areas of physics. This indeed
makes entanglement entropy an active area of research.

The determination of entanglement entropy steel represents a challenge to most physical sys-
tems. A number of methods have been developed in order to evaluate it, depending on the
corresponding area of research. They are mainly decomposed into two categories : the real-time
approach and the Euclidean time approach. This last offers more powerful tools in the investiga-
tion of entanglement entropy and in extracting some analytical results. These two formalisms were
presented in the first chapter, in addition to a quick overview of the main concepts in entanglement.

The lack of methods and tools in the investigation of entanglement entropy on lattices within
the Euclidean time approach was the motivation of this work. The importance of lattice models
comes from the speculation that the physical world is essentially discrete at the Planck scale [21].
In addition, the entanglement of a theory of fields is infinity in the absence of distance or energy
cutoff. Therefore, an Euclidean Green’s function on discrete spaces is presented in this thesis.
The discrete space could be a lattice or a fuzzy space. The main advantage that comes from the
development of this method is the ability to investigate the interacting theories and non-Gaussian
states systematically by means of Wick’s theorem, something that was not possible before in lattice
models.

The possible applications of this method are presented in the last chapter. The well-known
formula for the entanglement entropy of two coupled harmonic oscillators has been rederived using
the new method. The investigation of N-coupled harmonic oscillators lattice was obstructed by the
lack of information about the inverse of a special class of Toeplitz matrices. A contribution to the
asymptotic inverse of this class of matrices was suggested. The investigation of the entanglement
entropy of the 1+1 Klein Gordon field in lattice regularization is the object of a subsequent work
by the authors.

An example of a quartic interacting theory was treated. Two types of interaction have been
investigated, local and non-local interaction. The local interaction comes from a discretization of
φ4 interaction. The non-local interaction cannot be interpreted as a discretization of some field
interaction theory. The first order of the interaction has been explicitly computed in a lattice of
two coupled harmonic oscillators. Non-local interaction shows a divergence of IR origins. It is the
object of future work to investigate this infinity and give a criterion for its appearance.
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A fuzzy space is a space in which the coordinates do not commute. It has been shown that
a scalar field theory can be regularized by a lattice of harmonic oscillators in a number of fuzzy
space models [22]. It is then possible to use the developed Euclidean Greens function on these
systems in order to calculate the entanglement entropy. The authors are interested, as a future
work, in the possibility of extracting some analytical results from these models and investigating
the interaction theories.



Appendix A
Green’s function expansion

The aim of this appendix is to give a detailed calculation for the determination of the first and
second orders of Green’s matrix function expansion. Zeroth order are straightforward integrals.

One originally has

F+
1 (s, τ ′) =

1

2πi

∫ i∞

−i∞
dz
D1(z)

z − s
= c1 + c2 (A.1)

where

D1(s) = δV F0(s) F−0 (s, τ ′)− V F2
0(s) esτ

′
(A.2)

c1 =
δV
2πi

∫ i∞

−i∞
dz

F0(z)F−0 (z, τ ′)

z − s
(A.3)

c2 =
−V
2πi

∫ i∞

−i∞
dz

F2
0(z)e−zτ

′

z − s
(A.4)

Let’s start with c1, take a complex contour C around the left complex plane Re(z) < 0, as it is
shown in figure A.1. The inegrand in c1 has one simple pole z = s inside the contour z = s since
Re(s) < 0 for F+

1 and a second order pole z = −
√
E in this region. By means of the Residues

theorem, one gets :

c1 =
δV
2πi

∫ i∞

−i∞
dz

F0(z)F−0 (z, τ ′)

z − s
=
δV
2πi

∮
C

dz

z − s
−1

z2 − E
−e
√
Eτ ′

2
√
E(z +

√
E)

=
δVe

√
Eτ ′

2
√
E

[
1

s2 − E
1

s+
√
E

+
d

dz

1

z − s
1

z −
√
E
|z=−√E

]
=

δVe
√
Eτ ′

2
√
E

[
1

(s−
√
E)(s+

√
E)2
− 1

(−
√
E − s)2(−2

√
E)
− 1

(−
√
E − s)(−2

√
E)2

]
=

δVe
√
Eτ ′

(2
√
E)3

1

s−
√
E

(A.5)

The equivalence between the integration over imaginary line and contour C comes from the fact
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Figure A.1: The contour of integration C.
.

that the integrand vanishes on all parts of the contour, where z tends to infinity in them, except
for the imaginary line.

In a similar way, taking the same contour C, one can evaluate c2 as follows

c2 =
−V
2πi

∫ i∞

−i∞
dz

F2
0(z)e−zτ

′

z − s
=
−V
2πi

∮
C

dz

z − s
e−zτ

′

(z2 − E)2

= −V
[

e−sτ
′

(E − s2)2
+

e−zτ
′

(z − s)(z −
√
E)2
|z=−√E

]
= −V

[
e−sτ

′

(E − s2)2
+

τ ′e
√
Eτ ′

(
√
E + s)(2

√
E)2
− e

√
Eτ ′

(
√
E + s)2(2

√
E)2

+
2e
√
Eτ ′

(
√
E + s)(−2

√
E)3

]
(A.6)

Finally, it follows that F+
1 is

F+
1 = F+

1 (s, τ ′) =
δV

(2
√
E)3

e
√
Eτ ′

s−
√
E
− V

e−sτ
′

(s2 − E)2
− V

e
√
Eτ ′

4E

[
τ ′√
E + s

+

− 1√
E(
√
E + s)

− 1

(
√
E + s)2

]
, Re(s) < 0 (A.7)

F−1 can be found from the identity

F+
1 (s, τ ′)− F−1 (s, τ ′) = D1(s) (A.8)
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Therefore

F−1 (s, τ ′) = F+
1 (s, τ ′)−D1(s)

=
δV

(2
√
E)3

e
√
Eτ ′

s−
√
E

[
1− 4E

(s+
√
E)2

]
− V

e
√
Eτ ′

4E

[
τ ′√
E + s

+

− 1√
E(
√
E + s)

− 1

(
√
E + s)2

]
, Re(s) > 0 (A.9)

G+
1 (τ, τ ′) is determind by performing inverse Laplace transformation over F+

1 (s, τ ′), as follows :

G+
1 (τ, τ ′) =

1

2πi

∫ i∞

−i∞
ds esτ F+

1 (s, τ ′) τ, τ ′ < 0

=
1

2πi

∫ i∞

−i∞
ds esτ

(
δV

(2
√
E)3

e
√
Eτ ′

s−
√
E
− V

e−sτ
′

(s2 − E)2
− V

e
√
Eτ ′

4E

[
τ ′√
E + s

+

− 1√
E(
√
E + s)

− 1

(
√
E + s)2

] )
(A.10)

The terms of (A.10) will be treated separately. Each one with its appropriate contour of
integration, which vanishes in all parts of the contour except at the imaginary line. There are
two contours which are used : the old contour C and the contour over the right complex plane C̄.
After that, the Residues theorem will be used. The integrals are listed below :

1

2πi

∫ i∞

−i∞
ds esτ

1

s−
√
E

= − 1

2πi

∮
C̄

ds esτ
1

s−
√
E

= −e
√
Eτ (A.11)

1

2πi

∫ i∞

−i∞
ds esτ

1

s+
√
E

= − 1

2πi

∮
C̄

ds
esτ

s+
√
E

= 0 (A.12)

1

2πi

∫ i∞

−i∞
ds esτ

1

(s+
√
E)2

= − 1

2πi

∮
C̄

ds
esτ

(s+
√
E)2

= 0 (A.13)

1

2πi

∫ i∞

−i∞
ds esτ

e−sτ
′

(s2 − E)2
=

e−
√
E(τ−τ ′)

(2
√
E)2

[
| τ − τ ′ | + 1√

E

]
(A.14)

One can evaluate the last integral (A.14) as follows

1

2πi

∫ i∞

−i∞
ds esτ

e−sτ
′

(s2 − E)2
=

1

2πi

{ ∮
C
ds es(τ−τ

′)(s2 − E)−2 if τ − τ ′ > 0
−
∮
C̄
ds es(τ−τ

′)(s2 − E)−2 if τ − τ ′ < 0
(A.15)

where

1

2πi

∮
C

ds es(τ−τ
′) 1

(s2 − E)2
=

d

ds

es(τ−τ
′)

(s−
√
E)2

∣∣∣∣
s=−

√
E

=
(τ − τ ′)e−

√
E(τ−τ ′)

(2
√
E)2

− 2
e−
√
E(τ−τ ′)

(−2
√
E)3

1

2πi

∮
C̄

ds es(τ−τ
′) 1

(s2 − E)2
=

d

ds

e−s(τ−τ
′)

(s+
√
E)2

∣∣∣∣
s=
√
E

=
(τ − τ ′)e

√
E(τ−τ ′)

(2
√
E)2

− 2
e
√
E(τ−τ ′)

(2
√
E)3
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Figure A.2: The contour of integration C̄.
.

Therefore

1

2πi

∫ i∞

−i∞
ds esτ

e−sτ
′

(s2 − E)2
=
e−
√
E|τ−τ ′|

(2
√
E)2

[
| τ − τ ′ | + 1√

E

]
(A.16)

Finally

G1(τ, τ ′) = − δV
(2
√
E)3

e
√
E(τ+τ ′) − V

2
√
E
G0(τ, τ ′)

(
| τ − τ ′ | + 1√

E

)
, τ < 0, τ ′ < 0 (A.17)

Second order

The second order can be manipulated in the same way, where

F+
2 − F−2 = D2(s) (A.18)

D2(s) is given by

D2(s) = δVF0F−1 − V F0

[
δV F0 F−0 − V F2

0 e
−sτ ′
]

(A.19)

It follows that

F+
2 (s, τ ′) =

1

2πi

∫ i∞

−i∞
dz
D2(z)

z − s
= c1 + c2 + c3 (A.20)
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The contours of integration are C and C̄ as before. The integrals are evaluated using the Residues
theorem, the integrals c1, c2 and c3 are listed below :

c1
1 =

δV
2πi

∫ i∞

−i∞

dz

z − s
1

E − z2

(
δV

(2
√
E)3

e
√
Eτ ′

z −
√
E

[
1− 4E

(z +
√
E)2

])

= −(δV)2

2πi

e
√
Eτ ′

(2
√
E)3

[∮
C

1

(z − s)(z −
√
E)2(z +

√
E)

+

+4E

∮
C̄

1

(z − s)(z −
√
E)2(z +

√
E)3

]
= −(δV)2 e

√
Eτ ′

(2
√
E)3

[
−1

(
√
E + s)(2

√
E)2

+
1

(s−
√
E)2(s+

√
E)

+

+4E

(
−1

(
√
E − s)2(2

√
E)3
− 3

(
√
E − s)(2

√
E)4

)]
=

−1

16
√
E

(
δV
E

)2
e
√
Eτ ′

s−
√
E

(A.21)

c2
1 =

δV
2πi

∫ i∞

−i∞

dz

z − s
1

E − z2

(
−Ve

√
Eτ ′

4E

[
τ ′√
E + z

− 1√
E(
√
E + z)

− 1

(
√
E + z)2

] )

= −δVVe
√
Eτ ′

2πi(4E)

∮
C̄

[
(τ ′ − 1√

E
)

1

(z − s)(z −
√
E)(z +

√
E)2
− 1

(z − s)(z −
√
E)(z +

√
E)3

]
= −δVVe

√
Eτ ′

4E

[
(τ ′ − 1√

E
)

1

(2
√
E)2(
√
E − s)

− 1

(2
√
E)3(
√
E − s)

]
=

1

16

δV V
E2

e
√
Eτ ′

s−
√
E

[
τ ′ − 3

2
√
E

]
(A.22)

Where c1 = c1
1 + c2

1. The other integrals c2 and c3 are the following

c2 = −V δV
2πi

∫ i∞

−i∞

dz

z − s
F2

0 F−0 = −V δV
2πi

∫ i∞

−i∞

dz

z − s
1

(z2 − E)2

−e
√
Eτ ′

2
√
E(z +

√
E)

= −V δV e
√
Eτ ′

2πi(2
√
E)

∮
C̄

1

(z − s)(z −
√
E)2(z +

√
E)3

= −V δV e
√
Eτ ′

2
√
E

[
−1

(
√
E − s)2(2

√
E)3
− 3

(
√
E − s)(2

√
E)4

]
=

1

16

V δV
E2

.
e
√
Eτ ′

s−
√
E

[
1

s−
√
E
− 3

2
√
E

]
(A.23)
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c3 =
1

2πi

∫ i∞

−i∞

dz

z − s
V2F3

0e
−zτ ′ =

V2

2πi

∫ i∞

−i∞
dz

e−zτ
′

(z − s)(E − z2)3

=
−V2

2πi

∮
C

dz
1

(z − s)(z −
√
E)3(z +

√
E)3

= −V2

[
e−sτ

′

(s2 − E)3
+

1

2

d2

dz2

e−zτ
′

(z − s)(z −
√
E)3

∣∣∣∣
z=−

√
E

]

= −V2

[
e−sτ

′

(s2 − E)3
+

e
√
Eτ ′

2(2
√
E)3(
√
E + s)

([
τ ′ − 3

2
√
E
− 1√

E + s

]2

+

+
3

4E
+

1

(s+
√
E)2

) ]
(A.24)

It then follows that

F+
2 (s, τ ′) =

−1

16
√
E

(
δV
E

)2
e
√
Eτ ′

s−
√
E

+
1

16

δV V
E2

e
√
Eτ ′

s−
√
E

[
τ ′ − 3

2
√
E

]
+

+
1

16

V δV
E2

.
e
√
Eτ ′

s−
√
E

[
1

s−
√
E
− 2

3
√
E

]
− V2 e−sτ

′

(s2 − E)3
− V2 e−

√
Eτ ′

2[2
√
E(
√
E + s)]3

+

−V2

[
e
√
Eτ ′

2(2
√
E)3(
√
E + s)

([
τ ′ − 3

2
√
E
− 1√

E + s

]2

+
3

4E

) ]
(A.25)

Green’s function G+
2 (τ, τ ′) is obtained by taking Laplace transform for F+

2 (s, y) :

G2(τ, τ ′) =
1

2πi

∫ i∞

−i∞
ds esτF+

2 (s, τ ′)

=
1

2πi

∫ i∞

−i∞
ds esτ

[
−1

16
√
E

(
δV
E

)2
e
√
Eτ ′

s−
√
E

+
1

16

δV V
E2

e
√
Eτ ′

s−
√
E

[
τ ′ − 3

2
√
E

]
+

+
1

16

V δV
E2

.
e
√
Eτ ′

s−
√
E

[
1

s−
√
E
− 2

3
√
E

]
− V2 e−sτ

′

(s2 − E)3
− V2 e−

√
Eτ ′

2[2
√
E(
√
E + s)]3

+

−V2

[
e
√
Eτ ′

2(2
√
E)3(
√
E + s)

([
τ ′ − 3

2
√
E
− 1√

E + s

]2

+
3

4E

)] ]
(A.26)

The terms of the integral (A.26) are evaluated separately, each integral with its appropriate contour
of integration, the used contours are again C and C̄. The contributing integrals are listed below

1

2πi

∫ i∞

−i∞
ds

esτ

s−
√
E

= −
∮
C̄

ds
esτ

s−
√
E

= −e
√
Eτ (A.27)

1

2πi

∫ i∞

−i∞
ds

esτ

(s−
√
E)2

= −
∮
C̄

ds
esτ

(s−
√
E)2

=
d

ds
esτ |s=√E = −τe

√
Eτ (A.28)

1

2πi

∫ i∞

−i∞
ds

esτ

s+
√
E

= −
∮
C̄

ds
esτ

s+
√
E

= 0 (A.29)
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1

2πi

∫ i∞

−i∞
ds

esτ

(s+
√
E)2

= −
∮
C̄

ds
esτ

(s+
√
E)2

= 0 (A.30)

1

2πi

∫ i∞

−i∞
ds

esτ

(s+
√
E)3

= −
∮
C̄

ds
esτ

(s+
√
E)3

= 0 (A.31)

1

2πi

∫ i∞

−i∞
ds

es(τ−τ
′)

(s2 − E)3
= −e

−
√
E|τ−τ ′|

16E
√
E

[(
|τ − τ ′|+ 3

2
√
E

)2

+
3

4E

]
(A.32)

The last integral is evaluated as follows

1

2πi

∫ i∞

−i∞
ds

es(τ−τ
′)

(s2 − E)3
=

1

2πi

{ ∮
C
ds es(τ−τ

′)(s2 − E)−3 if τ − τ ′ > 0
−
∮
C̄
ds es(τ−τ

′)(s2 − E)−3 if τ − τ ′ < 0
(A.33)

where

1

2πi

∮
C

ds
es(τ−τ

′)

(s2 − E)3
=

1

2

d2

ds2

es(τ−τ
′)

(s−
√
E)3

∣∣∣∣
s=−

√
E

= −1

2

e−
√
E(τ−τ ′)

(2
√
E)3

[(
τ − τ ′ + 3

2
√
E

)2

+
3

4E

]
1

2πi

∮
C̄

ds
es(τ−τ

′)

(s2 − E)3
=

1

2

d2

ds2

es(τ−τ
′)

(s+
√
E)2

∣∣∣∣
s=
√
E

=
1

2

e
√
E(τ−τ ′)

(2
√
E)3

[(
τ − τ ′ − 3

2
√
E

)2

+
3

4E

]
(A.34)

Therefore

1

2πi

∫ i∞

−i∞
ds

es(τ−τ
′)

(s2 − E)3
= −e

−
√
E|τ−τ ′|

16E
√
E

[(
|τ − τ ′|+ 3

2
√
E

)2

+
3

4E

]
(A.35)

Finally, it is straightforward to write down G2(τ, τ ′) as follows

G2(τ, τ ′) =
e−
√
E|τ−τ ′|

2
√
E

[
1

16

(
V
E

)2(√
E | τ − τ ′ | +3

2

)2

+
3

4

]
+
e
√
E(τ+τ ′)

2
√
E

[
1

8

(
δV
E

)2

+

− VδV
16E2

(
√
Eτ − 3

2
)− δV V

16E2

(√
Eτ ′ − 3

2

) ]
, τ < 0, τ ′ < 0 (A.36)



Appendix B
Interacting theory

B.1 The entanglement entropy of a non-Gaussian state

This section will present a brief overview of the result of [31].
The reduced density matrix of 2-coupled harmonic oscillators is Gaussian. It can be generally

written as

ρ(q, q′) =

√
A

π
e−

A
2

(q2+q′2)− c
2

(q−q′)2

(B.1)

The corresponding correlators can be easily evaluated ( see [31] for details)

〈q̂q̂〉 = (2A)−1, 〈p̂p̂〉 = A/2 + c, 〈q̂p̂〉 = 〈p̂q̂〉∗ = i/2 (B.2)

The related ξ can be written by means of σ, where

σ = 〈q̂q̂〉〈p̂p̂〉 − (Re〈q̂p̂〉 )2 (B.3)

Whereas

ξ =
2σ − 1

2σ + 1
(B.4)

The entanglement entropy is evaluated by means of the correlators method. It gives the well-known
formula

S = − ln(1− ξ)− ξ

1− ξ
ln(ξ) (B.5)

Now, take a non-gaussian state of the form

ρλ(q, q
′) = Ne−

A
2

(q2+q′2)−C
2

(q−q′)2−λ[α1(q4+q′4)+α2(q3q′+qq′3)+α3q2q′2] (B.6)

N is the normalization constant, λ is the perturbation parameter and (A,C, α1, α2, α3) are all
scalars.
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ρλ is not gaussian, therefore Wick’s theorem is not applicable in this situation, and ρλ cannot be
written by means of the two point correlators only ( see [24]). Therefore, higher order correlators
are required. However, it has been shown that two point correlators are all one needs to determine
the entanglement entropy up to the first order correction in λ.

As before, the modified ξcorr is determined out of the two point correlators up to the first order
in λ as follows :

ξcorr =
2σλ − 1

2σλ + 1

= ξ + λ

[
3ξ

(ξ + 1)(ξ − 1)3
α1 +

3(ξ + 1)

2(ξ − 1)3β2
α2 +

1 + ξ + ξ2

(ξ + 1)(ξ − 1)3β2
α3

]
(B.7)

where β = 1
2
(A
√

1 + 2c/A+ A+ c).
On the other hand, the entanglement entropy can be determined by means of the replica trick

applied over ρλ. For the first order in λ, it is given by [31]

Sλ = − ln(1− ξ)− ξ

1− ξ
ln ξ − λ 3ξ ln ξ

(ξ + 1)(ξ − 1)5β2
α1

− λ
3(ξ + 1) ln ξ

2(ξ − 1)2β2
α2 − λ

3(ξ2 + ξ + 1) ln ξ

(ξ + 1)(ξ − 1)5β2
α3 (B.8)

ξ is the old parameter for the non-pertured state. The main result of [31] was to show that the
entropy Sλ has the same form as (B.5) but for ξcorr :

S = − ln(1− ξcorr)−
ξcorr

1− ξcorr
ln(ξcorr) (B.9)

A simple expansion of the entropy S around λ and one will rediscover (B.8) for the first order
expansion.

B.2 Local interaction

This part of the appendix is devoted to calculating the first order correction in Rényi entropy
caused by a quartic perturbation, which is given by (3.127). The main task is to compute the
diagonal elements of the matrix G, in order to be able to compute the first correction expression :∫ ∞

−∞
dτ

2n∑
i=1

(G)2
ii(τ, τ)− n

2∑
i=1

(Gii)
2(τ, τ) (B.10)

For (τ < 0), Green’s function is given by :

G(τ, τ) =
1

2W
+ eWτW−Wp

W + Wp

eWτ (B.11)



APPENDIX B. INTERACTING THEORY 102

Where W =
√
V and Wp =

√
Vp, remmember that (B.10) is evaluated for E = 0. The determi-

nation of {Gii} can be easily done using the following decomposition :

G(τ, τ) =
1

2W
− e2Wτ

2W
+ eWτ 1

W + Wp

eWτ (B.12)

Let’s start with the matrix W−1, apparently W−1 = W−1 ⊗ In where W is a 2 × 2 matrix such
that

W−1 = TW−1
d T (B.13)

Where

T =
1√
2
.

[
1 1
1 −1

]
, Wd =

√
b

[
λ+ 0
0 λ−

]
, λ± =

√
a± 1 (B.14)

Hence, it is straightforward to show that :

W−1
ii =

1

2
√
b
(λ−1
− + λ−1

+ ) (B.15)

Next, moving to the matrix e2Wτ (2W)−1 and using the n-fold matrix T = T ⊗ In, one can easily
show that

(
e2Wτ

2W
)ii =

1

2
〈i|TTe2WτTTW−1TT |i〉 (B.16)

=
1

2
〈i|Te2WdτW−1

d T |i〉 (B.17)

=
1

2

∞∑
k=0

Ti1T1i
(2τ)k

k!
(
√
bλ+)k−1 + Ti2T2i

(2τ)k

k!
(
√
bλ−)k−1 (B.18)

=
1

4
√
b
(
e2
√
bλ+τ

λ+

+
e2
√
bλ−τ

λ−
) (B.19)

Finally, the matrix (eWτ (W + Wp)
−1eWτ ) can be handled in the same manner, but this requires

dealing with the matrix (W+Wp)
−1 first. It is not difficult to show that (T(W+Wp)T) is a block

circulant matrix, call it C, its first column is given by (c0, c1, 0, ..., 0, cn−1)T , where :

c0 =
√
b

[
2µ+ ν 0

0 2µ− ν

]
, c1 =

√
b ν

2

[
1 −1
1 −1

]
, cn−1 =

√
b ν

2

[
1 1
−1 −1

]
(B.20)

µ =
λ+ + λ−

2
, ν =

λ+ − λ−
2

The block eigenvalues of the matrix C are :

Bj =
√
b

[
2µ+ ν(1 + cos(2πj/n) ) iν sin(2πj/n)
−iν sin(2πj/n) 2µ− ν(1 + cos(2πj/n))

]
j = 0..n− 1 (B.21)
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The inverses of {Bj} are needed for later calculations :

B−1
j =

b−1/2

(2µ)2 − 2ν2(1 + cos(2πj/n) )

[
2µ− ν(1 + cos(2πj/n) ) −iν sin(2πj/n)

iν sin(2πj/n) 2µ+ ν(1 + cos(2πj/n))

]
(B.22)

Hence

(eWτ 1

W + Wp

eWτ )ii = 〈i|TeWdτC−1eWdτT |i〉 (B.23)

= 〈i|TeWdτF−1C−1
d FeWdτT |i〉 (B.24)

= 〈i|TF−1eWdτC−1
d eWdτFT |i〉 (B.25)

Where F = I2 ⊗ F is the discrete, block, Fourrier transform. To move on, the vector |i〉 will be
written in a block sub-vectors manner (2 × 1 block sub-vectors). When taking {|i〉} to be the
canonical basis, all sub-vectors are null except for one, which can take one of two possibilities :

u1 =

(
1
0

)
, u2 =

(
0
1

)
(B.26)

One can easily show that :

FT |i〉 = Tum(l)⊗ 1√
n



1
wl

w2l

.

.

.

.
wl(n−1)


, w = e2πi/n (B.27)

Where l = 1 : n and m = 1, 2, l indicates to the coordinate of sub-vector um in the vector |i〉.
Let Mj = ewdτB−1

j ewdτ , by means of (B.27) it is not hard to show that :

(eWτ 1

W + Wp

eWτ )ii =
1

n
(Tum)T

n−1∑
j=0

MjTum

=
n−1∑
j=0

1

2n

[
e2
√
bλ+τ (B−1

j )11 + e2
√
bλ−τ (B−1

j )22 +

−(−1)me
√
b(λ−+λ+)τ ((B−1

j )12 + (B−1
j )21)

]
=

1

2n

[
e2
√
bλ+τB+ + e2

√
bλ−τB−

]
(B.28)

Where B+ =
∑n−1

j=0 (B−1
j )11 and B− =

∑n−1
j=0 (Bj)

−1
22 . The term (B−1

j )21 + (Bj)
−1
12 cancelled identi-

cally.
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To this end, it is now possible to write Gii for (τ < 0) :

Gii(τ, τ) =
1

4
√
b

[
λ−1

+ + λ−1
− +

e2λ−τ

λ−
+
e2λ+τ

λ+

+
2
√
b

n
(e2λ+τB+ + e2λ−τB−)

]
(B.29)

For (τ > 0) one needs not to repeat all these calculations, it is enough to note that positive and
negative times have an equal contribution to the correction statement, i.e.

2n∑
i=1

∫ 0

−∞
dτ G2

ii(τ, τ) =
2n∑
i=1

∫ ∞
0

dτ G2
ii(τ, τ) (B.30)

Since Vp = PπVPTπ and Pπ.PTπ = 1, one can easily show that for (τ > 0)

Gii(τ, τ) = 〈i|Pπ.[
1

2W
+ e−WτW−Wp

W + Wp

e−Wτ ].PTπ |i〉 (B.31)

The fact that Pπ is a permutation matrix and {|i〉} is the canonical basis, means that {PTπ |i〉} =
{|i〉}. Making the suitable change of variable τ → −τ completes the proof of the earlier claim
(B.30). So that :∫ ∞

−∞
dτ

2n∑
i=1

(G)2
ii(τ, τ)− n

2∑
i=1

(Gii)
2(τ, τ) = 2

∫ 0

−∞
dτ

2n∑
i=1

(G)2
ii(τ, τ)− n

2∑
i=1

(Gii)
2(τ, τ) (B.32)

Where G = (2W )−1, which means that G2
ii = (λ−1

− + λ−1
+ )2/(16b) . Whereas (Gii)

2 is given by :

(Gii)
2 =

1

16b

[
λ−2

+ + λ−2
− + 2λ−1

+ λ−1
− +

e4
√
bλ+τ

λ2
+

+
e4
√
bλ−τ

λ2
−

+
2e2
√
b(λ−+λ+)τ

λ+λ−
+

−2
(
λ−1

+ + λ−1
−
)(e2

√
bλ+τ

λ+

+
e2
√
bλ−τ

λ−

)
+

2b

n2

(
e4
√
bλ+τB2

+ + e4
√
bλ−τB2

−+

+2e2
√
b(λ−+λ+)τB−B+

)
+

2
√
b

n

(
λ−1

+ + λ−1
− − λ−1

− e
2
√
bλ−τ+

−λ−1
+ e2

√
bλ+τ

)(
e2
√
bλ+τB+ + e2

√
bλ−τB−

) ]
(B.33)

The integration and summation are straightforward. One can easily found that :∫ ∞
−∞

dτ
2n∑
i=1

(G)2
ii(τ, τ)− n

2∑
i=1

(Gii)
2(τ, τ) =

1

b
√
b

(
n

[
− 3

16λ+λ−
− 3

16λ2
+

− 1

4λ2
+λ−

− 1

4λ+λ2
−

+
1

4λ−λ+(λ− + λ+)

]
+

[
1

2λ+λ−
+

1

4λ2
+

− 1

2λ−(λ+ + λ−)

]
B− +

+

[
1

2λ+λ−
+

1

4λ2
−
− 1

2λ+(λ+ + λ−)

]
B+ +

1

n

[
1

4λ+

B2
− +

1

4λ−
B2

+ +
1

λ− + λ+

B−B+

] )
(B.34)



APPENDIX B. INTERACTING THEORY 105

B.3 Non-Local interaction

The aim of this appendix is to prove the first order perturbation of the non-local interaction.
Let’s start with (??) or (δ ln Tr ρn)c. It is preferable to take the following decomposition for

G−−(τ, τ)

G−−(τ, τ) =
1

2W
− e2Wτ

2W
+ eWτ 1

W + Wp

.eWτ (B.35)

Remmember that G is evaluated for E = 0. It follows that

Tr
(
G2
−−(τ, τ)

)
= Tr

1

4W2
+ Tr

e4Wτ

4W2
− Tr

e2Wτ

2W2
+ Tr

e2Wτ

W
(W + Wp)

−1 +

−Tr
e4Wτ

W
(W + Wp)

−1 + Tr e2Wτ (W + Wp)
−1e2Wτ (W + Wp)

−1 (B.36)

Therefore∫ 0

−∞
dτ Tr

(
G2(τ, τ)

)
− nTr

(
G2(τ, τ)

)
= Tr

−3

16W3
+ Tr

1

4W2

1

W + Wp

+ F (W,Wp) (B.37)

Where

F (W,Wp) =

∫ 0

−∞
dτ Tr

[
(W + Wp)

−1e2Wτ (W + Wp)
−1e2Wτ

]
(B.38)

Using the same reasoning used to prove (B.30), one may easily show that∫ 0

−∞
dτ Tr

(
G2
)

=

∫ ∞
0

dτ Tr
(
G2
)

(B.39)

Finally, it is straightforward to find the contribution of (δ ln Tr ρn)c in the first order correction

(δ ln Tr ρn)c = 2

∫ 0

−∞
dτ Tr

(
G2(τ, τ)

)
− nTr

(
G2(τ, τ)

)
= −2λ

4!

[
−3n

8
TrV −3/2 +

1

2
TrV−1(W + Wp)

−1 + 2F (W,Wp)

]
(B.40)

Since TrV−1(W + Wp)
−1 = TrV−1

p (W + Wp)
−1, one can easily rediscover (3.135).

The second part of the perturbation correction (3.137) can be proved by the same way. This
contribution is given by ∫ ∞

−∞
dτ (Tr(G(τ, τ)) )2 − n (Tr(G(τ, τ)) )2 (B.41)

Where

Tr(G(τ, τ)) = Tr

(
1

2W

)
− Tr

(
e2Wτ

2W

)
+ Tr

(
e2Wτ (W + Wp)

−1
)

(B.42)
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it follows that

[Tr(G(τ, τ))]2 =

[
Tr

(
1

2W

)]2

+
1

4

[
Tr

(
e2Wτ

W

)]2

+
[
Tr
(
e2Wτ (W + Wp)

−1
)]2

+

−1

2
Tr

(
1

W

)
Tr

(
e2Wτ

W

)
− Tr

(
e2Wτ

W

)
.Tr
(
e2Wτ (W + Wp)

−1
)

+

+ Tr

(
1

W

)
Tr
(
e2Wτ (W + Wp)

−1
)

(B.43)

By means of the identity ∫ 0

−∞
dτ Tr(G)2 =

∫ ∞
0

dτ Tr(G)2 (B.44)

it is not hard to determine the second contribution to the perturbation correction of non-local
interaction as follows∫ ∞

−∞
dτ (Tr(G(τ, τ)) )2 − n (Tr(G(τ, τ)) )2 =

∫ 0

−∞
dτ

[
1

2

(
Tr
(
W−1

))2 − n

2

(
Tr
(
W−1

))2
+

+
1

2

(
Tr

(
e2Wτ

W

) )2

+ 2

(
Tr

(
e2Wτ 1

W + Wp

) )2

− 2 Tr

(
e2Wτ

W

)
Tr

(
e2Wτ 1

W + Wp

)]
+

−1

2
Tr
(
W−1

)
Tr
(
W−2

)
+ Tr

(
W−1

)
Tr

(
1

W
.(W + Wp)

−1

)
(B.45)

This completes the proof of this appendix.
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