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Abstract

In this dissertation, we introduce a novel Euclidean Green function approach to compute Rényi
entropy on lattices and fuzzy spaces. Rényi entropy for an arbitrary subset of coupled harmonic
oscillators is written as a zero temperature partition function generated by an Euclidean action with
n-fold step potential. The associated Green’s function is explicitly constructed and an alternative
new formula for Rényi entropy is obtained. The developed approach allows one to go beyond the
Gaussian case and systematically investigate interacting theories, which represents a real advance
and paves the way for the investigation of entanglement entropy on lattices and fuzzy spaces for
interacting theories. This approach is further applied to several systems with a focus on 1+1
scalar field theory. The case of half space entanglement was obstructed by the necessity to invert
a special class of Toeplitz matrices. An asymptotic inverse for this class of matrices is conjectured
and several analytical and numerical tests are in favor of its truthfulness. We finally outline how
this approach can be used to investigate entanglement entropy for free and interacting scalar field
theory on fuzzy spaces.



Contents

Introduction 6
1 Entanglement Entropy : An Overview 10
1.1 Entanglement of a bipartite system . . . . . . . ... ... L. 10
1.1.1  Entanglement quantification : Qubit state . . . . . . .. . ... ... ... 11

1.1.2  Entanglement entropy . . . . . . . . .. .. 12

1.2 Real time approach . . . . . . . . .. 14
1.2.1  Two coupled harmonic oscillator . . . . . . . . .. ... ... ... ... .. 14

1.2.2  N-coupled harmonic oscillators . . . . . . . . .. . .. ... ... ... .... 17

1.2.3 Entanglement entropy of N-coupled harmonic oscillators through correlators 21

1.2.4  Free massive scalar field . . . . . . ... ... oo 24

1.3 FEuclidean time approach . . . . . . . . . ..o 26
1.3.1 State construction in path integral formulation . . .. .. .. ... ... .. 27

1.3.2 Rényientropy . . . . . . . 29

1.3.3 Replica trick . . . . . . .. 30

1.3.4 The Heat Kernel expansion . . . . .. . ... .. .. ... ... ....... 34

1.3.5 Green’s Function . . . . . . . . . . ... 35

2 Euclidean Green’s Function for Lattices 41
2.1 Formulation of the problem . . . . . . . . . . ... oL 41
2.2 Green’s matrix function construction . . . . . . ... ... ... 45
2.2.1 Green’s matrix function series expansion . . . . . . . . . ... ... ... .. 46

2.2.2  Hermiticity constraint and Continuity conditions . . . . . . .. .. ... .. 53

2.3 Rényi entropy via Green’s matrix function . . . . . .. ..o L 55

3 Applications and Outlook 57
3.1 Entanglement of 2-coupled oscillators . . . . . . ... ..o 57
3.1.1 Entanglement of 2 harmonic oscillators with different frequencies . . . . . . . 59

3.2 Entanglement of 141 Massive scalar field . . . . ... ... ... ... ... .. .. 63
3.2.1 Situation one : Entanglement of half space . . . . ... ... .. .. ... . 64

3.2.2  On the asymptotic inverse of a special class of Toeplitz matrices . . . . . . . 66



CONTENTS 5
3.2.3 Situation 2 : One point entanglement . . . . . . .. . ... ... ... .. 74

3.3 Perturbative evaluation for Interacting Theories, Beyond the Gaussian State 78
3.3.1 Local interaction . . . . . . . . ..o 79

3.3.2 Non-local interaction . . . . . . . . . . ... . 83

3.4 Applications to fuzzy spaces and outlook . . . . . .. ... ... 0L 85
Conclusion 91
A Green’s function expansion 93
B Interacting theory 100
B.1 The entanglement entropy of a non-Gaussian state . . . . . . .. .. ... ... ... 100
B.2 Local interaction . . . . . . . . . . .. 101
B.3 Non-Local interaction . . . . . . . . . . . . 105
Bibliography 107



Introduction

Entanglement, that mysterious puzzle of quantum mechanics, it is truly one of the most fasci-
nating phenomena in the quantum world. As a matter of fact, the existence of entanglement was
questionable at the beginning; it challenges classical intuition by imposing non-local effects and
it was regarded as clear evidence of the non-completeness of the quantum theory [1]. However,
as far as it proved, quantum mechanics can be spooky more than ghosts themselves and ordinary
intuition can take no place in it. Experimental tests were always in favor of its existence [2—4].

The need to quantify entanglement has induced the development of many entanglement mea-
sures [5]. However, entanglement entropy is the most complete and coherent one. It nicely fulfills
all the requirements of a proper entanglement measure [5]. In addition, its notion has a sense of
physical universality; it has many clones in several fields, like Von Neumann entropy in statistical
mechanics, Shannon entropy in quantum information,... etc. It thereby finds a place in different
areas of physics, like quantum computation and quantum information theory [6, 7], condensed
matter [8-10], black holes physics [11,12], high energy physics and quantum field theory [13,14].

The entropy of entanglement is considered when a two-partite system AB is in a pure state.
The entanglement entropy is defined in terms of the reduced density matrix of the subsystem A
or B, depending on which subsystem is considered physically inaccessible. Intuitively, the amount
of entanglement between A and B should not change whether the observer has access only to
the subsystem A or only to the observables of the subsystem B; the two subsystems are equally
entangled. Fortunately, the entanglement entropy fulfills this requirement; that’s because the
eigenvalues of the reduced density matrices p4 and pp are equal, up to zero modes, when the
overall state of the system AB is a pure state.

It is important to note here that the entanglement entropy does not scale like the volume of
the controlled subsystem; regardless of the volume difference between the subsystems A and B
the density matrices p4 and pp provide the same amount of entanglement. This feature of the
entanglement entropy can be intuitively explained by the proportionality of the entanglement to
the boundary between the two subsystems rather than their volume. This is known by the area
law; the entanglement entropy for d 4+ 1 theory of fields is proportional to the separating area
between the two considered subsystems [15] :

Aa—1

d—1

SN

€

where Ay_1 is the d — 1 dimensional area and € is the UV cutoff. The proportionality factor
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depends on the regulating scheme, except in the situation of one spatial dimension d = 1, where
the proportionality coefficient therein is universal. This represents an interesting feature for the
entanglement entropy as a measure in 141 field theory.

This interesting behavior of entanglement entropy has been directly related to black hole
physics. Remarkably, the physics of black holes showed a close analogy with thermodynamical
laws. At first, it was considered as a useful analogy [16] but it turned out to be more than that;
the black hole behaves as a thermodynamical object that obeys the four laws of thermodynamics
and it has its own temperature and entropy [17]. The latter turns out to be proportional to the

area of the black hole horizon )

Al

Spu A

A'is the area of the black hole horizon and [, = (hG/c®)'/? is Planck length. The early explanations
of the source of black hole entropy suggested a connection between it and the entanglement entropy
[11,12,18,19]. Black holes give natural rise to entangling phenomena. It is by definition an
information hider where any observer outside the horizon can have no access to any event inside
it. However, the source of the entropy of black holes and their statistical origin is not totally
understood yet. The main obstacle which prevents defining the entanglement entropy as the
entropy of black hole, or at least part of it, is that the entropy of black hole is finite whereas the
entanglement entropy for d + 1 field theory diverges in the absence of a UV cutoff [20].

Indeed, a simple comparison between the entanglement entropy and black hole entropy strongly
points towards a discrete nature of space-time at the Planck scale, and the continuum is merely
an effective approximation of a yet to be uncovered underlying more fundamental geometry [21].

The UV divergence of entanglement entropy for a theory of fields in the absence of UV cutoft
reminds us of the black body ultraviolet catastrophe, which was overcome by discretizing the phase
space into Planck cells. This discretization has a quantum mechanical origin, the uncertainty prin-
ciple or the non-commutative nature of the phase space, i.e. {g,p} do not commute, therefore
they cannot be exactly determined at the same time. This is indeed a very preliminary example of
non-commutative and fuzzy spaces. The fuzziness of phase space when treated quantum mechan-
ically beautifully lifts the divergence without any need to impose a cutoff. Motivated by the black
body scenario, a natural question may arise here : Can the replacement of the ordinary continuum
space-time by a non-commutative version render the entanglement entropy finite or soften the UV
divergences? This proposal was taken up in [22] and it was shown that entanglement entropy is
UV finite, proportional to the boundary degrees of freedom and satisfies the area law [22,23].

Many techniques have been developed in order to evaluate the entanglement entropy depending
on the area of research and the treated physical situation. These techniques can be classified into
two principal categories : Real time approach and the Euclidean time approach.

The real time approach was initially developed in [11,18] where it was addressed to investigate
the source of black hole entropy. A more efficient technique within real time formalism was
developed by Peschel [24]. This technique is especially useful for numerical investigations; it
reformulates the problem in terms of the two-point correlators of the field variables. However, this
technique becomes less attractive and practically untractable when an interaction is introduced or
for non-gaussian states for which Wick’s theorem is not applicable and higher order correlators are
needed.
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The Euclidean time approach, on the other hand, provides more powerful tools for investigating
the entanglement entropy analytically. It was first developed in [12,25] in the context of black hole
entropy investigation. After taking Wick’s rotation to the space-time, the entanglement entropy
can be written in terms of the heat kernel or Green’s function.

These techniques are especially useful analytically in Quantum field theory when it comes to
extracting the UV divergence and establishing the area law. Moreover, it allows one to make a
connection with string theory [26] and to extract finite mass dependent but cutoff independent
contribution to the area law [27]. Moreover, Euclidean Green’s function offers a systematic method
to handle non-gaussian states, it allows one to handle interacting theories perturbatively [28], and
to investigate the dependence of entanglement entropy on the renormalized mass.

Now, despite being a powerful tool in investigating the entanglement entropy in the continuum,
the Euclidean time approach seems to be limited to some special geometries. For example, if the
subsystem is assumed to be half of d + 1 space-time, the Rényi entropy is governed by simple
geometry, namely that of a cone with deficit angle 2w (n — 1), for which Green’s function or the
Heat kernel expansion is known. However, if the subsystem is a finite region or a collection of
disconnected regions, the problem becomes untractable and it is generally very hard to construct
the associated Green’s function or to recognize the underlying n-sheeted geometry over which the
Heat kernel expansion is to be made.

The main motivations for this work were the lack of a Euclidean formalism for entanglement
entropy on lattice and fuzzy spaces, as well as the limitation of the real-time approach to free
and gaussian states. In [29,30], the Green’s function for an arbitrary chain of coupled harmonic
oscillators was constructed and an alternative formula for Rényi entropy was obtained. The en-
tangled subsystem can be randomly chosen out of the total lattice of oscillators. Unprecedently, a
perturbation series can be obtained for the entanglement entropy in interacting theories in terms
of the constructed Green’s function [29,30].

This dissertation is organized as follows : The first chapter gives an overview of the basic
concepts of two-partite systems entanglement. The example of qubit system was taken as a toy
model to introduce the concept of entanglement quantification for the entangled states. The entan-
glement entropy is subsequently introduced as an entanglement measure. The different methods
used to evaluate the entanglement entropy are introduced through the Real time approach and the
Euclidean time approach. Different examples within each approach are discussed.

In the second chapter, Green’s function is constructed for an arbitrary set of intervals. The
proof is well established and the necessary conditions to be fulfilled by Green’s function are all
presented and proved. Rényi entropy is finally written in terms of the obtained Green’s function.

In the last chapter, a number of applications of Green’s function are established. We start with
a quick test of the method by investigating the two coupled harmonic oscillators entanglement. We
further apply the formalism to a scalar field theory on a 141 lattice by considering the entanglement
entropy in two important particular cases : one resulting from tracing out half of the space and the
second resulting from tracing out an interval of infinitesimal size, in particular an interval made
of a single point. We performed an analytical study for both cases.

From the technical point of view, the case of one-point turned out to be easy to handle an-
alytically within this approach, and we could recover explicitly the formalism developed in [24].
However, the case of half-space entanglement entropy necessitated the finding of an asymptotic
inverse for a special class of Toeplitz matrix with an N-dependent symbol. This problem turned
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out to be a strenuous one due, as far as we are aware, to the lack of any solution for this kind
of problem in the mathematical literature. A conjecture on the inverse of this class of Toeplitz
matrices is proposed, suited by a numerical and analytical discussion.

The power of Green’s function in treating interacting theories is presented through a quartic
perturbation. We apply the present technique to evaluate the correction to the entanglement
entropy due to a quartic type interaction for a system made of a finite number of coupled oscillators.
In particular, we derive explicitly the first order correction to the standard entanglement entropy
between two coupled harmonic oscillators due to a perturbation of the form A" ¢}. We show
that to the first order in perturbation theory, the standard gaussian free entanglement entropy
formula stays valid for interacting theories with a shifted parameter due to the perturbation of the
ground state. Our result systematically confirm earlier conjecture that the entanglement entropy
can be written exclusively in terms of the perturbed two-points correlators to the first order in
perturbation theory [31] .

In addition to the above quartic interaction, we consider another natural quartic interaction
which cannot be seen as arising from a discretization of a non-local term. In contrast to the first
interaction, this quartic interaction appears to have an IR divergence that cannot be normalized
away.

Finally, we conclude this dissertation with an outlook on the applications of the developed
formalism to free and interacting scalar field theories on fuzzy spaces.



Chapter

Entanglement Entropy : An Overview

This chapter gives a brief overview of the basic concepts of entanglement and techniques to
compute the entanglement entropy. The focus is on the entanglement entropy for quantum fields,
in particular scalar theories in connection with black holes.

1.1 Entanglement of a bipartite system

The entanglement between some systems is a manifestation of a previous interaction between
them. Because of the interaction, the states of these systems can not be described separately from
each other. The entanglement of a two-partite system is particularly easy to recognize. Consider
a two-partite system AB in a pure state |¢)). The density operator that describes the composed
system AB is :

pas = |¢) (¥] (1.1)

Hilbert space for the system AB is of the form H 4 ® Hp, where H(Hp) is Hilbert space for the
subsystem A(B). Suppose that an observer can have no access to the observables of the subsystem
B. From his point of view, the subsystem A is described by the reduced density operator

pa=Trp(pap) = Z slilpasli)p (1.2)

{l7) 3} is an orthonormal basis for the subspace Hp.
The subsystems A and B are said to be non-entangled if the tensorial product of ps and pp
reproduces the total density operator pap, such that

PAB = PA & PB (1.3)

Equivalently, the state |¢) is said to be separable if the variables of the subsystem A can be sepa-
rated from the variables of the subsystem B by a simple tensor product |¢) = |¢) , ® |¢') 5. The
generalization to a multipartite system is straightforward.
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The entanglement of a pure two-partite state can be defined systematically using Schmidt
decomposition of the state vector [¢), which can be uniquely decomposed as

[9) =30 VA 1i)a @ 1) (1.4

Where {[j) 5} is the set of eigenvectors of the reduced density matrix pa(s) which corresponds
to a non-zero eigenvalues {\;}. The state |¢) is entangled if Schmidt number n is greater than
one, otherwise it is separable.

The variables intersection caused by entanglement makes the state of each subsystem dependent
on the other, even if there is no current interaction between the two. Stranger still, the state
dependence exists even if the two entangled systems are a million light years apart since manipu-
lating one state, by some measurement, will lead to the collapse of the overall state, and the state
of the other system will instantly change the moment the mentioned operation is executed, even
if no physical action is applied locally on it.

This is the secret magic of entanglement and the seeds of the EPR paradox [1]. The latter
attacks this weird non-local effect of entanglement via a gedanken experiment proposed by Einstein,
Podolsky and Rosen in 1935. However, in 1964, J. S. Bell suggested an inequality called after
his name, 'Bell inequality’ [32], which could be tested experimentally to check the validity of
entanglement and the general philosophical reasoning of quantum mechanics as proposed by the
Copenhagen interpretation. Experimental results were always hand in hand with entanglement
(see [2], [3] and [4] ) and the question is no longer about its existence or its validity.

The identification of entanglement is important but not enough. There was a natural need for
the concept of quantifying entanglement in order to give rise to the applications it sets up. For
this purpose, many measures have been proposed and developed [5].

1.1.1 Entanglement quantification : Qubit state

In order to quantify entanglement for a certain state, it is necessary to introduce an entangle-
ment measure. We start by discussing a simple example that intuitively illustrates how entangle-
ment can be quantified.

The intended system is the quantum bit or Qubit. It is the simplest non-trivial quantum system
with a Hilbert space of two dimensions only. Using Schmidt decomposition, the general state of
two entangled Qubits AB can be written as :

[¥) = cos(0) [0) 4 10) 5 + sin(6) [1) 4 [1) 5 (1.5)

Where 6 € [0, 7[.

It is obvious that the state |¢) is separale for § = 0 or § = 7/2, i.e., it contains zero entan-
glement. The subsystems A and B are then in a pure state and there is no dependence between
the two systems on each other. The state |¢)) becomes entangled for other values of § and the
underlying systems can no longer be described by separate state vectors.

One can depict entanglement as a band that connects the entangled systems. The strength of the
band illustrates the amount of entanglement between the two systems. It might be evaluated by
how close the state |¢) is to a separable state or how close the reduced density matrix is to a
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projector. This can be better explained as follows; the reduced density matrix for the subsytem A
is :

e (16)

If cos?(f) = 1 or sin?(#) = 1, the system A is not entangled with B, and the reduced density
matrix p4 becomes a simple projector. Other values of # offer entanglement. However, the different
values of # give density matrices that are differently close to the non-entangled state, for example:

0.99 0
pa= { 0 0.01} (1.7)

this density matrix is clearly less entangled than

pa = [066 0(.)4] (1.8)

It is straightforward now to determine the most entangled state. Obviously, it corresponds
to the density matrix p4 with equal eigenvalues. It is indeed the farthest density matrix, loosely
speaking, from any projector on the subspace H 4. In this situation, the entanglement makes the
observer of the subsystem A loses any prediction on which state vector he will obtain when he
applies a measurement, he has equal probabilities of getting either one of the two state vectors
{10} 4,|1) 4}. For less entangled states, he always has a bigger probability to get one state vector
from the other ( see figure 1.1 ).

However, this is just a loose and non-precise description of the situation. One needs to define
a trustworthy measurement, built on firm physical and mathematical ground, which would give a
precise numerical value to quantify the amount of entanglement for every given state.

1.1.2 Entanglement entropy

Entanglement entropy is an entanglement measure. It evaluates the amount of entanglement
between a two-partite system in a pure overall state. It is indeed one of the widest used measures.
Its importance partly comes from the manifestation of this notion, or a closed form of it, in differ-
ent fields of physics for different purposes, especially : Shannon entropy in quantum information
and thermodynamical entropy in statistical mechanics.

Consider a bipartite system AB in a pure state |¢)). The subsystem A is described by the
reduced density matrix p4 = Trp(|v)) (¢|). The amount of entanglement between the subsystems
A and B as given by the entanglement entropy is :

S(pa) = —Tr(paln(pa)) (1.9)

One can easily show using Schmidt decomposition (1.85) of the state |1)) that
S(pa) = S(pB) (1.10)
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0.5

MIH J

Figure 1.1: the figure represents (p4(6))1; in red and (pa(f))s2 in blue for # € [0,7/2]. The
argument 6 = /4 corresponds to the maximally entangled state.

This is a very important property for this measure; it states that each party is equally entangled
to the other party, as it should be, regardless of the way in which the overall system AB is devided
into two subsystems A and B, in other words, regardless of the volume difference between A and
B.

The definition of entanglement entropy (1.9) is formal, one of the possible ways to evaluate it
is by using the spectral decomposition of the reduced density matrix, it is then straightforward to
show that

S(pa) = _Z)\i In(A;) (1.11)

Where {\;} are the eigenvalues of p4 and pg.

Let’s go back to the two qubits example, it is easy to see that the entanglement entropy vanishes
for separable states, as it should be, where {\; = 0,1}. The amount of entanglement of other
states can be easily obtained when using the expression (1.6) for pa :

S(pa) = — cos?(0) In(cos*(A)) — sin*(6) In(sin*(6)) (1.12)

The entanglement entropy (1.12) is illustrated in figure 1.2.

Historically, within the context of black holes, the entanglement entropy was also called geo-
metric entropy. The latter has been used as a promising candidate to explain the source of black
hole entropy [11,12,18]. It has been shown, within a theory of fields, that the entanglement entropy
is proportional to the separating area between the two subsystems [28]. This result was related to
the entropy of black holes, since this latter has the weird property of being proportional to the area
of the black hole horizon, not to its volume. The geometric entropy was named after the action
of taking some geometrical region from configuration space and tracing over the field degrees of
freedom inside it in order to define a black hole [12].
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Figure 1.2: the figure represents the entanglement entropy (1.12) as a function of  for two en-
tangled qubits. The entanglement is zero for separable states corresponding to # = 0,7/2 and
maximal for maximally entangled states corresponding to 6§ = 7/4, 37 /4.

1.2 Real time approach

The real time approach is a formalism to compute the entanglement entropy. It’s based on
evaluating the reduced density matrix for the vacuum state directly. One generally starts with
a discretized version of field theory. Here the approach will be exposed for a number of models
and the results will later be compared with the findings of the new approach developed in this
dissertation.

1.2.1 Two coupled harmonic oscillator

It turned out that the problem of evaluating the entanglement entropy resulting from tracing
out a subset of N-coupled harmonic oscillators can be reduced to the problem of two coupled
harmonic oscillators. Therefore, we shall start by working out this case explicitly.

Consider the following Hamiltonian for a system of 2 coupled one-dimensional harmonic oscil-
lators ith equal unit mass :

1 2

H=g > (05 pip; + Viy 4igy) (1.13)
ij=1

Where ¢; is the coordinate of the i-th oscillator and p; is its corresponding momentum. The

potential matrix V' is a real symmetrical positive definite matrix. To simplify the notation, define

the vectors Q = (g1, ¢2)” and P = (py,p2)T. The Hamiltonian then takes the form :

H = %(PTP +Q"VQ) (1.14)
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The two oscillators are taken to be in their ground state. In g-basis it is given by [33] :

o1 42) = <det(¥> eI (1.15)

The matrix W is the positive square root of the potential matrix V. If one assumes that the
information about the second oscillator are unvailable, the first oscillator is then described by the
reduced density matrix :

prea(q, 1) = Tra(prot) =/ dgz Yo(q1, 42)-¥5(a1, ¢2) (1.16)
It is not hard to show that
det(W)\ /2 1 w? w?
pred(ql,q{)=< o ) exp —§(w1—2—w2)(Qf+QH o 2Q1Q1 (1.17)

Where the following notation Wi, = wq, Was = we and Wiy = Wy = w is adopted. Since the
matrix W is positive, its trace and determinant are also positive; such that w;.wy — w? > 0 and
w1+ wy > 0.

Given that p,..q has a gaussian form, the eigenfunctions are easy to guess; they can only have
a gaussian form. The first inspection is to use a reparametrized version of the harmonic oscillator
eigenfunctions from quantum mechanics [33], take for example the form :

= H,(vazx) exp(—%f) (1.18)

{H,} are Hermite polynomials and « is to be determind. The functions {f,} should satisfy
the following relation :

/_ 4y preas ) faly) = Auful2) (1.19)

o0

Let v = w; — w?/(2ws) and B = w?/(2wsy), the reduced density matrix takes then the form :

preala. q) = | 7= R (1.20)
m

It follows that :

/ Ay prea(T,y) fuly) = \/# / dy e~ 2@ Bru g (Say)em 3V

(’Y ) T

) 2 /OO / _(y/_x/)z /
2(a+7> dy' e H,(cy") (1.21)
(7 + a) —0
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2

Where 1z’ = %x, y = wTay and ¢ = aQ_fv The previous integral can be evaluated
using the standard formula [34] :
> n cx
/_ dy exp(—(z —y)*)Hy(cy) = Va(l — ) /2Hn[m] (1.22)
So, one gets :
> 2(y —B) n/y (Srg B2 )2 cx’!
/_ dy prea(,y) fuly) = W(l — A)2(T ) Hn[m] (1.23)

In order to prove that the functions {f,} are indeed the eigenfunctions of p,..q; two conditions
must be fulfilled simultaneously :

62
o+
c B
(1= /2(a+7)

Ja =

It is easy to check that these two equations have the same solution with respect to «, which is
the following

a=/7?— [? (1.24)

Henceforth it is possible to deduce the eigenvalues of p,.q from (1.23) as follows :

_ 2(y = B) _2\n/2 _
A = ra (1 —c)m=, n = 0..00 (1.25)

With a little manipulation, the eigenvalues can be rewritten in the form
An = (1=€)€", §=p6/(y+a) (1.26)

It is easy to show that > A, = 1, therefore the set of eigenfunctions (1.18) is complete. As a result,
the entanglement entropy can be evaluated in straightforward manner

§
1=¢

S==Y An(A,) =—In(1-¢) — In(¢) (1.27)

This is the entanglement entropy for two coupled harmonic oscillators [18].
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1.2.2 N-coupled harmonic oscillators

We now turn to the problem of N-coupled harmonic oscillators. It will be shown that the
solution of this problem comes from a simple generalization of the problem of two coupled harmonic
oscillators treated earlier. The Hamiltonian of the system is given by

H= %(PTP +Q'vVQ) (1.28)

Visan N x N real symmetric positive definite matrix. Q and P are N-component coulomn vectors;
such that Q = (q1, ¢, ..,qn)T and P = (py,ps,..,pn)T. The ground state of the system is given
by a simple generalization of the ground state of 2-coupled harmonic oscillators :

WA\ _or
wO(QMqu“-aCIN) = (det(?)> €7§Q wQ (129)

The matrix W is the positive square root of the matrix V. The density matrix of the total system
can be easily derived as follows :

W /' /

p(Q. Q) = (det(—))" /e 2(QTWarQTW.Q) (1.30)
T

The reduced density matrix that describes the first M oscillators is found by tracing the density

matrix (1.30) over the variables of the last N — M oscillators {¢;,i = M + 1..N}, the information

on these oscillatos are considered unavailable.

o N
pred(QaQ/) :/ H dg; p(Ql--QM:QM—I—l--QN; q/1~-q;\4aCIM+1~QN) (1'31>
T j=M+1

Where @ is the M-component vector Q = (qi1,¢2,..,qu)"; where Q = (Q,Q)T and Q =
(qars1, G2, - gy) T In order to evaluate the previous integral, one uses the following decomposi-
tion for the matrix W

(1.32)

v-[i

BT C
Where A, B and C are M x M, (N — M) x M and (N — M) x (N — M) matrices respectively.
It follows that

N
pred(Qa QI) _ (det (E) )1/267%(QTAQ+Q/TAQ/) / H dqm G,(QTCQ + QTBT(Q+Q")) (133>
T

m=M+1

The normalization of p,.q4 is going to be ignored from now on, it will be implemented in a factor
N.. This factor is going to change from one operation to another. However, the same symbol will be
kept. The reasoning here is that p,.s can always be renormalized to 1 to find the proper 'N.’; there-
fore this factor does not affect the derivation of the eigenvalues and thus the entanglement entropy.
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The matrix C'is a real positive symmetric matrix, so it is possible to diagonalize it through an
orthogonal transformation; such that C' = UTCyU where the matrix Cy is diagonal and UTU = I.
Put J = BT.(Q + Q'), it follows that :

N
/ 1T dgme(QCRTR™)  — / 1T dge~ (@7 CaQ+Q™T)

m=M+1 m=M+1

N [°S)

m=M+1" "
N

_ 2 T
— H e4(Ca)m
(Cd>m

m=M+1

N-—M
2

Tr—1 m
6J c—1J/4

ZeH(CT (1.34)

Where 6:2 =UQ and J = UJ. The reduced density matrix p,.q then becomes

Prea(Q, Q) = N~ H@AQ+QTAQ'4rTC ) (1.35)

The aim is to write p,.q as a function product, each function is of the form of the reduced den-
sity matrix of two coupled harmonic oscillators (1.20). This can be done by repetitively changing
the variables in order to exploit the diagonal form of the contributing matrices, so one can finally
achieve the required factorization.

Let JTC71J = (QT + QT)M,(Q + Q') where M; = BC~'B” it follows that :

_M

prea(Q, Q) = N 3@ (A-HQ+QT(A- Q' ~3QTIMQ+QTIQ) ) (1.36)

Let My = A— M, /2. M is areal symmetric matrix that can be diagonalized using the following
orthogonal transformation :
My = U (My)qU, UfU, =1
Let M3 = U, M UL and Q = U,Q, it is straightforward to show that :

prea(Q, Q) = Noe~3( QT (M2aQ+QT (Ma)a. Q=3 (QTIMEQ+QTMQ) )
— N QT HQMQQMQ) ) (1.37)

Where M, = (M2);1/2M3(M2);1/2 and Q = (Mg)cl/zé? are defined. It was assumed here that
M, is invertible, which will be proved later.
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Finally, one gets :

et Q.Q) = N HQ QAT OO+ (Ma)a)
M
= Nc H 6_%(dgn+q;n2_(M4d)m-qu;n) (138)
m=1

where My = U] (My)yUy and C? = U4Q. This is the desirable result! The density matrix
Prea(@, Q') is factorized into a functions product, each of which takes the form of the reduced
density matrix (1.20) of two coupled harmonic oscillators. The entanglement entropy can be
formally obtained from (1.27).

However, it is required here to determine the eigenvalues of the matrix M, in order to be
able to evaluate the entanglement entropy by means of (1.27). This turns out to be untractable
task since the obtained form of the matrix M, is really complicated; it can be shown that M,
shares the same eigenvalues with the matrix M;.M, ' which has the perplexing form M;.M,' =
BC'BT(A - BC1BT/2)71,

To partially overcome this problem, one could rewrite the reduced density matrix of two coupled
oscillators (1.20) with a little twist in order to change the matrix that should be diagonalized. The
density matrix (1.20) can be rewritten as :

V=B A (G-B) ) +Ba)?) (1.39)
m

pred(Q7 q/) =

Using the same tricks and tools used before, the reduced density matrix (1.36) is factorized
into a function product of the same form of (1.39). The details are resumed as follows

0rea(Q, Q) = Noe 3@ A-5HR+QT (A= 31— 3(@MQ+QT M)
—  N.e 2(Q"MQ+Q"M;Q'+3(Q-Q) M (Q-Q")

— N, 3(Q70+QTQ+3(0-9)M;5(Q-9Y)

N,e~3(QTQ+QTQ+3(Q-Q)(M5)a(Q-Q")

M
— Nc H 6—%(513n+514n2+%(Méd)m(fim—ﬁin)Q) (140)
m=1

The unknown matrices and vectors are listed below :

M, = B.C'B"
My = A-M;=A-BC™'B" = Uy (M)4U}
G = (M), PUIMLUST (M), = U (M) U
= (M3)al3Q

Q = UQ
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The obtained factorization (1.40) is useful if the eigenvalues of the matrix Mj can be determined.
It can be easily shown that M} has common eigenvalues with the matrix M; Mj~! as follows

det(M, — AI) = det((Mg);l/QUngUgT(Mg);W - )J)

= det( (M)} (M) URMLUST (M) = A (Mg); )

= det(UsMUS" (M3); " — M)
= det(M My~ — M) (1.41)

The matrix M;M,~! can be rewritten in a more intuitive way. Actually, if the matrix W~!
decomposed into a block sub-matrices in a similar manner to the matrix W :

W= {A B] (1.42)

Bt C

Where A, B and C are M x M, M x (N — M) and (N — M) x (N — M) matrices respectively.
Then it is not diffucult to show that

M Myt = -BB* (1.43)
The key idea is to use the identity W~1.W = I, from which two relations are needed

AA+ BBT = Iy (1.44)
AB+BC = 0 (1.45)

Solving these two equations with respect to A, one finds that
A(A—-BC'BY) =1y (1.46)
Therefore
My=A"1'=A—-BC'B" (1.47)

This is an implemented argument that M, is a positive definite and thus invertible matrix!. It
follows from (1.45) that BT = —C~'BT A, hence one gets to the intended form

MMy ' =BC'B"A=-BB" (1.48)

The matrix —BB” is mathematically a lot simpler and physically better and more intuitive.
The form of the matrix depends directly on the set of the traced oscillators. Also, it has some
form of discrete convolution :

(MIM/ 1 Z I/Vm ja ’L,j = (17M) (149>

a=M-+1

1Since M} is positive definite, Ms is a priori positive definite and therefore invertible matrix, as it is the sum of
two positive definite matrices ( M} and BC~1BT/2).
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Which could be a very simplifying factor when taking the continuous limit.
Even after these simplifications, there is no guarantee that we will find the eigenvalues analytically.
This depends directly on the form of the potential matrix V. As a matter of fact, the eigenvalues
are found numerically for non-trivial physical models. Once they are determined, the entanglement
entropy can be calculated directly by a straightforward generalization of the entanglement entropy
of two coupled oscillators (1.27).
The density matrix (1.40) can be reparametrized in the form :

Such that Tr(p,,) = 1. It follows that

S = —Tr(p.In(p) ) = (le qu).- Z Pm(qm))>

M:

Tr( o (m)- I (p(qim)) )

Il
—_

(=

Sm (1.51)

1

3
Il

The entanglement entropy is therefore the sum of the entanglement entropies of two coupled
oscillators (1.27), where &,, = A, (1 ++/1+ A,,) 72 Tt then follows that

M
2 A A
S = —In — = .In = 1.52
2:: <1+\/1+Am) 21+ VIt ) ((1+\/1+>\m)?) (1.52)
Where {\,,} are the eigenvalues of the matrix M;M; ' = —BBT.

1.2.3 Entanglement entropy of N-coupled harmonic oscillators through
correlators

For a lattice of harmonic oscillators, there is another method to determine the entanglement
entropy in real time approach. This method depends on a physically more intuitive tool, namely
the two point function or the correlator.

The Hamiltonian of the lattice is defined by (1.38). As before, the accessed system is formed
of the first M oscillators. For the ground state, one can define the functions :

{¢;} are the canonical coordinates and {pl} are their corresponding momenta. The M x M
matrices X and P are obviously real and symmetric. Higher order correlators can be found using
Wick’s theorem [15,24]:

(Ofr-forfr) = Qkk,{;om )L 2)) (O fo(a)- Fota)) O fotany fotom) (154)
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Where O is an ordering operator, ’f’ is either the momentum or the coordinate operator and
{o} are all possible ordering permutations. It is useful to keep in mind that {g;, p;} can be written
using the creation and annihilation operators {¢;, c;r}

G o< ci+cl, pioce;—cl (1.55)

The correlators X;; and P;; are defined for the reduced system by means of the ’overall” pure
ground state :

Xij = (Yo | g5 | Yo); Pij = (Yo | pip; | Yo) (1.56)

Where 10(q1, 42, .-, qn) = {q1, G2, ---,qn | Wo) is the ground state defined by (1.29). However, it is
completely valid to write these correlators using the reduced density matrix p,.q of the reduced
system :

Xij = Tr(prea 4:95); Pij = T7(prea Pip)) (1.57)

Therefore, Wick’s theorem can be exclusively written using the reduced density operator pj..q.
Since not any form of functions admits such a property, one suspects that p,.q is a function of the
creation and annihilation operators {¢;, cj}, more precisely, a Gaussian form of them [24] :

Pred = K exp (- Z HmCZCj) (158)
tj

where K is the normalization constant and H;; is the matrix element of the matrix H, and it is to
be determined. Since p,.q is Hermitian (the subscript of p,eq will be omitted from now on), this
means that H is also Hermitian. The matrix H is then diagonalizable and its eigenvalues {e;} are
real :

M
p = Kexp (— Z eiaj-ai> (1.59)
i=1
where
C = Z Mk () ag (1.60)
k

{n(i)} are the eigenvectors of the matrix H. It is not hard to show that {a;,al} is a set of creation

and annihilation operators. Thanks to the orthonormality property of the eigenvectors {n(i)},
the operators {ai,aZ} fulfill the property [ai,a;] = ¢;;. All that is left now is to determine the
eigenvalues {¢;} in terms of known quantities, in order to identify p and evaluate the entropy.

First, it is preferable to write {¢;} and {p;} in terms of {a;, a!} directly. From (1.55) and (1.60)
one can write :

g = Zaij(aj + a})

J
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where « and [ are the specific transformation matrices to the specific set of creation and anni-
hilation operators {a;, a;-r}. The general condition on « and 3 is derived from the commutation
relation [g;, p;| = i6;; which is

a.pl =—1/2

The normalization constant 'K’ can be easily computed as follows

M T M T
-1 _ _ % D I et
K = Tr <exp ( ;aalal>> ETF (eXp ( €ia CL1>)

T (20" o YOS (e
= I Yt )™ ) =TT S0
i=1 m=0 ' u; =0 =1 m,u; =0
M oo M
= H;GXP(_Si.UZ‘):HI_le_Ei (1.62)

It was taken that {g;} is positive, the necessary condition to have a proper density matrix. By
the same previous way, one can compute the following

e
o= 14(ala) = —1 4 1.64
(aiaz) = 14 {aj.a5) = 37— —.0y (1.64)

Using these two equations and the property a.37 = —1/2, one can easily find that

X = a@n+1)a’ (1.65)
P = B@2n+1)p" (1.66)
XP = ia(2n—|—1)2a1 (1.67)

Where the matrix 'n’ is defined by (1.63).
Finally, by means of (1.67), it is straightforward to write {&;} in terms of the eigenvalues of the
matrix C' = v X P, call them {v;}, such that

v = 5 coth(e,/2) (1.68)

It is time now to evaluate the entanglement entropy, Using the form (1.59) for the density matrix,
it is straightforward to show that

M M
S = —Tr(p.In(p)) = —Tr (p. (lnlC — Zei.aj.ai)> =—InK + Zeznu
i=1

i=1

_ f: {_ In(1— e5) + ff:;} (1.69)
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Which could be written in a more compact form using matrix notation as follows :
S=Tr((C+1/2)In(C +1/2) — (C —1/2)In(C — 1/2)) (1.70)

Where the identity exp(e;) = (v; + 1/2)/(v; — 1/2), derived from (1.68), has been used.
For a lattice of oscillators, the two point functions evaluated with respect to the ground state
(1.29) are the following [35] :

1, |
Xig = (VT = 5(W
1 1
Py = (V%= 5wy (1.71)

where the indices {i, j} refer only to the oscillators of the reduced system, such that (i,j = 1: M).
As a result, using the previous section notation, the determination of the entanglement entropy
requires the determination of the eigenvalues of the matrix C' = (A.A) 12 /2. The equivalence
between the current entropy and the one obtained by the previous method (1.52) is all clear and
obvious when knowing that

AA=1Iy—BBT (1.72)

Which is deduced from (1.44). The matrix A.A has common eigenvalues with the matrix AA =
Iy — BB. Finally, the form (1.52) of the entanglement entropy can be found in a straightforward
manner.

1.2.4 Free massive scalar field

When adopting a theory of fields and trying to quantify the amount of entanglement between
two regions of space, if the total state is not separable, then the entanglement entropy is indeed
infinity! One of the ways to explain this is the following (more discussion can be found in [11] );
if one assumes that each point of the field incorporates into the entanglement entropy by some
amount, then the total entropy will be infinity since there are an infinity of points.

A possible way to lift this infinity is to impose a distance cutoff, i.e., to lift the continuity
of the space and to take the fields to be at discrete permitted positions in space. These points
form a lattice. The spacing € between two successive vertices of the lattice is called the ultraviolet
cutoff. This cutoff is taken to be very small, of the order of Planck’s distance. This discretization
of space to lift the infinity of the entanglement entropy is similar to the divergence lifting of the
entropy in statistical mechanics, where the phase space was taken to be formed of cells based on
the Heisenberg uncertainty principle, in order to have a finite entropy for the system of gas.

To avoid the infinite sum over the lattice vertices, it is also required to put another cutoff on
the macroscopic scale, i.e., to put the lattice in a box of length L. This latter is called the infrared
cutoff.

It is worth to mention here that this is not the only existing way to avoid the divergence of the
entropy (again, see [11]). Another regularization can be imposed on the energy of the field modes,
limiting the possible energy range by two cutoffs : ultraviolet cutoff e~ and infrared cutoff L.
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Let’s take an example. The aim here is to illustrate the field regularization into a spatial
lattice. It will show up that the bosonic field problem will be reduced to the problem of N-coupled
harmonic oscillators discussed earlier. Hence, it will be possible to use the result of previous section
directly.

A real massive scalar field has the lagrangian density :

1 . -
L= (3= |V | ) (1.73)

The entanglement is going to be evaluated between a sphere and the rest of space. To exploit the
spherical symmetry of the problem, the field will be expanded on the spherical harmonics basis :

The field ¢ itself is real but its components {¢;,} are not, this is due to the non reality of the
spherical harmonics. Actually, the property (¥;™)" = (=1)™Y,”™ of spherical harmonics means
that

(@) = (=1)"¢™ (1.75)

In order to evaluate the field Lagrangian, the orthogonality property of spherical harmonics will
be used, where

/ A Y™V = GG

It follows that

= %Z/T (¢lm ¢lm d¢lm zlm +I(l+ 1)¢lm ¢lm — 1P ¢zm) (1.76)
lym

Now define the field components {®;,,,} such that

O = rV2Re(drn) m >0
(I)lm = T-¢lm m =0 (177)

O = r/2Im(¢y,) m<O0

{®;,,} are real, they were chosen in this manner to avoid dealing with the complex components
{¢im}. By means of the property (1.75), it is not hard to show that this choice fulfills

> G = > (Re(im))” + (Im())? Z 7, (1.78)

lm lm

> 0rimOrf,, and > ¢lm¢;"m can be treated in the same way, so one finally gets the following

1 -2 o [ d Dy 2 o7, 22

lm
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It is time now to project the field into a spatial lattice. The discretization will be performed
over the radial coordinate r because the Lagrangian is solely dependent on it. The radial spacing
is € which also represent the UV cutoff. The permitted sites in space are those which have radial
coordinate of the form {r; = je} where j is a positive integer. The system is assumed to be in a
spherical box of radius L, where L = Ne represents the infrared cutoff. It follows that

1 . T+ Ti 1 (I)lm i+1 (I)lm' q)lz .

L = = P2 . J Jt1iy2 & »J _ »J \2 1+ 1 22
2%;6( lm]_l—( 2 )62( Tj+1 ] ) * ( + ) 7”]2 i,
. 1. 1, ®umivs O 1®2

— (i)Z ‘ Lo Y m,j+1 m,j\2 (1 1)— myj 2(1)2 ‘ 1.80
2%:]226( lmg+€2<j+2) ( ]‘l‘l ] ) + ( + )62 j2 2 Imj ( )

Where ®;,,,; = ®y,, (7). Obviously, the previous equation is the Lagrangian of N-coupled harmonic
oscillators ! it just needs a simple rescaling to absorb the factor e. Thus, it is justified to use the
results of previous section to calculate the entanglement entropy of real scalar field. The potential
matrix is block diagonal, its sub-matrices are defined as follows :

@R 12410 D)) ¢ i=j#1

- 9/(4€2) +1(1 + 1)/ — p? 1=7=1

VS <G 2e) @il ) i=j+tiori=j-1 S
0 else

Where k is the coordinate of the block sub-matrix V*) in the potential matrix V. It corresponds
to a particular value of the doublet {I,m}. As a matter of fact, it is not possible to treat the
matrix V directly. It is an infinite size matrix (I — oo)! Fortunately, it is possible to prove that
a bounded form of V' with [ < [, is equivalent to the infinite size potential matrix (see [36], [18]
and [22]). Finally, it is possible to get a formal expression of the entanglement entropy using
(1.52). A number of works estimate the entropy numerically by this way within the context of
black holes, since it is impossible to evaluate the eigenvalues {\;} of the matrix —BB” analytically

(see [18], [22], [37] and [48] ).

1.3 Euclidean time approach

In real time approach, it is nearly impossible to extract any analytic results for non triv-
ial physical systems. However, the techniques developed therein are very suitable for numerical
computation once the underlying space is discretized into a lattice. Within the context of black
holes, new techniques have been developed based on the path integral formulation. The developed
formalism, the Euclidean time approach, proved to be more powerful in performing analytical
computation in quantum field theory and extracting the UV divergence. The present section will
outline the existing techniques in this approach.
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1.3.1 State construction in path integral formulation

The main tool in path integral formulation is the kernel of the transition amplitude. The latter
gives the probability amplitude for the system to evolve from a given point in space to another
point within a given interval of time, written as a functional integral over all possible paths in
configuration space :

Z(to)=a3 oty )
(@, ts | 71, 11) = / D(E(t))e’ Jr @ L:d) ty <ty (1.82)
Z(t1)=x1

Where L = (dx/dt)*/2 — V(x) is the classical Lagrangian of the studied system and D(Z) is
the functional measure over the space of functions. In Heisenberg formulation, the development
of the state is a consequence of the action of the evolution operator on it (only one dimension of
space is considered from now on, this causes no loss of generality) :

|£L‘2,t2> = U(tg,tl) | $1,t1> (183)

— e iH(t2—t1) | 1, 1)

It is assumed here that the Hamiltonian H does not depend explicitly on time. So the transition
amplitude can now be written as :

<x2,t2 | $1,t1> — <m2 | o tH (t2—t1) | x1>

= 3wy | e B | BY(E, | 1)

= > thulwa) 4 (wy)e T Bt (1.84)

Where {| E,)} is the eigenbasis of the Hamiltonian and {,(z)} are its corresponding eigen-
functions. It is really inevitable here to notice the correspondence between the previous expression
and the partition function Z of the canonical ensemble in statistical mechanics :

Z = Tr(e ™)=Y e (1.85)

= /dwl(ml | e PH | ) = /dmlzwn(atl).@b:(xl)e_ﬂm (1.86)

Actually, if one analytically continued the time in (1.84) from the real time to imaginary
time, the equivalence between the partition function and the transition amplitude is all clear and
obvious; the idea is to assume that the functional integral definition of the transition amplitude
is valid even when the time is imaginary, this can be proved using the same derivation steps for
(1.82), see for example [38,39]. This movement is known as Wick rotation, since it rotates the axis
in the complex time plane from real to complex axis [40].

Therefore, the time ¢ can be replaced by —i3, where [ is real. Consider that t; =t and t5 = 0,
so that the transition amplitude (1.84) becomes :

(02,0 |y, —iB) =Y Pn(w2) 05 (21) (1.87)
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At low temperature 7" — 0 thus f — oo, the system tends to be in its ground state. This can
be seen via the partition function Z where the dominant term in the sum (1.85) becomes e,
The same thing happens for the transition amplitude (1.87) when f — —oo, such that :

lim (29,0 | 21, —i8) = 61_i>f_ﬂoo 70 (aho.fy + b1 .72 4 by pf P2+ L)

B——00
~ ﬁlim ePE0 apo(29) 405 (1) (1.88)
——00

Where AE,, = E,, — Ey > 0 for n > 0.

At this point, the ground state 1y(z2) can be written as a functional integral using the formula
(1.88). First, one needs to fix the value of z1, the common choice is to put z; = 0, but any
other value will do the job as long as one keeps the same value when deriving vg(x3). It is then
straightforward to see that

z(0)=x2 0 )
o(z2) / D(x(T))e” Jooo d Lp(2:) (1.89)

(—00)=0

Where Lg = (dz/d7)?/2+V, the subscript E stands for "Euclidean’ since Wick’s rotation changes
the Lorentzian metric in Minkowski space into an euclidean one.

The state 1y is then fixed by the formula (1.89) up to some constant. This constant can be
determined using the state normalization and it can be absorbed in the measure, so the ground
state 1y can be written as

z(0)=x ]
Yo(x) = / D(z(7))e” [ dr Lg(z,d) (1.90)
z(—00)=0
A similar treatement can be done to get 1§(x) in the form of a functional integral : let t; = —if3

and t; = 0, take 5 — oo, to get :

z(00)=0
vile) = [ Dalr))e i Lete) (191

(0)=z

Now, it is straightforward to write the ground state density matrix as a functional integral by
means of (1.90) and (1.91), such that :

z(0)=x ) z(00)=0 - )
pa) = @i = [ Datr)e S b [ p(ary) e i et
z(—00)=0 z(0)=y
:E(OO)ZO “(z(07 )=z . oo .
_ / D(x(T)) = ono( (07) >dTLE($7$)—f0+(z<o+):y> drLg(z,&) (192>
x(—00)=0

The generalization of (1.92) to any dimension is straightforward.
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1.3.2 Rényi entropy

Rényi entropy for a system with density matrix p is defined as follows [41] :

Sa

= In(Tr(p®)), a>0 (1.93)
11—«

Apart from its own importance and the information afforded by Rényi entropy itself, it plays the

role of an intermediate stage to get the entanglement entropy. In fact, it is not difficult to show

that the entanglement entropy S for normalized states is obtained from Rényi entropy by taking

a—1:

_ B d N B 1 d o
lim Sy = ———In(Tr(p%)) la=1= —Tr<pa>@T1“(/) ) la=1
1 d B 1 o
= _Tr(pa)'Tr(% ) la=1= —Tr(pa).Tr(ln(p).p ) a=1
= —T(p.In(p)) (1.94)

Where In(Tr(p)) = 0 was used in the first equality. The final expression is easily identified as the
entanglement entropy.

Rényi entropy exhibits some interesting features; it is straightforward to show that it is a
positive function. It vanishes when the density matrix is a pure state, and it is maximal when the
state p is maximally entangled, which can be easily shown in finite dimensional spaces, where

Su = T (TH(p) =~ n (Z(%)ﬂ

=1

S In(N'"%) = In(N) (1.95)

11—«

with N is the dimension of the space. In the two limiting states, maximally and non-entangled
states, the value of Rényi entropy coincides with the value of the entanglement entropy.

Furthermore, Rényi entropy is Schur concave for all « ; if the spectrum of p; is majorized by
the spectrum of ps, such that

PRI (1.96)

where 1 < m < N, N is the dimension of the space, {\;} ({0;}) are the eigenvalues of p;(p2)
ordered in a decreasing way, such that Ay > Ay > ... > Ay and 01 > 09 > .. > on. Rényi entropy
is Schur concave since it fulfills

Salp1) < Salp2) (1.97)

On the other hand, Rényi entropy is concave only in the domain 0 < a < 1, such that

D> piSalpi) < Salp) (1.98)
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where ) . pip; = p.
Besides, Rényi entropy is additive, i.e.

Salpa ® pi) = Salpa) + Salpn) (1.99)

Some particular values of a are especially useful in certain domains. For example, @ = 2
has many applications in information theory, it can be used to reduce the computational effort
needed to get some entropic estimations [42], or to establish an uncertainty relation stronger than
Heisenberg’s one [43,44]. Rényi entropy with a = 2 is called the collision entropy.

There are other special values for «; when o = 0 Rényi entropy is named Max entropy or
Hartley entropy, where

lin% Sa = In(rank(p)) (1.100)
a—

Max entropy forms an upper bound to Rényi entropy and therefore to the entanglement entropy.
The other lower bound is obtained when o = oo, where

O}Lngo So = —ln(mzax)\i> (1.101)

{A\i} are the eigenvalues of p.

Theoretically, if one could get the formula of Rényi entropy as a function of «, it would be
possible to evaluate the entanglement entropy of the system. However, finding the explicit expres-
sion of Rényi entropy is not a tractable task. In the Heisenberg XY spin chain, for example, the
explicit form of Rényi entropy was obtained, because Rényi entropy is an automorphic function
with respect to a certain subgroup of the modular group [45]. Generally, it is not a priori obvious
how to take some real power of a matrix without struggling with the eigenvalues problem directly.
Fortunately, the replica trick offers a method to overcome this difficulty.

1.3.3 Replica trick

Consider a two-partite system AB with only two degrees of freedom. This model will serve
as a toy model that would be easy to generalize it to higher dimensions and even toward the
quantum field theory continuous limit. The overall non-normalized ground state density matrix
that describes the system AB can be expressed, by means of (1.92), as follows :

0~ (Q=(ga,9B)) 0o
o, asi das dls) = / Dy exp (— / drly — / drLy)  (1.102)
0

—00 T(Q=(d4,4%))

If one have access to the system A only, then the corresponding density matrix p4 is

palqa,dy) = /qu p(qa, 9894, 9B)
0~ (Q=(q4.45)) o0
= /DQ exp (—/ drLg —/ drLg ) (1.103)
0

—o0 T(Q=(d4,9B))
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The functional integral includes the integration over the variable ¢g in the last equality. The
domain of integration is a bit tricky now! The functional integral is free to take any path in
Minkowski space until it reaches t = 0 , where it faces a jump in the variable of the system A. At
this point, all possible paths of integration are not free to take any value but only a specific one
for A’s variable : g4 just before reaching ¢t = 0 and ¢/, just after passing t = 0. After that, the
integral is allowed to proceed freely.

Now, if one wants to move towards Rényi entropy, the natural following step is to take some
power n of the density matrix, where n is a positive integer. It will show up that p" is nicely
represented in the path integral language, such that :

Pi(qa.ds) = /dQ,lq--dqz1PA(¢]A§Q,lax)-/)A<Q,14;Q,24)-pA(Q,24§Qi)---PA(qrfx13@1,/4)

= /dqé-dqjéldﬁ.-dﬂl p(qas qp; 4> ap)--P(dh " abs dasq)  (1.104)

it follows that

0~ (Q=Q(07)) 00
P (qa; ds) —/D@eXp —/ drllg —/ drllg (1.105)
—0o0 0+(Q=Q(0™1))

Where
qa Q}x
ah a5
a4 0
% %
Q(07) = @ , QM) =1 & (1.106)
a5 s
qB a5
and
Lg=Lg®I, (1.107)

It is possible at this point to generalize these findings. First, for multidimensional subsystems
A and B, all one needs is to consider g4 (gg) as a vector whose dimension is equivalent to the
dimension of the subsystem A (B) and its coordinates are the degrees of freedom of the subsystem
A(B). For example, if A (B) is an m (m') dimensional system, then g4 (¢g) is an m (m')
dimensional vector, where

qa = : 4B = : (1.108)
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Furthermore, in order to reformulate the result for quantum field theory, it is enough to take
the continuous limit in the multidimensional case, where the vector ga(qp) is replaced by a smooth
function defined on some geometrical region in configuration space. This region of space represents
the zone of the system A(B), and the function represents the field ¢4(t, 7°) (¢5(t, @)) on that
region.

It is beneficial here to look over the space of integration in the field situation. The n power of
the density matrix is represented by :

0~ (2=3(07)) _ o .
Plh(Da; &) :/D¢> exp(—/ drLg (P, D) —/ dTILE(CI),(I))> (1.109)
~oo 0+ (=2(0+))

Where @ is the n- fold field function. When taking the trace of p’j, the boundary conditions can
be expressed as follows

P4 )
O Op
¢4 &
% i
o07)=| ¢4 |, ®0) = ¢4 (1.110)
P P
P ol

The space of integration for n = 1 can be roughly represented by figure 1.3. The different
boundary conditions at the level of system A at t = 0 represent a cut of discontinuity in the space
of integration. For m > 1, the space of integration is composed of n copy sheets of the original
one. Each one has a cut along the system A domain at ¢ = 0. The n-fold manifold is represented
by figure 1.4. The integration over the fields at the level of the cut ¢ = 0 in the functional integral
has the effect of stitching each sheet (label it [) along the two sides of the cut with the one just
before it; where the field at this sheet (¢4)® at ¢ ~ 0~ equals the field (¢4)*~" in the [ — 1 sheet
at t ~ 0%, and with the copy just after it; where the field at this sheet (¢4)® at t ~ 0% equals
the field in the next sheet (¢4)*V) at t ~ 0.

The expression (1.109) represents a formal statement for p’. If the trace of p" can be obtained
by evaluating the functional integral of (1.109), with one way or another, one will eventually obtain
some function of n. The replica trick’s key movement is to accept that the obtained function is
valid for all Re(n) > 1, despite the fact that it was originally evaluated for positive integers n
only. In other words, the resulting function has a unique analytic continuation for all Re(n) > 1 (
for proofs see [15], [20] and [46]). This step is essential to get Rényi entropy in a formal way and
eventually the entanglement entropy.

Consider now the normalized density matrix pa = pa/ Tr(pa), the trace of p’y can then be
re-expressed as follows :

Z

Tr(p) = /d¢A Pada,0a) = 2 (1.111)
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Figure 1.3: The Euclidean space of integration for n = 1. The path integral has a discontinuity at
the level of region A at t = 0.
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Figure 1.4: A representation of the n fold manifold, each two successive sheets are glued together
at t = 0 when the fields at the two sides of the cut coincide, the first and the last sheet are glued

by ¢}.

Z,, is just the trace of non-normalized p" and Z = Zi. pi(pa, da) is defined by (1.109). The
selection of the symbol Z was not by coincidence, but to indicate the already mentioned parallelism
between the ground state density matrix and the partition function Z at low temperatures. In
fact, it is possible here to write

o)

L = Tr(ph) = Mnmexp(—/_ dTLE(cp,cb)) (1.112)

o0

Where M,, is the n-sheeted cover in which the functional integral is defined over. Indeed, one
cannot miss the formal analogy between (1.112) and the definition of the statistical partition
function in path integral formulation

Z:/’Dxexp(— /()ﬁdTH(x,ab))

Finally, by means of (1.94), the entanglement entropy can be expressed as

S = —(% — 1) 10(Z0) |ps (1.113)
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The good thing about this formula is that the normalization of the partition function 7Z, is no
longer required to be calculated explicitly; it is implicitly embedded in (1.113).

1.3.4 The Heat Kernel expansion

The evaluation of Rényi entropy through the formula (1.112) is not always a possible task. The
formal structure of (1.112) cannot be manupilated directly. As a result, resorting to approximation
methods is required. One of these ways is the heat kernel expansion.

Historically, the heat kernel K (x,y,7) is the solution of the heat diffusion equation

(0r + H(z))K(z,y,7) =0 (1.114)
with the initial condition
K(x,y,m=0) =d(z,y) (1.115)
The kernel K(z,y,7) has the formal solution :
K(z,y,7) = (x| exp(=7H) | y) (1.116)

Now, how could this heat kernel be useful to our problem? Well, take a free massive scalar field,
it is straightforward to show that Euler- Lagrange equation for this field ¢ is formally identical to
the Heat equation (1.114) :

(0, = V*+m?)p =0 (1.117)

Where H(x) = —V? +m?. From path integral, the partition function (1.112) for this case has the
formal solution [40]

In(Z,) = 3 In(det(~V? + %)) = — Tr(in(~V? + m?)) (1.118)

The last equality can be proved using the eigenvalues spectral decomposition of the operator
(—V?+m?). Since one tries to avoid dealing with the logarithm of an operator, it is convenient at
this point to reformulate the last equation by means of an integration over an auxiallary parameter
called "proper time’

1 /> 1
In(Z,) = = / dsE Te(K,n(s) (1.119)
2 Jo S
K,, is the heat kernel defined by
Kn(z,y,s) = (x| exp(s(V? —m?)) | y) = Ko(z,y, s) exp(—sm?) (1.120)

Where Ky = K,,,—9. A hint to show where (1.119) came from could be presented as follows : for a
positive number A > 0 the following identity holds

In(A\) = — /000 ds% exp(—sA) (1.121)
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This identity is correct up to some constant that does not depend on A and can be renormalized
away. Taking the eigenbasis of the operator In(—V?) with eigenvalues {\;} it follows that :

Tr(ln(—V2)) _ Z]n()\i):/OoodséTr(exp(sV2))
— /OodslTr(KO(s)) (1.122)

S

Finally, it is straightforward to rediscover the expression (1.119). A more rigorous way to find this
expression can be found in [47]. It is worth to mention here that the integral of (1.122) diverges
for small s due to the factor s~! ( the already mentioned constant which does not depend on \ ).
This is an ultraviolet divergence. Therefore, it is necessary here to take a UV cutoff €, such that

In(Z,) = Tr(In(—=V? 4+ m?)) = /00 ds% exp(—sm?)Tr(Ko(s)) (1.123)

This expression is evaluated on a manifold with canonical singularity. The goal here is to determine
the kernel K in this space. Generally, one can not treat this problem directly. The suggested
method is to expand Tr(Ky(s)) around small s and to evaluate the coefficients of expansion order
by order, where Tr(K((s)) expansion around small s is given by [20,35] :

Tr(Ko(s)) = W 3 s (1.124)

d is the dimension of Minkowski spacetime. {a,} are called the heat kernel coefficients. The
determination of these coefficients depends on the manifold which are taking over : on its geometry,
its boundaries and the singularities it has (in a more general case). The coefficients have been
determined, up to some order, for some special cases that are related to the existing problem, i.e.
for a manifold with a canonical singularity. They can be mainly found in [49-52]. One can see [47]
and [53] for reviews on this topic.

1.3.5 Green’s Function

The heat kernel is not the only way to handle the partition function problem 7Z,, in the Euclidean
framework. An alternative method is the Green function. As before, the starting point is the
relation (1.118). Where the first equality that will be used :

InZ, = —% In(det(—V? +m?)) (1.125)

The clever trick is to note that

0 10 2 oy 1 1
8m21nZn n 28m22/\:1n( A —l—m)— 22/\:—)\2—1-7712

A (1.12)
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Where {)\} are the eigenvalues of the operator V. Technically, the operator (—A + m?)~! is

Green’s function for the operator (—A + m?) :
(—A +m?)G,(r, 1) = d(r — 1) (1.127)

Therefore, finding the partition function Z,, can be accomplished by determining Green’s function
for the operator —A +m? as a first step, then integrating the result with respect to m?. It is worth
to mention here that this technique is not limited to bosonic fields with the operator —A 4+ m?; it
is straightforward to generalize it to any operator O. The twist in this situation is that one should
deal with the shifted operator O +m?2I. At the end of calculations, it is enough to put m? = 0 to
find the required partition function for the operator O.

Finally, the partition function can be written in terms of Green’s function as follows

0 1
WID(ZH) = —5 /dr Gn(r,r) (1128)
The normalized version of the partition function is
0 " 0 Zn\ 1
e (Tr(p7)) = o7 ln(ﬁ> = —§/dr( Ga(r,r) — nGy(r,r) ) (1.129)

As it was shown, the heat kernel and Green’s function were extracted from the two parts
of the last equality of (1.118). The heat kernel from the left side and Green’s function from the
right side. One may wonder here about the relation between the two notions. To emphasize this
relation, the spectral decomposition of the two functions will be used. Take first the heat kernel,
from (1.116) it is not hard to show that :

K(z,y,s Ze NS, () D] () (1.130)

where

(=V24+m?)0(z) = NPy(2) (1.131)
| @@ = . Y a@ele) =5 -y (1.12)

[e.9]

Laplace transform for the heat kernel K(z,y, s) is defined by

K(z,y,E) = / ds e " K(x,y,s Z/ ds e B2 @, (2) D] (y)

0
1
_ ol
- ZAHLE@Z W) =l ey E

| v) (1.133)

The last term of (1.133) is just the formal solution of Green’s function, which satisfies
(—=V?+m? + E)G(x,y) = 0(x — y) (1.134)

Finally, the relation between the heat kernel and Green’s function is all clear and obvious, Green’s
function is just the Laplace transform of the heat kernel for the system associated with the shifted
operator —V?2 +m? + E. The generalization to other systems with different potentials is straight-
forward.
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Free massive scalar field

The evaluation of Green’s function depends on the geometry of space that it’s taking over. In
the current situation, it is evaluated over an n-fold manifold with canonical singularity. This last
depends on the way in which the sheets are glued together. In other words, it depends on the
choice of the extracted subsystem from the global one.

To see this in action, an example of a free bosonic field will be studied. The importance of
this example comes from the fact that it is one of the very few problems treated in the literature.
Moreover, it will give an essence to this method and enlight some important results which have
not been possible to get analytically in the real time approach.

The total system is taken to be the overall configuration space. The subsystem A occupies
the half of the space. The axes of configuration space are oriented so that the subsystem A is
defined by {x > 0,R%2}, Where d is the dimension of Minkowski space. The cut of discontinuity
is defined by {7 = 0,2 > 0}. The subspace which contains this cut is C; = {7, z}. It is convenient
here to use polar coordinates {r € [0,00[,8 € [0,27] } for this subspace. The reason will be clear
in a moment.

The cut of discontinuity is the half line defined by {r > 0, § = 0}. Now, taking an n-copy
of the global space, gluing the edges of the cut as was previously explained, and the intended
n-fold space is consequently formed. As a result, each subspace C; of each sheet is connected to
its neighbors, just before and just after, at the level of the cut. The union of these subspaces can
be simply presented by extending the angle 6, and it’s defined by C,, = {r > 0, 6 € [0,27n[}. The
obtained geometry of C, is the geometry of a cone with a deficit angle 27(1 — n).

The tip of the cone corresponding to » = 0 is a singular point; it is the point where the
discontinuity emerges. In the case of free bosonic fields, the operator Lr = —V?2+m? is compatible
with the translational invariance. However, it is the singular point that breaks this symmetry.
Hence, one should not assume that Green’s function G, is a function of (r —r’).

In the current examination, the steps of [46] will be followed. The dimension of Minkowski
space is taken to be two, i.e, the system is a line of fields.

By means of the identity :

1 *
Gn(r; I'/) = z)\: _)\Q—WQ)A(F)CDA(IJ) (1135)
Where {®,((r))} are the normalized eigenfunctions of the operator (—V? + m?) and {\} are the
eigenvalues of the operator (V?), It is possible to check that Green’s function which fulfills the

differential equation (1.127) is the following :

Gn(r,x') = - i dy /OOO A dA Jk/n(/\r)'Jk/’“(/\r,)COS(k(9 —0')/n) (1.136)

~ 27n A2 + m?

Where r = (1,0), ' = (v',¢), Ji/n are Bessel funcions of the first kind and {dy = 1, d, = 2 for
k > 0}. In order to use the relation (1.129) it is required to evaluate the integral over A and r
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when r = r’. The integral over A is standard [34], where :

1 & oo T (A7) Tg i (AT) ,
Gn(r,0;r,0) = %de/o A dAE )\2—|—m/2 cos(k(6 —0')/n)
k=0
1 — )
= o kzzg dip Ly jn (M) Koy (mir) cos(k(0 — 6') /n) (1.137)

({Zx/n}, {Kk/n}) are the modified Bessel functions of the first and second kind, respectively. Before
integrating over r, one needs first to evaluate the sum over k. For this purpose, Euler MacLaurin
formula will be used :

> d LynKipn = 2 / dk TepnKpm —2) ﬁ(fk/nKk/n)<23*1> k=0
j=1 i

k=0 0

oo 1
= 2/ dk I jn Ky jn — gak(lk/nKk/n) k=0 +
0

00 BQ' -
_22 :_J L K )&~ | 1.138

Where B,; are Bernoulli numbers. The last term of the final expression can be shown that it
vanishes when integrating over r [15] :

[ 1k
o 1/ r.dr Iy (mr). Ky (mr) =0y 1'2_m2 (1.139)
0

Since j > 1 the last expression vanishes identically. The term O (Iy/n. Kk /n) |k=0 gives

-1
O (Iejn-Kin) lhmo= OkLijn lk=o -Ko = 7Kg (1.140)

where Oy Ky, |r—0= 0 and Oy |g—o= — Ko ( see [54] ). Hence

2mn
Gulrr) = [ a8 Gl 0ir.0)
0
& 1
o° 1
- 2n/0 dk]k(mr).Kk(mr)—i—ng(mr) (1.141)

Green’s function G, (r,r) is formed out of two terms. The first is linear in n, where it has been
factorized out by a simple change of variables. It is important to remember here that one will
use the normalized partition function (1.129). The latter will cancel any term linear on n in G,



CHAPTER 1. ENTANGLEMENT ENTROPY : AN OVERVIEW 39

expression. Actually, this term is proportional to the total volume of the spacetime and has no
contribution to entanglement (see [28] for more discussion).

It is time to point out an important note : GGy does not depend on the choice of the subsystems
or the subspaces one wants to evaluate entanglement between them; it has no singularity caused
by the decomposition of subspaces. Hence, its resulting expression does not depend on the choice
of subspaces, nor does the entanglement. As a result, any term in G,, which is proportional to nG
should be cancelled since it has no entanglement information.

The partition function out of expression (1.129) is then :

0 Z,, B 1 [
Wln(ﬁ> = —2/0 r.dr( Gu(r,r) —n.Gy(r,r))
B 1 n > 9
= _(24n - 24)./0 r.drKg(mr)
1 1
= Su (n— ﬁ) (1.142)

Where [°r.drKg(r) =1/2 ( see [34]). The partition function is obtained by a simple integra-
tion over m?

7 1 1
In[ == ) = —(n——)In(e.m? 1.143
(%) = 3300 ) (1.143)
It is important to remember that the partition function is a unit free function. The integration
itself produces a constant independent of m?, which indeed has the effect of regulating the units.
Here, € the UV cutoff, is the proper quantity to produce a scaleless function. Therefore, the
entanglement entropy for a 1 + 1 free scalar field is

o 9 Z,
S = _8nTT(p ) In=1= Con Zn In=t
0 1 1 1
— _%<62‘m2)ﬂ(”_5) |n:1: —aln(em) (1144)

It can be seen here that the entropy diverges when taking the continuum limit € — 0, this divergence
is logarithmic. In higher dimension scalar field theories d + 1 (d > 1), the entropy is proportional
to the separating area between the two entangled systems, so that [28]

Aa-

ed—1

Sai1 ~ (1.145)
In 1+1 field theory, the behavior of entropy seems different from higher dimensional ones. However,
the logarithmic divergence of 1+1 scalar field theory has an intuitive justification. In lattice
regularization this can be seen more clearly; each oscillator of the lattice is coupled with its first
neighbors only. If one lifts the oscillators of the boundary between the two entangling systems, these
two will be completely separated and there will be no entanglement left between them. Therefore,
it is natural for the entanglement to be proportional to the separating area. For 341 theory, the



CHAPTER 1. ENTANGLEMENT ENTROPY : AN OVERVIEW 40

area is the superficial surface of the subsystem. For the 2+1 theory, it is the circumference. For
the 141 theory, one would expect some constant since the separating area is a point or number
of them depending on the shape of the subsystem. However, the logarithmic dependence becomes
totally understood when thinking of the area law (1.145) to come from an integral proportional to
r4=2. For d = 1, the logarithm is the compatible piece for an area law theory [55].



Chapter

Euclidean Green’s Function for Lattices

The Euclidean time approach and methods developed therein are generally used in quantum
field theory. Even there, they have been used in limited situations where the problem has a special
symmetry that allows one to construct Green’s function or to establish a Heat kernel expansion
over the resulting manifold. For example, if the reduced system is half the space. Else, the problem
is generally untractable to be handled analytically. On the other hand, no such methods have been
developed for lattices. They have been generally treated using a real time approach only. This
chapter shows how to construct the Euclidean Green’s function for a lattice of oscillators, where
the reduced system is an arbitrary set of lattice oscillators.

2.1 Formulation of the problem

The treated system is a lattice of coupled harmonic oscillators. The key importance of this
system comes from the fact that many physical situations can be modeled by it. In particular, the
space discretization of a theory of scalar fields produces a system of coupled harmonic oscillators.
This process is called lattice regularization of the fields.

The Lagrangian of N-coupled harmonic oscillator is given by :

L= ("¢ -@"va) (2.1)

Where QT = (¢, g2, ..., qn) is the oscillators N-coordinate vector and V' is the symmetric positive
definite potential matrix.

If one takes the lattice to be in its ground state, then the density matrix which describes this
state is

Q(0) 07 (Q(07)=Q") . 00 .
(Q.Q) = / Do exp| - / drLu(Q.Q) - / IrLp(Q.0)) (22)
Q(—o0) —00 0t (Q(0H)=Q")

Where @ denotes the coordinates of the N-oscillators of the lattice. Take the reduced system
A to be formed of the first p oscillators. Its complementary system B is then formed of the rest of
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the lattice oscillators. The reduced density matrix p4 can be written as

A @0 Q) = Trs(p(@.Q") = / Qs p(Q. Qs O, Q)

0~ ( Q(07)=(Q},QB) ) .
- / Doexp | - / drLp(Q, Q)+

_ /0 N drLi(Q. Q)) (2.3)

T Q(O0T)=(Q4,.@B) )

N

where QT = (QA?QB)J Q?; = (QI;Q27 "7qp>7 Qg = <QP+17qp+27"’7q1V) and dQB = Hi:p—l—] sz
In order to be able to use the replica trick, one needs to take the power n of the reduced density
matrix ps. Only the trace of p'} is required :

T(fy) = / Qs Q) 0a( Qs O%)-pa (@1, QL) dQAQR Q'
- / QY QL Q% QL) p(Q% Q2 Q% Q2) (@, Q QY. Q) dQL..dQ  (2.4)

Using path integral formulation, this lengthy and unappealing form of Tr(p";) can be expressed
in a compact formula. The trick is to construct the n-fold vector Q as follows

n

A

Q%
By means of Q it is straightforward to show that

0_( Q(O_):(Q}MQIB;Q?A’QQB%-; ZvQ%) ) .
Tr(p) = / Doexp | - / drLp(Q, Q)+

—0o0

_ / N drL(Q, @)) (2.6)

T Q0M)=(Q%,Q5:Q%,Q%:-Q4,Q%) )
Lg is the n-fold Euclidean Lagrangian defined by :
— 1 Y T _
]LE—2 Q Q+QVQ), V=V&ILxn (2.7)

The formal expression (2.6) of Tr(p") cannot be handled mathematically due to the cut on the
boundary condition at 7 = 0. Unlike the continuous case, when dealing with a theory of fields on
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flat space, one cannot try to recast the space into an n-fold manifold with canonical singularity
in order to make Tr(p’) take the form of a zero partition function. However, it is still possible to
rewrite (2.6) as a zero temperature partition function but with an alternative Lagrangian.

The idea is to move the cut from the boundary condition to the n-fold Lagrangian Lg. It can
be seen from (2.6) that all the values of the variables {Q%,Q%} in Q(07) do exist in Q(0") but
in a disorder way. The way of disorder depends on the chosen subsystem A : set of successive
oscillators, disjoint sectors of them and so on. The formula (2.6) of Tr(p") considers a special
choice of the subsystem A, however, the generalization to any subsystem is straightforward. So,
if one properly re-order the variables {Q%, Q%5 } when 7 > 0, it will be able to get a continuity on
the boundary condition at 7 = 0. It is then possible to write :

rr(5) = [ Doesn(- [ ary (@@ + @ Vi) (23)

Where
V(r) = 0(—1)V+0(1)V, (2.9)
vV, = P, VP (2.10)
0(r) = {é :ig (2.11)

6(7) is Heaviside step function, V, is the Nn x Nn permuted potential matrix and P, is an
Nn x Nn permutation matrix, its form depends on the choice of subsystem A. Its mission is to
redistribute the variables {Q’y, Q;} in the second sector of (2.6) when 7 > 0, in order to get the
same value for Q over the two sides of the cut, so that Q(07