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Abstract

This thesis investigates the existence of positive periodic solutions for a non-autonomous
Lotka–Volterra dynamic system with a general interaction rate on periodic time scales.
The time scales framework unifies the continuous case (T = R) and the discrete case
(T = Z).

The analysis uses cone theory in Banach spaces and a Krasnoselskii-type homotopy
fixed point theorem for compact operators. The system is transformed into an equivalent
integral system, and a suitable nonlinear integral operator is defined on a cone of periodic
functions. Under appropriate assumptions, we prove the existence of at least one positive
periodic solution. The proof avoids classical eigenvalue conditions by employing two
boundary conditions that prevent outward eigenvalues greater than one.

Two concrete applications illustrate the theoretical results. The first is an ecological
fish–shark predator–prey model with a Holling type II functional response. The second is a
cybersecurity model describing the interaction between polymorphic malware propagation
and cyber-defense mechanisms with periodic countermeasure updates. Both examples
satisfy the assumptions of the main theorem, guaranteeing positive periodic solutions.
Keywords: time scales; Lotka–Volterra dynamic systems; non-autonomous systems; pos-
itive periodic solutions; general interaction rate; Krasnoselskii-type homotopy fixed point
theorem; Banach spaces; cone; predator–prey; cybersecurity.
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Résumé

Cette thèse étudie l’existence de solutions périodiques positives pour un système dy-
namique de Lotka–Volterra non autonome avec un taux d’interaction général sur des
échelles de temps périodiques. Le cadre des échelles de temps unifie le cas continu (T = R)
et le cas discret (T = Z).

L’analyse utilise la théorie des cônes dans les espaces de Banach et un théorème de
point fixe de type Krasnoselskii avec homotopie pour opérateurs compacts. Le système
est transformé en un système intégral équivalent, et un opérateur intégral non linéaire
approprié est défini sur un cône de fonctions périodiques. Sous des hypothèses adaptées,
nous prouvons l’existence d’au moins une solution périodique positive. La preuve évite
les conditions classiques de valeurs propres en employant deux conditions aux limites qui
empêchent les valeurs propres sortantes supérieures à un.

Deux applications concrètes illustrent les résultats théoriques. La première est un
modèle écologique prédateur–proie (poisson–requin) avec une réponse fonctionnelle de
type Holling II. La seconde est un modèle de cybersécurité décrivant l’interaction entre
la propagation de logiciels malveillants polymorphes et les mécanismes de cyberdéfense
avec mises à jour périodiques. Les deux exemples satisfont les hypothèses du théorème
principal, garantissant des solutions périodiques positives.
Mots-clés : time scales; Lotka–Volterra dynamic systems; non-autonomous systems;
positive periodic solutions; general interaction rate; Krasnoselskii-type homotopy fixed
point theorem; Banach spaces; cone; predator–prey; cybersecurity.
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ڲڪٌۘ
ଫଃ༚) ሒᇆذا ଫଃ༚ Ⴄၽّިܳ-ڣިܳٺଫଃا َިع ݆݁ ௧ௌ݁٭؇਍ಱد ܳٷޙ؇م ݁ިۏٴ۰ ل۰ دور ༡ߺࠊل وۏިد ۰༡ޗݠو৙৑ا ۱ڍه ࣁࣖرس
ᄭᄟ؇੆اࠍ ل༡ިڎ اෑෂ݁ٷ٭۰ اܳފఈఃݿܭ إޗ؇ر ل۰. دور ز݁ٷ٭۰ ݿఈఃݿܭ আॻ༟ ༟؇م ّڰ؇༟ܭ ݁أڎل ؕ݁ (݆݁ෑෂا ؜݆ ݁ފٺگܭ
ً؇َ؇خ ڣݯ؇ءات ሒᇭ لޔ ا௰௯௫؇ر ل۰ َޙݠ আॻ༟ اܳٺ༲ܹ٭ܭ لأٺ݄ڎ .(T = Z) اৎ৊ٺگޚأ۰ ᄭᄟ؇੆واࠍ (T = R) اৎ৊ފٺ݄ݠة
ঌॻ݁Ⴄၽّ َޙ؇م ሌᇿإ اܳٷޙ؇م ොຬُިل اଫଐܳاݬ٭۰. గጻዧޝߜߵات اࡺ࢘ࢦ؇ٔܭ ؕ݁ ௧ௌاݿٷިݿ٭ܹފாண َިع ݆݁ ۰ਐಸ؇اܳټ اܳٷگޚ۰ و۱ଫଊ݁ٷ۰
݁ٷ؇ݿٴ۰، ڣݠوض ොູب ل۰. اᄴᄟور اᄴᄟوال ݆݁ ෛ੼ݠوط আॻ༟ ݁ٷ؇ݿص ۊޚ޶ ଫଃ༚ ঌॻ݁Ⴄၽّ ݁ޝߜߵ لأُݠفّ و ،ሐᇭႤၽ݁
ً؇ݿٺ༱ڎام ۰ਃಾاᄳᄟا ይዧگࡗࡲ اܳٺگܹ٭ڎل۰ ا๤དྷܳوط ౯౜దٷص ا۱ଫଊܳ؇ن ا৙৑ڢܭ. আॻ༟ وا༡ڎ ݁ިۏص دوري ༡ܭ وۏިد ཹྦྷٴب
ل۰. اܳٷޙݠ ༇຀؇اܳٷٺ لොෘި؇ن గఒ݁ިݿ؇ن ّޚٴ٭گ؇ن اܳިا༡ڎ. ݆݁ ଫଊ܋৙৑ا ۰༥ر؇੅اࠍ ۰ਃಾاᄳᄟا اܳگࡗࡲ ஓ୷ٷأ؇ن ඔ൹ڎل༡ ඔ൹ޗ๤ཇ
ި۱ ሒᇃ؇اܳټ .ሒᇃ؇اܳټ ۱ިܳ٭ٷؐ َިع ݆݁ وޖ٭ڰ٭۰ ۰ً؇༶اݿٺ ؕ݁ (۹ᆙᆊ-ڢݠش) ۰૭૏وڣݠ ৎ৊ڰଫଐس ม෶྘ྲྀ ஓ஁ިذج ި۱ ا৙৑ول
ሒᇃاଫଊاܳފ٭ اᄴᄟڣ؇ع وآܳ٭؇ت ا৙৑ނႤၽل ݁ٺأڎدة اࠍ੅ٴ྘ټ۰ ༇ံاଫଊܳا اཹྥލ؇ر ඔ൹ً اܳٺڰ؇༟ܭ لݱژ ሒᇃاଫଊاܳފ٭ ݆݁ఋዳዧ ஓ஁ިذج
݁ިۏٴ۰. ل۰ دور ༡ߺࠊل وۏިد لݯ݄݆ ؇ᆙᆘ ا྘ཬීෂފ٭۰، ل۰ اܳٷޙݠ ڣݠوض ොຬگگ؇ن ඔ൹ܳ؇ټৎ৊ا ఈ႙၍ ل۰. دور ොູڎ਒ಱ؇ت ؕ݁
ل۰ اᄴᄟور اࠍ੆ߺࠊل اᄳᄟا۰ਃಾ؛ ଫଃ༚ ا৙৑َޙ۰݄ ا਍ಱᄴᄟ؇݁٭ܝ٭۰؛ Ⴄၽّިܳ-ڣިܳٺଫଃا أَޙ۰݄ اෑෂ݁ٷ٭۰؛ اܳފఈఃݿܭ اिऻء׫ոؼמ١: اڤոஈ࿦࿮ت
ً؇َ؇خ؛ ڣݯ؇ءات اࡺ࢘ࢦ؇ٔܭ؛ ؕ݁ ௧ௌاݿٷިݿ٭ܹފாண َިع ݆݁ ۰ਐಸ؇اܳټ اܳٷگޚ۰ ۱ଫଊ݁ٷ۰ اܳأ؇م؛ اܳٺڰ؇༟ܭ ݁أڎل اৎ৊ިۏٴ۰؛

.ሒᇃاଫଊاܳފ٭ ݆݁৙৑ا اৎ৊ڰଫଐس-اܳڰݠ۰૭૏؛ ا௰௯௫ݠوط؛
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R Set of real numbers

C Set of complex numbers

N Set of natural numbers

Z Set of integers

T Time scale

σ(t) Forward jump operator
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K Cone in a Banach space

x



Introduction

Mathematical modelling is one of the most important scientific tools for understanding
natural and applied phenomena and predicting their behaviour. It allows real-world prob-
lems to be expressed in terms of mathematical equations, which can then be analysed in
order to understand the mechanisms governing the evolution of the considered system.

Among the most classical and influential models in this direction is the Lotka–Volterra
system. It was originally introduced in the context of predator–prey interactions and
later became a fundamental model in the study of interacting dynamical systems. In its
standard autonomous form, it is given by

dx

dt
= αx− βxy,

dy

dt
= −γy + δxy,

where α, β, γ, δ are positive constants. This model describes the evolution of two inter-
acting quantities x(t) and y(t), where the growth or decay of each component depends on
the other.

Although the Lotka–Volterra model was first introduced in ecology, its mathematical
structure can be interpreted more generally as a framework for describing the interac-
tion between two positive quantities. This broader point of view makes it suitable for
applications in several fields, such as epidemiology, economics, technological diffusion,
and cybersecurity. Therefore, in this thesis, the system is mainly studied in an abstract
mathematical form, while concrete interpretations are presented later as applications.

However, not all real phenomena evolve continuously with respect to time. Some
processes are continuous, others are discrete, and many may combine both features. For
example, some biological processes occur seasonally, some economic data are recorded
at fixed time intervals, and some technological or network processes may evolve through
successive updates or events. This shows the need for a mathematical framework that
can treat continuous and discrete dynamics in a unified way.

The theory of time scales, introduced by Stefan Hilger, provides such a framework.
A time scale T is an arbitrary nonempty closed subset of R. By choosing T = R, one
obtains the classical continuous case described by differential equations, while choosing
T = Z leads to discrete models described by difference equations. Other choices of T
make it possible to deal with hybrid dynamical systems. Thus, time scales theory allows

xi



Introduction xii

continuous, discrete, and hybrid models to be studied within the same mathematical
approach.

In this thesis, we study the following non-autonomous Lotka–Volterra dynamic system
with a general interaction rate on a periodic time scale:

x∆(t) = a(t)x(t)g(x(t))− f(t, x(t), y(t))x(t)y(t),

y∆(t) = −b(t)yσ(t) + c(t)f(t, x(t), y(t))x(t)y(t),

where x(t) and y(t) are positive interacting quantities, a(t), b(t), and c(t) are positive
periodic functions, g is a decreasing function describing self-regulation, and f is a general
interaction rate. Here, ∆ denotes the delta derivative on the time scale T, and σ is the
forward jump operator.

The main objective of this thesis is to prove the existence of positive periodic solu-
tions for this system. The positivity of the solutions is important because the unknown
functions represent quantities that must remain nonnegative in applications. Periodicity
is also natural in many situations where the system is affected by recurrent or seasonal
factors. The proof is based on tools from functional analysis and fixed point theory. More
precisely, the system is transformed into an equivalent integral system, and a suitable in-
tegral operator is constructed on a cone of periodic functions. The existence result is then
obtained by applying a Krasnoselskii-type homotopy fixed point theorem.

The interest of this approach is that the same theoretical result covers both the con-
tinuous and discrete cases. When T = R, the system reduces to a system of differential
equations. When T = Z, it becomes a system of difference equations. Hence, the time
scales framework avoids treating these two cases separately and gives a unified existence
result.

To illustrate the obtained result, two applications are considered in the last chap-
ter: an ecological predator–prey model involving fish and sharks with a Holling type II
functional response, and a cybersecurity model describing the interaction between poly-
morphic malware propagation and cyber-defense mechanisms.

This thesis is organized as follows. Chapter 1 presents the necessary preliminaries
on functional analysis, including cones and completely continuous operators, together
with the main notions of time scales calculus. Chapter 2 contains the main theoretical
result, namely the existence of positive periodic solutions for non-autonomous Lotka–
Volterra dynamic systems on periodic time scales, proved by means of a Krasnoselskii-
type homotopy fixed point theorem. Chapter 3 illustrates the applicability of the result
through the two models mentioned above, showing how the abstract framework can be
used in both ecological and technological contexts.



Chapter 1

Preliminaries

1.1 Elements of Functional Analysis
This section collects the fundamental concepts and results from functional analysis and

fixed point theory that are needed throughout this thesis. We begin with normed spaces
and Banach spaces, then introduce operators, cones, compactness, and the Arzelà–Ascoli
theorem. Finally, we state the Krasnoselskii fixed point theorem and the Krasnoselskii-
type homotopy fixed point theorem, which will be used later in the proof of the main
existence result.

1.1.1 Normed Spaces and Banach Spaces

Definition 1.1 (Normed space). [12] Let X be a vector space over R (or C). A norm on
X is a function ∥ · ∥ : X → [0,∞) satisfying:

1. ∥x∥ = 0 ⇐⇒ x = 0;

2. ∥αx∥ = |α| ∥x∥ for all α ∈ R and x ∈ X;

3. ∥x+ y∥ ≤ ∥x∥+ ∥y∥ for all x, y ∈ X.

The pair (X, ∥ · ∥) is called a normed space. Every normed space is a metric space with
d(x, y) = ∥x− y∥.

Definition 1.2 (Banach space). [6] A normed space X is called a Banach space if it is
complete with respect to the metric induced by the norm, i.e., every Cauchy sequence
converges to an element of X.

Example 1.1 (Spaces of continuous functions). [12] Let [a, b] ⊂ R be a closed interval.
The space C([a, b],R) of all continuous real‑valued functions on [a, b] equipped with the
supremum norm

∥f∥∞ = sup
t∈[a,b]

|f(t)|

1



Chapter 1. Preliminaries 2

is a Banach space. Convergence in this norm is uniform convergence.

Example 1.2 (ℓp spaces). [6] For 1 ≤ p < ∞, let ℓp = {(xn) :
∑∞

n=1 |xn|p < ∞} with
norm ∥(xn)∥p = (

∑
|xn|p)1/p. These are Banach spaces. ℓ∞ with the supremum norm is

also a Banach space.

1.1.2 Operators in Banach Spaces

In this subsection, we recall some basic notions concerning operators in Banach spaces.
Since the operator used later in the fixed point formulation is nonlinear, we focus on the
notions of nonlinear operator, boundedness, compactness and complete continuity.

Definition 1.3 (Operator). [12, 7] Let X and Y be normed spaces. A mapping

T : X → Y

is called an operator from X into Y .

Definition 1.4 (Linear operator). [12] Let X and Y be normed spaces. An operator
T : X → Y is called linear if, for all x, y ∈ X and all scalars α, β, we have

T (αx+ βy) = αTx+ βTy.

Definition 1.5 (Nonlinear operator). [7, 16] Let X and Y be normed spaces. An operator
T : X → Y is called nonlinear if it is not linear; equivalently, there exist x, y ∈ X and
scalars α, β such that

T (αx+ βy) ̸= αTx+ βTy.

Definition 1.6 (Continuous operator). [12, 7] Let X and Y be normed spaces and let
D ⊂ X. An operator T : D → Y is said to be continuous at x0 ∈ D if, for every sequence
(xn) ⊂ D such that xn → x0 in X, we have

Txn → Tx0 in Y.

The operator T is said to be continuous on D if it is continuous at every point of D.

Definition 1.7 (Bounded operator). [7, 16] Let X and Y be normed spaces and let
D ⊂ X. An operator T : D → Y is said to be bounded if it maps bounded subsets of D
into bounded subsets of Y . In other words, for every bounded set B ⊂ D, the set

T (B) = {Tx : x ∈ B}

is bounded in Y .
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Definition 1.8 (Compact operator). [7, 16] Let X and Y be normed spaces and let
D ⊂ X. An operator T : D → Y is called compact if it maps bounded subsets of D into
relatively compact subsets of Y . Equivalently, for every bounded sequence (xn) ⊂ D, the
sequence (Txn) has a convergent subsequence in Y .

Definition 1.9 (Completely continuous operator). [7, 16] Let X and Y be normed spaces
and let D ⊂ X. An operator T : D → Y is called completely continuous if it is continuous
and compact, that is, if it is continuous and maps bounded subsets of D into relatively
compact subsets of Y .

Definition 1.10 (Uniformly bounded set). [7] Let X be a compact normed space and Ω

be a subset of C(X). Ω is uniformly bounded if there exists M > 0 such that ∥u∥ < M

for all u ∈ Ω.

Definition 1.11 (Equicontinuous set). [7] Let X be a compact normed space and Ω be
a subset of C(X). Ω is equicontinuous if for any ε > 0 there exists δ > 0 such that
t1, t2 ∈ X and d(t1, t2) < δ imply

|u(t1)− u(t2)| < ε for all u ∈ Ω.

1.1.3 Cones in Banach Spaces

Cones allow us to impose order and to study positive solutions.

Definition 1.12 (Cone). [7] Let X be a real Banach space. A nonempty closed convex
set K ⊂ X is called a cone if:

1. αu+ βv ∈ K for all u, v ∈ K and all α, β ≥ 0;

2. u ∈ K and −u ∈ K imply u = 0.

Example 1.3 (Natural cone of nonnegative functions). [7] In X = C([a, b],R), the set
K = {f ∈ X : f(t) ≥ 0 ∀t} is a cone.

Example 1.4 (Cone with interior). [7] Let X = Rn with the Euclidean norm. The set
K = {x = (x1, . . . , xn) : xi ≥ 0, i = 1, . . . , n} is a cone (the positive orthant). It has
nonempty interior if n ≥ 1.

Remark. Cones are useful in the study of positive solutions because they provide an
ordered structure in Banach spaces. In this thesis, a suitable cone of positive periodic
functions will be used in Chapter 2 to obtain positive periodic solutions.
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1.1.4 Arzelà–Ascoli Theorem

The Arzelà–Ascoli theorem is a cornerstone for establishing compactness in function
spaces.

Theorem 1.1 (Arzelà–Ascoli). [15] Let X = C([a, b],R) be equipped with the supremum
norm. A subset F ⊂ X is relatively compact if and only if it is:

1. Uniformly bounded: ∃M > 0 such that |f(t)| ≤ M for all f ∈ F and all t ∈ [a, b];

2. Equicontinuous: ∀ε > 0 ∃δ > 0 such that ∀f ∈ F , ∀t, s ∈ [a, b] with |t− s| < δ we
have |f(t)− f(s)| < ε.

Definition 1.13 (Lipschitz continuity). [15] Let (X, dX) and (Y, dY ) be two metric spaces.
A function f : X → Y is said to be Lipschitz continuous if there exists a constant L > 0

such that
dY (f(x), f(y)) ≤ LdX(x, y), for all x, y ∈ X.

The constant L is called a Lipschitz constant of f .

Example 1.5. The family F = {fn(x) = sin(nx) : n ∈ N} on [0, 2π] is uniformly bounded
but not equicontinuous. Hence it is not relatively compact in C([0, 2π]).

1.1.5 Fixed Point Theory in Cone

Krasnoselskii’s Cone Expansion/Compression Theorem

Theorem 1.2 (Krasnoselskii). [7]
Let X be a Banach space and K ⊂ X a cone. Let Ω1,Ω2 be open bounded subsets of X

such that 0 ∈ Ω1 and Ω1 ⊂ Ω2. Suppose T : K ∩ (Ω2 \ Ω1) → K is completely continuous
and satisfies either:

1. (Expansion) ∥Tu∥ ≤ ∥u∥ for u ∈ K ∩ ∂Ω1 and ∥Tu∥ ≥ ∥u∥ for u ∈ K ∩ ∂Ω2; or

2. (Compression) ∥Tu∥ ≥ ∥u∥ for u ∈ K ∩ ∂Ω1 and ∥Tu∥ ≤ ∥u∥ for u ∈ K ∩ ∂Ω2.

Then T has a fixed point in K ∩ (Ω2 \ Ω1).

Example 1.6. Let X = R, K = [0,∞). Define Tu = 1
2
u + 10. Choose Ω1 = (0, 10),

Ω2 = (0, 30). For u = 10 (boundary of Ω1), Tu = 15 ≥ 10. For u = 30, Tu = 25 ≤ 30.
Hence the compression condition holds, and there is a fixed point in [10, 30] (indeed
u = 20).
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Krasnoselskii Type Homotopy Fixed Point Theorem

We now recall a more flexible version, which is often used to avoid eigenvalue problems
on the boundary.

Definition 1.14 (Homotopy). [7] A homotopy is a continuous deformation between two
continuous functions. Formally, a homotopy between f, g : X → Y is a continuous map
H : X × [0, 1] → Y such that H(x, 0) = f(x) and H(x, 1) = g(x).

Theorem 1.3 (Krasnoselskii type homotopy). [13] Let (X, ∥.∥) be a Banach space, K ⊂
X a cone, 0 < r < R and T : KR → K a continuous and compact operator, where
KR = {u ∈ K : ∥u∥ ≤ R}. Assume that
(C1) T (u) ̸= λu, for every u ∈ K, ∥u∥ = r and all λ > 1,
(C2) there exists v ∈ K \ {0} such that u− T (u) ̸= λv, for every u ∈ K, ∥u∥ = R and all
λ > 1.
Then, T has a fixed point u in K with r ≤ ∥u∥ ≤ R.

Remark. Condition (C1) prevents the operator from having an outward eigenvalue greater
than 1 on the inner boundary, while (C2) prevents the shift x− T (x) from being parallel
to a fixed direction on the outer boundary. This is particularly useful for systems like
predator–prey models.

1.2 Time Scales Calculus
Time scales theory was introduced by Hilger [10] as a unified approach to continuous and
discrete calculus. The fundamental concepts and tools used in this section are mainly
based on the book of Bohner and Peterson [3], which provides a systematic introduction
to dynamic equations on time scales and their applications.

This section presents the basic concepts of time scales theory that will be used in
the study of dynamic equations. We begin by introducing the notion of a time scale,
together with the forward and backward jump operators and the graininess function.
Then, we recall the main tools of calculus on time scales, including the delta derivative,
the delta integral, regressive functions, and the exponential function. Finally, we introduce
dynamic equations and periodic functions on time scales, which are essential for the study
of positive periodic solutions in Chapter 2.

1.2.1 General Definition

Definition 1.15 (Time Scale). [3] A time scale is an arbitrary nonempty closed subset
of the real numbers.
The real numbers, the integers, the natural numbers, and the nonnegative integers are
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examples of time scales, as are [0, 1] ∪ [2, 3] , [0, 1] ∪ N and the Cantor set, while Q, R \
Q, C, (0, 1) are not time scales.

Definition 1.16 (Forward and Backward Jump Operator ). [3] For T be a time scale.
For t ∈ T we define the forward jump operator σ : T → T by

σ(t) := inf{s ∈ T : s > t},

while the backward jump operator ρ : T → T is defined by

ρ(t) := sup{s ∈ T : s < t}.

In this definition we put inf∅ = supT (i.e., σ(t) = t if T has a maximum t) and sup∅ =

infT (i.e., ρ(t) = t if T has a minimum t), where ∅ denotes the empty set. If σ(t) > t,
we say that t is right-scattered, while if ρ(t) < t, we say that t is left-scattered. Points
that are right-scattered and left-scattered at the same time are called isolated. Also, if
t < supT and σ(t) = t, then t is called right-dense, and if t > infT and ρ(t) = t,
then t is called left-dense. Points that are right-dense and left-dense at the same time are
called dense. Finally, the graininess function µ : T → [0,∞) is defined by

µ(t) := σ(t)− t.

Finally, if f :→ R is a function, then we define the function fσ : T → R by

fσ(t) = f(σ(t)) for all t ∈ T,

i.e., fσ = f ◦ σ.

Table 1.1: Classification of Points

t right-scattered t < σ(t)

t right-dense t = σ(t)

t left-scattered ρ(t) < t

t left-dense ρ(t) = t

t isolated ρ(t) < t < σ(t)

t dense ρ(t) = t = σ(t)
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Figure 1.1: Classifications of Points

t1
t1 is left-dense and right-dense

t2
t2 is left-dense and right-scattered

t3
t3 is left-scattered and right-dense

t4
t4 is left-scattered and right-scattered

(t1 is dense and t4 is isolated)

Figure 1.2: Some Time Scales

R

Z

hZ

P

Table 1.2: Examples of Time Scales

T µ(t) σ(t) ρ(t)

R 0 t t

Z 1 t+ 1 t− 1

hZ h t+ h t− h

qN (q − 1)t qt
t

q

2N t 2t
t

2

N2
0 2

√
t+ 1 (

√
t+ 1)2 (

√
t− 1)2

1.2.2 Differentiation

Now we consider a function f : T → R and define the so-called delta (or Hilger) derivative
of f at a point t ∈ Tκ.
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Definition 1.17 (The Delta (or Hilger) Derivative). [3] Assume f : T → R is a function
and let t ∈ Tκ. Then we define f∆(t) to be the number (provided it exists) with the
property that given any ε > 0, there is a neighborhood U of t (i.e., U = (t− δ, t+ δ) ∩ T
for some δ > 0) such that

∣∣[f(σ(t))− f(s)]− f∆(t)[σ(t)− s]
∣∣ ≤ ε|σ(t)− s| for all s ∈ U.

We call f∆(t) the delta (or Hilger) derivative of f at t.
Moreover, we say that f is delta (or Hilger) differentiable on Tκ provided f∆(t) exists for
all t ∈ Tκ. The function f∆ : Tκ → R is then called the delta derivative of f on Tκ.

Theorem 1.4. [3] Assume f : T → R is a function and let t ∈ Tκ. Then we have the
following:

(i) If f is differentiable at t, then f is continuous at t.

(ii) If f is continuous at t and t is right-scattered, then f is differentiable at t with

f∆(t) =
f(σ(t))− f(t)

µ(t)
.

(iii) If t is right-dense, then f is differentiable at t if and only if the limit

lim
s→t

f(t)− f(s)

t− s

exists as a finite number. In this case,

f∆(t) = lim
s→t

f(t)− f(s)

t− s
.

(iv) If f is differentiable at t, then

f(σ(t)) = f(t) + µ(t)f∆(t).

Example 1.7. Again we consider the two cases T = R and T = Z.

(i) If T = R, f : R → R is delta differentiable at t ∈ R if and only if

lim
s→t

f(t)− f(s)

t− s
,

if and only if f is differentiable (in the ordinary sense) at t. In this case we then
have

f∆(t) = lim
s→t

f(t)− f(s)

t− s
= f ′(t),
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(ii) If T = Z, f : Z → R is delta differentiable at t ∈ Z with

f∆(t) =
f(σ(t))− f(t)

µ(t)
=

f(t+ 1)− f(t)

1
= f(t+ 1)− f(t) = ∆f(t),

where ∆ is the usual forward difference operator defined by

∆f(t) := f(t+ 1)− f(t).

Theorem 1.5. [3] Assume f, g : T → R are differentiable at t ∈ Tκ. Then:

(i) The sum f + g : T → R is differentiable at t with

(f + g)∆(t) = f∆(t) + g∆(t).

(ii) For any constant α, the function αf : T → R is differentiable at t with

(αf)∆(t) = αf∆(t).

(iii) The product fg : T → R is differentiable at t with

(fg)∆(t) = f∆(t)g(t) + f(σ(t))g∆(t) = f(t)g∆(t) + f∆(t)g(σ(t)).

(iv) If f(t)f(σ(t)) ̸= 0, then 1

f
is differentiable at t with

(
1

f

)∆

(t) = − f∆(t)

f(t)f(σ(t))
.

(v) If g(t)g(σ(t)) ̸= 0, then f

g
is differentiable at t and

(
f

g

)∆

(t) =
f∆(t)g(t)− f(t)g∆(t)

g(t)g(σ(t))
.

Example 1.8. The delta derivative of t2 is given by

(t2)∆ = t+ σ(t).

The delta derivative of 1

t
is given by

(
1

t

)∆

= − 1

t σ(t)
.
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1.2.3 Integration

In order to describe classes of functions that are “integrable”, we introduce the following
two concepts.

Definition 1.18 (Regulated ). [3] A function f : T → R is called regulated provided its
right-sided limits exist (finite) at all right-dense points in T and its left-sided limits exist
(finite) at all left-dense points in T.

Definition 1.19 (Rd-Continuous). [3] A function f : T → R is called rd-continuous
provided it is continuous at right-dense points in T and its left-sided limits exist (finite)
at left-dense points in T. The set of rd-continuous functions f : T → R will be denoted
by

Crd = Crd(T) = Crd(T,R).

The set of functions f : T → R that are differentiable and whose derivative is rd-
continuous is denoted by

C1
rd = C1

rd(T) = C1
rd(T,R).

Theorem 1.6. [3] Assume f : T → R.

(i) If f is continuous, then f is rd-continuous.

(ii) If f is rd-continuous, then f is regulated.

(iii) The jump operator σ is rd-continuous.

(iv) If f is regulated or rd-continuous, then so is fσ.

(v) Assume f is continuous. If g : T → R is regulated or rd-continuous, then f ◦ g has
that property too.

Definition 1.20 (Pre-Differentiable). [3] A continuous function f : T → R is called pre-
differentiable with (region of differentiation) D, provided D ⊂ Tκ, Tκ \D is countable
and contains no right-scattered elements of T, and f is differentiable at each t ∈ D.

Theorem 1.7. Every regulated function on a compact interval is bounded.

Theorem 1.8 (Mean Value Theorem). [3] Let f and g be real-valued functions defined
on T, both pre-differentiable with D. Then

|f∆(t)| ≤ g∆(t) for all t ∈ D,

implies
|f(s)− f(r)| ≤ g(s)− g(r) for all r, s ∈ T, r ≤ s.
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Proposition 1.1 (Uniform Boundedness of Delta Derivatives Implies Equicontinuity).
Let T be a time scale and let [a, b]T be a compact interval. Let F ⊂ C1

rd([a, b]T,R).
Assume that there exists a constant M > 0 such that

|u∆(t)| ≤ M, for all u ∈ F and for all t ∈ [a, b]κT.

Then F is equicontinuous on [a, b]T.

Proof. The proof follows from the mean value inequality on time scales; see [3]. Let u ∈ F
and let s, t ∈ [a, b]T. Without loss of generality, assume that s < t. By the mean value
inequality on time scales, we have

|u(t)− u(s)| ≤

(
sup

τ∈[s,t]κT
|u∆(τ)|

)
|t− s|.

Since |u∆(τ)| ≤ M for all u ∈ F , it follows that

|u(t)− u(s)| ≤ M |t− s|.

Let ε > 0. Choose
δ =

ε

M
.

Then, whenever |t− s| < δ, we get

|u(t)− u(s)| ≤ M |t− s| < Mδ = ε.

The number δ depends only on ε and M , and not on the particular function u ∈ F . Hence
F is equicontinuous on [a, b]T.

Remark. Equicontinuity is not defined by the boundedness of the derivatives. However, a
uniform bound on the delta derivatives is a sufficient condition for equicontinuity, because
it gives a uniform Lipschitz estimate.

Theorem 1.9 (Existence of Pre-Antiderivatives). [3] Let f be regulated. Then there exists
a function F which is pre-differentiable with region of differentiation D such that

F∆(t) = f(t) for all t ∈ D.

Definition 1.21 (Pre-Antiderivative). Assume f : T → R is a regulated function. Any
function F is called a pre-antiderivative of f . We define the indefinite integral of a
regulated function f by ∫

f(t)∆t = F (t) + C,
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where C is an arbitrary constant and F is a pre-antiderivative of f . We define the Cauchy
integral by ∫ s

r

f(t)∆t = F (s)− F (r) for all r, s ∈ T.

A function F : T → R is called an antiderivative of f : T → R provided

F∆(t) = f(t) for all t ∈ Tκ.

Theorem 1.10 (Existence of Antiderivatives). [3] Every rd-continuous function has an
antiderivative. In particular, if t0 ∈ T, then

F (t) :=

∫ t

t0

f(τ)∆τ for t ∈ T,

is an antiderivative of f .

Theorem 1.11. [3]
If a, b, c ∈ T, α ∈ R, and f, g ∈ Crd, then

(i)
∫ b

a

[f(t) + g(t)]∆t =

∫ b

a

f(t)∆t+

∫ b

a

g(t)∆t;

(ii)
∫ b

a

(αf)(t)∆t = α

∫ b

a

f(t)∆t;

(iii)
∫ b

a

f(t)∆t = −
∫ a

b

f(t)∆t;

(iv)
∫ b

a

f(t)∆t =

∫ c

a

f(t)∆t+

∫ b

c

f(t)∆t;

(v)
∫ b

a

f(t)g∆(t)∆t = (fg)(b)− (fg)(a)−
∫ b

a

f∆(t)g(t)∆t;

(vi)
∫ b

a

fσ(t)g∆(t)∆t = (fg)(b)− (fg)(a)−
∫ b

a

f∆(t)g(σ(t))∆t;

(vii)
∫ a

a

f(t)∆t = 0;

(viii) if |f(t)| ≤ g(t) on [a, b), then
∫ b

a

f(t)∆t ≤
∫ b

a

g(t)∆t;

(ix) if f(t) ≥ 0 for all a ≤ t < b, then
∫ b

a

f(t)∆t ≥ 0.

Theorem 1.12. [3] Let a, b ∈ T and f ∈ Crd.
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(i) If T = R, then ∫ b

a

f(t)∆t =

∫ b

a

f(t) dt,

where the integral on the right is the usual Riemann integral from calculus.

(ii) If [a, b] consists of only isolated points, then

∫ b

a

f(t)∆t =



∑
t∈[a,b)

µ(t)f(t), if a < b,

0, if a = b,

−
∑
t∈[b,a)

µ(t)f(t), if a > b.

(iii) If T = hZ = {hk : k ∈ Z}, where h > 0, then

∫ b

a

f(t)∆t =



b/h−1∑
k=a/h

f(kh)h, if a < b,

0, if a = b,

−
a/h−1∑
k=b/h

f(kh)h, if a > b.

(iv) If T = Z, then

∫ b

a

f(t)∆t =



b−1∑
t=a

f(t), if a < b,

0, if a = b,

−
a−1∑
t=b

f(t), if a > b.

Definition 1.22. [3] If a ∈ T, supT = ∞, and f is rd-continuous on [a,∞), then we
define the improper integral by∫ ∞

a

f(t)∆t := lim
b→∞

∫ b

a

f(t)∆t,

provided this limit exists, and we say that the improper integral converges in this case. If
this limit does not exist, then we say that the improper integral diverges.

Theorem 1.13 (Leibniz Integral Rule on Time Scales). [8] we mean the delta derivative of
F (t, s) with respect to t. If F , F∆ is continuous, and v, h : T → T are delta differentiable
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functions, ∀t ∈ Tκ:[∫ h(t)

v(t)

F (t, s)∆s

]∆
=

∫ h(t)

v(t)

F∆t(t, s)∆s+ h∆t(t)F (σ(t), h(t))− v∆t(t)F (σ(t), v(t)).

1.2.4 The Regressive Group

Definition 1.23. [3] We say that a function p : T → R is regressive provided

1 + µ(t)p(t) ̸= 0 for all t ∈ T∗,

holds. The set of all regressive and rd-continuous functions f : T → R will be denoted by

R = R(T) = R(T,R).

We define the set R+ of all positively regressive elements of R by

R+ = R+(T,R) = {p ∈ R : 1 + µ(t) p(t) > 0 for all t ∈ T} .

Definition 1.24. [3] If p, q ∈ R, then we define the function p⊕ q by

(p⊕ q)(t) = p(t) + q(t) + µ(t)p(t)q(t) for all t ∈ Tκ,

and the function ⊖p defined by

(⊖p)(t) = − p(t)

1 + µ(t)p(t)
for all t ∈ Tκ.

Lemma 1.1. [3] The functions p⊕ q and ⊖p are also elements of R.

Definition 1.25. [3] We define the “circle minus” subtraction ⊖ on R by

(p⊖ q)(t) = (p⊕ (⊖q))(t) for all t ∈ Tκ.

Lemma 1.2. [3] Suppose p, q ∈ R. Show directly from the definition that

1. p⊖ p = 0,

2. ⊖(⊖p) = p,

3. p⊖ p ∈ R,

4. p⊖ q =
p− q

1 + µ(t)p(t)
,

5. ⊖(p⊕ q) = q ⊖ p,
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6. ⊖(p⊕ q) = (⊖p)⊕ (⊖q).

Lemma 1.3. [3]

1. (R,⊕) is an Abelian group. This group is called the regressive group.

2. (R+,⊕) is a subgroup of the regressive group.

1.2.5 The Exponential Function

Definition 1.26. [3] For h > 0 we define the Hilger complex numbers, the Hilger real
axis, the Hilger alternating axis, and the Hilger imaginary circle as

Ch :=

{
z ∈ C : z ̸= −1

h

}
,

Rh :=

{
z ∈ Ch : z ∈ R and z > −1

h

}
,

Ah :=

{
z ∈ Ch : z ∈ R and z < −1

h

}
,

Ih :=

{
z ∈ Ch :

∣∣∣∣z + 1

h

∣∣∣∣ = 1

h

}
.

respectively. For h = 0, let C0 := C, R0 := R, I0 := iR, A0 := ∅.

Definition 1.27. [3] If p ∈ R, then we define the exponential function by

ep(t, s) = exp
(∫ t

s

ξµ(τ)(p(τ))∆τ

)
,

for s, t ∈ T, where the cylinder transformation ξh(z)

Lemma 1.4. [3] If p ∈ R, then the semigroup property

ep(t, r) ep(r, s) = ep(t, s) for all r, s, t ∈ T,

is satisfied.

Theorem 1.14. [3] If p, q ∈ R, then

(i) e0(t, s) ≡ 1 and ep(t, t) ≡ 1;

(ii) ep(σ(t), s) = (1 + µ(t)p(t))ep(t, s);

(iii) 1

ep(t, s)
= e⊖p(t, s);
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(iv) ep(t, s) =
1

ep(s, t)
= e⊖p(s, t);

(v) ep(t, s)ep(s, r) = ep(t, r);

(vi) ep(t, s)eq(t, s) = ep⊕q(t, s);

(vii) ep(t, s)

eq(t, s)
= ep⊖q(t, s);

(viii)
(

1

ep(·, s)

)∆

= − p(t)

eσp (·, s)
.

Theorem 1.15. [3] If p, q ∈ R, then

e∆p⊖q(·, t0) = (p− q)
ep(·, t0)
eσq (·, t0)

.

Theorem 1.16. [3] If p ∈ R and a, b, c ∈ T, then

[
ep(c, ·)

]∆
= −p

[
ep(c, ·)

]σ
,

and ∫ b

a

p(t)ep(c, σ(t))∆t = ep(c, a)− ep(c, b).

Proof. We use many of the properties from Theorem 1.14 to find

p(t)ep(c, σ(t)) = p(t)e⊖p(σ(t), c)

= p(t)
[
1 + µ(t)(⊖p)(t)

]
e⊖p(t, c)

= p(t)

[
1− µ(t)p(t)

1 + µ(t)p(t)

]
e⊖p(t, c)

= p(t)
1

1 + µ(t)p(t)
e⊖p(t, c)

= −(⊖p)(t)e⊖p(t, c)

= −e∆⊖p(t, c)

= −[ep(c, t)]
∆.

Lemma 1.5. [3] If p ∈ R+, then

0 < ep(t, s) ≤ exp
(∫ t

s

p(r)∆r

)
for all t ∈ [s,∞).
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Corollary 1.1. [3] If p ∈ R+ and p(t) < 0 for all t ∈ T, then for all s ∈ T with s ≤ t we
have

0 < ep(t, s) ≤ exp
(∫ t

s

p(r)∆r

)
< 1 for all t ∈ [s,∞).

1.2.6 Dynamic Equation

Definition 1.28. [3] Suppose f : T× R2 → R. Then the equation

y∆ = f(t, y, yσ), (1.1)

is called a first order dynamic equation, sometimes also a differential equation. If

f(t, y, yσ) = f1(t)y + f2(t) or f(t, y, yσ) = f1(t)y
σ + f2(t),

for functions f1 and f2, then (1.1) is called a linear equation. A function y : T → R is
called a solution of (1.1) if

y∆(t) = f
(
t, y(t), y(σ(t))

)
is satisfied for all t ∈ Tκ

The general solution of (1.1) is defined to be the set of all solutions of (1.1). Given t0 ∈ T
and y0 ∈ R, the problem

y∆ = f(t, y, yσ), y(t0) = y0,

is called an initial value problem (abbreviated by IVP), and a solution y of (1.1) with
y(t0) = y0 is called a solution of this IVP.

Definition 1.29. [3] If p ∈ R, then the first order linear dynamic equation

y∆ = p(t)y, (1.2)

is called regressive.

Theorem 1.17. [3] Suppose (1.2) is regressive and fix t0 ∈ T. Then ep(·, t0) is a solution
of the initial value problem

y∆ = p(t)y, y(t0) = 1, (1.3)

on T.

1.2.7 Periodic Functions on Time Scales

Definition 1.30. [11] We say that a time scale T is periodic if there exists T > 0 such
that if t ∈ T then t ± T ∈ T. For T ̸= R, the smallest positive T is called the period of
the time scale.
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Example 1.9. The following time scales are periodic:

1. T =
⋃∞

i=−∞[ 2(i− 1)h, 2ih ], h > 0, with period T = 2h.

2. T = hZ, with period T = h.

3. T = R.

Remark. All periodic time scales are unbounded above and below.

Definition 1.31. [11] [14] Let T ̸= R be a periodic time scale with period P . A function
f : T → R is said to be periodic if there exists a natural number n such that T = nP and
f(t + T ) = f(t) for all t ∈ T, where T is the smallest number satisfying this property.
If T = R, we say that f is periodic with period T > 0 if T is the smallest positive number
such that f(t+ T ) = f(t) for all t ∈ T.

Remark. If T is a periodic time scale with period T , then σ(t+ nT ) = σ(t) + nT . Conse-
quently, the graininess function µ satisfies µ(t+ nT ) = σ(t+ nT )− (t+ nT ) = σ(t)− t =

µ(t), and hence µ is a periodic function with period T .



Chapter 2

Existence of Positive Periodic
Solutions

The mathematical framework of this chapter follows the work of Bordj and Ardjouni
[4] on positive periodic solutions of non-autonomous Lotka–Volterra dynamic systems
with a general attack rate on time scales. Their study extends the continuous results of
Lois-Prados and Precup [13] to the setting of time scales, where both the continuous case
T = R and the discrete case T = Z can be treated in a unified way.

This chapter is devoted to transforming system (2.1) into an equivalent integral system
and proving the existence of positive periodic solutions.

2.1 System Description and Problem Formulation
Following this framework, we consider the following non-autonomous Lotka–Volterra dy-
namic system with a general interaction rate on a periodic time scale T with 0 ∈ T:x∆(t) = a(t)x(t)g(x(t))− f(t, x(t), y(t))x(t)y(t),

y∆(t) = −b(t)yσ(t) + c(t)f(t, x(t), y(t))x(t)y(t),
(2.1)

where x(t), y(t) represent two interacting positive quantities, a, b, c are positive T -periodic
functions, g is decreasing, and f is a general interaction rate.
Let T be an P -periodic time scale such that 0 ∈ T. Let T > 0, T ∈ T be fixed and if
T = R, T = nP for some n ∈ N.

Throughout this chapter, we assume that a, b, c ∈ Crd(T, (0,∞)) are T -periodic func-
tions, f ∈ Crd(T × R+ × R+,R+) is such that f(·, x, y) is T -periodic for every (x, y) ∈
R+ × R+, and g ∈ C(R+,R) is decreasing with g(0) ≤ 1.

We consider the list of useful notations

a = min
t∈[0,T ]

a(t), b = min
t∈[0,T ]

b(t), c = min
t∈[0,T ]

c(t),

19
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a = max
t∈[0,T ]

a(t), b = max
t∈[0,T ]

b(t), c = max
t∈[0,T ]

c(t).

A = min
(t,s)∈[0,T ]×[t,t+T ]

e⊖a(σ(s), t)

1− ea(T, 0)
, B = min

(t,s)∈[0,T ]×[t,t+T ]

eb(s, t)

eb(T, 0)− 1
,

A = max
(t,s)∈[0,T ]×[t,t+T ]

ea(σ(s), t)

1− e⊖a(T, 0)
, B = max

(t,s)∈[0,T ]×[t,t+T ]

eb(s, t)

eb(T, 0)− 1
.

q1 =
A

A
, q2 =

B

B
, M = max{Bc,A}, m = min{Bc,A}. (2.2)

We introduce the following conditions on f :
(H1) There exists η ∈ Crd(T× R+ × R+,R+) such that

• η(·, x, y) is T -periodic for every (x, y) ∈ R+ × R+,

• η(t, ·, y) and η(t, x, ·) are increasing functions for every (t, y), (t, x) ∈ T× R+,

• f(t, x, y) ≤ η(t, x, y) for every (t, x, y) ∈ T× R+ × R+.

(H2) There exists ϕ ∈ Crd(T× R+,R+) such that

• ϕ(·, z) is T -periodic for every z ∈ R+,

• ϕ(t, ·) is decreasing for every t ∈ T,

• f(t, x, y) ≥ ϕ(t, x+ y) for every (t, x, y) ∈ T× R+ × R+.

Proposition 2.1. Define the following space,

PT = {(x, y) ∈ Crd × Crd : (x, y)(t+ T ) = (x, y)(t)},

where both x and y are real valued rd-continuous functions on T. Then PT endowed with
the norm

∥(x, y)∥ = ∥x∥∞ + ∥y∥∞,

is a Banach space where

∥x∥∞ = sup
t∈T

|x(t)| = sup
t∈[0,T ]

|x(t)|.

Proof. We prove that PT is a Banach space. Let

PT = {(x, y) ∈ Crd(T,R)× Crd(T,R) : (x, y)(t+ T ) = (x, y)(t), t ∈ T},

endowed with the norm
∥(x, y)∥ = ∥x∥∞ + ∥y∥∞,
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where
∥x∥∞ = sup

t∈T
|x(t)| = sup

t∈[0,T ]T

|x(t)|.

Since the functions are T -periodic, each function is completely determined by its
restriction to the compact interval [0, T ]T. Hence the supremum over T is finite and is
equal to the supremum over [0, T ]T.

Let {(xn, yn)}n∈N be a Cauchy sequence in PT . Then

∥(xn, yn)− (xm, ym)∥ = ∥xn − xm∥∞ + ∥yn − ym∥∞ → 0,

as n,m → ∞. Therefore {xn} and {yn} are Cauchy sequences in Crd([0, T ]T,R) endowed
with the supremum norm.

Since Crd([0, T ]T,R) is a Banach space, there exist x, y ∈ Crd([0, T ]T,R) such that

∥xn − x∥∞ → 0, ∥yn − y∥∞ → 0.

We extend x and y periodically to all of T. It remains to show that the limit is T -periodic.
For every t ∈ T, since xn is T -periodic, we have

xn(t+ T ) = xn(t).

Passing to the limit as n → ∞, using the uniform convergence, we obtain

x(t+ T ) = x(t).

Similarly,
y(t+ T ) = y(t).

Thus (x, y) ∈ PT . Moreover,

∥(xn, yn)− (x, y)∥ = ∥xn − x∥∞ + ∥yn − y∥∞ → 0.

Hence every Cauchy sequence in PT converges to an element of PT . Therefore PT is a
Banach space.

Proposition 2.2. Define the following,

K = {(x, y) ∈ PT : x(t) ≥ q1∥x∥∞, y(t) ≥ q2∥y∥∞ for every t ∈ T}.

Thus, K is a cone in PT .
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Proof. we prove that K is a cone in PT . Let

K = {(x, y) ∈ PT : x(t) ≥ q1∥x∥∞, y(t) ≥ q2∥y∥∞, for every t ∈ T},

where q1, q2 > 0.
First, K is nonempty because (0, 0) ∈ K.

Let (x1, y1), (x2, y2) ∈ K and let α, β ≥ 0. We show that

α(x1, y1) + β(x2, y2) ∈ K.

For every t ∈ T, we have

x1(t) ≥ q1∥x1∥∞, x2(t) ≥ q1∥x2∥∞.

Hence
αx1(t) + βx2(t) ≥ q1

(
α∥x1∥∞ + β∥x2∥∞

)
.

On the other hand, by the triangle inequality,

∥αx1 + βx2∥∞ ≤ α∥x1∥∞ + β∥x2∥∞.

Therefore,
αx1(t) + βx2(t) ≥ q1∥αx1 + βx2∥∞.

Similarly,
αy1(t) + βy2(t) ≥ q2∥αy1 + βy2∥∞.

Thus
α(x1, y1) + β(x2, y2) ∈ K.

So K is closed under nonnegative linear combinations.
Next, we show that K ∩ (−K) = {(0, 0)}. Suppose that

(x, y) ∈ K and − (x, y) ∈ K.

Since (x, y) ∈ K, we have

x(t) ≥ q1∥x∥∞, y(t) ≥ q2∥y∥∞.

Since −(x, y) ∈ K, we also have

−x(t) ≥ q1∥x∥∞, −y(t) ≥ q2∥y∥∞.
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Thus
x(t) ≥ q1∥x∥∞ and x(t) ≤ −q1∥x∥∞.

This is possible only if ∥x∥∞ = 0. Hence x = 0. In the same way, ∥y∥∞ = 0, and therefore
y = 0. Consequently,

K ∩ (−K) = {(0, 0)}.

Finally, we prove that K is closed. Let {(xn, yn)} ⊂ K and assume that

(xn, yn) → (x, y) in PT .

Then
∥xn − x∥∞ → 0, ∥yn − y∥∞ → 0.

Also, by the reverse triangle inequality,

∣∣∥xn∥∞ − ∥x∥∞
∣∣ ≤ ∥xn − x∥∞ → 0,

and similarly, ∣∣∥yn∥∞ − ∥y∥∞
∣∣ ≤ ∥yn − y∥∞ → 0.

Since (xn, yn) ∈ K, for every t ∈ T,

xn(t) ≥ q1∥xn∥∞, yn(t) ≥ q2∥yn∥∞.

Passing to the limit as n → ∞, we get

x(t) ≥ q1∥x∥∞, y(t) ≥ q2∥y∥∞.

Thus (x, y) ∈ K. Therefore K is closed. Consequently, K is a nonempty closed convex
subset of PT , stable under nonnegative scalar multiplication, and satisfies

K ∩ (−K) = {(0, 0)}.

Hence, based on Definition 1.12 K is a cone in PT .

2.2 Construction of the Integral Operator
Lemma 2.1. If (x, y) ∈ PT , then (x, y) is a solution of the system (2.1) if and only if

x(t) =

∫ t+T

t

e⊖a(σ(s), t)

1− e⊖a(T, 0)
[a(s)x(s)(1− g(x(s))) + f(s, x(s), y(s))x(s)y(s)]∆s, (2.3)



Chapter 2. Existence of Positive Periodic Solutions 24

and

y(t) =

∫ t+T

t

eb(s, t)

eb(T, 0)− 1
c(s)f(s, x(s), y(s))x(s)y(s)∆s. (2.4)

Proof. Let (x, y) ∈ PT be a solution of (2.1).
We put the first equation in (2.1) as

x∆(t) = a(t)x(t)g(x(t))− f(t, x(t), y(t))x(t)y(t)

Subtracting a(t)x(t) from both sides of the equation, we obtain:

x∆(t)− a(t)x(t) = a(t)x(t)g(x(t))− f(t, x(t), y(t))x(t)y(t)− a(t)x(t)

x∆(t)− a(t)x(t) = a(t)x(t)[g(x(t))− 1]− f(t, x(t), y(t))x(t)y(t)

x∆(t)− a(t)x(t) = − [a(t)x(t)(1− g(x(t))) + f(t, x(t), y(t))x(t)y(t)]

Multiplying both sides with e⊖a(σ(t), 0), we obtain

e⊖a(σ(t), 0)[x
∆(t)−a(t)x(t)] = −e⊖a(σ(t), 0)[a(t)x(t)(1−g(x(t)))+f(t, x(t), y(t))x(t)y(t)].

(2.5)
Using the product rule in Theorem 1.5, we obtain:

[x(t)e⊖a(t, 0)]
∆ = x(t)[e⊖a(t, 0)]

∆ + x∆(t)e⊖a(σ(t), 0) (2.6)

By the properties of the exponential function on time scales in Theorem 1.14, we have:

[e⊖a(t, 0)]
∆ = [

1

ea(t, 0)
]∆ =

−a(t)

ea(σ(t), 0)
= −a(t)e⊖a(σ(t), 0) (2.7)

Substituting (2.7) into equation(2.8), we have:

[x(t)e⊖a(t, 0)]
∆ = −x(t)a(t)e⊖a(σ(t), 0) + x∆(t)e⊖a(σ(t), 0)

[x(t)e⊖a(t, 0)]
∆ = e⊖a(σ(t), 0)[x

∆(t)− a(t)x(t)] (2.8)

Substituting (2.8)into equation(2.6), we have:

[x(t)e⊖a(t, 0)]
∆ = −e⊖a(σ(t), 0)[a(t)x(t)(1− g(x(t))) + f(t, x(t), y(t))x(t)y(t)]. (2.9)

Integrating both sides from t to t + T, we obtain:∫ t+T

t

[x(s)e⊖a(s, 0)]
∆∆s = −

∫ t+T

t

e⊖a(σ(s), 0)[a(s)x(s)(1−g(x(s)))+f(s, x(s), y(s))x(s)y(s)]∆s
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[x(s)e⊖a(s, 0)]
t+T
t = −

∫ t+T

t

e⊖a(σ(s), 0)[a(s)x(s)(1−g(x(s)))+f(s, x(s), y(s))x(s)y(s)]∆s

x(t+ T )e⊖a(t+ T, 0)− x(t)e⊖a(t, 0)

= −
∫ t+T

t

e⊖a(σ(s), 0)[a(s)x(s)(1− g(x(s))) + f(s, x(s), y(s))x(s)y(s)]∆s

Since x(t) periodic x(t+ T ) = x(t) So,

x(t)[e⊖a(t+ T, 0)− e⊖a(t, 0)]

= −
∫ t+T

t

e⊖a(σ(s), 0)[a(s)x(s)(1− g(x(s))) + f(s, x(s), y(s))x(s)y(s)]∆s

x(t)[e⊖a(t, 0)e⊖a(t+ T, t)− e⊖a(t, 0)]

= −
∫ t+T

t

e⊖a(σ(s), 0)[a(s)x(s)(1− g(x(s))) + f(s, x(s), y(s))x(s)y(s)]∆s

x(t)e⊖a(t, 0)[e⊖a(t+ T, t)− 1]

= −
∫ t+T

t

e⊖a(σ(s), 0)[a(s)x(s)(1− g(x(s))) + f(s, x(s), y(s))x(s)y(s)]∆s

Dividing both sides of the above equation with e⊖a(t, 0) and then using Theorem 1.14, we
show

x(t)[e⊖a(t+T, t)−1] = −
∫ t+T

t

e⊖a(σ(s), 0)

e⊖a(t, 0)
[a(s)x(s)(1−g(x(s)))+f(s, x(s), y(s))x(s)y(s)]∆s

x(t)[e⊖a(t+T, t)−1] = −
∫ t+T

t

e⊖a(σ(s), 0)e⊖a(0, t)[a(s)x(s)(1−g(x(s)))+f(s, x(s), y(s))x(s)y(s)]∆s

x(t)[e⊖a(t+T, t)−1] = −
∫ t+T

t

e⊖a(σ(s), t)[a(s)x(s)(1−g(x(s)))+f(s, x(s), y(s))x(s)y(s)]∆s

Thus,

x(t) = −
∫ t+T

t

e⊖a(σ(s), t)

e⊖a(t+ T, t)− 1
[a(s)x(s)(1− g(x(s))) + f(s, x(s), y(s))x(s)y(s)]∆s

Since T is the period,we have: e⊖a(t+ T, t) = e⊖a(T, 0)

x(t) =

∫ t+T

t

e⊖a(σ(s), t)

1− e⊖a(T, 0)
[a(s)x(s)(1− g(x(s))) + f(s, x(s), y(s))x(s)y(s)]∆s
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Similarly, we put the second equation in (2.1) as

y∆(t) = −b(t)yσ(t) + c(t)f(t, x(t), y(t))x(t)y(t).

y∆(t) + b(t)y(σ(t)) = c(t)f(t, x(t), y(t))x(t)y(t).

Multiplying both sides of the above equation with eb(t, 0) we obtain

eb(t, 0)[y
∆(t) + b(t)y(σ(t))] = eb(t, 0)[c(t)f(t, x(t), y(t))x(t)y(t)]. (2.10)

Then using Theorem 1.5, we show:

[y(t)eb(t, 0)]
∆ = y∆(t)eb(t, 0) + y(σ(t))[eb(t, 0)]

∆

= y∆(t)eb(t, 0) + y(σ(t))b(t)eb(t, 0)

= eb(t, 0)[y
∆(t) + b(t)y(σ(t))] (2.11)

Substituting (2.11)into equation(2.10), we have:

[y(t)eb(t, 0)]
∆ = eb(t, 0)[c(t)f(t, x(t), y(t))x(t)y(t)].

Integrating both sides from t to t + T, we obtain:∫ t+T

t

[y(s)eb(s, 0)]
∆∆s =

∫ t+T

t

eb(s, 0)[c(s)f(s, x(s), y(s))x(s)y(s)]∆s.

[y(s)eb(s, 0)]
t+T
t =

∫ t+T

t

eb(s, 0)[c(s)f(s, x(s), y(s))x(s)y(s)]∆s.

y(t+ T )eb(t+ T, 0)− y(t)eb(t, 0) =

∫ t+T

t

eb(s, 0)[c(s)f(s, x(s), y(s))x(s)y(s)]∆s.

Since y(t) periodic y(t+ T ) = y(t) So,

y(t)eb(t+ T, 0)− y(t)eb(t, 0) =

∫ t+T

t

eb(s, 0)[c(s)f(s, x(s), y(s))x(s)y(s)]∆s.

y(t)eb(t, 0)eb(t+ T, t)− y(t)eb(t, 0) =

∫ t+T

t

eb(s, 0)[c(s)f(s, x(s), y(s))x(s)y(s)]∆s.

y(t)eb(t, 0)[eb(t+ T, t)− 1] =

∫ t+T

t

eb(s, 0)[c(s)f(s, x(s), y(s))x(s)y(s)]∆s.

Dividing both sides of the above equation with eb(t, 0) and then using Theorem 1.14, we
show

y(t)[eb(t+ T, t)− 1] =

∫ t+T

t

eb(s, 0)

eb(t, 0)
[c(s)f(s, x(s), y(s))x(s)y(s)]∆s.
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y(t)[eb(t+ T, t)− 1] =

∫ t+T

t

eb(s, 0)eb(0, t)[c(s)f(s, x(s), y(s))x(s)y(s)]∆s.

y(t)[eb(t+ T, t)− 1] =

∫ t+T

t

eb(s, t)[c(s)f(s, x(s), y(s))x(s)y(s)]∆s.

Thus,

y(t) =

∫ t+T

t

eb(s, t)

eb(t+ T, t)− 1
[c(s)f(s, x(s), y(s))x(s)y(s)]∆s.

Since T is the period,we have: eb(t+ T, t) = eb(T, 0)

y(t) =

∫ t+T

t

eb(s, t)

eb(T, 0)− 1
[c(s)f(s, x(s), y(s))x(s)y(s)]∆s.

Since each step is reversible, the converse follows easily. This completes the proof. ■
Define the mapping

E(x, y)(t) =
(
E1(x, y)(t), E2(x, y)(t)

)
,

where

E1(x, y)(t) =

∫ t+T

t

e⊖a(σ(s), t)

1− e⊖a(T, 0)

[
a(s)x(s)

(
1− g(x(s))

)
+ f
(
s, x(s), y(s)

)
x(s)y(s)

]
∆s,

and
E2(x, y)(t) =

∫ t+T

t

eb(s, t)

eb(T, 0)− 1
c(s)f

(
s, x(s), y(s)

)
x(s)y(s)∆s.

Remark. In all proofs, the denominator cannot vanish because, for all p ∈ R, ep(t, s) ̸= 1,
except when e0(t, s) ≡ 1 and ep(t, t) ≡ 1 (Theorem 1.14).

Lemma 2.2. Let KR = {u ∈ K : ∥u∥ ≤ R} with R > 0. Suppose that (H1) and (H2)

hold. Then E : KR → K is a continuous and compact operator.

Proof. Step 1: We prove that E(x, y) ∈ PT

For any (x, y) ∈ KR, we obtain

E1(x, y)(t+T ) =

∫ t+2T

t+T

e⊖a(σ(s), t+ T )

1− e⊖a(T, 0)

[
a(s)x(s)(1−g(x(s)))+f(s, x(s), y(s))x(s)y(s)

]
∆s.

We change the variable by setting u = s− t ⇒ s = u+ t and ∆s = ∆u
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So, When s changes from t+ T to t+ 2T u changes from t to t+ T We obtain,

=

∫ t+T

t

e⊖a(σ(u+ T ), t+ T )

1− e⊖a(T, 0)

[
a(u+ T )x(u+ T )(1− g(x(u+ T )))

+ f(u+ T, x(u+ T ), y(u+ T ))x(u+ T )y(u+ T )
]
∆u.

Since x, y, a, f , and g are T -periodic and e⊖a(σ(u + T ), t + T ) = e⊖a(σ(u) + T, t + T ) =

e⊖a(σ(u), t) , we have

=

∫ t+T

t

e⊖a(σ(u), t)

1− e⊖a(T, 0)

[
a(u)x(u)(1−g(x(u)))+f(u, x(u), y(u))x(u)y(u)

]
∆u = E1(x, y)(t).

Similarly, we get for any (x, y) ∈ KR, we obtain

E2(x, y)(t+ T ) =

∫ t+2T

t+T

eb(s, t+ T )

eb(T, 0)− 1
c(s)f

(
s, x(s), y(s)

)
x(s)y(s)∆s.

E2(x, y)(t+T ) =

∫ t+T

t

eb(u+ T, t+ T )

eb(T, 0)− 1
c(u+T )f

(
u+T, x(u+T ), y(u+T )

)
x(u+T )y(u+T )∆u.

Since x, y, c, b, f, g are T -periodic and eb(u+ T, t+ T ) = eb(u, t), we have

E2(x, y)(t+ T ) =

∫ t+T

t

eb(u, t)

eb(T, 0)− 1
c(u)f

(
u, x(u), y(u)

)
x(u)y(u)∆u = E2(x, y)(t).

Thus, E(x, y)(t+ T ) = E(x, y)(t).

Step 2: We prove that E(KR) ⊂ K

We have for (x, y) ∈ KR

∥E1(x, y)∥∞ = sup
t∈T

∣∣∣∣∫ t+T

t

e⊖a(σ(s), t)

1− e⊖a(T, 0)
[a(s)x(s)(1− g(x(s))) + f(s, x(s), y(s))x(s)y(s)]∆s

∣∣∣∣ ,
∥E1(x, y)∥∞ ≤

∫ t+T

t

sup
t∈T

∣∣∣∣ e⊖a(σ(s), t)

1− e⊖a(T, 0)

∣∣∣∣ [a(s)x(s)(1− g(x(s))) + f(s, x(s), y(s))x(s)y(s)]∆s,

∥E1(x, y)∥∞ ≤ A

∫ t+T

t

[a(s)x(s)(1− g(x(s))) + f(s, x(s), y(s))x(s)y(s)]∆s,

Since all functions involved are T -periodic, the integral over [t, t+T ]T can be written over
[0, T ]T

∥E1(x, y)∥∞ ≤ A

∫ T

0

[a(s)x(s)(1− g(x(s))) + f(s, x(s), y(s))x(s)y(s)]∆s, (2.12)

Then,
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E1(x, y)(t) =

∫ t+T

t

e⊖a(σ(s), t)

1− e⊖a(T, 0)

[
a(s)x(s)

(
1− g(x(s))

)
+ f
(
s, x(s), y(s)

)
x(s)y(s)

]
∆s,

E1(x, y)(t) ≥ A

∫ t+T

t

[a(s)x(s)(1− g(x(s))) + f(s, x(s), y(s))x(s)y(s)]∆s.

Since all functions involved are T -periodic, the integral over [t, t+T ]T can be written over
[0, T ]T

E1(x, y)(t) ≥ A

∫ T

0

[a(s)x(s)(1− g(x(s))) + f(s, x(s), y(s))x(s)y(s)]∆s.

We multiply and divide the right-hand side of the inequality A we obtain

E1(x, y)(t) ≥
A

A
A

∫ T

0

[a(s)x(s)(1− g(x(s))) + f(s, x(s), y(s))x(s)y(s)]∆s.

Since (2.12) we have:

E1(x, y)(t) ≥
A

A
∥E1(x, y)∥∞ = q1∥E1(x, y)∥∞.

Similarly, we get for (x, y) ∈ KR

∥E2(x, y)∥∞ = sup
t∈T

∣∣∣∣∫ t+T

t

eb(s, t)

eb(T, 0)− 1
c(s)f(s, x(s), y(s))x(s)y(s)∆s

∣∣∣∣ ,
∥E2(x, y)∥∞ ≤

∫ t+T

t

sup
t∈T

∣∣∣∣ eb(s, t)

eb(T, 0)− 1

∣∣∣∣ c(s)f(s, x(s), y(s))x(s)y(s)∆s,

∥E2(x, y)∥∞ ≤ B

∫ t+T

t

c(s)f(s, x(s), y(s))x(s)y(s)∆s,

Since the functions are T-periodic

∥E2(x, y)∥∞ ≤ B

∫ T

0

c(s)f(s, x(s), y(s))x(s)y(s)∆s, (2.13)

then,

E2(x, y)(t) =

∫ t+T

t

eb(s, t)

eb(T, 0)− 1
c(s)f

(
s, x(s), y(s)

)
x(s)y(s)∆s,

E2(x, y)(t) ≥ B

∫ t+T

t

c(s)f(s, x(s), y(s))x(s)y(s)∆s.

Since the functions are T-periodic
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E2(x, y)(t) ≥ B

∫ T

0

c(s)f(s, x(s), y(s))x(s)y(s)∆s.

We multiply and divide the right-hand side of the inequality B we obtain

E2(x, y)(t) ≥
B

B
B

∫ T

0

c(s)f(s, x(s), y(s))x(s)y(s)∆s.

Since (2.13) we have:

E2(x, y)(t) ≥
B

B
∥E2(x, y)∥∞ = q2∥E2(x, y)∥∞

Hence, E(KR) ⊂ K. The continuity of f and g implies the continuity of the operator
E on KR. Now, we need to show that the operator E is compact by applying Arzelà–
Ascoli theorem. So we will show that E(KR) is uniformly bounded and equicontinuous
subset.
Step 3: Now we prove that E is uniformly bounded

For (x, y) ∈ KR, it follows that

|E1(x, y)(t)| =
∣∣∣∣∫ t+T

t

e⊖a(σ(s), t)

1− e⊖a(T, 0)

[
a(s)x(s)

(
1− g(x(s))

)
+ f
(
s, x(s), y(s)

)
x(s)y(s)

]
∆s

∣∣∣∣ ,

|E1(x, y)(t)| ≤
∫ t+T

t

∣∣∣∣ e⊖a(σ(s), t)

1− e⊖a(T, 0)
[a(s)x(s)(1− g(x(s))) + f(s, x(s), y(s))x(s)y(s)]

∣∣∣∣∆s

≤ AaR(1− g(R))

∫ t+T

t

∆s+ AR2

∫ t+T

t

η(s,R,R)∆s

≤ AaR(1− g(R))

∫ t+T

t

∆s+ AR2η(s,R,R)

∫ t+T

t

∆s

since:
η = max

(t,x,y)∈T×R+×R+

η(s,R,R)

|E1(x, y)(t)| ≤ AaR(1− g(R))T + AR2ηT = R1.

Similarly, we get for (x, y) ∈ KR

|E2(x, y)(t)| =
∣∣∣∣∫ t+T

t

eb(s, t)

eb(T, 0)− 1
c(s)f

(
s, x(s), y(s)

)
x(s)y(s)∆s.

∣∣∣∣ ,
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|E2(x, y)(t)| ≤
∫ t+T

t

∣∣∣∣ eb(s, t)

eb(T, 0)− 1
c(s)f

(
s, x(s), y(s)

)
x(s)y(s)

∣∣∣∣∆s

≤ BcR2ηT = R2.

such that,
∥E(x, y)∥∞ = ∥E1(x, y)∥∞ + ∥E2(x, y)∥∞ ≤ R1 +R2

therefore,based on Definition 1.10 E is uniformly bounded.

Step 4: We prove that E(KR) is equicontinuous
By Theorem 1.8 and Proposition 1.1 We use the derivative to prove it,

E(x, y)∆(t) = E1(x, y)
∆(t) + E2(x, y)

∆(t)

We use Leibniz integral rule on time scales to compute the derivative for E1(x, y)(t)

Theorem 1.13

E1(x, y)(t) =

∫ t+T

t

e⊖a(σ(s), t)

1− e⊖a(T, 0)

[
a(s) x(s)

(
1− g(x(s))

)
+ f(s, x(s), y(s)) x(s) y(s)

]
∆s.

Let us set,

E1(x, y)(t) =

∫ h(t)

v(t)

F (s, t)∆s,

therefore v(t) = t, h(t) = t+ T, v∆(t) = 1, h∆(t) = 1

F (s, t) =
e⊖a(σ(s), t)

1− e⊖a(T, 0)

[
a(s) x(s)

(
1− g(x(s))

)
+ f(s, x(s), y(s)) x(s) y(s)

]
,

E1(x, y)
∆(t) = h∆(t)F (h(t), σ(t))− v∆(t)F (v(t), σ(t)) +

∫ t+T

t

∆F

∆t
(s, t)∆s

E1(x, y)
∆(t) = F (h(t), σ(t))− F (v(t), σ(t)) +

∫ t+T

t

∆F

∆t
(s, t)∆s

F (h(t), σ(t)) =
e⊖a(σ(t+ T ), σ(t))

1− e⊖a(T, 0)

[
a(t+ T ) x(t+ T )

(
1− g(x(t+ T ))

)
+f(t+ T, x(t+ T ), y(t+ T )) x(t+ T ) y(t+ T )

]
,

since periodic and e⊖a(σ(t+ T ), σ(t)) = e⊖a(σ(t) + T, σ(t)) = e⊖a(T, 0)

F (h(t), σ(t)) =
e⊖a(T, 0)

1− e⊖a(T, 0)

[
a(t) x(t)

(
1− g(x(t))

)
+ f(t, x(t), y(t)) x(t) y(t)

]



Chapter 2. Existence of Positive Periodic Solutions 32

F (v(t), σ(t)) =
e⊖a(σ(t), σ(t))

1− e⊖a(T, 0)

[
a(t) x(t)

(
1− g(x(t))

)
+ f(t, x(t), y(t)) x(t) y(t)

]
,

since e⊖a(σ(t), σ(t)) = 1

F (v(t), σ(t)) =
1

1− e⊖a(T, 0)

[
a(t) x(t)

(
1− g(x(t))

)
+ f(t, x(t), y(t)) x(t) y(t)

]
∫ t+T

t

∆F

∆t
(s, t)∆s =

∫ t+T

t

1

1− e⊖a(T, 0)

[
a(s) x(s)

(
1−g(x(s))

)
+f(s, x(s), y(s)) x(s) y(s)

]
[e⊖a(σ(s), σ(t))]

∆(t)∆s = a(t)

∫ t+T

t

e⊖a(σ(s), t)

1− e⊖a(T, 0)

[
a(s)x(s)

(
1−g(x(s))

)
+f
(
s, x(s), y(s)

)
x(s)y(s)

]
∆s

= a(t)E1(x, y)(t).

We obtain,

E1(x, y)
∆(t) =

e⊖a(T, 0)

1− e⊖a(T, 0)

[
a(t) x(t)

(
1− g(x(t))

)
+ f(t, x(t), y(t)) x(t) y(t)

]
− 1

1− e⊖a(T, 0)

[
a(t) x(t)

(
1− g(x(t))

)
+ f(t, x(t), y(t)) x(t) y(t)

]
+ a(t)E1(x, y)(t)

E1(x, y)
∆(t) = −

[
a(t) x(t)

(
1− g(x(t))

)
+ f(t, x(t), y(t)) x(t) y(t)

]
+ a(t)E1(x, y)(t).

We use Leibniz integral rule on time scales to compute the derivative for E2(x, y)(t)

Theorem 1.13

E2(x, y)(t) =

∫ t+T

t

eb(s, t)

eb(T, 0)− 1
c(s)f

(
s, x(s), y(s)

)
x(s)y(s)∆s.

Let us set,

E2(x, y)(t) =

∫ h(t)

v(t)

F (s, t)∆s ,

therefore, v(t) = t, h(t) = t+ T, v∆(t) = 1, h∆(t) = 1,

F (s, t) =
eb(s, t)

eb(T, 0)− 1
c(s)f

(
s, x(s), y(s)

)
x(s)y(s),

E2(x, y)
∆(t) = h∆(t)F (h(t), σ(t))− v∆(t)F (v(t), σ(t)) +

∫ t+T

t

∆F

∆t
(s, t)∆s.

Therefore

E2(x, y)
∆(t) = F (h(t), σ(t))− F (v(t), σ(t)) +

∫ t+T

t

∆F

∆t
(s, t)∆s.
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F (h(t), σ(t)) =
eb(t+ T, σ(t))

eb(T, 0)− 1
c(t+ T )f

(
t+ T, x(t+ T ), y(t+ T )

)
x(t+ T )y(t+ T ),

since periodic and eb(t+ T, σ(t)) = eb(T, 0)

F (h(t), σ(t)) =
eb(T, 0)

eb(T, 0)− 1
c(t)f

(
t, x(t), y(t)

)
x(t)y(t)

F (v(t), σ(t)) =
eb(t, σ(t))

eb(T, 0)− 1
c(t)f

(
t, x(t), y(t)

)
x(t)y(t),

since eb(t, σ(t)) = 1

F (v(t), σ(t)) =
1

eb(T, 0)− 1
c(t)f

(
t, x(t), y(t)

)
x(t)y(t)

∫ t+T

t

∆F

∆t
(s, t) =

∫ t+T

t

1

eb(T, 0)− 1
c(s)f

(
s, x(s), y(s)

)
x(s)y(s)[eb(s, t)]

∆(t)∆s

= −b(t)

∫ t+T

t

eb(s, σ(t))

eb(T, 0)− 1
c(s)f

(
s, x(s), y(s)

)
x(s)y(s)∆s

= −b(t)Eσ
2 (x, y)(t).

We obtain,

E2(x, y)
∆(t) =

eb(T, 0)

eb(T, 0)− 1
c(t)f

(
t, x(t), y(t)

)
x(t)y(t)− 1

eb(T, 0)− 1
c(t)f

(
t, x(t), y(t)

)
x(t)y(t)

−b(t)Eσ
2 (x, y)(t)

E2(x, y)
∆(t) = c(t)f

(
t, x(t), y(t)

)
x(t)y(t)− b(t)Eσ

2 (x, y)(t)

Finally, we obtain,

E1(x, y)
∆(t) = −

[
a(t) x(t)

(
1− g(x(t))

)
+ f(t, x(t), y(t)) x(t) y(t)

]
+ a(t)E1(x, y)(t)∣∣E1(x, y)

∆(t)
∣∣ = ∣∣−[a(t)x(t)(1− g(x(t))

)
+ f
(
t, x(t), y(t)

)
x(t)y(t)

]
+ a(t)E1(x, y)(t)

∣∣
≤ aR(1− g(R)) + R2η + aR1 = D1

E2(x, y)
∆(t) = c(t)f

(
t, x(t), y(t)

)
x(t)y(t)− b(t)E2(x, y)

σ(t)∣∣E2(x, y)
∆(t)

∣∣ = ∣∣c(t)f(t, x(t), y(t))x(t)y(t)− b(t)E2(x, y)
σ(t)

∣∣
≤ cR2η + bR2 = D2,

therefore ∣∣E(x, y)∆(t)
∣∣ ≤ D1 +D2 = D.

Then based on Proposition 1.1 E(KR) is equicontinuous. Hence, by the Arzelà–Ascoli
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theorem, E(KR) is relatively compact. So, E is a compact operator. Therefore,

E : KR → K

is continuous and compact operator. ■

2.3 Main Existence Results Via Krasnoselskii’s type
Homotopy Fixed Point Theorem

Theorem 2.1. Assume that (H1) and (H2) hold. Let r, R ∈ R, 0 < r < R. If

Aa
(
1− g(r)

)
T ≤ 1, (2.14)

Aa
(
1− g(r)

)
T +Mr

∫ T

0

η(s, r, r)∆s ≤ 2, (2.15)

and
mq1q2R

∫ T

0

ϕ(s,R)∆s ≥ 2, (2.16)

where m and M are given by (2.2), then the system (2.1) has a T -periodic solution
(x, y) ∈ K such that

r ≤ ∥(x, y)∥ ≤ R.

Proof. We start by proving condition (C1) of Theorem 1.3, which in our case is as follows

(
E1(x, y), E2(x, y)

)
̸= λ(x, y) for every (x, y) ∈ K, ∥(x, y)∥ = r and all λ > 1. (2.17)

To this aim we consider three cases.

a) Assume x = 0 and y ̸= 0, then E1(x, y) = E2(x, y) = 0, so (2.17) trivially holds.

b) If x ̸= 0 and y = 0, then E2(x, y) = 0 and (2.17) becomes

E1(x, 0) ̸= λx for all (x, 0) ∈ K, ∥x∥∞ = r and all λ > 1. (2.18)

To show this, assume the contrary, namely there exists (x, 0) ∈ K, ∥x∥∞ = r and λ > 1

such that
E1(x, 0)(t) = λx(t) for every t ∈ [0, T ].

Let t0 ∈ [0, T ] be such that ∥x∥∞ = x(t0) = r > 0. Then, by using the property that −g

is increasing, we get

r = x(t0) < λx(t0) =

∫ t0+T

t0

e⊖a(σ(s), t0)

1− e⊖a(T, 0)
a(s)x(s)

(
1− g(x(s))

)
∆s ≤ Aar

(
1− g(r)

)
T.
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Dividing by r yields Aa
(
1−g(r)

)
T > 1, which contradicts condition (2.14). So, condition

(2.18) holds.

c) For x ̸= 0 and y ̸= 0, if (2.17) does not hold, then there exists a pair (x, y) ∈ K,
∥(x, y)∥ = r and λ > 1, with

E1(x, y)(t) = λx(t) and E2(x, y)(t) = λy(t) for every t ∈ [0, T ].

Let t0 ∈ [0, T ] be such that ∥x∥∞ = x(t0). Then, by using condition (H1), we obtain

∥x∥∞ = x(t0) < λx(t0) = E1(x, y)(t0)

=

∫ t0+T

t0

e⊖a(σ(s), t0)

1− e⊖a(T, 0)

[
a(s)x(s)

(
1− g(x(s))

)
+ f(s, x(s), y(s))x(s)y(s)

]
∆s

≤ Aa
(
1− g(∥x∥∞)

)
∥x∥∞T + A∥x∥∞∥y∥∞

∫ T

0

η(s, ∥x∥∞, ∥y∥∞)∆s.

Dividing by ∥x∥∞ and using the fact that ∥x∥∞, ∥y∥∞ ≤ ∥(x, y)∥ = r, we get

1 < Aa
(
1− g(r)

)
T + A∥y∥∞

∫ T

0

η(s, r, r)∆s. (2.19)

Similarly, from E2(x, y)(t) = λy(t), we have

∥y∥∞ = y(t0) < λy(t0) = E2(x, y)(t0)

=

∫ t0+T

t0

eb(s, t0)

eb(T, 0)− 1
c(s)f(s, x(s), y(s))x(s)y(s)∆s

≤ Bc ∥x∥∞∥y∥∞
∫ T

0

η(s, r, r)∆s,

then
1 < Bc ∥x∥∞

∫ T

0

η(s, r, r)∆s. (2.20)

By adding (2.19) and (2.20) and by using ∥x∥∞ + ∥y∥∞ = ∥(x, y)∥ = R, we get

2 < Aa
(
1− g(r)

)
T + ∥y∥∞A

∫ T

0

η(s, r, r)∆s+Bc∥x∥∞
∫ T

0

η(s, r, r)∆s

≤ Aa
(
1− g(r)

)
T +M

(
∥x∥∞ + ∥y∥∞

) ∫ T

0

η(s, r, r)∆s.

Thus
Aa
(
1− g(r)

)
T +Mr

∫ T

0

η(s, r, r)∆s > 2,

which contradicts assumption (2.15). Therefore, (2.17) holds.
Now we prove condition (C2) of Theorem 1.3, which in our case is as follows
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(x, y)−
(
E1(x, y), E2(x, y)

)
̸= λ(x0, y0) for (x, y) ∈ K, ∥(x, y)∥ = R and all λ > 0.

(2.21)
To this aim, we distinguish three cases.

a) If x = 0 and y ≠ 0, then E1(x, y) = E2(x, y) ≡ 0, so (2.21) trivially holds.

b) If x ̸= 0 and y = 0, then E2(x, y) = 0 and (2.21) is satisfied since 0 < λy0.

c) For x ̸= 0 and y ̸= 0, if (2.21) does not hold, then there exists a pair (x, y) ∈ K with
∥(x, y)∥ = R such that

x(t) > E1(x, y)(t), y(t) > E2(x, y)(t) for every t ∈ [0, T ],

where we use that λ, x0, y0 > 0. On the one hand, by using condition (H2), we obtain

∥x∥∞ ≥ x(t) > E1(x, y)(t)

=

∫ t+T

t

e⊖a(σ(s), t)

1− e⊖a(T, 0)

[
a(s)x(s)

(
1− g(x(s))

)
+ f(s, x(s), y(s))x(s)y(s)

]
∆s

≥
∫ t+T

t

e⊖a(σ(s), t)

1− e⊖a(T, 0)
f(s, x(s), y(s))x(s)y(s)∆s

≥ Aq1∥x∥∞ q2∥y∥∞
∫ T

0

ϕ(t, x(s) + y(s))∆s

≥ Aq1q2∥x∥∞∥y∥∞
∫ T

0

ϕ(t, ∥(x, y)∥)∆s.

Dividing by ∥x∥∞ yields

1 > Aq1q2∥y∥∞
∫ T

0

ϕ(t, R)∆s. (2.22)

On the other hand, in a similar way, we get

∥y∥∞ ≥ y(t) > E2(x, y)(t)

=

∫ t+T

t

eb(s, t)

eb(T, 0)− 1
c(s)f(s, x(s), y(s))x(s)y(s)∆s

≥ Bc q1∥x∥∞ q2∥y∥∞
∫ T

0

ϕ(t, ∥(x, y)∥)∆s

≥ Bc q1q2∥x∥∞∥y∥∞
∫ T

0

ϕ(t, R)∆s.

Dividing by ∥y∥∞ yields

1 > Bc q1q2∥x∥∞
∫ T

0

ϕ(t, R)∆s. (2.23)
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By adding (2.23) and (2.22) and by using ∥x∥∞ + ∥y∥∞ = ∥(x, y)∥ = R, we get

2 > mq1q2R

∫ T

0

ϕ(t, R)∆s,

which contradicts assumption (2.16).
Therefore all the conditions of Theorem 1.7 are satisfied. Hence the operator E has a

fixed point (x, y) ∈ K with
r ≤ ∥(x, y)∥ ≤ R.

This fixed point (x, y) is a T -periodic solution of (2.1).



Chapter 3

Applications in Population
Dynamics and Cybersecurity

In this chapter, we illustrate the generality and applicability of the non-autonomous
Lotka–Volterra dynamic system on periodic time scales studied in this thesis. While
Chapter 2 established the existence of positive periodic solutions in an abstract frame-
work, the objective here is to demonstrate how these results can be interpreted in concrete
models.

We present two applications from different fields: a classical ecological predator–prey
model involving fish and sharks, and a modern cybersecurity model describing the inter-
action between polymorphic malware propagation and malware detection mechanisms.

3.1 Lotka–Volterra as a General Framework
The Lotka–Volterra system can be viewed as a general mathematical structure describing
interactions between positive quantities. In this thesis, we consider the non-autonomous
Lotka–Volterra dynamic system with a general interaction rate on periodic time scales,
following the framework of Bordj and Ardjouni [4]. The system studied in Chapter 2 is
recalled as follows:x∆(t) = a(t)x(t)g(x(t))− f(t, x(t), y(t))x(t)y(t),

y∆(t) = −b(t)yσ(t) + c(t)f(t, x(t), y(t))x(t)y(t),
(3.1)

where a(t), b(t), c(t) are positive periodic functions, g is decreasing, and f is a general
interaction rate.

This formulation unifies continuous, discrete, and hybrid models. Indeed, when T = R,
system (3.1) reduces to a differential system; when T = Z, it becomes a difference sys-
tem; and for a general periodic time scale, it describes hybrid dynamics. Thus, the
theoretical results obtained in Chapter 2 can be applied to a wide variety of real-world
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systems. Moreover, the Lotka–Volterra framework is not restricted to classical ecological
predator–prey interactions. Its generality is supported by recent theoretical work of Frez-
zato [9], who showed that a wide class of autonomous dynamical systems can be embedded
into a Lotka–Volterra-like quadratic form. This supports the idea that Lotka–Volterra-
type structures can serve as a broad mathematical framework for modelling interacting
dynamical systems. In the following sections, we illustrate this flexibility through two
applications. The first one is a classical ecological predator–prey model involving fish
and sharks, which corresponds to the original biological motivation of the Lotka–Volterra
model. The second one is a modern cybersecurity application inspired by the work of
Chaikovskyi et al. [5], where the Lotka–Volterra model is used to describe the interaction
between polymorphic malware propagation and malware detection mechanisms.

3.2 Application in Population Dynamics

3.2.1 Model Description

The ecological predator–prey interpretation is the classical motivation of the Lotka–
Volterra model. In this application, we consider the interaction between a prey population
and a predator population. More precisely, let:

• x(t): prey population (fish),

• y(t): predator population (sharks),

• f(t): intrinsic growth rate of the prey population,

• g(t):predation rate coefficient,

• a(t):natural death rate of the predator population,

• b(t):conversion rate of consumed prey into predator growth,

• c(t): intra-specific competition coefficient of the predator population.

We consider logistic growth for the prey:

g(x) = 1− x

N
,

where N > 0 is the carrying capacity. The coefficients a(t), b(t), c(t) are positive periodic
functions reflecting seasonal variations (e.g., temperature, food availability).
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3.2.2 Mathematical Formulation

System (3.1) becomes:
x∆(t) = a(t)x(t)

(
1− x(t)

N

)
− f(t, x(t), y(t))x(t)y(t),

y∆(t) = −b(t)yσ(t) + c(t)f(t, x(t), y(t))x(t)y(t).

(3.2)

A common choice for the attack rate is the saturated Holling type II form:

f(t, x, y) =
β(t)

1 + α(t)x
,

where α(t) and β(t) are positive T -periodic functions.
We choose a saturated response rather than a linear response because a linear inter-

action rate assumes that the predator can consume prey without limitation as the prey
population increases. This is not realistic in biological systems. In practice, predation is
limited by several factors, such as searching time, handling time, limited energy, and the
handling capacity of the predator.

For this reason, the saturated response gives a more realistic description of the predator–
prey interaction. It reflects the fact that, when the prey population becomes large, the
predation rate does not increase indefinitely but approaches a bounded level.

3.2.3 Verification of Hypotheses (H1) and (H2)

Verification of (H1): Since 1

1 + α(t)x
≤ 1 for all x ≥ 0, we have:

f(t, x, y) =
β(t)

1 + α(t)x
≤ β(t).

Choosing η(t, x, y) = β(t) (which is constant, hence increasing in x and y trivially), we
see that (H1) holds.

Verification of (H2): Note that f(t, x, y) =
β(t)

1 + α(t)x
is decreasing in x. Since

x ≤ x+ y (because y ≥ 0) and f is decreasing in its second argument, we obtain:

f(t, x, y) =
β(t)

1 + α(t)x
≥ β(t)

1 + α(t)(x+ y)
.

Define:
ϕ(t, z) =

βmin

1 + αmaxz
,

where βmin = mint∈[0,T ] β(t) and αmax = maxt∈[0,T ] α(t). Then clearly f(t, x, y) ≥ ϕ(t, x +

y). Moreover, ϕ(t, z) is decreasing in z because the denominator increases with z. Thus
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(H2) holds.
Therefore, Theorem 2.1 applies and guarantees the existence of a positive T -periodic

solution for appropriate choices of r and R satisfying conditions (2.16)–(2.18) from Chap-
ter 2.

3.2.4 Interpretation

Existence of a positive periodic solution means:

• Both fish and sharks persist over time (no extinction).

• The system exhibits recurrent oscillations: fish increase, sharks increase, fish de-
crease, sharks decrease, then the cycle repeats.

• Seasonal effects (temperature, migration) are naturally included through the peri-
odic coefficients.

3.3 Application in Cybersecurity

3.3.1 Problem Description

In modern computer networks, cyber threats such as malware, viruses, ransomware,
and polymorphic malicious software represent a major challenge for information secu-
rity. These threats may spread dynamically through networks and continuously evolve
in order to avoid detection. On the other hand, malware detection mechanisms, such as
antivirus software, intrusion detection systems (IDS), firewalls, and real-time monitoring
tools, are developed to limit this propagation and protect digital infrastructures.

This interaction between malware propagation and detection mechanisms can be in-
terpreted by means of a Lotka–Volterra-type system. In this context, the predator–prey
terminology is used only as a mathematical analogy: the variables do not represent biolog-
ical populations, but rather technological quantities describing the evolution of malicious
activity and the response of detection tools.

We denote by

• x(t): the level of polymorphic malware activity, for example the density of infected
devices or the intensity of malicious propagation,

• y(t): the level of malware detection mechanisms, for example the effectiveness of
antivirus tools, intrusion detection systems, firewalls, or network protection mech-
anisms.
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The objective is to study whether these two quantities may coexist in a recurrent
periodic regime under operational variations, such as periodic software updates, changing
attack strategies, scheduled security scans, or regular improvements of detection tools.

This application is motivated by the work of Chaikovskyi et al. [5], who used a Lotka–
Volterra predator–prey model to describe the detection process of polymorphic malware.
In their interpretation, the malware level and the available detection methods play the
role of two interacting quantities.

Additional recent works further support the relevance of the Lotka–Volterra frame-
work in cybersecurity. In particular, Atıcı and Tuna [1, 2] developed deterministic and
stochastic Lotka–Volterra models to analyze the dynamics among vulnerabilities, cyberat-
tacks, and security hardening. In these models, vulnerabilities are interpreted as prey-like
components, cyberattacks as predator-like components, and security hardening as a reg-
ulatory defensive component.

The fact that independent research groups have successfully applied Lotka–Volterra
models to different cybersecurity scenarios [5, 1, 2] supports the relevance of the math-
ematical framework considered here. It shows that Lotka–Volterra-type models are not
merely theoretical constructions, but can also provide useful tools for analyzing real-world
cyber dynamics.

Following these ideas, we consider a more general non-autonomous framework on
periodic time scales. This allows us to treat continuous systems (T = R), discrete systems
(T = Z), and hybrid models within the same theory.

3.3.2 Mathematical Model

We assume that malware activity follows a logistic self-regulation law. This means that
malware propagation cannot grow indefinitely because of limited system capacity, re-
stricted resources, or partial user awareness. Thus, we choose

g(x) = 1− x

N
, N > 0,

where N represents the maximal infection capacity of the network.
The coefficient functions a(t), b(t), c(t) are assumed to be positive and T -periodic,

where:

• a(t): intrinsic malware growth rate;

• b(t): natural decay rate of the effectiveness of malware detection mechanisms;

• c(t): efficiency of converting malware pressure into detection response.

To describe the interaction between malware propagation and detection mechanisms,
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we introduce a nonlinear saturated interaction rate:

f(t, x, y) =
λ(t) + α(t)y

1 + β(t)
(
λ(t) + α(t)y

)
x
,

where:

• λ(t): the basic malware detection rate;

• α(t)y: the improvement of detection due to stronger detection mechanisms;

• β(t): the saturation parameter.

We choose a saturated interaction rate rather than a linear one because a linear re-
sponse assumes that detection mechanisms can react to malware activity without limi-
tation as the malware level increases. This is not realistic in cybersecurity systems. In
practice, malware detection is limited by several factors, such as computational resources,
response time, processing capacity, and the complexity of polymorphic malware.

For this reason, the saturated response is more appropriate in this context. It reflects
the fact that, when malware becomes very abundant, the efficiency of detection does not
continue to increase indefinitely. Instead, detection mechanisms may become saturated
because of limited resources, delayed response, or the adaptive nature of polymorphic
malware.

Therefore, the cybersecurity model is given by
x∆(t) = a(t)x(t)

(
1− x(t)

N

)
− f(t, x(t), y(t))x(t)y(t),

y∆(t) = −b(t)yσ(t) + c(t)f(t, x(t), y(t))x(t)y(t).

(3.3)

This system fits the general framework studied in Chapter 2.

3.3.3 Verification of Hypotheses (H1) and (H2)

Verification of (H1)

We first verify condition (H1) of Theorem 2.1. Since

1

1 + β(t)(λ(t) + α(t)y)x
≤ 1 for all x, y ≥ 0,

we immediately obtain

f(t, x, y) =
λ(t) + α(t)y

1 + β(t)(λ(t) + α(t)y)x
≤ λ(t) + α(t)y.



Chapter 3. Applications in Population Dynamics and Cybersecurity 44

Define
η(t, x, y) = λ(t) + α(t)y.

Clearly, η is increasing with respect to y, independent of x and hence nondecreasing with
respect to x. Moreover, since λ(t) and α(t) are positive T -periodic functions, η is also
T -periodic in t. Thus, condition (H1) is satisfied.

Verification of (H2)

We now verify condition (H2). Recall that

f(t, x, y) =
λ(t) + α(t)y

1 + β(t)(λ(t) + α(t)y)x
.

Let
λmin = min

t∈[0,T ]
λ(t), λmax = max

t∈[0,T ]
λ(t),

αmax = max
t∈[0,T ]

α(t), βmax = max
t∈[0,T ]

β(t).

Since λ(t) > 0, we have
λ(t) + α(t)y ≥ λmin.

Moreover, for all x, y ≥ 0, we have x ≤ x+ y and y ≤ x+ y. Hence,

λ(t) + α(t)y ≤ λmax + αmax(x+ y).

It follows that

1 + β(t)(λ(t) + α(t)y)x ≤ 1 + βmax (λmax + αmax(x+ y)) (x+ y).

Therefore,
f(t, x, y) ≥ λmin

1 + βmax (λmax + αmax(x+ y)) (x+ y)
.

Define
ϕ(z) =

λmin

1 + βmax (λmax + αmaxz) z
, z ≥ 0.

Then ϕ is positive and decreasing with respect to z. Moreover,

f(t, x, y) ≥ ϕ(x+ y) for all x, y ≥ 0.

Thus, condition (H2) is satisfied.
Therefore, provided that the constants r > 0 and R > 0 satisfy the conditions of

Theorem 2.1, this theorem guarantees the existence of at least one positive T -periodic
solution for the cybersecurity model (3.3).
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3.3.4 Interpretation

The existence of a positive periodic solution has an important practical meaning within
the model. It implies that:

• the malware level remains positive and does not vanish;

• malware detection mechanisms remain active over time;

• both quantities coexist in a balanced recurrent regime.

This reflects a realistic cybersecurity situation in which new malware variants may
appear repeatedly, while detection systems are continuously updated and improved.

The periodic nature of the solution describes recurrent cycles such as

Malware increase → Detection strengthening
→ Malware decrease
→ Detection relaxation
→ New malware emergence.

Moreover, the time scales framework allows the same model to be applied to:

• continuous monitoring systems (T = R);

• discrete security reports (T = Z);

• hybrid environments combining both.

This illustrates that the Lotka–Volterra framework can also be interpreted as a rigor-
ous mathematical tool for studying modern cybersecurity dynamics.

The time scales framework provides a significant advantage for the proposed cyber-
security model, since cyber processes may combine continuous and discrete behaviours.
By choosing T = R, the system describes a continuous monitoring environment in which
detection mechanisms respond continuously to malware activity. On the other hand,
choosing T = Z corresponds to discrete-time security processes, such as daily antivirus
updates, weekly vulnerability scans, or periodic security reports.

More generally, a periodic time scale allows us to describe hybrid situations where
continuous network monitoring coexists with defensive actions performed at specific time
instants, such as signature database updates, patch installation, or firewall rule modifica-
tions. Therefore, the same mathematical model can represent continuous, discrete, and
hybrid cybersecurity dynamics without requiring separate analyses for each case. This
shows that the use of time scales is not only a theoretical generalization, but also a suitable
tool for reflecting the recurrent and mixed nature of cybersecurity processes.
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3.4 Special Cases
The general system (2.1) contains several important special cases. We begin with the
simplest case: a constant (or time-dependent but population-independent) interaction
rate.

Constant interaction rate

Assume that the attack rate does not depend on the populations, i.e., f(t, x, y) = β(t),
where β : T → R+ is T -periodic and rd-continuous. Define

βmin = min
t∈[0,T ]

β(t), β = max
t∈[0,T ]

β(t).

Then the following hold:

• Condition (H1) is satisfied with η(t, x, y) = β(t), which is increasing in x, y (trivially)
and T -periodic.

• Condition (H2) is satisfied with ϕ(t, z) = βmin, which is decreasing in z (constant)
and T -periodic.

Substituting these into the general conditions (2.16)–(2.18) yields:

Aa
(
1− g(r)

)
T ≤ 1,

Aa
(
1− g(r)

)
T + Mr

∫ T

0

β(s)∆s ≤ 2,

m q1q2 Rβmin T ≥ 2,

where the constants A, ā,M,m, q1, q2 are defined in Chapter 2 (see equations (2.4)).
These inequalities are satisfied whenever r > 0 is chosen sufficiently small (so that

1 − g(r) is small) and R > 0 is chosen sufficiently large. Consequently, under these
conditions, system (3.3) with f(t, x, y) = β(t) admits at least one positive T -periodic
solution (x, y) ∈ K such that

r ≤ ∥(x, y)∥ ≤ R.

Remark. The constant interaction rate case includes the classical autonomous Lotka–
Volterra model as a special subcase when β(t) ≡ β (constant) and T = R. Our result
provides a rigorous existence proof for positive periodic solutions in this setting, even
when the coefficients a(t), b(t), c(t) remain periodic.
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3.5 Other Special Cases
Beyond Corollary 1.1, other important special cases follow directly from Theorem 1.4.
These include:

• Time-independent interaction: If f does not depend explicitly on t, the system
remains non-autonomous through a(t), b(t), c(t). The verification of (H1) and (H2)
simplifies because the periodic dependence of f disappears, but the inequalities
(2.16)–(2.18) remain essentially the same.

• Linear interaction: Choose f(t, x, y) = λ(t) + α(t)y. Here (H1) holds with η =

λ + αy, and (H2) holds with ϕ(t, z) = λmin (a constant, hence decreasing in z).
The existence conditions become explicit smallness conditions on r and largeness
conditions on R.

• Nonlinear saturated interaction: The form f(t, x, y) =
λ+ αy

1 + β(λ+ αy)x
used in

the cybersecurity application is the most general example. The existence conditions
(2.16)–(2.18) reflect the saturation effect: R must be large enough to overcome the
denominator.

In each case, Theorem 2.1 guarantees the existence of positive periodic solutions for
appropriate choices of r and R satisfying the corresponding inequalities.



Conclusion

In this thesis, we investigated a non-autonomous Lotka–Volterra dynamic system with a
general attack rate on periodic time scales. By applying a Krasnoselskii-type homotopy
fixed point theorem, we established the existence of at least one positive periodic solution
under suitable assumptions. The framework of time scales provides a unified approach
that allows the study of both continuous and discrete dynamical systems within the same
mathematical setting.

The proof was carried out by transforming the considered dynamic system into an
equivalent integral system and constructing an appropriate integral operator on a cone
of periodic functions. The assumptions imposed in the main theorem guarantee that
this operator satisfies the conditions required by the fixed point theorem, ensuring the
existence of a positive periodic solution.

To demonstrate the applicability of the theoretical results, two applications were pre-
sented in Chapter 3. The first application concerns an ecological predator–prey model,
whereas the second deals with a cybersecurity model describing the interaction between
polymorphic malware propagation and cyber-defense mechanisms. In both cases, the
models were formulated within the general framework of the studied system, and the
hypotheses of the main existence theorem were verified.

From an applied perspective, the existence of a positive periodic solution indicates
that the interacting quantities remain positive and evolve in a recurrent manner over
time. This interpretation is consistent with the nature of the variables involved in the
considered applications, where the unknown functions represent positive quantities such
as population densities or levels of cyber activity.

An important feature of the obtained results is that they remain valid for both con-
tinuous and discrete time models. Indeed, since the system is studied on a T -periodic
time scale, several particular cases can be derived naturally. If T = R, the studied system
reduces to the differential Lotka–Volterra systemx′(t) = a(t)x(t)g(x(t))− f(t, x(t), y(t))x(t)y(t),

y′(t) = −b(t)y(t) + c(t)f(t, x(t), y(t))x(t)y(t),
(3.4)

and therefore this system admits a positive T -periodic solution. In this case, Theorem 2.1
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extends Theorem 3.1 in [13]. On the other hand, if T = Z, the system becomes the
difference system∆x(t) = a(t)x(t)g(x(t))− f(t, x(t), y(t))x(t)y(t),

∆y(t) = −b(t)y(t+ 1) + c(t)f(t, x(t), y(t))x(t)y(t),
(3.5)

where ∆x(t) = x(t + 1) − x(t). Consequently, the obtained theorem also guarantees the
existence of a positive T -periodic solution for the discrete Lotka–Volterra system, which
provides a new result for system (3.5).

Therefore, the theory developed in this work demonstrates the effectiveness of the time
scales framework in unifying continuous and discrete models and in extending existence
results to a broader class of dynamical systems.

Several directions may be explored in future research. These include developing nu-
merical simulations for particular parameter values and extending the model to higher-
dimensional systems or systems involving delays. Numerical simulations could also pro-
vide useful comparisons between the continuous and discrete cases and help illustrate the
dynamical behaviour of the solutions.
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