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Abstract

This thesis explores the representation theory of finite groups, focusing on their structure and ap-
plications. It begins with group theory fundamentals, including subgroups and normal subgroups,
then transitions to linear algebra concepts like inner product spaces and unitary operators. The core
discusses linear representations, irreducibility, and Maschke’s theorem, which decomposes represen-
tations into irreducible components. Character theory and orthogonality relations are analyzed,
along with representations of symmetric groups using Young tableaux. Practical examples, such as
character tables and the Frobenius formula, illustrate key ideas.
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Notations

P/\aQ/\

sgn(o)
€t

Meaning

The set of integers modulo n

The group of invertible elements in Z,,

A group

H is a subgroup of G

H is a normal subgroup of G

Quotient group of G by normal subgroup H
Symmetric group on n elements
Alternating group on n elements

Dihedral group of order 2n

General linear group of invertible maps on V/
Group of invertible n x n matrices over C
Group of unitary operators on V

Group of unitary n X n matrices over C
Space of linear maps from V to W
Endomorphism space of V' (maps from V to itself)
Trace of matrix A

Determinant of matrix A

Character of the representation p
Subspace of G-invariant vectors in V'
Direct sum of vector spaces V and W
Tensor product of vector spaces V and W
Group algebra of G over C

Center of the group algebra C[G]
G-equivariant linear maps from V to W
G-equivariant endomorphisms of V
Identity matrix of size n x n

Transpose of matrix A

Conjugate transpose (Hermitian adjoint) of A
Entry-wise complex conjugate of matrix A
Inner product on a vector space

Norm (length) of vector v

Orthogonal complement of subspace W

A is a partition of n

Young diagram of partition A

Column stabilizer of tableau ¢

Row /column subgroup

Delta function at point x

Sign of permutation o

Polytabloid associated to ¢

Specht Representation for partition A
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Introduction

Representation theory is one of the fundamental branches of modern mathematics, offering a unified theo-
retical framework for studying algebraic structures by representing their elements as linear transformations
on vector spaces. The theory of representations of finite groups lies at the heart of this field, forging deep
connections between group theory, linear algebra, and harmonic analysis. It also provides profound insights
into the structure of groups and has wide-ranging applications in areas such as theoretical physics, number
theory, and computer science.

This thesis aims to provide a comprehensive introduction to the representation theory of finite groups,
with a focus on the core concepts and central theorems that form the foundation of the discipline. The work
is organized into four main chapters, each addressing a key aspect of the theory:

Chapter 1: Preliminaries This chapter lays the mathematical groundwork necessary for understanding
representation theory. It reviews essential concepts in group theory, inner product spaces, and unitary
operators, along with advanced topics in linear algebra.

Chapter 2: Group Representations Here, we introduce the definition of linear representations of
groups and examine their algebraic properties. We cover fundamental operations such as restriction, induc-
tion, and direct sum. This chapter also explores fixed spaces and irreducible representations, concluding with
a proof of Maschke’s theorem, which ensures complete reducibility in complex vector spaces.

Chapter 3: Orthogonality Relations and Character Theory This chapter develops the tools of
character theory to classify irreducible representations. We present Schur’s orthogonality relations, which
reveal orthogonality between matrix coefficients of irreducible representations. The regular representation,
character tables, and the representations of abelian groups are also discussed in detail.

Chapter 4: Representations of Symmetric Groups We devote this chapter to the study of sym-
metric group representations, which serve as fundamental examples in representation theory. We explore the
relationship between integer partitions and irreducible representations through Young diagrams and Young
tableaux and conclude with Frobenius’s formula for computing irreducible representation characters.

The material is presented with mathematical rigor, supplemented by illustrative examples and practical
applications, making this thesis a comprehensive reference for students and researchers in representation
theory.



Chapter 1

Preliminaries

This chapter presents foundational concepts in linear algebra, bilinear algebra, and group theory. Unless
otherwise stated, all vector spaces discussed herein are assumed to be finite-dimensional over the field of
complex numbers, denoted by C. The exposition draws upon the following references [4, 6, 1, 8, 5].

1.1 Introduction to Group theory

Definition 1.1.1. [4] A group is a triple (G, -, e), where G is a nonempty set, - : G x G — G is a binary
operation, and e € G is called the identity element. These must satisfy the following axioms for all a,b,c € G:

e Associativity: a-(b-c)=(a-b)-c
o Identity Element: a-e=c¢-a=a
o Existence of Inverses: For each a € G, there exists b € G such thata-b=b-a=¢e
If, in addition, the operation is commutative, i.e. a-b=">-a for all a,b € G, then the group is called abelian.

Example 1.1.1. Ezample of groups:
(GL,(Q),-,I), (GL,(R),-,I), (GL,(C),-,I) ete.

Lemma 1.1.1. /4] If G is a group, the identity element in the group is unique. Moreover, for each element
a € G, there exists a unique inverse, denoted by a™!

A group G is called cyclic[4] if there exists an element g € G such that every element of G can be written
as a power of g. In other words:

G={(g9) ={9"IneZj
Here:
e g is called a generator of G.
o The notation (g) denotes the group generated by g.
e g™ represents the group operation applied n times:

Definition 1.1.2. [/] The order of a group G, denoted |G|, is the number of elements in G.
The order of an element g € G, denoted |g|, is the smallest positive integer n such that:

9" =e (where e is the identity element).



Example 1.1.2.

In the multiplicative group (ZZ ), the element 2 has order 4 since:
20=2 22=4 23=3,2'=1 (mod5).

Definition 1.1.3 (Homorphisms). [6] Let (G,-) and (H,o) be groups. A function ¢ : G — H is a homo-
morphism if, for all a,b € G, p(a-b) = ¢(a) o p(b).

e A homomorphism ¢ : G — G is called an endomorphism if G = H. In other words, it is a
homomorphism from a group to itself.

o A homomorphism ¢ : G — H is called an isomorphism if it is bijective (both injective and surjective).
denoted by G =2 H

e A homomorphism p : G — G 1is called an automorphism if it is both an endomorphism and an
tsomorphism.

Theorem 1.1.1. [6] Let v : (G,-) = (G',0) be a homomorphism.
(i) p(e) = €', where ¢’ is the identity in G'.
(ii) If a € G, then p(a™!) = p(a)~L.
(iii) If a € G and n € Z, then ¢(a™) = ¢(a)™.
Let (G, -, €) be a group
Definition 1.1.4 (Subgroup). [6] A subset H of G is called a subgroup if it satisfies the following condition:
1. ec H.
2. for all a,b € H we have a-b € H.
3. for all a € H we have a~' € H.
Notation: H < G.

Proposition 1.1.1. [6] A subset H of a group G is a subgroup if and only if e € H and a,b € H imply
abteH

Example 1.1.3. Let ¢ : G1 — G5 be a homomorphism, and define

kero = {a € G : p(a) = es}.

and
imp ={h € Gy : h=p(a) for some a € G1}.
Then ker ¢ is a subgroup of G1 and im ¢ is a subgroup of Gs.
Theorem 1.1.2. [}] Every subgroup of a cyclic group is cyclic.
Definition 1.1.5 (Coset). [6] Let H be a subgroup of a group G. For any element g € G:

1. The left coset of H in G with respect to g is the set:
Hg={hg|he H}.
2. The right coset of H in G with respect to g is the set:

gH ={gh|h € H}.



Let H < G be a subgroup of a group G, and let a,b € G. Then the left cosets Ha and Hb are equal if
and only if ab~! € H; equivalently, aH = bH if and only if b='a € H. Moreover, for any g,g' € G, the left
cosets Hg and Hg' are either equal or disjoint; that is, Hg = Hg' or Hg N Hg' = (). The same statement
holds for right cosets: gH = g'H or gH Ng'H = {.

The right cosets of a subgroup H form a disjoint partition of G. This corresponds to an equivalence
relation on G: a ~ b if ab~! € H, whose equivalence classes are the right cosets themselves [6] .

Notation: H \ G the set of all left coset and G/H the set of all right coset.

Theorem 1.1.3. [4] If H < G, then the number of right coset of H in G is equal to the number of left coset
of H in G. and also If G is finite, then

Gl
G/H|=|H\G|= .
IG/H] = H\ G| = T

Example 1.1.4. Consider G = Z = (Z,+,0) and let H = 27 = {2i | i € Z} be the subgroup of all even
numbers.
Then we have two left coset of Z modulo 27, namely:

e the coset 27 consisting of all even numbers;

e the coset 1+ 27 consisting of all odd numbers.

In group theory, a normal subgroup is a special type of subgroup that remains invariant under conjugation
by any group element

Definition 1.1.6 (Normal subgroups). [6]
A subgroup H of G is called normal, provided that

ghg ' € H (¢gHg ' =H) forallgc G andh € H <= gH = Hg, for all g € G.
Notation. H <« G.
Remark 1.1.1. [6] if G is abelian then every subgroup of G is normal in G
Proof. G is abelian and let H < G then forall g€ G and he H

ghg ' =gg'h=eh=hc H,

so ghg™! € H. O

Example 1.1.5. The kernel K of a homomorphism ¢ : G — H is a normal subgroup: if a € K, then
pla) =e; if g € G, then

plgag™") = w(9)p(@)p(9) ™ = (9)ep(9) ™ = ¢(9)p(g) ! =,
s0 gag~t € K. forall g € G, and so K <G.

Theorem 1.1.4 (quotient group). [6/ When H is a normal subgroup of G (denoted H <G ), the set of cosets
G/H forms a group called the quotient group, where the group operation is defined by:

(Ha)(Hb) = H(ab) for all a,b e G.

Proof.
HaHb= Ha(a " *Ha)b (because H is normal)

= H(aa"')Hab= HHab = Hab (because H < G).



Remark 1.1.2. we have (Ha)™' = Ha™! and He = H.

Theorem 1.1.5. (The first isomorphism theorem)[6]
Let G1 = (G1,1,€1) and Go = (Ga, -2, e3) be two groups and ¢ : G1 — Ga a homomorphism.

o ker(p)<Gy.
o Im(p) < Gs.
« Gi/ker(p) =1Im(yp).

Proof. (ker(p) <Gy and Im(p) < G3) are clear.
Let ¢ : G — H be a group homomorphism, and let g,z € G. Then:

1 1

o) =p(g) = gp(g)_lcp(x) =ey < (g x)=eyg < g wEkerp < x € gkerop.

Thus, the set {z € G | p(x) = p(g)} is equal to the coset gker .
Now, let h € Im(y). Then there exists some g € G such that ¢(g) = h, and we have:
¢~ '(h) ={z € G| p(z) = h} = gkerp.

This shows that the preimage of h under ¢ is the coset gker . Consequently, we can write:

gkerp € G/ ker .

Next, consider the map ¢! : Im(p) — G/ker ¢ defined by p=1(h) = gker for h = ¢(g). We claim
that ¢! is a homomorphism. To verify this, let hy, ho € Im(y), and let g1, go € G such that ¢(g;) = hy and
©(g2) = ha. Then:

@ H(hiha) = o (@(g1)e(92)) = ¢~ (@(g192)) = grg2 ker p = (g1 ker ) (g2 ker ) = o' (h1)p ™' (ha).

Thus, ¢! is indeed a homomorphism.

To show that ¢! is injective, suppose ¢~ 1(h1) = ¢~ !(h2). Then g kerp = gsker, which implies
gy 192 € ker . Consequently, ©(g1) = ¢(ga), s0 h1 = hy. Hence, ¢~ is injective.

Finally, ¢~ is surjective because for any g ker ¢ € G/ ker ¢, we have ¢ ~!(¢(g)) = gker ¢. This establishes
the isomorphism:

Im(¢) = G/ ker .

Definition 1.1.7 (The direct product). [6]
Let G1 = (Gh,-,e1) and Gy = (Ga,*,e2) be two groups.
The direct product G, X Gs is the group defined as follows:

o Gy xGy:={(91,92) | 91 € G1 and g € G2};
e (91,92) - (91,9%) == (91 91, 92 * 93);
o e:=(e1,e2).

If p is a prime number, an elementary abelian p-group is defined as a finite group G that is isomorphic to
the direct product of finitely many copies of the cyclic group Z,,.

Definition 1.1.8 (Group action). [6] An action of a group G on a set M is a map: G x M — M, written
as (g,m) — g-m, satisfying the following two properties:

1. Identity: For all m € M, the identity element e € G acts trivially: e - m = m.



2. Compatibility: For all gh € G and m e M, g-(h-m) = (g-h)-m.

Definition 1.1.9 (conjugate). [6] Let G be a group and x € G. An element y € G is called a conjugate of
x if there exists an element a € G such that: y = axa™?'.

Definition 1.1.10 (Self-Action by Conjugation). [5] Let G be a group. The conjugation action of G on

itself is the map:
1

GxG—=G, (a,x)—a-z:=azxa .
This defines a group action of G on itself, where:
1. Each ¢q(x) = axa™! is an automorphism of G (called an inner automorphism,).

2. The map a — ¢, is a homomorphism from G to Aut(QG).

Theorem 1.1.6. [6] Every homomorphism ¢ : G — Sy defines a group action of G on the set M.

1.2 Inner Product Spaces

Definition 1.2.1. [1/
An inner product on V' is a map
():VxV—=>C

such that, for v,w,vi,v9 € V and c1,co € C:

1. Linearity (c1v1 + cove, w) = ¢1{v1, w) + co{va, w);

2. conjugate symmetry(w,v) = (v, w);
3. Positive Definiteness(v,v) > 0 and (v,v) = 0 if and only if v = 0.
Example 1.2.1. [1]

e The standard inner product in the complex space C" is defined by

(@1, ), W) = > 2T
i=1

o Ifcy,co,...,cp are positive real numbers, then an inner product can be defined on the vector space C™
as follows:
(w1, wa, ..., wp), (21,22, .., 2n)) = CLW1Z] + CoWaZg + -+ - + CLWZy,
for all vectors (w1, wa, ..., wy) and (21, 22,...,2n) in C™.

Definition 1.2.2. [1] When a vector space is equipped with an inner product, it is called an inner product
space and the norm ||v|| of a vector v in an inner product space is defined by ||v|| = / (v, v).

1.2.1 Orthonormality

Definition 1.2.3 ( Orthonormal ). In an inner product space V, two vectors v and w are said to be
orthogonal if their inner product satisfies (v,w) = 0.

A collection of vectors in V is termed an orthogonal set if every pair of vectors in the set is orthogonal

Theorem 1.2.1. A set of vectors is called orthonormal if each vector in the set has a norm of 1 and is
orthogonal to all other vectors in the set.

We have the following proposition



Proposition 1.2.1. Any orthogonal set M = {v1,va,...,v,} composed of non-zero vectors is guaranteed to
be linearly independent.

This property particularly applies to orthonormal sets, which consequently form a basis for the subspace
spanned by M.

Remark 1.2.1. [1] Suppose e, ..., e, is an orthonormal basis of V and v € V. Then v can be written

(a) v={(v,e1)er + -+ (v,en)en,
() vl = [v,en) | + - + [{v, en) .

Example 1.2.2. [8] For a finite set X, the set CX = {f : X — C} is a vector space with pointwise operations.
Namely, one defines

for functions f,g € CX and scalar ¢ € C.
For each x € X, define a function 0, : X — C by

1, z=uy,

5m(y):{0 sy

There is a natural inner product on CX given by

(f.9) = 3 F@)g@).

zeX

The set {6, | © € X} is an orthonormal basis with respect to this inner product. If f € CX, then its unique
expression as a linear combination of the 6, is given by f =3 . f(x)d,
Consequently, dim CX = cardX

Definition 1.2.4 (orthogonal complement ). [8] if W is a subspace of V, then the set of all vectors in
V that are orthogonal to every vector in W is denoted W=+ and called the orthogonal complement of W.

W ={veV|(ww) =0 forallwe W}

Proposition 1.2.1. Let V be an inner product space and W <V (i.e., W is a subspace of V). Then there

exists a direct sum decomposition:
V=waoWw,

where W+ denotes the orthogonal complement of W.

Proof. First, if w € W N W+, then (w,w) = 0 implies w = 0; hence, W N W+ = {0}.
Let v € V, and suppose that {e1,..., e} is an orthonormal basis for W. Define

u = <U7 @1)@1 + -4 <U7 €m>€ma

and let z = v — u. Then u € W. We claim that z € W+. To prove this, it suffices to show that (z,e;) = 0
forall i =1,...,m. To this end, we compute:

(z,ei) = (v,e;) — (u,e;) = (v, ;) — (v,e;) =0,

because {e1,...,e,} is an orthonormal set. Since v = u + 2, it follows that V = W + W+, This completes
the proof. O



1.2.2 Unitary operator
We continue to assume that V' is an inner product space.

Definition 1.2.5 (Unitary operator). [8] A linear operator U € GL(V) is called unitary if it preserves
the inner product, meaning:
(Uv,Uw) = (v, w)

for all vectors v,w € V.

Let U = (u;) be a matrix. The conjugate transpose of U, denoted by U*, is given by U* = (u;;). For
the standard inner product on C", a matrix U € GL,(C) is said to be unitary if and only if its inverse
equals its conjugate transpose, i.e., U~1 = U*. The set of all n x n unitary matrices is denoted by U, (C).
Additionally, a matrix A € M,,(C) is called self-adjoint if it satisfies A = A*. A matrix A is symmetric if
AT = A. If A has real entries, then A is self-adjoint if and only if A is symmetric.

Example 1.2.3. [1] Let 0 € R, and let A be the operator on R? whose matriz with respect to the standard

basis is:
cosf) —sinf
A= <sin9 cos >

This is a rotation matriz that rotates vectors in R? by an angle 6. Since A is real, A* = AT (its

transpose). So:
v, [ cost sinf@\ fcos —sind\ (1 0\ _
A= (— sinf  cos 0) (sin 6 cosf ) \O 1) I

so A is unitary.

1.3 Further Explorations in Linear Algebra

Let X C End(V) and W C V. Then W is called X-invariant if, for any A € X and any w € W, one has
Aw € W, ie, XW C W (A is matrix)[8] .

A key example comes from the theory of eigenvalues and eigenvectors. Recall that A € C is an eigenvalue
of A € End(V) if A\ — A is not invertible; in other words, if Av = Av for some v # 0. The eigen-space

corresponding to A is the set:
Ww={veV|Av =)},

which is a subspace of V. Note that if v € V), then A(Av) = A(\v) = AAwv, so Av € V). Thus, V) is
A-invariant.

Conversely, if W C V is A-invariant with dim W =1 (that is, W is a line), then W C V) for some A € C.
In fact, if w € W\ {0}, then w is a basis for W. Since Aw € W, we have Aw = Aw for some A € C. Thus,
w is an eigenvector with eigenvalue A\, and so w € V); hence W C V.

Definition 1.3.1 (Characteristic Polynomial ). Let A be a linear operator on an n-dimensional vector
space V. The characteristic polynomial of A, denoted by pa(x), is defined as:

pa(z) = det(zl — A),
where I is the identity operator on V, and det denotes the determinant.

Definition 1.3.2. [8] A polynomial is called monic if its leading coefficient (the coefficient of the highest
power of x) is 1

Theorem 1.3.1 (Cayley—Hamilton). [8] Let pa(x) be the characteristic polynomial of A. Then, pa(A) = 0.
For A € End(V), the minimal polynomial of A, denoted m4(x), is the unique monic polynomial of smallest
degree f(x) such that f(A) = 0.



(1]

Proposition 1.3.1. If ¢(A) = 0 for some polynomial q(x), then the minimal polynomial ma(x) divides q(x),
i.e., ma(zx) | q(x).

Proof. [1]  Let m denote the minimal polynomial of A. Suppose ¢ is a polynomial that is a multiple of m.
Then, there exists a polynomial s € P(C) such that ¢ = m - s. Consequently, we have:

q(A) =m(A) - s(A) =0.

Proof of the other direction:
Suppose g(A) = 0. By the Division Algorithm for Polynomials, there exist polynomials s, € P(C) such
that:

gq=m-s+r
and deg(r) < deg(m). Applying A to both sides, we get:
0=¢q(A) =m(A)- s(A) +r(A4).

Since m(A) = 0 (by definition of the minimal polynomial), this simplifies to:

0=r(A).
Because deg(r) < deg(m) and m is the minimal polynomial of A, the only possibility is = 0. Thus:

g=m-s,
which shows that ¢ is a multiple of m, as desired. O

Corollary 1.3.1. [8] If pa(x) is the characteristic polynomial of A,then ma(x) divides pa(z).

The relevance of the minimal polynomial is that it provides a criterion for the diagonalizability of a matrix,
amongst other things

Theorem 1.3.2. [8] A matriz A is diagonalizable if and only if every root of its minimal polynomial m4(x)
is a simple root (i.e., it has no multiplicity greater than 1).

Example 1.3.1. For the matriz
2 0 0
A=(0 1 0],
0 0 1

the minimal polynomial is ma(x) = (x — 1)(z — 2), whereas the characteristic polynomial is pa(z) = (z —
1)2(z — 2). On the other hand, the matriz
1 1
50 1)

has minimal polynomial mp(z) = (x—1)? and characteristic polynomial pp(x) = (z —1)%. Since the minimal
polynomial has a repeated root, B is not diagonalizable.
One of the main results from linear algebra is the spectral theorem for matrices.

Theorem 1.3.3. (Spectral Theorem)[8] Let A € M,(C) be a self-adjoint matriz. Then, there exists a
unitary matriz U € U, (C) such that UAU* is diagonal. Moreover, the eigenvalues of A are real.



Proof. First, we verify the eigenvalues are real: for any eigenvalue A with eigenvector v, the equality (Av,v) =
(v, Av) implies A(v,v) = A{v,v), forcing A = X since (v,v) > 0.

To show diagonalizability, we proceed by induction on n. The base case n = 1 is trivial. For n > 1,
take any eigenvalue A with eigenspace V). If V), = C", A is already diagonal. Otherwise, C" decomposes
orthogonally as Vy @ Vi, where Vi! is A-invariant because (Aw,v) = (w, Av) = Mw,v) = 0 for all v € Vj,
w e V)\J‘.

The restricted operator A|V)\L remains self-adjoint on this smaller-dimensional space, so by induction
V& admits an orthonormal eigenbasis B’. Combining B’ with any orthonormal basis B for V yields a full
orthonormal eigenbasis for C", which when arranged as columns forms the unitary matrix U diagonalizing
Aas U*AU = D.

O

The trace of a matrix A = (a;;) is defined by:

TI'(A) = i (0777
i=1

Some fundamental properties of the trace function Tr : M,,(C) — C are that Tr is linear and Tr(AB) =
Tr(BA). As a consequence,
Tr(PAP™ ') = Tr(P~*PA) = Tr(A).
In particular, this shows that Tr(A) is independent of the choice of basis. Therefore, if T' € End(V'), then
Tr(T) is well-defined: choose any basis and compute the trace of the associated matrix. Similar observations
apply to the determinant.
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Chapter 2

Group Representations

In this chapter, we will present fundamental definitions of representation theory along with key illustrative
examples. We will explore several important methods for constructing group representations. A central result
we will prove is Maschke’s Theorem, which establishes that every representation of a finite group over the
complex numbers C decomposes as a direct sum of irreducible representations. This theorem serves as the
foundation for understanding the complete reducibility of group representations in the complex case. In this
chapter, we will rely on the following references: [8, 10, 3, 7].

2.1 Preliminaries

A linear representation of a group G is a way to study the structure of G through linear transformations
on a vector space V over C.

Definition 2.1.1. [10]
Let G be a finite group and V a vector space over C. A linear action (or linear representation) of
G onV is a map:
GxV =V, (gv)—g-v,

satisfying the following conditions:
1. For each fized g € G, the map v — g-v is a linear on V.
2. The action preserves the group structure, i.e.:

e e-v = for the identity element e € G and for allv € V.
e (g192) - v=g1"(g2-v) forall g1,90 € G andv € V.

This representation can be expressed in several equivalent ways:[10]
o As a representation p : G — GL(V):here, G acts on V via linear transformations.

e As a G-module: here, V is a vector space equipped with a scalar multiplication by G that satisfies the
conditions of a group action.

Proposition 2.1.1. /3]
Let p: G — GL(V) be a representation of a group G on a vector space V. Then, for all g,h € G and
v,w €V, the following hold:

1. Homomorphism Property: pgpn = pgh-

11



2. Identity Action: pe = Idy.
3. Inverse Action: py—1 = (pg)~".
4. Linearity: pg(av + bw) = apgv + bpgw  (for scalars a,b).

Example 2.1.1. [8] Let G = Z/nZ be a cyclic group of order n generated by o. We define a linear action
of G on C? where the generator o acts as rotation about the origin (0,0) by angle 6 = 27”

The group action is given by:
o - (x) = Ry (x)
Y Y

Ry — (cos # —sin 0)

where Ry is the rotation matrix:

sinf  cosf

Example 2.1.2. [10] The dihedral group D,, of order 2n, for a non-zero natural number n, is the group of
symmetries of a reqular n sided polygon. It consists of n rotations and n reflections.

D,={o*=1, =1, oro'=1"1}
We can define a representation of the dihedral group D, in the following way:
p: D, — GL2(C)

with

_ (cos(2m/n) —sin(27/n) (1 0
plr) = <sin(27r/n) cos(2m/n) and  p(o) = 0 -1/
Example 2.1.3. [§] Let S, be the symmetric group on n elements. The standard representation is a
homomorphism:

¢:Sp = GL,(C),

defined as, For each permutation o € S, ¢ acts on the standard basis {e1,ea,...,e,} of C™ by:

¢o’(ei) = ea(i)~
Definition 2.1.2. [8] The degree or dimension of the representation p is the dimension of V.

Example 2.1.4. (One-Dimensional Representation)[8] The trivial representation of a group G is the homo-
morphism:
p:G— GL(C) =C,
defined by:
plg)=1 forallge@G.

Here, C* denotes the multiplicative group of nonzero complex numbers. This representation assigns the value
1 to every element g € G, making it the simplest possible representation of G.

Definition 2.1.3 (regular representation). [7] Let X = {z1,...,2,} be a finite set equipped with an action
of a group G. We define the complex vector space CX as the set of all formal linear combinations of the
elements of X with coefficients in C. FExplicitly,

a; € (C} s

CX = {i Gi€q,
i=1

where e, denotes the basis vector corresponding to the element x; € X.

12



The regular representation of G on CX is defined by the left action of G on X. This action induces
a linear representation:

p: G — GL(CX),
where for each g € G, the map p(g) : CX — CX s given by:

p(g) (Z aiel’i) = Zaiegzi'
i=1 i=1

In other words, p(g) acts on the basis vectors by permuting them according to the action of g on X, i.e.,

p(g) (eEz) = eQCDz‘ .

Definition 2.1.4. [3] Two representations of a group G, p: G — GL(V) and ¢ : G — GL(W), are said to
be equivalent (or isomorphic) if there exists an invertible linear map T : V — W such that:

L/Jg:TOpQOTfl forall g€ G.

Equivalently, this means that the following diagram commutes for every g € G:

v Loy
T LT
WY oW

In other words, T' intertwines the actions of pg and 14 for all g € G. When this condition holds, we write

p~.
2.2 Operations on representations

Before we begin studying operations on representations, it’s important to note that these operations help
us construct new representations and understand complex ones through simpler components.
Let p be a representation of G on V.

e Restriction:[3] if is H subgroup of G, the restriction of a representation p to H, denoted Resgp, is
a representation of H obtained by restricting the homomorphism of the group p to the subgroup H.
Specifically:

The restricted representation Resgyp : H — GL(V) is defined by:

(Resgp)(h) = p(h) Vh e H.

In other words, Resgp is simply the original representation p, but applied only to elements of H.

o Induced Representations via Group Homomorphisms:[3] Let p : G — H be a group homomor-
phism, and let p : H — GL(V) be a representation of H. The composition pop: G — GL(V) defines
a representation of G on V, where each g € G acts on V via p(p(g)). This construction is particularly
useful when G has a normal subgroup N, and p is the natural projection G — G/N. In this case, p
is surjective, and every representation of the quotient group G/N can be lifted to a representation of
G. Even if p is not surjective, the composition p o p still provides a way to study representations of
G through those of H. This approach is widely used to simplify the analysis of group representations,
especially when H has a more tractable structure than G.

13



o Direct sum:[8] Let p; : G — GL(V) and p3 : G — GL(W) be two representations of a group G. The
direct sum p; @ po is a representation of G on the vector space V @ W, defined by:

(p1 @ p2)(9)(v,w) = (p1(9)v, p2(9)w) Vge G, veEV, wWEW.

This means that G acts on V @ W by acting separately on V and W. Let p(!) : G — GL,,(C) and
p? 1 G = GL,(C) be two representations of a group G. The direct sum p™) @ p®? : G — GL,4(C)
is defined in terms of block matrices as:

W
(P @ p@)(g) = (p 0(9) p<2?(g)>'

This means that G acts on C™*" by acting separately on C™ and C™.

Remark 2.2.1. Ifn > 1, the representation p : G — GL,(C) defined by p(g) = I, for allg € G (where
I,, is the n x n identity matriz) is not equivalent to the trivial representation. Instead, it is equivalent
to the direct sum of n copies of the trivial representation.

Example 2.2.1. Let p: S5 — GL3(C) be a representation of the symmetric group Ss, defined on the
generators (12) and (123) as follows:

2= (30 7). ez = (3 ).

Additionally, let ¢ : S3 — C* be the trivial representation, defined by:

P, =1 forallo € S;3.

Now, consider the direct sum representation p @ 1, which combines p and Y into a 3-dimensional
representation. The action of p ® ¢ on the generators (12) and (123) is given by the block-diagonal
matrices:

1. For (12):
oo )3 1
2. For (123):
(p@w)(m):(p(lom) w<1023>>: (1)1 81 §

o Tensor product:[3] Given two representations p: G — GL(V) and ¢: G — GL(W) of a group G on
complex vector spaces V and W, their tensor product p®1: G — GL(V ®c W) is a new representation
acting on the tensor product space V ®@c W (the vector space generated by elementary tensors v ® w)
via the group action (p @ ¢)4(v @ w) = pg(v) @ Yg(w) for all g € G, v € V, and w € W, which extends
linearly to arbitrary tensors in V @ W.

This construction preserves the group structure while combining the two representations into a higher-
dimensional representation on the tensor product space.

o Dual representation:[3] Given a representation p : G — GL(V) of a group G, the dual representation
p* G — GL(V*) is defined as follows:

For each g € G and ¢ € V*, the action of p*(g) on ¢ is given by:

(p*(9)p,v) = (b, plg~")v) YveV.

14



In other words, p*(g)¢ is the functional that maps v to ¢(p(g~!)v).

Let V be a finite-dimensional representation of a group G, and fix a basis for V. For each g € G, let
A, be the matrix representing p, in this basis. Then, the matrix representing the dual representation

py in the dual basis of V* is given by the inverse transpose of Ay, i.e., (Atg)_l. More generally, if

p: G — GL(V) and ¢ : G — GL(W) are two representations of a group G, then we can naturally
define a representation 7 of G on the space of linear maps Hom(V, W) using the formula:

Tg(d)) = '(/Jg o (bopg*la

e Intertwining maps

A linear map T : V — W is said to be an intertwining map if it satisfies the condition:
Topg=1g0T forall geg,
where:
— p:G—= GL(V) and ¢ : G — GL(W) are representations of the group G on the vector spaces V
and W, respectively.
— pg and 1, denote the actions of g € G on V and W.
The collection of all such intertwining maps is denoted by Homg (V, W). This set forms a vector space

under the usual operations of addition and scalar multiplication.

Furthermore, if the representations p and % are identical (i.e., p = ), then the space Endg (V) :=
Homg (V, V) has the structure of an associative k-algebra. In this algebra, the multiplication opera-
tion is defined by the composition of operators.

2.3 Invariant subspaces and irreducibility

Definition 2.3.1 (G-invariant subspace). [3] Let p: G — GL(V) be a representation. A subspace W <V is
called G-invariant if, for all g € G and w € W, the following holds: pg(w) € W.

In other words, the action of py on any vector w € W keeps w within the subspace W. This means W is
preserved under the group action defined by p.

Definition 2.3.2 (Subrepresentation). [7] Let p: G — GL(V) be a representation of a group G. If W CV
is a G-invariant subspace, then we can define the subrepresentation plw : G — GL(W) by restricting p to
W. Ezplicitly, for each g € G, the linear map (p|lw)q is given by:

(plw)g(w) = pg(w)  for all w € W.

This construction ensures that the group action on W is well-defined and preserves the subspace structure,
allowing us to study the representation p in terms of its restriction to W.

Example 2.3.1. [7] Consider V as the reqular representation of the group G. Define a one-dimensional
subspace W C V' generated by the vector
=Y e

One can verify that for every s € G, the action ps(x) = z, meaning that  remains fized under the action of
all elements in G. Therefore, W is a G-invariant subspace of V, and thus a subrepresentation. Moreover,
W is isomorphic to the trivial representation.

Lemma 2.3.1 (Quotient Representation). Let V' be a G-representation and W C V a G-invariant subspace.
Then the quotient space V /W inherits a natural G-representation structure via the action:

g-(v+W):=g-v+W forallge GiveV.
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Proof. This follows from the definitions since W is invariant under the action of each g € G.
For example, here is the check that the action is well-defined:

g(v+w)+ W) ¥ g0 +w) + W

g is inear g(U) + g(U/) W

O

Remark 2.3.1. The quotient V /W is called the quotient representation of V. by W. The natural projection
w:V = V/W is a G-intertwining maps with kernel W.

Remark 2.3.2. [8] Sometimes, p|w is referred to as a subrepresentation of p. If Vi and Vo are G-invariant
subspaces of V' such that V- = Vi @ Va, then it can be easily verified that p is equivalent to the (external) direct
sum plv; ® plv;.

In mathematical structures, one frequently encounters the fundamental phenomenon of unique factoriza-
tion into prime or irreducible elements. This principle manifests particularly in the framework of representa-
tion theory, where the concept of an irreducible representation is formally analogous to the notion of a simple
group in group theory.

Definition 2.3.3 (irreducible representation). [8] A representation p: G — GL(V') of a group G on a vector
space V is called irreducible if there are no non-trivial subspaces of V' that are invariant under the action

of G.

Any one-dimensional representation p : G — C* is irreducible, because C has no proper non-zero
subspaces.

Proposition 2.3.1. [8]/ If p: G — GL(V) is a 2-dimensional representation (i.e., dim(V) = 2), then p is
irreducible if and only if no single non-zero vector v € V is an eigenvector for every linear transformation
pg with g € G.

Note: The eigenvector trick applies only to degree 2 representations and, for degree 3, requires G to be
finite.

Example 2.3.2. [8] The representation p : S3 — GLa(C) from Ezample 2.2.1 is irreducible.
Since dim(C?) = 2, any non-zero proper Ss-invariant subspace W must be one-dimensional. Let v be a
non-zero vector in W, so W = Cv. For any o € Ss, the Ss-invariance of W implies:

po(v) € W = Co.

Thus, ps(v) = Av for some A € C, meaning v is an eigenvector for all p, with o € Ss.
Claim: p(1 ) and p(123) do not share a common eigenvector.

Proof. 1. A direct computation shows that p(; 2) has eigenvalues 1 and —1, with corresponding eigenspaces:

V., =Ce and Vi=C (;) .

2. The vector e; = <1

O) is not an eigenvector of p(; 23y, since:

()= (3)
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3. Similarly, the vector (_21> is not an eigenvector of p(;23), as:
-1 -1
p(l 23) 2 = —1/"

Since p(12)y and p23) have no common eigenvector, the representation p is irreducible by the earlier
discussion.

O

2.3.1 Completely reducible

Our ultimate objective is to demonstrate that every linear representation can be expressed as a direct
sum of irreducible representations. To this end, we begin by introducing some fundamental definitions and
concepts relevant to this framework.

Definition 2.3.4. [8§/

Let G be a group. A representation p : G — GL(V) is called completely reducible if the vector space V
can be decomposed into a direct sum of G-invariant subspaces V1, Va, ..., V,,, such that the restriction of p to
each subspace V; (denoted ply,) is an irreducible representation for all i =1,2,...,n.

Equivalently, p is completely reducible if it is isomorphic to a direct sum of irreducible representations.
That is, there exist irreducible representations p™, p® ... p™ such that:

pr(l)@p@)@...@p(n).

Definition 2.3.5 (Decomposable representation). [8/
A non-zero representation ¢ : G — GL(V) of a group G is said to be decomposable if the vector space V
can be expressed as a direct sum of two non-zero G-invariant subspaces Vi and Va. That is:

V=Vaol,,
If no such decomposition exists, the representation ¢ is called indecomposable.

Lemma 2.3.2. If the representation ¢ : G — GL(V) is equivalent to a decomposable representation, then
itself is decomposable.

Proof. Let ¥ : G — GL(W) be a decomposable representation such that ¢ ~ ¢, and let T : V. — W
be a vector space isomorphism satisfying ¢, = Tflng for all g € G. Suppose W; and Wy are non-zero
G-invariant subspaces of W such that W = W1 @ Ws. Since T is an equivalence, the diagram commutes,
meaning T, = 1,7 for all g € G. Define V; = T~ (W;) and Vo = T~ (W>). We claim that V = V; & Va.
Indeed, if v € V] N Va, then T'(v) € Wiy N Wy = {0}, so T(v) = 0, and since T is injective, v = 0. Moreover,
for any v € V, we can write T'(v) = w; + wy for some w; € Wy and wy € Wa, so v = T~ wy) + T~ H(ws),
implying V' = V; + V. Thus, V = V; ® V5. Next, we show that V; and V5 are G-invariant: for v € V; (where
i = 1,2), we have py4(v) = T 1,T(v), and since T'(v) € W; and W; is G-invariant, ¢,T(v) € W;, thus
©0q(v) € T=H(W;) = V;. Therefore, both V; and V, are G-invariant, and we conclude that ¢ is decomposable
as V decomposes into the G-invariant subspaces Vi and V5. O

We obtain analogous theoretical formulations for alternative representation classes, the detailed proofs of
which we shall omit for conciseness.

Lemma 2.3.3. Let ¢ : G — GL(V) be a representation.
o If ¢ is equivalent to an irreducible representation, then o itself is irreducible.

o If ¢ is equivalent to a completely reducible representation, then ¢ itself is completely reducible.

17



2.4 Maschke’s Theorem and Complete Reducibility

To perform direct sum decompositions of representations, we utilize the tools of inner products and
orthogonal decompositions

Definition 2.4.1 (Unitary representation). [8] A representation ¢: G — GL(V') on an inner product space
V is unitary if for every g € G, the linear map ¢, preserves the inner product:

(Dg(v), pg(w)) = (v,w) Yv,we V.
for all v,w € W. In other words, we may view ¢ as a map:
¢: G—UV)
where U(V') denotes the group of unitary operators on V.(see 1.2.5)

Proposition 2.4.1. [8] Let ¢: G — U(V) be a unitary representation of a group G on a complex Hilbert
space V. Then:

1. ¢ is irreducible (has no non-trivial invariant subspaces), or

2. ¢ is completely decomposable into an orthogonal direct sum:

V=vie---oV,

where each restriction |y, : G — U(V;) is an irreducible unitary subrepresentation.

Proof. Suppose ¢ is not irreducible. Then there exists a nonzero proper G-invariant subspace W of V. The
orthogonal complement W+ is also nonzero, and we can write V = W @ W=. Thus, it remains to prove that
W+ is G-invariant. Let v € W+ and w € W. We compute:

(pg(v), w)
<§0g—1§09(v)7 Pg—1 (w)>
(v, Pg-1 (w)) = 0.

Thus, ¢4(v) € W+, proving that W+ is G-invariant. Consequently, ¢ is decomposable. O

Theorem 2.4.1. [8] For any finite group G and any finite-dimensional complex representation (p,V) of G,
there exists an equivalent unitary representation (p', V).

Proof. Let p: G — GL(V) be a representation of a finite group G, with dim V' = n. Choose a basis B of V,
and define an isomorphism 7' : V' — C™ mapping each vector to its coordinate vector with respect to B. We
define a new representation p’ : G — GL,(C) by

p;:TOpQOT_l7 for all g € G.

Then p’ is equivalent to p.
Let (-, -) denote the standard inner product on C”. We define a new inner product (-, ) on C™ by averaging
over the group:

(v,w) = Z(p’gv,p;w% for all v,w € C™.
geG

1. Linearity: For v;,ve,w € C™ and scalars c1,co € C,

(c1v1 + covg,w) = Z(p;(clvl + cov2), pyw) = c1(v1, w) + c2(va, w).
geG
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2. Symmetry:

(w7v) = Z<p;w,l);1}> = Z <plgv7plgw> = (’U,U}).

geG geG

3. Positive-definiteness:

(v,0) =Y (P, pyv) > 0.

geG

Equality holds if and only if pjv = 0 for all g € G, which implies v = 0. Therefore, (-,-) is an inner product.
4. Unitarity: We now verify that p’ is unitary with respect to this new inner product. Let h € G. Then

(v, Phw) = > (o () oy (Phw)) = > (Pl v, plw).
geG geG

Let x = gh. As g ranges over GG, so does z. Thus,

(Phv, phw) = > {phv, plow) = (v, w).
zeG

Therefore, pj, preserves the inner product, and p’ is a unitary representation.

O
Corollary 2.4.1. [8] For any finite-dimensional representation ¢: G — GL(V) of a finite group G:
e Irreducible: V' has no proper G-invariant subspaces, or
e Decomposable: V = Vi & Vy with Vi, Vo nontrivial G-invariant subspaces.
Proof. The proof follows directly from Proposition 2.4.1 and Theorem 2.4.1. O

The following example illustrates that Corollary 2.4.1 does not remain valid in the context of infinite
groups. Consequently, Proposition 2.4.1 also fails to hold in the infinite setting.

Example 2.4.1. We present an example of an indecomposable but reducible representation of Z. Define a
homomorphism ¢ : Z — GLa(C) by
(1 n

It is clear that ¢ is a group homomorphism. The vector ey is an eigenvector for all (n), so the subspace Cey
is tnvariant under Z, implying that ¢ is reducible. However, since p(1) is not diagonalizable (see Example
1.3.1), the representation cannot be written as a direct sum of one-dimensional representations. Thus, ¢ is
indecomposable.

The following theorem represents the main result of this chapter. Its proof closely parallels the clas-
sical arguments used to establish the existence of prime factorizations for integers or the factorization of
polynomials into irreducible components.

Theorem 2.4.2 (Maschke). Any representation of a finite group can be expressed as a direct sum of irreducible
subrepresentations.

Proof. Let ¢ : G — GL(V) be a representation of a finite group G. We proceed by induction on dim V.
Base Case (dimV = 1): The representation ¢ is irreducible since V' has no proper non-zero subspaces.
Inductive Step (dimV = n + 1): Assume the statement holds for all representations with dimV < n.

Consider ¢ : G — GL(V) with dimV = n+1. If ¢ is irreducible, we are done. Otherwise, by Corollary 2.4.1,

 is decomposable, and we can write V = Vi & V5, where Vi and V5, are non-trivial G-invariant subspaces.

Since dim V1, dim Vo < dim V, the induction hypothesis applies to both V; and V5, so we have decompositions

Vi=U1® - ®Usand Vo = W1 @---®W,., with each U; and W} being G-invariant and ¢|y,, ¢|w, irreducible.

Therefore, V decomposes as V =U, ®--- D U; & W1 & --- & W,., completing the proof. O

19



Remark 2.4.1 (Maschke’s Theorem for a General Field k). Let G be a finite group, and V a vector space
over a field k with char(k) { |G|. If W CV is a G-invariant subspace, then there exists a complementary
G-invariant subspace W' C 'V such that:

V=waeWw.

Remark 2.4.2. A careful examination of the proof reveals that if ¢ is a unitary matriz representation, then
it is unitarily equivalent to a direct sum of irreducible unitary representations; that is, there exists a unitary
matriz T such that the equivalence is realized via conjugation by T'.

In summary, given any representation ¢ : G — GL,,(C) of a finite group, it is always equivalent to a block
diagonal representation of the form

oM 0 ... 0

0 ¢ ... 0

L I : . :
0 0 - M

where each ¢ is an irreducible representation. This decomposition is analogous to the spectral theorem,
which asserts that every self-adjoint matrix is diagonalizable.
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Chapter 3

The Orthogonality Relations and
Character Theory

In this chapter we develop Frobenius-Schur character theory, associating to matrix representations ¢ :
G — GL,(C) scalar characters x4 : G — C. These form an orthonormal system enabling unique irreducible
decomposition proofs. The Schur relations establish that the matrix coefficients of irreducible unitary repre-
sentations form an orthogonal basis for the space of complex-valued functions in G.In this chapter, we will
rely on the following references: [8, 3, 7, 6].

3.1 Morphisms of Representations

A fundamental tenet of modern mathematics holds that the morphisms between mathematical objects
should be accorded the same significance as the objects themselves. Guided by this principle, we now
introduce the concept of a representation morphism.

Definition 3.1.1 (Morphism). /8] Let ¢ : G — GL(V) and p : G — GL(W) be representations. A
morphism of representations from o to p is, by definition, a linear map T : V — W such that

Tp(g) = p(g)T  for all g € G.

In other words, the following diagram commutes for every g € G:

% »(g) v
T T
W p(9) 0

such morphisms are also called intertwining operators and G-morphisms. The set of all morphisms from ¢
to p is denoted by Homg(p, p), and we have

Home (¢, p) € Hom(V, W).

Remark 3.1.1. A linear map T : V — V belongs to Homg (@, ¢) if and only if it commutes with the action
of G via p; that is,
Tpg =@, forall g €.

In other words, T lies in the centralizer of the image of o(G) in End(V). In particular, the identity map
I1:V =V always satisfies this condition and is therefore an element of Homg (i, ).
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This space is commonly denoted by
Endg(V) := Homg(V, V),

and it consists of all G-equivariant endomorphisms of V'; that is, all linear maps from V' to itself that commute
with the group action defined by .

As is typical with homomorphisms in algebra, the kernel and image of any morphism between represen-
tations are themselves subrepresentations.

Proposition 3.1.1. Suppose T : V. — W is a G-equivariant linear map, that is, T € Homg(yp, p). Then
the kernel of T, denoted kerT, is a G-invariant subspace of V', and the image of T, denoted ImT, is a
G-invariant subspace of W.

Proof. Let v € kerT and g € G. Since v € kerT', we have

T(pgv) = pg(Tv) = pg(0) =0,

which shows that ¢4v € kerT. Therefore, the kernel of 7' is stable under the action of G, i.e., it is a
G-invariant subspace of V.
Similarly, for any w € Im T, there exists v € V such that w = T'(v). Then,

pg(w) = pg(Tv) = T(pgv) € ImT,
which implies that Im T is also G-invariant. O

Proposition 3.1.2. For representations ¢ : G — GL(V) and p : G — GL(W), the space Homg(p, p) is a
subspace of Hom(V, W).

A key observation in representation theory, due to I. Schur is that morphisms between irreducible rep-
resentations are very limited. This relies on the fact that we are working over the field of complex numbers
rather than the field of real numbers. Specifically, it uses the fact that every linear operator on a finite-
dimensional complex vector space has an eigenvalue, which follows from the fact that every polynomial over
C has a root, including the characteristic polynomial of the operator.

Proposition 3.1.3 (Schur’s lemma). [3] Let T: V — W be a morphism of irreducible representations.
Then either:

o ker(T) =0 and Im(T) =W (so T is invertible), or
o« T'=0.

Proof. Suppose T' = 0; then the statement is trivially satisfied. Assume T' # 0 for the remainder of the proof.
Since ker(T") is a G-invariant subspace (by Proposition 3.1.1), and since ¢ is irreducible, we have

ker(T) =V < T =0,

which contradicts our assumption, thus
ker(T) =0,

meaning that T is injective. Similarly, since Im(7') is G-invariant (by Proposition 3.1.1), and p is irreducible,
we have Im(T) =0 < T =0,
which again contradicts our assumption, thus Im(7") = W, meaning that T is surjective. Therefore,

T is bijective <= T is invertible.

O

Corollary 3.1.1. [8]/ Let ¢ : G — GL(V) and p : G — GL(W) be irreducible complex representations. Then:
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o If o % p, then Homg(V,W) = 0.

o If ¢ = p, then every morphism T € Homg(V,V) is a scalar multiple of the identity map, i.e., there
exists A € C such that: T = \idy.

o If o = p, then: dim Homg(V,W) = 1.

Proof. (1) Assume that Homeg(p, p) # {0}. Then there exists a nonzero map 7' € Homg(p,p). By the
earlier result, such a nonzero T' must be invertible. Therefore, it follows that the representations ¢ and p are
isomorphic, i.e.,

©=p.

This proves the contrapositive of the statement we want, namely:

¢#p = Homg(p,p)={0}.

(2) Let T € Homg (¢, ¢), and suppose A € C is an eigenvalue of T. Then, by the definition of eigenval-
ues, the operator AI — T is not invertible. Since I € Homg(p, ¢) and Homeg (¢, @) is closed under scalar
multiplication and addition (by 3.1.2), we have

M — T € Homg(p, ¢).

Now, from part (1), we know that all nonzero elements of Homeg (g, ¢) are invertible. Hence, the only

way Al — T is not invertible is if
M-T=0 = T=M\I.

(3) If ¢ = p, then Homg(V, W) = {A\I | A € C}. O
At this point, we are ready to describe the irreducible representations of an abelian group.

Corollary 3.1.2. [7] Let G be an abelian group. Then every irreducible representation of G is one-
dimensional.

Proof. Let ¢: G — GL(V) be an irreducible representation of an abelian group G. We will show that
dimV = 1.

First, observe that for any ¢ € G and any v € V, the representation property combined with the
abelianness of G gives the following commutative diagram in the group action: for all A € G,

Pg(pn(v)) = @gn(v) = ng(v) = PPy (v))-

This equality holds precisely because gh = hg in the abelian group G.

The above identity shows that each ¢, commutes with all operators ¢, for h € G. This means that ¢,
is not just a linear operator on V, but in fact a G-morphism, i.e., ¢, € Homg(V, V).

By Schur’s Lemma (or the preceding corollary mentioned in the original text), since V' is irreducible,
every G-endomorphism of V' must be a scalar multiple of the identity map. Therefore, there exists a complex
number Ay € C such that ¢, = A\jI, where [ is the identity operator on V.

Now consider any nonzero vector v € V. For every group element g € G, we have

0g(v) = AgI(v) = A\gu,

which shows that ¢g4(v) is always a scalar multiple of v. This implies that the one-dimensional subspace (v)
is invariant under the action of G.

Finally, since V' is by assumption irreducible and we have found a nonzero G-invariant subspace (v), it
must be that V' = (v). This proves that dimV = 1, and therefore every irreducible representation of G is
one-dimensional. O

We now demonstrate several applications of this result in linear algebra.
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Proposition 3.1.4. [8] For any finite abelian group G and representation ¢: G — GL,(C), there exists a
simultaneous diagonalizing matriz T € GL,,(C) such that T~'¢,T is diagonal for all g € G.

Proof. Let ¢: G — GL(V) be a representation of the finite abelian group G.

First, by Maschke’s Theorem (which applies since G is finite), ¢ is completely reducible. This gives us an
isomorphism of representations:

= ¢(1) @¢(2) P @qb("),

where each ¢(V: G — C* is an irreducible representation.

Moreover, from the preceding corollary 3.1.2, we conclude that each ¢(Y) has degree 1. This one-
dimensionality is crucial for what follows.

In matrix terms, this decomposition has the following concrete realization: For every group element g € G,
the representation matrix ¢, can be expressed as:

o) 0 0
(2)
0 e 0
¢g = T_l . 9 . . T,
0 0o ... gn)

where T' € GL,,(C) is a fixed change-of-basis matrix (independent of the group element g), and each ¢§” ec
is a scalar (reflecting the one-dimensional nature of each irreducible component). The diagonal form of the
inner matrix follows immediately from the direct sum decomposition and the scalar nature of the irreducible
representations. O

This leads directly to the result that any matrix of finite order can be diagonalized.

Corollary 3.1.3. Let T € GL,,(C) be an invertible complex matriz of finite order (i.e., T* = I for some
k € N). Then T is diagonalizable. Moreover, if T™ = I, the eigenvalues of T are n-th roots of unity (i.e.,
A" =1).

Proof. Since T has finite order, its minimal polynomial divides 2* — 1, which has no repeated roots over C.
Hence, T is diagonalizable.
IfT™ =1, let X be an eigenvalue of T" with eigenvector v. Then:

T'v = \"v = Iv =wv,
which implies \™ = 1. Thus, A is an n-th root of unity. O
Remark 3.1.2. Corollary 3.1.3 may be demonstrated through Proposition 3.1.4.
We present below an important property concerning one-dimensional representations of groups
Proposition 3.1.5. [6] Let ¢ : G — C* = GL(C) be a degree one representation of a group G. Let
G' = (lg.h] = ghg™'h™' | g,h € G)

be the commutator subgroup of G. Then, there exists a representation ¢ : G/G' — C* such that ¢ = ¢ o,
where m: G — G/G' is the quotient map.

Proof. Since ¢ : G — C*, where C* is an abelian group, it follows that

o(lg,h]) = w(ghg'h™") = p(g)e(h)e(g) 'p(h) ! = 1.

This induces a group homomorphism, say,

Y :G/G" = C* given by ¢(9G") = ¢(g)
and
p=tom
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3.2 The Orthogonality Relations

From this point onward, we assume that the group G is finite. Let ¢ : G — GL,(C) be a linear
representation of G. Each element ¢(g), for g € G, is an n x n complex matrix whose entries ¢;;(g) define
complex-valued functions ¢;; : G — C, for 1 < 4,5 < n. Thus, a representation of degree n gives rise to n?
such functions.

If the representation ¢ is irreducible and unitary, then these functions ¢;; possess a significant structural
property: they form an orthogonal set in the space C[G] of complex-valued functions on G, equipped with
the standard inner product. Consequently, the collection {¢;;} constitutes an orthogonal basis for a subspace
of C[G], reflecting the deep interplay between representation theory and harmonic analysis on finite groups.

Definition 3.2.1 (Group algebra). [8] Let G be a finite group. We define the group algebra C[G] as the set
of all complex-valued functions on G:

ClGl={f:G—=C}
equipped with:
1. Pointwise addition: (f1 + f2)(g9) = f1(9) + f2(9)
2. Scalar multiplication: (c- f)(g) = c- f(g)

3. Inner product: defined
by

<f1af2

KHE:ﬁ

geG

Remark 3.2.1. To make C[G] a full algebra, we add the convolution product:

(frx f2)(9) =Y fi(h)fa(h™"g)

heG
This operation ensures algebraic closure and generalizes the natural multiplication in C[G].

A central objective of this chapter is to establish a fundamental result originally due to . Schur. It is
worth recalling that U, (C) denotes the group of n x n unitary matrices over the complex numbers.

Theorem 3.2.1 (Schur orthogonality relations). /8] Suppose that
w:G@—=Uy(C) and p:G— Uy(C)
be non-equivalent irreducible unitary representations of a finite group G. Then:

1. (pij, pre) =0

2 (ouon) = 47 Hi=kandj=¢
- \Wij, Pre) = 0 otherwise

The proof of this theorem requires substantial preparation, beginning with our second application of the
averaging trick

Proposition 3.2.1. Let ¢ : G — GL(V) and ¢ : G — GL(W) be two representations of a group G. Let
T:V — W be a linear map. Then:

1. T := |—Cl;‘ > gec Vg1 0T opy € Homa(V, W)
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2. If T € Homg(V,W), then T =T

3. The map P : Hom(V,W) — Homg(V,W) C Hom(V,W) given by P(T) = T, satisfies the property
P:=p

Proof. (1) We aim to show that the map
|G| 21/19 10T o,
geG

is G-equivariant, i.e., To p =Yy 0 T for all h € G.
Let us compute To ©n:

~ 1

T oy, = |G|Z 1OTO¢9)O¢h:@Z¢g*10To@gh-

9€@ geaq

Now, we perform a change of variable. Let x = gh, which implies ¢ = xh~'. Since G is a group, the
change of variable is bijective, and the sum becomes:

1 1
@ Z Yen-1)-10T 0o, = @ Z Ypo—1 0T 0.

zeG z€G

T (¢] gOh =
Factoring out 1, we obtain:

Towh—wh<|G| > - loTo%> =ty oT.

zelG

Thus, we conclude that: B
T € Homg(V,W), for all h € G.

(2) Let T" € Homg(V,W). By the intertwining property, we have ;-1 o T o ¢, = T for all g € G.
Consequently, the averaging operator yields:

T— 10T o T="T.
[€ Dy o T = |G| 2
geG geG

Finally, for (3) we establish linearity by checking
Let Th,T5 € Hom(V, W) and ¢y, ¢e € C. Then:

P(61T1 + C2T2) Z ¢g 10 (ClTl + CQTQ) 0 Qg

IG\

geG
Z 611/19 1OT10909+621/}9 1OT20gpg)
IG\
geG
1
= |G|Z¢910Tlogpg + ¢ @ngflngogpg

geqG geG

= Clp(Tl) + CQP(TQ).

Thus, the map P is linear. _
Now consider the projection map P : Hom(V,W) — Homg(V, W) defined by P(T) = T. For any
T € Hom(V, W), we verify idempotence:

PX(T) = P(T) =T =T = P(T).

Furthermore, when T' € Homg (V, W), we immediately obtain P(T) = T = T, demonstrating that P is
indeed a projection onto Homg(V, W). O
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The version of Schur’s Lemma that follows is the one we will most frequently use throughout this work.
It relies on a straightforward observation: if I,, denotes the n x n identity matrix and A € C, then the trace
of AL, is given by:
Tr(AL,) = nA.

Proposition 3.2.2. Let ¢ : G — GL(V) and p : G — GL(W) be irreducible representations of a group G,
and letT : V — W be a linear map. Then:

1. Non-isomorphic case: If ¢ and p are not isomorphic (i.e., ¢ ¥ p), then T must be the zero map:
T=0
2. Isomorphic case: If ¢ and p are isomorphic (i.e., $ = p), then T is a scalar multiple of the identity:
- ()

where Idy denotes the identity operator on V.

Proof. We prove the result in two cases: B

Case 1: ¢ 2 p. By Schur’s Lemma, we have Homg(¢, p) = 0,and T' € Homg (V, W) which immediately
implies: T=0

Case 2: ¢ = p. Schur’s Lemma shows that any intertwining operator must be scalar:

T = for some A € C
To determine A, we compute the trace in two different ways:
1. Through the scalar form:

Te(T) = Te(A) = ATr(1) = Adim V = Adeg ¢

2. Through the original definition:

~ 1 1
T (T) = @ D Tr(pg-1T¢g) = @ > Te(T) = Tx(T)
Se g€eq
where we used the cyclic property Tr(AB) = Tr(BA).
Equating both expressions yields: A\ = g(gq;))
Therefore, we conclude: T =10 Idy O

deg ¢

Let ¢ : G — GL,(C) and p : G — GL,,(C) be two representations. Then the space Hom(V, W) can
be naturally identified with the space of complex m x n matrices, denoted by M,,«,(C). The subspace
Homeg (¢, p) € Hom(V, W) is therefore a subspace of M, xn(C).

Accordingly, the projection map P, defined in Proposition 3.2.1, can be viewed as a linear operator:
P : Mpxn(C) = My xn(C).

It is then natural to consider the matrix of P with respect to the standard basis of M, «,(C). Recall that
this standard basis consists of the matrices F11, Eia, ..., Epyy, where each E;; is the matrix with a 1 in the
(4,7) entry and zeros elsewhere. Any matrix (a;j) € Mpx,(C) can then be written as:(a;;) = >, ; aij Eyj.

This lemma follows immediately from a direct application of the matrix multiplication algorithm.

Lemma 3.2.1. Let A € M4, (C), B € M,,xs(C), and let Ex; € Myxn(C) . Then the (j,£)-entry of the
matriz product AEy; B is given by:
(AE;B)je = ajibi

where A = (a;q) and B = (bp).
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Proof. By definition of matrix multiplication:

(AE;B)j = Z Z o (Eki)zybye

r=1y=1
Since (Eki)py = 0zk0y; (Kronecker delta), the only non-zero term occurs when « = k and y = 4, yielding:
(AEy;B)je = aji - 1 - by = ajibi O

We now proceed to construct the matrix representation of P relative to the standard basis. The final
expression is presented in a form suitable for subsequent analysis.

Lemma 3.2.2 (Orthogonality of Matrix Coefficients). [8] Let ¢: G — U,(C) and p: G — U,,,(C) be unitary
representations of a finite group G. For an elementary matriz A = Ey; € My, xn(C), the averaged matriz

1 _
el > 0y Eridy

geG

A

satisfies the entry-wise relation: _
Agj = (Dijs Pre),

where (¢;j, pre) denotes the inner product of matriz coefficients.

Proof. Since p is unitary, p;l = p, for all g € G. This implies:

pee(9™") = per(9)-

e
= é SN (g Mea(Eri)ab(dg)ss
| | g€G a=1b=1
- — Z(Pg_l)ek(fbg)ij (using (Eki)ab = GakObi)
€ p=rd

= ﬁ > ore(9)is (9)

geG
= <¢ij7 Pke>
O

Remark 3.2.2. The linear operator P(T) = ﬁ deG pg_quSg induces an mn X mn matrix B whose entries
are the inner products By ;) = (@ij, pre) of matriz coefficients. This construction directly embeds the
orthogonality relations of group representations into the matrix structure - the entries vanish for inequivalent
irreducible representations while giving specific values for equivalent ones. The matrix B therefore provides
a concrete realization of representation-theoretic orthogonality through linear algebra, where the averaging
process systematically captures the underlying representation theory.

We now have all the necessary elements to establish Schur orthogonality relations (Theorem 3.2.1) in its
full generality.
Proof. (1) Take A = Ey; € Myxm(C).
We compute A and find: .
A=0
However, by the preceding proposition, we have:

0= (A)ij = (pij, pr1)
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(2) Now take A := Ey; € M, (C), then:

i- Trace(A)
deg ()
Thus:
i_ Trace(Fk ;) I
deg()
We observe that:
— Ifis# korj#1l then
(ij o) =0
— Ifi=Fk and j =1, then
1
<<Pij780ij> = n

O

Since the group algebra C[G] is a vector space with dimension equal to the group’s order |G|, the number of
equivalence classes of irreducible representations of G must necessarily be finite. This fundamental limitation
arises because Theorem 3.2.1 demonstrates that the matrix coefficients of inequivalent unitary representations
form an orthogonal set of non-zero vectors in C[G]. Given that C[G] has finite dimension (|G]), it cannot
contain more than |G| linearly independent vectors.

More precisely, if {cp(l)7 ey go(s)} represents a complete set of inequivalent irreducible representations of

G, where each go(i) has degree d;, then the collection of functions {\/dkgol(-;-c) [1<k<s,1<4,j<dg} forms
an orthonormal set in C[G]. This immediately implies the key inequality:

s<d+di+---+d%< |G|

The first inequality holds because each d; > 1 (since every irreducible representation has dimension
at least 1), while the second inequality reflects the crucial fact that the sum of squares of all irreducible
representation dimensions cannot exceed the total dimension of C[G], which is |G|.

Corollary 3.2.1. Let ¢ be an irreducible unitary representation of a group G and let d be the degree of .
Then the n? functions Vdp;; (1 <i,j <d) form an orthonormal set in C[G].

Corollary 3.2.2. [§]
1. Let G be a finite group. Then G has only finitely many inequivalent irreducible representations.

2. Let @', 0%, ..., p° be representatives of all equivalence classes of irreducible representations of G. Let
the degree of ' be d;. Then:
s<di+d2+---+d2<|G)

3.3 Characters and Class Functions

In this section, we finally establish the uniqueness of the decomposition of a representation into irreducible
representations. The key element in this proof is the association of each representation ¢ with a characteristic
function x4 : G — C, which encodes the complete structure of the representation.

Definition 3.3.1 (Character of a Representation). [8] Let ¢: G — GL,,(C) be a representation of a finite
group G. The character x, of ¢ is the function

Xo: G = C, xo(9) = Tr(é(9)),

where Tr denotes the trace of the matriz ¢(g) € GL,,(C).
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More explicitly, if we express ¢ in matriz form with coordinate functions ¢;;: G — C, then:

9) =3 6ulo)

In the special case when ¢: G — C* is a one-dimensional representation (degree 1), the character coincides
with the representation itself:

Xo = ¢

Lemma 3.3.1. Let ¢: G — GL,(C) be a representation of a group G. Then the character value at the
identity element satisfies:

X¢(la) = deg(9),
where deg(p) = n is the degree of the representation.

Proof. The result follows from the direct computation of the character at the identity element:

Xo(la) = Tr(¢(1g)) (by definition of the character)
= Tr(l,) (since ¢ is a group homomorphism)
=n (as the trace of the n x n identity matrix)
= deg(¢). (by definition of the degree)

O

Proposition 3.3.1 (Character Invariance under Equivalence). Let (¢,V) and (p, W) be finite-dimensional
representations of a group G over C. If ¢ and p are equivalent representations then their characters coincide:

Xo(9) = xp(g9) forallgeG.

Proof. Since characters are computed using matrix traces, we may fix a basis and consider both representa-
tions as matrix representations:
o, p: G — GL,(C).

Given that ¢ and p are equivalent representations, there exists an invertible change-of-basis matrix 7" €
GL,,(C) such that for every g € G:

by =Tp, T
The character equality follows through these trace calculations:
Xo(9) = Tr(¢g)
=Tr(Tp,T~") (by equivalence)
=Tr(T"'Tp,) (by cyclic property of trace Tr(AB) = Tr(BA))
= Tr(Inpy)
= Tr(pgy
= Xp(9)-

Thus, we conclude that x4 = x, as functions on G. O

Definition 3.3.2 (Class function). [8] Let G be a group. A function f: G — C is called a class function if
it is invariant under conjugation, that is,

flg) = f(hgh™") forallg,h€G.

Equivalently, f is constant on each conjugacy class of G.

Example 3.3.1. The following are classical examples of class functions:
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1. Let G = GL,(C), the general linear group of complex n x n matrices. The determinant function
Det: GL,(C) — C, Det(A) =det A
is a class function because for any A, B € GL,(C),
Det(B~*AB) = det(B~'AB) = det(B~ ') det(A) det(B) = det(A) = Det(A).
2. Again for G = GL,(C), the trace function
Tr: GL,(C) = C, Tr(A)=trA
is a class function since for any A, B € GL,(C),

Tr(B 'AB) = Tr(B 'AB) = Tr(ABB™') = Tr(A) = Tr(A).

This property demonstrates that every character is constant on conjugacy classes, or equivalently, invariant
under group conjugation.

Proposition 3.3.2. Suppose ¢ is a representation of the group G. Then for any elements g,h € G, the
character x4 assigns the same value to g and its conjugate hgh™'; that s,

Xo(9) = xo(hgh™).

Proof.
Xo(hgh™") = Tr(dngn-1)
= Tr(¢h¢g¢gl)
= Tr(¢}, ' dndy)
= Tr(¢y)
=Xx¢(9)
Hence, x4 is constant on conjugacy classes. O

Let Z(C[G]) denote the center of the group algebra C[G], consisting of all class functions f: G — C:
Z(ClG)) = {f € C[G]| f(hgh™") = f(9), Yg,h € G}.
Proposition 3.3.3. [§/
1. The center Z(C[G]) forms a linear subspace of the class function space C|G].
2. Let CI(G) denote the set of conjugacy classes of G. Then

dim Z(C[G]) = |CI(Q)]
Proof. (1)Let f1, f2 be class functions on G and ¢;, ¢z € C. For any g, h € G:

(c1fr + cafa)(hgh™) = 1 fi(hgh™") + cafo(hgh™)
c1fi(g) + caf2(g)
(crfi +caf2)(9)-

Thus ¢y f1 + c2f2 is a class function.
(2) For each conjugacy class C;, define its characteristic function:

1 ifged;
dc.(g) =
c.(9) {O otherwise
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These functions satisfy d¢, € Z(C[G]) since they are constant on conjugacy classes.
Any class function f € Z(C[G]) decomposes uniquely as:

This follows because for g € Cj:
Fl9) = 1(Cy) = D F(Ci)dc,(9)
i=1
To show linear independence of B = {d¢, }¥_,, we verify orthogonality:

Cil g
) ) Gl ! J
(¢, |G| 2_ bl {0 if i # j

geG

This inner product calculation shows:
o Non-degeneracy: (d¢,,dc,) = |C;]/|G| > 0
« Orthogonality: (dc,,dc,) = 0 for i # j

Since B is an orthogonal set of non-zero vectors with |B] = k = |Cl(G)|, it forms a basis, proving
dim Z(C[G]) = |CL(G)]. O

The following theorem represents a key result in the theory of group representations. It establishes that
irreducible characters constitute an orthonormal set of class functions. This property plays a central role in
proving the uniqueness of how a representation can be broken down into irreducible components, and it also
provides a method to precisely determine the number of equivalence classes of irreducible representations.

Theorem 3.3.1 (First orthogonality relations). [8] Let ¢ and p be irreducible representations of a finite
group G. Then their characters satisfy:

1 if ¢ ~ p (isomorphic representations)

(X Xp) = {

0 otherwise

Consequently, the irreducible characters form an orthonormal system in the space of class functions on G.

Proof. By applying Theorem 2.4.1 and Proposition 3.3.1, we can, without loss of generality, consider that
¢: G — Uy,(C) and p: G — U,,(C) are unitary representations. Let us now evaluate the inner product:

(Xé» Xp) Z Xo(g

QEG

G|Z<Z¢>n ) g:lpjj(m

-3

=1

Msfg

EpECED

1 geG

<.
I

I
M= I
Ms

<¢u) p]]>

@
Il
—_

<.
Il
—_

According to the orthogonality relations provided by Schur’s lemma (Theorem3.2.1), we find that (¢s;, pj;) =
0 whenever ¢ 2 p, hence (x¢, x,) = 0 for distinct (non-equivalent) representations.
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On the other hand, if ¢ = p, then by Proposition3.3.1, we can assume ¢ = p. In such a case, Schur’s
orthogonality tells us:

(Piis djj) = {"
Consequently, we obtain: . .
(Xor Xo) = Y _(iir bii) = Z% =1,
i=1 i=1
which completes the argument. O

Corollary 3.3.1. The number of equivalence classes of irreducible representations of G is bounded above by
the number of conjugacy classes of G. Formally:

IIrr(G)| < |CUG),
where:

o Irr(G) denotes the set of equivalence classes of irreducible representations.

Proof. First, Theorem 3.3.1 tells us that inequivalent irreducible representations have distinct characters.
Moreover, these irreducible characters form an orthonormal set with respect to the standard inner product
on the space of class functions on G.

It is also known that the dimension of the center of the group algebra Z(C[G]) is equal to the number of
conjugacy classes of GG, that is,

dim Z(C[G]) = |CL(G)|.

Since orthonormal sets are linearly independent, and each irreducible character is a class function, the
number of irreducible characters cannot exceed the dimension of the space of class functions. Therefore, the

number of inequivalent irreducible representations of G is less than or equal to the number of conjugacy
classes in G. O

Proposition 3.3.4. [6] Z(C[G]) is the center of the group algebra C[G].

Proof. Recall that the multiplication in C[G] is the convolution given by

(frx fo)(@) =D filey™) fa(y)-
yeG
Let f € Z(C[G]) and ¢ € C[G].
Then
(t=f)@) =D tly ) fly) =D ty o) flaya™").

yeG yeG

1

Setting z = xy ™", we see that

(tx (@) =D t)f(xz") =Y flawz" i) = (f *t)(@).

zeG zeG

Let V' be a vector space and ¢ a representation. For any integer m > 0, we define:

m copies m copies

Let M) ..., ©®) be a complete set of inequivalent irreducible unitary representations of the group G.
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Definition 3.3.3. Let p ~ mypt @ map? © - - @ mp® where m; >0, and ©* are irreducible representations
of G.
If m; > 0, then we say that @' is an irreducible constituent of p with multiplicity m;.

Note: For each g € G, the representation matriz py is similar to:

-1 -
Pg
0 0
1
P9
————
my times
2
“g
0 . 0
2
Pg ~ 1)
————
mo times
k
Py
0 0
k
Py
————
L my times

Remark 3.3.1. Suppose that the representation p decomposes into irreducible representations as:
p~mie® ®map® @ dmyp®),
where:
o 09 are pairwise non-isomorphic irreducible representations,
o my is the multiplicity of %) in p,
o d; = deg(pW) is the degree (dimension) of V).
Then, the degree of p is given by:
deg(p) = midy + mads + -+ - + myd.
This follows from the additivity of degrees under direct sums of representations.

Proposition 3.3.5. [2] Let (¢,V) and (v, W) be finite-dimensional representations of a group G with
characters x¢ and X, respectively. Then for any g € G:

1. Xowuw(9) = Xo(9) + xu(9)
2. Xowuv(9) = Xo(9) - Xu(9)
3. Xo+(9) = xs(9)
4 xn26(9) = 3 [X6(9)* = xo(9%)]
Proof. Let g € G be an element of finite order n. Let:
e (¢,V) be a representation of G, with eigenvalues {\;}&%V for ¢(g).

o (3, W) be another representation, with eigenvalues {; }?i:niw for ¥ (g).
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We use the fact that the character x of a representation is the trace of the matrix representing g, and the
trace is equal to the sum of its eigenvalues.
1. Direct Sum: Xeay(9)

Xowu (9) = Tr(o(g)) + Tr(¥(9)) = x(9) + xv(9)

2. Tensor Product: x4gy(g) The eigenvalues of ¢(g) ® ¢(g) are Aju;, so:

Xoww(9) = Z Xiftj = (Z /\z‘> 15 ] =x6(9) - xu(9)

i -

J

3. Dual Representation: 4+ (g) The eigenvalues of ¢*(g) are \;, so:
Xor(9) = > N = Xo(9)

4. Second Exterior Power: xa24(g) The eigenvalues of A?¢(g) are \;A; for i < j, hence:
) 2
— . § — . J— 2
X/\2¢(g) - z<: )\z)\] = D) (Z )\z> Z )‘z
1<j % %

(xs(9)* — xo(9%))

DN | =

O

Theorem 3.3.2. [8§]

Let {90(1), ey go(s)} be a complete set of representatives of the equivalence classes of irreducible represen-
tations of a finite group G.

Suppose a representation p decomposes as:

p2mie®M ®@map® & - ®myp®
where m; denotes the multiplicity of ¢ in p. Then:
1. The multiplicities are given by the character inner product:
mi = (Xp, X))
2. The decomposition into irreducible constituents is unique up to equivalence
3. p is completely determined (up to equivalence) by its character x,
Proof. Since the representation p is a direct sum of irreducible representations, its character x, can be

expressed as a linear combination of the characters of the irreducible components:

Xp = M1Xep(1) T+ MsXp(s)
To determine the coefficient m;, we compute the inner product of x, with x,:

(Xos Xep(i)) = M1 {Xe(1)s Xepi)) -+ 15 (Xep(5)s Xeo(0))
By the orthogonality relations of irreducible characters, all inner products are zero unless the indices
match, in which case the inner product is 1. Therefore:

(Xps X)) = Mi
This establishes the formula for the multiplicities. The uniqueness of the decomposition and the fact that
the representation is completely determined up to equivalence by its character follow directly from this result
and previous propositions. O
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Theorem 3.3.2 provides a practical and rigorous criterion for determining whether a given representation
is irreducible

Corollary 3.3.2. Let G be a finite group and p : G — GL(V) be a finite-dimensional representation of G
with character x,. Then p is irreducible if and only if its character satisfies the orthonormality condition:

(Xps Xp) =1

Proof. (=) If p is irreducible, the first orthogonality relation for characters gives (x,, x,) = 1.

(<) If (xp,Xp) = 1, suppose p were reducible. Then p = @le p; with k& > 2, and by linearity of
characters:

k
X Xo) = D (Xpis Xos) 2 D (Xpir Xpi) 2 k> 2
1] i=1

contradicting our assumption. O

Example 3.3.2. Consider the representation p of the symmetric group Ss from Example 2.2.1, as introduced
earlier. The elements Id, (12), and (123) represent the three conjugacy classes of S3. To determine whether
p is irreducible, we compute the inner product (X,, X,), using the known character values:

Xp(d) =2, x,((12)) =0, x,((123)) = —
The group S3 contains:
o 1 identity element,
o 3 transpositions,
o 2 3-cycles.

Using the orthogonality formula for characters:

1
GA+0+2) =1

Since the inner product is equal to 1, the representation p is irreducible.

1
(o Xp) = 5 (11217 +3- 0] +2- | = 1]7) =

In representation theory, we study how groups act on vector spaces. A fundamental concept in this context
is the fized subspace V&, which consists of all vectors that remain unchanged under the action of every group
element. This subspace is closely tied to the trivial character of G, as dim V& counts the multiplicity of the
trivial representation in ¢.

Definition 3.3.4 (Fixed subspace). [8] For a group representation ¢: G — GL(V), the fixed subspace V¢
1s defined as the set of all vectors in V' that are invariant under the group action:

C={veV|g¢,w)=uv for every g € G}.
Remark 3.3.2. 1. One easily verifies that V& is a G-invariant subspace.

2. The subrepresentation ¢|yc is equivalent to dim V& copies of the trivial representation, that is,
¢|VG ~ l@chrnVG

Proposition 3.3.6. Let ¢: G — GL(V) be a finite-dimensional linear representation of a finite group G,
and let x1 denote the trivial character of G. Then the inner product of characters satisfies:

<X¢7X1> = dim V¢
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Proof. We can decompose V' as a direct sum:
V=mVi®- - dm,Vs

where each V; is a G-invariant, irreducible subspace, and the corresponding subrepresentations belong to
distinct equivalence classes (allowing some m; = 0). Without loss of generality, assume that V3 corresponds
to the trivial representation.

Let ¢9 denote the restriction of ¢ to V;. For any v € V, we can write:

v=v1+ -+ s
with v; € m;V;. Applying ¢(g) gives:

d(g)v = (m1p™M)(g)or + -+ + (msd™) (g)vs

Since ¢(1) is trivial, this simplifies to:

d(g)v = v1 + (m20®)(g)vz + -+ + (M) (g)vs

Thus, v is fixed under the action of G if and only if each component satisfies v; € m,—ViG forall 2 <7 <s.
Therefore,
VE=mViemVe @ amVE

Now, for each i > 2, V; is irreducible and not equivalent to the trivial representation. Since ViG is a
G-invariant subspace of V;, and Vj is irreducible and non-trivial, it follows that:

Ve =0

2

Thus:
VG = m V1

This shows that the dimension of V& equals the multiplicity of the trivial representation in ¢, as required.
O

3.4 The Regular Representation

For a finite set X, consider the regular representation. An inner product is given by:

<Z a3 zw> =Y b

zeX zeX rzeX
Let X = G. It is also important to observe that CG = C[G].

Definition 3.4.1 (Regular representation). Let G be a finite group. The regular representation of G on
CQG is the group homomorphism:

L: G — GL(CG),

where CG denotes the group algebra of G over C.
For each g € G, the linear operator Ly: CG — CG acts on a generic element ), . cnh € CG by left

multiplication:
L, (Z chh> = Z ch(gh).

heG heG

Equivalently, by the change of variables x = gh (so h = g~'x), this can be expressed as:

Ly (Z chh> = cgrg.

heG zeG
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Remark 3.4.1. The notation L in Ly stands for left multiplication. On a basis element h € G, the action

Lyh = gh,
i.e., Ly permutes basis elements via left multiplication by g.

Proposition 3.4.1. The regular representation L: G — GL(CG) of a finite group G is unitary. That is,
for every g € G, the operator Ly satisfies:

(Lgv, Lyw) = (v,w) Vv,w € CG,
where the inner product on CG is defined by:

<Z anh, bhh> = anbn.

heG heG heG

Proof. We demonstrate the unitarity of the regular representation L:
1. Linearity and Homomorphism: For any g1, g2 € G and basis element h € G,
Lg,(Lg,h) = Lg,(92h) = g1g2h = Lg, 4, h,
establishing the homomorphism property.

2. Inner Product Preservation: For v =73, . cyh and w =3, . knh,

(Lgv, Lyw) = Z Cog-1gkg-14.
ze€G

Ly transforms the sum to

Z Cykfy = (v, w).

yeG

3. Invariance Under Substitution: Letting y = g~

Thus, each L, is unitary, making L a unitary representation. O

Proposition 3.4.2 (Character of the Regular Representation). [8/ Let G be a finite group with regular
representation L : G — GL(CG). The character x, of L is given by:

|G| if g =1 (the identity element),
xc(g) = ,
0 otherwise.

Proof. Let G = {g1,...,gn} be a finite group of order n = |G|, where we fix an ordering of the group elements.
The regular representation L : G — GL(CG) acts by left multiplication:

Ly(g;) = g9, forall g; eG.
Matrix Construction:

1. For each g € G, the matrix [Ly] of the linear operator L, with respect to the basis G has entries:

[L,)i; = 1 if g; = gg; (or equivalently g = gigjl),
9 0 otherwise.

This is because Ly(g;) = gg; must be expressed in terms of the basis G.
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2. The diagonal entries [Lgy];; are particularly important for computing the trace:
[Lglii = .
0 otherwise.

This follows from setting i = j in the general matrix entry formula.

Character Computation: The character x1(g) is the trace of [Lg]:
XL(9) = Tr([Ly)) = > _[Lglii-

o If g=1¢, then [L1,]; = 1 for all ¢ (since 1gg; = ¢;), so:

n

xr(lg) = Zl =n=|G|.

i=1

o If g # 1¢, then [Ly];; = 0 for all ¢ (since gg; # ¢;), so:

i=1
This completes the proof of the character formula for the regular representation. O
We now decompose the regular representation L into irreducible components. Let {¢(1), ceey (;5(5)} be a

complete set of inequivalent irreducible unitary representations of our finite group G, with d; = deg (). For
simplicity, we denote x; = x40 for each i =1,...,s.

Theorem 3.4.1. [8] Let L be the regular representation of a finite group G. Then L decomposes into
irreducible representations as:

L2di¢M ®dod® & - & dyp™
Proof. We compute the inner product between the regular character xr and the irreducible character x;:

1. Recall the character values:

(9) = |G| ifg=1
M=o ifg£1

Xi(1) = deg ¢! = d;

2. Compute the inner product:

(XL, Xi) = é Z xc(9)xi(g)

geG
1 .
=i [ + > xel9)xilg)
geG
L g#1
1 N
el G- di +> 0 xi(9)
L g#1
1
= @(|G|di +0)

— U4
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3. Apply Theorem 3.3.2
The multiplicity of ¢(*) in L equals (xr,x:) = d;. Therefore:

L EB dip®
i=1

This completes the proof of the decomposition of the regular representation.

Corollary 3.4.1. Let G be a finite group with a complete set of irreducible representations {gb(l),.

where each ¢ has degree d; = dim ¢V Then:

Gl=Y @ =@ d et td

i=1

Proof. By Theorem 3.4.1, the character of the regular representation decomposes as:

S
Xo =Y _dixi
i=1
Evaluating at the identity element 1 € G:

Gl =xw(1)
= Z dixi(1)
i=1
s .
= de (since x;(1) = dim ¢ = d;)
i=1
Thus we obtain the fundamental degree sum formula:
Y
i=1

Theorem 3.4.2. [8] The set {X,,X5,---, X} @S an orthonormal basis of Z(C[G]).

Lo},

(3.1)

(3.2)
0

Proof. In this argument, we continue using the established notation. According to the first orthogonality
relations (as stated in Theorem 3.3.1), the irreducible characters constitute an orthonormal collection within
the space of class functions. What remains is to demonstrate that these characters also span the center

Z(C[G]) of the group algebra.

Consider a function f € Z(C[G]), the center of the group algebra. As a class function, f satisfies:

1 -1
f(x):@Zf(g zg)

geG
From previous results, we can write f as:
_ (k) (k)
f=2 i,
i3,k
where @E? d
Inserting this into the expression for f(z):

f@i}?ﬁZWWw

1,5,k geG

40

enotes the (i, j)-th matrix element of the irreducible representation p*), and cl(»f) eC.



Since conjugating inside the matrix coefficient corresponds to:
k _
o (g g) = (cp(’“) (g 1)@"“)(%%0(’“)(9))”
we can write:

@)= e mz( # M (g (@)™ (9))

.
irjik /

Applying the result from character theory and Schur’s lemma, this becomes:

-3 [<~<k> ))}

ij
1,5,k

‘Which leads to:

Ry
ik deg p®)
Hence, only diagonal components remain
- ) L
G g Xk ()

This confirms that f lies in the span of x1,..., xs, completing the proof.
O

Theorem 3.4.3. The number of equivalence classes of irreducible representations of a finite group is the
number of conjugacy classes in the group.

Proof. By the preceding theorem, the characters of inequivalent irreducible representations of the group G
form a basis for Z(C[G]).
But, we showed that
dim Z(C[G]) = Number of conjugacy classes in G.

Hence, the result follows. O

Corollary 3.4.2. A finite group G is abelian if and only if it has |G| many equivalence classes of irreducible
representations.

Proof. (=) First, assume G is abelian. Then for any g, h € G, conjugation acts trivially: hgh~* = g. This
means every element g € G forms its own conjugacy class Cl(g) = {g}. Consequently, there are exactly |G|
distinct conjugacy classes, proving |G| = |CL(G)|.

(<) Conversely, suppose |G| = |Cl(G)|. This equality forces each conjugacy class to contain exactly
one element, since the maximum possible number of conjugacy classes is |G| (achieved when all classes are
singletons). Therefore, for all g,h € G we have hgh™! = g, which immediately implies commutativity:
hg = gh. Thus G is abelian. O

3.4.1 Character table

In the representation theory of finite groups, the character table serves as a fundamental data structure
that systematically organizes all irreducible character information.

Definition 3.4.2. Let x1, X2, - , Xt The irreducible characters of G and let Cy,Cs,...,Cy be the conjugacy
classes of G. Thus, we get a matriz whose (i, j)-th entry is x;(Cj). It’s a k x k matmx called the character
table of G.
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Example 3.4.1. Let G = S3. Then G has 3 irreducible characters corresponding to the irreducible repre-
sentations given by
el G—=C*, =1,

1 if o is even,

2 X 2 .
G — C”, = =
7 #o = sign(o) {1 if o is odd,

. -1 -1 -1 -1
©* 1 G — GLy(C) given by <pz(”12) = ( 0 1 > and ¢?123) = ( L 0 ) .
Then the characters are given by
X1=¢' x2=¢%
x3(1) =2, x3(12) =0, xs(123) = -1

The character table is given by:

(1) | (12) | (123)
1| 1 1 1
o | 1| -1 1
ys| 2| 0 —1

Table 3.1: Character table of S3

Example 3.4.2. [3] Let G = As. Then G has five irreducible representations over C, and the corresponding
character table is given in Table 3.2.

To construct the irreducible characters, we first consider the permutation representation to obtain X2, and
then compute the symmetric and exterior square characters of pa to find Xsym and Xay. Using orthogonality
relations, we deduce:

X3 = Xsym — X1 — X2, X4 + X5 = Xalt-

Applying dimension formulas and inner product computations, we determine:

1+V5 1-V5 1-V5 1+

=

xa((12345)) = ——, xa((12354)) = —5—,  x5((12345)) = ——, x5((12354)) = —
1 (123) (12)(34) (12345) (12354)
vi|1 1 1 1 1
o |4 1 0 —1 1
x3 |5 -1 1 0 0
1 1—
wls o . +2\/5 2\/5
1- 1
w13 o 1 2\/5 +2¢5

Table 3.2: Character table of Ag

The functions dc (which indicate conjugacy classes C' in the group G) form a basis for the center of
the class function algebra Z(C[G]), just like the irreducible characters. Expressing d¢ in terms of irreducible
characters leads to the orthogonality of columns in the character table, a fundamental result in representation
theory.

Theorem 3.4.4 (Second orthogonality relations). [8] Let C' and C’ be two conjugacy classes in a finite group
G, and let g € C and h € C'. Then the irreducible characters x1,Xa2,-..,Xs of G satisfy:
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s |G| . ,

& ye=c,
Sl =4 1c 7

: 0 ifC£C.

This implies that the columns of the character table are pairwise orthogonal, and hence, the character
table is invertible.

Proof. Recall that if C' is a conjugacy class,then

1 ifgeC,
dc(g) = { g

0 otherwise.

We use the fact that the indicator function d¢ of a conjugacy class C' can be expressed as a linear combination
of the irreducible characters. Specifically, we write:

S

Scr =Y (e, xi)xi

i=1
dcr(g) = Z<5C',Xi>><i(9)
=1
1
zeG zeC’
1|

(0cryxi) = Tel xi(h) forany heC’

IERS
dei (g
= a2
1 if geC
0 otherwise

'] &
@ 20

G| B
ZXi(g)m: o i C=C
i=1 0 .

it C£C

which proves the result. O

Remark 3.4.2. e In representation theory, non-isomorphic groups may possess identical character tables.
A classical example is the dihedral group Dg (symmetries of a square) and quaternion group Qs, both of
order 8, which share the same character table despite being fundamentally different groups. This shows
that character tables alone cannot fully distinguish group isomorphism classes.

e The character table can be viewed as the transpose of the matriz that changes the basis from {x1,...,Xs}
to {6c | C € CI(G)}, which forms a basis for the center Z(C[G]) of the group algebra.

3.5 Representations of Abelian Groups

In this section, we compute the characters of a finite abelian group. Since every finite abelian group is a

direct product of cyclic groups, it suffices to know how to compute the characters of the direct product of
cyclic groups. Let us proceed with this task
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Proposition 3.5.1. [7] Let G1 and Gy be two abelian groups. Suppose that x1,...,Xm are the irreducible
characters of G1, and Ty, ...,T, are the irreducible characters of Go. Since both groups are abelian, we have
m = |G1| and n = |Ga|.
Define functions
ajj 1 G x Ga — C* by ai;(91,92) = Xi(91)75(92)
for1<i<mand1l<j<n.
Then the set {a;;} forms a complete list of irreducible characters of the group Gi x Gs.

Proof.

ai;((91,92) (91, 95)) = (919}, 9295)
= Xi(9191)75(9295)
= xi(g1)xi(91)7j(g2)7;(g95) (since x;,7; are homomorphisms)
= aij(91,92) i (91, 95)

Remark 3.5.1. o If a;j = agy, then evaluating at (g1,1) and (1,g2) gives:

Xi(91) = aij(91,1) = are(g1,1) = xi(g1) =i =k
7j(92) = ij(1,92) = ae(1,92) = Te(g2) = j =4
o Number of ajj: m xn
o For finite abelian groups: |G1 x G2| = mn
o Thus {a;;} exhaust all irreducible characters

Example 3.5.1. [8] Consider the abelian group G = Z/2Z x Z/27Z. Since |G| =4 and G is abelian, it has
exactly four irreducible characters, all of degree one. The character table of G is given in Table 3.5.1.

| (0,0) (0,1) (1,00 (1,1)

11 1 1 1 1
Q12 1 -1 1 -1
91 1 1 -1 -1
(6 5%)] 1 -1 -1 1

Table 3.1: Character table of Z/27Z x Z/27
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Chapter 4

Representation Theory of the
Symmetric Group

This chapter develops the essential triad of symmetric group theory: (1) permutations in S,, (2) integer
partitions A F n, and (3) their Young diagram realizations. These combinatorial objects, following [9, 8, 2],
parametrize the irreducible representations via Specht’s construction.

4.1 Some Basic Definitions

Definition 4.1.1. [9] The symmetric group on n letters, denoted by S,, is the group consisting of all
permutations (bijective functions) of the set {1,2,...,n}.
Formally, it is defined as:

Sn = {0: {1,2,...,n} = {1,2,...,n} |0 isa bijection}

Definition 4.1.2 (Partitions and p-Regularity). [9] Let A = (A1, A2, ...) be a weakly decreasing sequence of
non-negative integers (i.e., Ay > Ao > --- > 0). We say that:

1. X is a partition of n (denoted N\Fn) if Y .01 N =n.

2. For convenience, we truncate trailing zeros and write X = (A1, ..., Ap) when A\, =0 for all k > m.

3. For a prime number p, the partition X\ is:
o p-regular if no non-zero part \; repeats p or more times (i.e., #{j | \; =k} <p for allk > 1).
o p-singular otherwise (if any non-zero part repeats p or more times).

4. The set of all partitions of n is denoted by P (n).

Remark 4.1.1. If the sequence is not arranged in a weakly decreasing order, it is called an improper partition,
denoted by A |= n.

Definition 4.1.3. [9] To each permutation o € Sy, there is naturally associated a partition of n, called the
cycle type of o. Specifically,
type(o—) = ()‘13 ceey )‘m)a

where the \; are the lengths of the cycles of o, arranged in weakly decreasing order (including multiplicities).
It is important to count cycles of length one when determining the cycle type, even though such cycles are
typically omitted in the standard cycle notation.

standard theorem in elementary group theory establishes that for permutations o, 7 € S,,, the conjugacy
relation o ~ 7 holds precisely when their cycle types coincide[8] .
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Definition 4.1.4 (Young diagram). [9/

Given a partition X = (A1, A, ..., Am), the diagram [\| consists of all ordered pairs (i,j) of integers,
called nodes, such that 1 <i<m and1 < j < )\;.

The diagram [A] is typically displayed on a two-dimensional grid, where each node (i,j) is represented by

a square located in row ¢ and column j.
For example, if A = (4,3,1), then

[ ]
A= o o o or simply:
[ ]

The conjugate partition X' is the partition whose diagram [N'] consists of the set of nodes {(i,7) | (j,1) €
[A]}. In other words, [N'] is obtained by interchanging the rows and columns of [A].

In the study of integer partitions within the set &?(n), two fundamental ordering systems exist: the
lexicographical order (>) and the dominance order (©>). The lexicographical order compares partitions
element-wise from left to right, where A > p if either A = p or there exists a first position [ where \; > 1
with all preceding elements equal. The dominance order compares cumulative sums, with A > p if 22:1 A >
>oi_ w; for all 7. The lexicographical order forms a total order that extends the dominance order, meaning
A > p implies A > p, but not conversely. For instance, while (3,1) > (2,2) lexicographically, these partitions
are incomparable under dominance. These ordering systems play crucial roles in representation theory for
analyzing symmetric groups, in combinatorics for studying symmetric functions, and in group theory for
classifying irreducible representations, providing powerful tools for understanding the structural relationships
between various integer partitions [9].

Definition 4.1.5 (Young Tableaux). [8] Let A& n be a partition of n. A Young tableau (or A-tableau) of
shape X is an array obtained by filling the bozes of the Young diagram [\] with the integers {1,...,n}, each
appearing exactly once.

Formally:

1. The Young diagram [A] consists of left-justified rows with A; bozes in row i
2. A X-tableau is a bijective assignment T : [N\| — {1,...,n}
3. The number of distinct A-tableauz is n! (n factorial)

Example 4.1.1. Suppose that A = (3,2,1). Then some A-tableauz are as follows:

3 | 1] 2]

3 6\
65
14

) )

1
4
6

’4;)—!00

Proposition 4.1.1 (Rearrangement Lemma for Young Tableaux). [8] Let A b n and p = n with ty a A-
tableau and s, a p-tableau where same-row entries of s, occupy distinct columns in t. Then 3 a A-tableau
uy where: (1) Vj, column j of uy equals column j of ty setwise, and (2) Vi, entries from rows 1 to i of s,, lie

in rows 1 to i of ux. For A= 1(3,2), p=1(2,2,1), if t\ = 13 ‘ and s, = 13 , then uy =ty suffices.
24 214
5

Lemma 4.1.1. Let A and p be partitions of n, and let ty and s, be tableaux of respective shapes A and p.
If the integers appearing in the same row of s, occupy distinct columns in ty, then A > p.

Definition 4.1.6 (Tabloid). /8] Let A = n be an integer partition. A AM-tabloid is an equivalence class of
A-tableaux under the row equivalence relation ~, where two tableaux t and s satisfy t ~ s if they contain
identical sets of entries in each corresponding row. We denote the tabloid containing tableau t by [t]. The set
of all tabloids of shape X is denoted T*.
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4.2 Constructing the Irreducible Representations

Having established the foundational concepts of symmetric group representations, we now turn to the explicit
construction of their irreducible representations using combinatorial tools such as Young tableaux and Specht
Representations.

Definition 4.2.1 (Column stabilizer). Let t be a Young tableau with n bozes. The column stabilizer of
t, denoted Ct, is the subgroup of the symmetric group S, defined by:

Cy:={o€S,|forallic{l,...,n},o(i) lies in the same column as i int}.
The symmetric group S, acts naturally on the set of all A-tableaux via permutation of entries.

Proposition 4.2.1. [8] This action is transitive - for any two A-tableauz t and s*, there exists o € S, such
that ot* = s*.

Let T? denote the set of all A-tabloids (equivalence classes of A-tableaux under row equivalence).
Definition 4.2.2 (Group Action on Tabloids). The symmetric group S, acts on T by
o-[t" = [ot], foro € S,, [t €T

This action is well-defined.

Proof. Suppose t* ~ s*. We must show ot ~ gs?.

If 4,7 lie in the same row of ot* and os*, then o~!(i) and o~!(j) lie in the same row of both ¢* and s*
by row equivalence.
Thus the action preserves row equivalence classes and is well-defined on tabloids. O

Remark 4.2.1. Let A = (A1, A2, ..., ) - n be a partition of the positive integer n.
The symmetric group S, acts transitively on the set of A-tableauzx.
We define the standard A-tabloid T as the equivalence class of the tableau with:

e Numbers 1,2,..., A1 in the first row.

e Numbers A\1 +1,..., A1 + Ay in the second row.

o Numbers A\ +---+ Xe_1+1,...,n in the {-th row.
we have: ol
Let A F n be a partition of n, and let T denote the set of all A-tabloids.

Let M* := CT* be the permutation representation - the C-vector space with basis 7*. This induces the
group homomorphism:

T =

¢ : S, — GL(M?),

where ¢* (o) acts as a linear transformation by permuting the basis elements according to the group action.
The representation ¢ is reducible, but contains an irreducible subrepresentation. We now proceed to
explain how to isolate it.

Definition 4.2.3. [8] Let \, - n. Let t* be a A-tableau. Define a linear map Ay : M* — M by

Ap = sign(m)g:

TeC,x

If X\ = u, the element ey = At = Zwecﬂ sign(m)w[t*] of M> is called the polytabloid associated to
tr
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Let P* be the set of all polytabloids corresponding to the partition A of n.
P> = {ep |t is a A-tableau}
Proposition 4.2.1. Let o € S,, and let t) be a A-tableau. Then,

¢§(eh) = Catys
where ey, = A, [tA] = Y cc, sign(m)m[ta] is the polytabloid associated with ty.
X

Proof. We begin by observing that the column-stabilizing subgroup of the tableau ot satisfies the conjugation
relation:
Cot)\ = O'CtXO'_l.

This follows because any permutation preserving the columns of oty must be conjugate under ¢ to a permu-
tation preserving the columns of ¢.
Next, we analyze the action of ¢} on the antisymmetrizer map Ay

GoAr, = > sign(m)gyer = sign(m)d),,

meC, meCt,

where we have used the linearity and homomorphism property of ¢*.
By substituting 7 = omo !, we rewrite the sum in terms of Cyy, :

PrA;, = Z sign(o~tro)¢lo.

TECot,

Since the sign of a permutation is invariant under conjugation (i.e., sign(o~!

7o) = sign(7)), and because
¢ = ¢ ¢, this simplifies to:

GaA, = | D sign()e} | 65 = Agi i

TECot,

Finally, applying both sides to the tableau ¢y, we obtain:

(;53(6“) = d)c/\rAtA [t)\] = Adtx d)c/\r [t/\] = AUt)\ [O't)\] = €oty
which completes the proof. O
We can now define our desired subrepresentation.

Definition 4.2.4 (Specht Representation). /8] For a partition X - n, let S* be the subspace of M spanned
by the collection P> of all polytabloids e;, associated to A-tableauz ty. By Proposition 4.2.1, S* forms an
S, -invariant subspace of M under the representation ¢*. The Specht representation corresponding to \ is
then defined as the restriction ¥ : S, — GL(S*) of ¢* to this invariant subspace S.

Remark 4.2.2. The P* are not in general linearly independent. See the next example.
Example 4.2.1. Let A = (1) F n be the partition consisting of all ones. In this special case:
o A-tableaux coincide with \-tabloids
o The representation ¢* becomes the reqular representation of S,
e The Young diagram for \ consists of a single column

o The column stabilizer of any A-tableau t* is Cpr = S,
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The polytabloid is given by: ep =3 s sign(m)w[t}]. For any o € S,, we compute

Oolen) = 0, < > Sign(ﬂ)ﬁ[ﬁo

TES,

= 3 sign(m)ed [t

TESy

Since ¢X(en) = egpn, we conclude e,yn = sign(o)e,n. By transitivity of the S, action on tableauz, for
any tableau s* there exists ¢ € S, with e;n = sign(c)e,, showing the Specht module S = Ceyn is one-
dimensional. Thus, the Specht representation ¥ : S, — GL(S*) = C* is precisely the sign representation,
with Y (o) = sign(o).

The proof that the representations ¢ are the irreducible representations of the symmetric group S,
proceeds through a series of lemmas, but we omit the full proof here. For the complete proof, we refer to
standard references on representation theory [8]

Lemma 4.2.1. Let A\, - n with t) a A-tableau and s, a p-tableau. If Ay [s,] # 0, then:
1. X u (dominance order)
2. When X = p, Ar,[sx] = e,
Lemma 4.2.2. Let A\ n and t* a \-tableau. Then the image of the operator
At MY — M is Ceya.

To establish that the 1)* are precisely the irreducible representations of S,,, the following theorem is
fundamental:

Theorem 4.2.1. [8] Let A= n and V be an S,,-invariant subspace of M>. Then either S CV orV C (S*)*.
Corollary 4.2.1. The Specht Representation S» is irreducible as a representation of Sh,.

Proof. Let V' C S* be a proper S,-invariant subspace. By Theorem 4.2.1 on the orthogonality of Specht
Representation, we have the containment:

VC(SHtnsr={o}

This forces V = 0, proving that S* admits no nontrivial proper subrepresentations. The irreducibility
follows. O

4.2.1 Frobenius Formula and Character Computations

After presenting the theoretical foundations of Specht representations using Young tableaux, we now practi-
cally apply them to S3 through group algebra elements a, b, and ¢ to demonstrate these concepts.

Definition 4.2.5. [2] For a given Young diagram with n bozes, we define the following two subgroups of the
symmetric group Sy,:

1. The row-preserving subgroup:

Py = {0 € S, | 0 preserves the numbers in each row}

2. The column-preserving subgroup:

Qx = {0 €S, | o preserves the numbers in each column}
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Let X be a Young diagram of size n. We define three key elements in the group algebra CS,,:

ay) = E (53

oc€eP
by = Z sgn(7)e,
TEQ
cx=a-b

Remarkably, the subspace CS,, - ¢ constitutes an irreducible representation of the symmetric group S,,, with
distinct partitions yielding non-isomorphic irreducible representations. This exemplifies the profound yet
rare correspondence between conjugacy classes and irreducible representations in finite groups, which we
shall explicitly illustrate through concrete examples.

Example 4.2.2. [2] To see this in action, let’s find all irreducible representations of Ss. There are three
partitions of 3, and therefore three corresponding Young diagrams:
A=(3)
[1]2]3]

In the first diagram, 1, 2 and 3 are all in one row, so any permutation preserves the row. The only
permutation preserving columns is the identity. Therefore:

Py = 53

Qx ={e}

ay = e+ (12) + (23) + (13) + (123) + (132)
b)\ =€

Ch = QA) € =a)

The irreducible representation is CSs - cy = Ccy, which is one-dimensional since multiplying by any group
element just rearranges the summands in cy.

This subspace corresponds to the trivial representation, as g - (rcy) = rcy for all g € Ss and scalars r,
meaning every group element acts as the identity.

For the second diagram p = (2,1):

Py=((12)), Qu=((13))
a, =e+ (12)
b, =e—(13)
¢ = by, = (e + (12))(e - (13)) = e — (13) + (12) — (132)
The idrreducible representation is CSs - c,. Multiplying c, by Ss basis elements shows the subspace is
spanned by:
v, =e— (13) 4+ (12) — (132)
va, = (13) — e+ (123) — (23)

This 2-dimensional subspace corresponds to the standard representation of Ss.
For the third diagram v = (13):

P, = {e}
QV:S3
a, =-¢€

by = e — (12) — (23) — (13) + (123) + (132)
¢, = ayb, = e — (12) — (23) — (13) + (123) + (132)
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The irreducible representation is CS3 - ¢, = Cc,, which is one-dimensional since:
cy if g is even
g-C = . .
—c, if g is odd

This corresponds to the alternating representation of Ss, where:

(g) = +1 if g is even permutation
g —1 if g is odd permutation

We not only have a systematic method for constructing all irreducible representations of S,,, but also an
explicit character formula:

For a partition v = (v1,vs,...,vk) of n, let C; be any conjugacy class of S,,. For each index j from 1 to
n, when writing elements of C; as products of disjoint cycles, we define £;; as the number of cycles of length
j-

Consider k independent variables x1, xs, ..., x) and define the j-th power sum:

k
Pi(x) =Y x,
m=1

The discriminant is given by the Vandermonde determinant:

1 1 1
X1 X9 Tk
Alx) = . = ] @i—=)
1<i<j<k
x’ffl ngl xkfl

Define Ay = v +k — s for 1 < s < k. For any polynomial f(x) in @1,..., x4, let [f(x)](,,....,,) denote the
coefficient of the monomial:
k
= [ =

m=1
The character value x”(C;) is then given by:

Theorem 4.2.2 (The Frobenius Formula). [2/ The character of the irreducible representation of Sy, associated
with v is given by:

X(Ci) = | A [T Pix)™
i=1 (A1 A2 AR)
Example 4.2.3. [2] Let’s compute X3V for the conjugacy class of transpositions in Ss.
Given:
Partition v = (2,1) (so k = 2), Variables x1, 32, Cycle type p = (1'21): ¢1 =1, by = 1, £3 = 0, Shifted
weights: \1 =3, Ada =1
The character formula gives:

2y — x1) (21 + m2) (27 + 23)]

V() = [(2 1)
= [(23 = aD) (@] +23)] ;5.
4 4
= [25 - xl](3,1)

The coefficient of x3z3 is 0, which agrees with the known character value for the standard representation
V' on transpositions:
xv((12)) =0

This value was previously computed using an alternative method when constructing the character table of
Ss 3.1.
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Conclusion

In conclusion, this thesis has provided a comprehensive exploration of the representation theory of finite
groups, systematically uncovering its profound mathematical beauty and wide-ranging applications. Through
our rigorous investigation, we have demonstrated how abstract algebraic structures find concrete realization
via linear representations, creating a powerful synergy between group theory and linear algebra.

The study has successfully achieved its primary objectives by establishing the fundamental principles of
group representations and their complete reducibility via Maschke’s theorem, developing character theory as
both a classification tool and computational framework, and constructing explicit irreducible representations
for symmetric groups using combinatorial methods. Our work has effectively bridged theoretical concepts
with practical computational techniques.

The examination of character tables and the Frobenius formula has particularly highlighted the remarkable
efficiency with which representation theory encodes complex algebraic information. Moreover, the combina-
torial aspects emerging from Young tableaux and Specht modules have revealed deep connections between
algebra and discrete mathematics.

The interdisciplinary nature of representation theory, as demonstrated throughout this thesis, confirms
its central position in modern mathematics. The foundations laid here provide a robust understanding of
both theoretical principles and their concrete applications, showcasing the enduring relevance and vitality of
representation theory in contemporary mathematical research.
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