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Abstract in English

In this thesis, we studied the multigrid method for parabolic
quasi variational inqualities. For geting the discrete problem, we
used the finite element method on the space and the difference
method on the time, where the discrete problem is equivalent the
continuous problem, after that, we proved the uniform conver-
gence of the multigrid method, for soloving the solution of our
problem we trasfometed the parabolic quasi variational inqualities
to the HJB equation, because there is an equivalence between the
parabolic quasi variational inqualities and the HJB equation. In the
applied branch, we gived a numerical applications for each studied
problems, through which we confirmed the validity of the results
obtained in the theoretical part.

Keywords: Parabolic variational inqualities, Finite element scheme,
HJB-equation, Multigrid techinc.



Abstract in French

Dans ce travail, nous avons étutidée certains classe des inéqua-
tions quasi-variationnelles paraboliques ou le seconde membre de-
pandent de la solution linéairement et non linéairement en appli-
quant les méthodes multigrilles. Aprés I’étude mathématiquement
du probléme continue, pour avoir le probléeme discret nous avons
utilisée la méthode de déffirences finies et la méthode des éléments
finis, finalement nous avons obtenus la convergence uniforme des
méthodes multigrilles pour notre problemes, il est important de
noter notre probléemes sont équivalent de I’équation HJB. Dans la
partie appliquée, nous avons donné des applications numériques
pour chaque probleme étudié, a travers laquelle nous avons con-
firmé la validité des résultats obtenus dans la partie théorique.

Mots clés: Inégalité quasi-variationnelle, Méthodes des éléments
finis, Equation HJB, Méthode multigrilles.

vi



List of Figures

1.1

2.1
2.2
2.3
2.4
2.5
2.6
2.7

3.1
3.2
3.3

4.1
4.2
4.3

5.1
5.2
5.3
5.4
5.5
5.6

Triangulation of the domain €2 . . . . . .. ... ... ... .. . . . ... 9
V-cycle scheme of multigrid method. . . . . ... ... ... ... ........ 30
W-cycle scheme of multigrid method. . . . . . ... ... ... ... ....... 30
F-cycle scheme of multigrid method. . . . . .. ... ... .. ... ....... 31
Comparison the convrgence of M-G method and G-S methods. . . . ... ... 37
Solution of E.QV.I after 20 iterations of Gauss Siedel method. . . . . ... . .. 37
Solution of E.Q.V.I after 20 iterations of Gauss Siedel method. . . . . . .. . .. 38
Solution of E.Q.VI after 3 iterations of multigrid method. . . . ... ... ... 38
Comparison the convrgence of M-G method and G-S methods. . . . . ... .. 46
Solution of P.Q.V.I after 30 iterations of Gauss Siedel method. . . . . . ... .. 47
Solution of P.Q.V.I after 3 iterations of multigrid method. . . . . . . . ... ... 47
Comparison between Multigrid method and relaxation method. . . . . ... .. 54
Solution of P.Q.V.I after 4 iterations of multigrid method. . . . . . ... .. ... 55
Solution of P.Q.V.I after 4 iterations of relaxation method. . . . ... ... ... 55
Comparison between the convrgence of M-G method and G-S methods. . . .. 65
Solution of P.Q.V.I after 3 iterations of multigrid method. . . . . . . . ... ... 66
Solution of P.Q.V.I after 30 iterations of Gass Siedel method. . . . . . ... ... 66
Comparison between the convrgence of M-G method and G-S methods. . . .. 75
Solution of P.Q.V.I using Gauss Siedel method (after 20 iterations). ....... 76
Solution of P.Q.V.I after 2 iterations of multigrid method. . . . . . . . ... ... 76

vii



Contents

Acknowledgments
Introduction

Symbols and basic tools

0.1 Symbols . . . .. . .
0.2 Definitions . . . . . . . ...
0.2.1 Hilbertspace . . ... ... ...
0.2.2 Sobolevspace . . . . . . ...
0.3 Matrix generalities . . . . . . . . ... e

1 Generalities of parabolic quasi variational inequalities

1.1 Finite element method . . . .. ... ... ... ... ... .. . ...
1.1.1  Triangulation . . . . . ... ... ... ... ...
1.1.2  Proprities of the element k; . . . . .. ... ... .. ... ....
1.1.3  The finite element space . . . . . . . ... ... ... .. ... ...
1.2 Finite difference method . . . .. ... ... ... ... ... . . ... .
1.3 PV.I with the operator noncoercive . . . . ... ... ... .. .......
1.3.1 Continuous problem . . . . .. ... ... ... o L.
1.3.2  Discrete problem . . . . ... ... . Lo
1.4 P.QV.I with the obstacle related of the solution . .. ... .........
1.4.1 Continuous problem . . . . . ... ... ... . ...,
1.4.2 Discrete problem . . . . .. ... ..o o
1.5 P.Q.V.I nonlinear with the obstacle related of the solution . . . . . ... ..
1.5.1 Continuous problem . . . . ... ... ... ... L.
1.5.2 Discrete problem . . . . ... ... L L
1.6 P.QV.I non linear with the right hand side dependent the solution
1.6.1 Continuous problem . . . . . ... ... ... ... .. .......
1.6.2 Discrete problem . . . . .. ... ... oo

2 Description of multigrid technic

2.1 Tterative method . . . . . . . . . . ... ...
2.1.1 Relaxationmethod . . . . ... ... ... ... .. ... .. ....
2.1.2 Gauss Siedel method . . . . .. ... ... ... .. ... .. ...,
2.2 Newtonmethod . . .. ... .. ... . .. . .. ...



CONTENTS

3

5

2.3 Multigrid method . . . . .. . ... L 27
2.3.1 Twogridsmethod ... ... ... ... ... . . . ... ... . ... . 27
2.4 Kinds of multigrid method . . . . . . ... ... o oo 29
241 V-cyclescheme . . . . ... ... 29
242 W-cyclescheme. . . . . ... ... ... 30
243 F-cyclescheme . . . ... ... ... ... ... 30
2.5 A solution of the E.QV.I by using the multigrid techic . .. ... ... ... .. 31
2.5.1 Continuous problem . . . . .. ... ... 31
2.5.2 Discrete problem . . . . .. ... L 31
2.5.3 HJB eqution of the discrete problem . . . . ... ... ... ........ 32
2.6 Steps of multigrid techic . . . . . . ... L. L o 33
2.7 Uniform convergence of multigrid techic . . . . ... ... ... ......... 33
2.7.1  The iteration matrix of two-grids . . . . ... ... ... ... ...... 33
2.7.2  Approximation property . . . . . . .. ... 34
2.7.3 Smoothing property . . . . . . ... 35
2.7.4  L%-convergence of multigrid method . . . ... ... ... ....... 35
2.8 Numerical example . . . . . .. .. ... 36
Multigrid methods for P.V.I with the operator noncoercive 39
3.1 HJB-formulation of discrete problem . . ... ... ................ 39
3.2 Description of the multigrid method for PQVIs . . . .. ... ... ... .... 42
3.2.1 The iteration matrix of two-grids . . . . . . .. ... ... ... ... 43
3.3 Approximation property . . . . . ... e e e e 43
331 Themainresult. . . . . .. ... L 45
3.4 Numerical example . . . . . ... ... .. 45

L* convergence multigrid method for P.Q.V.I with the obstacle dependent of the

solution 48
4.1 Multigrid method . . . . . . . . ... 48
4.1.1 HJB formulation of discrete problem . ... ... ............ 48
4.2 L%-convergence of multigrid. . . . . . . ... .. ... Lo oL 51
4.2.1 The iteration matrix of two-grids . . . . . . . ... ... ... ... ... 51
4.2.2 Approximation property . . . . . . ... .o 52
4.2.3 Smoothing property . . . . . . ... 52
4.2.4  L%-convergence of multigrid method . . .. .. ... ... ....... 52
4.3 Numerical example . . . . . .. ... .. 53
The multigrid methods for P.Q.V.I non linear right hand side 56
5.1 HJB-formulation of discrete problem . . ... ... .. ... ........... 56
5.2 Description of the Newton-multigrid method for PQVIs . . ... ... ... .. 57
5.3  Multigrid technique . . . . . . . ... 58
5.4 L%-convergence of multi-grid method . . . ... ... ... ... ... ... .. 60
5.4.1  Matrix associated with the MGHJB algorithm . . ... ... ...... 60
5.4.2 Approximation property . . . . . . . ..o 61
543 Themainresult. . . ... ... .. ... . L 61
5.4.4 Smoothing property . . . . . . .. ... 63
5.5 Numerical Example . . . . ... ... L 64
5.6 HJB-formulation of discrete problem . . .. ... .. ... ... ... ..... 67
5.7 Description of the Newton-multigrid method for PQVIs . . . . ... ... ... 67

X



CONTENTS

5.8 Multigrid technique
5.9 L*™-convergence of multi-grid method



Introduction

The multigrid method is one a numerical methods which used to approximate solutions of
partial differential equations, by iteratively improving the solution through coarse meshes. This
method is based on a mesh algorithm where the approximate solution is iteratively improved
in complex relaxation with correction of defects. Historically, the final form of the multigrid
method has been appeared in the 1970s, exactly, in Bernad’s work see [ ], but the first main
idea of the multigrid method has been began in the Fedorenko’s research and Backvalov’s articles
in the seventh decade of last century, references can be returned [ , ] In the following table,

we summarize a history of the development of the multigrid

year | 1964| 1966| 1971| 1972 1973| 1975 1977| 1979 1981| 1982| 1983| 1984| 1985
Num| 1 1 1|1 1 1 11 22 | 31 70 93 94 | 149

Table 1: Published articles about multigrid method.

To learn more about the history of the multigrid method we recommend reading the fol-
lowing [5, 53]. An excellent work has been presented in the last fifth decade on application of
the multigrid method to find the approximate solution of the partial differential equations, such
as Poisson’s equation. The main destination of the multigrid method is finding the approximate
solution of the partial differential equations with a few number of iterations and on a faster time
than other iterative methods like the relaxation method, recently, multigrid methods has been
developed to solve the elliptic variational and quasi varitional inequalities, for example, in article
[6]: The elliptic quasi variational inequality was studied with the solution is dependent on the
right hand side, and then the multigrid method was applied to solve the approximate solution
of the inequality, the study gave very satisfactory results, when we compare it with the other
numerical methods like Gauss Seidel method [ , 6, ], but as far as we know in this subject,
this method has not been applied to evolutionary inequalities as the parabolic quasi variational
inqualities , wherefore, in this thesis we will study the multigrid method and its application on the
parabolic quasi variational inequalities. There are two main reasons for choosing the parabolic

quasi variational inequalities for applying it on the multigrid method:
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e The scarcity of scientific research then in applying the multigrid method on the parabolic quasi
variational inequalities because the most researchs has focused on the partial differential equation
and elliptic varitional and quasi variational inequality [ , 34, 35, 38, 45, ]

o The extreme importance of the parabolic quasi-variational inequalities in the field of physics and
economics because many physical and economic phenomena can be transformed into parabolic
quasi variational inequalities, for example, the problem of parabolic quasi variational inequal-
ities related to impulse control problems. In this work, we will choose four different types
of the parabolic quasi varitional inequalities in order to apply the multigrid method for them
the four types that are, the firt type: parabolic quasi variational inequality with the operator
noncoercive| | 8], the second type: parabolic quasi varitional inequality with the obstacle depen-
dent the solution|[7], the third type: parabolic quasi variational inequality non linear with the
obstacle dependent the solution[16], the fouth type: parabolic quasi variational inequality non
linear [16].

The main objective of this thesis is studying the approximations of multigrid method, then
we applyed this method on the four different types of parabolic quasi variational inequalities
mentioned above. We started by defining the continuous problem of the parabolic quasi varia-
tional inequalities, after that, we gave the theorem that shows the existence and uniqueness of
the solution [ , ] for obtain the discrete problem, we used the finite element method P1 on
the operator and the theta time scheme and we also gave the theorem that proves the existence
and o uniqueness of the discrete solution[12, 18, 7]. To find an approximate solution of the
parabolic quasi variational inequatities by using the multigrid method, we defined the HJB equa-
tion in the discrete case, becuase there is an equivalence between the parabolic quasi variational
inqualities and the HJB equation [9, 10, 39, 43]. We also used Hoppe’s method for obtain a
linear system[38], to solve the linear system we emploeyed a multigrid method and in the case a
non-linear system we applyed Newton’s method to obtain a linear system with a Jacobian matrix.
Finally, we took a numerical application on each type of the parabolic quasi variational inequali-
ties studied previously, through which we confirmed the results obtained in the theoretical part.
The chapters of this thesis can be arranged as follows:

In the chapter zero, we presented the important definitions and symbols that we needed in this
research. The first chapter, we explained the four types of the parabolic quasi variational inequal-
ities, with mention an existence and an uniqueness of the solution in the continuous problem,
while the discrete problem we defined Vj;: the space of finite elements method by using P1 (with
P1 is a Lagrange polynomial with a degree < 1 and V, C H&) , we employed the finite
element method with Euler scheme for obtaining the disecrete problem, then, we intreduced the
theorem of error estimate between the continuous problem and the discrete problem on uniform
norm, where, we did this work on the four types of parabolic quasi variational inequalities, for

more explanation you can read and understand the literatures [8, 11, 23, 24, 32].

In the second chapter, before giving a detailed explanation of the multigrid method, we briefly



CONTENTS

explain the relaxation method and the Newton’s method[ , ], because we need both in our
work. We introduced a detailed presentation of the twogrid method, the two grid method goes
by three basic steps, step 1: We performed 4 or 5 iterations in the relaxation method, then,
we calculated the residus which represents the difference between the two sides of the equa-
tion, step 2: We define two operators an operator of prolongation which takes us from coarse
mesch to fine mesch and an operator of restriction which returns us from fine mesch to coarse
mesch[20, 21, 22, 33], after that, we applyed the multigrid method on Elliptic quasi variational
inequalities ,then , we study the uniform convergence of the multigrid method for Eliptic quasi
variational inequalities [48, 49, 50]. At the end of the chapter, we provide an applied example

of the multigrid method.

Here in the chapter 3, we took a parabolic variational inequality with the opertor non co-

ercive. We know very well, there is an equivalence between the parabolic quasi variational
inequalities and the HJB equation [38], in addition, we have proven that equivalence in this
chapter then, we trasformeted the parabolic quasi variational inequalities to the HJB equation,
where, we invested the method of Hoppe that he adopted to obtain a linear equation equivalent
to the studied inequality, before applying the multigrid method to the linear equation, we gave
the resulting interations matrix of the mutigrid method, and we also gave all the properties of
the uniform convergence, finally we took a numerical application compatible with the data of the
theoretical part, and we solved the applied using the multigrid method and relaxation method
using the MATLAB program 2018 .
In the chapter 4, we applied the multigrid method (V-cycle and W-cycle) on the parabolic quasi
variational inequalities, where, the obstacale is related to the solution and the operator is a co-
ercive. To obtain the resulting equation from the HJB equation, we treated the HJB equation by
following the same steps in the Hoppe’s method see [38], then we studied the convergence on
the multigrid method . As usual, at the end of each chapter, we took a numerical example, and
applied two numerical methods to it: the multigrid method (V-cycle, W-cycle) and Gauss Seidel
method, we noticed that the multigrid method is more effective and efficient when we compared
it to the Gauss Seidel method.

We divided the fifth chapter into two parts, in the first part, we treated the parabolic quasi
variational inequalities non linear with the obstacle related by the solution . Using the previous
Hoppe’s method in [38] we obtained a nonlinear system, so , we must applyed Newton’s method
to get a linear system with a Jacobian matrix (this method called the linearisation), we made sure
that the Jacobian matrix is M-matrix, after that we solved the linear system with the Jacobian
matrix using the V-cycle, W- cycle and relaxation method, the seconde part, we followed the
same method in the first part, but applied it to the parabolic quasi variational inequalities with
the obstacle independent the solotion and gave a numerical example using the multi-grid method.
finally we presented a summary of the results obtained in this study, and we also talked about

the future work that we will do in this field.



Symbols and basic tools

Before delving into the subject of the thesis, we present some symbols and definitions that

we need them in this study.
0.1 Symbols
1. P.Q.V.I : Parabolic Quasi Variational Inequalities.
2. E.Q.V.I : Elliptic Quasi Variational Inequalities.
3. A7': The inverse of matrix A.
4. A" : The transpose of matrix A.
5. I : A saquare identite matrix.
6. Py : An operator of prolongation.
7. Ry : An operator of restrection.
8. p(A) : Spectracl redius of matrixA.
9. |.| : Absolute value.
10. ||.||: The vector norm .
11. J : The Jacobian matrix.
12. ¢ and ® : The obstacles.
13. r : Restriction operator.
14. HJB equation : Hamilton-Jacobi-Bellman equation.
15. V: A gradient.

16. A: Laplacian.



0.2. DEFINITIONS

17. ©Q : Smooth boundary domain in R%, d > 1.
18. Ax : The step in the direction x.

19. ot : Step of the time.

0.2 Definitions

Let © and I be a smooth boundary domain of R and sufficiently smooth boundary respectively,

with V is a real vector space [27, 31].

0.2.1 Hilbert space

Definition 1. A mapping ¢ : V XV — R is called scalar product on V, if and only if it is c(.,.)

are belinear form, symetric and positive definite satisfying as follow
(i) Y(xy) eV c(xy)=c(yx)
. (ii) VxeV? c(x,x)20 and c(x,x)=0ox=0
« (iii) VxeV, c(x,.) islinear , and c(.y) is linear,
we denote it by :(, ).
Example 1. The standar scalar productor on RY is given by (x, y) = Zld:l X; Vi
Definition 2. The pre-Hilbertien space is Hilbert space if and only if it is a completed space under the
normed associated with the scalar product .
In particular, every Hilbert space is a Banach space with respect to the norm in.
Example 2. The space R" with respect to the scalar product is a Hilbert space.

Definition 3. Consider H a separable Hilbert space of infinite dimension. A Hilbert basis or orthonor-

mal basis is a sequence (e,)nen of elements of H that is complete, and such that:
<eje; >= 0, with 0;; the Kronecker symbol

Definition 4. A Banach space is a normed space that is complete with its norm.

Example 3. The space R" with respect to the following scalar product(x,y) = ?:1 x;yi is a Hilbert

space.

Definition 5. The following inquality called the Cauchy—Schwarz inequality

Yu,veV, |<uv>|<<uu><v,v>
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Definition 6. L”((2) is a Banach space,
LP(Q) = {g : Q0 — RY mesurable and / lg|Pdx < —|—oo}
Q

where , 1 < p < +o00 and its norm given by

1
P
lellrio = ( /Q |g|de)

In particular

. p = 2 the space L*(Q) is a Hilbert space

e p=+4oo
L¥(Q) = {g :Q — RY mesurable and 3C >0 where |g(x)]<C p.p on Q}
and its norm defined by
gllze() = inf {C, where |g(x)|<C p.p on Q}

0.2.2 Sobolev space

Definition 7. We call the space H'(2) a Sobolev space of degree 1, we can express it as follow
HY(Q)={ueLl*Q), dwuel*Q), 1<i<d}

the space H' () associated by a product scalar and a norm respectevly are

< u,v >H1:/
Q

lullpys = llull 2+ D 10l

1<i<d

uv + Z Oy, ulyx,v | dx

1<i<d

and its norm is

Definition 8. We can define the Sobolev space where, 1 < p < 400, for even,m € N* as
W™P(Q) = {u e LP(Q), 0% e LP(Q), VYaeN*|a|<m}

the norm associated from Sobelov space given by

T

L D N

|a|<m

6



0.3. MATRIX GENERALITIES

All Sobolev space is Banach space, in particular,

« If p =2, we have, W™2(Q) = H"(Q)

« If m = 0, we have, WO’P(Q) = LP(Q)

0.3

Matrix generalities

The properties below are a group of important definitions on matrix , consider M = (a;j)ijen € Ris a

sequare matrix .

L

e

M-matrix: the matrix M called M-matrix if M~ exists, in addition to

ajiSO and a; > 0 (li])

Triangular matrix is a square matrix in which elements below and/or above the diagonal are

0 if i>7j
a,-j:{ T (1)
#0 if i<o

all zeros

Tridiagonal matrix square matrix with nonzero elements only on the diagonal and slots hori-

zontally or vertically adjacent the diagonal (i.e. along the subdiagonal and superdiagonal),
Regular matrix we called M is a regular marix if M~ exist, (M ~L is the inverse matrix).

Monotone matrix the matrix M is monotone if M~ exists and all the coefficients of are positive

or nuls .

Positive definite matrix we call quadratic form associated with the matrix M the folowing form
q(x) = xMx'

If xM x" > 0, we called M is monotone matrix.

Diagonally dominant matrix the matrix M is said to be diagonally dominant if

la;;| > Z laijl, i#j.

li=1,...N



Chapter

Generalities of parabolic quasi variational

inequalities

We organize this chapter as follows: the first part, we will presnt two important numerical meth-
ods: a finite element method and a finite difference method, we will use them in all work, in the

second part, we will offer four different types of Parabolic Quasi Variational Inqualities :

+ PV.I with the operator is noncoercive .
« P.Q.V.I with the obstacle related of the solution .

P.QV.I with the right hand side and the obstacle both related to the solution .

P.QV.I with the right hand side non linear .

1.1 Finite element method

A finite element scheme is one of numerical methods that it have been used for soloving the
aprroximation solution for study the problems in this work. The basic steps involved in the
FEM as: discretization the domain, derivative, assembly and the approximate solution of the

equation, see[ ] )

1.1.1 Triangulation

Definition 9. (Mesch), Let () C R? we called a mesh of 2 all Ty, a partition of € into subintervals k;

where Ty, = {k;,i = 1...Np}, we also called T}, triangulation and k; elemmet of him, and the element

diameters via is :

h; = diam(k;), i=1,.....N thevalue h = max(h;)



1.1. FINITE ELEMENT METHOD

h it is called the mesh size and N}, it is called the noeds .

1.1.2 Proprities of the element k;

The intersection of two elements k and k' verfient the following proprieties:

¢

kNk =1 onesommet,

one cote.

Example 4.

The example below is a discretization for the domain §2

Figure 1.1: Triangulation of the domain 2

1.1.3 The finite element space

X }1 is the functions continuous spaces afines of triangulations elements i.e
Xi} = {Vh € C(2), vplk € Py, forall k € Th}

P represents the Lagrange polynomial of degree less than or equal to 1.

Theorem 1. Let Vj, = X/, Vj, is a subspace of Hj(€2).

(1.1)



1.2. FINITE DIFFERENCE METHOD

1.2 Finite difference method

Here, we show the main principe of finite difference method, because us we need it in our work,
in the beginning, the finite difference methods are one of numericals method that used to find the
solution approximation, it depends to replace the partial derivatives by feffirence divises thant

combinaisoons of ponctuells of the function on descrets points of finite number or noudes of

mesh [ ] Discretze on the time, we use the Euler scheme as
ut — un—l T
ouy = — ; =012, ..., 1, 6t=—— ; t,=not
U, 5 7 o n=20 m + o1 n =N
To discretze on the space , we use the §-scheme as follows
A= 0%uy, + 62uyy
[ un—i—ll _ 2un+1 +un—}—11 u ) —ou". 4+ u ) ]
2 i+1,j i,j i-1,j i,j+ i,j i,j—
O uyy = 6’( 2 +(1—9)( 2 )
I un—|—1 _ 2un—|—1 + un—i—l u — . oyt ]
52 _ o i+1,j ij i-1,j (-0 ij+1 ij ij—-1
I/lyy - ]’l2 ]’l2
where
Ax=Ay=h ; 0<6<1
x,-:ih Y :jh Vi,jE{O, 1,....,N—|—1}
Remark 1

« 6 =0 gives the Forward Euler scheme.
« 6 =1 gives the Backward Euler scheme.

gives the Crank Nicolson scheme .

9_1
2
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1.3. PV WITH THE OPERATOR NONCOERCIVE

1.3 PV.I with the operator noncoercive

1.3.1 Continuous problem

The following problem is called as: parabolic variational inquality with the operator noncoercive
given by, find u € L2(H}(€); [0, T]):
ou

a—+ﬁu<f ;o u—@ <0,

(‘;“wu f) (1-¢) =0 in Q.

(12)

u(x,0) =y in €,

u(x,7) =0 in 3,

where Qr is defined as Q7 = Qx[0,T], ¥ = I'x[0,T], T < oo, and ¢ realization as ¢ € W2 (Q)

such that ¢ > 0. Let £ an operator noncoercive defined by:

d
92 p,
== Zldfij(x)axiaxj + Z;fj(x)a—xj + €o(x). (1.3)

tij(x) = Cji(x), Co(x)>=pB >0, Pisaconstant. x € Q, (1.4)
d
D, Gi0ag =yl VEeR! y >0,
1<i,j<d

{(.,.) is associated with the operator €, and €(., .) is a continuous and noncoercive bilinear form,

where
d o
1§l,]§d =
(v, v) + /1||V||§2(Q) > 7||V||,2,&(Q), y>0 , 1>0, VYveH;(Q) (1.6)

11



1.3. PV WITH THE OPERATOR NONCOERCIVE

in the problem (1.7), we cho

Ou

ot

ose A is sufficiently large

+8u+Au<f+Au ; u—p<0

t

(a——i-ﬂu—f) (u—¢) =0 inQ,
u(x,0) = ug in €,

u(x, 1) =0 in >,

clearly, the problem (1.7) equivalent the problem (1.8)

0
8—1;—{—(‘:uSF ;o u—@ <0,

(%—F(‘Zu—F) (u—¢) =0 in Q,

u(x, 1) =ug in (),

u(x,7) =0 in 3,

so that € = € + AT are strongly coercive on H'(2) (see [25]).

Additionally, we consider f a second member as following: f € L®(2) N C1(Q),

(1.7)

(1.8)

f>0.

After applying Green’s formulation on the problem (1.8) , we obtain the weak formulation of

our proposed problem, v in H} () and v < ¢, find u in L?(H}(2); [0,7]) a solution to the

following:
ou
—,v—u|+c(uv-u) > (F,v-u),
ot
u=x<oe,
ﬂ
u(x, 1) = ug in €,
u(x,t) =0 in 3
we put

c(u,v—u)

={l(uv—-u)+A(uv-u)

12

and F=f+ Au
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1.3. PV WITH THE OPERATOR NONCOERCIVE

The theorem below give us the existence and uniqueness of solution for the problem (1.9)
Theorem 2. [7, 16] Under all the previous assumptions and hypotheses , the problem (1.9) has an

unique solution u in L2(HS(Q); 0,7]) .

1.3.2 Discrete problem

Now, we apply the finite element scheme on the space and the finite difference scheme on the
time (Euler scheme), {/4}}"_, mesh size paramater and k is a level mesh in the multigrid method
such that

O<hy<hiy1<1, 0<k<m, meN*,

Let {Yy} is a family of uniform triangulations where €2;, = YU Y, and for all Y, we have:
€Yy,

Q€ Q1 € Q dist(Dy,T) < chf,  hprhe < c1.
We associate each hy with the following symbols to facilitate our work
Qe =, Ly = .
We consider ¢2, i = 1,2,..,m(h) as the conventional basis for affine functions defined as follows:
¢}, (K1) = 6,

K}]; denote a vertex of the triangulation Y. Let i}, = R™ and V}, denote the discrete space of
FEM (the order on Vj, will be that induced by R () ), as given by

Vi = {vn € L*(Hy (Q);[0,T]) N CH(Hy (Q); [0, 7)) va(-,0) = vy € Q| vy, € P1, vi < ovi}
we consider the restriction operator defined as:

ry Uy — Vp,

m(h)

rav(x) = > V(K})(x), (1.10)

=

—_

we provide a definition for the following adjoint operator r, : Vj — U} satisfies :
(rpu,u) 2 = <u, er) ,Yue U, vev,

the norm |||l (on ) and the norm ||.[[L~ (on Vi) are equivalent, which are indicated by

- lleo-

To discretize problem (1.9) with respect to time, we use the semi-implicit Euler scheme , subse-

13



1.3. PV WITH THE OPERATOR NONCOERCIVE

quently we are looking for a series of items uj, € V), that approaches u(t,), t, = ndt, with initial

auh uz_un—l

data ugp and i ~—"—, thus, we have forn = 1,..., N, and Vv, €V,
u _un—l
h
( 5 Vp—uh) A c(uh, vy —ul) > (F), v — ), (L11)
wy < rpp; vy S e

we can write the problem (1.1 1) as: Yv, €V

n—1

h
o v = y) + (W v —wj) = (K 4 = o v — ), (1.12)

uy < rpp; YV Sy

1
when we put ¢ = 5 and F[l‘_l =F+ wuZ‘l, we obtain

E(uf, vy —uf) + c(uf, vy —ujy) 2 (F;:_l, vy —uj),
(1.13)

u, < rpg.

We can express the problem (1.13) in the following form, find u} € Vj, Vv, € V),

d(uf, vj — u;’l) > (F;ll_l, vy —uj),

u, < rp¢p,
< (1.14)

uh(x, 0) = uh(x) in Qh,

u(x, 1) =0 in X,
where
d(up, vy —uy) = &(up, vy —up) + c(up,up —uj).

The bilinear form d(., .) exhibits strong coerciveness. Consequently, the formulation (1.14)
denotes a coercive and continuous issue concerning elliptic variational inequalities (see[45]).

Denote by D, the outcome obtained by addressing problem (1.14) through a finite element

14



1.3. PV WITH THE OPERATOR NONCOERCIVE

method, resulting in the solution to the subsequent problem ascertain u, € Vj, such that:

(D v =) = (Fwn =),
W, < rhgp,
(1.15)

uy(x) = up(x, 0) in  Qp,

u(x, 1) =0 in X,

where (Dp); j denotes the finite element matrix defined by:

(Dn)ij = d(¢i- ¢j) = c(i, ¢)) + &(di ¢;)

and {¢;} isbasisof Vj;, 1 <i,1 < j. The discretization matrices 9y, and the generic coefficient
matrices c( 2, ¢{1) are introduced in a natural progression, where the customary basic functions
are denoted by ¢, = 1,2,...,m(hy). Now that these definitions have been established, we may

state the discrete problem as follows, determine u';l € V), representing the solution for

<Z)hu2, vy, — uZ) > (F,Z’_l, vy — uZ),
u, < e,
< (1.16)

uh(x) = uh(x, 0) in Qh,

u(x, 1) =0 in X

the matrix (D) with coefficients d(¢;, ¢;) are an M-matrix (see[23, 44]).
Theorem 3. [7, 15] The problem (1.16) has a unique solution (as is well know).

The following theorem proves the L™ convergence of the discrete solution ug to the con-

tinuous solution u®, (the estimation result) .

Theorem 4. [15] Let u™ and u]hv be the solutions of (1.9) and (1.16), respectively

laj = ullo< €

N
h?|log(h))* + (1+1ﬁ&) ] (1.17)

15



1.4. PQV.I WITH THE OBSTACLE RELATED OF THE SOLUTION

The asymptotic solution of the problem (1.9) is denoted by u®, the discrete solution calcu-

lated at the moment 7' = not is represented by u} for more details please refer to [16, 23].

1.4 P.Q.V.I with the obstacle related of the solution

1.4.1 Continuous problem

The problem below is P.Q.V.I with the obstacle dependent of the solution called : P.Q.V.I arising
from stochastic inventory problems with impulse control see [7],

find u € V, (V = L*(Hy (); [0, T))):

Ou

(G +Au<f) . (w<Mu) nQx[07]

(%+Au—f) (u—=Mu)=0 in Qx[0,T]
(1.18)

u(x,0) = up in

u(0,t) =0 in I’ x [0, 7],

we consider the elliptic linear operator A given by

d

d

9? d .

A= Z aij(x)@x,ﬁxj + Z;aj(x)—_ +ap(x), 1<i,j<d, (1.19)
]:

ij=1

the functions a;;(x), a;(x), ag(x) € L*(2) N C?(Q) meet the following conditions:

a;j(x) = aji(x), ag(x)>B>0, Pisaconstant x €, (1.20)
d
Z a;j ()G >y CeRY y >,
1<ij<d

and a(.,.) is resulted with the operator A, where a(.,.) is a continuous and coercive bilinear

form, as defined by

d d
du Ov Ju
a(wv) = / aij(x)7——+ ) aj(x)=— +ap(x)uv| dx, 1.21
) 1;jsd / 8x,- dx]' ]; / axj' ( )
a(v,v) + @lviaig) 2 VIVl gy ¥ >0 . @>0 VveHy(9) (1.22)

16



1.4. PQV.I WITH THE OBSTACLE RELATED OF THE SOLUTION

we put f a right hand side as following
feL*(Q)nclQ) , f=0
the obstacle of impulse control M given by
M 2V 0L (Hy (); [0,T)) — V 0 L™ ((Hy (2); [0.7]),
Mu=o0+ inf wu(x+¢), o>0.

x+2€Q,0>0

Lemma 1. [3] The operator M satsfies
M(yv+y)=M>v)+y, forally eR,

v<w= M) < Mw),

IM(v) = M(W)|loo< ||V = Wlleo for all vyw € L¥(Q),

(1.23)

(1.24)

We employ the Green’s formulation as the problem (1.18), we get the following weak for-

mulation , for all v € L2(H}(Q);[0,T]), find u € L*(H}(Q); [0,T]) such that

(%,v—u),+a(u,v—u) > (f,v—u) in Qp,

u < Mu in Qr,

u(x,0) =ug in ),

u(x,t) =0in X.

The existence and uniqueness of the problem (1.25) get it in the theorem following

(1.25)

Theorem 5. [7| Under all the previous assumptions and hypotheses , the problem (1.25) has an unique

solution u in L*(H3(2);[0,T]) .

1.4.2 Discrete problem

Let Vj, denote the discrete space of FEM as given by

Vi =A{vy € LQ(H&(Q); [0, T]) N Cl(HS(ﬁ); [O, T])vh(., 0) =V, € lehlﬂh € Py, vy, < Mvy}

17



1.4. PQV.I WITH THE OBSTACLE RELATED OF THE SOLUTION

we consider (,02 as the usual basis of affine functions defined as
o,(y)) =6, i=12...m(h)

where yé denote a vertex of the triangulation 7j,. Let U, = R, we consider the restriction

operator defined as
rp, U, — Vy

m(h)

rv(y) = > v(h)eh(y) (1.26)

i=1
we give the definition of the following adjoint operator
r; : Vi — Up,  which satisfies
(rpu, vy 2 = <u, r;;v>, YueU, vevV,
Now, we discretize the following problem to find u;, € Vj,

ouy,
2 T a(up, vip = up) = (fosvi — un), Yvi € Viy

uy < Muuyp,
(1.27)

Upy(x) = up(x,0)

u(0,¢) =0,

for any 6 €]0, 1], and for the discretization of problem (1.27), we employ the 6-time scheme

and semi-discretization, where

= T = not

9

uz’" = Oup + (1 - Q)MZ_I

fr=efr+ -0t

18



1.4. PQV.I WITH THE OBSTACLE RELATED OF THE SOLUTION

we obtain

y(ufl’n, Vp — uz’”) - a(uZ’", vy — uz’n) > (fOn + puz’"_l, v — uZ’")

uZ’" < Mhufl’" (1.28)
B 1
H= %61

We can formulate problem (1.28) in the following form as follows, find ufl’" € H&(Q) such that

v =) = (P ), Vo € HY(D)

O,n o,n
u,” < Muu,

< (1.29)

uny(x) = up(x,0)

u(0,7) =0
the problems (1.28) and (1.29) are equivalent, we put
Fﬁ,n _ f@,n + Mu(),n—l

Muup =0+ inf up(x+¢), o0>0
x+£eQ¢>0

b(uZ’”, vh — uz’") = ,u(uz’", vp — uZ’") - a(uz’”, vp — uz”)
Let By result from solving problem (1.29) using the finite element method, leading to the
solution of the following problem, find uz’n € Vj, such that:

<Bhuz’n, Vi — MZ’n> > <F9’n, Vi — uz’n>
O,n

u,

< Mth’n

1.30
Uupy(x) = up(x,0) ( )

u(0,¢) =0

19



1.5. P.QVI NONLINEAR WITH THE OBSTACLE RELATED OF THE SOLUTION

where (By,); j denotes the finite elements matrix defined by

(Bn)ij = blgi, ) = algi, ;) + u(ei i), 1 <i,j <m(h)

and {¢;} is basis of Vj,, 1 <i,1 < j. The matrix (Bj); ; whose coeflicients b(¢i, ¢;) are M-matrix
entries (as defined in [23]).

Theorem 6. [12, 15] The problem (1.30) has a unique solution (as is well known).

The following theorem gives us the approximation of the discrete solution ufl’" to the con-

tinuous solution u® .

Theorem 7. [1 , 15] Let u*™ and uz’n be the solutions of (1.25) and (1.30) respectively, we have
for all 6 €]0 ; 5[

2 n
o _ o< ¢ | i2lioe(i? 1.31
(7 T ISP tog(M)I” + 2+ 6(1 - 20)p(By) (=
1
and for all 6 € 3 ; 1]
2 = =l € [W2ltog ()2 + (=) (1:32)
f < 1+ oot '

The asymptotic solution of the problem (1.25) is denoted by u®, the discrete solution cal-
culated at the moment 7' = ndt is represented by ufl’n and p(By,) is the spectral radius of (Bj);;

where C > 0, for more details please refer to [ ]

1.5 P.Q.V.I nonlinear with the obstacle related of the solution

1.5.1 Continuous problem

The problem that will be studied in this section is characterized by: the operator J is ceorcive

and the right hand side g(v) is non linear, the problem is
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1.5. P.QVI NONLINEAR WITH THE OBSTACLE RELATED OF THE SOLUTION

findveV
(@‘FJVSg(V)) , (v<Mv) inQx|[0,T]

(%+Jv—g(v)) (v=Mv)=0 in Qx[0,T]
(1.33)

v(x,0) =vg in ),

v(0,¢) =0 in 3,

¥ =Tx[0,7] and € is an open domain in R?. Let M the obstacle of impulse control given
MV A LE(HY(Q);[0,T]) — V 0 L((H (Q);[0,T]),

Mv=c+ inf v(x+¢), o>0.
x+£e,0>0

From transform the problem (1.33) to the weak formulation , we use the Green’s formulation,

we get afer that as the following problem, find v in “V a solution to the following

ov

(E,w—v) +i(v,w—v) > (g(v),w—v),

(1.34)

v(ix,1) =0 in X,

j(.,.) is a continuous and coercive bilinear form related to the elliptic operator J defined as

d d
) . ov ow ) ov .
o= (iz,-zﬂ""x)a—md—xj F 2N, ] de (139)
jij(x) = 3i(x), jo(x) 2a >0, aisaconstant x€Q, (1.36)

the operator J defined by:
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1.5. P.QVI NONLINEAR WITH THE OBSTACLE RELATED OF THE SOLUTION

we suppose that the function g(.) is nonlinear, continuous and c¢— Lipschitz,
lg(y)—g(z)| <cly—z| forally,zeR, ¢ >0.
Theorem 8. [ 13, 17] The problem (1.34) clearly has a unique solution, overmore v in L2(H6 (©);[0,7]).

1.5.2 Discrete problem

Here, we take the same finite element space Vj, and applying the finite element scheme and the
semi-implicit Euler to discretize problem (1.34) with respect to time. Consequently, we are in

seek of a sequence of elements w; € Vj, that approaches w(ty), t, = ndt, with initial data v

dvy Vv
and ER = 51 thus, we have forn = 1,...., N, and for all wy, € V},
VZ - VZ_l
(T, wp =)+ (Vi = Vi) 2 (8(V]h), wn — V), (1.38)
v < rp(Mv)),
we can write the problem (1.38) as for all wy, € Yy,
1 Vn—l
. h
3 = Vi) + (v = 93) 2 (8() + oy = v, 139
v < (M),
h €€ =~ and G(v") = g(v" n-1 btai
when, we put & = 5 o0 (Vi) = g(v}) + wv; ™, we obtain
w(vi, vy = Vi) + (Ve —ul) 2 (GR(v)), W — V),
(1.40)
Vi < (M),
we can express the problem (1.40) in the following form ,find v}, € Vj, for all w; € Vj,
q(v, wp = vi) 2 (G} (Vh), wn = v}),
v < rp(Mv}),
(1.41)

vi(x) = vp(x, t)v(x, 1) = v in Qp,

v(ix,t) =0 in X,
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1.5. P.QVI NONLINEAR WITH THE OBSTACLE RELATED OF THE SOLUTION

where

q(vz, Wy, — VZ) = f(vz, Wy, — VZ) + j(wz, W), — VZ)

The bilinear form q(., .) exhibits strong coerciveness. Consequently, the formulation (1.41)
denotes a coercive and continuous issue concerning elliptic quasi-variational inequalities [ 1, 13].
Denote by Qj the outcome obtained by addressing problem (1.41) through a finite element

method, resulting in the solution to the subsequent problem ascertain v} € Vj, such that
(Quv oy =) > (GM(V)),wp — V),

v < rp(My),

1 (1.42)

vi(x) = vp(x, 1) in Qp,

v(x,t) =0. in X,
where (Qy); j denotes the finite element matrix defined by

(Qn)ij = a(éi 8j) = 3(di ¢j) + &(bis b)),
and {¢;} is basis of V;,, 1<1i,1 <.

The discretization matrices Qp and the generic coefficient matrices a( 2, ¢L) are intro-
duced in a natural progression, where the customary basic functions are denoted by ¢; =
1,2,...,m(hy), now that these definitions have been established, we may state the discrete prob-

lem as follows: Determine v} € Vj, representing the solution for

(@i =vh) > (G (i)~ 7).

(1.43)

v(ix,1) =0 in Xj.

The matrix (Q;) with coefficients q(¢;, ¢;) are M-matrix [36].

Theorem 9. [12, 17] The problem (1.43) has a unique solution v, € Vj, for more details [12, 17].
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1.6. PQV.I NON LINEAR WITH THE RIGHT HAND SIDE DEPENDENT THE SOLUTION

The theorem below represents the approximation result of our problem in this chapter.

Theorem 10. [17] Let v*° and VZV be the solutions of (1.34) and (1.43) respectively, then
N
1+ cot
N 00 2 2
lv, = v®llw< C | hillog(hi)l” + (1 n a/5t) (1.44)

where v is the asymptotic solution of the problem (1.34) ,and v]}:’ the discrete solution

calculatedat the moment 7' = ndt, ¢ > 0, additionlly ¢ < a.

1.6 P.Q.V.I non linear with the right hand side dependent the

solution

1.6.1 Continuous problem

When we remplace the obstacle Mv by the obstacle ® in the problems (1.34) and (1.42), we

find the following continuous problem

(%,w—v) +i(v,u—v) > (g(v),w—v),

3 (1.45)

v(ix,1) =0 in X,

with @ realization as ® € W2* such that ® > 0,
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1.6. PQV.I NON LINEAR WITH THE RIGHT HAND SIDE DEPENDENT THE SOLUTION

1.6.2 Discrete problem

We get the following discrete problem, find v} in Vj,
(e —v}) > (G~ ),

VZ < r,®,

(1.46)

vh(x) = vh(x, O) in Qh,

vp(x,t) =0. in X,

where (Cj); j denotes the finite element matrix defined by

(Cn)ij = c(¢i- ) = 3(dir b)) + E(in &),

the problem (1.45) has an unique solution v in L*(Hy(€2);[0,T]) see [17], and the problem
(1.46) also has an an unique solution v} in Vj, see [12]. To obtain the result of the regular

convergence between the problem and the discrete problem, we apply the theorem 10.
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Chapter

Description of multigrid technic

Here, we will present the multigrid method, then apply it to elliptic quasi variational inequalities,

in addition to give a brief explanation of the relaxation method and Newton’s method [29].

2.1 Iterative method

For soloving the following linear system (Ax = B) with A € M,x,(R) is a symetric and definte
postive marix and B € R" is a vector , we use the iterative method . The principe of iteration
method is written the matrix A like this A = (M — N), where M is inversible and diagonal or
tridiagonal matrix, the system Ax = B is equivalent to x = M~!(Nx + B), to approximate the
solution of the system (Ax = B)

(k+1)

we apply the suite x below

x*D) = Y (Nx®) 4+ B)

2.1.1 Relaxation method

For finding the approximate solution of the system (Ax = B), we divide the matrix A as

1 l-w
A=(—D-E)-(——D+F
(= )= (=—D+F)
where D is a diagonal matrix, E is a infereur tridaigonal matrix, F' is a supreur tridiagonal matrix

An iteration matrix of relaxation method given by :
Lo =[(I-wD™E) (1 - w)+wD'F)], weR".

Lemma 2. Let A € M,x,(R) symetric and definte postive matrix , the relaxation method is convergente
if and only if w € ]0,2][.
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2.2. NEWTON METHOD

2.1.2 Gauss Siedel method

If w = 0 in the relaxation method , we get an other iterative method called: Gauss Siedel method,

the iteration matrix of Gaus Siedel method is that :

L= (D-E)'F

for geting the approximate solution of the linear system (Ax = B), we apply Gauss Siedel mehtod

and the foulowing suite of approximate

(D-E)'x+) = Fx* + B with x(© given

2.2 Newton method

We supose that f € C%([a, b]), the equation f(x) = 0 accept a unique solution r € [a, b], the
idea of Newton s method depends on replace the equation f(x) = 0 by the equation 77 (x) = 0,
where 77 is a polynome Taylor of adegree 1 on the point xi.

The suite of approximate for Newton s method given by

k
for, k>0 w1 — 5 (K) + ]]:/((x k)) where xlgiven.
X
2.3 Multigrid method
We want to solve the following equation:
Axuk = fi (2.1)

where Ay is the resulting matrix of replace the paratial derivates under the conditions of limites
on the born and f; is the seconde member. Usually, for solving the problem we apply the
iteratives methods like the relaxation methods or Newton’s methods, but in some cases, the
iteratives methods don’t give us the prefect solution, so, we use an other itertives methods called
as: multigrid methods, this method use it when other iterative methods are not available or in
the case of equations of large size,and it is characterized by quick access to the solution and the

fewest number of iterations.

2.3.1 Two grids method

For soloving the solution of the problem (2.1) by using twogrids method, now, we pass to the

stages of towgrids method :
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2.3. MULTIGRID METHOD

Stage 01:

Let be €2 and ;_; are towgrids, adding {2 D Q; D (;_1,we rise a few iterations by Gauss
Siedel method(4 or 5 iterations).

Pre-smoothing let U is the first approximation of the solution U = L(Ay, Fj,, Up, v = 5).
The residu di: We denote the residu by:

di = fi — ArUx

The error e;: We symboly the error by
e — U; - 0

and we have
dk == ﬂkek

Stage 02:

To calculate the error in the croase mesch and then return to the smooth mesch, we know two
important operators called: prolongomation and instrection oporators, which allow us both to

move between the croase mesch and the smooth mesch.

Prologation operator For transfer from coarse to fine mesch we define an operator called

as interpolation operator P and given by
P: Vo, >V,

Vo = vy

P, = c R(N—l)x(N+2)—1

N —

S O O O = N
S O = N = O O
_— NN = O O O O

Intersection oporator For return from fine mesch to corse mesch we define an oprator called
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2.4. KINDS OF MULTIGRID METHOD

as intersection operator R and given by
R:Vy—> Vy

Vi B2 Vap

R(N—l)x(N+2)—1

Ry, = S

e
o O =
S O N
S = =
o NN O
— = O
N O O
= O O

Remark 2 We have gave R;, and Pj, for N = 8, in addition to
1 T

Voo v v o v v v
Ay = Rn Ay, eg, = Riey, . dy, = Rud,

Vv v v v v %
A, = PrAy, , e, = Prey, , dy = Ppd,,

Stage 03:

now, we calculated the error on coarse mesch, so using the restrection operotor R like this

€on — Reh

2.4 Kinds of multigrid method

We will propose three important kinds of multigrid scheme.

2.4.1 V-cycle scheme

Definition 10. [/4] The V-cycle scheme of multigrid method depends on replacing the operator in
the fine mesch to reach the coarse mesch, and it is the most used in solving equations in the numerical

analysis of large-scale problems. The figure bleow give the diagram of the The V-cycle scheme
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2.4. KINDS OF MULTIGRID METHOD

level 3 (fine)
fevel 2
level | \/

level 0 (coarse)
V—cyele V—: vele I V—evele 2 V-cyele 3

FMG

Figure 2.1: V-cycle scheme of multigrid method.

2.4.2 W-cycle scheme

Definition 11. The W-cycle scheme goes through many operations from the large grid to the coarse
grid, before correcting on the fine grid, and is considered a less used method in the field of numerical

analysis due to the high cost of its use.

MULTIGRID METHOD (GMG)

L
y
\

& restriction @ postsmoothing
@ presmoothing

M prolongation

V - Cycle / . Direct solver

Figure 2.2: W-cycle scheme of multigrid method.

2.4.3 F-cycle scheme

Definition 12. When the v-cycle and w-cycle don’t give us a solution to the problem, we use another
method called full-cycle scheme, it is the process of merging the tow methods together, which we summarize

in the algorithm below :
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2.5. A SOLUTION OF THE E.Q.V.I BY USING THE MULTIGRID TECHIC

Fine

@ Relaxation

1 /.
1 J‘ / QO Exact solving
\ Restriction
/ J / Prolongation
Coarse dv ,;# FMG prolongation

Figure 2.3: F-cycle scheme of multigrid method.

2.5 A solution of the E.Q.V.I by using the multigrid techic

For studing the L -convergence of multi grid techic, we give our problem in the case continuous

and descrete as :

2.5.1 Continuous problem

for all v € W2P(Q) , find w € W?P(€2) such that

a(w,v—w) = (f,v—-w),

(2.2)

w < Mw,
We take a(., .) is bilinear form, coercive and continuous, f linear function with f € L*(2), and
M the obstacle is defined in Lemma 1.

Theorem 11. [5] under the hypotheses (1.19) to (1.24) , the problem (2.2) has an unique solution
w in W2P(Q), with 2 < p < 0.

2.5.2 Discrete problem

for all vZ e V" find WZ € V), such that:

(Anwipvn=wi) = (f"vn—wp)
(2.3)
wy < Myw)
where, V, = {v, € C(Q2) N H&(Q) | va, € P1, vi < My} and (Ap);j denotes the finite
element matrix defined by (Aj)ij = a(¢i, ¢j), with {¢;} is basis of Vj,, 1 <i,1<j.

Theorem 12. [/] under the hypotheses and notation precedente, the problem (2.3) has an unique

solution wy, in W*P(Q), 2 < p < .
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2.5. A SOLUTION OF THE E.Q.V.I BY USING THE MULTIGRID TECHIC

To study L*-convergence of the multigrid method , we need the Theorem 13 and and the

Lemma 3.
Theorem 13. [/] Let w and wy, be the solutions of (2.2) and (2.3) respectively, then there exists a
constant C independent of h such that
Wi = wllw< C [1*|log(h)]?] (2.4)
for more details please refer to [4, 6].
Lemma 3. [50] There exists 71 and nz independent of h where
L lra(W)lleo= lIwlleos YW € U
2. mlvlleo= 17 () lleo < m2lVlleo, Vv € Vi

the norm ||.[| (on Uy) and the norm ||.||~ (on Vj) are equivalent, which are indicated by

[l -lleo-

2.5.3 HJB eqution of the discrete problem

We can express the E.Q.V.I as the H]B equation below,

) -1
112'1}1(\/ (ﬂk,iwz,i - fkv,i’ WZ,;‘ - MkWZ,i ) =0 (2-5)

We suppose that w" is an unique solution of the HJB equation 2.5. Let w° given , for foloving

the following system2.6,we calculate w"*!

AW = =0 (2.6)

where
(2.7)

v = ) A if (A = f) > wi = Mw
Iy if  (Ariwg, = f) < wi - MwiT
vi oo -1

o { v (Aawg = 1) - Mwy; (2.8)

> Z
i
. .
Vi if  (Ariwy; = fi) <wp,—Mwp;

w

Ay is the i'" row of the discretization matrix Ay, fi; is the i’ component of the right-hand
side f; of our discrete problem, and Iy ; is the i" row of the identity matrix /. In the following

theorem 14, we will prove the equivalence between the E.Q.V.I and HJB equation.

Theorem 14. [6] Let w) be the iterate obtained by the previous iterative scheme, satisfying the HJB-
equation above. Additionally, we suppose that Ay is monotone. Then, the sequence w), where (v > 0),

exhibits monotonically decreasing convergence toward the unique solution w;_ of (2.3).
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2.6. STEPS OF MULTIGRID TECHIC

2.6 Steps of multigrid techic

Let (w}) be an iterate and M;Z be the solution of below equation (2.9)
w, = D) (w}) (2.9)

v __ *

Dj is the iteration matrix of smoothing. Starting at the error e, M;]‘; - wy

Where w, is the solution of (2.9) and the residual d| is given by
dl = fl = Aw,; (2.10)
We can write (2.10) as
d} = Aje, (2.11)

In order to compute ¢}, it is imperative to possess the ¢, _, values derived from the k —1 solution
within the coarse grid equation
v _ v v
dioy = i1 (2.12)

We have
Apa =ReAr g =Reep . d ) = Ridy

A, =PcA,_, , e =P, , dp=Pd_,

Py and Ry are the prolongation matrix and the restriction matrix respectively.

Let W be the identity operator given by:
U:Vioi — Vi
Uy =v
To define the prolongation and the restriction operators i.e.

Re =P,  Py=R 'R

2.7 Uniform convergence of multigrid techic

In this section, we will give the uniform convergence of multigrid techic

2.7.1 The iteration matrix of two-grids

Let @1 and a2 be presmoothing and postsmoothing iterations respectively, and let TGy (a1, @2)

be the iteration matrix of two-grid methods given by

TGi(ar, az) = D (AL = Py (A]_)ROAL DY, k=12 ..... (2.13)
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2.7. UNIFORM CONVERGENCE OF MULTIGRID TECHIC

Theorem 15. [51] The multigrid method is a linear with iteration matrix MGy, given by

MGy = TGy + D MGy—1(A)) ' Ry A, (DY) k=12,..... (2.14)

2.7.2 Approximation property

The following approximation property based by Theorem 13 and Lemma 3 is demonstrated.
The proof of the theorem is an adaptation of the one provided in [36] originally presented for

the problem of variational inequality.

Theorem 16. Let Yth iteration matrix of multigrid given by
Y=[(A) = P (A_) " R (2.15)
Under the previous assumptions the matrix Y satisfies the following approximation properties:
Y llo< C [R*|l0g(h)[?] (2.16)

Proof. Let wy and w;_, be solutions to problem (2.3), we then apply Theorem 13
Iwi =wi_ylloo <lwi =w®lleotllwi_y = w=llw < C1 [A%]log(h)1*+] + Ca [h*|log(h)I?]

< C [W?|log(h)|?
where C = (C1 + C3).
Then there exist a right hand side F' € Uy such that:

Vv € Vi b(re.(A;) f; = < ) f Vk>L2(Q)

Wyt € Vier b((re-1) ™ (AT R f 5 vieen) = ()7 5 i) 2
Using the theorem 13 and the lemma 3
It (AN f =y (A_) ™ Re fllos C [RP|Log(h)[]

Then
I(A)™ =t et (AL ™! Relloll fllo< € [R21L0g (B)P] 1| flloo

This completes the proof:
I(AD)™ = Pi (A;_) ™" Relleos C [P [10g ()]

and
Y llo< C [R*|log(h)|?]

34



2.7. UNIFORM CONVERGENCE OF MULTIGRID TECHIC

2.7.3 Smoothing property

We composed the matrix (A; = Ly — Ni) and used the following assumptions: Ly is regular
where
IL;* Nello <1 for all k (2.17)

C
||L,;1||oo < 72 for all k, with C independent a k (2.18)

As a smoother we employed a relaxation method with iteration matrix
Dy =L -owL'Ny  wel0;1]

Theorem 17. [50] Assuming that the previous assumptions and symbols are satisfied, then there exists
a constant C independent of k and such that the following smoothing properties hold

1A (2.19)

C
Dillo £ ——
2.7.4 L*-convergence of multigrid method

To prove L*-convergence of the multigrid method, we have to establish the following stability
bound.
1D} llo < Cs, for all k and « (2.20)

The convergence analysis will be based on the following splitting of the two-grid iteration ma-

trix, with ag = 0:

ITGr (a1, 0)lleo = II[(A) ™ = Pic (A;_y) ™ Re] AL DY Moo= (AL ™ = Pic (AL_) ™ Relloo 1A DY Ml

4

Theorem 18. Let k and k — 1 be two grids, suppose the iterate (w)),v > 0 follows the previous

assumptions and symbols, then we have, exists C > 0

Iwy ™ = willos —— f 5 [P llog ()] 10wy = wi)ll (2:21)
W = willeo = (AR DY) (I = Pi(Ix = MGro1) (A} )™ ) Ri(w) = wi)lloo

< 1AL D)ol (I = Pic(Ix = MGg1)(AY_) ™ Relloo | (W) = W) lloo

Proof. Ci 2 2 v *
f \/_h2C2 [h |log(h)| ] ”(Wk = wi)lle
C 2 2 v .

< Va2 [h*1log(M)I7] (W] = wi)lleo

where C = Cy X Cy m]

Now, the result of L*™-convergence of multigrid method can be easily demonstrated using

theorem 19.
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2.8. NUMERICAL EXAMPLE

Theorem 19. [51]:Under the previous assumptions and symbols, Y is the iteration matrix (given in

(4.18)), for a1 = @, aa =0, Ve € 0,1], 3a* < ea:

IMGillo< &

2.8 Numerical example

Example 5. The problem 2.22 represents a numerical example that matches the data of the theoretical

part, where we search for the solution using two numerical methods (multi grid and Gauss Siedel

methods), and then compare betzeen them.

where

Av<Sf inQ

Av=fivr =0, (2:22)

VV < k +VV—1

v=0 inT

For discretization in space we have used PDE toolbox in Matlab (r2018) to generate the mesh, and semi

discretization on time, and startiterate ”(13 =(0,..,0)" € RV,

Iterations number M-G method Gauss Siedel method
1 8.03¢ — 03 1.14 e — 02
5 6.88¢ — 15 4.57e — 03
10 6.88¢ — 15 1.03¢ — 04
15 6.88¢ — 15 2.86e — 07

Table 2.1: The error table.
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Nl

o Comparison between Multigrid method and Gauss-Seidel method
10% g
; ) T T T T T T T T T 5
: \*mh# —&— Multigrid W-C RES
102k TR — & Gauss-Seidel RES
E T E
3 e
T,
04 % 3
E QI' B "N 3
3 — E
L - 4
E 1 . 1
108 F \ ““-&H 7
F Y e k|
E I\-I H—ﬁ“'m_,_ El
: \ e ]
108 3 I"&? T
! ]
w0 E \ 3
\ E
L \ E
: \ 3
10712 3 "'e? 3
\ ]
E \ E
E 1 3
10M4E 3
10.1.5 L | 1 1 1 | 1 1 1 | ]
2 4 5] 8 10 12 14 16 18 20

Mumber of iterations

Figure 2.4: Comparison the convrgence of M-G method and G-S methods.

Solution of PQVI after 20 iterations of Gouss-Seidel method

Figure 2.5: Solution of E.Q.V.I after 20 iterations of Gauss Siedel method.
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2.8. NUMERICAL EXAMPLE

Solution of PQVI using Matlab-Operator solver

015 <

Figure 2.6: Solution of E.Q.V.I after 20 iterations of Gauss Siedel method.

Solution of PQVI after 20 iterations of Multigrid method

015 «

Figure 2.7: Solution of E.Q.V.I after 3 iterations of multigrid method.
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Chapter

Multigrid methods for P.V.I with the operator

noncoercive

Here, our work is focused around proof of the uniform convergence of the multigrid method for
P.Q.V.I with a noncoercive operator and its numerical solution , we use two numerical methods
for studying the uniform convergence of the multigrid method for P.Q.V.I with a noncoercive
operator. To discretize the problem, we utilize a finite element method for the operator and
Euler scheme for the time. To obtain the system discretization of the problem, we reformulate
the parabolic variational inequality as a Hamilton-Jacobi-Bellman equation. On the smooth grid,
we apply the multigrid method as an interior iteration on the linear system. Finally, we provide
a proof of the uniform convergence of the multigrid method for P.Q.V.I with a noncoercive

operator, with giving an numerical application of this problem.

3.1 HJB-formulation of discrete problem

Before commencing work in this section, we will use the following symbols:

The problem (1.16) can be expressed as the following HJB equation. Let u; denote the unique
solution of the discrete HJB equation

lrsng}]i, (Z)k,iulvc,i - Fkv,i; u]‘;i - rkgo) =0. (3.1)

we put
W, ~ kY = Ay

[terative steps:
Step 1: We are selecting an initial vector ug € R,

Step 2: Let uz e R v > 0, and we compute u,((vﬂ), where u,(cvﬂ) is a solution of the following
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3.1. HJB-FORMULATION OF DISCRETE PROBLEM

equation
Dyut - F =0 (3.2)
where
D - { Dy l.f (Driuy; - FY) > 2y (3.3)
I if  (Driuy;—F) < ay;

(3-4)

‘)" .
FI: = Fkl if (Dk’iuz,i - FI:) > akl
ori if (D - F) <ay

Consider u; as the unique solution to the discrete HJB equation.

The following theorem represents the equivalence between HJB equation and the parabolic vari-
ational inequality by using finite elements method, and we will rely in its proof on the work

done by Hoppe on the elliptic quasi variational inequality using finite differences method.

Theorem 20. [38] Let u) be the iterate obtained by the previous iterative scheme, satisfying the HJB-
equation above. Additionally, we suppose that Dy is monotone. Then, the sequence uy, where (v>0),
exhibits monotonically decreasing convergence toward the unique solution u, of (1.16), with startiterate
(u?) satisfying

max(DPu) — F),ul — ¢) > 0, (3.5)

Proof. Let u, represents an iteration, and u; denote a solution of the HJB equation. To prove
that u] converges towards u;, it is adequate to show that (u;,u > 0) consistently decreases
towards uk, as outlined below:

* v+1 v
u, < <u.

To begin, we use (3.5), let us ug satisfying, we have

max(DPu — F,u) — ¢r) > 0,

forallv > 0,
max(Dyuy — F,u) — ¢ > (Dju; = F;) > 0.

Using (3.2), we get
(Dkuk DV v—|—1) 0,

We know that DZ which is linear and monotone,

Dy (u) —u;th) > 0.
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3.1. HJB-FORMULATION OF DISCRETE PROBLEM

Then,

(ug - uZH) > 0,

v <. (3.6)

Uy

We know that u; is a solution of (1.16),We have
max(D)u; — Fr,up — ¢x) = 0,
again, using (3.2)
V% u. v+1
Dyu — Dyu, "~ <0,
Voo v, v+1
Dyu, < Dyu .
We have D, is a monotone matrix; that is ), is an invertible matrix ((Z)]‘(’)_1 exists). Thus

(D) Du; < (BY) ™' Dyt

Then,
up < uZH. (3.7)

From (3.6) and (3.7), we obtain

* A%
u, Suk Suk.

The uniqueness: To demonstrate uniqueness, we suppose that there are two solutions uj and
k
u; of (1.16).

. % % x _ v+l
First, we put u; = uy and u,=u, ",
v,k * _ V% v..v+1
max(Dyuy = Fi,u) —¢r) = 0> (Dyu) — Dyu, ™),
vV, % V% vV, .k V__*
Diu) — Dyuy <0, D) < Dyu,.

Therefore
u] —u; <0, (3.8)

ok x _ v+l
secondly, we put u; = u; and uj = u,

max(Dyuy — Fr,uy — ¢x) = 0> (Dyuy - DZ“ZH)'

V__* VvV, 3k V_ % V__ %
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3.2. DESCRIPTION OF THE MULTIGRID METHOD FOR PQVIS

We have
u] —u, > 0. (3.9)

From (3.8) and (3.9) we get

Then, the solution of (1.16) (u} ), approximates towards the solution of problem (3.1), u} + uj.

O

3.2 Description of the multigrid method for PQVIs

Now, to analyze uniform convergence of the multigrid method .Let (u} ),>0 be an iterate and ul
be the solution of equation (3.2)
= 8, (u;) (3.10)

vV __ k

Sy is the iteration matrix of smoothing. Starting at the error e _1‘; -y

Where u; is the solution of (5.26) and the residual d} is given by
d} = F - D}u, (3.11)
We can write (3.11) as
d} = Dje} (3.12)

In order to compute ¢}, it is imperative to possess the ¢, _; values derived from the k —1 solution
within the coarse grid equation
v . Y v
diy = D€ (3-13)

We have
Dl‘:—l = Rkﬂ}: . e};_l = Rke,t . dZ—l = de,‘:

v o__ v vV v vV o v
Dk = Pk@k—l . ek = Pkek_1 . dk = Pkdk_1

Py and Ry are the prolongation matrix and the restriction matrix respectively.

Let W be the identity operator given by:

To define the prolongation and the restriction operators i.e.

Re=P, Py=R'Ri
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3.2.1 The iteration matrix of two-grids

Let a1 and @2 be presmoothing and postsmoothing iterations respectively, and let TGy (a1, a2)

be the iteration matrix of two-grid methods given by
TGr(ar, az) = S* (D)) = Pe (Dy_)R)D} S§t, k=12 ... (3.14)
Theorem 21. [I] The multigrid method is a linear with iteration matrix MGy given by

MGy =TGi + 52 MG1(D) ' Re D} (S") k=12 ..... (3.15)

3.3 Approximation property

The following approximation property based on the inequality (1.17) in Theorem 4 and Lemma
3 is demonstrated. The proof of the theorem is an adaptation of the one provided in [6] originally

presented for the problem of variational inequality.

Theorem 22. [6, 50| Let X the iteration matrix of multigrid given by
X =[(D))" - P (Dy_) " Re] (3.16)

Under the previous assumptions the matrix X satisfies the following approximation properties:

IXl 1 + Bor

h2|log(h)|2+( ! )N] (3.17)

Proof. Let u; and u;_, be solutions to problem (1.15), we then apply Theorem 4

[y =y lloo <l = 0™ floo Iy — 0%l

<Ci

+ G

h|log(h)|* + ( ! )N

1+ ot

N
2 2
h|log(h)] +(1—|—,85t)

<C

1 N
h*|log(h)|?
foe WP + | 5550 ]
where C = (C1 + C3).
Then there exist a right hand side F' € Uy such that:

Vv € Vi b(re. (D) TVE 5 wvi) = {(r;)t F Vk)L?(Q)

Vviot € Vit b((rie1) ™ (D)) R F o i) = ((rf) T F Vk—1>Lz(Q)
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3.3. APPROXIMATION PROPERTY

Using the theorem 4 and the lemma 3

g (D)™ F =y (D))" R Fllwos C

hQ|log(h)|2 + ( L )N]
1+ ot

Then

R _ 1 \N
(D)™ = rit et (D)™ RellolIFllos € h2|log(h>|2+( ) ]nan

1+ ot

This completes the proof:

1(D})™! = Pe (D))" Rello< €

h2|log(h)|2+( L )N]
1+ Bot

and

Xz C
IXl 1 + Bot

h2|log(h)|2+( ! )N]

O

We composed the matrix (D) = Ly —Ny) and used the following assumptions: Ly is regular

where
1L Millo <1 forall k (3.18)

C
1L o < —, for all k, with C independent a k 3.19
k I’l2 P

As a smoother we employed a relaxation method with iteration matrix
Sy =1 — wL,:lNk w € [0; 1]

Theorem 23. [0] Assuming that the previous assumptions and symbols are satisfied, then there exists
a constant C independent of k and such that the following smoothing properties hold

1D} ¢l < (3.20)

_c
Va 12
To prove uniform convergence of the multigrid method, we have to establish the following

stability bound.
15} llo < C, for all k and « (3.21)

The convergence analysis will be based on the following splitting of the two-grid iteration matrix,

with ay = 0:
ITG(a1,0)llo = I[(D}) = Pe (D))" Re| D] S oo

<D™ = Pe (D))" Relloo 1D} S Mloo
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3.4. NUMERICAL EXAMPLE

3.3.1 The main result

Theorem 24. Let k and k—1 be two grids, suppose the iterate (u} ), >0, follows the previous assumptions

and symbols, then we have, exists C > ()

Il ™t = willeo<

N
[h2|10g<h>|2+( 1 ) Iy -l (322)

1+ Bot

C
Va h?
[ = wllleo = (D} SO) (I — Pi(Ix = MGio1) (D)) ™R (0 = w))lleo

< (D} S leoll (T = Pl = MGr_1)(D}_ )™ ) Rellooll () — u})lleo

C1 2 2 ]_ N
Proof. < Wlloe(h Y0 oo
f < < Ce | Wliog ) +(1+ﬁ&) I =)l
C 2 2 1 N v *
< - oo
= Va2 h”|log(h)| +(1—|—,85t) ] ||(uk w)||
where C = Cy X Cs. ]

Now, the result of uniform convergence of multigrid method can be easily demonstrated

using theorem 25.

Theorem 25. [6, 44]:Under the previous assumptions and symbols, Y is the iteration matrix (given

in (3.16), foray = @, ag =0, Ve € 0,1], 3a* < a:

IMGillo< €.

3.4 Numerical example

Example 6. The problem (3.23) represents a numerical example that matches the data of the theoretical
part, where we search for the solution using two numerical methods (multi grid and Gauss Siedel

methods), then compare them.

Ou

o +8u< fin|0,1] xQ

<%+9u—f;u—so>=0,

] (3.23)

u(x,t) =0, in [0, 1] x T,

u(x,0) =0, in €,
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3.4. NUMERICAL EXAMPLE

where

1
Q={(xyl*+y" <} or=001, &=~

92 p p
L 10152 401522 4 (14 A)u

Lu = -0.01Au - 0.02
" " 0xdy 0x oy

f(x)=2x14+x, F=fx)+1+&&u 1=2 ¢=0.

For discretization in space we have used PDE toolbox in Matlab (r2018) to generate the mesh, and semi

discretization on time, and startiterate ug =(0,..,0)" e R1024,

5{‘
Multigrid Method V-cycle
—#— Multigrid Method W-cycle
51 —— Gauss Seidel Method

Residual norm

0 2 4 6 8 10 12 14 16 18 20
Mumber of iterations

Figure 3.1: Comparison the convrgence of M-G method and G-S methods.

[terations number G-S method W-cycle method | V-cycle method
1 5 1.19 | 8.77e-14
5 1.93 349 e-15 | 2.36 e-14
10 0.77 0.98 e-16 | 2.62 e-15
20 0.23 e-15 0.008 e-16 | 2.62 e-16

Table 3.1: The error table.

We notice from Figure (3.1) that the multi-grid method (V-cycle ,W-cycle) gives us the solu-

46



3.4. NUMERICAL EXAMPLE

tion with the least number of iterations, that is, after 1 iteration, while the Gauss Siedel method
after more than 20 iterations. From here we conclude that the multi-grid method gives us the
solution to the sets of large linear equations with the least number of iterations.

Figures 2 and 3 represent the solution to the problem using Matlab 2018 using the Gauss Siedel
method and the multi-grid method (V-cycle and W-cycle).

Figure 3.2: Solution of P.Q.V.I after 30 iterations of Gauss Siedel method.

Multigrid Solution W-cycle

Figure 3.3: Solution of P.Q.V.I after 3 iterations of multigrid method.
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Chapter |

L™ convergence multigrid method for P.Q.V.I
with the obstacle dependent of the solution

Here, we make some changes to the previous problem (1.2) as follows: we replace the
noncoercive operator £ by the coercive operator A, and we else change the obstacle ¢ by the

obstacle Mu, we get the problem (1.18), then study the multi grid method for the problem

(1.18) .
4.1 Multigrid method

We know that, can express the problem is equivalent wih the HJB equation. Here, we will study

the uniform convergence, first, we transform P.Q.V.I into HJB equation and we put

By=B, . w'=uy . Uy=U . Vi=V

4.1.1 HJB formulation of discrete problem

The following HJB equation is equivalent to problem (1.30) (see [39])

max (Byuy; = Fii ; uy; = Miy;) = 0. (41)

Let u; is a unique solution of the discrete HJB equation. The initial vector is ug € Uy and

starting from the iterate (uZ)Vzo € Uy . We can split the group up:

k

L= {123 ...m(k)} with Ly = U L{(u})

as
Li(up) ={ie L if (Brity; = Fri) > (uy; — Mk”Z;l)} (42)
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4.1. MULTIGRID METHOD

Li(uy)={i €Ly if (Bruy,—Fei) < (up;—Muu;")}

Suppose that uZH € Uy is a solution of the equation (4.4):

v v+1 _ v
Bk”k =F,

where
g _ | B if ieLl(u)
k I if ieL(u)
F = Fii if ieLl(u))
Mkug;l if ieLl(u))

(4.3)

(4.4)

(4.5)

(4.6)

By is the i'" row of the discretization matrix By, Fy,; is the ith component of the right-hand

side Fy of our discrete problem, and Iy is the i row of the identity matrix I. In the following

theorem, we will prove the equivalence between parabolic quasi-variational inequalities and HJB

equation.

Theorem 26. [39] Let u) be the iterate obtained by the previous iterative scheme such that it satisfies

the HJ B equation above. Moreover, suppose that By is monotone. Then the sequence (u} ), >0, converges

monotonically decreasingly towards the unique solution u; of (1.30), with startiterate (ug) satisfying

max(BRu — F, u) Myu?) > 0.

Proof. We prove that the iterates (1) ),>0, monotonically decrease towards u;

. v+1 v
u, < U, <uy

from (4.7)we have
max(Byul) — Fy, uf — Myu) > 0

forallv >0
max(Bjuy, — Fy,up — Myuy) > (Bju, — Fy) >0

Using (4.4), we get
(Blu, — Bju}*') > 0

we have BZ a linear and monotone function

By (u, —ut1) >0

then

as follows

(4.7)



4.1. MULTIGRID METHOD

v+1

U

<uy (4.8)

We know that u,: solution of (4.1)
max(Bju; — Fy,u; — Myuy) =0 > (Buy — Fy)
seconde time, we use (4.4)
BJuj - Bju)™' <0
Blu; < BZuZH

we have BZ is monotone matrix i.e BZ is inverse matrix
v—1pv. e v—=1pv, v+1
(Bk) Biu, < (Bk) Bk”k

then
i (4.9)

<
~e

IA

<

from (4.8) and (4.9) we obtain

° v+1 v
u, < U < uy

The uniqueness: To demonstrate the uniqueness we suppose there are two solutions u] and ug

of (4.1), first we put u} = ug and uj = u}iﬂ

max(Bju} — Fy, u§ — Myu}) = 0 > (Bjuj — Bju, ™)

Biul — Byuy <0 then Bjuj < Bju;
uf < ul (4.10)

v+1

e __ o o _
secondly we put u5 = u; and uj = u,

max(Bjuj — Fy,uy — Myu3) = 0 > (Bjuj — BZMZH)

Bjuy — Buj < then Bjuj < 0Bjuj
uy —us >0 (4.11)

from (4.10) and (4.11) we get
uy = uj
Vv

then, the solution (u]) of (4.1) approximates towards the solution of problem (1.30) u)

u,. O
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4.2. L*-CONVERGENCE OF MULTIGRID

4.2 L%-convergence of multigrid

Here, to study L*-convergence of the multigrid techic ,we consider (u} ),>0 an iterate and “_Z a

solution of equation (4.4)

), = Sy (u}) (4.12)
we denote of the iteration matrix on smoothing grid by S}, and starting at the error e; = _Z —uy,
where u; is the solution of (4.4) and the residual d, is given by

d) = F) - BluY, (4.13)
we can write (4.13) as
d] = Bje; (4.14)

In order to compute ¢, it is imperative to possess the e; , values derived from the k —1 solution

within the coarse grid equation

diy = Br1€i (4.15)
We have
By, =ReBy . e =Riep . diy = Ridy
B=PBl, . =Pwl, . di=Pud,

Py and Ry are the prolongation matrix and the restriction matrix respectively.

Let W be the identity operator given by:
V:Vieit — Wi
Uy =v
To define the prolongation and the restriction operators i.e.

Re =P,  Pr=R'Ri1

4.2.1 The iteration matrix of two-grids

Let a1 and @2 be presmoothing and postsmoothing iterations respectively, and let TGy (a1, a@2)

be the iteration matrix of two-grid methods given by

TGrlan az) = Sg2 ((B))™ = Pe (By_1)Re)B] 8%, k=12, ... (4.16)

Theorem 27. [51] The multigrid method is a linear with iteration matrix MGy, given by

MGy =TGy + S MGy—1(B))™' Ry B] (S7') k=12,..... (4.17)
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4.2. L*-CONVERGENCE OF MULTIGRID

4.2.2 Approximation property

The following approximation property based on the inequality (1.31) in Theorem 7 and Lemma
3 is demonstrated. The proof of the theorem is an adaptation of the one provided in [36]

originally presented for the problem of variational inequality.

Theorem 28. Let Y the iteration matrix of multigrid given by
Y =[(B)™ = Pe (B]_)™" Ri] (4.18)
Under the previous assumptions the matrix Y satisfies the following approximation properties:

IYllox C

h?|log(h)|? + (%ﬁg&)] (4.19)

Proof. See proof of the theorem 16 . O

4.2.3 Smoothing property

We composed the matrix (B] = Ly — N¢) and used the following assumptions: Ly is regular
where
IL;' Nello <1 for all k (4.20)

C
IL; o < —, for all k, with C independent a k 4.21
k h2 P

As a smoother we employed a relaxation method with iteration matrix
Sk =I—wL'Ne  we[0;1]

Theorem 29. [50] Assuming that the previous assumptions and symbols are satisfied, then there exists
a constant C independent of k and such that the following smoothing properties hold

1By S¢lleo < (4.22)

_C
Va I?
4.2.4 L®-convergence of multigrid method
To prove L*-convergence of the multigrid method, we have to establish the following stability

bound.
15} lleo < C, for all k and « (4.23)

The convergence analysis will be based on the following splitting of the two-grid iteration ma-
trix, with ag = 0:
ITGr (@1, 0)lleo =

I[(BY)™ = Pe (By_))™" Re| B} S o< 1(B})™ = Pi (B}_) ™ Relloo 1B} ST lloo
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4.3. NUMERICAL EXAMPLE

Theorem 30. Let k and k—1 be two grids, suppose the iterate (u; ), 0, follows the previous assumptions

and symbols, then we have, exists C > (0

. c IR y_ e
Imfﬂ_umms;EzgpﬂmmUM2+(TIzE§)]n@%—ugmn (4.24)
Proof. See proof of the theorem 18 O

Now, the result of L*-convergence of multigrid method can be easily demonstrated using

theorem 31.

Theorem 31. [51]:Under the previous assumptions and symbols, Y is the iteration matrix (given in
(4.18)), foray = @, az =0, Ve € 0,1], 3a* < a:

[MGille< &.

4.3 Numerical example

In this numerical example (stochastic inventory problems with impulse control), we find the
solution of the problem (4.25) by using both the methods : multigrid method and relaxation

method.
ou

al‘ —i—Au—fSO inQT,

(4.25)

u(0,1) = 0in [0,1] x T,

u(x,0) =0 in £,

where
Or =1[0,1] x €, (= {(x1, lex% + x% <1)}), Ar=0.1, o =1,

A=-A, f(x)=2x]+ x2.

For discretization , we utilized the PDE toolbox in MATLAB (r2018) to generate the mesh and

for semi-discretization in time we initialized the iterative process with ug = (0,..,0)" € R10%4,
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4.3. NUMERICAL EXAMPLE

107 T T T T T T T T T
—— Multigrid W-Cycle
Gauss-Seidel
102k —#— Relax G-Seidel -
—— Multigrid V-Cycle
10°F
@
108 |
I'ul
=?4 8 I".
Ei 107 F '.II
I".
II
1010 \
2
10-12 L
10-14 - +
10716 ) F— GG F—F—G¢— O ——6—9
0 2 4 6 B 10 12 14 16 18 20

Number of iterations

Figure 4.1: Comparison between Multigrid method and relaxation method.

Iterations number G-S method Relax method | V-cycle method
1 109 1.1 1.32x107°
10 1.5x10702 1.001x1073 3.07x10710
15 1.1x107° 2.1x107° 3.07x10710
20 1.06x10710 1.07x107 12 3.07x10710

Table 4.1: The error table.

Figure (4.1) illustrates the comparison of convergence behavior between the multigrid method
and the relaxation method. From this figure, we remark that the multigrid method converges
after 3 iterations, while the relaxation method still does not exhibit satisfactory convergence even
after 20 iterations. The multigrid method is implemented on the fine grid with 1024 nodes and
8 nodes on the coarse grid. Figures (3.3) and (3.4), represent the solutions of (4.25) using
MATLAB operator solver,V-cycle method, and relaxation methods (Gauss-Seidel) respectively.
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4.3. NUMERICAL EXAMPLE

Multigrid SolutionW

Multigrid SolutionV

Figure 4.2: Solution of P.Q.V.I after 4 iterations of multigrid method.

Relaxation solution

Gouss-Seidel

Figure 4.3: Solution of P.Q.V.I after 4 iterations of relaxation method.
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Chapter

The multigrid methods for P.Q.V.I non linear
right hand side

Here, we apply three numerical methods to study the L*-convergence of the Newton-
Multigrid method for parabolic quasi-variational inequalities with a nonlinear right hand side.
To discretize the problem, we utilize a finite element method for the operator and Euler scheme
for the time. To obtain the system discretization of the problem, we reformulate the parabolic
quasi-variational inequality as a Hamilton-Jacobi-Bellman equation. For linearizing the problem
on the coarse grid, we employ Newton’s method as an external iteration to obtain the Jacobian
system. On the smooth grid, we apply the multigrid method as an interior iteration on the
Jacobian system. Finally, we provide a proof of the L*-convergence of the Newton-Multigrid
method for parabolic quasi-variational inequalities with a nonlinear right hand, with giving an

numerical example of this problem.

5.1 HJB-formulation of discrete problem

Here, for to simplify understanding and follow-up, we will use the following symbols:

Qu=Q), vwy=v, WU=0U;, W=V

The problem (1.43) can be written as the HJB equation below ,in addition to this, we put v}

the unique solution of the discrete HJB equation

<YV 1% . V.o _ % _
max (Qk,,vk’l. G(vy,); Vi, Mka,i) = 0.

and
v Vo v
Vi~ Mka,i = ﬂk,i

[terative steps:

Step 1: We are selecting an initial vector Vg € R,

(v+1)

1
Step 2: Let VZ € R™,y > (, and we compute A , where V(V+ )

p is a solution of the following
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5.2. DESCRIPTION OF THE NEWTON-MULTIGRID METHOD FOR PQVIS

equation
Qv, ™ -G (v}) =0 (5.1)
where
Q) Qui(vy) if Qv — G(vz’i) > Ay (5.2)
Iy if Qk’ivz,i - G(V};i) < /1]‘;1.

G (v!) = GZJ(VZ) it Quivy; - G(v,:’l.) > A (5.3)
My, if - Quivy; — G(VZ’I.) < A
Let v, as the unique solution to the discrete HJB equation
max Qv = G(vi,)i v, = Mivy, ) = 0 (5.4)

The theorem 26 represents the equivalence between HJB equation (5.4) and the parabolic quasi
variational inequality (1.43) by applying finite elements scheme, and we will depend in its
proof on the work complated by Hoppe on the elliptic quasi variational inequality using finite

differences scheme, see 26 and its proof .

5.2 Description of the Newton-multigrid method for PQVIs

In addressing the nonlinear system (5.1), we utilize the Newton-Multigrid method, a hybrid
technique that merges Newton’s method for nonlinear systems with the Multigrid method for
linear systems. The application of the Newton-Multigrid approach involves the following pro-
cedural steps:

First step: By utilizing Newton’s method, we obtain the nonlinear system, recognizing that f is
a Lipschitz function.

Second step: In every linear step of system (5.1), we seek the Jacobian system to derive a linear
system connected with the Jacobian matrix.

Third step: We use the Multigrid method to solve the linear system resulting from the Jacobian
matrix.

Let v be the exact solution of the system (5.1), and w} an approximation to v}. We define the

residual as follows:
‘Rk(vZ) = GZ(VZ) - Q‘éwz, (5.5)

Substituting the equation (5.1) in the equation(5.5), we find
Re(v}) = Qv - Qo (56)

Re(vy) = Quvi —wp) = Qler), (57)
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5.3. MULTIGRID TECHNIQUE

e, the error, where e] = v} —w,. In the context of equation (5.7), determining the error e;

k k k k
for the linear equation (5.7) on the coarse grid, as commonly done in the multigrid method, is

not feasible. Consequently, we adopt equation (5.7) as a residual equation, given the non-linear
characteristics of f.

To facilitate access to the solution, we choose H as a nonlinear operator, where:
Hi(vy) = Qv — Gy (v}) = 0. (5.8)
The residual in the fine grid can be rewritten as follows:
Ri(vy) = =Hi(vy). (5.9)

To solve (5.8), we employ the Newton iteration method as follows:

AR [fk(vg)’ (5.10)
where Ji(v]) represents the Jacobian matrix of the nonlinear system, and Ji (v}) = 7‘(12 (v}).
From equation (5.10), we can derive the following Jacobian linear system for ej.

Jk(vy)e, = Ri(vy). (5.11)
where V‘]:H —-v) =e|

The solution to the linear system (5.11) is utilized as an approach to solving the nonlinear
system (5.8). Therefore, to find the solution for the nonlinear system (5.8), we employ the

multigrid method to solve the associated linear system (5.11).

5.3 Multigrid technique

In addressing the linear system (5.11), we employ the multigrid technique. By selecting an
iteration e, where v > 0, within the multigrid method, we derive e}, through the application of
an iterative method. This iterative process is utilized to solve the system (5.11), utilizing « as

the coefficient expression.
e, = O)(e)), (5.12)

Here, O, stands for the iteration or smoothing operator, and @ represents the number of
iterations executed. The solution to (5.11) is denoted as e*.

The error is defined as E‘]i = 5}2 - e;, and the residual is also considered.

d;, = Ri(vy) = Jk(vy)ep
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5.3. MULTIGRID TECHNIQUE

we can write the equation (5.11) as
Tk (vi)(ep +E) = Re(v)), (5.13)
We derive the subsequent residual equation.
Jk(V))E, = Re(v)) = Tk (v))e; = d),

T (v )Ep = d}.

To fully determine EJ, it is necessary to compute E] at the level (k — 1) as the solution to the

coarse grid system.

Ji-1(ey_1)E,_; =d;_;. (5.14)

In the context where E} ,, Jk-1(e]_;), d;_, represent approximations at the (k — 1) of
E Ji(ep). dp
respectively, we have

E‘I;—l = RkE}i,

di_1 = Redys
Ji_1(epo) = Ry (ep) P

R is the restriction matrix and P the prolongation matrix . Owing to the nested structure, we

employ the clearly defined identity operator.
V:Vieg — Vi
for defining the prolongation and restriction operators, i.e.
Ri = Py

Py = riryl,. (5.15)

Note: To solve the linear system (5.11) for the two sequences {2 and {)4_1, we employ the
multi-grid technique as an internal iteration. Additionally, to address system (5.8), we utilize
Newton’s method as an external iteration. This results in the iterative solution of system (5.14),
achieved by applying a two-grid iteration repeatedly to the sequence 2x{k = 0, ..., my } until the

iteration process is halted.
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5.4. L*-CONVERGENCE OF MULTI-GRID METHOD

5.4 L”-convergence of multi-grid method

This paragraph explores the assessment of uniform convergence for the multigrid algorithm (in-
ner iteration) and the convergence characteristics of Newton’s method (outer iteration). The
assumptions employed in these convergence analyses closely resemble those utilized in multigrid
methods specifically crafted for addressing nonlinear equations. We now present the main hy-
potheses:
Hypotheses 1:

vy € Vi such that Hi(vi)™ =0

Hypotheses 2 (inverse):

WIL(VZ)_l is exist and ||7’(];(VZ)_1||00 <k withk>0
Hypotheses 3 (continuous):

Ve>0, >0, [1-H, ()H, (w) o < e

Hypotheses 4: For any vy in the neighborhood of v}, there is a linear mapping denoted as
H, (vi) such that:
Ve>03dn>0

1H (vie) = Hi(v3) = H Ok = v lloo < €ll (v = V) lleo

hold, whenever

1(vie = vi)lleo < 7.

5.4.1 Matrix associated with the MGHJB algorithm

The two-grid method’s iteration matrix, which includes @ presmoothing and @2 postsmoothing

at level k — 1, can be represented as follows:
TGy (a1, a2) = O (F;' = Pe T Re) Tk Ot ke = 1,2.. (5.16)

Theorem 32. [45, 51| The multigrid approach is a linear iterative technique characterized by the

iteration matrix MGy, which is expressed as:

MGy = O;? (I[k - Pr (Ix — MGy-1) (ﬂ_l)_lﬂk) T OZl if k=12.. (5.17)
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5.4. L*-CONVERGENCE OF MULTI-GRID METHOD

MGy = O° (]Ik — Py (I — MGy_1) (5;;17%,() T O
= TGy + 0P (MGyi-1) Ty ' ReJO;T if k=12, ..

5.4.2 Approximation property

The following approximation property is based in Theorem 10 and in Lemma 3. The demon-
stration of the theorem is adapted from the one in[36] , originally presented for the problem of

variational inequality.

5.4.3 The main result

The following theorems gives us the convergence of the multi-grid matrix of the parabolic quasi
variational, in its proof we will rely on the work done by Haiour [36] in the elliptic quasi

variational inquality.

Theorem 33. X is the iteration matrix of the multigrid, given by:
X= 57" - P TR - (5.18)

Under the previous assumptions, the matrix X satisfies the following approximation properties:

N
14 cot
X< C | R?|log (hi)|? 5.19
¥l € |Bliog () +(1+m) ] (5.19)
Proof. According to Theorem 10, let v € H&(Q), we have
N
14 cot
n_ooooﬁchZZ h 2 VGOO
v = vl € | WEllog ()| +(1+a&) Il
Then
1+ cot\Y
) 2 2
IVt = vl € | Elog )+ 1cst) (196
Let v’]: and V’;{‘_l be solutions to the problem (1.42), and we apply Theorem 10
IV = Vi_illoo IV = v llootlIvi_y = v lleo
< [ R2l1og(h0) 2+ [N | 196t Ca | g (o2 + (12)
o 00 o
= T lros Lk 1+ adt 2| lPOs Utk 1+ adt
N
1+ cot
< C|h2|log(h)|? VG|l
ttog(h ) + (g (196
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5.4. L*-CONVERGENCE OF MULTI-GRID METHOD

we obtain

N
N N 1+ cot
||Vk - Vk_1||oo <C )

h,%llog(hkﬂ2 + (1 a0t

IVGleo (5.20)

where C = (C1 + (7).

We use Galerkin discretization to obtain:

q(rev, rw) = <(Qk), w)LQ(Q) Vv, w € Uy.

So
(q(V, w))/ = <(ﬂ)’ wk>L2(Q) Vv, w € Uy.

Also we have, Vw € V

(a((r) ™ (F)H(Gr), W) = ((ri_y) T VG, W) 2

Let v € Vi and vi_1 € Vi1

0= (1076.5)

-1
— 1 == . G’ > 9
a(vicr, W) = (1) 'Gw)
this implies v} = rlJ71V(G) and Vi = L T RiV(G)
Using (5.20),(5.15) and Lemma3 we get

o o 1+cot\V
I T V(G) = i L T RV(G) oo < C B2 NLog (i) |* + (Ha&) IVGloo
Then
_ R 1+cot\N
157" = rere L T Relleo IV G lloo< € hillog(hk>|2+(1 +OZ&) VG leo

The proof is now concluded

15 = Ped i Relleo < €

14 cot\Y
h%llog(hkﬂ2 + ( ) ]

1+ adt

N
IX|los C 1+C(5t)

1+ adt

h,%llog(hkﬂ2 + (
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5.4.4 Smoothing property

To establish a smoothing property, we formed the matrix J" = O — Ny, and relied on the

subsequent assumptions: Oy is considered regular where

10! Nielleo <1 for all k. (5.21)
-1 C . .
10, |l < R for all k, with C independent a k. (5.22)

We utilized a relaxation method with an iteration matrix as a smoother.
Or=1I; - a)jk_lNk, w € [0;1].

Theorem 34. [50] Given that the preceding assumptions and notations are met, there exists a constant

C, independent of k, such that the following smoothing property holds:

C
Va i

|Jk Of llo < (5.23)

Following the approximation and smoothing properties, it is essential to establish the subse-
quent stability bound:
3G |0{ |l < Cs, for all k and a. (5.24)

The convergence analysis relies on the following decomposition of the iteration matrix for the

two-grid method, where ay = 0.

ITGk (a1, 0)lloo = I[(T) ™" = Pi (Fe=1) ™" Re| Tk OF llso
< F) ™" = P (Fe-1)"" Reclloo 1Tk OF llo-

Now, choosing for a hierarchy comprising more than two grids, we can formulate the matrix X
in (5.43) by recursively utilizing the matrix MGy in (5.42) for all levels. Assuming the validity

of condition (5.43), convergence outcomes can be easily inferred from the preceding findings.

Theorem 35. [51] Examine a multigrid approach for a given iterative matrix (5.18). Then, based

on the earlier assumption, for the specified parameter value @1 = @, a3 = 0,Ve € [0,1], Fa* < a:

[IMGy || < &.

Proof. Combining the approximation and smoothness properties with (3.5) allows us to uti-
lize identical parameters, as outlined in the subsequent theorem. This theorem constitutes the

primary outcome of our study. O
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Theorem 36. Given the preceding assumptions and notations, the iterated (VZ)v>01 for two meshes k

and k — 1, adhere to the following relationship: 3C > 0 :

. ; C
vy = villos —=— [hillog(hk)lz + (

1+c6t)N] I
2
Va hk

1+ adt Vi~ Vil

197 =il = 1% OF) (1 = Pl = MGi1) (TR = i)l
< 1Tk O looll (I = P (T = MG—1) (T R lloo

X [[vi = Villeo

Proof. C,Cy 1+ cor\N
< C h?[ h 2 Vo -
< o€ [ltos(io) e | ez
c |, o (1+cor\Y
< hillog(h Y =7 oo
where C = C; X Cs. a

5.5 Numerical Example

Exemple 1:(the obstacle related of the solution)

In this example, we find the solution of the problem (5.25) by using multigrid method and

relaxation method.

0

—V+Jv—g(v) <0, in Qr,

ot

<%+Jv—g(v); VV—O'—VV_1> =0,

VV S o + VV—]. Noa > 0’ (5.25)

v(0,£) = 0, in [0,1] x T,

v(x,0) =0, in

where
Or = [0.1] x Q, (Q = {(x1. xa|x] + x5 < 1)}),

At=0.1, oc=1 J=-A, g(v)=cos(2v).
For discretization in space we have used PDE toolbox in Matlab (r2018) to generate the mesh,

and semi discretization on time, and startiterate vg =(0,..,0)" € R10%4,
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E'r<'
Multigrid Method V-cycle
—*#— Multigrid Method W-cycle
5 —&— Gauss Seidel Method

Residual norm

2 4 6 B 10 12 14 16 18 20
Mumber of iterations

Figure 5.1: Comparison between the convrgence of M-G method and G-S methods.

Figure 5.1 illustrate the comparison of convergence behavior of the multigrid method and
relaxation method, from this figure we remark that the multigrid method converge after 3 iter-
ations while relaxation method still not good even after 20 iteretations.The multigrid method is
carried out on the fine grid with 1024 nodes and 8 nodes on the coarse grid. Figure 5.2 and
5.3 represents the solution of (5.25) using matlab operator solver, multigrid (V-cycle ,W-cycle)

and relaxation methods (Gauss-Seidel) respectively.
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Multigrid Solution W-cycle

Multigrid Solution V-cycle

Figure 5.2: Solution of P.Q.V.I after 3 iterations of multigrid method.

Gauss Seidel Solution

Figure 5.3: Solution of P.Q.V.I after 30 iterations of Gass Siedel method.
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5.6. HJ]B-FORMULATION OF DISCRETE PROBLEM

5.6 HJB-formulation of discrete problem

Before commencing work in this section, we will use the following symbols:

Cp = CZ, VZ = VZ, U, =0, Vi =V,

The problem (1.46) can be expressed as the following HJB equation. Let v} denote the unique

solution of the discrete HJB equation,

. v _ v . v _
1msii)1il (Ck,,vk’i G(vk’l.), Vi rkq)) =0,
we put

v v
Vi~ r® = ﬂk,i'

Iterative steps:

Step 1: We select an initial vector vg € R,

(v+1) (v+1)

Step 2: Let VZ € R™,y > (, and we compute A , where A is a solution of the following
equation:
1
Cvy ™ = Gi(vy) =0, (5.26)
where
Ii  if Crivi; —G(vy,) < 4,
G}é (V};) — G‘l:l (Vll;) lf Ck’iv‘li,i - G(vz,i) > /ll‘;i (528)
Ui if Crivy, = G(vy;) <Ay,
Consider v, as the unique solution to the discrete HJB equation,
1%’2}1{\/ (Ck,iVZ,i - G(v}‘;i); Vz,i - ‘Pk) =0. (5.29)

The theorem 26 represents the equivalence between HJB equation and the parabolic quasi
variational inequality by applying finite elements scheme, and we will depend in its proof on
the work complated by Hoppe on the elliptic quasi variational inequality using finite differences

scheme. see 26 and its proof.

5.7 Description of the Newton-multigrid method for PQVIs

In addressing the nonlinear system (5.26), we utilize the Newton-multigrid method, a hybrid
technique that merges Newton’s method for nonlinear systems with the multigrid method for
linear systems. The application of the Newton-multigrid approach involves the following pro-
cedural steps:

First step: By utilizing Newton’s method, we obtain the nonlinear system, recognizing that f is
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a Lipschitz function.

Second step: In every linear step of system (5.26), we seek the Jacobian system to derive a
linear system connected with the Jacobian matrix.

Third step: We use the multigrid method to solve the linear system resulting from the Jacobian
matrix.

Let v} be the exact solution of the system (5.26), and w; an approximation to v,. We define the

residual as follows:
ﬂik(vZ) = G‘,;(v‘,;) - CZWX. (5.30)

Substituting (5.26) in (5.30), we find

Ri(vy) = CLv) — CLw,, (5.31)
iRk(vZ) = CZ(VZ - wZ) = CZ(eZ), (5.32)
where elV{ is the error with ez = v/‘z - Wl‘;. In the context of (5.32), determining the error elvc for

the linear equation (5.32) on the coarse grid, as commonly done in the multigrid method, is not
feasible. Consequently, we adopt equation (5.32) as a residual equation, given the non-linear

characteristics of f.
To facilitate access to the solution, we choose HH as a nonlinear operator, where:
Hi(vy) = Civy = Gy (v}) = 0. (5.33)
The residual in the fine grid can be rewritten as follows:
Jk(vy) = =Hi(v}). (5.34)

To solve (5.33), we employ the Newton iteration method as follows:

v+l _ v
v =V, +

From (5.35), we can derive the following Jacobian linear system for e :

Jk(vy)ep = Ri(vy). (5.36)

v+1

N %
where v r =€

The solution to the linear system (5.36) is utilized as an approach to solving the nonlinear
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system (5.33). Therefore, to find the solution for the nonlinear system (5.33), we employ the

multigrid method to solve the associated linear system (5.36).

5.8 Multigrid technique

In addressing the linear system (5.36), we employ the multigrid technique. By selecting an
iteration e}, where v > 0, within the multigrid method, we derive €, through the application of
an iterative method. This iterative process is utilized to solve the system (5.36), utilizing @ as

the coeflicient expression as follows:
e, =S/ (e}), (5.37)

Here, S/ stands for the iteration or smoothing operator, and @ represents the number of

iterations executed. The solution to (5.36) is denoted as e*.

The error is defined as EZ = E‘,; - e:, and the residual is also considered.
dl‘; = mk(VZ) — Sk(vl‘;)éz,
we can write (5.36) as
Sk(vy) () +Ep) = Ree(vy), (5.38)
We derive the subsequent residual equation.

Sk(VEL = Re(vy) = Je(vi)eg = dj,

Jk(vy)E, = d}.

To fully determine EJ, it is necessary to compute E] at the level (k — 1) as the solution to the

coarse grid system.

Sk-1(ep_1)Ep_; = di_y- (539)
In the context where E] |, Jx-1(e;_,), d;_, represent approximations at the (k — 1) of
E;, Jk(e}), d respectively.

We have
EZ—l = RkEZ,

dZ—l = de}i,
32—1(92—1) = RkSZ(eZ)Pk’

where Ry is the restriction matrix and $ the prolongation matrix . Owing to the nested
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structure, we employ the clearly defined identity operator.
U Vk—l —> Vk.
for defining the prolongation and restriction operators, i.e.
Ry — P

Py = riryl,. (5.40)

Note: To solve the linear system (5.36) for the two sequences {2 and {21, we employ the
multi-grid technique as an internal iteration.Additionally, to address system (5.33), we utilize
Newton’s method as an external iteration. This results in the iterative solution of system (5.39),
achieved by applying a two-grid iteration repeatedly to the sequence 2 {k = 0, ..., my } until the

iteration process is halted.

5.9 L*-convergence of multi-grid method

This paragraph explores the assessment of uniform convergence for the multigrid algorithm (in-
ner iteration) and the convergence characteristics of Newton’s method (outer iteration). The
assumptions employed in these convergence analyses closely resemble those utilized in multigrid
methods specifically crafted for addressing nonlinear equations. We now present the main hy-
potheses:
Hypotheses 1:

there exists v} € Vi such that  Hy(vi)™ =0

Hypotheses 2 (inverse):
7‘(12("'2)_1 is exist and ||7‘{];(VZ)_1||00 <k withk>0
Hypotheses 3 (continuous):

forall e > 0, thereexistsy >0, |/— Hé(vi‘)?—(,é(vk)_llloo <e€

whenever

(Vi = vi)lleo < 7.
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Hypotheses 4: For any v in the neighborhood of v}, there is a linear mapping denoted as
Wl;(vk) such that for all € > 0 there exists 7 > 0 such that

1H (ve) = Hic(v5) = H (O (ve = V)l < €ll (v = v7)llo

hold, whenever
(v = v})lleo < 1.

5.9.1 Matrix associated with the MGHJB algorithm

The two-grid method’s iteration matrix, which includes @; presmoothing and @2 postsmoothing

at level k — 1, can be represented as follows:

TGy (a1, a2) = S7% (I;' = Pr Jh 1 Re)IJe Stk = 1,2.. (5.41)

Theorem 37. [48, 49] The multigrid approach is a linear iterative technique characterized by the

iteration matrix MGy, which is expressed as:

MGy = SZQ (]Ik - Py (I[k — MGk_l) (Sk—l)_le) Sk S;:l if k=12.. (5.42)

MG, = S;:z (]Ik — Pr (Ix — MGyg-1) (SEIR/{) Ik Sl(:l
= TGy + SP2Px(MG—1)I; ' ReJk Syt if k=12,...

5.9.2 Approximation property

The following approximation property is based on the inequality (1.44) in Theorem 10 and
in Lemma ??. The demonstration of the theorem is adapted from the one in[36] , originally

presented for the problem of variational inequality.
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5.9.3 The main result

The following theorems gives us the convergence of the multi-grid matrix of the parabolic quasi
variational, in its proof we will rely on the work done by Haiour [36] in the elliptic quasi

variational inquality.

Theorem 38. X is the iteration matrix of the multigrid, given by
X =3 = Pe 3R] - (5.43)

Under the previous assumptions, the matrix X satisfies the following approximation properties:

IX]lwx C (5.44)

14+ aot

14 cot\Y
h,%llog(hkﬂ2 + ( ) ]

Proof. See proof of theorem 33

5.9.4 Smoothing property

To establish a smoothing property, we form the matrix 3, = L — N, and rely on the subsequent
assumptions:

L is considered regular, where

1L Nillo <1 for all k. (5.45)

C
||-£]:1||oo < ok for all k, with C independent k. (5.46)

We utilized a relaxation method with an iteration matrix as a smoother,
Sy =1 - wSElNk, w € [0;1].

Theorem 39. [6] Given that the preceding assumptions and notations are met, there exists a constant

C, independent of k, such that the following smoothing property holds:

135 Sy lloo < (5.47)

c
Va i

Following the approximation and smoothing properties, it is essential to establish the subse-
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quent stability bounds:
there exists Cs |5} [lo < C;, for all k and «. (5.48)

The convergence analysis relies on the following decomposition of the iteration matrix for the

two-grid method, where @ = 0.

ITGr (a1, 0)llo = I[(36) ™" = P (Jk=1) ™" Ree] T S o
<& = P (Sk=1) ™! Relloo 1Tk S leo-

Now, choosing more than two grids for a hierarchy comprising, we can formulate the matrix
X'in (5.43) by recursively utilizing the matrix MGy in (5.42) for all levels. Assuming the va-

lidity of condition 5.43, convergence outcomes can be easily inferred from the preceding findings.

Theorem 40. [44] Examine a multigrid approach for a given iterative matrix (5.43). Then, based
on the earlier assumption, for the specified parameter value a1 = a, a2 =0
for all & € [0, 1], there exists " < « :

MG [|loo < &

Combining the approximation and smoothness properties with (3.5) allows us to utilize
identical parameters, as outlined in the subsequent theorem. This theorem constitutes the pri-

mary outcome of our study.

Theorem 41. Given the preceding assumptions and notations, the iterated v,, v > 0, for two meshes

k and k — 1, adhere to the following relationship: There exists C > 0 :

N
C 1+ cot
vt = Vil —— [h,%uog(hkn? + ( ) A
Va h; 1+ adt
Proof. See proof of theorem 36 O
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5.10 Numerical exemple

Example 7. In this numerical example , we find the solution of the following problem (5.49) by using
multigrid method and Gauss-Siedel method:

%%—Ang(v) in [0,1] x Q,
<(;—Z+Av—g(v);v—q)>:(),

(5.49)

v(x, 1) =0, in [0,1] x T,

v(x,0) =0, in €,
where
Q={(x,x2lx1 +x2<1)}, Ar=0.01, Jv=-Av, g(v)=cos2v, =0.

For discretization in space we have used PDE toolbox in MATLAB (r2018) to generate the mesh, and

semi discretization on time, and startiterate vg =(0,..,0) € R10%4,
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1871

=— Multigrid Method V-cycle
—#— Multigrid Method W-cycle
—4— Gauss Seidel Method

Residual norm

0 2 4 G 8 10 12 14 16 18 20
Mumber of iterations

Figure 5.4: Comparison between the convrgence of M-G method and G-S methods.
We note from Figure 5.4 that the multi-grid method (V-cycle \W-cycle) gives us the solution
with the least number of iterations, that is, after 1 iteration, while the Gauss Siedel method after

more than 20 iterations. From here we conclude that the multi-grid method gives us the solution

to the sets of large linear equations with the least number of iterations.

Figures 2 and 3 represent the solution to the problem using MATLAB 2018 using the Gauss
Siedel method and the multi-grid method (V-cycle and W-cycle).
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Gauss Seidel Solution

Figure 5.5: Solution of P.Q.V.I using Gauss Siedel method (after 20 iterations).

Multigrid Solution W-cycle

Multigrid Solution V-cycle

Figure 5.6: Solution of P.QV.I afteg 2 iterations of multigrid method.



Conclusion and future works

In this research, we obtain good approximations of the multigrid method which we applied
it to four different types of parabolic quasi variational inequalities. First, we combined the finite
element method and the finite difference method for getting the discrete problem, then, we re-
formulated the parabolic quasi variational inequality to the equivalent HGB-equation, we applied
the multigrid method and the relaxation method to the system obtained from the parabolic quasi
variational inequalities, and we found that the multigrid method is more efficient in reaching
the solution compared to the relaxation method, especially in large size linear systems, because

it reaches the solution with fewer iterations and in a shorter time.
In the future, we will study approximations of multigrid method for different types quasi

variational inequalities with the operator A non linear, and we will take numerical applications

using multigrid methods by Matlab program .
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