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Introduction

In daily life, we find many materials occupying a thin area. Take, for example, cloth,
paper, spare parts, car bodies and tires, etc., which, despite their differences, most of them
share the elastic property of mechanical behavior.

This topic explores the laws of behavior and differential equations that govern elastic
bodies that occupy a thin three-dimensional region whose thickness is assumed to be very
small in relation to the other two dimensions.

The starting point is a system of partial differential equations defined on a three-
dimensional region. These systems agree with the assumptions of continuity mechanics,
so that the system can be described by general conservation equations represented by the
laws of motion, the energy law, as well as the constitutive laws associated with each sub-
stance, such as Hooke’s law for linear elasticity, and Kelvin-Voag’s law for viscous elasticity.
See [24] for more details on the constituves laws.

From a mathematical perspective, for several decades researchers have presented math-
ematical models consisting of differential equations with partial derivatives that provide
descriptions of various mechanics problems, see [19 — 23]. The choice of boundary condi-
tions is essential from both an engineering and mathematical point of view.

If the body is fixed at one end, Direchlet conditions are usually used [25], but if the
boundaries are free, there are several models adopted in many sources, among which we
mention [5,7,25]. If the area is in contact with sliding on a solid base material, then friction
or frictional conditions are used as laws defined at the contact edge. Sometimes Newman’s
terms make the problem technically and mathematically consistent. For more details we

refer the reader to Reference [5,7,8,23].

v



Introduction génerale

The thesis aims to define an asymptotic model for the problem of linear elasticity in a
three-dimensional medium when the dimension in one direction is very negligible relative to
the other two dimensions. The asymptotic technique is based on the steps:

i)- The change in scale, in relation to the thickness,

ii)- Estimates in a “fixed” domain,

iii)- Passage to the limit.

Thin material structure problem was built on the basis of sequences related to the weak
film thickness, taking appropriate measurements on all assumed system data regarding the
film thickness, see e.g. [2-5, 7-10], so it was absolutely necessary to make a priori estimates
of stress and displacement, moreover, an estimate of temperature. All these estimates must
be independent of the film thickness and also independent of time, in order to pass from the
initial to the final problem.

This work that is being presented consists of :

The first chapter is devoted to recalling the main notions of the theory of continuous
media and necessary functional analysis and the results used throughout this work. Then,
we present the system of partial differential equations which model the non isothermal
evolution of an elastic homogeneous body.

In the second chapter, we first prove the existence and uniqueness result of a weak
solution, for linear elasticity equations in a bounded three-dimensional domain with friction
conditions on part of the boundary and Dirichlet on the other part. In the second step, we
study the asymptotic analysis when one of the dimensions of the thin region tends to zero.

In the third chapter, we are interested in the study of the asymptotic analysis of a
problem of linear elasticity but this time non-isothermal, that is to say the elastic modulus
1 depends on the temperature. We couple the equation for the conservation of momentum

with the equation for the conservation of energy deduced from Fourier’s law.



Notations
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Notations

set of real numbers,

represents a d-dimensional Fuclidean space with real-number coordinates

the adherence of (2,
scaled three-dimensional region ,

the boundary of €2, assumed to be smooth, partitioned into three pairwise

disjoint measurable parts.

PE
Ie

7

[

L=(9)

L2()
C'(R)
H'(Q)

H; (©)
LQ(Q)d
Hl (Q)d

Div o

the boundaries of ¢,
the parts of the boundaries of I'*, (i = 1,2, 3),
the outgoing unit normal to I,
the space of Lebesgue-measurable functions on €2 such that 3¢ > 0
lu(z)| < c,a.e on Q
the space of measurable functions u® on Q° such that [,. |u|*dz < 400
the set of continuously differentiable functions on the real space R,

the Sobolev space of order 1 sur {2,

the adherence of D(Q) in H'(Q),
the space {u = (u;)/u; € L*(Q),i =1,d},
the space {u = (u;)/u; € H'(Q),i = 1,d},
the symbol of Kronecker.
almost everywhere,
a strictly positive generic constant,
the inner product of vectors v and v,

the divergence of the tensor o



Chapitre 1

Constitutive equations of continuum

mechanics

Consider a continuous medium which occupies a bounded domain € of R? during a time in-
terval [0, T]. Let u(z, t) be the displacement field at time ¢ € [0, T] of points x = (1, 9, ¥3) €
Q of the continuous medium in motion relative to the orthogonal frame, and let o(z,t) be

the stress tensor with components ¢;;(i, j = 1,2, 3), representing the tensor of stresses.

1.0.1 The equation of conservation of momentum.

The fundamental law of continuum mechanics expressing the equivalence between the ten-
sor of external forces and the tensor of accelerations for any material system leads to the

following equation of motion :

d2
pd—tg =Divo+ [, (1.0.1)
Where the vector f , with components f;(i = 1,2,3), represents a mass density of

external forces, p is the mass density, and Div denotes the divergence operator.

Div o= (—aaij) .
Ox; i=1,2,3



1. Constitutive equations of continuum mechanics

1.0.2 The energy conservation equation

The general expression of the first law of thermodynamics is written as :

de
p =0 D(u) —divg +, (1.0.2)
where
- e is a scalar representing the specific internal energy of the continuous medium.
- r is a scalar representing the energy input per unit mass and time.

- ¢, with components ¢;, is the energy transport vector.

- D(u) is the rate of strain tensor, with components.

. S < < 3.
dz] (U’> 9 <8$] + 8%) ’ 1 >0) > 3

-0 : D(u) is the product of two tensors o and D(u) defined by the expression.

o:D(u) = Zaijdij(u)'

ij=1

From a mathematical standpoint, we have too many unknowns compared to the number
of equations. Therefore, the laws of conservation of momentum and energy are insufficient
to describe the movements of continuous media; they must be supplemented by other rela-
tionships called constitutive laws. Below, we present the constitutive laws of linear elasticity

addressed in this thesis.

1.0.3 Linear behavior laws of elastic materials.

This law linking the stress tensor o and the linearized strain tensor D(u) is:

Where E = (Ej) is the fourth-order symmetric elasticity tensor. Its components
Eiji; are called elasticity coefficients and are independent of the strain tensor. In the case
of a homogeneous material, the coefficients E;;;; are constant (independent at point z in

). In practice, this law is often too general, and it is possible to simplify it by considering



1. Constitutive equations of continuum mechanics

an isotropic material (a material that behaves the same in all directions). It is then called
Hooke’s law and is valid for a wide range of materials. In the isotropic case, the elasticity

tensor FE is defined by

E jjw = (0301 + 0 k) + Adijon. (1.0.4)

Where A and p are the Lame coefficients that are specific to each material. ij denotes
the Kronecker symbol.
Using equations (1.0.3) and (1.0.4), one can demonstrate that the stress tensor o of a

homogeneous elastic and isotropic body is:

o(u) =2uD (u) + \XT'rD (u) 1,

Where
- D(u) is the strain rate tensor.

- I is the 3rd order identity matrix.
- TrD(u) denotes the trace of D(u) defined by

TrD (u) = dek (u).
k=1

As the elastic body is considered non-isothermal, its coefficient p is a function of tem-

perature 7.

p=pu(T)

The constitutive law of linear elasticity for a homogeneous and non-isothermal body is

therefore
o(u) =2u(T)D (u) + \XT'rD (u) I. (1.0.5)

From these laws, we will seek the partial differential equations modeling the evolution of

a linear elastic homogeneous body in a bounded open domain  of R? over a time interval

0, 7).



1. Constitutive equations of continuum mechanics

1.0.4 Non-isothermal case

Let’s consider a homogeneous, elastic, isotropic, and heat-conducting body occupying a
domain €2 in R? over a time interval[0, T).

If the environment is homogeneous, the density at point z in ) remains constant over
time, thus becoming increasingly independent of spatial variables. This is what we will

assume.

p = py = constant

It is even possible to set p = 1, which is done later, and simply amounts to choosing the
unit of mass density.

Using the constitutive law (1.0.5), the equation of motion (1.0.1) becomes :

d2
d_tj = Div (2u(T)D (u) + NTrD (u) I) + f .
we have therefore
d?*u . -
i Div 2u(T)D (u) ) + Adivu + f . (1.0.6)

We assume that

- e the specific internal energy is given by the law

de dT
— =Cy(T)—,

dt (T) dt

Where C,, represents the specific heat at constant volume.

- The energy input per unit mass r depends on the temperature 7T

r=r(T)

The heat flux vector ¢ through diffusion is given by Fourier’s law:

q=—KVT



1. Constitutive equations of continuum mechanics

Where K is the thermal conductivity.
Under these conditions, the energy equation (1.0.2) is written as:

Cy(T)= =0 : D(u) + div(KVT) + r(T). (1.0.7)

dt
Finally, the general equations for the dynamic problem of non-isothermal linear elasticity

are given by the system:

CCZZ_ _TDw(Zu(T)D (w)) + Adivu+ f, (1.0.8)
CoT) L — o : D(u) + div(KVT) + r(T).

In the steady-state case, we obtain the system:

—Div 2u(T)D (u) ) = Adivu + f, (1.0.9)
—div(KVT) =0 : D(u) +r(T).

Then, we assume that there is a tangential force on a part of the boundary denoted by w,
indicating frictional contact. We need to introduce a friction law that relates this tangential
component to the other variables of the system. In this thesis, we will consider the friction
law known as the Tresca type.

This friction law exhibits a fixed friction threshold K¢ when the solid and the foundation

are in contact. The foundation applies a tangential force on the solid that does not exceed

a certain threshold.

eS| <k® on wx]0,T7.

As long as the tangential stress has not reached the threshold, the continuous medium

cannot move relative to the obstacle, resulting in a state of blockage, which is expressed as:

]0i[<k;‘3=>(8ai) =0 on wx|0,T7.

When this threshold is reached, the solid can move tangentially relative to the foundation,
resulting in sliding. The tangential stress opposes the velocity.

So, we have:



1. Constitutive equations of continuum mechanics

ous
ot

|o2| = k®* = there exists A > 0 such that 02 = —\ ( ) on wx]0,T7.

In conclusion, the Tresca-type friction boundary conditions are written as follows:

o] < &,

A A ous
If |of| <k then { —-| =0, on wx]0,T], (1.0.10)
If [0%| = k° then o = —\ (85; ) with A > 0.

Remarque 1.0.1 When k¢ =0, we obtain 05 =0 on wx |0,T[ . This corresponds to the

case without friction.



Chapitre 2

Asymptotic analysis of a stationary
problem of linear elasticity with

friction

Abstract. In this chapter, we focus on the asymptotic analysis of a stationary problem
for linear isothermal elasticity in a bounded domain of R?® with nonlinear Tresca friction

conditions on a portion of the boundary and Dirichlet conditions on the other portion.

Content.

2.1 Introduction and problem statement;

2.2. Variational formulation of the problem;

2.2.1. Existence and uniqueness of the solution;
2.3. Asymptotic analysis of the problem;

2.3.1. Variational formulation of the problem in 2;
2.3.2. Priori estimate;

2.3.3. Convergence results and limit problem.



2.1. Introduction and problem statement

2.1 Introduction and problem statement

We consider a problem involving deformations of a homogeneous elastic and isotropic body
in a steady state within a thin domain )¢, where ¢ is a positive real number belonging to
10, 1] and tends to zero.

The boundary of Q° will be denoted by I'* = @ U '§ UTS, with:

*T'5 is the upper boundary defined by the equation z3 = eh(xy, z3);

*T'¢ is the lateral boundary;

*w is a bounded domain in R?® defined by the equation x5 = 0 , which constitutes the
lower boundary of the domain €2°.

Let o' = (21,7, 23) € R? and x = (21, 25) € R2.

The domain §2° is given by :

O = {(z,23) € R% (2,0) €w, 0<m3<ch(x)},

where h is a C! function defined on w such that:

0<he <h(z)<h", V(z,0) €w.

For given external forces f¢, we assume that the deformations of an elastic body are
governed by the following equations:
The law of conservation of momentum :
do¢;

N ) 2.1.1
oz, T =0 (21.1)

Here 0° = (04;)i<; j<3 represents the stress tensor, and D = (dy,., ., represents the

strain rate tensor:

L (ou o
d“(“)_ﬁ(axﬁaxi

We assume that the material behavior follows Hooke’s law.

>71§i,j§3-

o (U€> = 2/Ldzj (UE) + )\dkk (UE) (51']‘, (212)

v



2.1. Introduction and problem statement

Where:

- p, A are the Lamé coefficients, and 9;; is the Kronecker delta symbol ;

- u®(x) is the displacement velocity of the elastic body at point z.

The unit exterior normal vector to I'* will be denoted as n = (nq, ns, ng).

The unit exterior normal to w is the vector (0,0, —1).

We define the normal and tangential components 5, and ug = (uf, )i1<i<3 € R® of the

velocity by

Similarly, the normal and tangential components o}, and 05 = (O’%)l i<

stress tensor are defined by
g

o;, = (0°.n;) .n;,

o, = o5nj — (07,) N

€ R? of the

To describe the boundary conditions, we first introduce the function g = (g1, g2, g3) such

that:

/ g.nds = 0.
r

€
L

The velocity on the boundary is given in terms of g except on w.
uw=9g=0 on I'],

u® =g with gg=0 onlI9.

On w, the velocity is assumed unknown and it satisfies the following condition:

un=0 on w.

Condition (2.1.6) is called the non-penetration condition.

(2.1.3)

(2.1.4)

(2.1.5)

(2.1.6)

Condition (2.1.3) is equivalent to the existence of a lifting G° € H' (Q°) of g on Q°

verifying:

G'=gonlg, G=0o0on I'f, Gn=0o0nw

10



2.1. Introduction and problem statement

We also assume the existence of friction on w,this friction is modeled by the nonlinear Tresca

law:

05| <k = ui=s

4 T on w (2.1.7)
05| = k* = 3B > 0 such that u5 = s — (o5

T T T

where |.| denotes the Euclidean norm of R?, s is the shear velocity, k¢ is the friction threshold.
Remark 2.1.1. The third component of the velocity satisfies:
us =0 on I' (2.1.8)
Indeed, according to condition (2.1.6), we have :
u‘n=uing +usne +usn3 =0 on w
where, n = (0,0, —1) is the unit exterior normal vector to w hence,
ug = 0 implies that us =0 on w.

According to conditions (2.1.4) and (2.1.5) and the fact that g5 = 0 on I'?, u§ = 0 on
I'{UTIS because u¢ = 0 on I'{, thus: u5 =0 on I'".
The complete problem consists of finding a velocity field u° satisfying the following equations

and boundary conditions:

(99 + =0

Ox; ' i F

O'fj (UE) = QIUdZ] (U€> + )\dkk ('LLE) (Sij7 1 S Z,] S 3
u® =0 on I,
Pb* E e
(PV) 4 e = g on I'7,
utn =20 on w,

o5 < k® = u5=s
on w.
|o%| = k* = 308 > 0 such that u% = s — fo5

To provide the variational formulation of problem (pb°), we will establish the following
lemma :

Lemma?2.1.1. Condition (2.1.7) is equivalent to the following relation :

(ufp — s) o + kfjup — s| =0 on w.

11



2.2. Variational Formulation of the Problem

Proof. Suppose that (uj — s) 05 + k%|uf — s| = 0.
> If 05| = k¢, then

(up — s)op = —[o°[ [up — s,
which implies the existence of a § > 0 such that
uy —s=—pFo; .
> If |o¢| < k®,then

(ufp —s) o + E|lup —s| =0> —|uy —s|.|o5| + k5 |uf — s
> |up —s|.(=|og| + k%)
and since — |0%| + k° > 0, then uf = s.

Conversely, suppose that u® satisfies the Tresca boundary condition.

> If 05| < k¢, then u5, = s
(up —s) o+ kS uy —s| = (s —s)or+ ks —s|=0.

> If 05| = k°, then there exists 5 > 0 such that uf = s — o5 .
Hence

(ufp — 5) 05 + K |ug — 5| = =B |o%|* + Blo%[* = 0.
2.2 Variational Formulation of the Problem

For the open set ()° | we define the following space and set:

. an

. 8_%

H' () = {v e (L% ()’ € L* (), Vi,j =1, 3} :

the Sobolev space equipped with the norm ||.||1.q,where the norm of (L2 (Q¢))*will be
denoted ||.|]o.q¢
We define the non-empty closed convex set of H'(QF)?

KEZ{UEHE(Qa)B:v:()onFiUl"i, vn=0onw}.

12



2.2. Variational Formulation of the Problem

To simplify the writing, we denote:

€

a(u,v) =2u /5 dij (w) d;; (v) dz’ + )\/ div (u) div (v) da'.

For v € H'(Q°)?® we define the functional J¢ as :

J* (U):/k‘5|v—s|dx.

Finally, we denote:

(fiv)= [ fivida, Yo e H' ().

(913

Lemma2.2.1. if u® is a solution of problem (Pb%), then it satisfies the following varia-

tional problem:

find u® € K¢, such as

(PVF)
a(uajgo_ua)_i_Ja((p)_Ja(ue)2<f5,<‘0_u5)’ VSOGKS'

Proof. By multiplying equation (2.1.1) by (¢ — u¢), where ¢ € K¢ and using the Green’s

formula, we obtain:

0
[ i o=y dodes— [ iy o= ydo = [ i oo ) dd
€ J Te Qe

The boundary conditions (2.1.4) and (2.1.5) imply that:

/re Ugjnj (¢; — ug) do = / Uf‘jnj (¢; — us) dx.

w

£ __ <€ €. .
But of;n; = 0, + oy,n;, we find :

/ aﬁjnj (p; —us)do = / or, (p; — us)dx + / oo (@, — us) de
I'e w w
and since (p; — u$) n; = 0, we have :

/ o5 (105 — ) do = / 0%, (05 — u) .
Ie w

So:

0
/ 05— (p; — uj) drdrs — / o7 (g —ui)de = | ff (¢; — ) dovdrs Vo € K°. (2.2.9)
Qe aZL‘] w Qe

13



2.2. Variational Formulation of the Problem

in (2.2.9) we add and subtract the term | k° (] — s| — |u® — s|) dz, we obtain: :

0
[ i (o= i) dadey — [ o (=)o + [ I (o = o] = o = ol d-
Qe aQZJ w w

—/W(\so—s!—luf—s\)dx: fe (@; — uf) dedas.
w Qe
Let :

B:/UsTi(%_uf)d$+/ke(|<p—S|—|u5—s|)d1:.
So :

B:/UETZ_(gpi—uf+s—s)dx+/k8(|g0—s|—|u8—s|)d$

w

= / o7, (p; —s)dx — / o7, (u; —s)dx + / k%o — s|dx — / ke |u® — s|dx.
Using Lemma (2.1.1) we get :
B= /aeTi (p; — s)dx + / k%) — s|dx.

Then :

or(p—s) = —lozlle—s| = —Flo—s|  on w
and
B:/O’% (goi—s)da:+/k5|g0—s]da: > 0.
This implies the following inequality:
0
05— (p; —ui)dedrs + [ k%o — sldv — [ k°|u® —s|dz > [ fF (p; — uf) dvdws.
Qe aiL'] w w Qe
And thus, we obtain the variational problem in velocity:

Find u® € K¢, such that

(2.2.10)
a(u, o —uf)+ J° () = J° (uf) = (f%, ¢ —uf), Vo€ K"

14



2.2. Variational Formulation of the Problem

2.2.1 Existence and uniqueness of the solution

We recall a theorem of existence and uniqueness for second-kind variational inequalities that
we will apply to study the variational problem (PV?®).

Theorem 2.2.1. Let A be a non-empty closed convex set in a Hilbert spaceV, equipped
with the norm |||\, , a(.,.) be a continuous and coercive bilinear form from A x A to R
, and J be a functional from A to R that is convex , lower semi-continuous, and proper.
Then, for any linear form, L defined on V', there exists a unique u inV that solves the

variational inequality:
a(u,v—u)+J W) —J(u) >L(v-—u).

Lemma 2.2.2. Suppose f¢ € (L?())° and k® € L™ (w), where k¥ > 0 almost everywhere
in w. Then, there exists one and only one u® in K¢ satisfying the variational inequality
(2.2.10).

Proof. The bilinear form a (.,.) is coercive on K¢ x K°.

Indeed, let v be an element of K. By the Korn inequality, we have

a(v,v) > 2uCk Z [dij (v ||L2 Q) > 2pCk HUHHI(QE

i,j=1
where C}, > 0, is the Korn constant.
The bilinear form a (.,.) is continuous on K x K*.

Indeed, let v and u be two elements of K*.Using the Cauchy-Schwarz inequality, we have:

: :
|a (u®,v%)] < 2p (Z [dij (u HL2(QE)) <Z ldij (v HL2 Qe ) +

i,j=1 1,j=1
+ Adiv ()| 2 (ge) - 1V (0%) [ 202
< 2pu ||ua||H1(Q€) ||U5||H1(Qs) +A ||UE||H1(QE) HUaHHl(QE)
< Clwll i goey 10 ey »
where

C=2u+ A\

The linear form (f¢,.) is continuous on K*.

15



2.3. Asymptotic analysis of the problem

Indeed, let v be an element of K¢,By using the Cauchy-Schwarz inequality, we obtain:

[(f50)] < HfEHLe(QE) HUEHLE(QE)‘

And since J is a convex functional, lower semi-continuous, and proper, the previous theorem

demonstrates the existence and uniqueness of the solution to (2.2.10).

2.3 Asymptotic analysis of the problem

x
For the asymptotic analysis of our problem, we use the scaling z = =3,

€
Thus, the domain €2° transforms into a domain €2 independent of ¢.
where

Q={(z,2) eR* (2,0) Ewet 0<z<h(zx)}

We denote I' = @ UT'; UT'; its boundary.

Now, we define new unknowns on 2 .

i (2,2) = u (2,29). o)
~E _ ~—1,¢ o
U3(I,Z)—€ U3(l’,ﬂj’3)-

For the data of problem (Pb%), we assume that they depend on ¢ as follows:

[z, 2) =e2f (x,x3),
_ e (2.3.2)

[

g (:E?Z) = gE (1'7.T3) )

where f , k and g do not depend on €.
Let G (z, z) be such that :

~

G=g onl.

The vector GG¢ introduced previously will be defined as follows:

A

Gi ([L’, Z) = Gze (JZ,:U;;) )

. (2.3.3)
G (z,2) = e 'G5 (x,23) .

16



2.3. Asymptotic analysis of the problem

2.3.1 Variational formulation of the problem in (2

Now we introduce the functional framework on ) as follows :

Kz{g&EHl(Q)?’:g@:OonFLUFlandgp.nzoonw}.

%
0z

(k)= {pe H (V*: ¢ =(p1,0),0,=00on T, UT; fori=1,2}.

1
2
(Q))

By multiplying (2.2.10) by ¢ and passing to the fixed domain 2 we show that the variational

V, = {v:(vl,vg) e L?(0)*: €L?*(Q),i=1,2and v=0o0n Fl}.

V. is a Banach space with the norm :

o0v;

(Z I + | 52

[v]ly.

problem is equivalent to the following problem:

Find 4° € K, such that:
2
a(i,p— @)+ (7) = I (@) 2 Y (Fiupi— ) 42 (fo by —35), VK
=1
(2.3.4)

(2

where
1@)= [ bl sl

and

e e 9 . ..
a(u, ¢ —0°) = ue Z/ (&L'] )(91']( —uf) dxdz+

HE a R . a ~ e
+MZ/( e’ 3) [8z< ui)—i—gani (p5 — t5) | dodz+
2 8&2 0 ~ ~E 2 : ~E : ~ ~E
+ 2ue = (¢35 — 05) dedz + Ae* [ div (aF).div (¢ — 4°) dzdz.
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2.3. Asymptotic analysis of the problem

2.3.2 Prior Estimation

Let’s delve into studying the prior estimates on 4°.For this purpose, we need to establish
the following lemma:
Lemma 2.3.1. (Poincaré Inequality). We recall that 0 < h(z) < h* (z), Vo € w, we have

the following inequality:
ou;

0z

1] 2y < 17

L2(2) '
Proof. Let 0 < z < h(z), we have

R h(x) aﬂf '
iiea) == [ GE@Od i @h@), =123

since u (x, h (x)) = 0, then :

h(x) 8A§
i@ = [ G0

By the Cauchy-Schwartz inequality, we get :

e "o [
il <) [ |5E @0 de (2:3.5)
0 a¢
Integrating (2.3.5) over z from 0 to h (x), we obtain :
ha) M) | 9 2
| Eeare e [ 5E wol d
0 0
By integrating the above inequality over w, we find
[ [ orad <ot [ |5 w0 dcs
wJ0 wJ0 aC
ous
"? < h* 3 .
||uz||L2(Q) = 0z @)

Lemma 2.3.2. (Korn Inequality ). for any ¢ € K¢, we have :

Vol 2ey < CUID (O] 12(0) »

where C' is a positive constant independent of ¢ and .

Lemma 2.3.3. given f € L*(Q)° and k a positive function in L (w), there exists a

2
+ &2
L2(Q)

constant ¢ > 0 independent of € such that :

2 2
#3 (]
L2(Q) i=1

2

ey

i,7=1

2 2

NE
U

5’xj

NE
U

0z

NE
ous

3@-

~NE
4 oug

<c
0z

L*(Q)

L2(Q)

18



2.3. Asymptotic analysis of the problem

Proof. Let u® be the solution of problem (2.2.10), hence
a(u, ¢ —u) +J° (@) = J° () = (f7, o — )
This implies:
a (v, u”) < a(u ) + 7 () = J° (@) + (f507) = (f%,9) Vo e K
And since J (uf) is positive (because k£ > 0),we have :
a(u,u”) < a(u,p) +J° () + (f5u7) = (f59) Vo e K°

but

€

(uf,u®) = 2u Z / u®) drdxs + )\/ div (u®) . div (u°) dxdxs

7,7=1

_zﬂz/ i (w9 daday + 0 [ i () ded,

i,7=1

Due to the coercivity of a (., .), there exists Cx independent of ¢ such that
a(u®,u’) > 2uCk ||Vua||iz(ﬂ) : (2.3.6)
Applying Homlllder’s and Young’s inequalities, we obtain the following upper bound:

a(u, ) S/ 24 |di; (w”)] |y (@)!dﬂ?dfﬁBJr)\/ |div (u®)|[div ()| dzdas
Qe Qe

s(/ KO s ));</gazf—_dm< )|2dxdx3>;+

# ([ Y v o >|)%</w%|div<w>|2dxdx3)%

MCK ; Ap
1dsj (w)|I720e) + O s (D) 1720e) +
MCK . e\ |2 2 . 2
+—— [ |div (v°)|" dedzs + |div (¢)|” dzdxs.
8 Qe NCK Qe

On the one hand, we know that:

Zuw V< Ve et |div(u)? < |VuE]?

i,7=1
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2.3. Asymptotic analysis of the problem

thus we have:

2)\2
a(u, ) < K |vu |20 + ||V90||L2(Qs + 55 | Vu U T IVl ze e -
(2.3.7)
Using the Poincaré inequality, we get:
[l 2 (0ey < e [[VUf| 12qey -
Analogously to (2.3.7), we get:
(%, ud)] < (17 2 goe) 1081 r2 00y (Cauchy- Schwartz) (2.3.8)
<eh’ ||VUEHL2(96) ||f€HL2(QS
[LC eh* . .
I ey + L9y (Yomg imeaqality),
Likewise:
MCK (gh*)2
00 < S5 Nl + o IV - (239
Using (2.3.6) — (2.3.9) ,and choosing © = G¢, we have:
pCr 4p nCk
2uCk ||V | L2e) < @ (0, u7) < —= V|2 gqey + = VG Ili2ae) + =2 IV | 7e0r) +
4 Ck 8
2>\2 ,uCK (eh*)?
||VGE||L€ @)+ 5 Vel f20e) + 55 23O IV £ 2 0ey +
MCK <5h*)2 2
IVG I + e 1V £ e
This implies :
9 ) (eh*)* 20 uCx  4p )
—uC |[Vu® . vfe . —+ ) |VG* o - (2.3.10
g K VU] (0s) < 1Cr | f||L2Q)Jr ,UCK+ 5 +CK | IT20e) - ( )
But : ) )
A[12 oug U5
2| £2 |12 -1 3 -1 3
e“ || f =€ f’ and = ,
H HL2(Q ) £2(Q) 81’3 L) Oz L2(9)
thus we obtain:
o ||? N o5 || o5 ||?
Ve oy = 2 || 5 +Y |5 T ] s .
T 0l ey TN 02 ey T 119752 0z |l12()
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2.3. Asymptotic analysis of the problem

Multiplying (2.3.10) by ¢, we find :

9 9 83h*2 9 9
“1Cr € ||Vl |7 200y < . — + = | elIVG |2 q
1Ok elIVulliage) < O IVl z2 ) + uCK+ > T Cn eIVG 72009

h*? A2 222 uCx  4p .
v Eae e W
— uCg ‘ ! LZ(Q)+ (MCK + 2 * C’K>5 L2(Q)
For 0 < ¢ < 1,we see that :
9 ) h*? 12 222 uCx  4u . |12
2 i IV ey < 2o |9 KO, Y ger
8” K [[Vu “L2(9 ) = nwCx / L2(Q) * <MC’K * 2 + Cx 12(Q)
So:
5HVU5”22(Q) <
where
c= 8 Co;
- QMCK 05
h*2 A2 227 uCx  4u .
an e Y oo,
0 wC'g ‘ / L2(Q)+ <,uC’K * 2 +C'K) L2(Q)

This concludes the proof of Lemma (2.3.3).

2.3.3 Convergence Results and Limit Problem

Theorem 2.3.1.  Under the assumptions of Lemma 2.3.3, there exist uf € L*(V,),
1 = 1,2 such that for any subsequence of u° still denoted u° we have the following

convergence results:

4 — 4 i=1,2 weakly in L? (V) (2.3.11)
ou; . o
€ —0 i,j=1,2 weakly in L= (V}) (2.3.12)
al’j
2 05 - T2
o 0 ¢=1,2 weakly in L* (V). (2.3.13)
T
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2.3. Asymptotic analysis of the problem

Proof. According to Lemma 2.3.3, there exists a constant C' independent of € such that:

2

<C, i=12.
12(9)

ou;
0z

Using this estimate with Poincaré’s inequality, we obtain:

NE
ou;

2 SR
1652y < " | 52

,i=1,2,3
L2(9)

Which means that u is bounded in V, for « = 1,2, This implies the existence of v} in V,
such that u$ converges weakly to u} in L? (V).

Thanks to Lemma 2.3.3 we have:

' B
€ <c
O L2(Q)
Theref i i h 4 4 kl
erefore ¢ converges to . since ||45 < ¢ ,then converges to wea
@l’j & 8[Ej || zHLQ(Q) - ’ 8xj & 6xj Y
ous )

which implies the weak convergence of 5 L to 0in L? (V).

Lj

,&E

Similarly, thanks to the inequality: : &2 3 < ¢, we have the convergence:

O L2(Q)

oug ou} U5 ou}

c ﬁxz 8@ 8Ij Ga:j )
, 013 9
This shows that &2 5, converges weakly to 0 in L? (V).
Theorem 2.3.2. With the same assumptions as in Theorem 2.5.1, u* satisfies :

82 * .
- / =1,2 in L*(Q 2.3.14
Hazz = fi fori ,2 1n (Q) (2.3.14)
o a 2
MZ/ s (B — ) drdz+ T () zg(fz,sol it), Ve € T(K) (23.15)

Proof. The variational inequality (2.3.4) can be written as :

4
I (5)—I—)\52/div(ff).div(gb—ﬁa)dxdz—i-//%]gb—s|da:—
1 Q w

—/l%|'[f—s]d1'2

(2

<fi7 Qi — ﬁf) +e€ (f37@3 - ﬁg)

-.
Il o
—
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2.3. Asymptotic analysis of the problem

with
ous  dus\ 09
2
Il—ﬂfu (8xj+8 )8x]( 0;) dxdz;
i,7=1
2
ous ous\ 0
L=pY | (SE+252) o (@ +i ~
2 #121/9(62 te axz) Oz (¢z+uz)dxdzv

0w\ & . .
52 al,:j) al,z (903 - U3) dﬂ?dZ,

o
|
=
e
::\
(T)
/N
Q|
NS

g €, B (pg — 15) dxdz.

Using the convergence results from Theorem 2.3.1, we obtain
: % 0
li E I; g i} ) dxd
Py P (&) =n / 0z 02’ ~ @) dvdz

lim sfggpdxdz =0.
e—=0 /o

And since J is convex and lower semi-continuous
(hmﬁo (inf [k JiE — 5| dx) > [ kit — s da:),

so we have:

) dedz + J () — J (i) > i <fz,g01 ) (2.3.16)

1

82 8,2

(2

Now, let’s choose in the variational inequality (2.3.16)
Qbi :a:i¢zv 1/}1 S H& (Q) i = 172 and @3 ZIAL;,

we find:

“Z/ o 8de dZ—Z/fzw dadz.

Using Green'’s formula and choosing ¢; = 0 and ¢, € Hj (), then ¢, = 0 and ¢, € H; (),

0 (o0uf 5
—/ has (3 >Q/1idxdz:/gf,-¢idxdz.

we get :
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2.3. Asymptotic analysis of the problem

So

82 * . . ' .
— 1 3z2 =fi fori=1,2in H (Q) (2.3.17)

And since f € L2 (Q), then (2.3.17) is valid in L? ().

Theorem 2.3.3. Under the same assumptions as in Theorem 2.3.2, we have :

/k | + 5" —s| —|s" — s|dx — / pur*dr >0 Yy € L2 (w)® (2.3.18)
Pl <k=s=s
ulrl <k (2.3.19)
p|7| =k =38 > 0 such that s* = s + p7~
with:
7Tt = a@z (,0) and s* (z) =u" (z,0).
Moreover, ©* and s* satisfy the generalized weak Reynolds equation:
- h h
/ (F -5 +/ a* (z, 2) dz) Vi (z)dr =0, Vi € H' (w), (2.3.20)
w 0

where

F(m):%/o F(m,z)dz—%F(m,h);

F(z,2)= //flxadgda

Proof. The inequality (2.3.4) becomes:

d ~ ~E
e Z/ (890] )0:17]( — uf) dedz+

i,7=1
ous , Ol o ) L0 A
Z 5, Pt — 45| dad
+M;/Q(az +e axi) {82’ (p; —u5) + ¢ oz, (@3 ug)} xdz+
+ 2ue? Qg 2(@ 2)dzdz + \e? /le div (p — 0°) dovdz+
q 0z 0273 o

# [kle=sldr— [ k10— sldr= 3 (b= i) + < (Fubs—i5).

=1
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2.3. Asymptotic analysis of the problem

By taking the limit and using Green’s formula, we obtain:

_Z/ R *¢d$dz+/mﬂg /k|¢_3|dx /k:lu —s|dx>Z/fZ¢dxdz.

But

-
/mua WO (2, 0) .

2
/ (v +s" —s|—|s"—s|)de — / i de > Z/ fip,dxdz.
w i=1 78

—Z/

Moreover, using : _82 (,u%l; ) = ﬁ , we have :
z
/IA€|¢ + 5" —s|—|s" —s|dx — / ut*pdx > 0. (2.3.21)

For (2.3.19), we use the analogue of [1].

The inequality (2.3.21) also holds for any » € (D (w))* and by density of D (w) in L? (w) ,we
find (2.3.18).

To prove (2.3.20) by integrating (2.3.14) from 0 to z, we see that :

z 62A*
/0 fi (I,Oé)da——u/o o2 (@) da

ou; ou*

= —p (@,2) + o

(x,0).

By integrating again from 0 to z, we get :

z ¢ aA* z
/O/Ofi<x7a>dad<——u 5 <m<>d<+u/ "dC

= _,u’&;k (l’,Z) +/Wz (.CL',O) +MZT

= u; (z,2) = s (2,0) + 27" — —/ / fi (@, @) dadC (2.3.22)

and since 4} (z, h (z)) = 0, we have :
1 [*.
s* (x,0) + h7* = —/ fi(x, ) dadC. (2.3.23)
K Jo

Integrating (2.3.22) from 0 to h, we get :

h h h hopzoC
—u/ u; (x,z)dz + u/ a; (x,0)dz + ,u/ 27dz = / / / fi (x, @) dadldz
0 0 0 o Jo Jo
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2.3. Asymptotic analysis of the problem

/Oha;f‘ (w,2) dz = hs" (2,0) + 3 Lppge 1 / / / fi (z, ) dadCdz. (2.3.24)

From (2.3.23) and (2.3.24), we deduce that
h h 5
/ u; (x,2)dz — —s*+ F =0,
0 2
with

h
F:/ F (z,z2)dz;
0

pe= [ [ ot
/w(/Oh’&*(w,y)dy—ngrF)vw_o_

Theorem 2.3.4. The solution @* of the limit problem (2.3.14), (2.3.15) is unique in L* (V).

Then

Proof. Suppose there exist two solutions 4! and 42 of the variational inequality (2.3.15),
we have :

2

uz/aaf 8az — i) dudz + J () — J (@) > Z(fl,% ) (2.3.25)

i=1

and

92 0 . oy N[ L
MZ/ 5 s (¢; — @7) dedz+ J (p) — J (07) > Z (fi,goi —ui>. (2.3.26)

ou} 8 .1 9 1 Foe2 a1
02 82 — ;) dedz + J (4%) — J (4}) > Z ( iy U; — uz> (2.3.27)

ou? (9 " B o
MZ/ IR (1 —u)da:dz—i—J(u)—J(ui)ZZ( u—u) (2.3.28)

Summing up inequalities (2.3.28) and (2.3.27), we obtain :

8u 8
q 0z 8z

82 82 ) dxdz >0
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2.3. Asymptotic analysis of the problem

and

which implies

0 ,. .
u‘ G| o
By Poincaré, we find:
A1 a2 0 /1 .9 ?
@i — v, S¢ 9 (4 — ) . =0,
SO
it = a?.
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Chapitre 3

Asymptotic Analysis of a Stationary
Non-Isothermal Linear Elasticity

Problem

Abstract: In this chapter, we focus on the asymptotic analysis of a stationary problem for
non-isothermal linear elasticity (i.e., the coefficient ;1 depends on temperature), with nonlin-
ear Tresca-type friction conditions. We couple the equation of conservation of momentum
with the energy conservation equation derived from Fourier’s law.
Contents:

3.1 Introduction and Problem Statement;

3.2 Variational Formulation of the Problem;

3.3 Asymptotic Analysis of the Problem;

3.3.1 A Priori Estimation;

3.3.2 Convergence Results and Limit Problem
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3.1. Introduction and Problem Statement

3.1 Introduction and Problem Statement

In this chapter 2° will denote the same thin domain considered in the second chapter .
O = {(2,23) €R? (2,0) €w, 0<ax3<ech(x)}
We recall that I'* is its boundary :
“=0uUljurl;.

We consider a problem of deformations of a homogeneous, elastic, and non-isothermal body
in a stationary regime.

For given external forces f¢ , we assume that the deformations of an elastic body are
governed by the following equations :

The law of conservation of momentum:

dot

(4] €
— + f;i =0. 3.1.1
urhy 3.11)
Here 0° = (O-ij)i<ij<3 is the stress tensor, and D = (d;;),; ;5 s the strain rate tensor :
1 (Ou; Ouj
diy (u) = — (24 i), 1<i,j<3. 3.1.2
s =3 (e E) i 3.12)

We assume that the constitutive law follows Hooke’s law:

o5 (u®) = 2u(T) dij (u¥) + Mg (u®) 645, (3.1.3)

where

*y°

= (u§, u§, u5) is the displacement velocity of the elastic body;
* A\ and p are Lamé coeflicients;
x T° is its temperature.

The law of conservation of energy is given by:
0 ore
~3 ( ) =205 (T°) dZ; (w¥) + 7 (T7) ; (3.1.4)
€T; i

where K¢ and r® respectively denote the thermal conductivity and the mass heat supply.

We assume that the velocity is known on I'{ and on I';

uw=0 onl§ (3.1.5)
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3.2. Variational Formulation of the Problem

£

ut =g on I'] (3.1.6)

where, g = (g1, g2, g3) is a function with g3 = 0, such that :

/ g.nds = 0.
FE

We use the usual notations:

u;, = ut.n = u;.n,, (3.1.7)
uz = U — upng,

o, = (o.n)n = ojnmny,

oL, = 05N — oyn,

respectively, the normal velocity, the tangential velocity, the normal and tangential compo-
nent of the stress tensor.

For the temperature, we assume that:

T°=0 onI7UIl'] ( Homogeneous Dirichlet on I'; UTY ), (3.1.8)

oTe
on

The complete problem consists of finding the velocity field u° and the temperature T that

=0 onw ( Homogeneous Neumann on w). (3.1.9)

satisfy the following equations and boundary conditions:

( 80% |
Bz, T4 =0 in §F,
0 oTe
o) - K* — 2 (T9) d2 (uf) + r° (T° D QF
(pb1) Ox; < axi) e (T#) diy (we) + 7= (1) in §F,
w =0 on I'y
=0 on I'; UTY,

\

3.2 Variational Formulation of the Problem

We introduce the following functional framework :

. Gvi

. 8_1‘]

H' () = {v e (L% ()’ € L* (), Vi,j = 1,2,3} :

We define the non-empty closed convex set of H' (Q°)%, by :
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3.2. Variational Formulation of the Problem

ng{goe (Hl(QE))3;¢:00nFiUF§ andwn:OOnw}

We denote by Hy. s (€2°) the vector subspace of H' (€°) :
Hype pe () ={p € H' () : 9 =0 on T UTT}.

We also introduce the following notations:

a(T,u,v) Z/ 2p° ( u) d;; (v) da:d:vg—i—)\/ div (u) . div (v) dedzs;  (3.2.1)
ij—1 5 €
3
(ff,v) = ffvdrdrs = Z/ fividxdxs; (3.2.2)
Qe i=1 7 F

(?T oY '
b(T, ) = &El axzd:pdxg, (3.2.4)
(u; T, 1p) = Z / 2 ( (u) pdxdrs + / ¥ (T) thdaxdas. (3.2.5)

Z‘] 1 1> >4

Lemma 3.2.1. If u and T¢ are solutions of problem (pb$) ,then they satisfy the variational

problem:

Find v € H} ()% and T° € H} (Q°) such that
a (T us,9) = (f5,¢), Vo € Hy () (3.2.6)
b(Te,¢) =C (us;T%,%), Yo € HE(QF).

Proof. By multiplying equation (3.1.1) by (¢; — u$), where ¢ € K¢ and using the Green’s

formula, we obtain :

0
/ ‘718’36_ (¢; — u;) drdrs — / Uzg'j”j (¢; —uj)ds = fi (i — uf) dedws.
Qe .:C] Te Qe
According to the boundary conditions, we have:
/ oini (g —ui)ds =0
FE
we find :

/ o 2 0 (¢; — uf) drvdzz = 17 (o, — us) dedzs.
Q Qe

e 9 0x;
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3.2. Variational Formulation of the Problem

Replacing o%; by the expression (3.1.3), we have

a(T;us, ) = (f9), Vo € K°. (3.2.7)

By multiplying equation (3.1.4) by ¢ € H%iUFi (Q°) and using the Green’s formula, we

obtain:
3
T O ) 1T
(T°) °(T¢ .
; / I a%dxdxg le / 52“ & )wd:cdxg—l— (9951 Yds+ / K (T%) pdadrs

Now, using the boundary conditions (3.1.8) and (3.1.9), we have :

A,
;/8 afjjz axldl'dx?, Z /E 2,u T&‘ )’gbdl‘dl‘:ﬂ + /E Ta (Ta) ¢dl’dl‘3, (328)

i,j=1

which means:

b<T57¢) - C (us;Tsaw) ) V1/) S HI%UFEL
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3.3. Asymptotic Analysis of the Problem

3.3 Asymptotic Analysis of the Problem

For the asymptotic analysis of the problem , we employ a similar scaling as in the second
x

chapter by introducing a scale change where =22 transforming the domain 2° into a
€

domain {2 independent of ¢ defined by :
Q={(z,2) eR® (2,0) ewand 0 < z < h(z)} .

We denote I' = w U T, U Ty, its boundary.
Following this scale change, we denote by u® and 7T°¢,the unknowns defined on 2.

Furthermore, we define the following functions on {2 :

us (x,x23) =45 (¢,2), i=1,2
e g (z,3) = 05 (x, 2) (3.3.1)

T= (x,25) = T (2, 2).

For the data, we have the following relations:

I
Q)
o
k’ﬁ
[}
=
I
g
o
=
o
>
I
(@)
N
<
™

p=u, f (3.3.2)

with /i, f, K, 7 independent of ¢.
Now we introduce the functional framework on 2.For this purpose, we note :

3

K:{ve(Hl(Q)) cv=GonT,UTY, v.n:OOnw}.

L(K)={¢ e H (@’ ¢ = (e1,02) o= Gion TLUTy, i = 1,2}

C 0z

It is clear that V, is a Banach space, equipped with the norm:

2 2 3
2
v, = (Z Vil 720 + ‘ ) :
i=1 L2()

With the scale change defined in (3.3.1) and (3.3.2) problem (3.2.6)becomes:

‘/Z:{U:<U1,U2>EL2(Q>2 ELZ(Q),i:1,2;U:OOHF1}.

a’UZ‘
0z

lv

Find the velocity field @€ in K and the temperature 7¢ in H} () such that

) ) 3.3.5)
a(T50.¢) = (F,0), veek
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3.3. Asymptotic Analysis of the Problem

b <T1/1) —C (uT¢) . Ve HE Q) (3.3.6)

a <TE; a°, gb) =/ (TE) £ 22: <gz + sz) aij (p;) dedz+
— i

2
du; » U o . 5o 0

voue? [ 9% 9 (o) dudus + 2 / div (i) . div () dadz.
Q 82 aZ Q

2
(Fro-i) =3 [t dndz < [ () dad
- Q
o 2 1= 9 a1 aw
T ¢ Z / 7o, axldxd / K - ddz

C (ﬂa;Ts,ﬁ)) = Z: 5/952,& (T < ax,) Ydxdz+

( i 8“3) bdrdz+
2 [ () (25 5 v
+/9252ﬂ (T5> (%f‘) ¢d$dz+/gr<fe> Ydrdz.

3.3.1 A Priori Estimation

We will establish estimates on the velocity u®, then on the temperature T solution of our

variational problem.

A priori estimate on the velocity

Lemma 3.3.1. Suppose f € (L2 ()% the friction coefficient k > 0 in L* (w) and there

ezist two constants p, and p* such that

0<p, <pla)<p®, VaeR, (3.3.7)
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3.3. Asymptotic Analysis of the Problem

then, there exists a strictly positive constant C' independent of e such that :

> (5
LQ(Q) i= 0z

Proof. Let u® be the solution of problem (3.2.6) , i.e

2

2.

3,j=1

2 2 2

~NE
ou;
ax]’

ot
+5ﬂ

0z

NE
5 O3

e g
axi

) <C. (338)

L2(Q) L2(Q L2(Q)

a(T%5us,0) = (f%,¢),

choosin, = uf, we obtain
)

On the other hand, we have:

a (T u ©(T9) Z / 4 ( u®) drdrs + A / div () . div (u°) dzdas

£

zjl

©(T9) Z |dw |dxdx3+)\/ \div (u)]? dadas.

i,7=1

According to the Korn’s inequality, there exists C'x independent of £ such that :
0 (T ) 2 20,C [ V0 o (339)
Using the Poincaré inequality, we obtain:

(5w < oM pgae 10l b2 ey
|(F5,u)] < eh™ VUl o ey 11l L2 ey - (3.3.10)
Now, by applying the Young’s inequality, we find:

(en*)*
21, Cx

M*CK

|(f%, )] < IV 22y + IV £ 17200y

By applying the Holder and Young’s inequalities, we obtain:

a(T%u,p) < / 2p° (T°) |dij (uf)| - |dij (u¥)| dxdxs + X | |div (u®)|.|div (¢)| dedzs
15 (913

< / 20" |di; (w)] . (|dij (@)]) dedzs + / Aldiv (uf)] . |div (uf)| dxdxs
£ QE
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3.3. Asymptotic Analysis of the Problem

1
2

N|=

2
\/\/__,u |dij (¢ | d:pdx3>
nC

s(/ HaC iy >|2>

+ (/ 5 PO g <u€)|2>

[NIES
[V

A
|div () [? da:dxg,)

(.
(b

M*CK : 4 ()
Idiy (W oaey + = G s (D)l zar) +

*

2

1 Cx

c
+ K iy (u))? dedies + \div ()|? dedas.

8 Jor

However, we know that:

2
Z \di; (v¥)]? < |Vuf|”  and  |div (u)]* < |Vuf|?,

ij=1
which yields:
‘.t u*OK AW o i 2)? )
a(T%us,¢) < IVu HL?(QE 1.Cr ||V<PHL2(QE)+T [Vu HLS(QE)"‘M*—CK HV(pHLE(QE)‘
(3.3.12)
Using (3.3.9) — (3.3.12) and choosing ¢ = 0, we obtain :
2 C V & 2 < £ £ < ILL*CK v € 2
1,Cr [[Vu ||L2(Q€) <a(u',u’) < Vu ||L‘Z(Qs)+
M*CK . M*CK <12
+ B gy Hms B |V B +
(z—:h*)2 12 0
o 19 Py + 5= 19 e
9 €12 ( h* ) €
gM*CK IVu HL2(QE < 1Ce IVf HLQ(QE (3.3.13)
Using the equalities :
o112 e 12
62 ||fzs||i2 o) = —1 Hf ' 8U3 | 8U3 ’
(@) Lz(Q) 83:3 L2(QF) 0z L2(Q)
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3.3. Asymptotic Analysis of the Problem

we obtain :
2 oo 112 2 e 112 2 12 .
a ¢ a € a £ aus
TLEED B Fd IS o] o ) ol | I L
1,7=1 8$] L2(Q) i=1 3z L2(Q) j=1 ax] L2(Q) aZ L2(Q)
Multiplying (3.3.13) by ¢, we find :
9 C v el2 < <€h’*)2 v e112
g O e IVElaae) < ~m5 =2 IV F iz
For 0 < € < 1 we have :
21 Ce 96 gy <~ ||V
Z e IVu )
8,“* K L2(Qs) = 1.Cx @)
thus :
2 ~c |12 2 e 12 2 . 9 2
ous Ous O0E OE
e IVu ey = > Y |5 ety |52 2|52 <C,
1,5=1 8% L2(Q) =1 0z L2(Q) j=1 3:13] L2(Q) 0z 12(Q)
where
h*? 2
= 2 T
1. Cre L2(QF)
8
= cy.
9M*OK !

So, Lemma 3.3.1 is proved.

Estimation on the temperature

In this section, we seek a priori estimates on the temperature Tg, For this purpose, we need
to establish the following lemma:

Lemma 3.3.2. The temperature 7° is bounded by:

I~

Proof. For the proof of Lemma 3.3.2,we use the same techniques as those used in lemma

2.3.1.

oT*
< h*
0z

L2(Q)

(3.3.14)

L2(Q)

Lemma 3.3.3. Suppose the assumptions of Lemma 3.3.1 are met, and additionally, let’s

assume there exist:
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3.3. Asymptotic Analysis of the Problem

- two strictly positive constants K, and K*, such that

0< K, <K (z,2) <K*, V(x,2)€ (3.3.15)

- a positive constant 7*, such that

P (a) < 7. (3.3.16)

Then, there exists a positive constant Cs independent of ¢, such that :

2 2

2

ey

=1

o1
0z

o1e
8.Ti

< Os. (3.3.17)

L)

L)

Proof. In the variational inequality (3.2.8), choosing ¢ = 7*, we obtain :

2 2 Ao I
0T OT* . OT° 0T*®

I, = K dzd K dzd

ZZ:; ;/Qg Ox; Ox; xz—i—/ﬂ 9z 92

with

a0\ .
(au’ + uﬂ) Tededzt
8xj 8@

- 1 ~ T&‘ 8@“f 2817“3 2T5dd
) (308

. hEN2
+Z% ﬂ(TE) 522—2+%) Tedxdz+

IPE S C
i=1 J v 1L2(Q)
ax 2 ~e ~e (|2 .
DN s o N L P
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3.3. Asymptotic Analysis of the Problem

Using the inequality ||a + b||* < 2 (||ozH2 +|1b]|?), we find :

nl < 2% 74|, + 2 H_ +
14| 8% 12(9) LQ(Q) Z 0z LQ(Q L2(Q)
ot . oug .
v 2,1*54 ois | (TE 4 2e2p a5 "7
ox; £2(9) L2(Q) 0z L2(Q)
Now, inequality (3.3.8), gives us :
neacl]
[L] < 2p o)
Therefore, using lemma (3.3.2), we obtain:
oT®
L| < 2u*h*C 3.3.18
0z
L2(Q)

Similarly, by applying the Cauchy-Schwartz inequality and lemma (3.3.2) we get :

oTe
L] <r* < r*h* 3.1
[T <7 P (3.3.19)
Moreover, hypotheses (3.3.15) and (3.3.16), lead us to :
i oTe d1¢ oTe 8T6
b(T¢,T7) Z / oz, &Uz drdz + / K dxdz
. 2
~ |0T*® oT*
= Z / 2K drdz + / K dzdz.
— JQ 3% Q (9,2
which implies :
o7 ot||”
A~ - | < b (T{-:, TE)
ox; 0z -
L2() L2(Q)
aT* aT*
< 20*h*C + 7R ,
L2(Q) L2(Q)
which implies :
ot |’ ot |’ o1
K. <, <C , 3.3.20
c ox; 0z =15z ( )
L2(Q) L2(Q) L2(Q)
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3.3. Asymptotic Analysis of the Problem

where , (] is a constant independent of € given by :
Cy =20"h*C + r*h*

thus : )
oTe .

< K 'C.
L2(Q)

Additionally, by plugging this last estimation into (3.3.20) we obtain :

2 2

oTe oTe
c 8@ 82 =
L3(Q) L3(Q)
where
Cy = K71C2.

3.3.2 Convergence Results and Limit Problem

In this section, we will state the convergence theorem.

(3.3.21)

Theorem 3.3.1. Under the same hypotheses of lemmas (3.3.1) and(3.3.3), there ezists
w* = (uf,ud) in 'V, andT™* in V., such that for subsequences of ° ( resp Ta) still denoted

u® ( resp. TAa) , we have the following convergence results:

u; =~ u; 1<1<2 weaklyin V,

(2
NE
U

61’]‘

€ -0 1<4,5 <2 weaklyinV,

NE

e 0 weakly in V,
0z

~E
20U5

0 1<i<2 weaklyinV,
8[13j

3

T° —~T* weakly in V,
o1
81’1‘

€ — 0 weakly in V,
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3.3. Asymptotic Analysis of the Problem

Proof. Following (3.3.8), we obtain (3.2.22) — (3.3.25) as in Theorem 2.2.2 of the second
chapter.

Thanks to the estimation (3.3.17), there exists a positive constante C' independent of &

such that : X
ore
<C.
0z -
L2(Q)
Using lemma (3.3.2), we deduce that :
. Te
’ e <2 < hC,
12(Q) 0z
12(@)

thus 7¢ is bounded in V., implying the existence of an element T* in V, such that 7¢ weakly

converges to 7" in V.

AE AE
Furthermore, the estimation (3.3.17), shows that e < (), thus ¢ 5 converges
€T; 12(9) €T;
/\* . . AE
to EI and since 7 converges to 7™ in V,, then ¢ 5 converges to 0 in V.
T T

Theorem 3.3.2. Under the hypotheses of Theorem &.5.1 the solutions u* and T+ satisfy

the following relations:

i /Q i (1) aa“ § (pr) dadz =Y (fiu ) (3.3.28)

O (. (2 047\ 2 . R ‘
—5 (ﬂ (T ) o ) — i fori=12 in L*(Q); (3.3.29)
6 ~ GT* 2 N & aa;k ? ~ | . 2
—&<Kaz>_“u<T><az) +r(T) in L*(9). (3.3.30)
Proof. The variational inequality (3.3.5) can be written as :
4 2 R )
NACEP / div (@) . div () dwdz = 3 <fz»,¢>i) +e (fg,gbg) ,
i=1 Q i=1

with

2 g e
h=i (1) > (G54 50) 2 (g de
al'j 8:61 ij ! ’
2
R oue 05\ 0
Iy = (T° L4223 = (o, :
2 “( )Z/Q(az T 8@) 5, (Pu) dvdz;
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3.3. Asymptotic Analysis of the Problem

i, 29) 0 .

~ "5 aU/B a
Iy =2/ (T)/Q 5 s (pg) dxdz.

Passing to the limit and using the convergence results of Theorem 3.3.1, there exists a

subsequence T° that converges almost everywhere to 7, and since u <T€> is continuous,

then p <T5> converges almost everywhere to i (T*)

then
2

( Jdrdz =Y (f s?%) : (3.3.31)

=1

z/ (7°)

Using the Green’s formula, we have

AN N A o o
—u<T)$<aZ>_fz fori=1,2 in H(Q) (3.3.32)

And since f; € L? (), then (3.3.32) holds true in L? ().
Furthermore, passing to the limit in (3.3.6) and using the convergence results of Theorem

3.3.1, we obtain :

/KaT* awdd —Z / T* (
+ / r<T> bdadz

Q
_ / T* ( A ) Ydwdz + / r(T) wdadz, Vi€ HL n (9).
Q

)z/;dxdwrz / ( >1pd:cdz+

Now, using the Green’s formula, we have:

/ aaz ( 8T*> Apdrdz = Z/ T* ( A*> wdxdz—l—/ (A*) Ydrdz Ny € H%Lurl (Q).

Therefore :

o (. or e (0 A
— (K 67; ) ~ 3 (T) ( a‘:) 47 (T) in Hy' p, (). (3.3.33)

i=1

The formula (3.3.33) holds true in L? (), , since fi and 7 sare two bounded functions on R
our\?
and ( auz) is an element of L? ().
z
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3.3. Asymptotic Analysis of the Problem

Theorem 3.3.4. The solution (4*,T*) of the limit problem (3.3.28) and (3.3.29) is unique.
Proof. The proof of this theorem is analogous to that of Theorem 2.3.4.
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Résumé

Le but de ce mémoire est I'analyse asymptotique d'un probléeme d' I'élasticité linéaire dans
un domaine borné a trois dimensions avec des conditions de frottement sur une partie de la
frontiére et Dirichlet sur l'autre. Ici nous considérons dans cette étude [’élasticité isotherme
et non-isotherme.

Mots-clés : Analyse Asymptotique, Condition de Treska, Elasticité, Espace de Sobolev,
Equations de Reynolds, Estimation a priori, Stokes.

AMS Classification : 35R35, 76F10, 78M35.

Abstract

The aim of this memory is the asymptotic analysis of a linear elasticity system in a
bounded domain in three dimensions with friction conditions on part of the
boundary and Dirichlet on the other. Here we consider in this study the isothermal and non-
isothermal elasticity.

Keywords : Asymptotic Analysis, Treska Conditions, Elasticity, Sobolev Space, Reynolds
Equations, A priori estimates, Stokes.

AMS Subject Classification : 35R35, 76F10, 78M35.
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