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Résumé

Cette thése est destinée a ’étude variationnelle de quelques problémes de
contact avec ou sans frottement entre un corps déformable et une fondation.
Sous I’hypothése des petites transformations, nous analysons des processus
dynamique pour des matériaux viscoplastique et thermo- viscoélastiques. Les
résultats obtenus concernent I'existence et I'unicité d’une solution faible pour
les problémes étudiés. Le mémoire est comporté en trois parties. La premiére
partie est consacrée a rappeler les outils mathématiques nécessaires dans le
mémoire ainsi que des différentes modéles mécaniques de contact étudiés.
La deuxiéme partie est destinée a I’étude des problémes de contact thermo-
viscoélastiques avec frottement, endommagement et diffusion d’usure. La
troisiéme partie est dédiée a ’analyse des problémes viscoplastiques sans
frottement avec adhésion.

Mots clés:

viscoplastique, thermo- viscoélastiques, diffusion d’usure, adhésion, en-
dommagement.



Abstract

This thesis focuses on the variational investigation of contact issues be-
tween a deformable body and a foundation, with or without friction. We
examine dynamic processes for viscoplastic and thermo-viscoelastic materials
assuming minor deformations. The obtained results pertain to the existence
and uniqueness of a weak solution for the studied problems. The thesis is
structured into three parts. The first part provides a review of the necessary
mathematical tools and various mechanical contact models studied. The sec-
ond part focuses on the study of thermo-viscoelastic contact problems with
friction, damage, and wear diffusion. The third part is dedicated to the
analysis of frictionless viscoplastic problems with adhesion.

Key words

dynamic processes, viscoplastic, thermo-viscoelastic, wear, adhesion, dam-
age.



Notations
If Q is a domain of R? (d = 2,3), we denote by
Q the closure of the set €,
I' the supposed regular boundary of €2,
mes(I'y) the Lebesgue measure (d — 1) dimensional of I'y,
(I';i = 1,3)a measurable subset of T,
v the outgoing unit normal to I,
vy, v, the normal and tangential components of the vector field v,
0,,0, the normal and tangential components of the tensor field o,
C1(Q2) the space of continuously differentiable real-valued functions on €,
H the space L?(Q2)4,
Q the space L*(Q)%*4,
H, the space H(Q)?,

H%(F) a Sobolev space on I', defined as the range of the trace operator
on H(Q).

If X is a real Hilbert space, we use the following notation

(.,.)x is the inner product of X,

(., )y, x the duality product between X and X',

|.|x the norm of X,

x, — x the weak convergence of the sequence (z,,) to the element z in X,

x, — x the strong convergence of the sequence (z,,) to the element z in X,
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Moreover, if [0; T is a time interval, £ € Nand 1 < p < 400, we denote by
C(0,T; H) the space of continuous functions from [0, Tto H,

LP(0,T; H) the space of strongly measurable functions on [0, 7] in H,
|.|Lr(0,7;0) the norm of LP(0,7T'; H),

WHP(0,T; H)the Sobolev space with parameters k and p,

|-|w (0, the norm of W*»(0,T; H),

I = [0,T] time interval, and I = (0, T).

For a function f, we denote by

f, f the first and second derivatives of f with respect to time,

dom(f) the domain of f,

supp f the support of f,

0, f, [ the partial derivative of fwith respect to the i-th component z;,
Vf the gradient of f,

div f the divergence of f,

e(f) the symmetric part of the gradient of f,

df the subdifferential of f,

liminf lower limit,

limsup upper limit,

D() is the space of real functions that are infinitely differentiable and
have compact support,
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Introduction

In both industry and nature, numerous common phenomena involve con-
tact processes between a deformable body and a foundation or between two
deformable bodies that are moving relative to each other. The literature on
engineering concerning this topic is vast due to its significance in structural
and mechanical systems, as well as in metal shaping and extrusion.

The mathematical literature dedicated to the study of contact phenomena
is relatively recent. This is because contact processes, which involve com-
plex physical and surface phenomena, are modeled by nonlinear boundary
problems that are very challenging to analyze. The first publication on the
contact of deformable bodies was by Hertz. This was followed by Signorini’s
work, where the problem was formulated in what is now known as a varia-
tional form and subsequently solved by Fichera. However, Duvaut and Lions’
monograph marked the beginning of the general theory of contact mechan-
ics, who presented variational formulations of several contact problems and
proved some fundamental results regarding the existence and uniqueness of
solutions.

The frictionless contact condition is commonly used in several references
to simplify the analysis of certain models. Additionally, the most popular
friction law used in literature is Coulomb’s law, first formulated by Amontons
in 1699. Expressed in terms of inequalities, the main characteristic of this
law lies in its description of the "stick-slip" phenomenon. Various versions
based on Coulomb’s law have also been widely used in both technical and
mathematical literature.

The subject of damage is extremely important in engineering designs as
it directly affects the everyday life of the structure or component being de-
signed. There is a vast literature on this subject. Mathematical models have
been studied that consider the influence of internal material damage on the
contact process. In all of these works, material damage is described by a
function with values between zero and one. When ¢ = 1, there is no damage
in the material, when ¢ = 0, the material is completely damaged, and when
0 < ¢ < 1, there is partial damage and the system has reduced capacity.
Problems with damage can be found in [7, 15, 18, 28|

In the field of materials science, surface wear refers to the degradation of
the outer layers of a solid material due to mechanical forces from the sur-
rounding environment. To model the wear of contact surfaces, a wear func-
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tion is introduced, which takes into account the depth of material removed
in the normal direction. This function represents the cumulative amount of
material removed per unit surface area, and it also accounts for changes in
surface geometry. It is generally assumed that the rate of surface wear is pro-
portional to the contact pressure and the relative sliding pressure, which is
essentially the frictional power dissipated. As a result, wear involves changes
in the contacting surfaces and these changes affect the contact process. Due
to its crucial role, there is a vast body of mathematical literature dedicated
to this subject, as exemplified by reference [39, 28, 32, 12].

Adhesion processes are crucial in various industrial assemblies where non-
metallic parts are commonly bonded together. Consequently, the adhesive
contact between deformable bodies, which involves adding glue to prevent
relative movement of surfaces, has recently gained significant attention in
both engineering and mathematical literature. The analysis of adhesive con-
tact models can be found in reference [31, 9, 10]. The adhesion field, ranging
from zero to one, represents the fractional density of active bonds on the
contact surface. In this thesis, the adhesion field is denoted as ”[3.” When
[ equals one at a point on the contact surface, adhesion is complete and
all adhesive bonds are active. When 3 equals zero, all adhesive bonds are
inactive, resulting in no adhesion. For values of # between zero and one,
adhesion is partial, with only a fraction of the adhesive bonds being active.

Another phenomenon to be considered in this thesis is the phenomenon
of thermal contact. Contact and friction processes inevitably result in the
generation of heat, which can be significant. For example, sudden braking
of a car can lead to the dissipation of a significant amount of heat. Thermal
effects in contact processes affect the composition and rigidity of surfaces
and induce thermal stresses in the contacting bodies. Mathematical models
in thermodynamics require four elements: the heat generation condition, the
condition describing heat exchange between the body and the foundation,
the constitutive relationship, and the energy equation. These models have
been recently developed in [12, 18, 6, 22, 40|.

The objective of this thesis is to mathematically study contact problems
between a deformable body and a foundation. Under the assumption of small
deformations, we investigate dynamic processes for viscoplastic and thermo-
viscoelastic materials. The boundary conditions consist of normal compliance
with or without adhesion, or instantaneous normal response. The friction
laws used are versions of the Coulomb’s law without adhesion. Our study
of contact phenomena includes the following steps: mathematical modeling,
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variational analysis including existence and uniqueness results of the solu-
tion, and convergence results.

The thesis is divided into two parts.

The first part consists of chapters 1 and 2, which provide a brief introduction
to the study of variational inequalities. The material presented here has been
selected with a focus on the necessary mathematical tools for the study of
contact problems. Specifically, Chapter 1 is dedicated to some elements of
functional analysis and nonlinear analysis. In Chapter 2, we discuss several
results from the theory of elliptic and parabolic variational inequalities, evo-
lution equations, quasi-variational inequalities with memory term, and the
Gronwall lemma.

The second part of this thesis, comprising chapters 3 to 5, focuses on the

modeling and analysis of contact problems with or without friction. Chapter
3 primarily focuses on the modeling of various contact problems. We present
the physical framework, the viscoplastic and thermo-viscoelastic behavior
laws considered in contact problems. Additionally, we describe the contact
conditions and friction laws utilized in the analyzed contact problems.
Chapter 4 presents a variational analysis of a dynamic problem that de-
scribes frictional contact between a thermo-viscoelastic body and a moving
base, involving wear and wear diffusion on the contact surface. The thermo-
viscoelastic constitutive law takes into account the effect of damage. The
contact is modeled using a normal compliance condition combined with a
friction law. The demonstration is based on arguments of hyperbolic nonlin-
ear differential equations, parabolic variational inequalities, first-order evo-
lution equations, and fixed-point arguments.
Chapter 5 focuses on the mathematical study of a viscoplastic contact prob-
lem. Contact is assumed frictionless and is described by either normal com-
pliance or the Signorini conditions with adhesion. We establish the existence
and uniqueness of the solutionof the hyperbolic quasi-variational inequality
by applying the Roth method and fixed point techniques.



Chapter 1

Notation and preliminaries

In this chapter, we present some preliminaries of the functional analysis that
will be used throughout this thesis.

1.1 Normed spaces

Definition 1.1. Given a linear space X. A map|.| : X — R, is called norm
if and only if

e lwlx >0Vwe X and |w|x =0 iff w=0x.
e |aX|x = |a||lw|x, Yw € X, YVa € R.
o lw+vlx <|w|x + |v|]x Yw,v e X.

Definition 1.2. We call norm vector space a space X endowed with a ||x
norm.

Let us now move on to the notion of complete normed vector space.

Definition 1.3. A normed space E is said to be complete if all the Cauchy
sequences of E converges in E. A Banach space is a complete normed space.

We present in what follows a particular type of normed space, in which
the norm is defined in a special way.

Definition 1.4. Let X be a real linear space, we call inner product on X
any positive-definite symmetric bilinear form in other words, any application
(., )x of X x X in R verifying :

o (wyw)x >0Vw e X and (w,w)x =0 iff w = 0x.
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o (v,w)x = (w,v)x Yw,v € X.
e (aw+ fv,u)x = a(w,u) + B(v,u) Yu,v,w € X, Vo, 5 € R.
The pair (X, (.,.)x) is called inner product space.

Definition 1.5. A real pre-Hilbert space is called a vector space X equipped
with a scalar product (., .)x.

Definition 1.6. A complete inner product space is called a Hilbert space and
it 4s denoted by H.

It is well known that a inner product (.,.)x induces a norm by the rela-
tionship
lw|x =/ (w,w)x Yw € X.
Recall that a inner product verifies the Cauchy-Schwarz inequality:
(w,v) x| < |w||v] Yw,v e X.
Moreover, the equality of the parallelogram is satisfied
w4+ |5 + |w—v[x% =2(|Jwlk + |[v]}) Yw,v € X.

Theorem 1.1. ( Riesz representation theorem) Let H be a Hilbert space and
let g € H'. Then there is one and only one element T, € H such that

<gvf>:(Tg>.f)H vaH

Moreover, we have
9 = 1Tyl u-

1.2 Functional spaces

In this section, we provide some reminders about real-valued functional
spaces that help us understand the properties of spaces suitable for mechan-
ics. We will discuss spaces of continuous functions, continuously differentiable
functions, Lebesgue spaces, and Sobolev spaces.

The spatial domain €2 is assumed to be an open, bounded, and connected

set in R? with boundary T'. Let x = (21,7, ...,24) be an element of R? and
cither a = (a1, g, . . ., aq) € N a multiindex such as |a| = Y0, oy, we put
ool (z
Dw(z) = (z)

olatlyy ... ol

9
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1.2.1 Spaces of continuous and continuously differen-
tiable functions.

We denote by C(Q) the space of continuous functions on Q. C(Q) is a Banach
space whose norm is as follows:
[w(2)|c@ = sup{|w(z)| : 2 € Q} = max{|w(z)| : z € Q}.

For m > 0, a space C"™(2) defined by
C™(Q) = {w(x) € C(Q) : D*w € C(Q)for all asuch that|a| < m}.

Is the space of real-valued functions which, together with their derivatives of
order less than or equal to m , are continuous on (). the space C™(€) is a
Banach space with the norm

Furthermore, C*°(€2) denotes the space of indefinitely differentiable functions

C>®(Q) = ﬁ C™"Q) ={weCl):welC™Q)Vm=0,1,...}

m=0

Given a real-valued function w on (2, its support is defined to be

supp w = {z € Q : w(z) # 0}

If supp w is a proper subset of €2, we say that w is a function with support
compact in €.
The space of indefinitely differentiable functions with compact support is
given by

Cee(Q) = {w € C®(Q) : supp w C N}

1.2.2 Lebesgue spaces

For p € [1,00][, LP(Q) is the banach space of Lebesgue measurable functions
defined on €2 with values in R.

LP(Q2) = {w : Q — R : w Lebesgue measurable and |w|? Lebesgue integrable on{)}.

Where the norm is given by

wlusiey = ( [ ulrds)
Q
10
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If p=o00 and w : Q2 — R is measurable, so

W] oo () = esssup |w(x)|.
HISY)
The L>°(Q2) space is also a Banach space.

1.2.3 Sobolev spaces
Let k € N and p € [1, 00]. We define the Sobolev spaces by

WkP(Q) = {w € LP(Q) such that D*w € LP(Q) with |a| < p}.

The norm in the space W"?(Q) is defined as

3=

|wlyrs) = { (Xt 1D wling) %f L=p<oo
max|q|<k | DW= (0) if p = oc.

The Sobolev space W*P((2) is a Banach space.
For p = 2, Wk2(Q) will be denoted by H*(Q) which is a Hilbert space with
the inner product given by

(v, w) e / ZDO‘ (z)dr Yv,w € H*(Q).
la|<k
1.2.4 Spaces of vector-valued functions

The spaces of vector-valued functions will be needed in the study of time-
dependent variational problems. Let (X, |.|x be a real Banach space. In the
contact problems studied in this thesis [0, 7] denotes the time interval where
T > 0.

The space C™(0,T; X). We denote by C(0,T; X) the space of continuous
functions from (0,7 to X. Which is a Banach space with the norm

|”LU|C (0,T;X) = tH(lgl%i) [w(t)]x.

For m > 0 we define the space
C™0,T:X) ={w e C0,T; X) :w" € C(0,T;X),j=1,...,m}.

It is a Banach space with the norm

0 Dl x.
lw|emor.x) = 2 otg%é%( w9 (8)|x

11
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Either also .
C=(0,T;X) = (] C™(0,T; X),

m=0
the space of indefinitely differentiable functions from (0,7") to X.
The spaces?(0,7; X). For p € [1, 00|, we denote by LP(0,T; X) the Banach
space of a measurable functions from (0,7) to X such that where the norm

is
)P .
oo = (fo lw(t)| dt) '1fp<oo‘
ess supye o [w(t)|x if p=o0

If (X,|.|x) is a Hilbert space L?(0,T;X) is also a Hilbert space with the
inner product

(v’w)LQ(O’T?X):/O (v(t),w(t))xdt.

The spaces WH*P(0,T;X). for k € Z, and 1 < p < oo, we present the
space

Wk’p(O,T;X> = {w € LP(O,T;X) : ‘w(m)‘Lp(oyT;X) < OO}

We define the norm in the space W*?(0,T; X) by

Tk
|w|kap(07T;X) = {(fo > om0 |w ( )|pdt)

MaxXo<m<k €SS SUPye(0,7) ™ (t)|x if p= oo

B =

if p<oo

If X is a Hilbert space and p = 2, then the space
H*(0,T; X) = WH(0,T; X),

is a Hilbert space with the inner product

v, w Hk T;X) (m (m) d
0,

0<m<k

1.3 Fixed point theorems

Banach’s fixed point theorem will be used several times in this thesis to prove
the existence of solutions to variational problems in contact mechanics.

Let X be a Banach space with the norm |.|x and K is a non-empty closed

12
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subset of X. Let A : K — X be an operator defined on K. We are interested
in the existence of a solution u € K of the operator equation.

Au=wu (1.1)

An element u € K that satisfies (1.1) is called a fixed point of operator A.
We present in what follows the main theorem which states the existence of
fixed points of nonlinear operators.

Theorem 1.2. (The Banach fized point theorem) Let (X, |.|x) be a Banach
space. Let K be a non-empty Closed subset of X. Assume that A : K — K
is a contraction mapping, with contraction constant o € [0, 1), i.e,

|Au — Aw|x < au —w|x Yu,w € K. (1.2)
Then there exists a unique u € K such that Au = u.

Proof. Let u € K be any element of K, and let the sequence {u,} be defined
by
Upt1 = ANuy,, Yn=1,2,...

Because A : K — K, the sequence {u,} is well-defined. Let’s first prove
that {u,} is a Cauchy sequence. By utilizing the fact that A is a contraction,
we can show that

[Upg1 — Un|x < @ty —up_1|x < -+ < aug — ug|x.

Therefore, for all m >n > 1,

m—n—1
Uy, — U | x < Z [Unt 1 — Unsi] xs
=0
m—n—1
< Z Q" uy — uglx,
§=0
n
< _
=71 &|U1 U0|X7

Since a € [0, 1), it follows that
|t — upn|x — 0 when m,n — oc.

Thus, {u,} is a Cauchy sequence and has a limit u € K, since K is a closed
subset of the Banach space X. Moreover, since u, — u in K, it follows
from (1.2) that Au, — Aw in X. Therefore, taking the limit of u, 1 = Au,

13



1.4 Nonlinear analysis elements 1

yields u = Au, which concludes the existence part of the theorem.
Suppose that uy,us € K are fixed points of A. Then from u; = Au; and
us = Auy we have

uy — us = Aup — Auo,

and since A is a contraction
lup — ug|x = [Auy — Aug|x < aluy — uglx,

this implies that |u; — us|x = 0, because o € [0,1). Therefore, if A has a
fixed point, it follows that this fixed point is unique, which concludes the
proof. O]

Corollary 1.1. Let K be a non-empty closed subset of a Banach space X,
and let A\ : K — K be a mapping. Suppose A : K — K 1s a contraction
for a positive integer m. Then A has a unique fixed point.

Proof. According to Theorem 1.2, A™u has a unique fixed point u € K.
Since A™(u) = u we get

A" (Au) = A(A™u) = Au.

Thus A € K is also a fixed point of A"™u, where A"™has a unique fixed point
we have
Au = u,

ie. w is a fixed point of A. The uniqueness of the fixed point of A is a
consequence of the uniqueness of the fixed point of A™ O

1.4 Nonlinear analysis elements

In this section, we will review some concepts of nonlinear analysis that will
be of great use for the completion of this work. In particular, we will discuss
results on monotone operators, convex and lower semi-continuous functions,
differentiability, and subdifferentiability.

1.4.1 Linear operators

Let (X,]|.|x) and (Y, |.|y be two normed spaces. An operator L : X — Y is
linear if

L(a1w1 + CKQ’(UQ) = OélL(’lUl) + OéQL(’LUQ) le,wg S X, a1, g € R.

14



1.4 Nonlinear analysis elements 1

A linear operator is continuous if and only if it is bounded, i.e. there exists
a constant M > 0 such that

We use the notation L(X,Y’) for the set of all linear bounded operators
between the normed spaces X and Y. The quantity

|Lw|y

|L|Lxy) = sup (1.3)

0£wex |W|x ’

is called the norm operator of L, and L — |L|(x,y) defines a norm on the
space L(X,Y). Moreover, if Y is a Banach space then L(X,Y) is also a
Banach space. For a linear operator L, we usually write L(v) as Lv, but
sometimes we also write Lv even when L is not linear.

For a normed space X, the space L(X,R) is called the dual space of X
and is denoted by X'. The elements of X are also called linear continuous
functionals. The bilinear mapping (., )y, x : X x X — R is called the
duality pairing for the pair (X', X). It follows from (1.3) that a norm X' is

!
W'y = sup [, wil
0£weX lw|x

and (X', |.|x) is always a Banach space.

1.4.2 Nonlinear operators

Definition 1.7. Let X be a Hilbert space equipped with the inner product
(.,.)x and the norm |.|x andlet A: X — X be an operator. Then A is called

(t) monotone if (Aw — Av,w —v)x >0 for allw,v € X,
(11) strictly monotone if (Aw—Av,w—v)x > 0 for allw,v € X withw # v,

(ii1) strongly monotone if there exists a constant ¢ > 0 such that (Aw —
Av,w —v)x > clw —v|x for allw,v € X,

(iv) Lipschitz if there exists M > 0 such tha |Aw — Av|x < M|w —v|x.

Definition 1.8. Let X be a normed space and let A - X — X' be an operator.
Then A is called

i) monotone if (Aw — Av,w —v) . > 0 for allw,v € X,
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1.4 Nonlinear analysis elements 1

i) hemicontinuous if the real-valued function t — (A(v + tw),u) v x 18
continuous on [0;1] for all v,w,u € X,

Definition 1.9. Let X be a real Banach space. A multifunction A X — X'
is called mazimal monotone if it is monotone and Yw,v € X and v' € X

verifying
(Aw —v,w—v)y, x>0= Av=u.

Let a : X x X — R be a bilinear form.
Definition 1.10. The bilinear form a(.,.) is said to be

(i) continuous or bounded if there exists a number M > 0 such that

la(v, w)| < M|v|x|w|x Yv,w € X,

(it) X - elliptic if there is a constant m > 0 such that

a(w,w) > mlw|x Yw € X,

(1ii) symmetric if
a(v,w) = a(w,v) Yv,w e X.

1.4.3 Convex and lower-semicontinuous functions

Definition 1.11. Let X be a linear space and let ¢ : X — (—o00,00], be a
function, the effective domain of ¢ is the set

D(p) ={w e X : p(w) < oo},

and we say that the function ¢ is proper if D(p) # 0. The function ¢ is
convez if

(1 =thw +tv) < (1 =t)p(w) + te(v) (1.4)
for all w,v € X and t € [0,1] The function ¢ is strictly convex if the in-
equality in (1.4) is strict for w # v and t € (0,1). We observe that if
0, X — (—00,400] are a convex functions and X\ > 0, then the functions
@+ 1Y and M\ are also conver.

Definition 1.12. A function ¢ : X — (—o00,+00]| is said to be lower semi-
continuous (l.s.c.) at w € X if

lim inf p(w,) > p(w). (1.5)

n—oo
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1.4 Nonlinear analysis elements 1

for each sequence {w,} C X converging to w in X . The function ¢ is l.s.c.
if it is Ls.c. at every point w € X. When inequality (1.5) holds for every
sequence {w,} C X that weakly converges to w, the function ¢ is said to be
weakly lower semicontinuous at w. The function ¢ is weakly l.s.c. if it is
weakly l.s.c. at every point w € X.

If ¢ is a continuous function, then it is also l.s.c. However, the converse

of this statement is not true since lower semicontinuity does not imply con-
tinuity.
Since strong convergence in X implies weak convergence, it follows that a
weakly lower semicontinuous function is lower semicontinuous. Moreover, it
can be shown that a proper convex function ¢ : X — (—o0,+00] is lower-
semicontinuous if and only if it is weakly lower-semicontinuous.

Example 1.1. (Indicator function) Let X be a real normed space and let

K C X. We called indicator function g : X — (—o00,+00| all function
defined by

0 ifwe K,

DR T A 1.6

1.4.4 Differentiability and sub-differentiability
We now recall the definition of Gateaux-differentiable functions.

Definition 1.13. Let X be a Hilbert space. A map ¢ : X — R is Gdteaux
defferentiable at w € X if there exists an element V(w) € X such that

li_{% plw+ tvt) = wlw) = (Vp(w),v)x YveX. (1.7)

The element Vp(w) which satisfies the relation (1.7) is called the gradient of
@ at w. The function p : X — R s said to be Gdteaux defferentiable if it is
Gateaux defferentiable at every point of X.

The convexity of Gateaux-differentiable functions can be characterized as
follows.

Proposition 1.1. Let(X, (.,.)x) be a pre-Hilbert space and let p : X — R be
a Gateauz-differentiable function. The following statements are equivalent

(i) ¢ is a convex function,
(i1) @ satisfies the inequality

p(w) —p(v) > (Ve(v),w —v)x Yw,v € X,

17



1.4 Nonlinear analysis elements 1

(111) the gradient of v is a monotone operator

(Vp(w) = Ve(v),w —v)x >0 Yw,v € X,

Corollary 1.2. Let (X, (.,.)x) be a pre-Hilbert space and let ¢ be a conver
and Gateauz -differentiable function. Then ¢ is lower semicontinuous.

Definition 1.14. Let ¢ : X — (—o00, +00| and let w € X, the subdifferential
of o at w € X 1is the set

dp(w)={le X : (lLv—w)x < p(v) —p(w) Yv e X}.

The function ¢ is said to be sub-differentiable at w € X if u € D(Jy), and
each element | € Op(u) is called a subgradient of ¢ at w. The function ¢ is
said to be sub-differentiable if it is sub-differentiable at every point in X, that
is, if D(0¢p) = X.

It can be shown that a sub-differentiable function ¢ : X — (—o00,+00| is
convex and lower semi-continuous. Furthermore, for convexr functions, the
relationship between the gradient operator and the sub-differential is given by
the following result.

Proposition 1.2. Let p : X — R be a convex function and Gdteau differen-
tiable. Then ¢ is sub-differentiable and Op(w) = {Ve(w)} for all w € X.

Example 1.2. (Subdifferential of the indicator function) Let X be a real
normed space and let K C X be a convex set. Consider the subdifferential of

the indicator function Vi defined in Example 1.1, and suppose that w € K.
Then w' € Oy if and only if

OPi(w) > (w',v —w) Vv € K,

that s to say
(w,v—w) <0 Yv € K.

So, for w € K we have
Mx(w)={w e X : (w,v—w) <0 Yoe K},
and for w 3 K, we have 1 (w) = 0.

We always have 0 € OV (w) for w € K. It is easy to see that if w €
int(K) (the interior of K) then 0 (w) = {0}.

18



Chapter 2

Variational inequalities and
Evolution equations

In this chapter, we review some standard existence and uniqueness results
for elliptic and parabolic variational inequalities, ordinary differential equa-
tions in abstract spaces and quasi-variational inequations in the framework
of memory operators. In this chapter, X is a Hilbert space with the inner
product (.,.)x and the associated norm |.|x.

2.1 Elliptic variational inequalities

In this section we present existence and uniqueness results of solutions con-
cerning elliptic variational inequalities with monotone operators. We start
with an existence and uniqueness result for elliptic variational inequalities
of the first kind then we extend it to elliptic variational inequalities of the
second kind, as well as to the elliptic quasivariational inequalities.

2.1.1 Variational inequalities of the first kind

Given a subset K C X | an element f € X and an operator A : X — X, we
consider the problem of finding an element u such that

uwe K, (Au,w —u)x > (f,w —u)x Yw € K. (2.1)

The last inequality is called an elliptic variational inequality of the first kind

Theorem 2.1. Let X be a Hilbert space and let K C X be a nonempty,
conver, and closed subset. Assume that A : K — X is a strongly mono-
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2.1 Elliptic variational inequalities 2

tone Lipschitz continuous operator. Then, for each f € X the variational
inequality (2.1) has a unique solution.

Now suppose that K = X. Then, taking w = u £+ v, it is easy to see that
the variational inequality ( (2.1) is equivalent to the variational equation

(Au,v)x = (f,v)x Yv € X.

We have the following result of existence and uniqueness in the study of non
linear equations involving monoton operators.

Theorem 2.2. Let X be a Hilbert space and let A : X — X 1is a strongly
monotone Lipschitz continuous operator. Then for every f € X there exists
a unique Element u € X such that Au = f.

2.1.2 Variational inequalities of the second kind

Thus, given a set K C X , an element f € X, a function 5 : K — R and an
operator A : X — X, we consider the problem of finding an element u such
that

ue K, (Au,w —u)x + j(w) — j(u) > (f,w —u)x Yw € K. (2.2)

We called anelliptic variational inequality of the second kind all variational
inequality of the form (2.2). In the particular case when j = 0, the variational
inequality (2.2) represents an elliptic variational inequality of the form (2.1).
In the study of (2.2) we assume the following hypotheses:

Kis a nonempty closed convex subset of X (2.3)
A: X — X is strongly monotone and Lipschitz continuous on X, i.e.

i) there exists M > Osuch that
(Au — Aw,u —w)x > Mu—wl} Yu,w € X,

i1) there exists m > Osuch that (2:4)
|Au — Aw|x < mlu —w|x Yu,w € X.
j: K — Ris a convex l.s.c. function. (2.5)

The main result of this subsection is the following.

Theorem 2.3. Let X be a Hilbert space and assume that the hypotheses
(2.3)-(2.5) are verified. Then, for each f € X the variational inequality the
elliptic variational inequality of the second kind has a unique solution.
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2.2 Parabolic variational inequalities 2

2.1.3 Quasivariational inequalities

For the variational inequations studied in this subsection we consider that the
function j depends on the solution. Therefore, given an operator A : K — X
a subset K C X a function j : K x K — R and an element f € X, we
consider the problem of finding an element u a solution of the following
elliptic quasivariational inequality

ue K, (Au,w —u)x + j(w,u) — j(u,u) > (fyw —u)x Vw € K.  (2.6)

In the study of (2.6), in addition to (2.3) and (2.4), we consider the following
assumptions on the function j.

i)Foralld € K,j(0,.): K — R is a convex l.s.c. function.
i7)There exists § > 0 such that

J (01, w2) — j(01,wy) + J(02, wy) — j(02,we) > B0 — O] x|w1 — wa|x
V@l,ﬁg,wl,wg € K
(2.7)

Theorem 2.4. Let X be a Hilbert space and assume that the hypotheses
(2.3), (2.4) and (2.7) are satisfied. Moreover, suppose that M > [ with
M > 0. So for each f € X the inequality(2.6) has a unique solution u € K.

For more details, you can see [38]

2.2 Parabolic variational inequalities

Let V and H be real Hilbert spaces such that V' is dense in H

A standard result for parabolic variational inequations is given by the
following theorem.

Theorem 2.5. Let V. C H C V' be a Gelfand triple. Let K be a nonempty,
closed, and convex set of V.. Assume that a(,) : V xV — R is a a continuous
and symmetric bilinear form and there are two real constants ¢c; > 0 and c
such that

a(w,w) + colwly > ciw|f Yw € V.

Then, for each ug € K and f € L*(0,T; H), there exists a unique function
we HY0,T; H)N L*(0,T;V) such that

u(t) € KVt € (0,71,
(U(t), w—u(t))y +a(u(t), w—u(t)) > (f(t),w—u(t))y Yw e K,a.et € (0,T),
u(0) = up.
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2.3 Ordinary differential equations in abstract spaces 2

2.3 Ordinary differential equations in abstract
spaces

Let V and H be real Hilbert spaces such that V' is dense in H and the
injection of V into H is continuous. H is identified with its own dual and a
subspace of the dual V' of V, i.e.

VcHCV,

this inclusion defines a Gelfand triplet. The notations |.|y, |.|,» and (., .) 7y
represent the norms on the spaces V and V', and the duality between V' and
V', respectively.

The following theorem provides a standard result for parabolic variational
inequalities.

Theorem 2.6. Let V C H C V' be a Gelfand triple. Assume that B :V —
V' is a monotone and hemicontinuous operator that satisfies

(Bw,w)yr . > alwli + X Yw €V, (2.8)
|Bw|y,» < co(jwly +1) Yw e V. (2.9)

For some constants o > 0,c0 > 0 an d X\ € R. then given ug € H and
f € L*0,T;V"), there exists a unique function u that satisfies

we L20,T;V)NC(0,T]; H),u € L*0,T; V'),
u(t) + Bu(t) = f(t) a.et € (0,7T),
u(0) = uy.

Now, we will recall a version of the Cauchy-Lipschitz theorem.

Theorem 2.7. (Cauchy-Lipschitz) Asssume that (X, |.|x) is a real Banach
space and T > 0. Let A(t,.) : X — X be an operator defined a.e.on (0,T)
satisfying the following conditions

-There exists La > 0 such that |A(t,u) — A(t,w)|x < Lalu — w|x. - There
erists 1 < p < oo such that t — A(t,w) € L?(0,T; X),Vw € X.

Then for any ug € X there erists a unique function u € WL (0,T; X) such
that

w(t) = A(t,u(t)) a.ete (0,T),
u(0) = up.

22



2.4 Nonlinear differential equations of hyperbolic type 2

2.4 Nonlinear differential equations of hyper-
bolic type

Let Vand H be real Hilbert spaces such that V' C H and the inclusion
mapping of V into H is continuous and densely defined. Assume that A is
linear continuous and symmetric operator from V to V' and M is a nonlinear
monotone operator from V to V', we consider the problem of finding an
element v such that

we K, L% 4 Au+ M(%) 5 f(t) Ve (0,T),

dt? t

U(O) = Uy, d_u(o) = Vo

t

(2.10)

An inequality of the form (2.10) is called a nonlinear hyperbolic differential
equation.

Theorem 2.8. Let V and H be two real Hilbert spaces such that V C H.
Assume that M is mazimal monotone set in V x V', A€ L(V,V') satisfying
the following coerciveness condition

(AV, V)yiy F AV > wlu]|* W e V (2.11)
where A € R and w > 0. Let f € WH(0,T; H) and ug, vy be given satisfying

ug € Vg € D(M),

{Aug + Muvo} N H # 0. (2.12)

Then there ezists a unique solution of problem (2.10) which satisfies
u € WH(0,T; V)N W?2(0,T; H).

For more details see [5]

2.5 Elementary Inequalities

We will need the following elementary inequalities in later chapters.

Lemma 2.1. (Young inequality) Let a,b > 0 and 1 < p,q < oo be two

conjugated exponents. So
al b
ab < — + —.
q p

An elementary case of Young’s inequality is the inequality with exponent 2,
2 b2

b< — 4+ —
a_2—|—2,
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which also gives the Young inequality with € (valid for all € > 0)

b < ea’? n b?
a/ —_— —_—
- 2 2¢’

Finally, we conclude this section with two Gronwall type inequalities.

Lemma 2.2. Let K > 0 and by, by are positive constants. Let n € N* and
{#zi}1-g C R be a positive sequence which satisfies

J
zj+1§b1—|—b2hz,zl 0§j§ﬂ—1
1=0
where h = % So it achieves the following result
Zin1 < (b +baKz)e™ 0<j<n-—1

Lemma 2.3. We suppose that h, f : [0,T] — R are two functions in L'(0,T)
satisfaying

h(t) < f(t) —l—ﬁ/oth(s)ds a.et € 0,7

where B is nonnegative constant, so

h(t) < f(t) + B/Ot Pt —s)f(s)ds a.et €[0,T]
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Chapter 3

Modelling of contact problems

In this chapter, we present the notations and preliminaries necessary for
studying the boundary problems presented in chapters 4 and 5. We begin
by introducing the functional spaces that will be useful for studying con-
tact problems. Then, we provide a general description of the mathematical
modeling of the processes involved in the contact between a viscoplastic or
thermo-viscoelastic body and a foundation. This aims to introduce the phys-
ical framework and recall some concepts from the mechanics of continuous
media, specifically the equations of motion and equilibrium, the constitutive
laws for the materials considered, as well as the contact boundary conditions
with or without friction.

Consider a material body which occupies a bounded domain Q C R
(d = 2,3) with boundary 92 =T" | assumed to be Lipschitz which is divided
into three disjoint measurable p arts I'., 'y and T, such that meas(T'.) > 0.
Let v denote the unit outer normal on I.

3.1 Function spaces in contact mechanics

In order to introduce mathematical models that describe various contact
processes, it is necessary to describe the functional spaces to which the data
and unknowns belong. The objective of this section is to present these spaces
along with their properties.

3.1.1 Preliminaries

We denote by S¢ the space of second-order symmetric tensors on R?. We
recall that the canonical inner products and the corresponding norms on R?
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3.1 Function spaces in contact mechanics 3

and S? are given by

d
wW.V = Zwivi, |w| = (w.w)%7 Yw = (w;),v = (v;) € R,
i=1

1
0. = Z 0355, |§| = (g,g)an — (O'j,i)7§ — (CM) c Sd7
1<5,i<d

Let X be a Hilbert space equipped with a inner product (.,.)x and the
associated norm |.|y. we use the notation X¢ and X%*¢ for the spaces

X={x=(z;):2; € X,1<4i<d},

XPh={x = (v5) 125 = 25 € X,1 < j,i < d}.

Here and throughout this thesis 1 < j,i < d. And, in particular, we will
frequently use the following spaces:

H=L*0"={w=(w;) : w; € L*(Q),1 <i < d},

Q=L ={c= () :sji =s;; € L*(Q),1 <i < d}.

The spaces H and () are real Hilbert spaces endowed with the canonical inner
products given by

(W, V)20 :/wivida::/w.vdx,
Q Q

(U7§)Q:/Uji§jidx:/0.§dx7
Q Q

and the associated norms are denoted by |.|y and |.|g, respectively.
We need specific spaces for the stress and displacement field.

3.1.2 Spaces for the displacement field

In the contact problems presented in this thesis, displacements are sought in
space
HY () = {w = (w;) : w; € H'(Q),1 < i < d},

or its subsets or subspaces, depending on the given boundary conditions.
We note that H'(Q2)? is a real Hilbert space endowed with the inner product

(wjv)Hl(Q)d = /(wivi + wi jvi 5 )da,
Q
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3.1 Function spaces in contact mechanics 3

and the associated norm

N

|’U)|H1(Q)d = (/ (U}ZU}Z -+ wiijm)dx) .
Q
Here e : HY(Q)? — Q is the deformation operator defined by

e(w) = (ei(w)), e55(w) = %(wm + wji).
The tensor ¢ is called the linear deformation tensor.
(W, )isays = (W, V) gz + (c(w), e(v))g Yw.v € H' Q)L (3.)
the associated norm is defined by
W[ e = g+ (), (32)

Moreover, by the Sobolev’s trace theorem, we can define the traceyw of a
function w € H'(Q)? on the boundary T, if w € H*(Q)?NC(Q)? we have that
yw = w|l'. For an element w € H'(Q)? we use the notation w to designate
the trace yw of w on I'. The trace operator v : H}(Q)¢ — L*(T')? is a linear
continuous operator, so we can see that

‘W‘Lz(p)d < C’W|H1(Q)d Yw € H1<Q)d, (33)

such that C' is a positive constant depending only on (2.
For any vector field w € H'(Q)%we denote by w, and w, the normal and
the tangential components of w on I' given by

Wy, =W.U W;=W — W,.U. (3.4)

In the study of contact problems, we consider the closed subspace of H!(2)4
defined by
V={weH Q) w=0o0nT,}. (3.5)

Since meas(I'.) > 0, the following Korn’s inequality holds:
le(W)|g > Colw|mie YW €V, (3.6)

where Cy > 0 is a constant which depends only on €2 and I'..
Now, we define the inner product (, )y on V' by

(w, v)y = (e(w),e(v))e, (3.7)
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3.1 Function spaces in contact mechanics 3

and let |.|;y be the associated norm, i.e.
(wlv = le(w)le- (3-8)

It follows from (3.2), (3.6) and (3.8) that [.|y and |.|g1 gy are equivalent
norms on V' and therefore (V) |.|y) is a real Hilbert space. From (3.3), (3.6)
and (3.8), we find that

|W|L2(Fc)d < Cl|W|V Yw eV, (39)

where (' is a positive constant depending only on the domain €, T, and T'..

3.1.3 Spaces for the stress field

For the divergence of o, we use the notation div o or 0;;; and we define the
space
Q1 ={ocQ dive € L*(Q)*}. (3.10)

The space @)1 is a Hilbert space with a inner product
(0,6)q, = (0,¢6)q + (dive,dive) 2,

and the associated norm |[.|g,.
We denote by 0, and o, the normal and the tangential traces of a function
o €@, such that

o, = (ov)v o,=0v—o,U. (3.11)

Furthermore, the Green’s formula holds:

/U.e(w)dx+/diva.wdx: /a'l/.wdx vw e H'(Q) (3.12)
Q Q r

3.1.4 Spaces for temperators contact problems

Let F be a closed subspace of H'(€2) defined by
F={yeE:y=0sur Uly}, E=H(Q).
By the poincaré inequality, there exists a constant ¢ such that
Vyla > clylm @), (3.13)

Here, ¢ is a positive constant depending on the problem data but is indepen-
dent of the solutions, it’s value can be change from one line to another. We
define the inner product on F' by

(Zvy)E = (VZ7 Vy)Hvwa € F7 (314)
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3.2 Modelling of Thermo-Viscoelastic and Viscoplastic contact 3

it follows from (3.13) and (3.14) that |.|51(q) and |.|p are equivalent norms
on F. So (F,|.|r) is a Hilbert space. Moreover, by Sobolev’s trce theorem,
there exists a constant cr which depends only on €2, I'., Iy and I'. such that

0] 2(r,) < cr|0]r (3.15)
F' is the dual space of F. Identifier L?(Q2) with it’s own dual we can write
FcL*Q)cF.

We denote by (.,.) the hook duality between F and F, |.| .~ denotes the norm
on I
Also,

<97 19>E’><E = (97 ﬁ)LQ(Q)a (316)

for € L*(Q) and ¥ € F.

3.2 Modelling of Thermo-Viscoelastic and Vis-
coplastic contact

In this section, we present a general physical framework for the various con-
tact problems discussed in this thesis. We then introduce the equation of
motion, the constitutive laws of different materials, and the boundary con-
ditions used in this study.

3.2.1 Physical Setting

We consider the general physical setting shown in Figure 3.2.1 that we de-
scribe in what follows. A deformable body which occupies a bounded domain
Q) C R¥(d = 2, 3), with a regular boundary surface I', composed of three sets
['.,T. and 'y, relatively closed with mutually disjoint relatively open interi-
ors. On I', the body is held fixed, time-dependent surface tractions of density
fo act on I'y and body forces of density f; act in 2. In the reference configu-
ration the body may come in contact over I'. with a conductive obstacle, the
so called foundation. We assume that in the reference configuration there
exists a gap h = h(x) between the foundation and I'., as measured in the
direction normal v to I'..

We are interested in mathematical models that describe the equilibrium of
the mechanical state of the body during the time interval [0,7], 7" > 0. We
denote by u : Qx [0, 7] — R? the field of displacements, o : Q2x[0,T] — S?
the stress field. The state of the system is completely determined by (u, o).
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3.2 Modelling of Thermo-Viscoelastic and Viscoplastic contact 3

Ny,

Q

Foundation

Figure 3.1: The physical setting

3.2.2 Equations of motion and of equilibrium

The equation of motion that governs the evolution of the mechanical state
of the body is
dive + f1 = ot (3.17)

where p : 2 — R, is the mass density and f; is the density of applied
forces, 1 and 1 represent first and second time derivative, respectively. In
certain situations, equation (3.17) be further simplified. For example when
the velocity field u varies very slowly with respect to time and as a result
the term pu debecomes negligible: it is then a quasistatic processes. In this
case equation (4.66) becomes

dive + f; = 0. (3.18)

The description of our model is not yet finished, since we have unknown more
than Equations. The equation is therefore insufficient, on its own, to describe
the balance of material bodies, it must be completed by other relationships
which characterize the behavior of each type of material and which we refer
to as the general term laws of behavior, this is the subject of the following
paragraph.
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3.2 Modelling of Thermo-Viscoelastic and Viscoplastic contact 3

3.2.3 Constitutive equations

Viscoplastic constitutive laws
The viscoplastic constitutive law can be written in the form

o = Ae(u) + G(o,¢),

where A represents the viscosity operator and G is the plasticity operator.
Thermo-viscelastic laws with damage A general Thermo-viscelastic laws
with damage can be written in the form

o = As(it) + Ce(u) +/0 Bt — s, e(u(s)), o(s), 0(s))ds.

Where A and C denote the linear viscosity operator and the elastic operator,
respectively and B is the relaxation tensor depending on the damage ¢ and
the temperature 6. Such that the evolution of damage function ¢ is described
by the following differential inclusion

¢ — Ag + 0¥(s) 2 S(e(u),s,0),

where OV}, is the sub-differential of the indicator function on K.
And the evolution of the tomperature field 6 is governed by the heat equa-
tion , obtained fromthe conservation of energy and defined by the following

parabolic equation '
0 — KAO = ®(e(u),s,0) +q,

where JC > 0, 6 is a non linear constitutive function that represents the the
heat generated by internal forces and ¢ is the amount of heat in the volume
during the time interval.

3.2.4 Contact boundary conditions

The boundary conditions on the contact surface are described in both the
normal direction and in the tangent plane, the latter being called friction
conditions. In the normal direction, we can distinguish unilateral contact
(when the obstacle is rigid), bilateral contact (when there is no separation
between the body and the obstacle), normal compliance (when the obstacle
is deformable) or instantaneous normal response (when the contact surface
is reactive). Apart from the limit case when the tangential constraint is zero
(the case without friction), friction can be at a threshold (slippage occurs
when the friction force reaches a critical value) or without a threshold (when
slippage occurs for any friction force). Among the threshold friction laws,
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3.2 Modelling of Thermo-Viscoelastic and Viscoplastic contact 3

the most commonly used in literature are those of Coulomb and Tresca;
they model dry friction, while laws of non-threshold friction model lubricated
friction.

Boundary conditions are also influenced by taking into account the dif-
ferent underlying phenomena such as frictional contact, adhesion, wear, and
thermal effects. Furthermore, even if we neglect these phenomena and limit
ourselves to sliding contact with a threshold, the dependence of the fric-
tion threshold on slip or slip velocity can be considered, thus influencing the
boundary conditions of the mathematical model under consideration.

We now turn to the boundary conditions for the system. To this end, we
assume that the surface I' is Lipschitz.

The displacement and traction boundary condition We assume that
the body is held fixed on I'. and, therefore

u=0onT,. (3.19)
Known tractions of density f act on I'y, so we use the condition
ov = fyonly. (3.20)

This condition is called the traction boundary condition.

To complete the mathematical model which describes the evolution of the
body, it is necessary specify the boundary conditions on I, this is the sub-
ject of the contact conditions and frictionless or frictional laws that we will
describe in what follows.

Conditions with normal compliance

In this condition we assume that the body is in contact with a deformable
foundation such that the reaction of the foundation involves the normal com-
pliance law

—0y = pl/(ul/ - h),
where p,(.) is a nonnegative prescribed function that vanishes for negative
argument. Indeed, when there is no contact (i.e., when u, < h) then o, =0
and, therefore, the normal pressure vanishes. When there is contact then
0, < 0 and, therefore, the reaction of the foundation is towards the body.
As example of a normal compliance function p, we can consider

pl,(s) = CyS4,

or, more generally
m

pV(5> = CV<S+) )
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here the constant ¢, > 0 is the surface stiffness coefficient and m > 1 is the
normal compliance exponent, we recall that s; = max{0, s} is the positive
part of s.

A second example is given by

(S>_{cl,s+ if s < a,
PASI= e a if s > a,

where « is a positive coefficient related to the wear and hardness of the sur-
face. In this case, the normal compliance contact condition means that if
the penetration is too large the obstacle offers no additional resistance to
penetration.

Normal damped response contact

A contact condition with normal damped response has been primarily used
to describe a lubricated contact. This condition assumes that the normal
stress on the contact surface is related to the normal velocity, that is to say

-0, = pu ().

Where, p, is a non negative prescribed function which vanishes for negative
argument.

We now move on to the conditions in the tangential directions, called friction
conditions or friction laws.

Contact condition

It means that the contact between the body and the foundation is maintained
at all time and is modelled by the equation

u, =0, on ..

This condition can be found in many machines and in moving parts and
components of mechanical equipment.

Signorini contact condition

They say that the contact between the body and a rigid foundation is fric-
tionless if the tangential movements are free, which results in

o, =0. (3.21)
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Since the base is rigid, it will not undergo any deformations. Therefore,
the body will not be able to penetrate it. This property is mathematically
expressed by the following inequality.

u, <0, onT.x[0,7]. (3.22)

At the points of I, such as u,, < 0, the deformable body leaves the rigid base.
The normal stresses are then zero. Consequently, we have

u, <0=0,=0, onT.x[0,T]. (3.23)

At the points of I'. such that u, = 0, it is assumed that the rigid base exerts
an unknown reaction in the direction of the normal and oriented towards 2.
We have

u, =0=0,<0, onl.x[0,7T]. (3.24)

To summarize, the contact conditions (3.21)- (3.24) are written in a combined
manner as follows.

u, <0, 0,<0, 0,=0, o,u, =0, onTI', x[0,7T]. (3.25)

The boundary conditions of contact of the form (3.25) are also called Sig-
norini contact conditions.

Type contact condition with adhesion

The signorini contact condition with adhesion is given by the following rela-

tions
Uy S 07 Oy — ,YI/RZI(UI/>62 S 07
(0v — YRy (u,)B3*)u, =0, on . x[0,T].

Where 3 represent the adhesion field. The evolution of the adhesion field is
described by a differential equation of the form

B =—(1B(Ry(w,))* =€)+,
5(0) = fo.

v, is the adhesion coefficient, R, is a truncation operator defined by

(3.26)

L if s<-—L,
R,(s)=1< —s if —L<s<0, (3.27)
0 if s>0,
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where L > 0 is the characteristic lenght of the link.
Clearly, the function R satisfies
R(s)s <0, |R(s)| <|sl, |R(s)| <L, Vs e€R, (3.28)
‘R(Sl) — R(Sg)‘ S ’81 - 82’, VSl, So € R. (329
The Signorini contact conditions model the contact between a deformable

body and a rigid base. Therefore, it is possible to consider contact conditions
between a deformable body and a deformable base.

Coulomb’s friction laws

This is one of the most common friction laws in mathematical literature.

It is characterized by the involvement of normal stress in the friction
threshold and can be stated as follows

o7 | < ploy,
’0’_’_| < M|UV| — ]:IT = 07 (330)
lo-| = plo,| = 3\ > 0 such that o, = —Au,,

where p > 0 is the coefficient of friction.
A quasi-static version of Coulomb’s laws can be stated in the form

|0.7'| < Fba
. onl'. x (0,7 (3.31)
—0, = Ryl if i, #0.

Here, 1, is the tangential velocity or slip ratio and F; represents the friction
threshold (this threshold is not fixed and depends on the coefficient of friction
and the solution of the problem).

We can take the following choice for F,

Fy, = Fy(0,) = plo,|,

where p > 0 is the friction coefficient. This choice in (3.27) leads to the
classic version of Coulomb’s law. The choices

F, = Fy(0,) = p-(u, — h)| and F, = Fy(o,) = p-(4,)

are compatible with the normal compliance and normal damped response
condition, respectively. Here, p, is a positive function that becomes zero for

35



3.2 Modelling of Thermo-Viscoelastic and Viscoplastic contact 3

negative arguments, i.e. when there is no contact.

Coulomb’s law is often used for rigid or elastic bodies. It should also be
noted that this is a threshold law. As long as the threshold is not reached,
there is no slippage. This threshold is variable and depends on the normal
stress, which represents a major difficulty for the mathematical study of this
law of friction.

3.2.5 Wear contact process

Since the bilateral contact between the base and the body, the surface is
eroded on the part I'.. We introduce the wear function w : (0,7)xI', — Ry
which measures the wear of the surface. To describe the evolution of wear we
use the modified version of Archard’s law. The rate form of Archard’s law is

w=—ko,|u, —v'|, (3.32)
where v* is the tangential velocity of the foundation, ky is the wear coefficient
and |0, — v*| represents the slip speed between the contact surface and the
foundation. If we assume that v* is large so

w= —klO'V’l.lT‘.

For simplicity we assume that w(0) = 0, i.e. there is no wear initially.
Friction condition with wear

Now we describe the process of frictional contact on the surface I'.. We use a
version of the normal compliance condition to model the contact. Since the
process involves mating surface wear, we take consider changing the geometry
by replacing h with h + w. Therefore

-0, =py(u, —w—"h)onT.x (0,7),
The friction law is chosen as(3.30), so

|UT| S UDv,
‘0'7'| < ,U|0u| = u, = V",
|o;| = plo,| = 3\ > 0 such that o, = v* — Au,,

where p, and p is the coefficient of friction that depends on the density of
the wear particles, the temperature and the rate of slippage.
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3.2.6 Thermal conditions

The boundary condition associated with the derivative of the Fourier condi-
tion temperature

0
- /cij%yj = Ko(0 — 0;) — ho(Jier]), onT. x [0, 7], (3.33)
§=0,inT,UT, x [0,7], (3.34)

where 0; is the known temperature of the foundation, A, the tengential func-
tion and /C. is the temperature exchange between the foundation and the
deformable body. (3.34) is the tomperature boundary condition on I'y U ..
We also consider the conditions.

ICU% + BO=0, onl x [0,7], (3.35)
s
5 = 0, onI" x [0, 77, (3.36)

which represent, respectively on I', a Fourier boundary condition for the tem-
perature and a homogeneous Neumann boundary condition for the damage
field on I', where g—fj represents the normal derivative of <.
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Chapter 4

Frictional contact problem with
wear for thermo-viscoelastic
materials with damage

In this chapter, we consider a mathematical model describing the contact
with friction between a thermo-viscoelastic body and a base.The contact
is described by a normal compliance condition with friction. We establish a
result of existence and uniqueness of the solution using fixed point techniques
and first-order evolution equations with monotone operatorsn which we can
find also in reference [19].

4.1 Problem statement and variational formu-
lation

Under these considerations, the considered mechanical problem is formulated
as follows.

ProblemP

Find a displacement field u : 2x [0, T] — R%, a stress field o : Qx [0, 7] —
S?, a damage field s : 2x [0, T] — R, a temperature field 0 : Qx [0,T] — R
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4.1 Problem statement and variational formulation 4

and a wear field w : I's x [0, 7] — R such that

o = As() + Ce(u —l—/o B(t —s,e(u(s)),s(s),0(s))ds in Q x (0,7T),

(4.1)
¢—Ac+ 0Vi(s) 3 S(e(u),s,6) inx(0,7), (4.2)
0 — KA = d(c(u),5,0) +q inQx(0,T), (4.3)
dive + fi=pu in Qx(0,7), (4.4)
u=0 onT,.x(0,7), (4.5)
ov=yfy on I';x(0,T), (4.6)

—0y = pu(uu - UJ), |UT| < p‘r(uu - ’LU),

lor| < pr(u, —w) = 0, = v,

lor| = pr(uy —w) = 0, =v* = Ao, A >0,
w = kw|V*|py<uV - U}),

on . x (0,7), (4.7)

K% +mf=0 onl x(0,7), (4.8)
05

w(0) =0 on T, (4.10)
u(0) = up, u(0) =1y, 6(0) =0y, <(0) =5 on . (4.11)

We will now describe issue (4.1) — (4.11). The thermo-viscoelastic constitu-
tive with long memory and damage is represented by equation (4.1), where
B is the relaxation tensor that depends on the temperature and damage. A
and C stand for the linear viscosity operator and the elastic operator, re-
spectively. The damage field’s evolution, which is determined by the source
damage function S, is shown in equation (4.2). The subdifferential of the
indicator function within the permissible damage function set is denoted by
OV k. The temperature field evolution is represented by equation (4.3), where
o, q is the density of volume heat sources, and ® is a nonlinear constitutive
function that reflects the heat generated by the work of internal forces. The
boundary conditions for displacement and traction are represented by equa-
tions (4.5) and (4.6), respectively. Equation (4.4) represents the equilibrium
equation for the stress displacement fields. The state with wear, Coulomb’s
friction law, and normal compliance is described by equation (4.7). The wear
function w calculates the total amount of surface wear. The differential form
of Archard’s law, where k, > 0 is a wear coefficient and v* is a constant
vector that reflects the foundation’s displacement, controls the evolution of
the wear of the contacting surface, Prescribed functions of the friction bound
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4.1 Problem statement and variational formulation 4

and normal compliance, respectively, are denoted by p, and p,. (4.8) denotes
the conduction coefficient of I' and is a Fourier boundary condition for the
temperature # when p; > 0. For the damage ¢, the homogeneous Niemann
border condition is (4.9), where 2 is the normal derivative of I. The wear
function’s initial state, shown by (4.10), indicates that the foundation is new
at this point. Ultimately, the initial data in (4.11) are the functions ug, 1y,
0y and .

In examining the mechanical problem (4.1)-(4.11), we take into account the

following presumptions.

(1) A:QxS?—S%
(2) There exists m4 > 0 such that
(A(z,e1) — Az, €2)).(e1 — €2) > mule; — &2,
for any €,,€, € S? a.e x € ()
(3) There exists My, My > 0 such that (4.12)
|(A(z, €)| < Mle| + My, for any € € S? a.e x € Q;
(4) The mapping x — A(x,€) is continuous on S, a.e. & € §;
(5) The mapping « — A(x,e)is Lebesgue measurable on 2
for any ¢ € S9.

(1) C:QxS*— s
(2)  There exists me¢ > 0 such that
C(x,e) - & > melel?, for any € € S? a.e x € O (4.13)
(3) C(x,e1) €2 =€ -C(x, &) for all €1,65 € S¢, ae. x € Q;
(4) Cij € L>(Q),Vi,5,k,l=1,...d

(1) B:Ox[0,7] xS!xR xR — S
(2) There exists Lg > 0 such that

for all t € [0,T),€1,€2 € S%, (1, (o, 01,00 €R, ae. T €
< (3) The mapping x — B(x,t,€,(,0) is Lebesgue measurable on (2
for any t € [0,T],e € S,¢,0 € R;

for any e € S%, ¢ €,0 € R, ae. x € Q;
[ (5) The mapping « — B(x,t,0,0,0) € Q.
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(4) The mapping t — B(x,t,€,(,0) is continuous measurable on [0, T

|B(x,t,e1,(1,01) — B(x,€2,(2,02)| < Lp(ler — €a| + |G — G| + |61 — 62])

(4.14)
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\

For o*

(3)
(4)

S:OxSIxRxR— R;
There exists Lg > 0 such that
S(x,e1,C1,01) — S(x, €2, G2, 62)| < Ls(ler — €a| + [ — Gf + |01 — 62)
Va € Q, Ve, ey € Sd, V (1,(5,01,05 € R, (415)
The function x — S(x, €, (, 0) is Lebesgue measurable on

Ve €StV eER
The function z — S(x,0,0,0) € L*(Q).

P:OxS!xRxR— R;

There exists Le > 0 such that

|D(x, e1,61,01) — P, €2,62,02)| < La(ler — €2 + |61 — 2| + 01 — 6a)
Va € Q,Ve, ey € StV G1,%,01,00 € R, (416)
The mapping € — ®(x, e,¢,0) is Lebesgue mesurable on (2
VeecSls, 0 eR;

The function £ — ®(x,0,0,0) € L*().

priTe xR — Ry, (r=v,71);

There exists L, > 0 such that |p,.(x,a1) — p.(x,a2)| < L,|a; — as]

Ve € Q,Vai,a, € R a.e. ¢ € I'; (4.17)
pr(x,a) =0 Va<0, ae xely

The mapping * — p.(x, a) is Lebesgue measurable on I,  Va € R.

> 0, we assume that the mass density fulfills

0€ L*(Q), o(x) > 0", aex el (4.18)

We assume that the mechanical and heat forces satisfy
q € L*(0,T; L*(Q), f e W0, T; H), fo € WHH(0,T; L*(Ty)%). (4.19)
We indicate the following element by fo(t) € V

(f2(t),v)v:/Qfl.'vcla:—i-/F fovda, YveV. (4.20)

Let us define j : V x V x L*(T.) — R be the functional

Jjlu,v,w) = / Py (u, — w)v,da + / pr(u, — w)||v,||da, (4.21)

c

the functional j satisfies

for all w € Vand w € L*(T.)

Jj v — j(u,v,w) is lower semicontinuous, convex, and proper on V.

(4.22)
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When we combine assumptions (4.17) and (3.9), we get

J(ur, vo,w) — j(ug, vi,w) + j(uz, vi,w) — j(us, v2, w)
< CY(Ly + Ly)||uy — usllv||or — val|v, (4.23)
Yuy, uy, v1,v9 €V, Yw € LQ(FC).

As we can see, condition (4.19) suggests
fo e WHHO,T; V) (4.24)
We also suppose that the initial data satisfy
0y € L*(Q), ¢ € K, wy € L*(T.), ug €V, g € D(daj), (4.25)

where 07 indicates the partial subdifferential with respect to the second
argument of the operator j and D(0y7) symbolize its domain.
There exists g € H such that

(As(wo) + Be(ug),e(v) — 5(1'1,0))Q + j(ug, v,0) — j(ug, 0, 0)

. (4.26)
2(g7v_u0)7 Vv eV.

The following continuous functionals A : V. — V' and B : V. — V' are
presented by Vu e V, Vv e V

(Au, v)y .y = (Ce(u),£(v))o, (4.27)
<BU’7 v>V'><V = (.A&('u,), 5(”))@' (428)

We define the bilinear forms @ : E x E — R and b : H'(Q) x H'(Q) - R
defined by

a(&, k) = ,LLO/QV§ : dex—i—ul/rfﬁada, V& keE, (4.29)

b(s, () = /QV§-VCdx, Ve, ¢ € H(Q). (4.30)

Applied to the Hilbert space H, we shall employ a modified inner product
given by

((w,v))g = (ou,v)y, Yu,v € H, (4.31)
that is, we consider || - ||z to be the associated norm, meaning that it is
weighted with o

1
l|v||g = (ov,v)}, Yv € H. (4.32)
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It follows from assumptions (4.18) that the inclusion mapping of (V,|-|x) into
(H,||-||m) is dense and continuous, and that ||-||g and |- |y are comparable
norms on H. We identify H with its own dual by writing V', which stands
for the dual space of V.

VcCHCV.

We recall that
(u, )y = (u,v))g, Yu,v e H. (4.33)

From (4.4) and use Green’s formula (3.12), we get

(0,6(v))g+ (4, )y = (fi(t),v)v +/F0'V.vda, Yo e V.

Then, using conditions (4.5), (4.6), (4.7) and (4.11) combined with definitions
(4.21) and (4.20) to find

(Aetit) + Colu) + [ Ble(u(s)).5(s).0))ds.ew) ~eli)a
+ (U, v — )y + j(u,v,w) — j(u,w,w) > (fo(t),v —u)y, Vv € V.

Now, multiplying Eq (4.3) by a € E

/éadx—/lCAQOzdx:/@(s(u),g,Q)ada:—i—/qadx.
0 Q Q Q

According to the Green’s formula, we get

/éocdm—/(ICU@,z')yj.ada—i-/(lCijO,j)oc,jdx = / @(5(u),g,9)adm+/ qadx.
Q r Q Q

Q

using the boundary condition (4.8), we obtain

/é@dx+M1/<9dea+/(lcz'j07j)od7jd$:/@(5(“),§,6)0{d$+/‘q@dl’.
Q r Q Q Q
(4.35)

Next, taking in to account inclusion (4.2) and using the definition of the
subdifferential of the indicator function ¥ and the integration by parts with
the boundary condition (4.9), we have

/Q (B —c()da + / (). (B —c(t))dx > / S(e(u(t)), <(£), 0(1)) (B — < () dz,
(4.36)
V g e K.

We gather now (4.34), (4.35) and (4.36) and obtain the variational formula-
tion of the ProblemP.
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Problem PV

Find a displacement field w : Q x [0,7] — V, a damage field ¢ : Q X
[0,T] — L*(Q), a temperature field 0 : Q x [0,7] — FE and a wear field
w: T3 x [0,T] — L*(T.) such that

(Ae(u) + Ce(u) + /0 B(e(u(s)).<(s).0(s))ds, e(v) — e(wt))q (4.37)

—|—((’&,’U—U))H—|—](’U, v w) J u7u7w)2(f2(t)7v_u)V7 Vv € ‘/7

(
(€8 = ()2 + bls(1), 5 — (1))
)

S (S(eu(t). <(0)60)). 5 — <)y, ¥ 6 € K, (4.3
<6"(t)7 a>E'><E + &(Q(t), O‘) = < (g(t)> E(U’(t))? 9(25 )7 O‘)E/XE (4 39)
+(q(t), a)r2), YaeE, ae te(0,T), '

w =k, ||[vp,(u, —w), ae. te(0,7T). (4.40)

To study Problem (4.37)-(4.40), we need the following smallness assumption

QmA

L, +L,< ,
sy

(4.41)

where m 4, Cy and L., (r = v, 7) are given in (4.12), (3.9) and (4.17), respec-
tively.

Our main existence and uniqueness result is stated and proved in the next
section.

4.2 Existence and uniqueness result

Theorem 4.1. Let the assumptions (4.12)-(4.26) and (4.41). Then there
exists an unique solution (u,s,0,w) to problem PV . Moreover, the solution
satisfies

w € WhHe(0,T; V)N W>>(0,T; H), (4.42)
€ HY0,T; L*()) N L*0,T; H(Q)), (4.43)
0 C0,T;L*(Q)NL*0,T;E), § € LY0,T; E) (4.44)
w e CY0,T; L*(T,)). (4.45)

The functions u,o,¢,0 and w which satisfy (4.1) and (4.37)-(4.40) re-
ferred to as a feeble resolution of the contact issue P.
We conclude that, under the assumptions (4.12)-(4.26) and (4.41), the me-
chanical problem (4.1)-(4.11) has a unique weak solution satisfying (4.42)-
(4.45). The regularity of the weak solution is given by (4.42)-(4.45) and, in
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term of stress,

o € Wh(0,T; Q). (4.46)
Indeed, it follows from (4.1), (4.12)(3), (4.13)(3), (4.13)(4), (4.14)(2) and the
regularity (4.42)-(4.44) implies o € WH>(0,7;Q). Let t € [0,T] and we
choose as a test function v = w(t) & z where z € D(Q)? in (4.37) and using
(3.12), (4.31) and (4.33) to obtain

dive +f; = pu in H.

It now follows from (4.19) and (4.42) that dive € WH>(0, T; H) which show
(4.46).

The following is a proof of each step involved in the proof of Theorem 4.1, ev-
erywhere in this section assuming the validity of Theorem 4.1’s assumptions,
we examine C as a generic positive constant whose value varies depending
on the problem’s facts but remains independent over time.

Let w € C(0,T; L*T.)) and n € L*(0,T;Q). In the first step we consider
the following variational problem

Problem PV,
Find w,, : [0,7] — V such that

((tuy(t), v uwn( M + (At (1), v — Uy () v v

+ (Buy(t), v wn (D) v + J(Wun(t), v, w(t))
— J (wun(t), uwn() w(t)) = (F(t),v — tuy(t))v, Yo €V,
Ui (0) = o, Tun(0) = o,

where (F(1),0)y = (£2(1),0)y — (n(t),2(v))q, ¥ € V.
In the study of Problem PV, we have the following result.

(4.47)

Lemma 4.1. The problem PV, has a unique solution which satisfies U, €
Whee(0,T; V)N W?2>=(0,T; H)

Proof. We may observe that the operator A based on assumptions (4.27),
(3.8) and (4.13)(3), and satisfies the condition (2.11) with A = 0 and w = mg.
After, we define the set-valued operator ¢ : V — V' by

W= B+ 8yj. (4.48)

From (4.12)(2), we deduce that the operator B defined by (4.28), is mono-
tone. Using (4.28) and (3.8), we have

|Bu — Bvl| < |As(u) — Ae(v)|qg, Yu,v €V,
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keeping in mind (4.12)(2), (4.12)(3), (4.12)(4) and Krasnoselski’s theorem
(see |25, p.60]), we find that B : V — V' is a continuous operator. Using
again (4.28) and (4.12)(2), we find that B is bounded.

From (4.23) and (4.22), thus, j must be maximally monotone. Consequently,
since B is monotone, bounded and hemicontinuous from V to V', we conclude
(see |5, p.39]) that ©» = B + 0»j is maximal monotone.

Moreover, the initial data uy and 1 satisfy (2.12) due to (4.25) and (4.26).
Thus, all the requirements of Theorem 2.8, with A defined by (4.27), M =
Y given in (4.48) and f = F, are satisfied, it follows that there exists a
unique solution u,,, to Problem PV,,, satisfying the regularity expressed in
(4.42). O

Let n € L?(0,T;H). In the second step, we consider the operator x :
C(0,T; L*(T,)) — C(0,T; L*(T.)) defined by

xw(t) :k‘w|v*|/0 DU (s) —w(s))ds vVt € [0,T]. (4.49)

Lemma 4.2. The operator x has a unique fized point w* € C(0,T; L*(T.)).

Proof. Let wy,wy € C(0,T; L*(T.)) and denote by u;, i = 1,2 the solutions
to the problem PV,,, for w = w; i.e. u; = Uy, and v; = U; = Uy,,. From
the definition (4.49) of x, we can write

xwi (1) =xwa(t)] L2y < kuw|V7] /0 | (P (1, (8) = w1 (£)) = pu (ugy (1) w3 (1)) |ds

Using (4.17)(2) and (3.9), we get

t t
Pxws () —xw2(t) 72, < C(/O |wl(8)—w2(8)|%2<pc)ds+/o [ui(s)—ua(s)[y) ds
(4.50)
Using the relation (4.47), we find

((01() = 0a2(t), v1(t) — v2(t)))m + (Aur(t) — Aua(t), vi(t) — v2(t))y v
+ (Boi(t) — Boa(t), v1(t) — v2(t))y v/

< j(ur(t), va(t), wi(t)) — j(ua(t), va(t), wa(t))

+ j(ua(t), vi(t), wa(t)) — j(ui(t), v1, wi(?)).

By virtue of (4.27), (4.28), (4.12)(2), (4.13)(2), (4.17) and (3.8), this inequal-
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4.2 Existence and uniqueness result 4

ity becomes

1d me d

Lo (0) — a0+ L s (4 — w0} mafen (1) — w0

SLV/ <|uly—uzui+|w1—w2\>|v2y|da—Ly/ sy — tizy| + 11 — ws])]vn,|da
T. Te

+ LT/ (lury — ugy| + |w1 — wal)||var||da — LT/ (|Jury — ugy| + w1 — wa|)||v1-||da.
Te

re

Integrating this inequality over the interval time variable (0,¢), using (3.9)
and the inequality 2ab < a® + b? leads to

[0 () —v2(?f)qu+%|u1(t) —u2(t)\2&+mA/0 [vi(s) — va(s)[ids

< (Lt LD / (Cilus(s) = wa(s) + (Cr + Dlwi(s) — va(s)]?

[wi(s) — wa(s)[72(r,)) ds,

and keeping in mind (4.41), we obtain

t t
/0 w1 (s) — va(s) s < C / (1 (5) — a(S)[2 + wr(s) — wal(s) Zage, ) ds.
(4.51)
On the other hand, since w;(t) = ug + fot vi(s) ds, we have

i (t) —ua(t)fy < /0 [v1(s) — va(s)[y ds, (4.52)

and using this inequality in (4.51) yields

() — w0 < C [ ()~ a0+ ua(s) — o) ).

It follows now from a Gronwall-type argument that

1) = wa(Of} s < € [ () = (o) .

which implies for s <t < T
t t s
/0 lui(s) — uy(s)|? ds SC’/O /0 lwy(r) — wg(r)|%2(rc)drds
t ot
SC’/ / |wy(r) — w2(r)|%2(r‘c)drd8
0o Jo
¢ T
SC/ |wy(r) — wg(r)ﬁz(n)dr/ ds.
0 0
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Then
t t
/0 lui(s) — uy(s)|3ds < CT/0 lwi(s) — wg(s)ﬁg(rc)ds. (4.53)
From (4.49) and (4.53), we deduce that
t
() = vua(s)iy < OT [ fu(s) = walo)fapds. (459

Reiterating the last inequality n times, we infer that

OnTn+l
n!

1
2
X" w1 — X" walcom2 ) < ( ) |wy — walco,m2(r))-

Thus, for n sufficiently large, a power x" of x is a contraction in the Banach
space C'(0,T; L*(T.)). Which implies that the operator y has a unique fixed
point w* € C(0,T; L*(T.)). O

In the third step, let v € L*(0,T; L*(Q2)) be given and consider the fol-
lowing variational problem for the damage field.

Problem PV,
Find a damage field ¢, : [0,7] — H*'(2) such that

& €K, (48 =)z +0(s (1), 8 — (1))
> (v(t),8— ()2 VB € K, (4.55)
&(0) = <.

Lemma 4.3. The problem PV, has a unique solution <, satisfying
s, € HY(0,T; L*()) N L*(0,T; H'(Q)) (4.56)

Proof. Using (4.30) and (4.25), after some algebraic computations and from
a classical existence and uniqueness result of parabolic equations (see for
example the reference [38, p.60]), we find that the problem PV, has a unique
solution ¢, € H'(0,T; L*(Q)) N L*(0,T; H'(2)). O

In the forth step, let ¢ € L*(0,T; E/), we consider the following varia-
tional problem
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4.2 Existence and uniqueness result 4

Problem PV,
Find a temperature 6, : Q x (0,7") — R such that

<0<P(t)v a)E'xE + a(6<ﬂ(t)7 a) = <90<t) + q<t)7 C‘“/>E'><E
Vae Faete (0,T), (4.57)
0,(0) = 6.

Lemma 4.4. The problem PV, has a unique solution 0, satisfies the regu-
larity (4.44).

Proof. From the Friedrichs-poincaré inequality, we can find that there exists
a constant o > 0 such that

2 H1 2 2
/Q|V(f)| d$+uo/r|£| da2u2/9|§| dzx.

a(§,€) > pslé|F, (4.58)
o min(1,p0

where 3 = 3 ), which implies that a is elliptic on E. Consequently,
based on a classical arguments of functional analysis concerning parabolic
equations (see [5, p.140]), we conclude that the problem PV, has a unique
solution 6, which satisfies the regularity (4.44). O

Thus, we obtain

Let us now consider the operator A : L*(0,T; Qx L*(Q)x E) — L*(0,T; Qx
L*(Q) x E)

A, v, 9)(t) = (Ai(n,7, 0) (1), Ao (7,7, ©) (1), Az(n, 7, 0) (1)), (4.59)
defined by

M )0 = [ Bleltar )56 06 s, (460

Ao (1,7, 9)(t) = S(e(ww(t)), (1), 04(t)), (4.61)

As(n,7, ) (t) = V(e(wury(t)), 5(1), 0,(t)). (4.62)

Here, w* be the fixed point of the operator x. For every (1,7, ¢) € L*(0,T; Qx
L2(Q) X E'), Wy, s, and 0, represent the displacement, the damage and the
temperature obtained in Lemma 4.1, Lemma 4.3 and Lemma 4.4 respectively.
The last step in the proof of Theorem 4.1 is the next result.

Lemma 4.5. The operator A has a unique fized point (n*,v*, ¢*) € L*(0,T; Qx
L2(Q) x E").
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PT’OOf. Let (7717717 ‘P1)7 (7727727 4P2) € L2(O7Ta Q X L2(Q) X El)
We use the notation w«,, = U;, Uy, = V;,6y, = and 0, = 0; for i = 1,2.
Using (4.60)-(4.62) and from (4.14)-(4.16) and (3.8), we get
[ A1, v15 1) () — A(n2, e, 802)|QxL2(Q)xE’
t
< LB/ (lua(s) = wa(s)lv + [s1(s) = @a(8)]r2() + [01(s) — O2(s)| ) ds
0
+ (Ls + Lo) (Jui (t) — ua(t)|v + [s1(t) — w2(t)| 20y + 161(t) — 02(t)|22(0))
Employing Hélder’s and Young’s inequalities, we deduce that
[A (1, 71, 01) (8) = A2, 72, ¢2)|éxLz(Q)XE'
t
<C [ (ml) —wl + a6~ oo g
+01(s) — 02(s)|%) ds + O (Jur (t) — ua(t)[7;
+la(t) = @®)i2q) + 101(8) — bo(t)|12(0)

Using the relation (4.47), we obtain

(Ae(vy) — Ae(vg), e(vy — va)y + (01 — Vo, 01 — Vo))
< (Ce(ur) — Ce(ug), e(vr — v2))q + j(ur, v2,w) — j(wy, vi,w) + j(uz, v1, w)
— J(u2, v2,w) — (N1 — o, , €(v1) — €(v2))g

We use similar arguments that those used in the proof of the relation (4.53)
to obtain that

t t
[t = wofas < [ o) - m)Bds. (wo
0 0
From (4.55), we get

(S1—<1, 6 —@) 2@ +b(s1 — 2,61 — %) < (G —, 61— %)@ ae te(0,T).

Integrating the previous inequality with respect to time, using the initial
conditions ¢;(0) = ¢(0) = o and the inequality b(¢; — 2,1 —s2) > 0, we find

%|<1(t) — @()|f20) < /0 (c1(s) = a(s), s1(s) — <2(s)) 2@y ds,

which implies that

[61(t) = ()12 < /O (Im(s) = 72(s) L2 + [51(5) — <2(8)[L2() ) ds,
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this inequality combined with Gronwall’s inequality leads to

t
[(t) = @)1z < C/ [1(5) = 22(s)f2yds, VEE[0,T].  (4.65)
0
In order words from (4.57), it follows

(91—91,91—02)E/><E+CL(91—92,01—02) = (901_902’01_92)E/><E a.e. t € (O,T)

We integrate the previous equality, using (3.16), he initial conditions 0;(0) =
05(0) = 6 and as a is E-elliptic, we get

0,(t) — 0s(1) oy + 13 / 6,(1) — 0:(0) 2
< / 01(5) — @a(8)]w[81(5) — Ba(s)]z ae. t€ (0.7),

employing Young’s and Holder’s inequalities, we get

61(6) = 6a(0)E 0 / 61(5) — bl
(4.66)

<C/ lo1(s 2(s)[3ds ae. t € (0,T).

Now, we combine (4.64), (4.65) and (4.66), we find that

T
|A(7717%>901)(t)—/\(7727727902)|2QxL2(Q)XEf < C/O |(771,71,801)(15)—(772,727902)’2QxL2(Q)XE

Reiterating this inequality n times we are led to

|A(,’717717<;01 77277%%02)( )|Q><L2(Q)><E
/ / / / (M1, 71, 01) (1) — (N2, Y2, P2) (7 )|QxL2 (O E dr...ds,
mtegrals

which implies that

[A™ (01,715 1) — A" (12,72, W2)|i2(QxL2(Q)xE’)

C” " ) (4.67)
~ n |(7]17717901) (7]2”72’¢2)|L2(QXL2(Q)XE/)

Since lim Cnn,T = =0, it follows that there exists a positive integer n such that
n—oo :

Cn =~ < 1 and, therefore, (4.67) shows that the operator A" is a contraction

on the Banach space L?(Q x L*(Q2) x E') and, so, there exists a unique

fixed point (n*,v*,¢*) € L*(0,T;Q x L*(Q) x E') such that A(n*,v*, p*) =

(n*, 7%, ¢%). O
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4.2 Existence and uniqueness result 4

We have now all the ingredient to prove Theorem 4.1 which we complete
now.

Existence

Let w* be the fixed point of the operator x given by (4.49) and (n*,~*, ¢*)
be the fixed point of the operator A given by (4.59)-(4.62) and denote

Uy = Uyrpr, S = Syr, Op = Opn. (4.68)

It follows from (4.60)-(4.62) that

and, therefore, (4.47), (4.55), (4.57) and (4.49) imply that (w., s, 0., w*) is
a solution of problem PV.

Uniqueness

The uniqueness of the solution follows from the uniqueness of the fixed point
of the operators y and A defined by (4.49) and (4.59)-(4.62) respectively.
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Chapter 5

Analysis of mechanical contact
problem with unilateral
constraint and adhesion

5.1 Problem statement and variational formu-
lation

This chapter is dedicated to the mathematical analysis of a frictionless con-
tact problem with adhesion between a deformable solid and a rigid obstacle
in the case of small deformations.

Problem P

Find a displacement w : Q x (0,7) — R?, a stress field o : Q x (0,T) — S°
and an adhesion field: §:T'5 x (0,7") — [0, 1] such that

o= As(u) +G(o,e(uw)) in Qx(0,7), (5.1)
dive+ fi=o0t inQx(0,7), (5.2)
u=0 onT,x(0,7), (5.3)
ov=_ypfy, onTy;x(0,7T), (5.4)

{ul, <g, o,+plu,)— C’,,R(u,,)ﬂ2 <0,

(00 + pl) — CoR(u) ) (s — g) — 0, 1o 0,7), (5.5)

o,=0 onT,x(0,7), (5.6)
B=—(C,B(R(u,))* =€)y onT,x(0,T), (5.7)
u(0) = ug, w(0) = vy, o(0) =0y in Q, (5.8)
B(0) =By onT.. (5.9)
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5.1 Problem statement and variational formulation 5)

let us denote by
U={veV: v, <gonl.}. (5.10)

the convex subset of admissible displacements and we introduce the set of
admissible bonding fields

Z={0ecL*T.): 0<6<1 ae onl.}. (5.11)

Let’s now specify the assumption about the data. we assume that the oper-
ators A, G and the functions p satisfy the following conditions

(a) A: Qx ST — S%
(b) There exists m4 > 0 such that Ae - & > myle[*
(C) Aijkl = Ajikl = -Aklz‘j; Aijkl c LOO(Q) Vi,j, k,l =1,.., d.
(5.12)
(((a) G: QO xS? xS — §9.
(b) There exists mg > 0 such that
’g(wao-hEl) - g(a}7027€2)’ S mg(lo-l - U2| + ’51 - 52’)
Vo € Val, 02,€1,€2 € Sd.
(¢) The operator € — G(x, 0, €) is Lebesgue mesurable on Q V o,e € S°.
[ (d) The operator € — G(x,0s4, 0sa) € Q.

(5.13)
(a) p:Te xR — RT.
(b) There exists L, > 0 such that
p(x,z1) — p(x, 20) < Ly|z1 — 22| Vz1,20 € Riaex €T,
¢) (p(x,z1) — p(x,22))(21 — 22) >0 Vry,re € R, aex el
d) p(x,z) =0, Vz<0,aexel..
e) the mapping * — p(x, z) is Lebesgue measurable on I'.,Vz € R.
(5.14)

We also suppose that the mass density satisfies

0 € L>(Q2) and there exist " > 0 such that p(x) > p*, a.e. x € Q.
(5.15)
In addition, we assume that the densities of body forces, surface tractions,
the adhesion coefficient C,, the Dupré energy ¢,, and initial bonding field £,
have regularity

(i) fr € W»=(0,T; H), (i) fo € W»™(0,T; L*(T4)"). (5.16)
C, € L®(T.), C,>0, e L®TL), 0> 0, (5.17)
g€ L3T.),B € L*(T.), 0< By <1 ae. onl.. (5.18)
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5.1 Problem statement and variational formulation 5)

Finally, we assume that the initial data ug, vy and o satisfy
ug € U, vg€ H, o€ Q. (5.19)

We are now defining the applications f(t) € V' for a.e. t € (0,7) by

<f(t),v>vwz/ﬂf1(t>.vdx+ [ fi)via o e V. (5.20)

p: VXV >R Y VxVxL®T.,)—>Rand J:V xV x L*(T.) — R,
defined by

o, v) = / P(u,)vyda, (5.21)
Y(u,v,p) = —/ C, R(u,)p*v,da, (5.22)
Ie
J(u,v,B) = ¢(u,v) +Y(u,v, ), (5.23)
and note that
few?>0,T;V"). (5.24)

If we use (3.9), (3.28) and (3.29), we conclude that the functional v satisfies

WJ(w? v, 61) - ¢(w, v, 62)| SC’lfclz‘wlvh)h/(|Bl|L°"(Fc)

(5.25)

+ |52|Loo(rc)) 181 = Ba|r2(r)
’w('Z?vaﬁ) —w(zfuhﬁ)’ S CVC% U—w|V, (526)
W(w, z,8) = ¢(v, z,8)| < C,CP|w — (5.27)
"QD(UJ,’U,B)’ S Cuyw‘LQ(FC) (528)
¢<w7w_va6>_¢(v7w_’vvﬁ) > 0, (529)
Y(w, w,B) > 0. (5.30)

Next, we check that under hypotheses (3.9) and (5.14) the functional ¢ sat-
isfies

Oy, v) — Oy, w) + (2, w) — B(2,0) < CPLJy — 2ly|o —wly, (5.31
Oy, —v) — o(y,w —v) < CTL|ylv|wly, 5.32
p(v,w) — ¢(z,w) < C¥L,|v — z|y|wl|y, 5.33
oy

(5.31)
(5.32)
(5.33)
) = oy, w) = d(y, v — w), (5.34)
(5.35)
(5.36)

8

[6(y,v) = 6y, w)| < CYLufylv|v — wlv, 5.35
o(w,z) < CIL,|w|v|z|y. 5.36
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5.1 Problem statement and variational formulation 5)

Next we turn to derive the variational formulation for Problem. From the
equation (5.2) and the Green’s formula, we have

L—mva@—qu+lf@@_umx:Kﬁwv_umx

Using an integration by parts and equalities (5.3), (5.4), it is straightforward
to see that

Jo—dive.(v—u)dz = [,o.c(v—u)dr— [,ov(v—u)da
= Jpoc(v —u)dr — [, ov(v—wu)da
— Jrov(v—wu)da— [ ov(v—u)da (5.37)
= [qoc(v—u)dr — [ fo.(v—u)da
— Jrov.(v—u)da

which imply that

/Qa.e(v —u)dx + /qu.(v —u)dr — / ov.(v—u)da

c

:/ filv—w)dz+ [ fo.(v—u)da
Q Fe
and, by (5.5) we find

Jooe(v —u)de + [, pu(v —u)dz + [ (P(w,) — C,R(u,)B%)(v, — u,)da

> o filv —w)dz + [i. folv —u)da
(5.38)
Using the Riesz representation theorem, we can introduce the operator A :
V — V' defined by

(A, v)prp = (As(u), e(v))q + (00 — As(uo), £(v))q Vu,v € V.
Using assumption (5.12), we conclude that

There exists L4 > 0 such that |Au — Av|,» < La|lv —uly Yv,u €V,
(5.39)

(Au — Av,v —u)yr .y > malv —ul} Vo,ueV. (5.40)

Finally, we recall that the unilateral constraints imposed to the displacement
and bonding field, combined with the definitions (5.10) and (5.11), yield

u(t) e U, Bt) e Z. (5.41)
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We will use a modified inner product on the Hilbert space H given by
((’U,,’U))H - (Q’LL,U)H \V/’U,’U, S HJ

that is, it is weighted with o, and we let ||.||z be the associated norm, i.e.,

|lullg = (ou, u) Yu € H.

It follows from assumptions (5.15) that ||.||z and |.|y are equivalent norms
on H, and also the inclusion mapping of (V,|.|v) into (H, ||.||x) is continuous
and dense. We denote by V' the dual space of V' . Identifying H with its
own dual, we can write the Gelfand triple

VCcCHCcCV.
We recall that
(u,v)yrxy = ((u,v))g Yue H, YveV.
Then we see that there exixts a constant Cy > 0 such that
[vlly: < Callvllv. (5.42)

By a standard procedure based on Green’s formula (3.12) we derive the fol-
lowing variational formulation of problem P, in terms of stress, displacement
and adhesion fields.

Problem P,

Find a displacement w : [0,7] — V, a stress field o : [0,7] — S and an
adhesion field g :[0,7] — L*°(I'3) such that

o(t) = / G(o(s), e(u(s)))ds — Ale(uo)) + o0,  (5.43)
(010):2(0) = cw)g + (80 = w)yrey + o0, 9) = Sl
> < (t)v >V xV V’U € U7 (544)

To study Problem PV, we assume the following condition of compatibility

(o'Oa E(’U)—S(’U/O))Q‘I—J(’U,O’ v, 50)_‘](“’07 Uy, ﬁO) Z <f(0)7 v_u0>V'><V Vo € U7
(5.46)
and we make the following smallness assumption

my > 2C2L, + L4, (5.47)
where, Cy, L,, m4 and Ly are given in (3.9), (5.14), (5.39) and (5.40) re-

spectively.
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5.2 Existence and uniqueness result 5

5.2 [Existence and uniqueness result

Our main result which states the existence of a unique weak solution to
Problem Py, is the following

Theorem 5.1. Assume that (5.12)-(5.17), (5.19), (5.46) and (5.47) hold.
Then, there exists an unique solution (u, o, 3) to problem Py. Moreover, the
solution has the reqularity

we Whe(0,T;V), ieL®0,T;V), (5.48)
o c Wh(0,T;Q,), (5.49)
B e Wh(0,T; L*(T3)). (5.50)

We start with the proof of Theorem 5.1 which will be carried out in several
steps. We assume in the rest of this section that (5.12)-(5.17) and (5.19) hold
and ¢ will denote a generic positive constant which may depend on €2, I',, [y,
I'., A, G, pand T , but does not depend on ¢, nor on the rest of the input
data, and whose value may change from place to place.

We will employ the time discritization method, for each N € N*, every where
in this section, we use the notation A for the time step size, i.e h = %, t; = ih,
i = 0,N for a sequence (v')Y,, we denote by dv'*! = #, ot =
W0 §Bgyitl = ST and we use the notation g' = g(t;) for all
continuous function ¢g with values in a normed space X (i.e g € C([0,T7]; X)).
Then we consider the following incremental Problems P/, i € {0,..., N —
1}.

Problem Pj"'. Find u*! € U, such that

1

Auz-‘rl v — uz—‘rl , + = uz—‘rl v — uz—‘rl
’ VixV h2 ’

>V’><V

+ (hYG(o7 e()), e(v = wth)) )+ bt v — w5
7=0

(5.51)
1 . . . . . .
+ ﬁ<_2ul + uzfl, v — ul+1>\/’><V 4 ¢<'U;Z+1, 'U) o ¢(uz+17uz+1>
> (fH v —ut)y, Yoe U,
ot — A€<ui+1) +hzg(0'j,5(uj)) + o0 —Aé(uo), (5.52)
§j=0
B = —n ) (CLB (R(u))? — ea)+ + B, (5.53)

J=0

u’ = u(0) = uy, 0’ =0(0) = gy, B° =B(0) = By, £ = £(0),(5.54)
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5.2 Existence and uniqueness result 5

where 4/ is the unique solution of Problems P}, j € {0, ...,i}.

Theorem 5.2. The Problem P{}H has an unique solution, which satisfies
utt e U.

Proof. The Problem P! can be transformed as follows.
Find u'*! € U, such that

<T]'U/i+1, ,v_,u/i+1>vl><v_’_h2¢(ui+17 ’U)—h2¢(ui+1, uiJrl) 2 h2<fi+1’ 'v_ui+1>v’7v Yo c U,
where the operator n: U — V' for i = 1, N — 1 define by

(1w, 0}y =h*(Au, )y + R Glo e(w)), (0))g + WP (v, u, 57)

=0
+(=2u' +uTv) oy + (O, Uy Vv, u e U.
(5.55)

Let v,u € U. From the definition (5.55), we get

(v — nu, v — u)yr . =h*(Au — Av, v —w) oy + (U —w, v —u)yr
+ th(’l),’U —u, ﬂi+1> - th(U’?/U —u, 6i+l)'

Using (5.12) and (5.29), the previous equality implies that
(v — nu, v —u)yr,y > p'lo - ulf.
We also note that (5.39), (5.42) and (5.27) imply that
70 — qulyr < (T2La+ Cy + T*C,C25™ o — uly.
If we use (5.53), (5.18) and applying Lemma 2.2, we deduce that
187 ey < ¢ Vi€ {0,..,N—1} (5.56)

Since n is a strongly monotone operator and Lipschitz continuous operator
on V and since ¢ is a proper convex lower semicontinuous functional and
checked the relation (5.31), it follows from an abstract result for elliptic
quasi-variational inequalities that the problem P"}“ has an unique solution
u e U. O

In the following, ¢ is a variable constant, that it does not have a single
value.
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Lemma 5.1. There are ¢ > 0, where for every n € N we find

oo + [y + 18 ey < e Vie{0,....,N —1}. (5.57)
2w, < e Vie{l,...,N—1}. (5.58)
|6uy <c vie{0,..,N—1}. (5.59)
P uisa ]y < c Vie{0,..,N—1}. (5.60)
i+l i
g 9| < Vie {0,...,N —1}. (5.61)
h Q
|55i+1|Loo(pc) Vie {0, ety N — 1}.
(5.62)
Proof. With the assumptions (5.18), (5.19) and (5.54), we see that
6% + [u’ly + |8°] L) < c (5.63)

For i > 0, we take v = Oy in (5.51), we have that
(Fu )y < —(AuTha )y — () (G(a7 e(w)) e(u))o
=0
— (i T B (i ) 4 (T ai
(5.64)
It follows from (5.13), (5.14), (5.39), (5.30), (3.9) and (5.24) that

2w <hmg Y (10' ] + [u!|v) + Lalu'™ |y + 1Y 1G(0s4,050)|q
=0 =0

+ |A(0y)|y + CiLyJu™* |y + [ £,
(5.65)

Using similar arguments that those used in the proof of the relation (5.64),
to find that
fori >0

<A'U,i+1, ui+1>V’><V < — Q/}(’U/iJrl, U/iJrl, ﬁiJrl) o <52’U/i+1, ui+1>v/><v o ¢(ui+1’ui+1>
- h(i G(ol,e(u)),e(u™))q + (FH u™ )y
j=0
We use (5.12), (5.13), (5.36), (5.30), (5.19), (5.24), (5.65) and (3.9) to get
malu™ 5 <+ La|u™ )+ ch i(‘ajk? + | [y)|[u™ |y

=0
+ 2CT L, |u™E + clu ™y

(5.66)
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Hence, taking into account (5.47), to deduce that
[y < eh > (lo?]q + [ul]y) +c. (5.67)
=0
On the other hand, it follows from (5.12), (5.13) and (5.52) that
0t < himg Z(|aj|Q + |u?|y) + hz |G (0, Ogd)‘Q + ety + e,
=0 =0
this inequality combined with (5.67), gives
o o + [u My < eh Y (lo7|o + W ly) + .
=0
Applying Lemma 2.2, it follows that
oo + [uy <c Vie{0,...,N—1}. (5.68)

We combine (5.56) and (5.68), we get (5.57).
Now, from (5.53) we find that

1B — B pee(re) = [(CrB' (R(u)))? — €a) 1 |1oo(r.),
which, together with (5.1) leads to
168" L2,y < e
The relations (5.68), (5.65) and assumption (5.24) show that
|2u' |, <c  Vie{0,...,N —1}. (5.69)

For ¢« > 0, we take v = u;,1 in the inequality realized by u; and v = u; in
inequality realized by u;,; and adding the above two inequalities, we have
(2! — 52wt — '“'i>v’xv < —p(uh uitt -, gt
+ w(uijuz—i-l o u1752) + w(uz—ﬁ-l’uz—&—l - ’U,Z,Bz)
. w( i+1’ uiJrl _ ui,ﬁi) . (I)(uiJrl’ ui+1 _ ui) (570)
T (I)(ui’,ui+1 _ ul) o <Aui+1 _ Aui’uiJrl _ ui>V’><V

+ (=L =)y — (G e(w)), e (u — ul)).

u
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Hence, using (5.13), (5.24), (5.56), (5.29), (5.33), (5.25) and (5.39) we get,
the following result

’62ui+1 . (52'U,i|V/ §012Lu|u’i+l o ui|V + C‘ﬂiJrl o Bi|L2(Fc)

+ch Y (|o7lg +w[v) + 7Y |G(0se,084)|,  (5.71)

j=0 7=0
+ |fz'+1 o fi!v’ + LA|ui+1 . ui’\/-

We take v = wu! in the inequality (5.46), and v = u° in inequality (5.51)

realized by uq, and add the resulting inequalities to obtain

(Au' — Au® u' —u®)yr o < — (Put ut —u) s — YUt ut -l BY)
+p(u’,ul —u’, 5 — p(u',ul —u)
+ ofu ! — ) — (Gl o(u). s’ — )
+ (=t —u)y

We use (5.12), (5.13), (5.30), (5.33), (3.9), (5.25) and (5.71) we get o)
malou'ly, < c(|o’|q + [ully)|ou'ly + (20T Ly + La)|ou'f;,
+elout |08 Lo,y + 10F v 0ulfv,
Thus, from (5.24),(5.56),(5.47) and (5.68), we have that
bully <e, (5.73)

for i > 1. Thanks to (5.70) we get
(Au! — Awl, ui ! — wi)y < —o(ut ut -l )
+ip(ut, ™t —ut) B — O(u T u Tt — ul) + O(ul, u Tt — ul)
F(uit Wit -, B — (it it — 5 |
(0 = Pt =y~ (G ). w0
+<fl+l - flv U’H_l - uZ>V/><V7
(5.74)

the relations (5.25) (5.29), (5.33),(5.71) (5.56), (5.68), (5.47) with the as-
sumptions (5.12), (5.13),(5.24) and (3.9) show that

ou |y <e¢ Vie{o,...,N—1}. (5.75)
We use (5.52), (5.12) and (5.13), to have

0! —o'lg < clu — |y + ch(|oq + |y + o),
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and, by (5.52), (5.68) and (5.75) we find

ot _ gi
‘ h

,SeVie{o N1}

Thus, the following inequality can be obtained from (5.71), (5.56), (5.24),
(5.75) and (5.68)

|3 u |y <e Vie{0,...,N —1}. (5.76)
From (5.53) we find that
|Bit1 — Bi|L°°(FC) = |h(0n5z’(R(“i))2 - 6a>+|L°°(Fc)7
which, together with (5.17) leads to
16Bi1lr2r.) < ¢
[

For each N € N, let u'™! be the unique solution of the Problem P i €

{O — 1}. We introduce the following functions uy : [0,7] — V,

[0 ] =V, fv:[0,T| =V, ox:[0,T] = Q, By :[0,T] = L*(T,) and
GN [0,T] — @ defined, respectively, by

’ll,N(t) = ’U,i -+ (t - ti)éu”l Vt € (ti, tz’+1]; (577)
UN(O) = Uy, {I,N(t) = ’U,H—l Vit € (t“ ti+1], (578)
Fu(t) = £ fu () = 0F Ve (t ], (5.79)
&N(t) ottt Vit € (tz, ti+1] (580)
Bu(t) = pitt = hZ(J (R — B VtE (titiy],  (5.81)

t) = hz Glo e(u))  Vte (t;,ti], (5.82)

for all, i = 0,...N — 1. Here (o)Y, (7)) and u° are given in (5.52) -(5.54).
We use the following notations

On(t) = 6u™t, wn(t) =6u’ + (t —t)0%ut, Vit € (it (5.83)
On(t) = Fu ™ wy(t) = Put + (- )BT, V€ (t,tia]. (5.84)
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an(t)o + ‘faN(t)|v F1Bn ()| pery < ¢ VEE0,T], (5.85)
lun ()] < c vt € [0, 7], (5.86)
UN(t)‘V <ec vt € [0,7], (5.87)
(8] < c vt € [0, 7], (5.88)

F(t) — f(t)‘v < ch vt € [0,7], (5.89)
an(t) — uN(t)’V < ch vt € [0, 77, (5.90)
on(t) — ’UN(t)‘V < ch vt € [0, 7], (5.91)
on(t) — wN(t)‘ <ch vt € [0,7], (5.92)
Fl(t) — f(t)‘v < ch vt € [0,7], (5.93)
lun(t) — un(s)ly <c|t—s| Vs € [0,T],  (5.94)
lun(t) —un(s)|r2r,re <c|t—s]| Vt,s € [0,T], (5.95)
‘UN@L) . UN(S)‘V <clt—s] Vs € [0,7],  (5.96)
’vN(t) ~on(s)] e Sl 5] Vs € [0,T).  (5.97)

Proof. (5.85)-(5.88) are consequences of Lemma 5.1. For proof of (5.90) and
(5.89) we see that

tit1

Ffn(t) = fo+ f(s)ds ¥Vt € (t;,tis],i=0,..N —1,
0
SO
s <] [ feas= [ o]
= t - f(s)ds)v
<| [ 1
S Ch7
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we have that

t i 4 t
u’ +/ On(r)dr = u® + Z/ On(r)dr +/ on(r)dr Yt e (ti,ti]
0 1=1 Yt-1

t;

4 t
—ul+ Z hou' + du't! / dr

1=1 ti
=u' + (t —t;)0u'"

= un(t);
thus we find
tir1 t
an(t) — uN(t)‘ — / On(s)ds — / f)N(s)ds‘
v 0 0 v
tit1
- d ‘
/t vn(s)ds ”
tit1
< ox(s)| ds|
< /t ’UN(S)‘V s
< ch.
In the same way we prove (5.92), (5.93) and (5.91).
If we use (5.87) we get
lun () —un(s)v < | [ |on(r dr‘<c|t—s| vt s € [0, T];

(5.95) is a result of (5.94) and (3.9),
also we have that

v +/ (-UN d?”—'U +Z/ LUN d?”+/ N dT‘ vte(ti,ti+1]
= +Zh(52ul+(52 ’H/ dr

=1
= ou' + (t — t;)6*u'™
= vn(1),
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so we get
t s
lon (1) — vn(s)|y = / on(r)dr — / ch(r)dT’
0 0 v
t
< -
< /S wN(r)’Vdr‘
< c|t — s
(5.97) is a consequence of (5.96) and (3.9). O

Lemma 5.3. There is ¢ > 0 where for each M, N € N* with N > M, we
take h = L

Gn(t) — Gu(t)]o < c/o [un(s) — war(s)|yds + ch’

Proof. The last inequality is self-evident for ¢ = 0.
So for all t € (0,T] there is l € {0,..., N — 1}, ¢ € {0, ..., M — 1} where

t € (ti, tiea] N (tg, tgr1s] (5.98)
using (5.52), (5.54), (5.78) and (5.80), to get
on(t) = As(ay(t) + hG(a e(u’) + 0% — As(u®) Vit € (0,t4],

and therefore t € (t;,t;41]

on(t) = As('&N(t))—l—Z /t.j G(on(s),e(an(s)))ds+hG (o, e(u’))+o"—Ae(u?).

Gx(t) = Ac(ii (t)) + hG(o”, <(u / G(&x(s), £(n(s)))ds
(5.99)

+/tZQ(&N(S),€(QN(S)))ds+a‘0—Ae(uo) Vit e (t, ]

We conclude from the last inequality, (5.12), (5.13) and (5.98) that Vt €
[0, 71,



5.2 Existence and uniqueness result 5

using the Gronwall lemma we get

ay(s) — '&M(s))vds +ch',

(5.100)
we use (5.78),(5.80),(5.82) and (5.13), we find that for each t € (¢;,t:1] N

(tg, tgral

Gn(t) — &M(t))Q < c"&N(t) — ’LNLM(t)‘V + C/Ot

Gv(0) — Gu)] <c |

on(s)— 5’]\/[(5>‘Qd8 + c/ot

din(s) — &M(s)‘vds

t
—l—ch—l—ch/—F/
t

t
+/
t

q

G(&n(s), g(aN(s))(st

by (5.85) we find

Gn)—Gu(n] < [

i (s) — am(s)(vds +e.

]

Lemma 5.4. There exists two subsequences of {ux} and {tn} also denoted
by {un}, {an} respectively and an element uw € W2(0,T; V') such that

uy — u weaklyin L*(0,T;V). (5.101)
Oy — w weaklyin L*(0,T;V). (5.102)
vy — U strongly in C([0,T]; V). (5.103)
On — w strongly in L*(0,T; V). (5.104)
Oy — u weaklyinL?*(0,T; H). (5.105)
Oy — i strongly in L*(0,T; V). (5.106)
uy — u strongly in C([0,T]; L*(T's; RY)). (5.107)
uy — u strongly in C([0,T]; V). (5.108)
wy — u stronglyin L*(0,T;V). (5.109)

Proof. We know that
product

h

2(0,T;V) is a Hilbert space endowed to the inner

t
(w, 2) 20,11 :/ (u(s), z(s))yds  Yu,z € L*(0,T;V).
0

67



5.2 Existence and uniqueness result 5

From (5.86) and (5.87), we find that we have two functions w, w in L*(0,T;V)
and a subsequence of {uy} denoted by {uy} such that

uy — u weaklyin L*(0,T;V),

1N)N — w weakly in L*(0,T;V),

the functionals z — fo s)ds)y and z — (v fT (s)<(s)ds)y are
linear continuous functlonals for all v € K and ¢ € D(0,T) than we find

that
(U’/OTU(S)é(S)ds)V = lim <”>/OTUN(S)<(s)ds>V
= (”7 - /OT fJN(S)c(s)als>V

= (v, —/OTw(S)§(5)dS)V7

and from it we deduce that w = .

For the proof of (5.107), we deduce frome (5.95) that the set W = {uy :
[0,T] — L?*(I'3),R%), N € N*} is equicontinous, and since the trace map is
compact operator and from (5.86), we conclude that W (t) = {un(t) / uy €
W} is relatively compact, in the last from the Ascoli-Arzela theorem, we get
(5.107).

It follows from (5.51), (5.78), (5.77), (5.81), (5.79) and (5.82) that

(0.0 —ax(t)  +(Gn(0). 20 —an(0) -+ (an(t).w— (). b))
o (an().v) - @(aw (1) + (@x.v @y ()n
<fN v—uNt)> VoeU Vtel0,T].

For each M, N € N*, let N > M. We take v = —h©); + u**! in inequality
(5.51) which satisfaite with w;, v = hoy + u' in inequality which satis-
faite with w;; ,v = —h' Oy + W/ in inequality which satisfaite with
and v = hvy + o’ in inequality which satisfaite with u;y1 and we put
O (t) = %, Dy(t) = w4 (t — t;1)6ul, we get
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<A6N(t) Avy (1), On(t) — Q~JM(t)>V v

(hg —h'G(o? e(w)),e(Oy — @M)>Q + <I>(ui, On(t) — @M(t))
— o (ax () w(®)) + @ (1), o (1) — Dur (1))
— (w, o ) (Fv(0) = fu®) on(t) = ou(®)) ,
+ (Blt) = @ (6) + @arlt) = Bar(), o(t) = Dus(®)) ,
— (@ (1), o (8) = Ba(®), By () + (', D) — B (1), &)
+ 0 (ar (1), B3 (1) = e (1), e (1)) — v (!, O (t) — D (1), &)
+w(u (D5 () = D (t), B (1)) = (w' (1), B (t) - f)M<t>,BN<t>)
v (w/(1), ox(t) - u(®)) = v(wie), ou (1), Bu(t))
which combined with (5.12), (5.13),(5.25),(5.33),(5.62),(5.60) and (5.83)

mafow(t) - ﬁM(t)‘i
< +ch"f)N(t) - @M(t)jv + ch‘@N(t) - @M(t)]V +ch +ch
+ 1 (®) = fu®lv]on(®) = (1),
applying the following inequality
ab < —2g2 4 AR
my 8
we find
on(t) — ﬁM(t)fV <ol fvt) - f@)fv el (1)~ Ful) 2V ch+ ol + ch? + e,
by (5.93), we have
‘{;N(t) - ﬁM(t)‘QV < ch+ch' +ch? + ch.
In the oder said from (5.91) we have that
lon(t) —op ()]} < "UN vM(t) + ch? + ch™

(5.110)
< ch+ch' —|—chz—|—ch2
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Then we conclude that {Oy} is the Cauchy sequence in L*([0,7]; V) and
{vn} is the Cauchy sequence in C([0,T];V), if we use the convergence
(5.102), we obtain (5.104). The convergence (5.103) is a result of (5.87)
and theorem 2.39 in [29)].

About (5.105) we have that for all v € U and ¢ € D(0,T) than we find that

((/OTU(S)g'(S)ds,U>>H = A}l_:r)noo ((/OT UN(S)g'(s)ds,v>>H
= ]\}1_1}1100 (( — /OT wn(s)s(s)ds, v))H

— (( — /OT g(s)g(s)ds,v))H,

so we conclude that @y (t) — g(t) = 0(t) = u(t) in H.

Since H is compactly embedded in V' and from (5.105), we have @y —
strongly in C(0,T;V").

On the other hand, we have

(et (1)) = Ac(is (1), (i (1) — e (1)),

< (G (1) = G t) =(aun(t) = duag(1)) ) | — (@ (1) = Gar(0) (1) — tuaa (1))
(1), T () = s (8), B (1)) = v (o (1), (1) — s (), s (1))

+ @ (@ (t), an(t) — @ar(t)) — @ (@ (t), @(t) - anr (1))

+ <fN(t) — fu(t), an(t) — aM(t)> Vv € U, Vt € [0,T],

1%48°3%

VvV xVv

from (5.12),(5.28), (5.36), (5.85) and applying the inequality
2
ab < —a® + ZAp
ma 8

we obtain
2
un(t) — wp(t ’
un(t) —an(t)]

2

< C)g]\l(t) — gM(t)’Q +C‘&N(t) — uu (1) ‘ N 2

c|fn(t) = £(1)

L2(De;RY) 1%
Fel )~ £ +elon) —aul  viel0.T)
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and from (5.90) and (3.9) we have that

"LN:,N(t) — (Bl < Jun () —wn(t)] +ch+chl (5.111)

Ay (t) — ay(t) < |un(t) — wrn(t)|g2me) + ch+ch’,  (5.112)

L2(T;R4)

next, by (5.112), (5.111) ,(5.89) and lemma (5.3) we find that

2
‘uN(t) —ﬁ,M(t)’V < clun(t) — wnr(t)| 2 may + ch+ b+ ch? + ch’

e fo lun(s) = war()[ds + cllon(t) — on (bl

(5.113)
Note that thanks to (5.110), There is a constant ¢ where
@n(t) —@n(t)]3, < ch,
so, we get
2 ’
[ (t) - uM(t)‘V < c|uNt(t) — e +eh el o
+c [y lun(s) — un(s)[3ds 4+ ch? + ch?,
which together with (5.90), leads us to
2
‘uN(t) - uM(t)‘V < clun(t) — war(t)] sorozay + ch+ ch (5.115)

e fy lun(s) = uar(s)f}ds + ch? + ch’,
we apply Lemma 4.19
un (t) = war (D el (8|2 (T RY)
+ C/Ot lun(s) — wn(8)| 20, rayds + ch vt e|0,T).

(5.116)
So we obtain

un — wnrlG oy < clun — unrleqoryzawo) + el (5.117)

Now, using (5.107) we conclude that {uy} is the Cauchy sequence in C([0,7]; V)

and if we use (5.101) we deduce the convergence (5.108), and in the last
(5.109) is the result of (5.90) and (5.108). O

We define the operator F': C([0,T]; Q) — C([0,T]; Q) as follows:

FO(t) = A=(u(t)) + / G(D(s), e(u(s)))ds + o° — As(u®), Vi € [0,T]
’ (5.118)

71



5.2 Existence and uniqueness result 5

Lemma 5.5. The operator F has a unique fized point o € C([0,T]; Q)
Proof. Let 91,95 € C([0,T];Q), using 5.13 we get

[P, (1) — Fa(t)[3 < C/O 91(s) — 9(s)[3, ds (5.119)

reiterating (5.119) n times, we find that
(cT)"

|F"91 — F"954q0 11.0) < !

91 = Dl

for a great value for n the operator F™ is a contraction in C([0,7]; @), hence
from the Banach fixed point theorem the operator F' has a unique fixed point
o€ C(0,T;Q) O
Problem P‘é

Find g : 1[0, 7] — L*(I'.) such that:

B(0) = fo (5.120)

Bt) = —(CLBM) (R(uy(1)? — &)+ aet €(0,T). (5.121)
Lemma 5.6. The problem Pg has a unique solution [ wich satisfies

Be Wh>(0,T; L*(T,)). (5.122)

(5.123)

Proof. Fixu € L*(0,T;V) We define B : [0, T]x L>(T.) — L>(T,.) as follows
B(t, 8) = —(C,A(H) (R(uw(t)))* — €a),

we see that
|B(t, 81) — B(t, B2)| L=,
= | = (C(R(uw(5)))?Br(s) = €a) s + (Co(R(uy(5)))*Bals) — €a) 4

Leo(Te)
< Co(R(w,))?[Br(s) = Ba(s) |1 (r.)-
In addition to t — B(t,8) € L>(0,T;L>(I'.)), V8 € L*(I';). Then ac-
cording to Theorem 2.7 there is only one unique § € L>(0,T; L>(T".)) such
that .
B(t) = B(t, B(t)),
B(0) = Bo.

(5.7) show that the function ¢t — () is decreasing and its derivative vanishes

when C,3(t)(R(u,(t)))? < €,. Moreover, from (5.18) we conclude that 0 <
B <1foralltel0,T]. 0

72



5.2 Existence and uniqueness result 5

/ G(o ))ds Vvt e [0,T). (5.124)

Lemma 5.7. Vv € L*(0,T;V)

Jim <A i —uN<t>>V,XV = (Au(t), v(t) = u(t)) vy
Jim (), o) —an() = (F0.00) = ub)y .
Jim (QN —e uN<t>>)Q = (Q). £(v(t) — u(t))e.
Jim ((wN —ax(t))) ds = ((@(t), () = u(),
Jim (@ (), v(0), (1)) ds = J(u(t), v(0), 5(0)).

Jim (J(uN< ), (), B
Jiminf J(@(8), ax (0), By (1)) = J(u(t), u(), 5(0).
Proof. We note that from (5.39) and (5.109)

Aty — Au strongly in L*(0,T;V),

in addition to the result (5.109) we get the first equation in Lemma 5.7.
Using the result (5.89) we find that

f = f strongly in L*(0,T;V),

and with (5.109) we obtained the second equation of Lemma (5.97).
Let o be the fixed point of (5.118), it follows from (5.12), (5.13) and (5.99)
that

+c£W@ﬂ@—a@%ﬂs

&Mﬂ—a@kgc@MU—u@’

0

we use now Lemma 4.19 to obtain

\%4

an(s) — u(s)’@ds +ch Vte|[0,T],

Scbﬂﬂ—u@h+c£t

&Mﬂ—a@)

o upy(s) — u(s)’vds +ch Vte|0,T],
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5.2 Existence and uniqueness result 5

it follows from (5.124), (5.78),(5.80) and (5.82) that

G (t) — Q(t)‘@ < C/ot dn(s) — u(s))vds +c/0t

t
SC/
0

using (5.109), we deduce that

on(s)—o(s) st +ch

din(s) — u(s)‘vds teh Ve l0,T),

Gy — Q strongly in L*(0,T;9)

and from it the third inequality have been verified. By (5.109) we get the
fourth equation of Lemma (5.7). Using the definition of the functional J and
the properties of functions ¢ and ¢, the trace theorem, (5.85), (5.122) we
obtain

)[J(ﬁzv(t), v(t), B (t)) — J(u(t), v(1), 5(t))]

N (5.125)
+ )ﬁN — ﬁ’ Yv e U.
v L2(T.)

< c\v[v(’ﬂN —u

Now, using relations (5.81), (5.85), (5.78) and (5.53) it follows that

Bu(t) - B(1)

L2(T.)

= |~ [ (CB ) = e+ [ (Cble) w5 = ) s

- / (CoB() (R(i())® — a) s — h(CuBo( RO — e

L*(Te)

ds
L2(T.)

g/o C,B(3) (R(uy(5))? = C,B(s)(R(i1(s))?
+ [ ey,

< clun(s) — u(s)|vds + c|Bn(s) — B(s)| 2. ds + ch,

)ds—l—ch

c

applying the Gronwall lemma, we get

(BN(t) — B(t) | < c/0 [y (s) — u(s)|yds + ch.

L2(T,

Using the last inequality in (5.125) and from (5.109), (5.105) we get the
convergences of the fifth and sixth equations of the previous Lemma.
Let ¢ : L?(0,T;V) — R be the functional defined by



5.2 Existence and uniqueness result 5

By (5.23), (5.26) and (5.35), we find that the functional ¢(v) is continu-
ous and convex. Thus, we conclude that J is weakly lower semicontinuous
function, which with the convergence (5.109) one can establish the following
estimate

>
G info(ay) > o(u).

On the other side, we have that

I (@ (), an (1), B () = plan) +J (an(0), (1), S (1)) — 7 (u(t), (1), 62)),
passing to the liminf as NV — oo, we get the last inequality of the previous
lemma. O
Now we are ready to prove Theorem 5.1
Proof. We induce that from (5.51), (5.55), (5.78), (5.81) and (5.82) that
(Aun(t),v uN(t)>v'Xv +(Gn(t),e(v —un(t))e
(( w(s).0(s) = n(s)) )+ Tl (6). o(0). A ()

—J(un(t), () (1)) szN( t),v —un(t))y oy Yve U,

in order to pass to the lim supl when N tends to infinity and applying Lemma
5.7, we not that the last one is equivalent to

{ (Au(t), v(t) = u(t))y ><V+(Q(t) e(v(t) — u(t))q + ((@(t), v(t) —u())),
+J(u(t), v(t), 5())J (u(t), u(t), 5(1)) = (f () (t) — uft ))v XVVUG U,

We deduce that (u, o, 3) is a solution of Problem PV,
In the other side from (5.94) and (5.96) we have that

[u(t) —u(s)lv

V=

u(t) —un(t)|v + lun(t) — un(s)|v + [un(s) —u(s)|v
u(t) —un(t)|y +clt — s| + |un(s) —u(s)|y Vt,s €10,7T],

IN I/\

when N tends to infinity, we conclude that
[u(t) —u(s)ly <t —s| Vvi,s €0,T].
On the other hand, we have the following inequality

u(t) —on()|v +|on(t) —on(s)|v + |on(s) —a(s)lv
—v(t)|ly +c|t — s| + |vy(s) —u(s)|y Vt,s €[0,T]

() —a(s)lv

IA A
.
=
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5.2 Existence and uniqueness result 5

so when N tends to infinity
w(t) —a(s)ly <clt —s| Vi,s €]0,T],
which implies that
[a(t) —a(s)|y <clt—s| Vt,s €[0,T],
Thus, we have
(1) u € Whe(0,T;V) (i) @ € L=(0,T;V). (5.126)
And we also have that

t
o(t) — o (s)lo < clu(t) —uls)ly + C‘ / (lu(r)ly +lo(r)lg + 1dr
<clt—s| Vt s €]0,T].
(5.127)
We take v(t) = u(t) £ w(t) where w in [D(2)]¢ in the inequality of problem
P2V, we conclude that
Div o (t) + fo(t) = ou(t) inQ, ¥Vt € [0,T], (5.128)
Now, (5.127), (5.16)(1), (5.126)(ii) and (5.128) imply that
o€ WH(0,T; Q). (5.129)

]
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Conclusion

This thesis proposes a contribution to the study of boundary problems in
contact mechanics. Two viscoplastic and thermo-viscoelastic behavior laws
were considered for this purpose. Contact problems with and without friction
were studied in a dynamic process with boundary conditions, where thermal
effects and adhesion are coupled. For each of these problems, we provide the
variational formulation, followed by the existence and uniqueness of the weak
solution.
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