N° d’ordre :
N° de série :

/'\ People's Democratic Republic of Algeria

Ministry of Higher Education

and Scientific Research

ECHAHID HAMMA LAKHDAR UNIVERSITY EL OUED

FACULTY OF EXACT SCIENCES

End of study dissertation

MASTER ACADEMIC

Domaine: Mathematics and Informatics

Field: Mathematics

Specialization: Fundamental Mathematics

Theme

APPROXIMATE SOLUTIONS OF WEAKLY
NONLINEAR DIFFERENTIAL EQUATIONS

Presented by: Kaouachi Rahma

Defended on [Day/05/2025], in the presence of the Examination Committee:

Name Rank Role
KASBAH Mesoud Doctor Chair
MEFTAH Safia Professor Supervisor
LETOUFA Yassine Doctor Examiner

Academic Year: 2024-2025 / 1446-1447 AH



APPROXIMATE SOLUTIONS OF
WEAKLY NONLINEAR
DIFFERENTIAL EQUATIONS



Abstract

In this study, we analyzed the most useful approximation methods for obtaining approx-
imate solutions to a weak second-order nonlinear differential equation using a power series
with small parameters. We established the third-order periodic approximate solution and
the best third-order approximation of the weakly nonlinear differential equation.

We focused our study on the approximate solutions of the van der Pol equation in its
general form. First, we demonstrated the approximate analytical solutions to this equation
using different perturbation methods, including the Simple Perturbation Method (SPM), the
Lindstedt-Poincaré Method (LPM), and the Averaging Method (AM). Then, we compared

these approximations with each other and with the exact solution.
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Résumé

Dans cette étude, nous avons analysé les méthodes d’approximation les plus utiles pour
démontrer des solutions approximatives a une équation différentielle non linéaire du second
ordre en utilisant une série de puissances avec de petits parametres. Nous avons établi la
solution d’approximation périodique du troisieme ordre ainsi que la meilleure approximation
du troisieme ordre pour cette équation différentielle faiblement non linéaire.

Nous avons concentré notre étude sur les solutions approximatives de 1’équation de van
der Pol sous sa forme générale. Tout d’abord, nous avons démontré les solutions analytiques
approximatives de cette équation en utilisant différentes méthodes de perturbation, notam-
ment la méthode de perturbation simple (SPM), la méthode de Lindstedt-Poincaré (LPM)
et la méthode de moyennage (AM). Ensuite, nous avons comparé ces approximations entre

elles et avec la solution exacte.
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General notations

on(0) order functions.
E(z) the approximation error.

F(z,2) a numerical function with respect to z et 2.

Z= % the prime derivative of z with respect to 6.
Z= % the second derivative of z with respect to 6.

F, = %—f the first derivative of F' with respect to z.

F,, = %27’5 the second derivative of F' with respect to z.

F:. = %—5 the first derivative of F' with respect to 2.

oh

5¢ the first derivative of i with respect to .

92%h

5z the second derivative of h with respect to t.

92z

5 the second derivative of z with respect to t.
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General Introduction

Nonlinear differential equations form the foundation of mathematical modeling for
both natural and engineered systems. They are crucial for capturing real-world complexity
across various fields, including electrical engineering, mechanical vibrations, fluid dynamics,
biology, chemical reactions, control theory, and economics. These equations extend beyond
the simplicity of linear relationships, describing intricate phenomena such as oscillations,
bifurcations, limit cycles, and chaos.

Unlike linear differential equations whose solutions are well understood within an es-
tablished theoretical framework nonlinear equations often resist exact analytical treatment.
The absence of general closed-form solutions compels researchers to rely on approximation
techniques. While these methods are not exact, they effectively describe both qualitative
and quantitative behaviors, especially in systems influenced by small parameters or periodic
effects.

Among the many nonlinear systems that have garnered significant attention, the Van
Der Pol oscillator stands out as a widely studied and influential model. Introduced by
Balthasar Van Der Pol in the 1920s to describe nonlinear electrical circuits, this oscillator
exhibits a broad spectrum of dynamic behaviors and serves as a benchmark for testing new
analytical techniques. Its relevance extends beyond electronics to fields such as biology (e.g.,
modeling the heartbeat), seismology, and economic cycles.

This thesis aims to investigate approximate solution methods for nonlinear differential
equations by applying and comparing three widely used perturbation techniques:

Simple Perturbation Method (SPM)

LindstedtPoincaré Method (LPM)
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Averaging Method (AM)

Each of these methods is based on expanding the solution in terms of a small parame-
ter. Their primary objective is to derive periodic solutions while eliminating secular terms
undesirable terms that cause solutions to grow unbounded over time, leading to a loss of
accuracy. Although each method has its advantages, their effectiveness varies depending on
the equation’s structure and order.

The thesis is structured into three main chapters:

Chapter 1 establishes the theoretical foundation, introducing essential concepts in dif-
ferential equations and perturbation theory.

Chapter 2 focuses on deriving and analyzing the second approximate solutions for the
general second-order equation and also the Van Der Pol equation.

Chapter 3 expands on the calculation of the more complex third-order approximation of
the equation.

Through comparative analysis and discussion, this study evaluates the strengths and

limitations of each method, highlighting the contexts in which they are most effective.



Chapter 1

Preliminaries

This chapter serves as the theoretical foundation of the memo. It begins with a general
review of differential equations, emphasizing the distinction between linear and nonlinear
types and the challenges posed by the latter. The chapter then introduces perturbation
theory, explaining its significance and the principles behind its application to nonlinear
problems. Fundamental definitions and methods are presented alongside illustrative exam-
ples, followed by a detailed discussion of specific techniques, including simple expansion, the
LindstedtPoincaré method, and the averaging method. Special emphasis is placed on the
issue of secular terms and techniques for their elimination. The chapter concludes with a
review of the Fundamental Theorem of Existence and Uniqueness, which ensures the math-
ematical validity and well-posedness of the systems under consideration. Additionally, we
introduce fundamental concepts related to dynamical systems, differential equations, and

perturbation theory, which will be utilized in Chapters 2 and 3, see [2, 3, §].

1.1 Differential equations

Differential equations have been used since Newton’s time to understand physical, engi-
neering, and biological sciences. In addition to their contributions to mathematical analysis,
their applications have extended to economics and social sciences, gaining importance across

all areas of science and its applications.
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Definition 1.1.1. [11, 4, 5] A differential equations are a relation between an independent

variable h, and a dependent variable z (t) and one or more differential derivatives 2,2, 2", ...

This means that its general formula is of the form
F (t,z,z/,zﬁ, > =0, (1.1)

this equation is called ordinary differential equation. But if number of variables independent
is greater than an independent ¢, z and h(t,z) is a dependent variable that is partially
differentiable for each of t, z, the equation that includes the independent variables, the
dependent variable and its partial derivatives is called a partial differential equation, in the

form of

oh 9%h _
G(t,Z,h,E,W,...) =0.
Example 1.1.1. Differential equations

2

PR A P sint, (1.2)

24tz =12 (1.3)
0?h 9*h  Oh
— 4+ 2tz2—— 4+ — =1t. 1.4
o oz T o (1.4)
note that the equations (1.2) and (1.3 ) are both ordinary differential equations, while
equations (1.4 ) is a partial differential equations.
There are linear differential equations, which are linear equations in the dependent variable

and all its derivatives.

Example 1.1.2.
22" 4tz + 122 = exp (t) sint. (1.5)

It is a second order linear equations where the dependent variable z and its deriatives 2, ="
are linear. that is, each of them is raised to the power to the power of one, and there are
no common products them and it does not matter whether their coefficients are constants or
functions in t.

If a differential equations is not linear, then it is a nonlinear differential equations. For
example

22 +2 =t (1.6)
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Note: Nonlinearity does not affect the order of differential equations, equation (1.6) is

second-order nonlinear.

1.2 Perturbation Theory

The development of the theory concerning the influence of small perturbations on the
solutions of differential equations began in the 18th century. Since Poincaré’s perturbation
theory emerged around 1900, it has flourished with new ideas and significant fundamental
applications.

The principle of perturbation theory is to study dynamical systems that are small pertur-
bations of "simple" systems. An important example is the practice of measurement, where
quantities such as distance and volume are considered.

This theory, while historically established, is currently receiving great attention among
scientists and mathematicians, particularly in fields such as mechanics.

Multiscale analysis in mathematics and physics involves techniques used to construct
regular approximations for solving perturbation problems. It does so by introducing fast and
slow media within a moving medium, treating them as independent, and thereby obtaining

regular and periodic solutions, see [3].

Example 1.2.1. A simple example of a perturbation arising in a natural way is the following

problem. Consider a harmonic oscillation, described by the equation
Z+4+2=0. (1.7)

In deriving this equation the effect of friction has been neglected; in practice however,
friction will always be present. If the oscillator is such that the friction is small, an improved

model for the oscillations is given by the equation
Z4+0z2+2=0. (1.8)

The term 62 is called "friction term" or "damping term" and this particular simple form
of the friction term has been based on certain assumptions concerning the mechanics of

friction.
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The parameter ¢ is small

0<0<<1,

as will always be the case, in this chapter and in subsequent chapters. If we put 6 = 0 in
equation (1.8) one recovers the original equation(1.8), we call equation (1.8) the "unper-
turbed problem".

One of the interesting conclusions which we shall draw is, that in a great many problems, the
introduction of small perturbations triggers off qualitatively and quantitatively behaviour
of the solutions which diverges very much from the behaviour of the solutions of the unper-
turbed problem. We can observe this already in the simple example of the damped oscillator

described by equation (1.8).
Example 1.2.2. Consider the initial value problem
i=—2+46 2(0)=1. (1.9)
The solution is zs(t) = 0 + (1 — §)e~". The unperturbed problem is
Z=—z 2(0) =1
The solution is z (t) = e~*. It is clear that
|zs(t) —2(t) | =6 —de " <5, t>0.
The error, arising in approximating z (t) by zs(t) is never bigger then §.
Example 1.2.3. The situation is very different in the problem
Z2=2z+0, 2(0) = 1.
The solution is zs(t) = —6 + (1 + &)e*. The unperturbed problem is
Z=+4z 2(0)=1,
with solution z (t) = e*. We find
25(t) — 2 () | = 6(1 — €*).

On the interval 0 < t < 1, the error caused by approzimating z (t) by zs(t) is of the order
of magnitude 6. This is not true anymore for t > 0, where the difference increases without

bounds.
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In the example 1.2.3 the solutions are not bounded for ¢t > 0.
We shall show now that also in the case of bounded solutions the difference between the
solutions of the perturbed and the unperturbed problem can be considerable.

Consider the initial value problem in the following example.

Example 1.2.4.
54 (1406)%2=0, 2(0) =1, 2(0) = 0. (1.10)

The solution is

The unperturbed problem is
Z4+2=0, z(0) =1, 2(0) =0, (1.11)

with the solution z (t) = cost. We should analyse the difference z (t) — z5(t). The solutions
are close for a long time, but if we wait long enough, take for example t = 7/(20), the

difference becomes considerable.

These examples illustrate that, when constructing approximations of solutions to initial
value problems, one must specify the time interval over which the approximation is sought.
In many cases, we aim for this time interval to be as large as possible.

We now introduce a number of concepts that allow us to estimate vector functions in

terms of a small parameter 9.

1.3 Basic material

Consider the vector function f : R x R” x R — R", the functions continuous in the
variables t € R and z € D C R", § is a small parameter.
The function f(¢, z, 0) has to be expanded with respect to the small parameter 6. In the

simple case that f has a Taylor expansion with respect to d near § = 0, we have

ft, 2, 0) = f(t, z,0) + 6 f1(t, 2) + 0% folt, 2) + - 0" fult, 2) +-- -, (1.12)



Preliminaries

with coefficients fi, fa, --- which depend on t and z. The expressions 6, §2, --- , ", --- are

called order functions. We shall look for an expansion in the form of

N
f(tv 2 5) :ZUN(é)fn(ta Z)+ (1'13)
n=0
in which 0,(0), n =0,1,2,--- are order functions, see [2, 6].

Definition 1.3.1. The function o(9) is still positive continuous in [0, o] and monotonically

such that ezists when tends to zero o(0) is called an order function.
In the case that f has a Taylor expansion, the order functions which have been used are
{0" = -
Other examples of order functions on [0, 1]
6| Iné|, sind, e~ Ye.

Very often we shall compare the magnitude of order functions with a characterisation like 54"
goes faster to zero that 62". What we mean is that we compare the behaviour of these two

order functions as ¢ tends to zero, for this comparison we shall use the Landau O-symbols.

Definition 1.3.2. 1. 0,(5) = O (02(5)) as 6 — 0 if there ezists a constant k such that

O'1(5> < kUQ((S), asd — 0

2. 01(6) = 0(02(0)) as § — 0 if
lim 71(9)
6—0 52(5)

=0.

Remark 1.3.1. In a number of cases the following limit exists

0'1((5>

6—0 O'Q((S) =k

In this case we find with the definition o(§) = O (02(d)). So if this limit exists, we have

in a simple way the O-estimate for order functions.

Example 1.3.1. In the example given above, we have
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Example 1.3.2.

otsinz, t>0,z¢eR;

§tsinz, t>0, 2z €R.
In perturbation theory we usually omit™ as & — 0™ as this is always the case to be considered.
We are now able to compare functions of §, but this does not apply to vector functions

f(t, z, 0). Consider for instance the function.
Otsinz, 0 <t<1, z€R.

Intuitively we would estimate 6tsinz = O(0) on the domain [0,1] x R; to do this, we have

to extend our definitions.

Definition 1.3.3. Consider the function f(t, z,6),t € I CR, z€ D CR", 0 < 4§ < dy,
a. f(t, 2z, 0) is O(c(9)) if there exists a constant k such that || f|| < ko(0) as 6 — 0 with

o(9) an order function (||.|| is the sup norm on I x D).

b. f(t, z,6) is o(c(5)) as § — 0 if {5@8% = 0.

In the example 1.3.2 given above we have
dtsinz =0(9),0<t <1, z€eR,
Note however that the O(d) estimate does not hold for the functions:

Otsinz, t>0,z€R;
d%tsinz, t>0, z € R.

As we are especially interested in initial value problems for differential equations, the vari-
able t plays a special part. Often we shall study a solution or its approximation on an
interval which we would like to take as large as possible. So in these cases we shall not fix
the interval of time apriori. It turns out to be useful to characterise the size of the interval

of time in terms of the small parameter 9.
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1.4 Simple expansion
Consider the initial value problem
Z2=f(t, 2 0), 2(0) = z, (1.14)

with t >0, z € D C R™.

If we can expand f (¢, z, ) in a Taylor series with respect to 9,

ft, 2, 0)= folt,2) +0fi(t,2) + 6% folt,2) -, (1.15)

then we could assume that there is a similar expansion for the solution
2 (t, 8) = 2o(t) + 621(t) + 0%2(t) - - - . (1.16)

It seems natural to expect that the formal expansion represents an asymptotic approxima-
tion to the solution. We will show that this is correct, but only in a very restricted sense. It
seems natural to expect that the formal expansion represents an asymptotic approximation
to the solution. We will show that this is correct, but only in a very restricted sense. The
general procedure for simple approximation is to substitute into the equation, expand in
powers of §, and set all coefficients of powers of § equal to zero. This gives a system of nor

homogeneous linear differential equations that we can solve recursively, see[2].
Definition 1.4.1. 1. The solution
2 (t, 8) = zo(t) + 621(t) + % 2o(1). (1.17)

is called the second order approximate solution of the equation (1.14). Or, the approz-

imate solution to order §°.

2. The solution
2 (t, 6) = 2o(t) + 021 (t) + 6%z (t) + 0°23(2). (1.18)

is called the third order approximate solution of the equation (1.14). Or, the approxi-

mate solution to order §°.

We will give a simple example to illustrate the technique.

10
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Example 1.4.1. [9] Let the following nonlinear differential equation be

d2
d—tf+z+25z3 = 0. (1.19)

Let us assume that the solution of this equation is of the following form
2(t) = 2o(t) + d21(t) + .. .. (1.20)

We can show that all solutions of equation (2.3) are periodic. Substituting (1.20) into
equation (2.3) gives

d? d? d?
( %0 zo) +6 <ﬁ + 21 4+ 229 + 6z0> + 62 <ﬁ + 29 + 629221 + 6yz1> +...=0.

2 dt? dt2
p (1.21)
W’?Jrzo —0. (1.22)
d*z
—m ta= 62 (- 1). (1.23)

Where F,, is a cubic polynomial function in its arguments. It should be noted that this system
of equations can be solved recursively, that is, determining z. only requires knowledge of the
functions z,, for0 <m <k —1.

These equations can be solved using the initial conditions.

dz (0)
=A —t = 1.24
c0=a, W, (1.21)
Thus,
20 (0) = A, 2(0)=0 pour  i>1,
42 (0) (1.25)
yr =0, pour k> 0.

The solution of (2.5) with the conditions (1.25) is
2o (t) = Acost. (1.26)
By substituting this result into the right-hand side of equation (2.11), we obtain
d221 A3

W—kzl = 22— 620 = —2A%cos® t —6Acost = —5 (3cost + cos3t) —6Acost. (1.27)

The particular solution of this equation is

A3 A3
z1p (t) = <E) cos 3t — (%) sint — 3Atsint. (1.28)

11
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Therefore, the general solution is

, A3 3A3Y\ .
21 (t) = Chcost + Cysint + I cos 3t — - sint — 3Atsint. (1.29)

The initial conditions, specified by equations (1.25), allow us to determine the arbitrary

constants Cy and Cy, such that C; = =A% ond Cy =0, thus z(t) becomes

32
A3
2 (t) = (E) (cos 3t — cost) — 3Atsint. (1.30)
A3
2 (t,0) = Acost + ¢ {(E) (cos3t — cost) — 3At sint| . (1.31)

However, the solution (2.8) shows that z(t), which is the correction term to the periodic
function z(t) (assumed to be small), is not only non-periodic but also unbounded ast — oo.
Therefore, directly applying (2.8) leads to difficulties when trying to compute analytical and

periodic approximations of nonlinear differential equations of the form given by (2.3).

Example 1.4.2. [1]

We consider the nonlinear differential equation

2
% +8sin(z) = 0, (1.32)

where 6 < 1 is a small parameter. Using the Taylor series

1 =z——4---,
sin(z) = z 5
we approrimate
() ~ 2 — =
sin(z) =~ z 5
Substituting this into the equation gives
d*z 23
—+0lz——|=0. 1.33
az " (Z 6 > (133)
We have
2(t) = 20(t) + 621 (t) + P2a(t) + -+ - .
d2
d_tj =z + 02 + 8%+,

and expand

2= (20+021)" =20 + 36252+ .

12
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20+0=0 = 2z(t) = Acos(t).
1
Zil +z1 = 628

We compute

28 = A3 cos?(t) = A® (§ cos(t) + icos(?)t)) ,

4
S0 \ ,
2+ = 5 cos(t) + 51 cos(3t).
The solution is X \
21 (t) = —f—6t sin(t) + % cos(3t).

A3 A3
2(t) = Acos(t) + 6 <_Et sin(t) + 15 cos(?)t)) :

10

6

6 7 & 9 10 11

—
—_
=
—
%)
Y
e
]

Figure 1.1: Approximate Solution of % + dsin(z) = 0, with Simple Method.

1.5 Lindstedt-Poincaré Method (LPM)

We present an approximation method, based on the expansion of a solution of a dif-
ferential equation in a series in a small parameter. It is used to construct uniformly valid

periodic solutions to second-order nonlinear differential equations in the form, see [6, 7].

13
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d*z dz
— =0F — 1.34
1.0+ 2(00) = 0F (2.0, 5 (0.)). (1.31)
2(0,0) = A, (dz/dt)(0,4)(0) =0, 0<d<<l.
If 6 = 0 we obtain the following unperturbed problem
d*z

The starting point of the perturbation method is the assumption that a periodic solution of

equation (1.34) can be written in the form

2 (1,6) = m%fmzm (t) + O (541 . (1.36)

1.5.1 Secular Terms

Te conservation of a finite numbers of terms on the right-side of expansion (1.36) deter-

mines a function that is not only nonperiodic, but also unbounded as t — +oc.

Definition 1.5.1. Terms such as t™ cos(pt) or t™ sin(nt) where m,n € N*,p € N are called

secular terms.

These expressions appear because expansion (1.36) is not uniformly valid. The existence
of such expressions destroys the periodicity of expansion (1.36) when only a finite number
of terms is conserved.

Therefore, to obtain a uniformly valid solution, we must look for an approximation that
eliminates secular terms.

A technique to avoid the presence of secular terms and allows for an approximation that is
valid for all time has been developed by Lindstedt-Poincare.

The essence of the method is to introduce a transformation of the independent variable.
This transformation will allow us to avoid the occurrence of secular terms in the solutions
of the perturbation series equations, see [8].

The fundamental idea originates from the astronomer Lindstedt-Poincaré and is based on
the observation that one of the effects of the nonlinear term in equation (2.12) is to change

the system’s frequency from the linear value vy = 1. To v(d) account for this change in
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frequency, a new variable 6 = vt is introduced. When 0 the resulting periodic solution has
unit frequency. If § and is small, then the frequency depends on ¢ and remains close to
unity. If v(t) has a period of 27 /v(d), then by setting § = vt, we obtain a new function v/(6)

with period 27 both v and are then expanded in powers of ¢ as follows
2(0,0) = 20(0) +021(0) + - - + "2, (0) + ..., (1.37)
O=vit=14+0v1+ -+, +.... (1.38)

At this point, the v; are unknown constants. Now, we introduce the following notations

2
Z= d—z, = d—@i, (2.3a)
.~ OF(2,2) . OF (2,%)
Fz (Z,Z) = T’ Fz (Z,Z) = T (23b)
we have 0 = vt
1
o d(vt) vt
dz dz
S (1.39)
d*z d [(dz 1 d*z
-2 === 1.40
TG db (d@) 2 A (1.40)
then the equation (2.12) becomes
d*z dz
2_ — -
v (0,0) 4+ 2(0,0) = oF (Z,Vd9> . (1.41)

If the equations (1.39) and (1.40) are substituted in the equation (1.41) and the coefficients

of the different powers of § are equal to zero, we get

Zo+20 =0, (1.42)
2+ 21 = 2120 + F (20, 20) , (1.43)
Zy+ 20 = 2117 — (V] + 2u0) 2 + F (20, 0) 21 + F (20, %0) (V170 + 71) (1.44)
23+ 23 = Gs (20, 21, ...y 225 Vo, 21y o0, 22) - (1.45)
Zn + 2n = Gr (20, 21, -y Zne15V0y 215 vy 1) - (1.46)

If F is a polynomial function in z and dz/dt, then G is also a polynomial function with
respect to its arguments.

To calculate an approximate periodic solutions of (1.44), we must solve (1.42), (1.43), (1.44)
and (1.46).

15
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Example 1.5.1. [1] Our aim is to solve the nonlinear differential equation

d*z

— +dsin(z) =0,

o (2)
using the Lindstedt-Poincaré method, which eliminates secular terms that appear in
reqular perturbation expansions, into steps

Introduce a rescaled time variable

0=uvt, v=1+0v+0y+---

. . 2 2 .
Then, derivatives transform as % = V%, C‘l% = 1/25?. Assume the solution has a reqular

expansion

2 (t) = 29(0) + 62, (0) + 6%2(0) + - - -
sin(z) = sin(zg) + dz1 cos(zp) + - - -

Collecting Orders of §;

Order §°

Z0+20=0 = 2(0) = Acos(d).

Order o'

Z 4 2y - 211 +sin(zp) = 0.

Substitute: zyg = Acos(f), Zy= —Acos(f), sin(zy)~ Acos(d)— %3 cos®(6).

Then Z, — 2v1Acos(f) + Acos(0) = 0. To eliminate the secular term cos(), we choose

V1 =3,

N |

S0 V=1—|—%.

The approzimate solution is: z (t) ~ Acos ((1+2)t).
Proposition 1.5.1. Let the equation

F4+2z=G(0),2(0)=0, 2(0)=0. (1.47)
Where G (0) = —2uv1 2y + F(z9, 20). The solution to this problem is

z(0) = /6 sin (0 — 7) G (1) dr. (1.48)
0
Moreover, the equation (1.47) has a periodic solution z (0) if and only if
2T F (A cosf, —A sinf)sinf df = 0,

2 A+ fo% F (A cosf,—A sinf)cosfdf = 0.

16
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0.64

0.62 .

0.6 [

y(t)

0.58

0.56

0.54
| | | | |

-2 0 2 4 6 8 10 12 14 16 18 20 22
t

Figure 1.2: Approximate solution of Z + dsin(z) = 0, with Lindstedt-Poincaré Method.

proof See [10]
We know that the solution of (1.47) is z(8) = Cjcos(f) + Cysin(f) + z, () , such that
2y (0) = C1 (8) cos + Cy (0) sinf. By variation of constants we find
Cy (0) cos 0 + Cy (A) sin§ = 0,
—C} (0)sinf + C, (0) cos§ = G (0).

—Cy(8) = —sinfG (0) = C, (0) = — [IsinT G (r)dr, Cy(0) =0,
=
~Cy(8) = cos G (8) = Cy (8) = [} cosT G (r)dr, C5(0) =0,

z(0) = (— fog sinT G (1) dr) cos 9—1—(]09 cosT G (T)dr)sinf = foe(— sin 7 cos f+-cos 7 sin )G (1) dr,
=z, (0) = foesin(é —7)G(1)dr = 2(0) = Cycosf 4+ Cysinf + foesin(e —7)G(1)dT,

with the initial values zy (0) = 2 (0) = 0 owe have C; = Cy = 0. so we deduce that problem

(1.47) admits (1.48)as a solution.
2':1 = Z2,
Zo=—n+G(1).

On the other hand, the condition of periodicity for the new variable 6 can be expressed

Moreover, (1.47) gives

2(0)==z(0+2m). (1.49)

17
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so the corresponding conditions for z, (0) are
2n(0) =2z, (0 +27), n=12...

21 (2m) =2, (0) =0,

29 (2m) = 29 (0) =0,
which yields to the periodicity condition

0+2m
/ sin (6 —7)G (1)dr =0,
0

2
0

2Tsinf G () df = 0.
According to (1.43) we have Gy (0) = —2v120 + F (20, 20) , 20 = A cos.

cos G (0) df = 0,

we rewrite (1.52) as
fo% cosf [211 A cos + F (A cosf, —A sinf)] df = 0,

fo% sinf [211 A cos + F (A cosf, —A sinf)] df = 0,

2u1 A fo% cos? 0db + f% cosOF (A cosf,—A sin6) df =

21 A fo% sin 6 cos 0df + f sin@F (A cosf,—A sinf) df =

which is required.

1.6 Averaging method (AM)

(1.50)

(1.51)

(1.52)

(1.53)

Here we present a third method for determining the perturbation solutions of the differ-

ential equation for a nonlinear oscillator.

The main advantage of the method is that it not only allows to determine the periodic

motions at steady state, but also allows to determine the transient behavior of the motion

at a periodic solution, see[2].

This method applies to equations of the form

P42+ 0F (2,2) = 0.

18
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For § = 0, the general solution is
z(t) = Asin(vt+ ®), ou A and ¢ are any constants. (1.55)

For § # 0 small, Krylov and Boyolinbov posed the solution

2 (t) = A(t) sin (vt + @ (¢)), (1.56)
Z(t) = A(t)v cos (vt + P (1)) . (1.57)
Let z = 2 in (1.54), we find
e=k, (1.58)
k=122 —0F (z,w). .
= Z2=2z2=A(t)vcos(vt+ P (t)) (1.59)

— A(t)v cos (vt +® (1)) = A (1) sin (vt + & (1)) + A (1) (u +d (t)> cos (vt + @ (1))
= A(t) sin (vt + @ () + A (t) D (t) cos (vt + @ (t)) = 0. (1.60)

Similarly we have

A v cos (vt +® (1) — A(t)v (y +d (t)> sin (vt + @ (t)) =
—At) v sin (vt + @ (t) —6f (A(t) sin (vt +® (1)), A(t) v cos (vt + @ (1)),
= A(t)v cos (vt + @ (1)) — A(t) vd (t) sin (vt + @ (1)) =
Of (A(t) sin (vt + (), A(t)v cos(vt+ (1)) . (1.61)

By solving (2.13) and (1.56) with respect to A and @, we obtain (by the method of cramer).

At) = —g cos (vt + @ (t)) f(A(t) sin (vt + P (1)), A(t)v cos (vt + P (1)),

d(t) = 3 (i) y sin (vt + @ (t)) f(A(t) sin (vt + (1)), A(t) v cos (vt + @ (1))).
(1.62)

The Krylov and Boyolinbov approximation is to replace A (t)and @ (¢) in (1.62) by their

average values over a period T' =22 ( i.e %fOT ft)dt).
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A(t) and ® (t) are considered constants by taking the average. This process is known

as the averaging method.

A= —% fozf cos (vt + @ (t)) f(A(t) sin (vt + P (t)), A(t) v cos (vt + @ (t))) dt,

9
21A

Let = vt + &, we find

JoF sin (vt +® (£)) f (A(t) sin (vt + (1)), A(t) v cos (vt + @ (1)) dt.

A= L o cos (0) f (A sinf, Av cosf) db,

~5= I
- ]- 27
- 2wAp Y0

(1.63)

sin (0) f (A sinf, Av cos0) db.

Once these integrals have been found, we will have to solve differential equations for

A(t)and ().
Remark 1.6.1. We recall that
2
I = / sin™ cos"xdx = 0, if m,n sont impaires,
0

and further

We arrive at Iy = 2.

Example 1.6.1. see[1] We solving the following equation by the averaging method.

Z460sin(z) =0, with0 <0 < 1.

With Taylor Expansion, by assuming small z, we approzimate sin(z) ~ z — ’ Thus, the

=
equation becomes

P40z 823 =0.

Rewriting Z + z = —¢ (%z?’ — Z) .

Assume the form of the solution. We assume the solution has the form

z(t) = A(t) sin(t + ().

Therefore
123 = Lsin(t + @) — A sin(3(t + @)).
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By averaging and neglecting the higher harmonic sin(3(t + ®)), we obtain the averaged
equations A'(t) =0, P'(t) = 2L A%

The amplitude is constant A(t) = Ay, and the phase evolves is ®(t) = 3658

Thus, the approximate averaging solution is

30 A2 30 A2
2 (t) = Apsin (t—l— 3 Ot) = Apsin {(1—{— 3 0) t} :

Figure 1.3: Approximate solution of Z + §sin(z) = 0, with Averaging Method.

1.7 Fundamental Theorem of Existence and Unique-

ness

Definition 1.7.1. see/?]
Suppose that f € C(FE), where E is an open subset of R™.

Then, a function z (t) is a solution of the differential equation z = f(z) on an interval I if
o 2(t) is differentiable on I,
o Foreverytel, z(t) e E,

o And 2 (t) = f(z(1)).
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Given zy € E, z (t) is a solution to the initial value problem 2 = f(2), z(to) = 20. on an

interval I if tg € 1, z(ty) = 2o, and z (t) solves the differential equation on I.

To apply the method of successive approximations to establish existence of a solution,
we define the Lipschitz condition and show that C! functions are locally Lipschitz.

Let F C R™ be open. A function f : F — R” satisfies a Lipschitz condition on FE if
there exists a constant K > 0 such that for all z,y € E, |f(2) — f(y)| < K|z — y|.

Definition 1.7.2. f is said to be locally Lipschitz on E if for every zy € E, there exists
d > 0 and a constant Ky > 0 such that for all z,y € Ns(z0), |f(2) — f(y)| < Kolz — ¥,
where the §-neighborhood of zg is defined as Ns(z9) = {z € R" | |z — zo| < d}.

Lemma 1.7.1. Let E C R" be open and let f : E — R™. If f € CY(E), then f is locally
Lipschitz on E.

proof : Since E is open, for any zg € F, there exists § > 0 such that Ns(z9) C E. We
define
K = max [|Df(z)].

|2—20[<
This maximum exists because the domain is compact and Df is continuous. Let Ny =
Ns/a(20). For z, y € Ny, set u =1y — z. Then z + su € N, for s € [0,1].
Let F(s) = f(z+ su)., by the chain rule,we have

F'(s) = Df(z + su) - u,
thus f(y) — f(z) = F(1) = F(0) = [,y Df(z + su) - uds.

Then

) - f()] < / IDF (= + su)| - Julds < Ky — 2.

This proves the lemma.
The Picard successive approximation method is based on the fact that z (¢) is a

solution to the initial value problem
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if and only if z (¢) is a continuous function satisfying the integral equation

2 (t) = 29 —i—/o f(z(s)) ds.

The successive approximations are defined as ug(t) = 29, ugs1(t) = 20 + fot fuk(s)) ds.

Example 1.7.1. Let the initial value problem: z = az, z2(0) = zy using successive approxi-
mations with

uo(t) = 2o, ur(t) = 2o + fg azods = zp(1 + at),

us(t) = zo + fg azo(1+as)ds = z (1 + at + %t?) ;

us(t) :zo—i—fgazo (1—|—a3—i— “2232>d3:zo <1+at+%+%) .

By induction

ur(t) = 29 <1 +at+---+ (a,f!)k>, and lim ug(t) = zoe™.

k—oo

Thus, the successive approximations converge to the exact solution z (t) = zge™.
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Chapter 2

Second order approximate solutions
of weakly nonlinear differential

equations

This chapter focuses on the practical application of the methods introduced in Chapter 1.
We study a second order weakly nonlinear differential equation in its general form and select
the second-order Van der Pol equation as a case study due to its historical and theoretical

significance in the study of nonlinear oscillations, see [9, 13].

2.1 Second order approximate solution by the Simple-
Pertubation (SPM) method of the general weakly
nonlinear differential equation

In this section, we present the second order approximate solution by the simple-pertubation
(SPM) method of the general weakly nonlinear differential equation, for more explanation,

see [9]. We consider the following nonlinear differential equation

d*z dz
E‘I‘Z—(SF (27E> . (2.1)
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We assume the solution can be expanded as a power series in §

2(t) = 20(t) + 621(t) + 622 (t) + O(8). (2.2)
To calculate the second order approximate solution, we applied the equation (2.11).
In the following example, we calculate 2z5(t).
Example 2.1.1. Let the nonlinear differential equation be
d*z 3
) + 24+ 262> =0. (2.3)
(W‘I'Zo) +5(W+21+220 —|-620) +5 (W—FZQ—FGZO Z1+6y21>
5 [z 3 2 2 2
+9 T2 + 23 — 25 — 32521 — 32522 — 32027 | = 0.
d220
d?z
dtzl' + 21 = —2yp” — 620. (2.5)
d222
=z =6 (25 —1). (2.6)
d*z .3 2 2 2
prl + 23 = 25 + 32521 + 3222 + 32027, (2.7)
We have
AS
z(t,0) = Acost + ¢ {(E) (cos 3t — cost) — 3At sin t} . (2.8)
So
d? A? A?
WZ; + 29 = —6 > (4 cos®(t) cos(2t)) + <1 - 7) cos(t)
A? 3A3 3A3tsin(t 2t
-5 cos(t) cos(2t) + <_T + 3A> tsin(t) — 5111(2) cos( )} . (2.9)
Then

25(t) = C cos(t) + Cysin(t) — 6

3 3
+ <_% + 3A> tsint) — %tsin(?)t)] .

25
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3A? 3A?
20)=0+Cy+0+0= Cy=0. (2.11)

So

3A2

2(t) = (-1 — T) cos(t) — 6 (1 + AI) cos(t) + A? cos(3t) + AZ cos(5t)

943 3A3
+ (_T + BA) tsin(t) — Tt sin(3t) |,

2.2 Second order approximate solution by the Lindstedt-
Poincaré (LPM) method of the general weakly non-
linear differential equation

In this section, we present the second order approximate solution by the Lindstedt-
Poincaré (LPM) method of the general weakly nonlinear differential equation, for more

explanation, see [9]. We consider the following nonlinear differential equation

d?z dz
2= 0F(z ). (2.12)
2(0,0) = A, (dz/dt)(0,6)(0) =0, 0<d<<1

If ) = 0 we obtain the following unperturbed problem

d*z
Proposition 2.2.1. [9] Let z5(0) be a solution of the equation (1.44). Then z5(0) is periodic
if and only if
2

( 1 ™ . )
Uy = —%1 + - f02 [221 cos@ 2 — cosO F,(Acosf,—Asinf) z;

—(r1Asinfcosl + Z; cosb) Fi(Acosf,—Asind)] dob,
) (2.14)

f027r sinf [F,(Acos0, —Asin®) z; + F(Acosf, —Asinb) z] do

| —12 fo% [2 sinf %, + AF;(Acos®, —Asin f) sin? 9] df = 0.
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proof : The periodic condition requires that

JET cos 0 G(B) df = 0,

o427
/ sin(0 —7)G(r)dr =0 = (2.15)

[T sin0 G(0) do = 0.
From the first chapter, we find that its approximate solutions, according to equation (1.44)
and in [9], we have

GQ(Q) = — 2V12"1 — (V12 + 21/2) ZO + Fz (Zo, ZQ) Z1 —|— Fz (ZQ, ZQ) (1/12"0 —|— 21) s

with 2z9(0) = Acosf, z(0) = foe sin(@ — 7) (2v1AcosT + F(Acost,—AsinT))dr.
We rewrite (2.15) as

(fozﬂ cos(0) [—2v1%; — (V2 + 2u)(—Acos(0)) + F,(Acos(0), —Acos(h))z] db
+ fo% cos(0)F;(Acos(0), —Asin(f))(—v1 Asin(0) + 2,(0))do = 0,

f% sin(0) [—2v12; — (V3 + 2v9)(—Acos(0)) + F.(Acos(6), —Acos(6))z] do

0

°T cos(0) Fi (A cos(6), — Asin(8))(—1n Asin(f) + ,(6))d6 = 0.

L~ Jo

4 2 1 -
Vo = —% + S An f02 [2v1 cos O Z — cos O F,(Acosf, —Acos )z

+11 AF:(Acosf, —Asinf)sinf cos — F:(Acosf,—Asin )z cosb] db,

=
-2, fo% sinf Z; df + fo% sinf F,(Acosf,—Acos )z db
+1n A fo% F:(Acosf,—Asin0)sin? 0 df + fOQTr F:(Acosf,—Asinf)z, sinf df = 0.
SO
( V12 1 2w .
V2= + S Ax Jo [2vicosf % — cos® F.(Acosf, —Acosf)z

— (11 Asinf cos @ + 2y cos @) F;(Acosf, —Asin0)] db,

+ fo% sinf [F.(Acosf,—Acosf)z) + F;(Acosf,—Asinf)z,] do

—Uy fo% [2 sinf , + AF;(Acosf, —Asin f) sin® 0} df = 0.
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Example 2.2.1. [9] Let the differential equation

2

d°z
7ol +2z+6(22°) =0. (2.16)

With the initial conditions z(0) = A and (dz/dt)(0) = 0, (in order to obtain periodic
solutions, the amplitude of the motion must remain sufficiently small).

Suppose that the second order approximate solution is:
2(0,8) = 20(0) + 621(0) + 5°22(0). (2.17)

We have 68 = vt such that
v=1+ v + 61, v(d) # 1.

So, by using (1.39) and (1.40) the equation (2.16) becomes
Vi4 2z = 2w (2.18)
With compensation, we find

(1 —f- (5V1 + 52V2)2)(:2.’0 —I— 521 —I— 52:2.’2) —I— (Z() —f- 52’1 —f- 5222) = —25(20 —f- 52’1 —f- 5222)3.

20 + 20 = O, Zo(O) = A, 20 = 0. (219)
2+ 2 = —2uZ0 — 225, 21(0) = 2,(0) = 0. (2.20)
Zy+ 20 = —2u171 — (V] + 201) 20 — 62521, 22(0) = 22(0) = 0. (2.21)

The following equations (2.19)(2.20)(2.21) were solved by[9] and their solution is given by

3 5

2(0,0) = Acosh + (%) [c0s30 — cosd] + §* <%) [cos® — cosbO] + o(6?),

A? Al
=1 = 2 (15—
v +5(34>+5(5128)+

with 0 = vt, such that
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2.3 Second order Approximate solutions for the "Van

Der Pol" equation

2.3.1 Simple perturbation method (SPM)

In this section, we consider solving the second-order "Van Der Pol" equation of differ-
ent perturbation methods: the simple perturbation method (SPM), the Lindstedt-Poincaré
method (LPM) and the simple method (AM). Then we prove the approximate analytical
solutions of the generalized Van Der Pol oscillator by these methods, see [13].

Consider the initial value problem
P46 (az?+b2*—1)24+2=0, 2(0)=Aand 2(0) =0.a,bandA € R. (2.22)

and
2 () = zo(t) + 021 (t) + 0% 29(¢) + 0o(5?).

The solutions of the equation 2.22 in the second order is

2p(t,6) = Acos(t) + 0 (?23 Ta+ 01 — g) sin(f) + é - w)tcos(t) _ w sin(31)
4 52((—3052 19(a + 3b)(a — b) + 9(a — b)(a — 3b) + 24a(a + 3b) + 18a(a — b) — (50 — 9b)(a — b)|
4 %Ag[?a _ 38)) cos(t) + (21‘;56[(@ — 9b)(a— b) — 9(a — b)? + 2(a — 9b)(a + 3b) + 6(a — b)]
4 %[?ﬂ a g)tsin(t) (31285 (a+3)° + g - %S(a +3))22 cos(t)
+ (1024[3(a +3b)(a — b) + 3(a — b)(a — 3b) + 8a(a + 3b) + 6a(a — b))
_ %A;[m — 38)) cos(3) — 38‘; (50— 9)(a — b) cos(5)

(z?; (a — b)(a+3b) — 36—‘13(@ _ b))tsin(3)) + o(5?). (2.23)

2.3.2 Lindstedt-Poincaré Method (LPM)

Let be the following general formula of Van Der Pol differential equation

P46 (az?+b2*—1) 24+ 2=0. 2(0) = A and 2(0) = 0. (2.24)
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In order to apply the Lindstedt method, we put 0 = vt, 2 (t) = 2(0), 2 = v?% and y = 22,
so (2.22) become

V?:—6(1— a2z —b*)vi+2=0 z(0)=1and (0) = 0. (2.25)

Proposition 2.3.1. [13] The equation 31+2, = 2Av; cos 0—A(1—aA? cos? —bA? sin? ) sin 0,
has a periodic solution z, (@), if and only if

T _A(1 — aA? cos? 6 — bA2 sin? ) sin® 0 df = 0,

" (2.26)

2y A + fo% —A(1 — aA? cos? @ — bA? sin? 0) sin Ocost df = 0.

29 (0) has a periodic solution if and only if

0+2n [27 cos 0 Go(0) db = 0,
/ sin(f — 1) Ga(1)dr =0, = (2.27)
0

[27sinf Gy(0) d = 0.

proof:
A= 2
(2.26) = v
1/1:0
—b 3(a—b)  9b(a—b
(2.27) = vy — —[He=0 _ 3=b) | a-b),

8(a+3b)2 16(a+3b)  8(a+ 3b)?
The solution of (2.25) in [13] is

2 1 1 . .

2(6,0) = NES cos(d) + 5(4((1 3 m(a — b)(3sin(f) — sin(36)))
L8 —4a(a —b) B 3(a—b) N 45b(a — b) ) cos(0)
96(a + 3b)2va+3b  32(a+3b)Va+3a  48(a+ 3b)*va + 3b
y 3a(a —b) N 3(a—0) B 9(a —b) ) cos(30)

32(a+ 3b)2va + 3b | 32(a +3b)va+3b  8(a+3b)2va+ 3b
TS ) Pla=b) ) cos(50)) + ofe?),

96(a + 3b)>va+3b  48(a + 3b)%va + 3b

a(a — b) 3(a— D) 9b(a —b) |, )
[S(a +30)2  16(a + 3b) + 8(a + 3b)2]5 + 0(6%),

v=1-

with 0 = vt.
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2.3.3 Averaging method (AM)

Example 2.3.1. We solving the equation (2.24) by averaging method.
We have v =1, F (z,2) = <a22 +b3° — 1) z.
The system (1.63) is written

Then

A= 21 027T cosf[Acosf (1 — aA?sin® 6 — bA? cos?(6))]db,
m
: J 2r . .
o = 57 Jo sin@[Acosf (1 — aA?sin®§ — bA? cos?(6))]db.

(2.28)

. dA
A==
dt

0A
= — (A"l 1 — A" + 215 1 — DA™ + 21 141)

2w

SA (1 11 11
= | 221 — aA®==2 Y/ -

27r(27T ad g2 =3 42”)

§A

/A(4—f(11;(1a+3b)) :g/dt

1 1 1
ég/ (H+8<2—A\/m> 8<2+A\/m>)
—~ 2l A —In (2—A\/m) —1n<2+A\/m> = 5t +1n(c)

dA =6t +1In(c)

AQ
1 = 0t. Let’ A0)=A
:>n<c(4—A2(a+3b))> dt. Let’s pose A (0) 0
AZ A?
= On the other hand 1 =0t
7T A AZ(a t3p) e other han n(c(4—A2(a+3b)))
A? 5t
= =e

c(4— A%(a+ 3b))
= A’ =c(4— A%*(a+3b))e"

4A3 St
T (t) _ 4—A2(a+3b)

A3 5t
L+ 1-A2(a+30) €

2

[(Aig — (a+ 3b)> e 0t + 1] :

= A(t) =

=

31



Second order approximate solutions of weakly nonlinear differential equations

On the other hand

. 2
O (t) = —% i sinf[A cos 0 (1 — A®sin*6)]db
) 27
=5 [sin 6 cos @ — A? cos § sin® 0] d6)
T Jo
) A%6
=——1 —1
o 1 + o
=0+0
dd
= E 0’
O = P,
The averaging approximate solution is
2 .
z(t,0) = -sin (t + $p)

G twrmn) o ]

with zr(t,0) = z (t,6).

2.4 Comparison of second approximate solutions

In this section we analyze the approximate solutions of (2.22) are obtained by the three
numerical methods (SPM, LPM, AM), [12].
We compare zg(t,0) the exact solution, zp(t,d) the approximate solution with simple per-
turbation method, z7(6,6) the approximate solution with Lindestedt method and z4(t,0)
the approximate solution with Averaging method of Ven Der Pol equation.
The figures from 2.1 to 2.4 give the comparison of the approximate solutions in order ¢,
obtained by the three methods (SPM, LM and AM). In order §%, we have the figures from
2.5 to 2.8 obtained by the three methods (SPM, LM, AM).

2.4.1 Comparison of approximate solutions to order §°

In this part, we compare approximate solutions to order 62. where g(t) is the Taylor series

expansion of z((1+ | 8‘(1(515252 - 1281’?’3)) + Sfﬁ(l;(iglf))Q](S?)t, d) to order 6%, in the neighbourhood
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of § = 0. We have

2 1 1
0= ar (a4 ) Va+ 3
+ 8 —4a(a —b) B 3(a—b)
96(a + 3b)2va +3b  32(a + 3b)va + 3b
N 45b(a — b) ) cos(t) + ( 3a(a —b)
48(a + 3b)2v/a + 3b 32(a 4 3b)2V/a + 3b
N 3(a—b) B 9b(a —b) ) cos(3t)
32(a+3b)va+3b  8(a+3b)2va + 3b
Sa(a —b) 9b(a — b)
* 96(a + 3b)%v/a + 3b * 48(a + 3b)>v/a + 3b

And h(t) is the Taylor series expansion of z4(t,d), to order §2, in the neighbourhood of
5=0.

(a — b)(3sin(t) — sin(3t)))

cos(t) + 5(4

) cos(5t).

A A¥a+3b) 3A5 , A A3 )
9 T)(St + (m(a + 3b) + § - §(a + 3b) (5t) )COS(t).

Figure 2.1: Comparison of the SPM solution to order 4%, LPM solution and AM solution
for 6 = 0.1 and A = 1, to order §2.
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Figure 2.2: Comparison of the SPM solution, LPM solution and AM solution for § = 0.9
and A = 1, to order 62.

NS AN LA S
YOI T\

Figure 2.3: Comparison of the SPM solution in order §2, LPM solution and AM solution
for e = 0.9 and A = 2, to order §2.
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2.4.2 Discussion of results

When A =1 and § = 0.1, in Fig.2.1, shows analytic approximate solutions. Based on
the obtained results, we found that the solutions zg, z4 and h(t) are indetical to the exact
solution zg, but the solutions 2, are convergent to the exact solution zg.

When A =1 and § = 0.9, in Fig.2.2, shows analytic approximate solutions. Based on the
obtained results, we found that z4 closest to the exact solution zg , but z; and zg spaced
on the exact solution zg. Also, we note that the solutions h(t) are indetical to the exact
solution zg.

When A =2 and § = 0.9, in Fig.2.3, shows analytic approximate solutions. Based on the
obtained results, we found that in the domain ¢ € [—5, 5], the solutions zg are congruent to
the exact solution zg, but when ¢ — oo the solutions zg, spaced on the exact solution zg,

we note that the solutions z;, are indetical to the exact solution zg.

2.5 Conclusion

In Chapter 2, we presented an approximate study of a second-order nonlinear differential
equation in its general form, and we also devoted a case study to the van der Poel differential
equation, a classical second-order nonlinear model representing oscillatory systems. We
applied three analytical approximation techniques: the simple perturbation method (SPM),
the Lindstedt-Poincaré method (LPM), and the average method (AM) to compute the
second-order approximation. These methods aim to construct periodic solutions under weak
nonlinearity assumptions. The results reveal that while the SPM is suitable for non-very
small nonlinearities, the LPM effectively removes secular terms, and the AM provides a time-
stable approximation. These approximation methods are useful for very small oscillatory

variables and also for small domains .
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Chapter 3

Third order approximate solutions of
weakly nonlinear differential

equations

Second approximate Solutions of Nonlinear Differential Equation in Their General Form
n the final chapter, the methodology is extended to the third-order Van Der Pol equa-
tion, which introduces additional mathematical complexity and analytical challenges. This
higher-order system allows for a more rigorous test of the robustness and scalability of the
perturbation methods.

Here, the SPM and LPM are re-applied and adapted to handle the increased complexity.
The performance of each method is evaluated based on solution behavior, convergence, and
practicality. The findings from this chapter are then Ocompared with those of Chapter 2,
offering a broader perspective on the application of perturbation techniques across varying
system complexities.

We dedicate our study to the approximate solutions of Van Der Pol equation in their general
form.

First, we prove the approximate analytic solutions to this equation by different perturbation
methods. Then we compare these approximations with each other and with the exact

solution.
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3.1 Third-order approximate solution by the Simple-
Pertubation (SPM) method of the general weakly
nonlinear differential equation

In the following example, we prove the third-order approximate z3(t). We mention here

that z1(t) is calculated in example 1.4.1, and we proved z3(t) in example 2.1.1.

Example 3.1.1. We will poved the third-order approzimate z3(t) of the equation (2.3), by

solving the equation (2.11), we have

3 3

Z3 + 23 =A% cos®(t) + 3A4%6 (%) cos?(t) (cos(3t) — cos(t)) — 3A%§ (%) cos?(t) cos(t)

3y 20 2 3A? 2 A? 2
— 9A°t cos®(t) sin(t) + 347 [ —1 — v cos(t) — 18A% | 1 + - ) cos (t) cos(t)
— 9A? cos?(t) cos(3t)

3 3
— 1842 cos?(t) cos(5t) + 642 (—% + 3A) tsin(t) + 6A2%t sin(3t)

3

+ 34 cos(t) (5 <f—6) (cos(3t) — cos(t)) — 3At sin(t))2 .

3A3cos(t) A3 cos(3t) A3\ cos(3t) — cos(t) A3\ cos(3t) + cos(t)
: - A (). _3a%5 ().

2 2
— 94% cos?() sin({) + 34 (—1 - %) cos(t) — 1842 (1 ' Az) RCORR)

3
_ggz. 90830 ;“ cos(51) _ 1g42. o83 ;r cos(T) | g2 (—% + 3A) tsin(t)

+6A2- %t sin(3t) + 3A cos(t) (5 <f_6) (cos(3t) — cos(t)) — 3At Sin(t)> .
So

23(t) =C cos(t) + Cysin(t) 4+t (Ay cos(t) + By sin(t)) + As cos(3t) + Bssin(3t) + As cos(5t)
+ Bssin(bt) + Az cos(7t) + By sin(7t) + t (Cssin(3t) + D3 cos(3t)) ,

and we have

Zg(O):Ol+tA1+A3+A5+A7+D3—>01:(—tAl—Ag—A5—A7—D3),

37



Third order approximate solutions of weakly nonlinear differential equations

and

Z3(0)=0+Co+0+0= Cy=0. (3.1)
The general solution in order 6%is
z(t,0) = Acost
[( 16) cos 3t — cost) — 3Atsin t}
A? A? A?
[( ) cost — 6 (1 + I) cost + 5 cos(3t) + T cos(bt)

3 3
[(—% + 3A> tsint — %tsin(i&t)}

+(53 —tAy — A3 — As — A; — D3) cost + t (A cost + By sint)
+ As cos(3t) + Bssin(3t)

+ Ajs cos(5t) + Bssin(5t) + Ay cos(7t) + By sin(7t)

4 £ (Cysin(3t) + Ds cos(3t)) ] .

3.2 Third-order approximate solution by the Lindstedt-
Poincaré (LPM) method of the general weakly non-
linear differential equation

First, we give a periodic approximate solution for the nonlinear differential equation In
the following proposition, we prove the periodic conditions of tsolution z3(f). We mention

here that the proof of the periodicity of the solution z; (), z2() in [9, 6].

Proposition 3.2.1. The general formula of the equation (1.45) is
2

Zy+ 2y = =213 — (V] + 219) 21 — (2vs + 2v11) Zy + 22 F. (20, Z0) + %

Fzz (207 Zo) +
+Zl (V1z0 —|— Zl) Fzé (Zo, Zo) + (1/22’0 —f- 14040 —|— ZQ) Fé (1/0, ZQ) —|— 5 (1/120 + 21)2 Fzz (ZQ, ZQ) . (32)

proof: First, by substituting zy, z; and 25 in (2.12), we obtain in the third order

53 82F (Zo, Zo)

83 (Z5 4+ 23+ 2012 + (112 + 20) 21 + (203 + 20110) &) = T a5
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. . . . 10%F (%, =
= 23+ 23 = —2U1 29 — (V12 + 2y2) 21 — (2us + 2uv11) 2o + 5% (3.3)

such that
OPF (z,vz) 0 (6F dz OF Guz')

952 05 \9295 9z 95

_9: (DOF\ 920 ovi(00F\  FvioF
06 \ 06 0z 002 0z 06 \ 06 0z 062 0z

_% 82_F(9_w+ O*°F 0vz +82w +821/2 +81/z' 02F%+82_F%
06\ 022 95 Owdi 96 002 00 \0z0206 022 96

2 . 2 2 . . 2
_ (8,2) ot 202 81/ze N 0 ze N 0 Vze N (%) .

96 96 95 7T 962 052 Bh
or
_OPF _O%F _O%F
=m0 == 0203 Fee = 003"

On the other hand, at third order, we have

) 5 0z ) 0%z
2=20+0214+ 0204+ 0°23 = — =21+ 2020+ 30723 = —= = 225 + 6023,

o) 002
and
ov:z Ov. 0% . . . .
E = %Z + %V = (V1 + 25112 + 3521/3) (Zo + 5Z1 + 5222 + 5323)
+ (214 20745 4 36%23) (1 + 6y + %1y + 0%03)
and
821/2 . . 92 . 3 . . . 92 . 2
952 (2v9 + 66173) (zo +021 +0%Z, 4+ 0 23) +2 (z1 + 2075 + 36 23) (1/1 + 2015 + 30 y3)

+ (222 + 6(523) (1 + 5V1 + (521/2 + (531/3) ,

1 82F (Zo,Z.()) . 212

2 082 2
. . 1 CL .

-+ (1/2250 —+ Vlz'l -+ Zg) Fz (Zo, ZO) + 5 (1/120 + 21)2 Fzz (Zo, Zo) . (34)

F., (20, Z0) + (1120 + Z1) 21 F 2z (20, 20) + 22F (20, Z0)

When we substitute (3.4) into equation (3.3) we obtain (3.5).

Thus

2

z
Gyt 2y = Gy (0) = =207 — (V2 + 2u0) 21— (2u3 + 2011) 50+ 20 . (20, 20) + =

9 Fzz (207 ZO) +
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+21 (1120 + 21) Faz (20, 20) + (1220 + 1171 + 22) F (20, Z0) + 3 (1120 + 71)° Fis (20, Z0) - (3.5)
We prove that z3(6) is a periodic solution

Proposition 3.2.2. z3(0) is a periodic solution of the equation (3.2) if and only if

/

U3 = Vg + %yl 02” [2V12A7TFZ22 + A%']TFZZ‘Z' — (V2 + 1) AT + 2v A
—mF(Acosf,—Asinf) + ArF(Acosf, —Asind)F,,

2037 s, + 30Fy,, — W3 F, + w3

—3 Py Fy + w3 F. Foy — 3mduy + 3w Fass + %WFzezz'z} do.

= Q + f027r [+ nm3F, (31 + 4vin + (v} — 21)?F. + 2uyF))

+mF(Acosl, —Asin0)F;F,; + W%FZFZZ-ZdG

27 sin6 [_2V1z"2 — (V2 + 2u) 51 — (2us + 2011) Zo + 2 (20, 20) + A2 Fl: (20, Z0) +| d6

+ f027T COS@ [—H/l (1/12'0 + Zl) Fzz (1/0, Z()) + (1/22:0 + U121 + 22) Fz' (Zo, Zo)]

[+1 (nZ0 + 21)° Fez (v, %0)] dO = 0.
\

proof The periodic condition gives

/99+27f sin(f — 7)G3(7)dT = 0, (3.7)

2T
cos 8G5(0) = 0.
N J 3(0) (3.8)
[T sin 0G5 (0) = 0.

According to the equation:(3.2), we have

G3(9> = —2V12“2 — (V12 —+ 21/2) 21 - (2V3 —+ 21/11/2) ZO + Z2Fz (2’0, Zo)
+%Fzz (Zo, Zo) + +21 (Ulzo + Zl) Fzz (Z(), Zo) (39)

+ (100 + 1171 + 22) F: (20, %0) + 5 (120 + #1)? Fiz (20, 20) -
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We have 2(0), z1(0)andzy(0)in [9], we rewrite(3.8) as

.
f027r cos 6 [—2y1;}'2 — (y12 + 2v9) 21 — (2u3 + 21110) 2o + 20 F, (20, Z0) + %Fzz (z0,20)| db
+ f027r cos [+Z1 (1/12.0 + Zl) Fzz' (ZO, Zo) + (VQZb + 1/1,2:1 + 22) Fz (Zo, Zo)]

[+3 (170 + #1)? iz (w, Zo)] db = 0,

fo% sin 0 [—21/12‘2 — (V4 210) 21 — (2u3 + 21119) Zo + 22 F (20, 20) + %FZZ- (20, 20) +| dO

+ f027r cos 0 [—f-Vl (1/12'0 + Zl) Fzé (1/0, Z()) + (1/22.0 + 1/12"1 + 22) Fé (Z(), Zo)]

L [‘i‘% (V120 + 2.1)2 Fzz (VO, Z0>] df = 0.
(3.10)

( —21 f027r [cos 02015350, + 02020008 OF,:; — (V3 + 1) % g cos @ + 2vy A cos? 0
—cos? F (Acosf, —Asinf) + Acos? 0F (Acosf, —Asinf)F,,

+2u12220 oS OF;,, + 2220 cos OF, F;,, — 22 cosOF,;, + 23 cosOF;;

+ 202028 coSOF sz s Fs + 2322 F:, F.; — 21y cos? 0 + g cos GFZ] dé

+ fo% [ — (2u3 + 2v119) cos? 0 + F, (4v? cos? 0 + (V¥ — 2uy) cos? OF, + 2v; cos? OF,)

+ZpcosOF (Acosl, —Asin0)F F,; + 2322 cos QFZ-FzzZ] df =0,

—21 fO% [sin@ 2 E 20 F.s, + FodozosinOF . — (U + 1y) 2 gsin6 + 2v1 A cos 0 sin 0
—cosOsinfF (Acosf, —Asinf) + AcosfsinOF(Acos, —Asinb)F,,

+201 2220 8InOF:,, + 2220 8inOF, F,, — 22sinOF,;, + 23 sinOF,:;

+ Zok02e SiNOF s F: + 2222 F:, F.; — 21y cosfsin 0 + % sin HFZ] db

n fo% [ — (2u3 + 2v119) cos Osin @ + F, (4v? cosOsin @ + (v — 21,) cos @ sin OF, + 2v cos® OF,)

+ZosinOF (Acos, —Asin0)F; F,; + 2222 sin QFz-FZéZ] df = 0.
(3.11)
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/

V3 = ViVs + 5= 1/1 fo [2V1 AnF,:, + A37TFZ22 — (V2 4+ ) AT + 21 AT
—mF(Acosf,—Asinf) + AnF(Acosf, —Asind)F,,

20137 s, + 30F,, — W3 F, + w3

3 FiFe 4 niFLF,e — 3nduy 4 3n P + BnF F} db

—i—f07r [+ nm3F, (31 + 4vim + (v} — 21)?F. + 2uy7F))

+7F(Acos, ~Asing)F:F.: + 73 F.z.| df = 0,

—21 f027r [sin@ 2 E 20 Fos, + FodozoSinOF . — (U + 1n) 2 gsin 6 + 2v1 A cos 0 sin 0
—cosfsinfF (Acosf, —Asin®) + AcosfsinF (Acos, —Asind)F.,

211228208 OF;,, + 2220sin OF, F;,, — 23sin0F,;, + 23 sinOF,;;

+ ok sin OF s Fy + 5222 F. Fl: — 2u; cos fsin 0 + %o sin GFZ] df

+ f [ (2u3 + 2v119) cos Osin 0 + F, (4v? cos Osin 6 + (V7 — 2uy) cos @ sin OF, + 2vy cos? OF,)

+ZosinOF (Acosl, —Asin0)F; F,; + 2222 sin QFzeéz] df = 0.

\

(3.12)

(

Vs = Vls + 51 fo [2V1 AmE.:, + ASmF.: — (V] + vo) Am + 211 Amr
—mF(Acosf,—Asinf) + AnF(Acosf, —Asind)F,,
20137 s, + 30F,, — w3 F, + w3
—m8FssFs + 73 F5Fus — Snduy + 3nFoss + 3nFFless | dO
= —|-f07r [+ V17T3F ( T+ 431 + (Vv — 21,)2F, + 2y17er)
+7mF(Acosf,—Asin0)F.F,; + W%Fzeéde
27 sin 6 [_21/152 — (V2 4 2u) 51 — (2vs + 2011) o + 22 F, (20, %0) + 2 Fus (20, 20) +| df

+ f COSQ +V1 (1/120 + Zl) Fzé (l/(), Z()) + (1/22"0 + 1/1,2:1 + 22) Fé (Z(), Zo)]

[‘i‘% (Vlz'o + 2.1)2 Fzz (VO, Z0>] dé = 0.
(3.13)

In the following example, we will calculate the third approximation solution of the ex-

ample 2.2.1.
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Example 3.2.1. Let the differential equation

d*z 3
With the initial conditions z(0) = A and (dz/dt)(0) = 0, (in order to obtain periodic
solutions, the amplitude of the motion must remain sufficiently small).

Suppose that the third-order approximate solution is

2(0,68) = 20(0) + 621(0) + 5*22(0) + 523(0). (3.15)
We have 0 = vt such that

v=1+6v + 65 + 35+, v(8) # 1.
So, by using (1.39) and (1.40) the equation (3.14) becomes
V4 2= 2w (3.16)

With compensation, we find
(14001 +0%10+8%13) 2 (20+0214+0° 29+0° 23) +(20+021+0% 20+ 23) = —20(20+621+6% 20+ 23)°.

we find

2
23+ 23 = Gg (0) = —21/12:2 - (V12 + 21/2) 21 — <2V3 + 2V1V2) Zot+ ZQFZ (Z(), Zo) + %Fzz (Zo, Zo) .

(3.17)
+21 (Vlzo + 21) F, (207 Zo) + (1/22’0 + 1z + 2’2) F, (Zo, 20) + 5 (1/120 + 21)2 F. (207 Zo) )

The following equations (2.19)(2.20)(2.21) were solved by[9] and their solution is given by

3 5

> [c0s30 — cosf] + &* <5AE) [cos® — cosbO] + o(6?),

A? , (. A

the solution of the following (3.17) is

2(0,6) = Acosh + § (%

with 8 = vt such that

7 7
. _ 2 o o . 2
Zg+ 23 = w13 OO t(cost — cos5t) 56 cos t(cos 3t — cost)
90A° 3A7 459A7 75A7 6A7
+ < 512 + Avi — H) cost + 1094 cos(3t) — 094 cos(bt) + 13 cos? t cos(5t).
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S0

Zg 4 23 = — ((;TA;) (% cos(t) + % cos(3t) — %cos(élt) — %cos(Gt))
- (ZTA(:) (—2 cos(3t) + zcos(t) - }lcos(5t) + icos(?t))
+ (ggéﬁ + Avi — 36_12117) cost
1(?;; cos(3t)
— 32124; cos(bt)

6A7 1 1 1 ' ‘
+ (m) (4_1 cos(3t) + 3 cos(5t) + 1 Cos(7t)) , with z3(0) = 23(0) = 0.

The requirement of no secular terms gives the following results

90A5 5TAS
V3 = ( )

“Vi512 T 1024

34 23 = — (%7) G cos(3t) — %Cos(élt) - %cos(Gt))
- (%467) (—Z cos(3t) + % cos(?t))

459A7
004 cos(3t)
6A7 1 1
+ (5@) (Z cos(3t) + ) Cos(7t)> :
. 18A"  47TAT  6AT 3AT 3AT 6A"  6A7
23+ 23 = (2028 1024 + 2048) COS(3t) + (m) COS<4t) + (53) COS(6t) + (@ - 2048) COS(?t).

Z3 + 23 = Acos(3t) + B cos(4t) + D cos(6t) + E cos(7t) .
1 2 13 f4

B (18A7 AT 6A7) -
“ft = 5028 T 1024 " 2048’ VY

7
23, = (m) cos(4t).
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7

3A
[23,f, = (53) cos(6t).

( 6A7  G6A7
23 s = (= —
Sefa 31024 2048

) cos(Tt).

z3 = Cycos(t) + Cysin(t)
< AT A80AT

E + 1024 ) COS(3t)
7

3

=+ 53 COS(4t>
3 7

—+ 53 COS(6t>

7

* 1024

cos(7t). (3.18)
we have

23(0) = O, =
1847 " 4A77A7 N 6A7 )+ (6A7) o 6A7 6A7
2028 1024 2048 512 1024 2048

),

01:(

and

Zg(()) =0 = ¢ =0.
The solution to (3.18) is

18A7  477A7  6A7 6A7 6A7  G6A7

_ _ ¢
= (5008 * 022 T 20a8) T (512’ T (o ~ 204’ <)
AT 480A7 3A7 3A7

2 31) + 22 cos(4t) + 2 cos(61
<113 o ) cos(31) + gz cosl4t) + g5 cos(6)
7
+ 1094 cos(7t).
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The solution to (3.17) is

3

2(0,0) = Acos + 0 (%) [cos(360) — cos 0] + 62 (5’%) [cos 6 — cos(50)]

I8AT ATTAT | GATN | GAT (GAT  GAT )
2028 1024 ' 2048/ " 512 " \1024 2048 )
7 7 7

3A 3A 3A
) cos(30) + 13 cos(40) + 13 cos(66) + 1094 COS(79)]

+63

. AT . 480 A7
113 1024

+ 0(6%)

A? Al 9045  H7AS 60
=1 - 2 (15— 3\/ — A< —,
v(0) +5(34)+5 <5128)+5 (512 1024)+ 4 <19

3.3  Third order Approximate solutions for the "Van

with

Der Pol" equation

3.3.1 Simple perturbation Method (SPM)

In the following proposition, we solve z3(#). We mention here the solution of the equa-

tions 21(#), z2(0) in [13].
P46 (a?+b2*—1)i4+2=0, 2(0)=A4, 20)=0, a,b and A€R. (3.19)
Suppose that the approximate solution is
zp(t,6) = 2 (t,8) = 20 (t) + 021 (t) + 0% 20(t) + 6°23(t) + 0(5?). (3.20)

To determine 2o(t), z1(t) and z5(t), substituting (3.20) into (3.19), and calculating,
we find To determine zy(t), z1(t) and z3(t), by substituting (3.20) into (3.19), and calculating,

we find
(%0 + 20) + 6 (%1 + 21 — Zo + aZoz] + bzoZo”)
+ 6% (B + 20 — 21 + aZ1 2 + 2020721 + b7p%7)
+ 0% (23 4 23 + bZoz1” + 2bZ0° %5 + 2bZp71” + bZg 7 + aZozi” 4 2aZpz022 + aZaZy” — 72)

+0(6%) = 0.
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Zy+ 23 = —33 — 23 — bZp71 2 — 2020279 — 2070712 — b7 2y — aZpZi?

—2(12.02022 - a22,2'02 + Zé, (321)

we have zg, z; and zy in (2.23), and here we calculate z3.

Zg+ 23 = ((a FETSTN e [144@2(a —b) + a(ba —9b)(a — b)})

9
72a(a — b) — —ala — b) — 3a®
<a+3b a+3b[ ala—b)—gala—") aD
3b 24b
+ 6b + 7a + 3a*t® — dat® + — }cos%sint)
<a+3b a+3b[ a+3b (a-+3b)?
_92
+ —3b
<a+3b a+3b[12a(a >D
-9
+ —b) — (2ba + 5a — 9b)(a — b) + b(7a — 3b
<a+3b a+3b[12 ala—b) = (2ba+5a = 9b)(a —b) +b(7a )D
+ < [2bt2} sin® t)
a—|—3b Va + 3b
+ —9b)(a —b)*>—18 —62—48bt)
<a+3b a+3b[(a Ja=") (a—b) )
+ 7b(Ta + 9b) — 2b(Ta + 9b)t + 4(a — 9b)(a — b) + 12(a — b)?
(Hgb sy (70704 99) = 2070+ 90) + A0 — 90)(a — ) + 12(a — ]
+ < [24th + 1200] cos t sin® t)
a—|—3b Va+ 3b
+ 18b(a — b) ) cos?(3t)sin t
((a+3b)\/a+3b ( )) (3¢)
1 2304 3
+ b(57a — 9b)(a — b) +9(a — 3b)(a — b) + —ala — b
(a7 ait67— 90)a =)+ 9(a = 30)a =) + Ja(a 1)
1
+ 9%(a —b) +a+9(a—b) —4b(7a — 3b costcos(3t)sint
(g 9000 0 90— 1) = 470 — 3] ) oot

1 N
" ((a +3b)2Va + 3b [=9b(a — b) + —36b(a — b)]) cos(3t) sin? t
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Z3+ 23 =

_l’_
<a+3b Va+3b |
+
(a+3b Va+3b |
_l’_
(a+3b va+ 3b
_l’_
<a+3b Via+3b
+
(a+3b va+ 3b
_l’_
(a+3b va+ 3b
_l’_
<a+3() Via+3b
+
(a+3b Va+3b
_l’_
(a—i—Bb Va+3b |
+
(a—i—Sb Va+3b |

((a + 3b)3 \/a +3b

1

-ib(a ~ b)(a—36) + Sabla b)D
_—Zb(a —b)+ Qab} ) sin(3t) sin® ¢

-%b(5a —9b)(a— b)D sin(5¢) sin® ¢

_112 (5a — 9b)(a — b)} > cos(t) cos(5t) sint
[Bat(a — b)]) sin(t) sin(3t) cost

[—2a(a — 9b)(a — b) + 18(a — b)* — 12b(a — b)})

[—4a(a — 9b) — at])
[— 2at]) cos® t
3 3 5 3 9
4@(@ —3b)(a —b) + Z(a —b)a* + §a(a —b) + 5(61 - b)})
_za(a —b)+a® — g(a - b)}) sin(3t) cos? t
[ 5

ﬂa(a —b)(a— 9b)D sin(5t) sin” .

1

2bt?

sin

_l’_ .
(a + 3b)va + 3b

1

_l’_
(a + 3b)3v/a + 3b

1

_l’_
(a + 3b)2v/a + 3b

1

- (a+ 3b)va+ 3b
18b(a — b)

_l_
(a+ 3b)3va+ 3b

9
_l’_
(a + 3b)2v/a + 3b { 12

3 1
3¢. (Z—lsint— ZsinSt)

[2(a — 9b)(a — b)* — 18(a — b)?

144a%(a — b) + a(ba — 9b)(a — b
(a7 3 va g ap (@b alhe = 9b)(a D)
1 9
+ —T72a(a — b) — =ala — b) — 3a®
(a+36)2\/a+36{ (@="9) 8( ) ]
1 3b 24b 1 1
6b + Ta + 3a*t? — 4at? — .| =sint+ = sin3t
+(a+36)\/a+36( e PR (a+3b)2) (4sm Tt
+—_9 a*(a — 3b)
12 (a+3b)3va+ 3b

a(a —b) — (2ab+ 5a — 9b)(a — b) + b(Ta — 3b)}

— 48bt]

[7b(7a + 9b) — 2b(7a + 9b)t + 4(a — 9b)(a — b) + 12(a — b)?]
1 1
(242bt + 1200) - <Z cost — 7 608 3t)

1 1 1
. <— sint + Z sin% — Z_L sin 5t)
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N 1 2304
(a+3b)3va+3b 1024

1
A P [9b(a — b) + a + 9(a — b) — 4b(7a — 3b)]
—45b(a — b) 1

1 1 1 1

+ 1 sin 5t + —sint —cos(3t) — = cos(t) — 1 cos(5t)
3
1

b(57a — 9b)(a — b) + 9(a — 30)(a — b) + Za(a _p)

47 (a+3b)2Va+3b 2 4

N b(a — b)(a — 3b) + 3ab(a — b)

(a+3b)3va+ 3b
—2b(a—b)+2ab (1 I L.
Tt abVatsh (5 sin(3) = sin(5) =3 Sm(t))
2b(5a—9b)(a—b) [1 . I L.
(a+30)Vat3b (5 sn(5t) = g sin(7) = Sm(gt))

L(Ba—-9)(a—b) (1 | I
+ R . (Z sin(7t) — 1 sm(3t))

3at(a —b) 1 1
! (a +3b)2va +3b (Z cos(t) — 1 Cos(5t))
N —2a(a —9b)(a — b) + 18(a — b)* — 12b(a — b)
(a+ 3b)3va+ 3b
n —4a(a — 9b) — at
(a+ 3b)%va+ 3b

—2at 3 1
T at3)arsp (Z coslt) 5 COS(Bt))

3a(a—3b)(a—b)+3a*(a—b)+ 3a(a—b) + 2(a —b)

(a+3b)3va+ 3b
—%a(a—b)+a2—g(a—b) 1 . 1 . 1 .
RV : <§ sin(3t) + 1 sin(bt) + 1 sm(t))
2a(a—1b)(a—9b) (1 . 1. 1.
+ o VTS : (5 sin(5t) + 1 sin(7t) + 1 s1n(3t)) .
. sint 9 a
Zg+ 23 = @t 3b)3m[—9a (a—0b)+ 5(5& —9b)(a —b) + (a — b)(a — 3b)

+36(a — b)b+ 9(7a + 9b)(a — b)b + 36(a — b)(a — 3b) + 3a(a —b) — 3(a — b)(a — 3b)b
+ 6ab(a — b)(a — 3b) + 3(a — b)(a — 3b)a + 3a*(a — b)
+6(a — b)a + 18(a — b)]
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sint 9 8
—~ala —b) — 24b(7a + 9b) — 2a(a — b) — 12a® — b(a — b) — —ab
Ty ae Y ~ 240(7a+ %) ~ 2a(a —b) — 12° ~b(a— ) — za

+ %(5@ — 9b)(a —b)

4
+ gb(7a —3b) — 36(a —b)b — 36(a — b) — 4a + 16(7a — 3b) + (a — b)b

— 8ab — 3a(a — b) + 4a® — 18(a — b) — %(b)(a —b) + (ba — 9b) — %(%L — 3b)]

sint 9 1 1
24b + 28a + 12a%t? + 12at? + 8bt> + 36(a — b) — —(a — b) — —a — —t>
+(a+3b)\/a+3b[ 280+ 12077+ 128"+ 87+ 36(a = b) = gela = b) = ga = 517
stndt a
+ —9a%(a —b) + =(5a — 9b)(a — b) — 3(a — 3b)(a —b) + 3(a — b)(a — 3b)b
@1 308 r+3b[ ( ) 2( )( ) —3( ) ) +3( )( )

+ Gab(a — b) — gb(5a —9b)(a—b) — %a(5a —9B)(a —B) + Sala — b)(a — 35) + 2a*(a— )

4+ 3a(a—b) +9(a — b) + ga(a — b)(a — 9)

stndt 9 9
s a2+ 9) — ge(a —b) — 120" + 3h(a — b) + 8ab — 4(5a — 9t)(a — B
— 4b(7a — 3b) — gb(a —b) +4ab — ga(a —b) + 2a% — 9(a —b) — 3%(@ —b)(a —3b) + %a(a —b)]
s1ndt 3 1
+ 24b + 28a + 12a*t* — 8bt*] — sin(—=(a — b) — =
RN @ | =sin(=7 (@ =b) = 70)
sin 5t
+ —T2(a —b)b+9(7a+ 9b)(a — b)b+ 36(a — b)(a — 3b
e T B+ 9T 98— b+ 36(a (o~ 3

+ 3a(a —b) — 3(a — b)(a — 3b)b — 6ab(a — b) + g(5a —9b)(a — b)
+ 3a(a — b)(a — 3b) + 3a%(a — b) + 6(a — ba + 18(a — b) + %a(a — 9b)(a—b)]
[41(a — b)b + 2(a — b) + 4a — 16(7a — 3b) + —8ab — 3a(a — b)4a®

stnbt

_l’_
(a + 3b)2v/a + 3b

5
— %(&L —9b)(a —b)]
sinTt

_l’_
(a + 3b)3v/a + 3b

n cost
(a+ 3b)3va+ 3b
+ 24a(a — b)* — 12b(a — b))

[72(a — b)b — §(5a —9b)(a — b) + %(5(1 —9b)(a —b) + ga(a —9b)(a — b)]

8(a — 9b)(a — b)? — T2(a — b)* — 1925t — ga(a — 9b)(a—b)
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Third order approximate solutions of weakly nonlinear differential equations

cost

- (a+ 3b)%va+ 3b
+48(a — b)* + 8(a + 7b)(a — b) + 36(a — b) + 144(a — b)b + 12(a — b)at — §a(a — 9b)

[—4b(7a + 9b) + 32b(7a + 9b) + 8bt(7a + 9b) + 16(a — 9b)(a — b)

- %at—l— é(a —9b)(a —b) — g(a —b)* +b(a —b)]

cost 8 3
+ 480b + 968bt — —at] + 2(a — 9b) + =(Tb — a
(@t 30) ng[[ 5 ]+ 2( ) 8( )]
cos3t
+ —8(a — 9b)(a — b)? + 72(a — b)> + +192bt — 8a(a — 9b)(a — b
(@ 1 30) FSb[ ( )( ) ( ) ( ) )

+ 72a(a — b)* — 48(a — b)b]

cos3t

+ —200(7a + 9b) — 8b(7a + 9b)t
@t ab)ia T3 2ob(Tat 9b) = 8b(Ta +9b)
—16(a — 9b)(a — b) — 48(a — b)* — 8(a + 7b)(a — b) — 18(a — b) — 72(a — b)b — 16a(a — 9b) — 5at]
cos3t 3 3
+ —480b — 968bt — 8at|—(a —b) — =(a — b
@t 3VaT 3D atlzle—b) —gla=b)
cosdt
+ 36(a — b) + 144(a — b)b — 12(a — b)at|.
e e = )+ Lo~ ) 1200 — bt
So we have

Z3+ 23 = Acost + Bsint+ (' cos 3t + Dsin 3t + E cos 5t + F'sint + G cos 7t + H sin 7t
A F fs i
+ tkcost+Yt?sint+ Nt cos 3t + Wt?sin 3t + ¢V cos bt,
f5 6 7 8 9

and

23, = tAcost +tBsint, 23, = C cos 3t + D sin 3t.

Pf

23, = E cos bt 4+ F'sin bt, 28y, = G cosTt+ Hsin'7t.

Pf

1 3
2, = Kt?sint + tK cost, 23, = §t2 sint — %tQ cost + N sin 3t + tN cos 3t.

2
23,, = N sin 3t + tN cos 3t, 2., = Y —¢2 sin 3t.

25

Pf

23, = V sin 5t + tV cos 5¢.

Pf
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Third order approximate solutions of weakly nonlinear differential equations

We get

23(t) = ¢y cost + cosint
+tAcost +tBsint + Ccos3t + Dsin3t + E cosbt + F'sin bt

+GceosTt+ Hsin 7t
1 3

+ Kt?sint + tK cost + thSint — %tQCOSt
2

+ Nsin 3t + tN cos 3t + %Yt2 sin 3t

+ Vsin bt + tV cos bt.
Then
20)=c+04+0+0+C+ FE+G,

01:C+E+G,
200 =04+c+0+0+0+0+0+0+0+0=0,= ¢ =0.

So

23(t) = C + E+ G cost
+tAcost +tBsint + Ccos3t + Dsin3t + E cos bt + F'sin bt

+ G cosTt + Hsin 7t

1 3
+ Kt?sint + tK cost + §t2 sint — %tg cost
2
+ Nsin3t + tN cos 3t + %Yzf2 sin 3t

+ V' sin 5t + tV cos 5t.
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Third order approximate solutions of weakly nonlinear differential equations

The final solution to (3.21) is

zp(t,d) = Acos(t)

+0 (%[M + 9] — g) sin(t) + (é - M) tcos(t) — # sin(3t)]
+ &? (—3’3752 [9(a + 3b)(a — b) + 9(a — b)(a — 3b) + 24a(a + 3b) + 18a(a — b)]
—(5a —9b)(a — b) + %[M — 3b]> cos(t)

+ (%Z [(a = 9b) — 9(a — b)* +2(a — 9b) + 6(a — b)] + 36—/5[717 +al - 2) tsin(?).

34° , A A3 )
+ (@(a +3b)° + 3 §(a + Sb)) t° cos(t)

+ (16124 [3(a+ 3b)(a —b) + 3(a — b)a + 8a(a + 3b) + 6a(a — b)] — %[7@ — 3b]> cos(3t)

5

(5a — 9b)(a — b) cos(5t)

3072

34° 343 ,
+ (%(a —b)(a+3b) — 6—4(@ — b)) tsin(3t) |+
§*(+C + E + G cost

+tAcost +tBsint + C cos3t + Dsin3t + E cos 5t + F'sin 5t

+ GcosTt+ Hsin'Tt

+ Kt*sint 4+ tK cost + %t2 sint — %tQ cost
+ N sin 3t + tN cos 3t + 2%Yt2 sin 3t

+ V'sin 5t + tV cos 5t)

+ 0(5%).

With z7(¢,0) = z(6,0).

3.3.2 Lindstedt-Poincaré Method (LPM)

In the following proposition, we solve z3(f). We mention here that z;(0), z2(0) in [13].
V2% —6(1 — az® — bi®)vi + 2z = 0and 2(0) = 1, £(0) = 0. (3.22)
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Third order approximate solutions of weakly nonlinear differential equations

2(0) = 20(0) + 521(0) + 6%25(0) + 6°23(0) + 0(0?),

with
v=1+0v + 6y + 63 + (6°),

we get
2(0) = (1 + 6y + 6% + 835 + 0(8%))2 (30 + 031 + 022, + 835 + 0(6%))
+ (20 + 621 + 0229 + 6° 25 + 0(6%))
— (5(1 — (I(Zo + (521 + (5222 + 5323 + 0(53))2 — b(Z(] + 521 + (5222 + 5323 + 0(53))2)

(1 + vy + 8Pva + vz 4+ 0(0°)) (20 + 021 + 8222 + 8°v3 + O(6%)) = 0,

and
= 20 + 20 + 5(21 + z1 + 2V1§0 — 20 + CLZ%ZQ + bZS)
+ 62(39 + 2o + 2u1 21 + (VF + 210) 30 + 2az0a21 %0
— 2 — vidy + azii + avy i Fy + 3big A + 3b &)
+ 83 (=Z10f — 2511y — 23 — 3biTzg — 3b35 3y — bui i — 2bv23) — 6bv1ig4
—2b33vs — azidy — 2az02050 — —2a202131 — Aépzg + Zy + V151 + 12%) = 0.
So
234 23 = —31v1? — 21p51% — 201130 — 3021720 — 3020722 — bv1%5] (3.23)

— 4by20° — 6br120%21 — az1%20 — 220425,
we have zg, z; and zy in (2.24), and here we calculate z3.

Z3+ 23 = —2u37 — 3bii4g
2. 23
— 3bzize — —4bue iy

—az?%y — 2atyk

—2&2’02’121 — GZQZ(Q) -+ 22 + VQZ"O - 21/3,’.250. (324)
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Third order approximate solutions of weakly nonlinear differential equations

Substituting Eq.(3.23) into Eq.(3.24) and simplifying the resulting expression gives

Byt = [<4(a+3b)13m(14387 *(a —b)+2—76b2(a—b)+ 1229ab( —b)+ 587
+ gabQ 2%+ dab + 152) i +(;b)_3>m(z v 9ab ;ga _ %b)
3 —b
+ g(a—i—(?f;))\/ﬁ] sin 0
[16(a n 3b§3m(%a (a—0b)+ 7ba(a —b) + 36ab*(a — b) + 541a(a —b)
/+ 1;11)( —b) + t—E)ab — %a %7@3 - ?mﬂ + 23ba® + 5b2)
(16(a n 36§2m(—8ab +4a® + %a + 3ab + 45b — 27b%)] sin 30
[16((1 n 3b§3m( 11729 2(a—b) + %Sab(a —b) 4+ 399a(a — b) + @a? — 124
— ;ab2 — 23a%b + %bQ) + (16(a +(§b;2ljm%a + %71) %lﬂ +2a?)]sin50  (3.25)
+ [16<a n Sb;m(é—ia?(a —b) + %bm —b) + %a(a —b) — %ab(a —b)  (3.26)
13 25 1 135 (a —b) |sin 70 (327

— —a® —Tab®> + —a® — Ta*b + =b*) + —
2 16 2 ) 48 16(a + 3b)%va + 3b

. [(—54a2b — 54b% + 108@62)(Z0089 1+ 200830 + S cos5 + ~cosTh) + ——
16(a + 3b)2va +3b 4 4 4 4 Va+3b

v3c0s8.

(3.28)

We proved the periodic of z3 (0) .

Proposition 3.3.1. z3(0) has a periodic solution of the equation (3.25) if and only if

( 378a2b 3783 756ab?
V3(9) = - + )
32(a+3b)3  32(a+3b)2  32(a+3b)3

[(75(a — b)(a + 3b)°(—5ab + 26a + 800b))/32+
(1/384)(a + 3b)(7/2) (=964 + 120ab — 810a + 648b> — 1080b — 3(a — b)(32a> + 170a + 720b% + 147b)

+(a — b)(32a* + 432ab + 51a — 8400))

+(1/896)(a + 3b)(5/2)(4249a3 + 840a%b + 1120a2(a — b) — 700a2 — 2016ab(a — b)
= 0.

\+1456ab2 — 39865ab(a — b) + 56ab — 45402a(a — b) + 832b*(a — b) — 28b* — 1197b(a — b))]w
(3.29)
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proof: The periodicity condition gives

/9+27f sin(6 — 7)Gs(7)dT =0, (3.30)

2
cos 0G5 (0) = 0.
Rt +(0) (3.31)

[T sin 0G3(6) = 0.

we rewrite(3.31) as

,
27
Jo " cos Ol (0% (a = b) + 20%(a — b) + 13 ab(a — b) + §Fa’

+2ab® — 2a% + dab + §b%) + e

b (2,249
a+3b)? a+3b(6a + 2ab

17 35 3 (a—b) : 2 —54a2b—54b34+108ab? _
+§CL - Tb> + gm) sin 0 + (+\/a+3bV3 + ( 16(a+3b)2v/at3b ))0089]d9 = O,

2m .
Jo s 0l((mrrmm (s @ (a = b) + 20 (a — b) + 153%ab(a — b) + a’
(a—b)

5 .12 2 172 2 2 9
+§ab —2a b+4ab+zb)+m(ga +§ab

17 35 3 (a—b) : 2 —54a2b—54b3+108ab? _
(T30~ 50+ S amsvars) S0 + (7 s + (Sigaapevaras ))costldd = 0.

(

2T
fo [((—4(a+3b1 (%CLQ(CL —b)+ 2—76?)2(a —b)+ %ab(a —b) + %a?’

)3v/a+3b
5 72 2 172 (a=b) 2 9,9
+§ab — 2a*b + 4ab + Zb ) -+ Wm(ga —+ 5&[)
17 35 3 (a—b) . 2m 2 —54a2b—54b34+108ab? 2 _
+350 — 7b) + §Wm) sin 6 cos 0d6 + | +(+7==vs + ( 16(a35)2 /a1 30 ))cos6]df = 0,
= 9
27
fO [((m(%aQ(a — b) -+ 2—76[72((1 — b) —+ %ab(a — b) -+ %7613
5 12 2 172 (a=b) 2. 2,9
+§Clb — 2a b+4ab+ Zb ) + Wm(ga + iab
17 35 3 (a—b) -2 27 2 —54a2b—54b3+108ab? : _
\+3—2(l - Ib) + ng) sin” 8d6 + fO (‘i‘\/ﬁyg + ( 16(at3b)2v/at3b )) sin 6 cos Q]dQ = 0.
2 —54a2b—54b3+108ab?\ __
- {+\/a+3by3 + ( 16a(a+3b)2\/a+31l: ) o 0’ (332)
we get
___378a%b 378b3 756ab?
— {V3 = $2(atr3b)7  32(a+36)° T 32(a+307 (3.33)
SO
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va+3b#0,and A =0,

{unt0) = ety — am 1 e, 330
We calculate z3(6)
1 137 26 1069 o7
: - —b)+ Zb*(a—b b(a —b) + —d
23 + 23 [(4(a+3b)3m< 48 (CL ) 7 (a )+ 5 a (a ) 8
A
5 1 (a—b) 2, 9 17 35
—ab® — 2a”b + 4ab + ~b* ~a® 4+ Zab+ —a — —b
+ga a’b+dab + 7 )+4(a—|—3b)2 —a—|—3b(6a +gab+ ma—— )
A
—b
—|—§ a =) | sin®
8 (a+ 3b)va+3b
A
1 19 7 ol
—a*(a —b) + =ba(a — b) + 36ab*(a — b) + —a(a — b
16(a + 3b)3 \/a—|—3<12 ( ) 2 ( ) ( )+ 4 ( )
B
171 45 25 , 187 4 33 5 1,
“Cbla—b) + ab— 2
+\8b(a b) + 3ab el ab® + 23ba’ +b),
B
+ ( = (—8ab + 4a* + Ea + 3ab + 45b — 27b%)] sin 30
16(a + 3b)%v/a + 3b 4
B
1 179 421 50 ;
a—0b)+—=8ab(a —b) +399a(a — b) + —a” — 12a
oo+ abpvazap 120 (7P g el m el =)
¢
7 1 (a—b) 8 147 135 .
— —ab® — 23a°b + Zb%) + 60t —b® + 2a%)] sin 50
2 2 ( (a+3b)\/m5§ 3 )
1 15 15 65 75
—a“(a —b) + —b(a —b) + —a(a —b) — —abla — b
16(a+3b)3\/a+3b(64 ( ) 125< ) 16 ( ) 96 ( )
D
13 2 , 1 135 (a—b) ,
— —a® —Tab® + —7a’b+ =b%) + sin 760
2 16" 2 )+ 48 16(a+3b)2\/a+3b]
D

—54a%b — 54b% + 108ab? 5 3 1
+ —c0830 + —cosd0 + —cos70
( 16(a + 3b)2va + 3b )+ 4 4 4 )

E
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We have
Z3 + 23 = Fcos30 + Bsin30 + Ecosb8 + Csind0 + Ecos70 + DsinT6,
fl 72 13
SO
(—54azb — 54b% 4+ 108ab? 30 B . 20
23 4 = — cos30 — —sin30.
i 128(a + 3b)2v/a + 3b 8
(—54a2b — 54b% 4 108ab? 50 50
23 4 = — cos50 — —sinbo.
Sof2 384(a + 3b)2v/a + 3b 24
(—54a2b — 54b% 4+ 108ab? 70 D . 0
23 py = — cosTl — —sin70.
Soho 752(a + 3b)2v/a + 3b A7
So we have

—54a2b — 54b% 4+ 108ab?

E B
Za = cpcos(0) + cysin(f) — — cos 30 — — sin 36 — cos bl
3 = croos(6) + ez sin(6) — 5 8 <384(a+36)2\/a+36)

C —54a%b — 54b% + 108ab? D
— —sinbb — cos 70 — —sin70,
24 ( 752(a + 3b)*v/a + 3b ) 47
and
Z2(0) = 07 =
—54a2b — 54b3 + 108ab?
C1 = 3E = 3( a + a )
16(a + 3b)%va + 3b
B (—162a2b — 1620% + 324@1)2)
B 16(a + 3b)2v/a + 3b
%(0)=0, = co=B+C+ D,
= Co = B+ C + D.
So

o (—162a2b — 1620° + 324ab?
’ 16(a + 3b)2v/a + 3b

B . FE c . .
- gsm?)@ — ﬂcosf)ﬁ - ﬂsmw - 4—700379 — 4—73m79.

)cos(0) + (B + C + D)sin(f) — gcosi’)@
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The solution to (3.23) is

2 1 1 . .
2(0,6) = N cos(6) + 6(4(a 3) m(a — b)(3sin(0) — sin(360)))
+ 8 —4a(a —b) B 3(a—0) N 45b(a — b) ) cos(0)
96(a + 3b)*va+3b  32(a+3b)vVa+3a  48(a+ 3b)*va + 3b
y 3a(a —b) n 3(a —b) B 9b(a — b) ) cos(36)
32(a+3b)’va+3b  32(a+3b)vVa+3b 8(a+ 3b)2va+ 3b
. S5a(a —b) 9(a — b) ) cos(50)) + 53(—162a b — 162b° + 324ab ) cos(0)

+
96(a + 3b)2va+3b  48(a + 3b)%2va + 3b 16(a + 3b)%va + 3b

) E B E C E
+ (B+ C+ D)sin(f) — gcos?ﬂ — gsm?)@ - ﬂcosﬁ)e — ﬂsmfﬁ — 4—700370

D 3
- Esm?&) + 0(67).

3.4 Comparison of third approximate solutions

In this section we analyze the approximate solutions of (2.22) are obtained by the three
numerical methods (SPM, LPM, AM ) [12].
We compare zg(t,0) the exact solution, zp(t,d) the approximate solution with simple per-
turbation method, z7(0,6) the approximate solution with Lindestedt method and z4(t,0)

the approximate solution with Averaging method of Ven Der Pol equation.

3.4.1 Comparison of approximate solutions to order §°

In this part, we compare approximate solutions to order 6°. where g(t) is the Taylor series

. a(a—Db) 3(a—b) 9b(a—b) 24 378a2b 378b3 756ab> 3
expansion of zr,((1+ [8(a+3b)2 " 16(a+3b) + 8(a+3b)2 ]5 [32(a+3b) 32(a+3b)3 +5 a+3b)3]5 )t,6).In
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the order 4% in the neighbourhood of § = 0. We have

g(t) = \/ﬁ cos(t) + 6(4(a —1|— 30) \/ﬁ(a — b)(3sin(t) — sin(3t)))
o —4a(a —b) B 3(a—0) N 45b(a — b) ) cos(t)
96(a + 3b)*va+3b  32(a+3b)Va+3a  48(a+ 3b)*va + 3b
N 3a(a — b) N 3(a—0b) B 9b(a — b) ) cos(31)
32(a+3b)2vVa+3b  32(a+3b)va+3b 8(a+3b)2va+3b
+( 5a(a — b) 9(a — b) ) cos(51)) + 6% —162ab — 162b% + 324ab2) cos(1)

- +
96(a + 3b)%2va+3b  48(a + 3b)2va + 3b 16(a + 3b)2v/a + 3b

E B E C E
+ (B+C+ D)sin(t) — §0033t - gsz’nSt - ﬂcos&f - ﬂsin[’)t - Ecos?t

D .
— Esm?t).

And h(t) is the Taylor series expansion of z4(t,d), in the order §* in the neighbourhood of
J=0.

h(t) = (A + (4 — At ygr g 522 ((%(a +3b)2+ 4 — L(a+ 3b)> +63(4 — %‘Zti”)) cos(t).
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Figure 3.1: Comparison of the SPM solution, LPM solution and AM solution for § = 0 and
A =2, to order &°.
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Figure 3.2: Comparison of the SPM solution, LPM solution and AM solution for § = 0.1
and A =2, to order §°.
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Figure 3.3: Comparison of the SPM solution, LPM solution, AM and RGM solution for
§=0.9, and A =2, to order §°.
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Figure 3.4: Comparison of the SPM solution, LPM solution, AM and solution RGM solution
for 6 = 0.1, and A = 1, to order 63.
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3.4.2 Discussion of results

When A = 2 and § = 0, in Fig.3.1, shows analytic approximate solutions. Based on
the obtained results, we found that the solutions z;, z4 and zg, are indetical to the exact
solution zg.

When A = 2 and § = 0.1, in Fig.3.2, shows analytic approximate solutions. Based on the
obtained results, we found that in the domain ¢ € [—5, 5] the solutions zj, z4 and zg and
h(t), are indetical to the exact solution zg, but when ¢t — oo the solutions zg, are spaced
on the exact solution zg. Also, we note that the solutions zpand h(t) it will be indetical to
the exact solution zp.

When A = 2 and § = 0.9, in Fig.3.3, shows analytic approximate solutions. Based on the
obtained results, we found that the solutions z4, is indetical to the exact solution zg, but
zr, and zg, are spaced on the exact solution zg, we note that the solutions h(t) are indetical
to the exact solution zg.

When A =1 and § = 0.1, in Fig.3.4, shows analytic approximate solutions. Based on the
obtained results, we found that in the domain ¢ € [—5, 5], the solutions zg, are convergent to
the exact solution zg, and z, 24, are indetical to the exact solution zg, but when ¢ — oo
the solutions zg spaced on the exact solution zz, we note that the solutions h(t) convergent

to the exact solution zg and zj, are indetical the exact solution zg.

3.5 Conclusion

Chapter Three presents a comparative analysis of the three previously applied approxi-
mation methods for studying third-order approximate solutions, where accuracy increases.
The chapter evaluates the accuracy, stability, and mathematical complexity of each method.
The average method (AM) proves to be the most stable for long-term behavior, while the
Lindstedt-Poincaré method (LPM) achieves high accuracy at the expense of more complex
calculations. The simple perturbation method (SPM), while easy to implement, is limited
in scope. The comparison highlights that the choice of method depends on the specific

characteristics of the problem and its objective.
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General Conclusion

This note explores approximate analytical methods for solving second-order weakly non-
linear differential equations, focusing on the van der Poel equation as a case study. It demon-
strates the application and effectiveness of SPM, LPM, and AM algorithms in extracting
approximate periodic solutions. The results emphasize the importance of approximation
techniques in studying complex systems where exact solutions are difficult to achieve. This
work encourages further exploration of advanced methods and their application to broader

nonlinear phenomena in science and engineering.
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