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Abstract

In this work, we study and presented some fixed point theorems for multi-function in metric
space, such as Nadler’s theorem and Caristi’s theorem and generalized them to partial and cone
metric space.

We concluded this work by proving the existence of solutions to some integral inclusions and the

issue of differential inclusions by applying a set of theorems and results.

Keywords: metric space, fixed point, multi-valued applications, partial metric space, cone metric

space, integral equation, integral inclusions, differential inclusions.
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Résumé

Dans ce travail, nous avons étudié et présenté quelques théoreme du point fixe multivoque dans
I’espace métrique, telles que, la théoreme de Nadler et la théoreme de Caristi et les avons général-
isées aux espaces métriques partiels et cone.

Nous avons conclu ce travail en prouvant ’existence de solutions a certaines inclusions intégrales

et la question des inclusions différentielles en appliquant un ensemble de théoreme et de résultats.

Mots clés : espace métrique, point fixe, applications multivoque, espace métrique partiel, es-

pace métrique cone, équation intégrale, inclusions intégrales, inclusions différentielles. .
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Introduction

Why study the fixed point? And what is its purpose?

We have always had this question, and we often ask ourselves, what is the meaning of a fixed
point? The fixed point of the function is the point antecedent is equal to the image of the function
f(x)=x, if we express this property graphically, we find that it is the point of intersection between
the curve of the function f and the first bisector at the point (x, x).

We note that the fixed point was explained by Banach in his classical theory of 1922, which
presents the existence and unity of the fixed point in the integral equations, so that the world
Nadler generalized it in his famous multi-valued fixed point theorem. Caristi also showed the
existence of the fixed point only without proving its unity to complete his research and generalize
his theory Multi-valued fixed point. We have studied these theories of the fixed point according to
some types of metric space and the form of its existence, unity or multi-values, as the researchers
were not satisfied with these researches and theorems reached in the metric space, to re-study
them in the partial metric space and prove their theorems and beliefs about the fixed point for
multi-value applications, so we noticed that Both Nadler and Caristi did not stop there in their
research, to find that they expanded their research and theorems to a different dimension and
space than before, so we see that they took their theorems and research to the cone metric space.
To verify and prove the validity of these theorems in various metric spaces.

In this work, we introduced a set of theorems, including the fixed point theory of Banach and
Caristi in metric space, as preliminary information that helps us understand the multi-valued
fixed point theorem.

In Chapter 1 we discussed some intuitive notions of metric space, as well as the theorems of
Banach and Caristi. As for the second chapter, we have dealt with some fixed point theorems
for multi-functions in metric space, as well as their generalization in partial metric space and
cone metric space. We conclude this work with the third chapter, which we devoted to studying
the existence of solutions for some integrated inclusions applications and nonlinear differential

inclusions. using the previously studied theorems and results.



Notations

The most frequently used notations, symbols and abbreviations are listed below:

N : The set of natural numbers.

R . The set of real numbers.

R, . The set of positive real numbers.

H(A, B) : The Hausdorff distance between A and B.

X, Y . Are metric spaces if no other indication is given.
CB(X) . The set of all closed and bounded subsets of X.
CL(X) . The set of closed subsets in X.

K(X) . The set of all compact subsets of X.

T:X—-Y : Tisamultivalued map from XtoP(Y).
Dom(T) : The domain of T.

Graph(T) : The graphof T.

Im(T) . The image of T.

d(x,A) . The distance between a point x and aset A.

p(x,y) . The distance between a point x and a set A in partiel metric space.
e(A,B) : Denotes the excess of a set A€ A.

LY(I) . The space of integrable maps defined on I.



CHAPTER

Preliminary Notions

In this chapter we will provide some definitions, basic mathematical concepts and some prelimi-

nary properties that we will use in this work.

1.1  Metric Space

Definition 1.1.1. [38] Let X be a non-empty set. We call distance on X any map d: X x X - R,
satisfying the following axioms :

(d1) Separation: V x,y € X : d(x,y) =0 x=y.

(d2) Symmetry : ¥V x,y € X : d(x,y) = d(y, x).

(d3) Triangle inequality : V x,y,z € X : d(x,y) < d(x,z)+d(z,y).

Definition 1.1.2. [38] A metric space is a pair (X,d) where X is a set and d is a distance.
Example 1.1.1. [27] d(x,y) = | x—y | provided also in Z and Q.
Example 1.1.2. [10] We can define a metric on any set X, assuming for x,y € X:

0 if x=y
1 if x#y,

d(x,y)=

we call it discrete metric.

Definition 1.1.3. [10] Let (X, d) be a metric space, x, € X and r > 0.



1.1. Metric Space

e We call closed ball with center x, and radius r the set

Bi(xp, 1) = {x € X:d(xp,x) < r}.
e We call open ball with center x, and radius r the set

B(xy,7) ={x € X:d(x5,x) < r}.
e We call sphere with center x, and radius r the set

S(xy,1r) ={x € X:d(xy,x) = r}.

Remark 1.1.
By(x0,7) = Blxo,7) | ) S(xo,7)

Example 1.1.3. [10] Let R be the set of real numbers endowed with the usual distance d(x, y)=]
x—v|, (x,y) € R therefore
L.B(xy, 1) =]xg—1, X0+ 1][.

2.Bs(xp, r)=[xo— 1, X0+ 1].

3.8(xy, 7)={xy—1, X0+ 1}

1.1.1 Cauchy Sequence and Convergent Sequence

Definition 1.1.4. [10] A sequence (x,),en in a metric space (X,d) is said to be Cauchy if:

Ve >036(e) e NVnm> o(e):d(x,,x,,) < €

i.e:

lim d(x,, x,)=0
n,m—+oo

Remark 1.2. We can write V&> 03 N, e NNV n>N,,VmeN:d(x,., Xx,) <E€.

10



1.1. Metric Space

Example 1.1.4. Let (R,|.|) be a sequence (x,),ey defined by:

1
X, =—
n
Let n,m e N,n > m:
1 1
d(xnrxm) = nT m
_ |n—-m
- nm
< | =
- nm
< I
- nm
< L1
- m

. 1 .
then lim — = 0, so x,, is a Cauchy sequence.
m—+o0 m

Definition 1.1.5. [10] Let (X, d) be a metric space then (x,),ey & sequence in X is called convergent

sequence if and only if:
Ve>0306() e NVn > o6(e) = dx,,x) < e

we then denote

lim x,=x.
n—+0o0

Properties 1.1.1.
e Any convergent sequence is a Cauchy sequence.

e Any convergent sequence is Cauchy, the converse is generally false.

Example 1.1.5. [10] Let {x,} be the sequence in the metric space (R—{1},.]), such that x, = 5.

11



1.1. Metric Space

We have lim x,=1¢R—{1}, so the sequence x, diverges. Let n,m € Nyn > m:
n—oo

d(xnvxm) = |nL+1_mi+1
= | oo |
- (n+1)(m+1)
n
< n(m+1)
1
S

then lim =0. Hence lim d(x,,x,,)=0, so the sequence x,, is of Cauchy.
m—+oo m + 1 n,m—+oo

1.1.2 Continuous Map

Definition 1.1.6. [10] Let (X, dx) and (Y, dy) be two metric spaces, f:X — Y a map and a € X,

we say that f is continuous at the point a if:

lim f(x)= f(a),

X—a

that’s to say :

Ve>030 >0V x e X,dy(x,a) < 6 = dy(f(x) f(a) < e.

1.1.3 Contraction

Definition 1.1.7. [10] A mapping f from a metric space (X, d) to itself is said to be k-contractive
if 0<k <1 and if, for any pair of points x and y of X,

d(f(x), f(y) < kd(x,y).

It is said to be contracting if it is k-contracting for some constant k.

Example 1.1.6. the case on R of the application x — (x +sin x)/3, avec k=2/3.

12



1.1. Metric Space

Definition 1.1.8. Let (X, d) be a metric space. A mapping f : X — X is said to be an F-contraction

on X, if there exists 7> 0 such that for all x,y e X,

d(f(x), f(y)>0=7+F(d(f(x), f(y) < F(d(x, ).

and F :(0,+00)— R a mapping satisfying the following:

F1: F is strictly increasing, that is for all x,y € R, such that x <y = F(x)< F(y).

F2: For each sequence {x,},>, of positive numbers, lim x,=0 if and only if lim F(x,)=—00.
n—0oQ0

n—oo

F3: There exists k €(0,1) such that lim x*F(x)=0.

n—oo

The set of all functions satisfying the conditions (F1)—(F3)is denoted by AF

1.1.4 Lipschitzienne

Definition 1.1.9. [10] be (X,dy) and (Y, dy) metric spaces, f : X — Y an application and k a

positive real. We say that f is k-Lipschitz si

V(x, )€ X?, dy(f(x), f(y)) < kdx(x, y).

Example 1.1.7. Consider the metric space R? equipped with the Manhattan distance. The app
(x,y)— (x + y) is then 1-lipschitzian. More generally, any continuous linear map between two
e.v.n. (normed vector spaces) is Lipschitz (in particular, any linear map from a finite-dimensional

e.v.n. to an e.v.n.)

1.1.5 Non Expansive

Definition 1.1.10. [19] Let f: X — X be a mapping of the metric space X into itself. We call f
non-expansive if

d(f(x), f(y)<d(x,y) (x,y € X).

Remark 1.3. [30] that contraction = non expansive = Lipchitz, and that all these functions are

uniformly continuous.

13



1.2. Norm Vector Space

1.1.6 Complete Space

Definition 1.1.11. [38] A metric space (X, d) is said to be complete if any Cauchy sequence (x,),en

in X converges in X.

Properties 1.1.2. [38] Let (X,d) be a metric space and A € X
o If (A, d) is complete, then A is a closed set of X.
o If (X,d) is complete and A is a closed set of X, then (A, d) is complete.

Proof.

o If AcC X is complete and (x,),eny C A is a sequence which converges to a € X, then (x,),en
is a Cauchy sequence (since in X it converges), then it must converge in A to a point b € A.
According to is the uniqueness of the limit (in X) where a=5b € A so A is closed.

o If X is complete, and A closed in X, any Cauchy sequence (x,),ex € A must converge in X to a
point a € X, since this point is complete and A closed, this limit must belong to A, which proves

that A is complete. O

1.2 Norm Vector Space

Definition 1.2.1. [7] A norm on X is a map from X to R, denoted [|.|| satisfying for all x,y € X
and all A € K:

(N1) llx[[=0& x =0,

(N2) IAxll =| A] 1 x]| (homogeneity).

(N3) |lx+ yll < |lx||++]ly]l (triangular inequality).

Definition 1.2.2. [7] A normed vector space is a pair (X, ||.||) where X is a vector space over K =
R or C and ||.|| is a norm over X.

The following proposition specifies the meaning of normed vector spaces as metric spaces . It
follows that all the properties of the distances given above have a translation into norm in the
normed vector spaces (In particular, as for the distances if it is not necessary to assume the

positive or null norm, it is a consequence of the axioms (N'1), (N2) and (N3)).

Properties 1.2.1. [7] If (X, ||.]]) is a normed vector space then d(x,y) = ||x— y|| defines a distance
on X.

14



1.3. Banach spaces

Proof. It is clear that the hypotheses (IN1) with A = 0 and (N 2) for the norm ||.|| entail the property
(d1) of the distance d. The property (N1) with A = -1 for the norm leads to the property (d2)

for the distance. The triangle inequality immediately follows. [
Remark 1.4. [7] Balls or spheres with center 0 and radius 1 are called unit balls, unit sphere.

Example 1.2.1. The n-dimensional vector space K” with K = R or C is endowed with three

important norms (the; standard norms) ||.|[;, ||.l2, |-lleo, defined by x = (xy,...,x,) and y =(,, ¥,.):

n n
1
lxlly = E | x|, Mlxll, = E (x7)? |, and [[xlleo = max||x;]l.
— — 1<i<n

The three norms satisfy the inequalities ||.]loo < |X|l; £ vV 7l.]l2 £ 7] Xl 0o -

Definition 1.2.3. [18] Let (X, |.||) be a normed vector space, and {x,},en: @ sequence in (X, ||.]|)

o {x,},en: is said to converge to x € X if

£>0,3n €N, Yn > ny,||x,— x| < e.

o {x,},en is called a Cauchy sequence if

Ve>0,InyeN, Vn,m > ny,||x, — x|l < €.

1.3 Banach spaces

Definition 1.3.1. A Banach space is a normed vector space (X,||.||) which is complete for the

distance associated with the norm.

Example 1.3.1. For 1< p < oo, we define the p-norm on R” (or C") by

<~

G, X200 XM = (2 + 12”4 [, )7

For p = 00, we define the oo, or maximum, norm by

”(xl’xz’---)xn)”oo = max{lxll, |x2|’---» |xn|}

Then R” equipped with the p-norm is a finite-dimensional Banach space for 1 < p < oo.

15



1.4. Weak-Weak* Topology

1.4 Weak-Weak* Topology

1.4.1 Weak Topology

Let Y be a Banach space and f € X’, X’ is the dual of x. We denote by ¢: X — R the map
defined by ¢ ¢(x)=<f,x>.
When [ describes X’, we obtain a family of maps (¢);ex from X to R.

Definition 1.4.1. The weak topology o(X, X’) is the least fine topology on X making all the maps

(¢¢)fex continuous.

Definition 1.4.2. . Let (x,), be a sequence of R. We define the lower and upper bounds of (x,),
as follows

liminf x,, = sup(inf x;)
n—oo nenN k=n

limsup x, = inf(sup x;)
n—00 neN gy

Properties 1.4.1. Let (x,,),ey be a sequence of Y. We have:

1. x,—*x for o X, X)=< f,x,>>< f, x>V x e X

2. If x,— x then x,, — x for o(X, X").

3. If x, — x for o(X,X’), then ||x,]|| is bounded and || x|| Slrill_r)1+iorif||xn||.

4. If x, — x for o(X,X’) and if f, — f in X', then < f,, x, >—<f, x> .

1.4.2 Weak™ Topology

We will now define the weak* topology denoted by o(X’,X). For each x € X we consider the
map ¢, : X' — R defined by f— ¢ (f) = < f,x>. When x runs through X we obtain a family
of maps (¢)cex from X’ to R.

Definition 1.4.3. The weak™ topology also denoted o(X’,X) is the least fine topology on X’

rendering the maps (@, )ex-

16



1.5. Fixed Point Theorem for Functions in Metric Spaces

Properties 1.4.2. Let (f,), € N be a sequence of X’. We have
1. fi—=*fforoX' X)e=o< f,x>><f,x>V x € X.
2. If f, =* f for o(X’, X), then ||f,|| is bounded and || f|| Slim+inf||fn||.

3. If f, =* f for o(X’,X) and if x, — x strongly in X, then < f,,, x, >—< f,x >.

Definition 1.4.4. A topological space is metrizable if there exists a metric which induces its

topology.

Theorem 1.4.1. Let X be a separable Banach space. Then the closed unit ball of X’ is metrizable
for the topology o(X’,X) i.e. we can construct on this ball a metric which induces the same

topology as the weak™* topology (o(X’,X) ).

1.5 Fixed Point Theorem for Functions in Metric Spaces

Definition 1.5.1. Let (X, d) be a metric space, and f : X — X a map. We call fixed point of f

any point x € X such that f(x) = x. (We also use the notation fx = x).

1.5.1 Banach’s Fixed Point Theorem

Theorem 1.5.1. [37] (Banach 1922). Let (X,d) be a complete metric space (or a Banach space
if X has a norm) and f : X — X a contraction. Then f admits a unique fixed point in X, i.e.
there exists x € X such that fx = x. Moreover, this point can be obtained as the limit of any

sequence generated by alliteration

Proof.
(1) Existence:

Let x, be any initial point and (x,),ey the sequence defined by:

Xo € X

Xp= f(x,)n € N.

17



1.5. Fixed Point Theorem for Functions in Metric Spaces

We will establish that (x,),ey is @ Cauchy sequence. For all n € N | since f is contractive, we

have

d(xn’ xn+1) = d(f(xn—l)» f(xn)) < Ad(xn—lv xn) << And(xor xl)

Thus, for m > n, where n > 0, we have

d(xn’ xm) < d(xn’ xn+1) + d(xn+1’ xn+2) +...+ d(xm—l’ xm)

IA

And(xl, xO)+An+1d(xl, x0)+ ---+Am_1d(x0, xl)

IA

A1+ A+ 224+ .+ A" d (%, X))

25d (X, f (%)) — 0 when n— 0o because A€[0, 1[.

IA

This shows that (x,),ey is a Cauchy sequence and since X is a complete space, then there exists

x € X such that x, — x. Moreover, since f is continuous, we have:

x = lim 0= lim f(x,)=f(lim x,)=f(x).

so x is a fixed point of f.
(2) Uniqueness:

Suppose there are two points x,y € X such that x # y, x = f(x) and y = f(y). Then, we have

a(f(x), f(y)=d(x,y)

SO
A1) _
d(x,y) ’

on the other hand, contracting f therefore

d(f(x), f(y))
dix,y) = d(x,y)

which is a contradiction, hence the uniqueness. Il

18



1.5. Fixed Point Theorem for Functions in Metric Spaces

Example 1.5.1. [37] Let X =R and the map f:R, — R defined by:
e f(x)=3x+1
Then f is contractive and has a unique fixed point x =2.

o f(x)=3x?

Then f is contractive and has a unique fixed point x =3.

Theorem 1.5.2. [26] (Cantor’s intersection). Let {A,},cny be a sequence of closed non-empty

subsets of X such that A, D A, D A3 D --- and such that lim diamA, =0. Then, the set ﬂ A,

n—o00
neN

consists of a single point.

Lemma 1.5.1. (Bishop-Phelps). Let ¢ : X — R be a lower bounded semi-continuous function

and A a positive constant. Then, for all x, € X, there exists x* € X such that
Ad(xp, x7) < @ (X0) — P (x7)

and
Ad(x,x*)> ¢(x*)—¢@(x) for all x € X such that x # x*.

Proof. For all z € X, let f(z)={y € X : ¢(y) + A d(z,y) < ¢(z)}.
Since the function ¢ is lower semi-continuous, f(z) is closed for all z € X.

Let x, € X. First choose x; € f(x,) such that
¢(x1) < 1+infl@(f (x0))]

. Then choose inductively x, € f(x,_;) such that

P(x,) < — +1Hf[¢>(f Xp-1))]-

It is clear that f(xy) D f(xl) D f(x,) D---. Let us estimate the diameter of f(x,) for a given n.

Let w € f(x,)C f(x,_;). We have that

¢(w) 2 inf[@(f (x,-1))] = P (x,)— —

19



1.5. Fixed Point Theorem for Functions in Metric Spaces

Since w € f(x,), we have that
1
A, w) < ()~ p(w) < -

So, diam f(x,) < /127 for all n € N

(e0)

By Cantor’s intersection theorem, there exists a unique x* € ﬂ f(x,). Since x* € f(x,)
n=0

Ad(xo, x*) < @ (x0) — p(x7).
Moreover, if Ad(x,x*) < ¢(x*)—¢@(x), then x € ﬂf(xn), since for all n € N
n=0

Ad(x,,x) < Ad(x,,x*)+Ad(x* x)
< @) —o(x)+ @(x*)—p(x)

= ¢(x,)—9(x),
U

and by uniqueness x = x*. Here is a proof of Caristi’s theorem using the Bishop-Phelps lemma

1.5.2 Caristi’s Fixed Point Theorem:

In 1976, using transfinite induction, Caristi obtained a fixed point theorem.

Definition 1.5.2. A function ¢ : Y — R is said to be lower semi-continuous if, for all x € Y,

liminfe(y)= ¢(x)

y—x

or, equivalently, if the set {x € Y :¢(x) < a} is closed for all a € R.It is upper semi-continuous if

—¢ is lower semi-continuous.

Theorem 1.5.3. [15] [13] Let ¢ : X — R be a lower bounded semi-continuous function. Let

f: X — X be any function such that

d(x, f(x)) < ¢(x)—@(f(x))
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1.5. Fixed Point Theorem for Functions in Metric Spaces

for all x € X. Then f has a fixed point.
A simpler proof using a result of Bishop and Phelps was later made. Before stating this lemma,

here is Cantor’s intersection theorem which we will need to prove the Bishop-Phelps lemma

Proof. Let A= 1 and choose x,€ X arbitrarily. By Lemma (1.5.1), there exists x* € X such that,
if
x#x5,d(x,x*)>@p(x*)—p(x).

Now, by hypothesis,
d(x*, f(x7)) < (x%)— @ (f(x7)).

From these two inequalities, we deduce that x* = f(x*).
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CHAPTER

Multi-Valued Analysis

In this chapter we introduce some concepts and characteristics of multi-applications We will also
present some fixed point theorem in each of the spaces, metric space, Partial metric and Cone

metric.

2.1 Pompieu-Hausdorff Distance

Definition 2.1.1. [2] Let (X, d) be a metric space, x € X and A a subset of X. The distance from
point x to A denoted d(x,A) is defined by:

d(x,A)=inf{d(x,y): y € A}.

By convention, d(x,A)=+00. If on the contrary, A is non-empty, then for all € >0, there exists

an element y € A such that d(x,y)<d(x,A)+e¢.

Lemma 2.1.1. [14] Let (X, d) be a metric space. For A € CL(X) and x € X,d(x,A)=0 if and only
if x € A.

Theorem 2.1.1. [35] Let x € X and A € K(X), then there exists x, € A such that:

d(x,A)=d(x, x,)
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2.1. Pompieu-Hausdorff Distance

Definition 2.1.2. [35] Let (X, d) be a metric space and A, B € CB(X). We define the excess from
A to B as follows:
e(A,B)=sup{d(a,B):a € A}

Remark 2.1. Obviously, the excess is not symmetric, so it is not a metric. Let us recall in the

following proposition some properties of the excess.

Properties 2.1.1. 2] Let (X,d) be a metric space and A, B,C € CB(X). Then we have:

(I) e(A,B)=0< ACB.

(2)BCcC = e(A,C) < e(A B).

(3) e(Al B, C)=max{e(4, C),e(B,C)}.

(4) e(A,B) < e(A,C)+e(C,B).

Proof.
(I) According to definition 2.1.2, we have :

e(A,B) =0 < supd(a,B)=0

acA

< d(a,B)=0,for all a € A.

Since B is closed in X, we deduce that
dla,B)=0<acB.

SO,
e(A,B)=0<> ACB.

(2) We have

BcC=d(a,C)<d(a,B), foralla € X
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2.1. Pompieu-Hausdorff Distance

Then taking the upper bound on the a in A, we get

Bc C=supd(a,C)<supd(a,B).

acA acA

SO,
BcC=e(A C)<e(AB).
(3) We have:
e(AUB’C):f;‘jEB d(a,C)= max{s;zl,elgd(a,C),itelgd(a,C)}.
SO,

e(AUB, C)=max{e(A C)e(B,C)}.

(4) We first show the following inequality:
d(a,B)<d(a,c)+d(c,B), for all a,c € X.
Indeed, let a,c € X, by the triangular inequality, it follows that

d(a,B)<d(a,b) < d(a,c)+d(c,b), forallbeB

< d(a,c)+infd(c,b).
beB

Then, the inequality 2.1 holds, so for all a € A and ¢ € C, we have
d(a,B)<d(a,c)+d(c,B)<d(a,c)+e(C,B).

This implies
d(a,B)<d(a,c)+e(C,B).

Taking then the lower bound on the ¢ in C, we get (for any a)
d(a,B)<d(a,C)+e(C,B).

Whene (4) the result by taking the upper bound on the a in A.

(2.1)
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2.1. Pompieu-Hausdorff Distance

The other notion of distance that we will need is that of Hausdorff. The Hausdorff distance

between two sets A and B corresponds to the maximum between e(A, B) and e(B, A). ]

Definition 2.1.3. [22] Let (X, d) be a metric space. The Pompieu-Hausdorff distance between two
sets A,B € CB(X) is defined by:

H(A,B)=max{e(A, B),e(B,A)}=max{supd(a, B),supd(b, A)}.

acA beB

Remark 2.2. [32] Let A,B € CB(X) and a € A. Then, as a consequence of the definition above,

we conclude that for each £ > 0 there exists b € B such that
d(a,b)<H(A,B)+e.
Example 2.1.1.
e Let X = R, A=[1,2] and B = [2,3] with the usual distance. SO,
e(A,B)=sup{d(a,B): a € A}=1 and e(B,A)=sup{d(b,A): b € B }=1.
Therefore, H(A, B)=max{e(A,B),e(B,A)}=1.

Example 2.1.2.
e Let X = R, A=[1,3] and B = [3,4] with the usual distance. SO,

e(A,B)=sup{d(a,B): a € A}=2 and e(B,A)=sup{d(b,A): b € B }=1.
Therefore, H(A, B)=max{e(A, B),e(B,A)}=2.
Remark 2.3. If A = {a} and B = {b}, then H(A,B) = d(a, b).
Properties 2.1.2. 2] Let (X,d) be a metric space, then H is a metric on CB(X).

Proof.
(I) By the definition of H, we have H(A, B) > 0.

25



2.1. Pompieu-Hausdorff Distance

Note,
H(A,B)=0 < max{e(A B),e(B,A)}=0

< e(A,B)=0 and e(B,A)=0

< AcCcBand BCA

& A=B.

(2) It is clear that max{e(A, B),e(B,A)}=max{e(B,A),e(A, B)}.
So,
H(A, B)=H(B, A).

(3) Using Proposition 2.1.1, we get

H(A, B) max{e(A,B),e(B,A)}

A

< max{e(A C)+e(C,B)e(B,C)+e(C,A)}

IA

max{e(A C),(C,A)}+max{e(B,C),e(C,B)}

= H(A,C)+H(C,B).
We will now give definitions concerning the sequences in (C B(X),H) [

Definition 2.1.4. [36] Let (CB(X), H) be a metric space.
(I) We say that a sequence {A,},ey in CB(X) converges to A € CB(X), if for all € > 0 there exists
N € N such that

H(A,,A)<e, forallm >N.

We write lim A, =A.
n—+00

(2) A sequence {A,},en in CB(X) is said to be Cauchy if

Ve>0,ANeN,Yn,meN:n>m>N = H(A,,A,,) <&,
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2.1. Pompieu-Hausdorff Distance

and we write

H(A,,A,,)—0.
n,m— +00

Theorem 2.1.2. [36] If (X, d) is a complete metric space, then (CB(X), H) and (K(X), H) are also.

Our next results are based on the following lemma:

Lemma 2.1.2. [9] Let (X,d) be a metric space and A,B € CB(X). Then, for each h > 1 and for
all a € A, there exists b € B, such that

d(a,b)< hH(A, B). (2.2)

Proof. Note that if H(A,B) = 0, then A = B and a € B, we conclude that inequality 2.2 holds
for b = a.

On the other hand, if H(A, B) > 0 let

e=(h—1)H(A, B)>0. (2.3)

Using the definition of d(a, B) and H(A, B), it becomes that for each & > 0 there exists b(a) = B
such that

d(a,b)<d(a,B)+&e<H(A B)+e. (2.4)
Then, it suffices to replace 2.3 in 2.4 to obtain the inequality 2.2 Il

Lemma 2.1.3. [32] Let (X,d) be a metric space A,\B € CB(X)anda € A. ThenV e>0,3b €
B such that
d(a,b)<H(A,B)+e.
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2.2 Some Notions of Multi-Map Analysis

2.2.1 Mutlti-Applications

Definition 2.2.1. [17] A multi-function T: X — Y is a map which to each x € X associates T x.

T x is a non-empty set of Y.

Definition 2.2.2. A point x, € X is said to be a fixed point of T if: x, € T x,
In the literature, these maps are also called multi-maps, multi-valued functions, multi-functions

or correspondences

Remark 2.4. Note that a mapping is also a multi-mapping since for x € X the singleton

f(x)={y}

is a subset of Y.

Example 2.2.1. Any application is an image of a multi-application. Let f: X — Y a univocal

map, we define T : X —2Y by Tx = {f(x))}.

Definition 2.2.3. [17] Let X and Y be two sets and T: X — 2% a multi-application.
(1) We call domain of T the set:

domT :={xeX/Tx#a}

(2) We call image of T, the set:
ImT ={yeY/dxeX;y=Tx}

(3) We call image of a part A of X by T the set:

TA::UTx

X€A

(4) The graph of T is the subset of X x Y defined by:

gphT ={(x,y)eXxY/yeTx}
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2.2. Some Notions of Multi-Map Analysis

2.2.2 Continuity of Multi-Applications

e Upper semi-continuity (s.c.s.)

Definition 2.2.4. Let X and Y be two topological spaces and let T : X =2 Y be a multi-function.
> We say that T is upper (s.c.s.) semi-continuous at the point x, € X, if for any open set V of Y

such that Tx, c V, there exists a neighborhood Q of x,, such that

TxcV,¥x €.
> We say that T is s.c.s. on X if it is s.c.s. at any point of X.

Properties 2.2.1. Let X and Y be two topological spaces and let T : X 3Y be a closed-valued
multi-function, (Tx a closed set of Y.V x € X).

> If T is s.c.s. on X then the graph of T is closed.

Properties 2.2.2. Let X and Y be two topological spaces, such that Y is compact and let T :
X 33Y be a multi-map.

> If the graph of T is closed then T is s.c.s. on X.

Theorem 2.2.1. Let X and Y be two topological spaces, T : X 3 Y a multi-map, then the following
assertions are equivalent

i) T is upper semi-continuous on X,

ii) The set T.'V ={x € X : Tx C V} is an open set of X for any open set V of Y,

iii) the set T7'!M ={x € X:Tx N M #@} is a closed set of X for every closed set M of Y.

Properties 2.2.3. [5] Let T : X 3 Y be an upper semicontinuous compact-valued multi-map on

X. Then for each compact set K c X, the image F(K)= U T x is compact in Y.

xek
Properties 2.2.4. [26] Let X and Y be two metric spaces, T : X =3 Y a compact-valued multi-
function, then T is upper semi-continuous on X if and only if for each x € X and each sequence
(x,), of X such that x, — x, and (y,), of Y with y, € Tx,, there exists a subsequence (y,,) of
(y,) such that

lim e Tx.
m—+00 Ym
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e Lower Semi-Continuity (s.c.i.)

Definition 2.2.5. Let X and Y be two topological spaces, T : X =3 Y a multi-map.

> We say that T is lower semi-continuous (s.c.i.) at the point x, € X, if for any open set V of X
such that

Txy, NV # @, there exists a neighborhood Q of x,, such that

TxNV @, Vx e
> We say that T is s.c.i. on X if it is s.c.i. at any point of X.

Remark 2.5. > A multi-map is continuous at a point if it is s.c.s. and s.c.i. at this point.

> A multi-map is continuous on a set A if it is continuous at every point of A.

e Upper Hemi-Continuity (/.c.s.)

Definition 2.2.6. Let 7,7, be two topological spaces equipped with the weak topology and F: 7, =3
7, a multi-map.
We say that F is upper semi-continuous (or scalar upper semi-continuous ) at x, if for all (z, 1)

€ (7,7",),(7’, is the dual of 7, ) the function I (¢) is upper semi-continuous at x,.

Properties 2.2.5. Any upper semi-continuous multi-map defined from Z; to values in %, which is

endowed with the weak topology is upper hemi-continuous.

2.2.3 Measurability of Multi-Applications

Definition 2.2.7. Let (Y,X) be a measurable space, X a metric space, T : Y 3 X a multi-function,
we say that T is X-measurable if for any open V of X,

T7'VeX.T'V={teY:TtnV £}

Theorem 2.2.2. (Kuratowski and Ryll-Nardzewski theorem) [29]
Let (J,X) be a measurable space, X a separable complete metric space and T : J =3 X a closed-

valued Y-measurable multi-function, then T admits at least one measurable selection.
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2.2. Some Notions of Multi-Map Analysis

Properties 2.2.6. Let X be a topological space, and Y a metric space, F an upper semi-continuous

multi-map defined as T: X =3 Y. Then the inverse image of the open sets are Borelians

2.2.4 Convergence Theorem

Theorem 2.2.3. [5] Let F be a multi-function h.c.s. defined on a locally convex Hausdorff space
X with convex closed values in a Banach space Y.

Let I be an interval of R, x;(.) and y.(.) measurable functions from I to X (respecti-tively Y)
satisfying

for almost any ¢ € I, and any neighborhood V of 0 in X x Y, there exists ky = ky(t, V) such that

Vk > ko (xk(2), yi(2)) € gph(T)+V,

if we have
i) x(.) converges p.p. to a function x(.),

ii) y()e L'(I,Y) and converges weakly to y(.) in L'(I,Y)
then
(x(t), y(t)) € gph(T),

i.e.

y(t) € Tx(t)for almost all t € I.

Theorem 2.2.4. [16] Let I be a compact interval of R | E a finite dimensional Banach space and
let (x,) be a sequence of absolutely continuous functions defined on I with values in E satisfying
the following conditions

1.Vt € I(x,(t), is a relatively compact subset in E,

2. there exists a positive real-valued function ¢ € L}(I,R,) such that

Then there exists a subsequence (again denoted (x,),) and an absolutely continuous function x :

I — E in the following sense:
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i) (x,), converges uniform ement to x on a compact set of I,

ii) (x), converges weakly to x" in L'(I, E).

2.3 Partial and Cone Metric Spaces

2.3.1 Partial Metric Spaces

Definition 2.3.1. [11] Let X be a non-empty set. We say that the map p : X xX — R, is a
partial metric on X if for all x,y,z € X, the following conditions are satisfied:

(P1)
(P2)
(P3)
(P4)

Then (X, p) is said to be a partial metric space such that X is a non-empty set and p is a partial

x =y e plxx)=plxy)=pyy),
p(x,x) < p(x,y),

p(x,y) = p(y,x),

p(x,z) < p(x,y) + p(y,2) - p(y, ¥).

metric on X.

Example 2.3.1. the function p: X x X — R, defined by:

e p(x,y) = plx,y) + max{w(x) w(y)}

is a partial metric in X, w : X — R, is an arbitrary function
Let x,y,z € X.

e For the partial metric p

For x = y, In effect :

plx,x) = p(x,x)+max{w(x), w(x)}
= plx,y)+max{w(x), w(y)}
= py,y)+maxiw(y), w(y)}.
So

=y plx,x) = plx,y) = ply,y)

And more
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p(x,y) = p(x,y)+max{w(x), w(y)} = p(y,x)+max{w(y), w(x)} = p(y,x).
In effect also :
plx,y) = plx,y)+max{w(x) w(y)}
< px,y)+py,z)—ply,y)+ max{w(x), w(y)}+ max{w(y) w(z)}—max{w(y), w(y)}

< plx,y)+ply,z)—p(y,y)

Hence (X, p) is a partial metric space

Example 2.3.2. We consider the function p: R_xR_— R, de ned for all x,y € R_, by:

p(x,y)=—min{x,y},

the even (R_, p) is a partial metric space.
1.In effect:

x=y & px,x)=—min{x, x}=—min{x,y}=—min{y, y}

So
x=yeplxx)=px,y)=py,y).

2.Let x,y € R_ |In effect

min{x,y}<x < -—min{x,y}>—x.

So
p(x,y)=—min{x,y}>—x=p(x, x)

3..Let x,y,z € R_ , We ensure that:

p(x,2)< p(x,y)+py,2)—py, y). (2.5)

We consider the following three cases: y<x<z.x<y<zetx<z<y.

e First case y <x <z. In effect :
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p(x,z)=—min{x,z}=—x,
plx,y)=—min{x,y}=—y,
p(y,z)=—min{y,z}=—y,
ply,y)=—min{y,y}=—y.

By transferring the values of p(x,z), p(x,y), p(¥,2) in (2.5), it comes that :

—X<—-y—ytye=xzy.

So
p(x,z)<p(x,y)+ply,z)—p(y,y)

e Second case x <y < z.In effect :

p(x,z)=—min{x,z}=—x,
p(x,y)=—min{x,y}=—x,
p(y,z)=—min{y,z}=—y,
p(y,y)=—min{y,y}=~y.

By transferring the values of p(x,z), p(x,y), p(y,2) and p(y,y) in (2.5), it comes that :

—X<—X—x+ty & —x<-2x+Yy
&S —x+2x<y

&S x<y.

So
p(x,z2)<p(x,y)+ply,z2)—py,y)

e Third case x <z <y. In effect :

p(x,z)=—min{x,z}=—x,
plx,y)=—min{x,y}=—x,
p(y,z)=—min{y,z} =—z,
p(y,y)=—min{y,y}=—y.
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By transferring the values of p(x,z), p(x,y), p(y,2) and p(y,y) in (2.5), it comes that :
—X<—Xx—z+ye=0<—2z+y=z<y.
So
p(x,z)<p(x,y)+ply,z)—py,y)
It turns out that the hypothesis 4 is satisfied. Hence (X, p), is a partial metric space

Lemma 2.3.1. [21] Let (X, p) be a partial metric space, A,B € CBP(X) and h> 1. For all a € A,
there exists b = b(a) € B such that

pla,b) < hH,(A, B). (2.6)

Definition 2.3.2. [25]

(i) A sequence {x,} in a partial metric space (X, p) converges to x € X if and only if

plx,x)= lig_n p(x, x,).
(ii) a sequence {x,} in a partial metric space (X, p) is said to be Cauchy if and only if

n,r}zll}:il-oop(xn’ X,,) exists (and finite).

(iii) a partial metric space (X, p) is complete if any Cauchy sequence {x,} in X converges to a
point x € X such that

p(x,x)= lLim_p(x,, X)

n,m—+0o

Lemma 2.3.2. [12] Let (X, p) be a partial metric space. Then the mapping p*®: X x X — [0,00)
given by
p’(x,y)=2p(x,y)—p(x,x)=p(y,y).

for all x,y € X, defines a metric on X. Thus, associated with any partial metric space (X, p) and
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(X,d) is a metric space, where d = p*, induced by p.

Lemma 2.3.3. [25]
(I) A sequence {x,} is Cauchy in a partial metric space (X, p) if and only if {x,} is Cauchy in the
metric space (X, p*).

(2) A partial metric space (X, p) is complete if and only if the metric space (X, p*) is complete.

lim p*(x,x,)=0= p(x,x)= lirgop(x,xn)z limoo p(x,, X,,) (2.7)

n—oo

Definition 2.3.3. Let (X)) , be a partial metric space and T : X — C BP(X) be a mapping. Then, T

is said to be a multi-valued F-contraction if F € Ay and there exists 7> 0 such that
H,(Tx,Ty)>0=1+F(H,(Tx,Ty))<F(p(x,y)). (2.8)

The following lemma is very useful in our results:

Lemma 2.3.4. Let X be a partial metric space and K(X) a compact subset of X. Let AC K(X),
and define a function f:A— K(X), then the following statements are equivalent:

(i) f is continuous.

(ii) Since K(X) is compact, then for any convergence subsequence x; — ¢, f(x;) — f(c) for any

point ¢ € A.

Proof.

i=ii

For any & > 0, there exists 0 > 0 such that p(x,c)—p(c,c) <6 and p(x,c)—p(x,x) <o imply
PUF(x), F(e)—plf(e), F(e) <& and p(f(x), f(e))—p(F(x), F(x)) <& . Using the fact that sequence
X,, — € to show that f(x,)— f(c).Now p(x,,c)—p(c,c) <o and p(x,,,c)—p(x,, x,) <6
imply p(f(x,,), f(€))=P(f(e), f(c)) <& and p(f(x,,), £()=P(f (), (X)) < & which shows that
flxy)— flc).

ii=1i

We know that f(x,, )— f(c), then we will show that f is continuous by contradiction. Suppose f is

not continuous, then there exists € > 0 such that 0 >0, p(x, c)—p(c,c) <6 and p(x,c)—p(x,x)<0
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imply p(f(x), f(c))—p(f(c), f(c))= e and p(f(x), f(c))—p(f(x), f(x))=¢e. Choosing any 6 = ﬁ for
any n € N such that p(x,,, c)—p(c,c) < i and p(x,,, )—p(X,,, Xp,) < x—}lk imply p(x,,,c)—p(c,c)=>
¢ and p(x,,, c)—p(x,,, X, )= &, which shows that x, — c¢ while f(x, ) f(c), and this contradicts

the fact that f(x, )— f(c). Hence,f is continuous. O

Theorem 2.3.1. Let (x,) , be a complete partial metric space and let T : X — K(X) be a multivalued

F—contraction, then T has a fixed point in X.

Proof. Let x, € X be an arbitrary point. Since T x is non-empty for all x € X, we can choose
X, €T Xxy.

If x, € T x;, this makes x; a fixed point of T and this completes the proof. Now, suppose x; ¢ T x;.
Since T x; is closed p(x;, T x;)> 0.

On the other hand, from p(x;, Tx;) < H,(T xy, Tx;) and (F1) of Definition 1.1.8 we can have,
F(p(xy, Tx,) < F(H,(T xo, T xy).

From contractive condition (2.8) we have,
F(p(x, Tx,))< F(H,(T x, T x,) < F(p(x0, %) — 7.

Since T x; is compact, then there exists x, € T x; such that p(x, x,) = p(x;, T x,), with
F(p(x1, %)) < F(H,(T xo, T 1)) < F(p(x1, %)) — 7.

Continuing with the same process recursively, we obtain {x,} € X such that x,,, € Tx,, with
F(p(xn, Xp41)) < F(p(xp, X,-1))—7, forall neN. (2.9)

If there exists ny € N for which x,, € T'x,, , then x,, is a fixed point of f and this completes
the proof. Now suppose that for every n € N, x, ¢ Tx,. Denote by d, = p(x,, x,;,) for all
n=(0,1,2,.... Then d, >0, for all n €N and using (2.9) the following is true:

F(d,<F(d,.,)—t<F(d,,)—2t<---<F(d,)—nr. (2.10)

From 2.10 we obtain F(d,)=—o00 then by (F2) of Definition 1.1.8 we have lim d, =0. Then
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2.3. Partial and Cone Metric Spaces

by (F3) of Definition 1.1.8 there exists k € (0,1) such that, lim d,’fF(dn) =0. From (2.10) the
following holds for all n € N:

d¥(F(d,)—F(do) <—dfnt <0. (2.11)

Letting n — oo in (2.11), we obtain

lim nd* =0. (2.12)

n—oo

From (2.12), there exists n; € N such that, nd* <1, for all n> n, then we have,
1
d,<— forall n>n,. (2.13)
nr

Next, we will show that {x,} is a Cauchy sequence.

Consider m, n € N such that m > n > n;, then from (2.13) and by (P3) of Definition 2.3.1 we have,

p(xnrxm) S p(xn!xn+1)+p( n+1» n+2)+ +p m— 1’ Z P(x]»x

Jj=n+1

IA

p(xn! xn+1)+ p(xn+1’ xn+2)+ et p(-xm—l’ xm)

d,+d, ., +--+d,_ 1—201 si Si
j=n j=n

?r\'—‘

o
1
The convergence of the series E implies that lim p(x,, x,,) =0 .By Lemma 2.3.2,we have
- n—00

for any n,m € N,p*(x,, x,,) < 2p(x,, x,,) = 0 as n — oo. This implies that {x,},ey is a Cauchy
sequence with respect to p* and hence converges by Lemma 2.3.3. Thus, there exists v € X such

that lim p*(x,,v)=0.

From contractive condition (2.8), for all x,y € X, with H(Tx,Ty)> 0, we obtain H(Tx,Ty) <
p(x,y), and so H(Tx,Ty)< p(x,y) for all x,y € X. Thus,

p(X,41, Tv) < Hy(T x,, Tv) < p(x,, V). (2.14)
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2.3. Partial and Cone Metric Spaces

From (2.14) taking limit n — co we obtain p(v, Tv)=0. This gives v€ Tv=Tv. Hence, v is a

fixed point of T. [

2.3.2 Cone Metric Space

Definition 2.3.4. [18] (Cone). P is called a cone if

e P is non-empty, closed and P # {0} .

eVxyePVapfeR =>ax+ pyeP.

ex€Pand—xe€P=>x=0

Given a cone P C X, we define a partial order < with respect to P by x <y if and only if y —x
€ P. We will write x < y to indicate that x <y but x # y, while x < y will represent y —x €
int(P) ( int(P) denotes the interior of P).

Definition 2.3.5. [1] A cone P in (X, ||.]]) is called:
(N)Normal: If there is a constant k > 0 such that:

0< x <y implies that ||x||[<k]| y]l.

The least positive integer k is called the normal constant of P, we will see that there is no cone
with constant k < 1.

(R) Regular: If every increasing sequence that is upper bounded is convergent. That is, if
{x},>1 is a sequence such that x; < x, <. < y for some y € X then there exists x € X such
that:nli_)rglO || x,, —x||=0. Equivalently, the cone P is regular if and only if each decreasing sequence
which is lower bounded converges.

(M) Minihedral : If sup{x, y} exists V x,y € X, and strongly Minihedral if any subset of X that
is bounded above has an upper.

(S) Solid : If P° .

Lemma 2.3.5. [1]
(I) Any regular cone is normal.

(2) For all k > 1, there exists a normal cone with a normal constant K > k.

Properties 2.3.1. [1] There are normal cones which are not regular. The following example

illustrates
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2.4. Fixed Point Theorems in Metric Space

Example 2.3.3. Let E = C[0,1] with the upper norm and P = {f € X : f >0} then P is a normal
cone with k = 1 which is not regular. Since the sequence {x,} is decreasing, but is not uniformly

convergent to 0. Thus, P is not strongly minihedral.

Definition 2.3.6. [23] Let X be a non-empty set. Suppose that the map d : X x X — Y satisfies:
(c)0<d(x,y)forall x,y e Xand d(x,y) =0 x =y,

(c2)d(x,y)=d(y,x) for all x,y € X

(c3)d(x,y)=d(x,z)+d(y,z) for all x,y,z € X. Then d is called a cone metric on X and (X,d)

is called a cone metric space. It is obvious that cone metric spaces generalize metric spaces.

Example 2.3.4. Let Y = R2P ={(x,y) € YV, x,y 20} cR*X =R and d: X xX — Y such

that d(x,y)=(x—yl,alx—y|), where ¢ > 0 constant. Then (X, d) is a cone metric space.

Definition 2.3.7. [33] Let (X,d) be a cone metric space, x € X and (x,) a sequence in X. Then
(i) (x,) is said to converge to x if for all ¢ € E with ¢ > 0 there exists n, € N such that d(x,, x)
< ¢ for all n > ny, and we denote by nliglm Xy =X OF Xy —— X.

(i1) (x,) is said to be a Cauchy sequence if for all ¢ € E with ¢ > 0 there exists n, € N such that
d(x,,x,)< c for all n,m > n,.

(iii) We say that (X, d) is a complete cone metric space if all the Cauchy sequences are convergent.

2.4 Fixed Point Theorems in Metric Space

2.4.1 Nadler’s Fixed Point Theorem

Nadler’s theorem is a generalization of Banach’s contraction principle for multi-functions

Theorem 2.4.1. [32] (Nadler 1969). Let (X;d) be a complete metric space, if T: X — CB(X) is

a multi-function contracting application. Then T has a fixed point.

Proof. Let @ < 1 be a Lipshitz constant for T,(we can assume that @ > 0) and let p, € X. We
choose p; € Tpy. As Tpy;Tp, € CB(X) and p, € Tp,, then there exists a point p, € Tp, such
that

d(p, ) <H(Tpy, Tp)+
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2.4. Fixed Point Theorems in Metric Space

(See the remark which follows). Now having

Tp;Tp, € CB(X)andp, € Tp,

there exists a point p; € Tp, such that d(p,, p;) < H(Tp,, Tp,) + a?. Continuing under this

(o)
i=1

H(Tp,_,, Tp;)+a' for all i > 1. Note that:

same line, construct a sequence {p; of point of X such that p,,, € Tp; and d(p;, pis1) <

d(pi, piv)) < H(Tpi, Tp)+a' <ad(pi,p)+a

IA

alH(Tpi—p, Tpim)+ @' ']+ a

IA

@*d(pi_sy piy)+2a' < ... <ald(py, py) +i.a

for all i > 1. Hence

dpi,pivj) < AP Pis1)+A(Piv1, Piza) + ...+ A(Pisjo1, Pivj)

IA

ald(py,p)+i.a +ad(py,p)+(i+1).a +--

+a ™ d(py, )+ (i + j—1).a" !

i+j—1 i+j—1
= (Z a”)d(po,p1)+ Z na”

n=i
For all i, j > 1. Tt follows that the sequence {p;}:°, is a Cauchy sequence. Since (X;d) is complete,
the sequence{p;}2, converges to a point x, € X. Therefore, the sequence {T p;}72, converges to T x,

and, since p; € Tp,_, for all i, it follows that x, € T x,. This completes the proof of Theorem [

Remark 2.6. Let A;B € CB(X) and let a € A. If n > 0, then it is a simple consequence of the
definition of H(A, B) that there exists b € B such that d(a, b) < H(A, B) + 1 (in the proof of the
previous theorem the Lipschitz constant a and subsequently ¢ @’ plays the role of such 1) .

However, there may not be a point b € B such that d(a,b) < H(A, B) (if B is compact, then such
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2.4. Fixed Point Theorems in Metric Space

a point b exists).

2.4.2 Generalization of Nadler’s Fixed Point Theorem

Theorem 2.4.2. [20] Let (X,d) be a complete metric space and T a multi-application of X in
C B(X) satisfying the following condition:

H(Tx,Ty)<ad(x,y)+pBld(x, Tx)+d(y,Ty)|+yld(x,Ty)+d(y, T x)]

for all x ,y € X, where a,f,y > 0 and a+ B +2y <1. Then T has a fixed point.

Proof. Let x, be arbitrary in X,x; € Tx,. We define a sequence (x,) in X by x,,;, € Tx,. Let

r= % > (0. By Lemma 2.1.3 we have

dx,eTx;: d(xy, x,) <H(T x5, Tx,)+T1

dx,€Tx,: d(xy, x3) < H(T x;, T x,)+ 1?

{Elxn+l € F(xn) . d(xn» xn+1) < H(Txn—l) Txn)+ rn}

So

d(xn’xm—l) < H(Txn—l’Txn)"i_rn

IA

ad(xn—ly xn) +ﬂ[d(xn—lr Txn—l) + d(xn) Txn)] + Y[d(xn—ly Txn)+

d(x,, Tx,_,)]+r"

IA

ad(xn—lr xn) + ﬂ[d(xn—lr xn) + d(xn! xn+1)] + Y[d(xn—l’ xn) + d(xn; xn+1)] + rn’

d(xnrxn+1) < ((Z+ﬂ +Y)d(xn—1rxn)+(ﬁ +7/)d(xnrxn+1)+ rn’

for all n € N.

From where
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2.4. Fixed Point Theorems in Metric Space

n

d(xn! xn+1) S rd(xn—l! xn)"'

)

B+r
for all » € N. It can be concluded that
" nr”
d(xn’ xn+1) S r d(xo, X1)+ m»

for all n € N.

d(xn’ xn+m) < d(xn’ xn+1) + d(xn+1’ xn+2) +t d(xn+m—1’ xn+m)
nr’ +1 (n+1)rn+!
< r"d(xo,xl)+m+r" d(xo,xl)+w+ -+

(n+m—1)rntm-1

(n+m—1)d(xo, X))+ 57

n+m—1 1 n+m—1

= d(xp, X1) Z ri+m Z ir' pour toutn,m € N.

i=n i=n
In the same way as the previous proof, we find
lim d(xnvxn+m):0

n,m—-+0oo

(x,) is a Cauchy sequence in X which is complete, hence there exists x* € X such that lim x, =
n—oo
x*.
We will show that x* is a fixed point of T. We have
d(x*,Tx*) < d(x* Xp41)+d(x,4, Tx*)

< d(X*’ xn+1)+H(Txn; Tx*)
< d(x* x,4)+ad(x,, x*)+ pld(x,, Tx,)+d(x*, Tx*)]+7y[d(x,, T x*)

+d(x*, f(x,))],
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for all n € N.So
d(x*, Tx*)<d(x* x,.1)+ad(x,, x*)+ pld(x,, X,.1)+d(x* Tx*)]+yld(x,, T x*)+d(x* x,.1)],
for all n € N. By passing to limit n — 0o, we obtain
d(x*, Tx*)<(B+r)d(x*, Tx"),
as B +7 <1, then d(x* T x*)=0, which implies that x* € T x*. Il

Remark 2.7. If § = y = 0 in Theorem 2.4.2, we get Nadler’s theorem.

2.4.3 Caristi’s Fixed Point Theorem

There is a generalization of Caristi’s theorem to multi-functions

Theorem 2.4.3. [31] Let ¢p: X — R a lower bounded semi-continuous eigenfunction and T :

X — X a multi-function such that for all x € X there exists y € T x such that:

dx,y)<o(x)—o(y)

Then T has a fixed point.

Proof. For each x € X let f(x) = y where y is an element of X such that y € Tx and
d(x,y)<¢(x)—¢(y). Then, f is a function from X to X satisfying :

d(x, f(x)) < ¢(x)—@(f(x))

for all x € X.

Since is a proper function, there exists u € X such that ¢(u) < +00 . Let:

X ={xeX:¢(x)< p(u)—d(u,x)}

X' is not empty since u € X'. Moreover, by the lower semi-continuity of ¢, X  is closed and

therefore a complete metric space
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2.5. Fixed Point Theorems in The Partial Metric Space

Note that the function ¢ restricted to the domain X  has real values and that it is also lower
semi-continuous and lower bounded.

Let us now show that X is invariant under f. For all x € X', we have

o(f(x)) < @(x)—d(x, f(x))

IA

¢(u)—(d(u, x)+d(x, f(x))

IA

¢(u)—d(u, f(x))

Therefore f(x) € X for all x € X'.
Caristi’s theorem 1 allows us to conclude that f has a fixed point z € X. Therefore, z = f(z) €

Tz . ]

2.5 Fixed Point Theorems in The Partial Metric Space

2.5.1 Nadler’s Fixed Point Theorem

Theorem 2.5.1. [6] Let (X, p) be a complete partial metric space. If T : X — CBP(X) is a multi-

function such that for all x,y € X, we have

H,(Tx, Ty)<kp(x,y).

Where k €[0,1[. Then F admits a fixed point.

Proof. Let xy€ X and x, € T xy. By Lemma 2.3.1 with h= #, there exists x, € T x; such that
1
p(x;, x,) < J_EH”(TxO’ T x,).

As,H,(T xo, T x1) < kp(xo, X1), then p(x;, x,) < Vkp(xy, x,). For x, € Tx;, there exists x3 € T x, such
that

1
p(x, X3) < ‘/_EHp(Txl’ Tx,) < \/Ep(xl, X,)
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2.5. Fixed Point Theorems in The Partial Metric Space

Hence, we construct a sequence {x,} in X such that

Xps1 € T, and p(Xps1, Xn) < VEp(%,, Xn_y) for all n>1. (2.15)

Now by 2.15, we get
p(xn+1,xn)s(\/E)”p(xo,x1) for all n € N. (2.16)

According to 2.16 and the property (p4) of the partial metric, for all m € N* we have

p(xn’ xn+m) < p(xnr xn+l) + p(xn+1r xn+2) +t p(xn+m—1’ xn+m)

IA

(\/E)"P(xo, x1)+(~/E)"“P(xo, x1)+"'+(‘/E)n+m71P(x0, Xp)

— ((ﬁ)"+(1/E)"+1+---+(1/E)"+m_1)p(x0,x1)

IA

(VE)"1—vVEp(xo, xl)m 0

since 0 < k <1. By definition of p* , we obtain for all m € N¥,

ps(xn! xn+m) < zp(xn’ xn+m) —0.

n—+0o0o
This gives {x,} is a Cauchy sequence in (X, p¥®). Since (X, p) is complete, then by Lemma 2.3.1
(X, p?®) is a complete metric space. Hence, the sequence {x,} converges to x* € X with respect to

the metric p¥, i.e.,

lim_p*(xy, x,)=0.
Moreover, by 2.3.3, we have
p(x*, x*)= liIJ‘rn p’(x,, x*)= lir+n pi(x,, x,) (2.17)

Since H,(T x,, T x,) < kp(x,, x*), then
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lim H,(Tx,, Tx,)

n—+00

Now x,,, € T x,, gives that

p(Txn-H’ Tx*) < 5P(T-xn! TX*) < Hp(Txn’ Tx*)

From 2.18, we get

nETwp(Txn+l! Tx,)=0

On the other hand, we have

P(X*, Tx*) < P(x*, Txn+1)+ p(Txn+1r Tx*)

We take n — +00 and we use 2.17 and 2.19, we get p(x*, T x,)=0. So, from 2.1
p(x*,x*)=0

, we get

p(x*, x*)=p(x*, T x,).

By a € A < p(a,A) = p(a,a) we find that x*€ Tx,=Tx,. Then T admits a fixed point.

2.5.2 Caristi’s Fixed Point Theorem

(2.18)

(2.19)

O

Theorem 2.5.2. [18] Let(X,d) be a complete partial metric space and T a map from X to X

(not necessarily continuous). For T to admit a fixed point, it suffices that there exists a lower

semi-continuous map f : X —[0,400) such that for any point x of X

p(x, Tx)< f(x)— f(Tx)

Proof. look at [18]

]

Example 2.5.1. Let X =R, and let p(x,y)=max{x,y}, then (X, p) is a complete partial metric

space.

suppose that T : X — X such that Tx = § for all x € X and f:R, — R, such that f(#)=2t, then
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p(x, Tx)=max{x, g} =X

and

f0-f(ro="x.

Thus, it satisfies all the conditions of Theorem 2.5.2. it guarantees that T has a fixed point,

indeed x =0 is the obtained point.

2.6 Fixed Point Theorems in Cone Metric Space

2.6.1 Nadler’s Fixed Point Theorem

Theorem 2.6.1. [4] Let (X,d) be a complete cone metric space. Let .# be a nonempty family of
nonempty closed subsets of X and let H : .# x .# — E be a cone H-metric induced by d. If
for the map T : X — A there exists A € [0, 1] such that for all x,y € X

H(Tx, Ty)<Ad(x,y),

Then Fix T # @.

Proof. Let x,€ X and x, € Tx,. If xy=x;, then x, € Fix T and if x,# x;, we have

H(T x4, T x,) £ Ad (%9, x;) < \/Ed(xo,xl),

we can choose x, € X such that x, € Tx; and

d(x,, X,) < V2Ad(x0, X,),

in the same way, in the case x; # x, we can choose x; € X such that x; € Tx, and

(X, %3) < VAd(x1, %) < (VAP d (%, %),
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then we build a sequence {x,} of X such that x,_, € Tx,, n=0,1,2,...
A%, %11) < VA1, %) < (VAP A% %0) <+ < (VA d (30, %))
Now for m>n

d(xm’ xn) < d(xn» xn+1)+ d(xn+1! xn+2)+ et d(xm—l’ xm)

IA

(VA + (V2™ oot (VA

IA

VA L+ YA+ + (VA d (%, x)

A
3
=
N
L
S
1
=
N———
0
g
=

IN

(245 a3, )

For a given 0 < ¢, we choose a symmetric neighborhood V of 0 such that ¢ + V C intP. Also,
We choose N; € N such that (Y25)d(x,, x,) € V, for all n> Ny. Then, (Y25} d(x,, 1)) < c, for
all n> N;. Thus,

(V)
1—v/2

for all m >n. So {x,},> is a Cauchy sequence. Since X is complete, there exists u € X such

d(xm,xn)s( )d(xo,x1)<< c,

that x,, — wu. Since

H(Tx,, Tu)<Ad(x,,u)< ﬁd(xn, u).

For all n, x,,, € Tx,), we have y, € Tu such that d(x,.,, y,) < VA(X,, u).

Now, we choose N, € N such that

c
d(x,, u)< E,Vn > N,.
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Then for all n> N,,

du,y,) < d(u,x,)+d(X, YV

< d(u! xn+1)+ 1/Id(xn! u)

< d(u’xn+l)+d(xn’ u)<< %+% =C.

Then y, — u, which gives ue€ Tu. [

2.6.2 Caristi’s Fixed Point Theorem

Theorem 2.6.2. [18] Let (X,d) be a complete cone metric space, P C E a strongly minihedral
normal cone, and T a map from X to X (not necessarily continuous). For T to admit a fixed
point, it suffices that there exists an inferior semi-continuous f : X — P such that for any point
x of X

d(x,Tx)< f(x)—f(Tx).

Proof. look at [18] [
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CHAPTER

Applications

In this chapter we apply some theorem in order to study the existence a fixed point of multi-

functions and the solutions to integral equation, differential Inclusion and integral Inclusion.

3.1 Application 1

As an application of the fixed point Theorem 2.3.1, we provide its application for the existence

of solution of an integral equation. Consider the following integral equation:

t

g(t)zf(t)+7tf K(t,s,g(s)ds, tel0,1], (3.1)
To
where A > 0, t,s€I , and K :[a,b]x[a,b]xR*— R? and f:[a,b]— R2
Let X = C([a, b],R") with usual sup-norm.Define ||g||* = sup {Ig(t)lew} ;where T > 0.]|.]|; is a
Banach space norm equivalent to maximum norm and (X, |t|.e|[|aj]endowed with a metric d, defined
by

d:(g,h)= sup {lg(r)~ (o)}
for all g,h e X = C([a,b],R"). One can see O’Regan and Petrusel [34] and Al-Rawashdeh et al.
[3] for more details on it. For any increasing sequences {x} € X converging to x € X, we have
{x, ()} < {x(t)} for all ¢ €[a,b].

A standard approach in finding the solution of the integral equation is the use of the iteration

procedure. The main reference [28].
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Theorem 3.1.1. Suppose that the following conditions hold:
(i) g(t,s), is continuous on the compact subset of X of R? ;
(ii) there exists x € X such that x, € Tx,_;;

(iii) there exists a continuous function q:[a, b]x[a,b]— [a, b] such that

|K(t,s,8(s))—K(t,s, h(s))| < q(g(s), h(s))g(s)—h(s)],

for each t,s €[a,b] and g,h €R%. If a> 0 such that g(g(s), h(s)) < a for all s €[a, b].

Then, the integral equation 3.1 has a solution.

Proof. Define a self-map T : X — X by
t
Tg(t):f(t)+AJ K(t,s,g(s)ds, t€[O,I].
Io
Now, by using conditions (i —iii), we obtain

|Tg(t)—Th(t) = Iﬁtf K(t,s,g(s))ds—lj K(t,s,h(s))ds]|

0

< Af |K(t,s,8(s))—K(t,s,h(s))|ds

IA

f lq(g(s), h(s))|g(s)—h(s)lds < allg —hl|.

Let x=g and y="h in li{Ln p(T,11, Ty)=0, we obtain

T+ F(p(Tg,Th)) <F(p(g,h),

(3.2)
F(p(Tg,Th)) <F(p(g h)—r.
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Passing natural logarithms in 3.2, we obtain

p(Tg, Th)<e "p(g,h).

T

If we choose a=e~" in the above equation, we obtain

p(Tg, Th)<ap(g,h).

Therefore, T is a contraction mapping and by virtue of Theorem 2.3.1,T has a fixed point. Hence,

the integral equation 3.1 has a solution [

3.2 Application 2

In this section we will study the Friedholm integral inclusions of the second kind, and show the
analytical side by showing the existence of the solution, under assumptions that are more or less

applicable in practice. The main reference [24].

Theorem 3.2.1. [24] Let (X, d) be a complete metric space endowed with a graph G and F : X —
CB(X) (resp. K(X)) a multi-map. Suppose the following conditions are satisfied:

(1) For all x € X and y € Tx with (x,y) € E(G), we have (y,z) € E(G) for all z € Ty.

(2) There exists x, € X and x; € Tx, such that (x,, x;) € E(G).

(3) T is G-semi-continuous from below, i.e. for x € X and a sequence {x,},en in X with

liinwinfd(xn,x)zo and (x,, X,4;) € E(G) for all n € N, implies
nlilgloo infd(x,, Tx,)>d(x,Tx),

or for any sequence {x,},.y in X such that x, — x € X and (x,, x,,) € E(G) for all n €N, we
have (x,, x)in E(G) for all n eN.
(4) There exist F € Z,, B € Q and 7 > 0 and positive real numbers a,,a,, as, a,, as with

a,+a,+as+2a,=1 and as # 1 such that

T+ F(H(Tx,Ty))< F(B(N(x,y))N(x,y)), (3.3)
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for all x,y € X with (x,y) € E(G) and H(T x,Ty)> 0 where
N(x,y)=ad(x,y)+a,d(x, Tx)+azd(y,Ty)+asd(x, Ty)+asd(y, T x).
Then, T has a fixed point.

> Existence Of a Solution For Integral Fredholm-Type Inclusion

This section is devoted to the nonlinear integral inclusion of Fredholm type of the second kind.
We will study this kind of inclusion in depth, showing the analytical side by demonstrating the

existence of the solution, under assumptions that are quite applicable in practice.

Properties 3.2.1. Let X = C([a,b],R) be the space of all continuous functions on [a, b] with
d(x,y)= sup |x(t)—y(t)], for all x,y € X. Then, (X,d) is a complete metric space.

tela,b]
Now, we discuss the application of the fixed point technique to the existence of a solution for the

following integral inclusion of Fredholm type:

b

x(t)ef(t)+J K(t,s,x(s))ds, te]=|[a,b], (3.4)

a

where f € X and K: J x J xR— CB(R).

Let X = C([a, b],R) be the space of all continuous functions on [a, b]. By Proposition 3.2.1, X
endowed with the metric d(x,y) = sup |x(t)—y(¢)|, for all x,y € X is a complete metric space
problem stance e

Let T : X — CB(X) be a multi-map defined by:

b
Tx(t)={y eX:yef(t)-l—f K(t,s,x(s))ds te]}.

a

We say that x is a solution of the integral inclusion (3.4) if and only if x is a fixed point of T.

Indeed, if x € Tx, then

b
X ef(t)+f K(t,s,x(s))ds,

which implies x is a solution of the integral inclusion (3.4). Conversely, if x is a solution of (3.4)
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, then

b
xef(t)+J K(t,s,x(s))ds,
i.e. x € F(x).

Theorem 3.2.2. Let T : X — CB(X) be a multi-map defined by:

b
Tx(t):yeX:yef(t)+f K(t,s,x(s))ds te].

a

Suppose the following conditions are satisfied:
(A) For all x € X, the multi-map K,(t,s):= K(t, s, x(s)), (t,s)€ J x ] is lower semi-continuous.

(B) There exists a continuous map p : J x J — [0,+00[ such that
| K(tr S, U(S))_K(t,s, U(S)) |S p(trs)ln(l u(S)— U(S) | +1)!

for all u,v € X with (u,v) € E(G) and u # v and for all (¢,s) € J x J.
(C) There exists T > 0 such that

te]

b
supf p(t,s)ds <exp™

(D) There exists x, € X and x; € Tx, such that (xy, x;) € E(G).
(E) For all x € X and y € Tx with (x,y) € E(G), we have (y,z) € E(G) for all z € Ty.
(F) For any sequence {x,},en in X such that x, — x € X and (x,, x,,,) € E(G) for all n € N,

we have (x,,x) € E(G) for all n € N. Then, the integral inclusion (3.4) admits a solution in X.

Proof.
Evidence. From condition (A), the multi-map K, (¢,s): J x ] — CB(R) is lower semi-continuous
and has non-empty closed convex values. Then, by Michael’s selection theorem for all x € X,

there exists a continuous selection k, : J x J — R such that
k.(t,s)e K.(t,s),

for all (t,s) e Jx]J.
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First, we will show that the map T is well defined. Indeed, we have

b
f(t)+J k.(t,s)dseTx.

Then, T x is not empty for all x € X.

In what follows, we will assert that T x is bounded and closed.

First, the lower semi-continuity of the map K, on [a, b] x [a, b] implies the existence of a con-
tinuous function k,: [a,b]x[a,b]— R, this after Michael’s selection theorem.

As the image of a closed interval in R by a continuous function is a closed and bounded interval.
Let y € Tx, then there exists k, such that

b

y(t,s)=f(t)+J k.(t,s)ds.

a

Since f and k, are continuous on [a, b] and [a, b] x [a, b] respectively, then y is a continuous
function on [a, b] x [a, b].
Therefore, the image of y is a closed and bounded interval. Therefore, T x is closed and bounded,
that is,

T:X — CB(X).

Now, we will check that T is (¢ — F)-Geraghty contraction of Hardy-Rogers type.
Let x;, x, € X with (x;, x,) € E(G), x; # x, and v, € Tx,.

SO,
b

vl(t)ef(t)Jrf K(t,s, x,(s))ds te].

a

Which implies that there is
kxl(tr S) € le(t» S);

such as )

vl(t):f(t)+f ko (t,s)ds (t,s)e] x].

a

From (B), we have

| K (2,5, x:(s) = K(2, 5, %,(5)) |< p(2, 5).In(] | x1(5) = x5(s) | +1),
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for all (t,s) e Jx]J.
This gives

|K(l’,S,Xl(S))—K(t,S,XZ(S))| = Supl kxl_kleykxl Eler kxzerz

IA

p(t,8).In(] x,(s)—x,(s) | +1).

So there exists

w(t,s)e K,,(t,s),

such that

| ka2, 8)—w(t, s) < p(t,8).In(] x,(s)— x(s) [ +1),

for all (t,s) e Jx].

Let us now consider multi-map L which is defined by:
L(t,s)={w(t,s) € Kyo(t, ) :| ki (£, s)—w(t, s) < p(2, s)In(a| x:(s)— x(s)+ 1)},

for all (t,s) e Jx]J.
By condition A, we find that the multi-map L is lower semi-continuous, then there exists a
continuous function

k.,(t,s)eL(t,s)

for (t,s) € J.

So we have

b b

kxz(t,s)dsef(t)+f K(t,s,x,(s))ds te]

a

Vz(t):f(t)‘i‘J

a
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And )
| (2, 8)—w(2,s)| < J | kxr(t,8)— ko2, s)|ds
b
< Jp(t,s)ln(lxl(s)—xz(s)|+1)ds
b
< ln(d(xl,x2)+1)J p(t,s)ds
< e "ln(d(x,x2)+1)
= e HEEd(x, x,),
for all t € J.

Therefore, we get
In(d(xy,x,)+1
dvy, vy < e AR oy
d(xy, x,)

By exchanging the role of x; and x,, we deduce

_An(d(x,, x,)+1)
d(xl! x2)

H(Tx,,Tx;)<e A(xy, X,).

Taking the logarithm of two sides in the above inequality, we get

In(d(x;,x,)+1)
d(-xl» xz)

T-I—lnH(Txl,Txl)Sln( .d(xl,xg)),

for all x;,x, € X with (x;,x,) € E(G) and x; # x,.

So, we observe that the map T satisfying the condition (3.3) with

Tt=Int,

n(t+1)

l
ﬁ(t)zf,

a,=1and a,=as=a,=a;=0.

Therefore, all the conditions of Theorem 3.2.1 are satisfied. Then, T has a fixed point, i.e. the
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integral inclusion of Fredholm type (3.4) admits a solution in X. [

Remark 3.1. We can apply the results obtained to study the existence problem of the solution of

differential inclusions.

3.3 Application 3

In this section we will examine the existence of solutions to a nonlinear differential equation,

under assumptions that are more or less applicable in practice.The main reference [8].

Theorem 3.3.1. [15] Let Q be an open set of RxR” and F : Q@ 3 R” a semi-continuous upper multi-
map with compact convex non-empty values. Therefore, there exists T > 0, and an absolutely

continuous function x :[t,— T, t,+ T]— R" solution of the differential inclusion

x'(t) € F(t,x(t)) p.p. sur [ty—T,ty+ T],
(3.5)

X(to) = Xp.

Proof. step 1:
1. There exists I =[ty,— T, ty+ T] and M such that

i)I x By(xy, 1) is contained in 2,

L|F(t, x)|| < Monl x Be(xy, ).

Indeed:
as € is an open set, there exists r > 0 and T > 0 such that the compact set k=[t,— T, t,+ T] x
B(xo, 1) is included in 2. Moreover as F is s.c.s. with compact convex non-empty values, by

Proposition 2.2.3 F(K)= U F(x) is a compact, and therefore there exists M such that:

xekK

sup{llull, u € F(t,x),(t,x) € k} < M.

2. Let H={x € C(I,R"), x is Lipschitz with constant M and x(t,) = X,}, for all x in ¢, define the

integral operator £ as follows

L(x)={ze A,z (t)e F(t,x(t)) p.p.inI}.
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Let us show that for all x € 2, £(x) is nonempty.

Indeed:

Since the multi-map t — F(t, x(¢)) is upper semi-continuous by Proposition 2.2.6 the hypothesis
of the measurable selection theorem 2.2.2 is satisfied, i.e. there exists a measurable selection v :

I — R", such that v(t) € F(t, x(t)).

t

We put z(t)=x0+f v(s)ds.

[

e Check that z € Z(x); indeed

for t’, t € I we have

lz(t)—z(0)ll = ||xo+f V(S)ds—xo—f v(s)dsl|

0 0

= IIJ v(s)dsl|
J lv(s)llds

M|t —t]|,

IA

IA

whence z is M-Lipschitz.
It’s clear that z(t))=x, , so z € A .

Moreover we have

Z(t)=v(t) p.p.

from where

Z'(t) € F(t,x(1)),

which shows that z € Z(x).
Step 2: Let us show that
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1) for x € A, %(x)is convex,

{ 2)the multi-map x — £(x)is s.c.s.,

3) there exists a fixed point x* € £ (x*).

e ¥ is convex:
Let 21,2, € £(x). Then z,,2, € 7, and z{(1), z,(t) € F(t, x(t)). Indeed

for t/,t € I and a € [0,1] we have
l21(t) =z <M | ' =t | and ||z(t)—z(t)| <M | ']
we multiply the 157 by @ and the 2"¢ by (1—a), by the addition we find:
@z, (t)+(1—a)z,(t))—(az (t) +(1—a)z(E))l < aM|t'—t[+(1—a)M [t —1 |

= M|t'—t].

Hence az, +(1—a)z, is M-Lipschitz.
And az,(t))+(1—a)z,(ty)—zy. So az;+(1—a)z, € .

Moreover, we have z{(f),z,(t) € F(t, x(t)), by the convexity of the values of F
az(t)+(1—a)z,(t) € F(t,x(t),Va €[0,1].

which shows the convexity of Z.

e ¢ is upper semi-continuous: we first show that the graph of £ is closed, indeed:

let x, € A, z, € ¥(x,), and we assume that x, — X,z, — Z, and we call y, the multi-map
Vo it — 2z, (t) such that ||y,(£)l| £ M of L°°(I), hence equent by Alaoglu’s theorem, and Theorem

1.4.1 we can extract a subsequence (y,), such that

y,—*yino(L*®,LY,
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in particular for all ¢ in L°°(I),

<Y >—2<y,p >,

that is to say we have, on the one hand (y,) converges in (L', L>°), and on the other hand

z”(t)=J yn(t)—>f y(1),

By the convergence theorem (Theorem 2.2.3) we deduce that z/(t) € F(t, X(t)), whence the graph

iey=z.

is closed.

We show that s is compact:

Let (x,), be a sequence of #, so (x,), is an absolutely continuous function sequence on the
compact I. By the corollary of Ascoli’s theorem Arzela (theorem 2.2.4 ) there exists a subsequence
also denoted by (x,), which uniformly converges to an absolutely continuous function x, whence
the compactness of .

For values in the compact 2, Proposition 2.2.2 ensures that £ is upper semi-continuous.

By application of kakutani’s theorem there exists a fixed point x* € L(x*) i.e. x¥(¢t) € F(t, x*(t)).

Therefore the problem 3.5 admits at least one solution. Il
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Conclusion

We studied some theorems of the fixed point that contribute to solving many non linear problems,
which are based on sufficient conditions in each of the metric space, partial metric space, and
cone metric space.

As some applications, we have studied the existence of solutions for each of the nonlinear integral
inclusions and the issue of differential inclusions, by employing the studied theorems and some

results in the metric space and the partial metric space.

Perspectives

In the future, we will look at the following issues as examples

(1) We will try to apply the results obtained to study the problem of the existence of the solution
for a fractional differential inclusion.

(2) We will look for other combinations of the various theorems to improve our results.
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