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des opérateurs et EDP : fondement et Applications

January 18, 2020

Abstract: In this paper we consider a one-dimensional non simple system with porous thermoelasticity.

We use the semigroup approach and prove a well-posedness result. An exponential decay result was obtained

by the use of Gearhart theorem and the method developed by Zhung and Liu.
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1 Introduction

In this work we consider the following problem
ρutt = µuxx + bϕx − kuxxxx − dϕxxx − βθx
Jϕtt = duxxx + αϕxx − ξϕ− bux +mθ − τϕt
c θt = κθxx − βT0uxt −mT0ϕt

in (0,∞)× (0, L),

in (0,∞)× (0, L),

in (0,∞)× (0, L),

(1)

where u, ϕ are the displacement and volume fraction, θ is the temperature difference respectively and

ρ, τ, J, c, κ, T0 are constitutive positive constants with b, µ, ξ, k, α, d satisfying µξ ≥ b2 and kα ≥ d2 .

We supplement system (1) by the following initial and boundary conditions u(0, x) = u0(x), ut(0, x) = u1(x), ϕ(0, x) = ϕ0(x), ϕt(0, x) = ϕ1(x), θ(0, x) = θ0(x) in x ∈ (0, L),

u(t, 0) = u(t, L) = uxx(t, 0) = uxx(t, L) = ϕx(t, 0) = ϕx(t, L) = θx(t, 0) = θx(t, L) = 0 in (0,∞),

(2)
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2 Well-posedness

Introducing the new variables v = ut and ψ = ϕt the problem can be written

(ut, vt, ϕt, ψt, θt)
T = A(u, v, ϕ, ψ, θ)T

where A is the operator defined on

H := (H2(0, L) ∩H1
0 (0, L))× L2(0, L)×H1

∗ (0, L)× L2(0, L)× L2
∗(0, L),

such that

Hm
∗ (0, L) :=

{
ϕ ∈ Hm(0, L);

∫ L

0

ϕdx = 0

}
,m = 0, 1 et H0 = L2

with domain

D (A) = H3 ∩H1
0 ×H2 ∩H1

0 ×H2 ×H1
∗ ×H2,

The energy of system (1) is defined by

E(t) :=
1

2

∫ L

0

[ρ|ut|2 + µ|ux|2 + k|uxx|2 + J |ϕt|2 + ξ |ϕ|2 + 2buxϕ+ 2duxxϕx + α |ϕx|2 +
c

T0
|θ|2]dx,

We assume that the matrix

A =

 µ b

b ζ

 , B =

 κ d

d α


are positive difinites. Then, the energy E(t) satisfies

dE

dt
(t) = − κ

T0

∫ L

0

|θx|2dx− τ
∫
|ϕt|2 ≤ 0.

Which shows the dissipativity of system (1).

Theorem 2.1. For any (u0, u1, ϕ0, ϕ1, θ0) ∈ H, the problem (1)-(2) has a unique mild solution (u, v, ϕ, ψ, θ)

such that

(u, v, ϕ, ψ, θ) ∈ C ([0,+∞[ ;H) .

Moreover, if (u0, u1, ϕ0, ϕ1, θ0) ∈ D (A) , then the solution (u, v, ϕ, ψ, θ) satisfies

(u, v, ϕ, ψ, θ) ∈ C1 ([0,+∞[ ;D(A)) ∩ C ([0,+∞[ ;H) .

Proof. The proof of this theorem will be given by the use of the semigroup approach and the Lumer-Phillips

theorem.

3 Exponential Decay

Theorem 3.1. For any (u0, u1, ϕ0, ϕ1, θ0) ∈ H the solution (u, v, ϕ, ψ, θ) of problem (1)-(2) decays expo-

nentially,

‖S(t)U0‖ ≤M‖U0‖e−ηt, ∀t > 0

where S(·) is the semigroup generated by A.
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The proof of this theorem is based on Gearhart’s Theorem

Theorem 3.2 (Gearhart). A C0-semigroup of contractions S(t) = eAt on a Hilbert space is exponentially

stable if and only if

• iR ⊂ ρ(A),

• lim
|λ|→+∞

‖(iλI −A)−1‖ <∞.

The proof of Theorem (3.1) will be established through two lemmas

Lemme 3.1. Let A be the operator associated with the system (1), then

{iλ, λ ∈ IR} ⊂ ρ (A) . (3)

Proof. The proof will be given in three steeps.

• Shows that 0 ∈ ρ(A) and prove that
(
‖A−1‖−1, ‖A−1‖−1

)
⊂ ρ(A).

• Prove that if sup
{
‖(iλI −A)−1‖, |λ| < ‖A−1‖−1

}
= M < ∞, then,

{
λ; |λ| < ‖A−1‖−1 +M−1

}
⊂

ρ(A).

• Suppose that {iλ, λ ∈ IR} is not in ⊂ ρ (A ) and obtained a contradiction.

Lemme 3.2. Let A be the operator associated with the system (1), then

lim
|λ|→+∞

‖(iλI −A )−1‖ <∞. (4)

Proof. The proof will be given by contradiction argument. Suppose that (4) is not satisfied, then there

exists a sequence (λn) ⊂ ρ(A), |λn| −→ ∞ and a sequence of unit vectors (Un) ⊂ D(A) such that

‖(iλnI −A)Un‖ −→ 0.

We use the continuous embedding of H−2 in L2 and prove that one of the compounds of Un has to two

different limits, which contradicted the unicity of the limit. the proof of (4) is complete.
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