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Abstract: In this paper we consider a one-dimensional non simple system with porous thermoelasticity.

We use the semigroup approach and prove a well-posedness result. An exponential decay result was obtained

by the use of Gearhart theorem and the method developed by Zhung and Liu.
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1 Introduction

In this work we consider the following problem

putt - Nuzx + b@x - kummmz - d(,omxz - Bgz in (07 OO) X (Oa L)7
Jot = dUger + 0Pze — @ — bug +mb — Ty in (07 OO) X (Oﬂ L)a
¢ 0y = KOyy — BTougs — mTops in (0,00) x (0, L),

(1)

where u, ¢ are the displacement and volume fraction, 6 is the temperature difference respectively and

0,7, J, ¢, k, Ty are constitutive positive constants with b, i, &, k, o, d satisfying p&€ > b? and ka > d2 .

We supplement system (1) by the following initial and boundary conditions

U(Oa Z) = UO(x),ut<va) - ul(x)v SD(O>$) = CPO('I)& QDt(O; ‘T) - 501(1')7 Q(O,x) = 90(%)
u(t,O) = u(tv L) = uxx(ta O) = ua:x(ta L) = @x(t,O) = pr(tvL) = Hx(ta O) = ear(taL) =0

inz e (0,L),

(2)



2 Well-posedness

Introducing the new variables v = u; and ¥ = ¢; the problem can be written

(Utvvt, Ot Vi 9t)T = A(Uﬂ% ©, Y, 9)T
where A is the operator defined on
H = (H*(0,L) N H(0,L)) x L*(0,L) x H}(0,L) x L*(0,L) x L2(0, L),
such that
L
H™0,L) := {(p € Hm(O,L);/ pdr = 0} om=0,1 et H°=1L7
0
with domain
D(A)=H*NH) x H*NH) x H* x H! x H?,

The energy of system (1) is defined by

1 [F c
E(t) = 5/ [pluel® + plue|® + kluee | + T il + € 0] + 2buatp + 2duraps + o |0a|” + ﬁIGIQ]dax
0

We assume that the matrix

b Kk d
A == M 5 B =
b ¢ d «
are positive difinites. Then, the energy E(t) satisfies

dE K

L
E(t) --7 /. |9x|2dsc—7'/|<pt\2 <0.

Which shows the dissipativity of system (1).

Theorem 2.1. For any (ug, u1, o, ¥1,60) € H, the problem (1)-(2) has a unique mild solution (u, v, , ¥, 0)
such that
(u,v,9,9,0) € C([0,+00[; H).

Moreover, if (ug,u1, @o,1,00) € D (A), then the solution (u,v,p,1,0) satisfies
(u,v,0,4,0) € C* ([0, +-00[; D(A)) N C ([0, +-00[; H) .

Proof. The proof of this theorem will be given by the use of the semigroup approach and the Lumer-Phillips

theorem. O

3 Exponential Decay

Theorem 3.1. For any (ug,u1, o, ¢1,00) € H the solution (u,v,p,1,0) of problem (1)-(2) decays expo-
nentially,

IS®)Uo]l < M|[Uslle™™, ¥t >0

where S(-) is the semigroup generated by A.



The proof of this theorem is based on Gearhart’s Theorem

At

Theorem 3.2 (Gearhart). A Cy-semigroup of contractions S(t) = e”* on a Hilbert space is exponentially

stable if and only if
e iR C p(4),
e lim [(iM — A)7Y < oo
[A|—=+o0

The proof of Theorem (3.1) will be established through two lemmas
Lemme 3.1. Let A be the operator associated with the system (1), then
{ix eR}Cp(4). (3)
Proof. The proof will be given in three steeps.
e Shows that 0 € p(A) and prove that ([A~!||7L, A7) C p(A).

e Prove that if sup {||(iA] — A)7H[,|A| < [[A7H|7'} = M < oo, then, {X; A < [[A7Y|7P+ M1} C
p(A).

e Suppose that {iA\, A € R} is not in C p (&) and obtained a contradiction.

Lemme 3.2. Let of be the operator associated with the system (1), then

lim ||(iM — &) 7| < . (4)
[A|—=+o0

Proof. The proof will be given by contradiction argument. Suppose that (4) is not satisfied, then there
exists a sequence (A,) C p(A), |A\n| — o0 and a sequence of unit vectors (U, ) C D(A) such that

| (iXI — AU, || — 0.

We use the continuous embedding of H~2 in L? and prove that one of the compounds of U,, has to two

different limits, which contradicted the unicity of the limit. the proof of (4) is complete. O
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