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Abstract

In this thesis, we are interested in studying the stabilization of an axially moving, like
threads, belts, wires, cables, magnetic tapes and chains. The first work is concerned with an
axially moving string subject to unbounded boundary disturbance. The Lyapunov method
is employed to show the effectiveness of the boundary control for ensuring the vibration
reduction. The obtained results improves certain previous results. The second problem is
axially moving viscoelastic beam. In third problem we studied the stabilization of an axially
moving viscoelastic Kirchhoff string. Finally forth problem we studied the stabilization of an
axially moving viscoelastic beam with logarithmic source terms. To show the stabilization

of these system, we use a multipliers technique.

Key words : General decay, multiplier technique, Disturbance estimate, EulerBernoulli

beam, Moving structure, High-gain adaptive stabilization, Nonlinear semigroup.



Résumé

Dans cette these, nous nous intéressons a 1’étude de la stabilisation d’'un mouvement ax-
ial, comme les fils, les courroies, les cables, les bandes magnétiques et les chaines. Le premier
travail concerne une corde se déplagant axialement soumis a des perturbations aux limites
illimitées. La méthode de Lyapunov est utilisée pour montrer l'efficacité du contrdle des
limites pour assurer la réduction des vibrations. Les résultats obtenus améliorent certains
résultats antérieurs. Le deuxieme probleme est le déplacement axial de la poutre viscoélas-
tique. Dans le troisieme probleme, nous avons étudié la stabilisation d’une corde de Kirch-
hoff viscoélastique se déplacant axialement. Enfin, quatriéme probléeme, nous avons étudié
la stabilisation d'une poutre viscoélastique a déplacement axial avec des termes sources log-
arithmiques. Pour montrer la stabilisation de ces systémes, nous utilisons une technique de

multiplicateurs.

Mots clés : Décomposition général, technique du multiplicateur, Euler-Bernoulli en
mouvement axial, Structure mobile, Stabilisation adaptative a gain élevé, Estimation des

perturbations, Semi-groupe non linéaire.
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Notations

ADRC

a.e

Ev Pt
D(©2)

Co(92)
(Z,1-l2)
LP(Q2)
C*([0,7]; 2)
By = {z € X;|z] < 1)
Ran(B)
Ker(B)
p(B)
R(), B)
Im(B)
(M(t))>0
B

o(B)

Active disturbance rejection control.

Almost everywhere.
The partial derivative of .

space of differentiable functions with compact support in €.
Space of n-dimensional real vectors.

The set of positive real numbers.

Space of functions k-times continuously differentiable in €.
The set of complex numbers.

The domaine of A.

Boundary of €.

Conjugate of q.

Distribution space.

Space of continuous functions null board in €.

Banach space.

Space of functions p-th power integrated on {2 with measure of dx.
Space of functions k-times continuously differentiable .
Unit ball.

The range of B.

The kernel of B.

The resolvent set of B.

The resolvent set of B at point .

Image of B.

Semigroup of operators.

Non Linear operator.

The spectrum of B.



Introduction

Axially moving continuous materials can be found in various engineering areas such as contin-
uous material manufacturing lines and transport processes. Especially, the dynamics analysis and
control for axially moving continuous materials which have received a growing attention due to
the entrance of new applications in exible robotic manipulators and exible space structures. In all
these applications, maximum conveying speed or conveying speed is desired in order to increase
efficiency, optimize investment costs, the performance of the machines and its components. Instal-
lations are sometimes costly and complex. However, the dynamic behavior of these systems often
prevent these objectives from being achieved. For more than 60 years, researchers have examined
the dynamics of systems in axial movement. The early studies on the investigation of the trans-
verse vibrations of a string in axial movement were published in 1950. Sack [39] and Archibald
and Emslie [1] are pioneers in this field. Many scientists are interested in the case of a rope and a
beam in axial movement. This interest promotes the emergence of new applications in a variety
of disciplines.

One of the best studies devoted to the analysis of the vibrations of a axial moving string is
that of Archibald and Emslie [1]. It deals with the case of transverse vibrations of a string moving
with a constant speed C' along the longitudinal direction, denoted by X.

Let ¢(z;t) be the transverse displacement of the string at position z, time ¢ and [ the length
of the rope between the two ends, whereas T and p represent the tension and the mass per unit

length of the string, respectively. Starting from Hamilton’s principle (see [31]), we have

31
/ (6E. — 8E,)dt =0, to<ti, (1)
to
or
1o, 2 A
E..=— [ p [c + (ot + )| de, E, == [ Tyidx,
2 0 2 0

here E. and E, designate the kinetic energy and the potential energy, respectively between x =
0 and z = [ at time ¢. Integrate equation (1) by parts taking into account that dy (x,tg) =
do (x,t1) = 0 and 0p(0,t) = dp(l,t) = 0 where the symbol § indicates that it is in fact a tiny
variation of the path taken to go from 0 to [. The transverse vibrations or transverse displacement
of the string is given by

pou + 2pcpa — (T — pc?) oz = 0,
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where 4 is the local acceleration in the transverse direction of the chord, ¢,; is the Coriolis
acceleration and c?y,, is the centripetal acceleration.

Different types of control, including domain control [8], parametric control [6] and variable
structure control [22], have been studied. Boundary control provides an effective way to suppress
transverse vibrations because it is easy to implement. It is also important to cite the work of [27]

where the authors studied the following system

pou + 2pcp — (T — pc?) oue = y(, t)
@a(l,t) = ye(t) ou — @z (0,1) = ye(t),

where y(z,t) is a distributed force. Here the rope is controlled at the left and/or right end.
The Lyapunov method was used to find control to stabilize vibration energy. In the case where

the control acts on the right end x = [ with the left end fixed, they proposed the following control

Ye(t) = @ (1, 1) = —k1oy(l,t), k1 > 0

In the case where the control is placed at the point 2 = 0, and the right endpoint (z = 1) is fixed,

the authors proposed the following control

yc(t) = _()0$(07t) = _kQ@t(Oat)7k2 >0

yc(t) = _(Pac(()?t) = _k3 {‘Pt(lvt) + C‘Pm(lat)}vk3 > 0.

Note that in both cases, stabilization was obtained without energy decay rate.
Another type of control: Mass-Damper-Spring (MDS), was proposed in [22]. The MDS control
mechanism includes a mass m, a viscous damper with coefficient d,, and a stiffness spring k,,.

In [24], considered another model of a string in axial motion, known as "Kirchhoff", described by

1 1
{lp(Ptt + 2pcpat — <T0 — pc® + b/ wicbc) Paw = 00(0,1) = Ouc(t) = (To — pc? + b/ widx) pa(l 1)
0 0
This model is characterized by the fact that the voltage depends only on the temporal variable
1
T(t) =T+ b/ 2dx.
0
The author proved that this nonlinear equation can be stabilized by the following control
uc(t) = —kpe(l,t),k >0

This work consists of five chapters:
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First chapter, we introduced some notation and prepared some material needed for our work.
The main results of this chapter such as: the LP space, the Sobolev spaces , differential integral
inequalities, nonlinear semigroups and their generators and nonlinear evolution with dissipative

operator and other theorems of functional analysis.

Second chapter, is concerned with the following problem

D1+ 200z — (I—UQ)@M =0, z€(0,1), t>0,

©(0,t) =0, t>0,

ex(1,t) = u(t) +d(t), t >0, (2)
o(x,0) = po(x), ¢i(z,0) = p1(x), =€ (0,1),

Yout(t) = (p¢ +vps) (1,1), t >0,

we proved the existence and uniqueness of solution of the closed loop system by using the semigroup

theory and we proved the exponential stability by making use of the energy method.

Third chapter, we study the stabilization of an axially moving viscoelastic beam, the system is

given by:

(

t
0 (Sott + 2V90xt + V290mc) + EISOJ:xzx - EI/ Z(t - S)Wxazxz(s)ds = 07 HARS (07 l)> t> O)
0
0(0,t) = pz(0,t) = pza(l,t) =0, t>0,
t
QVQQOI(Z, t) + Elpges(l,t) — EI/ Z(t — 8)paza(l,8)ds = y(p(l,t)), t>0,
0

. 90(1'70) - (Po(x)v (pt({L',O) = @1(1’), T € (Ovl)

(3)
where ¢ = ¢(x,t) is the beam transversal displacement, V is the axial speed (assumed constant
here), FET is the beam flexural rigidity, o is the beam mass per unit length, Z represents the kernel
of the memory term or the relaxation function (nonnegative functions) see [20], ¢o(z), ¢1(z) are

the initial data, and y represents the nonlinear term.

Fourth chapter, we studied the stabilization of an axially moving viscoelastic Kirchhoff string,

the system is given by:

b+ Viur = (1=V2 4 a(0) 02 ]?) @aw + (1= V2) J3 Z(t = 5)pra(s)ds = 0
ze(0,1), t>0

2(0,) =0, t>0, (4)
Jelt) = meu(1,0) + (g = V) @e(18) + (1= V2 + () ) 2 (1,1)

—(1-v?) fg Z(t— s)p.(1,s)ds, t>0,

Fifth chapter, we studied the stabilization of an axially moving viscoelastic beam with logarithmic
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source terms, the system is given by:

(

t
p (Sott + 2V + V2(Pa:x) + Elogees — EI/ Z(t = $)Pazaa(s)ds = kplnlp|, = € (0,1),
0
t
pV2g0x(l,t) + Elpga(l,t) — EI/ Z(t — 8)aza(lys)ds = y(p(l,t)), t >0,
0

o(z,0) = po(z), ¢i(z,0) = p1(x), z € (0,1).

In this chapter, we proved the exponential stability by using the multiplier technique.



Chapter 1
Preliminary

In this chapter, we will introduce the necessary concepts for the good understanding of this
thesis and shortly the basic results which concerning the Banach spaces, the LP space, Sobolev
spaces, semigroups of contractions and other theorems. The knowledge of all this notations and
results are important for our study (See [5], [36], [33], [2], [29], [43]).

1.1 Banach Spaces

Definition 1. A Banach space is a complete normed linear space Z. Its dual space Z' is the linear

space of all continuous linear functional g : Z — R.

Proposition 1. ([5] Z' equipped with the norm || - ||z defined by

lgllz = sup{lg(v)] : o]l <1},

s also a Banach space.
We shall denote the value of g € Z' at v € Z by either g(v) or (g,v)z 7.

Remark 1. (/36]) From Z' we construct the bidual or second dual Z" = (Z')'. Furthermore, with
each v € Z we can define p(v) € Z" by p(v)(g) = g(v),g € Z', this satisfies clearly ||p(z)]] < ||v].
Moreover, for each v € Z there is an g € Z' with g(v) = ||v|| and ||g|| = 1, so it follows that

le() = llvll-

Definition 2. Since ¢ is linear we see that
0:7Z— 7"
is a linear isometry of Z onto a closed subspace of Z", we denote this by

Z — 7",
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Definition 3. If ¢ (in the above definition) is onto Z" we say Z is reflexive, Z ~ Z" .

Definition 4. Let Z be a Banach space, and let (vy,)
strongly to v in Z if and only if

nen be a sequence in Z. Then vy, converges

Tim (o, v, =0,

and this is denoted by v, — v, or limy,— oo vy, = .

1.1.1 The weak and weak star topologies
Let Z be a Banach space and g € Z’'. Denote by
pg 4 — R
Z = pg(2),
when g cover Z', we obtain a family ((pg)ge » of applications to Z in R.

Definition 5. The weak topology on Z, denoted by o (Z,Z'), is the weakest topology on Z for
which every (¢g) je 7 is continuous.
We will define the third topology on Z', the weak star topology, denoted by o (Z',Z). For all

z € Z. Denote by
0, Z' =R

g ¢:(9) =(9,2) 7 2,

when z cover Z, we obtain a family (¢z),c, of applications to Z' in R.

Definition 6. The weak star topology on Z' is the weakest topology on Z' for which every (¢.),c

1S continuous.

Definition 7. A sequence (vy,) in Z is weakly convergent to Z if and only if

Jim_g (vn) = g(v)
for every g € Z' and this is denoted by v, — v.
Remark 2. [38]
1. If the weak limit exist, it is unique.
2. If v, = v € Z (strongly), then v, = v (weakly).
3. If dim Z < +oo, then the weak convergent implies the strong convergent.

Proposition 2. ([5]) Let (gy) be a sequence in Z'. We have:

1. |gn 29 in o (Z2,2)] & [gu(z) = g(2),¥z € Z].
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2. If g — g (strongly), then g, — g, in o (Z',Z").
3. Ifgn — g ino(Z',2"), then g, = g, in o (Z',2).
4. Ifgn =g, ino(Z',7Z), then ||gn| is bounded and ||g|| < liminf ||g,||.

5 If g =g, ino(Z',Z) and z, — z (strongly) in Z, then gn (z,) — g(2).

1.1.2 Hilbert spaces

The most significant function space in contemporary physics and modern analysis, known
as Hilbert spaces, turns out to be the appropriate framework for the formal theory of partial

differential equation. Then, we must present some significant findings regarding these regions.

Definition 8. A Hilbert space H is a vectorial space supplied with inner product (u,v) such that

llu|| = v/(u,u) is the norm which let H complete.

Theorem 1. (/38]) Let (uy), oy be a sequence which converges to u, in the weak topology and

(Vn)pen 8 an other sequence which converge weakly to v, then
nh_{rgo (Un, un) = (v,u).
Theorem 2. ([38]) Let Z be a normed space, then the unit ball

B ={leZ | <1}

of Z' is compact in o (Z', 7).

1.2 Some Algebraic inequalities

1.2.1 Holder’s inequality

Lemma 1. ([2])Assume that p € LP and g € LY with 1 < p < co. Then (pg) € L' and

legll < llellpllglle-

Lemma 2. ([2]) (Cauchy-Schwarz inequality) Every inner product satisfies the Cauchy-Schwarz
inequality
(21, Z2) < || Z1] | Zz]| -

The equality sign holds if and only if Z1 and Zo are dependent.



Preliminary

1.2.2 Young’s inequality
Lemma 3. ([2]) For all a,b > 0, the following inequality holds

a? bl
abg 7+77
p q

1,1
whereas, = + = = 1.
b + 7

1.2.3 Poincaré’s inequality

Lemma 4. ([2]) Let Q@ C R" is a bounded open subset. Then there exists a constant c, depending
on Q such that:

lellz2) < cllVellz@)y, Ve € Hy(Q).

Lemma 5. (/34, 41]) Let w(z,t) a function in R defined for z € [0,1] , t € Ry that satisfies the
boundary condition
w(0,8) =0, t >0, (1.1)

then the following inequalities hold
w?(z,t) <lljw.|?, z€[0,], t >0

and
lw]* < 12w, 2, ¢ > 0.

If in addition to (1.1) the function satisfies the boundary condition
w,(0,t) =0, t >0,
then the following inequalities also hold
wi(z,t) < Uwe |, 2 €00, t20
and

||wzn2 < 12 ”wz,ZHZa t>0.

1.3 Functional Spaces

1.3.1 The L?(Q2) spaces

Definition 9. Let 1 < p < oo, and let Q2 be an open domain in R™,n € N. Define the standard
Lebesgue space LP(SY), by LP(Q) = {¢ : @ = R : ¢ is measurable and [, |p(2)|Pdz < oo} .
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ForpeR and 1 < p < o0, denote by

lello = ([ W),pdz)é .

If p = 00, we have L>®(Q) = {¢ : Q@ — R : ¢ is measurable and there exists a constant C' such
that, |p(z)] < C a.e in Q}.
Also, we denote by
lolloo = Inf{C, |p(2)| < C a.e in Q}.

1.3.2 The Sobolev space W™?(Q)

Proposition 3. ([/30]) Let Q be an open domain in RN, Then the distribution T € D'(Q) is in
LP(Q) if there exists a function g € LP(2) such that

(T, ) = /ﬂ 9(2)p(2)dz, for all p € D(Q),

where 1 < p < 00, and it’s well-known that ¢ is unique.

Definition 10. Let m € N and p € [0,00]. The W™P(Q) is the space of all p € LP(QY), defined as

WmP(Q) = {p € LP(Q), such that "y € LP(Q) for all v € N™ such that

n
Iy = Zyj <m, where ,07 = 9] 9;*..0)"
j=1
Theorem 3. ([38]) W™P(Q) is a Banach space with their usual norm

lellwrmeiy = S 1070] 1< p < 00, for all p € W™P(Q).
[v|<m

Definition 11. Denote by WP () the closure of D(Q) in WP ().

Definition 12. When p = 2, we prefer to denote by W™2(Q) = H™(Q) and Wén’z(Q) = Hj"(Q)

supplied with the norm

lellamey = | D (107¢ll,2)°

[y[<m

which do at H™(S2) a real Hilbert space with their usual scalar product

(u, v) gm () = Z /87u87vdz.
Q

[v]<m
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1.3.3 The L?(0,T,7) spaces

Definition 13. Let Z be a Banach space, denote by LP(0,T,Z) the space of measurable functions

v: 10,T[— Z,
t— (1),
such that
T i
( / HsO(t)H%dt> — lollrozy < o0 for 1< p < oo.
If p= o0,

¢l zoe(o,r,2) = sup ess||o(t)]| 2
t€]0,T'[

)

Lemma 6. ([2]) Let Zy,Z and Zy be three Banach spaces with Zo C Z C Zy. Assume that Zy is
compactly embedded in Z and that Z is continuously embedded in Z1; assume also that Zy and Z
are reflexive spaces. For 1 < p,q < +oo, let

W =A{ueLP([0,T]; Z)/ ueL!([0,T);Z1)}.

Then the embedding of W into LP([0,T]; Z) is also compact.

1.4 Bounded and unbounded linear operators in Ba-
nach spaces
Let (X, |- |x) and (Z,] - ||z) be two Banach spaces.

Definition 14. B linear operator B : X — Z is a transformation which maps linearly X in Z,
that is
B(ax + pz) = aB(z) + fB(z),Vz,z € X and o, 5 € C.

Definition 15. B linear operator B : X — Z is bounded if there exists C > 0, such that

|Bullz < Cllo]lx, o € X.

That is, we say that B is bounded if | Bv|z remains bounded when v € {z € X, ||z||x < 1}. Oth-

erwise, B is said to be unbounded.
Definition 16. Let E and H be Banach spaces.

1. An operator B : D(B) C X — R(B) C H such that

|Bx — Bz|| < ||z — z||, =,z € D(B),

10
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is called a contraction operator.

Where D(B), R(B) we denote domain and range of B, respectively.

2. An operator B : D(B) C E — R(B) C H, is called a strict contraction if there exists B
constant o with 0 < a < 1 such that

|Bx — Bz|| < afjr — z||, =,z € D(B).

We have the following fized point theorem.

Theorem 4. (/38]) Let X be a closed subset of E. If B : X — X s B strict contraction operator,
then B has a unique fixed point.

1.5 Strongly continuous semigroups

Definition 17. Let (M(t))i>o be a family of bounded linear operators on a Banach space X is called
a strongly continuous (one-parameter) semigroup (or Cy-semigroup) if it satisfies the functional

equation
M(t+s)=M(t) - M(s), forallt,s >0
M(0) =1,

and is strongly continuous in the following sense. For every x € X the orbit maps
§o it = &(t) == M(t)z,
are continuous from Ry into X for every x € X.

Definition 18. (Infinitesimal generator of the semigroup) The linear operator B defined by

Mtz —
D(B) = {ﬂs € X :lim (t):::n exists } ,

t—0

and M(t dtM
Bx = lim (t)r — = = (t)x
t—0 t t

for x € D(B),
t=0

is the infinitesimal generator of the semigroup M (t), D(B) is the domain of B.

Definition 19. An unbounded linear operator (B, D(B)) on X, is said to be dissipative if
Re(Bv,v)x < 0,Yv € D(B).

Definition 20. An unbounded linear operator (B, D(B)) on X, is said to be mazimal dissipative

(m-dissipative) if

11
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e B is a dissipative operator.

e I\ > 0 such that Im (Aol — B) = X.

1.6 Nonlinear semigroups

Definition 21. Let X be a real Banach space with norm ||.||. Let Xo be a closed subset of X. Let
M(t) : Xo — Xo be B nonlinear operator for every t > 0.
The family {M(t),t > 0} is called B nonlinear semigroup on Xo of type o if:

1. M(0)xz = x for every x € Xy,

2. M(t+ s)x = M(t)M(s)x for every x € Xy and t,s >0,
3. limy_,o+ M(t)x = x for every x € Xy,

4. For every x,z € Xo,t > 0 and for some o € R

1M ()2 — M(t)z]| < ez — 2]

When o = 0, {S(t),t > 0} be a nonlinear semigroup of contraction on Xy, or simply a

nonlinear semigroup on Xjy.

12



Chapter 2

Stability of an axially moving string

2.1 Introduction

In this chapter, we study the stabilization of solutions of the closed-loop system of (2) given
by
o1 + 2005 — (1—v2)<pm:0, xz € (0,1), t>0,
©(0,t) =0, t=>0,
pa(1,1) = =r(t) (@1 + vee) (1,1) + 9 (¢) + d(t), t =0,
o(x,0) = @o(x), ¢i(x,0) = ¢1(x), = €(0,1),
r(t) = p (¢t + vie)? (1,t), p >0, 7(0) =70 >0,
Pout(t) = (ot +vea) (1,1), t >0,

whereas ¢ = p(x,t) is the transverse displacement of the string which is azially moving, v repre-
sents speed, Yout(t) stands for the measured signal of the system at that free end (output) and d(t)

represents the unknown external disturbance satisfy

de C(0,00) and |d(t)|,

d (t)| < Cqe™". (2.2)
The total derivative operator with respect to time is given by
d : 0 0

Z0)=0) =5 +v5 23)

2.2 Existence Result

We introduce the following subspaces
V={peH(0,1),¢(0) =0},

H=L*0,1),

13



Stability of an axially moving string

equipped with the norm |||, = ||¢z| . Clearly V-C H C V' where V' denotes the dual of V.

2.2.1 Abstract setting

In order to study the existence of solutions, we need to write our main problem as an abstract

problem, for this we introduce:
A:D(A) = H,Ap = —@ua,
D(A) = {p € H', ¢us € H, 0(0) = p,(1) =0}.
The operator A is a positive operator with a compact inverse in H, we have
Azp:D(A) — H, Azp =g,

with
d(Az) = {p e H', p(0)=0} =V,

(Af.9)yrey = (421, 4%9).

1
(A¢, @) = (2 02) = || 43¢ . (2.4)
By Poincaré inequality
1
ol < |4k (2.5)
Then, (2.1) can be written as
in—H“(t)KK*i FE@+d) +Ap=0, t>0
dt2 dtso <70 - 9
©(0) = o, ©:(0) = o1, (2.6)

7(t) = pw? (t), p>0, r(0) =719 >0, t >0,
Vout(t) = K*¢(t), t > 0.

K:R—=V K=§x—-1) with K* = (6§ (x —1),.) where ¢ is the Dirac distribution (see [/3]).

We denote by ¢ (t) == (¢ (1), %gp (t),r(t)), then %go = (%go (t), ‘57“20 (t),r (t)) and ¢ satisfies

do=Ap+K(d+19),
¢ (0) = o = (o, 1,70)"

where
z
Al 2 | = —rkk*z—Ap |, (2.7)
r p[K*2]?

14
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with domain

D(A) ={(¢,z,7) € D(A) xV xR*" rKK*2+ Ap € H },

and K = (0,—K)T . Denote by H the Hilbert space
H=VxHxRT,
T T 1 1 1
<(901,21,7“1) (P2, 22,72) > = <A2<P17A2<P2) + (21, 22) + %7‘17“2-
In order to show the existence and uniqueness of solution of (2.6), see [29, }3].

Theorem 5. For g € D (A), the system (2.1) admits a unique solution satisfying
p € C([0,7),D(A)NCH([0,T),H).
Proof. Let (p,z,7)T € D(A), then

(A(p1,21,71) — A(p2, 22,72) , (01 — P2, 21 — 22,71 — T2))
= A% (2’1 — 22) ,A% (gol — ng)) + ((—TlKK*Zl — Agol) — (—TQKK*ZQ — Atpz) , 21 — ZQ)

= ((-mKK"21) — (-mKK 2),21 — 22) + % (r1 —7ra) ([K*z1]2 = [K*22]2>
= [; (ri —mra) — 7’1] [K*z1]2 +(r1+72) K*21 K*29 + [; (rg —r1) — 7’2:| [K*22]2 )

It follows that

(A(p1,21,m1) — Alpe, 22,72) , (p1 — P2, 21 — 22,71 — 2))
1
= 5 (r1+72) ([K*21] — [K*22))°.

We conclude that A is dissipative in H.
Second, we show that Al — A is surjective. Let (¢,v,x)T € H, A > 0 and (p, z,7)T € D(A) such
that

@ ¢
MN-A)| z | =] v
r X
This is equivalent to
Az +rKK*z2 4+ Ap = 1), (2.9)
Ar—p[K*z)? = x. (2.10)

15
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Then, by (2.8)
z=Xp—0cV. (2.11)

Moreover, from (2.8) and (2.11), r is given by

1

r=1 [xrpiEar] = £ i ple 00 - 0}

From (2.9) and (2.11), ¢ satisfies
Mo+ MrKK*p+ Ap =1+ A\ + \rKK* . (2.12)

We set
Ay =X+ MKK*+ A

and
y=v+Ip+NKK¢cHcCV.

Let us introduce the operator
1
<I>>\:V—>V:50—><p—ﬁ(A>\gp—y).

The existence of a fixed point for ®) is clearly equivalent to the existence of a solution to equation
(2.12).
Using (2.4), we get

1 A 1
(KK o+ Apiglyy = [ ot 2200 < (14 an) [ e = (14 30 ol
0 0
and

1
@m«w+MWWy<A%m+Mﬁ@waw€

we see that
1
(KK g+ Apswlyy| = [ pruda + Xrp(1,u(1,0) < (14 20) el Jully
0

which implies that
IAMr KK ¢ + Aplly, < (1+Ar) [y - (2.13)

We calculate

1 * *
15 (p1) — x (@2)[[3 = g (ArKK™ (p1 — p2) + A1 — @2) , M KK™ (01 — 2) + A(p1 — 92)) -
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From the estimate (2.13), we get

1

122 (1) = @x(p2)lly < 53 (14 A0 [l — 2l

For sufficiently large A, @) is a contraction mapping from V into itself and has a unique fixed point
¢ in V which is a solution of (2.12). O

2.3 Disturbance estimate

This section is reserved to estimate the disturbance d(t) in (2.1). We employ the active dis-
turbance rejection control (ADRC) approach to investigate this problem (see [2]]). Multiplying the
first equation in (2.1) by g(x) = x and integrating over (0,1), we get

1 d 1
/ T (1 +vpg)dr =, (1,1) — / edr = —@ (1,t) +u(t) +d(t),
0 0

or
1

1

% x (o +vpg) de = / (pr +vpz)de — @ (1,t) +u(t) + 9 (t) + d(t). (2.14)
0 0

Set

1 1
y(t) = /0 2 (e + vipa) de, yo(t) = /0 (g1 +vpa) dz — o (1,1).

Then, (2.14) becomes
d

ﬁy(t) =yo(t) + u(t) + d(t). (2.15)

This is the first step to estimate the disturbance using the technique introduced in [24] for lumped
parameter systems.

f Y (2.16)

d(t) = —q=(t) (4(t) —y(t)),
where ¢ € C1 (Ry.) fulfills the conditions
(H1) q(t),q(t) > 0 and sup; % =N < o0,
(H2) limy o0 155 = 0.

Next, we introduce the errors which are formulated by

{ 9(t) = yo(t) +u(t) +d(t) — a(t) (5(t) —y(t).

ey = —q(t) (y(t) — §(t)), eq = d(t) —d(t), t > 0.

Lemma 7. Assume that (H1 ) and (H2) hold and d(t) satisfy (2.2), then the solution of (2.16)
satisfies

lim e, = lim eg = 0.
t—o00 t—o00

Furthermore, if q(t) = Re®! with ¢ > C4 and qo > ag, then there exists a positive constant K such

17
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that
ley|, eq] < Ke™(@7a0)t ¢ >

Proof. We have

y(t) = —d(t) (y(t) = §(8)) — a(t) (9() = §1)) , £ > 0. (2.17)
Then, we obtain
éy(t) = —q(t) (y(t) —9(t)) —q(t) [yo(t) +u(t) + d(t) — yo(t) — u(t) — d(t) + q(t) (9(t) — (1))
= —q(t) (y(t) = 9(t)) —a(?) (d(t) - cz(t)) +¢2(t) (y(t) — 4(t))
_ o a@)
= Loo® -1 @ +e), t2o0. (2.18)
On the other hand .
éq =d(t) —d(t), t > 0. (2.19)
Then, we get
éa = d(t) — (1) (y(t) — 9(t)) = q(t)ey(t) + d(t), t > 0. (2.20)

Taking into account the previous computations, the following system is obtained

éy(t) = —a(t) (ey(®) + ea(t)) + Le, (1), £ >0,
éa(t) = q(t)ey(t) +d(t), t >0, (2.21)
ey(0) = ey0, €a(0) = eqp.
The system (2.21) can be written as
{é@—Aaww+maxt2m (2.2
e(0) = e = (en,05€d,0) ;
with ®
NGRS "t N
o= (08 0 (2
We define the Lyapunov function for (2.21) by
C(t) = e2(t) + gefl(t) 4 ey(t)ealt), £ > 0.
We see that
% (ex(t) +e3(t)) < L(t) <2(ex(t) +e3(t)), t > 0. (2.23)

18
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Differentiating the Lyapunov function £(t), we get

£(t) = 26(t)ey(t) + Bealt)ealt) + éyt)ealt) + ey (et
< —qlt) (20 + E0) + 23@%@) 0 e

q(t)
+|d(®)] 3leatt)] + ley (1)), ¢ > 0.

System (2.21) and assumptions (2.2) imply that

Lt) < <—q(t) + ;Zg) (ex(t) +ei(t)) + 232265@) +3Cq|d()] (|ea(t)] + |ey(t)])
< <—q(t) + ;Z(g> (e2(t) + e3(t)) + 3v2Cqe™"y /e2(t) + €2(t), t > 0.
We have " -
—q(t) + 238 < —q(t) + 5N <0

This is owing to

which gives
d 1
p L(t) < 3 ( )+ N> VL) + Odeaot t>0.

Integrating over (to,t), we obtain

t
VL@ < V/Ltg)e? Jio(Fale)+5N)ds s 30 7 aor 3 [H(=a@+5N)ds gr 4 s g

V2 i
Using L'Hospital rule and (H2), we get
g 3 Jip(a(5)=5N)d
lim t egf ( (s)+5 N)deT — lim ftg eMT o2 fto(q )72 ) S dr
t—o00 to t—00 e% ftto (Q(S)—SN)ds
apt
= 2lim ——— =0,

t—00 27‘(t) — 5N
then limy_, \/£(t) = 0. This leads by the equivalence result (2.23) to

lim (e2(t) +e3(t)) = 0.

t—oo * 1
This completes the proof of the first assertion of Lemma 7. Furthermore, since
ft eaOTG% ftg (‘I(S)_gN)deT

to
T
6% fto (q(s)ng)ds

t
/ 0073 7 (—a(s)+5N)ds g Lt > to.
to
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We compute

f 00T o JH(~a(s)+3 SN)ds g ft e“oTe% ftg(q(s)—gN)dsdT
lim = lim .
t—00 e—(q0—ao)t t—o0 6—(!10 ao)t+ fto( (s)—3N)ds

Again L’Hospital rule

f a7 3 7 (=a(s)+5N)ds g eaot
lim = 2lim
t—o00 e—(q0—ao)t t—o00 (Re‘IOt — %N —2(qo — QO)) e—(qo—ao)t
. 1 2
= 21

e e—4qot (Reqot — %N — 2[)) - 6

This shows that there exists a positive constant A; such that

t s)
3Ca [ paor o3 [} (=5 +5N)ds g < Aje(@=a0)t 4~ 0, (2.24)

Wto

Assumption (H1) implies for ¢ sufficiently large that

(s)
e% fto( 5t N> < e (@=a)t 45 0, (2.25)
Now, the identities (2.24) and (2.25) together lead to

L(t) < Ae~(@0=a0)t ¢~ 0,

e2(t) + e3(t) < AV2e~ (@700t 4 > 0,

K = AV2. O

We take the feedback control law 9(t) = —cZ(t). Then, the new closed-loop system is written as

( <Ptt+20g0xt—(1—v2)g0m:0, z € (0,1), t >0,

©(0,t) =0, t>0,

pa(1,t) = —r(t) (¢r +ver) (1,1) +eq, T 20,
éy(t) = —a(t) (ey(t) + ea(t)) + Le, (1),

éa(t) = q(t)ey(t) +d(1), t >0,

o(x,0) = po(z), ¢t(x,0) =pi1(z), =€ (0,1),
ey(0) = ey0, €a(0) = eqp.

r'(t) =p (o + vtpx)Q (1,¢), p>0, r(0) =7y > 0.

(2.26)
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2.4 Exponential Stability

We define the classical energy of problem by
E(t) = Eso(t) + Ey,d (t) , £ 20,
where E,(t) and E, 4 (t) are given by
1 2 1 2
E(t) = 5 lipe +voal + 3 el £ 0

and
Eyq(t) = e (t) +ej(t), t > 0.

Theorem 6. Under assumptions (H1) and (H2), the solution of (2.26) satisfies
(o1 +vpz) (1) € L*(0,00) such that

E,(t) < Ne ™, t >0,

where N and §, are positive constants

Proof. The differentiation of E gives

1

d 1
%E(t) = / (o1 + vey) ((ptt + 200 + 1;290m) dxr + / Oz (Pat + VPze) dx, t > 0.
0 0
That is p
aE(t) = [(‘pt + 'USO:B) pr]é , t2>0. (2.27)

Taking into account the boundary conditions, the following formula is obtained

D B(1) = (1) (g + v (1) = 122(0) + (g0 + vp2) (D ea(t) 120

If q(t) = Re®! with ¢ > Cy and g > ag, then there exist a positive constant K such that

d
T E®) < —r() (pe +v2) (1) = 02 (0) + K [ + vipg) (1)] @70, £ >0, (2.28)
2
%E(t) < % (ro — 2k(t)) (1 + vepw)” (1) — v02(0,8) + ?6—2@0—“0)2 t>0.
0

In order to deal with the stability of the main problem , we introduce this new functional
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which gives after differentiation

%L(t) = %E(t) + %r(t) (¢t + vez)? (1)
2

1 28
< 5 (ro—r(®)) (ee + vpe)? (1) — 02 (0) + Toe_z(qo_a(’)t, t>0.

Since r is increasing, we obtain

d 2B2

S L(t) < ZZe @00}t g >,
G <= e
By integrating, we arrive at
K2
L) <EQO0)+ ————=11,t>0.
() S EO) + o = I
This implies that
1
sup [E(t) + —r? (t)} <L, t>0. (2.29)
>0 2p
It results that
r(t) < +/2pLi, t > 0. (2.30)

Since 7'(t) = pw?(t), ¢ > 0, we define the functional
V(t) = E(t) + ed(t), t >0

where X
o(1) =/ 20, (@1 +vipy) da, t > 0.
0

This functional satisfies

|[@(1)]

IN

1
| ten (vl ds
0
1 2 2
< 5 ||90t+7)90x|| +||901:” SE(t), tZO'
Then, the following relation holds
B1E(t) <V(t) < BE(t), t >0 (2.31)
where /1 =1 —c and By =1+ ¢ with ¢ < 1. We have

d

1 1
yb(t) = /w(%t+wm)(¢t+wm)dw+v/ 0z (¢t +v9e) d
0 0

1
+/ TPz ((Ptt + 20041 + 02303090) dx, t >0, (2'32)
0
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d 1 1
G20 = [ wlentvpm) (ot oo oo [ ot vpn)do
0 0
1
+/ TPpgpezrdr, >0, (2.33)
0
! 1 2 1 2
2 (Pat +v9uz) (Pt +vpz) dr = 3 (00 +vee)” (1) = 5 flor +vpal”, €20, (2.34)
0
! 1 2 1 2
P (‘Pt + U(Pa:) dr < ) H‘Pt + USOJEH + ) ”9090H , 120, (2‘35)
0
TPpPprdr = 59%(1:75) —5 ozl t > 0. (2.36)
0

Gathering the estimates (2.34)-(2.36) in (2.33), we obtain

iq)(t) < —

1 1 1
— (1= ) lgal® + 5 (00 + v02)* (1) + 502 (1), £ 2 0.

(1= 0) e +veal —

1
2
We have

Pa(1,t) = 2K2(1) (01 + v92)? (1) + 265 < 2K2(1) (01 + vipe)? (1) + 2B 20790) ¢ > 0,

Then, we obtain

D) < —3 (1) ot vgal 5 (=) llgall® + 5 (14 2K0) (o0 + vg2)* (1)

dt
+K2e2@=a0)t 4>, (2.37)

(2.28) and (2.37), it holds

d € € €
V) < =S (=) lle vl = S (L= v lleal? = [r(1) = 5 (1+282®) | (pr +vp0) (1)
tel2em w00t LK (¢ + vg,) (1)] e~ (@070t ¢ >0, (2.38)

Applying the Young inequality to (2.38), we obtain

%V(t) < —e(1=0) B = [r() — 5 (1+2K3(®) = n] (pi +vp2)” (1)
+ <e + 4117> K2 2a0—ao)t ¢ >0, (2.39)

for some n > 0. Since r(t) < /2pL1 (see (2.30)) and r(t) > o, it follows that

r(t) — g (1+2k%(t)) > ro — % (1+4pLy), t > 0. (2.40)
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By virtue of (2.31), it results from (2.39) and (2.40) that

d € € 9
—V({) < —— - — —(1+4pLy) — 2) (1
GV < =5V = [ro— 5 (L ApLa) — ] (g + vea) (1)
1
+ <e+ ) K?2e2(@=a0)t ¢ >, (2.41)
4n
Choosing € and n small enough, we obtain
iV(t)<—iV(t)+ 4 1) K220t ¢ (2.42)
dt ~ o 4n T

Integrating (2.42) over (0,t), t > 0, we entail that

€ € 3 € |g
V(O)e_gt + (6 + 1> K26_52t/ e[_2(qo_a0)+ﬁ2] ds
4n 0
_ e 1 K? _ e
< V(0)e m' 4 (6 + 4> (e gt e_Q(QO—GO)t) . (2.43)
g [2 (90 — ao) — é}

Choosing again e sufficiently small so that 2 (q9 — ag) — é > 0 and exploiting (2.31), we obtain

IN

V(t)

E,(t) < Ne™, t >0,

where N = Véo) + (6+ %) —— K _and 4 = ;- Then, the assertion of the theorem is
1 ") 81 [2(a0—a0)- £ | 2
O

established.
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Chapter 3

General decay for an axially moving

viscoelastic beam

3.1 Introduction

We consider the following initial boundary value problem in this chapter, which is

t
Y (Sott + 2V90xt + VQSO:)::):) + EI(Px:L‘:m: - EI/ Z(t - S)SDI:M::J:(S)dS =0,
0

z € (0,1), t >0,
©(0,t) = ©(0,t) = pue(l,t) =0, t >0,
(0.0 = £2(0.0) = parll.t) =0, -
szgogc(l,t) + Elpgz(l,t) — EI/ Z(t — 8)paza(l,8)ds = y(p(l,t)),
0
t>0,

L %0('7;’0) = @0(33)7 Spt($30) = 901('7;)3 r € (O’l)

whereas ¢ = p(x,t) is the beam transversal displacement.
V is the axial speed .

E1 is the beam flexural rigidity.

o is the beam mass per unit length.

Z (nonnegative functions) see [20].

vo(z) , v1(z) are the initial data.

y represents the nonlinear term.
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3.2 Preliminaries

In this section, we give some material needed in the proof of our results.

For every measurable set A C Ry, we define for all t > 0
s 1
2(4) = = / Z(s)ds (3.2)
K Ja

and

A =AnN [0, t].
The set of flatness and the flatness rate of Z are defined by
YVz={seR;:Z(s) >0 and Z'(s) = 0} (3.3)
and

Rz = Z(Vz),

gz={seRy: Z(t—s)>0and Z'(t —s) = 0}.
The following hypotheses are taken into consideration:
(H1) Z(t)ZO,t20,0<lC:/OOOZ(s)ds<1.
(H2) Z'(t) <0 for almost all t > 0.
(H3) y needs to satisfy the following conditions:
y(0) =0, |y(z) —y(s)| <m(l+[z[* +[s]*) [z —s[, Vr,s€R, a €Ry,
0<Y(x) <zy(x), VreR,
and Y (2) :/0 y(s)ds.
(H4) [~ Z(s)ds <o (t),t>0 where
o :[0,00) — RT is absolutely continuous and satisfies the condition

odt)+Ct)x(a(t) <0, a,et >0, (3.4)

where ¢ : RT — R in the neighborhood of 0o is decreasing, continuous and non-summable, while

X : [0,00) = [0,00) is a continuous function and for an arbitrary, fired r > 0, let
T
d
B(z) = / s
+ X(s)
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Lemma 8. Lett > 0 be given and ¢ : [t,00) — RT be an absolutely continuous function satisfying

' (t) +al () x (¢(t) <0, a.et >T,a>0.

Then, there exists t > t, depending on (%), such that
t ~
B! <a/ C(s)ds), vt > {.
£

Lemma 9. (see [32])
i) Let y : (0,t) — [a,b] be an integrable function on (0,t) and Z(s) > 0 with fo s)ds =1, then
Jensen’s inequality states that

x([mga@w)gékww»A$@.

it) For real numbers x1,x3,...,Ty, in the domain of x, and positive real numbers ay,az,

vy O,
Jensen’s inequality is written as
Z?zlnaix (1) >y (Z%l aixz‘) ‘
Dim1 G i1 @i
We define the modified energy of problem (3.1) by
0 EI t
B0 = Lhal - L lelP+ 2 (1- [ 265) limal
EI [!
+7 (2 0ws) ()dz +Y(p(1)), t >0 (3.5)
0
where ||.|| is the L?*—norm and
(Z0¢)( /Zt—s\gp o(s)|?ds, t > 0.

Proposition 4. Under the hypotheses (H1)-(H3) and V? < EI(1 — K)/ol?, we have

E(t) >0, t > 0.
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General decay for an axially moving viscoelastic beam

Proof. Using Poincaré’s inequality, we have

t
50 > Llal?+ ) [EI - [ z<s>ds] I oesl?
0

EI
L [ (20 ) o+ Y60, 120 (36)
0
Since V? < EI(1 — K)/ol?, we end the proof of the Proposition 4. O

Lemma 10. (See [2]) We have for Z € C(0,00) and ¢ € C ((0,00); L* (0,1))

/ /Zt—s s)dsdx
_ 2(/ 2(s)d )|y¢|| 42 /Zt—s/ 2(5)dxds—;/(]l(Zogo)dﬂz7t20.

3.3 Well posedness
We define the following spaces
V ={ue H*0,1),u(0) = u,(0) = 0}

and

W ={ueVnH0,1),u(1) =0}.

Theorem 7. Let (pg, 1) €V x L?(0,1). Under the hypotheses (H1)-(H4) and V? < IEI/ o, the

problem (3.1) has a unique (weak) solution such that
p € L>®(0,00; V), pp € L™ (0, o0; L2(0, 1)) Lo € L2 (0,00, V)

where V* is the dual of V.

Proof. Let us solve the variational problem associated with equation (3.1)

0 (@1, w) + 20V (@ut, w) — 0V? (02, wy) + EI (Prg, Waz)

— EI/O Z(t —5) (prz(s), wez) ds + y(e(1,t))w(l) =0, for all w € V

Let {fwi}zl, we denote W, = span {wl,wz, e ,wm}.

P (x,t) =Y d (Hwi(z),z € (0,1),t>0
i=1
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General decay for an axially moving viscoelastic beam

for any w € W,,, we get

0 (P, w) + 20V (@i, w) — oV (5, we) + ET (5, wea)
—EI [} Z(t — ) (¢ (5), we) ds + y (¢ (1, 1)) w(l) = 0, (3.7)
©"™(x,0) = po.m(x) = po in V, ¢ (x,0) = p1m(x) = 1 in L*(0,1).

We recall
m m EI t
<Em=g|n—wn+—2Q—/zm o) ol
0
EI m m
+7 0 (Zowm)dﬂz—}—y(gp (1at))at€[07tm)
and define
m 2 E1 ! m
X™(t) *|| o+ 5 [EU—QV}II%;EH 5 (Z o) dx
+y(@"(1,1),t €[0,tm) .
As @ €V, we get [|@™|? < [|@™ |, t € [0,tn) we have V2 < IEI /o, we have

0<X™(t) < E™(t),t €0,tm)
where ¢ is a solution of equation (3.7) we hve (see [21])
Loy =& [ B i+ Ly en,)
dt at J, ©NIE T g

1
:/0 [;Em($ t) + %%Em(m t):| dx + %y (p™(1,1))

1
:/0 ;Em(x t)de + VE™ (x, t)) % (™(1,1)),t € [0,tm),

2 t
Br(at) =3 [Pt - G 0P + 5 (1 [ 200 ) et

where 5l we have
+ 7 (Z 0 Sogc) (l’,t),t € [Oatm) )
m x ! _9: m 2 971}2 m 2 ﬂ . ! s)ds m 2
Br(e )], =2 o0 - G- Lo - 5 (1 [ 2(e)as ) (0.0 -
— 2 (20 @) (0,0),4 € [0, ).
We have 5 .
57 (200l (0= (2 ow) (=2 [ 20— (el (s). o) ds -

+2 </Ot Z(s)ds> e (U) e (), t € [0, tm) .
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General decay for an axially moving viscoelastic beam

We obtain

t
0 (P ) — oV (g, o) + EI (o, o)) — EI /0 Z(t— 5) (@7 (5), ) ds

(3.10)
+y ("L 0)) " (L t) = —oV [pf" (L )]t € [0, )
We deduce that
[ o+ e, = - v iar 008 - 5 20 len P
EI
+ 7 (Z/ © (p;rgc) (t)at € [Oatm)
Therefore, we get
d EI EI [! oV
—E™(t) = ——Z(t — [ (2 o) dr — == |1, 1)
gv3 m EIV ¢ EIV
i (1, 1) - (1= ; Z(s)ds | @7 (0, 1) — 5 (Z0¢5) (0,1),
for all ¢t € [0,t,).
X™(t) < E™(t) < E™(0) < K7, (3.11)
where K7 = (||¢1]l s | v0zz] s loz]])- The estimate equation (3.11) implies
©™ is uniformly bounded in L*>°(0,7;V), (3.12)
" is uniformly bounded in L>® (0, T; L*(0, 1)) . '
O

3.4 Passage to the limit

Consequently
et — p in L>(0,T;V) weakly star,
{ ol — oy in L™ (O,T; L?(0, 1)) weakly star.

We easily deduce from equation (3.12) that o™ and ¢} are bounded in L*(0,T; V') and L* (0,T; L*(0,1)),
respectively.

Since the embedding Z1(0,T;V) «— L? (O,T; L?(0, 1)) is compact, we deduce that o* — ¢
strongly in L* (0,T5L*(0,1)). Therefore, ¢ — ¢ strongly and a.e. on (0,T)x (0,1). The as-
sumption (H1) and Lemma 5 lead to
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General decay for an axially moving viscoelastic beam

|y (g@m(l,t))] <k (’g&m(l,t” + |@m(17t)‘(a+1))
<k (Il + Ieml @), tepT).

The previous relation implies (see [21])

y (" (1,t)) = y(p(1,t)) in L>(0,T) weakly star.

3.5 Uniqueness

Let u and z be two solutions of problem (3.1) and set ¢ = u — z. Then, ¢ satisfies

0 (1t w) + 20V (Pat, w) — oV? (2, wz) + EI (P, Waa)
—EI 5 Z(t = ) (¢ra(s), we) ds + [y(u(1,1)) — y(2(1,1))Jw(1) = 0,
©(x,0) =0, ¢(z,0)=0.

We define
4% s oV 2 EI ¢ o EI [1
o(t)= 2ol = S Nlell + 5 (1= [ 2(5)ds) lpwal® + 5 | (Zopur)de, t € 0,7),
0 0
we have
d kI s EI ', oV V3
G90 == S 2O ol + 5 [ (2 o0m) do- S0 - Gog21
t
I (- [ 2s) 0.0 - B (2 o) 000) (3.13)
0
Next, we have
[y(2(1,1)) — y(u(l,0)]ee(1) < k(L +[2(1,8)]% 4 [u(L,1)[*) |(L, )] e (1, 2)]
< k(L lzaal + [tael|) loael 1e6(1,1)] (3.14)

K3
< K3 |[@aall lor(1,8)] < pKap7 (1,) + m | pacll” -

We arrive at

V t K t
(1) < (m—g) | s+ 2 [l ds.te 0.7)
2 0 4p Jo

Now, for sufficiently small u, it is clear that
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General decay for an axially moving viscoelastic beam

o(t) < Ky /0 o(5)|ds, t € [0, 7).

for some positive constant K4 > 0. Using Gronwall’s Lemma, we deduce that

o(t) =0,t €[0,T),

which means that u = z.

3.6 Analysis of stability
In this section, we shall state and prove our main result.
Lemma 11. (see [40]) If ¢ is a solution of equation (3.1), then the energy E(t) satisfies

oV oV3
gy .2 2([)

l
D g < /0 (20 ue) (D) — S 02 (1) = T2

BV (1- [ 2605) a0 - X 2o 00 20

Proof. We have

I -
dpwy =4 /0 Bz, )z + Ly (o(1)) = 0 %E(as,t)d:n—i—%Y(cp(l))

dt T dt dt
'ro ~ O0r 0 ~ d
= /0 [atE(:v,t) + &f&rE(x’t)] dx + %Y(go(l))
l d

l - ~
_ /O gtE@;, Oz +V B(e,0)] + 5V (60),

where
2

~ 0 oV EI t
Blat) = Saet) - G0+ o (1 [ 20s) o)

El
+— (20 pgy) (x,t), . €]0,1], t >0.

2

Using (3.1) and (3.16) together gives

dt

32
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(3.16)

d ! t
7E(t) = _/ 147 {201)903:15 + QVQSO:MU + EI <<Pxxmm - / Z(t - S)Qme:rx(s)d3>:| dx
0 0
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l t ! l
El
_QV2/ ng(pdeI—i-EI <1_ / Z(S)dS)/ pr:ctsozxdx_2z(t)/ (p?cxdx
0 0 0 0

l ~
+% /0 % (Z 0 ¢ae) (t)dz + o (Dy(e() +V E(w,t)‘; > 0.

Integrating by parts from 0 to [ and boundary conditions in (3.1), we obtain

4p
dt

—FET (/ Z )/‘Prmt@xmd-x 9 Z(t)/ prxdx
0

+% /0 7 (£ 0 ¥ae) (t)da + @ (Ly(p() +V E(x,t))lo L t>0.

BE(t ) —oVe; (1) — i (1) [0V (1) +Efsom(l)

Using the definition of E(x,t) and the boundary conditions in (3.1) to find

~ 2 t
B, = b0~ G- 5 (1- [ 269) .0
—% (Z 0 pzz) (0), t >0. (3.17)
Clearly
t
aat (Z o) (x,t) = (Z' ) <pm) (z,t) — 2¢(x, t) /0 Z(t — 8)paz(z,8)ds
¢
+2 (/0 Z(s)d5> Orat (T, ) pe(x,t), t > 0. (3.18)

Consequently, by using (3.17), (3.18) and the boundary conditions in (3.1). The proof is completed.

We define the functionals in order to prepare the next section

[
§
01(t) = o / pude + 2L G0, 0,
0

l t
(t) =0 /0 o /O Z(t— 8)(p(t) — p(s))dsda, t > 0,

0utt) = [ ([ 2= 5)ir) lous(o)P st 20
O4(t) = /Ot (/too Z(t — s)dv-) @2 (1,8)ds, t >0,
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General decay for an axially moving viscoelastic beam

and
L(t) = ME(t) + 101(t) + O2(t) + uOs(t) +<O4(t), t = 0

where n, 4, M and ¢ are positive constants.

Proposition 5. Let the hypotheses (H1)- (H4) be satisfied and V? < EI(1—K)/1%0, then we have

L(t) < E(t) < C(L(t) + O3(t) + O4(t)), t >0,

where M, n and p and s are positive constants to be specified later and
L'(t)+a1E(t) <0, t >0

for some a1 > 0.

Proof. Using Young and Poincaré inequalities, we obtain

0 2, 0 2 0V o
= = —p“(l
2 el + 2 el + Z-02)

0 lp
3 el + 5 U+V) lpall?-

O1(t)

IN

IN

Similarly, we have

v w2 e ([ ’
o) < Sl + 4 [ ([ 20560 - etots) do
l
< ol + 8 [ (200w

we find

4 nl
L(t) < ME@)+ 5 (n+1)lled + 5ol + V) llea?
le4 l
+ > ),

This implies that E(t) < C (L(t) + O3(t) + O4(t)), t > 0. For some C > 0.
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On the other side

L(t) — E(t) (M —1E(t) +n01(t) + O2(t) + nOs(t) + <Ou(t)

ZM=n=1) il + (M = DY (o)

% { [((M —1) (Jff(l - IC)) — g)ﬂ)} —nlp(l + V)} leoa|*

v

EI  oki*] [!
+ [(M — 1)7 — 92] / (Z 0 @ug) (t)dx + pO3(t) +<Ou4(t), t > 0.
0
Provided that V? < EI(1-K)/ol? and choosing 7 small such that n < min{M -1, [(M — 1)EI(1 — K) — [?0V?]
3 4
/Po(1+V)} and M > max{l, 57260 + 1, % + 1Ln + 1}.
We will now show the second assertion.

By taking the total derivative of ©1(t), we obtain

‘o 4Gt (26, dx + V8, (z,1)|
00 = | 56 :1:—/0 (875 1(x,t)> 2+ V0Lt
2 ! o !
— olle+o [ pouds - Veliel) + Voi(at) . t20 (3.21)
0

where
@1(£B,t) = Q(P(xvt)¢t(xat)7 t Z 0.

From (3.1), we see that
l

O1(.1)| = opulDp(), 12 0. (3.22)

When we integrate by parts and taking into account the boundary conditions in (3.1), we get

d l
- 01(t) < ellerl* + 2PV/0 puprda + oV ||oul|” — ET [|9eal)?

l t
+EI/O gpm/o Z(t — 8)paz(s)dsdx — o(1)y(p(l)), t > 0. (3.23)

The second term in the right hand side of (3.23) is now estimated as follows

l
2pV / poprdr < ollgrll? + oV sl 2 0. (3.24)
0
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General decay for an axially moving viscoelastic beam

Collecting the estimates (3.24) into (3.23) and the use of Lemma 10, we find

d K
GO0 < 2l + 20 ul? ~ B1 (1= 5 ) el

For O3(t), we have

—~ — l
7@2 / @2 (x,t)dx —/ <6at@2(ﬂs,t)> dx + V@g(x,t)‘o

= o[ ou [ 209060 stoise — o [ 200 I

! t __
_Q/O Spt/o Z'(t - 8)(p(t) — p(s))dsdx + VOs(x,t) i)

; t 20,

where

Oy(z,t) = —gapt(x,t)/o Z(t — ) (p(x,t) — p(x,s))ds, t > 0.

Using our boundary conditions in (3.1), yields

Oula )], = —eit) [ 20— 9)(el1.) = e(to)is. >0

By taking the total derivative of ©4(t), using integration by parts and (3.28), we obtain

Soutt) = B (1= [ 26)is) [ [ 20 5)(0ualt) ~ pualo)its

[ t

+EI/0 /0 Z(t — ) (pax(t) — ©zz(s))ds
l t

_o)? /0 ¢s /O Z(t — 5)(a(t) — pals))dsdz

dx

l t
2y / o / Z(t — 5)(a(t) — pals))dsdz

—Q/ Lpt/ Z'(t — s)( ))dsdx — o </Z )HaptHQ

/Zt—s (1) — (1, 5))ds

+oVer(l) /O Z(t— 8)(o(L,t) — (. 5))ds, t > 0.

t l
i [ 2= 9 lem(@)Pds == [ (20 0m) (0 - o).
0 0

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

We estimate the terms on the right-hand side of expression (3.29), we start by the first term. For
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all measurable sets A and Y such that A = RT\), we obtain

/ol prr /Ot Z(t = 8)(Paz(t) = pza(s))dsdx
= /Ol gpxx( . Z(t — 8)(paz(t) —cpm(s))der/

Z(t — 5)(pualt) - %x(s))ds) dn
Vi

IN

l
[ ou z<t—s><som<t>—som<s>>dsdx+( z<t—s>ds) sl
0 Ay

Vi
l
/ Ozz | Z(t — 8)pzz(s)dsdz, t > 0. (3.30)
0 Vi
We easily see that
l
/ o | 2t~ 8)(ra(t) — pun(s))dsda
0 Ay
2 IC ! 2
< Gllenl?+ 5 [ [ 2= 5) lpaalt) = (o) dsdz, € >0,
451 0 JA;:

and

l
_/ Pz Z(t - S)prm(s)d‘gdx
0 Wi

1 , K [t 9
< Sllewll”+ 5 | 21— 3) [@za(s)]” ds.
2 2 Jo

Therefore

l t
[ es [ 20 )uatt) = pan(e))ds

l
1 2 2 K 2
< (GHa)+E20)) leml+ ¢ 0/ [, 2= ot ()] s
5 [ 25 lpualo) s, 20 (3.31)

It is obvious that by the definition of Z()) in (3.2), we have

/

t 2
| 2= ) 0artt) = erntis| da
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General decay for an axially moving viscoelastic beam

< (1 )e /. 2= pnal0) = o) e

l
+(1 +§2)/cz(y)/0 [ 20— 5)lewatt) - Pun(5)[? dsda, £ > 0.

For the 3"¢ term, can be estimated as follows
l t
[ en [ 2= 5)alt) - pa(o))dsdo
0 0

- (/OtZ(s)ds> H%HM/OZ P /Otza—s)%(s)dsdx

1 , 2K 1 5
5= 2 ) lleall "+ —= | Z(t—=5) llpaa(s)|I”ds, t = ts, &3> 0.
0

IN

2 2

The fourth term is estimated as follows
l t
—2pV/ <pt/ Z(t — 5)(pz(t) — pz(s))dsdx
0 0
l
— o [ ( [ 2= s)eatt) — puts)is +
t

Vi

! l
Y /0 o /,4 tz<t—s><%<t>—gox(s))dsdx—zpv( thof—s)ds) /O pupada

l
+2pV/ ot | Z(t — s)pz(s)dsdz,
0 Vi

or

l
2 /0 o /,4 Z(t — 5)(a(t) — pals))dsdz

V212K [l
< ol + 2 /O /A Z(t — 5) |pan(t) — pua(s)|? dsda, £ >0
t

§

and

l
—2pv< Z(t—s)ds) [ vpds < oKZ0) Il + K20 el
Vi 0

l t
2PV/ ot | Z(t—s)pu(s)dsdz < ollpdll* + QVQZQ/C/ Z(t — 5) | paa(s)||” ds,
0 Vi 0
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hence, we have

l t
v /0 o /0 Z(t — 8)(alt) — pols))dsda
. t
< o(1+&+KZM)) ol + 0V KEW) gl + V2K /O Z(t - 5) | pu(s)2 ds

V22K
I

/ Z(t — ) |z (t) — @ua(s)|* dsdz. (3.38)
0 JA;

For the fifth term, we have

—Q/ %/ Z'(t—s)( ©(s))dsdx

0Z(0)I* /
< §4Q”80t|| - 4&1/0 (Z OSO:cz) (t)dz, &4 >0, t > 0. (3.39)

For the 6" term, we find

/ Z(t— $)(o(11) — (1, 5))ds
— (1) ( 20— )l 1) — p(ls)ds + [ Z(t - s)(p(1) - so(z,s»ds)
Ay Vi

1) /A Z(t = s)(p(,t) = (1, 5))ds = y(e(l)) , Z(t = s)p(l, s)ds

# ([ 2= 9as) ettutow), (3.40)

or

y(o(1)) /A Z(t— )(p(L.t) — (L, 5))ds

)2 + l3’C 2
< Gsly(e Z(t — ) [poa(t) — Pua(s)]" dsdz, t >0
Ay
and

—y(e() | Z(t—s)e(l, s)ds
Vi

l3IC
Zt—s)”@m:( )H ds £4>0 t>0.
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By using assumption (H3) and Lemma 5 with the help of (3.6), we get

()P < 2m>(Je() + (D) *+Y)

%
9 @
<223 mx2 E zx2: zxZ-

Hence, (3.40) becomes

/Zts (I,t) — ¢(l,8))ds

3
< &+ D) lewl? +“C/ Z(t— ) [ paa(s)]? ds
. 3
HZDeWe0) + 58 [ [ 209 et - P asir. a1

For the seventh term, it is easy to see that
t
Vell) [ 2= (el = e(l5)ids
% :
< E(p?(l) + 571%/ (Z 0 @ug)dx, &7 >0, t > 0. (3.42)
7 0

Taking into account the estimates (3.31)-(3.33), (3.38), (3.39), (3.41) and (3.42), we can write

d Z0)* [ .
e < -Z0 [ (Z’wm)<t>dx+g(—z*+f4+;+53+/cz<;v>) ol
+oV? <—Z*+;+ICZ( )> Hgox|| +{( +&)(1 Z*)EI+(§+§5§)

FEI(1— Z)KEW)} gral? + &K /0 (Z 0 gua) (t)da

1 t
b3 (1= 2 REL+ 5pV°PK + 1K) / Z(t— 8) [|pua(s)|]* ds
0
. ! ) EI
1+ EREW) [ [ 205 lpur(t) ~ pua(o) dste+ k{1 - 2) B
0 JY 1
1 QV2l2 } / 9
+ 11+ El+ Z(t — ) |pza zz(8)| “dsdx
(1+g) e+ S+ ) [ ], 2= 9wt puto)
~ oV
+EZ(V)e(y(e(D)) + T&ﬁ(l), t >t >0, (3.43)
where 3 = 2m2[3 [1 n (%)a] forall & >0,i=1,..,7.
A differentiation of O3(t) with respect to t along the solution of (3.1) yields
d 2 ! 2
G090 = Kllgwel = [ 2= 5)lowe (925, > 0 (3.4
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By taking the total derivative of ©3(t), we obtain

d Lo~ ~ l
204(t) = /0 <at@3(m,t)> dz + V@g(x,t)’(], >0, (3.45)

O3(z,t) = /Ot (/too Z(r— 8)d7’> @2 (x,8)ds, t > 0.

where

Clearly

t ! t
%@3( t) < K|l pzzl] 2 / Z(t— s)/ goix(s)d:vds + V/ Z(t— s)tpix(l, s)ds, t > 0.
0 0 0

A differentiation of ©4(t) gives

t
%@4@) = Ke*(l,s) — / Z(t—s)p2,(1,8)ds, t > 0. (3.46)
0

Taking into account the estimates (3.15), (3.25), (3.43) and (3.44), we can write, for all ¢t > t,

d MET  Z(0)*] [t _,
g < |[ME 200 [ (@ o) i

0|2 = 2o+ Gt (1+6) +KZ)] o)

1 R
+oV? [277 —Z. + 5+ /CZ(y)] oz |?

H{iG+a) - 20 BT+ (&) + 5)+ BT - 2)K20)] -5t (1- 5 ) + (u+ K}
t
X || @zall® + < — + §7l3/C) / (Z 0 @uy) (t)dx + (1Y — g)/ Z(t—s)2,(1,5)ds
0 0
+{nEQI+’2C[( — Z,) ET+5pV°1 + 1] — }/Zt—s)”gom( )|[* ds +
2 Bl 1
(14 &) EUCZ / /yt (t — 8) |@az(t) — paz(s)|” dsdz + K [(1 - Z,) 16 + (1 + §2> EI
1 QV212 ] B 2
" (1 " 52) Br+ S+ o / [ 209 paalt) ~ el ds
5 %
+ [ k20 enem) + G (56 - 1) A0, (3.47)
We choose M large enough so that
MEI  Z(0)I* . MEI (3.48)

2 A&, — 4
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General decay for an axially moving viscoelastic beam

As in [35], we introduce the sets
An={seRy :nZ'(s) + Z(s) <0}, Y = R\ A,
and
Ant:{seR+:0§s§t, nZ'(t—s)+ Z(t—s) <0}, neN.

Observe that
UAn = R+\{y2 UNZ}a

where Nz is the set where Z’ is not defined and )z is defined in (3.3). Since YV,+1 C Y, for all n
and YV, = Yz UNz, then
n

lim,,—s 00 Z(yn) = é(yg). Taking Ay := Any , Vi = Gnt, it follows from (3.49) that

9L0) <o 2+ &4t (14 &) +KZO)] 1ol

1 ~

e (1-5) - Grea-z)Er- (4

— (1 + K} X [l

l t
#(-n5 at) x [(Eopu) @dnt (v -9) [ 2 ek

g

&+ 5) —EI(1-Z2)KZ()

EI K t 3.49
+ {772+2 [(1— 2.) EI+5pV212 +17] —u}/ Z(t — 5) |lpaa(s)]| ds+ (349)
0

(14 &) EIkZ // (t —8) |pza(t) — gom(s)\zdsdx
Wt

EI 1 oV 13 MEI
+ic[(1—z*)4&+<1+§2>151+< 52)Ef+ g - H

l
<[] 2= 5 0na(t) = o) s+ [0+ KZO)] wlDy(oD)
0o JA:

N 1 5 1
In (3.49), for Z, > KZ(Y) + 3 sufficiently large we take n = 3 (Z* -KZ(Y)— = — U>. We
infer that

- 7’—;3[ + (1+&)EIKZ(Y,) + &°K <0
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General decay for an axially moving viscoelastic beam

and

1
— —1<0.
287 -

At this point, we will need (we neglect {sand &; as will be chosen small enough)

(1—2*)EI+§+EI(1—Z*)K2(y)—nEI (1—’2C> +(p+9)K <0.

N | =

Adding and subtracting % <Z* ~-KZ(Y) - 3 - U) (1- %) EI, we obtain

(- et 4 (-5 o)

N 1 1 ~
[g <Z*—ICZ())) — 2—1}) (1—§)EI—§(1—Z*)EI—g—(l—Z*)ICZ(yn)—glC] > 0
This term is devided into parts.

For the second part, we need

1 N
5(1—2*)EI+g—l—EI(l—Z*)ICZ(JJn)—FgIC
< ¢ z*—/cz(y)—l—u] (1—IC)EI,
2 2
where
C2(1-Z)EI(% +1) +20+ 4K
(2. -5 -3)(2-K) '
and Z(Yz) < 1/3.
For the first part, we need
Z /cz(y)—l—
SYCTLA N SR Y PR P
a 2 K 2
We choose p such that
z—/cz(y)—l—
2o 272 (120 : SR 1= XY Er (3.50)
2 g ~H 2 K 2 )= '

Note that (v is ignored)
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General decay for an axially moving viscoelastic beam

(Z, — K_1
1 * 8 2 51
< 5% : (3.51)
that is when
. 2ks + 28+ (X +3)2 - K) + EI(2% +1) (3.52)
i 2-K)+ (s +1)EI
We know that Z, < K and to make (3.52) possible, we must have
2ks +28+ (5 +3)2-K)+ EI(2E +1
s +26+ (5 + ) - JPEICE D) _ 7 k. (3.53)
2-K)+ @23 +1)EI
Provided that E (0) is so small that
2-K)(5-5) -k
B < .
2
Hence, L'(t) + a1 E(t) <0, t > t,. for some constant aq, provided that ¢ > uV O
We introduce the functional
t
O5(t) :/ S (t—3) laalds, t > 0.
0
Lemma 12. we have
L(t) <Ci(E(t) + ©4+ 65(1), t >0 (3.54)
for some C1 > 0. Moroever, there exists tg > t. such that
(3.55)

E(t) <1, t>to.

Proof. Integrating (3.20) on [t4,t], we get

t E(s)ds < L(t.)

ts

= Cy, t>t,.
%
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General decay for an axially moving viscoelastic beam

This yields the integral control

> 2
w= / |z (s) ||” ds < 0.
ts

We have
(t—t,)E(t) <Cy, t > 1,
Hence c
E@t) < 2>t
14t —1t.
Thus, there exists ty > t, such that
Et) <1, t>t
O
Lemma 13. Along solutions of (3.1), we have
O4(t 25 (0
OL(t) + w( (t)x< ‘;( )) < 1§_(125(t), t>0. (3.56)

Proof. Since ( is decreasing , and o fulfills the differential inequality (3.4), we get

0) = [ o't~ lparlPds+a(0) gl
< - [Ca-sxo -9 lealas+ 2w
< =< [ x(a= ) loml?as+ 250, 20

Next, we define

t
I(t) = /0 lpas (5) [2ds, t > 0.

Applying now the Jensen inequality with y(s) = o (t — s) and Z(s) = |l@ee (s)]|* /I (), we get

2

! 2 _ ! ot —s [Pz (s)]] s
[ xeu=—len e = 16) [ - e a

t 2
> I(t)x</0 U(t—s)Wd.s,‘), t>0.
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General decay for an axially moving viscoelastic beam

Since x is convex with x (0) = 0, then Ox(x) > x(0x) for § € [0,1]. This implies by taking
0 =1(t)/w that

t 1 (t) ¢ H‘wa (3)"2
[ x@a=a)les)1Pas = wx <w/0 "“_S)f(t)ds>

The proof of Lemma 13 is now complete. O

Theorem 8. Assume that (H1)-(H4) hold, o, 1 € H}(Q) and that Ry < 1/3. Then there exist
positive constants a < 1 and K such that

E(t) < KB! <a/;C(s) ds) , V>t

where K and t depend on F(0).

Proof. Choosing ag > 0, we introduce the functional
y(t) = L(t) + Ou(t) + a205(t), t > 0

which, in light of (3.54), satisfies

E(t) < y(t) < (C1 + as) (E(t) + O4 + Os(1)), ¢ > 0. (3.57)
@)+ (1= %0 02) B0 + oot (1 (P20 ) <0, 12 0

oy > (21%((,2 + 1) 9 to obtain

/(1) + aaE(#) + o (1) x (@5“)> <0,

Let
t>tg >t > 1.

COx(E@M) <C(1)x(E®) <) x(ME®R) < a1B(t), t =t = ts,
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General decay for an axially moving viscoelastic beam

where g1 > 1. Accordingly,

a2B(0) + ¢ (0 (Z20) 2 ang ) [ 2B+ (2]

Exploiting the Jensen inequality, we obtain

Cs

S S
azE(t)+a2w<(t)x<@i<)>> 2C5C (1) X (91 (1) +O4 + 5())7

where C3 = (9—11 + w) .
Using (3.57) and Y is increasing, to get

o E(t) + 04+ 65(t) y(t)
X( Cs ) ZX(Ql(C1+az)C3)'

Y (t) + aaCsC (t) x <Q1(C1y—(ktlzg)C3> <0.

In conclusion

Next, we divide by g1 (C1 + a2) C3 and we write

G'(t) + aC (t) x (G(t)) <0, (3.58)
where 0) c
Yy o3 a9
01 (C1 + a2)Cs anca 01 (C1 +a2)Cs 01 (C1 + a2)

There exists £ > tg, depending on G(tp), such that

(o f o)

and since E(t) < C4G(t) for some C4 > 0, it holds that

<<KB</<; ) > i
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Chapter 4

General decay for an axially moving

viscoelastic Kirchhoff string

4.1 Introduction

In this chapter, we study the stability of the equation of an axially moving viscoelastic

Kirchhoff string described by the following nonlinear partial differential equation (PDE):

{ Qi + 2V g — (1 — V2 4 q(t) H%«IIQ) Paz + (1= V) fy Z(t = 8)puu(s)ds = 0, (4.1)

z e (0,1), t>0,

(P(O?t) =0, t=>0,
folt) = mpua(1,) + (= V) @e(1,8) + (1= V2 + () ) 2 (1,1) (4.2)
—(1-v?) ng(t —8)pz(1,s)ds, t>0,

where ¢ = p(x,t) the transversal displacement of the string,
V is the axial speed ( assumed constant here ),
m and 7,,, are the mass and the damping coefficient of the dynamic actuator, respectively.
Z represents the kernel of the memory term or the relaxation function (nonnegative functions)
see [20], fc(t) represents the control force being applied by the hydraulic actuator. This essay’s
tension is described by
T() =1+ q®) lleal®, ¢ 0.

The well-posedeness of the system can be derived, for instance, from [7, 6] combined with arguments

from [28].

4.2 Fundamental knowledge
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General decay for an axially moving viscoelastic Kirchhoff string

The hypotheses that we make for Z,(, x,o and B are the same as those which we made in the
previous chapter.

and
(H5) The function ¢(t) is continuously differentiable and ¢(t) > 0.

We modify the classical energy of the system (4.1) as follows

B6) =g e+ 5 (1= 7) (1= [ 2as) ol + 22 ol

1 1
451 [(Zoga)dot T (@l + VL), 20,
0

Where .
(Zow)(t) = /0 Z(t — s)|w(t) —w(s)* ds, t>0.

We assume that the kernel is such that
/ Z(s)ds =1k < 1.
0

Since the string moves at a constant velocity V), the overall time derivative operator is defined as

d 0 0

Therefore, the total derivative of E(t) is equal to

d ~

1 m
th(t):/O aE(m,t)d:c—k?% [(u(11) + Vipu (1, )] "

1 ~ ~ m
= /0 <;E(m,t)> dz + VE(a:,t)’(l) + 5% [(got(l,t) + V%(l,t))z} , 120
where . ) .
E(x,t) :§cpt?(ac,t) + 3 (1 — VQ) [(1 — /0 Z(s)ds> ©2(x,t) + (Z 0 ¢y) (x,t)}
+ %qa)soi(m) leal”, > 0.

The explanation is as follows: Since the system is mass flow, flowing in and out at the boundaries,

the net change in total energy is the sum of the changes in the control volumes.
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General decay for an axially moving viscoelastic Kirchhoff string

According to (4.3), the total derivatives of E(t) are equal

1

%E@) =/01 i dz + {(1 —V?) (1 —~ /OtZ(s)ds> +q(t) H%H?}O/x% d

! 1
-5 |@=v2) 200 - T2 oul? ol 4 5 1V [ (200 a

1 t
+ (1) [Con [ 265 (00l) = el ds da

~ 1
m (g1 + Veu) (o + Veour) (1,1) + VE(x,t)(O t>0.

(4.4)

Substituting ¢y and ¢4 (1,t) from equation (4.1) into equation (4.4), we find

th( t) = /01 Pt {—QVsoxt - (1-1?) /OtZ(t — 8)pua(s)ds

L=V q0) ) e o — 2 (1= V%) 2(0) a2+ L)

“
{09 (1= [ 2695) + a0 1ol [ o a
;(1_1;2)/0 (/0 0s) du+ (1-V?) / pu [ 206= ) (ealt) ~ ea(s)) ds
(bt +Vea) (1,1) [fe(t) = (m = V) @e(1,1) + mVepae(1,1)]

(=) (o Vi) (1) (—eatr) + 2 oul1.5)ds)

oI
+
+

~ 1
— 4(Opa(1.8) (91 + Vo) llpa > + VE(a,8)| ¢> 0.

Next, given the definition of E (z,t) and extending the convolution term of ¢t > 0, we see

Bz, 1) (1] g%wf(u) + % (1-1?) <¢§(1,t) _ 2%(1,15)/0 Z(t— s)%u,s)ds)

t (4.5)
+3a02200 el + 5 (1) [ 20— 9)p2.0)ds

If we apply integration by parts, and consider the boundary conditions in (4.1) and the relation
(4.5), we get

d V 1 ! q'(t) 4
GO <5200 +5 -V [ (Zop) et T o)
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General decay for an axially moving viscoelastic Kirchhoff string

V) ZW el — Y (1) 2L

2
+ (01 + V) (1,1) [fe(t) = (nm — V) pe(1,t) + mVpu(1,8)], >0

~ Va2 (1,0 el + 5 (1-1?) / 2 921, s)ds (46)
0

a boundary control law is then proposed as follows

fe®) = (m — V) oe(1,t) — mVpy(1,t), t>0. (4.7)
Then, (4.6) becomes
1 /
FEO <30+ 309 [ (2 o) do s T )
S (V) 20 el 2 (1) 2001 (18)
3V

4.3 Analysis of stability

In this section we state and prove our decay result.

Firstly, we define for all ¢ > 0 the functionals

1
01 (t) = /0 por dz -+ mip(1,t) (g + Vepa) (1,1),
1 t
(1) = /0 o /0 Z(t— 5)(p(t) — p(s))ds da

t
— g+ Vea) (L,1) /0 Z(t— 5)(p(L,1) — p(1,5))ds,

O3(t) = /Ot (/too Z(t — s)d7’> ©2(1,s)ds,t >0,
out) = [ ([ 2t = ar) leuto)lPas 20

L(t) = NE(1) + A©1(t) 4+ O2(t) + MO3(t) +cO4(t), t =0,

and

where N, A\, M and ¢ are positive constants.

Proposition 6. Let the hypotheses (H1)-(H5) be satisfied. If Ry, is small enough and for some
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General decay for an axially moving viscoelastic Kirchhoff string

C >0, and 4q(t) + ¢'(t) <0 then we have
E(t) < L(t) < C(E(t) + ©3(t)), t >0, (4.9)

L'(t)+aE(t) <0, t >0 (4.10)

for some a > 0.

Proof. By using Lemmas 3 and 5, we obtain

01(1) < 5 (Il + el?) + 2 [2(1,0) + (pul1, 1) + Vepu1, 1))

1 m
el + 5 (1 +m) e + 5 (1, 0) + Voo (L,)*, t>0.

<
- 2

N | —

Similarly, we get

1 k !
0u(t) < 5 ol + 514 m) [ (Zopa)dot T (L) + Vo107, 20,
0

Then
20 <5 @+ x+ Wl + 5 et v 1-v) (1= [ 20s)
1
AL+ m)} e |* + % [N (1=V?) +k(1+m)] /0 (Z 0 ) da

+ — (14 A4 N) (0e(1,8) + Vo (1,1))? + MO3(t) + sO4(t), t > 0.

| 3

This implies that L(t) < C (E(t) + ©3(t)), t > 0. for some C > 0.
On the other side

L(t) — E(t) (N = D)E(t) + AO1(t) + Oa(t) + MOs(t)

SOV =2 X il 4 3 [(V = 1) (1=V2) (1K) = A1+ m)]

B 1
P DO ot LI -1 -V -k m)] [ (op o

+5 (N =2=2) (pr(1,8) + Voo (1,1))% + MOs(t) +cO4(t), t>0.

v

Choosing small N, A\, M such that A\ < min {2,(N —1)(1-V?*) (1 —k)/(1+m)} and N <
min { (1 — V?) /k(14+m) + 1,2 — A}., we find that L(t) — £(t) > 0. Thus, the first assertion is

proved. We will now demonstrate the second assertion.
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General decay for an axially moving viscoelastic Kirchhoff string

The total derivative of ©;(t) is equal to

1 o~ ~
%@1(15) :/0 <§t@1(:€,t)> dz + V@l(x,t)‘; + % (mp(L,t) (00 + Vo) (1,1)]

o ! = L (4.11)
—lledl+ [ pon do+ V(w0 + lmir(L ) (g1 + Vips) (1,0)
0
+ [mo(1,t) (e + Vo) (1,1)], ¢ >0.

Where

é:(:l},t) :(p($,t)g0t($,t), tZO
Clearly,

~ 1

B1(a.0)| = (L, eulL,1).t > 0. (4.12)

Substituting ¢y and ¢y (1,¢) from equation (4.1) into equation (4.11) and taking into account the
relation (4.12), we entail

1 t
Co(t) = ol +/O ; {-212% (1) <gom —/0 Z(t - s)cpm(s)ds>
+4(t) 2]l oo | da + V(L D21, 8) + mipe(1,1) (21(1,8) + Vipu(1,1))
+ o(1,1) { (1- VQ) eo(1,t) + (1 - V2) /0 Z(t — s)pg(1, s)ds
_Q(t) ||SD:J:H2 me(lvt) + fc(t) - (77m - V) th(lvt) + mv‘pwt(l’t)} ) t 2 0.

Integrating by parts, taking into account the boundary conditions in (4.1) and the expression (4.7),

we obtain

d 1
5010 = [ oo do+ e = (1= V) el = att) ool

o [F [ (4.13)
+ =V [ [ 2= 9alo)ds do - Vel1 (L) '
0 0
+ mei(1,t) (pr(1,t) + Vo (1,t)) ,t > 0.
The first term in the right-hand side of(4.13) can be rewritten as
1 VZ 9 9
2 [ o dr < ol + Bl 20 (414)
The last two terms are estimated with the help of Lemmas 5 and 3 as follows
2V o
VoL, t)p(L, 1) < Vou llpall” + 75 (1,8),  61>0, £20, (4.15)
1
V

mer(L1) (pe(L, 1) + Veou(1,8) < m(1+ V)ef (1) + Q3L 1), £20. (416)
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General decay for an axially moving viscoelastic Kirchhoff string

Inserting the estimates (4.14)-(4.16) in (4.13) and applying Lemma 10 we find

Seit < (1+5) el - [1-v) (1-) —aw - 8] heul?
4,1 ! 2 1 !
—a®) sl + 5 (1= [ 2= 9l ds—5 (13 [ (Zopar

V %
+ ( (1+V)+ ) P2(1,) + = G2(1,8),¢ > 0.

46, 4
(4.17)
For O2(t), we have
d 7o~ - 1
Loyt :/ < 6s(z, t)> da + V@Q(m,t)‘
dt o \ot (4.18)

d

dt[ (¢t + V) 1t/2t—s)(¢(1 t) — o(1,5))ds dz| ,t >0

Where .
Oy(z,t) = —wt(x,t)/o Z(t—s)(e(x,t) —(x,s))ds,t > 0.

Together, this concept and the border condition in (4.1) result in
— 1 t
O, 0], = ~eu(1.6) [ 2t = 5)(o(L0) ~ (1, 5))ds,t 20,
0

In view of the expression 4.18, the total derivative of ©2(t) is then equal to

Sas / on / Z(t— 5)(p(t) — 9(s))ds da
- /0 o [ 2= 516t~ otspas dnti [ 206005

t
—m (pu(1,t) + v¢xt(17t))/0 Z(t = 5)(p(1,t) — (1, 5))ds.

(L) + v (L,1)) [ [ z-sa0- so(l,s»ds}

—m(1.0) + ot 1.0) ([ 2(6)a5)

t
(L, 1) /0 Z(t— 5)(p(L,1) — p(1,5))ds.

Substituting ¢ and ¢ (1,t) from equation (4.1) into equation (4.2), Using integrating by

parts and taking into account the boundary conditions in (4.1) and (4.7), the result is
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General decay for an axially moving viscoelastic Kirchhoff string

Sest=(-v) [(1- [ zi9as) | o [ 209 (a8~ o) 5
1 t 2
+(1=0) [ | [ 2= el - ertoas
a0 el [ oo [ 20 5) Goult) — ealo)) as
_2v/l¢t/tz £ — ) (pult) — puls)) ds d o

/¢t/z (t — s)( ))dsdx—(/z ds> loel?

—m (ot + Voz) (1,1) /0 Z'(t - 8)(p(1,t) — p(1,s))ds dz

dx

— (10 Vo) (10 [ 2(5)0s)
+ Vgot(l,t)/o Z(t—s)(p(1,t) —p(1,s))ds, t>0.

We have

1 t
/0 s /0 Z(t — 5) (a(t) — pals)) ds

1
-/ sow( Z(t - 5) (palt) — pals)) ds + | Z(t = 5) (pul®) —ms»ds)
0 Ay

Fi

< [ [ 209 () - walonas ans ([ 20 9as) el

1
— / vz | Z(t—s)pz(s)ds dz (4.20)
0 Fi

For do > 0, we see that

1
/% Z(t —5) (pz(s) — @a(t)) ds dz
A

(4.21)
< s [l +/ Z(t—s) / on(t) — pa(s))? da ds,t > 0
and for n > 0
1
/ S0415/ Z(t — s)pa(s)ds dx
O 3 1 (4.22)
<5 (/ Z<t‘3>d8> el + 5 [ 2= 5) (o) ds.t>0
2 \Jr 2n Jr,
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General decay for an axially moving viscoelastic Kirchhoff string

Therefore, (4.20) becomes
1 t
/0 o /0 Z(t — 5) (pals) — pal(t)) ds da
2 k ! 2
< 8 llgal® + / Z(t—s) / (a(t) — ou(s))? de ds
469 A, 0

+(e D) (/f 2(t - 5)ds ) a4 5 [ 26 =9l ase >0

The second term in the right hand side of (4.19) can be estimated for d3 > 0 as follows

/

< (1 " 513) g 1 [ 205 (olt) = () s o

2

/0 Z(t— 5) (palt) — pu(s)) ds| dz

1
+ (14 0) ( Z(1— s)ds> /0 [ 20— 5) (0a(t) = 0ulo))? ds dot >0

F

For the third term, we can write

1 t
o(®) llgal? /O s /O Z(t— ) (0a(t) — pals)) ds

< W joul? [l + ([ 20— s105) [ o]

¢ 1
S VECO [ ACTEE

- 2q(t) 2q(t)
T (1 -k)2(1—V2) (1—k)2(1-)2)

- dq(t) E2(t),t > 0.

(1= k)2 (1—V2)*

7 E2(1)

SE?(t) +

The fourth term can be written

1 t
2y /0 o /0 Z(t - 5) (¢at) — pals)) ds da
2

1 t
<oVl + 5 /0 /0 Z(t— 5) (palt) — pu(s) ds| du
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or

1 t
-y /0 o / Z(t— 5) (a(t) — pu(s)) ds da

<54V||<,0t\| +k/ / Z(t—s) (p(t) — gogc(s))2 ds dz (4.26)

_|_2V( Z(t —s)d >/ Z(t — s) (¢u(t) — pu(s))? ds dz, 64>0
o4 \Jr, Fi

Similarly, we find

1 t
- /O o /0 2t - 5)(p(t) — p(s))ds de

1 t 1
<Gl + g [ 12G)ds [ (12]000) do (4.27)
455 0 0
1
< 85 [l — 20 / (2 0py)de, 85>0, t>0.
465 0

For the remaining terms we have the evaluations

(e + Vo) (L,1) ( [ 2= 50010 - el 5as dx)

t
< %w%v%g) (1,t)+m56/0 12'(s)|ds (| 2] o ) (1,1)
m
206

| A

1
(G2(L1) + V22 (1,1)) — GemZ(0) / (2'0p.)de, 5>0, >0
0

— (oL, 8) 4 Ve (1,8) n(1, 1) (/ 2(s ds>

< m</z ds><pt1t (/Z >s0t+s0w)(17t)

< —mZ2, (1 — ¥> ©2(1,t) + %kgoﬁ(l,t), t>t,

and

t 1
Ver(L,1) /0 2(t - 5)(o(L,1) = oL, 9)ds < Lo g (1) + BV /0 (Zog)dr  (4.28)
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General decay for an axially moving viscoelastic Kirchhoff string

Collecting the previous estimates (4.20)-(4.28) and inserting them in (4.19), we obtain for ¢ > ¢,

%@2( 1) < (05 + 04V — 2.) el
+(1-VH) (-2 {52 + (1 + g) [ i Z(t - S)dS)] lpall®

4q(t)
TR ve?

+k{(1_v2)( e ) ]//A (- ) (0alt) ~ pul9)® dsde  (4.20)

(1-z /Zt—s lon ()2 Zm( +56>/ (20 py) do

2
14 / Z(t — ) (a(t) — @u(s)? ds da
m
2

1
E%(t) + 57Vk'/ (Z 0 p,;)dz

4
+[54+(1—V2)(1+53)K Z(t—s)d )

14 1 14 1%
+m [—Z* (1 ) + 2%, + 457m} ©2(1,t) + (kV+ 5) ©2(1,1)

a differentiation of ©3(t) gives

%@3() K«pi(l,s)—/OtZ(t—s)goi(l,s)ds,tZO. (4.30)

a differentiation of O4(t) gives

d

53 94(t) = Kllpa(s )!!2—/0 Z(t — ) lpa(s)|* ds, t 2 0. (4.31)

Taking into account the estimates (4.8), (4.17), (4.29), (4.30) and (4.31), we infer that for t > t,

Simne Y-V 20) (& +ma) | (2 epn do
{1 =2) (1-V2) (82 + 32+ ) [5, Z(t - 5)ds)
A[(1=V?) (1= 5) = 8- aV] — e}l
+H{EEA+ 8+ 0y - 2} el

S B2 () + (N"T“) - Aq<t>) oz

+ {30+ 5 (1Y) (1= 2) =<} fr, 20— 9) ()] ds
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General decay for an axially moving viscoelastic Kirchhoff string

+{[ +(1-V?) (1+53)] </fth(t—s)ds)+57)/k:
;(1—122)}/01 hogpx)dx+k{(1—V2) <1+53+ 455 >+?:}

/01 /Ath (t = 5) (a(t) = pu(s))? ds dz

X
m V2 my NV
+{2 (kv+56>+/\ 1 + Mk 5 (1 V)}(px(,t)
1% 1 1% 1% Nv ] o
—he (1= — 1 — | - = 1,
+{m[ h < >+256+457m]+>\[ ( +V)+451] 5 }gpt( t)

t
- S lealP o + {5 (1= v2) = arf [ ae- s

Notice that

4 @) 2
”SDxH < (1 _ k)2 (1 _ VQ)QE (t)

q'(t)
4
As in [45], we introduce
A, ={seR;:nZ'(s)+ Z(s) <0}, neN

and also
Ay ={seR;:0<s<t,nZ'(t—s)+ Z(t—s) <0}, neN

Noting that
UAn =R\ {FzUNz}

where Nz is the set where Z’ is not defined and Fz is defined in (15), if we denote F,, = R\ Ay,
then lim,, o Z (Fn) = zZ (Fz) because F41 C Fy, for all n and (), F, = Fz UNz. In (39), we
take A; := flm,ft := F,;. We choose

8 Bave N, 2000) (g +md)
M_T(I—V),N_ = ,

/\:m(z*—f)a =5

_;(1—v2)+277(1—v2)(1—2*).

to get
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General decay for an axially moving viscoelastic Kirchhoff string

%L( t) < {(1 - Z.)(1-)7?) (52 + 2<2 +1) /f - S>d8>

a9 (1-5) =5 a] - ke leul?

2
N {ﬁ;v A+ (85 + 64V — Z*)} [

salt) N ;
t P20+ (T a0l

k)?
+{[2V+ (1-1v?) [ +53)] </]:th(t—8)d8>+57Vk
;(1—122)}/0 hogox)d:r—l—k{(l—VQ)<1+513+1;62m>+2)}
x/ol/ h(t — 5) (ga(t) — 0u(s))® ds dz

?(kv-f- >+)\mv Mk—]\;v(l—VQ)}wi(lat)
V] ]\;”}%(1:5).

+

{
—i—{m{ h*<1 >+226+ 5Vm]+)\[ (1+V)+4—51

Now for 8 < 1 (1—V?) (2 — k), we choose Z (Fy) small enough such that

;(2+n)(1—2*)(1—V2)k2(fn)<66(1_VQ)Z*Kl—k)— b ]

(B+V?) 2 1—V?
Where
5— (1-Z,)k
TAR-K-28/(1- V)2
and ( 2)
2V N z.B8(1-V
1-— kZ(F,) — ———-—=2-<0
5|2 - S <
Note that 6 < 1. For the remaining 1 — § we require that
(1-2)

-9 c-ai-a(1-5) - 2]

To achieve this, we take

5k
8[1—p8/(1—-V2)] -3k
We state that 3 is selected so that Z, < k < 1 and this is true even if we take

Zy >

[3’<§(1—V2)(1—k)
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General decay for an axially moving viscoelastic Kirchhoff string

We also need

k (1+%+1;5§*)+%}<ﬁ(1fv2),
%(kv+‘§—j)+ 8 _z,mY 4 ME— N (1-)?) <,

3
|
N
—~
—_
|
vl
SN—
_l_
[\~
$-
+
£
ik
_l’_
@
<Q
3
N
N
=
—_
_|_
=
+
gl
N———
vl
A
o

We obtain for ¢ > ¢,

d 1
—L(t) < — a1 [le])* — a2 [|pal|* - a3/0 (Z 0 pz)dz — Aq(t) [lpal*

dt
4q(t) + @1
(1-k)2(1-V?)

s B2 () — cu (9e(1,1) + Ve (1, 1))

for some positive constants aq, ao, a3 and ay.
This implies that
L'(t)+aE(t) <0, t >t,.

for some positive constant c. O

we introduce the functional

t
05 (f) = /0 ¢ (t = 5) nal®ds, £ > 0.

Lemma 14. We have

L(t) < C1 (B(t) + 04+ O5(1)), t >0 (4.32)

for some C; > 0. Moroever, there exists ¢ty > t, such that

E(t) <1, t >t (4.33)

Proof. Integrating (4.10) on [t t], we get

t
Lt

E(s)ds < (t)
ta a1

= Cy, t>t..
This yields the integral control

> 2
w= / |2z (s) ||” ds < 0.
ts
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General decay for an axially moving viscoelastic Kirchhoff string

We have
(t —t.) E(t) < Ca, t >t
Hence c
2
Fit) < ———————, t > t,.
()_l—i—t—t*’ -

Therefore, there is a condition where tg > t,

E(t) <1, t >t

O
Lemma 15. Along solutions of (4.1), we have
2
OL(t) + wC (1) X <@‘;(t>) < 1g_((2€(t), £>0. (4.34)

Proof. Since ( is decreasing , and o fulfills the differential inequality (3.4) , we get

O5(t) = / '(t = $) llpwell* ds + o (0) llpwall”

<~ [ =9t ol ds + 2D ey
< —<<>/0 (0t = 5)) Il pwal2ds + (%Eo £ 0.

Next, we define

t
) = /0 lpas () |2 ds, t >0

Applying now the Jensen inequality with y(s) = o (t — s) and Z(s) = |l@e (5)]|* /1 (), we get
! 2. ' leze ()1,
[ x@e=a e @itas = 1) [ (o - ) Dl

¢
I(t)X(/Oa(t )”SOQCII((;)H ),tzo.

Since x is convex with x (0) = 0, then Ox(z) > x(0z) for # € [0,1]. This implies by taking
0 =1(t)/w that

/tX(a(t—S))H«pm(s)IIst > WX<I(t)/to(t—s)H(p“(s)H2ds)
0 0

\_/

v

w 10
— wy (@5('5)) t>0.

w
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General decay for an axially moving viscoelastic Kirchhoff string

The proof of Lemma 15 is now complete. O

Theorem 9. Assume that (H1)-(H5) hold, o, 1 € H}(Q) and that Ry < 1/3. Then there exist

positive constants a < 1 and K such that

E(t) < KB! <a/;C(S) ds> , V>t

where K and t depend on F(0).

Proof. Choosing ag > 0, we present the functional
y(t) = L(t) + O4(t) + a205(t), t >0

which, in light of (4.32), satisfies

E(t) < y(t) < (Co + a) (E(t) + ©4+ O5(t)) , £ > 0. (4.35)
y(t) + (al - ig_((;éa2> E(t) + ol (1) x (%f“) <0, 1>t

a1 > (1_,3 + 1) a9 to obtain

Y (1) + agE(t) + asw( (t) X (@5(t)) <0.

let
t >ty >t > 1.

CAx(E@®) <C)x(E®) <C(XME®R) < aB(t), t =t >t

where g1 > 1. Accordingly,

w

a28(0) + aza (0 (240 2 aac () LBy +ox (2]

Exploiting the Jensen inequality, we obtain

LEMW)+04+6
a2 E(t) + asw( () (65(t)> > aaC3( (t) x (91 (1) +©4 + 5(75))

w C3
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General decay for an axially moving viscoelastic Kirchhoff string

where C3 = (9—11 + w) .
Using (4.35) and Y is increasing, to get

01 E(t) + 04+ 05(t) y(t)
X( C3 ) ZX(Ql(C1+02)C3)'

Yy (t) + a2CsC (t) x <g1(61y4(3«2)03> < 0.

In conclusion

Next, we divide by g1 (C1 + a2) C3, and we write

G'(t) +al (t) x (G(t)) <0 (4.36)
where ) c
_ Y _ 0D %] _ o7
G = 01 (C1 + a2) Cs and a 01 (C1+a2)C3 01 (C1+ a2) <t

there exists £ > to, depending on G(tg), such that

o f o)

and since E(t) < C4G(t) for some C4 > 0, it holds that

(<KB</( ) vt > ¢
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Chapter 5

General decay for an axially moving

with a logarithmic nonlinearity

5.1 Introduction

In this chapter, we take into account the initial boundary value problem that is

,

t
P (Sptt + 2Vput + VQSO:L‘:J:) + Elpgeqs — EI/ Z(t — 8)Pazaa(s)ds = kpln |yl
0
xz € (0,1), t >0,
@(Oat) = Qox(oat) = So:px(lyt) = 07 t > 07 (51)
t
V20, (1, 1) + Elpppe(1,t) — EI/ Z(t — 8)aza(l,8)ds = y(p(l,t)), t >0,
0

gp(x,O) = (/70('%')’ 9015('1'70) - @l(x)a T € (O,Z)

whereas ¢ = ¢(z,t) is the beam transversal displacement,
V is the axial speed ,

ET is the beam flexural rigidity,

o is the beam mass per unit length,

Z nonnegative functions see [20],

vo(z) , p1(x)are the initial data,

y represents the nonlinear term,

k ia a small postive real number.

5.2 Preliminaries

The hypotheses that we make for Z and y are the same as those which we made in the previous

chapter.
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General decay for an axially moving with a logarithmic nonlinearity

We present the modified energy linked to (5.1) by

EI !
) = Llo? - o teal? + 2 (1= [ 2(6)ds) lgual?

I ko[l K
w5 [ @open) O +ue®) - § [P mlelds+ JIelP 62)

where ||.|| is the L?—norm and
(Zoyp)( /Zt—s|<p o(s)|*ds, t > 0.
Lemma 16. For ¢y € (0,1) then, there exists de, > 0 such that
s|Ins| < 5% + dey 5170, Vs > 0. (5.3)
Lemma 17. (See [23]) Let ¢ be any function in HZ(0,1) and a > 0 . Then,
'y Lo 2, @ 2 2
/0 ¢ Inp(s)|de < SllellFinllell” + o—llee]” = (1 + Ina) o]l (5.4)

Proposition 7. Under the hypotheses (H1)-(HS3) and

K 4 a2 2 l41n 2
" BI(L—k)+5 |5 - 5E - 22l 4 (1 4 )
pl?
and then " 22 1 i H2
_ kil a _ njjy 4
EI(1 ]{:)+2[2 o 5 +l(1+lna)}>0,
we have

Et) >0, t>0.

Proof. We apply lemma 17 and Poincaré inequality leads to

k(1Y P ZA‘IDHSDH2 4 272 ! 2
> Dl _ _ _
Eit) > 5 [2 o 5 +0°(1+1na) + EI — pV°I EI/O Z(s)ds] |zl
EI [!
5 [ (Eovm) Oz + § el + (o). >0 (55)

2,2 4 2
EI(1—k)+% [77‘3—1—%#1(1“11 a)]

: 2
Since V= < o )

and EI(1— k) + 5 |5 — 2 - SoJels 4 41+ ma)| > 0. We get

E(t) >0, t>0.
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General decay for an axially moving with a logarithmic nonlinearity

O

Lemma 18. Lety € LP(R) and Z € LY(R) with 1 < p,q < o0 and 1 =
L"(R) and

%-Fé. Then (y*x Z) €

Iy Zlr <yl 21| za-

Using the Faedo Galerkin method, the problem’s well-posedness(5.1)can be demonstrated (see
[34] ).

5.3 Exponential Stability

In this section, we shall state and prove our main result.

Lemma 19. The modified energy E(t) satisfies

l 3
GEO <5 [(20 ) e = Bt - G20
—EQIU <1 — /0 Z(S)ds> ©2.(0) — EQIU (Z 0 puz) (0), t > 0. (5.6)
Proof.
l l
as % & tda:+ () = /jtg(g; iz -+ Sy(e(D)
l
_/0 [;gm 2835( )]dm+jt (¢(1))
l
:/ogt (, 8)dz + V E(z, t)( % (o(1)) (5.7)
where
~ 2 t
fat) = Seten - T+ 5 (1 [ 26)ds) (et
+% (Z 0 pz) (x,t) — —902 In|p| + Zcpz, xel0,], t>0

Using (5.1)and (5.7) together means

d

! t
gg(t) = —/ o [2pVg0zt + pV2ppe + ET (sox:m: — / Z(t— s)cpmm(s)dsﬂ dx
0 0
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General decay for an axially moving with a logarithmic nonlinearity

t l EI !
_pV / g%cpztda:—i—EI( / ()ds)/ gomtcpmdac—TZ( )/ go?mdx
0
EI 2
P2 [ 2 Gopm - (5 /w P inle(s)]) ds

0

o (S1el?) + euldle®) +v w1

, t>0.

Integrating by parts from 0 to ! and boundary conditions in (5.1), we obtain

d
dt

_EI/ Z(t — 8)ppza(ly s ds] +EI/ apmt/ Z(t — 8)pax(s)dsdz

—E(t ) pV‘Pt (1) — (1) [IOV (Pm(l + Elwgeq (1)

51 ([ 26)t5) [ punspuate~EL20) [ G2t + cnutow)

+?/0 a(Zogpm) t)yde — — ( / lo(s)]? In | )|> ds—i—f (ZHQOHQ) +VE(z,t) ;, t>0.
We have
~ 2 t
Eat), = et~ - (1- [ 209009)) 00
Elzoen) 0. 120 6
Clearly
a ! — 2W T t — S T, Ss)as
5 (Eove) @) = (2'09u) (@t) = 20m(e.t) [ 2= Dpralo )
+2 </0 Z(s)ds) Orat(T, ) paz(x,t), t > 0. (5.9)

Consequently, by using (5.8), (5.9) and the boundary conditions in (5.1). The proof is completed.
We define

l
%
Uy(t) = p/ prdr + %sOQ(l), t>0,
0

! t
(0= [ 1 [ 2= 9)(plt) ~ ple)dsde. >0,

wait) = [ ([ 2= 9ar) howe )P s, £ 0.
Wy (t) = /Ot (/tOOZ(T = s)d7’> 2 (1,8)ds, t >0,
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General decay for an axially moving with a logarithmic nonlinearity

and
L(t) = ME(t) + AU (t) + Ua(t) + pUs(t) +yTy(t), t >0

where A\, u and ~ are all positive constants.. O

Proposition 8. If

l4 2[2

BI(L—k)+5 |5 - 52 - Bl 4 141 4 1na)

then we have
E(t) < L(t) < C(E(t) + Ws(t) +vP4(t), t =0

for some C > 0 and
L'(t)+a1&1) <0, t>0 (5.10)

for some a; > 0.

Proof. First, Young inequality and Poincaré inequality leads to

2%
) < *IIsOtH +5 le! + 5" (0)
l
< *Ilsot\l +5 (l+V)Hs0x||

Similarly , we get

n) < Lol +? /l (/tza—s)(so(t)—¢<s>>ds)2dx
< El? +/ (Z 00 (

Then, Lemma 3 and Lemma 5 allow us to write

B < BNl + 8w e vy -t 1 M o2+ ML [ 2o
0

pkl4

+(2

[
+MEI>/O <Zosom><t>dw—/ (o()/? In [ (s)]ds + w3 (t) + 4 a(t), £ 2 0.

This implies that £(t) < C (L(t) + U3(t) + Y4(t)), t > 0,

and

L) —&(t) = (M=1E(t) + AW1(t) + Wa(t) + p¥s(t) +7Pa(t)
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General decay for an axially moving with a logarithmic nonlinearity

4 l
> SN ol + M- Dutel) + M- 05 = 2] [ (o pm s

+% { [(M —1) <g(1 —K)—pV? + M;lz)] — Alp(l + V)} el

. l
_E(M21)/ lo(8)|* In |(s)|ds + pWs(t) +yW4(t), t > 0.
0

Provided that V? < EI(1 — K)/ol? and choose the smaller A , such that A < min{M — 1,
3 4
[(M—1)EI(1—K)—120V?] /IP0(1 4+ V)} and M > max{1, E}éf’% + 1,980 1A+ 1),

This implies that L(t) — £(t) > 0.
We will now show the second assertion.

1y AGitdr = [ (2Tiw) de+ V0|
Zu(t) = /Odt (1) a:—/o <8t 1(x,t)) T+ VU, t)|
l
120, (5.11)

l —
plloel + o / wwwdz — pVerl)p(l) + Vi (x,1)
0
where
Uy (x,t) = po(x, t)pi(a, t), t > 0.

The equation in (5.1) and an integration by parts we find

d l
Z(t) <p llel|® + 2pV/0 eaprdz + pV2 | @ol|” — ET ||leaal” — o(Dy(o(1))

l t l
+EI/ <pm/ Z(t — 8)pgz(s)dsdx + ;/ ©?(s)In|p(s)|ds, t > 0. (5.12)
0 0 0

l
2pV / ooz < p il + pV? el t 2 0. (5.13)
0

The insertion of (5.13) into (5.12) and Lemma 10, we find

d k
G0 < 2l + 200 ool = B1 (1 5) ol

dt
t l
w5 [ 2= lentPas =5 [ (2o (s
K l
o) +5 [ Femlelolds (514)

For Wy (), we have
l

d Ld — Lo~ —~
dt\Ilg(t)—/O dt\IJQ(x,t)dx—/o <8t\112($,t)> o+ Vi (a,)|,
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General decay for an axially moving with a logarithmic nonlinearity

= [ [ 2t o)~ s —o [ 20105) b

120

—,0/ got/ Z'(t—s)( o(s))dsdz + VUy(z, t)

where
Falat) = —parat) [ Z(t=5)(p(w.0) = ol 5)ds. 2 0.

Bl )], = —pet) [ 20— 9)(el0.0) = plt.5)s. > 0.

By taking the total derivative of ©4(t), using integration by parts and (5.17), we obtain

%@2() - ( / ds)/ gom/ (t = 5)(aa(t) — Pax(s))ds

+EI / Z(t — 8)(Pea(t) — Pza(s))ds

da;

—pV? / (pm/ Z(t — s)(p(t) — @u(s))dsdx
—2pV/ got/ Z(t — 5)(pz(t) — pz(s))dsdx

_,,/ o [ 2060~ ptopsta—p ([ 206105 el

/ Z(t—s)(e((l,t) —¢(l,s))ds
Vel /0 2(t - 5)(p(l.t) — p(1. 5))ds
l t
—Ii/ goln|<p|/ Z(t—s)(p(t) — p(s))dsdz, t >0,
0 0

and

IN
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General decay for an axially moving with a logarithmic nonlinearity

l
+< Z(t—s)ds) lpwz ) —/ gom/ Z(t — 8)ppe(s)dsdz, t > 0.
Vi 0 Rz

We easily see that

!
[ e [ 2= 9 pualt) = pruts))dsda
0 At
2 k ! 2
< m H‘waH +— Z(t—s) ‘Soxx(t) — 0z (8)|" dsdz, m > 0.
4771 0 JA:
and
1
_/ P Z(t_S)SDx:E(S)dex
0 Wt
1 s k[ 9
< SlewlP+5 [ 209l ds.
0
Therefore

/tpm/ Z(t = 5)(Pra(t) — Qzz(s))dsdx

< (G+m+k20)) lonl? +// 2t~ ) [oral) — o (o) s

k t
45 [ 2= 9 lpaal)ds, 20
0

It is obvious that by the definition of Z())) in (3.2), we have

2

l t
/0 Z(t— ) (Par(t) — pas(s))ds| da

1 l
< (1 + ) k/ Z(t — 5) |@un(t) — Po(s)]? dsdzx
T2 0 JA;
l
+(1+n) k:Z(y)/ Z(t — 8) |pza(t) — <pm(s)|2 dsdz, ng > 0.
0 JW
For the 3"¢ term

l t
- /0 s /0 Z(t — 5)(a(t) — pals))dsda

_ </0tZ(s)ds) H%||2+/Ol o /OtZ(t—s)%(s)dsdx
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General decay for an axially moving with a logarithmic nonlinearity

1 Pk [
< (2 - Z*) lozll® + 2/0 Z(t — 5) || @za(s)||* ds, t > t., 13 > 0. (5.22)

The fourth term is estimated as :
l t
209 [ o1 [ 2= 9)palt) - ouls))dsda
0 0

l
— 2 [/ Bt s)(ea) = (s + 2(t = 5)(pa) = ale))ds ) do

Ve

l
= 20y [ [ 2= 9)(enlt) = alo))dsds

l l
—2pV < Z(t— s)ds) / prpzdr + 2pV/ or [ Z(t— s)pa(s)dsdz, (5.23)
Vi 0 0 Yt

or

!
2 /0 o /A Z(t — 5)(a(t) — pals))dsdz

2 PV2127€ : 2
< mpled? + Z(t— 5) [@ua(t) — pun(s)Pdsde, >0, (5.24)
n3 0o JA;
! -~ 2 -~ 2
—2pv< z<t—s>ds) | orpats < 20Nl + VRZD) 0l (525)
Vi 0
and
! 2 t 2

2pV / oo [ Z(t— s)ouls)dsdz < pllorll? + pV2I2k / Z(t—8) lom(s)|Pds,  (5.26)

0 W 0

Therefore (5.23) becomes
! t
—2pV/ got/ Z(t — 5)(pz(t) — pz(s))dsdz
0 0
t
< p(L+m+kZO) e + oV RZQ) lal + pV202%k /0 Z(t = 5) lowe(s)|* ds

2712 l
pv; k/o } Z(t — 5) |pea(t) — uu(s)|? dsdz. (5.27)
t

+
n

For the fifth term, we have

l t
—p /0 o /0 2/t - 5)(p(t) — o(s))dsdz

Z(0

l4 l
< ol = 2200 [ (20 ) (0 > 0. 120 (5.28)
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General decay for an axially moving with a logarithmic nonlinearity

For the 6 term, find

) ( [ 290 - pltonds+ [ 20 - soa,s))ds)

Vi

1) /A Z(t = s)(p(t) = o(l,8))ds —y(p() [ Z(t = s)p(l, s)ds

Vi

or

y(e(D)) Z(t—S)( (1) = ¢l s))ds

< s ly(e())? ZZ// Z(t = 5) [pra(t) — Puu(s)” dsdz, t >0
and
—y(p()) . Z(t - s)p(l,s)ds
< WEOE, B 20 g oo ds, m >0, 120
and

()P < 2m>(Jp()? + (D) *+Y)

’

2
< o2m2P ;ch = oo x:p2: x:}c2-
< 2028 |lpaal? + (g B©) losell] = 5l

Hence, (5.29) becomes

/Zt—s (I,t) — (1, s))ds

1Bk
< 5+ ) lpwsl? +2/ 2(t — 5) [ea(s) | ds
L Uk )
—|—kZ( Z(t — 8) |pza(t) — ©az(s)|” dsdz.
4775 Ay

The seventh term can be written as follows
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Werll) /0 Z(t— 5)(p(L. 1) — (L, 5))ds

l
Z;}w?(l) + 777l3k/ (Z 0 ug)dx, 17 >0, t >0, (5.31)
7 0

! t
= [ etnlel [ 2(t - s)(elt) - ols)dsdz
lO ’ t
<« [ (@) [ 265l - pls)dsda
< (778 / (& 4 do TP + o § / 2t () - so(s))dsr%zx)

kkl* [
< m]g(lg + l4)HSOmH2 + T% (Z 0 pgg) (t)dx. (5.32)
0

IN

and

The insertion of (5.20)-(5.22), (5.27), (5.28), (5.30), (5.32) and (5.31) into (5.18), we obtain

d Zoyr b, 1 .
G <200 [(#opn) (t)dw+p<—3*+774+2+773+k2(3’)> il
#oV (=24 34 20 ) loull 4 (G + ) (1= 2D BT+ (5 + )

5 Kkt :
(i +1) + B (1= Z)REO) lpwel + (o +108%8) [ (20 000) ()da
0

1
+5 (1 - 2.)kET + 5pV212k+l3 / Z(t —5) ||0ze(s)||® ds
. ) EI
+ (1 + 772) EIkIZ(y) Z(t - S) ’@xw(t) - @zx(s)‘ dsdr + k (1 - Z*) A
o Jy 4m
1 252
+ <1 + > EI + ad }/ / (t — 5) |@ua(t) — @ea(s)|? dsda
72 n3 4775 A
5 V
HREW)e WD) + i), 121> 0, (5.33)
where = 2m?[3 [1 + <%)a] for some positive constants n;, i = 1,...7.
A differentiation of W3(t) gives
d 2 ! 2
27 V3(t) = K llpaal” — ; Z(t = 5) [lpea (s)]|" ds, t > 0. (5.34)

The total derivative of W3(t) it is calculated as follows
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d ! ~ ~ !
_ = —_ > .
(1) /O <8t\113(a:,t)> dz + v\yg(x,t)(o, t>0 (5.35)
where . -
Us(z,t) = / (/ Z(1t— S)d7'> @2 (x,8)ds, t > 0.
0 \Jt
Clearly

d t l t
S0 (1) < b el - / Z(t - ) / 2o (s)duds +V / Z(t— 8)2 (1 s)ds, £ > 0,
0 0 0

and

%\I&l( t) = kw2, (1, s) / Z(t—s)p2,(1,8)ds, t > 0. (5.36)

According to the relations (5.6), (5.14), (5.33) and (5.36) we have

d MEI  zZ(u*\ [t _,
gt = (M- Z00) (2o pur) (as

0 [2A+ (=2 +mat (L4 ) + RZD))] Nl

#ov? 21k (=24 5 +820)) | eul?
+ {[(; +m) (1 — 2, EI + (775§ + g) +rng(B+ 1Y+ EI(1— Z,)kZ(Y)] — AEI <1 — g’)

+(1+ 1)k} I

kl* EI ! t
* (Zn At ’7713k‘> / (Z 0 us) (B + (Y — 7)/ Z(t— 8)p2, (1, s)ds
8 0

El &k
{)\+2[( L Z)EI 50V 4 ) - }/Zt—.s)nsommn ds +

l
(1+ n2) ETEZ(Y) x /O \ Z(t = ) [@aa(t) = Pua(s)| dsdx + k [(1 —Z4) f;; (1 + 7712> El

1 pV2l2 2
+ 1+ — ) EI+ Z(t — 8) |pzz(t) — pza(s)]” dsdx
72 3 4775 A

A+ kZ0)} eule) + % (5 - 1) et (537)

We choose M to be so large that

MEI  Z(0)* . MEI
2 ny, — 4 '

(5.38)
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As in [35], we introduced the collection
Apn={seR; :nZ'(s)+ Z(s) <0}, YV = R:\A,
and
A ={s€eR;:0<s<t, nZ'(t—s)+ Z(t—s) <0}, neN.
Observe that

UAw =Rz UNE}

where Nz is the set where Z’ is not defined and Yz is defined in (3.3). Since V,+1 C Y, for all n
and (Y, = Yz UNz, then lim, 2(yn) = 2(322). Taking As := Ant , Vi := Gne, it follows from
(3.49) that

d
dt

w2 e (<24 48200 heal?

2L <[22+ (<24 ma+ (1 m) +RZD))] Il

—{[AEI(l—S) (;+m)( — Z,)EI - (§n5+§)—m8(z8+z4)—EI(l—z*)kz(y)]

_(M + V)k} HSOzzHZ

ki* EI ! t
+ <Zn At n7l3k> X / (Z 0 @uz) (t)dx + (1Y — 7)/ Z(t—s)p2,(1, s)ds
8 0

EI  k
{A+2[( — Z,) EI +5pV%12 + %] — }/Zt—s)\lsom( I ds +

(1+m) EIRE(D / 2(t = 5)par(t) - pral)Pdsda 4 k| (1= 2) 1o+ (14 ) B
Wi 4"71 72
2712 3
+ <1 + 1> ETI + PVl + — ! MEI] / / (t —3) |pza(t) — cpm(s)\stdx
72 3 4ns A
~ pv
{a k200 oot + 5 (5 1) 620 (5.39)

N 1 5 1
In (5.39) ,for Z, > kZ(Y) + 3 sufficiently large we take A = % (Z* —kZ(Y) — 3~ E). We infer

that
klI*  \EI .
B A2 4 (1 4 ap) EIRZ (V) + mil®k < 0
47]8 2
and

— —1<0.
2n7
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We will need (we neglect 15 and njas will be chosen small enough)

(1—2,)EI + g + k(B + 1Y+ EI(1— 2,)kZ(Y) — AEI (1 - g) + (p+7)k < 0.

N | -

Adding and substraction the term g (Z* — k:é(y) — % — 8) (1 — g) E1I, the previous term becomes

(1-0) (2 1200- 3= e (1-5) -

n [g (z*_kz(y)_;_g) (1—S)El—;(1—2*)1471—*3—(1—2*)142(3;“)—%} > 0.

The term is divided into several parts.

The second part has what you need

%(1—Z*)EI+§+EI(1—Z*)ké’(yn)Jrvk< g (Z*—/-c?i’(y)—;%) <1—§> E1
where ok
5= 2(1— Z*)EI;E? T 1)+ 285 +47kEI.
( *—5—5)(2—]{3)
and 1
Ze—kZQV) — = — 5)
J < 2 k
) (Z* — kﬁ(yn) — % — 6) k
< <1 + 2> b (1 - 2) EI (5.40)
Note that (e is ignored)
Z*kz yn -1_
2 k 2
(Z.—5-3) 2k - (1= Z)EI(FE +1) — 29k - 5)
2k
and b3 i
2k7+2ﬁ+(§+§)( k)+EI(2§+1) < Z, <k (5.41)

(2-k)+ (2% +1)EI

C-RE-5 -k

g < 5
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We select at the end v > p). This suggests that

L'(t)+a1&(t) <0, t > t,.

O
S Pl Y
EI(1-k)+5 |5 —%5———5—+l*(1+lna)
Theorem 10. Assume that (A1)-(A3) and if V? < ok 18 suf-
ficiently small,where A and o are two positive constants that
E(t) < Ae™? t>0.

Proof. We can observe that based on the equivalence result (5.10)

iy <—%rw), t>1 (5.42)

dt - C T .
Can get to by integrating (5.42) over (t,t) conducts

L(t) < LE)e D ¢ >4

The major outcome so follows once more as a result of (5.10). O
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General conclusion

In this thesis, we considered Axially moving systems and analyzed the asymptotic behavior
of the solutions of these systems.

In the second chapter, we have dealt with the stabilization of an axially moving string subject
to a boundary disturbances. We employ the active disturbance rejection control (ADRC) approach
to estimate the disturbance.

In the third chapter, we are proved a general decay of an axially moving viscoelastic beam
with a boundary non linear term. Our purpose was to extend the class of the relaxation functions
Z that guaranteeing a general deacy. This type of functions were developed by Conti and Pata in
[14] and improved by Kelleche and Feng in [44]. The obtained result improved the previous ones
[26]

In the fourth chapter, we studied the stabilization of an axially moving viscoelastic Kirchhoff
string.

In the fifth chapter, we studied the stabilization of an axially moving viscoelastic beam with
Logarithmic Source Terms. We obtained an asymptotic stability result of global solution, for
certain class of relaxation functions.

In the future, it would be interesting to extend the results of the present thesis by the existence

and the uniqueness of these problems as well as the we prove the exponential stability.
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