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 ملخص

 

 والأسلاك والأحزمة الخيوط مثل محورية حركة استقرار بدراسة قمنا الأطروحة، هذه في     

محوريًا  متحركة بسلسلة الأول العمل يتعلق ،والسلاسل المغناطيسية والأشرطة والكابلات

 التحكم فعالية بونوف لإظهارالي  طريقة استخدام يتم. المحدود غير الحدود لاضطراب تخضع

 ،السابقة النتائج بعض تحسن عليها الحصول تم التي النتائج. الاهتزاز تقليل لضمان الحدود في

 تثبيت درسنا الثالثة المسألة في. محوريًا المطاطية اللزوجة شعاع تحريك هي الثانية لةالمسأ

 تثبيت الرابعة في المسألة درسنا أخيرًا،. محوريًا المتحركة اللزجة رشوف المطاطيةيسلسلة ك

 ،نظمةالأ ههذ استقرار لإظهار. لوغاريتمي مصدر بشروط محوريًا متحرك مطاطي لزج شعاع

 .المضاعفات تقنية استخمدنا

 

 متحرك، هيكل برنولي، -أويلر ، شعاعاتالمضاعف تقنية العام، الاضمحلال: الكلمات المفتاحية

 .الخطية غير المجموعة شبه الاضطراب، الكسب، تقدير عالي تكيفي استقرار



Abstract

In this thesis, we are interested in studying the stabilization of an axially moving, like
threads, belts, wires, cables, magnetic tapes and chains. The first work is concerned with an
axially moving string subject to unbounded boundary disturbance. The Lyapunov method
is employed to show the effectiveness of the boundary control for ensuring the vibration
reduction. The obtained results improves certain previous results. The second problem is
axially moving viscoelastic beam. In third problem we studied the stabilization of an axially
moving viscoelastic Kirchhoff string. Finally forth problem we studied the stabilization of an
axially moving viscoelastic beam with logarithmic source terms. To show the stabilization
of these system, we use a multipliers technique.

Key words : General decay, multiplier technique, Disturbance estimate, EulerBernoulli
beam, Moving structure, High-gain adaptive stabilization, Nonlinear semigroup.



Résumé

Dans cette thèse, nous nous intéressons à l’étude de la stabilisation d’un mouvement ax-
ial, comme les fils, les courroies, les câbles, les bandes magnétiques et les chaînes. Le premier
travail concerne une corde se déplaçant axialement soumis à des perturbations aux limites
illimitées. La méthode de Lyapunov est utilisée pour montrer l’efficacité du contrôle des
limites pour assurer la réduction des vibrations. Les résultats obtenus améliorent certains
résultats antérieurs. Le deuxième problème est le déplacement axial de la poutre viscoélas-
tique. Dans le troisième problème, nous avons étudié la stabilisation d’une corde de Kirch-
hoff viscoélastique se déplaçant axialement. Enfin, quatrième problème, nous avons étudié
la stabilisation d’une poutre viscoélastique à déplacement axial avec des termes sources log-
arithmiques. Pour montrer la stabilisation de ces systèmes, nous utilisons une technique de
multiplicateurs.

Mots clés : Décomposition général, technique du multiplicateur, Euler-Bernoulli en
mouvement axial, Structure mobile, Stabilisation adaptative à gain élevé, Estimation des
perturbations, Semi-groupe non linéaire.
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Notations

ADRC : Active disturbance rejection control.

a.e : Almost everywhere.
∂φ

∂t
, φt : The partial derivative of φ.

D(Ω) : space of differentiable functions with compact support in Ω.

Rn : Space of n-dimensional real vectors.

R+ : The set of positive real numbers.

Ck(Ω) : Space of functions k-times continuously differentiable in Ω.

C : The set of complex numbers.

D(A) : The domaine of A.

∂Ω : Boundary of Ω.

+q′ : Conjugate of q.

D′(Ω) : Distribution space.

C0(Ω) : Space of continuous functions null board in Ω.

(Z, ∥ · ∥Z) : Banach space.

Lp(Ω) : Space of functions p-th power integrated on Ω with measure of dx.

Ck([0, T ];Z) : Space of functions k-times continuously differentiable .

BX = {x ∈ X; ∥x∥ ≤ 1} : Unit ball.

Ran(B) : The range of B.

Ker(B) : The kernel of B.

ρ(B) : The resolvent set of B.

R(λ,B) : The resolvent set of B at point λ.

Im(B) : Image of B.

(M(t))t>0 : Semigroup of operators.

B : Non Linear operator.

σ(B) : The spectrum of B.

x



Introduction

Axially moving continuous materials can be found in various engineering areas such as contin-
uous material manufacturing lines and transport processes. Especially, the dynamics analysis and
control for axially moving continuous materials which have received a growing attention due to
the entrance of new applications in exible robotic manipulators and exible space structures. In all
these applications, maximum conveying speed or conveying speed is desired in order to increase
efficiency, optimize investment costs, the performance of the machines and its components. Instal-
lations are sometimes costly and complex. However, the dynamic behavior of these systems often
prevent these objectives from being achieved. For more than 60 years, researchers have examined
the dynamics of systems in axial movement. The early studies on the investigation of the trans-
verse vibrations of a string in axial movement were published in 1950. Sack [39] and Archibald
and Emslie [1] are pioneers in this field. Many scientists are interested in the case of a rope and a
beam in axial movement. This interest promotes the emergence of new applications in a variety
of disciplines.

One of the best studies devoted to the analysis of the vibrations of a axial moving string is
that of Archibald and Emslie [1]. It deals with the case of transverse vibrations of a string moving
with a constant speed C along the longitudinal direction, denoted by X.

Let φ(x; t) be the transverse displacement of the string at position x, time t and l the length
of the rope between the two ends, whereas T and ρ represent the tension and the mass per unit
length of the string, respectively. Starting from Hamilton’s principle (see [31]), we have∫ t1

t0

(δEc − δEp) dt = 0, t0 < t1, (1)

or
Ec :=

1

2

∫ l

0
ρ
[
c2 + (φt + cφx)

2
]
dx, Ep :=

1

2

∫ l

0
Tφ2

xdx,

here Ec and Ep designate the kinetic energy and the potential energy, respectively between x =

0 and x = l at time t. Integrate equation (1) by parts taking into account that δφ (x, t0) =

δφ (x, t1) = 0 and δφ(0, t) = δφ(l, t) = 0 where the symbol δ indicates that it is in fact a tiny
variation of the path taken to go from 0 to l. The transverse vibrations or transverse displacement
of the string is given by

ρφtt + 2ρcφxt −
(
T − ρc2

)
φxx = 0,

1



Introduction

where φtt is the local acceleration in the transverse direction of the chord, φxt is the Coriolis
acceleration and c2φxx is the centripetal acceleration.

Different types of control, including domain control [8], parametric control [6] and variable
structure control [22], have been studied. Boundary control provides an effective way to suppress
transverse vibrations because it is easy to implement. It is also important to cite the work of [27]
where the authors studied the following system{

ρφtt + 2ρcφxt −
(
T − ρc2

)
φxx = y(x, t)

φx(l, t) = yc(t) ou − φx(0, t) = yc(t),

where y(x, t) is a distributed force. Here the rope is controlled at the left and/or right end.
The Lyapunov method was used to find control to stabilize vibration energy. In the case where
the control acts on the right end x = l with the left end fixed, they proposed the following control

yc(t) = φx(l, t) = −k1φt(l, t), k1 > 0

In the case where the control is placed at the point x = 0, and the right endpoint (x = l) is fixed,
the authors proposed the following control

yc(t) = −φx(0, t) = −k2φt(0, t), k2 > 0

Ou

yc(t) = −φx(0, t) = −k3 {φt(l, t) + cφx(l, t)} , k3 > 0.

Note that in both cases, stabilization was obtained without energy decay rate.
Another type of control: Mass-Damper-Spring (MDS), was proposed in [22]. The MDS control

mechanism includes a mass m, a viscous damper with coefficient dm and a stiffness spring km.
In [24], considered another model of a string in axial motion, known as "Kirchhoff", described by{
lρφtt + 2ρcφxt −

(
T0 − ρc2 + b

∫ 1

0
φ2
xdx

)
φxx = 0φ(0, t) = 0uc(t) =

(
T0 − ρc2 + b

∫ 1

0
φ2
xdx

)
φx(l, t).φ

This model is characterized by the fact that the voltage depends only on the temporal variable

T (t) = T0 + b

∫ 1

0
φ2
xdx.

The author proved that this nonlinear equation can be stabilized by the following control

uc(t) = −kφt(l, t), k > 0

This work consists of five chapters:

2



Introduction

First chapter, we introduced some notation and prepared some material needed for our work.
The main results of this chapter such as: the Lp space, the Sobolev spaces , differential integral
inequalities, nonlinear semigroups and their generators and nonlinear evolution with dissipative
operator and other theorems of functional analysis.

Second chapter, is concerned with the following problem

φtt + 2vφxt −
(
1− v2

)
φxx = 0, x ∈ (0, 1) , t > 0,

φ(0, t) = 0, t ≥ 0,

φx(1, t) = u(t) + d(t), t ≥ 0,

φ(x, 0) = φ0(x), φt(x, 0) = φ1(x), x ∈ (0, 1) ,

φout(t) = (φt + vφx) (1, t), t > 0,

(2)

we proved the existence and uniqueness of solution of the closed loop system by using the semigroup
theory and we proved the exponential stability by making use of the energy method.

Third chapter, we study the stabilization of an axially moving viscoelastic beam, the system is
given by:

ϱ
(
φtt + 2Vφxt + V2φxx

)
+ EIφxxxx − EI

∫ t

0
Z(t− s)φxxxx(s)ds = 0, x ∈ (0, l), t ≥ 0,

φ(0, t) = φx(0, t) = φxx(l, t) = 0, t ≥ 0,

ϱV2φx(l, t) + EIφxxx(l, t)− EI

∫ t

0
Z(t− s)φxxx(l, s)ds = y(φ(l, t)), t ≥ 0,

φ(x, 0) = φ0(x), φt(x, 0) = φ1(x), x ∈ (0, l)

(3)
where φ = φ(x, t) is the beam transversal displacement, V is the axial speed (assumed constant
here), EI is the beam flexural rigidity, ϱ is the beam mass per unit length, Z represents the kernel
of the memory term or the relaxation function (nonnegative functions) see [20], φ0(x), φ1(x) are
the initial data, and y represents the nonlinear term.

Fourth chapter, we studied the stabilization of an axially moving viscoelastic Kirchhoff string,
the system is given by:

φtt + 2Vφxt −
(
1− V2 + q(t) ∥φx∥2

)
φxx +

(
1− V2

) ∫ t
0 Z(t− s)φxx(s)ds = 0

x ∈ (0, 1), t > 0

φ(0, t) = 0, t ≥ 0,

fc(t) = mφtt(1, t) + (ηm − V)φt(1, t) +
(
1− V2 + q(t) ∥φx∥2

)
φx(1, t)

−
(
1− V2

) ∫ t
0 Z(t− s)φx(1, s)ds, t ≥ 0,

(4)

Fifth chapter, we studied the stabilization of an axially moving viscoelastic beam with logarithmic

3



Introduction

source terms, the system is given by:

ρ
(
φtt + 2Vφxt + V2φxx

)
+ EIφxxxx − EI

∫ t

0
Z(t− s)φxxxx(s)ds = κφ ln |φ|, x ∈ (0, l), t ≥ 0,

φ(0, t) = φx(0, t) = φxx(l, t) = 0, t ≥ 0,

ρV2φx(l, t) + EIφxxx(l, t)− EI

∫ t

0
Z(t− s)φxxx(l, s)ds = y(φ(l, t)), t ≥ 0,

φ(x, 0) = φ0(x), φt(x, 0) = φ1(x), x ∈ (0, l).

(5)
In this chapter, we proved the exponential stability by using the multiplier technique.

4



Chapter 1

Preliminary

In this chapter, we will introduce the necessary concepts for the good understanding of this
thesis and shortly the basic results which concerning the Banach spaces, the Lp space, Sobolev
spaces, semigroups of contractions and other theorems. The knowledge of all this notations and
results are important for our study (See [5], [36], [33], [2], [29], [43]).

1.1 Banach Spaces
Definition 1. A Banach space is a complete normed linear space Z. Its dual space Z ′ is the linear
space of all continuous linear functional g : Z → R.

Proposition 1. ([5] Z ′ equipped with the norm ∥ · ∥Z′ defined by

∥g∥Z′ = sup{|g(v)| : ∥v∥ ≤ 1},

is also a Banach space.
We shall denote the value of g ∈ Z ′ at v ∈ Z by either g(v) or ⟨g, v⟩Z′,Z .

Remark 1. ([36]) From Z ′ we construct the bidual or second dual Z ′′ = (Z ′)′. Furthermore, with
each v ∈ Z we can define φ(v) ∈ Z ′′ by φ(v)(g) = g(v), g ∈ Z ′, this satisfies clearly ∥φ(z)∥ ≤ ∥v∥.
Moreover, for each v ∈ Z there is an g ∈ Z ′ with g(v) = ∥v∥ and ∥g∥ = 1, so it follows that
∥φ(Z)∥ = ∥v∥.

Definition 2. Since φ is linear we see that

φ : Z → Z ′′

is a linear isometry of Z onto a closed subspace of Z ′′, we denote this by

Z ↪→ Z ′′.

5



Preliminary

Definition 3. If φ (in the above definition) is onto Z ′′ we say Z is reflexive, Z ≈ Z ′′.

Definition 4. Let Z be a Banach space, and let (vn)n∈N be a sequence in Z. Then vn converges
strongly to v in Z if and only if

lim
n→∞

∥vn − v∥Z = 0,

and this is denoted by vn → v, or limn→∞ vn = v.

1.1.1 The weak and weak star topologies
Let Z be a Banach space and g ∈ Z ′. Denote by

φg :Z → R

z 7→ φg(z),

when g cover Z ′, we obtain a family (φg)g∈Z′ of applications to Z in R.

Definition 5. The weak topology on Z, denoted by σ (Z,Z ′), is the weakest topology on Z for
which every (φg)g∈Z′ is continuous.

We will define the third topology on Z ′, the weak star topology, denoted by σ (Z ′, Z). For all
z ∈ Z. Denote by

φz :Z
′ → R

g 7→ φz(g) = ⟨g, z⟩Z′,Z ,

when z cover Z, we obtain a family (φz)z∈Z′ of applications to Z ′ in R.

Definition 6. The weak star topology on Z ′ is the weakest topology on Z ′ for which every (φz)z∈Z′

is continuous.

Definition 7. A sequence (vn) in Z is weakly convergent to Z if and only if

lim
n→∞

g (vn) = g(v)

for every g ∈ Z ′ and this is denoted by vn ⇀ v.

Remark 2. [38]

1. If the weak limit exist, it is unique.

2. If vn → v ∈ Z (strongly), then vn ⇀ v (weakly).

3. If dimZ < +∞, then the weak convergent implies the strong convergent.

Proposition 2. ([5]) Let (gn) be a sequence in Z ′. We have:

1.
[
gn

∗
⇀ g in σ (Z ′, Z)] ⇔ [gn(z) → g(z),∀z ∈ Z].

6
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2. If gn → g (strongly), then gn ⇀ g, in σ (Z ′, Z ′′).

3. If gn ⇀ g in σ (Z ′, Z ′′), then gn
∗
⇀ g, in σ (Z ′, Z).

4. If gn
∗
⇀ g, in σ (Z ′, Z), then ∥gn∥ is bounded and ∥g∥ ≤ lim inf ∥gn∥.

5. If gn
∗
⇀ g, in σ (Z ′, Z) and zn ⇀ z (strongly) in Z, then gn (zn) → g(z).

1.1.2 Hilbert spaces
The most significant function space in contemporary physics and modern analysis, known

as Hilbert spaces, turns out to be the appropriate framework for the formal theory of partial
differential equation. Then, we must present some significant findings regarding these regions.

Definition 8. A Hilbert space H is a vectorial space supplied with inner product ⟨u, v⟩ such that
∥u∥ =

√
⟨u, u⟩ is the norm which let H complete.

Theorem 1. ([38]) Let (un)n∈N be a sequence which converges to u, in the weak topology and
(vn)n∈N is an other sequence which converge weakly to v, then

lim
n→∞

⟨vn, un⟩ = ⟨v, u⟩.

Theorem 2. ([38]) Let Z be a normed space, then the unit ball

B′ =
{
l ∈ Z ′ : ∥l∥ ≤ 1

}
of Z ′ is compact in σ (Z ′, Z).

1.2 Some Algebraic inequalities

1.2.1 Hölder’s inequality
Lemma 1. ([2])Assume that φ ∈ Lp and g ∈ Lq with 1 ⩽ p ⩽ ∞. Then (φg) ∈ L1 and

∥φg∥ ⩽ ∥φ∥p∥g∥q.

Lemma 2. ([2]) (Cauchy-Schwarz inequality) Every inner product satisfies the Cauchy-Schwarz
inequality

⟨Z1, Z2⟩ ⩽ ∥Z1∥ ∥Z2∥ .

The equality sign holds if and only if Z1 and Z2 are dependent.
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1.2.2 Young’s inequality
Lemma 3. ([2]) For all a, b ⩾ 0, the following inequality holds

ab ⩽ ap

p
+
bq

q
,

whereas, 1
p + 1

q = 1.

1.2.3 Poincaré’s inequality
Lemma 4. ([2]) Let Ω ⊂ Rn is a bounded open subset. Then there exists a constant c, depending
on Ω such that:

∥φ∥L2(Ω) ⩽ c∥∇φ∥L2(Ω), ∀φ ∈ H1
0 (Ω).

Lemma 5. ([34, 41]) Let w(z, t) a function in R defined for z ∈ [0, l] , t ∈ R+ that satisfies the
boundary condition

w(0, t) = 0, t ≥ 0, (1.1)

then the following inequalities hold

w2(z, t) ≤ l ∥wz∥2 , z ∈ [0, l], t ≥ 0

and
∥w∥2 ≤ l2 ∥wz∥ 2, t ≥ 0.

If in addition to (1.1) the function satisfies the boundary condition

wz(0, t) = 0, t ≥ 0,

then the following inequalities also hold

w2
z(z, t) ≤ l ∥wzz∥2 , z ∈ [0, l], t ≥ 0

and
∥wz∥2 ≤ l2 ∥wzz∥2 , t ≥ 0.

1.3 Functional Spaces

1.3.1 The Lp(Ω) spaces
Definition 9. Let 1 ≤ p < ∞, and let Ω be an open domain in Rn, n ∈ N. Define the standard
Lebesgue space Lp(Ω), by Lp(Ω) =

{
φ : Ω → R : φ is measurable and

∫
Ω |φ(z)|pdz <∞

}
.

8
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For p ∈ R and 1 ≤ p <∞, denote by

∥φ∥p =
(∫

Ω
|φ(z)|pdz

) 1
p

.

If p = ∞, we have L∞(Ω) = {φ : Ω → R : φ is measurable and there exists a constant C such
that, |φ(z)| ≤ C a.e in Ω}.

Also, we denote by
∥φ∥∞ = Inf{C, |φ(z)| ≤ C a.e in Ω}.

1.3.2 The Sobolev space Wm,p(Ω)

Proposition 3. ([30]) Let Ω be an open domain in RN , Then the distribution T ∈ D′(Ω) is in
Lp(Ω) if there exists a function g ∈ Lp(Ω) such that

⟨T, φ⟩ =
∫
Ω
g(z)φ(z)dz, for all φ ∈ D(Ω),

where 1 ≤ p ≤ ∞, and it’s well-known that φ is unique.

Definition 10. Let m ∈ N and p ∈ [0,∞]. The Wm,p(Ω) is the space of all φ ∈ Lp(Ω), defined as

Wm,p(Ω) = {φ ∈ Lp(Ω), such that ∂γφ ∈ Lp(Ω) for all γ ∈ Nm such that

|γ| =
n∑

j=1

γj ≤ m, where , ∂γ = ∂γ11 ∂
γ2
2 ..∂

γn
n

 .

Theorem 3. ([38]) Wm,p(Ω) is a Banach space with their usual norm

∥φ∥Wm,p(Ω) =
∑
|γ|≤m

∥∂γφ∥Lp , 1 ≤ p <∞, for all φ ∈Wm,p(Ω).

Definition 11. Denote by Wm,p
0 (Ω) the closure of D(Ω) in Wm,p(Ω).

Definition 12. When p = 2, we prefer to denote by Wm,2(Ω) = Hm(Ω) and Wm,2
0 (Ω) = Hm

0 (Ω)

supplied with the norm

∥φ∥Hm(Ω) =

 ∑
|γ|≤m

(∥∂γφ∥L2)
2

 1
2

which do at Hm(Ω) a real Hilbert space with their usual scalar product

⟨u, v⟩Hm(Ω) =
∑
|γ|≤m

∫
Ω
∂γu∂γvdz.

9
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1.3.3 The Lp(0, T, Z) spaces
Definition 13. Let Z be a Banach space, denote by Lp(0, T, Z) the space of measurable functions

φ : ]0, T [→ Z,

t 7−→ φ(t),

such that (∫ T

0
∥φ(t)∥pZdt

) 1
p

= ∥φ∥Lp(0,T,Z) <∞, for 1 ≤ p <∞.

If p = ∞,
∥φ∥L∞(0,T,Z) = sup

t∈]0,T [
ess ∥φ(t)∥Z .

Lemma 6. ([2]) Let Z0, Z and Z1 be three Banach spaces with Z0 ⊆ Z ⊆ Z1. Assume that Z0 is
compactly embedded in Z and that Z is continuously embedded in Z1; assume also that Z0 and Z1

are reflexive spaces. For 1 < p, q < +∞, let

W = {u ∈ Lp ([0, T ];Z0) / u̇ ∈ Lq ([0, T ];Z1)} .

Then the embedding of W into Lp([0, T ];Z) is also compact.

1.4 Bounded and unbounded linear operators in Ba-
nach spaces

Let (X, ∥ · ∥X) and (Z, ∥ · ∥Z) be two Banach spaces.

Definition 14. B linear operator B : X → Z is a transformation which maps linearly X in Z,
that is

B(αx+ βz) = αB(x) + βB(z), ∀x, z ∈ X and α, β ∈ C.

Definition 15. B linear operator B : X → Z is bounded if there exists C ≥ 0, such that

∥Bv∥Z ≤ C∥v∥X ,∀v ∈ X.

That is, we say that B is bounded if ∥Bv∥Z remains bounded when v ∈ {x ∈ X, ∥x∥X ≤ 1}. Oth-
erwise, B is said to be unbounded.

Definition 16. Let E and H be Banach spaces.

1. An operator B : D(B) ⊂ X → R(B) ⊂ H such that

∥Bx−Bz∥ ≤ ∥x− z∥, x, z ∈ D(B),

10
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is called a contraction operator.

Where D(B), R(B) we denote domain and range of B, respectively.

2. An operator B : D(B) ⊂ E → R(B) ⊂ H, is called a strict contraction if there exists B
constant α with 0 ≤ α < 1 such that

∥Bx−Bz∥ ≤ α∥x− z∥, x, z ∈ D(B).

We have the following fixed point theorem.

Theorem 4. ([38]) Let X be a closed subset of E. If B : X → X is B strict contraction operator,
then B has a unique fixed point.

1.5 Strongly continuous semigroups
Definition 17. Let (M(t))t>0 be a family of bounded linear operators on a Banach space X is called
a strongly continuous (one-parameter) semigroup (or C0-semigroup) if it satisfies the functional
equation {

M(t+ s) =M(t) ·M(s), for all t, s > 0

M(0) = I,

and is strongly continuous in the following sense. For every x ∈ X the orbit maps

ξx : t→ ξx(t) :=M(t)x,

are continuous from R+ into X for every x ∈ X.

Definition 18. (Infinitesimal generator of the semigroup) The linear operator B defined by

D(B) =

{
x ∈ X : lim

t→0

M(t)x− x

t
exists

}
,

and
Bx = lim

t→0

M(t)x− x

t
=
d+M(t)x

t

∣∣∣∣
t=0

for x ∈ D(B),

is the infinitesimal generator of the semigroup M(t),D(B) is the domain of B.

Definition 19. An unbounded linear operator (B,D(B)) on X, is said to be dissipative if

Re⟨Bv, v⟩X ≤ 0, ∀v ∈ D(B).

Definition 20. An unbounded linear operator (B,D(B)) on X, is said to be maximal dissipative
(m-dissipative) if

11
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• B is a dissipative operator.

• ∃λ0 > 0 such that Im (λ0I −B) = X.

1.6 Nonlinear semigroups
Definition 21. Let X be a real Banach space with norm ∥.∥. Let X0 be a closed subset of X. Let
M(t) : X0 → X0 be B nonlinear operator for every t ≥ 0.

The family {M(t), t ≥ 0} is called B nonlinear semigroup on X0 of type α if:

1. M(0)x = x for every x ∈ X0,

2. M(t+ s)x =M(t)M(s)x for every x ∈ X0 and t, s ≥ 0,

3. limt→0+ M(t)x = x for every x ∈ X0,

4. For every x, z ∈ X0, t ≥ 0 and for some α ∈ R

∥M(t)x−M(t)z∥ ≤ eαt∥x− z∥.

When α = 0, {S(t), t ≥ 0} be a nonlinear semigroup of contraction on X0, or simply a
nonlinear semigroup on X0.

12



Chapter 2

Stability of an axially moving string

2.1 Introduction
In this chapter, we study the stabilization of solutions of the closed-loop system of (2) given

by 

φtt + 2vφxt −
(
1− v2

)
φxx = 0, x ∈ (0, 1) , t > 0,

φ(0, t) = 0, t ≥ 0,

φx(1, t) = −r(t) (φt + vφx) (1, t) + ϑ (t) + d(t), t ≥ 0,

φ(x, 0) = φ0(x), φt(x, 0) = φ1(x), x ∈ (0, 1) ,

r′(t) = p (φt + vφx)
2 (1, t), p > 0, r(0) = r0 > 0,

φout(t) = (φt + vφx) (1, t), t > 0,

(2.1)

whereas φ = φ(x, t) is the transverse displacement of the string which is axially moving, v repre-
sents speed, φout(t) stands for the measured signal of the system at that free end (output) and d(t)
represents the unknown external disturbance satisfy

d ∈ C (0,∞) and |d (t)| ,
∣∣d′ (t)∣∣ ≤ Cde

a0t. (2.2)

The total derivative operator with respect to time is given by

d

dt
(.) =

·
(.) =

∂

∂t
+ v

∂

∂x
. (2.3)

2.2 Existence Result
We introduce the following subspaces

V =
{
φ ∈ H1(0, 1), φ(0) = 0

}
,

H = L2(0, 1),

13
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equipped with the norm ∥φ∥V = ∥φx∥ . Clearly V ⊂ H ⊂ V ′ where V ′ denotes the dual of V .

2.2.1 Abstract setting
In order to study the existence of solutions, we need to write our main problem as an abstract

problem, for this we introduce:

A : D(A) → H,Aφ = −φxx,

D(A) =
{
φ ∈ H1, φxx ∈ H, φ(0) = φx(1) = 0

}
.

The operator A is a positive operator with a compact inverse in H, we have

A
1
2φ : D(A) → H, A

1
2φ = φx,

with
d(A

1
2 ) =

{
φ ∈ H1, φ(0) = 0

}
= V,

(Af, g)V ′×V =
(
A

1
2 f,A

1
2 g
)
,

(Aφ,φ) = (φx, φx) =
∥∥∥A 1

2φ
∥∥∥ . (2.4)

By Poincaré inequality
∥φ∥ ≤

∥∥∥A 1
2φ
∥∥∥ . (2.5)

Then, (2.1) can be written as

d2φ

dt2
+ r(t)KK∗ d

dt
φ+K (ϑ+ d) +Aφ = 0, t > 0,

φ(0) = φ0, φt(0) = φ1,

ṙ(t) = pw2 (t) , p > 0, r(0) = r0 > 0, t > 0,

φout(t) = K∗φ̇(t), t > 0.

(2.6)

K : R → V ′, K = δ (x− 1) with K∗ = (δ (x− 1) , .) where δ is the Dirac distribution (see [43]).
We denote by φ (t) :=

(
φ (t) , d

dtφ (t) , r (t)
)
, then d

dtφ :=
(

d
dtφ (t) , d

2φ
dt2

(t) , r′ (t)
)

and φ satisfies

{
d
dtφ = Aφ+K (d+ ϑ) ,

φ (0) = φ0 = (φ0, φ1, r0)
T ,

where

A

 φ

z

r

 =

 z

−rkk∗z −Aφ

p [K∗z]2

 , (2.7)
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with domain
D (A) =

{
(φ, z, r) ∈ D (A)× V × R+, rKK∗z +Aφ ∈ H

}
,

and K =(0,−K)T . Denote by H the Hilbert space

H = V ×H × R+,⟨
(φ1, z1, r1)

T , (φ2, z2, r2)
T
⟩
=
(
A

1
2φ1, A

1
2φ2

)
+ (z1, z2) +

1

2p
r1r2.

In order to show the existence and uniqueness of solution of (2.6), see [29, 43].

Theorem 5. For φ0 ∈ D (A) , the system (2.1) admits a unique solution satisfying

φ ∈ C ([0, T ), D (A)) ∩ C1 ([0, T ),H) .

Proof. Let (φ, z, r)T ∈ D(A), then

⟨A (φ1, z1, r1)−A (φ2, z2, r2) , (φ1 − φ2, z1 − z2, r1 − r2)⟩

=
(
A

1
2 (z1 − z2) , A

1
2 (φ1 − φ2)

)
+ ((−r1KK∗z1 −Aφ1)− (−r2KK∗z2 −Aφ2) , z1 − z2)

+
1

2
(r1 − r2)

(
[K∗z1]

2 − [K∗z2]
2
)

= ((−r1KK∗z1)− (−r1KK∗z2) , z1 − z2) +
1

2
(r1 − r2)

(
[K∗z1]

2 − [K∗z2]
2
)

=

[
1

2
(r1 − r2)− r1

]
[K∗z1]

2 + (r1 + r2)K
∗z1K

∗z2 +

[
1

2
(r2 − r1)− r2

]
[K∗z2]

2 .

It follows that

⟨A (φ1, z1, r1)−A (φ2, z2, r2) , (φ1 − φ2, z1 − z2, r1 − r2)⟩

= −1

2
(r1 + r2) ([K

∗z1]− [K∗z2])
2 .

We conclude that A is dissipative in H.
Second, we show that λI −A is surjective. Let (ϕ, ψ, χ)T ∈ H, λ > 0 and (φ, z, r)T ∈ D(A) such
that

(λI −A)

 φ

z

r

 =

 ϕ

ψ

χ

 .

This is equivalent to
λφ− z = ϕ, (2.8)

λz + rKK∗z +Aφ = ψ, (2.9)

λr − p [K∗z]2 = χ. (2.10)
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Then, by (2.8)
z = λφ− ϕ ∈ V. (2.11)

Moreover, from (2.8) and (2.11), r is given by

r =
1

λ

[
χ+ p [K∗z]2

]
=

1

λ

{
χ+ p [K∗ (λφ− ϕ)]2

}
.

From (2.9) and (2.11), φ satisfies

λ2φ+ λrKK∗φ+Aφ = ψ + λϕ+ λrKK∗ϕ. (2.12)

We set
Aλ = λ2 + λrKK∗ +A

and
y = ψ + λϕ+ λrKK∗ϕ ∈ H ⊂ V ′.

Let us introduce the operator

Φλ : V → V : φ→ φ− 1

λ2
(Aλφ− y) .

The existence of a fixed point for Φλ is clearly equivalent to the existence of a solution to equation
(2.12).
Using (2.4), we get

(λrKK∗φ+Aφ,φ)V ′,V =

∫ 1

0
φ2
xdx+

λ

r
φ2(1, t) ≤ (1 + λr)

∫ 1

0
φ2
xdx = (1 + λr) ∥φ∥2V

and
(λrKK∗φ+Aφ,φ)V ′,V =

∫ 1

0
φ2
xdx+ λrφ2(1, t) ≥ ∥φ∥2V .

we see that∣∣∣(λrKK∗φ+Aφ, u)V ′,V

∣∣∣ = ∫ 1

0
φxuxdx+ λrφ(1, t)u(1, t) ≤ (1 + λr) ∥φ∥V ∥u∥V ,

which implies that
∥λrKK∗φ+Aφ∥V ′ ≤ (1 + λr) ∥φ∥V . (2.13)

We calculate

∥Φλ (φ1)− Φλ (φ2)∥2V =
1

λ4
(λrKK∗ (φ1 − φ2) +A (φ1 − φ2) , λrKK

∗ (φ1 − φ2) +A (φ1 − φ2)) .
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From the estimate (2.13), we get

∥Φλ (φ1)− Φλ (φ2)∥2V ≤ 1

λ4
(1 + λr)2 ∥φ1 − φ2∥2V .

For sufficiently large λ, Φλ is a contraction mapping from V into itself and has a unique fixed point
φ in V which is a solution of (2.12).

2.3 Disturbance estimate

This section is reserved to estimate the disturbance d(t) in (2.1). We employ the active dis-
turbance rejection control (ADRC) approach to investigate this problem (see [24]). Multiplying the
first equation in (2.1) by g(x) = x and integrating over (0, 1), we get∫ 1

0
x
d

dt
(φt + vφx) dx = φx (1, t)−

∫ 1

0
φxdx = −φ (1, t) + u(t) + d(t),

or
d

dt

∫ 1

0
x (φt + vφx) dx =

∫ 1

0
(φt + vφx) dx− φ (1, t) + u(t) + ϑ (t) + d(t). (2.14)

Set
y(t) =

∫ 1

0
x (φt + vφx) dx, y0(t) =

∫ 1

0
(φt + vφx) dx− φ (1, t) .

Then, (2.14) becomes
d

dt
y(t) = y0(t) + u(t) + d(t). (2.15)

This is the first step to estimate the disturbance using the technique introduced in [24] for lumped
parameter systems. {

˙̂y(t) = y0(t) + u(t) + d̂(t)− q(t) (ŷ(t)− y(t)) ,
˙̂
d(t) = −q2(t) (ŷ(t)− y(t)) ,

(2.16)

where q ∈ C1 (R+) fulfills the conditions
(H1) q(t), q̇(t) > 0 and supt≥0

q̇(t)
q(t) = N <∞,

(H2) limt→∞
|d(t)|
q(t) = 0.

Next, we introduce the errors which are formulated by

ey = −q(t) (y(t)− ŷ(t)) , ed = d(t)− d̂(t), t ≥ 0.

Lemma 7. Assume that (H1 ) and (H2) hold and d(t) satisfy (2.2), then the solution of (2.16)
satisfies

lim
t→∞

ey = lim
t→∞

ed = 0.

Furthermore, if q(t) = Req0t with q > Cd and q0 > a0, then there exists a positive constant K such
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that
|ey| , |ed| ≤ Ke−(q0−a0)t, t ≥ 0.

Proof. We have
ėy(t) = −q̇(t) (y(t)− ŷ(t))− q(t)

(
ẏ(t)− ˙̂y(t)

)
, t ≥ 0. (2.17)

Then, we obtain

ėy(t) = −q̇(t) (y(t)− ŷ(t))− q(t)
[
y0(t) + u(t) + d(t)− y0(t)− u(t)− d̂(t) + q(t) (ŷ(t)− y(t))

]
= −q̇(t) (y(t)− ŷ(t))− q(t)

(
d(t)− d̂(t)

)
+ q2(t) (y(t)− ŷ(t))

=
q̇(t)

q(t)
ey(t)− q(t) (ey(t) + ed(t)) , t ≥ 0. (2.18)

On the other hand
ėd = ḋ(t)− ˙̂

d(t), t ≥ 0. (2.19)

Then, we get
ėd = ḋ(t)− q2(t)(y(t)− ŷ(t)) = q(t)ey(t) + ḋ(t), t ≥ 0. (2.20)

Taking into account the previous computations, the following system is obtained
ėy(t) = −q(t) (ey(t) + ed(t)) +

q̇(t)
q(t)ey(t), t ≥ 0,

ėd(t) = q(t)ey(t) + ḋ(t), t ≥ 0,

ey(0) = ey,0, ed(0) = ed,0.

(2.21)

The system (2.21) can be written as{
ė(t) = A (t) e(t) + fd (t) , t ≥ 0,

e(0) = e0 = (eη,0, ed,0) ,
(2.22)

with

A (t) =

(
−q(t) + q̇(t)

q(t) −q(t)
q(t) 0

)
, fd (t) =

(
0

ḋ(t)

)
.

We define the Lyapunov function for (2.21) by

L(t) = e2y(t) +
3

2
e2d(t) + ey(t)ed(t), t ≥ 0.

We see that
1

2

(
e2y(t) + e2d(t)

)
≤ L(t) ≤ 2

(
e2y(t) + e2d(t)

)
, t ≥ 0. (2.23)
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Differentiating the Lyapunov function L̇(t), we get

L̇(t) = 2ėy(t)ey(t) + 3ėd(t)ed(t) + ėy(t)ed(t) + ey(t)ėd(t)

≤ −q(t)
(
e2y(t) + e2d(t)

)
+ 2

q̇(t)

q(t)
e2y(t) +

q̇(t)

q(t)
ey(t)ed(t)

+
∣∣∣ḋ(t)∣∣∣ (3 |ed(t)|+ |ey(t)|) , t ≥ 0.

System (2.21) and assumptions (2.2) imply that

L̇(t) ≤
(
−q(t) + 1

2

q̇(t)

q(t)

)(
e2y(t) + e2d(t)

)
+ 2

q̇(t)

q(t)
e2y(t) + 3Cd |d(t)| (|ed(t)|+ |ey(t)|)

≤
(
−q(t) + 5

2

q̇(t)

q(t)

)(
e2y(t) + e2d(t)

)
+ 3

√
2Cde

a0t
√
e2y(t) + e2d(t), t ≥ 0.

We have
−q(t) + 5

2

q̇(t)

q(t)
< −q(t) + 5

2
N < 0.

This is owing to

L̇(t) ≤
(
−q(t) + 5

2
N

)
L(t) + 3

√
2Cde

a0t
√

L(t), t ≥ 0,

which gives
d

dt

√
L(t) ≤ 1

2

(
−q(t) + 5

2
N

)√
L(t) + 3√

2
Cde

a0t, t ≥ 0.

Integrating over (t0, t), we obtain

√
L(t) ≤

√
L(t0)e

1
2

∫ t
t0
(−q(s)+ 5

2
N)ds +

3Cd√
2

∫ t

t0

ea0τe
1
2

∫ t
τ (−q(s)+ 5

2
N)dsdτ, t > t0.

Using L’Hospital rule and (H2), we get

lim
t→∞

∫ t

t0

ea0τe
1
2

∫ t
τ (−q(s)+ 5

2
N)dsdτ = lim

t→∞

∫ t
t0
ea0τe

1
2

∫ τ
t0
(q(s)− 5

2
N)dsdτ

e
1
2

∫ t
t0
(q(s)− 5

2
N)ds

= 2 lim
t→∞

ea0t

2r(t)− 5N
= 0,

then limt→∞
√
L(t) = 0. This leads by the equivalence result (2.23) to

lim
t→∞

(
e2η(t) + e2d(t)

)
= 0.

This completes the proof of the first assertion of Lemma 7. Furthermore, since

∫ t

t0

ea0τe
1
2

∫ t
τ (−q(s)+ 5

2
N)dsdτ =

∫ t
t0
ea0τe

1
2

∫ τ
t0
(q(s)− 5

2
N)dsdτ

e
1
2

∫ t
t0
(q(s)− 5

2
N)ds

, t > t0.

19



Stability of an axially moving string

We compute

lim
t→∞

∫ t
t0
ea0τe

1
2

∫ t
τ (−q(s)+ 5

2
N)dsdτ

e−(q0−a0)t
= lim

t→∞

∫ t
t0
ea0τe

1
2

∫ τ
t0
(q(s)− 5

2
N)dsdτ

e
−(q0−a0)t+

1
2

∫ t
t0
(q(s)− 5

2
N)ds

.

Again L’Hospital rule

lim
t→∞

∫ t
t0
ea0τe

1
2

∫ t
τ (−q(s)+ 5

2
N)dsdτ

e−(q0−a0)t
= 2 lim

t→∞

ea0t(
Req0t − 5

2N − 2 (q0 − a0)
)
e−(q0−a0)t

= 2 lim
t→∞

1

e−q0t
(
Req0t − 5

2N − 2b
) =

2

q
.

This shows that there exists a positive constant A1 such that

3Cd√
2

∫ t

t0

ea0τe
1
2

∫ t
τ

(
− q(s)

β
+ 5

2
N
)
ds
dτ ≤ A1e

−(q0−a0)t, t > 0. (2.24)

Assumption (H1) implies for t sufficiently large that

e
1
2

∫ t
t0

(
− q(s)

β
+ 5

2
N
)
ds ≤ e−(q0−a0)t, t > 0. (2.25)

Now, the identities (2.24) and (2.25) together lead to√
L(t) ≤ Ae−(q0−a0)t, t > 0.

So, √
e2y(t) + e2d(t) ≤ A

√
2e−(q0−a0)t, t > 0.

K = A
√
2.

We take the feedback control law ϑ(t) = −d̂(t). Then, the new closed-loop system is written as

φtt + 2vφxt −
(
1− v2

)
φxx = 0, x ∈ (0, 1) , t > 0,

φ(0, t) = 0, t ≥ 0,

φx(1, t) = −r(t) (φt + vφx) (1, t) + ed, t ≥ 0,

ėy(t) = −q(t) (ey(t) + ed(t)) +
q̇(t)
q(t)ey(t),

ėd(t) = q(t)ey(t) + ḋ(t), t ≥ 0,

φ(x, 0) = φ0(x), φt(x, 0) = φ1(x), x ∈ (0, 1) ,

ey(0) = ey,0, ed(0) = ed,0.

r′(t) = p (φt + vφx)
2 (1, t), p > 0, r(0) = r0 > 0.

(2.26)
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2.4 Exponential Stability
We define the classical energy of problem by

E(t) = Eφ(t) + Ey,d (t) , t ≥ 0,

where Eφ(t) and Ey,d (t) are given by

Eφ(t) =
1

2
∥φt + vφx∥2 +

1

2
∥φx∥2 , t ≥ 0

and
Ey,d (t) = e2y(t) + e2d(t), t ≥ 0.

Theorem 6. Under assumptions (H1) and (H2), the solution of (2.26) satisfies
(φt + vφx) (1) ∈ L2(0,∞) such that

Eφ(t) ≤ Ne−δt, t ≥ 0,

where N and δ, are positive constants

Proof. The differentiation of E gives

d

dt
E(t) =

∫ 1

0
(φt + vφx)

(
φtt + 2vφxt + v2φxx

)
dx+

∫ 1

0
φx (φxt + vφxx) dx, t ≥ 0.

That is
d

dt
E(t) = [(φt + vφx)φx]

1
0 , t ≥ 0. (2.27)

Taking into account the boundary conditions, the following formula is obtained

d

dt
E(t) = −r(t) (φt + vφx)

2 (1)− vφ2
x(0) + (φt + vφx) (1) ed (t) , t ≥ 0.

If q(t) = Req0t with q > Cd and q0 > a0, then there exist a positive constant K such that

d

dt
E(t) ≤ −r(t) (φt + vφx)

2 (1)− vφ2
x(0) +K |(φt + vφx) (1)| e−(q0−a0)t, t ≥ 0. (2.28)

d

dt
E(t) ≤ 1

2
(r0 − 2k(t)) (φt + vφx)

2 (1)− vφ2
x(0, t) +

2B2

r0
e−2(q0−a0)t, t ≥ 0.

In order to deal with the stability of the main problem , we introduce this new functional

L(t) = E(t) +
1

2p
r2 (t) , t ≥ 0,
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which gives after differentiation

d

dt
L(t) =

d

dt
E(t) +

1

2
r(t) (φt + vφx)

2 (1)

≤ 1

2
(r0 − r(t)) (φt + vφx)

2 (1)− vφ2
x(0) +

2B2

r0
e−2(q0−a0)t, t ≥ 0.

Since r is increasing, we obtain

d

dt
L(t) ≤ 2B2

r0
e−2(q0−a0)t, t ≥ 0.

By integrating, we arrive at

L(t) ≤ E(0) +
K2

(q0 − a0) r0
= L1, t ≥ 0.

This implies that

sup
t≥0

[
E(t) +

1

2p
r2 (t)

]
≤ L1, t ≥ 0. (2.29)

It results that
r (t) <

√
2pL1, t ≥ 0. (2.30)

Since r′(t) = pw2(t), q > 0, we define the functional

V(t) = E(t) + ϵΦ(t), t ≥ 0

where
Φ(t) =

∫ 1

0
xφx (φt + vφx) dx, t ≥ 0.

This functional satisfies

|Φ(t)| ≤
∫ 1

0
|φx (φt + vφx)| dx

≤ 1

2

(
∥φt + vφx∥2 + ∥φx∥2

)
≤ E(t), t ≥ 0.

Then, the following relation holds

β1E(t) ≤ V(t) ≤ β2E(t), t ≥ 0 (2.31)

where β1 = 1− ϵ and β2 = 1 + ϵ with ϵ < 1. We have

d

dt
Φ(t) =

∫ 1

0
x (φxt + vφxx) (φt + vφx) dx+ v

∫ 1

0
φx (φt + vφx) dx

+

∫ 1

0
xφx

(
φtt + 2vφxt + v2φxx

)
dx, t ≥ 0, (2.32)
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d

dt
Φ(t) =

∫ 1

0
x (φxt + vφxx) (φt + vφx) dx+ v

∫ 1

0
φx (φt + vφx) dx

+

∫ 1

0
xφxφxxdx, t ≥ 0, (2.33)

∫ 1

0
x (φxt + vφxx) (φt + vφx) dx =

1

2
(φt + vφx)

2 (1)− 1

2
∥φt + vφx∥2 , t ≥ 0, (2.34)

∫ 1

0
φx (φt + vφx) dx ≤ 1

2
∥φt + vφx∥2 +

1

2
∥φx∥2 , t ≥ 0, (2.35)

∫ 1

0
xφxφxxdx =

1

2
φ2
x(1, t)−

1

2
∥φx∥2 , t ≥ 0. (2.36)

Gathering the estimates (2.34)-(2.36) in (2.33), we obtain

d

dt
Φ(t) ≤ −1

2
(1− v) ∥φt + vφx∥2 −

1

2
(1− v) ∥φx∥2 +

1

2
(φt + vφx)

2 (1) +
1

2
φ2
x(1), t ≥ 0.

We have

φ2
x(1, t) = 2k2(t) (φt + vφx)

2 (1) + 2e2d ≤ 2k2(t) (φt + vφx)
2 (1) + 2B2e−2(q0−a0)t, t ≥ 0.

Then, we obtain

d

dt
Φ(t) ≤ −1

2
(1− v) ∥φt + vφx∥2 −

1

2
(1− v) ∥φx∥2 +

1

2

(
1 + 2k2(t)

)
(φt + vφx)

2 (1)

+K2e−2(q0−a0)t, t ≥ 0. (2.37)

(2.28) and (2.37), it holds

d

dt
V(t) ≤ − ϵ

2
(1− v) ∥φt + vφx∥2 −

ϵ

2
(1− v) ∥φx∥2 −

[
r(t)− ϵ

2

(
1 + 2k2(t)

)]
(φt + vφx)

2 (1)

+ϵK2e−2(q0−a0)t +K |(φt + vφx) (1)| e−(q0−a0)t, t ≥ 0. (2.38)

Applying the Young inequality to (2.38), we obtain

d

dt
V(t) ≤ −ϵ (1− v)E(t)−

[
r(t)− ϵ

2

(
1 + 2k2(t)

)
− η
]
(φt + vφx)

2 (1)

+

(
ϵ+

1

4η

)
K2e−2(q0−a0)t, t ≥ 0, (2.39)

for some η > 0. Since r(t) <
√
2pL1 (see (2.30)) and r(t) ≥ r0, it follows that

r(t)− ϵ

2

(
1 + 2k2(t)

)
≥ r0 −

ϵ

2
(1 + 4pL1) , t ≥ 0. (2.40)
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By virtue of (2.31), it results from (2.39) and (2.40) that

d

dt
V(t) ≤ − ϵ

β2
V(t)−

[
r0 −

ϵ

2
(1 + 4pL1)− η

]
(φt + vφx)

2 (1)

+

(
ϵ+

1

4η

)
K2e−2(q0−a0)t, t ≥ 0. (2.41)

Choosing ϵ and η small enough, we obtain

d

dt
V(t) ≤ − ϵ

β2
V(t) +

(
ϵ+

1

4η

)
K2e−2(q0−a0)t, t ≥ 0. (2.42)

Integrating (2.42) over (0, t), t ≥ 0, we entail that

V(t) ≤ V(0)e−
ϵ
β2

t
+

(
ϵ+

1

4η

)
K2e

− ϵ
β2

t
∫ t

0
e

[
−2(q0−a0)+

ϵ
β2

]
s
ds

≤ V(0)e−
ϵ
β2

t
+

(
ϵ+

1

4η

)
K2[

2 (q0 − a0)− ϵ
β2

] (e− ϵ
β2

t − e−2(q0−a0)t
)
. (2.43)

Choosing again ϵ sufficiently small so that 2 (q0 − a0)− ϵ
β2
> 0 and exploiting (2.31), we obtain

Eφ(t) ≤ Ne−δt, t ≥ 0,

where N = V(0)
β1

+
(
ϵ+ 1

4η

)
K2

β1

[
2(q0−a0)− ϵ

β2

] and δ = ϵ
β2
. Then, the assertion of the theorem is

established.
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Chapter 3

General decay for an axially moving
viscoelastic beam

3.1 Introduction
We consider the following initial boundary value problem in this chapter, which is

ϱ
(
φtt + 2Vφxt + V2φxx

)
+ EIφxxxx − EI

∫ t

0
Z(t− s)φxxxx(s)ds = 0,

x ∈ (0, l), t ≥ 0,

φ(0, t) = φx(0, t) = φxx(l, t) = 0, t ≥ 0,

ϱV2φx(l, t) + EIφxxx(l, t)− EI

∫ t

0
Z(t− s)φxxx(l, s)ds = y(φ(l, t)),

t ≥ 0,

φ(x, 0) = φ0(x), φt(x, 0) = φ1(x), x ∈ (0, l)

(3.1)

whereas φ = φ(x, t) is the beam transversal displacement.
V is the axial speed .
EI is the beam flexural rigidity.
ϱ is the beam mass per unit length.
Z (nonnegative functions) see [20].
φ0(x) , φ1(x) are the initial data.
y represents the nonlinear term.
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3.2 Preliminaries
In this section, we give some material needed in the proof of our results.

For every measurable set A ⊂ R+, we define for all t ≥ 0

Ẑ(A) =
1

K

∫
A
Z(s)ds (3.2)

and
At = A ∩ [0, t].

The set of flatness and the flatness rate of Z are defined by

YZ = {s ∈ R+ : Z(s) > 0 and Z ′(s) = 0} (3.3)

and
RZ = Ẑ(YZ),

ỹZ = {s ∈ R+ : Z(t− s) > 0 and Z ′(t− s) = 0}.

The following hypotheses are taken into consideration:

(H1) Z(t) ≥ 0 , t ≥ 0 , 0 < K =

∫ ∞

0
Z(s)ds < 1.

(H2) Z ′(t) ≤ 0 for almost all t > 0.

(H3) y needs to satisfy the following conditions:

y(0) = 0, |y(x)− y(s)| ≤ m(1 + |x|α + |s|α) |x− s| , ∀x, s ∈ R, α ∈ R+,

0 ≤ Y (x) ≤ xy(x), ∀x ∈ R,

and Y (z) =

∫ z

0
y(s)ds.

(H4)
∫∞
t Z(s)ds ≤ σ (t) , t ≥ 0 where

σ : [0,∞) → R+ is absolutely continuous and satisfies the condition

σ′ (t) + ζ (t)χ (σ (t)) ≤ 0, a, e, t > 0, (3.4)

where ζ : R+ → R+ in the neighborhood of ∞ is decreasing, continuous and non-summable, while
χ : [0,∞) → [0,∞) is a continuous function and for an arbitrary, fixed r > 0, let

B (x) =

∫ r

x

ds

χ(s)
.
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Lemma 8. Let t̄ > 0 be given and φ : [t̄,∞) → R+ be an absolutely continuous function satisfying

φ′(t) + aζ (t)χ (φ(t)) ≤ 0, a.e.t > t̄, a > 0.

Then, there exists t̂ ≥ t̄, depending on φ(t̄), such that

φ(t) ≤ B−1

(
a

∫ t

t̂
ζ (s) ds

)
, ∀t ≥ t̂.

Lemma 9. (see [32])
i) Let y : (0, t) → [a, b] be an integrable function on (0, t) and Z(s) ≥ 0 with

∫ t
0 Z(s)ds = 1, then

Jensen’s inequality states that

χ

(∫ t

0
y(s)Z(s)ds

)
≤
∫ t

0
χ (y(s))Z(s)ds.

ii) For real numbers x1, x2, ..., xn in the domain of χ, and positive real numbers a1, a2, ..., an,
Jensen’s inequality is written as∑n

i=1 aiχ (xi)∑n
i=1 ai

≥ χ

(∑n
i=1 aixi∑n
i=1 ai

)
.

We define the modified energy of problem (3.1) by

E(t) =
ϱ

2
∥φt∥2 −

ϱV2

2
∥φx∥2 +

EI

2

(
1−

∫ t

0
Z(s)ds

)
∥φxx∥ 2

+
EI

2

∫ l

0
(Z ◦ φxx) (t)dx+ Y (φ(l)), t ≥ 0 (3.5)

where ∥.∥ is the L2−norm and

(Z ◦ φ) (t) =
∫ t

0
Z(t− s) |φ(t)− φ(s)|2 ds, t ≥ 0.

Proposition 4. Under the hypotheses (H1)-(H3) and V2 < EI(1−K)/ϱl2, we have

E(t) ≥ 0, t ≥ 0.
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Proof. Using Poincaré’s inequality, we have

E(t) ≥ ϱ

2
∥φt∥2 +

1

2

[
EI − ϱV2l2 − EI

∫ t

0
Z(s)ds

]
∥φxx∥2

+
EI

2

∫ l

0
(Z ◦ φxx) (t)dx+ Y (φ(l)), t ≥ 0. (3.6)

Since V2 < EI(1−K)/ϱl2, we end the proof of the Proposition 4.

Lemma 10. (See [42]) We have for Z ∈ C(0,∞) and φ ∈ C
(
(0,∞) ;L2 (0, l)

)
∫ l

0
φ

∫ t

0
Z(t− s)φ(s)dsdx

=
1

2

(∫ t

0
Z(s)ds

)
∥φ∥2 + 1

2

∫ t

0
Z(t− s)

∫ l

0
φ2(s)dxds− 1

2

∫ l

0
(Z ◦ φ) dx, t ≥ 0.

3.3 Well posedness
We define the following spaces

V =
{
u ∈ H2(0, 1), u(0) = ux(0) = 0

}
and

W =
{
u ∈ V ∩H4(0, 1), uxx(1) = 0

}
.

Theorem 7. Let (φ0, φ1) ∈ V × L2(0, 1). Under the hypotheses (H1)-(H4) and V2 < lEI/ϱ, the
problem (3.1) has a unique (weak) solution such that

φ ∈ L∞(0,∞;V ), φt ∈ L∞ (0,∞;L2(0, 1)
)
, φtt ∈ L2 (0,∞;V ∗)

where V ∗ is the dual of V .

Proof. Let us solve the variational problem associated with equation (3.1)

ϱ (φtt, w) + 2ϱV (φxt, w)− ϱV2 (φx, wx) + EI (φxx, wxx)

− EI

∫ t

0
Z(t− s) (φxx(s), wxx) ds+ y(φ(1, t))w(1) = 0, for all w ∈ V

Let
{
wi
}∞
i=1

, we denote Wm = span
{
w1, w2, . . . , wm

}
.

φm(x, t) =

k∑
i=1

cim(t)wi(x), x ∈ (0, 1), t ≥ 0
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for any w ∈Wm, we get
ϱ (φm

tt , w) + 2ϱV (φm
xt, w)− ϱV2 (φm

x , wx) + EI (φm
xx, wxx)

−EI
∫ t
0 Z(t− s) (φm

xx(s), wxx) ds+ y (φm(1, t))w(1) = 0,

φm(x, 0) = φ0,m(x) → φ0 in V, φm
t (x, 0) = φ1,m(x) → φ1 in L2(0, 1).

(3.7)

We recall

Em(t) =
ϱ

2
∥φm

t ∥2 − ϱV2

2
∥φm

x ∥2 + EI

2

(
1−

∫ t

0
Z(s)ds

)
∥φm

xx∥
2

+
EI

2

∫ 1

0
(Z ◦ φm

xx) dx+ y (φm(1, t)) , t ∈ [0, tm)

and define
Xm(t) =

ϱ

2
∥φm

t ∥2 + 1

2

[
EIl − ϱV2

]
∥φm

xx∥
2 +

EI

2

∫ 1

0
(Z ◦ φm

xx) dx

+ y (φm(1, t)) , t ∈ [0, tm) .

As φm ∈ V, we get ∥φm
x ∥2 ≤ ∥φm

xx∥
2 , t ∈ [0, tm) we have V2 < lEI/ϱ, we have

0 < Xm(t) < Em(t), t ∈ [0, tm)

where φm is a solution of equation (3.7) we hve (see [21])

d

dt
Em(t) =

d

dt

∫ 1

0
Ẽm(x, t)dx+

d

dt
y (φm(1, t))

=

∫ 1

0

[
∂

∂t
Ẽm(x, t) +

∂x

∂t

∂

∂x
Ẽm(x, t)

]
dx+

d

dt
y (φm(1, t))

=

∫ 1

0

∂

∂t
Ẽm(x, t)dx+ VẼm(x, t)

∣∣∣1
0
+
d

dt
y (φm(1, t)) , t ∈ [0, tm) ,

where
Ẽm(x, t) =

ϱ

2
[φm

t (x, t)]2 − ϱV2

2
[φm

x (x, t)]2 +
EI

2

(
1−

∫ t

0
Z(s)ds

)
[φm

xx(x, t)]
2

+
EI

2
(Z ◦ φm

xx) (x, t), t ∈ [0, tm) ,

we have

Ẽm(x, t)
∣∣∣1
0
=
ϱ

2
[φm

t (1, t)]2 − ϱV2

2
[φm

x (1, t)]2 − EI

2

(
1−

∫ t

0
Z(s)ds

)
[φm

xx(0, t)]
2

− EI

2
(Z ◦ φm

xx) (0, t), t ∈ [0, tm) .

(3.8)

We have
∂

∂t
(Z ◦ φm

xx) (t) =
(
Z ′ ◦ φm

xx

)
(t)− 2

∫ t

0
Z(t− s) (φm

xx(s), φ
m
xxt) ds

+ 2

(∫ t

0
Z(s)ds

)
φm
xxt(t)φ

m
xx(t), t ∈ [0, tm) .

(3.9)
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We obtain

ϱ (φm
tt , φ

m
t )− ϱV2 (φm

x , φ
m
xt) + EI (φm

xx, φ
m
xxt)− EI

∫ t

0
Z(t− s) (φm

xx(s), φ
m
xxt) ds

+ y (φm(1, t))φm
t (1, t) = −ϱV [φm

t (1, t)]2 , t ∈ [0, tm)

(3.10)

We deduce that∫ 1

0

∂

∂t
Ẽm(x, t)dx+

d

dt
y (φm(1, t)) =− ϱV [φm

t (1, t)]2 − EI

2
Z(t) ∥φm

xx∥
2

+
EI

2

(
Z ′ ◦ φm

xx

)
(t), t ∈ [0, tm)

Therefore, we get

d

dt
Em(t) = −EI

2
Z(t) ∥φm

xx∥
2 +

EI

2

∫ 1

0

(
Z ′ ◦ φm

xx

)
dx− ϱV

2
|φm

t (1, t)|2

−ϱV
3

2
|φm

x (1, t)|2 − EIV
2

(
1−

∫ t

0
Z(s)ds

)
|φm

xx(0, t)|
2 − EIV

2
(Z ◦ φm

xx) (0, t),

for all t ∈ [0, tm).

Xm(t) < Em(t) ≤ Em(0) ≤ K1, (3.11)

where K1 = (∥φ1∥ , ∥φ0xx∥ , ∥φ0x∥). The estimate equation (3.11) implies{
φm is uniformly bounded in L∞(0, T ;V ),

φm
t is uniformly bounded in L∞ (0, T ;L2(0, 1)

)
.

(3.12)

3.4 Passage to the limit
Consequently {

φµ ⇀ φ in L∞(0, T ;V ) weakly star,
φµ
t ⇀ φt in L∞ (0, T ;L2(0, 1)

)
weakly star.

We easily deduce from equation (3.12) that φm and φm
t are bounded in L2(0, T ;V ) and L2

(
0, T ;L2(0, 1)

)
,

respectively.
Since the embedding Z1(0, T ;V ) ↪→ L2

(
0, T ;L2(0, 1)

)
is compact, we deduce that φµ → φ

strongly in L2
(
0, T ;L2(0, 1)

)
. Therefore, φµ → φ strongly and a.e. on (0, T )× (0, 1). The as-

sumption (H1) and Lemma 5 lead to
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|y (φm(1, t))| ≤ k
(
|φm(1, t)|+ |φm(1, t)|(α+1)

)
≤ k

(
∥φm

xx∥+ ∥φm
xx∥

(α+1)
)
, t ∈ [0, T ).

The previous relation implies (see [21])

y (φm(1, t))⇀ y(φ(1, t)) in L∞(0, T ) weakly star.

3.5 Uniqueness
Let u and z be two solutions of problem (3.1) and set φ = u− z. Then, φ satisfies

ϱ (φtt, w) + 2ϱV (φxt, w)− ϱV2 (φx, wx) + EI (φxx, wxx)

−EI
∫ t
0 Z(t− s) (φxx(s), wxx) ds+ [y(u(1, t))− y(z(1, t))]w(1) = 0,

φ(x, 0) = 0, φt(x, 0) = 0.

We define

φ(t) =
ϱ

2
∥φt∥2 −

ϱV2

2
∥φx∥2 +

EI

2

(
1−

∫ t

0
Z(s)ds

)
∥φxx∥2 +

EI

2

∫ 1

0
(Z ◦ φxx) dx, t ∈ [0, T ),

we have

d

dt
φ(t) =− EI

2
Z(t) ∥φxx∥2 +

EI

2

∫ 1

0

(
Z ′ ◦ φxx

)
dx− ϱV

2
φ2
t (1, t)−

ϱV3

2
φ2
x(1, t)

− EIV
2

(
1−

∫ t

0
Z(s)ds

)
φ2
xx(0, t)−

EIV
2

(Z ◦ φxx) (0, t)

+ [y (φ2(1, t))− y (φ1(1, t))]φt(1, t), t ∈ [0, T ).

(3.13)

Next, we have

[y(z(1, t))− y(u(1, t))]φt(1) ≤ k (1 + |z(1, t)|α + |u(1, t)|α) |φ(1, t)| |φt(1, t)|

≤ k (1 + ∥zxx∥α + ∥uxx∥α) ∥φxx∥ |φt(1, t)|

≤ K3 ∥φxx∥ |φt(1, t)| ≤ µK3φ
2
t (1, t) +

K3

4µ
∥φxx∥2 .

(3.14)

We arrive at

φ(t) ≤
(
µK3 −

ϱV
2

)∫ t

0
φ2
t (1, s)ds+

K3

4µ

∫ t

0
∥φxx(s)∥2 ds, t ∈ [0, T ),

Now, for sufficiently small µ, it is clear that
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φ(t) ≤ K4

∫ t

0
|φ(s)|ds, t ∈ [0, T ).

for some positive constant K4 > 0. Using Gronwall’s Lemma, we deduce that

φ(t) = 0, t ∈ [0, T ),

which means that u = z.

3.6 Analysis of stability
In this section, we shall state and prove our main result.

Lemma 11. (see [40]) If φ is a solution of equation (3.1), then the energy E(t) satisfies

d

dt
E(t) ≤ EI

2

∫ l

0

(
Z ′ ◦ φxx

)
(t)dx− ϱV

2
φ2
t (l)−

ϱV3

2
φ2
x(l)

−EIV
2

(
1−

∫ t

0
Z(s)ds

)
φ2
xx(0)−

EIV
2

(Z ◦ φxx) (0), t ≥ 0. (3.15)

Proof. We have

d

dt
E(t) =

d

dt

∫ l

0
Ẽ(x, t)dx+

d

dt
Y (φ(l)) =

∫ l

0

d

dt
Ẽ(x, t)dx+

d

dt
Y (φ(l))

=

∫ l

0

[
∂

∂t
Ẽ(x, t) +

∂x

∂t

∂

∂x
Ẽ(x, t)

]
dx+

d

dt
Y (φ(l))

=

∫ l

0

∂

∂t
Ẽ(x, t)dx+ V Ẽ(x, t)

∣∣∣l
0
+
d

dt
Y (φ(l)), (3.16)

where

Ẽ(x, t) =
ϱ

2
φ2
t (x, t)−

ϱV2

2
φ2
x(x, t) +

EI

2

(
1−

∫ t

0
Z(s)ds

)
φ2
xx(x, t)

+
EI

2
(Z ◦ φxx) (x, t), x ∈ [0, l], t ≥ 0.

Using (3.1) and (3.16) together gives

d

dt
E(t) = −

∫ l

0
φt

[
2ρVφxt + ϱV2φxx + EI

(
φxxxx −

∫ t

0
Z(t− s)φxxxx(s)ds

)]
dx
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−ϱV2

∫ l

0
φxφxtdx+ EI

(
1−

∫ t

0
Z(s)ds

)∫ l

0
φxxtφxxdx− EI

2
Z(t)

∫ l

0
φ2
xxdx

+
EI

2

∫ l

0

∂

∂t
(Z ◦ φxx) (t)dx+ φt(l)y(φ(l)) + V Ẽ(x, t)

∣∣∣l
0
, t ≥ 0.

Integrating by parts from 0 to l and boundary conditions in (3.1), we obtain

d

dt
E(t) = −ϱVφ2

t (l)− φt(l)
[
ϱV2φx(l) + EIφxxx(l)

−EI
∫ t

0
Z(t− s)φxxx(l, s)ds

]
+ EI

∫ l

0
φxxt

∫ t

0
Z(t− s)φxx(s)dsdx

−EI
(∫ t

0
Z(s)ds

) ∫ l

0
φxxtφxxdx− EI

2
Z(t)

∫ 1

0
φ2
xxdx

+
EI

2

∫ l

0

∂

∂t
(Z ◦ φxx) (t)dx+ φt(l)y(φ(l)) + V Ẽ(x, t)

∣∣∣l
0
, t ≥ 0.

Using the definition of Ẽ(x, t) and the boundary conditions in (3.1) to find

Ẽ(x, t)
∣∣∣l
0

=
ϱ

2
φ2
t (l)−

ϱV2

2
φ2
x(l)−

EI

2

(
1−

∫ t

0
Z(s)ds)

)
φ2
xx(0)

−EI
2

(Z ◦ φxx) (0), t ≥ 0. (3.17)

Clearly

∂

∂t
(Z ◦ φxx) (x, t) =

(
Z ′ ◦ φxx

)
(x, t)− 2φ(x, t)

∫ t

0
Z(t− s)φxx(x, s)ds

+2

(∫ t

0
Z(s)ds

)
φxxt(x, t)φxx(x, t), t ≥ 0. (3.18)

Consequently, by using (3.17), (3.18) and the boundary conditions in (3.1). The proof is completed.
We define the functionals in order to prepare the next section

Θ1(t) = ϱ

∫ l

0
φtdx+

ϱV
2
φ2(l), t ≥ 0,

Θ2(t) = −ϱ
∫ l

0
φt

∫ t

0
Z(t− s)(φ(t)− φ(s))dsdx, t ≥ 0,

Θ3(t) =

∫ t

0

(∫ t

t
Z(τ − s)dτ

)
∥φxx(s)∥2 ds, t ≥ 0,

Θ4(t) =

∫ t

0

(∫ ∞

t
Z(τ − s)dτ

)
φ2
xx(l, s)ds, t ≥ 0,
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and
L(t) = ME(t) + ηΘ1(t) + Θ2(t) + µΘ3(t) + ςΘ4(t), t ≥ 0

where η, µ, M and ς are positive constants.

Proposition 5. Let the hypotheses (H1)- (H4) be satisfied and V2 < EI(1−K)/l2ϱ, then we have

L(t) ≤ E(t) ≤ C(L(t) + Θ3(t) + Θ4(t)), t ≥ 0, (3.19)

where M, η and µ and ς are positive constants to be specified later and

L′(t) + α1E(t) ≤ 0, t ≥ 0 (3.20)

for some α1 > 0.

Proof. Using Young and Poincaré inequalities, we obtain

Θ1(t) ≤ ϱ

2
∥φt∥2 +

ϱ

2
∥φ∥2 + ϱV

2
φ2(l)

≤ ϱ

2
∥φt∥2 +

lρ

2
(l + V) ∥φx∥2 .

Similarly, we have

Θ2(t) ≤ ϱ

2
∥φt∥2 +

ϱ

2

∫ l

0

(∫ t

0
Z(t− s)(φ(t)− φ(s))ds

)2

dx

≤ ϱ

2
∥φt∥2 +

ϱkl4

2

∫ l

0
(Z ◦ φxx) (t)dx,

we find

L(t) ≤ ME(t) +
ϱ

2
(η + 1) ∥φt∥2 +

ηl

2
ϱ(l + V) ∥φx∥2

+
ϱkl4

2

∫ l

0
(Z ◦ φxx) (t)dx+ µΘ3(t) + η1Θ4(t), t ≥ 0.

This implies that E(t) ≤ C (L(t) + Θ3(t) + Θ4(t)) , t ≥ 0. For some C ≥ 0.
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On the other side

L(t)− E(t) = (M− 1)E(t) + ηΘ1(t) + Θ2(t) + µΘ3(t) + ςΘ4(t)

≥ ϱ

2
(M− η − 1) ∥φt∥2 + (M− 1)Y (φ(l)

+
1

2

{[
((M− 1)

(
EI

l2
(1−K)

)
− ϱV2)

]
− ηlρ(l + V)

}
∥φx∥2

+

[
(M− 1)

EI

2
− ϱkl4

2

] ∫ l

0
(Z ◦ φxx) (t)dx+ µΘ3(t) + ςΘ4(t), t ≥ 0.

Provided that V2 < EI(1−K)/ϱl2 and choosing η small such that η ≤ min{M−1,
[
(M− 1)EI(1−K)− l2ϱV2

]
/l3ϱ(1 + V)} and M ≥ max{1, ηl3p(l+V)

EI(1−K)−l2ϱ2
+ 1, ϱkl

4

EI + 1, η + 1}.
We will now show the second assertion.
By taking the total derivative of Θ1(t), we obtain

d

dt
Θ1(t) =

∫ l

0

d

dt
Θ̃1(x, t)dx =

∫ l

0

(
∂

∂t
Θ̃1(x, t)

)
dx+ VΘ̃1(x, t)

∣∣∣l
0

= ϱ ∥φt∥2 + ϱ

∫ l

0
φφttdx− ϱVφt(l)φ(l) + VΘ̃1(x, t)

∣∣∣l
0
, t ≥ 0 (3.21)

where
Θ̃1(x, t) = ϱφ(x, t)φt(x, t), t ≥ 0.

From (3.1), we see that

Θ̃1(x, t)
∣∣∣l
0
= ϱφt(l)φ(l), t ≥ 0. (3.22)

When we integrate by parts and taking into account the boundary conditions in (3.1), we get

d

dt
Θ1(t) ≤ ϱ ∥φt∥ 2 + 2ρV

∫ l

0
φxφtdx+ ϱV2 ∥φx∥2 − EI ∥φxx∥2

+EI

∫ l

0
φxx

∫ t

0
Z(t− s)φxx(s)dsdx− φ(l)y(φ(l)), t ≥ 0. (3.23)

The second term in the right hand side of (3.23) is now estimated as follows

2ρV
∫ l

0
φxφtdx ≤ ϱ ∥φt∥2 + ϱV2 ∥φx∥2 , t ≥ 0. (3.24)
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Collecting the estimates (3.24) into (3.23) and the use of Lemma 10, we find

d

dt
Θ1(t) ≤ 2ρ ∥φt∥ 2 + 2ρV2 ∥φx∥2 − EI

(
1− K

2

)
∥φxx∥2

+
EI

2

∫ t

0
Z(t− s) ∥φxx(s)∥2 ds−

EI

2

∫ l

0
(Z ◦ φxx) (t)dx− φ(l)y(φ(l)). (3.25)

For Θ2(t), we have

d

dt
Θ2(t) =

∫ l

0

d

dt
Θ̃2(x, t)dx =

∫ l

0

(
∂

∂t
Θ̃2(x, t)

)
dx+ VΘ̃2(x, t)

∣∣∣l
0

= −ϱ
∫ l

0
φtt

∫ t

0
Z(t− s)(φ(t)− φ(s))dsdx− ϱ

(∫ t

0
Z(s)ds

)
∥φt∥2

−ϱ
∫ l

0
φt

∫ t

0
Z ′(t− s)(φ(t)− φ(s))dsdx+ VΘ̃2(x, t)

∣∣∣l
0
, t ≥ 0, (3.26)

where
Θ̃2(x, t) = −ϱφt(x, t)

∫ t

0
Z(t− s)(φ(x, t)− φ(x, s))ds, t ≥ 0. (3.27)

Using our boundary conditions in (3.1), yields

Θ̃2(x, t)
∣∣∣l
0
= −ϱφt(l)

∫ t

0
Z(t− s)(φ(l, t)− φ(l, s))ds, t ≥ 0. (3.28)

By taking the total derivative of Θ2(t), using integration by parts and (3.28), we obtain

d

dt
Θ2(t) = EI

(
1−

∫ t

0
Z(s)ds

)∫ l

0
φxx

∫ t

0
Z(t− s)(φxx(t)− φxx(s))ds

+EI

∫ l

0

∣∣∣∣∫ t

0
Z(t− s)(φxx(t)− φxx(s))ds

∣∣∣∣2 dx
−ϱV2

∫ l

0
φx

∫ t

0
Z(t− s)(φx(t)− φx(s))dsdx

−2ρV
∫ l

0
φt

∫ t

0
Z(t− s)(φx(t)− φx(s))dsdx

−ϱ
∫ l

0
φt

∫ t

0
Z ′(t− s)(φ(t)− φ(s))dsdx− ϱ

(∫ t

0
Z(s)ds

)
∥φt∥2

+y(φ(l))

∫ t

0
Z(t− s)(φ(l, t)− φ(l, s))ds

+ϱVφt(l)

∫ t

0
Z(t− s)(φ(l, t)− φ(l, s))ds, t ≥ 0. (3.29)

We estimate the terms on the right-hand side of expression (3.29), we start by the first term. For
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all measurable sets A and Y such that A = R+\Y, we obtain∫ l

0
φxx

∫ t

0
Z(t− s)(φxx(t)− φxx(s))dsdx

=

∫ l

0
φxx

(∫
At

Z(t− s)(φxx(t)− φxx(s))ds+

∫
Yt

Z(t− s)(φxx(t)− φxx(s))ds

)
dx

≤
∫ l

0
φxx

∫
At

Z(t− s)(φxx(t)− φxx(s))dsdx+

(∫
Yt

Z(t− s)ds

)
∥φxx∥2

−
∫ l

0
φxx

∫
Yt

Z(t− s)φxx(s)dsdx, t ≥ 0. (3.30)

We easily see that ∫ l

0
φxx

∫
At

Z(t− s)(φxx(t)− φxx(s))dsdx

≤ ξ1 ∥φxx∥2 +
K
4ξ1

∫ l

0

∫
At

Z(t− s) |φxx(t)− φxx(s)|2 dsdx, ξ1 > 0,

and

−
∫ l

0
φxx

∫
Yt

Z(t− s)φxx(s)dsdx

≤ 1

2
∥φxx∥2 +

K
2

∫ t

0
Z(t− s) ∥φxx(s)∥2 ds.

Therefore ∫ l

0
φxx

∫ t

0
Z(t− s)(φxx(t)− φxx(s))dsdx

≤
(
(
1

2
+ ξ1) +KẐ(Y)

)
∥φxx∥2 +

K
4ξ1

l∫
0

∫
At

Z(t− s) |φxx(t)− φxx(s)| 2dsdx

+
K
2

∫ t

0
Z(t− s) ∥φxx(s)∥2 ds, t ≥ 0. (3.31)

It is obvious that by the definition of Ẑ(Y) in (3.2), we have

∫ l

0

∣∣∣∣∫ t

0
Z(t− s)(φxx(t)− φxx(s))ds

∣∣∣∣2 dx
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≤
(
1 +

1

ξ2

)
K
∫ l

0

∫
At

Z(t− s) |φxx(t)− φxx(s)| 2dsdx

+(1 + ξ2)KẐ(Y)

∫ l

0

∫
Yt

Z(t− s) |φxx(t)− φxx(s)|2 dsdx, ξ2 > 0. (3.32)

For the 3rd term, can be estimated as follows

−
∫ l

0
φx

∫ t

0
Z(t− s)(φx(t)− φx(s))dsdx

= −
(∫ t

0
Z(s)ds

)
∥φx∥2 +

∫ l

0
φx

∫ t

0
Z(t− s)φx(s)dsdx

≤
(
1

2
−Z∗

)
∥φx∥ 2 +

l2K
2

∫ t

0
Z(t− s) ∥φxx(s)∥2 ds, t ≥ t∗, ξ3 > 0. (3.33)

The fourth term is estimated as follows

−2ρV
∫ l

0
φt

∫ t

0
Z(t− s)(φx(t)− φx(s))dsdx

= −2ρV
∫ l

0
φt

(∫
At

Z(t− s)(φx(t)− φx(s))ds+

∫
Yt

Z(t− s)(φx(t)− φx(s))ds

)
dx

= −2ρV
∫ l

0
φt

∫
At

Z(t− s)(φx(t)− φx(s))dsdx− 2ρV

(∫
†t
Z(t− s)ds

)∫ l

0
φtφxdx

+2ρV
∫ l

0
φt

∫
Yt

Z(t− s)φx(s)dsdx, (3.34)

or

−2ρV
∫ l

0
φt

∫
At

Z(t− s)(φx(t)− φx(s))dsdx

≤ ξ3ϱ ∥φt∥2 +
ϱV2l2K
ξ3

∫ l

0

∫
At

Z(t− s) |φxx(t)− φxx(s)|2 dsdx, t ≥ 0 (3.35)

and
− 2ρV

(∫
Yt

Z(t− s)ds

) ∫ l

0
φtφxdx ≤ ϱKẐ(Y) ∥φt∥2 + ϱV2KẐ(Y) ∥φx∥2 , (3.36)

2ρV
∫ l

0
φt

∫
Yt

Z(t− s)φx(s)dsdx ≤ ϱ ∥φt∥ 2 + ϱV2l2K
∫ t

0
Z(t− s) ∥φxx(s)∥2 ds, (3.37)
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hence, we have

−2ρV
∫ l

0
φt

∫ t

0
Z(t− s)(φx(t)− φx(s))dsdx

≤ ϱ
(
1 + ξ3 +KẐ(Y)

)
∥φt∥2 + ϱV2KẐ(Y) ∥φx∥2 + ϱV2l2K

∫ t

0
Z(t− s) ∥φxx(s)∥2 ds

+
ϱV2l2K
ξ3

∫ l

0

∫
At

Z(t− s) |φxx(t)− φxx(s)|2 dsdx. (3.38)

For the fifth term, we have

−ϱ
∫ l

0
φt

∫ t

0
Z ′(t− s)(φ(t)− φ(s))dsdx

≤ ξ4ϱ ∥φt∥2 −
ϱZ(0)l4

4ξ4

∫ l

0

(
Z ′ ◦ φxx

)
(t)dx, ξ4 > 0, t ≥ 0. (3.39)

For the 6th term, we find

y(φ(l))

∫ t

0
Z(t− s)(φ(l, t)− φ(l, s))ds

= y(φ(l))

(∫
At

Z(t− s)(φ(l, t)− φ(l, s))ds+

∫
Yt

Z(t− s)(φ(l, t)− φ(l, s))ds

)
= y(φ(l))

∫
At

Z(t− s)(φ(l, t)− φ(l, s))ds− y(φ(l))

∫
Yt

Z(t− s)φ(l, s)ds

+

(∫
Yt

Z(t− s)ds

)
φ(l)y(φ(l)), (3.40)

or

y(φ(l))

∫
At

Z(t− s)(φ(l, t)− φ(l, s))ds

≤ ξ5 |y(φ(l))|2 +
l3K
4ξ5

∫ l

0

∫
At

Z(t− s) |φxx(t)− φxx(s)|2 dsdx, t ≥ 0

and

−y(φ(l))
∫
Yt

Z(t− s)φ(l, s)ds

≤ |y(φ(l))|2

2
+
l3K
2

∫ t

0
Z(t− s) ∥φxx(s)∥2 ds, ξ4 > 0, t ≥ 0.
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By using assumption (H3) and Lemma 5 with the help of (3.6), we get

|y(φ(l))|2 ≤ 2m2(|φ(l)|2 + |φ(l)|2(α+1))

≤ 2m2l3
[
∥φxx∥2 +

(
2

EIk − ϱV2l2
E(0)

)α

∥φxx∥2
]
= β ∥φxx∥2 .

Hence, (3.40) becomes

y(φ(l))

∫ t

0
Z(t− s)(φ(l, t)− φ(l, s))ds

≤ (ξ5 +
β

2
) ∥φxx∥2 +

l3K
2

∫ t

0
Z(t− s) ∥φxx(s)∥2 ds

+KẐ(Y)φ(l)y(φ(l)) +
l3K
4ξ5

∫ l

0

∫
At

Z(t− s) |φxx(t)− φxx(s)|2 dsdx. (3.41)

For the seventh term, it is easy to see that

ϱVφt(l)

∫ t

0
Z(t− s)(φ(l, t)− φ(l, s))ds

≤ ϱV
4ξ7

φ2
t (l) + ξ7l

3K
∫ l

0
(Z ◦ φxx) dx, ξ7 > 0, t ≥ 0. (3.42)

Taking into account the estimates (3.31)-(3.33), (3.38), (3.39), (3.41) and (3.42), we can write

d

dt
Θ2(t) ≤ −Z(0)l4

4ξ4

∫ l

0

(
Z ′ ◦ φxx

)
(t)dx+ ϱ

(
−Z∗ + ξ4 +

1

2
+ ξ3 +KẐ(Y)

)
∥φt∥2

+ϱV2

(
−Z∗ +

1

2
+KẐ(Y)

)
∥φx∥2 + {(1

2
+ ξ1) (1−Z∗)EI + (

β

2
+ ξ5

β

2
)

+EI (1−Z∗)KẐ(Y)} ∥φxx∥2 + ξ7l
3K
∫ l

0
(Z ◦ φxx) (t)dx

+
1

2

(
(1−Z∗) kEI + 5ρV2l2K + l3K

) ∫ t

0
Z(t− s) ∥φxx(s)∥2 ds

+(1 + ξ2)EIkẐ(Y)

∫ l

0

∫
Yt

Z(t− s) |φxx(t)− φxx(s)|2 dsdx+K
{
(1−Z∗)

EI

4ξ1

+

(
1 +

1

ξ2

)
EI +

ϱV2l2

ξ3
+

l3

4ξ5

}∫ l

0

∫
At

Z(t− s) |φxx(t)− φxx(s)| 2dsdx

+KẐ(Y)φ(l)y(φ(l)) +
ϱV
4ξ7

φ2
t (l), t ≥ t∗ > 0, (3.43)

where β = 2m2l3
[
1 +

(
2E(0)

kEI−l2ϱV2

)α]
for all ξi > 0, i = 1, ..., 7.

A differentiation of Θ3(t) with respect to t along the solution of (3.1) yields

d

dt
Θ3(t) = K∥φxx∥ 2 −

∫ t

0
Z(t− s) ∥φxx (s)∥ 2ds, t ≥ 0. (3.44)
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By taking the total derivative of Θ3(t), we obtain

d

dt
Θ3(t) =

∫ l

0

(
∂

∂t
Θ̃3(x, t)

)
dx+ VΘ̃3(x, t)

∣∣∣l
0

, t ≥ 0, (3.45)

where
Θ̃3(x, t) =

∫ t

0

(∫ ∞

t
Z(τ − s)dτ

)
φ2
xx(x, s)ds, t ≥ 0.

Clearly

d

dt
Θ3(t) ≤ K∥φxx∥ 2 −

∫ t

0
Z(t− s)

∫ l

0
φ2
xx(s)dxds+ V

∫ t

0
Z(t− s)φ2

xx(l, s)ds, t ≥ 0.

A differentiation of Θ4(t) gives

d

dt
Θ4(t) = Kφ2(l, s)−

∫ t

0
Z(t− s)φ2

xx(l, s)ds, t ≥ 0. (3.46)

Taking into account the estimates (3.15), (3.25), (3.43) and (3.44), we can write, for all t ≥ t∗

d

dt
L(t) ≤

[
MEI

2
− Z(0)l4

4ξ4

] ∫ l

0

(
Z ′ ◦ φxx

)
(t)dx

+ϱ
[
2η −Z∗ + ξ4 + (1 + ξ3) +KẐ(Y)

]
∥φt∥2

+ϱV2

[
2η −Z∗ +

1

2
+KẐ(Y)

]
∥φx∥2

+

{
[(
1

2
+ ξ1) (1−Z∗)EI + (ξ5

β

2
+
β

2
) + EI (1−Z∗)KẐ(Y)]− ηEI

(
1− K

2

)
+ (µ+ ς)K

}
×∥φxx∥2 +

(
−ηEI

2
+ ξ7l

3K
)
×
∫ l

0
(Z ◦ φxx) (t)dx+ (µV − ς)

∫ t

0
Z(t− s)φ2

xx(l, s)ds

+

{
η
EI

2
+

K
2

[
(1−Z∗)EI + 5ρV2l2 + l3

]
− µ

}∫ t

0
Z(t− s) ∥φxx(s)∥2 ds+

(1 + ξ2)EIkẐ(Y)×
∫ l

0

∫
Yt

Z(t− s) |φxx(t)− φxx(s)|2 dsdx+K
[
(1−Z∗)

EI

4ξ1
+

(
1 +

1

ξ2

)
EI

+

(
1 +

1

ξ2

)
EI +

ϱV2l2

ξ3
+

l3

4ξ5

] ∫ l

0

∫
At

Z(t− s) |φxx(t)− φxx(s)|2 dsdx

+
[
−η +KẐ(Y)

]
φ(l)y(φ(l)) +

ϱV
2

(
1

2ξ7
− 1

)
φ2
t (l). (3.47)

We choose M large enough so that

MEI

2
− Z(0)l4

4ξ4
≥ MEI

4
. (3.48)
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As in [35], we introduce the sets

An = {s ∈ R+ : nZ ′(s) + Z(s) ≤ 0}, Yn = R+\An,

and
Ãnt = {s ∈ R+ : 0 ≤ s ≤ t, nZ ′(t− s) + Z(t− s) ≤ 0}, n ∈ N.

Observe that ∪
n

An = R+\{YZ ∪NZ},

where NZ is the set where Z ′ is not defined and YZ is defined in (3.3). Since Yn+1 ⊂ Yn for all n
and

∩
n
Yn = YZ ∪NZ , then

limn→∞ Ẑ(Yn) = Ẑ(YZ). Taking At := Ãnt , Yt := ỹnt, it follows from (3.49) that

d

dt
L(t) ≤ϱ

[
2η −Z∗ + ξ4 + (1 + ξ3) +KẐ(Y)

]
∥φt∥ 2

+ ϱV2

[
2η −Z∗ +

1

2
+KẐ(Y)

]
∥φx∥2

− {
[
ηEI

(
1− K

2

)
− (

1

2
+ ξ1) (1−Z∗)EI − (

β

2
ξ5 +

β

2
)− EI (1−Z∗)KẐ(Y)

]
− (µ+ ς)K} × ∥φxx∥2

+

(
−ηEI

2
+ ξ7l

3K
)
×
∫ l

0
(Z ◦ φxx) (t)dx+ (µV − ς)

∫ t

0
Z(t− s)φ2

xx(l, s)ds

+

{
η
EI

2
+

K
2

[
(1−Z∗)EI + 5ρV2l2 + l3

]
− µ

}∫ t

0
Z(t− s) ∥φxx(s)∥2 ds+

(1 + ξ2)EIkẐ(Y)×
∫ l

0

∫
Yt

Z(t− s) |φxx(t)− φxx(s)|2 dsdx

+K
[
(1−Z∗)

EI

4ξ1
+

(
1 +

1

ξ2

)
EI +

(
1 +

1

ξ2

)
EI +

ϱV2l2

ξ3
+

l3

4ξ5
− MEI

4n

]
×
∫ l

0

∫
At

Z(t− s) |φxx(t)− φxx(s)|2 dsdx+
[
−η +KẐ(Y)

]
φ(l)y(φ(l))

+
ϱV
2

(
1

2ξ7
− 1

)
φ2
t (l)

(3.49)

In (3.49), for Z∗ > KẐ(Y) +
1

2
sufficiently large we take η = 1

2

(
Z∗ −KẐ(Y)− 1

2
− υ

)
. We

infer that

− ηEI

2
+ (1 + ξ2)EIkẐ(Yn) + ξ7l

3K ≤ 0
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and
1

2ξ7
− 1 ≤ 0.

At this point, we will need (we neglect ξ5and ξ1 as will be chosen small enough)

1

2
(1−Z∗)EI +

β

2
+ EI (1−Z∗)KẐ(Y)− ηEI

(
1− K

2

)
+ (µ+ ς)K < 0.

Adding and subtracting δ
2

(
Z∗ −KẐ(Y)− 1

2 − υ
) (

1− K
2

)
EI, we obtain

{(
1− δ

2

)[
Z∗ −KẐ(Y)− 1

2
− υ

]
EI

(
1− K

2

)
− µK

}
+

[
δ

2

(
Z∗ −KẐ(Y)− 1

2
− υ

)
(1− K

2
)EI − 1

2
(1−Z∗)EI −

β

2
− (1−Z∗)KẐ (Yn)− ςK] > 0

This term is devided into parts.
For the second part, we need

1

2
(1−Z∗)EI +

β

2
+ EI (1−Z∗)KẐ(Yn) + ςK

<
δ

2

[
Z∗ −KẐ(Y)− 1

2
− υ

](
1− K

2

)
EI,

where

δ =
2 (1−Z∗)EI(

2k
3 + 1) + 2β + 4ςK

(Z∗ − K
3 − 1

2) (2−K)
EI.

and Ẑ(YZ) < 1/3.

For the first part, we need

µ <

(
1− δ

2

) [Z∗ −KẐ(Yn)−
1

2
− υ

]
K

(
1− K

2

)
EI.

We choose µ such that

Z∗ − υ

2
+

2−Z∗
2

< µ <

(
1− δ

2

) [Z∗ −KẐ(Yn)−
1

2
− υ

]
K

(
1− K

2

)
EI. (3.50)

Note that (υ is ignored)
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(
1− δ

2

) [Z∗KẐ(Yn)− 1
2 − υ

]
K

(
1− K

2

)
EI

=
(Z∗ − K

3 − 1
2) (2−K)− (1−Z∗)EI(

−2k
3 + 1)− 2ςK − β)

2k
.

By replacing δ and neglecting υ,the choice of µ in the relation (3.50) is possible if

1 <
(Z∗ − K

3 − 1
2) (2−K) − (1−Z∗)EI(

−2k
3 + 1)− 2ςK − β)

2k
, (3.51)

that is when

Z∗ >
2kς + 2β + (K3 + 3

2)(2−K) + EI(2K
3 + 1)

(2−K) + (2K
3 + 1)EI

. (3.52)

We know that Z∗ < K and to make (3.52) possible, we must have

2kς + 2β + (K3 + 3
2)(2−K) + EI(2K

3 + 1)

(2−K) + (2K
3 + 1)EI

< Z∗ < K. (3.53)

Provided that E (0) is so small that

β <
(2−K)(12 − K

3 )− ςK
2

.

Hence, L′(t) + α1E(t) ≤ 0, t ≥ t∗. for some constant α1, provided that ς > µV.

We introduce the functional

Θ5(t) =

∫ t

0
ς (t− s) ∥φxx∥2 ds, t ≥ 0.

Lemma 12. we have

L(t) ≤ C1 (E(t) + Θ4 +Θ5(t)) , t ≥ 0 (3.54)

for some C1 > 0. Moroever, there exists t0 ≥ t∗ such that

E(t) ≤ 1, t ≥ t0. (3.55)

Proof. Integrating (3.20) on [t∗, t], we get∫ t

t∗

E(s)ds ≤ L(t∗)

α1
= C2, t ≥ t∗.
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This yields the integral control

ω =

∫ ∞

t∗

∥φxx (s) ∥2 ds <∞.

We have
(t− t∗)E(t) ≤ C2, t ≥ t∗

Hence
E(t) ≤ C2

1 + t− t∗
, t ≥ t∗.

Thus, there exists t0 ≥ t∗ such that
E(t) ≤ 1, t ≥ t0.

Lemma 13. Along solutions of (3.1), we have

Θ′
5(t) + ωζ (t)χ

(
Θ4(t)

ω

)
≤ 2ς (0)

1−K
E(t), t ≥ 0. (3.56)

Proof. Since ζ is decreasing , and σ fulfills the differential inequality (3.4), we get

Θ′
5(t) =

∫ t

0
σ′ (t− s) ∥φxx∥2 ds+ σ (0) ∥φxx∥2

≤ −
∫ t

0
ζ (t− s)χ (σ (t− s)) ∥φxx∥2 ds+

2ς (0)

1−K
E(t)

≤ −ζ (t)
∫ t

0
χ (σ (t− s)) ∥φxx∥2 ds+

2ς (0)

1−K
E(t), t ≥ 0.

Next, we define

I (t) =

∫ t

0
∥φxx (s) ∥2 ds, t ≥ 0.

Applying now the Jensen inequality with y(s) = σ (t− s) and Z(s) = ∥φxx (s)∥2 /I (t) , we get∫ t

0
χ (σ (t− s)) ∥φxx (s)∥2 ds = I (t)

∫ t

0
χ (σ (t− s))

∥φxx (s)∥2

I (t)
ds,

≥ I (t)χ

(∫ t

0
σ (t− s)

∥φxx (s)∥2

I (t)
ds

)
, t ≥ 0.
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Since χ is convex with χ (0) = 0, then θχ(x) ≥ χ(θx) for θ ∈ [0, 1]. This implies by taking
θ = I (t) /ω that

∫ t

0
χ (σ (t− s)) ∥φxx (s)∥2 ds ≥ ωχ

(
I (t)

ω

∫ t

0
σ (t− s)

∥φxx (s)∥2

I (t)
ds

)

= ωχ

(
Θ5(t)

ω

)
, t ≥ 0.

The proof of Lemma 13 is now complete.

Theorem 8. Assume that (H1)-(H4) hold, φ0, φ1 ∈ H1
0 (Ω) and that Rg < 1/3. Then there exist

positive constants a < 1 and K such that

E(t) ≤ KB−1

(
a

∫ t

t̂
ζ (s) ds

)
, ∀t ≥ t̂

where K and t̂ depend on E(0).

Proof. Choosing α2 > 0, we introduce the functional

y(t) = L (t) + Θ4(t) + α2Θ5(t), t ≥ 0

which, in light of (3.54), satisfies

E(t) ≤ y(t) ≤ (C1 + α2) (E(t) + Θ4 +Θ5(t)) , t ≥ 0. (3.57)

y′(t) +

(
α1 −

2ς (0)

1−K
α2

)
E(t) + α2ωζ (t)χ

(
Θ5(t)

ω

)
≤ 0, t ≥ t∗.

α1 ≥
(
2ς(0)
1−K + 1

)
α2 to obtain

y′(t) + α2E(t) + α2ωζ (t)χ

(
Θ5(t)

ω

)
≤ 0.

Let
t ≥ t0 ≥ t∗ ≥ 1.

ζ (t)χ (E(t)) ≤ ζ (1)χ (E(t)) ≤ ζ (1)χ(1)E(t) ≤ ϱ1E(t), t ≥ t0 ≥ t∗,
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where ϱ1 > 1. Accordingly,

α2E(t) + α2ωζ (t)χ

(
Θ5(t)

ω

)
≥ α2ζ (t)

[
1

ϱ
χ (E(t)) + ωχ

(
Θ5(t)

ω

)]
.

Exploiting the Jensen inequality, we obtain

α2E(t) + α2ωζ (t)χ

(
Θ5(t)

ω

)
≥ α2C3ζ (t)χ

(
1
ϱ1
E(t) + Θ4 +Θ5(t)

C3

)
,

where C3 =
(

1
ϱ1

+ ω
)
.

Using (3.57) and χ is increasing, to get

χ

(
1
ϱ1
E(t) + Θ4 +Θ5(t)

C3

)
≥ χ

(
y(t)

ϱ1 (C1 + α2) C3

)
.

In conclusion
y′(t) + α2C3ζ (t)χ

(
y(t)

ϱ1 (C1 + α2) C3

)
≤ 0.

Next, we divide by ϱ1 (C1 + α2) C3 and we write

G′(t) + aζ (t)χ (G(t)) ≤ 0, (3.58)

where
G(t) =

y(t)

ϱ1 (C1 + α2) C3
and a =

α2C3
ϱ1 (C1 + α2) C3

=
α2

ϱ1 (C1 + α2)
< 1.

There exists t̂ ≥ t0, depending on G(t0), such that

G(t) ≤ B−1

(
a

∫ t

t̂
ζ (s) ds

)
, ∀t ≥ t0

and since E(t) ≤ C4G(t) for some C4 > 0, it holds that

E(t) ≤ KB−1

(
a

∫ t

t̂
ζ (s) ds

)
, ∀t ≥ t̂.
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Chapter 4

General decay for an axially moving
viscoelastic Kirchhoff string

4.1 Introduction
In this chapter, we study the stability of the equation of an axially moving viscoelastic

Kirchhoff string described by the following nonlinear partial differential equation (PDE):{
φtt + 2Vφxt −

(
1− V2 + q(t) ∥φx∥2

)
φxx +

(
1− V2

) ∫ t
0 Z(t− s)φxx(s)ds = 0,

x ∈ (0, 1), t > 0,
(4.1)


φ(0, t) = 0, t ≥ 0,

fc(t) = mφtt(1, t) + (ηm − V)φt(1, t) +
(
1− V2 + q(t) ∥φx∥2

)
φx(1, t)

−
(
1− V2

) ∫ t
0 Z(t− s)φx(1, s)ds, t ≥ 0,

(4.2)

where φ = φ(x, t) the transversal displacement of the string,
V is the axial speed ( assumed constant here ),
m and ηm are the mass and the damping coefficient of the dynamic actuator, respectively.
Z represents the kernel of the memory term or the relaxation function (nonnegative functions)
see [20], fc(t) represents the control force being applied by the hydraulic actuator. This essay’s
tension is described by

T (t) = 1 + q(t) ∥φx∥2 , t ≥ 0.

The well-posedeness of the system can be derived, for instance, from [7, 6] combined with arguments
from [28].

4.2 Fundamental knowledge
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General decay for an axially moving viscoelastic Kirchhoff string

The hypotheses that we make for Z, ζ, χ, σ and B are the same as those which we made in the
previous chapter.
and

(H5) The function q(t) is continuously differentiable and q(t) ≥ 0.

We modify the classical energy of the system (4.1) as follows

E(t) =
1

2
∥φt∥2 +

1

2

(
1− V2

)(
1−

∫ t

0
Z(s)ds

)
∥φx∥2 +

q(t)

4
∥φx∥4

+
1

2

(
1− V2

) ∫ 1

0
(Z ◦ φx) dx+

m

2
(φt(1, t) + Vφx(1, t))

2 , t ≥ 0.

Where
(Z ◦ w)(t) =

∫ t

0
Z(t− s)|w(t)− w(s)|2 ds, t ≥ 0.

We assume that the kernel is such that∫ ∞

0
Z(s)ds =: k < 1.

Since the string moves at a constant velocity V, the overall time derivative operator is defined as

d

dt
=

∂

∂t
+ V ∂

∂x
.

Therefore, the total derivative of E(t) is equal to

d

dt
E(t) =

∫ 1

0

d

dt
Ẽ(x, t)dx+

m

2

d

dt

[
(φt(1, t) + Vφx(1, t))

2
]

=

∫ 1

0

(
∂

∂t
Ẽ(x, t)

)
dx+ VẼ(x, t)

∣∣∣1
0
+
m

2

d

dt

[
(φt(1, t) + Vφx(1, t))

2
]
, t ≥ 0

(4.3)

where
Ẽ(x, t) =

1

2
φ2
t (x, t) +

1

2

(
1− V2

) [(
1−

∫ t

0
Z(s)ds

)
φ2
x(x, t) + (Z ◦ φx) (x, t)

]
+

1

4
q(t)φ2

x(x, t) ∥φx∥2 , t ≥ 0.

The explanation is as follows: Since the system is mass flow, flowing in and out at the boundaries,
the net change in total energy is the sum of the changes in the control volumes.
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According to (4.3), the total derivatives of E(t) are equal

d

dt
E(t) =

∫ 1

0
φtφtt dx+

{(
1− V2

)(
1−

∫ t

0
Z(s)ds

)
+ q(t) ∥φx∥2

}1

0

∫
x
φxt dx

− 1

2

[(
1− V2

)
Z(t)− q′(t)

2
∥φx∥2

]
∥φx∥2 +

1

2

(
1− V2

) ∫ 1

0

(
Z ′ ◦ φx

)
dx

+
(
1− V2

) ∫ 1

0
φxt

∫ t

0
Z(t− s) (φx(t)− φx(s)) ds dx

+m (φt + Vφx) (φtt + Vφxt) (1, t) + VẼ(x, t)
∣∣∣1
0

t ≥ 0.

(4.4)

Substituting φtt and φtt(1, t) from equation (4.1) into equation (4.4), we find

d

dt
E(t) =

∫ 1

0
φt

{
−2Vφxt −

(
1− V2

) ∫ t

0
Z(t− s)φxx(s)ds

+
(
1− V2 + q(t) ∥φx∥2

)
φxx

}
dx− 1

2

(
1− V2

)
Z(t) ∥φx∥2 +

q′(t)

4
∥φx∥4

+

{(
1− V2

)(
1−

∫ t

0
Z(s)ds

)
+ q(t) ∥φx∥2

}∫ 1

0
φxφxt dx

+
1

2

(
1− V2

) ∫ 1

0

(
Z ′ ◦ φx

)
dx+

(
1− V2

) ∫ 1

0
φxt

∫ t

0
Z(t− s) (φx(t)− φx(s)) ds dx

+ (φt + Vφx) (1, t) [fc(t)− (ηm − V)φt(1, t) +mVφxt(1, t)]

+
(
1− V2

)
(φt + Vφx) (1, t)

(
−φx(1, t) +

∫ t

0
Z(t− s)φx(1, s)ds

)
− q(t)φx(1, t) (φt + Vφx) ∥φx∥2 + VẼ(x, t)

∣∣∣1
0
t ≥ 0.

Next, given the definition of Ẽ(x, t) and extending the convolution term of t ≥ 0, we see

Ẽ(x, t)
∣∣∣1
0
≤1

2
φ2
t (1, t) +

1

2

(
1− V2

)(
φ2
x(1, t)− 2φx(1, t)

∫ t

0
Z(t− s)φx(1, s)ds

)
+

1

4
q(t)φ2

x(1, t) ∥φx∥2 +
1

2

(
1− V2

) ∫ t

0
Z(t− s)φ2

x(1, s)ds.

(4.5)

If we apply integration by parts, and consider the boundary conditions in (4.1) and the relation
(4.5), we get

d

dt
E(t) ≤ −V

2
φ2
t (1, t) +

1

2

(
1− V2

) ∫ 1

0

(
Z ′ ◦ φx

)
dx+

q′(t)

4
∥φx∥4
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− 1

2

(
1− V2

)
Z(t) ∥φx∥2 −

V
2

(
1− V2

)
φ2
x(1, t)

− 3

4
Vq(t)φ2

x(1, t) ∥φx∥2 +
V
2

(
1− V2

) ∫ t

0
Z(t− s)φ2

x(1, s)ds

+ (φt + Vφx) (1, t) [fc(t)− (ηm − V)φt(1, t) +mVφxt(1, t)] , t ≥ 0

(4.6)

a boundary control law is then proposed as follows

fc(t) = (ηm − V)φt(1, t)−mVφxt(1, t), t ≥ 0. (4.7)

Then, (4.6) becomes

d

dt
E(t) ≤− V

2
φ2
t (1, t) +

1

2

(
1− V2

) ∫ 1

0

(
Z ′ ◦ φx

)
dx+

q′(t)

4
∥φx∥4

− 1

2

(
1− V2

)
Z(t) ∥φx∥2 −

V
2

(
1− V2

)
φ2
x(1, t)

− 3V
4
q(t)φ2

x(1, t) ∥φx∥2 +
V
2

(
1− V2

) ∫ t

0
Z(t− s)φ2

x(1, s)ds, t ≥ 0

(4.8)

4.3 Analysis of stability

In this section we state and prove our decay result.
Firstly, we define for all t ≥ 0 the functionals

Θ1(t) =

∫ 1

0
φφt dx+mφ(1, t) (φt + Vφx) (1, t),

Θ2(t) =−
∫ 1

0
φt

∫ t

0
Z(t− s)(φ(t)− φ(s))ds dx

−m (φt + Vφx) (1, t)

∫ t

0
Z(t− s)(φ(1, t)− φ(1, s))ds,

Θ3(t) =

∫ t

0

(∫ ∞

t
Z(τ − s)dτ

)
φ2
x(l, s)ds, t ≥ 0,

Θ4(t) =

∫ t

0

(∫ ∞

t
Z(τ − s)dτ

)
∥φx(s)∥2ds, t ≥ 0,

and
L(t) = NE(t) + λΘ1(t) + Θ2(t) +MΘ3(t) + ςΘ4(t), t ≥ 0,

where N, λ, M and ς are positive constants.

Proposition 6. Let the hypotheses (H1)-(H5) be satisfied. If Rh is small enough and for some
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C > 0, and 4q(t) + q′(t) ≤ 0 then we have

E(t) ≤ L(t) ≤ C(E(t) + Θ3(t)), t ≥ 0, (4.9)

L′(t) + αE(t) ≤ 0, t ≥ 0 (4.10)

for some α > 0.

Proof. By using Lemmas 3 and 5, we obtain

Θ1(t) ≤
1

2

(
∥φt∥2 + ∥φ∥2

)
+
m

2

[
φ2(1, t) + (φt(1, t) + Vφx(1, t))

2
]

≤ 1

2
∥φt∥2 +

1

2
(1 +m) ∥φx∥2 +

m

2
(φt(1, t) + Vφx(1, t))

2 , t ≥ 0.

Similarly, we get

Θ2(t) ≤
1

2
∥φt∥2 +

k

2
(1 +m)

∫ 1

0
(Z ◦ φx) dx+

m

2
(φt(1, t) + Vφx(1, t))

2 , t ≥ 0.

Then
L(t) ≤1

2
(1 + λ+N) ∥φt∥2 +

Nq(t)

4
∥φx∥4 +

1

2

{
N
(
1− V2

)(
1−

∫ t

0
Z(s)ds

)
+λ(1 +m)} ∥φx∥2 +

1

2

[
N
(
1− V2

)
+ k(1 +m)

] ∫ 1

0
(Z ◦ φx) dx

+
m

2
(1 + λ+N) (φt(1, t) + Vφx(1, t))

2 +MΘ3(t) + ςΘ4(t), t ≥ 0.

This implies that L(t) ≤ C (E(t) + Θ3(t)) , t ≥ 0. for some C ≥ 0.

On the other side

L(t)− E(t) = (N − 1)E(t) + λΘ1(t) + Θ2(t) +MΘ3(t)

≥ 1

2
(N − 2− λ) ∥φt∥2 +

1

2

[
(N − 1)

(
1− V2

)
(1− k)− λ(1 +m)

]
∥φx∥2

+
(N − 1)q(t)

4
∥φx∥4 +

1

2

[
(N − 1)

(
1− V2

)
− k(1 +m)

] ∫ 1

0
(h ◦ φx) dx

+
m

2
(N − 2− λ) (φt(1, t) + Vφx(1, t))

2 +MΘ3(t) + ςΘ4(t), t ≥ 0.

Choosing small N, λ, M such that λ < min
{
2, (N − 1)

(
1− V2

)
(1− k)/(1 +m)

}
and N <

min
{(

1− V2
)
/k(1 +m) + 1, 2− λ

}
., we find that L(t) − E(t) ≥ 0. Thus, the first assertion is

proved. We will now demonstrate the second assertion.
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The total derivative of Θ1(t) is equal to

d

dt
Θ1(t) =

∫ 1

0

(
∂

∂t
Θ̃1(x, t)

)
dx+ VΘ̃1(x, t)

∣∣∣1
0
+

d

dt
[mφ(1, t) (φt + Vφx) (1, t)]

= ∥φt∥2 +
∫ 1

0
φφtt dx+ VΘ̃1(x, t)

∣∣∣1
0
+ [mφt(1, t) (φt + Vφx) (1, t)]

+ [mφ(1, t) (φtt + Vφxt) (1, t)] , t ≥ 0.

(4.11)

Where
Θ̃1(x, t) = φ(x, t)φt(x, t), t ≥ 0.

Clearly,
Θ̃1(x, t)

∣∣∣1
0
= φ(1, t)φt(1, t), t ≥ 0. (4.12)

Substituting φtt and φtt(1, t) from equation (4.1) into equation (4.11) and taking into account the
relation (4.12), we entail

d

dt
Θ1(t) = ∥φt∥2 +

∫ 1

0
φ

{
−2Vφxt +

(
1− V2

)(
φxx −

∫ t

0
Z(t− s)φxx(s)ds

)
+q(t) ∥φx∥2 φxx

}
dx+ Vφ(1, t)φt(1, t) +mφt(1, t) (φt(1, t) + Vφx(1, t))

+ φ(1, t)

{
−
(
1− V2

)
φx(1, t) +

(
1− V2

) ∫ t

0
Z(t− s)φx(1, s)ds

−q(t) ∥φx∥2 φx(1, t) + fc(t)− (ηm − V)φt(1, t) +mVφxt(1, t)
}
, t ≥ 0.

Integrating by parts, taking into account the boundary conditions in (4.1) and the expression (4.7),
we obtain

d

dt
Θ1(t) =2V

∫ 1

0
φtφx dx+ ∥φt∥2 −

(
1− V2

)
∥φx∥2 − q(t) ∥φx∥4

+
(
1− V2

) ∫ 1

0
φx

∫ t

0
Z(t− s)φx(s)ds dx− Vφ(1, t)φt(1, t)

+mφt(1, t) (φt(1, t) + Vφx(1, t)) , t ≥ 0.

(4.13)

The first term in the right-hand side of(4.13) can be rewritten as

2V
∫ 1

0
φtφx dx ≤ V2

β
∥φt∥2 + β ∥φx∥2 , t ≥ 0 (4.14)

The last two terms are estimated with the help of Lemmas 5 and 3 as follows

Vφ(1, t)φt(1, t) ≤ Vδ1 ∥φx∥2 +
V
4δ1

φ2
t (1, t), δ1 > 0, t ≥ 0, (4.15)

mφt(1, t) (φt(1, t) + Vφx(1, t)) ≤ m(1 + V)φ2
t (1, t) +

mV
4
φ2
x(1, t), t ≥ 0. (4.16)
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Inserting the estimates (4.14)-(4.16) in (4.13) and applying Lemma 10 we find

d

dt
Θ1(t) ≤

(
1 +

V2

β

)
∥φt∥2 −

[(
1− V2

)(
1− k

2

)
− δ1V − β

]
∥φx∥2

− q(t) ∥φx∥4 +
1

2

(
1− V2

) ∫ t

0
Z(t− s) ∥φx(s)∥2 ds− 1

2

(
1− V2

) ∫ 1

0
(Z ◦ φx) dx

+

(
m(1 + V) + V

4δ1

)
φ2
t (1, t) +

mV
4
φ2
x(1, t), t ≥ 0.

(4.17)
For Θ2(t), we have

d

dt
Θ2(t) =

∫ 1

0

(
∂

∂t
Θ̃2(x, t)

)
dx+ VΘ̃2(x, t)

∣∣∣1
0

− d

dt

[
m (φt + Vφx) (1, t)

∫ t

0
Z(t− s)(φ(1, t)− φ(1, s))ds dx

]
, t ≥ 0

(4.18)

Where
Θ̃2(x, t) = −φt(x, t)

∫ t

0
Z(t− s)(φ(x, t)− φ(x, s))ds, t ≥ 0.

Together, this concept and the border condition in (4.1) result in

Θ̃2(x, t)
∣∣∣1
0
= −φt(1, t)

∫ t

0
Z(t− s)(φ(1, t)− φ(1, s))ds, t ≥ 0.

In view of the expression 4.18, the total derivative of Θ2(t) is then equal to

d

dt
Φ2(t) =−

∫ 1

0
φtt

∫ t

0
Z(t− s)(φ(t)− φ(s))ds dx

−
∫ 1

0
φt

[∫ t

0
Z ′(t− s)(φ(t)− φ(s))ds dx+ φt

(∫ t

0
Z(s)ds

)]
−m (φtt(1, t) + vφxt(1, t))

∫ t

0
Z(t− s)(φ(1, t)− φ(1, s))ds.

−m (φt(1, t) + vφx(1, t))

[∫ t

0
Z ′(t− s)(φ(1, t)− φ(1, s))ds

]

−m (φt(1, t) + vφx(1, t))φt(1, t)

(∫ t

0
Z(s)ds

)
− vφt(1, t)

∫ t

0
Z(t− s)(φ(1, t)− φ(1, s))ds.

Substituting φtt and φtt(1, t) from equation (4.1) into equation (4.2), Using integrating by
parts and taking into account the boundary conditions in (4.1) and (4.7), the result is
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d

dt
Θ2(t) =

(
1− V2

) [(
1−

∫ t

0
Z(s)ds

)∫ 1

0
φx

∫ t

0
Z(t− s) (φx(t)− φx(s)) ds

]
+
(
1− V2

) ∫ 1

0

∣∣∣∣∫ t

0
Z(t− s) (φx(t)− φx(s)) ds

∣∣∣∣2 dx

+ q(t) ∥φx∥2
∫ 1

0
φx

∫ t

0
Z(t− s) (φx(t)− φx(s)) ds

− 2V
∫ 1

0
φt

∫ t

0
Z(t− s) (φx(t)− φx(s)) ds dx

−
∫ 1

0
φt

∫ t

0
Z ′(t− s)(φ(t)− φ(s))ds dx−

(∫ t

0
Z(s)ds

)
∥φt∥2

−m (φt + Vφx) (1, t)

∫ t

0
Z ′(t− s)(φ(1, t)− φ(1, s))ds dx

−mφt(1, t) (φt + Vφx) (1, t)

(∫ t

0
Z(s)ds

)
+ Vφt(1, t)

∫ t

0
Z(t− s)(φ(1, t)− φ(1, s))ds, t ≥ 0.

(4.19)

We have∫ 1

0
φx

∫ t

0
Z(t− s) (φx(t)− φx(s)) ds

=

∫ 1

0
φx

(∫
At

Z(t− s) (φx(t)− φx(s)) ds+

∫
Ft

Z(t− s) (φx(t)− φx(s)) ds

)
≤
∫ 1

0
φx

∫
At

Z(t− s) (φx(t)− φx(s)) ds dx+

(∫
Ft

Z(t− s)ds

)
∥φx∥2 .

−
∫ 1

0
φx

∫
Ft

Z(t− s)φx(s)ds dx (4.20)

For δ2 > 0, we see that∫ 1

0
φx

∫
At

Z(t− s) (φx(s)− φx(t)) ds dx

≤ δ2 ∥φx∥2 +
k

4δ2

∫
At

Z(t− s)

∫ 1

0
(φx(t)− φx(s))

2 dx ds, t ≥ 0

(4.21)

and for η > 0 ∫ 1

0
φx

∫
Ft

Z(t− s)φx(s)ds dx

≤ η

2

(∫
Ft

Z(t− s)ds

)
∥φx∥2 +

1

2η

∫
Ft

Z(t− s) ∥φx(s)∥2 ds, t ≥ 0

(4.22)
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Therefore, (4.20) becomes∫ 1

0
φx

∫ t

0
Z(t− s) (φx(s)− φx(t)) ds dx

≤ δ2 ∥φx∥2 +
k

4δ2

∫
At

Z(t− s)

∫ 1

0
(φx(t)− φx(s))

2 dx ds

+
(
1 +

η

2

)(∫
Ft

Z(t− s)ds

)
∥φx∥2 +

1

2η

∫
Ft

Z(t− s) ∥φx(s)∥2 ds, t ≥ 0.

(4.23)

The second term in the right hand side of (4.19) can be estimated for δ3 > 0 as follows

∫ 1

0

∣∣∣∣∫ t

0
Z(t− s) (φx(t)− φx(s)) ds

∣∣∣∣2 dx

≤
(
1 +

1

δ3

)
k

∫ 1

0

∫
At

Z(t− s) (φx(t)− φx(s))
2 ds dx

+ (1 + δ3)

(∫
Ft

Z(t− s)ds

)∫ 1

0

∫
Ft

Z(t− s) (φx(t)− φx(s))
2 ds dx, t ≥ 0

(4.24)

For the third term, we can write

q(t) ∥φx∥2
∫ 1

0
φx

∫ t

0
Z(t− s) (φx(t)− φx(s)) ds

≤ q(t)

2
∥φx∥2

[
∥φx∥2 +

(∫ t

0
Z(t− s)ds

)∫ 1

0
(Z ◦ φx) dx

]
≤ q(t)

2
∥φx∥4 +

q(t)

2

(∫ t

0
Z(s)ds

)
∥φx∥2

∫ 1

0
(Z ◦ φx) dx

≤ 2q(t)

(1− k)2 (1− V2)2
E2(t) +

2q(t)

(1− k)2 (1− V2)2
E2(t)

=
4q(t)

(1− k)2 (1− V2)2
E2(t), t ≥ 0. (4.25)

The fourth term can be written

− 2V
∫ 1

0
φt

∫ t

0
Z(t− s) (φx(t)− φx(s)) ds dx

≤ δ4V ∥φt∥2 +
V
δ4

∫ 1

0

∣∣∣∣∫ t

0
Z(t− s) (φx(t)− φx(s)) ds

∣∣∣∣2 dx
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or
− 2V

∫ 1

0
φt

∫ t

0
Z(t− s) (φx(t)− φx(s)) ds dx

≤ δ4V ∥φt∥2 +
2V
δ4
k

∫ 1

0

∫
At

Z(t− s) (φx(t)− φx(s))
2 ds dx

+
2V
δ4

(∫
Ft

Z(t− s)ds

)∫ 1

0

∫
Ft

Z(t− s) (φx(t)− φx(s))
2 ds dx, δ4 > 0

(4.26)

Similarly, we find

−
∫ 1

0
φt

∫ t

0
Z ′(t− s)(φ(t)− φ(s))ds dx

≤ δ5 ∥φt∥2 +
1

4δ5

∫ t

0

∣∣Z ′(s)
∣∣ds∫ 1

0

(∣∣Z ′∣∣ ◦ φx

)
dx

≤ δ5 ∥φt∥2 −
Z(0)

4δ5

∫ 1

0

(
Z ′ ◦ φx

)
dx, δ5 > 0, t ≥ 0.

(4.27)

For the remaining terms we have the evaluations

−m (φt + Vφx) (1, t)

(∫ t

0
Z ′(t− s)(φ(1, t)− φ(1, s))ds dx

)
≤ m

2δ6

(
φ2
t + V2φ2

x

)
(1, t) +mδ6

∫ t

0

∣∣Z ′(s)
∣∣ds (∣∣Z ′∣∣ ◦ φ) (1, t)

≤ m

2δ6

(
φ2
t (1, t) + V2φ2

x(1, t)
)
− δ6mZ(0)

∫ 1

0

(
Z ′ ◦ φx

)
dx, δ6 > 0, t ≥ 0

−m (φt(1, t) + Vφx(1, t))φt(1, t)

(∫ t

0
Z(s)ds

)
≤ −m

(∫ t

0
Z(s)ds

)
φ2
t (1, t) +

mV
2

(∫ t

0
Z(s)ds

)(
φ2
t + φ2

x

)
(1, t)

≤ −mZ∗

(
1− V

2

)
φ2
t (1, t) +

mV
2
kφ2

x(1, t), t ≥ t∗

and

Vφt(1, t)

∫ t

0
Z(t− s)(φ(1, t)− φ(1, s))ds ≤ V

4δ7
φ2
t (1, t) + δ7Vk

∫ 1

0
(Z ◦ φx) dx (4.28)
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Collecting the previous estimates (4.20)-(4.28) and inserting them in (4.19), we obtain for t ≥ t∗

d

dt
Θ2(t) ≤ (δ5 + δ4V − Z∗) ∥φt∥2

+
(
1− V2

)
(1−Z∗)

[
δ2 +

(
1 +

η

2

)[∫
Ft

Z(t− s)ds

)]
∥φx∥2

+
4q(t)

(1− k)2 (1− V2)2
E2(t) + δ7Vk

∫ 1

0
(Z ◦ φx) dx

+ k

[(
1− V2

)(
1 +

1

δ3
+

1−Z∗
4δ2

)
+

2V
δ4

] ∫ 1

0

∫
At

Z(t− s) (φx(t)− φx(s))
2 ds dx

+
1

2η
(1−Z∗)

∫
Ft

Z(t− s) ∥φx(s)∥2 ds− Z(0)

4

(
1

δ5
+
m

δ6

)∫ 1

0

(
Z ′ ◦ φx

)
dx

+

[
2V
δ4

+
(
1− V2

)
(1 + δ3)

](∫
Ft

Z(t− s)ds

)∫ 1

0

∫
Ft

Z(t− s) (φx(t)− φx(s))
2 ds dx

+m

[
−Z∗

(
1− V

2

)
+

1

2δ6
+

V
4δ7m

]
φ2
t (1, t) +

m

2

(
kV +

V2

δ6

)
φ2
x(1, t)

(4.29)

a differentiation of Θ3(t) gives

d

dt
Θ3(t) = Kφ2

x(l, s)−
∫ t

0
Z(t− s)φ2

x(l, s)ds, t ≥ 0. (4.30)

a differentiation of Θ4(t) gives

d

dt
Θ4(t) = K∥φx(s)∥2 −

∫ t

0
Z(t− s) ∥φx(s)∥2 ds, t ≥ 0. (4.31)

Taking into account the estimates (4.8), (4.17), (4.29), (4.30) and (4.31), we infer that for t ≥ t∗

d

dt
L(t) ≤

{
N
2

(
1− V2

)
−Z(0)

(
1
4δ5

+mδ6

)} ∫ 1
0 (Z ′ ◦ φx) dx

+
{
(1−Z∗)

(
1− V2

) (
δ2 +

1
2(2 + η)

∫
Ft

Z(t− s)ds
)

−λ
[(
1− V2

) (
1− k

2

)
− β − δ1V

]
− kς

}
∥φx∥2

+
{

β+V2

β λ+ (δ5 + δ4V − Z∗)
}
∥φt∥2

+ 4q(t)

(1−k)2(1−V2)2
E2(t) +

(
Nq′(t)

4 − λq(t)
)
∥φx∥4

+
{

λ
2

(
1− V2

)
+ 2η

(
1− V2

)
(1−Z∗)− ς

}∫
Ft

Z(t− s) ∥φx(s)∥2 ds
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+

{[
2V
δ4

+
(
1− V2

)
(1 + δ3)

](∫
Ft

h(t− s)ds

)
+ δ7Vk

−λ
2

(
1− V2

)}∫ 1

0
(h ◦ φx) dx+ k

{(
1− V2

)(
1 +

1

δ3
+

1− h∗
4δ2

)
+

2V
δ4

}
×
∫ 1

0

∫
At

h(t− s) (φx(t)− φx(s))
2 ds dx

+

{
m

2

(
kV +

V2

δ6

)
+ λ

mV
4

+Mk − NV
2

(
1− V2

)}
φ2
x(1, t)

+

{
m

[
−h∗

(
1− V

2

)
+

1

2δ6
+

V
4δ7m

]
+ λ

[
m(1 + V) + V

4δ1

]
− Nv

2

}
φ2
t (1, t)

− N3

4
Vq(t) ∥φx∥2 φ2

x(1, t) +

{
V
2

(
1− V2

)
−M

}∫ t

0
h(t− s)φ2

x(1, s)ds.

Notice that
q′(t)

4
∥φx∥4 ≤

q′(t)

(1− k)2 (1− V2)2
E2(t).

As in [45], we introduce

An =
{
s ∈ R+ : nZ ′(s) + Z(s) ≤ 0

}
, n ∈ N

and also
Ãnt =

{
s ∈ R+ : 0 ≤ s ≤ t, nZ ′(t− s) + Z(t− s) ≤ 0

}
, n ∈ N.

Noting that ∪
n

An = R+\ {FZ ∪NZ}

where NZ is the set where Z ′ is not defined and FZ is defined in (15), if we denote Fn = R+\An,
then limn→∞ Ẑ (Fn) = Ẑ (FZ) because Fn+1 ⊂ Fn for all n and

∩
nFn = FZ ∪ NZ . In (39), we

take At := Ãnt,Ft := F̃nt. We choose

λ =
β

β + V2
(Z∗ − ε) , η =

β + V2

β
, M =

Nv

2

(
1− V2

)
, N =

2G(0)
(

1
4δ5

+mδ6

)
(1− V2)

,

ς =
λ

2

(
1− V2

)
+

2η

(
1− V2

)
(1−Z∗) .

to get
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d

dt
L(t) ≤

{
(1−Z∗)

(
1− V2

)(
δ2 +

1

2
(2 + η)

∫
Ft

Z(t− s)ds

)
−λ
[(
1− V2

)(
1− k

2

)
− β − δ1V

]
− kς

}
∥φx∥2

+

{
β + V2

β
λ+ (δ5 + δ4V − Z∗)

}
∥φt∥2

+
4q(t)

(1− k)2 (1− V2)2
E2(t) +

(
Nq′(t)

4
− λq(t)

)
∥φx∥4

+

{[
2V
δ4

+
(
1− V2

)
(1 + δ3)

](∫
Ft

h(t− s)ds

)
+ δ7Vk

−λ
2

(
1− V2

)}∫ 1

0
(h ◦ φx) dx+ k

{(
1− V2

)(
1 +

1

δ3
+

1− h∗
4δ2

)
+

2V
δ4

}
×
∫ 1

0

∫
At

h(t− s) (φx(t)− φx(s))
2 ds dx

+

{
m

2

(
kV +

V2

δ6

)
+ λ

mV
4

+Mk − NV
2

(
1− V2

)}
φ2
x(1, t)

+

{
m

[
−h∗

(
1− V

2

)
+

1

2δ6
+

V
4δ7m

]
+ λ

[
m(1 + V) + V

4δ1

]
− Nv

2

}
φ2
t (1, t).

Now for β < 1
2

(
1− V2

)
(2− k), we choose Ẑ (Fn) small enough such that

1

2
(2 + η) (1−Z∗)

(
1− V2

)
kẐ (Fn) < δ

β
(
1− V2

)
(β + V2)

Z∗

[(
1− k

2

)
− β

1− V2

]
Where

δ =
(1−Z∗) k

4 [(2− k)− 2β/ (1− V2)]Z∗

and [
2V
δ4

+
(
1− V2

)]
kẐ (Fn)−

Z∗
2

β
(
1− V2

)
(β + V2)

≤ 0

Note that δ < 1. For the remaining 1− δ we require that

(1− ε)

2
< (1− δ) (Z∗ − ε)

[(
1− k

2

)
− β

1− V2

]
.

To achieve this, we take

Z∗ >
5k

8 [1− β/ (1− V2)]− 3k
.

We state that β is selected so that Z∗ < k < 1 and this is true even if we take

β <
3

8

(
1− V2

)
(1− k)
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We also need
k
{(

1− V2
) (

1 + 1
δ3

+ 1−Z∗
4δ2

)
+ 2V

δ4

}
< 1

4n

(
1− V2

)
,

m
2

(
kV + V2

δ6

)
+ β

(β+V2)
Z∗

mV
4 +Mk − Nv

2

(
1− V2

)
< 0,

m
[
−Z∗

(
1− V

2

)
+ 1

2δ6
+ V

4δ7m̄

]
+ β

(β+V2)
Z∗

(
m(1 + V) + V

4δ1

)
− V

2 < 0.

We obtain for t ≥ t∗

d

dt
L(t) ≤− α1 ∥φt∥2 − α2 ∥φx∥2 − α3

∫ 1

0
(Z ◦ φx) dx− λq(t) ∥φx∥4

+
4q(t) + q′(t)

(1− k)2 (1− V2)2
E2(t)− α4 (φt(1, t) + Vφx(1, t))

2

for some positive constants α1, α2, α3 and α4.
This implies that

L′(t) + αE(t) ≤ 0, t ≥ t∗.

for some positive constant α.

we introduce the functional

Θ5(t) =

∫ t

0
ς (t− s) ∥φxx∥2 ds, t ≥ 0.

Lemma 14. We have

L(t) ≤ C1 (E(t) + Θ4 +Θ5(t)) , t ≥ 0 (4.32)

for some C1 > 0. Moroever, there exists t0 ≥ t∗ such that

E(t) ≤ 1, t ≥ t0. (4.33)

Proof. Integrating (4.10) on [t∗, t], we get∫ t

t∗

E(s)ds ≤ L(t∗)

α1
= C2, t ≥ t∗.

This yields the integral control

ω =

∫ ∞

t∗

∥φxx (s) ∥2 ds <∞.
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We have
(t− t∗)E(t) ≤ C2, t ≥ t∗

Hence
E(t) ≤ C2

1 + t− t∗
, t ≥ t∗.

Therefore, there is a condition where t0 ≥ t∗

E(t) ≤ 1, t ≥ t0.

Lemma 15. Along solutions of (4.1), we have

Θ′
5(t) + ωζ (t)χ

(
Θ4(t)

ω

)
≤ 2ς (0)

1−K
E(t), t ≥ 0. (4.34)

Proof. Since ζ is decreasing , and σ fulfills the differential inequality (3.4) , we get

Θ′
5(t) =

∫ t

0
σ′ (t− s) ∥φxx∥2 ds+ σ (0) ∥φxx∥2

≤ −
∫ t

0
ζ (t− s)χ (σ (t− s)) ∥φxx∥2 ds+

2ς (0)

1−K
E(t)

≤ −ζ (t)
∫ t

0
χ (σ (t− s)) ∥φxx∥2 ds+

2ς (0)

1−K
E(t), t ≥ 0.

Next, we define

I (t) =

∫ t

0
∥φxx (s) ∥2 ds, t ≥ 0

Applying now the Jensen inequality with y(s) = σ (t− s) and Z(s) = ∥φxx (s)∥2 /I (t) , we get∫ t

0
χ (σ (t− s)) ∥φxx (s)∥2 ds = I (t)

∫ t

0
χ (σ (t− s))

∥φxx (s)∥2

I (t)
ds

≥ I (t)χ

(∫ t

0
σ (t− s)

∥φxx (s)∥2

I (t)
ds

)
, t ≥ 0.

Since χ is convex with χ (0) = 0, then θχ(x) ≥ χ(θx) for θ ∈ [0, 1]. This implies by taking
θ = I (t) /ω that

∫ t

0
χ (σ (t− s)) ∥φxx (s)∥2 ds ≥ ωχ

(
I (t)

ω

∫ t

0
σ (t− s)

∥φxx (s)∥2

I (t)
ds

)

= ωχ

(
Θ5(t)

ω

)
, t ≥ 0.
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The proof of Lemma 15 is now complete.

Theorem 9. Assume that (H1)-(H5) hold, φ0, φ1 ∈ H1
0 (Ω) and that Rg < 1/3. Then there exist

positive constants a < 1 and K such that

E(t) ≤ KB−1

(
a

∫ t

t̂
ζ (s) ds

)
, ∀t ≥ t̂

where K and t̂ depend on E(0).

Proof. Choosing α2 > 0, we present the functional

y(t) = L (t) + Θ4(t) + α2Θ5(t), t ≥ 0

which, in light of (4.32), satisfies

E(t) ≤ y(t) ≤ (C1 + α2) (E(t) + Θ4 +Θ5(t)) , t ≥ 0. (4.35)

y′(t) +

(
α1 −

2ς (0)

1−K
α2

)
E(t) + α2ωζ (t)χ

(
Θ5(t)

ω

)
≤ 0, t ≥ t∗.

α1 ≥
(
2ς(0)
1−K + 1

)
α2 to obtain

y′(t) + α2E(t) + α2ωζ (t)χ

(
Θ5(t)

ω

)
≤ 0.

let
t ≥ t0 ≥ t∗ ≥ 1.

ζ (t)χ (E(t)) ≤ ζ (1)χ (E(t)) ≤ ζ (1)χ(1)E(t) ≤ ϱ1E(t), t ≥ t0 ≥ t∗

where ϱ1 > 1. Accordingly,

α2E(t) + α2ωζ (t)χ

(
Θ5(t)

ω

)
≥ α2ζ (t)

[
1

ϱ
χ (E(t)) + ωχ

(
Θ5(t)

ω

)]
.

Exploiting the Jensen inequality, we obtain

α2E(t) + α2ωζ (t)χ

(
Θ5(t)

ω

)
≥ α2C3ζ (t)χ

(
1
ϱ1
E(t) + Θ4 +Θ5(t)

C3

)
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where C3 =
(

1
ϱ1

+ ω
)
.

Using (4.35) and χ is increasing, to get

χ

(
1
ϱ1
E(t) + Θ4 +Θ5(t)

C3

)
≥ χ

(
y(t)

ϱ1 (C1 + α2) C3

)
.

In conclusion
y′(t) + α2C3ζ (t)χ

(
y(t)

ϱ1 (C1 + α2) C3

)
≤ 0.

Next, we divide by ϱ1 (C1 + α2) C3, and we write

G′(t) + aζ (t)χ (G(t)) ≤ 0 (4.36)

where
G(t) =

y(t)

ϱ1 (C1 + α2) C3
and a =

α2C3
ϱ1 (C1 + α2) C3

=
α2

ϱ1 (C1 + α2)
< 1.

there exists t̂ ≥ t0, depending on G(t0), such that

G(t) ≤ B−1

(
a

∫ t

t̂
ζ (s) ds

)
, ∀t ≥ t0

and since E(t) ≤ C4G(t) for some C4 > 0, it holds that

E(t) ≤ KB−1

(
a

∫ t

t̂
ζ (s) ds

)
, ∀t ≥ t̂
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Chapter 5

General decay for an axially moving
with a logarithmic nonlinearity

5.1 Introduction
In this chapter, we take into account the initial boundary value problem that is

ρ
(
φtt + 2Vφxt + V2φxx

)
+ EIφxxxx − EI

∫ t

0
Z(t− s)φxxxx(s)ds = κφ ln |φ|,

x ∈ (0, l), t ≥ 0,

φ(0, t) = φx(0, t) = φxx(l, t) = 0, t ≥ 0,

ρV2φx(l, t) + EIφxxx(l, t)− EI

∫ t

0
Z(t− s)φxxx(l, s)ds = y(φ(l, t)), t ≥ 0,

φ(x, 0) = φ0(x), φt(x, 0) = φ1(x), x ∈ (0, l)

(5.1)

whereas φ = φ(x, t) is the beam transversal displacement,
V is the axial speed ,
EI is the beam flexural rigidity,
ϱ is the beam mass per unit length,
Z nonnegative functions see [20],
φ0(x) , φ1(x)are the initial data,
y represents the nonlinear term,
κ ia a small postive real number.

5.2 Preliminaries
The hypotheses that we make for Z and y are the same as those which we made in the previous

chapter.
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General decay for an axially moving with a logarithmic nonlinearity

We present the modified energy linked to (5.1) by

E(t) =
ρ

2
∥φt∥2 −

ρV2

2
∥φx∥2 +

EI

2

(
1−

∫ t

0
Z(s)ds

)
∥φxx∥2

+
EI

2

∫ l

0
(Z ◦ φxx) (t)dx+ y(φ(l))− κ

2

∫ l

0
|φ(s)|2 ln |φ(s)|ds+ κ

4
∥φ∥2, (5.2)

where ∥.∥ is the L2−norm and

(Z ◦ φ) (t) =
∫ t

0
Z(t− s) |φ(t)− φ(s)|2 ds, t ≥ 0.

Lemma 16. For ϵ0 ∈ (0, 1) then, there exists dϵ0 > 0 such that

s| ln s| ≤ s2 + dϵ0s
1−ϵ0 ,∀s > 0. (5.3)

Lemma 17. (See [23]) Let φ be any function in H1
0 (0, l) and a > 0 . Then,∫ l

0
φ2 ln |φ(s)|dx ≤ 1

2
∥φ∥2ln∥φ∥2 + a2

2π
∥φt∥2 − (1 + lna)∥φ∥2. (5.4)

Proposition 7. Under the hypotheses (H1)-(H3) and

V2 <
EI(1− k) + κ

2

[
l4

2 − a2l2

2π − l4 ln ∥φ∥2
2 + l4(1 + ln a)

]
ρl2

and then
EI(1− k) +

κ

2

[
l4

2
− a2l2

2π
− l4 ln ∥φ∥2

2
+ l4(1 + ln a)

]
> 0,

we have
E(t) ≥ 0, t ≥ 0.

Proof. We apply lemma 17 and Poincaré inequality leads to

E(t) ≥ κ

2

[
l4

2
− a2l2

2π
− l4 ln ∥φ∥2

2
+ l4(1 + ln a) + EI − ρV2l2 − EI

∫ t

0
Z(s)ds

]
∥φxx∥2

+
EI

2

∫ l

0
(Z ◦ φxx) (t)dx+

ρ

2
∥φt∥2 + y(φ(l)), t ≥ 0. (5.5)

Since V2 <
EI(1−k)+κ

2

[
l4

2
−a2l2

2π
− l4 ln ∥φ∥2

2
+l4(1+ln a)

]
ρl2

,

and EI(1− k) + κ
2

[
l4

2 − a2l2

2π − l4 ln ∥φ∥2
2 + l4(1 + ln a)

]
> 0. We get

E(t) ≥ 0, t ≥ 0.
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Lemma 18. Let y ∈ Lp(R) and Z ∈ Lq(R) with 1 ≤ p, q ≤ ∞ and 1
r = 1

p + 1
q . Then (y ∗ Z) ∈

Lr(R) and
∥y ∗ Z∥Lr≤ ∥y∥Lp∥Z∥Lq .

Using the Faedo Galerkin method, the problem’s well-posedness(5.1)can be demonstrated (see
[34] ).

5.3 Exponential Stability
In this section, we shall state and prove our main result.

Lemma 19. The modified energy E(t) satisfies

d

dt
E(t) ≤ EI

2

∫ l

0

(
Z ′ ◦ φxx

)
(t)dx− ρV

2
φ2
t (l)−

ρV3

2
φ2
x(l)

−EIv
2

(
1−

∫ t

0
Z(s)ds

)
φ2
xx(0)−

EIv

2
(Z ◦ φxx) (0), t ≥ 0. (5.6)

Proof.

d

dt
E(t) = d

dt

∫ l

0
Ẽ(x, t)dx+

d

dt
y(φ(l)) =

∫ l

0

d

dt
Ẽ(x, t)dx+

d

dt
y(φ(l))

=

∫ l

0

[
∂

∂t
Ẽ(x, t) + ∂x

∂t

∂

∂x
Ẽ(x, t)

]
dx+

d

dt
y(φ(l))

=

∫ l

0

∂

∂t
Ẽ(x, t)dx+ V Ẽ(x, t)

∣∣∣l
0
+
d

dt
y(φ(l)) (5.7)

where

Ẽ(x, t) =
ρ

2
φ2
t (x, t)−

ρV2

2
φ2
x(x, t) +

EI

2

(
1−

∫ t

0
Z(s)ds

)
φ2
xx(x, t)

+
EI

2
(Z ◦ φxx) (x, t)−

κ

2
φ2 ln |φ|+ κ

4
φ2, x ∈ [0, l], t ≥ 0.

Using (5.1)and (5.7) together means

d

dt
E(t) = −

∫ l

0
φt

[
2ρVφxt + ρV2φxx + EI

(
φxxxx −

∫ t

0
Z(t− s)φxxxx(s)ds

)]
dx
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−ρV2

∫ l

0
φxφxtdx+ EI

(
1−

∫ t

0
Z(s)ds

)∫ l

0
φxxtφxxdx− EI

2
Z(t)

∫ l

0
φ2
xxdx

+
EI

2

∫ l

0

∂

∂t
(Z ◦ φxx) (t)dx− ∂

∂t

(
κ

2

∫ l

0
|φ(s)|2 ln |φ(s)|

)
ds

+
∂

∂t

(κ
4
∥φ∥2

)
+ φt(l)y(φ(l)) + V Ẽ(x, t)

∣∣∣l
0
, t ≥ 0.

Integrating by parts from 0 to l and boundary conditions in (5.1), we obtain

d

dt
E(t) = −ρVφ2

t (l)− φt(l)
[
ρV2φx(l) + EIwxxx(l)

−EI
∫ t

0
Z(t− s)φxxx(l, s)ds

]
+ EI

∫ l

0
φxxt

∫ t

0
Z(t− s)φxx(s)dsdx

−EI
(∫ t

0
Z(s)ds

)∫ l

0
φxxtφxxdx− EI

2
Z(t)

∫ 1

0
φ2
xxdx+ φt(l)y(φ(l))

+
EI

2

∫ l

0

∂

∂t
(Z ◦ φxx) (t)dx− ∂

∂t

(
κ

2

∫ l

0
|φ(s)|2 ln |φ(s)|

)
ds+

∂

∂t

(κ
4
∥φ∥2

)
+ V Ẽ(x, t)

∣∣∣l
0
, t ≥ 0.

We have

Ẽ(x, t)
∣∣∣l
0

=
ρ

2
φ2
t (l)−

ρV2

2
φ2
x(l)−

EI

2

(
1−

∫ t

0
Z(s)ds)

)
φ2
xx(0)

−EI
2

(Z ◦ φxx) (0), t ≥ 0. (5.8)

Clearly

∂

∂t
(Z ◦ φxx) (x, t) =

(
Z ′ ◦ φxx

)
(x, t)− 2wxxt(x, t)

∫ t

0
Z(t− s)φxx(x, s)ds

+2

(∫ t

0
Z(s)ds

)
φxxt(x, t)φxx(x, t), t ≥ 0. (5.9)

Consequently, by using (5.8), (5.9) and the boundary conditions in (5.1). The proof is completed.
We define

Ψ1(t) = ρ

∫ l

0
φtdx+

ρV
2
φ2(l), t ≥ 0,

Ψ2(t) = −ρ
∫ l

0
φt

∫ t

0
Z(t− s)(φ(t)− φ(s))dsdx, t ≥ 0,

Ψ3(t) =

∫ t

0

(∫
t
Z(τ − s)dτ

)
∥φxx (s)∥2 ds, t ≥ 0.

Ψ4(t) =

∫ t

0

(∫ ∞

t
Z(τ − s)dτ

)
φ2
xx(l, s)ds, t ≥ 0,
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and
L(t) = ME(t) + λΨ1(t) + Ψ2(t) + µΨ3(t) + γΨ4(t), t ≥ 0

where λ, µ and γ are all positive constants..

Proposition 8. If

V2 <
EI(1− k) + κ

2

[
l4

2 − a2l2

2π − l4 ln ∥φ∥2
2 + l4(1 + ln a)

]
ρl2

,

then we have
E(t) ≤ L(t) ≤ C(E(t) + Ψ3(t) + γΨ4(t)), t ≥ 0

for some C > 0 and
L′(t) + α1E(t) ≤ 0, t ≥ 0 (5.10)

for some α1 > 0.

Proof. First, Young inequality and Poincaré inequality leads to

Ψ1(t) ≤ ρ

2
∥φt∥2 +

ρ

2
∥φ∥2 + ρV

2
φ2(l)

≤ ρ

2
∥φt∥2 +

lρ

2
(l + V) ∥φx∥2 .

Similarly , we get

Ψ2(t) ≤ ρ

2
∥φt∥2 +

ρ

2

∫ l

0

(∫ t

0
Z(t− s)(φ(t)− φ(s))ds

)2

dx

≤ ρ

2
∥φt∥2 +

ρkl4

2

∫ l

0
(Z ◦ φxx) (t)dx.

Then, Lemma 3 and Lemma 5 allow us to write

L(t) ≤ ρ

2
(M+ λ) ∥φt∥2 +

ρ

2

[
λρ(l + V)−MV2 +

Mκl2

2

]
∥φx∥2 +

MEI

2

∫ l

0
(Z ◦ φxx) (t)dx

+(
ρkl4

2
+MEI)

∫ l

0
(Z ◦ φxx) (t)dx− Mκ

2

∫ l

0
|φ(s)|2 ln |φ(s)|ds+ µΨ3(t) + γΨ4(t), t ≥ 0.

This implies that E(t) ≤ C (L(t) + Ψ3(t) + Ψ4(t)) , t ≥ 0,

and

L(t)− E(t) = (M− 1)E(t) + λΨ1(t) + Ψ2(t) + µΨ3(t) + γΨ4(t)
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≥ ρ

2
(M+ λ) ∥φt∥2 + (M− 1)y(φ(l) +

[
(M− 1)

EI

2
− ρkl4

2

] ∫ l

0
(Z ◦ φxx) (t)dx

+
1

2

{[
(M− 1)

(
EI

l2
(1−K)− ρV2 +

Mκl2

2

)]
− λlρ(l + V)

}
∥φx∥2

−κ(M− 1)

2

∫ l

0
|φ(s)|2 ln |φ(s)|ds+ µΨ3(t) + γΨ4(t), t ≥ 0.

Provided that V2 < EI(1 − K)/ϱl2 and choose the smaller λ , such that λ ≤ min{M − 1,[
(M− 1)EI(1−K)− l2ϱV2

]
/l3ϱ(1 + V)} and M ≥ max{1, λl3p(l+V)

EI(1−K)−l2ϱ2
+ 1, ϱkl

4

EI + 1, λ+ 1},
This implies that L(t)− E(t) ≥ 0.

We will now show the second assertion.

d

dt
Ψ1(t) =

∫ l

0

d

dt
Ψ̃1(x, t)dx =

∫ l

0

(
∂

∂t
Ψ̃1(x, t)

)
dx+ VΨ̃1(x, t)

∣∣∣l
0

= ρ ∥φt∥2 + ρ

∫ l

0
wwttdx− ρVφt(l)φ(l) + VΨ̃1(x, t)

∣∣∣l
0
, t ≥ 0, (5.11)

where

Ψ̃1(x, t) = ρφ(x, t)φt(x, t), t ≥ 0.

The equation in (5.1) and an integration by parts we find

d

dt
Ψ1(t) ≤ ρ ∥φt∥2 + 2ρV

∫ l

0
φxφtdx+ ρV2 ∥φx∥2 − EI ∥φxx∥2 − φ(l)y(φ(l))

+EI

∫ l

0
φxx

∫ t

0
Z(t− s)φxx(s)dsdx+

κ

2

∫ l

0
φ2(s) ln |φ(s)|ds, t ≥ 0. (5.12)

2ρV
∫ l

0
φxφtdx ≤ ρ ∥φt∥2 + ρV2 ∥φx∥2 , t ≥ 0. (5.13)

The insertion of (5.13) into (5.12) and Lemma 10, we find

d

dt
Ψ1(t) ≤ 2ρ ∥φt∥2 + 2ρV2 ∥φx∥2 − EI

(
1− k

2

)
∥φxx∥2

+
EI

2

∫ t

0
Z(t− s) ∥φxx(s)∥2 ds−

EI

2

∫ l

0
(Z ◦ φxx) (t)dx

−φ(l)y(φ(l)) + κ

2

∫ l

0
φ2(s) ln |φ(s)|ds (5.14)

For Ψ2(t), we have

d

dt
Ψ2(t) =

∫ l

0

d

dt
Ψ̃2(x, t)dx =

∫ l

0

(
∂

∂t
Ψ̃2(x, t)

)
dx+ VΨ̃2(x, t)

∣∣∣l
0
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= −ρ
∫ l

0
φtt

∫ t

0
Z(t− s)(φ(t)− φ(s))dsdx− ρ

(∫ t

0
Z(s)ds

)
∥φt∥2

−ρ
∫ l

0
φt

∫ t

0
Z ′(t− s)(φ(t)− φ(s))dsdx+ VΨ̃2(x, t)

∣∣∣l
0
, t ≥ 0 (5.15)

where
Ψ̃2(x, t) = −ρφt(x, t)

∫ t

0
Z(t− s)(φ(x, t)− φ(x, s))ds, t ≥ 0. (5.16)

Ψ̃2(x, t)
∣∣∣l
0
= −ρφt(l)

∫ t

0
Z(t− s)(φ(l, t)− φ(l, s))ds, t ≥ 0. (5.17)

By taking the total derivative of Θ2(t), using integration by parts and (5.17), we obtain

d

dt
Ψ2(t) = EI

(
1−

∫ t

0
Z(s)ds

)∫ l

0
φxx

∫ t

0
Z(t− s)(φxx(t)− φxx(s))ds

+EI

∫ l

0

∣∣∣∣∫ t

0
Z(t− s)(φxx(t)− φxx(s))ds

∣∣∣∣2 dx
−ρV2

∫ l

0
φx

∫ t

0
Z(t− s)(φx(t)− φx(s))dsdx

−2ρV
∫ l

0
φt

∫ t

0
Z(t− s)(φx(t)− φx(s))dsdx

−ρ
∫ l

0
φt

∫ t

0
Z ′(t− s)(φ(t)− φ(s))dsdx− ρ

(∫ t

0
Z(s)ds

)
∥φt∥2

+y(φ(l))

∫ t

0
Z(t− s)(φ(l, t)− φ(l, s))ds

+ρVφt(l)

∫ t

0
Z(t− s)(φ(l, t)− φ(l, s))ds

−κ
∫ l

0
φ ln |φ|

∫ t

0
Z(t− s)(φ(t)− φ(s))dsdx, t ≥ 0, (5.18)

and ∫ l

0
φxx

∫ t

0
Z(t− s)(φxx(t)− φxx(s))dsdx

=

∫ l

0
φxx

(∫
At

Z(t− s)(φxx(t)− φxx(s))ds+

∫
Yt

Z(t− s)(φxx(t)− φxx(s))ds

)
dx

≤
∫ l

0
φxx

∫
At

Z(t− s)(φxx(t)− φxx(s))dsdx
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+

(∫
Yt

Z(t− s)ds

)
∥φxx∥2 −

∫ l

0
φxx

∫
Yt

Z(t− s)φxx(s)dsdx, t ≥ 0. (5.19)

We easily see that ∫ l

0
φxx

∫
At

Z(t− s)(φxx(t)− φxx(s))dsdx

≤ η1 ∥φxx∥2 +
k

4η1

∫ l

0

∫
At

Z(t− s) |φxx(t)− φxx(s)|2 dsdx, η1 > 0.

and

−
∫ l

0
φxx

∫
Yt

Z(t− s)φxx(s)dsdx

≤ 1

2
∥φxx∥2 +

k

2

∫ t

0
Z(t− s) ∥φxx(s)∥2 ds.

Therefore ∫ l

0
φxx

∫ t

0
Z(t− s)(φxx(t)− φxx(s))dsdx

≤
(
(
1

2
+ η1) + kẐ(Y)

)
∥φxx∥2 +

k

4η1

l∫
0

∫
At

Z(t− s) |φxx(t)− φxx(s)|2 dsdx

+
k

2

∫ t

0
Z(t− s) ∥φxx(s)∥2 ds, t ≥ 0 (5.20)

It is obvious that by the definition of Ẑ(Y) in (3.2), we have

∫ l

0

∣∣∣∣∫ t

0
Z(t− s)(φxx(t)− φxx(s))ds

∣∣∣∣2 dx
≤

(
1 +

1

η2

)
k

∫ l

0

∫
At

Z(t− s) |φxx(t)− φxx(s)|2 dsdx

+(1 + η2) kẐ(Y)

∫ l

0

∫
Yt

Z(t− s) |φxx(t)− φxx(s)|2 dsdx, η2 > 0. (5.21)

For the 3rd term

−
∫ l

0
φx

∫ t

0
Z(t− s)(φx(t)− φx(s))dsdx

= −
(∫ t

0
Z(s)ds

)
∥φx∥2 +

∫ l

0
φx

∫ t

0
Z(t− s)φx(s)dsdx
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≤
(
1

2
−Z∗

)
∥φx∥2 +

l2k

2

∫ t

0
Z(t− s) ∥φxx(s)∥2 ds, t ≥ t∗, η3 > 0. (5.22)

The fourth term is estimated as :

−2ρV
∫ l

0
φt

∫ t

0
Z(t− s)(φx(t)− φx(s))dsdx

= −2ρV
∫ l

0
φt

(∫
At

Z(t− s)(φx(t)− φx(s))ds+

∫
Yt

Z(t− s)(φx(t)− φx(s))ds

)
dx

= −2ρV
∫ l

0
φt

∫
At

Z(t− s)(φx(t)− φx(s))dsdx

−2ρV
(∫

Yt

Z(t− s)ds

)∫ l

0
φtφxdx+ 2ρV

∫ l

0
φt

∫
Yt

Z(t− s)φx(s)dsdx, (5.23)

or

−2ρV
∫ l

0
φt

∫
At

Z(t− s)(φx(t)− φx(s))dsdx

≤ η3ρ ∥φt∥2 +
ρV2l2k

η3

∫ l

0

∫
At

Z(t− s) |φxx(t)− φxx(s)|2 dsdx, t ≥ 0, (5.24)

− 2ρV
(∫

Yt

Z(t− s)ds

)∫ l

0
φtφxdx ≤ ρkẐ(Y) ∥φt∥2 + ρV2kẐ(Y) ∥φx∥2 , (5.25)

and

2ρV
∫ l

0
φt

∫
Yt

Z(t− s)φx(s)dsdx ≤ ρ ∥φt∥2 + ρV2l2k

∫ t

0
Z(t− s) ∥φxx(s)∥2 ds, (5.26)

Therefore (5.23) becomes

−2ρV
∫ l

0
φt

∫ t

0
Z(t− s)(φx(t)− φx(s))dsdx

≤ ρ
(
1 + η3 + kẐ(Y)

)
∥φt∥2 + ρV2kẐ(Y) ∥φx∥2 + ρV2l2k

∫ t

0
Z(t− s) ∥φxx(s)∥2 ds

+
ρV2l2k

η3

∫ l

0

∫
At

Z(t− s) |φxx(t)− φxx(s)|2 dsdx. (5.27)

For the fifth term, we have

−ρ
∫ l

0
φt

∫ t

0
Z ′(t− s)(φ(t)− φ(s))dsdx

≤ η4ρ ∥φt∥2 −
ρZ(0)l4

4η4

∫ l

0

(
Z ′ ◦ φxx

)
(t)dx, η4 > 0, t ≥ 0. (5.28)
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For the 6th term, find

y(φ(l))

∫ t

0
Z(t− s)(φ(l, t)− φ(l, s))ds

= y(φ(l))

(∫
At

Z(t− s)(φ(l, t)− φ(l, s))ds+

∫
Yt

Z(t− s)(φ(l, t)− φ(l, s))ds

)
= y(φ(l))

∫
At

Z(t− s)(φ(l, t)− φ(l, s))ds− y(φ(l))

∫
Yt

Z(t− s)φ(l, s)ds

+

(∫
Yt

Z(t− s)ds

)
φ(l)y(φ(l)) (5.29)

or

y(φ(l))

∫
At

Z(t− s)(φ(l, t)− φ(l, s))ds

≤ η5 |y(φ(l))|2 +
l3k

4η5

∫ l

0

∫
At

Z(t− s) |φxx(t)− φxx(s)|2 dsdx, t ≥ 0

and

−y(φ(l))
∫
Yt

Z(t− s)φ(l, s)ds

≤ |y(φ(l))|2

2
+
l3k

2

∫ t

0
Z(t− s) ∥φxx(s)∥2 ds, η4 > 0, t ≥ 0.

and

|y(φ(l))|2 ≤ 2m2(|φ(l)|2 + |φ(l)|2(α+1))

≤ 2m2l3
[
∥φxx∥2 +

(
2

EIk − ρV2l2
E(0)

)α

∥φxx∥2
]
= β ∥φxx∥2 .

Hence, (5.29) becomes

y(φ(l))

∫ t

0
Z(t− s)(φ(l, t)− φ(l, s))ds

≤ (η5 +
β

2
) ∥φxx∥2 +

l3k

2

∫ t

0
Z(t− s) ∥φxx(s)∥2 ds

+kẐ(Y)φ(l)y(φ(l)) +
l3k

4η5

∫ l

0

∫
At

Z(t− s) |φxx(t)− φxx(s)|2 dsdx. (5.30)

The seventh term can be written as follows
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ρVφt(l)

∫ t

0
Z(t− s)(φ(l, t)− φ(l, s))ds

≤ ρV
4η7

φ2
t (l) + η7l

3k

∫ l

0
(Z ◦ φxx) dx, η7 > 0, t ≥ 0, (5.31)

and

−κ
∫ l

0
φ ln |φ|

∫ t

0
Z(t− s)(φ(t)− φ(s))dsdx

≤ κ

∫ l

0

(
φ2 + dϵ0

√
|φ|
)∫ t

0
Z(t− s)(φ(t)− φ(s))dsdx

≤ κ

(
η8

∫ l

0
(φ2 + dϵ0

√
|φ|)2dx+

1

4η8

∫ l

0
|
∫ t

0
Z(t− s)(φ(t)− φ(s))ds|2dx

)
≤ κη8(l

8 + l4)∥φxx∥2 +
κkl4

4η8

∫ l

0
(Z ◦ φxx) (t)dx. (5.32)

The insertion of (5.20)-(5.22), (5.27), (5.28), (5.30), (5.32) and (5.31) into (5.18), we obtain

d

dt
Ψ2(t) ≤ −Z(0)l4

4η4

∫ l

0

(
Z ′ ◦ φxx

)
(t)dx+ ρ

(
−Z∗ + η4 +

1

2
+ η3 + kẐ(Y)

)
∥φt∥2

+ρV2

(
−Z∗ +

1

2
+ kẐ(Y)

)
∥φx∥2 + {(1

2
+ η1) (1−Z∗)EI + (

β

2
+ η5

β

2
)

+κη8(l
8 + l4) + EI (1−Z∗) kẐ(Y)} ∥φxx∥2 + (

κkl4

4η8
+ η7l

3k)

∫ l

0
(Z ◦ φxx) (t)dx

+
1

2

(
(1−Z∗) kEI + 5ρV2l2k + l3k

) ∫ t

0
Z(t− s) ∥φxx(s)∥2 ds

+(1 + η2)EIkẐ(Y)

∫ l

0

∫
Yt

Z(t− s) |φxx(t)− φxx(s)|2 dsdx+ k

{
(1−Z∗)

EI

4η1

+

(
1 +

1

η2

)
EI +

ρV2l2

η3
+

l3

4η5

}∫ l

0

∫
At

Z(t− s) |φxx(t)− φxx(s)|2 dsdx

+kẐ(Y)φ(l)y(φ(l)) +
ρV
4η7

φ2
t (l), t ≥ t∗ > 0, (5.33)

where β = 2m2l3
[
1 +

(
2E(0)

kEI−l2ρV2

)α]
for some positive constants ηi, i = 1, ...7.

A differentiation of Ψ3(t) gives

d

dt
Ψ3(t) = k ∥φxx∥2 −

∫ t

0
Z(t− s) ∥φxx (s)∥2 ds, t ≥ 0. (5.34)

The total derivative of Ψ3(t) it is calculated as follows
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d

dt
Ψ3(t) =

∫ l

0

(
∂

∂t
Ψ̃3(x, t)

)
dx+ VΨ̃3(x, t)

∣∣∣l
0

, t ≥ 0 (5.35)

where
Ψ̃3(x, t) =

∫ t

0

(∫ ∞

t
Z(τ − s)dτ

)
φ2
xx(x, s)ds, t ≥ 0.

Clearly

d

dt
Ψ3(t) ≤ k ∥φxx∥2 −

∫ t

0
Z(t− s)

∫ l

0
φ2
xx(s)dxds+ V

∫ t

0
Z(t− s)φ2

xx(l, s)ds, t ≥ 0,

and

d

dt
Ψ4(t) = kw2

xx(l, s)−
∫ t

0
Z(t− s)φ2

xx(l, s)ds, t ≥ 0. (5.36)

According to the relations (5.6), (5.14), (5.33) and (5.36) we have

d

dt
L(t) ≤

(
MEI

2
− Z(0)l4

4η4

)∫ l

0

(
Z ′ ◦ φxx

)
(t)dx

+ρ
[
2λ+

(
−Z∗ + η4 + (1 + η3) + kẐ(Y)

)]
∥φt∥2

+ρV2

[
2λ+

(
−Z∗ +

1

2
+ kẐ(Y)

)]
∥φx∥2

+

{
[(
1

2
+ η1) (1−Z∗)EI + (η5

β

2
+
β

2
) + κη8(l

8 + l4) + EI (1−Z∗) kẐ(Y)]− λEI

(
1− k

2

)
+(µ+ γ)k} ∥φxx∥2

+

(
κkl4

4η8
− λ

EI

2
+ η7l

3k

)
×
∫ l

0
(Z ◦ φxx) (t)dx+ (µV − γ)

∫ t

0
Z(t− s)φ2

xx(l, s)ds

+

{
λ
EI

2
+
k

2

[
(1−Z∗)EI + 5ρV2l2 + l3

]
− µ

}∫ t

0
Z(t− s) ∥φxx(s)∥2 ds+

(1 + η2)EIkẐ(Y)×
∫ l

0

∫
Yt

Z(t− s) |φxx(t)− φxx(s)|2 dsdx+ k

[
(1−Z∗)

EI

4η1
+

(
1 +

1

η2

)
EI

+

(
1 +

1

η2

)
EI +

ρV2l2

η3
+

l3

4η5

] ∫ l

0

∫
At

Z(t− s) |φxx(t)− φxx(s)|2 dsdx

+
{
−λ+ kẐ(Y)

}
φ(l)y(φ(l)) +

ρV
2

(
1

2η7
− 1

)
φ2
t (l). (5.37)

We choose M to be so large that

MEI

2
− Z(0)l4

4η4
≥ MEI

4
. (5.38)
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As in [35], we introduced the collection

An = {s ∈ R+ : nZ ′(s) + Z(s) ≤ 0}, Yn = R+\An

and
Ãnt = {s ∈ R+ : 0 ≤ s ≤ t, nZ ′(t− s) + Z(t− s) ≤ 0}, n ∈ N.

Observe that ∪
n

An = R+\{YZ ∪NZ}

where NZ is the set where Z ′ is not defined and YZ is defined in (3.3). Since Yn+1 ⊂ Yn for all n
and

∩
n
Yn = YZ ∪NZ , then limn→∞ Ẑ(Yn) = Ẑ(YZ). Taking At := Ãnt , Yt := ỹnt, it follows from

(3.49) that

d

dt
L(t) ≤ ρ

[
2λ+

(
−Z∗ + η4 + (1 + η3) + kẐ(Y)

)]
∥φt∥2

+ρV2

[
2λ+

(
−Z∗ +

1

2
+ kẐ(Y)

)]
∥φx∥2

−
{
[λEI

(
1− k

2

)
− (

1

2
+ η1) (1−Z∗)EI − (

β

2
η5 +

β

2
)− κη8(l

8 + l4)− EI (1−Z∗) kẐ(Y)]

−(µ+ γ)k} ∥φxx∥2

+

(
κkl4

4η8
− λ

EI

2
+ η7l

3k

)
×
∫ l

0
(Z ◦ φxx) (t)dx+ (µV − γ)

∫ t

0
Z(t− s)φ2

xx(l, s)ds

+

{
λ
EI

2
+
k

2

[
(1−Z∗)EI + 5ρV2l2 + l3

]
− µ

}∫ t

0
Z(t− s) ∥φxx(s)∥2 ds+

(1 + η2)EIkẐ(Y)×
∫ l

0

∫
Yt

Z(t− s) |φxx(t)− φxx(s)|2 dsdx+ k

[
(1−Z∗)

EI

4η1
+

(
1 +

1

η2

)
EI

+

(
1 +

1

η2

)
EI +

ρV2l2

η3
+

l3

4η5
− MEI

4n

] ∫ l

0

∫
At

Z(t− s) |φxx(t)− φxx(s)|2 dsdx

+
{
−λ+ kẐ(Y)

}
φ(l)y(φ(l)) +

ρV
2

(
1

2η7
− 1

)
φ2
t (l). (5.39)

In (5.39) ,for Z∗ > kẐ(Y) +
1

2
sufficiently large we take λ = 1

2

(
Z∗ − kẐ(Y)− 1

2
− ε

)
. We infer

that

κkl4

4η8
− λEI

2
+ (1 + η2)EIkẐ(Yn) + η7l

3k ≤ 0

and
1

2η7
− 1 ≤ 0.
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General decay for an axially moving with a logarithmic nonlinearity

We will need (we neglect η5 and η1as will be chosen small enough)

1

2
(1−Z∗)EI +

β

2
+ κη8(l

8 + l4) + EI (1−Z∗) kẐ(Y)− λEI

(
1− k

2

)
+ (µ+ γ)k < 0.

Adding and substraction the term δ
2

(
Z∗ − kẐ(Y)− 1

2 − ε
) (

1− k
2

)
EI, the previous term becomes

[(
1− δ

2

)(
Z∗ − kẐ(Y)− 1

2
− ε

)
EI

(
1− k

2

)
− µk

]
+

[
δ

2

(
Z∗ − kẐ(Y)− 1

2
− ε

)(
1− k

2

)
EI − 1

2
(1−Z∗)EI −

β

2
− (1−Z∗) kẐ(Yn)− γk

]
> 0.

The term is divided into several parts.
The second part has what you need

1

2
(1−Z∗)EI +

β

2
+ EI (1−Z∗) kẐ(Yn) + γk <

δ

2

(
Z∗ − kẐ(Y)− 1

2
− ε

)(
1− k

2

)
EI

where

δ =
2 (1−Z∗)EI(

2k
3 + 1) + 2β + 4γk

(Z∗ − k
3 − 1

2) (2− k)
EI.

and

µ <

(
1− δ

2

) (Z∗ − kẐ(Yn)−
1

2
− ε

)
k

(
1− k

2

)
EI

µ <

(
1 +

δ

2

) (Z∗ − kẐ(Yn)− 1
2 − ε

)
k

(
1− k

2

)
EI. (5.40)

Note that (ε is ignored)

(
1− δ

2

) (Z∗kẐ(Yn)− 1
2 − ε

)
k

(
1− k

2

)
EI =

(Z∗ − k
3 − 1

2) (2− k)− (1−Z∗)EI(
−2k
3 + 1)− 2γk − β)

2k

and
2kγ + 2β + (k3 + 3

2)(2− k) + EI(2k
3 + 1)

(2− k) + (2K
3 + 1)EI

< Z∗ < k. (5.41)

β <
(2− k)(12 − k

3 )− γk

2
.

78



General decay for an axially moving with a logarithmic nonlinearity

We select at the end γ > µV. This suggests that

L′(t) + α1E(t) ≤ 0, t ≥ t∗.

Theorem 10. Assume that (A1)-(A3) and if V2 <
EI(1−k)+κ

2

[
l4

2
−a2l2

2π
− l4 ln ∥φ∥2

2
+l4(1+ln a)

]
ρl2

,is suf-
ficiently small,where A and ϱ are two positive constants that

E(t) ≤ Ae−ϱt, t ≥ 0.

Proof. We can observe that based on the equivalence result (5.10)

d

dt
L(t) ≤ −α1

C
L(t), t ≥ t̄. (5.42)

Can get to by integrating (5.42) over (t̄, t) conducts

L(t) ≤ L(t̄)e−
α1
C

(t−t̄), t ≥ t̄.

The major outcome so follows once more as a result of (5.10).
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General conclusion

In this thesis, we considered Axially moving systems and analyzed the asymptotic behavior
of the solutions of these systems.

In the second chapter, we have dealt with the stabilization of an axially moving string subject
to a boundary disturbances. We employ the active disturbance rejection control (ADRC) approach
to estimate the disturbance.

In the third chapter, we are proved a general decay of an axially moving viscoelastic beam
with a boundary non linear term. Our purpose was to extend the class of the relaxation functions
Z that guaranteeing a general deacy. This type of functions were developed by Conti and Pata in
[14] and improved by Kelleche and Feng in [44]. The obtained result improved the previous ones
[26]

In the fourth chapter, we studied the stabilization of an axially moving viscoelastic Kirchhoff
string.

In the fifth chapter, we studied the stabilization of an axially moving viscoelastic beam with
Logarithmic Source Terms. We obtained an asymptotic stability result of global solution, for
certain class of relaxation functions.

In the future, it would be interesting to extend the results of the present thesis by the existence
and the uniqueness of these problems as well as the we prove the exponential stability.
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