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abstract

In this thesis, we studied the existence, uniqueness and the asymptotic behavior of some
systems with two porous structures in one dimensional spatial space.

The first system is an elastic system with double porosity structure, we have shown the
existence, uniqueness and the exponential stability of the solution in two cases of the
viscoelastic dissipation.

The second system is an elastic system with two porous structures and memory effects in
both porous equations. We prove that the weak dissipation generated by the memory terms
produces a general rate of decay depending on the kernels of the memory terms and the
coefficients of the system.

The methods we have used are the spectral method based on the semigroup theory and
Gerhart Pruss theorem and the multiplier method based on the energy estimate and Lyapunov
direct method.

Key Words: Double porosity, well-posedness, exponential decay, weak solution, memory
term, general decay, lack of exponential decay.

R’ @

Dans cette these, nous avons étudié I'existence, l'unicité et le comportement asymptotique
de certains systémes a deux structures poreuses dans un espace a une dimension.

Le premier systéme est un systéme élastique a structure en double porosité, nous avons
montré I'existence, l'unicité et la stabilité exponentielle de la solution dans deux cas de
dissipation viscoélastique.

Le deuxieme systeme est un systeme élastique avec deux structures poreuses et des effets
mémoire dans les deux équations poreuses. Nous montrons que la faible dissipation générée
par les termes mémoire produit un taux de décroissance genéral dépend des noyaux des
termes mémoire et des coefficients du systeme.

Les méthodes que nous avons utilisées sont la méthode spectrale basée sur la théorie du
semi-groupe et le théoreme de Gerhart Pruss et la méthode du multiplicateur basée sur
I'estimation de I'énergie et la méthode directe de Lyapunov.

Mots clés : Double porosité, probléeme bien posé, décroissance exponentielle, solution de
semi-groupes, terme mémoire, décroissance générale, absence de décroissance exponentielle.
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Notation

H'H,,H? H* WP WF The sobolev spaces,

() The inner product,

0 The operator of partial differentiation,
D (A) The domain of the operator A,

p(A) The resolvent set of the operator A,

o (A) The spectrum of operator A,

| The euclidean norm on R¢,

-1l The norm on a normed space X,

Z(X),B(X) The space of all bounded linear operator over X,
Re(.,.) The real part of the inner product,

Im(.,.) The imaginary part of the inner product,

Cr(Q) The test functions space,

(T'(t)) =0 A semigroup,

C(X,)Y) The espace of all continuous functions from X into Y.
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(zeneral introduction

H he study of the asymptotic behavior of evolution equations and systems arising from
mechanics and physics is an important issue, as it is essential, for practical applications,
to be able to understand and predict the long time behavior of solutions of such equations
or systems. The origin of the study of the asymptotic behavior of differential equations goes
back to the works of Fubini [21], Sansone [37] and Bellman [10, 11]. Bellman [11]| gave
the definition of the asymptotic behavior and its relation with stability and boundlessness.
We recall that the asymptotic behavior of a solution of a differential equation means the
comparison of this solution or its norm with elementary functions as ¢ tends to infinity. The
concept of asymptotic behavior is closely related to the stability concept developed by A.
Lyapunov in 1899 which we will give the definition later.

The theory of porous materials which we are concerned here, was introduced first by
Goodman and Cowin [23]. They extended the concept of mass distribution to admit granular
materials. The basic premise underlying this theory is the concept that the mass at each
point of the material is obtained as the product of the mass density of the material matrix by
the volume fraction. This representation introduces an additional independent kenimatical
variable: the volume fraction. Nunziato and Cowin [32, 16] employed this theory to study
the behavior of materials which have interstitial voids or vacuous pores. This theory admits
both finite deformations and nonlinear constitutive relations and the intended applications
of this theory are to geological materials like rock and soils and to manufactured porous
materials like ceramics and pressed powders. This theory differs significantly from the

classical linear elasticity in that the volume fraction corresponding to the void volume is



taken as an independent kinematical variable.

To be more precise, let us give a short description on the subject.

Let B be a material body that occupies the bounded domain 2 (C R?) in its configuration
at time t and let x be the spatial position of a material point. The concept of mass distributed
introduced by Goodman and Cowin asserts that for every (z,t) € © x [0, +oo[ the mass
density p has de decomposition p = yv where 7 is the density of the matrix material and
0 < v <1 is the volume fraction of the material.

The independent kinematic variables in the linear theory are the displacement field
u(z,t) = x(t) — x (ty) from the reference configuration and the change in volume fraction
¢ (x,t) =v(x,t) —v(xz(ty),to). The infinitesimal strain tensor e;; (z,t) is determined from

the displacement field, u according to

=9\ o, o)

Assuming the region occupied by the body is regular, we have that the equations of motion

governing a linear elastic continuum with voids are the balance of linear momentum
pu; = Ty ; + bi, (1)
and the balance of equilibrated force
P'ﬁg =hi;i+g+pl (2)

where T}; is the symmetric stress tensor, b; is the body force vector, h; is the equilibrated
stress vector, k is the equilibrated inertia, g is the intrinsic equilibrated body force and ¢ is
the extrinsic equilibrated body force. Here we have used the physicists convention where a
superposed dot denotes the partial differentiation with respect to time, a subscript comma
denotes the partial differentiation with respect to the spatial compenant of the followed
index and the summation for the repeated subscript.

We require that T};, h; and g satisfys the conditions for mechanical equilibrium in the
absence of body forces in the reference state, the constitutive equations for Tj;, h; and g are
given by

Tij = Nogjerk + 2peq; + Bddy,

hi - a¢,ia



g=—7T¢—Ep— Pexk
where A, i are Lamé modulis, a, &, 8 and 7 are constitutive constants that satisfy the re-
quirements

p>0,a>06>06>0

and since the stored energy density associated with strain and void volume distortion from
the reference configuration is a positive definite quadratic form then the coefficients must
satisfy

3A 420 >0, (3N +2u) > 1252

The coefficient 7 and the equilibrated inertia £ must be nonnegative in order to satisfy a
dissipation inequality. By substituting the constitutive equations into (1)-(2) these later

equation take the form
pu; = Njierrj + 2peji; + 8,5 0i; + bi,
pEG = ad i — T — § — Pey, + pl.

As we are concerned by one-dimensional theory, then in the absence of body forces and the

(3)

extrinsic equilibrated body force the system (3) becomes

PUt = PUgy + B(bx:
p’iqstt - Oégbxa: - Bux - §¢ - T¢t7

where we write u instead of A\ + 2u. System (4) was studied first by Quintanilla [35], he

(4)

investigated the boundary conditions

u(O,t):u(W,t):@ (O7t):¢:fc (W>t>:O (5>

and proved that the solution can not be exponentially stable, only slow decay has been
obtained. Various dissipative mechanisms have been added to stabilize system (4) expo-
nentially. Magana and Quintanilla 28| added the viscoelastic dissipation Yy, to the first
equation of (4) and established an exponential rate of decay. The same result was obtained
by Casas and Quintanilla [15] when they added thermal dissipation to the system (4).
Apalara [2| replaced the porous damping in (4) by the viscoelastic damping of memory

type fot g (t — 8) s (z, 8) ds where g is a relaxation function that satisfies the property

g ()< =€) g(t),



for a non increasing function £. He established a general decay result for which the expo-
nential and the polynomial decay rates are only special cases.

The origin of the theory of double porosity goes back to the works of Barenblatt et al.
[3, 4]. The authors distinguished the liquid pressure in the pores from the liquid pressure
in the fissures and introduced a double porosity structure. This theory is an important
generalization of Biot’s theory [12]| for porous materials with single porosity. Wilson and
Aifentis [44] presented a theory of consolidation for elastic materials with double porosity
which unifies the earlier models of Barenblatt and Biot. However, the theory proposed by
Wilson and Aifentis ignored the cross-coupling effects between the volume change of the
pores and fissures in the system. Khalili and Valliappan [26] modified Aifiens’ theory and
proposed a cross-coupling terms included in the equations of conservation of mass for the
pores and fissures fluid. Barryman and coauthors |5, 6] included a cross-coupling in Darcy’s
law for solids with double porosity.

In [25] Iesan and Quintanilla derived a double porosity model based on the Nunziato-
Cowin theory for materials with voids [16, 32]. According to this theory the porosity struc-
ture in the equilibrium case is influenced by the displacement field, which is different from
the theory based on Darcy’s law.

In the case of isotropic solids the constitutive equations have the form

Tij = )\err&-j + 2,uel-j + b51]¢ -+ ddiﬂﬂ,
gp=ag; +bi;,  xi=big; + 7Y,
§=—bej; — a1 —azyp, (= —dej; —azp— azy,

where 9;; is Kronecker’s delta, and A, u,b,d, b1, , 3,7, c; are constitutive coefficients.

The equations of motion are given by

pu; = Tji g,
k1 =055+ &+ pg,
Rt = X + €+ ph



In the context of double porous thermoelasticity, Bazarra et al. [8] considered the system

(

Pl = UUgy + bSOz + dwm - Bez,
R1Ptt = OPgy + b1¢xx - buw — 1 — a3¢ + 719 — &1t — 627/)15’
Kot = D1Pzz + Yoo — dUy — @30 — Qo) + 720 — £30¢ — 47y,

\ Cet == ’i‘gzz - ﬁut:p — MNPt — 72¢t7

with the following boundary conditions
u(z,t) =@ (z,t) =, (x,t) =0, (z,t) =0, =0, zr =mand t > 0.

They proved that the solution decays exponentially when porous dissipation is assumed
for each porous equations. If the dissipation is considered only on one porous structures,
the solution cannot be asymptotically stable in general. However, they give a sufficient
conditions for which the solutions decay exponentially. See also [9].

The rest of this thesis is organized as follows: In Chapter 1, we give some preliminaries
and fondamental tools that we used in the rest of the thesis. Chapter 2 we be devoted
to the study of a double porous elastic system with dissipations in the elastic and porous
equations. In Chapter 3 we study a double porous elastic system with weak dissipations of

memory type. Finally, we summarize our results in a conclusion paragraph.



Chapter 1

(General preliminaries

In this chapter we will present some definitions, and results on Cy-semigroups, including
some theorems on exponential stability. We will also collect some results on Sobolev spaces.

Some results are given with proof and others are stated without proofs.

1.1 Functional spaces

1.1.1 Hilbert spaces

Definition 1.1.1. [13/ A Hilbert space is a vector space H equipped with an inner product

(.,.) such that H is complete with respect to the norm associated to the inner product.
For example L?,0? and H™ are Hilbert spaces.

1.1.2 Lax Milgram theorem

Definition 1.1.2. Let H be a Hilbert space and a(.,.) : H X H — R be a bilinear form.

al(.,.) is said to be:
e continuous, if there exists a constant C' such that

la (u, )] < Cllullflv]| - Vu,veH,



e coercive, if there exists a constant o > 0 such that
la (v,0)] > allv]]? VveH.

Theorem 1.1.1. (Lax Milgram)
Assume that a(.,.) : H x H — R is a continuous and coercive bilinear form, then for every

linear continuous form L € H', there exists a unique element u € H such that

a(u,v) = L(v) YveH,

1.1.3 LP spaces

Definition 1.1.3. [13] Let p € R with 1 < p < +00; we set

LP(Q) = {f : Q= R; f is measurable and / P < —l—oo}
Q

with ,
e =161, = | [ 1 @Pa] "
we set
L (Q) = f:Q — R; f is measurable and there exists a constant C
suth that |f(x)] < C a.e.on Q
with

[fll e = Iflloe = nf{C; [f(2)] < C a.e.on Q}.

Notation 1. Let 1 < p < oo; we denote by q the conjugate exponent of p

11
R
P q

1.1.4 Sobolev spaces W?(Q)

Let € be a bounded domain in R; and let p € R with 1 < p < 0.

Definition 1.1.4. The Sobolev space WHP(Q2) is defined to be

WP (Q) = {u € LP(Q);3g € LP (Q); / up'dr = — / gedr, Yo € C} (Q)}
0 Q



we set

H (Q) = W2 (Q).

For u € W'(Q) we denote v’ = g and we say that u' is the weak derivative of u.

The space WP is equipped with the norm

lellwre = llullpe + 0]l o

or sometimes, if 1 < p < oo, with the equivalent norm (||u|?, + [Jul/7,)Y?.

H' is equipped with the inner product

() = () ()5 = [ ww+0) o
Q

and with the associated norm

1
2 2 \2
lull = (llull3s + 152)

Definition 1.1.5. Given 1 < p < oo, we denote by Wy (Q) the closure of C}() in W'P(Q).
For p =2, we note

Hy () = Wy ™(Q).

Notation 2. The dual space of Wy (Q)(1 < p < 00) is denoted by W="4(Q) and the dual
space of H} () is denoted by H~(Q).

1.1.5 Some useful inequalities

The following inequalities are of great importance, we will use them frequency.

Theorem 1.1.2. (Young inequality) Let p and q be two real conjugate, so

al bl
V(a,b) € R? |ab] < — + —.
(a,b) € Ry |ab| e

In particular if u, v € L* () we have

1
/|uv|§5/|u|2+—/|v|2, Ve > 0.
Q 0 de Jq



Theorem 1.1.3. [13/ (Holder inequality). Assume that f € LP and g € L? with 1 <
p < oo. Then fg € L' and

/ ol <1171, lall, -

Theorem 1.1.4. (Cauchy-Schwarz inequality) Let H be a Hilbert space endowed with

the inner product (-,-), we have,
(1, 0)] < (u,w)2 {v,0)% Va0 € H.

Theorem 1.1.5. (Poincaré’s inequality) Let Q) be a bounded domain in R and u €

H; (), then there exists a positive constante C, depending only on mes(Q?) and p such that

o) < Cll 7 ullzo),  Vu € Hy(Q).

1.2 Some semigroup tools

Definition 1.2.1. Let A € Z(F).The resolvent set p(A) of A is the set of all X in C such
that, (A — XI) is invertible

p(A)={NeC; (A-A)"'eZ(E)}.
The spectrum of A, denoted by o(A), is the complement of the resolvent set, i.e.,
a(A) = C\p(A).
A complex number X\ is said to be an eigenvalue of A if
N(A—XI) #{0}.

Theorem 1.2.1. Let X be a Banach space. If A € L(FE) is an operator with || A|| < 1 then

I — A is invertible and the inverse is given by

(J—ArlzfiAw



Definition 1.2.2. [33] Let H be a Banach space. A one parameter family of bounded linear
operators T(t), 0 <t < oo, from H into H is a semigroup of bounded linear operators on H
of

T(0) =1, (I is the identity operator on H).

T(t+s)=T(t)T(s) for every t,s > 0 (the semigroup property).

A semigroup of bounded linear operators, T(t), is uniformly continuous if

lim |T(t) — I|| = 0.

t—0

The infinitesimal generator of a semigroup T(t), is the operator A defined on

D(A) = {x € X: limM e:z;ists,}

t—0 t

by
Tz —x dP+T)x
= = D .
Az Lim ; o . for xe€ D(A)

Definition 1.2.3. [13/(Mazimal Monotone Operators): An unbounded linear operator
A: D(A) C H — H is said to be monotone (accretive) if it satisfies

Re (Av,v) >0 Yve D(A).

It is called maximal monotone if in addition, R(I + A) = H, i.e., Vf € H Fu € D(A)
such that uw + Au = f.

Remark 1.2.1. If —A is monotone, we say that A is dissipative.

Proposition 1.2.1. [13] Let A be a mazimal monotone operator. Then

(a) D(A) is dense in H,

(b) A is a closed operator,

(c) For every A > 0, (I + MA) is bijective from D(A) onto H, (I + AA)~! is a bounded
operator, and ||(I +NA)"H |4y < 1.

Theorem 1.2.2. (Hille-Yostida) [13] Let A be a mazimal monotone operator. Then, given

any ug € D(A) there exists a unique function

u € CH([0,+00); H) N C([0, +00); D(A))

10



satisfying
du + Au =0 on[0,+0o0)
dt B ’ ’ (1.1)
u(0) = up.
Theorem 1.2.3. (Lumer-Phillips) [33, 43| Let A: D(A) C H — H be a densely defined

operator. Then A generates a Cy—semigroup of contractions on H if and only if
i) A is dissipative,(—A monotone).
ii) there exists Ao > 0 such that \oI — A is surjective.

Remark 1.2.2. Suppose that assumptions (i) and (ii) of Theorem 1.2.3 are salisfied, then
D (A) is dense in H.
Proof. Indeed, let f € D(A)* then (f,v) =0 for allv € D (A). Since Ao — AT is surjective,
there exists vy € D (A) such that \gvg — Avy = f. We have

0= (f,v0) = (Aovo — Avg, vg) = Ao ||Uo||2 — (Avo, vo) = Ao ||U0||2‘
Therefore, v9 = 0 and consequently f =0 and D (A) is dense in H. O
Theorem 1.2.4. [43] Let A : D(A) C H — H be the infintesimal generator of a Cy-

semigroup {S(t);t > 0}. Then, for each & € D(A) and each t > 0, we have S(t){ € D(A),
and the mapping

t — S(t)¢

is of class C' on [0, 4+00) and satisfies
4
dt
Theorem 1.2.5. Let A be a linear operator with dense domain D(A) in a Hilbert space H.

(S()§) = AS(1)€ = S(t).AL.

If A is dissipative and 0 € p(A), , then A is the infinitesimal generator of a Co—semigroup

of contractions on H.

Proof. By the assumption 0 € p(A), A is invertible and A~! is a bounded linear operator.
By the theorem 1.2.1 , it is easy to see that the operator A\ — A = AANA™! — 1) is
invertible for 0 < A < ||A7Y||. Therefore, it follows from Lumer-Phillips Theorem that A
is the infinitesimal generator of a Cy—semigroup of contractions on . Thus the proof is

complete. O

11



1.3 Cauchy abstract problem

Let A be a bounded operator, we consider the problem:

Ut:AU, tZO,
U (0) = Up.

If A generated a Cy-semigroup. Then, the equation has a unique solution

U(t) = T(t)Uy = eUs.

1.4 Stability notions

Theorem 1.4.1. Let f : R x R" — R be a function satisfying the following condition:

for all T > 0, there exist two constants k,C such that

(o) — fltg) < klz—yl, VayeRe, Vie[o,T),
’f(tax(])’SC? th[O,T],

then the equation
xt(t) - f(tax)7Vt > 07

ZL’(to) = 29

has a unique solution which we note x(t,ty, o). This solution satisfies
x(t, tl,fEl) = fE(t,l'o),Vt > ty.
where, 1 = x(ty).

Definition 1.4.1. An equilibrium point of (1.2) is a point xo € R™ which satisfies f(t,xy) =
0, for all t > 0.

Clearly, the unique solution of (1.2) is z(t, ty, x9) = xo for all ¢ > t,. This fact means that
if a solution starts at an equilibrium point it stays there. For the convenience we assume

that the equilibrium point is o = 0. that is

£(t,0)=0,vt >0,
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or equivalently

x (t,t,0) = 0,V¢ > 0.

1.5 Lyapunov stability notions
Lyapunov theory is concerned by the behavior of a solution which starts at xy # 0 but
is close to it; ||zo|| < 9.

Definition 1.5.1. [39] The equilibrium point 0 is said to be stable if, for each ¢ > 0 and

each ty > 0, there exists 0(e,ty) > 0. such that
||l‘0|| < 6<€,t0) = ||.Z' (t,to,l’o)” < E.

According to this definition, the equilibrium point is stable if the solution begining at x
is close at 0 as needed for all xq close at 0. In addition if depends only on ¢, the equilibrium

point is said to be uniformly stable.

Definition 1.5.2. [39] The equilibrium point 0 is asymptotically stable if it is stable and
for each ty > 0, there exists n(ty) > 0 such that

|zol| <1 (to) = tliglox (t,to,z0) = 0.

In addition if n doesn’t depend on t; the equilibrium point is said to be asymptotically

uniformly stable.

Definition 1.5.3. /39 The equilibrium point is said to be exponentially stable if there exist

positive constants C,w,r such that
|z (¢, to, xo)|| < C ||xol| e, Vt > to, Vao, |20 < 7.

Moreover if

||JI (t,to, l’o)” <C H.Z‘()H e‘“’t,Vt > to,on S R,
the equilibrium is globally exponentially stable.

Definition 1.5.4. The solution U(t) = e*Uy is said to be exponentially stable if there exist

two positive constants o and M > 1 such that

[T < Me=*, vt >0.
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Definition 1.5.5. [38] A function ¢ : Ry — Ry is said to be of class KC if it is continuous,
strictly increasing; and ¢(0) = 0.

Definition 1.5.6. [38] A function V : R xR™ — R is said to be a positive definite function
if:

i) V is continuous,
i) V(t,0) =0,V > 0;

iii) there exists a function ¢ of class K such that
o (|lz|]) < V(t,x),Vt > 0,Vz € R".
Definition 1.5.7. [38] A function V : R, x R™ — R is called decrescent function if there
exists a function B of class IC such that
V(t,z) < B(||x]),Vt > 0,Vz € R".
Lemme 1.5.1. A function W : R™ — R is a positive definite function if and only if

i) W(0) =0,
i) W(z) > 0,Vx € R" — {0},
iii) there exists r > 0, such that inf W(x) > 0.

[zl >r
Lemme 1.5.2. A function V : R, x R™ — R is a positive definite function if and only if :
i)V (t,0) = 0,Vt > 0, ii) there exists a positive definite function W : R — R such that
V(z,t) > W(x),Vt > 0,Vz € R™.

1.5.1 Lyapunov direct method

Theorem 1.5.1. The equilibrium point 0 of the equation
xy = f(t,x),t >0,
is stable if there exists r > 0 and a locally positive definite function V of class C* such that

Vi(t,z) <0,Vt > to,Va, ||z| <.
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Theorem 1.5.2. The equilibrium point O of the equation
xy = f(t,x),t >0,

15 uniformly stable if there exist r > 0 and a locally positive definite decrescent function V/
of class C* such that
Vi(t,z) < 0,Vt > to,Va, ||z|| < r.

Theorem 1.5.3. The equilibrium point O of the equation
xy = f(t,x),t >0,

is uniformly asymptotically stable, if there exist a C* decreasing and locally positive definite

function V' such that —V; is locally positive definite.

Theorem 1.5.4. Suppose that there exist constants, a,b,c,r > 0,p > 1 and a C* function
VR, X R" = R such that:

D)oallz]f <V(t;x) <bllz||’,Vt >0,Vz, ||z|| <,
i) Vi(t,z) < —c||z||”,Vt > 0,Vz, ||z| <.

Then, the equilibrium point of the equation z; = f(¢, x), is exponentially stable.

Theorem 1.5.5. Suppose that there exist constants, a,b,c,r > 0,p > 1 and a C* function
VR, X R" = R such that:

) allz||’ <V(t;z) <b|x||’,Vt > 0,Vz € R,
i) Vi(t,z) < —c||z||’,Vt > 0,Vz € R™.
Then, the equilibrium point of the equation z; = f(¢, x), is globally exponentially stable.

1.5.2 Stability of linear systems

In this subsection we are concerned with the stability of the solution of the linear system

U, (t) = AU (1), > 0,

U (0) = U, 13)

Clearly, U(t) = 0 is an equilibrium point.
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From the semigroup theory, we infer that if A is a generator of a stongly continuous
semigroup (7'(t))s>o, then for every Uy € D(A),U(t) = T(t)U, is the unique classical solution
of (1.3).

Theorem 1.5.6. [27] A Cy—semigroup of contractions S (t) = e~ generated by an oper-
ator A in a Hilbert space H, is exponentially stable if and only if

i)iR = {iX, A € R} C p(A),

and

it) im || (iAI — A)7!|] < o0.

[A| =00

hold.

Theorem 1.5.7. [27] A Co—semigroup of contractions S (t) = e, generated by an oper-
ator A in a Hilbert space H, is exponentially stable if and only if

i)sup{Re\, A € 0(A)} <0,

and

i) lim || (i — A)7'|| < oo,

ReA>0

hold.

Remark 1.5.1. According to Gerhart-Priiss-Huang theorem, to prove that a solution U of
a linear system
Ui (t) = AU (t),t = 0,
U (0) = U,.
is mot exponentialy stable it suffices to prove that there exists a sequence (F,) C H with
bounded norm || F,|| < 1 such that

M@m [(GAT — A) 7' F|,, = u@» |Unll, < oo
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Chapter 2

Exponential decay of a double porous

elastic system

In this chapter, we consider a one-dimensional double porous elastic system with two
dissipative mechanisms : a viscoelastic dissipation in the displacement field and visco-porous
dissipations. we study the system in the presence of the viscoelastic dissipation given by
the damping Auyz.

We prove the existence and uniqueness of a solution, by means of semigroup theory.
Exponential decay of the solutions is obtained when porous dissipation is assumed for each
porous structure. The proof will be given by the use of Gearhart Priiss theorem and the

mothed developed by Zheng and Liu [27].

2.1 Setting of the problem

We consider a double porous elastic solid in the framework of Iesan and Quintanilla

theory [25]. In the one-dimensional case the evolution equations are

pPuUt = T,,
Kipw = 05 + &,
Koy = Xz + G,
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where wu is the displacement, ¢ and 1) are the porous variables, p, k; and ko are positive
constants. T is the first Piola-Kirchhoff stress tensor, o, x are equilibrated stress vectors,
¢ and ( are the intrinsic equilibrated body forces that they must be given by constitutives

assumptions. Following Iesan and Quintanilla [25], we assume that

T = puy, + bp + dip + Auyy,
0=y + bihy, X = b1z + VY,
§ = —buy — a1 — azy — T,
¢ = —duy — azp — a2th — Ty
Here u, b, d, \, a, oy, cva, 3, by, ba, v, 71 and 7o are constants.

If we introduce the constitutive equations into the evolution equations we obtain the system
PUst = PUze + bpe + dy + Mgy in (0,00) x (0, L),

R1Ptt = OQgy + bﬂpxw - bu:c — oY — 043¢ — T1¥t in (07 OO) X (Oa L)a (21)
KZwtt = bl@xx + f)/w:c:(: - dur — Q3P — 042'1/} - 7_21/]t n (07 OO) X (Oa L)

In this chapter, we study the system (2.1) in the presence of the viscoelastic dissipation

given by the damping Auy,,. We consider the following boundary and initial conditions
u(t,0) = u(t,L) = p.(t,0) = p,(t,L) = 1, (t,0) =, (t,L) =0 in (0,00), (2.2)

U(O,.T) = uo(x)v ut(owr) = ul(x)v §0<07I) = QOO(I)7 QOt(O,ZL’) - gpl(ZL’),
¢(07w) = 77/)0(1‘), ¢t(07w) = 77/)1(1‘), LS [OaL]

There are solutions (uniform in the variable x) that do not decay. To avoid this case, we

(2.3)

also assume that

/OLSOO(:E)dx:/OL%(x)dx:/OLwo(m)dx:/OL@pl(x)dx:O'

We introduce the energy associated with the system (2.1)-(2.3) as

1

L
E(t) :=§/ [ uel® + mr loul* + ri2 [nl* + oo+ fgal” + 7 [al* + 0 [0 + 02 9] do
0

L L L L
+ b/o Re (u, @) dv + d/o Re (uy¥) dx + 043/0 Re (¢¢) dz + by /0 Re (pathy) du,

which can be written as

1 [* — —
E(t) = _/0‘ [(%ﬁy%y%)A (u_b@a ¢t)T + (Ux,%w)B (u_$7¢7 ¢)T

2
+ () C (7).
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where,
p 0 0 w b d

« b1

b v
0 O K9 dOég (6%) !

It is assumed that the internal mechanical energy density is a positive definite form. Thus
the matrix A, B and C' must be positive definite.
We have the following result:

Lemme 2.1.1. If (u, ,v) is the solution of (2.1)-(2.3), then the energy E (t) satisfies the

L L L
"(t) < —7'1/ |<,0t|2dx—7'2/ |¢t|2dm—)\/ |u$t|2dx.
0 0 0

Proof. Taking the L*—product of (2.1); by uy, (2.1)2 by ¢ and (2.1)3 by 1; and summing

estimate

up we obtain

L L L
p/ uttﬂtdx —+ K1 / @tt@tdm + K2 wtﬂ/}td.x
0 0 0
L L L L L
= / Uy Urd + b / peudr +d Yaupdr + A / Uppr U dT + ¢ / PrrPpdr
0 0 0 0 0
L L L L L L -
bl/ wm@dx—b/ uq@tdx—al/ 0o, dr—aos @Z@tdm—ﬁ/ gpt@dx%—bl/ Prardx

0 0 0 0 0 0

L - L L L L
—l—’y/ YV Vpdr — d/ U dx — ag/ pYdr — a2/ Yydr — 7'2/ Wyhde,
0 0 0 0 0

then, we get

dp [* o r [P N Sl R
p {5/0 || daH—E/O |t dx"‘?/o |4 dm+§/0 Y| d
+2 [+ [uparra [l ot

+asz /0 (v, + o) dz + by / (VsBay + Puthy) dz + d / (VU + ugthy) do
L
b / (

L
um@—i—(pﬂxt)dx:—)\/o ]um|dx—7'1/0 \g0t|2d:c—7'2/0 |wt]2dx,

1 L ) L ) L ) L )
B0) = glo [l dru [ el drn [Cllasy [P
0 0 0 0
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/|¢| dx+u/ u,? dx+a/ ol dx+a1/ ol s

+2Re |:O./3/ wcpdx+b1/ @Dxapzd:ﬂ+d/ wuxdxjtb/ uxgodx] )
0
H

The aim of this chapter is to prove that the problem determined by (2.1)-(2.3) has a
unique solution that decays exponentially in time. For the well-posedness we use the Lumer-
Phillips theorem and for the exponential stability we use the method developed by Liu and
Zheng [27].

To the best of our knowledge the problem is novel and no study has been done to

determine the rate of decay of the solution of problems in double porous elasticity.

2.2  Well posedness

The aim of this section is to prove that the problem (2.1)-(2.3) has a unique solution.
Our main tools are the two following theorems from the theory of semigroups of operators
in Hilbert spaces.

In order to rewrite the problem (2.1)-(2.3) in the semigroup setting we introduce the

Hilbert space
H := H)(0,L) x L*(0,L) x H}(0, L) x L*(0,L) x H}(0, L) x L*(0, L),

where H'(0, L), H?(0, L) are the usual Sobolev spaces, H}(0, L) is the closure of C§°(0, L)
in H'(0, L) |13, 27] and

L

HX0,L) := {gp € Hl(O,L);/ o(t, z)dr = 0} :

0

The space H is endowed with the inner product (-, -),, defined for U = (u, v, ¢, ¢, v, w)T and
U™ = (u, 0", 0%, 0", 9%, w)"

L J— - _— - - . -

(U, Uy = / [pov* + pugu*s + K199* + e p*, + a1 + Koww* + Y,
0

+a(P* + pvF)]de

20



By introducing the new variables v = uy, » = ¢; and w = 1, system (2.1) becomes

(
Uy = v,

V¢ = % (H’ua:x + b@x + d¢x + )\utxx) s

Yy = ¢7
St = L (a0 + bitbue — by — 10 — asth — )
¢t = Ww,

L Wt = %2 (blgpxx + ’ﬂbm - du’x — Q3P — OKQT/J - Tth) )

then (2.1) can be written under form

Ut — AU7
. (2.4)
U(O) = (u07u1’8007§01’¢07¢1) )
where A : D (A) C H — H is the operator defined by
0 1 0 0 0 0
BOre  20p 20, 0 40, 0
P P P P
0 0 0 1 0 0
A= (2.5)
—ty, 0 49,—-u o by _a
K1 K1 K1 K1 K1 Py
0 0 0 0 0 1
—-29, 0 4g,-% 0 29,-2 -
K2 K2 K2 K2 K2 K2

with domain

(U7U7(p7¢7¢’w> e IH |U E H(% (O’L>7¢7w e Hﬁ];(07 L)7
D(A) =
pu+ v € H*NHY o, € H?, o, (t,x) = ¥, (t,2) =0,z =0, L

Our existence and uniqueness result reads as follows.

Theorem 2.2.1. For any (ug, u1, o, @1, Yo, Y1) € H the problem (2.1)-(2.3) has a unique
weak solution (u, p,1) that satisfies

u e C(0,400; Hy (0,L)), ¢ € C(0,+00; H, (0,L)), ¢ € C (0,+00; H} (0,L)).
Moreover, if (ug,u1, po, 1,00, Y1) € D (A) then the solution (u,p,v) satisfies
u € C(0,400; H* N Hy (0,L)) NC* (0, +00; Hy (0, L)),

@, € C(0,+00; H*NH} (0,L)) N C" (0, +00; H! (0, L))
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Proof. First, for any (u,v, ¢, ¢, v, w) € D (A) we have

e (AU, U)y, /’Um|dlL’—T/ |gz5|dac—7'/ |w|*dx < 0.

Thus, A is dissipative.
Secondly, we prove that 0 € p(A). Indeed, let ' = (f,g,h,l,q,k) € H and find U =
(u,v,0,0,1¥,w) € D(A) such that AU = F, that is

’ v=1,
gz + bpe + dy + Avze = py,
. (2.6)
QPzz + 012z — by — 10 — a3 — T = Kal,
w=dq,
L 0160z + YWze — duy — a3 — a2 — Tow = Kok
From (2.6)1, (2.6)3 and (2.6)5 we have v € H} (0, L), ¢,w € H! (0, L).
Replacing v, ¢ and w by f, h and [ respectively we obtain
[y + bpy + diby = pg — Nfow = g1 € H1(0, L),
WPay + D1ne — bty — 1 — agp = mil +11h = go € L*(0, L), (2.7)
b1puz + V2w — du —04330—a2¢—/f2k+72l =gs€ L*(0,L).

Taking the duality product of (2.7); by u* and the L?—product of (2.7), and (2.7)3 by ¢*

and ¢*, respectively,we get
( L L L
u/ Ug*dT + b/ peurdr +d Yurdr = (g1, “*>H—1ng ,
0 0 0

L L L L
a / Oazp*dx + by / VYppp*dr — b / Uy p*dr — oy / pp*dr —as fOL Yo*dx
0 0 0 0

= fOL QQde,
L L L L L
[ eetdn ey [ e —d [ wide—ay [ Grds oo [ s
0 0 0 0
N = fOL 93de7
then summing up we obtain
a(U,U") = L(UY), (2.8)

where U = (u, go,w)T, Ur = (U*790*a¢*)T and

L L L
a(U,U") :u/ umu_;dx—i—b/ putdr +d | Yuidx
0 0 0
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L L L L L
—i—a/ Y pidr + by / Yo idr + b/ Uz p*dr + oy / wp*rdr + as / Ve*dx
0 0 0 0 0
L L L L L
+b; / e 0kdx + "y/ Y Yidr + d/ Uz dr + ag / p*dr + oo / Yy*de,
0 0 0 0 0

L L
LU = (=0 govay — | 9:Fda = [ e
0 0
are a bilinear and linear forms over the Hilbert space W =H} (0, L) x H} (0, L) x H} (0, L)

respectively.

New we prouve that a(-,-) and L are continuous.

L L L
0O <l [ fucizldo+ (bl [ el do e ld] [ (o do
0 0 0
L s L s L o L .
tlal [ leaEldet Il [ (e de ) [ i de s o) [ 167 ds
0 0 0 0

dx

L L L
+ lag] / W da + [bi| / o3| do + / W
0 0 0

L —
+ |d|/ ’uxw*
0

then, we use Cauchy-Schwarz inequality

L L
dz + o / 67| de + |as| / ] de,
0 0

la (U, U] < ul el g2 3] 2 + 011 g2 ezl 2+ Ll T g2 Nz e

Hld [l 2 1zl 2 + lal el 2 930 e + 1o el 2 15 2 + 18] el 2 197 2

+loal el 2 1971 2 + los| 19112 97N 22 + [oal lall g2 [[05]] 12 + Il 2 (|25
+ld] usll 2 [[97 12 + losl el o |97 2 + laal [0l a [[97]]

by estimete we get

la (U, U] < ClIUlW 1Ty

and

|1L(U7)]

IN

L L
o1 oy + [ st [ o] da
0 0

gull g 1l gy + g2l 2 71l 2 4 Mlgsll 2 19711 2

IN

LU <Ny,
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Thus a (-, -) and L are continuous. Moreover, straightforward calculations show that

L L L L
a(U,U) zu/ |u$|2d$—i—b/ gpﬂzdx—l—d/ wﬂgcdx—l—d/ ugthda
0 0 0 0

L L L L L
+b/ uxﬁdx—l—al/ \30\2dx+a3/ w&d:v—i-&g/ ¢¢dx+a2/ || da
0 0 0 0 0
1 [ ?
+§/0 «

On the other hand, there exists n > 0 such that the matrix

2
+7

b1 b1
«Q Y

still positive definite. Therefore,

L L L L
<u$,¢,w>B’(ﬂx,¢,@)T=u/ luzlzd:c+b/ QU dr +d wzdwd/ upde
0 0 0 0

L L L L L
+b/ ugC@dx—i—ozl/ |g0|2dx+oz3/ ¢¢dx+oz3/ @de—i—ozg/ [Y|?dx > 0
0 0 0 0 0

then we can wrriten a (U, U) as

0 (U,U) = (ta,0,0) B' (10, 3,9)" +n ([lua* + ol + [11]°)

[ Ao fror

1
* (7__)/ [ da = 4 (el + el + 01%)

2
+7

b 2
apn + —thy
(e}

DO | —

_|_

b
Yy + — g
v

Thus
a(U,U) >7|U|3,,

for a positive constant 77 > 0, which shows the coercivity of a (-, ).

Thus, Lax-Milgram theorem ensures the existence of unique (u, ¢, 1) € W satisfying

a(U,U") = L(U*), VU* € W.
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Now, taking ¢* = ¢»* = 0 in (2.8) and replacing f by v we get
L L L L
,u/ U U dr + b/ ou* dr + d/ Yu*dx :/ (Avge — pg) udz,
0 0 0 0
and integration by parts gives
L L
/ (pug + Avg) u*pda = / (b + dip,, — pg) urdz, Yu* € Hy (0,L),
0 0

therefore,

pu+ v € H*(0,L).
Next, let ¢* € H} (0, L) and define
L
@ =@ [ ¢ @dn
0
Observing that ¢} € H}! (0, L) and taking u* = ¢* = 0 in (2.8) we obtain
L o L o
/ (ape + b1ths) i, da = —/ (buz + arp + gt + ga) ide, V" € Hy (0, L),
0 0

therefore,

ap + b € H*(0,L). (2.9)
Moreover, integration by parts gives
(aps (L) + bihy (L)) 95 (L) = (g (0) + bat (0)) 5 (0) = 0, V™ € Hy (0, L).
Since ¢* is arbitrary, taking ¢* (0) = 0 and ¢* (L) # 0 we obtain
ap, (L) + by, (L) = 0,
then taking ¢* (0) # 0 and ¢* (L) = 0 we get
apy (0) + bith, (0) = 0.

Similarly,
bip+ vy € H*(0,L) (2.10)

and

b1pz (0) + 792 (0) = brow (L) + 795 (L) = 0.
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Thus,
0, € H*(0,L) and ¢, =%, =0, for 2=0,L.

Therefore, U € D (A) and 0 € p (A) . Moreover, using a geometric series argument we prove
that AT — A = A(AA"! — I) is invertible for |\| < ||A7Y||, then A € p(A), which completes
the proof that A is the infinitesimal generator of a Cy—semigroup, then the Lumer-Phillips
theorem ensures the existence of unique solution to the problem (2.1)-(2.3) satisfying the

statements of Theorem 1. O

Remark 2.1. We note that if Uy € D(A) then the solution
U(t) = €Uy € C((0, 00); D(A)) N C"((0,00); H)

and (2.4) is satisfied in H for every t > 0. It turns out that w, p, ¢ satisfy (2.1) in the strong
sense.

If Uy € H there exists a sequence Uy, € D(A) converging to Uy in H. Accordingly,
there exists a sequence of solutions U, (t) = eAUy,, such that u,, ©n, Uy satisfy (2.1) in L?
for every t > 0, and for any 7' > 0, u, — u in C((0,T), H}) N C*((0,T); L?), ¢, — ¢ and
¥, = in C((0,T), HYNCY((0,T); L?). Therefore, if we multiply the equations of (2.1) for
Un, P, Yo by u* € H} and ¢*,9* € H}, respectively, then integrate by parts with respect
to x and integrate with respect to t, finally passing to the limit, we find that u,  and 1 are

weak solutions to the variational form of system (2.1).

2.3 Exponential stability

In this section we establish an exponential decay of the solution of the system (2.1)-(2.3).
The theorem, due to Gearhart and Priiss [27], gives the necessary and sufficient conditions
of exponential stability of a Cy-semigroup generated by an operator A.

The main result of this section is given by the following theorem:

Theorem 2.3.1. (Gearhart Priiss) For any (ug, u1, 9o @1, %o, ¥1) € D(A), the energy asso-
ciated with the solution of the problem (2.4) satisfies the estimate

E(t) < Be ', V¥t >0,
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where B,w are two positive constants.
Proof. The proof of this theorem will be established through the two following lemmas. [

Lemme 2.3.1. Let A be the operator defined by (2.5). Then,
iR={i\; A € R} C p(A),
where p(A) is the resolvent set of A.

Proof. The proof of the lemma will be established in 3 steps:
(i) Let A\ e R
i —A=AGNAT - 1T),

i\ — A is invertible if A is invertible and (iA\A~! — I) is invertible.

Using the fact that 0 € p(A) we have A is invertible.

Using a geometric series convergence argument it follows that (iAA~! — I) is invertible
if iANATY| < 1, then |A] < || A7Y7

the operator i\ — A = A(IANA"! — I) is invertible for A € } — AT AT

Moreover ||(iA] — A)7Y|| is a continuous function of X in the interval (— || A=Y ™", A7 H.

(ii) If there exists a constant M > 0, such that

sup { [ AT = )| ]A] < A7} = M < o, (2.11)

then, for [A\g| < ||A71||_17

= (iXo] — A) + (iX — iXo)
= (N — AT +i(A = No)(iNo] — A7)

i\ — A is invertible if (iAo —.A) is invertible and (I +i(A—Xg) (iAol —.A) ') is invertible.

(ixo — A) is invertible because |Ao| < [|A~Y] ",

again the geometric series argument ensures that the operator (I+i(A— ) (iX\gl —A)71)
is invertible if ||i(A — \g) (iAol — A) 71| < 1,

A= Xo| || (iAol — A7 < 1,
1 1

< :
M @Al = A7
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A = Aol sup || (iAol — A) 7| < 1,

|/\ — )\0|M < 1,
- 1
Al = ”"4_1H ‘< Al = [Xo] < A= Xo| < U

1 -1
N <= -
A<
It turns out that if we choose |Ao| as close as possible to [ A", we have that i\ — A is
invertible for |A| < [|A7| " + +-. Therefore,

{M; A< A + %} C p(A)

and ||(iA] — A)7Y|| is a continuous function of A in the interval

(=147 = 7 AT+ ) - Soon

{M; A< []A7Y 7+ % + %} C p(A)

provided that
sup {[[(AT = 47| < []A7 7 2 = r <

The interval of imaginary axis included in the resolvent set can be extended indefinitely
until it coincides with ¢R.
(iii) If iR ¢ p(A) then from the argument (ii) above, there exists ¢ € R with |47 " <
|o| < oo such that

{iX Al < ol} € p(A)

and

sup { ||(iA] — A)~!

Al < Jo|} = oo

we have

multiplying (2.12) by (i\,I — .A)~! we obtain

Up = (idd — A7 (idd — AU, = (iM] — A)'F,
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then

. - ||(i>‘nl — A)_an”
(N — A7 = sup )
” ” Tl
A
(AL — A) Un|”
1

1(@An] — A) Unll®

= sup

Thus, there exist a sequence (A,) C R such that |\,| < |o],\, — o and a sequence of unit

vectors (U,) , U, = (U, Un, G, Pn, 0n) € D (A), such that

lim |(iA — A) Uy|| =0,
n——oo

that is
iAply — v, — 0, in Hy | (2.13)
idpUp — pD*u, — bDg, — dD, — AD*v,, — 0, in L?, (2.14)
idMPn — Gp — 0, in H!, (2.15)
idAnk1Pn — aD*@, — by D%y, + bDu,, + oy + agthy, + 116, — 0, in L2, (2.16)
iIdthn — Wy — 0, in H}, (2.17)
idnkown — b1 D*@, — yD*, + dDu,, + s, + oty + Tow, — 0, in L2 (2.18)

First we have
((iAnd — AUy, Up)yy = (iAUn, Un)y — (AU, Uy )y — 0.
Take the reel part,Thus
Re((iA ] — A)U,, Up)y = —Re{ AU, Up)#,
L L L
= 7-2/ |wn|?dx + 7'1/ | |Pd + 7/ | D, |2dz — 0.
0 0 0

Therefore
@nllze Nlwnllpz — 0, (2.19)

and

| Dv, ;2 — 0. (2.20)
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Moreover, Poincaré’s inequality leads to
lonll ;2 — 0. (2.21)

Since )\, is bounded, taking the L?—product of (2.13), (2.15) and (2.17) by u, ¢ and 1,
respectively, we get

IA\Uy — v, — 0, in Hé,
. . 1
Z)\nson - ¢n — 07 m H*7
Mty — wyp — 0, in HY,

then

i unll e = (vny un) — 0, in H,
ixn [|onll 2 = (n, on) — 0, in Hy,
i\ HwnHm — (Wny ¥y — 0, in Hi,

using Cauchy-Schwarz inequality then the arguments (2.21), (2.20) and (2.19) and the fact

that U, unit vectors give
(O, wn)| < [|vall [[unll = 0, in Hy,
[{@n, ©n)| < ll@nll l@nll = 0,in H,,

[{wn, Yu)| < llwnll l1nll = 0,in Hy,

then we obtain

[tnl[p2 = 0, [[Dun|l 2 — 0. (2.22)

lenllz2 = 0, [l 2 = 0. (2.23)

Removing the terms that tend to 0 from (2.16) and (2.18), it remains

aD?*p,, + by D*, — 0, in L2,

(2.24)
biD%p, + vD%*), — 0, in L.
Multiplying (2.24); by v@n, (2.24)2 by b1, and subtracting we obtain
[ Dgnll 2 — 0. (2.25)
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Similarly,
1Dl = 0. (2.26)

By combining (3.19),(4.14),(2.22),(2.23),(2.25) and (2.26) we obtain that ||U, ||z — 0, which

contradicts the fact that ||U,||;, = 1. Thus, the proof of Lemma 2.3.1 is completed. O

Lemme 2.3.2. The operator A defined by (2.5) satisfies

lim supH (i — A)”

[A| =00

HE < 0. (2.27)

Proof. To prove the lemma statement we use a contradiction argument. Suppose that (2.27)
does not hold, that is

lim supH (iA[— A)” = 00.

dim ) e

Then, there exist a sequence (\,),eny C R and a sequence of unit vectors U,, = (uy, U, Oy On,

U, wy,) € D (A) such that
lim ||(iA — A)U,|l% — 0.
[An | — 400
As in the proof of the previous lemma, (2.13)-(2.18) hold. Consequently,

lonll 2 = 0sl|@nll 2 — 0, [[Dval[ 2 — 0, flvall 2 — 0. (2.28)

By dividing (2.13),(2.15) and (2.17) by i)\,, and taking L?>—product by u,, @, and ,,

respectively, we obtain

.U .
<un + z—",un> — 0, in Hy ,

<<pn + i%, g0n> — 0, in Hi,

¢n+i%,¢n> — 0, in H}
then
1 . )
Hun||L2 - )\_ <Un72un> — 07 mn H& )
1 . : 1
||Q077»||L2 - )\_ <¢n7“0n> — 07 m H*a
1 ) 1
||¢n||L2 W (Wn, i) — 0, in H,,
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Sience /\in — 0 and the arguments (2.28) gives
[unll 2 1 Dun 2 — 0,

HQOVLHLQ ) HwnH[ﬁ — 0.

The L? product of (2.15) by ¢, gives
<2)\n§0n - gbm ¢n> — 07 n Hi,

iAn Py On) — HganQ — 0.

Therefore,

iAn (©n,y ) — 0.

Taking the inner product of (2.17) by ¢, we get
A (Yn Pn) = (Wns o) — 0.
The fact that |[(p,, wn)| < ||enll [|wa]] — 0 yields
iAn (pn, ) — 0.
Removing the terms that tend to 0 from (2.16), (2.18) it remains
IApK1On — aDngn — by D*),, — 0, in L.

and

A KoWy, — le2g0n — 7D2wn — 0, in L2

Multiplying (2.34) by ¢, (2.35) by —bip,, we get

/{I/Yi)‘n <¢m @n> + ary ||90n||2 + b1’7 <D¢n7 DQOn> — 07 in LQ'

—b1 KA (Wny Pn) — b% ”SDn”2 — b1 (DY, Dpy,) — 0, in L%

summing up and taking into account (2.32), (2.33), we obtain

(ay = 8) | Dnl|* — 0.
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Therefore,

[ Dyl — 0. (2.36)

The L?—inner product of (2.17) by ¢,, gives

iAn (@n; Un) — (fn, wn) — 0.
Recalling that ||¢,|| , ||wn|| — 0 we arrive at
iAn (G V) — 0.
Similarly, multiplying (2.17) by w,, we get
iAn (W, ) — 0.
At this point we multiply (2.34) by b, (2.35) by —a,
F1b1is (G, ) + b (Dipn, Diby) + 03 | D |* — 0, in L2,

and

—QkgliA, <Wm ¢n> —ha <D§0na D¢n> —a ||D¢n||2 — 0, in L?
summing up and recalling that oy — b2 > 0 we obtain

[Dpy || — 0. (2.37)

From (2.28), (2.29), (2.30), (2.36) and (2.37) we have ||U||,, — 0 which contradicts the
fact that ||U||,, = 1. Therefore, (2.27) holds and the proof of Lemma 4.2.4 is completed. [

Combining the results of Lemmas 2.3.1, 4.2.4 and Theorem 7?7 the proof of Theorem

2.3.1 is completed.
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Chapter

Double porous elastic problem without

visco-elastic dissipation

3.1 Introduction

In this chapter, we consider a one-dimensional double porous elastic system with one
dissipative mechanisms: visco-porous dissipations in the porous equations. we study the
system in the last chapter without viscoelastic dissipation given by the damping Au,..

We prove the existence and uniqueness of a solution, by means of semigroup theory, and
extend the exponential stability result to this problem provided that the coefficients satisfy
some assumptions by use multiplier methode and Lyapunov functional, otherwise we prove
the lack of the exponential decay.

In this chapter, we study the system (1.1) in the elimination of the viscoelastic dissipa-

tion, namely;

x (0, ),
R1Ptt = OPgy + 6¢$$ - bua: — Y — O{g@[) — N1 — 7—277Z)t7 in (Ou OO) X (07 W)a (31)
x (0,7),

where u is the transversal displacement of a one-dimensional porous elastic solid material

PU = HlUgy + bSOm + dwza in <07 OO)
’{2wtt = 5‘?:01‘ + waz - duz — a3p — Oég@b — T3%t — 7_4¢t7 n (0, OO)
of length 7, ¢ and v are the porous unknown functions one associated to the pores in the
skeleton and the other associated with the fissures in the material body, p is the mass density,

K1, ke are the products of the mass density by the equilibrated inertias and the coefficients
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o By, o, o, 3,0, d, Ty, 9, T3, 74 are parameters that related on the properties of the
material and have to satisfy some restrictions that will be specifed later. The system (3.1)

is endowed with the initial conditions

u(x,0) = ug (z),u (z,0) = uy (x), (3.2)
v (2,0) = @o (), @1 (2,0) = o1 (2),
U (2,0) = o (), b (2,0) = 91 (2),

for all 2 € (0,7) and the following boundary conditions

g (0,) = uy (1,8) = @ (0,8) = @ (mt) =9 (0,8) = ¢ (m,8) =0, t >0,  (3.3)

w(0,t) =u(m,t) = p, (0,t) = g (m,t) = 1, (0,t) = Y, (w,t) =0, t > 0. (3.4)

New, we introduce some preliminaries and prove some technical lemmas which will be needed
later. First, we note that the mass density p and the inertias coefficients x; and k5 are always
positive. As coupling is considered the coefficients b, d must not be zero simultaneously. We
assume further that the constitutive cofficients p, o, 8, v, a1, as are positive. Next we define

the internal energy associated to the solution of (3.1) by:

1

E(t) = 5 /0 [puf + K1} + Kot} + il + oupl 4+ Y2 + an? + )’ (3.5)

+2Bp0, + 2bugp 4 2du ) + 2a30)] dx.

Remark 3.1.1. To guarantee that the energy E (t) is a positive definite form, we essume

that that the matriz
w b d 0

0

b a3 a3 0 0
A=1d a3 ay 0 0
0 0 0 a p

0 0 B v

o

18 positive definite.
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Remark 3.1.2. [t is well known that any principal submatrix of a positive definite matrix

1s also positive definite, then we have

N o R

arp—b* >0, ayu—d* >0, aras — a3 and ay — 32 > 0. (3.7)
Therefore,
1 B2 1 ok
APy + 105 + 2Bpath = 5 (oc——) ort s (7—— :
v 2 «
2 2
+g %Jré% "’z %Jré% > 0,
2 « 2 ol
and there exists a € > 0 such that the matrix
W—e b d
B = b )] — € (0%
d o3 Qg — €

still positive definite. Thus,

1 vy
E(t)= 5/0 (pui + K1} + Kot} + eul + e + ) da

1 ™
+5 / [(1 = &)z + 2busep + 2du)y + (1 = €) ¢ + 20300 + (@2 — €) ¢°]
0
1 [t b 2 b 2
+—/ [a (¢x+—1wx> + (%Jr—lsoz) ]d:c
2 Jo « Y

1 bQ L 1 b2 L
t5 (=) [lekaes g (1= 2) [Cefaszo
Y 0 «Q 0

3.2 Existence and uniqueness

In this section we present an existence and uniqueness result for the solutions of the

problem determined by system and conditions (3.1),(3.2) and (3.4), the case of boundary

conditions (3.3) is similar.
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As Neumann boundary condutions are considered for ¢ and v, Poincaré’s inequality
cannot be applied. From the second and the third equations of (3.1) and boundary conditions

(5.4), we have

2 [T o L d

de=—— [ pde— =2 de — L= -2 d
dtQ/ o /ﬁ 0_ ¢ ’flfg 1 dt 1/) " (3.8)
dt2/ Ydr = ——3 odx —K—Z Ydx “di ) gotdx—ﬁ—za/ Yyd.

So if we set X = () pd, fow e, [ d, [ ¢tdx)T then (3.8) can be written

Xi(t) = MX (t), X(0) =X, (3.9)
where
0 1 0 0
_a T _oa3 _ T
M = K1 K1 K1 K1
0 0 0 1
_Oé _T _% _7’_4
and

T T T T T
XO = (/ SOOde,/ SﬁleE,/ ¢de7/ ¢1dx)
0 0 0 0

Solving (3.9) we get
X (t) = exp (M) o,

i particular,

4 r 4

/07r pdr = Z (exp (tM)),, Xok, /0 pdx = Z (exp (tM))s), Xok-

k=1 =1

Therefore, if we set
4
p=p—> (exp(tM)),, Xor, =1 — Zexp (M), Xok,
k=1

then (u,@, E) solves (3.1) with boundary conditions (3.4), and we have

/@dx:/ dr =0,
0 0

which allows to apply Poincaré’s inequality. In the sequel we will work with @ and ¥ but for

convenience, we write 1) instead of @, respectively.
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Furthermore, as porous dissipations are considered, the weights of porous dampings

T1, To, T3, T4 are supposed to satisfy
4y > (’7'2 + 7'3)2 . (310)

Lemme 3.2.1. The energy E (t)satisfies along the solution (u,p, V) of (3.1)-(3.3) the esti-

mate
E'(t) = —T1/ ©ldr — T4/ Yidr — (12 + T5)/ piedx (3.11)
0 0 0

and we have

1 (TQ‘I‘Tg)Q /ﬂ- 1 (TQ+T3)2 /ﬂ-
E'(t)=—= —z 2de — = —az 2d
( ) 2 (Tl 4’7’2 0 Spt v 2 2 47'1 0 wt v

s 2 T 2
S A PN G o VI R / bt 2N g <o (3.12)

Proof. Multiplying the equations of (3.1) by u,, ¢; and 1) respectively, then integrating with
respect to « over (0,7) and using integration by parts and boundary conditions (3.4), the

estimate (3.11) follows immediately. O

To prove the well-posedness, we use a semigroup approach. First, we introduce the Hilbert
space

H=H)(0,7) x L*(0,7) x H!(0,7) x L?(0,7) x H} (0,7) x L2 (0,7),
where,
H!(0,7) = {¢6H1 (0, 7) : /()W¢(x)da:20},
L2(0,7) = {ojeL?(o,w):/;d)(z)da::o}.

We note that L2(0, ) and H}(0,7) are closed subspaces of L*(0, ) and H'(0, ) respectively.
Thus, they are Hilbert spaces and so H 1s.

Next, we rewrite the system (3.1) in the setting of Lumer-Phillips theorem, to do so we
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introduce the new variables v = u, ¢ = ¢y and w = P, the system (3.1) becomes

(
U =V

1

0y = ¢
1

¢t - /{_ (OCQOII + ﬁ¢z$ - buiB — a1 — a3¢ - T1¢ B TQw) ’
1

Yy =w

1
Wy = KJ_ (ngx:p + fywxac - duz — Q3 — 062¢ - T3¢ - 7'4'11)) )
2

\

which can be written
Ut - AU,

U (O) - Uo,
where A : D (A) C H — H is the operator defined by

(3.13)

0 1 0 0 0 0
L0 0 59, 0 19, 0
P P
0 0 0 1 0 0
A=
~ty, 0 29,—2> —nn By o _m
K1 K1 K1 K1 K1 K1 K1
0 0 0 0 0 I
49 0 L9, —a3 —B 2§, — 2 _m
K2 K2 K2 K2 K2 K2

with domain
D (A) = (H?(0,m) N Hy (0,7)) x Hy (0,7) x H? (0,7) x H} (0,7) x H2(0,7) x H} (0,7).
Here I is the identity operator, O denotes the derivative with respect to x and
H? (0,7) = {6 € H? (0,7) : 6(0) = ¢ (m) = 0}.
Now, we state and prove the well-posedness theorem of the problem (3.1), (3.2) and (3.4).

Theorem 3.2.1. For any Uy = (ug,us, o, 1, %0, 1) € H, the problem (5.1),(3.2) and
(8.4) has a unique weak solution (u,p,) satisfies the property:

u € C ([0, +oo[; Hy (0,7)) N C* ([0, +00[; L* (0, 7)),
¢, 1 € C ([0,400[; H} (0,7)) N C* ([0, 400[; L2 (0, 7)) .

39



Moreover, if Uy € D (A), the solution (u,p, ) satisfies
u € C ([0, +oo[; H* (0,7) N Hy (0,m)) NC* ([0, +o00[; Hy (0,7)) N C* ([0, +o0[; L* (0, 7)),
¢, ¢ € C ([0,400[; H2 (0,7)) N C* ([0, 400[; H} (0,7)) N C* ([0, +o00[; L7 (0, 7))

Proof. According to the Lumer-Phillips theorem, it suffices to prove that the operator A is
dissipative and maximal.

First, we have for any U € D (A),

Re (AU, U),, = —71/ w2dr — (19 + 7'3)/ ophpda — 7'4/ Yidr < 0.
0 0 0

Therefore, A is dissipative.

Secondly, let F' = (f1, f2, f3, f1, f5, f6) € H, and find U € D (A) such that AU = F,

that is,
(v="Ff ¢ H{,
gy + bpy + dy = pfs € L2,
¢ = fs€ H,
WPag + Bihag — by — 010 — a3t — Ty — Tyw = Ky fy € L2,
w= f5 € H},
| B¥ae + Ve — duy — a3 — 2t) — T3¢ — Tyw = Ko f € L2

From the first, the third and the fifth equations we have v € H} (0, 7) and ¢, w € H! (0, 7).
Substituting v, ¢ and w by f1, f3 and f5 we get

Py + b(Px + dip, = pr S LQ,
A Ppg + Bhgy — by — 1o — a3y = Kifa + Tifs + Tofs = g1 € LE, (3.14)
BPwz + Vga — duy — a3 — ) = Kafe + T3f3 + Tufs = g2 € Li7

Taking the L%:-product of (3.14); ,(3.14), and (3.14)3 by u*, ¢* and ¥* respectively, using

integration by parts and adding the obtained equations, we arrive at

a(V,V*)=L(V"), (3.15)

where, a is the bilinear form defined over W = (H} (0,7) x H! (0,7) x H} (0, 7)) by

a(V,V*) = ,u/ uacu;dx—i—b/ gou;dqud/ Qbu;dx—l—oz/ cpxgo_,*;dx—i—ﬁ/ Veprda
0 0 0 0 0
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+b/ ux<p*dx+cz1/ gogo*d:erozg/ WO*diU-Fﬁ/ Py dx
0 0 0 0

+7/ wxw;dx—i-d/ uxw*dx+oz3/ gmb*d:c%—ozg/ Y*de
0 0 0 0

and L is the linear form defined by

L(V") :—p/ fgu*dx—/ glgp*dx—/ gop*d.
0 0 0

Clearly, a and L are continuous. Furthermore, from Remark 3.1.2, there exists € > 0, such

that
a(V,V) :u/ uid:v%—oz/ gpid:v#—v/ widx%—oq/ <p2d93+042/ VPdx
0 0 0 0 0
+20 | ugodr + Qd/ Yu dr + 25/ Pathrdr + 2043/ Ypdx
0 0 0 0
1 2 1 2
> = (a—ﬁ—) ©2+ = <7——) V2 +e (U2 + " +¢?) .
2 ¥ 2 «
Thus,
a(V,V) = |V,
1 2 /62
for ¢ = 3 min{a — —,y — —, 2¢}, which infer that a is coercive. Therefore, Lax-milgram
Q@

theorem ensures the existence of a unique V' = (u, ¢, )€ W satifying

a(V,V*) = L(V*), YV* €W,
Now, taking ¢* = ¢* =0 in (3.15) we get
,u/ uguidr = —/ (pfa — by — dib,) u*dz, Yu* € Hy, (3.16)
0 0

therefore,

u€ H*(0,7).

Next, let ¢* € H} (0,7) and define

clearly, p € H! (0, 7). Taking (u*, o*,v*) = (0,,0) in (3.15) we get

/ (s + Bb2) Gudar = — / (g1 + bty + arp + agth) G, ¥ € HY, (3.17)
0 0
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which means that

ap + By € H? (0,7), (3.18)

then, ¢ € H} (0, 7). Taking (u*, p*, ¥*) = <0,0,zz> in (3.15) we get

/ (B +v1e) rdr = — / (92 + ud, + asp + axy)) Y*du,
0 0

which means that
By +yb € H*(0,7). (3.19)

From (3.18) and (3.19) we get
.1 € H*(0,7).

To show that ¢ belongs to H2 (0,7) we take ¢* € C' (0,7) in (3.17) and define @ as above,

then using integration by parts, we obtain,
[(ape + Bs) Py — /OW (e + BUae — g1 — bty — a1p — a3t)) Gdr = 0, V5 € HY. (3.20)
First, we take ¢ € C3 (0,7), we get
APre + Pre = g1 + buy + 1o + azyp,  a.e.in (0,7).
Back to (3.20), we get
(g () + b () & (1) = (awps (0) + Bz (0)) §(0) = 0, V5 € H,.

As @ is arbitrary in H! (0, 7), we obtain

o, (7) + Bt () = 0 in ag, (0) + B, (0) = 0.
Similarly, we obtain

Bz () + 7t (1) = 0'in Bipr (0) + 7 (0) = 0.

Therefore, ¢, € H? (0,7), consequently U € D (A), and 0 € p(A).

Moreover, using a geometric series argument we prove that \[ — A = ANA™! — 1) is in-
vertible for [\| < [ A7},

then A € p(A), which completes the proof that A is the infinitesimal generator of a
Co—semigroup, then the Lumer-Phillips theorem ensures the existence of unique solution

to the problem (3.1),(3.2) and (3.4) satisfying the statements of Theorem 3.2.1. O
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Remark 3.2.1. We note that if Uy € D(A) then the solution
U(t) = ¢"'Us € C((0,00); D(A)) N CH((0,00);H)

and (3.13) is satisfied in H for every t > 0. It turns out that u, @, satisfy (3.1) in the

strong sense.

If Uy € H there exists a sequence Uy, € D(A) converging to Uy in H.
Accordingly, there exists a sequence of solutions U, (t) = et U, such that u,, @,, 1V, satisfy
(3.1) in L? for every t > 0, and for any T' > 0, u,, — u in C((0,7T), H}) N C*((0,T); L?),
on — p and ¥, — ¥ in C((0,T),H}) N C'((0,T); L?). Therefore, if we multiply the
equations of (3.1) for u,, @,,1, by u* € H} and p*,¢* € H], respectively, then integrate
by parts with respect to x and integrate with respect to ¢, finally passing to the limit, we

find that u, ¢ and ¢ are weak solutions to the variational form of system (3.1).

3.3 Exponential stability

In the present section we tackle the main objective of the paper, that is the prove of the

exponential decay of the solution of (3.1). Fisrt we introduce the two following constants

XOZ(m—@) (@—’0—52,
P P

and

Our stability result reads as follow:

Theorem 3.3.1. Let (u,,1) be a solution of problem (3.1) with boundary condutions
(3.4). Assume that

Xo=0 x1#0. (3.21)

Then the energy functional E (t) defined by (3.5) satisfies
E(t) < Xe™®, vt >0, (3.22)

where A and & are two positive constants.
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Remark 3.3.1. The hypothesis (3.21) is equivalent to the following:

There exist two constants o,w € R*, such that

H:aoﬁ—wﬂzaﬁ%—wv if B£0

1% OR1 WHK9
b« by o (3.23)
—=—and b#0) or (==—and d#0), if p=0.
p K1 p k2

It is clear that in the case where B # 0, if 0 = b,w = d solve (3.23), then a, 3,7, 1, p, K1
and Ko solve (3.21).

The proof of Theorem 3.3.1, will be established through several lemmas.

Lemme 3.3.1. For (u,p,1) solution of (3.1), there exist positive constants &,7, &yand da,

such that the functional

1 1 . 12 ! )
Fl(t):/ﬁ/ gptgodx—l—@/ wtwdx+§/gpdx+§/wdx
0 0 0 0
p 1 x
-2 f u(/ <bw+dw><y>dy)dm
K Jo 0

satisfies for any o > 0, the estimate

Fl(t) < / 2dw — A /wdx—— pdr — 22 /¢dx

+5/ utdx+m5/ gotdx—l-m(;/ Yid. (3.24)
0

Proof. The differentiation of Fj (t) gives

1 1 1 1
F/ () = / oppdr + Ky / gofdx + 142/ Yytpdr + /12/ wfdx
0 0 0 0

1 1 1 x
+7 / podr + 74 ypdr — 5/ Ut (/ (b + dv) (y) dy) dx
0 0 0 0

—5/01% (/Ox(bcp+d¢)t(y)dy) dr.

By exploiting the equations of (3.1) and using integration by parts, we get

1 1 1
Fl(t) = —a/ o2dr — 25/ Py prdr — ’y/ Vidw
0 0 0
2 1 1 2 1
— (a1 — b—) / ©rdr — 2 (ozg — %) / Ydr — <a2 — d—) / Vi
2 0 w 0 H 0
1 1 1 1
+ K1 / gpfdx + mg/ wfdx — 7'2/ Yypdr — 7'3/ pihdx
0 0 0 0

2 ([ o ) ) dy) (3.25)
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Then, using Young’s and Cauchy Schwarz inequalities, we obtain

1 1 B 1
—26/ Yppadr < eﬁ/ go;idwr—/ Yida,
0 0 € Jo

1 1 1
-2 (&3 — b—d> / Yodr < (@3 — b—d> 77/ o*dr + ! (ag — %) e,
2 0 2 0 n 2 0
1 1 2l
— 7'3/ prbdr < e/ v dr + —3/ gofdx,
0 0 de Jo

1 1 1
—7‘2/ Q/thpdxge/ godm—l—z/ wfdx,
0 0 de Jo
we have

/01 (/O“"’ (bpy + diby) () dy>2dx < /01 /Ox dy /OI (b (y) + dipy (y))? dydz

1 x
< / . / (br (4) + di (4))" dyde
b diy (y))? dydz lxd:v
S/O(w(y)Jr Vi (y))" dy X/o
< /0 (bpy + diy)” der,

and

1 1 1
2bd / oihyda < bd / pidr + bd / Yidx
0 0 0

_g/u (/j(bgpﬁdwt)(y)dy) s

then

2 1 1
) 4_(5/ (b0¢t+dwt)2dx,
0

2 b 1 ) Qd 1 )

) oo | ¢tdx+(;) Gl [ v
2 1 2

Py D or L (P d

(M) o+ d) /O<ptdx—|—5 (M) T (d+D)

By substituting (3.26)-(3.32) in (3.25) we get

hs
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1
/ 1/Jt2dx
0

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)



1 1 1
F{(t)g—(a—sﬁ)/ @idm—(y—?)/{) @Didm—i—é/o uidz

+ | K2+ =+
4e

2 T 1
(d+b
y )4 0 Wiz
2\ (b+d) b |2 ? (d+b) d : t
;) T s (/:) T , We aITlve a

F{(t)s—m—ﬁ@/olsoidx—(v—g) /01¢gdx
(D) (o2
S RIA

[T 1

for any ,1m,¢,0 > 0.

T2 T22
we choose m = max | k1, kg, 7= 46, 1o

First, by virtue of (3.7), we can choose € > 0 such that

b
a=a—LFe>0,and y=~v—->0.
€

Similarly, (3.6) allows us to choose 1 > 0 such that

we (o) = (=)
o=lag——]|—|(az—— | n>0,
1z M

and

Finally, we choose € > 0 so that

R an R Qo
al—ezg,and 042—627.

46



we put

(+5+3)
m\l+-+<)=ms
)
Consequently, the estimate (?77) follows.
Fl(t) < /gpl,d:v— /w2x——/ de——/ Vidw
+m5/ gptdx—i—mg/ @/Jtdm—l—é/ uldz,
0

Proof. Differentiating F; (), using integration by parts and boundary conditions (3.4) we
get

Fy(t) :=p(oa+ wp) / Cuurdr + p (ca + wp) / OpUged
0 0
+p (o + wy) / Upudr + p (0 + wy) / Ypupdr + (oK / Oy d
0 0 0

+u0/€1/ @tuxtd$+#°dffz/ wttuxd$+ﬂwf‘f2/ Yyugpdx
0 0 0

By exploiting the equations of (3.1) and using integration by parts, we get

@@%IPV?ﬁ—®a+w@}AQM%@HW{MfQ—@5+Wﬂ]Almwm

—1 (bo + dw) / udr + b (oo + wp) / w2dz +d (o8 + wy) / Yidx
0 0 0
o (da09) + (5 +00)] [ putnds — (0w +wa) [ puds
0 0
— i (oag + was) / Yudr — p(om + wts) / Ytgdr — p1 (079 + wTy) / Yyugdr
0 0 0

— (u(oa+wp) — poa — puwp3) /0 Pratlzdr — (p (0B + wy) — pof — pwy) /0 Vg tigde

then

1 1
Fy(t)=p (/wp/£1 — (o + wﬁ)) /0 Ugpprdr + p (MQ:Z — (0B + wv)) /0 uzPrdr (3.33)

—u (bo + d ' 2dr +b ' 2dr +d ’ 2d

w(bo + w)/o uzdr + (aoH—w,@)/O prdx + (aﬂ+w7)/0 Yidx

+(a(da+bﬁ)+w(dﬁ+b’y))/ ©epdr — p (oo +wa3)/ ouzdr
0 0

—p (oas + wag) / Yuzdr — p (o + wrs) / prugdr — p (oTy + wry) / Yiu dr.
0 0 0
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by taking into account the (3.23),we have

p(%—(aoﬂ—wﬁ)) =0 and, p(%—(aﬁ—i—wv)) =0

using Young’s we have

(o o +8) + 0 05+ 1) [t < 5 o o+ 9) + (@5 + i) [ e
0 2 0

1 ™
+3 (o (dab3) +w @5+ b)) [ uitdo,
0
—p(om +wrs) | prugde < SH (o1 + wT3) prdr + e (bo + dw) | wuidx,
0 0 0

—u (o2 + wry) / Yrugde < S (012 + w7'4)2/ Yidr + e (bo + dw) / uidz,
0 0 0

using Young’s and Poincaré’s inequalities, we get

i 5 (oa; + was)® /” 9 1 /7r 9
— dr < ————— d - (b d, d
,u(aoq—l—wozg)/o pugde < o ot do) ), © x+5u(0+ w) i uidz,

5¢ (oay + was)?

™ 1 s
< - 2d =1 (b d 2d

" 5(oas +way)® [T 1 "
—p(aa3+wa2)/0 Yugzdr < Zﬁ/{) ¢2dx+5,u (ba—l—dw)/o ulda,

5e (oo + wag

)2/ﬂ 2 1 /7r 2
< — 2 2 d —u (b d d
ST ot J, (D x+5u(0+ w) i uzdz,

1 ™
F(t) < —H (bo—l—dw)/ uZdz
0

2 T
(o (da+bB) +w (dB +by)) + b (oa +wp) + %% /0 prda

DO | —

2 bis
(o (da+b8) +w(dB +by)) +d (o +wy) + %% /0 Yrdr

1 T 1 "
+§u (o1 + w7'3)2/ o2dr + ~p (o1 + wT4)2/ Yid,
0 0

N | —

2

we put

2
a1 = [% (U(da+bﬁ)+w(dﬁ+b7))+b(aa+w5)+%ﬁ] 7
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az = [é<a(da+bﬁ>+w(dﬁ+bv))+d("ﬁ+m)+ 4 (bo + dw)

then we choose—2— (

n (3.1), we get

b+d)

(bo + dw) Fy (t) <

U‘I’;

(bo + dw)? / uidr
0

1 1 1 1
+m (/ 2dx +/ Yidx —I—/ ©ldx —|—/ ¢fdm) .
0 0 0 0

Lemme 3.3.2. Along the solution (u,p,v) of (3.1), the functional

1
F5(t) = —p/ ugudx
0

satisfies

1 1 d2 1
Fy(t) < —p/ dx+2u/ uide + — / 2dm+2—/ Vid.
0 HJo

Proof. Differentiating Fj3 (t), we get
dx - / UpUdT .

By exploiting the equations of (3.1) and using integration by parts, we get

Fé(t):—/ da:+u/ ud:c—irb/ gpuxdx%—d/ Yugzde,

using Young’s inequality,

1 B2l u [
b/ Quzdr < —/ o*dr + —/ uida,
0 2 Jo 2 Jo
1 2 1 1
d/ Dugds < d—/ ¢2dx+ﬁ/ udr,
0 21 Jo 2 Jo

estimate (?7?) follows immediately.

and

! p2 ol 2
Fé(t)ﬁ—/)/ ufdx—i—Qu/udx—i— / de+_/ w2daz,
0 0 2 21 Jo
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= max (al, as, %u (o + ng)2 , %,u (019 + w7'4)2) ,new by substituting

(3.34)

(3.35)



End of the proof of Theorem 3.3.1
At this point we define the Lyapunov fonctional £ (¢) as follows

L(t) = NE(t)+ N F (t) + Ny (bo + dw) Fy (t) + F5 (1),

where N, Ny and N, are positive constants to be properly chosen later.

First, we have
|L(t) — NE (t)| = |N1F (t) + Ny (bo + dw) Fy (t) + F3 ()],

T T T.
20 = NE W <N [ (bl + malol + 3 ol + 3 o) do

_g/oﬂ u, (/Ox(bgo+d¢)(y)dy)

N, [bo + du / (ploa +wB| Jugsl + ploB + wr| Justss]) da
0

1
dr + p/ |ugu| dx
0

+N2/ (uk1 |borug| + ke |diyu,|) do.
0

Using Young’s, Cauchy Schwarz and Poincaré’s inequalities, we obtain
1
[L(t) = NE(t)| < Co/ (uf +@f + 97 + (9o + 00)" + 00+ (s + 0 +9)°) da
0
< cE(t).

Thus,
(N—c)E(t)<L({t)<(N+c)E(1).

Secondly, substituting (3.12),(3.24),(??) and (3.35) in the expression of L' (t) we get

2 1
L (t) < — [% <T1 - M) N —mgN; — mN2] / Ordx
0

47’4

1 2 1
S el g _M N — msN; — mN, / ¢t2d95
2 4’7'1 0

1 b2 1 1 d2 1
- = (lel — —> / (p2d$ - = (@2]\[1 — —) / ¢2dﬂf
2 K/ Jo 2 K/ Jo

20



New, we have to choose the coefficients carefully. First, we take
P
0= ——.
2N,
Secondly, We choose N, large enough such that

(ob + wd)®

Ny — 2> 0.
2 2

Next, we pick N; large enough such that
le — m5N2 > 0, ’3/N1 — m5N2 > O,
2 2

b
lel__ >O7 and CAYQNl—— > 0.
0 1

Finally, we take N large enough such that £ (¢) ~ E (t) (i.e. N —c¢ > 0) and

1 2
- TI_M N —mN; —msNy > 0,
2 4’7’4

1 2
— T4 — —(7—2 + 7_3) N — le — m5N2 > 0
2 4’7’1

Therefore, there exist ¢ and ¢ positives constants such that
L'(t) < —a/oﬁ (¢F + U7 +uf +ul + @2 + 2+ 9% + ¢?) da,

<-GE(t), Vt>0.

Since E (t) is equivalent to £ (t), we infer that
L(t) < —wL(t), Vt>0,
for some positive constant w. Thus
L(t) <MLO)e ™, Vt>0.
Using again the equivalence between £ (t) and E (t) we conclude that
E(t) < Xe ™', Vt>0,

which completes the proof of Theorem 3.3.1.

Remark 3.3.2. The same proof is valid for the following boundary conditions

uct?(t?ﬂ-) :@(tvﬂ) :w@?ﬂ-) =0,
u(t,O) = Pz (t>0) :1/}90 (t70) :07

t>0.
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3.3.1 Lack of exponential decay

In this section we suppose that (3.21) does not hold, and prove that the solution (u, ¢, 1)
of the system (3.1) lacks exponentially stability. The proof is based on the following theorem
due to Gerhart-Priiss-Huang [22, 34, 24].

Theorem 3.3.2. Let S (t) = e be a Co—semigroup of contractions on a Hilbert space H,

with infinitesimal generator A. Then S (t) is exponentially stable if and only if:
iR C p(A),

lim |[(Af —A)”

[A|—r00

1H£(H) < 0.

Our result of non exponential stablity reads as follow.

Theorem 3.3.3. Suppose that (3.21) does not hold, then the energy associated with the
solution (u,,v) of the system (3.1) is not exponentially stable.

Proof. 1t suffices to prove that there exists a sequence (F},) C H with bounded norm || F, || <
1, such that

- -1 -

lim ||(\ = A)" F|,, = wlgloo Ul = oo

[A]—r00

Let (Upn),,eny C D (A) be the solution of (A — A) U,, = F),, then, omitting n we have

IAu+v =fi
IAPY + gy + D + diby = pfa
Ap+o = [
AR + Ay + Pzy — by — 1o — a3 —T1Q — Tax = K1 fa
NP+ X =[5

IAR2X + BPre + Vge — duy — azp — ) — T30 — TuX = Kafe.

1
Taking fi = fs = f1 = fs = fe = 0 and fo = —sin (nmz), then eliminating v, ¢ and x we
p
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obtain
Vo= —iA\u

IAPU + [y, + bp, + dip, = sin (nmz)

¢ = —ilp
IANR1D + Py + By — by — 1o —ag) — T — 2 =0
X =iy
iINK2X + BPre + Voo — duy — a3 — agt) — 3¢ — T4x = 0.
thus
N2 pu + pilyy + by + dip, = sin (n7x)
N E1Q + Qap + Bthee — buy — (g — idTy) o — (a3 — iATR) W =0
A2 kot) + BPre + Ve — duy — (a3 — iAT3) 0 — (g — iATy) =0.

Taking into accound the boundary conditions (4.6), we are looking for (u, p, ) of the form
u = Asin (nmz), ¢ = Bcos (nmzx), 1 = Ccos (nmx).

That is
A2pA — A (nm)® — bBnr — dCnm =1
ki B — aB (nm)? — BC (nm)” — bAnm — (0 — idmy) B — (a5 — iA) € =0
MN2kyC — BB (nn)* —~C (n)® — dAnm — (o3 — idt3) B — (a — id14) C = 0.

(pA? — pum*n?) A —bntB — dnmC =1
—b(nm) A+ [k — (nm)® o — (g — iAm)| B— [ (nm)® + (o3 — iAT2)] C =0
—d(nm) A~ [B(n7)? + (a3 — iA3)] B+ [k2A? — (n71)” v — (a2 — iA7a)] C = 0,

which can be written

p(N) —bnm —dnm A 1
—bnm p2(A) pa(N) B =10 (3.36)
—dnm ps(A) p3(A) C 0

Then

p(N) —bnm —dnm
—bnm pa(A) pa(N) | = NP p1paps— A’ p1paps— 2> n* Aps—m2d*n* Apa-+7bdn® Aps+7>bdn* Aps,
—dnm ps(A) p3(A)
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1 —-bnm —dnm
0 pa(N\) pa(N) | = Xpaps — Apaps,
0 ps(A) p3(A)

A= Apaps — Apaps
PIA (Apaps — Apaps) — m2b2n?py — w2d*n?py + w2bdn?py + w2bdn2ps

where
pr(\) == pA2 — p(mn)*, py (N) i= kA2 — (nm)’ o — (aq — idTy) |
ps (N) = kX2 — (nm)?y — (ag — idTy), pa(N) == =B (nm)” — (a3 — iATy) |
Ps ()\) = —6 (n7r)2 — (063 — ?:)\Tg) .
Solving (3.36) we obtain

p1(A) —bnm —dnmw
—bnm py(A) pa(A) | =D (P2p3 — paps) + (”7?)2 b(dps — bps) + (”7)2 d (bps — dpa) ,

—dnm ps(N\) p3(A)
1 —bnm —dnm

0 p2(A) pa(A) | = D2P3 — paps,
0 ps(A) ps(N)

A= DP2P3 — PaPs
p1 (p2py — paps) + (nm)* b (dpy — bps) + (nm)* d (bps — dp)

Al K

PG+ Ko
where,

Ky := paps — paps, Ko := b(nm)* (dps — bps) — d (nm)* (dps — bps) .
>\2
Let A be such that p; () = 0, then (nr)* = pT and

pr(\) = pA2 — p(mn)®, pa (N) i= kA2 — (nm)® oo — (aq — idTy) |

p3s(\) 1= kX2 — () — (ag — idTy), pa(N) == =B (nm)® — (a3 — iAT2) |

ps (A) == —=p (mr)2 — (a3 — iAT3) .
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(5 e) (5 ) -]
p p
i {(@_&) Ty + (%—’O 7'1+ﬁ(72+73)] N+ K
and
2
K, = -2 le (@ . 7> + (ﬂ . a> +de/3} A
p

+i£ [bd (3 + 73) — V71 — d>10] N + K,

where K3, K4 are polynomials of degree 2 in .

At this point we discuss three cases:

1) Suppose that xo # 0 and x; # 0,then

Lk m(5me) (52 -0) - )
K, —p[b2<w_7>+d2(m_a>+2bdﬁ]

p p

=c,

for some constant ¢ # 0.

Therefore
2 2 2 ! P02|)‘|2
U1 = p ol = o * [ sind (nma) o = 220
0

Therefore,

lim [|U] = oc.

[A|—ro0
2) Suppose that xg = x; = 0, then
pea o W8 e B
p d’ p d

Consequently

(@—a) i+ (@—v) r+ B(m 1) £,
p p
bd(TQ+T3) —b2T4—d27'1 7é0,

by virtue of (3.10) and

K, [(%—a>u+(%—V)Tﬁrﬁ(TfrTg)]

A= —=x =c.

K2 [bd(72+73) —b27’4—d27'1]
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Therefore )
U2 = pllol? = pe? AP / sin? (nm) do =
0
Therefore,

lim U2 = oo.
[A|—>o0

3) Suppose that xo # 0 and x; = 0, then

A=l s (42 —a) (12 =) 7] 2

Ky~ —i[bd (m2 + 73) — b2y — d?7]

1
IUI2 > ffua]? = A2 (n7r)2/ cos? () d =
0
and

lim [|U]? = oo.
[A|—ro0

which completes the proof of Theorem 3.3.3.
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Chapter I

A double porous elastic system with

memory

4.1 Introduction

In the present paper we are concerned by the following double porous elastic system

p

PUy = Uz + b, + di), in (0,7) x (0,00),
K1t = WPy + [z — bU:ct— o — ozt

- [at=9ea s i 0mx 0.0, @
Kot = BPua + Yoz — duy — azp — i)

—/Oth(t ) (s)ds in (0,7) x (0,00),

\

with boundary conditions

Uy (07t) = Uy (W7t> = (Oat) =y (ﬂ’t) = (O>t) = (th) =0 (4'2)
and initial data

U(IE,O) :Uo(m)a ut<w>0) :ul(x)’ 90(3770) :900(37)7 th(ZL’,O):ﬁpl(.f),

(4.3)
U (2, 0) =g (), ¥ (2,0) =11 (2).

Here, u is the transversal displacement of a one-dimensional elastic solid of length 7, ¢ and

1 are the unknown porous functions, the coefficients p, k1, ko, i1, @, 7, a1, g are positive.
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As coupling is considered, the constants b,d and [ must be different from zero. It is also
assumed that the internal energy density associated with the system (4.1) is a positive

definite quadratic form, which may be satisfied by requiring that the matrix

w b d
A= b a1 Q3
d Q3 Q9

is positive definite. The functions g, h are relaxation functions that assumed to satisfy some
hypotheses that will be specified later.

The system considered here, represents a thermoelastic solid with double porosity struc-
ture in the framework of the theory of elastic materials with voids developed by Nunziato
and Cowin [16]. This approach has been used by Iegsan and Quintanilla [36] to derive a new
theory of thermoelastic solids which have a double porosity structure. In contrast to the
classical theory the new one is not based on Darcy’s law, and the porosity structure in the
case of equilibrium is influenced by the displacement field.

In the beginning of the second decade of this century, Svanadze [41, 42| established
the basic properties of the plane waves in the dynamic theory of elastic solids with double
porosity.

The viscoelastic damping represented by a memory term was introduced first by Dafer-

mos [17, 18]. He proved that the solution of the viscoelastic equation

¢
Pl = Cllyy — / g (t —T)ug, (x,7)dr, (0,1) x (0,00),
0

with Dirichlet boundary conditions is asymptotically stable, but he does not specify the rate
of decay of the solution [18].
Soufyane [40] examined the porous thermoelastic system of memory type
prug = k (uz +¢), — bz,
t
PPt = Ppy — k (Uy + @) + 60 — / g(t — 8)pzz(x,t — s)ds, (4.4)
0

et = ﬁemx — Utz — Pty
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where all the coefficients are equal to 1 and the kernel ¢ satisfies
l:a—/ g(s)ds >0, (4.5)
0
g (t) < —=E€g" (1), t=0. (4.6)

He used the multiplier method and established an exponential decay rate for p = 1, and a
polynomial decay rate for 1 < p < %

Messaoudi and Fareh [19, 20| considered (4.4) and assumed the relaxation function g
satisfies (4.5) and ¢'(t) < —&(t)g(t) for a non increasing function &. They obtained a general
decay result for which the exponential and the polynomial rates of decay are only special
cases.

Recently, Apalara |2] considered the porous thermoelastic system of memory type
Pyt — Py — by = 0 in (0,1) x (0,4+00),
t
Jbit — 0y + buy + P+ / g(t—38) gz (s)ds =0 in (0,1) x (0,+00),
0

with Neumann-Dirichlet boundary conditions. He studied the case of equal wave speeds
; = % and proved, in contrary to [28|, that the unique dissipation given by the memory
term leads to a general decay.

The basic evolution equations for one-dimensional theories of double porous materials

with memory effect are given by

PuUt = T,,
K1y = 05 + &,
Koy = Xz + G,

where u is the displacement, ¢ and v are the porous variables, p, k1 and ky are positive
constants. T is the first Piola-Kirchhoff stress tensor, o, x are equilibrated stress vectors,
¢ and ( are the intrinsic equilibrated body forces that they must be given by constitutives
assumptions. We assume
T = pug + by + dip,
0= aps + P, X = Bpe + Ve,

t

5:—bu$—a1¢—a3¢—/ 9t — ) pus (5) ds,
Ot

C:—duag—a:%@—%LD—/ h(t —s) e (s)ds.

0
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Here p, b, d, A\, o, g, g, i3, B,and ~ are constants.
If we introduce the constitutive equations into the evolution equations we obtain the system
(4.1).

In the present chapter we consider the isothermal case of (?7) (8 = 71 = 72 = 0), with
weaker dissipations of memory type instead of the strong dampings €;p, ,14;. We use the
multiplier method and establish a general decay result depends on the coefficients of the
system and the rates of decay of the relaxation functions g and h.

To the best of our knowledge, the longtime behavior of thermoelastic systems with double
porosity structures has been investigated only in |7, 30|, and none of them have considered
the dissipation of memory type. Our result improves the previous results, in the sense that
we have weakened and minimized the dissipations and have generalized the rate of decay.

The rest of the chapter is organized as follows: in Section 2, we introduce some notations
and preliminaries needed for our work and prove several technical lemmas. In Section 3,
we state and prove the general decay of the energy associated to the solution of system

(4.1)-(4.3).

4.2 Preliminaries

We begin this section by requiring the following assumptions on the relaxation functions
gand h :

(H1) g,h: R, — R, are C' non increasing functions satisfying
“+oo
g(0)>0,l:oz—/ g(s)ds >0,
0
+o00o
h(0)>0,k:7—/ h(s)ds >0,
0

with
k> 3. (4.7)

(H2) There exist two non-increasing C! functions 7, ¢ : R, — R, such that

g () <=€@)g(t), () <—n(t)h(t), t=0.
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We recall the notation

(fod)(t) = / ” / Ft—5) (6 () — & (s)) dsda.

Remark 4.2.1. From (4.1); and (4.3) we easily show that

d2 ™

— | wu(x,t)dx=0. (4.8)
dt? J,

By solving (4.8) and using the initial data of u, we obtain

/oﬁu<x’t)d”f:t/07rul ($)d$+/0ﬂuo(x)dx.

Consequently, if we set

u(z,t) :u(:c,t)—t/oﬂul (a:)da:—/oﬂuo(a:)d:c,

then (u, p,v) satisfies (4.1)-(4.2) and the initial data

7 (2,0) = up () —/Owuo (2) dz, T (2,0) = w () —/Oﬂul (z) dz.

Moreover, we have
/ u(z,t)dr =0,
0
which allows to apply Poincaré’s inequality. In the sequel, we work with (u,p,v) but for

convenience we write (u, @, 1)) .

Remark 4.2.2. We notice that the matriz A of coefficients is positive definite if and only

if
o 2) o) ()

Moreover, since any principal submatriz of a positive definite matrix is also positive definite,
we have

2 2

ap——>0anday — — > 0.
ft f

Now, let us prove some useful lemmas.

Lemme 4.2.1. Let

1 ™
E(t) =5 / [ouf + 1t + ot} + g + anp® + asd)® + 2000 ] da
0
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= (a—/otg(s)ds>/0 %dﬁ;( / ds)/ YRda

—l—b/oﬂux(pdx—ird/oﬂuxwd:c—l—ﬁ Oﬂ%wxd:c—l— % [gows +hot,],
be the energy associated with the solution of (4.1)-(4.2). Assume that (H1) holds and that
A is positive definite , then
E(t) >0, Vt > 0.

Proof. Let @ = o — fo s)ds and ¥ =y — fo s)ds, clearly, @ > [ and 7 > k, then using
(4.7) and the fact that the matrix A is positive definite, we infer that

B (1) = (A (e, 0,6) (e, 0) + 5 [9.0 0+ h o]

1~_ﬁ2> " 1(~_ ) 2
+4 (a 5 /OgoxdxﬂL 0l /¢dw
a [” B\ v [T B

+§/O (@z+§¢z> d$+§/0 <¢$+§90:c) dz > 0.

Lemme 4.2.2. Under the assumptions (H1)-(H2), we have

/07r o (1) /Otg (t = 5) Paa (5) dsdx

— s wevow- [ [(wwa] a0 [(God-Fwew,

Proof. We have

/Oﬂ@t(t)/otg(t—S)SOxx(s)dsd:z::—/Oﬂ@xt(t)/otg(t_3)¢x(5)dsdx

-/ " (1) / tg<t—s> (e )= o N dsdr— [ ®0.) | g(t — ) dsdr,

0 0

5[ [ot-9 <t>—%<s>>2dsdx—§(/Otg<s>ds)%/0”soi<t>dw,

s g(t—s)(smt)—ms>>2dsd:c—% (=9 (e 0 - (5) s
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Lemme 4.2.3. Suppose that (H1) holds, then along the solution of the system (4.1)-(4.3)
the energy E (t) satisfies the property

B () < 5 (6 oa) + 5 (W o) <0 (4.10)

l\DI»—

Proof. Multiplying the equations of (4.1) by wuy, ¢, 1 respectively and integrating with

respect to x over (0,7) we obtain

d pd [T " "
2e | %+§E/u%HwAwMM%§Aw%M=Q (4.11)

K',l d ) d ) d s 9 /W /71' /W
—— d+—— d—|— pedx+ dr+b prdr+a ord.
2t ), T 5 7 2 o x4+ i Uy pprdr i Uy Ppdx 403 i Yopdx

+§%[@m%mw—42@wwlliwm4:—gw[fﬁaMM+§@%ww<4H>

an

2 dt/ vide 2@/ Vrde 2 %/ Wd?ﬁ'ﬁ/ ¢xt¢xd$+d/ uxwtda:—i—ozg/ Yrpdx

by [mes0- [ [[goa] = -no [(@wder 0o @)

The addition of (4.11)-(4.13) gives

Lemme 4.2.4. Let v € L*(0,7) and f : R, — R, an integrable function, then for any

€ > 0, we have

/ xt/ft—s (z,5)dsdx < (e+/f )/NUQ(:E,t)dx
</ " ) ou. (4.14)

/OWU(‘”’” /Otf(t—é’)v(w,s) dsdx
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:—/Oﬂv(x,t)/otf(t—s)(v(:c,t)—v(x,s))dsd:c—i—(/Otf(s)ds) /Oﬂzﬂdx. (4.15)

Using Young’s and Cauchy Schwarz’ inequalities we obtain

—/ﬂv(x,t)/tf(t—s) (v(2,1) — v (z, 5)) dsdz

0

§e/07r (a:t)da:+— (/ft—s a:t)—v(xs))ds) dz,

ge/oﬂ d:c+—(/f )/ /ft—s — v (s))*dsdz. (4.16)

Substituting (4.16) into (4.15), inequality (4.14) follows immediately. O

Remark 4.2.3. Applying Lemma 4.2.4 and the fact that fo s)ds < a—1,

fot h(s)ds <~ —k, we have,

/ow Pa (t) /Otg (t =) @x (5) dsdx < (6 " otg (5 ds) /0“ puda+ i </otg (2 ds) 9o e)

On the other hand, Cauchy Schwarz inequality yields

([ e} ([ ) e s

For the sake of completeness, we end this section by stating the following theorem, where

the proof can by done by the use of Faedo-Galerkin method.

Theorem 4.2.1. Assume that the assumptions (H1), (H2) and (4.9) hold, then for every
(0o, 01), (Yo, 1) € H (0,7) x L2(0,7) and (up,uy) € H! (0,m) x L?(0,7), the problem
(4.1)-(4.11) has a unique weak solution (u,p,) satisfies
we C((0,+50), H! (0,m)) N C (0, +00) , 12 (0, 7))
p, 1 € C((0,400) , Hy (0,7)) N C* ((0,+00) , L (0, 7)),
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where

L2(0,7) := {v GLQ(O,W);/OFU(.CE)dLEZO} and H! (0,7) = H' (0,7) N L2 (0, 7).

4.3 General decay

Now we are able to state and prove our main result, which reads as follows
Theorem 4.3.1. Let (up,uy) € H! (0,7) x L2(0,7) and (po, ¢1), (Yo, 1) € HE (0,7) x
L?(0,7) and assume that (H1)-(H2) hold and

pooa o di oy bp
c_ -4 7 L7 4.17
p K1 + bky Ko + drq ( )

Then for any ty > 0, there exist two positive constants o,w such that the energy E (t) satisfies
E(t) < e o X6ds - porqe. t > to, (4.18)
where x (t) =min{& (¢),n(t)}.
Remark 4.3.1. Our result is optimal if:
1. for allt >0, &(t) #n(t), or

2. there exists t; > 0; §(t1) =1 (tl) and lim f(t) -1 (t)
t—t1 t — tl

=0.

In both cases x is differentiable for all t > 0.
The proof of Theorem 4.3.1 will be established through several lemmas.

Lemme 4.3.1. For any ¢ > 0, the functional
B s ™ p s x
Fi(t) = Iil/ opdr + kg | Uppdr + —/ (bp + d¢)/ w (y) dydx
0 0 HJo 0
satisfies along the solution of (4.1)-(4.3), the estimate

F{(t)S(/ﬁ—l—C)/ 2dx + (ky + C.) /¢fdm——/ %dx__/ 2d
0 0

—oq/ ©idr — wdx+c(gowx)+c(ho¢x)+6/ urde,
0 0

(4.19)

where, Tand k are positive constants depend on l, k, B and €, and i1, iy are positive constants

depend on b,d, p, oy, a9 and as.
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Proof. The differentiation of F gives

FL(t) = iy / S+ ry / vpdo + 2 / (b + diy) / w () dydz
0 0 0 0

_'_/ 2 (a(pxx +5wxm — bu, — a1 — Oé3w —/ g(t — S) Pra (S) dS) dx

0 0

_’_/W¢ (Bspaca: +’7¢xw _dux _04390_a2¢_/ h(t_8> %z (8) ds) dx
0 0

1 i
—i—;/ (bp + dvb) (puy, + by + dip) dx
0
™ ™ b2 Iy ™
Fl(t) = /<L1/ oidr — a/ p2dx + (— - 041) / ©’dr + /@'2/ Yidx
0 0 1% 0 0
s d2 s e s t
—7/ widx + (— — Olz) / 2 dr — 25/ Y dr +/ gox/ g(t—s)p,(s)dsdz
0 H 0 0 Jo 0 |

-~

Iy

/ @bm/ )dsdx+2<%b—oz3) /Oﬁgm/zdx
/ Oy / w ( dydx+— / Wy / w (y) dydz.

Now we estimate the terms [y by using Young mequahty

b ™ X
L = p_/ SOt/ ut(y)dydx
K Jo 0
2 b 2 T x 2
_(p) / d:z:+2/ </ ut(y)dy) dx
0 0 0
< C/ Ordr + = /ufd:c,
then, we estimate the terms I
d s X
I, = p_/ 1/%/ ut(y)dyda:
®Jo 0
72 (pd\* [T ) e [T ”” 2
— [ — d - d d
() [t [ ([ ) o
< CE/ wtzdx—l—f/ u2dz,
0 2 Jo

IA

IN
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then,

bd T bd T 1
Is =2 (— — a3> / pdr < g9 (— — a3) / oidr + — <— — oz;;) / e,
H 0 H 0

estimation of the I, and I5 in Remark 4.2.3, then we get

T s b2 s T
Fl(t) = /4,1/ prdr — a/ 2dx + (— — 041) / ©*dx + Iﬁg/ Yida
0 0 2 0 0
s d2 s s
—7/ q/zidx + (— — ag) / dex — 26/ Urpedr + (a + €) / g@idw

a—1

k bd g
+——(gow,) + 'y+6/w2dx+—(how1)+€2 — —ay /902(135
4e 4e W 0

1 [bd T T
+— <— - ag) / Yidz + C. / 2dr + = / urdx + Ce/ Yidr + E/ uidz,
€2 \ M 0 0 2Jo

then, we infer that for any €, e,e1,e9 > 0 we have

FL(t) = (m + C) / "ot (v + C) / e — (1— e+ —e1p) / " da
BY [* . a—l vk -,
_(k—e——)/o ¢de+T(gogpm)+T( ¢m) /utd$

€1

2 ™ 2
—(011—%—52<l;—d—013))/0 ¢2dx—<a2—%—g—12<——a3)>/ @/de.

Inequality (4.7) and (4.9) allow us to choose 1,2 > 0 such that

T=1—@el>0andE=k—§>o
1
and
b? bd d> bd 1
041—041———<——a3)52>0anda2—a2———<——oz3>—>0.
po \p poo\n &

Next we choose € = min {;, ;} to get (4.19).

Lemme 4.3.2. For any ty > 0 and any €1, > 0, the functional

By (t) = —m / "o (0) / gt - 5) (o (1) — o (5)) dsdz

satisfies along the solution of (4.1)—(4.3) the estimate

Fy(t) < —ky (/Oog(s)ds—(S)/Oﬂgot()dx—i—?)el/oﬂ(pxdx—i—sl Yidx

C
+—9090x+€1 Udff——go(ﬂ:c
51 0 5
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Proof. The differentiation of F5 and integration by parts give

R =a| 0 | ot =9 (e 0 = . () dsio

8 / " (1) / 9 (t— ) (9u (1) — u (s)) dsd

w0 [T o5 o0 - e dsdrran [0 [9lt=9) (00— o (s)) dsd
s [0 [ 96=5)(60) = o (o)) s
[ ([ oe-90as) ([a-9 60— et as) s
[Tt [ =9 (00— o) asis—m  [[91a5) [0

Now we estimate the terms in the right hand side of F} (¢) term by term recalling that

t t
/g(s)ds<aand/h(s)ds<7.
0 0

First, using Young’s and Cauchy Schwarz’s inequalities, we have for any ¢; > 0,

I = a/oﬂsox <t>/0 g(t = 5) (2 (1) — g (5)) dsda

<a [ 2 ([ (Vo) (VI 0 s )

m 2
§61/ @idi-i—a—(/gt—s )// (t — ) (@q (t) — a (5))* dsdz,
0 4eq

I < 81/ prdr + 4—g 0 Py (4.21)
0

Similarly, for any €5 > 0, we have

2

I, = B/O Uy (t)/o g(t—38) (pz (1) — @z (8)) dsdr < e i Vidw + i(:g o, (4.22)

2

I, = ag/o w/og(t—s><so<t>—so<s>>dsdxS&/ WH%QW

0

T 2
< 051/ wida; + B g0 Qg (4.23)
0
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Next, we use Young’s, Poincaré’s and Cauchy Schwarz inequalities to obtain for any €; > 0

and 6 > 0,

I = /u/ (t— ) 5 (s)) dsda
o [ 2 (/Otg@—s)(so@)—so<s>>ds>2da:

. gl/o”udﬁf—;(/;g(t—s)ds) [ [a-90 e dsta

™ Cb2
< & / uidr + ag 0 Vg (4.24)
0 451

IN

Similarly, for any €, > 0, we have

s t s Cr
I z/ sO/ g(t—3)(p(t) —¢(s))dsdx S&/ Pz + g0 ¢, (4.25)
0 0 0 dey

== [ 00 [ o (=9 () = o (s) dsda

<mo [ gide+ 2 ”(/tg@_s)(@(t)_@(s))ds) s

gm/oﬂ dx+45(/0 )// (= 5) (0 (1) — i ())? dsda

< 515/ (pfdl’ o chg / / t_ 5 pr ) P (5))2 deiL'?
0
Is < 1115/ ordx — gg’ 0 (g, (4.26)
0

== [ ([ o= ) ([ 0= - e o)ds) s
-/ (/Otg@—s)(mt)—ms))czs)zdx
~([oas) [ee® [ o= - on () st

<o [ o 1+M /Oﬂ(/Otgu—s)(w)—sox<s>>)2dsdm

then
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<a [" ot 1+W (/Otg<t_s>ds>/0“/:9@_5)(%@)_w)ydsdx

" c
I < 51/ @rdz + —go @, (4.27)
0 €1
Substituting I; — I7,in the expression of F} (t) we arrive at

Fy(t) < —kq (/0 g(s)ds) /Oﬁgaf(t)dx—i—Sel/Ochidqusl(1+C’)/O7T¢idx

c T 4 c
+—g o, + e / uZdx + 0k / pidr — =g’ o ¢,
51 0 0 5
then for any ¢ > t, > 0, we have

to s s s
Fi(t) < =k (/ g(s)ds— 5) / gof (t) dx + 324 / goidx +e(1+0) / z/zid:r
0 0 0 0

+£go<px+€1/ uidm— Eg'ogpgc.
51 0 6

O
Remark 4.3.2. Similarly, the functional
m t
Fa(t)i= = [ ) [ it =5) (0(0) ~ 0 (s)) dsda,
0 0
satisfies for any 1,0 > 0, the estimate
to s s s
Fi(t) < —ka (/ h(s)ds — 5) / V2 (t) do + 351/ Vidr + 81/ 2dx
0 . o . 0 0 (4.28)
+—ho, + 51/ uid:zc — —h oy,
€1 0 )
Lemme 4.3.3. Suppose that (4.17) holds, then for any €3 > 0, the functional
™ ™ b s t
Fy(t):= b/ Opurdr + b/ Upppdr — 2 ut/ g (t—3s) @, (s)dsdx
0 0 HE1 Jo 0
s ™ dp ™ t
+d Ypugdr + d Ugpdr — ug | h(t— ), (s)dsdr,
0 0 HE2 Jo 0
satisfies along the solution of (4.1)-(4.3), the estimate
1 2 2 ™ ™ ™
Fi(t) < —= <b—+ d—) / uid:}c—f-i/ 2dx + (c+£) / Yidx
2 K/l K/Q 0 63 0 83 0
bda v? T, ¢,
. . - — . 4.29
29O T oY +063/0 w= GOy (4.29)
2
bd,yho,ébx'f_ d howx_iglogox_ih/o@bx-
20K 4k €3 €3
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Proof. Differentiating Fy (t) we obtain

Fy(t) —b/ goxtutdx+b/ goxuttdx+b/ uxtgotdx+b/ Uz pprdT
0 0 0

b ™ t
- Utt/ (t— 5) o (s) dsda — —2- ut</g(t—8)sox(8)d8> dx
pha HE1 Jo 0 ¢

+d/ thutdl’ + d/ wmuttd.f + d/ thwtdx + d/ umd}trdx
0

/mz/ utt/ (t—s), (s )dsd:c—ﬁ t(/o h(t—s)wx(s)ds>tda:.

Taking into account (4.1)-(4.3) and integrating by parts, we have

b s
in (t) = ; / P (Mum + by + dl/’f) dx
0
b 0 t
+H_ Ug: (a@mz + 5wzx - bum — Q1P — Oé:ﬂﬁ - / 9 (t o S) Pra (8) dS) dx
1.Jo 0
b ™ t
—— [ (ptge + o, + dip,) / g (t—s) s (s)dsdx
HE1 Jo 0
™ ™ t
_brg (©) / Uy (t) dsdx — o Uy / g (t —s) s (s) dsdx
HEL - Jo HR1 Jo 0

d s
—l—;/ Yy (g + by + dipy) da
0

d ™ t
—— | (ptge + bpr + dipy) / h(t—s)1, (s)dsdx
Hk2 Jo 0
—dph(o)/ wpthy (1) dsdz — -2 ut/ W (t — ), (s) dsda,
KKz Jo Hh2

then

b b d d
P K1 k2 P
b d? bd
—(—+—>/ 2dx—|——/ da:+—/¢dx+2 %wzda;
ki Ra2/ Jo P Jo
_ (@ + —da3) / uzpdr — (% + da?) / ugpda
R2 0 K1 Ko 0
/ cpx/ (t—3) e ( )dsdx— 1[&/ (t — 8) e (8) dsdx
;ml pk1
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bpg(O)/’r t(px()dsdx—b—p ﬁut/gl(t_sﬁﬂx(s)dex

231
/gox/ (t—3s) 1. ( )dsdx—— @Dx/ (t — s) 1, (s)dsdx
lmz )
d h (0
S / t%()dsda:—— ut/ h' (t — s) 1, (8) dsdax.
KRz Jo %)

At this point we estimate the terms of the rlght hand side of F} (t) term by term, taking

into account (4.17). First we have

:—/ gpxdx—l——/ Y2du +2—/ Pated,

= [ o rduaya

b2 ™ d2 Iy
< 2—/ 2dx + 2—/ Yida.
P Jo P Jo

Secondly, we have for any & > 0,

b d T b d 4
Jyo= (ﬂ N &) / wpod — (ﬂ N ﬂ) / wbde,
K1 K2 0 R1 Rg 0
bay + das bas dag

Sg/oﬂuidx—i-C(K_l ”_2>2/0ﬂ%dx+§/ udx+c<”_1+“2 /@Z)dx
<§/udx—l—£/ da:+5/0 Yide.

b2 t g
/ @w/ (t — )¢y (s)dsde = ——— g(s)ds/ ©2dx
M/ﬁ Hk1 Jo 0
[T [gt=9) el - 0 5)
5b2 / / (t — ) p2dsdr + / / (t —s) (t) — gy (5))* dsda
b2 t
— [ys [ e
HE1 Jo 0

<=0 [ o [ Gans i [7 [ 9= (oalt) = () s

Taking 0 = 1, we get

Thirdly,

b2

J3 <

4#/{,1 g © SDCC’
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Fourthly,

= /ml/ wx/ (t—5)pa ( dsda:—WI/ wx/ (t = 5) (@a (t) = pa (s)) dsdx

bd t s
- g (S) dS/ %%d%
K1 Jo 0
bd [T bd [ ([t ’
Jy < / i—i— /(/ t—s)(ps(t) — (s ds)d:z:
e o B Bl § IEDICRORTRE)
bd t s
- g (S) CZS/ ¢x¢xdfﬁ,
HE1

<

bd [T bd t )
_2,1“31/0 @/)z‘l'zlml (/ t—s )/ / t—s gpx ) S%(S)) dsdzx
bd ¢
+2/m1 </o g (s) ds) /0 o2
ﬂ T bd ! 2o bd < ) )
J4§,Wfl/o wz—i-zwﬁ </Og(s)ds> /0 dx—i-zlm1 /Og( s)ds | (govs).

Therefore,

bd [T bda? [T bd

e / PRde+ 5 (g0 py).
we1 Jo 2uK1 S 20K

wdx,

b ™ t b t m
Jy = ——2 ut/ g (t =) @a (s)dsde = ——~ | g/ (s) ds/ Upprd
0 0 HE1 Jo 0

L m/ (t = ) (9u (£) — @0 (5)) dsd,

i e | )
Js < u; + t—35) (g (t) — @z (s))ds | dx
T R m Og( ) (0o (t) — @z (5))
b 4 bog (t) [™
N pg(O)/ wrpadi — pg()/ tppd,
0

22291

b T bp
J5§ﬁ up + / ds/ / (t — ) (@g (1) — a (5))* dsdx
HE1 Jo 2e3uk,

bpg(O) /WutgoxdaﬁLM/ 2dw,

k1 2e3/uK1

then,

™ ™ 2 T
Jy < s / uz+ 200 / wpyds + 22D / e — =g 0.
0 0 0

[k [ik1 2e3/1k1 €3
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Similarly, for the rest terms

/ cpx/ (t — s) ¢, (s) dsdx
MHQ

bd bd bd
e 7/w sl how,
;u-{g 21ko
d?
Jr = — / @Z)x/ (t — s) 1, (s)dsdx < h o ,,
2] 4#/{2
g = — / ut/ R (t — s) ), (s)dsdx,
220%)
then
K2 Jo pK2  Jo 263/1/12
Therefore
b d d b d
P K1 )] 0 P K1 Ko 0
2 2 ™ 2 0))2 bd B x
—((b—+d—>—f)/Ude+ blo” \ bolg Q)" bd | e o0 /gpidm
K1 Kg 0 20k 2e3/uK pke & el Jo

n bda n b? C oy n bdry n d?
© - T
2uky  4pky 9° e 539 7 2uKke  4dpke
v bdy?  dp(h (0  bd
+<b,063 +dp€3>/ 2z + 20 p (1 (0)) .
J JI 0 2;m2 2e3 k2 [
v d? i 200 ¢ bda? ¢
Fi(t) < — —+——>/uidm+<—+—+ —
1) < <’fl K2 : 0 p & 2uk1 €3

2d? bd bd
+ (— +oi+ =+ 2 ) / V2dx
p & Ky 2,u/<:2 €3
bda b bpes
+ go P+ goPy+ | —— +
241K dpky 22391

bdry 2

2[ul€2

ho, +

4#:"{,2

If we choose & = % <£ + d—2> we obtain

K1 K2

N [T
—l——>/ uidz—ir(c—l—c
%) 0
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1/ v?
Fi(t) < —5 </<¢_1

)howf—iwowﬁ
€3

2 ™
L / V2d
§ P 0

bd

+—>/ goida:
k2
dp€3 2 c
ut — — 39 °Pz
HE2 0 €3

howw_ iglogpx— ihlo%-
£3 £3



bdo b
g0 Pr+
41k

2

d howx_iglogpx_ihlowz'
K2 €3 €3

g c
90¢m+%g/ u; — —g' o,
2k1 0 €3

bd~y
2/m2

ho, +

Lemme 4.3.4. The functional
F5(t) := —p/ upudx
0
satisfies along the solution of (4.1)-(4.3) the estimate
Fg(t)g—p/ ut2+2u/ ui+c/ O+ | Yl (4.30)
0 0 0 0
Proof. The Differentiation of F} (t)
Fg(t):u/ ui+b/ ou, +d wuxda:—p/ uldz.
0 0 0 0

Using Young and point care inequality

s bC ™ ™ Cd s K ™
Fi(t) = ,u/ uZ + —/ p2dx + Eb/ uwide + — [ Yide + ed/ uldr — p/ uldz,
0 4e Jo 0 4e Jo 0 0

on pose € = &, € = 15

F.(t) = /u +—/ /udx—l——/ Yidr + = /uda:—p/ uide,
0 0

then

Fg(t):—p/o ufdx—l—Qu/O ui—irc/o 2dx + ¢ i Yid.

4.3.1 Proof of the main result
Now we define the Lyapunov functional
L(t)=NE(t)+ N1 Fy (t) + Ny (Fy (t) + F5(t)) + NyFy (t) + F5 (1) .

Substituting (3.5), (4.19), (4.20), (4.11), (4.29) and (4.30) in the expression of L' (t), we

obtain

L) < — {NM (/Ot g(s)ds — 5) — Ny (k1 + CE)} /Oﬂ rdx
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_ {Nm (/Ot h(s) ds — 5) _Ni (st c;)] /Oﬂ Wda

_ [p — &Ny — C€2N4] / u?d{t — Nl&l/ @QdZE — leig/ ¢2dl'
0 0 0

N, (b® & T
- {—4 (— + —) —2u — 2N251} / uida:
2 K1 ) 0

i
— [N1§ — 4€1N2 — N4 <C—|— £)

/ pade —
0

-~

k
Nl— - 4€1N2 — N4 (C+ £>
2 €2

R
0

€2
N CN4 CNQ ’ N CN4 CNQ ’
-~ - T X -~ - T h x
R [(ATARI LR i [
2bdo + b? c
+ {N4— +cNy + _N2:| 9o ¥z
4/1/%1 &1
2bd d?
" [CM Lo d £N2] ho .
ALk €1

At this point, we choose the constants N, Ny, Ny, N3, Ny, e,e1,¢9 and 6 carefully.

First we choose § > 0 small such that

to to
/ g(s)ds—0 >0, and/ h(s)ds—6 >0,
0 0

then we choose N, such that Ny (2—21 + ﬁ—i) = 6 we get

2 K1 %]

Next we choose €9 > 0 such that

p— ceaNy > B.

After that we choose N; large enough such that

T
[Nl— —N4 (C+ £
2 €

and

k
[Nl— — N (c—|— <
2 €9

Now we choose € > 0 such that
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the next step is to choose N, large enough such that

to
Nskyq (/ g(s)ds—&) — Ny (k1 +C.) >0
0

and .
Noko (/ h(S)dS—(S)—Nl(/{2+CE)>O.
0

After that we choose £; > 0 such that

~ ~

Nyl Nk
11— 2Noey > 0, 71—451]\@ > 0 and 71—4511\/2 > 0.

Thus, there exists, @w > 0 and ¢y > 0, such that

™

L’(t)g—w/ (P2t + @+t + @02 do +c(gopet+ hows)
0

2
NOW we let ,C (t) = N1F1 (t) —|— N2 (FQ (t) —|— F3 (t)) + N4F4 (t) + F5 (t) s then

—l—[ﬂ—co} (g’ o, +h o).

L) < N ( / oer] dar + s / tl d+ £ / b + | / |ut<y>|dydx)
0 0 0 0

+N, <;<;1 /07r dx)

# (n [[ot) [ ne—9) 00— v 6 as] )
w5 (10 [ loand o +b [ uad o+ 22 [ [ s) 5] r)
N (|d!/oﬂ|¢xut|d:r+d/oﬂ |u$¢t|dx—|—"j—/|if/ow

dx)
+p/ \ugu| de.
0

Exploiting, Young’s, Cauchy Schwarz’ and Poincaré’s inequalities and using Remark 4.2.3,

mw/o g(t—3) (o (1) — o (s))ds

ut/oth(t—s)@bx(s)ds

we arrive at
1L (t)| SC/ [} + 0]+ +ud + @+ 0P+ o2+ 2] dr 4 clgo . + hoth,] < cE(t).
0

Therefore,

IL(t)— NE(t)| < cE(t).
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Consequently,

(N—c)E(t)<L(@t)<(N+c)E(t).
Now, we choose N large enough such that
N > ¢, and g—co>0.
Thus, there exists A, ¢, ¢1,co > 0, such that
L'(t) < =AE(t) +cgop,+choi, (4.31)

and

Let x (t) = min{{ (¢),n (¢)} ,then, multiplying (4.31) by x () we obtain

X (@) L(t) < =Ax () E(t) +ex(t) gopu+ex (t) hoty,
< =AM () E(t) +c€(t) go s +en(t) h oy,
< =M () E (t) — cg o p, — ch' oy,
<A () E (1) — B (1).

That is
V() L (1) + B (1) < -\ () E (1),

Recalling that y is non increasing and £ (t) > 0, we conclude that

%(X (6) L(t) +cE(t) < =Ax (1) E (), a.e. t >t

Let F(t) = x(t) L(t) + cE (t), then F (t) ~ E (t) and there exists a positive constant w
such that
F(t) < —wx (1) F(t) Vt>t.

An integration over (g, t) gives

t
—w/x(s)ds
f(t)gf(to)e to ,thto

Using again the fact that F (t) ~ E (t), we deduce that

t
—w/ X (s)ds
E{t)<oe Ju V> 1,

for a positive constant o, which completes the proof of Theorem 4.3.1.
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Conclusion

Of concern in this work is a linear one-dimensional double porous-elastic system.

In the one porous elastic system Magana and Quintanilla [28| considered:

PUit = HUgy + /B¢m + )\utmma
p/iqbtt = a¢xx - 5“90 - €¢ - 7—¢t7
they established an exponential rate of decay.

In the case A = 0 Quintanilla [35] considered:

PUtt = HUgy + ﬂ(bxa
PEQst = APgy — By — §& — Ty,

(4.32)
with boundary conditions

w(0,t) =u(mt) = ¢, (0,t) = ¢, (7, t) =0,

He used Hurtwitz theorem and proved that the damping through porous-viscosity (—7¢;) is
not strong enough to obtain an exponential decay but only a slow (nonexponential) decay.
Apalara [1] considered the same system (4.32) with Dirichlet—Dirichlet, Neumann—Dirichlet
and Dirichlet—Neumann boundary conditions, he prove that the porous dissipation is strong
enough to exponentially stabilize the system, provided the wave speeds are equal.
In this work; chapter 2, we consider a one-dimensional double porous elastic system

with two dissipative mechanisms : a viscoelastic dissipation in the displacement field and
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visco-porous dissipations.

Pl = [llgy + by + diby + Niggs, in (0,00) x (0, L),
K1t = QPgg + D110ge — by — oo — a3 — 119, in (0, 00) x (0, L),
H2wtt = blSDxm + ’Y%x - duaz — Q3 — 062¢ - 7'2?/% in (07 OO) X (Oa L)

We prove that the solution decays exponentially. without any restriction of the wave speeds.
However, in case A = 0 the system with double porosity structure and frictional damping

in both porous equations

Py = Mgy + Doy + diby, in (0,00) x (0,7),
R1Pit = OPry + /8¢x:c - bux — Y — a3¢ — 1P — 7-277Z}t> in (Oa OO) X (07 7[-)’
HZwtt = ﬁ%omc + P)/w:m: - dux — Q3P — Oéﬂb — T3¢ — 741% in (O, OO) X (0a 7T)'

We introduce two stability numbers yo and x; and prove that the solution of the system
decays exponentially provided that yo = 0 and y; # 0. Otherwise, if xo # 0 we prove the
lack of exponential decay.

Recently, In the one-dimensional porous-elastic system with memory effects. Apalara [2]
considered

PUy — Py — bp, = 0 in (0,1) x (0,+00),

t
JOu — 0 + bug +E + / gt —8) Pep (s)ds =0 in (0,1) x (0,+00),
0
with Neumann-Dirichlet boundary conditions. He studied the case of equal wave speeds
)

=7 and proved, in contrary to [28|, that the unique dissipation given by the memory
p

term leads to a general decay.

In this work; chapter 3, we consider a one dimensional elastic system with two porous

structures and memory effects in both porous equations.

¢

putt = ,U’uacac + b@w + d% in (07 7T) X (07 00)7
K1Pu = Qe + 5@%::(; - bux — Y — CY377Z)
t
[0t 9eneds i ©0.7) x (0.50)
0
H2wtt = BSO:E:E + f}/wxx - dum — 3P — Oézw
t
—/ h(t—s)te (s)ds in (0,m) x (0,00),
0
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with boundary conditions

ug (0,1) = uy (m,t) = ¢ (0,t) = ¢ (m,t) = ¢ (0,t) = ¢ (m,t) = 0.

We prove that the weak dissipation generated by the memory terms produces a general
rate of decay depending on the kernels of the memory terms and the coefficients of the
system.

In other word, our results extend the previous results of single porous thermoelasticity
to the case of double porous systems. The porosity equations are consolidated and can be
viewed as a one equation of two coordinate in such away the resultant equation is damped

if and only if the two porous equations are damped.
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Perspectives

It is interest to extend our result to thermoelastic system with two porous structures

and only one porous dissipation, namely;

”

PU = UUgy + b@x + dwx + )\ut:):xa
K10t = QPgg + Bhpe — by — a1p — a3,
/{2¢tt = B@Iz + 'Wvbacac - dum — Q3¢ — a2¢ - 7—277Z)t~

Pl = Mgy + by + di)y,
K1t = 0Py + Pgy — by — 01 — az),
L /{2¢tt - 5%35 + 'Wvaac - dux — 3 — 04277/) - 7—277Z)t~

Or with memory term

PU = HUgy + b@ac + d¢x + )\uta:an
K1Ptt = QPzy + Bze — by — 10 — ),

KZwtt = B(pzm + ’Vwmc - dux — a3p — OQQ/} - / h (t - S) wm (S) ds.
0

PUt = UUgy + b@ac + d¢a)a
R1Qu = QPzp + Bihge — buy — a1 — azt),

KZwtt = B(pzm + ’Vwmc - dux — a3p — OQQ/} - / h (t - S) wm (S) ds.
0
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Also, an interesting problem to is to the effect of the temperature is double porosity problems

;

P1Uy = PUgy + b@x + d¢ - /Bel‘a

t
R1Pt = OPyy + blwxl‘ - buoc — Y — as@/) + ’719 - / g(t - S)proc(x7 S)d57
0

t
"f2wtt - blgpz‘x + wa:c - du:c — Q3 — a2¢ + 729 - / h(t - S)Qﬁm(ﬂ?, S)dS,
0

et = Kvemc - 6“15:0 — Nt — Vth-
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