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I.1.1. General Introduction 

Dynamic system modeling is essential for studying such systems. It involves understanding the mathematical 

model that describes how the system's dynamics evolve over time. This model provides insights into the system's 

behavior under the influence of controls, disturbances, and over time, and how these changes are reflected in the 

system’s outputs. Altogether, these insights form what is known as the system model. Numerous resources are 

available on dynamic system modeling 

The model can be either linear or nonlinear, and either stationary or non-stationary. Modeling plays a significant 

role in identifying system parameters, designing control strategies, and detecting faults. 

 

I.1.2. Dynamic System   

A dynamic system is characterized by the following three concepts: 

Functionality: These are the objectives for which the system was created, defining its purpose for existence. 

Structure: This represents the means implemented to fulfill the system’s functions. Generally, a system’s 

structure refers to the organization of hardware and/or software resources, which may involve various 

technologies. Traditionally, different system structures are categorized according to their technological nature. 

Dynamic systems can thus be classified as follows: 

• Electrical or electronic systems, whether logical or analog, 

• Thermoelectric systems, 

• Mechanical systems, 

• Computer systems, 

• Biological, chemical systems, etc. 

Behavior: This defines how the system performs one or more functions. 
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Figure 1: General Diagram of a Dynamic System 

The behavior of a dynamic system reflects the evolution of its outputs over time in response to applied inputs. In 

other words, a dynamic system expresses the causal relationship between inputs (causes) and outputs (effects). 

This relationship between inputs and outputs forms the model or process of the system. 

 From a system perspective, inputs and outputs are measurable physical quantities. From a model perspective, 

inputs and outputs correspond to quantified external variables. Thus, the inputs and outputs of a system provide 

quantitative information about the system’s behavior due to the analytical nature of the model. For the system, 

this information is obtained through known inputs or by measuring outputs (using sensors, for example).The 

known inputs of a system are called control inputs. These inputs are known or given because they correspond to 

outputs from another system, allowing them to be defined. Control inputs can either be directly measured at the 

output of the generating system or be calculated. Inputs are converted into action quantities through other systems 

known as actuators. The diagram shown in Figure (2) represents the structure of an open-loop dynamic system. 

 

Figure 2: Structure of an Open-Loop System 

 

Finally, a dynamic system can be characterized by: 

1. The Mathematical Representation: The mathematical model of the system, which describes its 

behavior. 

2. General Organization: Its overall structure, encompassing three subsystems: actuators, processes, and 

sensors. 
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3. Interaction with a Control System: Its interaction with a control system that generates the inputs 

needed to achieve the desired output function. 

 

I.1.3. Representation of Systems  

When studying systems, they can be represented by linear models. There are three types of representation for 

these models: 

a. Input-Output Differential Form:  

The mathematical description of the operation of a system involves writing all the algebraic and differential 

relationships that connect the  m  input variables, represented by a vector denoted u(t) , the n  output variables 

represented by a vector denoted y(t) , and the internal variables of the system.  

Using the flow graph method, it is possible to eliminate defined mathematical relationships and the internal 

variables, thereby obtaining algebraic and differential relationships that link the outputs and inputs. Ultimately, 

we arrive at a relationship that connects the following input and output variables: 

∑𝑖=𝑐
𝑛  𝑎𝑖

𝑑𝑖𝑦

𝑑𝑡𝑖
= ∑𝑖=0

𝑚  𝑏𝑖
𝑑𝑖𝑢

𝑑𝑡𝑖
 

 

where:   

— the coefficients  ai and bi  are real constants, with ac, an, b0, and  bm being non-zero; 

— n and  m  are positive integers such that  m ≤  n  for the system to be causal; n is the order of the system;   

—  c ≤ n is a non-negative integer called the class of the system.   

The solution y(t) of this equation, referred to as the time response of the system, 

b. Input-Output Transfer function:  

 

The input-output transfer matrix, denoted F(s), where s represents the differentiation operator (with  s =d/dt; 

Laplace operator), describes the evolution of the output  y(t) in relation to the input u(t)  in the Laplace domain: 

 

𝑦(𝑠) = 𝐹(𝑠) ⋅ 𝑢(𝑠) 

This relationship highlights how the output is influenced by the input through the transfer function  F(s), 

facilitating analysis and design in the frequency domain. 

Laplace Transform:  
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Let f(t)  be a causal continuous-time signal. The Laplace transform of this signal is defined by the following 

integral: 

𝐹(𝑠) = ℒ{𝑓(𝑡)} = ∫
0

∞
 𝑓(𝑡)𝑒−𝑠𝑡𝑑𝑡 

 

where: 

- F(s) is the Laplace transform of f(t), 

-  s  is a complex number 𝑠 = 𝜎 + 𝑗𝜔  

- 𝑒−𝑠𝑡is the exponential decay factor, 

- The integral is evaluated from 0  to ∞ 

 

This transform is particularly useful for analyzing linear time-invariant (LTI) systems and solving differential 

equations, as it converts differential equations into algebraic equations in the  s -domain. 

c. State-Space Form:  

 

It is used for modeling systems. When designing control methods, it is necessary to use either the input-output 

transfer matrix or the state-space form. 

 

I.1.4. State Equation  

I.1.4.1. Mathematical Representation  

 

The state of a model represents the set of parameters required to understand the behavior of a system’s output 

based on the inputs it receives. Modeling a system using state equations involves constructing a model that only 

uses first-order differential equations. The structure of state representation is common to all linear systems, and a 

continuous linear system with constant coefficients is described by the following state equation, known as the 

canonical form (LTI = Linear Time-Invariant Systems): 

Continuous Case:  
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𝑥̇ = 𝐴𝑥 + 𝐵𝑢
𝑦 = 𝐶𝑥 + 𝐷𝑢

 

The state space is Rn; we assume there are 𝑝 outputs and 𝑚  inputs. The state, output, and input variables are 

grouped into the state vector 𝑥, the output vector 𝑦, and the input vector 𝑢, respectively. The relationships are 

linear and can thus be expressed in matrix form. 

In both the continuous and discrete cases, this is referred to as the (𝐴,𝐵,𝐶,𝐷) system, with 𝑥 ∈ 𝑅n. 

y ∈ Rp, u ∈ Rm ,  

where : 

A[n × n] :the state matrix 

𝐵[n × m] : the input matrix 

C[p × n] : the output matrix 

𝐷[𝑝 𝑥𝑚] : the direct input-output transfer matrix. 

Equations (1) and (2) are represented by the diagrams in Figure 3. 

 

 

 Figure 3: Standard diagram for the canonical form (continuous). 

 

I.1.4.2. State definitions 

 •  State: The state of a dynamic system is the smallest set of variables or quantities such that knowing this set 

at time t=t0, , along with the input signal for t≥t0 , is sufficient to fully determine the system’s behaviour for t≥t0. 
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•  State Variables: These are the variables or quantities that constitute the system's state. 

•  State Vector: Mathematically, the state is represented by concatenating all state variables into a real vector 

of dimension n, denoted as x=[x1,…,xn]
T . 

•  State Space: This is the vector space in which the state vector x can evolve, with each instance of x 

corresponding to a point in this space. Therefore, this space is Rn . 

 

 

Figure 4: The evolution of the components of 𝑥(𝑡) after 𝑡0  (solid line) is independent of their evolution before 

𝑡0  (dotted line). 

 

I.1.4.3. Properties of Continuous-Time Systems 

 

Continuous-time systems have specific properties that characterize their behavior over time. These include: 

• Linearity: A system is linear if it satisfies the principles of superposition and homogeneity. Specifically, 

let 𝑦1  and 𝑦2  be the responses of a system Σ excited separately by the inputs 𝑢1  and u2. If 𝛼 is any real 

number, the system is linear if its output equals 𝛼𝑦1+𝑦2  in response to the input 𝛼𝑢1+𝑢2  (see Figure 5). 

• Time-Invariance: A system is time-invariant if its behavior and characteristics do not change over time. 

Shifting the input signal in time results in a corresponding shift in the output signal. 
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• Causality: A continuous-time system is causal if its output at any time 𝑡 depends only on the values of 

the input at the current or past times 𝑡≤𝑡0, and not on future values. 

 

 

 

 Figure 5: Linearity of a System 

 

Example: 

Let’s consider an RLC circuit as shown in Figure 6: 

 

Figure 6: RLC Circuit 

{
 

 𝑢(𝑡) = 𝑅𝑖(𝑡) + 𝐿
𝑑𝑖

𝑑𝑡
+ 𝑦(𝑡)

𝑦(𝑡) =
1

𝐶
∫  
𝑡

0

 𝑖(𝜏)𝑑𝜏 ⇔
𝑑𝑦(𝑡)

𝑑𝑡
=
1

𝐶
𝑖(𝑡)

 

Let: 𝑥1 = 𝑖 et 𝑥2 = 𝑦 

The equations can be expressed as: 
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{
𝑢(𝑡) = 𝑅𝑥1 + 𝐿

𝑑𝑥1
𝑑𝑡

+ 𝑥2

𝑥̇2 = 𝑦 =
1

𝑐
𝑥1

 

This leads to the following system of equations: 

⇒ {
𝑥̇1 = −

𝑅

𝐿
𝑥1 −

1

𝐿
𝑥2 +

1

𝐿
𝑢

𝑥̇2 =
1

𝑐
𝑥1

 

In matrix form, this can be represented as:: 

 

[
𝑥̇1
𝑥̇2
] = [

−
𝑅

𝐿
−
1

𝐿
1

𝐶
0

] [
𝑥1
𝑥2
] + [

1

𝐿
0

] 𝑢

𝑦 = [1 0] [
𝑥1
𝑥2
]

 

This gives: 

𝐴 = [
−
𝑅

𝐿
−
1

𝐿
1

𝑐
0

] ,  𝐵 = [
1

𝐿
0

] ,  𝐶 = [1 0], D = 0 

I.4.4 Transition from State Space Representation to Transfer Function 

Continuous Case: Let 

𝑥̇ = 𝐴𝑥 + 𝐵𝑢(∗)

𝑦 = 𝐶𝑥 + 𝐷𝑢(∗∗)
 

Taking the Laplace transform gives: 𝑠𝑋(𝑠) − 𝑋(0) = 𝐴𝑋(𝑠) + 𝐵𝑈(𝑠) 

Assuming X(0) = 0,We have: 

𝑠𝑋(𝑠) − 𝐴𝑋(𝑠) = 𝐵𝑈(𝑠) ⇒ (𝑠𝐼 − 𝐴)𝑋(𝑠) = 𝐵𝑈(𝑠) ⇒

𝑋(𝑠) = (𝑠𝐼 − 𝐴)−1. 𝐵𝑈(𝑠)
 

Substituting into equation (**) yields: 

𝑌(𝑠) = 𝐶(𝑠𝐼 − 𝐴)−1𝐵𝑈(𝑠) + 𝐷𝑈(𝑠) = (𝐶(𝑠𝐼 − 𝐴)−1𝐵 + 𝐷)𝑈(𝑠) 
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Thus, the transfer function is given by: 

𝐹(𝑠) =
𝑌(𝑠)

𝑈(𝑠)
= 𝐶(𝑠𝐼 − 𝐴)−1𝐵 + 𝐷 

For Single Input Single Output (SISO) systems, this is a function. 

 For Multiple Input Multiple Output (MIMO) systems, this is a matrix. 

Example : 

𝑥̇ = [
−2 1
2 −3

] 𝑥 + [
1
1
] 𝑢 

To find the transfer function 𝐹(𝑠) =
𝑌(𝑠)

𝑈(𝑠)
, we start with the equation: 

𝐹(𝑠) = 𝐶 ⋅ (𝑠𝐼 − 𝐴)−1 ⋅ 𝐵 

Given that 𝐷 = 0, we can simplify it to: 

𝐹(𝑠) = 𝐶 ⋅ (𝑠𝐼 − 𝐴)−1 ⋅ 𝐵 

Step 1: Formulate 𝑠𝐼 − 𝐴 

Given: 

𝐴 = [
−2 1
−3 2

] 

Then: 

𝑠𝐼 = [
𝑠 0
0 𝑠

] 

So: 

𝑠𝐼 − 𝐴 = [
𝑠 0
0 𝑠

] − [
−2 1
−3 2

] = [
𝑠 + 2 −1
3 𝑠 − 2

] 

Step 2: Calculate the Determinant 

The determinant Δ of 𝑠𝐼 − 𝐴 is given by: 

Δ = (𝑠 + 2)(𝑠 − 2) − (−1)(3) = (𝑠 + 2)(𝑠 − 2) + 3 

Expanding this: 

Δ = 𝑠2 − 4 + 3 = 𝑠2 + 5𝑠 + 4 

Step 3: Calculate (𝑠𝐼 − 𝐴)−1 

The inverse is calculated using the formula: 



Chapter I                                                            Dynamic Properties of the Direct Current Machine 

15 
 

(𝑠𝐼 − 𝐴)−1 =
1

Δ
[
𝑑 −𝑏
−𝑐 𝑎

] 

where 𝑎 = 𝑠 + 2, 𝑏 = −1, 𝑐 = 3, 𝑑 = 𝑠 − 2 : 

(𝑠𝐼 − 𝐴)−1 =
1

𝑠2 + 5𝑠 + 4
[
𝑠 − 2 1
−3 𝑠 + 2

] 

Step 4: Multiply by 𝐵 

Let: 

𝐵 = [
1

𝐿
0

] = [
1
0
]   (assuming 𝐿 = 1 for simplicity)  

So: 

(𝑠𝐼 − 𝐴)−1𝐵 =
1

𝑠2 + 5𝑠 + 4
[
𝑠 − 2
−3

] 

Step 5: Calculate 𝐹(𝑠) 
Now, we need 𝐶 : 

𝐶 = [1 2] 

Then: 

𝐹(𝑠) = 𝐶 ⋅ (𝑠𝐼 − 𝐴)−1 ⋅ 𝐵 = [1 2] ⋅
1

𝑠2 + 5𝑠 + 4
[
𝑠 − 2
−3

] 

Calculating this gives: 

𝐹(𝑠) =
1

𝑠2 + 5𝑠 + 4
(1 ⋅ (𝑠 − 2) + 2 ⋅ (−3))

 =
𝑠 − 2 − 6

𝑠2 + 5𝑠 + 4
=

𝑠 − 8

𝑠2 + 5𝑠 + 4

 

Thus, the transfer function is: 

𝐹(𝑠) =
𝑠 − 8

𝑠2 + 5𝑠 + 4
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I.2. Modeling of the Direct Current (DC) Motor 

I.2.1 Formulating Equations for a Physical System 

The equations describing the behavior of a dynamic system are derived by applying the laws of 

physics. However, the resulting model may only approximate real phenomena, as it is generally 

challenging to account for all the physical effects involved. 

I.2.2 Description of the Direct Current (DC) Motor 

A direct current motor (DCM), with its schematic shown in Figure (7), is an electromechanical 

device that converts electrical input energy into mechanical energy. The electrical energy is 

supplied by a power converter that feeds the winding located on the rotating armature (rotor). 

This winding is placed in a magnetic field, either permanent or variable, generated by the stator 

(field coil). For simplicity, we assume that this excitation is separate and constant, as is the case 

when the field coil consists of permanent magnets. The current flowing through the motor’s 

armature windings generates electromagnetic forces, and through a suitable mechanism 

(brushes and commutator), these forces combine to drive rotation. Thus, the motor can be 

considered a system where the armature voltage is the input, and the output is a parameter 

related to the rotor's angular position. Initially, the rotor’s rotational speed is chosen as the 

output parameter. 

 

I.2.3 Modeling 

As a DC motor is an electromechanical system, its dynamic equations result from combining 

the mechanical and electrical models of the motor, as schematically illustrated in Figure (7). 
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Figure 7: Schematic of a Direct Current Motor 

For the electrical part, we calculate the voltage across the armature. The electrical equation, 

relating the armature voltage u to the armature current i, is expressed as: 

𝑢(𝑡) = Ri(𝑡) + 𝐿
𝑑𝑖(𝑡)

𝑑𝑡
+ 𝑒(𝑡)                                                        (1) 

 

R: Resistance of the motor's armature. 

L: Its inductance. 

The electromotive force, which is proportional to the rotor's rotational speed: 

𝑒(𝑡) = 𝑘𝑒𝜔                                                                                             (2) 

For the mechanical part, the fundamental principle of dynamics is applied around the axis of rotation. The 

mechanical equation describing the torques acting on the rotor is written as: 

𝑇𝑒 − 𝑇𝐿 = 𝐽
𝑑𝜔

𝑑𝑡
+ 𝑓𝜔                                                                 (3) 

where 

Te: is the motor torque, 

f: the viscous friction coefficient. 

J: Moment of inertia of the rotor. 

TL: Load torque or resisting torque. 

The torque Te is proportional to the armature current, such that: 

𝑇𝑒 = 𝑘𝑚 ⋅ 𝑖                                                                                       (4) 

 

In general, the coefficients ke and km are close enough that they can reasonably be considered equal. By setting 

K=ke=km,, equations (3) and (4) yield (assuming TL=0): 

Te 
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𝑘𝑖 = 𝐽
𝑑𝜔

𝑑𝑡
+ 𝑓𝜔                                                                                       (5) 

By differentiating (5), we obtain: 

𝑘
𝑑𝑖

𝑑𝑡
= 𝐽

𝑑2𝜔

𝑑𝑡2
+ 𝑓

𝑑𝜔

𝑑𝑡
                                                                               (6) 

Combining equations (5), (6), (1), and (2), we get: 

𝑅

𝑘
(𝑓𝜔 + 𝐽

𝑑𝜔

𝑑𝑡
) +

𝐿

𝑘
(𝐽

𝑑2𝜔

𝑑𝑡2
+ 𝑓

𝑑𝜔

𝑑𝑡
) + 𝐾𝜔 = 𝑢                                    (7) 

 

Rearranging gives: 

𝑑2𝜔

𝑑𝑡2
+
𝑅𝐽+𝐿𝑓

𝐿𝐽

𝑑𝜔

𝑑𝑡
+
𝑅𝑓+𝐾2

𝐿𝐽
𝜔 =

𝐾

𝐿𝐽
𝑢                                                    (8) 

 

This differential equation links 𝜔 and 𝑢 through time-invariant parameters. It is a second-order linear 

differential equation with constant coefficients. According to equation (8), the transfer function of the DC motor 

can be written as: 

𝐺(𝑝) =
Ω(𝑠)

𝑈(𝑠)
=

𝐾

𝐿𝐽𝑝2+
𝑅𝐽+𝐿𝑓

𝐿𝐽
𝑝+

𝑅𝑓+𝐾2

𝐿𝐽

                                                          (9) 

where: 

Numerator: 𝑁(𝑠) = 𝐾 = constant 

Denominator: 𝐷(𝑠) = 𝑝2 +
𝑅𝐽+𝐿𝑓

𝐿𝐽
𝑝 +

𝑅𝑓+𝐾2

𝐿𝐽
, which determines the system poles. 

The transfer function can also be written as: 

𝐺(𝑝) =
Ω(𝑠)

𝑈(𝑠)
=

𝐾𝐺

𝜏𝑒𝑙𝜏𝑒𝑚(𝑝+
1

𝜏𝑒𝑙
)(𝑝+

1

𝜏𝑒𝑚
)
                                                        (10) 

 

or: 

𝐺(𝑝) =
Ω(𝑠)

𝑈(𝑠)
=

𝐾𝐺

(1+𝜏𝑒𝑙⋅𝑝)(1+𝜏𝑒𝑚⋅𝑝)
                                                            (11) 

with: 

𝜏𝑒𝑙 =
𝐿

𝑅

𝜏𝑒𝑚 =
𝑅𝐽

𝑅𝑓 + 𝐾2

𝐾𝐺 =
𝐾

𝑅𝑓 + 𝐾2

 

Thus, the DC motor has two poles: 
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𝑝1 = −
1

𝜏𝑒𝑙
  and  𝑝2 = −

1

𝜏𝑒𝑚
 

Associated with two time constants, where 𝑝2 is the dominant pole (slow response): 

𝜏𝑒𝑙 : electrical time constant. 

𝜏em  : electromechanical time constant (larger when the inertia 𝐽 is high). 

𝐾𝐺 is the static gain of the DC motor. 

In general, the electromechanical part responds more slowly than the electrical part, so we have: 

𝜏𝑒𝑚 ≫ 𝜏𝑒𝑙 

In expanded form, we have: 

 

𝐺(𝑝) =
Ω(𝑠)

𝑈(𝑠)
=

𝐾𝐺

1+(𝜏𝑒𝑙+𝜏𝑒𝑚)𝑝+𝜏𝑒𝑙𝜏𝑒𝑚𝑝
2                                                (12) 

I.2.4.State Model of the DC Motor 

A state model of the DC motor can be readily determined. The system input is the armature voltage 𝑢,  and its 

output is the rotor's rotational speed. Two independent state variables are chosen: the rotational speed 𝑥1 = 𝜔 

and the armature current 𝑥2 = 𝑖. The electrical equation (1) then becomes: 

𝑅𝑥2 + 𝐿
𝑑𝑥2
𝑑𝑡

+ 𝐾𝑥1 = 𝑢 

The mechanical equation (3) provides: 

𝐾𝑥2 − 𝑓𝑥1 = 𝐽
𝑑𝑥1
𝑑𝑡

 

Therefore: 

𝐽
𝑑𝑥1
𝑑𝑡

= 𝐾𝑥2 − 𝑓𝑥1 ⇒ 𝑥̇1 =
𝑑𝑥1
𝑑𝑡

= −
𝑓

𝐽
𝑥1 +

𝐾

𝐽
𝑥2

𝐿
𝑑𝑥2
𝑑𝑡

= −𝑅𝑥2 − 𝐾𝑥1 + 𝑢⇒
↓
 
↓
𝑥̇2 =

𝑑𝑥2
𝑑𝑡

= −
𝐾

𝐿
𝑥1 −

𝑅

𝐿
𝑥2 +

1

𝐿
𝑢

 

Hence, the state representation is: 

 

𝑑

𝑑𝑡
(
𝑥1
𝑥2
) = (

−
𝑓

𝐽

𝐾

𝐽

−
𝐾

𝐿
−
𝑅

𝐿

)(
𝑥1
𝑥2
) + (

0
1
𝐿
)𝑢,

𝑦 = (1 0)(
𝑥1
𝑥2
).
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The chosen configuration is not unique. Therefore, a block diagram of this system can be implemented in 

Simulink, as shown in Figure (8). 

 

 

Figure 8: Simulation Diagram of the DC Motor (ME) 

 

 I.2.5. Transition from State Model to Transfer Equation  

𝐴 =

(

 
−
𝑓

𝐽
−
𝐾

𝐽

0 −
𝑘

𝐿)

 ,  𝐵 = (
0
1
𝐿

) ,  𝐶 = (1 0),  𝐷 = 0. 

By applying the relation: 

𝐹(𝑃) = 𝑌(𝑃)𝑈(𝑃) = 𝐶 ⋅ (𝑃𝐼 − 𝐴)−1𝐵 + 𝐷 

we get: 

Ω(𝑃) = (1     0) ⋅ (𝑃𝐼 +
𝑓

𝐽
𝐾 −

𝐾

𝐿
)
−1

(
0
1
𝐿

)𝑈(𝑃) 

which simplifies to: 

Ω(𝑃) = (1      0) ⋅
1

(𝑃 +
𝑓
𝐽
) (𝑃 +

𝑅
𝐿) +

𝐾2

𝐿𝐽

⋅

(

 
𝑃 +

𝑅

𝐿
+
𝐾

𝐽

−
𝐾

𝐿
P +

𝑓

𝐽)

 

−1

(
0
1
𝐿

)𝑈(𝑃) 

 

After performing all calculations, we obtain: 
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𝐺(𝑃) =
Ω(𝑃)

𝑈(𝑃)
=

𝐾
𝐿𝐽

𝑃2 +
𝑅𝐽 + 𝐿𝑓
𝐿𝐽 𝑃 +

𝑅𝑓 + 𝐾2

𝐿𝐽

 

 This expression is identical to that in (8). 

Figure (9) shows the block diagram of the DC motor simulation in Simulink. 

 

Figure 9: Simulation Diagram of the DC Motor (FT) 

 

 
 

 

Figure 10: Simulation Graphs for the Speed of the DC Motor by FT and ME 
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The parameters of the simulated machine are R=42.31R = 42.31R=42.31, L=0.63L = 0.63L=0.63, J=0.0012J = 

0.0012J=0.0012, f=0.001f = 0.001f=0.001, K=1.137K = 1.137K=1.137. 

In both simulations, the curves are identical. 
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Chapter II 

Dynamic Model of Synchronous 

Motor 



Chapter II _______ ______________                  _____Dynamic Model of Synchronous Motor 

  

24 
 

 

II.1. Introduction 

This lecture presents a dynamic model of the synchronous machine. We demonstrate how to use this model in 

power system simulations, and explain the relations between the machine’s dq0 model and time-varying phasor 

model. Synchronous machines are often operated as generators, and are a major source of energy in electric power 

systems. In several applications synchronous machines are also operated as motors. A basic diagram of the 

machine is shown in Fig. 1. The key mechanical components of the machine are the rotor and stator. There are 

also two key electric parts: the field winding on the rotor, and the three-phase winding on the stator. The field 

winding is typically connected to a DC source, which creates a magnetic field with alternating north and south 

polarities, as illustrated in Fig. 1. As the rotor rotates AC voltages are induced in the stator windings. In addition, 

the interaction between magnetic fields and currents in the machine produces a torque that acts to decelerate the 

rotor. These two processes result in energy conversion, from mechanical energy to electromagnetic energy as a 

generator, or vice-versa as a motor. 

The machine is named “synchronous” since at steady-state the rotor speed is proportional to the frequency of 

currents and voltages in the stator. This is not necessarily the case in other machines. For instance, in induction 

motors the frequency of the rotor must be slightly lower than the frequency of the AC current. 
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Figure 1: Schematic diagram of a three-phase synchronous machine with two poles. 

 

II.2. Construction of synchronous machines 

Synchronous machines are AC machines that have a field circuit supplied by an external DC source. 

In a synchronous generator, a DC current is applied to the rotor winding producing a rotor magnetic field. The 

rotor is then turned by external means producing a rotating magnetic field, which induces a 3-phase voltage within 

the stator winding. 

In a synchronous motor, a 3-phase set of stator currents produces a rotating magnetic field causing the rotor 

magnetic field to align with it. The rotor magnetic field is produced by a DC current applied to the rotor winding. 

Field windings are the windings producing the main magnetic field (rotor windings for synchronous machines). 

Armature windings are the windings where the main voltage is induced (stator windings for synchronous 

machines). 

 

The rotor of a synchronous machine is a large electromagnet. The magnetic poles can be either salient (sticking 

out of rotor surface) or non-salient construction. 

 

 

Figure 2: Non-salient-pole rotor: usually two- and four-pole rotors. 
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Figure 3: Salient-pole rotor: four and more poles. 

 

 

II.3. Principle of Operation of a Synchronous Motor 

A synchronous motor operates based on the interaction between a rotating magnetic field produced by the stator 

and a steady magnetic field generated by the rotor. The motor runs at a constant speed, synchronized with the 

frequency of the supply current. Here is the step-by-step principle: 

• Generation of Rotor Magnetic Field (BRB_RBR): 

− The rotor contains an electromagnet or permanent magnets. 

− A field current (IF) is applied to the rotor windings, creating a steady magnetic field (BR). 

• Creation of Stator Magnetic Field (𝐵𝑆): 

− The stator is equipped with three-phase windings. 

− A three-phase AC voltage is applied to these windings, producing three-phase currents. 

− These currents generate a rotating magnetic field (BS) that rotates at the synchronous speed (Ns). 

𝑁𝑠 =
60 ⋅ 𝑓

𝑃
 

Where: 

𝑁𝑠 = synchronous speed (in RPM), 

𝑓 = supply frequency (in Hz ), 

𝑃 = number of pair poles. 
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• Magnetic Field Interaction : 

− Two magnetic fields are present in the motor: the rotor field (𝐵𝑅) and the stator field (𝐵𝑆). 

− The rotor's magnetic field attempts to align with the stator's rotating magnetic field. 

 

• Synchronization: 

− When the rotor achieves synchronous speed, its magnetic field locks with the stator's magnetic 

field. 

− The rotor spins at the same speed as the stator field (𝑁𝑠), maintaining synchronization. 

• Torque Production: 

− Torque is generated as a result of the angle ( 𝛿 ) between the rotor and stator magnetic fields. 

− As the angle increases (up to a certain limit), the torque also increases. 

− Once steady-state operation is reached, this angle remains constant, and the rotor continues to 

rotate synchronously with the stator field. 
 

 

 

Figure 4: two pole Synchronous Motor 

 

 

 

 

 

. 
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II.4. Dynamic Models of Synchronous Machines 

II .4.1 Simplifying Assumptions: 

• Constant air gap; 

• Negligible slotting effect; 

• Negligible saturation as well as hysteresis and eddy currents; 

• Winding resistance does not vary with temperature; 

• Negligible skin effect. 

II.4.2 Mathematical Modeling of the Machine: 

Electrical Equations: 

 

 

 

Figure 5: Representation of the windings of a synchronous machine without dampers 
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a) at the stator: 

{
 
 

 
 𝑉𝑠𝑎 = 𝑅𝑠𝐼𝑠𝑎 +

𝑑𝜑𝑎𝑠

𝑑𝑡

𝑉𝑠𝑏 = 𝑅𝑠𝐼𝑠𝑏 +
𝑑𝜑𝑏𝑠

𝑑𝑡

𝑉𝑠𝑐 = 𝑅𝑠𝐼𝑠𝑐 +
𝑑𝜑𝑐𝑠

𝑑𝑡

                                                                                                                                   (1) 

The variables are at the stator, and we define 𝑉, 𝐼, and 𝜑 as the voltages, currents, and fluxes of the machine's 

stator. 

b) at the rotor: 

𝑉𝑓 = 𝑅𝑓𝐼𝑓 +
𝑑𝜑𝑓

𝑑𝑡
                                                                                       (2) 

𝑉𝑓 , 𝐼𝑓 , 𝜑𝑓 : as the voltages, currents, and fluxes of the machine's stator. 

 

Magnetic Equations: 

a) Stator Flux: 

{

𝜑𝑠𝑎 = 𝐿𝑠𝐼𝑠𝑎 +𝑀𝑠𝑠𝐼𝑠𝑏 +𝑀𝑠𝑠𝐼𝑠𝑐 +𝑀𝑠𝑓𝐼𝑓cos (𝜃)

𝜑𝑠𝑏 = 𝐿𝑠𝐼𝑠𝑏 +𝑀𝑠𝑠𝐼𝑠𝑐 +𝑀𝑠𝑠𝐼𝑠𝑎 +𝑀𝑠𝑓𝐼𝑓cos (𝜃 − 2 ∗ 𝜋/3)

𝜑𝑠𝑐 = 𝐿𝑠𝐼𝑠𝑐 +𝑀𝑠𝑠𝐼𝑠𝑎 +𝑀𝑠𝑠𝐼𝑠𝑏 +𝑀𝑠𝑓𝐼𝑓cos (𝜃 + 2 ∗ 𝜋/3)

                                                                              (3) 

b) Rotor Flux:  

𝜑𝑓 = 𝐿𝑓𝐼𝑓 +𝑀𝑓𝑠𝐼𝑠𝑎cos (𝜃) +𝑀𝑓𝑠𝐼𝑠𝑏cos (𝜃 − 2 ∗ 𝜋/3) + 𝑀𝑓𝑠𝐼𝑠𝑐cos (𝜃 + 2 ∗ 𝜋/3)                                          (4) 

The model can be expressed in matrix form as follows: 

 

[𝑉] = [𝑅][𝐼] + [𝐿]
𝑑

𝑑𝑡
[𝐼] + [𝑀]

𝑑

𝑑𝑡
[𝐼] 

By substituting flux equations (3) and (4) into the stator and rotor models given by equations (1) and (2), the 

matrix representation of the system becomes: 
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[

𝑉𝑠𝑎
𝑉𝑠𝑏
𝑉𝑠𝑐
𝑉𝑓

] = [

𝑅𝑠 0 0 0
0 𝑅𝑠 0 0
0 0 𝑅𝑠 0
0 0 0 𝑅𝑓

] [

𝐼𝑠𝑎
𝐼𝑠𝑏
𝐼𝑠𝑐
𝐼𝑓

] + [

𝐿𝑠 0 0 0
0 𝐿𝑠 0 0
0 0 𝐿𝑠 0
0 0 0 𝐿𝑓

]
𝑑

𝑑𝑡
[

𝐼𝑠𝑎
𝐼𝑠𝑏
𝐼𝑠𝑐
𝐼𝑓

] +

[
 
 
 

0 𝑀𝑠𝑠 𝑀𝑠𝑓cos (𝜃)

𝑀𝑠𝑠 𝑀𝑠𝑠 𝑀𝑠𝑓cos (𝜃 − 2 ∗ 𝜋/3)

𝑀𝑠𝑠 𝑀𝑠𝑠 0
𝑀𝑓𝑠cos (𝜃) 𝑀𝑓𝑠cos (𝜃 − 2 ∗ 𝜋/3) 𝑀𝑓𝑠cos (𝜃 + 2 ∗ 𝜋/3)]

 
 
 
𝑑

𝑑𝑡
[

𝐼𝑠𝑎
𝐼𝑠𝑏
𝐼𝑠𝑐
𝐼𝑓

]                                                            (5) 

 

II.4.3. Three-Phase to Two-Phase Transformation: 

 

The purpose of this transformation is to convert a three-phase 𝑎𝑏𝑐 system into a two-phase 𝛼𝛽 system. There 

are two main transformations commonly used: Clarke and Concordia. 

 

The Clarke transformation preserves the amplitude of the quantities but does not conserve power or torque (a 

scaling factor of √3/2   must be applied). 

The Concordia transformation, being normalized, preserves power but does not maintain the amplitudes of the 

original signals. 

II.4.3.1.Clarke-Concordia Transformation 

The Clarke transformation, proposed by Edith Clarke in 1951, is used to convert a three-phase reference system 

(𝑎, 𝑏, 𝑐) into a two-phase reference system (𝛼, 𝛽, 𝑜). Assuming that 𝜃0 = 0, the transformation matrix 

simplifies as follows: 

𝑋𝛼𝛽 = [
cos (𝜃) cos (𝜃 −

2𝜋

3
) cos (𝜃 +

2𝜋

3
)

sin (𝜃) sin (𝜃 −
2𝜋

3
) sin (𝜃 +

2𝜋

3
)

] [
𝑋𝑎
𝑋𝑏
𝑋𝑐

] 

For a more practical application, the transformation can be expressed as: 

𝑋𝛼𝛽 = √
2

3
[
 
 
 1 −

1

2
−
1

2

0
√3

2
−
√3

2 ]
 
 
 

[
𝑋𝑎
𝑋𝑏
𝑋𝑐

] 

The initial system (𝑎, 𝑏, 𝑐) can be described using a sinusoidal vector rotating at a speed 𝜔𝑡 : 
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𝑋 = [
𝑋𝑎
𝑋𝑏
𝑋𝑐

] =

[
 
 
 
 

𝑋maxsin (𝜔𝑡)

𝑋maxsin (𝜔𝑡 −
2𝜋

3
)

𝑋maxsin (𝜔𝑡 +
2𝜋

3
)]
 
 
 
 

 

 

To understand this transformation for a three-phase system, let us assume a vector 𝑋 rotating at a speed 𝜔𝑡. This 

vector can be represented in the stationary 𝑎, 𝑏, 𝑐 reference frame as 𝑋𝑎, 𝑋𝑏, and 𝑋𝑐, as defined previously. 

The Clarke transformation projects this vector 𝑋 = [𝑋𝑎, 𝑋𝑏 , 𝑋𝑐]
𝑇 from the fixed 𝑎, 𝑏, 𝑐 reference frame onto the 

𝛼, 𝛽 axes. This is expressed as: 

[
𝑋𝛼
𝑋𝛽
] = [

cos (𝜃) cos (𝜃 −
2𝜋

3
) cos (𝜃 +

2𝜋

3
)

sin (𝜃) sin (𝜃 −
2𝜋

3
) sin (𝜃 +

2𝜋

3
)

] [

𝑋𝑎
𝑋𝑏
𝑋𝑐

] 

Assuming 𝜃0 = 0, the transformation matrix simplifies to: 

[
𝑋𝛼
𝑋𝛽
] =

[
 
 
 1 −

1

2
−
1

2

0
√3

2
−
√3

2 ]
 
 
 

[
𝑋𝑎
𝑋𝑏
𝑋𝑐

] 

This simplified matrix transforms the three-phase components ( 𝑋𝑎, 𝑋𝑏, 𝑋𝑐 ) into the two-phase components ( 

𝑋𝛼, 𝑋𝛽 ) in the 𝛼, 𝛽 plane. 

The transformation can be expressed as follows: 

[

𝑋0
𝑋𝛼
𝑋𝛽

] =

[
 
 
 
 
 
1

2

1

2

1

2

1 −
1

2
−
1

2

0
√3

2
−
√3

2 ]
 
 
 
 
 

[
𝑋𝑎
𝑋𝑏
𝑋𝑐

] 

Thanks to the Concordia transformation, the Clarke matrix can be normalized into a square matrix with a 

determinant of 1 . This normalization ensures that the inverse of the matrix is equal to its transpose, making it 

convenient for reversing the transformation. The normalized Concordia matrix is given by: 
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[

𝑋0
𝑋𝛼
𝑋𝛽

] = √
2

3

[
 
 
 
 
 
 
1

√2

1

√2

1

√2

1 −
1

2
−
1

2

0
√3

2
−
√3

2 ]
 
 
 
 
 
 

[
𝑋𝑎
𝑋𝑏
𝑋𝑐

] 

 

This Concordia transformation ensures power preservation in the transformation, making it particularly useful 

in energy-based systems. 

 
 

Figure 6: a-b-c to α-β Transformation Instantaneous voltage and currents on the a-b-c coordinates can be 

transformed into the quadrature α, β coordinates by Clarke transformation 

 II.4.3.2. Park Transformation 

The difference between the Park transformation and the Clarke-Concordia transformation lies in the reference 

frames they use. In the Park transformation, the axes are rotating (as shown in Figure 6), while the Clarke-

Concordia transformation uses a stationary reference frame. The Park transformation, often confused with the  

𝑑𝑞0 transformation, is a mathematical tool widely used in electrical engineering, particularly in vector control. 

It enables modeling a three-phase system using a two-phase model through a change of reference frame.In the 

Park transformation, the two main axes in the new reference frame are traditionally labeled d and q. The 

transformed quantities typically represent physical variables such as currents, voltages, or fluxes. This rotating 

reference frame in the Park transformation provides an advantage in simplifying the analysis and control of AC 

machines by aligning the 𝑑-axis with the rotor flux, thus making the equations time-invariant under steady-state 

conditions. 
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Figure 7: The representation of vector x on the rotating d-q axes at different time instances. 

 

According to the Park transformation, we can express the transformation as follows: 

[

𝑋𝑑
𝑋𝑞
𝑋0

] = √
2

3

[
 
 
 
 
 
 cos (𝜃) cos (𝜃 −

2𝜋

3
) cos (𝜃 +

2𝜋

3
)

sin (𝜃) sin (𝜃 −
2𝜋

3
) sin (𝜃 +

2𝜋

3
)

1

√2

1

√2

1

√2 ]
 
 
 
 
 
 

[
𝑋𝑎
𝑋𝑏
𝑋𝑐

] 

Park Matrix 

The Park transformation matrix is therefore: 

𝑃 = √
2

3

[
 
 
 
 
 
 cos (𝜃) cos (𝜃 −

2𝜋

3
) cos (𝜃 +

2𝜋

3
)

sin (𝜃) sin (𝜃 −
2𝜋

3
) sin (𝜃 +

2𝜋

3
)

1

√2

1

√2

1

√2 ]
 
 
 
 
 
 

 

This matrix transforms the three-phase stationary reference frame (𝑋𝑎, 𝑋𝑏, 𝑋𝑐) into the rotating 𝑑 𝑞 reference 

frame (𝑋𝑑, 𝑋𝑞), along with a zero-sequence component 𝑋0. 

 

 



Chapter II _______ ______________                  _____Dynamic Model of Synchronous Motor 

  

34 
 

 

II.5. Park Equations for Synchronous Machines 

The Park transformation is employed to eliminate the angular dependence (𝜃) from the stator inductance matrix 
[𝐿𝑠𝑠], enabling control algorithms to work with DC electrical quantities. This transformation simplifies the 

analysis and control of synchronous machines by converting the threephase stator quantities (𝑎, 𝑏, 𝑐) into two 

orthogonal components (𝑑, 𝑞) in the rotor reference frame. 

In this framework, the stator windings (𝑎, 𝑏, 𝑐) are replaced by two windings (𝑑, 𝑞), which are in quadrature 

(mutually perpendicular). The transformation ensures the conversion of the magnetomotive force (MMF) and 

instantaneous power from the stator reference frame to the 𝑑 − 𝑞 reference frame. 

Transformation Details 

The transformation is given by: 

[

𝑋𝑑
𝑋𝑞
𝑋0

] = √
2

3

[
 
 
 
 
 
 cos (𝜃) cos (𝜃 −

2𝜋

3
) cos (𝜃 +

2𝜋

3
)

sin (𝜃) sin (𝜃 −
2𝜋

3
) sin (𝜃 +

2𝜋

3
)

1

√2
↓
1

√2
1

√2 ]
 
 
 
 
 
 

[
𝑋𝑎
𝑋𝑏
𝑋𝑐

] 

This allows the electrical quantities of the stator (currents, voltages, or flux linkages) to be expressed in the dq 

frame: 

 

Figure 8: Equivalent Diagram of a Synchronous Machine in the Park Reference Frame 

The equivalent machine shown in Figure 8 resembles a direct current (DC) machine, with the following 

structure: 

• The winding f serves as the field winding (inductor). 

• The system includes two armature windings: 

• d -axis winding aligned with the inductor's axis ( 𝑓 ). 
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• q -axis winding in quadrature with the 𝑓-axis. 

Transformation Matrices 

The forward transformation matrix [𝑃(𝜃)] is given in Equation (16). Its inverse, denoted as [𝑃−1(𝜃)] , is 

expressed as: 

𝑃−1(𝜃) = √
2

3

[
 
 
 
 
 
 cos (𝜃) sin (𝜃)

1

√2

cos (𝜃 −
2𝜋

3
) sin (𝜃 −

2𝜋

3
)

1

√2

cos (𝜃 +
2𝜋

3
) sin (𝜃 +

2𝜋

3
)

1

√2]
 
 
 
 
 
 

 

Transformation to the 𝑑 - 𝑞 Rotor-Linked System 

The transformation from the three-phase system to the 𝑑 − 𝑞 system is given by: 

[

𝜙𝑑
𝜙𝑞
𝜙0

] = 𝑃(𝜃) [

𝜙𝑎
𝜙𝑏
𝜙𝑐

] 

By applying this transformation to the system equations: 

𝑑

𝑑𝑡
[

𝜙𝑑
𝜙𝑞
𝜙0

] = [𝐿] [

𝑖𝑑
𝑖𝑞
𝑖0

] + [

𝑣𝑑
𝑣𝑞
𝑣0
] 

After multiplying by [𝑃−1(𝜃)], the new system becomes: 

[

𝑣𝑑
𝑣𝑞
𝑣0
] = [𝐿] [

𝑖𝑑
𝑖𝑞
𝑖0

] + [

𝜙𝑑
𝜙𝑞
𝜙0

] + [𝑃−1(𝜃)]([𝐿] − 𝐼)[𝜙] 

Model Demonstration 

For synchronous motors, the flux generated b: ↓: field winding (𝑓) is constant. By assuming 𝐼𝑓 = constant, the 

following magnetic and electrical equations can be derived: 

a) Magnetic Equations 

• On the 𝑑-axis: 

𝜙𝑑 = 𝐿𝑑𝐼𝑑 +𝑀𝑓𝐼𝑓 

• On the 𝑓-axis: 

𝜙𝑓 = 𝐿𝑓𝐼𝑓 +𝑀𝑓𝐼𝑑 
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• On the 𝑞-axis: 

𝜙𝑞 = 𝐿𝑞𝐼𝑞 

b) Electrical Equations 

{
 
 
 

 
 
 𝑉𝑑 = 𝑅𝐼𝑑 +

𝑑𝜑𝑑
𝑑𝑡

− (
𝑑𝜃

𝑑𝑡
)𝜑𝑞

𝑉𝑞 = 𝑅𝐼𝑞 +
𝑑𝜑𝑞
𝑑𝑡

+ (
𝑑𝜃

𝑑𝑡
)𝜑𝑑

𝑉𝑓 = 𝑅𝑓𝐼𝑓 +
𝑑𝜑𝑓
𝑑𝑡

 

It becomes  

{
  
 

  
 𝑉𝑑 = 𝑅𝐼𝑑 + 𝐿𝑑

𝑑𝐼𝑑
𝑑𝑡

+𝑀𝑓

𝑑𝐼𝑓
𝑑𝑡

− 𝜔𝐿𝑞𝐼𝑞

𝑉𝑞 = 𝑅𝐼𝑞 + 𝐿𝑞
𝑑𝐼𝑞
𝑑𝑡

+ 𝜔(𝐿𝑑𝐼𝑑 +𝑀𝑓𝐼𝑓)

𝑉𝑓 = 𝑅𝑓𝐼𝑓 + 𝐿𝑓
𝑑𝑖𝑓
𝑑𝑡
+ 𝐿𝑑

𝑑𝐼𝑑
𝑑𝑡

 

 

 

Then, the model in matrix form will be 

 

[

𝜑𝑑
𝜑𝑞
𝜑𝑓
] = [

𝐿𝑑 0 𝑀𝑓
0 𝐿𝑞 0

𝑀𝑓 0 𝐿𝑓

] [

𝐼𝑑
𝐼𝑞
𝐼𝑓

] 

[

𝑉𝑑
𝑉𝑞
𝑉𝑓

] = [

𝑹 0 0
0 𝑹 0
0 0 𝑹𝑓

] [

𝐼𝑑
𝐼𝑞
𝐼𝑓

] + [

𝐿𝑑 0 𝑀𝑓
0 𝐿𝑞 0

𝑀𝑓 0 𝐿𝑓

]
𝒅

𝒅𝑡
[

𝐼𝑑
𝐼𝑞
𝐼𝑓

] + 𝝎[

0 −𝐿𝑞 0

𝐿𝑑 0 𝑀𝑓
0 0 0

] [

𝐼𝑑
𝐼𝑞
𝐼𝑓

]

 

 

II.6. Expression of Electromagnetic Power and Torque: 

The expression for the electromagnetic torque is given by: 

𝑇𝑒 =
∂𝑊𝑒
∂𝜃𝑔𝑒𝑜

=
∂

∂𝜃𝑔𝑒𝑜
(𝑊𝑒) 

In electrical machine field theory, the electromagnetic torque involved in the equation is expressed as the partial 

derivative of the stored electromagnetic energy with respect to the geometric rotational angle of the rotor. 
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Where: 

• 𝑊𝑒 is the energy stored in the magnetic circuit. 

• 𝜃geo  is the angular displacement of the moving part (rotor relative to the stator). 

With: 

𝜃𝑔𝑒𝑜 = 𝑝 ⋅ 𝜃 

According to Park, the expression for the power is written as: 

𝑃 =
3

2
(𝑉𝑑𝐼𝑑 + 𝑉𝑞𝐼𝑞) 

 

By replacing the 𝑉𝑑 and 𝑉𝑞 expressions, we obtain the following: 

𝑝(𝑡) =
3

2
[(𝑅𝑠(𝐼𝑑

2 − 𝐼𝑞
2)] +

3

2
[𝐼𝑑

𝑑𝜙𝑑
𝑑𝑡

+ 𝐼𝑞
𝑑𝜙𝑞

𝑑𝑡
] +

3

2
[𝜙𝑑𝐼𝑑 − 𝜙𝑞𝐼𝑞]𝜔 

Where: 

• The 1st term represents the Ohmic losses (Joule losses), 

• The 2 nd term represents the change in the stored magnetic energy, 

• The 3rd term represents the power transferred from the stator to the rotor through the air gap 

(electromagnetic power). 

Knowing that: 

𝑃𝑒 = 𝑇𝑒𝑊𝑒 

 

We can also write: 

𝐶𝑒 = 𝜙𝑑𝐼𝑞 − 𝜙𝑞𝐼𝑑

𝐶𝑒 =
3

2
𝑝(𝐿𝑑𝐼𝑑 − 𝐿𝑞𝐼𝑞) + 𝑀𝑓𝐼𝑓

 

9 Equation of Motion: 

The equation governing the motion of the machine is given by: 

𝐽
𝑑𝑊𝑟
𝑑𝑡

= 𝐶𝑒 − 𝐶𝑟 − 𝑓𝑊𝑟 

Where: 
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• J: Moment of inertia of the rotating masses; 

• 𝐶𝑟 : Load torque applied to the machine's shaft; 

• 𝐶𝑒 : Electromagnetic torque; 

• 𝑊𝑟 : Mechanical angular velocity (𝜔𝑟 = 𝑝𝑊𝑟); 

• 𝑓 :Coefficent of viscous friction 

 

II.7. State-Space Model of the Synchronous Machine (SM): 

 

Let us consider the voltages 𝑉𝑑 and 𝑉𝑞, along with the excitation flux 𝜙𝑓, as control variables, the stator currents 

𝐼𝑑 and 𝐼𝑞 as state variables, and the torque 𝐶𝑟 as a disturbance. Based on equations (1.17), the following system 

of equations can be written: 

With: 

𝐱 = [
𝐼𝑑
𝐼𝑞
] ,  𝐔 = [

𝑉𝑑
𝑉𝑞
𝜙𝑓

] 

And: 

[
𝐼𝑑
𝐼𝑞
] =

[
 
 
 
 −

𝑅𝑠
𝐿𝑓

𝜔
𝐿𝑞

𝐿𝑑

−𝜔
𝐿𝑑
𝐿𝑞

−
𝑅𝑠
𝐿𝑞]
 
 
 
 

[
𝐼𝑑
𝐼𝑞
] +

[
 
 
 
 
1

𝐿𝑑
0

0
1

𝐿𝑞]
 
 
 
 

[
𝑉𝑑
𝑉𝑞
] + [

0

−
𝜙𝑓

𝐿𝑞

]𝜔 

Where we define: 

𝐀 =

[
 
 
 
 −

𝑅𝑠
𝐿d

𝜔
𝐿𝑞
𝐿𝑑

−𝜔
𝐿𝑑
𝐿𝑞

−
𝑅𝑠
𝐿𝑞]
 
 
 
 

,  𝐁 =

[
 
 
 
 
1

𝐿𝑑
0

0
1

𝐿𝑞]
 
 
 
 

,  𝐂 = [

0

−
𝜙𝑓

𝐿𝑞

] 

The matrix [𝐴] can also be expressed as: 

𝐀 =

[
 
 
 
 −

𝑅𝑠
𝐿𝑑𝑑

𝜔
𝐿𝑞

𝐿𝐿𝑑

−𝜔
𝐿𝑑
𝐿𝑞

−
𝑅𝑠
𝐿𝑞 ]
 
 
 
 

 

The matrix [𝐴] can be expressed as: 
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𝐀 =

[
 
 
 
 −

𝑅𝑠
𝐿𝑑

𝜔
𝐿𝑞
𝐿𝑑

−𝜔
𝐿𝑑
𝐿𝑞

−
𝑅𝑠
𝐿𝑞]
 
 
 
 

 

It can also be decomposed as: 

𝐀 = 𝐀01 + 𝜔𝐀02 

Where: 

𝐀01 =

[
 
 
 
 −
𝑅𝑠
𝐿𝑑

0

0 −
𝑅𝑠
𝐿𝑞]
 
 
 
 

,  𝐀02 =

[
 
 
 
 0 𝜔

𝐿𝑞
𝐿𝑑

−𝜔
𝐿𝑑
𝐿𝑞

0
]
 
 
 
 

 

 

To achieve the same system, it is necessary to include the matrices 𝐂 and 𝐃 : 

𝐂 = [1 1],  𝐃 = 0 

This ensures the complete representation of the system in its state-space form. 

 

The system is thus represented in the state-space form: 

𝐱̇ = 𝐀𝐱 + 𝐁𝐔 

Y = 𝐂𝐱 + 𝐃𝐔 

 

II.8. State-Space Model of the Permanent Magnet Synchronous Machine (PMSM): 

 

The model of the Permanent Magnet Synchronous Machine (PMSM) is simpler than the model previously 

presented. Alternatively, it can be considered a specific case of the wound-rotor synchronous machine. Thus, 

the electrical model of the PMSM will be: 
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Figure 9: Equivalent Diagram of a Permanent Magnet Synchronous Machines in the Park Reference Frame 

 

{
 
 

 
 𝑉𝑑 = 𝑅𝐼𝑑 +

𝑑𝜑𝑑
𝑑𝑡

− (
𝑑𝜃

𝑑𝑡
)𝜑𝑞

𝑉𝑞 = 𝐼𝑞 +
𝑑𝜑𝑞
𝑑𝑡

+ (
𝑑𝜃

𝑑𝑡
)𝜑𝑑

 

{
𝜑𝑑 = 𝐿𝑑𝐼𝑑 +𝜑𝑓
𝜑𝑞 = 𝐿𝑞𝐼𝑞

 

 

 

[
𝑉𝑑
𝑉𝑞
] = [

𝑅 0 0
0 𝑅 0

] [

𝐼𝑑
𝐼𝑞
𝜑𝑓

] + [
𝐿𝑑 0 0
0 𝐿𝑞 0]

𝑑

𝑑𝑡
[

𝐼𝑑
𝐼𝑞
𝜑𝑓

] + 𝜔 [
0 −𝐿𝑞 0

𝐿𝑑 0 1
] [

𝐼𝑑
𝐼𝑞
𝜑𝑓

] 

The mechanical model remains the same as that of the wound-rotor synchronous machine. 

{
 
 

 
 𝑇𝑒 =

3

2
𝑃 (𝜑𝑑𝐼𝑞 −𝜑𝑞𝐼𝑑)

𝑇𝑒 − 𝑇𝐿 − 𝑓𝜔𝑚 = 𝐽
𝑑𝜔𝑚
𝑑𝑡

𝜔 = 𝜔𝑚𝑝

 

Thus, where we consider the voltages 𝑉𝑑, 𝑉𝑞, and the excitation flux 𝜙 as control variables, and the stator 

currents 𝐼𝑑 , 𝐼𝑞 as state variables, we formulate the model as follows: 
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{
 
 

 
 𝑑𝐼𝑑
𝑑𝑡

=
𝑉𝑑
𝐿𝑑
−
𝑅

𝐿𝑑
𝐼𝑑 + 𝜔

𝐿𝑞

𝐿𝑑
𝐼𝑞

𝑑𝐼𝑞

𝑑𝑡
=
𝑉𝑞

𝐿𝑞
−
𝑅

𝐿𝑞
𝐼𝑞 − 𝜔

𝐿𝑑
𝐿𝑞
𝐼𝑑 −

𝜔

𝐿𝑞
𝜑𝑓

 

Finally, the matrix form is written as: 

𝑑

𝑑𝑡
[
𝐼𝑑
𝐼𝑞
] =

[
 
 
 
 −

𝑅

𝐿𝑑
𝜔
𝐿𝑞
𝐿𝑑

−𝜔
𝐿𝑑
𝐿𝑞

−
𝑅

𝐿𝑞]
 
 
 
 

[
𝐼𝑑
𝐼𝑞
] +

[
 
 
 
 
1

𝐿𝑑
0 0

0
1

𝐿𝑞
−
𝜔

𝐿𝑞]
 
 
 
 

[

𝑉𝑑
𝑉𝑞
𝜑𝑓

] 

 

[𝐴] =

[
 
 
 
 −

𝑅

𝐿𝑑
𝜔
𝐿𝑞

𝐿𝑑

−𝜔
𝐿𝑑
𝐿𝑞

−
𝑅

𝐿𝑞]
 
 
 
 

[𝐴] = [𝐴1] + 𝜔[𝐴2] =

[
 
 
 
 −

𝑅

𝐿𝑑
0

0 −
𝑅

𝐿𝑞]
 
 
 
 

+ 𝜔

[
 
 
 
 0

𝐿𝑞

𝐿𝑑

−
𝐿𝑑
𝐿𝑞

0
]
 
 
 
 

[𝐵] =

[
 
 
 
 
1

𝐿𝑑
0 0

0
1

𝐿𝑞
−
𝜔

𝐿𝑞]
 
 
 
 

 [𝐵] = [𝐵1] + 𝜔[𝐵2] =

[
 
 
 
 
1

𝐿𝑑
0 0

0
1

𝐿𝑞
0
]
 
 
 
 

+ 𝜔 [

0 0 0

0 0 −
1

𝐿𝑞

]

 

The model can be summarized as:: 

[𝐼] = ([𝐴1] + 𝜔[𝐴2])[𝐼] + ([𝐵1] + 𝜔[𝐵2])[𝑉]… 

 

On the other hand, considering the voltages 𝑉𝑑, 𝑉𝑞, the excitation flux 𝜙𝑓, the resistive torque 𝑇𝐿, and the 

electromagnetic torque 𝑇𝑒 as control variables, and the stator currents 𝐼𝑑 , 𝐼𝑞, and the mechanical speed 𝜔𝑚 as 

state variables, we formulate the model as follows: 

 : 

{
  
 

  
 
𝑑𝐼𝑑
𝑑𝑡

=
𝑉𝑑
𝐿𝑑
−
𝑅

𝐿𝑑
𝐼𝑑 + 𝜔

𝐿𝑞

𝐿𝑑
𝐼𝑞

𝑑𝐼𝑞

𝑑𝑡
=
𝑉𝑞

𝐿𝑞
−
𝑅

𝐿𝑞
𝐼𝑞 − 𝜔

𝐿𝑑
𝐿𝑞
𝐼𝑑 −

𝜔

𝐿𝑞
𝜑𝑓

𝑑𝜔𝑚
𝑑𝑡

=
1

𝐽
(𝐶𝑒 − 𝐶𝑟 − 𝑓𝜔𝑚)
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𝑇𝑒 =
3

2
𝑃(𝜑𝑓𝐼𝑞 + 𝐿𝑑𝐼𝑑𝐼𝑞 − 𝐿𝑞𝐼𝑞𝐼𝑑) 

The matrix form of this statement is written as: 

𝑑

𝑑𝑡
[
𝐼𝑑
𝐼𝑞
𝜔𝑚

] =

[
 
 
 
 
 
 −

𝑅

𝐿𝑑
𝜔
𝐿𝑞

𝐿𝑑
0

−𝜔
𝐿𝑑
𝐿𝑞

−
𝑅

𝐿𝑞
0

0 0
𝑓

𝐽]
 
 
 
 
 
 

[
𝐼𝑑
𝐼𝑞
𝜔𝑚

] +

[
 
 
 
 
 
 
1

𝐿𝑑
0 0 0 0

0
1

𝐿𝑞
−
𝜔

𝐿𝑞
0 0

0 0 0
−1

𝐽

1

𝐽]
 
 
 
 
 
 

[
 
 
 
 
𝑉𝑑
𝑉𝑞
𝜑𝑓
𝐶𝑟
𝐶𝑒]
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III.1. Introduction  

In the simplified hypothesis for modeling electrical machines, it is almost always assumed that the flux linkage 

is distributed sinusoidally. Since this course focuses solely on the synchronous machine with a non-sinusoidal 

flux distribution, an accurate derivation of its transient model is necessary. Therefore, in this course, the 

machine model is based on the following four assumptions: 

• The stator winding is sinusoidally distributed around the air gap. 

• The effect of stator slots on the inductances is neglected. 

• Linear magnetic circuit (no saturation). 

• The effect of temperature or frequency on resistances and inductances is negligible. 

The vector control of the PMSM (Permanent Magnet Synchronous Machine) based on the Park transformation 

will be covered in this course for better understanding The use of a pulse-width modulation (PWM) voltage 

inverter is of great interest for the control of electrical machines. It allows the shifting of harmonics to higher 

orders and facilitates the adjustment of both the amplitude and frequency of the supply voltage, which is 

particularly well-suited for controlling asynchronous machines. Before proceeding with the simulation of the 

combined converter-machine system, the power converter component is modeled first.. 

III.2. Extensions to the case of machines with non-sinusoidal field distribution   

III.2. 1. Case of machines with trapezoidal field distribution 

 

Machines with sinusoidal distribution are referred to as "well-constructed in the Park sense." These machines 

are designed to be naturally powered by sinusoidal currents. However, for legitimate technological reasons, the 

field distribution may be non-sinusoidal (e.g., to maximize the torque-toweight ratio). The most commonly 

described case is the "trapezoidal" distribution (see the curves below in Figure 1: a series of "plateaus" and 

slopes). 

The most useful quantity is the derivative of the flux (equal to the back electromotive force divided by the 

angular velocity, 𝜙𝑎𝑓 = 𝑒𝑎𝑓/Ω). Over a quarter period, its expression is: 

𝜑̇𝑎𝑓 =
𝑒𝑎𝑓

Ω
= {

−𝐸𝑚
Ω. 𝛿

⋅ 𝑝 ⋅ 𝜃

−𝐸𝑚
Ω

 for {
0 ≤ 𝑝 ⋅ 𝜃 ≤ 𝛿

0 ≤ 𝑃 ⋅ 𝜃 ≤
𝜋

2
… . .
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𝐸𝑚

Ω
=

𝜋⋅𝛿⋅𝑃1⋅𝑀𝑓0⋅𝑖𝑓

4⋅sin (𝛿)
 represents the amplitude of the plateau 𝜑𝑎𝑓 

𝐸𝑚   is the back electromotive force during the plateau. 

The Fourier series expansions of the magnetic flux and its derivative with respect to the first phase are 

expressed as follows: 

𝜑𝑎𝑓(𝜃) = 𝑀𝑓0 ⋅ 𝑖𝑓∑ 

∞

𝑘=0

sin [(2 ⋅ 𝑘 + 1) ⋅ 𝛿]

(2 ⋅ 𝑘 + 1)3 ⋅ sin (𝛿)
⋅ cos [(2 ⋅ 𝑘 + 1) ⋅ 𝑝 ⋅ 𝜃] 

𝜑̇𝑎𝑓(𝜃) = −𝑝 ⋅ 𝑀𝑓0 ⋅ 𝑖𝑓 ⋅∑  

∞

𝑘=0

sin [(2 ⋅ 𝑘 + 1) ⋅ 𝛿]

(2 ⋅ 𝑘 + 1)2 ⋅ sin (𝛿)
⋅ sin [(2 ⋅ 𝑘 + 1) ⋅ 𝑝 ⋅ 𝜃] 

Thus, the back electromotive force can also be expressed as: 

𝑒𝑎𝑓(𝜃) =
−4 ⋅ 𝑝 ⋅ −𝐸𝑚 ⋅ sin (𝛿)

𝜋 ⋅ 𝛿
⋅∑  

∞

𝑘=0

sin [(2 ⋅ 𝑘 + 1) ⋅ 𝛿]

(2 ⋅ 𝑘 + 1)2 ⋅ sin (𝛿)
sin [(2 ⋅ 𝑘 + 1) ⋅ 𝑝 ⋅ 𝜃]… 
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Figure 1: Flux and Flux Derivatives of a Trapezoidal Distribution Machine Compared to Their Fundamentals. 

The example in Figure 1 corresponds to a classic case where 𝛿 = 𝜋/6. We will see later that this machine can 

be easily supplied by a system of three-phase square wave currents. It is observed that the flux of the trapezoidal 

distribution machine consists of straight-line segments (when the derivative plateau, and consequently the back 

electromotive force, is constant), forming sawtooth patterns. These segments are connected by parabolic arcs 

(when the derivative varies linearly). 

III.2.2. Case of Non-Sinusoidal Field Distribution Machines 

The most effective cases are often those illustrated in Figure 2 
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Figure 2: Flux and Flux Derivatives with Non-Sinusoidal Distribution. 

 

In this report, the non-sinusoidal examples have been selected such that they all share the same first harmonic (or 

fundamental component). This component is identical to the sinusoidal model and can be considered as the first 

harmonic approximation of the non-sinusoidal machine models in Figures 1 and 2. It is common for these non-

sinusoidal machines to be analyzed in terms of their first harmonic. However, much more accurate studies can be 

conducted by taking into account all the harmonic components. 

In the example shown in Figure 2, the flux and its derivative are modeled using Fourier series: 

𝜑𝑎𝑓−𝑛𝑠 = 𝜙𝑓1 ⋅ cos (𝑝 ⋅ 𝜃1) + 𝜙𝑓3 ⋅ cos (3 ⋅ 𝑝 ⋅ 𝜃1) + 𝜙𝑓5 ⋅ cos (5 ⋅ 𝑝 ⋅ 𝜃1) + 𝜙𝑓7 ⋅ cos (7 ⋅ 𝑝 ⋅ 𝜃1) +

𝜙𝑓9 ⋅ cos (9 ⋅ 𝑝 ⋅ 𝜃1)… (5)

𝜑̇𝑎𝑓−𝑛𝑠 =

 −𝜙𝑓1 ⋅ sin (𝑝 ⋅ 𝜃1) − 3 ⋅ 𝜙𝑓3 ⋅ sin (3 ⋅ 𝑝 ⋅ 𝜃1) − 5 ⋅ 𝜙𝑓5 ⋅ sin (5 ⋅ 𝑝 ⋅ 𝜃1) − 7𝜙𝑓7 ⋅ sin (7 ⋅ 𝑝 ⋅ 𝜃1) −

 9. 𝜙𝑓9 ⋅ sin (9 ⋅ 𝑝 ⋅ 𝜃1)… (6)
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Figure 3 compares the flux derivatives for three cases: sinusoidal, non-sinusoidal, and trapezoidal (𝛿 = 𝜋6). If 
we consider the "non-sinusoidal case" as the general case, we can view the trapezoidal and sinusoidal cases as 

two levels of approximation and idealization. 

 

Figure 3: Flux Derivative for a Non-Sinusoidal Distribution Compared to the Sinusoidal and Trapezoidal Cases 

 III.3. Application of the Park Transformation to Machines with Non-Sinusoidal Flux 

Distribution 

The Park transformation has excellent properties. It leads to the simplest possible form of the machine's equations 

under dynamic conditions and enables the determination of efficient control laws. However, can it be extended 

to machines that do not satisfy the three classical assumptions (linearity, circularity, sinusoidal field distribution)? 

Strictly speaking, no. However, if we are willing to abandon certain properties, we can define transformations 

(referred to as 'extended Park transformations') that address significant practical problems, such as directly 

determining the currents required to impose a desired torque without ripple and with minimized Joule losses. 

In this section, we will limit our analysis to motors with constant excitation, no saturation, and no cogging torque, 

but with non-sinusoidal flux distribution. The flux density distribution Br(θ) is assumed to be as illustrated in 

Figure 4. 

In the fundamental electrical equation, the expression for flux is no longer given by the first harmonic theory but 

is represented by a more general expression: 

[𝜑𝑎𝑏𝑐] = [𝐿𝑠𝑠(𝜃)][𝑖𝑎𝑏𝑐] + [𝜑𝑎𝑏𝑐𝑓(𝜃)]… . (7) 

 

In this model, the flux density distribution Br(θ) is assumed to follow the pattern shown in Figure 4. 
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Figure 4: The Assumed Square Flux Density in the Air Gap 

The flux density 𝐵𝑟(𝜃) can be expressed as a Fourier series: 

𝐵𝑟(𝜃) =∑  

∞

𝑖=1

𝐵2𝑖−1 ⋅ cos [(2𝑖 − 1)𝜃] = 𝐵1 ⋅ cos (𝜃) + 𝐵3 ⋅ cos (3𝜃) + 𝐵5 ⋅ cos (5𝜃) + ⋯ 

The analytical calculation of the Fourier coefficients gives: 

𝐵𝑖 =
4 ⋅ 𝐵̂

2 ⋅ 𝑖2
⋅ sin (

𝑖 ⋅ 𝜏𝑚
2

) 

where  

𝐵̂ = 𝐵𝑚(0). 
 

To calculate the flux induced in a phase, we assume that the stator winding has a partially uniform distribution. 

This means that each phase winding is distributed over an angle with a constant turn density, as illustrated in 

Figure 5 below (where 𝛽 =
2𝜋

3
 ). 
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Figure 5: Simplified Model of Stator Winding for Phase a 

To calculate the induced flux in a phase, the standard form 𝜙 = ∫
𝑆
 𝐵 ⋅ 𝑑𝑠 is used. Thus, the flux can be 

calculated as: 

𝜙𝑚,𝑎(𝜃) = 𝑘𝑓 ⋅∑  

𝑁𝑐

𝑗−1

  [∫  
𝜃+

𝛼𝑗
2

𝜃−
𝑎𝑗
2

 𝐵𝑟(𝜃
′) ⋅ 𝑟𝑠 ⋅ 𝑙𝑠𝑑𝜃

′]

= 𝑘𝑓 ⋅∑  

𝑁𝑐

𝑗−1

  [∫  
𝜃+

𝛼𝑗
2

𝜃−
𝑎𝑗
2

  𝑟𝑠 ⋅ 𝑙𝑠 (∑  

∞

𝑖−1

 𝐵2𝑘−1 ⋅ cos [(2𝑘 − 1)𝜃
′]) 𝑑𝜃′]

= 𝑘𝑓 ⋅ 𝑟𝑠 ⋅ 𝑙𝑠∑ 

𝑁𝑐

𝑗−1

 ∑  

∞

𝑖=1

  [∫  
𝜃+

𝑎𝑗
2

𝜃−
𝛼𝑗
2

2

 𝐵2𝑘−1 ⋅ cos [(2𝑘 − 1)𝜃
′]𝑑𝜃′]…

 

Where 𝑁𝑐 is the number of stator coils for phase 𝑎, 𝛼𝑗 is defined in Figure 5, 𝑟𝑠 is the inner radius of the stator, 𝑙𝑠 

is the length of the stator, and 𝑘𝑓 is a constant that depends on the specific stator design. 



Chapter III_________________  Extension of the Park transformation to synchronous motors 

with non-sinusoidal field distribution       

51 
 

𝜙𝑚,𝑎(𝜃) = 2 ⋅ 𝑘𝑓 ⋅ 𝑟𝑠 ⋅ 𝑙𝑠∑ 

𝑁𝑐

𝑗=1

∑ 

∞

𝑖=1

[∫  
𝜃+

𝛼𝑗
2

𝜃−
𝛼𝑗
2

 sin [
(2𝑖 − 1)𝛼𝑗

2
]
𝐵2𝑘−1 ⋅ cos [(2𝑘 − 1)𝜃]

(2𝑘 − 1)
]… 

 

The important conclusion that can be drawn from the last Equation is as follows: The total flux induced by the 

rotor in the stator winding can also be expressed as a sum of odd cosine terms, where the coefficients decrease 

rapidly. 

𝜙𝑚,𝑎(𝜃) =∑  

∞

𝑖=1

𝜙(2𝑖−1) ⋅ cos [(2𝑘 − 1)𝜃] = 𝜙1 ⋅ cos (𝜃) + 𝜙3 ⋅ cos (3𝜃) + 𝜙5 ⋅ cos (5𝜃) + ⋯ 

From the geometry of Figure 5, we can see that the flux induced in each phase by the constant rotor flux (as in 

the example of PMSM) can be written as: 

[

𝜑𝑚,𝑎(𝜃)

𝜑𝑚,𝑏(𝜃)

𝜑𝑚,𝑐(𝜃)
] =

[
 
 
 
 

𝜑𝑚,𝑎(𝜃)

𝜑𝑚,𝑎 (𝜃 − 2
𝜋

3
)

𝜑𝑚,𝑎 (𝜃 + 2
𝜋

3
)]
 
 
 
 

= 𝜑𝑚,𝑝ℎ.. 

 

By applying the Park transformation, the flux 𝜙𝑚,ph is as follows: 

𝜙𝑚,𝑑𝑞0 = 𝑃(𝜃)𝜙𝑚,ph = [

𝜙1 + (𝜙5 + 𝜙7)cos (6𝜃) + (𝜙11 + 𝜙13)cos (12𝜃) + ⋯
(−𝜙5 + 𝜙7)sin (6𝜃) + (−𝜙11 + 𝜙13)sin (12𝜃) + ⋯
𝜙3cos (3𝜃) + 𝜙9cos (9𝜃) + 𝜙15cos (15𝜃) + ⋯

]

= [

𝜙𝑚 + 𝜙𝑑6cos (6𝜃) + 𝜙𝑑12cos (12𝜃) + ⋯
𝜙𝑞6sin (6𝜃) + 𝜙𝑞12sin (12𝜃) + ⋯

𝜙03cos (3𝜃) + 𝜙09cos (9𝜃) + 𝜙015cos (15𝜃) + ⋯

]

 

We now assume that the stator inductances in the 𝑑 and 𝑞 directions ( 𝐿𝑑 and 𝐿𝑞 ) are constant and independent 

of the rotor position. This means that we can write the total flux in the stator as: 

[

𝜙𝑑
𝜙𝑞
𝜙0

] = [

𝐿𝑑 0 0
0 𝐿𝑞 0

0 0 𝐿0

] [

𝐼𝑑
𝐼𝑞
𝐼0

] + 𝜙𝑚,𝑑𝑞0 

In matrix form, the stator phase voltages can now be written as: 

[
𝑉𝑎
𝑉𝑏
𝑉𝑐

] = [
𝑅 0 0
0 𝑅 0
0 0 𝑅

] [
𝐼𝑎
𝐼𝑏
𝐼𝑐

] +
𝑑

𝑑𝑡
[

𝜙𝑎
𝜙𝑏
𝜙𝑐

] 
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By applying the transformation to the system: 

[𝑉] = [𝑅][𝐼] +
𝑑

𝑑𝑡
[𝜙]

𝑃−1[𝑉𝑑𝑞0] = [𝑅]𝑃−1[𝐼𝑑𝑞0] +
𝑑

𝑑𝑡
(𝑃−1[𝜙𝑑𝑞0])

 

Then, multiplying by 𝑃(𝜃)−1 : 

[𝑉𝑑𝑞0] = [𝑅][𝐼𝑑𝑞0] +
𝑑

𝑑𝑡
[𝜙𝑑𝑞0] + 𝑃 (

𝑑

𝑑𝑡
𝑃−1) [𝜙𝑑𝑞0] 

For the demonstration of the model, we have: 

𝑃 (
𝑑

𝑑𝑡
𝑃−1) =

𝑑𝜃

𝑑𝑡
[
0 −1 0
1 0 0
0 0 0

] 

From equations 18 and 19, we have: 

𝑉𝑑𝑞0 = 𝑅𝐼𝑑𝑞0 + 𝐿
𝑑

𝑑𝑡
𝐼𝑑𝑞0 +

𝑑

𝑑𝑡
𝜙𝑚,𝑑𝑞0 + [

0 −𝜔 0
𝜔 0 0
0 0 0

] (𝐿𝐼𝑑𝑞0 + 𝜙𝑚,𝑑𝑞0) 

Following equation (23), this can be written as: 

{
𝑉𝑑 = 𝑅𝑖𝑑 + 𝐿𝑑

𝑑𝑖𝑑
𝑑𝑡

− 𝜔 ⋅ 𝐿𝑞𝑖𝑞 − 𝜔(𝜙𝑞6sin (6𝜃) + 𝜙𝑞12sin (12𝜃) +⋯)

𝑉𝑞 = 𝑅𝑖𝑞 + 𝐿𝑞
𝑑𝑖𝑞

𝑑𝑡
+ 𝜔 ⋅ 𝐿𝑑𝑖𝑑 + 𝜔(𝜙𝑚 +𝜙𝑑6cos (6𝜃) + 𝜙𝑑12cos (12𝜃) + ⋯ )

 

{
  
 

  
 𝑉𝑑 = 𝑅𝑖𝑑 + 𝐿𝑑

𝑑𝑖𝑑
𝑑𝑡

− 𝜔 ⋅ 𝐿𝑞𝑖𝑞 + (−𝜑𝑞6 − 6 ⋅ 𝜑𝑑6)𝜔 ⋅ sin (6. 𝜃) + (−𝜑𝑞12 −

12. 𝜑𝑞12)𝜔 ⋅ sin (12. 𝜃) + ⋯

𝑉𝑞 = 𝑅𝑖𝑞 + 𝐿𝑞
𝑑𝑖𝑞

𝑑𝑡
+ 𝜔 ⋅ 𝐿𝑑𝑖𝑑 + (𝜑𝑑6 + 6 ⋅ 𝜑𝑞6)𝜔 ⋅ cos (6 ⋅ 𝜃) + (𝜑𝑑12 + 12 ⋅ 𝜑𝑞12)𝜔 ⋅ cos (12 ⋅ 𝜃)

 + 𝜔 ⋅ 𝜑𝑚 +⋯
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Figure 6: Example of the application of the Park transformation for a three-phase sinusoidal system 

 

 

 
Figure 7: Example of the application of the Park transformation for a three-phase non-sinusoidal system 

 



 

 
 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 

Chapter Iv 

Converter-Machine System 

Modeling 



Chapter IV        __________   ______________Modeling of the Converter-Machine Association 

55 
 

IV.1. Introduction  

The control of a machine cannot be discussed without considering the converter used for its operation and the 

associated power supply. For example, the control of an asynchronous machine (MAS) is commonly achieved 

by adjusting the frequency of its power supply through a voltage inverter. 

 

This chapter covers the operating principles of a three-phase voltage inverter, the different types of PWM 

control, vector modeling of PWM control, as well as classical vector control and sinusoidal-triangle control. The 

chapter concludes with a summary. 

 

IV.2. Modeling of the Three-Phase Voltage Inverter 

The two-level three-phase voltage inverter consists of two switches per leg, characterized by their bidirectional 

nature and full controllability during both opening and closing. Depending on the application, these switches 

can be MOSFETs for low power and very high frequencies, IGBTs for high power and elevated frequencies, or 

GTOs for very high power and low frequencies. To enable bidirectional current flow, each switch is connected 

in anti-parallel with a diode. 

 

The general structure of a two-level voltage inverter is illustrated in Figure (1). To develop a functional model of 

the inverter, it is assumed that each arm consists of two switches 𝑇𝑖 and 𝑇𝑖
′, which are considered ideal (i.e., 

switching phenomena are neglected). 
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Figure 1: Simplified Diagram of a Voltage Inverter 

 

For each arm of the inverter, a logical connection function 𝐹𝑖 is defined to describe the state of each switch. Its 

value is: 

𝐹𝑖 = {
1  if 𝑇𝑖 is closed and 𝑇𝑖

′ is open 

0  if 𝑇𝑖 is open and 𝑇𝑖
′ is closed 

 

The potentials at the nodes 𝑎, 𝑏, 𝑐 of the inverter relative to point 𝑁 are given by the following relationships: 

𝑉𝑎𝑁 = 𝐹1𝑉𝑑𝑓 ,  𝑉𝑏𝑁 = 𝐹2𝑉𝑑𝑓 ,  𝑉𝑐𝑁 = 𝐹3𝑉𝑑𝑓 

The line-to-line voltages of the inverter can be determined using the connection functions as follows: 

𝑈𝑎𝑏 = 𝑉𝑎𝑁 − 𝑉𝑏𝑁 = 𝑉𝑑𝑓(𝐹1 − 𝐹2)

𝑈𝑏𝑐 = 𝑉𝑏𝑁 − 𝑉𝑐𝑁 = 𝑉𝑑𝑓(𝐹2 − 𝐹3)

𝑈𝑐𝑎 = 𝑉𝑐𝑁 − 𝑉𝑎𝑁 = 𝑉𝑑𝑓(𝐹3 − 𝐹1)

 

The phase voltages can also be expressed in terms of the line-to-line voltages as follows: 

𝑉𝑎 = 𝑉𝑎𝑁 =
𝑈𝑎𝑏 − 𝑈𝑐𝑎

3
,  𝑉𝑏 = 𝑉𝑏𝑁 =

𝑈𝑏𝑐 − 𝑈𝑎𝑏
3

,  𝑉𝑐 = 𝑉𝑐𝑁 =
𝑈𝑐𝑎 − 𝑈𝑏𝑐

3
 

Logical Control 
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The matrix form of the phase voltages of the inverter, expressed using the logical connection functions, can be 

derived as following: 

[
𝑉𝑎
𝑉𝑏
𝑉𝑐

] =
𝑉𝑑𝑓

3
[
2 −1 −1
−1 2 −1
−1 −1 2

] [
𝐹1
𝐹2
𝐹3

] 

Alternatively: 

[𝑉𝑎𝑏𝑐] = 𝑉𝑑𝑓[𝑇𝑐][𝐹] 

With : 

[𝑇𝑐] =
2

3

[
 
 
 
 
 1 −

1

2
−
1

2

−
1

2
1 −

1

2

−
1

2
−
1

2
1 ]
 
 
 
 
 

 

[𝑇𝑐] : continuous-to-alternating transfer matrix 

The input current to the inverter 𝑖𝑑𝑓 can be expressed in terms of the load currents as follows: 

𝑖𝑑𝑓 = 𝐹1𝑖𝑎 + 𝐹2𝑖𝑏 + 𝐹3𝑖𝑐 

where: 

𝑖𝑎 + 𝑖𝑏 + 𝑖𝑐 = 0,  𝑉𝑎 + 𝑉𝑏 + 𝑉𝑐 = 0 

when the neutral of the load is isolated. 

b. Inverter Control Strategy 

b.1. Sinusoidal-Triangle Control 

Various control laws have been implemented to generate pulse-width modulated (PWM) waveforms. Historically, 

the sinusoidal-triangle method-also known as the "sub-oscillation method"—was the first to be used. Despite its 

age, it remains the most frequently utilized technique due to its simplicity. 

The fundamental principle of sinusoidal-triangle pulse-width modulation (PWM) is achieved by comparing a 

low-frequency modulating signal (reference voltage) with a high-frequency triangular carrier wave. Switching 

instants are determined by the intersection points between the carrier and the modulating signals. The switching 

frequency of the inverter switches is governed by the carrier frequency. 

In a three-phase system, three sinusoidal reference signals are used, phase-shifted by 2𝜋/3, and all have the same 

frequency 𝑓𝑠. Since the output voltage of the inverter is not purely sinusoidal, the resulting current is also non-

sinusoidal, containing harmonics. These harmonics are the primary source of disturbances, such as 

electromagnetic torque pulsations, which cause additional losses. The sinusoidal PWM technique is employed to 

address these issues and offers several advantages: 
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• Adjustable output voltage frequency, allowing control flexibility. 

• Harmonics are shifted to higher frequencies, making them easier to filter. 

The benefits of these advantages include: 

• Reduced current distortion, enhancing system performance. 

• Lower cost for the output filter, making the system more economical. 

 

 

 

 

 

 

 

 

Figure 2: Principle of Sinusoidal Control (Sinusoidal PWM) 

 The principle of this strategy can be summarized by the following algorithm: 

 If 𝑈𝑟(𝑡) ≥ 𝑈𝑝(𝑡) ⇒ 𝑆(𝑡) = 1, else 𝑆(𝑡) = 0 

Where: 

• 𝑈𝑟(𝑡) is the reference voltage, 

• 𝑈𝑝(𝑡) is the carrier voltage, 

•  𝑆(𝑡) is the resulting PWM signal. 

If the reference is sinusoidal, two parameters characterizing the PWM are used: 

• The modulation index 𝑚𝑟 which represents the ratio of the carrier frequency 𝑓𝑝 to the reference 

frequency 𝑓ref:  : 

𝑚 =
𝑓𝑝

𝑓ref
=
𝑇𝑝

𝑇ref
 

 

 

Generation of the 

Reference Waveform Control Algorithm 
Production of the 

PWM Signal 

Carrier Wave 

Generation 

(porteuse) 



Chapter IV        __________   ______________Modeling of the Converter-Machine Association 

59 
 

 

Figure 3: Sinusoidal Triangle PWM (Sinus-Carrier PWM) 

The modulation index (voltage control coefficient) " 𝑟 ", which represents the ratio of the amplitudes of the 

reference voltage 𝑉m ref  to the carrier voltage 𝑉mp, is given by: 

𝑟 =
𝑉m ref 

𝑉mp
 

The reference voltages for the three-phase inverter are designed to generate a balanced three-phase system. 

These are: 

𝑉1 = 𝐸refsin (𝑤𝑡)

𝑉2 = 𝐸refsin (𝑤𝑡 −
2𝜋

3
)

𝑉3 = 𝐸refsin (𝑤𝑡 −
4𝜋

3
)

 

 

Block diagram of the Sinusoidal Triangle Control (MLIST) 

The functional diagram in Figure 4 illustrates the principle of the sinusoidal triangle control. The output voltage and 

current waveforms of the three-phase inverter for an RLC load are shown in the following figures: 
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Figure 4: Functional Diagram of the Sinusoidal Triangle Control 

B.2. Sinusoidal Sawtooth PWM Control 

The sinusoidal sawtooth modulation technique, often referred to as sinusoidal-triangle or sinusoidal-

sawtooth PWM, is an alternative to the sinusoidal triangle method for generating Pulse Width Modulation 

(PWM) signals. It uses a sawtooth waveform as the carrier signal instead of a triangular waveform, and its 

principle is similar to the sinusoidal-triangle method, where the sinusoidal reference signal is compared with the 

sawtooth carrier to generate the switching signals for the inverter. Figure 5 shows the waveform of the so-called 

sinusoidal sawtooth PWM. 
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Figure 5: Illustration of Sawtooth PWM. 

The block diagram of the sinusoidal sawtooth control (MLISD) 

The functional diagram in Figure 6 shows the principle of sinusoidal sawtooth control. 

 

Figure 6: Functional diagram of the sinusoidal sawtooth control (MLISD). 
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III.5 Simulation 

In this section, we address a real case considering the static converter. The voltage inverter controlled by PWM, 

which we use to power an RL load, is characterized by a switching frequency of 2.5 kHz. 

 

III.5.2. Diagram of the three-phase voltage inverter simulation: 

  

 

 

 

 

 

Function y=rect(x) 

y=max(x)-min(x) 
 

𝑉𝑑𝑓

𝑉rect 

=
1

𝐿𝐶𝑆2 +
𝐿
𝑅 𝑆 + 1

 

 

Three-phase voltage inverter 
 

full-wave control 
 

Pulse Width Modulation (PWM) Control 
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IV.6. Conclusion   

This chapter explored the modeling and control of a three-phase voltage inverter, focusing on its structure, 

switching characteristics, and PWM techniques. Sinusoidal-triangle and sinusoidal-sawtooth control methods 

were examined for their role in improving waveform quality and system efficiency. Finally, a simulation 

demonstrated the practical application of a PWM-controlled inverter. 

 

 

 

 

 

 

. 

 

 



 

 
 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 

Chapter v 

Dynamic Modeling of Asynchronous 

Machines 



Chapter V _____________________________Dynamic Modeling of Asynchronous Machines   

65 
 

V.1. Introduction  

The asynchronous machine is widely used across various applications, surpassing synchronous and direct 

current (DC) machines. It exhibits a nonlinear dynamic system. Consequently, its control requires an accurate 

model that faithfully represents its behavior in terms of electrical, electromagnetic, and mechanical modes.   

 

This chapter will introduce the linearized modeling of the asynchronous machine by expressing it in state-space 

form. 

 

V.2. Structure and Modeling Assumptions 

 

The asynchronous machine consists of two main components:   

- The stator (primary component): A stationary structure that typically contains a three-phase winding, housed in 

evenly distributed slots on its inner surface and connected to the power supply.   

- The rotor (secondary component): A rotating part around the machine’s axis of symmetry, which can either be 

wound and short-circuited or designed as a squirrel-cage rotor.   

 

For the purpose of simplifying analysis and mathematical modeling, the following assumptions are made:   

- The winding distribution ensures a sinusoidal magnetomotive force (MMF) when supplied with sinusoidal 

currents.   

- The machine operates in an unsaturated regime, where hysteresis, eddy currents, and skin effect are neglected.   

- The homopolar component is considered negligible.   

 

Under these conditions, assuming a three-phase configuration for both the stator and rotor (as illustrated in Figure 

1), the machine’s behavior is governed by three fundamental sets of equations:   

- Electrical equations 

- Magnetic equations 

- Mechanical equation 
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Figure 1: Three-Phase Model of the Asynchronous Machine. 

 

V.3. Electrical,mechanical and magnetic equations  

V.3. 1. Electrical equations  

 

The windings of the three stator phases are spatially shifted by an angle of 2𝜋/3, as are those of the rotor, and 

can be represented as shown in Figure (1). The rotor phases are short-circuited. The angle 𝜃 represents the 

electrical angle between the axis of the stator phase (Sa) and the rotor phase (Ra). By applying the generalized 

Ohm's law to each phase of the stator (and similarly to the rotor), the following voltage equations are obtained. 
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For the stator phases: 

[
𝑉𝑠𝑎
𝑉𝑠𝑏
𝑉𝑠𝑐

] = [

𝑅𝑠 0 0
0 𝑅𝑠 0
0 0 𝑅𝑠

] [
𝐼𝑠𝑎
𝐼𝑠𝑏
𝐼𝑠𝑐

] +
𝑑

𝑑𝑡
[

𝜑𝑠𝑎
𝜑𝑠𝑏
𝜑𝑠𝑐

] 

Since the stator resistance is the same for all three phases, there is no need to explicitly write a resistance 

matrix. Alternatively, we can express it as: 

[𝑉𝑠] = [𝑅𝑠][𝐼𝑠] +
𝑑

𝑑𝑡
[𝜑𝑠] 

 

Similarly, for the rotor: 

[
𝑉𝑟𝑎
𝑉𝑟𝑏
𝑉𝑟𝑐

] = [
𝑅𝑟 0 0
0 𝑅𝑟 0
0 0 𝑅𝑟

] [
𝐼𝑟𝑎
𝐼𝑟𝑏
𝐼𝑟𝑐

] +
𝑑

𝑑𝑡
[

𝜑𝑟𝑎
𝜑𝑟𝑏
𝜑𝑟𝑐

] = [
0
0
0
] 

Or: 

[𝑉𝑟] = [𝑅𝑟][𝐼𝑟] +
𝑑

𝑑𝑡
[𝜑𝑟] = [0] 

 

Since the rotor is short-circuited, its phase voltages are zero. 

Where: 

𝑉𝑠 : is the stator phase voltage matrix. 

𝑉𝑟 : is the rotor phase voltage matrix. 

𝐼𝑠: is the stator current matrix. 

𝐼𝑟 : is the rotor current matrix. 

V.3. 2. Magnetic equations  

Each flux interacts with the currents of all phases, including its own (concept of flux/self-inductance):  

[
[𝜑𝑠]

[𝜑𝑟]
] = [

[𝐿𝑠] [𝑀𝑠𝑟]

[𝑀𝑟𝑠] [𝐿𝑟]
] [
[𝐼𝑠]

[𝐼𝑟]
] 

[ 𝐋𝑠 ] is the stator inductance matrix, given by: 

[𝐋𝐬] = [
𝐿𝑠 𝑀𝑠 𝑀𝑠

𝑀𝑠 𝐿𝑠 𝑀𝑠

𝑀𝑠 𝑀𝑠 𝐿𝑠

] 

where: 

• 𝐿𝑠 is the self-inductance of a single winding. 
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• 𝑀𝑠 is the mutual inductance between stator windings. 
[𝐋𝐫] is the rotor inductance matrix, expressed as: 

[𝐋𝐫] = [
𝐿𝑟 𝑀𝑟 𝑀𝑟

𝑀𝑟 𝐿𝑟 𝑀𝑟

𝑀𝑟 𝑀𝑟 𝐿𝑟

] 

where: 

• 𝐿𝑟 is the self-inductance of a rotor winding. 

• 𝑀𝑟 is the mutual inductance between rotor windings. 

[𝑀𝑠𝑟] = [𝑀𝑟𝑠]
𝑡 = 𝑀𝑠𝑟

[
 
 
 
 
 cos 𝜃 cos (𝜃 +

2𝜋

3
) cos (𝜃 −

2𝜋

3
)

cos (𝜃 −
2𝜋

3
) cos 𝜃 cos (𝜃 +

2𝜋

3
)

cos (𝜃 +
2𝜋

3
) cos (𝜃 −

2𝜋

3
) cos 𝜃 ]

 
 
 
 
 

 

where: 

• 𝜃 is the electrical angle, defining the instantaneous relative position between rotor and stator axes, with 

the stator axes chosen as the reference. 

Finally, we obtain the system of flux equations: 

 

[𝑉𝑠𝑎𝑏𝑐] = [𝑅𝑠][𝐼𝑠𝑎𝑏𝑐] +
𝑑

𝑑𝑡
([𝐿𝑠][𝐼𝑠𝑎𝑏𝑐] + [𝑀𝑠𝑟][𝐼𝑟𝑎𝑏𝑐]

[𝑉𝑟𝑎𝑏𝑐] = [𝑅𝑟][𝐼𝑟𝑎𝑏𝑐] +
𝑑

𝑑𝑡
([𝐿𝑟][𝐼𝑟𝑎𝑏𝑐] + [𝑀𝑟𝑠][𝐼𝑠𝑎𝑏𝑐])

 

V.3.3. Mechanical equations  

 

The study of the dynamic characteristics of the asynchronous machine involves variations not only in electrical 

parameters (voltage, current, flux, and EMF) but also in mechanical parameters (torque and speed). The 

equation of motion for the machine is given by:  

𝐽
𝑑Ω

𝑑𝑡
= 𝑇𝑒 − 𝑇𝑟 − 𝑓Ω 

where: 

• 𝑇𝑒 is the electromagnetic torque of the machine [Nm]. 
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• 𝑇𝑟 is the resistant (static) torque at the machine's shaft [Nm]. 

• 𝐽 is the moment of inertia [kg ⋅ m2]. 

• Ω is the rotor angular velocity or the mechanical speed of the rotor. 

• 𝑓 is the friction coefficient [𝑁𝑚/𝑟𝑎𝑑/𝑠]. 

The electrical speed of the rotor is given by: 

𝜔𝑒 = 𝑃 ⋅ Ω 

 

where: 

•  𝑃 is the number of pole pairs. 

• 𝜔𝑒 is the electrical angular speed of the rotor. 

• Ω is the mechanical angular speed of the rotor. 

So: 

  

𝑇𝑒 − 𝑇𝑟 =
𝐽

𝑃

𝑑𝜔𝑟
𝑑𝑡

+
𝑓𝜔𝑟
𝑃

 

 

V.4. Two-Phase Model  

The transformation from a three-phase system to a two-phase system is based on the condition of generating a 

rotating electromagnetic field with equal magnetomotive forces (MMFs). 

This three-phase to two-phase transformation results in a family of asynchronous machine models, where both 

stator and rotor quantities are projected onto two quadrature axes. The idea behind this transformation is that a 

rotating field created by a balanced three-phase system can be equivalently generated by a two-phase system 

with two coils: 

• Spatially shifted by 
𝜋

2
. 

• Supplied with currents phase-shifted by 
𝜋

2
 in time. 

The objective of this transformation is to preserve both magnetomotive forces (MMFs) and instantaneous 

power. 

For simplicity, our study first establishes a model in the stator reference frame. 

• The equivalent winding for the three-phase stator consists of two windings along: 

• The direct axis (𝛼𝑠). 

• The quadrature axis (𝛽𝑠). 
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• The direct axis (𝛼𝑠) is aligned with the axis of the first stator phase (𝑎𝑠). 

• Similarly, in the rotor, the equivalent three-phase windings are replaced by two windings, 𝛼𝑟 and 𝛽𝑟. 

 

Figure 3: Representation of the Three-Phase to Two-Phase Transformation 

V.4.1. Park Transformation 

The Park transformation consists of a three-phase to two-phase transformation, followed by a rotation. It allows 

the transition from the (𝑎𝑏𝑐) reference frame to the (𝛼𝛽) reference frame, and then to the (dq) reference frame. 

It also enables direct transformation from the ( 𝑎𝑏𝑐 ) reference frame to the (dq) reference frame. 

The (𝛼𝛽) reference frame remains fixed relative to the stator (𝑎𝑏𝑐) reference frame, whereas the (dq) reference 

frame is mobile. 
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Figure 4: Angular Positioning of Axis Systems in Electrical Space 

To simplify the equations, the reference frames of the Park transformation for both stator and rotor quantities 

must coincide, as illustrated in Figure 4. This is achieved by linking the angles 𝜃𝑠 and 𝜃𝑟 through the relation: 

𝜃𝑠 = 𝜃 + 𝜃𝑟 

In this case, the normalized Park transformation is obtained using the transformation matrix: 

[𝑃]−1[𝑉𝑑𝑞0] = [𝑅][𝑃]−1[𝐼𝑑𝑞0] +
𝑑

𝑑𝑡
([𝑃]−1[𝜙𝑑𝑞0]) 

where the transformation matrix [𝑃] is given by: 

[𝑃] = √
2

3

[
 
 
 
 
 
 cos 𝜃 cos (𝜃 −

2𝜋

3
) cos (𝜃 +

2𝜋

3
)

−sin 𝜃 −sin (𝜃 −
2𝜋

3
) −sin (𝜃 +

2𝜋

3
)

1

√2

1

√2

1

√2 ]
 
 
 
 
 
 

 

 

The Park transformation matrix is orthogonal, meaning that its transpose is equal to its inverse: 

[𝑃(𝜃)]𝑇 = [𝑃(𝜃)]−1 
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The Park transformation can be applied to voltages, currents, and fluxes. The variable transformation for 

currents, voltages, and fluxes is defined as: 

[

𝑥𝑑
𝑥𝑞
𝑥0
] = 𝑃(𝜃) [

𝑥𝑎
𝑥𝑏
𝑥𝑐
] 

where 𝑥 represents voltage, current, or flux, and the indices denote: 

• 0: Homopolar axis 

• 𝑑 : Direct axis 

• 𝑞 : Quadrature axis 

Inverse of the Normalized Park Transformation Matrix 

[𝑃(𝜃)]−1 = √
2

3

[
 
 
 
 
 
 cos 𝜃 sin 𝜃

1

√2

cos (𝜃 −
2𝜋

3
) sin (𝜃 −

2𝜋

3
)

1

√2

cos (𝜃 −
4𝜋

3
) sin (𝜃 −

4𝜋

3
)

1

√2]
 
 
 
 
 
 

 

 

The Park equations provide a dynamic electrical model for the equivalent two-phase winding of an 

asynchronous machine. The voltage equation in the 𝑑𝑞0 reference frame is expressed as: 

[𝑉𝑑𝑞0] = [𝑅][𝐼𝑑𝑞0] +
𝑑

𝑑𝑡
[𝜙𝑑𝑞0] + [𝑃] (

𝑑

𝑑𝑡
[𝑃]−1) [𝜙𝑑𝑞0] 

It can be demonstrated that: 

[𝑃] (
𝑑

𝑑𝑡
[𝑃]−1) =

𝑑𝜃

𝑑𝑡
[
0 −1 0
1 0 0
0 0 0

] 

Final Park Equations 

By substituting this into the voltage equation, we obtain the final system of Park equations, which serves as a 

dynamic electrical model for the equivalent two-phase winding: 

{
 
 

 
 𝑉𝑑 = 𝑅𝐼𝑑 +

𝑑𝜙𝑑
𝑑𝑡

−
𝑑𝜃

𝑑𝑡
𝜙𝑞

𝑉𝑞 = 𝑅𝐼𝑞 +
𝑑𝜙𝑞

𝑑𝑡
+
𝑑𝜃

𝑑𝑡
𝜙𝑑

𝑉0 = 𝑅𝐼0 +
𝑑𝜙0
𝑑𝑡
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Flux Transformations Between 𝑑𝑞0 and 𝑎𝑏𝑐 Axes 

To reduce the inductance matrix, the transformation equations establish the relationships between the flux 

components in the 𝑑𝑞0 reference frame and the 𝑎𝑏𝑐 reference frame. 

[∅sdqo ] = [𝑃(𝜃𝑠)][∅𝑠𝑎𝑏𝑐]

[𝜙𝑟𝑑𝑞𝑜] = [𝑃(𝜃𝑟)][𝜙𝑟𝑎𝑏𝑐]
 

After calculation, we obtain: 

 

[
 
 
 
 
 
 
∅𝑑𝑠
∅𝑞𝑠
∅𝑜𝑠
∅𝑑𝑟
∅𝑞𝑟
∅𝑜𝑟]

 
 
 
 
 
 

=

[
 
 
 
 
 
 
 
 
 
 𝐼𝑠 −𝑀𝑠 0 0

3

2
𝑀𝑠𝑟 0 0

0 𝐼𝑠 −𝑀𝑠 0 0
3

2
𝑀𝑠𝑟 0

0 0 𝐼𝑠 + 2𝑀𝑠 0 0 0
3

2
𝑀𝑠𝑟 0 0 𝐼𝑟 −𝑀𝑟 0 0

0
3

2
𝑀𝑠𝑟 0 0 𝐼𝑟 −𝑀𝑟 0

0 0 0 0 0 𝐼𝑟 + 2𝑀𝑟]
 
 
 
 
 
 
 
 
 
 

[
 
 
 
 
 
𝐼𝑑𝑠
𝐼𝑞𝑠
𝐼𝑜𝑠
𝐼𝑑𝑟
𝐼𝑞𝑟
𝐼𝑜𝑟]
 
 
 
 
 

 

where: 

• 𝐿𝑠 = 𝐼𝑠 −𝑀𝑠 : Stator cyclic inductance. 

• 𝐿𝑟 = 𝐼𝑟 −𝑀𝑟 : Rotor cyclic inductance. 

• 𝑀 =
3

2
𝑀𝑠𝑟 : Cyclic mutual inductance between stator and rotor. 

Since the usual stator power supply mode and the rotor winding structure ensure that the sums of the stator and 

rotor currents are zero, the components with index ( 0 ) are null. 

Under these non-degraded operating conditions, the fluxes along the d and q axes are simply defined by the 

three constant parameters 𝐿𝑠, 𝐿𝑟 , 𝑀, and are related to the currents by the equation: 

[
 
 
 
𝜙𝑑𝑠
𝜙𝑞𝑠
𝜙𝑑𝑟
𝜙𝑞𝑟]

 
 
 

= [

𝐿𝑠 0 𝑀 0
0 𝐿𝑠 0 𝑀
𝑀 0 𝐿𝑟 0
0 𝑀 0 𝐿𝑟

]

[
 
 
 
𝐼𝑑𝑠
𝐼𝑞𝑠
𝐼𝑑𝑟
𝐼𝑞𝑟]
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V.4.1.1. Electrical Equations 

The Park equations for stator and rotor voltages are expressed as: 

{
 
 
 
 

 
 
 
 𝑉𝑑𝑠 = 𝑅𝑠𝐼𝑑𝑠 +

𝑑𝜙𝑑𝑠
𝑑𝑡

−
𝑑𝜃𝑠
𝑑𝑡

𝜙𝑞𝑠

𝑉𝑞𝑠 = 𝑅𝑠𝐼𝑞𝑠 +
𝑑𝜙𝑞𝑠

𝑑𝑡
+
𝑑𝜃𝑠
𝑑𝑡

𝜙𝑑𝑠

𝑉𝑑𝑟 = 𝑅𝑟𝐼𝑑𝑟 +
𝑑𝜙𝑑𝑟
𝑑𝑡

+
𝑑𝜃𝑟
𝑑𝑡

𝜙𝑞𝑟 = 0

𝑉𝑞𝑟 = 𝑅𝑟𝐼𝑞𝑟 +
𝑑𝜙𝑞𝑟

𝑑𝑡
+
𝑑𝜃𝑟
𝑑𝑡

𝜙𝑑𝑟 = 0

 

In the Park reference frame (dq) rotating at the angular speed 𝜔𝑠 =
𝑑𝜃𝑠

𝑑𝑡
, the equations become: 

{
𝑉𝑑𝑠 = 𝑅𝑠𝐼𝑑𝑠 +

𝑑𝜙𝑑𝑠
𝑑𝑡

− 𝜔𝑠𝜙𝑞𝑠

𝑉𝑞𝑠 = 𝑅𝑠𝐼𝑞𝑠 +
𝑑𝜙𝑞𝑠

𝑑𝑡
+ 𝜔𝑠𝜙𝑑𝑠

{
𝑅𝑟𝐼𝑑𝑟 +

𝑑𝜙𝑑𝑟
𝑑𝑡

− (𝜔𝑠 − 𝜔)𝜙𝑞𝑟 = 0

𝑅𝑟𝐼𝑞𝑟 +
𝑑𝜙𝑞𝑟

𝑑𝑡
+ (𝜔𝑠 − 𝜔)𝜙𝑑𝑟 = 0

 

 

V.4.1.2. Magnetic Equations 

Including the flux equations, the Park equations for the stator and rotor in the (dq) reference frame are 

expressed as: 

{
𝜙𝑑𝑠  = 𝐿𝑠𝐼𝑑𝑠 +𝑀𝐼𝑑𝑟
𝜙𝑞𝑠  = 𝐿𝑠𝐼𝑞𝑠 +𝑀𝐼𝑞𝑟

{
𝜙𝑑𝑟  = 𝐿𝑟𝐼𝑑𝑟 +𝑀𝐼𝑑𝑠
𝜙𝑞𝑟  = 𝐿𝑟𝐼𝑞𝑟 +𝑀𝐼𝑞𝑠

 

where: 

• 𝐿𝑠 is the stator cyclic inductance 

• 𝐿𝑟 is the rotor cyclic inductance 

• 𝑀 is the mutual inductance between the stator and rotor 
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V.4.1.3. Mechanical Equations 

The torque equation and the motion equation are written as follows: 

Electromagnetic Torque Equation: 

𝑇𝑒 = 𝑃𝑀(𝐼𝑞𝑠𝐼𝑑𝑟 − 𝐼𝑑𝑠𝐼𝑞𝑟) 

Equation of Motion: 

𝐽
𝑑𝜔

𝑃𝑑𝑡
= 𝑇𝑒 − 𝑇𝑟 −

𝑓

𝑃
𝜔 

where: 

• 𝐽 is the rotor moment of inertia. 

• 𝑓 is the viscous friction coefficient. 

• 𝑃 is the number of pole pairs. 

• 𝑇𝑒 is the electromagnetic torque. 

• 𝑇𝑟 is the load torque (resistant torque). 

• 𝜔 is the rotor angular velocity. 

V.4.2 Choice of the dq Reference Frame 

So far, we have expressed the machine's equations and variables in a dq reference frame, which makes an 

electrical angle 𝜃𝑠 with the stator and an electrical angle 𝜃𝜏 with the rotor. However, this reference frame has 

not been explicitly defined, meaning it remains free to choose. 

There are three important choices for the dq reference frame: 

1 Fixed to the stator 

2 Fixed to the rotor 

3 Fixed to the rotating field 

Since the dq reference frame is mobile, we need to determine the transformation angles 𝜃𝑆 and 𝜃𝑇 to correctly 

apply Park's transformations. 

V.4.2.1 Stator-Fixed Reference Frame 

In this case, the conditions are: 

𝜃𝑠 = 0,  𝜃𝑟 = −𝜃
𝑑𝜃𝑠
𝑑𝑡

= 0,  
𝑑𝜃𝑟
𝑑𝑡

= −
𝑑𝜃

𝑑𝑡
𝜔𝑠 = 0,  𝜔𝑟 = −𝜔
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With these conditions, the electrical equations take the following form: 

Electrical Equations in the Stator-Fixed Reference Frame 

The system of equations in this reference frame is: 

{
 
 
 
 

 
 
 
 𝑉𝑑𝑠 = 𝑅𝑠𝐼𝑑𝑠 +

𝑑Φ𝑑𝑠

𝑑𝑡

𝑉𝑞𝑠 = 𝑅𝑠𝐼𝑞𝑠 +
𝑑Φ𝑞𝑠

𝑑𝑡

0 = 𝑅𝑟𝐼𝑑𝑟 +
𝑑Φ𝑑+

𝑑𝑡
+ 𝜔Φ𝑞𝑟

0 = 𝑅𝑟𝐼𝑞𝑟 +
𝑑Φ𝑞𝑟

𝑑𝑡
− 𝜔Φ𝑑𝑟

 

Rearranging the Equations 

By expressing the system in terms of 𝐼𝑑𝑠, 𝐼𝑞𝑠, 𝐼𝑑𝑟 , 𝐼𝑞𝑟, we obtain: 

{
 
 
 
 

 
 
 
 
𝑑𝐼𝑑𝑠
𝑑𝑡

= −
1

𝑇𝑠𝜎
𝐼𝑑𝑠 +

𝑀2

𝐿𝑠𝐿𝑟𝜎
𝜔𝐼𝑞𝑠 +

𝑀

𝐿𝑠𝑇𝑟𝜎
𝐼𝑑𝑟 +

𝑀

𝐿𝑠𝜎
𝜔𝐼𝑞𝑟 +

𝑉𝑑𝑠
𝐿𝑝𝑖𝜎

𝑑𝐼𝑞𝑠

𝑑𝑡
= −

𝑀

𝐿𝑠𝐿𝑟𝜎
𝜔𝐼𝑑𝑠 −

1

𝑇𝑠𝜎
𝐼𝑞𝑠 −

𝑀

𝐿𝑠𝜎
𝜔𝐼𝑑𝑟 +

𝑀

𝐿𝑠𝑇𝑟𝜎
𝐼𝑞𝑟 +

𝑉𝑞𝑠

𝐿𝑠𝜎
𝑑𝐼𝑑𝑟
𝑑𝑡

=
𝑀

𝐿𝑟𝑇𝑠𝜎
𝐼𝑑𝑠 −

𝑀

𝐿𝑟𝜎
𝜔𝐼𝑞𝑠 −

1

𝑇𝑟𝜎
𝐼𝑑𝑟 −

1

𝜎
𝜔𝐼𝑞𝑟 −

𝑀

𝐿𝑠𝐿𝑟𝜎
𝑉𝑑𝑠

𝑑𝐼𝑞𝑟

𝑑𝑡
=

𝑀

𝐿𝑟𝜎
𝜔𝐼𝑑𝑠 +

𝑀

𝐿𝑟𝑇𝑠𝜎
𝐼𝑞𝑠 +

1

𝜎
𝜔𝐼𝑑𝑟 −

1

𝑇𝑟𝜎
𝐼𝑞𝑟 −

𝑀

𝐿𝑠𝐿𝑟𝜎
𝑉𝑞𝑠

 

Definitions of Parameters 

• 𝜎 = 1 −
𝑀2

𝐼𝑠𝐼𝑟
→ Total leakage coefficient 

• 𝑇𝑠 =
𝐼𝑠

𝑅𝑠
→ Stator time constant 

• 𝑇𝑟 =
𝐼𝑟

𝑅𝑟
→ Rotor time constant 

 

V.4.2.2 Rotor-Fixed Reference Frame 

 

In this reference frame, the conditions are: 

{

𝜃𝑠 = 0, 𝜃𝑟 = 0
𝑑𝜃𝑠
𝑑𝑡

=
𝑑𝜃

𝑑𝑡
,
𝑑𝜃𝑟
𝑑𝑡

= 0

𝜔𝑟 = 0, 𝜔𝑠 = 𝜔
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Thus, the electrical equations are: 

{
 
 
 
 

 
 
 
 𝑉𝑑𝑠 = 𝑅𝑠𝐼𝑑𝑠 +

𝑑Φ𝑑𝑠

𝑑𝑡
− 𝜔𝑠Φ𝑞𝑠

𝑉𝑞𝑠 = 𝑅𝑠𝐼𝑞𝑠 +
𝑑Φ𝑞𝑠

𝑑𝑡
+ 𝜔𝑠Φ𝑑𝑠

0 = 𝑅𝑇𝐼𝑑𝑟 +
𝑑Φ𝑑𝑡

𝑑𝑡

0 = 𝑅𝑇𝐼𝑞𝑟 +
𝑑Φ𝑞𝑟

𝑑𝑡

 

After rearranging the equations, we obtain: 

{
 
 
 
 

 
 
 
 

𝑑𝐼𝑑𝑠
𝑑𝑡

= −
1

𝑇𝑠𝜎
𝐼𝑑𝑠 +

1

𝜎
𝜔𝐼𝑞𝑠 +

𝑀

𝐿𝑠𝑇𝑟𝜎
𝐼𝑑𝑟 +

𝑀

𝐿𝑠𝜎
𝜔𝐼𝑞𝑟 +

𝑉𝑑𝑠
𝐿𝑠𝜎

𝑑𝐼𝑞𝑠

𝑑𝑡
= −

1

𝜎
𝜔𝐼𝑑𝑠 −

1

𝑇𝑠𝜎
𝐼𝑞𝑠 −

𝑀

𝐿𝑠𝜎
𝜔𝐼𝑑𝑟 +

𝑀

𝐿𝑠𝑇𝑟𝜎
𝐼𝑞𝑟 +

𝑉𝑞𝑠

𝐿𝑠𝜎

𝑑𝐼𝑑𝑟
𝑑𝑡

=
𝑀

𝐿𝑟𝑇𝑠𝜎
𝐼𝑑𝑠 −

𝑀

𝐿𝑟𝜎
𝜔𝐼𝑞𝑠 −

1

𝑇𝑟𝜎
𝐼𝑑𝑟 −

𝑀2

𝐿𝑠𝐿𝑟𝜎
𝜔𝐼𝑞𝑟 −

𝑀

𝐿𝑠𝐿𝑟𝜎
𝑉𝑑𝑠

𝑑𝐼𝑑𝑟
𝑑𝑡

=
𝑀

𝐿𝑟𝜎
𝜔𝐼𝑑𝑠 +

𝑀

𝐿𝑟𝑇𝑠𝜎
𝐼𝑞𝑠 +

𝑀2

𝐿𝑠𝐿𝑟𝜎
𝜔𝐼𝑑𝑟 −

1

𝑇𝑟𝜎
𝐼𝑞𝑟 −

𝑀

𝐿𝑠𝐿𝑟𝜎
𝑉𝑞𝑠

 

 

V.4.2.3 Rotating Field Reference Frame 

 

This reference frame does not introduce simplifications in the formulation of the equations. However, it 

transforms sinusoidal quantities in steady-state operation into DC quantities, making it particularly useful for 

control applications. 

The conditions for this reference frame are: 

{

𝑑𝜃𝑠
𝑑𝑡

= 𝜔𝑠

𝑑𝜃𝑟
𝑑𝑡

= 𝜔𝑠 − 𝜔 = 𝜔𝑟

 

Thus, the electrical equations take the form: 
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{
 
 
 
 

 
 
 
 𝑉𝑑𝑠 = 𝑅𝑠𝐼𝑑𝑠 +

𝑑Φ𝑑𝑠

𝑑𝑡
− 𝜔𝑠Φ𝑞𝑠

𝑉𝑞𝑠 = 𝑅𝑠𝐼𝑞𝑠 +
𝑑Φ𝑞𝑠

𝑑𝑡
+ 𝜔𝑠Φ𝑑𝑠

0 = 𝑅𝑟𝐼𝑑𝑟 +
𝑑Φ𝑑𝑟

𝑑𝑡
− 𝜔𝑟Φ𝑞𝑟

0 = 𝑅𝑟𝐼𝑞𝑟 +
𝑑Φ𝑞𝑟

𝑑𝑡
+ 𝜔𝑟Φ𝑑𝑟

 

After rearranging the equations, we obtain: 

{
 
 
 
 

 
 
 
 

𝑑𝐼𝑑𝑠
𝑑𝑡

=
1

𝑇𝑠𝜎
𝐼𝑑𝑠 + (𝜔𝑟 +

1

𝜎
𝜔) 𝐼𝑞𝑠 +

𝑀

𝐿𝑠𝑇𝑟𝜎
𝐼𝑑𝑟 +

𝑀

𝐿𝑠𝜎
𝜔𝐼𝑞𝑟 +

1

𝐿𝑠𝜎
𝑉𝑑𝑠

𝑑𝐼𝑑𝑟
𝑑𝑡

= −(𝜔𝑟 +
1

𝜎
𝜔) 𝐼𝑑𝑠 −

1

𝑇𝑠𝜎
𝐼𝑞𝑠 −

𝑀

𝐿𝑠𝜎
𝜔𝐼𝑑𝑟 +

𝑀

𝐿𝑠𝑇𝑟𝜎
𝐼𝑞𝑟 +

1

𝐿𝑠𝜎
𝑉𝑞𝑠

𝑑𝐼𝑑𝑟
𝑑𝑡

=
𝑀

𝐿𝑟𝑇𝑠𝜎
𝐼𝑑𝑠 −

𝑀

𝐿𝑟𝜎
𝜔𝐼𝑞𝑠 −

1

𝑇𝑟𝜎
𝐼𝑑𝑟 + (𝜔𝑟 −

𝑀2

𝐿𝑠𝐿𝑟𝜎
𝜔) 𝐼𝑞𝑟 −

𝑀

𝐿𝑠𝐿𝑟𝜎
𝑉𝑑𝑠

𝑑𝐼𝑞𝑟

𝑑𝑡
=
𝑀

𝐿𝑟𝜎
𝜔𝐼𝑑𝑠 +

𝑀

𝐿𝑟𝑇𝑠𝜎
𝐼𝑞𝑠 + (−𝜔𝑟 +

𝑀2

𝐿𝑠𝐿𝑟𝜎
𝜔) 𝐼𝑑𝑟 −

1

𝑇𝑟𝜎
𝐼𝑞𝑟 −

𝑀

𝐿𝑠𝐿𝑟𝜎
𝑉𝑞𝑠

 

V.5. State-Space Representation for Control 

 

The generalized form of the system equations in state-space representation is given by: 

{
𝑋̇(𝑡) = 𝐴𝑋(𝑡) + 𝐵𝑈(𝑡)
𝑌(𝑡) = 𝐶𝑋(𝑡) + 𝐷𝑈(𝑡)

 

Where: 

• 𝑋(𝑡) is the state vector of the system (dimension 𝑛 ). 

• 𝑈(𝑡) is the input vector (control variables). 

• 𝑌(𝑡) is the output vector (measured variables). 

• 𝐴 is the state matrix (describes system dynamics). 

•  𝐵 is the input matrix (relates inputs to states). 

• 𝐶 is the output matrix (relates states to outputs). 

• 𝐷 is the direct transmission matrix (relates inputs directly to outputs, often zero in many cases). 
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Figure.5: Representation of the Dynamic State Model in Functional Diagram Form 

 

The state vector, input vector, or output vector is chosen based on control requirements or modeling needs. The 

models are as follows: 

Considering the voltages 𝑉𝑑𝑠, 𝑉𝑞𝑠, 𝑉𝑑𝑟, and 𝑉𝑞𝑟 as control variables and the stator and rotor currents 𝐼𝑑𝑠, 𝐼𝑞𝑠, 𝐼𝑑𝑟, 

and 𝐼𝑞𝑟 as state variables, we can rewrite the system of equations based on the reference frame fixed to the 

rotating field. 

By defining: 

• 𝑇𝑠 =
𝐿𝑠

𝑅𝑠
: Stator time constant. 

• 𝑇𝑟 =
𝐿𝑟

𝑅𝑟
: Rotor time constant. 

• 𝜎 = 1 −
𝑀2

𝐿𝑠⋅𝐿𝑟
 : Blondel's leakage coefficient. 

The state vector is: 

[𝑥] =

[
 
 
 
𝐼𝑑𝑠
𝐼𝑞𝑠
𝐼𝑑𝑟
𝐼𝑞𝑟]
 
 
 
 

The state matrix 𝐴 is written as: 
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[𝐴] =

[
 
 
 
 
 
 
 
 −

1

𝑇𝑠𝜎
(𝜔𝑟 +

𝜔

𝜎
)

𝑀

𝐿𝑠𝑇𝑖𝜎

𝑀

𝐿𝑠𝜎
𝜔

−(𝜔𝑟 +
𝜔

𝜎
) −

1

𝑇𝑠𝜎
−
𝑀

𝐿𝑠𝜎
𝜔

𝑀

𝐿𝑠𝑇𝑟𝜎
𝑀

𝐿𝑟𝑇𝑠𝜎
−
𝑀

𝐿𝑟𝜎
𝜔 −

1

𝑇𝑟𝜎
(𝜔𝑟 −

𝑀

𝐿𝑠𝐿𝑟𝜎
𝜔)

𝑀

𝐿𝑟𝜎
𝜔

𝑀

𝐿𝑟𝑇𝑠𝜎
(−𝜔𝑟 +

𝑀2

𝐿𝑠𝐿𝑟𝜎
𝜔) −

1

𝑇𝑟𝜎 ]
 
 
 
 
 
 
 
 

 

The matrix 𝐴 can also be rewritten as:  

[𝐴] = [𝐴1] + 𝜔[𝐴2] + 𝜔𝑟[𝐴3] 

Thus, the state matrix 𝐴 can be expressed as: 

[𝐴] =

[
 
 
 
 
 
 
 
 −

1

𝑇𝑠𝜎
0

𝑀

𝐿𝑠𝑇𝑟𝜎
0

0 −
1

𝑇𝑠𝜎
0

𝑀

𝐿𝑠𝑇𝑟𝜎
𝑀

𝐿𝑟𝑇𝑠𝜎
0 −

1

𝑇𝑟𝜎
0

0
𝑀

𝐿𝑟𝑇𝑠𝜎
0 −

1

𝑇𝑟𝜎]
 
 
 
 
 
 
 
 

+𝜔 [

0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

] + 𝜔𝑟

[
 
 
 
 
 
 
 
 0

1

𝜎
0

𝑀

𝐿𝑠𝜎

−
1

𝜎
0 −

𝑀

𝐿𝑠𝜎
0

0 −
𝑀

𝐿𝑟𝜎
0 −

𝑀2

𝐿𝑠𝐿𝑟𝜎

𝑀

𝐿𝑟𝜎
0

𝑀2

𝐿𝑠𝐿𝑟𝜎
0

]
 
 
 
 
 
 
 
 
 

The system's control input vector is: 

[𝑈] = [𝑉] = [

𝑉𝑑𝑠
𝑉𝑞𝑠
0
0

] 

The control matrix 𝐵 is given by: 
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[𝐵] =

[
 
 
 
 
 
 
 
 

1

𝐿𝑠𝜎
0

0
1

𝐿𝑠𝜎

−
𝑀

𝐿𝑠𝐿𝑟𝜎
0

0 −
𝑀

𝐿𝑠𝐿𝑟𝜎]
 
 
 
 
 
 
 
 

 

When considering the state vector as the system's output vector 𝑌, the matrices 𝐶 and 𝐷 are: 

𝐶 = [1 1 1 1],  𝐷 = 0 

V.6. Power and Torque Equations 

In the general case, the instantaneous electrical power 𝑃𝑒 supplied to the stator and rotor windings is expressed 

as a function of the 𝑑 - and 𝑞-axis components: 

𝑃𝑒 = 𝑉𝑠𝑑𝐼𝑠𝑑 + 𝑉𝑠𝑞𝐼𝑠𝑞 + 𝑉𝑟𝑑𝐼𝑟𝑑 + 𝑉𝑟𝑞𝐼𝑟𝑞 

This power can be decomposed into three terms corresponding to the three columns of the voltage equations: 

1 Joule Losses (Dissipated Power): 

𝑃𝑗 = 𝑅𝑠(𝐼𝑠𝑑
2 + 𝐼𝑠𝑞

2 ) + 𝑅𝑟(𝐼𝑟𝑑
2 + 𝐼𝑟𝑞

2 ) 

2 Electromagnetic Power Exchange with Sources: 

𝑃𝑒𝑙𝑚 = 𝐼𝑠𝑑
𝑑Φ𝑠𝑑

𝑑𝑡
+ 𝐼𝑠𝑞

𝑑Φ𝑠𝑞

𝑑𝑡
+ 𝐼𝑟𝑑

𝑑Φ𝑟𝑑

𝑑𝑡
+ 𝐼𝑟𝑞

𝑑Φ𝑟𝑞

𝑑𝑡
 

3 Mechanical Power 𝑃𝑚, related to angular position derivatives: 

𝑃𝑚 = (Φ𝑠𝑑𝐼𝑠𝑞 −Φ𝑠𝑞𝐼𝑠𝑑)
𝑑𝜃𝑠
𝑑𝑡

+ (Φ𝑟𝑑𝐼𝑟𝑞 −Φ𝑟𝑞𝐼𝑟𝑑)
𝑑𝜃𝑟
𝑑𝑡

 

By considering the flux equations, we can further refine these expressions. 

 

The mechanical power can also be written as: 

𝑃𝑚 = (Φ𝑠𝑑𝐼𝑠𝑞 −Φ𝑠𝑞𝐼𝑠𝑑)
𝑑(𝜃𝑠 − 𝜃𝑟)

𝑑𝑡
 

Since mechanical power is also expressed as: 

𝑃𝑚 = 𝑇𝑒Ω =
𝑇𝑒𝜔

𝑃
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we derive the expression for the electromagnetic torque: 

𝑇𝑒 = 𝑃(Φ𝑠𝑑𝐼𝑠𝑞 −Φ𝑠𝑞𝐼𝑠𝑑) 

Alternatively, using the rotor flux components, we can express the torque as: 

𝑇𝑒 =
𝑃𝑀

𝐿𝑟
(Φ𝑟𝑑𝐼𝑞𝑠 −Φ𝑟𝑞𝐼𝑑𝑠) 

 

V.7. Conclusion 

The modeling of a three-phase and two-phase asynchronous machine has been demonstrated using the Park 

transformation. Then, the state-space formulation for control purposes and its representation in the form of a 

functional block diagram were also presented.   

The mathematical models of the asynchronous machine allow us to simulate the machine to obtain a model that 

closely resembles or is equivalent to the real machine, as well as to integrate appropriate control techniques. 
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