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General Notations

9, (€) order functions.
E(x) the approximation error.
F(y,y) a numerical function with respect to y et g.

= % the prime derivative of y with respect to 6.

= % the second derivative of y with respect to 6.

F, = 2& the first derivative of F with respect to .

Y oy
F,y, = %QTI; the second derivative of F' with respect to y.
Fy = %—5 the first derivative of F' with respect to .

H Hamiltonian system.

St the circle or 1 torus.
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(zeneral Introduction

The development of the theory of the influence of small perturbations on solutions of differen-
tial equations started in the eighteenth century. Since Poincaré (around 1900) perturbation
theory is flourishing again with important new fundamental insights and applications. One
of the theories which can be considered old as well as new and which is now gaining con-
siderable popularity among researchers and mathematicians in science such as mechanics is
the theory of perturbation.

In mathematics and physics, multiple-scale analysis (also called the method of multiple
scales) comprises techniques used to construct uniformly valid approximations to the solu-
tions of perturbation problems, both for small as well as large values of the independent
variables. This is done by introducing fast-scale and slow-scale variables for an independent
variable, and subsequently treating these variables, fast and slow, as if they are independent.
In the solution process of the perturbation problem thereafter, the resulting additional free-
dom introduced by the new independent variables is used to remove secular terms.

This work is divided into three chapters.

e The first chapter is devoted to basic notions and functional tools concerning dynamical

systems and the theory of perturbation used in this work.

e In the second chapter, we introduce the initial concepts and principle of some pertur-

bation methods for calculating analytic approximations with basic examples.

e In the last chapter, we introduced some definitions of analytical approximations with

time scales using previous perturbation methods with basic examples.



Chapter 1

Preliminaries

In this chapter, we introduce some fundamental notions about dynamical systems, pertur-

bation theory and time scales that we will use in chapters 2 and 3, (see |2, 3, 10]).

1.1 Background and elementary examples

In the eighteenth century one of the most important fields of application of perturbation
theory is the theory describing the motion of celestial bodies. The motion of the earth
around the sun according to Newton’s laws envisaged as the dynamics of two bodies, point
masses, bound by gravity, leads to periodic revolution in an elliptic orbit. However, with the
accuracy of measurement acquired in those times one could establish considerable deviations
of this motion in an elliptic orbit. Looking for causes of these deviations one considered the
perturbational influence of the moon and the large planets like Jupiter and Saturn. Such
models are leading to equations of motion which, apart from terms corresponding with the
mutual attraction of the earth and the sun, contain small perturbation terms. The study of
these new equations turns out to be very difficult, in fact the fundamental questions of this
problem have not been solved up till now, but it started off the development of perturbation

theory, (see [1, 4, 6]).

Example 1.1. A simple example of a perturbation arising in a natural way is the following
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problem. Consider a harmonic oscillation, described by the equation (1.1).
T+x=0 (1.1)

In deriving this equation the effect of friction has been meglected; in practice however,
friction will always be present. If the oscillator is such that the friction is small, an improved

model for the oscillations is given by the equation (1.2).
T4+et+x=0 (1.2)

The term ex is called "friction term” or "damping term” and this particular simple
form of the friction term has been based on certain assumptions concerning the mechanics

of friction.

The parameter ¢ is small:

0<e<«l1l

as will always be the case, in this chapter and in subsequent chapters. If one puts € = 0 in
equation 1.2 one recovers the original equation 1.1; we call equation 1.1 the "unperturbed

problem".

One of the interesting conclusions which we shall draw is, that in a great many prob-
lems, the introduction of small perturbations triggers off qualitatively and quantitatively
behaviour of the solutions which diverges very much from the behaviour of the solutions
of the unperturbed problem. One can observe this already in the simple example of the

damped oscillator described by equation 1.2 We shall consider some other examples.
Example 1.2. Consider the initial value problem
t=—-x+ex(0)=1 (1.3)
The solution is x(t) = € + (1 — €)e™". The unperturbed problem is
j=-yy(0)=1
The solution is y(t) = e~*. It is clear that
lz(t) —y(t)| =e—ce " <e,t>0

The error, arising in approximating x(t) by y(t) is never bigger that €.
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Figure 1.1: solution of the equation 1.3; 0 <z <1

Example 1.3. The situation is very different for the problem
&t =+z+¢e,2(0) =1
The solution is x(t) = —e + (1 + ¢)e'. The unperturbed problem is
y=+yy(0)=1
with solution y(t) = e'. We find
z(t) —y(t) =¢e|1 — €.

On the interval 0 < t < 1, the error caused by approzimating z(t) by y(t) is of the order
of magnitude €. This is not true anymore for t > 0, where the difference increases without

bounds.

In example 1.3 the solutions are not bounded for ¢ > 0. We shall show now that also in
the case of bounded solutions the difference between the solutions of the perturbed and the

unperturbed problem can be considerable. Consider the initial value problem.

Example 1.4.
i+ (14+¢)?r=0,2(0)=0,#(0) = 1. (1.4)
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The solution s

Lo

Figure 1.2: solution of the equation 1.4; 0 < x < 20

The unperturbed problem is

§+y=0,y0)=0,90) =1

with solution y(t) = sint. we should analyse the difference x(t)—y(t). The solutions are close

for a long time, but if one waits long enough, take for example t = 7/(2¢),

becomes considerable.

the difference

These examples do illustrate that in constructing approximations of solutions of initial

value problems, one has to indicate on what interval of time one is looking for an approx-

imation. In many cases we would like this interval of time to be as large as possible. We

shall introduce now a number of concepts which enable us to estimate vector functions in

terms of a small parameter ¢.
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1.2 Basic material

Consider the vector function f : R x R" x R — R"; the function f(t,z,¢) is continuous
in the variables t € R and x € D C R", ¢ is a small parameter. The function f has to be
expanded with respect to the small parameter . In the simple case that f has a Taylor

expansion with respect to € near € = 0 we have

f(t,l‘,é—f) = f(t,x,O) +5f1(t>x) +52f2(t7x) + - '5nfn<t7x) +oe

with coefficients fi, fo,--- which depend on ¢ and . The expressions ¢,2,--- &, --- are

called order functions. We shall look for an expansion of the form

N
f(ta I7€> = Z 5n(€)fn(t7 I) +o

n=0
in which 6, (g),n =0,1,2,-- are order functions, (see |2, 7]).

Definition 1.2.1. The function §(¢) is continuous and positive in (0,e0] and it has the
property that lingd(e) exists whereas §(g) is monotonically decreasing as e tends to zero; §(¢)
E—

15 called an order function.

In the case that f has a Taylor expansion, the order functions which have been used are
{"H o
Other examples of order functions on (0, 1] are
e|lnel,sine, 2, e"1/¢

Very often we shall compare the magnitude of order functions with a characterisation like
net goes faster to zero that €2*. What we mean is that we compare the behaviour of these two

order functions as € tends to zero; for this comparison we shall use the Landau O-symbols.

Definition 1.2.2. a. 0,(e) = O(d2(€)) as € — 0 if there exists a constant k such that
d1(e) < kda(e) ase — 0 b. 01(e) = 0(d2(e)) ase — 0 if

. 01(e)
I 50

=0
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Remark 1.2.1. In a number of cases the following limit exists

lim 51(8)

=k

In this case we find with the definition 61() = O (02(¢)). So if this limit exists, we have in

a simple way the O -estimate for order functions.

Example 1.5. 1. e =0(e?) ase — 0.
2. sine = O(g) as e — 0.
3. ¢|lnel =o(1) as e — 0.

In perturbation theory we usually omit ™ as € — 0" as this is always the case to be
considered. We are now able to compare functions of €, but this does not apply to vector

functions f(t,z,e). Consider for instance the function
etsinz,0 <t <1,z eR

Intuitively we would estimate et sinz = O(g) on the domain [0, 1] X R; to do this we have to

extend our definitions.

Definition 1.2.3. Consider the vector function f(t,x,e),t € I CR,x € D CR",0<¢e <
€0

a. f(t,x,e) is O(0(g)) if there exists a constant k such that || f|| < kd(e) as € — 0 with §(¢)
an order function (||.|| is the sup norrrﬁ]?ﬁz IxD).

b. f(t,x,e) is o(d(e)) ase — 0 if lg%@ 0.

In the example given above we have now
etsinz =0(),0<t<1l,z € R
Note however that the O(e) estimate does not hold for the functions

etsinx ,t>0 ,xr€R

etsinz ,t>0,2 € R.
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As we are especially interested in initial value problems for differential equations, the vari-
able t plays a special part. Often we shall study a solution or its approximation on an
interval which we would like to take as large as possible. So in these cases we shall not fix
the interval of time apriori. It turns out to be useful to characterise the size of the interval

of time in terms of the small parameter ¢.

1.2.1 Time scale

Definition 1.2.4. Consider the vector function f(t,x,€),t > 0,z € D C R", and the order
functions 01(g) and d5(¢); f(t,x,e) = O(01(€)) as € — 0 on the time scale 1/d5(¢) if the
estimate is valid for x € D,0 < §5(e)t < C with C' a constant independent of €, (see [3, 5]).

Example 1.6. fi(t,z,e) =etsinz,t > 0,2 € R.

fi(t,z,e) = O(e) on the time scale 1, f1(t,x,e) = O(1) on the time scale 1/e.
fot,z,e) = e*tsinz,t > 0,2 € R.

fa(t,z,e) = O(g) on the time scale 1/¢.

fo(t,z,e) = O (e"/?) on the time scale 1/e%/>.

We are now able to introduce the concept of an asymptotic approrimation of a function.

Definition 1.2.5. Consider the functions f(t,x,¢),g(t,x,e),t > 0,2 € D C R"; g(t,z,¢) is
an asymptotic approximation of f(t,x,€) on the time scale 1/6(e) if f(t,x,e) — g(t,x, &) =
o(1) as € — 0 on the time scale 1/§(e) Approximation of functioris will take the form of
asymptotic expansions like

N

f(t2,e) = 3 6,() fultiz,2) + 0 (3w (2))

n=0
with §,(¢),n = 0,--- , N, order functions such that 6,11(¢) = 0(d,(¢)),n =10,--- ,N — 1.
The expansion coefficients f,(t,x,e) are bounded and O(1) as e — 0 on the given

t, x-domain.

Example 1.7. fi(t,x,e) = xsin(t + et),t > 0,0 < = < 1 The function xsint is an

asymptotic approximation of fi(t,x,€) on the time scale 1.
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fo(t,z,€) = sine+e3te ™t t > 0 The function € is an asymptotic approzimation of fo(t,x, €)

on the time scale 1/¢.

1.2.2 Naive expansion
Consider the initial value problem
&= f(t,z,e), z(0) given
t >0,z € D CR" If we can expend f(t,z,¢) in a Taylor series with respect to
Ft,2,) = folt, ) + falt, ) + 2
then one might suppose that a similar expansion exists for the solution
z(t) = zo(t) + ez (t) +°- -

Substitution of the expansion in the equation, equating coefficients of corresponding powers
of € and subsequently imposing the initial values produces a so-called formal expansion of
the solution. It seems natural to expect that the formal expansion represents an asymptotic
approximation of the solution. We shall show that this is correct, but only in a very restricted

sense; first a simple example.

Example 1.8. Consider the oscillator with damping

T+2x+x=0

with initial values x(0) = a,£(0) = 0. The solution of the initial value problem is

a
x(t) = ae" cos ( 1— 62t> +e—— e “gin ( 1— 5225)
0 v S v

Ignoring the explicit solution we substitute
z(t) = xo(t) + ez (t) + &2 -
Equating coefficients of equal powers of €, we find

féo—i‘ﬂiozo

Tn+ 2Ty =—22, 1,n=1,2,---
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The wnitial values do not depend on € so it is natural to put

7,(00=0 , i,(0)=0,n=1,2,---
Solving the equations and applying the initial conditions we obtain
xo(t) = acost
x1(t) = asint — at cost, etc.
The formal expansion is
x(t) = acost + as(sint — tcost) +*- -
This expansion corresponds with an oscillation with increasing amplitude.

The formal expansion can be characterised as follows.

Theorem 1.1. Consider the initial value problem
= folt,z) +efi(t,n) + -+ fu(t,z) + ™ R(t, 2, ¢)

with x (to) =n and [t —ty| < h,x € D C R",0 < e < gy. Assume that in this domain we
have

a. fi(t,x), 1 =0,---,m continuous in t and x,(m + 1 — 1) times continuously differentiable
m x;

b. R(t,x,e) continuous in t,x and e, Lipschitz-continuous in x.

Substitution in the equation for x the formal expansion
wo(t) +exi(t) +- - +eMan(t)
Taylor expansion with respect to powers of €, equating corresponding coefficients and applying
the initial values xo (tg) = n,xz;(t) = 0,i = 1,--- ,m produces an approximation of x(t) :
|z(t) — (zo(t) + ez (t) + -+ Map(t))|| = O (™)
on the time scale 1 .

Proof: See [7]. A natural question is whether, on taking the limit m — oo, while
assuming that the righthand side of the equation can be represented by a convergent power
series with respect to e, we obtain in this way a convergent series for x(¢). This question

has been answered in a positive way by Poincaré.

10
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1.2.3 The Poincare expansion theorem

Consider the initial value problem

= f(t,x,e),x(to) =n

where we assume that f(¢,z,¢) can be expanded in a convergent Taylor series with

respect to € and x in a certain domain. The unperturbed problem is

jjO = f (t,$070)

In many applications, for instance if we are looking for periodic solutions, we do not know

precise initial conditions; we allow for this by admitting deviations of order p

z (to) = 2o (to) + p

with p a constant, at this point independent of €. We translate

to find for y

y = F(t7ya5)7y(t0) = U

with F(t7 Y 6) = f (tv Y+ $0(t), 6) - f (ta xO(ﬂ? 0)
The expansion properties of f(¢,x,e) imply that F(¢,y,c) possesses a convergent power
expansion with respect to y and ¢ in a neighbourhood of y = 0, = 0. The proof of theorem
1.1, in making use of the Lipschitz-continuity of the derivatives to order m, can be viewed as

contraction in a C"™ -space. In the subsequent proof we use contraction in a Banach space

of analytic functions.

Theorem 1.2. (Poincaré)

Consider the initial value problem 1.6 y = F(t,y,¢),y (ty) = p with [t —to| < h,y € D C
R™" 0 <e<ey,0<pu<p. If Ft,y,e) is continuous with respect to t,y and ¢ and can be
expanded in a convergent power series with respect to y and e for ||y|| < p,0 < e < &g, then
y(t) can be expanded in a convergent power series with respect to e and p in a neighbourhood

of e = p =0, convergent on the time scale 1.

Proof: See [7].

11



Chapter 2

Approximate solutions

In this chapter we shall show how to find convergent series approximations of periodic
solutions by using the expansion theorem and the periodicity of the solution. This method

is called Poincaré-Lindstedt, it is also called the continuation method, (see [3, 10]).

2.1 Periodic solutions of autonomous second-order equa-

tions

In this section we shall consider equations of the form

i+ax=cf(r,i¢e),(r,i) € DCR? (2.1)

If e = 0, all nontrivial solutions are 2w —periodic. To start with we assume that periodic
solutions of equation (2.1) exist for small, positive values of e. Furthermore we shall assume
that in D and for 0 < ¢ < ¢p, the requirements of the Poincaré expansion theorem have
been satisfied. Both the period T of the solution and the initial values (and so the location
of the solution in the phase-plane) will depend on the small parameter . This is the reason
to put

T =T(e),z(0) =a(e),#(0) =0

Note that putting £ = 0 for periodic solutions of equation 2.1 is no restriction. The

approximations which we shall construct concern solutions which exist for all time. The

12
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time scale of validity of the approximations will therefore play a part in the discussion. The

expansion theorem tells us that, on the time scale 1 ,

limz(t,e) = a(0) cost

e—0

with a(0) at this point unknown; moreover we have clearly 7'(0) = 27. In the sequel we
shall expand both the initial value and the period with respect to the small parameter .
It is convenient to transform ¢ — 6 such that, in the new time-like variable @, the periodic

solution is 2m-periodic. We transform

wt=0,w?=1—en(e)

Equation 2.1 becomes after transforming and with notation & = dx/df
ito=e|ne+(L=en)f (z.(1—en)die)] (2.2)

initial values z(0) = a(e),#(0) =0 .
We shall abbreviate equation 2.2 by
P+x=cg(x,i,en)

The initial value a and the parameter n, which determines the unknown period, have
to be chosen such that we obtain a 27 -periodic solution in # of equation 2.2. By variation
of constants we find that the initial value problem for equation 2.2 is equivalent with the

following integral equation
o
x(f) = acosf + 5/ sin(0 — 7)g (x(7),2(7),e,m) dr
0
For the periodic solution we have x(0) = x(6 + 2xw) which yields the periodicity condition
0427
/ sin(6 — 7)g (x(7),2(7),e,m)dr =0

0

Expanding sin(f — 7) we find two independent conditions

f027r sintg (z(1),%(7),e,m)dr =0

L . (2.3)
Jo costg (x(7),2(7),e,n)dr =0

13
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The periodic solution depends on e but also on a and 7, so system 2.3 can be viewed
as a system of two equations with two unknowns, a and 7. According to the implicit
function theorem this system of equations 2.3 is uniquely solvable in a neighbourhood of
e = 0 if the corresponding Jacobian does not vanish. Writing system 2.3 in the form

Fi(a,n) =0, Fy(a,n) = 0 this means that in a neighbourhood of € = 0

0 (Fy, Fy)
RS e 2 2.4
d(a,n) 24
If condition 2.4 has been satisfied, we have with the assumptions on the right-hander of
equation 2.1, that a(e) and n(e) can be expanded in a Taylor series with respect to €. From

equation 2.2 we find for system 2.3 with e =0

/27r sinT f(a(0) cos T, —a(0) sin,0)dr = 0 (2.5)
0

m™(0)a(0) + /0 ' cos 7 f(a(0) cos T, —a(0)sin7,0)dr =0

Applying 2.4 to system 2.5 we find the condition (notation : f = f(x,y,¢) )

a(0) /027r {5 sin 27'%(@(0) cos T, —a(0) sinT,0)+ — sin Tg—ch(a(O) cosT,—a(0)sinT,0)| dr # 0
(2.6)

Remark 2.1.1. If ¢ = 0, all solutions of equation 2.1 are periodic. Condition 2.4 and
consequently condition 2.6, is a condition for the existence of an isolated periodic solution
which branches off for € > 0. If, however, there exists for ¢ > 0 a continuous family of
periodic solutions, a one-parameter family depending on a(e), then condition 2.4 or 2.6 will
not be satisfied. If we know apriori that this family of periodic solutions exists, then we
can of course still apply the Poincaré-Lindstedt method. In this respect we should study the
equation

T+z=cf(x).

We conclude that if condition 2.4 has been satisfied, the corresponding periodic solution

of equation 2.2 can be represented by the convergent series

z(0) = a(0) cos b + Z " (0) (2.7)

n=1

14
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in which 6 = wt = (1 — en) 2t while using the convergent series

a= Ze”an,n = Ze”nn,x(o) = a(0) + Ze"%(()),o <e<¢g

The expansions of T'(¢) and a(e) which we used in the beginning of the construction have
been validated in this way. We shall now demonstrate the construction of the Poincaré-

Lindstedt method for an important example.

Example 2.1. (van der Pol equation)
We showed that the equation
éc'—i-x:g(l—a:Q)x'
has one periodic solution for all positive values of €. We take € small and we put again
wt=0,w 2 =1—¢en(e)
so that the van der Pol equation transforms to
i+a=clnr+(1—en)'?(1—2?) d] (2.8)

with ©(0) = a(e),(0) = 0. We can determine a(0) and n(0) with the system of equations
2.5. We find
1a(0) (1 = 1a(0)?) =0
1(0)a(0) =0
with non-trivial solutions a(0) = 2,n(0) = 0 (putting a(0) = —2 doesnot yield a new periodic

solution). Condition 2.4 has been satisfied. To determine the terms of the series 2.7 sys-
tematically, we substitute the series with its derivatives into equation 2.8. Collecting terms
which are coefficients of equal powers of € produces equations for the coefficients v, (6). Then
we apply the periodicity condition; this is aequivalent to using system 2.3 where g has been
expanded with respect to powers of €. We write

x(0) = agcos O + ey, (0) + 2y (0) + - - -

i(0) = —agsin @ + ey, (0) + 24,(9) + - -+ etc.

to find after substitution

1
Y1+ 1 = agno cos B + ag <Z—lag — 1) sin 6+ (2.9)

15
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1

Zag sin 36
The solutions of equation 2.9 are periodic if ag = 2,19 = 0. The general solution of the
equation 1s

3
7(0) = Ay cos@ + By sinf — g—;sini’s@

From the initial conditions we have B; = g%ag,Al = ay; in the next step a; will be deter-
mined. In the literature this process of applying the periodicity condition is sometimes called
™ elimination of the secular terms”. The term "secular"” originates from celestial mechanics
and refers to terms which are unbounded with time; we have met with such terms in section

1.3. Putting ag = 2 we find
3 . 1.
71(0) = ay cosf + —sinf — —sin 30
4 4
The equation for o is

Yo+ Y2 = (2771 + }L) cos + 2ay sin @ + 3aq sin 30+ (2.10)

—32 cos 30 + 2 cos 56)

The periodicity condition yields (2771 + }1) = 0,a; = 0, which determines v,(0) completely.

The general solution of equation 2.10 is

72(0) = Ay cos @ + Bysinf + 1%(:0836 — %00859

From the initial conditions we have By = 0, Ay + % = a9; in the next step ao will be

determined. The equation for ~ys is

. 1\ . 9\ . 35 . 7.
Y3 + 3 = 2n9 cos O + (2A2 + Z) sinf + (3A2 — 3—2) sin 360 + 21 sin 50 — ﬁsm 76 (2.11)

Note that the equations for v, are all linear. This is in agreement with remark 1.2. The
periodicity condition produces ns = 0,2A5 + }L = 0 which determines as. Using the relation
w?2=1—eny—e%m — 3y — -+ we find

w=1+ 15770 + & (1771 + §n§) + & <1772 + §7]0771 + Ené’) + -
2 2 8 2 4 48
For the period we have
T=2% =21 (1—gen—e (5m+5m) — & (5 + jmom+
i)+
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For the van der Pol equation we find with nyg = 0,m; = —%,772 =0:

w=1-:e?+0 (")
T =27 (14 15e?) + O (¢*)

The approximation of the periodic solution of the van der Pol equation to accuracy O (%)

2(0) =2cosf +e {3sinf — ;sin30} +
e3 {—1cosf + 2 cos 30
a6 CoS 59} + &3 {A3 cosf — 25 256

— 2 sin 50 + L= sin 70} + O (¢*)

(2.12)

5 sin @ + = sin 360

in which 0 = (1 — L&2t) ; the O (e*) estimate is valid for 0 < < 27 and 0 < e < g We
note that g s the radius of convergence of the power series with respect to € of the periodic
solution. It is not so easy to compute this radius of convergence as we need for this the
explicit form of the coefficients for arbitrary n (or the ratio of subsequent coefficients). In
expression 2.12 there is a still unknown coefficient As, which can be computed when applying
the periodicity condition to the solution of the equation for ~,. Andersen and Geer (1982)
used a computer program which formally manipulated the expansions; they calculated the

expansion of w to O (') . Their result to O (¢'°) is

_ L 174 6 _ 678899 8
w=1- 3"+ et + 55" — soosoreseac T (2.13)
28160413 10 4 ’
2293235712000
The computations suggest a radius of convergence €y = v/ 3.42 which is rather large.

In the next section we shall improve the validity of the approximations for periodic

solutions strongly.

2.2 Poincaré-Lindstedt method

2.2.1 Introduction

This section presents the simplest and perhaps one of the most useful of all approximation
methods: the expansion of a solution to a differential equation in a series in a small param-

eter. This technique is known as the perturbation method, (see [8, 9]). It will be used to
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construct uniformly valid periodic solutions to second-order nonlinear differential equations
of the form ,

%—Fy:eF(y,%), €e>0 (2.14)
where € is a small positive parameter and, in general, F'is assumed to be an analytic function
of y and dy/dt. The starting point for the perturbation method is the assumption that a
periodic solution to Eq. (2.14) can be written as

n

y(t,e) = Z "y (t) + O (") (2.15)

m=0
In general, this series is an asymptotic expansion. The original justification for this ex-

pansion was given by Poincaré [3].

The general procedure is to substitute Eq. (2.15) into Eq. (2.14), expand in powers of ¢,
and set the various coefficients of the powers of € equal to zero. This leads to a set of linear
inhomogeneous differential equations that can be solved recursively.

To illustrate the method, consider the following nonlinear differential equation:

pe

) 3 _
@+y+ey =0 (2.16)

Examination of the first-integral shows that all its solutions are periodic. The substitu-
tion of Eq. (2.15) into Eq. (2.16) gives
d*yo d*y 2 Yo
(W e T T
+otep+Ep+)+e(yoten+Ep+o-) =0,

and
d*yq d*y 3 2 d*ys 2
(W—F?JO + € W%—ymtyo +e€ W‘FQQ‘ngoyl +---=0
Setting the coeflicients of the various powers of € to zero leads to the following system

of linear differential equations;

d*yo

W +yo = 0 (2.17)
d2y1 3
e +y = -y (2.18)
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d2y2 2
e T= =3yt
dzyn
dt?

where F), is a cubic polynomial function of its arguments. Note that this system of equa-

_'_yn:Fn(yanla-"?yn*l)

tions can be solved recursively, i.e., the determination of y; involves only knowledge of the
functions y,, for 0 < m <k —1

To solve these equations, initial conditions have to be selected. The choice

dy(0)
y0) =4, —
gives
yo(0) =A, fori>1

dyx(0) __
=0 fork>0

(2.19)

The solution to Eq. (2.17) is
yo(t) = Acost

Substituting this result into the right-side of Eq. (2.18) gives

d? A3 A3
it +y = —yS’ = — (BT) cost — (I) cos 3t.

The particular solution to this equation is

A3 3A4%Y\ .
yl(t) = <3—2) cos 3t — (?> tsint.

Consequently, the complete solution is

A3 3A3
y1(t) = Cycost + Cysint + (3—2) cos 3t — (?) tsint

The initial conditions, as specified by Egs. (2.19), allow the arbitrary constants C; and
Cy to be determined; they are C; = (—A3/32) and Cy = 0, and y; (¢) is

A3 343N\ .
y(t) = (3—2> (cos 3t — cost) — (T) tsint

Thus, to order ¢, the "solution" to Eq. (2.16) is
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3

y(t,e) = Acost + € (%) [(cos 3t — cost) — 12t sint] (2.20)

However, inspection of Eq. (2.20) shows that y;(t), the supposedly small correction term
to the periodic function yy(t), is not only nonperiodic, but, in addition, is unbounded as
t — oo. Thus a direct, naive application of Eq. (2.15) leads to serious difficulties if the
goal is to calculate analytic periodic approximations to the solutions of nonlinear differential

equations of the form given by Eq. (2.14).

2.2.2 Secular Terms

The calculations of the previous section show that using a solution of the form given by
Eq. (2.15) does not give an analytic periodic approximation to the actual periodic solution
of Eq. (2.21) if only a finite number of terms are retained. The resulting approximation is
aperiodic and becomes unbounded as t — oo. This lack of periodicity comes about because
even if y(t) is periodic in ¢, the retention of only a finite number of terms, in its expansion,
can give a function that is not periodic. For example, consider the function sin(1 + €)¢. Its

expansion in terms of € is
€2t?
sin(1 + €)t = sint + et cost — (T) sint 4 - -- (2.21)

It is seen that the retention of a finite number of terms on the right-side of Eq. (2.14) gives
a function that is not only aperiodic, but, is unbounded as t — oc.

Terms such as t™ cost or t" sin t are called secular terms. These expressions arise because
the expansion of Eq. (2.15) is nonuniformly valid.
In actual applications, a variety of time and/or calculational considerations force the use
of only a small number of terms for inclusion in the perturbation expansion. Therefore,
to construct a uniformly valid solution, an approximation is needed that eliminates secular
terms.

A technique to avoid the presence of secular terms was developed by Lindstedt . Later,
Poincaré proved that the expansions obtained by Lindstedt’s technique are both asymptotic

and uniformly valid,(see [2, 7, 8, 10]).
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2.2.3 Poincaré-Lindstedt Method

The essence of this method consists in the introduction of a new independent variable
that is linearly related to the old independent variable [1,2]. This transformation allows
the secular terms to be eliminated systematically. The fun- damental idea came from the
astronomer Lindstedt and is based on the observation that one of the consequences of
the nonlinear terms in Eq. (2.14) is to change the frequency of the linear system from
wo = w(0) =1 to w(e) # 1. To account for this change in frequency, a new variable 6 = wt
is introduced, and both y and w are expanded in powers of € as follows:

y(0,€) = yo(8) + ey (6) + -+ + €'y (6) + - - (2.22)

wle)=14en + - +€w, +---

where, at this point, the w; are unknown constants. Introduce the following notation:

.:@ ":@

Y=w Y=
. _ OF(y,9) _ 0F(y,9)
Fy(y,y) - ay 9 Fy = ay .

If Egs. (2.22) are substituted into Eq. (2.14) and the coefficients of the various powers of €

are set equal to zero, then the following equations are obtained for the y, :

Yo+yo =10

1+ y1 = —2widio + F (Yo, %o)

o + Y2 = —2wiih — (Wi + 2w2) Gio + F (o, %0) 11 (2.23)
FFy (90,d0) @igo +61),

yn + Yn = GTL (907917 v 7?Jn—1§3]071]17 .. -yn—1>

If F is a polynomial function of y and dy/dt, then G, is also a polynomial function of its
arguments.

The periodicity condition for the new variable 6 can be expressed as

y(0) = y(0 + 2m) (2.24)
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The corresponding conditions for the y,(0) are
Yn(0) = yn(0 + 27) (2.25)

If Eq. (2.22) is to be a periodic solution of Eq. (2.14), then the right-sides of Eq .(2.23)
, must not contain constant multiples of either sin # or cos #; otherwise, secular terms would
exist. Therefore, if y,(0) is to be periodic, then two conditions must be satisfied at each step
of the calculation. This means that two free parameters are needed. Detailed examination
of Egs. (2.23) shows that one of the constants is w,. The only other place where a second
constant can be introduced is from the initial condition on ¥, _;. This implies that the initial

conditions take the form:

y(0) = Ay + €A + €Ay + -

dy(0)
— =0 (2.26)

where the A,, are, a priori, unknown constants. Thus, the periodicity requirement forces
the right-side of Eq. (2.23) to have a term linear in w; and, generally, another term nonlinear
in Ap. These two terms are expressions involving sin # and cos . Consequently, by setting
the coefficients equal to zero for the elimination of secular terms, both w; and Ag can be
determined. Likewise, for n > 2, the periodicity condition on ¥, () gives a pair of equations
for w, and A,_;. Again, the elimination of secular terms allows both w, and A, _; to be
determined. At any given step in

the calculation wy,, A,,—1, and y,(f) can be simultaneously determined. In this way, a
uniformly valid periodic approximation to the periodic solutions of Eq. (2.14) can be found.

There does exist a situation for which the preceding analysis can be simplified. This
occurs when the function F(y,dy/dt) is an even function of dy/dt. For this case, y(t) can

be chosen to be an even function of ¢ by using the initial conditions

_ dy(0) _
y(0) =4, —==0 (2.27)

Consequently, both y(6) and y, () are even functions of §. Thus, the right-sides of Eq.

(2.23) contain no term insin @ . For this situation, only one
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free parameter w, is needed to ensure that there is no term in cosf. This result implies

that Egs. (2.26) become

dy(0)
de

where Ay = 0 for £ > 1. In summary, the (n + 1) th approximation to the solution of

y(0 =0) = A= A, =0

Eq. (2.14) according to the Poincaré-Lindstedt perturbation method is given by

n

y(0,¢) = Z "y (0) + O (") (2.28)

m=0
where

0 =wt= [1—|—ew1+---+enwn+0(e”+1)}t

The expansion given by Eq. (2.28) is an example of a so-called generalized asymptotic series.

2.2.4 Examples

Example 2.2. The van der Pol equation is

dQQ o Ay
Y —c(1-)Y 2.99
a2 tv=c(l-v) oy (2.29)

The initial conditions to be used are given in Eq. (2.26). For this equation, F =
(1 — y?)dy/dt. Substitution of this function into Eqs. (2.23), and ( 2.22 ) gives

Jo+yo=0, 5(0)=Ao, %o(0) =0, (2.30)
i1 +y=—2wio+ (1 —9) %, n(0)=A4;, 5(0)=0, (2.31)
Jo + Yo = —2w1fn — (Wi + 2w2) o — 2Y0¥1%0 (2.32)
+ (1 =95) (I +witn), 2(0) = Az, 5(0) =0
The solution to Eq. (2.30) is
yo(0) = Agcosb. (2.33)

Substituting Eq. (2.33) into Eq. (2.31) and simplifying the resulting expression gives
A2 A3
i 4+ 11 = 2wy Ag cos b — Ay (1 — ZO) sin @ + (ZO) sin 360
Elimination of the secular terms gives

A() = 2, W1 = 0 (234)
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and
3

) A '
i+ y1 = (30) sindf,  (0) = A1, 9:(0) =0.

The solution to this equation is
1 : :
y1(0) = Ay cosf + (Z) (3sinf — sin 36) (2.35)
Substitution of Egs. (2.33),(2.34), and (2.35) into Eq. (2.32) gives
. 1 . 3 , 5
o + yo = | 4w + 1 cosh +2A;,sinf — 3 cos 30 + 3A; sin 30 + 1 cos 5.

The requirement of no secular terms gives the following results:

1
Al = 0, Wo = —E
. 3 5
Yo + Yo = — (§> cos 30 + (Z) cosbl, y2(0) = As, (2.36)
42(0) =0

The solution to Eq. (2.36) is

1 1
y2(0) = (A2 — 9—2) cos 0 + (%> (18 cos 30 — 5 cos bb)

Continuing this procedure, it can be shown that to terms of order ¢, Eq. (2.29) has the

periodic solution

|

y(0,€) = 2cos b + (

i}

) (3sinf — sin 360)
2

mﬁ’;

=]
D

) (—13cos 6 + 18 cos 30 — 5cos 50) + O (€°)

where 6 = wt and

62

w(e)zl—ﬁ+0(e3)

This isolated periodic solution is a limit cycle.

Example 2.3. The mixed parity differential equation
2

d-y 2 3
ﬁ+y+ay + By’ =0 (2.37)
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Let the initial conditions be
y(0) = A, dy(0)/dt =0,
and introduce, for small amplitude oscillations, the scaling variable €, i.e.
Y = €x (2.38)

where

0<exl, z=0()

Writing the first of the initial conditions as
y(0) =A=ea

the following results are obtained for x(0) and dz(0)/dt :

dz(0)
0) = =0
by Substitution we have
d2
d_tf +a+er? + B =0 (2.39)

Transforming from the independent variable t to the new variable 6, where
0 =w(e)t =1+ ews + wy + O (&%) (2.40)
allows z(t) to be expressed as
2(0,€) = xo(0) + ex1(0) + 222(0) + O (€°) (2.41)
Substituting Eqs. (2.40) and (2.41) into Eq. (2.39), and using the notation, ©(0) =

dx/df and i(0) = d*x/db?, the following equations are obtained for xo(0),x1(0), and z5(6)

f'o +x9 = O,
.. o .. 2
T1+x1 = 2w T — ax
.. - _9 (92 2\ = 9 B 3
To + o = —2w1 01 Wy + wy) Zo axory — Py,

where these equations should satisfy the initial conditions:
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The solutions to these differential equations are
zo(f) = acosd

2
x1(0) = (%) (=3 4 2cos 6 + cos 20)

3 2 2 2
19(0) = (%) {—oﬂ (%) cos 0 + (%) cos 20 + (20{3—;35> Ccos 30}

93 — 10a2) 2

w1 =0, w2:( 7

Putting all of these results together gives

2

x(6,€) = acosf + ¢ (%) [—3 + 2 cos 0 + cos 20]

3 17402 —
+ ¢ (%) {—ag + (7042782w) cos

2 2
+ (%) cos 20 + (20[3——536> CoS 391 + O (63)

where 0 = wt and
98 — 1002
— 1 2 2 3
wle) =1+e€ (—24 )a +0 (€%)

In terms of the original variable y = ex, the last two expressions can be rewrit- ten, using

A = ea, to the forms:

2

y(0,A) = Acosf + (%) [—3 4 2 cos 0 + cos 20|

A3 17402 — 2
+ (?) [—oﬂ + (—7 a288 7B) cos 6

2 2
+ <%) cos 260 + (2&3—;35) coS 39] + 0 (A3) ,
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w(A) =1+ A® (95_2—4100‘2> + 0 (4%)
where
0<AK1
2.3 Averaging method
In this section we consider the equation
T+ax=cf(x,i) (2.42)

If e = 0, the solutions are known: a linear combination of cost and sint. We can also
write this linear combination as

10 cos (t + o)

The amplitude rq and the phase 1)y are constants and they are determined by the initial
values. To study the behaviour of the solutions for € # 0, Lagrange introduces "variation of
constants". One assumes that for € # 0, the solution can still be written in this form where
the amplitude r and the phase ¢ are now functions of time. So we put for the solution of
equation (2.42)

x(t) = r(t) cos(t + (1)) (2.43)

x(t) = —r(t) sin(t + (1)) (2.44)

Substitution of these expressions for z and # into equation (2.42) produces an equation

for r and 1
—Fsin(t + ) — rcos(t +1)(1+ ¥) + rcos(t + 1)) =

=ef(rcos(t +v), —rsin(t + ¢))

or

— 7sin(t 4+ ) — rcos(t + ) = ef(rcos(t + o), —rsin(t + 1)) (2.45)

Another requirement is that differentiation of the righthandside of equation (2.43) must

produce an expression which equals the righthand side of equation (2;44). So we find

i cos(t 4 1) — rsin(t 4+ 1)(1 + ) = —rsin(t + )
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or

i-cos(t + ¥) — ¢rsin(t + ) =0 (2.46)

Equations (2.45) and (2.46) can be considered as two algebraic equations in 7 and );

the solutions are

7= —esin(t + ) f(rcos(t + 1), —rsin(t + 1))

) = —; cos(t + ) f(rcos(t + ), —rsin(t + ¢)) (2.47)

The transformation 2.43 — 44 x , & — r, 1 presupposes of course that r # 0; in problems
where 7 (ty) = 0 we have to use a different transformation. The system of differential

equations (2.47) is supplied with initial conditions, for instance at to = 0 determined by

x(0) = r(0) cos ¥(0)
#(0) = —r(0) sin(0).

The reasoning of Lagrange is now as follows. The righthand sides of system (2.65) can be

expanded in the form

elgo(r,v) + g1(r,) sint + hy(r, ) cost + .. ]

where the dots represent the higher order harmonics g, (r,v) sinnt and h,(r,1) cosnt n =
2,3, ... So this is what we are calling nowadays a Fourier expansion of the righthand sides.
According to equations (2.65) the variables r and v change slowly with time; the contri-
bution of these changes is, averaged over the period 27, zero, except for the term go(r, ).
So we omit all the terms which have average zero and we solve the simplified system of
differential equations.

The idea of averaging is so natural, that for a long time the method has been used in many

fields of application without people bothering about proofs of validity.

A survey of the theory of averaging and many new results can be found in [2|. We

conclude this introduction with an explicit calculation.

Example 2.4. Consider the equation for a nonlinear oscillator with damping

it+z=c(-2+27) . (2.48)
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Figure 2.1: solution of the equation 2.48; 0 < x < 20

The trivial solution is asymptotically stable. We shall apply the method of Lagrange.
Transformation 2.43 — 44 yields
P = —ersin®(t + ) — ersin(t + ) cos?(t + )
Y = —e cos(t + ) sin(t + ) — er cos®(t + )
The righthand sides are 2w -periodic in t. We average now over t, keeping r and ) fized.

The result is
1

Ta = —58711,% =0
with index a to indicate that we approximate r and v by r, and 1,. The averagec equations
are very easy to solve:
ra(t) = r(0)e” 2, () = $(0)
As an approzimation of x(t) we propose

2q(t) = r(0)e~2% cos(t + 1(0)) (2.49)

For which initial values does expression 2.49 appear to be a reasonable approxi mation

of the solution (see figure 2.1 for the phase-plane of equation 2.48)?
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2.3.1 Lagrange standard form

In proving the asymptotic validity of the approximations one usually starts off with a slowly
varying system like equation 2.47. Here we show how to obtain such equations by the

method of "variation of parameters". Consider for z € R"™,t > 0 the initial value problem
T=A(t)r +eg(t,x),z(0) = o (2.50)

A(t) is a continuous n X n -matrix, g(¢,z) is a sufficiently smooth function of ¢ and x. The
unperturbed (¢ = 0) equation is linear and it has n independent solutions which are used

to compose a fundamental matrix ¢(t). We put
r=®(t)y (Lagrange)

In mechanics this is called sometimes "introducing comoving coordinates". Substitution in
equation (2.50) produces
Dy + Oy = A(t)Py + eg(t, Dy)
and as ® = A(t)® we have
Oy = eg(t, Py)
Equations (2.45-46) are a special case of this vector equation. We solve for ¢ by inverting

the fundamental matrix:
g =ed ' (t)g(t, (t)y) (2.51)

The initial values follow from

di=1,....n (2.52)

with W (t) = |®(¢)|, the wronskian (determinant of ®(¢)); W;(t,y) is the determinant of the

matrix which one obtains by replacing the i*" column of ®(¢) by ¢. standard form is

Y= €f(t,y)
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Remark 2.3.1. The unperturbed equation in the case of equation (2.50) is linear; this
facilitates the variation of parameters procedure. If the unperturbed equation is nonlinear
the variation of parameters technique still applies. In practice however there are usually

many technical obstructions while carrying out the procedure.
Example 2.5. Consider the equation
i+ wir =eg(t,x, 1) (2.53)

with constant w > 0. We have some freedom in choosing the transformation to the stan-
dard form as there are several representations of the solutions of the unperturbed problem.

We start with an amplitude-phase transformation

x(t) = r(t) cos(wt + (t))

(2.54)
2(t) = —r(t)wsin(wt + P(t))
We find the equations
L sin(wt + ¥)g(t, r cos(wt + V), —rw sin(wt + 1))
_ “ (2.55)
Y = —— cos(wt + ) g(t, r cos(wt + V), —rwsin(wt + 1))
wr
Another possibility is to use the transformation
t
x(t) = y1(t) coswt + 210 sinwt
w (2.56)
i(t) = —wyi (t) sin wt + yo(t) cos wt
We find the equations
v = — S sinwtg(t, 2(t), 2(t)) (2.57)

Yo = e coswtg(t, z(t), z(t))
In g the expressions for x(t) and ©(t) still have to be substituted. Equation (2.53) can be
treated both with the standard form (2.55) and the standard form (2.57). It turns out that

the explicit form of the righthand side €g(t, x, %) determines which choice is the best one.

2.3.2 Averaging in the periodic case

We shall now consider the asymptotic validity of the averaging method. Consider the initial

value problem

i =cf(t,x) +e%g(t,z,¢),2(0) = 29 (2.58)
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We assume that f(¢,z) is T -periodic in ¢ and we introduce the average

P =5 [

In performing the integration y has been kept constant. Consider now the initial value

problem for the averaged equation

g =2ef"(y),y(0) = w0 (2.59)
The vector function y(t) represents an approximation of z(t) in the following way :

Theorem 2.1. Consider the initial value problems 2.58 and 2.59 with x,y,xo € D C R",t >
0 Suppose that

a. the vector functions f,g and Of/0x are defined, continuous and bounded by a constant
M (independent of € ) in [0,00) X D;

b. g is Lipschitz-continuous in x for x € D;

c. f(t,x) is T -periodic in t with average f°(x);T is a constant which is independent of €
d. y(t) is contained in an internal subset of D.

Then we have x(t) —y(t) = O(e) on the time scale 1/¢.

Proof: See [7].

Example 2.6. Consider the autonomous equation
T+x=cf(x,i) (2.60)

with given initial values. Transforming x,& — r, ¢ with (2.43 — 44) we obtain the equa-

tions
7= —esin(t + ) f(rcos(t + 1), —rsin(t + 1))

= —£ cos(t + 1) f(rcos(t +1p), —rsin(t + 1))

The righthand side is 2w -periodic in t; while averaging v is kept constant, so for the aver-

(2.61)

aging process the system can also be considered to be 2w -periodic in t + 1. With s =t +
we find

2

sin(t + ) f(r cos(t + 1), —rsin(t + ¢))dt =

27 Jo
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o [T sin(t + ) f(rcos(t + ), —rsin(t +))dt =

= $ﬂ+w sinsf(rcoss, —rsins)ds = fi(r)
Because of the 2w -periodicity of the integrand, fi(r) doesnot depend on ). In the same way
we find o

cos(t 4+ 1) f(rcos(t + ), —rsin(t +1))dt = fo(r)

27 Jo

An asymptotic approximation rq, ), of v, can be found as solutions of

To = —cf1(r4),74(0) = 7r(0)

. (2.62)
Yy = _ifZ (Ta) ?¢a(o) = w(o)

As 1, 1s not present in the righthand sides, the order of the differential equations to
be solved has been reduced to one. We apply this to a standard example, the van der Pol-
equation

i+r=c(l—-2%) .
Using the formulas in appendiz 3 we find

1 1,

T = 587“(1 <1 - Zra> 7¢a =0 (263)

Taking r(0) = 2 we have r,(t) = 2,t > 0 (critical point of the first equation in 2.63).
Using averaging we find with r(0) = 2,1(0) = 0

x(t) = 2cost + O(e) on the time scale 1/e

Figure 2.2: solutions of the equation 2.60
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By the averaging method we find moreover an approximation for the other solutions by
solving equations (2.63) :
r(0)e2¢
1
1+ 113 (et —1)]2

a(t) = ¥(0)

rq(t) =

As x4(t) = 14(t) cos (t + 1,(t)) we find that with increasing time t, the solutions approach

the periodic solution. In figure 2.2 we have presented the phase-plane in the case € = .1.

Example 2.7. Consider the Mathieu-equation
Z+ (1+2ecos2t)r =0 (2.64)

with initial values x(0) = w0, %(0) = 0. Equation (2.64) models linear oscillators in
engineering which are subjected to frequency modulation. We apply the transformations

from example 2.5 with g = —2¢ cos(2t)x and w = 1. Introducing the

amplitude r and phase 1), the averaged equations become rather complicated. In equa-

tions like this it is more convenient to use transformation (2;56)
x(t) = y1(t) cost + ya(t) sint
(t) = —y1(t) sint + yo(t) cost
which leads to

U1 = 2esint cos 2t (y; cost + yosint),  y1(0) = xg
o = —2ecostcos2t (y; cost + yosint), y2(0) =0

The righthand side is 27 -periodic in t. We find for the averaged equations :

1 1

'a:__e aa'a:__e a
n 2y2 Y2 2y1

We solve these linear equations while imposing the initial values with the result

An O(e) approximation of x(t) on the time scale 1/¢ is
1 —Let : 1 Let :
xq(t) = S%oe”? (cost +sint) + S%oe? (cost — sint)

If ¢ = 0, the solutions of equation 2.64 are all stable.
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Chapter 3

Approximate solutions with time scales

A standard time is a specification for measuring time: either the rate at which time passes,
points in time, or both. An example of a standard type of time could be a time scale, which
defines a way to measure divisions of time. The civil time standard can specify time and

intervals.

3.1 Approximation of periodic solutions on arbitrary long

timescales

When analysing a periodic solution of an equation with the Poincaré- Lindstedt method, the
period and the other characteristic quantities (amplitude, phase) can be approximated with
arbitrary good precision. One of the consequences is that we can find approximations which
are valid on an interval of time which is much longer than the period. We shall illustrate
the ideas again for equation 2.1 which has been discussed in the preceding section. In other
problems where the Poincaré Lindstedt method is being used, we can follow an analogous
reasoning. In the x, & -phase plane of equation 2.1, the T" -periodic solution corresponds with
a closed orbit; this also holds for the approximation to order ¥ which we have constructed.
During an interval of time of length 1", the phase points corresponding with the periodic
solution and the approximation are "V -close, we have almost synchronisation. After a longer
period of time however, the phase points of the periodic solution and the approximation

will separate more and more. We shall make this precise. It follows from w2 = 1 — en(e)
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Approximate solutions with time scales

that w can be expanded in a power series, which is convergent for 0 < ¢ < g :

w=1+ i&?”wn
n=1

We now introduce the quantities
On = (1+cwi +wa+ ... +eNwy) t

and

2 (0) = agcos 0+ ev1(0) + e272(0) + ... + eMyur(0).

Note that in the Poincaré-Lindstedt method one has M = N and the algorithm produces
xy (On) which is an O (5N H) approximation of the periodic solution on the time scale 1.
We shall demonstrate that the problem of "almost synchronisation" can be discussed on a

longer time scale by considering M # N. We shall use
2(0) — za (On) = 2(0) — 2 (On) + 2 (On) — 227 (ON)
and by application of the triangle inequality
12(0) = xar (O8] < [l2(0) — 2 (On)]| + [l (On) — 200 (O8] - (3.1)

The function z(f) is continuously differentiable, so, for e sufficiently small, z(0) is

Lipschitz-continuous in # with Lipschitz-constant L. So we have

o
E e™wy,

[2(0) — 2 (On)| < L0 —On| = L t
n=N+1
Furthermore it follows from the expansion theorem that
z(On) — 2 (On) = Y €™ (On)
n=M+1

with bounded coefficients 7,. Using these results, the estimate 3.1 becomes

Z e"wr, Z "y, (ON)

n=N-+1 n=M+1
=0 (N*) + O (M)

[2(0) — xar (On)]| < L t+

(3.2)
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For M = N and 0 <t < T we recover the results of section 2.1 from 3.2. However with

M =N —1 wefind for 0 < et <T ||2(0) — zn_1 (On)]| = O (V) on the time scale 1/e.
We also find ||2(8) — zn_2 (On)] = O (¢V~') on the time scale 1/e2,

The approximations and their corresponding accuracy can be summarised in table 2.1.

time scale \ accuracy | o(g) 0(g?) o(g?)

0<t<T ag cos By | agcosby + vy (01) | agcos by + ey (02) + €272 (6)

0<et<T agcos 0y | agcosby + vy (02) | agcosbs + ey (03) + €279 (63)

0<e?t<T agcos by | agcosfs + ey (03) | agcosly + vy (04) + €2y (04)
Table 2.1

In the table we have 0y = t,0; = (1 + cwy) t, 0y = (1 + sw; + £%ws) t, etc. The first row
represents the convergent power series expansion which produces approximations, valid on
the time scale 1. The subsequent rows in the table contain asymptotic approximations which
are valid on a longer time scale.

We shall substitute the expressions in the table which apply to the periodic solution of the

Van Der Pol equation &+ z =¢ (1 — 2?%) i :

Table 2.2 Periodic solution Van Der Pol equation

time scale \ accuracy | o(¢) o0(g?) o(g%)
0<t<T 2cost 2cost +evi(t) | 2cosby + ey (02) + 2y, (602)
0<et<T 2cost | 2cosBy + vy (0) | 2cosby + e7v1 (02) + €22 (02)
0<ext<T 2080y | 2cos0y + evy (02) | 2cos 0y + ey (04) + €272 (64)
in which ) ) e
Oy =(1——=e?)t,0,=1— —e*+ —¢*
2 ( 168) i 16~ " 30m2°
3 . 1 .
7 (0) = Zsmé’ ~ 1 sin 360
1 3 5
v2(0) = ~3 cosf + 1 °0 30 — g6 0 56

1 5
T=2r(14+—e®— —¢
7T<+16€ 3072° )
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Those approximations which are valid on the time scale 1/¢ .

Using the expansion, computed by Andersen and Geer (1982) which contains the expansion
coefficients of w to order £!%, we can approximate the periodic solution on a very long time
scale. Take for instance N = 10. The function 2 cos ;9 with

(1 _ 1.2, 17T 4 35 6 678899 _8 28160413 _10
010 = (1 165" T 30m° T 884736 — 5006079360C T 2293235712000° )t

approximates the periodic solution of the van der Pol equation with accuracy O(e) on
the time scale e 10, If for instance € = 0.1, the validity is on an interval of time of the order

1019 periods.

3.1.1 Periodic solutions of equations with forcing terms

The theory of nonlinear differential equations with inhomogeneous time-dependent terms,
which represent oscillating systems with exciting forces, turns out to be very rich in phenom-
ena. Here we consider only an important prototype problem, the forced Duffing-equation.
This equation models many problems involving a nonlinear oscillator with damping and

forcing. The forced Duffing-equation will be considered in the form
i +epd +x — ex® = ehcos wt (3.3)

with constants 1 > 0 and h > 0; the forcing has a frequency which is near to 1 (a period

which is near to 27 ) so we may put
w?=1—¢p

with 8 a constant independent of £. We shall look for solutions of equation 3.3 which are
periodic with the period 27 /w of the forcing term. Note that when studying autonomous
equations, the period is not determined apriori . Also, when studying autonomous equations,
this enables us to put ¢» = 0 for the phase 1 in those cases without loss of generality. In the
case of equation 3.3 we have not the translation property so it is reasonable to introduce a
phase . We put

wt=0—1
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which, with dz/df = &, transforms equation 3.3 to

T4z =cg(x,&,9,0,¢)
=zfz — ep(l — £B)2i + £(1 — eB)a’+ (3.4)
+e(1 —ef)hcos(0 — )
We shall look for 27 -periodic solutions of equation 3.4 with initial values x(0) =

a(e),#(0) = 0; this problem is equivalent with looking for 27 -periodic solutions of the

integral equations

2(0) = acosf + ¢ foe sin(0 — 7)g (z(7), 2(7),9, 7, ) dr
#(0) = —asinb + ¢ [ cos(6 — 7)g (z(7), #(7), 9, 7,€) dT

The periodicity condition becomes

/0 Wsin g (x(7), (1), ¥, T,8) dT = 0,/0 ’ cosTg (x(71), (1), ¢, T,)dT =0 (3.5)

Apart from e, the periodic solution depends on a and . System 3.5 can be considered as
a system of two equations with two unknowns, a and 1. According to the implicit function
theorem, this system is uniquely solvable in a neighbourhood of € = 0, if the corresponding
determinant of Jacobi does not vanish. Rewriting system 3.5 as Fi(a, ) = 0, Fy(a, ) =0

this means that we have unique solvability if

0 (Fy, Fy)

—8(%1@ # 0 (3.6)

with € in a neighbourhood of 0.

According to the implicit function theorem we may expand

a(e) =) "an, (e) = Y ", x(0) = agcosf + H_ "y, (0)
n=0 n=0

n=1
Using these series, the expression for ¢ in 3.4 yields the expansion
g (z,@,1,0,¢) = Bagcos § + pagsinf + aj cos® @ + hcos (0 — bg) +¢...

The periodicity condition 3.5 becomes at first order

3
pag + hsinyg = 0; Bag + hcos g + Zag =0 (3.7)
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System 3.7 is uniquely solvable if (3.6)

. 9
psin g + 3 cos g + Za% cos )y # 0 (3.8)

The problem without damping, p = 0, is the simplest. We have in this case 1y = 0, ;
the possible values of ag follow from the equations Sag = h + %ag = 0 The requirement of
uniqueness 3.8 becomes in this case 3 + %a% # 0 If, for given values of u, h and 3, we have

determined the coefficients ag and 1y, we find for the periodic solution
z(t) = ag cos (wt + 1¢g) + O(e) on the time scale 1.

From the discussion in the preceding section it is clear that, if we wish to construct an
approximation which is valid on a longer time scale, we have to compute more terms of
the expansion. Another remark is, that we have obtained an approximation of a periodic
solution but until now there is no simple criterion to determine its stability at the same

time.

3.1.2 Existence of periodic solutions

We studied expansion with respect to the small parameter ¢ for periodic solutions of the
equation & + x = ef(z,,¢); and we considered a problem where the right hand side is
time-dependent. In both cases we were able to apply the Poincaré expansion theorem. The
periodicity condition has the form Fj(a,n) = 0, F5(a,n) = 0 (equations 10.3 or 10.18 ) with
a and n two parameters, which still have to be determined. The equations for a and 7 are
uniquely solvable if

0 (F1, Fy)

This is the most important condition for application of the implicit function theorem,
the other conditions of this theorem have been satisfied by the assumptions of the Poincaré
expansion theorem. We note that in principle, condition 3.9 is difficult to verify as the un-
known periodic solution is contained in the expressions for F; and F,. However, verification
of condition 3.9 is possible by applying the expansion theorem to develop F} and Fy with

respect to the small parameter. We summarise this as follows.
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Theorem 3.1. Consider equation 2.1 i+x = e f(z,&,¢) (or equation 2.16). If the conditions
of the Poincaré expansion theorem have been satisfied and simultaneously the periodicity
condition 2.3 (or 3.6) and the uniqueness condition 3.9, then there exists a periodic solution.

This solution can be represented by a convergent power series in € for 0 < e < gg

The problem of the forced Duffing equation can be generalised as follows. Consider in

R™ the equation
&= f(t,x) +eg(t,x,e). (3.10)

with (for instance) f and g T-periodic. The "unperturbed equation" is

y=fty) (3.11)

and this equation is assumed to have a T' -periodic solution ¢(t). Does there exist a T’
-periodic solution (¢, €) which is close to ¢(t) with 1(¢,0) = ¢(¢)? Consider equation 3.10
with initial condition

],z = ¢(0) + p. (3.12)

The solution of this initial value problem will be z(t, €, ). We assume that the conditions

of the expansion theorem have been satisfied so that

w(te, )=o)+ D Ysro it pne®, (3.13)
K1t kn+k>1

The series converges for ||p|| < p,0 < e < gy and ty € [0,T); 11, .., are the com-
ponents of p. The coefficients v can be determined by substitution of the series 3.13 in
equation 3.10 and by equating coefficients of equal powers of the parameters on both sides
of the equation. This process produces a system of linear differential equations for the un-
known expansion coefficients v which presumably we can solve. The periodicity condition
is

H (i, ... pin,e) =x(Tye,pu) —x(0,e,u) =0 (3.14)

This system of n equations with n unknowns i, ..., t, is uniquely solvable for € near

zero if for the Jacobian we have

OH
on 70

41



Approximate solutions with time scales

The corresponding solutions for the parameters pq,...,u, of 3.14 produce a T periodic
solution 3.13 of equation 3.10

by applying the Poincaré-Lindstedt method all kinds of complications may arise. For
instance in a number of problems, like in Hamiltonian systems, periodic solutions arise in
continuous one-parameter families instead of isolated periodic solutions. In such a case
condition 3.9 will not be satisfied and one has to take a closer look at the question whether
the expansions which have been obtained represent periodic solutions. The verification
of condition 3.9 can usually be carried out only by expansion with respect to the small
parameter. condition 3.9 has been satisfied already at first order in the expansion. In
practice it may happen that one needs higher order expansions to achieve this. We illustrate

this as follows.

Example 3.1. Consider the modified van der Pol equation for e > 0
itr=cr’+e?(1-2%)a (3.15)
We shall look for periodic solutions of this equation, we put
wt=0,w?=1-en(e).
FEquation 3.15 becomes with dx/df = z
i+tx=c|nr+ (1—en)a®+e(l—en)? (1—-27) a:] (3.16)
The initial values will be again x(0) = a(e),#(0) = 0. We expand

a(s) = ZZO:O £"ap, 77(5) = ZZO:O "
z(0) = agcos O + 71 (0) + %7 (0) + . ..
i(0) = —agsinf + e, (0) + £272(0) + . ..

Substitute in equation 3.16 and equating coefficients of equal powers of € yields

51 + Y1 = Moag cos O + aj cos® O (3.17)

Y2 + Y2 = magcos + noy1(6) — noag cos® (3.18)
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+3ag cos® 01 (6) — (1 — ag cos® ) ag sin 6
etc. The general solution of equation 3.17 is

71(0) = Ay cosf + By sinf + fog sin(0 — 1) [noag cos T+

+a cos® 7| dr

From the initial values we have Ay = ay, By = 0;a9 and a; are unknown. The periodicity
condition produces

27
/ sin T [ngao cosT + ag cos® T] dr =0,
0

2
/ COST [7700,0 cos T + aj cos® 7'} dr =0 (3.19)
0

The first equation of 3.19 holds for all values of ny and ag; from the second equation we

find
3 2
ao | Mo + Zao =0

The Jacobian 3.9 of system 3.19 is zcro. The parameters ag and 1y have not been determined
uniquely. We find with no = —3a2
0 a3
71(0) = ay cosf + / sin(6 — T)ZO cos 3rdr
0
3

= ay cosf + %(COS@ — cos 30)

we should consider the consequences of the choice ag = 0. by the same way we determine

the solution of equation 3.18 The periodicity condition produces

fo% sinT [mag cos T + noya (T) — noad cos® 7+

3a2 cos® 7y, (1) — (1 — aZ cos? 7) ag sin 7] dT = 0
o ) = (= o) aosinT] (3.20)
Jo " cosT [mag cos T 4+ movi (1) — moad cos® T+

3a2 cos® 7y, (1) — (1 — aZ cos® T) agsin 7] dT = 0

1
ap (1 — Zaé) =0

n 23 3—1—92 +a8
a a; — —nNopa, —asa —
Tao + NoaA1 327]00 401

Condition 3.20 leads to

=0
64
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It follows that ay = 2 so that 19 = —3. In this way the first term of the approximation of

x(0) has been determined uniquely. The second relation gives

139
2771 —|—6a1 + ? =0

The parameters 7, and a; can be determined by analysing the periodicity condition for the
solution of the equation for ~,(#). The periodic solution of equation 3.15 is approximated

as z(t) = 2cos (1 — 3¢) t + O(e) on the time scale 1/e.

3.2 Averaging in the general case

We shall now consider the case in which the vector function f(¢,z) is not periodic but
where the average exists in a more general sense. A simple example which arises often in
applications is a vector function which consists of a finite sum of periodic vector functions
with periods which are incommensurable. There exists no common period; for instance the
function

sint + sin 27t
This function is not periodic but each of the two terms separately is periodic, periods 27

and 1. We can formulate the following result.

Theorem 3.2. Consider the initial value problem
& =ef(t,x) +e%g(t,2,¢),2(0) = o

with r,xg € D C R",t > 0. We assume that

a. the vector functions f,g and Of/dx are defined, continuous and bounded by a constant
(independent of € ) in [0,00) x D;

b. g is Lipschitz-continuous in x for x € D;

c. f(t,z)= Ef\il filt,z) with N fized; f;(t,x) is T; -periodic in t,i = 1,... ,n with the T,
constants independent of €;

d. y(t) is the solution of the initial value problem
N 1 T;
) =€ — J(ty)dt,y(0) =z
p=ed o [ R0 =
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and y(t) is contained in an interior subset of D. Then xz(t) — y(t) = O(e) on the time scale

1/e.

Proof

In the proof of theorem 3.1 we replace f°(y),u(t,y) etc. by finite sums. Theorem 3.2 is
a simple extension of theorem 3.1; the reason to formulate the theorem separately is that
its conditions are often met in applications. In replacing the finite sum for f(¢,z) by a
convergent series of periodic functions, we do encounter a problem of a different nature.
One of the causes of this difference is that the expression u(t,x), used in the near-identity
transformation, need not be bounded anymore.

We now present a theorem for the case that the average of f(¢,x) exists in a more general

sense.

Theorem 3.3. Consider the initial value problem
&= ef(t,x) +e%g(t,x,e), 2(0) = 2o

with ,xqg € D C R™",t > 0. We assume that

the vector functions f,g and Of /dx are defined, continuous and bounded by a constant

(independent of € ) in [0, 00] x D;

8

'Q‘

g 1s Lipschitz-continuous in x for x € D;

. the average f°(x) of f(t,x) exists where

o

fola 11m—/ftx

T—o0 1

d. y(t) is the solution of the initial value problem
y=ef(y),y(0) = xo
Then x(t) — y(t) = O(6(g)) on the time scale 1/e with

d(e) =sup sup ¢
zeD 0<Let<C

/0 Fls,2) — fo(x)) ds
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Proof
See Sanders and Verhulst (1985).

If we replace assumption a in theorem 3.3 by the requirement that f is Lipschitzcontin-
uous in z, we have the weaker estimate z(t) — y(t) = O (6'/%(¢)) on the time scale 1/e We
shall now discuss a simple example in which the theorem and the part played by the error

d(e) is demonstrated.

Example 3.2. (increasing friction)

Consider the oscillator with damping described by
T+ef(t)t+2=0. (3.21)

We assume that for t > 0, the function f(t) increases monotonically; f(0) = 1

tlz'mf(t) = 2, (0,0) is asymptotically stable. As an illustration we consider two cases
—00
for [(t)
f1 (t) =2 €_t
and

fot)=2—(1+t)"
In the first case the frictions increases more rapidly. With 2.55 we have in amplitude-phase

variables
= —ersin®(t + ¥) f(t)

W = —esin(t + ) cos(t + ) f(1).
We compute the averages of the right hand sides in the sense of theorem 3.3. It is
easy to see that both in the case of the choice f = fi1(t) and f = fo(t) we find the averaged

equations

Te = _5Ta7wa =0

Solutions of equation 3.21 with f(t) = f1(t) and f(t) = fo(t); the asymptotic approrima-

tion x4(t) has been indicated by ?, so in both cases we have the approximation

T4(t) = roe " cos(t + 1(0))
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Figure 3.1: Solutions of the equation 3.21

with x(t) — x,(t) = O(6(€)) on the time scale 1/ This is a somewhat unexpected result as it
means that right from the beginning the oscillator behaves approximately as if the friction has
already reached its mazimal value. We compute the error 6(¢) in both cases. By elementary
estimates of the integrals we find:

f(t) =2 —e " yields 6(¢) = O(¢)

f(t)=2—(1+t)7! yields §(c) = O(e| Ing|)

In figure 3.1 the solutions in the cases f = fi(t) and f = fo(t) have been obtained by
numerical integration; they can be identified by realising that the solution corresponding with
f = fi(t) experiences the strongest damping. In the case of f = fi(t), the approrimation
x4(t) is characterised by a better asymptotic error estimate than in the case f = fo(t). Also,

it fits the numerical result slightly better.

3.2.1 Averaging over one angle, resonance manifolds

In a number of examples, we have seen that systems of equations arise which contain two
types of dependent variables : x € IR" and ¢ which represents an angular variable, i.e.
0< ¢ <2ror¢e St (the circle or 1 torus). This is quite natural in mechanical systems

like nonlinear oscillators with or without coefficients which are slowly varying with time,
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gyroscopic systems and Hamiltonian systems. The equations are of the form

t=eX(¢,x)+0(?), e DCR

. (3.22)
b= 0)+0(), 6 € S
with X (¢, ) periodic in ¢ and ¢ > 0. We have seen the example 3.6 that if Q(z) is

bounded away from zero, we can replace time ¢t by the time-like variable ¢ which yields

de __X(6,)
dp ~~ Qz)

after which we may apply theorem 3.1 while averaging over ¢. We shall now present a

+0 (52)

theorem, the proof of which has the advantage that it can be generalized to the case of more

than one angle.

Theorem 3.4. Consider system 3.22 with initial values x(0) = xqg, $(0) = ¢o and suppose
that:

a. the right hand sides are C* in D x S*;

b. the solution of

dy B 0 B

a X (y),y(0) =z
with

Xy) = | X(¢,x)do

S1
is contained in an interior subset of D in which Q(x) is bounded away from zero by a

constant independent of €; then

on the time scale 1/e.

Proof
We introduce the near-identity-transformation

r=z+ecu(p,z2)

with
1

¢
u(ep, z) = M/ (X(0,2) — X°(2)) db
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System 3.22 becomes with this transformation

=2+ e (X(9,2) = X°2)) & + 6942 = eX (0, 2 + cul9, 2)) + O (€?)
¢ =Q(z+eu(e,2)) + O(e)

Expanding as in the proof of theorem 3.1 while using the smoothness of the vector functions
we find

i=eX"(2) + 0O (g%

d=Q(2) +O(e)
Note that u(¢, z) is uniformly bounded as long as assumption b holds. On adding the initial
value z(0) = y(0), theorem 1.1 tells us that y(t) —z(t) = O(e) on the time scale 1/e. Because

of the near-identity-transformation we also have z(t)— y(t) = O(e) on the time scale 1/e

Let us start by examining an example.
Example 3.3. Consider the system

.1
r=5e—¢ccos¢ ,xER
p=x—1 ,pe St

In this problem Q(z) = x — 1 so the resonance manifold is given by x = 1. First we

apply theorem 3.4 with the assumption that x(0) = o is not near the resonance manifold.

Averaging over ¢ produces

. 1
Yy = 3E, y(o) = To

2

or y(t) = o + set;z(t) — y(t) = O(e) on the time scale 1/ as long as y(t) doesnot enter a
neighbourhood of the resonance manifold (x = 1). Note that if xg > 1, the solution will stay
away from the resonance manifold, if xo < 1, for instance xq = %, the solution will enter the
neighbourhood of the resonance manifold and at this stage the approrimation is no longer
valid.

It is instructive to analyse what is going on near the resonance manifold. First we note that
there are two critical points : x = 1,¢ = w/3 and x = 1,¢ = 5w /3; the first one is a saddle,

the second one a centre point. Putting the initial values in one of these critical points we

have clearly x(t) — y(t) = 3et. Differentiating the equation for ¢ we derive easily

. 1
¢+ ecosp = 3¢

49



Approximate solutions with time scales

This equation has no attractors, so either a solution starts in or near the resonance manifold
and remains there or it starts outside the resonance manifold and passes through this domain

or it stays outside the resonance manifold altogether.

Figure 3.2: solution example 3.3

The x, ¢ -phase-plane with the resonance manifold at x = 1, = .1. Solutions stay near
the resonance manifold or they are passing through it

In the second case there is the interesting phenomenon that solutions which start initially
close can be dispersed when passing through resonance. In figure 3.2 the x, ¢ -phase-plane
illustrates some of these phenomena. It is clear from the phaseplane that outside a neigh-
bourhood of the resonance manifold the variable ¢ is time-like, while inside it is not.

To study the behaviour of the solutions in the wvicinity of the resonance manifold we

introduce local variables near the zeros of Q(x). So consider again equation 3.22

i=eX(¢,2)+0(?) ,xeDCR"
¢ = Qz) + O(e) He St

and suppose that Q(r) = 0 with r € R™. We introduce
r=r+0(e)

with §(¢) = o(1) as ¢ — 0. Such a scaling is natural in boundary layer theory; for an

extensive discussion of boundary layer variables see Eckhaus (1979). The order

function 0(g) will be determined by a certain balancing principle. We introduce the local
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variable £ in the equations and expand

0(e)€ = eX(h, 7 +6(e)6) + O (€*) = eX(o,7) + O(ed) + O (¢?)
o0

b= Qr+0(e)§) +0(e) = 5(5)%(7")5 +0 (52) + O(e)

The terms in the first and the second equations balance, i.e. they are of the same order if

§(g) = /e and g—&;(r) #0

This determines the size of the boundary layer, i.e. the order of magnitude of the neigh-

bourhood of the resonance manifold. The system becomes with this choice of (¢)

£ = VeX(¢,r) + O(e),€ € R (3.23)
; o0} 1
6= VES(NE+0(E),0€ S (320
The solutions of system 3.23 — 24 can be approximated by omitting the O(e) terms and
solving
: o0
= \e— 2
6o = V(1) (325)
o = VEX (¢a,7) (3.26)

Theorem 3.5. tells us that, with appropriate initial values, the solutions of system 3.23 —24
and system 3.25 — 26 are /e -close on the time scale 1/\/e. System 3.25 — 26 is (n + 1)
-dimensional, the corresponding phase-flow is volume-preserving. This is surprising as the
original system 3.22 may contain dissipation and forcing terms and has a quite general
form. The phase-flow of system 3.25—26 can be characterised by a two-dimensional system;

differentiate the second equation of 3.25 — 26 and we find after eliminating &,

Ba = 52X (60,7) =0 (3.27)

Equation 3.27 is a second-order equation; it is easy to write down a first integral (as
for the mathematical pendulum) and critical points of the equation can only be saddles and
centres. This means of course that to describe correctly what is going on in the resonance

manifold, we must compute a second-order approrimation.

o1
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3.2.2 Periodic solutions

We have seen that the Poincaré-Lindstedt method is not only a quantitative method but
also leads, by the implicit function theorem, to the existence of periodic solutions. A similar
result holds for the averaging method where again the implicit function theorem with an

appropriate periodicity condition plays a part. Consider again the equation
i =cf(t,x) +2g(t,x,¢) (3.28)

with z € D C R",t > 0. Moreover we assume that both f(¢,z) and ¢(¢,x,¢) are T

-periodic in t. Separately we consider in D the averaged equation

y=ef’(y) (3.29)

Under certain conditions, equilibrium solutions of the averaged equation turn out to

correspond with 7" -periodic solutions of equation 3.28.
Theorem 3.6. Consider equation 3.28 and suppose that:

a. the vector functions f,g,0f/dx,0*f/0x? and Dg/dx are defined, continous and bounded
by a constant M (independent of ¢ ) in [0,00)x D,0<e < g

b. f and g are T -periodic in t(T independent of €); If p is a critical point of the averaged
equation 3.29 whereas

0f°(y)/dy],_, # 0 (3.30)

then there exists a T -periodic solution ¢(t,e) of equation 3.28 which is close to p such
that
lim¢(t,e) = p

€0
Proof
First we shall impose the periodicity condition after which we can apply the implicit function
theorem.

x(t) = 2(t) + eult, 2(t))

The equation for z becomes

2 =ef%%2) + 2R(t, z,¢) (3.31)
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Because of the choice of u(t,z(t)), a T -periodic solution z(¢) produces a T periodic
solution z(¢). For R we have the expression

R(t,z,e) = g—i(t, 2)u(t, z) — %(t, 2)f2(2) + g(t, 2,0) + O(e)

this expression is T -periodic in ¢ and continuously differentiable with respect to z, Equation

3.31 is aequivalent with the integral equation

2(t) = 2(0) +€/O fO(Z(S))dS-|—€2/O R(s,z(s),e)ds

The solution z(t) is T -periodic if z(t +T') = z(t) for all ¢ > 0 which leads to the equation

T T
h(z(0),e) = / fO(2(s))ds + 5/ R(s,2(s),e)ds =0 (3.32)
0 0
It is clear that h(p,0) = 0. With ¢ in a neighbourhood of ¢ = 0, equation 3.32 has a
unique solution z(0) because of the assumption on the Jacobi determinant 3.30. If ¢ — 0,
then z(0) — p.
If we have concluded with theorem 3.5 that a periodic solution of equation 3.28 exists in a

neighbourhood of x = p, we can often establish its stability in a simple way:

Theorem 3.7. Consider equation 3.28 and suppose that the conditions of theorem 3.5 have
been satisfied. If the eigenvalues of the critical point y = p of the averaged equation 3.29
all have negative real parts, the corresponding periodic solution ¢(t,e) of equation 3.28 is
asymptotically stable for € sufficiently small. If one of the eigenvalues has positive real part,

o(t,e) is unstable.

Proof
We shall linearise equation 3.28 in a neighbourhood of the periodic solution ¢(t,e) . After
translating x = z + ¢(t, €)
expanding with respect to z, omitting the nonlinear terms and renaming the dependent

variable again x, we find a linear equation with 7" -periodic coefficients:
T =cA(te)x (3.33)
with A(t,e) = Z[f(t, ) + eg(t, x,€)]omp(te). We introduce the T -periodic matrix
of

B(t) = 2 (t.p)
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From theorem 3.5 we have lim._,o A(t,¢) = B(t). We shall also use the matrices

B L /TB(t)dt
T 0

and
t
C(t) = / [B(s) — B] ds
0
Note that B° is the matrix of the linearised averaged equation. The matrix C(t) is T

-periodic and it has average zero. The near-identity transformation x — y with
y=(I—eC(t))x
yields
j=—eC(t)x+ (I —eC(t))i
= —eB(t)x +eB% + (I — eC(t))eA(t,e)x
= [830 +e(A(t,e) — B(t)) — 2C(t) A(t, 8)} (I —cC(t) 'y
= eB% 4 ¢(A(t,e) — B(t))y + e2R(t,¢)y

(3.34)

R(t,e) is T -periodic and bounded; we note that (A(t,e) — B(t)) — 0 as ¢ — 0 and
also that the characteristic exponents of equation 3.34 depend continuously on the small
parameter . It follows that, for e sufficiently small, the sign of the real parts of the
characteristic exponents is equal to the sign of the real parts of the eigenvalues of the
matrix B°. We now apply theorem to conclude stability in the case of negative real parts.

If at least one real part is positive, Flocquet transformation leads to instability. 0

Example 3.4. (autonomous equations)
For equations of type & + x = ef(x, %), and for autonomous equations in general, we shall
always find one characteristic exponent with zero real part when linearising near a periodic

solution.

In the case of second-order equations, it is then convenient to introduce polar coordinates
and to consider the angle as a time-like variable. For instance in the case of the Van Der
Pol equation

i—i—x:e(l—ﬁ)i
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we have in phase-amplitude coordinates r,
i =esin(t + 1) (1 — r® cos®(t + 1)) rsin(t + 1)
= ecos(t + 1) (1 —r?cos’(t + ) sin(t + )
We put t 4+ ¢ = 0 to obtain

d )
r ! - zesinﬁ(l—7‘20082«9)rsin0+52...

0 119
dr 1 1
e _ - 1 — Zp2
do 2”“( 4”)

This equation has a critical point r, = 2, the corresponding eigenvalue of BY in theorem

and after averaging over 6

3.6 is —1. Application of theorem 3.5 yields the existence of a 27 -periodic solution in
0, according to theorem 3.6 this solution is asymptotically stable. we should check that
averaging over t of the equations for  and ¥ does not lead to application of theorems 3.5-6.
In using the Poincaré-Lindstedt method, where one also expands the period in the case of

autonomous equations, this difficulty does not arise.

Example 3.5. (forced Duffing equation)

Consider again the Duffing equation with forcing and damping from section 2.3

3

T +epur +x—ex® =chcoswt

with constants 1 > 0,h > 0; we put w2 =1 —¢B. We are looking for solutions which are
periodic with period 27 /w so it makes sense to transform the variable t. Putting wt = s, the
equations becomes

d? d
S = efr—e(l— 5B)éud—§ +e(1 —epB)rd+

ds? (3.35)

+e(l —epf)hcoss

Introduction of amplitude-phase variables (section 3.2) produces

% = —esin(s +9)[Brcos(s + ) + prsin(s + )+
413 cos®(s + ) + hcos 3] +0 (82)
% = —ecos(s +1))[B cos(s + 1) + psin(s + 1)+

h
+r?cos®(s + 1) + —coss| + O (£%)

%)
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The righthand sides are 27 -periodic in s and averaging yields

dr, 1 )

dL = —isw’a — §5h sin Y,

a0 13 1 h (3.36)
L= ——eB — er? — —e—cosy,

ds 2 8 4 2 r,

Critical points of the averaged equations 3.36 satisfy the transcendental equations

3 h
ur, = —hsin,, 8 + ng = —— cos Y,
T

a

These critical points correspond with periodic solutions of equation 3.35 if

9
wsiny, + B cos, + Zrﬁ cos ), # 0

Finally we use theorem 3.6 to study the stability of the periodic solutions. Linearisation of

system 3.36 in a critical point P produces the matrix

1 1
—5EN —5hecos i, B
3 1h 1h
—4Ery + 2rgascoswa QTassmwa
_1 1 3,3
2EH 2¢ (5% + 4ra)
9 € 1
T§¢Ta T 5, et )

The eigenvalues are

11 9, 3,
Ao = 25;“&25{ <5—|—47’a) (ﬁ+4ra)}

If for instance p > 0, 8 > 0 we have asymptotic stability.

NI
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Absract

This work is devoted to the study of analytical approximations of approximate
solutions of systems of nonlinear differential equations of the second order. We
first introduced all the basic properties and concepts used in our study, then
conducted the Lindestd Poincaré method and the averaging method. Finally, we
have studied the approximate solutions with time scales according to the two
previous methods and we have also made several applications in which we have
shown these concepts.

Keywords: Approximation, Perturbation theory, Lindestd-Poincaré method,
Averaging method, Periodic solutions, Time scales

Résumé

Ce travail est consacré a I'étude des approximations analytiques de
solutions approchées de systemes d'équations différentielles non linéaires du
second ordre. Nous avons d'abord introduit toutes les propriétés et concepts
de base utilisés dans notre étude, puis avons conduit la méthode Lindestd
Poincaré et la méthode de moyenne. Enfin, nous avons étudié les solutions
approchées avec des échelles de temps selon les deux méthodes précédentes
et nous avons également fait plusieurs applications dans lesquelles nous avons
montré ces concepts.

Mots clés : Approximation, Théorie de perturbation, Méthode de Lindestd-
Poincaré, Méthode de moyenne, Solutions périodiques, Echelles de temps.
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