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Abstract

In this paper we derive useful results regarding the analysis of differen-
tial properties and resultants. Moreover, we study a three-term recursive
relation of associated Chebyshev polynomial-type families which are or-
thogonal polynomials linear combination of the Chebyshev polynomials of
first and second kind,orthogonal with respect to some appropriate weight
function.
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Gaussian quadrature formula for Chebyshev type,

1 Mathematical basis

The main aim of this contribution is to study a new set of associated Cheby-
chev polynomial-type which are orthogonal polynomials with respect to a given

weight function w (z) = 7”111%;,12 with —2,/pq < =z < 2,/pqg . The paper is
structured as follows: in Section 1 we present some useful terminology as well
as some necessary definitions regarding Chebyshev polynomials used later on.
In Section 2, we focus attention on the properties of this associated Chebychev
polynomial-type. In Section 3, we evaluate the discriminants and resultants
of such families of associated Chebyshev polynomial-type. Then, we briefly
present the basic notions as well as useful properties of Chebyshev polynomials
which are orthogonal polynomials with respect to a given weight function such



as w(z) = 2=, —1 < z < 1. They satisfy, see ([1] and [2])
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The Chebyshev polynomials of second kind are orthogonal polynomials with
respect to the weight function w (z) = %\/1 — 122, —1 <z <1, because

der =1
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The Chebyshev polynomials of first kind T, (x) may be defined by the following
recursive relation: Ty (z) = 1, Ty (z) = z, and

T, () =22T, 1 () — T2 (). (3)
Alternatively, they may be defined as
T, (x) = cos (narccos x)
and
T, (x) =2""ta" + ...
The n'* orthogonal Chebyshev polynomials of the second kind U, (x) satisfy,

(see [1])
1
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and

sin ((n + 1) arccos x) vn € N*

Un (z) = sin (arccos x)

We remind that they also satisfy the well known TTRR, (see [1]),
Uy (z) = 22U,—1 () — Up—2 (2) (5)
with initial values Up () = 1,U; () = 2z and
Upi1 () =2"2" + ...

The monic Chebyshev polynomials of the second kind satisfy the recursive re-

lation
iUn (@) = &Upn_y (&) = Un_s (). (6)

The roots of U, (z) are all real, distinct, symmetric with respect to the line
x = 0 and are given by the expression

1) = COS k=1,2,...,n. (7

T
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2 Example of associated orthogonal Chebyshev
polynomial-type

Let (Qn(x)),~, denote the sequence of associated Chebyshev polynomials.
These polynomials are orthogonal with respect to the weight function (see [5]),

apq — x2
'l,Up7q (x) = 1_7:1;2, fOI' — 2\/]7(] S X S 2\/]7, (8)
with0<p<1l,g=1—pand

Q-1(z)=0, Qo(z)=1
If p > 1, then this system of polynomials satisfies ([5])
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The explicit expression of these polynomials is given by (see [5]),

Qn () = (g) ((2—2p) T, (25@) +(2p - 1)U, (2;’@» (11)

where T}, and U,, are respectively the Chebyshev polynomials of first and second
kind.
Now we are in position to state and prove the following main theorem.

Theorem 1 If the first moment corresponding to w, 4 (x) is given by

2/Pq \/472
pg—x
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then,
Co=1. (13)



Moreover, the moment corresponding to wy, 4 (x) with £ = is as follows
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Proof. Setting x = 2,/pgt in (12) yields
1
V1—t2
=4 ——dt
Co pq/1 ~ ipgi?
51

It follows that

Co = 2pq/<1_2\ﬁt 1+2ft>mdt

this moment can be expressed as

Co =

\/1—t2dt—\ﬁ/ LV - et

Using the Cauchy integral principal value ([6])
/ 1
/m\/l—tht:(cﬂ—\/é?—l)w, JeR\[-1 1] (16)
1

we get, Co = 1.Thus, property (13) is established. Let us now prove identity
(14). Setting = = 2,/pqt in (14) we obtain

1
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N pq 1— 4pqt2
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We may notice that,

1
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Putting £ = ﬁ we get at once
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Making the change of variable : v/1 — ¢ = 14 mit,( second Euler’s substitution)

om dt*2(m2_1)

t=— At = ———Zdm
1+ m? (14 m2)?
we arrive at
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Let us now compute the integral
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Using the same change of variable as above, we get

1

1 2
n 2 _ 1
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A similar result can be readily obtained, by a similar technique, we have
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Taking into account the above two steps we find
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The proof of formula (15) is now completed. =
We obtain the following recursive formulas.

Proposition 2 The orthogonal polynomials Q,, (x) satisfy the three-term recur-
siwve relation

o - () 0n e
Qu(e) = s (0 (p) Qu_s () (a7)



with initial conditions

Q1(2)=0, Qo(x)=1,Q:(z) = —1

bvDPq

, (18)
and starting values

0 ) = (3 0= () 23 () 0

Proof. Thanks to (11), we have

o =am (3 (o2 s () v i (5))

From the two three-term recursivee relations (3), (5) (by replacing = by ——)

X
2./pq

we get

2Qy (x) = /Pa (Z)n <<2p -2) (Tn+1 (25@> +Tn (%)))

() (o o ) ()

It follows immediately that

2Qn (z) = 2\/@ (;) " ((Qp —2)Tpi1 (25@) +(2p 1) Unta (25@»

(1) (-0 (57) e v (375))

This relation yields

xQuwzgwm@Hmw+g¢m@Pum.

Therefore, the recursive formula (17) is proved. Equations (17) and (18) yield
(19). m
Corollary 3 Let BP9 (x) be a sequence of orthogonal polynomials with respect

to the weight function wy 4 () = (x —¢) Y 4pq_o? , for —=2./pq < z < 2,/pq,

1—a2
such that

2\/Pq
v/ 4pq — 12
ng (x)BrP;“Zq (:I,’) (iL'—C) 17261‘%:0, n#ma 022\/177 (20)
— X
—2,/pq
then
(JZ - C) B»%?q (l‘) = Cp+1 (p7 Q) Qn—i—l (33) +cn (p7 Q) Qn ('7:) ) (21)



where
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Proof. Since (x — a) BP9 (x) is a polynomial of degree n + 1, it can be written

into the form,
n+1

(x —c) B2 (z chQk

where
2./PG
[Ana — 22
cr = / By (z) Ly (v) (x — ¢) %dw E=0,1,..,n+1,
—2./pq

and B27(x) is orthogonal to every polynomial of lower degree with respect to
the weight function w, 4 (). We have in each case

(x =) BE(2) = cny1 (0, @) Qna1 (2) + cn (P, q) Qn () -

Setting = ¢, we obtain

Cn+1 (p7 Q) Qnt1 (C) +cn (p, Q) Qn (C) = 0.

Differentiating, and setting = = ¢, gives

1@y (€) + n@Qy () = BR (c)

so that

T T e (0 QL () = Qu () Qs (0)



and
Qui1 (€) BLY (¢)

C Qui1(6) Q) (¢6) = Qn (c) a1 (€)
Thanks to (11) we find the expansions of @y (¢),Qns1 (), @y, (¢),Q}, 11 (c) re-
spectively. Thus properties (21),(22),(23) are proved. m

Cn

The resultant of a two-term linear combination of Chebyshev polynomials of
second kind is given in the recent work of Dilcher and Stolarsky ([1]). Different
types of resultants related to Chebyshev polynomials of first and second kind
are computed in order to calculate the resultants of this special form of linear
combinations of Chebyshev polynomials.

3 Resultants and discriminants

With the above motivation about Chebyshev polynomials of second kind we are
in position to give the connection between these polynomials as follows ([1])

= (Un (2) = Up—z () = 2Tp-1 (z) — (1 — ) Up_s (). (24)

(1—2*) T — 2T, + n°T, =0, (25)

U (2) = (n+1) Tn;; (_:U)l— zU, (z)

where {Uy, (2)},,~ satisfies the recursive relation of the differential equation

(26)

2e(n+ 1) Upy1 () — (n+2) U, (:c)

x?—1 (27)

T/L-‘rl (:E) =

It is well known that T, (cos W) =0, k=1,2,...,n. The resultant of two

polynomials T}, (z) and Q,, (2) is given by ([1])

Res (T, Q) = 2"~V ﬁ Qn (cos W) . (28)

k=1

The discriminant of @,, (z) of degree n and its leading coefficient is -, it can be
computed in terms of the resultants between this polynomial and its derivatives.
It is given by

n(n—1) 1 ’
2 ;Res(Qn’Qn) = (_1)

n(n—1)
2

Disc Qn (J?) = (_1) 7n72 H Q’/IL (T‘n,k‘)
k=1

(29)
where @, (rn1) =0, k = 1,2,...,n. Next, we state and prove a lemma which is
important in the sequel.



Lemma 4 ([1]) Let p, (x) be a sequence of polynomials satisfying the recursive
formula
Pn (.7,‘) = (a'nx + bn)pn—l (.73) — CpPn—2 (Z‘) , = 2a 3a

with initial conditions
po (z) = 1,p1 (%) = a1 + by.

Let arancy, #0 and (zn),k =1,2,,...,n be the zeros of p, (x). Then

n
ﬂ(n 1)
RGS pnvpn 1 Hpn 1 xnk H o 2k+1 k ! (30)

In ([1]) , if we can construct A, (z) and B, (z) so that,

p;z () = An (2) pn—1 () + By (7) pn (2) -
Then . .
Disc py, (z) = "2 H ap 2Lkt H Ap (@) (31)
k=1 k=1

Proof. Details and proof of the above Lemma can be found in ([1]). m

Theorem 5 If A, = H Qn-1(rnk), then
k=1

1 n(n—1)
8o = (-1 (2) (32)

and (n-1) (n-1)
n(n—1) q n(n— q n(n—
Res(Qn,Qn_1)=(—-1) 2 e = . 33
(QuQuen) = (1 () (1) (33)
Analogously, if R, ( H (a: — 2,/pq cos TH) ( monic polynomial), then

) e n(n+1) H Cos o 7 ”+1
=270 (4 1)" (pg) 2 <p) 2p-1)" (

2
H sin n+1>

(34)

Res (Rn, n+1)
Res (Un,Up—1)

Proof. We have by virtue of TTRR (17) @y, (rn1) =0, k = 1,2, ... Putting
Qn () = (q)” IT@—rup)
wvii)

10



we get

n(n—1) n
q
An = <> Tnk —Tn—-1,1)\Tnk = Tn—-1,2) - Tnk = Thn—1n-1
) L raes) Cnk = i) G = i)

or else

()" 0o
b= P T @) =0 (2) T 2
(pj?q) k=1 p

n—1
Anfl = H Qn72 (rnfl,k:) =
k=1

It follows

q (n—1)(n—2) n—1
(W) kl;[l (Tn—l,k: - rn—2,1) (Tn—l,k - TTL—Q,Q) (Tn—l,k - Tn—2,n—2) 5

that is
(%\/I?q)(n—l)(n—% n—2 q 2(n—2) n—2
n—2
Bt = P i @ aea) = 07 (1) TL Qa2
_q_ = ,
(%)
Thus
q 2(n—1) 5 (q 2(n—2)
Ap=(—1)"1 <) —1" () AN
(-1) ) (-1) ) 2

The formula (32) follows by induction. From (32) we get (33). Differentiating
both sides of identity (11) and replacing = by 2,/pgzx give

1 q n+1
Q. 2pqm:<) n+1)(2-2p)U, (z)+(2p—1) U, (2)).
+1 (2v/pg) 250 \p ((n+1)( ) Un () + ( ) Upi (7))
We obtain at once from identities (26) and (27) the following

(n+2) (% (Un2 (%) — Un (x))) — 2Unt1 (%)
z? -1 '

i1 (T) =
We have by (5),Upt2 (z) = 22U, 41 () — Uy, (2), it follows that

(14 2) (U1 (2) — Up (2)) — & G2l (&) — Un s (2))
x2 -1 ’

1 () =
Once again from the relation U, 11 (z) = 22U, () — U, —1 (z) ,we get

(n+2) (222U, (z) — 2Up—1 (z)) — (n+ 2) Uy (2) — 222U, () + 2Up,—1 (x)

a1 (2) = 22— 1

11



Thus
Q;hLl (2\/]qu) = Bn (m,p) Un (.’L‘) + An (m,p) Unfl (.’L‘) )

where
Bo(@,p) = —— (q>"“ @n+2)a®+(n+1)(2—2p) (2% 1) —n—2
2\/pq \p 2 — 1
and

e =5 (1) HREEE

It follows that,

Res (Rn, Q1)
H U,-1 (cos n’“—L)
k=1
with U, (z) = 2"~ 12"+ 4 ... We know according to ([1]) that

" k
Res (Un,Up—1) = 9(n—1)* H U,_1 (cos il ) .
pie n+1

This proves property (34). ®
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