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Notations

Symbol Meaning

g A group

Loy, The set of integers mod n

GL,(K) Group of invertible n x n matrices over K
GL(V) General linear group of invertible operators on V'
SL,(K) Special linear group of n x n matrices over K with determinant 1
|G| The order of a group

|| The degree an element x

§<¢g S is a subgroup of G

(x) Generator of a group

G :S] The index of S in G

N <G N is a normal subgroup of G

ker ¢ Kernel of ¢

Im ¢ Image of ¢

Cl(z) Set of conjugacy classes of x

T~y x conjugates to y

Cg(z) The centralizer of x in G

Z(G) The center of G

Ng(S) Normalizer of S in G

¢, Cyclic group of order n

S, Symmetric group of n elements

2, Alternating group of n elements

D, Dihedral group of order 2n

sgn(o) Sign of permutation o

(V,2) A Representation of G

Idy, The identity operator on a vector space V'

I, The identity matrix of size n x n

At The inverse of a matrix A

Lo L Direct sum of representations .} and %
LIRS Tensor product of representations .} and %

Homg(V, W) The set of G—homomorphisms from V to W
Tr(Z(x)) Trace of a representation &

x(x) Character of a representation

() Inner product on class functions

Xi Irreducible character

Clg] Group algebra of G over C

Xreg Character of regular representation
0ij Kronecker delta




Introduction

The idea of a group is really important in mathematics. It helps us understand
symmetry and how things change. We can look at how objects move and change shape
like a solid object rotating or how the roots of an equation can be rearranged. Groups
show us what stays the same and how things are connected.

This text is about groups, which are groups with a limited number of elements and
how we can use linear representations to understand them better. Linear representations
are a way to take the ideas of group theory and make them more concrete using linear
algebra. The theory of groups and their linear representations is a powerful tool that
helps us understand groups, in a more tangible way. Our journey begins with:

Chapter 1 covers the basics of group theory. It starts with what a group’s goes
through subgroups, cosets, normal subgroups and quotient groups. The isomorphism
theorems, conjugacy classes, the class equation and Sylow theorems give us tools to work
with groups. The chapter ends with examples of dihedral and symmetric groups that
we’ll use throughout the book.

Chapter 2 is about representations of finite groups. We start with what a repre-
sentation’s how it looks in matrix form. Then we look at subspaces, subrepresentations
and irreducible representations. Two important results are Schurs lemma and Maschkes
theorem. They show that every representation of a finite group can be broken down into
parts. The chapter ends with examples for groups.

Chapter 3 focuses on characters which are the traces of representation matrices.
Characters make representations easier to work with. We look at two rules that show how
irreducible characters work. We also examine the representation and how it breaks down.
This helps us link the groups order to the sums of squares of character degrees.

Chapter 4 puts all this information into the character table. This is a way to
encode a groups representation theory. We discuss properties of character tables. How to
construct them. We use groups to illustrate this.

Chapter 5 shows the power of characters in applications. We prove Burnsides p%q®
-theorem, which is a classic result, in number theory. Characters help us test if a group
is simple or not. We also use characters to study the groups center via linear characters.




Chapter 1

Basic Group Theory Background

In this chapter, we review the basic notions of group theory, beginning with the defi-
nitions of groups and ending with Sylow theorems. These concepts will be used throughout
the study of group representation. These results provide the algebraic tools needed for
the study of representation theory.

1.1 Groups
#Definition 1.1.1. [3] A group is a pair (G,*), where G is a nonempty set equipped
with a binary operation. These satisfy the following conditions:

(a) Associativity : For all x,y,z € G, we have:

(xxy)xz=x%(yx*z2).

(b) Existence of an identity : There is an element e € G satisfying:

exr=xxe=x forallz€qg.

(c) The existence of the inverse : For each element x € G, there is an element

x~! € G satisfying:

xxr t=xtxx=c¢

where e is the identity element.
F*Remarks 1.1.1. /3]
1. Ifxxy = yx*xx, for all x,y € G. We say that the group (G,x*) is abelian or
commutative.

2. The identity element e is unique in G.

3. The inverse x~' € G 1is unique.

N Example 1.1.1. @ Some classic ezamples of groups:
((Ca +)7 (va')a (Zna+)7 (GLn<C)7)7 (SLN(R)7)

#Definition 1.1.2. [1/] The order of a finite group G is the number of elements
in G, denoted by |G|.
For an element x € G, the order of x is the smallest positive integer n such that:

x" =e (e is the identity element).

2



Chapter 1. Basic Group Theory Background 3

1.2 Subgroups and Cyclic Groups

#Definition 1.2.1. [2] A subset S of a group G is said to be a subgroup if S is itself
a group under the operation of G.
Equivalently, S is a subgroup if the following conditions hold:

(a) e S.
(b) Forallz,ye S thenz-yeS.
(c) Forallz € S we have x™' € S.
N Example 1.2.1. @ Some ezamples of subgroups:
nZ <7 R, <R* SLy(R) < GLy(R).
>Notation 1. We use the notation S < G to mean that S is a subgroup of G.

VW Theorem 1.2.1. [2] Let G be a group and S a nonempty subset of G. If zy™* € S for
all x,y € § then § is a subgroup.

Proof. Let t € S, and x =t,y = t, we see that:
ry l=ttl=ecS.

Let x = e,y = t, then:
zy t=ett=t1leS.

For all z,t € S, we want to show that 2t € S. Choose z = z,y = ¢!, then:
vyt =zt =2t € S.
Hence S < G. O

#Definition 1.2.2. [1/] A group G is called cyclic if there is an element x € G such
that G = {z" | n € Z}. The element x is called the generator of G.

>Notation 2. We use the notation G = (x) to denote that G is generated by x.

N Example 1.2.2. = The group Z, = {0,1,...,n — 1} under addition modulo n is
a cyclic group generated by 1.

e The trivial group ({e},-) is cyclic, and its generator is e.
@ Proposition 1.2.1. /2]
1. Every cyclic group is abelian.

2. Fvery subgroup of a cyclic group is cyclic.

University of El Oued =



Chapter 1. Basic Group Theory Background 4

1.3 Cosets and Lagrange’s Theorem

#Definition 1.3.1. [2] Let S be a subgroup of G and let x € G. The left coset of S

determined by x is the set:

xS ={zt|t e S}

We call the right coset of S the set:

Sz ={tz|te S}

The element x is called a representative of the coset xS or Su.

®Lemma 1.3.1. [2] Let S be a subgroup of G, and let v,y € G. Then:

1.

z € xS.

2. 28§=8S = =z¢cS.

Proof.
2.

© »® RS v

(xy)S = z(yS) and S(zy) = (Sx)y.
xS =yS <= x € yS.
FEither xS = yS or xS NyS = .
1S=yS =17y eS.
28] = lyS].
18 =Sy < S =Sz L.
t§<G<=uzxeS.

1. x =xe € 2S.

Suppose that S =S. Then z = ze € 2§ = S.

Now, assume that € S and show that xS C § and & C xS. The first inclusion
comes directly from the closure of S.

Let y € S, since x € S and y € S, we know that 27y € S. Thus, y = ey =
(zx Yy = z(z™ly) € zS.

This follows directly from (zy)t = z(yt) and t(zy) = (tz)y.

If x§ = yS, then x = ze € xS = yS. Conversely, if z € yS we have z = yt where
t € S, therefore 2§ = (yt)S = y(tS) = yS.

. This property comes directly from property 4, for if there is an element z in tSNyS,

then 2§ = 2§ and 28 = yS.

Notice that S = y& if and only if S = 27 1yS. The result now follows from property
2.

It suffices to define a one-to-one mapping from xS onto yS. Obviously, the corre-
spondence zt — yt maps xS onto yS. That is one-to-one follows directly from the
cancellation property.

University of El Oued =



Chapter 1. Basic Group Theory Background 5

8. Notice that S = x8 if and only if (z8)x™! = (Sz)z™' = S(zx™!) = S that is, if
and only if 2Sz~! = S.

9. If 8 is a subgroup, then it contains the identity e. Thus, S NeS # ); and
by property 5, we have S = ¢S = §. Thus, from property 2, we have z € S.
Conversely, if x € S, then 2§ = S.

O

#Definition 1.3.2. [1/] Let S < G, then the index of S in G is the number of right
cosetes of S in G.

>Notation 3. We denote by [G : S| the index of S in G.

VW Theorem 1.3.1. [3/(Lagrange’s Theorem,)
Let S be a subgroup of a finite group G. Then |S| divides |G]|.

Proof. Let xS, x5S, ...x;S denote the distinct left cosets of S in G. Then for each z € G
we have
xS = a;S§ for some 1.

Also, using property 1 of Lemma(1.3.1), w € S. So each member of G belongs to one of
the cosets a;S;
g = xlg U iL’zS u..u ka

by property 5 of Lemma(1.3.1), these cosets are pairwise disjoint, so
G| = |21S| + |22S| + ... + |2iS].
Therefore, since |z;S| = |S| for each i, we have G = k|S]|. O
» Corollary 1.3.1. [2]
1. If § is a subgroup of a finite group G, then [G : S] = |G|/|S]|.

2. In a finite group the order of each element of the group divides the order of the
group.

3. A group G of prime order is cyclic.

1.4 Normal Subgroups
#1Definition 1.4.1. [14] A subgroup N < G is called a normal subgroup of G if
aN =Nz forallzeg.

>Notation 4. We use the notation N' < G to mean N is normal subgroup of a group G.

N Example 1.4.1. © The trivial subgroup {e} and G are normal subgroups
{e} <G, G<4.

= Fvery group is normal in itself.

University of El Oued =



Chapter 1. Basic Group Theory Background 6

e [f G is abelian, then every subgroup of G is normal.

= Let GL,(K) be the group of invertible n x n matrices over K and SL,(K) the
subgroup of matrices with determinant 1. Then:

SLn(K) < GL,(K).

VW Theorem 1.4.1. [2] A subgroup N of G is normal if and only if tN'z=t C N for all
r€G.

Proof. (=) Suppose N’ < G. By definition, xN'z~! = A. Hence zNz™! C N.
(<=) Suppose Nz~ C N for all x € G. Take y € NV, then we have:

' Ne CN
In particular x 7 'yz € N. Let t = 2 'yz. Then t € N;
y=atr ' €aNz ' = N CaNz ™!

Thus
aNz ™t =N.

1.5 Quotient Groups

VW Theorem 1.5.1. [1] Let N be a normal subgroup of G. then the set of left cosets of N'
in G forms a group under the operation

The resulting group is called the quotient group of G by N
{zN |z € G}.
>Notation 5. The notation G/N denoted the quotient group.

“Properties 1.5.1. [1/

(i) If G is a finite group and N < G the order of the quotient group is |G/N| = %

(ii) If G is an abelian group then G/N is abelian.

(iii) If G is cyclic then G/N s cyclic.

University of El Oued =



Chapter 1. Basic Group Theory Background 7

1.6 Group Homomorphism and Isomorphism Theo-
rem

#Definition 1.6.1. [1] Let (G,-) and (H,*) be two groups. A map ¢ : G — H is called
a homomorphism if:

pla-y) = o(z) * o(y).
#Definition 1.6.2. [5] Let ¢ : G — H be a homomorphism:
e The kernel of v is the set of all elements of G that map to the identity of H.:

kerp ={x € G| p(x)=ey}.
e The image of v is the set of all elements of H obtained as ¢(x) for some x € G:
Ime={yeH|Ireg: o) =y}

A homomorphism ¢ can have the following additional properties:
(a) If ¢ is injective (one-to-one), it is called a monomorphism.
(b) If p is surjective (onto), it is called an epimorphism.
(c) If ¢ is bijective (injective and surjective), it is called isomorphism.
@ Proposition 1.6.1. [7] Let ¢ : G — H be a homomorphism:
1. p(eg) = ey (e is the identity element).
2. Forallz € G:p(x™') = (p(x))L.
Proof. 1. We have
en - pleg) = p(eg)
= ¢leg - €g)
= p(eg) - pleg)
By the cancellation law, we obtain ¢(eg) = ey.

2. Using (1) we have

plz)e(x) = p(z7'7) = p(eg) = ex

and
p(x)p(z™") = plaa™) = pleg) = en.
Hence p(z71) is the inverse of ¢(x).

®Lemma 1.6.1. [1] Let ¢ : G — H be a homomorphism.:
1. kerp <9G.

2. Im o <H.
» Corollary 1.6.1. [2] Let ¢ : G — H be a homomorphism:
(i) IfS<G = ¢(S) <G.
(i) 1S < H— ¢ }(S) <G
(iii) IfN <H = ¢ }(N) <G.

University of El Oued =



Chapter 1. Basic Group Theory Background 8

1.6.1 The Isomorphism Theorems

Let AV be a normal subgroup of G and consider the homomorphism
0:G—=>G/N, x+—zN.

Let
Py(G)={H:N<H<LG}

and

P(G/N) = {S:S8 <G/NV.

We define the map
O : Py — P(G/N)

O(H) = p(H) = H/N.
VW Theorem 1.6.1. [3] ® is a bijection and H < G if and only if D(H) I G/N.
Proof. Let N < H,B < G and suppose ®(H) = H/N is equal to ®(B) = B/N. Then

H= U aN = U = B.

sNeEH/N aNeB/N

For a subgroup S of G/A. Then by Corollary 1.6.1, ¢~!(S) is subgroup of G and as ¢ is
surjective, we have

(e H(S)) = plp~'(S)) = S.
O

VW Theorem 1.6.2. [3/(The First Isomorphism Theorem,)

Let ¢ : G — H be a group homomorphism. Then Im ¢ is a subgroup of H, kery is a
normal subgroup of G and there is an isomorphism from the quotient group G/ker ¢ to
Im .

Proof. Since Im ¢ < H and ker p < G, we define the map:

U:G/kerp —Im ¢, Y(rkery)= p(x).
Suppose that x ker ¢ = yker ¢, then

vty € ker p = p(z7ty) = 1.
By the homomorphism property we get:
el ely) =
= ¢(2) ply) =1

= () = p(y)-

So, the map V¥ is well defined.
If we take y € Im ¢ = y = ¢(x),x € G, then:

U(zkerp) = p(z) =y

University of El Oued =



Chapter 1. Basic Group Theory Background 9

Hence, W is surjective.
Now, let U(xker ¢) = p(yker ), this is equivalent to

p(r) = o(y)
= o ly) =1
< 'y € kergp
<= zkerp = ykerp.
Therefore W is injective. Since the quotient group x ker gy ker ¢ = xy ker ¢, we obtain:
U(zyker o) = p(zy) = @(x)p(y) = U(xker o) U (yker p).

Consequently, ¥ is a group homomorphism. Il
>Notation 6. We denote by G/ ker ¢ = Im ¢ the isomorphic between G/ ker ¢ and Im .

VW Theorem 1.6.3. [3/(The Second Isomorphism Theorem,)
Let S be a subgroup of G and N be a normal subgroup of G. Then

SN<G, SNNIS and S/(SNN)=SN/N.
Proof. Consider the homomorphism

v:G—=G/N

Let 1 be the restriction of ¢ on S:
v:S—=G/N

»(t) =tN  (which is a homomorphism).

We have:
Im ¢ ={tN |t e S}

since every coset tN corresponds to an element of SN, then

Im ¢ = SN/N.
And:
kerp ={t € S |Y(t) =N}
with
Y(t)=N <= tN =N, fort e N
we obtain:

keriyp =S NN.

By The First Isomorphism Theorem we found:

S/(SNN)ZSN/N.

University of El Oued =



Chapter 1. Basic Group Theory Background 10

VW Theorem 1.6.4. [3/(The Third Isomorphism Theorem)
Let N and N be two normal subgroups of G with" < N. Then:

N/N'"QG/N" and (G/N')/(N/N') = G/N.
Proof. Similarly, we define the same homomorphism
0:G/N" = G/N

o(xN")=2N, reg.

@ is well defined.
© is homomorphism since;

o((xN")(YN")) = p(zyN") = 2yN = (aN)(yN) = o(aN")o(yN").

For 2N € G/N,
zN =Im ¢(aN') = Im p = G/N.

And with:
kerp = {zN’ € G/N" : p(aN") = N}
— {aN" € G/IN" : 2N =N}
=z cN.
Therefore

kero = {zN' :x e N} = N/N'.

Using The First Isomorphism Theorem we get:

(G/N)JN/N') = G/N.

1.7 Conjugacy Classes

#1Definition 1.7.1. [7] Let G be a group and let xy € G. We say that y is conjugate
to x in G if there exists z € G such that:

Y = zxz L.

#*Remark 1.7.1. [5] The relation of conjugacy on G is an equivalence relation since it
satisfies the reflexivity, symmetricity and the transitivity.

#Definition 1.7.2. [8] Let G be a group and € G. The conjugacy classes of x in
G, denoted by Cl(x) is the set of all elements in G conjugate to x:

Cl(z) = {yzy~' |y € G}

@ Proposition 1.7.1. [14] A subgroup N of G is normal if and only if N is an union
of conjugacy classes of G.

University of El Oued =



Chapter 1. Basic Group Theory Background 11

#1Definition 1.7.3. [14] Let G be a group. The centralizer of x in G, denoted by
Cg(x) is the set

Cg(z) ={y € G | yx = xy}.
*Remark 1.7.2. [1] For every x € G, the centralizer Cg(x) is a subgroup of G.

#1Definition 1.7.4. [7] The center of a group G is the set of elements that commute
with every element in G:

2(G)={2€G|zx =2z forallx e G}.

VW Theorem 1.7.1. [8] Let G be a finite group let x € G. The number of elements in the
conjugacy class of x is equal to the index of the centralizer of x in G.

|Cl(x)| =[G : Cg(2)].

1.8 Class Equation of Finite Group

VW Theorem 1.8.1. [7] Let G be a finite group. Let Z(G) be the center of G and x1, o, ..., Ty,
be a set of representatives of distinct conjugacy classes of G, that are not contained in Z(G),
then:

1G] = 1Z(G)| + Y [G : Colan)].

Proof. Since conjugacy class is an equivalence relation on G, then:

An element x is in Z(G) if and only if its conjugacy class has size 1. Each element of Z(G)
forms its own singleton conjugacy class:

Gl=1Z(G)[ + D [Clz)l.

|Cl(z)[>1
By the Orbit-Stabilizer theorem:
|Cl(zi)| =[G : Cg(a)]-

Therefore

1G] = 1Z(G)| + Y [G : Colan)].

k=1
[

VW Theorem 1.8.2. [5] If S is a subgroup of G and x € G, then the conjugate subgroup
xSz~ has the same order as S and is isomorphic to S.
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1.9 p—Groups and Sylow’s Theorems

#Definition 1.9.1. [6] Let p be a prime number. A group G is said to be a p—group if
every element in G has order a power of p.

Forallz € G, 3k > 0:ord(z) = p".

#£1Definition 1.9.2. [8] Let G be a finite group of order p"m, where p is prime and
ged(p,m) = 1. A subgroup S of G is said to be a Sylow p—group if |S| = p".

VW Theorem 1.9.1. [8](Cauchy Theorem)

If G is a finite group and p is prime such that p | |G|, then G contains an element of order
.

Proof. Suppose that |G| > 2, consider the class equation

9 =12(9) +_[9: Co(a)].

each >2

Assume that some indices |Cg(x;)| are divisible by p, then, since |Cg(z)| < |G|, using the
induction hypothesis, we conclude that Cg(x;) contains an element of order p.

Assume that none of |Cg(x;)| are divisible by p, but then as |G| = [G : Cg(z;)]-|Cg(x;)], all
the indices [Cg(z;)] are divisible by p and the class equation implies that Z(G)| is divisible
by p.

But Z(G) is abelian, so it contains an element of order p. ]

#* Remark 1.9.1. [6] If G is a finite abelian group and p is prime such that p | |G|, then
there exists x € G : |z| = p.

#1Definition 1.9.3. [2] Let S be a subgroup of G. The normalizer of S in G, denoted
by Ng(S) is the set
Ng(S)={reG|zSxz~' =S}

VW Theorem 1.9.2. [6](Sylow’s First Theorem)
Let G be a finite group of order |G| = p™m with gcd(p,m) = 1. Then G contains at least
one Sylow p—subgroup of order p™.

Proof. 1f |G| = 1 then {1} is the Sylow p—subgroup for any prime p thus the Sylow
p—subgroups exist.
If |G| > 2, suppose that |G| = p"m. Assume that n > 1, we use the class equation

9] = 2@+ >_[9 : Co(w)].

each >2

Assume that some of [G : Cg(z;)] are divisible by p. Notice that |G| =[G : Cg(x;)]-|Cg(z;)|
and as p does not divide [G : Cg(z;)], whereas p" divides |G|, so p™ divides |Cg(x;)|.
Since |Cg(z;)| < |G|, and by induction hypothesis, Cg(x;) contains a Sylow p—subgroup
that is of order p”.

Using Cauchy’ Theorem(1.9.1) we know that Z(G) has a normal subgroup N of order p
in G, since Nz = z. By induction hypothesis, G/N contains a Sylow p—subgroup that
is a subgroup of order p"1.

By Theorem(1.6.1), this subgroup is of the form P/N where N' < P < G. Notice that
[Pl =|N|-|P/N|=p-p" ! =p", so P isa Sylow p—subgroup of G. O
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®Lemma 1.9.1. /3] Let S be a p—power order subgroup of G, and P be a Sylow p—subgroup
of G. Then:
S <P*  for somex €G.

VW Theorem 1.9.3. [8/(Sylow’s Second Theorem)
Any two Sylow’s p—subgroups of a finite group G are conjugate.

Proof. Let P and R be Sylow subgroups of G. By Lemma(1.9.1) we know that
R CP*, for some x € G.

But those two subgroups have the same order. Hence we have R = P*. Il

VW Theorem 1.9.4. [3](Sylow’s Third Theorem)
Let G be a finite group, we denote by n(p) the number of Sylow p—subgroups of G. Then:

e n(p) divides |G|.
e n(p)=1+pr.

Proof. Let P be a Sylow p—subgroup of G. Since the Sylow p—subgroups form a single
conjugacy class

{P* .z € G},
so from remark we get
n(p) =[G : Ng(P)].
In particular, n(p) divides |G]|.
Let £ = Ng(P) and let 2 be the collection of all the right cosets of G that we consider as
a P—set. We write {2 as a disjoint union of P—orbits;

Q=Foa;*PUFEa;«PU---UFa,, *x P,

where the first orbit Fa; % P is containing the coset E-1 = F then a; = 1. From this we
get that
n(p) = |Eay * P| + |Eag * Pl + -+« + |Eay,, * P|

—[P:PAE"]+[P:PNE®]+- - +[P:PnE™].

Notice that P N £ = P if and only if P < E% then P~ "< E. However, this happens
if and only if P% = P and that happens if and only if a; € Ng(P). But then Fa =
Fa; € Ea; * P and as the only orbit containing F is Faq x P, it follows that ¢ = 1. It
follows that [P : P N E*] is divisible by p for i = 2,...,m and that [P : PN E“] = 1.
Hence n(p) = 1+ pr. O

1.10 Examples of Finite Groups

1.10.1 Cyclic Groups

#1Definition 1.10.1. [14] A group G is generated by an element x € G if for all y €
G,y = a" for some n € Z. We denote G := (z) and say that G is the cyclic group
generated by x.
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#Definition 1.10.2. [1] If 2" = 1 for some n > 1 € Z, then (x) is finite. If k € Z is
the least possible integer > 1 such that ¥ = 1, then (z) = {1,z,...,2*" '}, and k is the
order of (x).

>Notation 7. We denote the cyclic group of order n as &,.
@ Proposition 1.10.1. [1] Every cyclic group is abelian.

Proof. Let G = (z). Then for any =™, 2" € G:

“+n +m _ . n_m

"t =" =" = "™

Hence G is abelian. O

N Example 1.10.1. © Let G = Z under +, then Z = (1). Thus Z is a cyclic
group.

= G =7, under + is a cyclic group with Z, = (1).
We denote by Z/nZ the integers mod n.

“Properties 1.10.1. [2/

(i) If G is finite of order n, then:

G={ex,2* . . 2", a1"=e

(ii) Every cyclic group is abelian.

(iii) Let G = (z) and S < G. For each t € G, the left coset of S is:
tS ={ts| s € S}.
(iv) Every subgroup S < G is cyclic:
S = (™) form]|n.

(v) The number of cosets:

4
G:S] =5
S|
(vi) Every subgroup of a cyclic group is normal.
(vii) Let G = (x), and N = (™). The quotient group:
G/IN ={2"N | k=0,1,2,..m — 1}
s a cyclic.
(viii) Since a cyclic group is abelian:

zyz ' =y = Cl(z) = {z}.

(ix) In cyclic groups Z(G) = G and every element is central, which gives all conjugacy
classes are trivial.

(x) Ewvery cyclic group of order p™ is a p—group.
(xi) Subgroups of cyclic p—groups are unique for each divisor.

(xii) For a cyclic group G, there is exactly one subgroup of order p* for k < n son(p) = 1.

>Notation 8. We use the notation €, to denote the cyclic groups.
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1.10.2 Dihedral Groups

#Definition 1.10.3. /1] The dihedral groups denoted by Da, is the group of symme-
tries of a regular n—gon, it consists of n—rotations and n—reflections. Then |Dq,| = 2n.

Doy = (r,s| 1" =e,5° =e,srs =11),
where r is the rotation and s is the reflection.
“Properties 1.10.2. /5]

(i) The elements of Ds, are of the form:

2

n—1 2 n—1
Do = e, r" s sy sre L st

(ii) Let S <Dy, then the rotation (r) is a subgroup.
(iii) Since [Day, : (r)] =2, then the cosets are

(ry and s(r).

(iv) The conjugacy classes in Dy, are as follows:

(a) Ifn is odd,
- The identity element is {1}.
- (n —1)/2 conjugacy classes of size 2: {r¥, r=*} k=1,2,....,(n —1)/2.
- all the reflections: {r's :0<i<n—1}.

(b) Ifn is even,
- Two conjugacy classes of size 1: {1}, {rz}.
-n/2 — 1 conjugacy classes of size 2: {r* r=*} k=1,2,...,(n/2) — 1.
- The reflections splits into two conjugacy classes:

{r¥s:0<i<(n/2) -1} and {r*s:0<i<(n/2)—1}.

(v) (r) is always normal, and any subgroups of (r) are also normal in Da,,.
(vi) If n is odd, the only normal subgroups are {e}, (r®) and Dy,.
(vii) If n is even, there are other normal subgroups.
(viii) The group D, is not abelian group forn > 3, so the conjugacy classes are nontrivial.

(ix) Since |Da,| = 2n. Then Dy, is a p—group only if

(x) If n is odd, Sylow 2—subgroups have order 2 and generated by reflections.

(xi) If n is even, there exist larger 2—subgroups.
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%\Example 1.10.2. © Forn = 3. The dihedral group is:
Dy = (r,s|r*=1,8=1,rsr = s).

The identity forms its class:
{1}.
Congjugacy class of size 2:
{r,r*}.

Reflections:
{s,rs,7%s}.

Thus, we get three conjugacy classes.

= Forn = 6. Conjugacy classes of size 1:

{13, {}
Conjugacy classes of size 2:
{/r.7 TS}, {T2,T4}-

Reflections:
{s,r%s,7*s} and {rs,r’s,r°s}.

1.10.3 Symmetric Groups
#1Definition 1.10.4. [7] The symmetric group denoted by &, is the group of per-
mutations on a set with n elements
{1,2,...,n}.
There are n! possible permutations, |&,| = n!.

#1Definition 1.10.5. [8] A permutation of a set with n elements is a bijection from

the set onto itself:
1—=2 1—2

a:2—1 B:2—3
3—3 3—1

1—-2—1
aof:2—3—3
3—-1—2

the operation between permutations is composition.

#Definition 1.10.6. [3] We can represent a permutation o € &, by a matriz:

(o3 o - o)
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N Example 1.10.3. & Consider the symmetric group Ss. We have |&3] = 3! = 6 with

the following permutations:
3 (1 2 3
3)0 77\ 3 2)°

(1

*=1\1

/1 3 s_ (123
= \2 2/ °=\3 2 1)
5_123 123\ (12 3\
°T7=\2 1 3)\1 32)7\231)7°¢

@ Proposition 1.10.2. [5] Every permutation o € &, can be written as a product of
disjoint cycles.

NI
w W
N~
)
|
N\
DO
— N

W N
—_ W
~_

N

|
N\
W =
— N

N Example 1.10.4. ® Consider the symmetric group Ss:

(; -0 g) — (134)(25).

The permutations (134) and (25) are cycles.

P Remarks 1.10.1. [5]
1. A cycle of length 3 ((abc)) is called "3—cycle’.
2. A cycle of length 2 ((ab)) is called "2—cycle" or a "transposition”.
3. The order of cycles does not matter.

“Properties 1.10.3. /8]

(i) Let S < G, foro € S,
oS ={os|seS}

Let A, ={ even permutation}, then 2, < &,,.

(ii) Two permutations in S, are conjugate if and only if they have the same cycle type.

(iii) &,, is a p—group if and only if n < 2

1.10.4 Quaternion Groups

#Definition 1.10.7. [1] The quaternion group is a finite non-abelian group defined

by:
Qg = {£1, 4, +j, £k}

with multiplication, satisfying:

with |Qg’ = 8.
#Definition 1.10.8. [2] We can present Qg by the following presentation:

Q= (i, | i =1, = 7 jij ™ = i),
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“Properties 1.10.4. [5]

(i) The elements of Qg are:
Qs ={1,—-1,i,—14,j,—j, k,—k}.
(ii) Let S < Qg, for every x € Qg. The left coset is:
xS ={zs|s e S}.

(iii) Ewvery subgroup of Qg is normal.
(iv) The conjugacy classes of Qg are:

{1}7 {_1}’ {i7_i}> {]7 _j}v {k7_k}'

(v) Since |Qg| = 8 = 23, then Qg is a 2—group and because 2 is the only prime number
dividing the order, Qg is the unique Sylow 2— subgroup.
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Chapter 2

Linear Representations of Finite
Groups

We introduce linear representations of finite groups and study their actions on vector
spaces over a field (like C). We also study irreducible and completely reducible represen-
tations, together with Schur’s Lemma and Maschke’s Theorem.

2.1 Representation

#Definition 2.1.1. [10] Let G be a group and V be a vector space over field K. A
linear representation of G on V is a homomorphism:

Z:G— GL(V)
where GL(V') is the general linear group of invertible linear operators of V.
P Remarks 2.1.1. [10]
1. Z(x) is linear operator on V.
2. Forallz,y € G: ZL(xy) =L (x)Z(y).
%\Example 2.1.1. e Let G be any group and V any vector space. Define:
ZL(x)=1dy, forallxeg.
Hence £ defines a linear representation of G.

= Let G =7,V =C. Define:

#1Definition 2.1.2. [4] The vector space V' called representation space, and the pair
(V, %) is called a representation of G.

N Example 2.1.2. @ Let G = Z, = {0,1},V = R2. Define:

aw-(30). 20 (3 %)

19
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V = R? is representation space.
< is the homomorphism.
(R%, %) is the representation.

#Definition 2.1.3. [13] Let L, %, be two representations, such that:
L :G—>GLV), £ :G— GL(W)
L, % are said to be equivalent if there exists an isomorphism T :V — W such that:
T2 (x) = L (x)T, forallz € g.
@ Proposition 2.1.1. [1] Let £ be a representation, then:
e The kernel of £ is normal subgroup of G, such that
ker(Z)={r € G| &L (x) =1ldy}.

e The image Z(G) is a subgroup of GL(V).

2.2 Matrix Representation

#1Definition 2.2.1. [10] Let G be a group and K be a field. A matrixz representation
of G over K is a homomorphism:

Z G — GL,(K)

where G L, (K) is the group of invertible n X n matrices.

@ Proposition 2.2.1. [/] Every finite-dimensional representation
Z:G = GL(V)

where dim(V') = n can be expressed as a matriz representation after choosing a basis of
V.
Z .G — GL,(K).

N Example 2.2.1. = [For any group G. define:
ZL(x)=1,, foralzeg.
This is the trivial matrixz representation.

#1Definition 2.2.2. [12] Let £y, % be two matrixz representations. £, and £, are said
to be equivalent if there exists an invertible matriz A such that

D) = A LA (x)A,  forallz €G.

N Example 2.2.2. e Let L (x) =1, and L(x) =1, forallxz € G. Take A =1,.
Then:
A_l.,%l(l‘)A = ]In = gg(l’)

Consequently, the two trivial representations are equivalent.
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© Let G =7y ={0,1}. Define:

Let A = (1 1 > Then:

A L) A = ((1) (1)) — %),

Thus & and %5 are equivalent.

2.3 Degree of a Representation

#Definition 2.3.1. [13] Let G be a group and £ : G — GL(V) be a representation of
G over K. The degree of the representation is defined as

deg(¥) = dim(V).

#*Remark 2.3.1. [4] If the representation can be written as a matriz representation
Z G — GL,(K).

The degree of the representation is defined as deg(£) = dim(V') = n.

#Definition 2.3.2. [12] A representation of degree 1 is called a linear character
Z:G — GL(K) =K~
K* denotes the set of all non-zero elements of K.

@ Proposition 2.3.1. [10] The degree of a representation does not depend on the choice
of basis.

®Lemma 2.3.1. [1] If
Z G :— GL,(K)

is a representation of a finite group G, then:

Z(G) < GL,(K).

2.4 Invariant Subspaces

#Definition 2.4.1. [13] Let
Z:G—GL(V)

be a representation of group G on a vector space V. A subspace L C 'V is called G—invariant
if
L(x)(w) eZ, forallzeG,wel.
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@ Proposition 2.4.1. [/] Let £ : G — GL(V) be a representation, then:
{0} and V are invariant subspaces.
Proof. Let w € Z. Then w = 0. For any x € G:
Z(z)(w) =ZL(x)(0) =0 € {0}.

Thus Z(z)({0}) C {0}.
Let w € V. For any = € G:
Z(x)(w) eV

Since .Z(x) is a linear operator on V. we have Z(z)(V) C V. O

N Example 2.4.1. e Let L(x) =1dy forallz € G. Since L (x)(w) =w €T for
any w € I then every subspace T C 'V is G—invariant.

2 00
= LetV=C3and A=|0 3 0

0 0 3
Since Ae; = 2eq, thus the subspace generated by ey is invariant. The subspaces
generated by e and es are also invariant.

» Corollary 2.4.1. [9] Let & : G — GL,(K) be a representation, and let T = span(ey, e, ..

Then T is invariant if and only if every matriz £ (x) has the form

L) = (CLO i’) .

®Lemma 2.4.1. [1] Let (V,.Z) be a representation of a group G, and let Z,, Ty C V be
two G—invariant subspaces, then:

1. T, + 15 is G—invariant.

2. 1, NIy is G—invariant.
Proof. 1. Let w € 7y + Zy. Then w = vy + vy for vy € Iy, v € Z,. For any = € G:

ZL(z)(w) = ZL(x)(v1 +v2) = L(2) (1) + L (x)(v2) € Ty + Lo.
Therefore, 7, + Z, is G— invariant.
2. Let w € Zy N Zy. Then w € Z; and w € Z,. For any = € G we have:
ZL(x)(w) €Zy and ZL(z)(w) € I,.

Therefore, Z(x)(w) € 7y N Zy, hence 7, N Z, is G—invariant.

University of El Oued =
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2.5 Subrepresentation

#Definition 2.5.1. [9] Let £ : G — GL(V) be a representation of a group G. Let
T CV be G—invariant subspaces. The restriction of the action of G to I:

This defines a representation L7 : G — GL(V'), called the subrepresentation associ-
ated with T.

N Example 2.5.1. @ Let G = Z,V = C3 with basis e; = (1,0,0),e5 = (0,1,0),e3 =
(0,0,1). Define the representation £ : Z — GL(V')

210
A=Z1)=(0 2 0
0 0 3
Then £ (n) = A™.
Let T, = span(ey) = {\ey : A € C}. Then:
210 1 2
A@l = 0 2 0 0 = 0 :261.
0 0 3 0 0

Thus Ae; = 2eq € Iy, then A(Xey) = 2Xey € 1;.
Therefore, I, is a 1—dimensional subrepresentation.

@ Proposition 2.5.1. [11] If T is an invariant subspace of V, then the subrepresentation
Zr(x) = ZLlz(x)

s a representation of G in L.

Proof. Since T is G—invariant, by definition:

L(x)(w)eZ, forallze€G andallweZ.

So the restriction Z|z : Z — Z is a well-defined linear map.
For any x € G, we have Z(z71)|r : Z — T as well. Moreover, for any w € Z:

Zr(x) 0 Lr(a™)(w) = Zr(2)(L (27 )(w)) = Lr(za™")(w) = L(e)(w) = w
and similarly Z7(z7!) o Z7(x) = w, so £ (x) is invertible with inverse .Z7(z~1). Hence

Zr(z) € GL(T).
For any z,y € G and any w € Z:

Thus Z7(vy) = ZL1(x) o Z1(y). O
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@ Proposition 2.5.2. [8] Every representation has two trivial subrepresentation {0} and
V.

%\Example 2.5.2. @ Any 1—dimensional representation has two subrepresentation {0}
and V.

#Definition 2.5.2. [11] Let G be a group and £ : G — GL(V) a representation of
G onV. Let T CV be a subrepresentation. Then the quotient space V /T admits a
quotient representation defined by:

r-(v+w)=ZLx)(v)+w, forallxeGuvel.

2.6 Irreducible Representation

#Definition 2.6.1. [10] Let (V, %) be a representation of a group G. The representation
is said to be irreducible if the only G—invariant subspaces of V' are {0} and V.

N Example 2.6.1. 2 Let G be any group, any one-dimensional trivial representa-
tion s irreducible.

= Take G = GL,(C),V = C" and define:
Z:GL,(C) - GL(V)
ZL(T)(v) = Tw.

Let v € Z be a nonzero vector, for any nonzero vector w € C™ we have Tv = w.
Since v € T and I is invariant we have:

w=TveT(I)CT.

Therefore the only invariant subspaces are {0} and C". Hence the representation is
irreducible.

#Definition 2.6.2. [9] A representation (V,.£) that is not irreducible is called re-
ducible, that is, it admits a non-trivial invariant subspace.

N Example 2.6.2. e Let £ (x) =Idy, withdimV =n > 2. Then any 1—dimensional
subspace is invariant, which means there exist non-trivial invariant subspaces. Hence
the representation is reducible.

2 Let G = a,b € C* 3,V = C2. Define:
O b

Z:G— GL(V)
(6 D)6)-6)6)- ()
Let T, = span{(1,0)} = {(X\,0) | A € C}. For any x € G and any vector v =

(A, 0) € Z; we have:

o= ) ()~ () ex

Thus, £ (x)(Z1) C T,, therefore I, is a subrepresentation.
Similarly, Ty = span{(0,1)} = {(0,\) | A € C} is invariant.

@ Proposition 2.6.1. [10] Every representation of degree 1 is irreducible.
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2.7 Completely Reducible Representation
#Definition 2.7.1. [13] Let
LG —>GL(VY) and %G — GL(V,)
be two representation of G. The direct sum representation
LYy G— GLV, @)
is defined by
(L ® L) (@) (v1,02) = (Li(x)or, Bo(x)vs),  for all z € G.

#Definition 2.7.2. [9] A representation (V, L) of group G is called completely re-
ductble if it can be written as a direct sum of irreducible subrepresentations

V=VieVe -V
where each V; is an irreducible representation.

N Example 2.7.1. = Let G be any group and V any 1—dimensional representa-
tion. Therefore, it is completely reducible.

®Lemma 2.7.1. [11] If V is completely reducible and T C V' is invariant, then:
V=TT

where T is invariant subspace.

2.8 Schur’s Lemma
#Definition 2.8.1. [10] Let
2 :G—>GLYV), £ :G— GLW)

be two representations of a group G. A linear map T : V. — W is called a G—homomorphism
if it commutes with the group action:

T(Z(2)(v)) = ZL(x)(T(v)), forallzeGveV.

VW Theorem 2.8.1. [9](First Form of Schur’s Lemma,)
Let (V,£41) and (W, %) be two irreducible representations of G, and T : V. — W be a
G—homomorphism. Then either:

T=0 or T isan isomorphism.
Proof. Consider ker T C V. For any x € G and v € ker T:

T(Z(2)(v)) = Za(2)(T(v)) = Zo(2)(0) = 0.
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Hence, ker T is stable under the action of G. Therefore ker T is an invariant subspace of
v

Since V' is irreducible, then ker T is either {0} or V.
Similarly with ImT C W:

T(Zi(2)(v)) = Z(x)(T(v)).

Then ImT is G—invariant and since W is irreducible, ImT is either {0} or W.

I[f kerT =V, then T = 0.

If ker T = {0}, then T is injective, so ImT # {0}. Therefore InT = W so T is bijective
and consequently T is an isomorphism. Il

VW Theorem 2.8.2. [12](Second Form of Schur’s Lemma)

Let (V, ) be an irreducible representation of G over an algebraically closed field K. If
T:V =V is a G—endomorphism, then T is a scalar multiple of the identity
T=M-Idy, MeK.

Proof. Since K is algebraically closed, the operator T admits an eigenvalue A € K. Let
A=T - \ldy.

A is G—endomorphism. Since A is an eigenvalue, then ker A # {0} by The First Form of
Schur’s Lemma(2.8.1) A = 0. Thus

T — Mdy =0

SO
T = Mdy .

O
*Remark 2.8.1. [9] If V' and W are irreducible representations and V-2 W. Then:
Homg (V, W) = {0}.

>Notation 9. We write Homg(V, W) to denote the set of all G—homomorphisms from
Vto W.

2.9 Maschke’s Theorem

Let G be a finite group and V' be a finite dimensional representation of G over K. Let
Z:G— GL(V)
be a representation.

VW Theorem 2.9.1. [10](Maschke’s Theorem)
If char(K) 1 |G|, then every representation of G is completely reducible. In other words, V
can be decomposed as a direct sum of irreducible representations.
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Proof. Let W' be the vector subspace of W such that V =W & W’'. Considerp : V — W
be the projection of V onto W along W', for v = w+w' then p(v) = w forw € W,w' € W’.
Define:
P:VF— — ] Zf “Ho).
x€gG
The map p is called the averaging operator and we can simplify it:

p:v— — G Z:Cp )
| | x€G
We first show that p has image in W, since for v € V : p(z~'v) € W and 2W < W.
For w € W, we have p(w) = w. This follows from the fact that p itself fixes W. Since W
is G—invariant we have z~'w € W, for all w € W. So we get:

z€g
> !
= — rr w
|g| z€g
D
= — w=w
|g| z€eg

Thus p is a projection onto W.
For y € G, we have yp(v) = p(yv), then it is invariant;

—y’g|2xp$ v)

z€G

= @ > yap((yz) 'yv)

z€g

|g‘Zyx x) Hyv.

z€g

Since y is invertible, we may write z = yux:
-7 2

=p(yv).
If v € kerp and y € G, then p(yv) = yp(v) =0, so y € kerp.
Thus
V = Imp & ker p.

2.10 Examples of Representations of Small Groups

2.10.1 Cyclic Groups €,

#Definition 2.10.1. [9] An n-th root of unity is a number x € C such that 2" = 1.
In general, n-th root of unity are given by e for 0<k<n.
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#* Remark 2.10.1. [9] Every n-th root of unity is a power of w, = e .

N Example 2.10.1. = We begin by examining the 1—dimensional representations
of €= (x| z* =1).
Let £ : €, — GLy(C) be a representation. Since z* = 1 we have (£ (z))* = L
Take £ (x) = [a]. Since [€] is a 1 x 1 matriz, we have [a]t = [a].
Then [a]* = [af] = (ZL(z))* = [1], so a* = 1.
There are 4 such numbers in C : 1, —1,1, —i. So we have four distinct 1—dimensional
representations of €y

o 7 :¢4— GL(C)
r— 1.
o % :Cy— GL(C)
r— —1.
o Z:¢€4— GL(C)
T — 1.
o ¥, :¢4— GL(C)

T — —1.

= (Consider now the following 2— dimensional representation of &€,. Let £ : & —

GL5(C) such that:
10
L(x) = (O z) :

e e R

So £ is a representation.

Then

2.10.2 Symmetric Groups G,

#1Definition 2.10.2. [1] The group &3 is the group of permutations of three elements.
S3 = {e,(12), (13),(23), (123), (132)}

with |S3| = 6.

%\Example 2.10.2. = We first describe the 1—dimensional representations.
Let & : &3 — GL1(C). Define:

ZL(x)=1, foralzxe &;.

This is a representation and it called the trivial representation.

Define:
L) = 1, Z'f:CE 18 'e’uen,
—1, if x is odd.

This representation is called the sign representation.
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= Now, we construct a non-trivial representation.:
Z 63 = GLy(C).
Let G5 act on R? by permuting coordinates:
(1, %, %3) = (To(1), To(2), To(3))-
Consider the subspace: T = {(x1,x9,23) | 1 + 22 + x3 = 0}. We choose a basis:
u=(1,-1,0),v = (1,1,-2).

We apply it on the elements of G3:

Since (12)(x1, 9, x3) = (22, 71, 3) = {

2= (3 ).

By applying the same computation to the permutation (123) we obtain:

Thus:

2= | 2 2
T 2

2.10.3 Dihedral Group 99,

#Definition 2.10.3. [1] The group D, is the group of symmetries of a reqular n—gon.

Do, = (r,s| 1" =e,8> =e,srs =1"1).

with |Day| = 2n.

N Example 2.10.3. 2 Let £ : Do, — GL1(C). So ZL(r) and £ (s) € C*, with:

e Define:
ZL(r)y=1, ZL(s)=1.

They are called the trivial representations.
e Define:

then:
L)L (L (s)=1=L(r)".

These representation are called the reflection sign representations.
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P Remark 2.10.2. [8] In dimension 1, all values commute:

" L) = L) = L) =1
— Z(r) ==+l

Therefore, we have the following 1—dimensional representations:
ZL(r)==+1, ZL(s)==l.

e Let
L an — GLQ(C)

since Do, represents the rotation and reflection of a regular n—gon, we can represent
them as matrices acting on R2.

Let:
21k . 27k
COS—— —SIn —— 1 O
sin —  cos —
n n

2.10.4 Quaternion Group £y

#Definition 2.10.4. [5] the group Qg is group whose elements:
Qs ={1,—-1,i,—1i,j,—j, k,—k}

satisfying i* = j% = k* = ijk = —1 with |Qg| = 8.

N Example 2.10.4. e Let L : Qg — GL(V) be a homomorphism. Then we have
the following representations

= We define the trivial representation:
Z Qs — GL1(C)

by
ZL(x)=1.

& Because C* is abelian;
ZL(ij) = L) £ () = £ ()L (i) = Z(ji)

and in Qg we have:
ij =k ji=—k
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consequently:

From this result;
L(-k)=2(-1)Z(k) = ZLk)=ZL(-1)Z (k) = ZL(-1) =1.

Therefore:
L) = %1, L(j)==%1, L(k) ==+l

We summarize the 1—dimensional representations in the following table:

representation | £ (i) | £ (j) | £ (k)
1
1

4 1 1
Z 1 1
2 1T | -1 | =1
k2 1 1] 1

= (Consider the representation:
Z Qg — GLQ(C)

defined by:

Then: | (

*Remarks 2.10.1. [5]

1. The quaternion group has five irreducible representations over C; four of degree 1
and one of degree 2.

2. Qg is finite, then every representation of Qg is completely reducible.

University of El Oued =



Chapter 3

Characters of Finite Groups

We introduce characters and show how representation theory can be studied through
traces and class functions. We also develop the orthogonality relations and study the
regular representation, which paly an important role in decomposing representations into
irreducible components.

3.1 Character of Representation

#Definition 3.1.1. [10] Let V be a finite-dimensional vector space and T :V — V a
linear operator represented by a matriz A. The trace of T is the sum of the diagonal

coefficients of A.

#Definition 3.1.2. [9] Let £ : G — GL(V) be a representation of a finite group G,
where V' is a finite-dimensional vector space. The character of the representation is the

function
x:Gg—C

x(x) =Tr(ZL(x)), foreveryzeG

N Example 3.1.1. = Let L : G — GL1(C) be the trivial representation £ (x) = 1.
Then:
x(x)=1, forallz €g.

= (Consider the trivial representation £ (x) = 1 acting on C. Then x(z) = 1, for
every x € G.

e [f x is the character of (V,£) of n—dimensional vector space V', then
x(e) =n (since L(e) =1,)

and the trace of the identity matriz is n.
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3.2 Class Functions

#Definition 3.2.1. [15] Let G be a group and z,y € G. We say that x is conjugate to
y if there exists t € G such that:
Y= tot™t.

The set
Cl(x) = {tat™! | t € G}

is called the conjugacy class of x.

#1Definition 3.2.2. [12] Let G be a finite group. A function f: G — C is called a class
function if it constant on conjugacy classes:

f(z) = f(yxy™"), forallz,ycg.

» Corollary 3.2.1. [15] If x and y are conjugate (x ~y), then

#* Remark 3.2.1. [19] The set of all class functions on G forms a vector space over C.

@ Proposition 3.2.1. [12] If G is a finite group and has k conjugacy classes, then the
space of class functions on G has dimension k.

3.3 Characters and Class Functions

VW Theorem 3.3.1. [9] The Character x of a representation is a class function. In other
words;
\(tat™) = (@), @,teq.

Proof. Let £ : G — GL(V) be a representation with character y. Suppose that x ~ y,
then there exists t € G such that:

Y= tat L.
We have
X(y) = Te(ZL(y)) = Te(L (tat ™))
=Tr (L)L (2)ZL#)).
e Tr(ABA™Y) = Tr(B)
we obtain:

Te(ZL ()L (2)ZL(t)7") = Te(L(x)) = x(2).
Thus x(y) = x(). O

@ Proposition 3.3.1. [10] Every character is a class function; they belong to the vector
space of class functions.
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3.4 Character of Direct Sum

#Definition 3.4.1. [10] Let
£ :G = GLV) Z:G— GL(V)
be two representations of G. The direct sum representation is defined as follows:
ADL G — GLV, @ V)

(L1 & 2L)(x)(v1,v2) = (Zi(z)v1, La(z)0a).
Which has a matrixz of the form

(L@ L) (x) = (glo(m) D%O(x)) '

VW Theorem 3.4.1. [12] Let £, : G — GL(V1) and £ : G — GL(V,) be representations
of G, x1 and xo be their characters respectively. Then the character of the direct sum
satisfies:

X(Zi(z) & L(x) = x(“Z(2)) + x(L(2), forallzed.

Proof. Let dimV; = n and dim V5 = m. We choose bases for V; and V5, then for any
x € G, the matrix of £ & %(z) is block diagonal:

(L@ L) () = (glo(x) 320(33)) -
The trace of block diagonal matrix is equal to the sum of the traces of its diagonal blocks:
X(“Zi(2) © Ly(x)) = Tr(Zi(z) © Za(x))
= Tr(Z(z)) + Tr(L(x))
= x(&(x)) + x(L(2)).

%Example 3.4.1. ® Let G = &3 and:
gl : 63 — GL((C), .,2”1(:17) =1

+1, if x is even

25163 = GL(C), Z(x) = {_1 if z is odd

We have:
ez (5 ). wema- (5

Therefore, for every x € Ss:

(Zl@zg)(m):(%(:v) 0)

). ez - (5 ).

0 Z(x)
Since (4 ® %)) = X(Lu()) + X(L(x)), then:
xe)=1+1=2.
V((12)) =1+ (~1) = 0.
x((123)) =1+1=2.
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@ Proposition 3.4.1. [12] IfV =V, & Vo & --- &V}, then the character satisfies:

X =X1+ X2+ "+ X

Proof. For any x € G, since V=V, ® Vo @ ---V, and each V; is G — invariant, the linear
map .Z(z) is block diagonal with respect to a basis:

L) 0 0

0 B) -~ 0

L= S
0 0 - L)

The trace of a block matrix is the sum of the traces of the blocks:
Tr(Z(x)) = Tr(A(x)) + Te(L(2)) + - + Tr(L(2))
Using the definition of characters, we obtain:
x(x) = xa(z) + xa(@) + - - xalz).
O
)Corollary 3.4.1. [10] If a representation decomposes into irreducible representations
V=mVi®uVe®- -V

then:
X = MiX1+ p2Xe + -+ e Xk

3.5 Character of Tensor Product
#Definition 3.5.1. [13] Let
£:G—=GL(VI) Z:G > GL(V,)
be two representations of G. We define the tensor product representation by:
ARL:G— GLV, @ V)

s defined by
(4 @ L) (x)(v1,v9) = L (2)v1 @ Lo(x)vs.

VW Theorem 3.5.1. [9] Let £, : G — GL(V}) and %, : G — GL(Vs) be representations
of G, x1 and X2 be their characters respectively. Then the character of tensor product
satisfies:

X(Zi(x) ® Lo(x)) = x(Zi(x)) - x(L(2)).
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Proof. Let dim V) = n and dim V, = m. Choose bases {a1, ..., a,, } for V; and {51, ..., B}
for V5. Then a; ® §; forms a basis for V; ® Vs, for any € G we have:

(2 @ L)(z)(a; @ Bi} = Li(z) () @ Lo(x)(5s)-

Let A = %2 (z) and B = % (x), A is an n X n matrix with coefficients a;; and B is m x m
matrix with coefficients b;;. The matrix A ® B with respect to the basis {a; ® f;} is the
Kronecker product, with coefficients:

(A X B) = aikbﬂ.

The trace of A ® B is the sum of its diagonal coefficients. The diagonal coefficients
correspond to the indices satisfying + = k and j = k:

Tr(A® B) = ZZ A® B)

Thus
Tr((A © L) (x)) = Tr(LA(x)) - Tr(L(x))

by definition of characters:

X4 © L) (x) = x(“(2)) - x(L()).

F*Remark 3.5.1. [10] If dim V} = n and dim Vo = m, then dim(V; @ Va) = nm.

3.6 First Orthogonality Relation

#Definition 3.6.1. [10] Let G be a finite group and let

fig:G — C.
The inner product of f and g is deﬁned by:
f.9 Zf
|g‘ z€G
where g(x) denotes the complex conjugate.

VW Theorem 3.6.1. [12] Let x, and X be characters of irreducible representations of G.
Then:

( = L ifxi = xe
W0, i £ e

Thus, disjoint irreducible characters are orthogonal.
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Proof. Let Vi and V5 be irreducible representations of G with characters x; and y» re-
spectively. We have:
(X1, x2) = dim Homg(V3, V3)

where Homg(V;, V3) is the space of G—homomorphism linear maps.
Using Schur’s Lemma(2.8.1):
o If V) 2215, then

Homg(V1, Va) = {0} = dim Homg(V;, V3) = 0.
o If V) =2V, then:
Homg(Vi, V3) = C = dim Homg (Vi, V3) = 1.

Thus,
L, ifVi=W

(X1 x2) = dim Homg (V1,V3) = .
0, otherwise.

Since irreducible representations are determined by their characters, we get:

<X1 X2> _ 17 lf X1 = X2
’ 0, if x1# X

]

@ Proposition 3.6.1. [9] Since the characters are class functions, the formula can be

written as: ]

(X1, x2) = =7 Z 1C] - xa(ze) - xa(zo).
Gl &

3.7 Second Orthogonality Relation

Let G be a finite group and:
o (1,05, ...,C} be conjugacy classes of G.
e 1, be a representative of C;.
® \1,..., X beirreducible characters of G.

VW Theorem 3.7.1. [12] For all z,y € G:

ixz(m) xi(y) = {‘Cg(x)], ifx~vy

0, otherwise.
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3.8 Consequences of Orthogonality

Results 3.8.1. [10] Let (V,.Z) be a representation of G with character x and let x; be

an irreducible character. Then the multiplicity of irreducible representation V; in V is:
1 = (X Xi)

where (-,-) denotes the inner products on class functions.

Results 3.8.2. [13] The irreducible characters of G form an orthonormal basis for the
vector space of class function on G.

Results 3.8.3. [9] The number of irreducible characters of G is equal to the number of
conjugacy classes of G.

Results 3.8.4. [15] Let x1, X2, ---, X& be irreducible characters of G and let n; = x;(e) be

their degrees. Then:
k

> ni=IGl.

=1

Results 3.8.5. [12] A representation with character x is irreducible if and only if

Gx) =1

3.9 Linear Characters

#1Definition 3.9.1. [10] A character x of a group G is called linear if
x(x) #0, forallxe€g.

#* Remark 3.9.1. [12] Since GL1(C) = C*, a one-dimensional representation is a group
homomorphism £ : G — C* with associated the character x(x) = £ (x).

@ Proposition 3.9.1. [9] The set of linear characters of G forms a group under multi-
plication.

VW Theorem 3.9.1. [10] If G is abelian, then:

o All irreducible representations are one-dimensional.

e The number of irreducible characters is |G|.

N Example 3.9.1. @ Let G = €5 = {1,z,2*}. The 1-dimensional representation
X : ¢ — C*. Let:
x(r)=t=1t=1

we get:

Thus
xo(1) =1, xo(z) =1, xo(z*) =1,
xi1) =1, xi(2)=w, xi(a®) =u?
x2(1) =1, xa(z) =0’ xo(2?) = w.

Since all the values are nonzero, all the characters are linear. |3 = 3.
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3.10 Degree of Irreducible Characters

#Definition 3.10.1. [10] Let £ : G — GL(V) be a representation of G with character
X. The degree of the character x is defined by:

x(1) =dim V.

@ Proposition 3.10.1. [9] If x is an irreducible character of G. Then x(1) > 1. More-
over, x(1) = 1 <= the representation is one-dimensional.

VW Theorem 3.10.1. [15] If x is an drreducible character of G, then:
x(1) 1191

VW Theorem 3.10.2. [13] If x is an irreducible character of G, then:
x(1)* < |g].

VW Theorem 3.10.3. [10] If G is abelian, then every irreducible character has degree 1.
Thus all irreducible representation are one-dimensional.

3.11 Regular Representation

#Definition 3.11.1. [9] Let G be a finite group. C[G] is the n—dimensional complex
vector space consisting of all formal linear combinations of group elements:

Clg] = {z”: x| o € (C} )

We equip this vector space with a multiplication operation from G. For two elements

Z T and Z Byy in C[G]:

z€eG yeg
zeG yeg z,Y€G

#Definition 3.11.2. [10] Let G be a finite group and consider the vector space V = C[G]
whose basis is the set {e, | x € G}. Define:

Z G — GL(C[G))
L()(e) = epn
This representation is called the regular representation.
@ Proposition 3.11.1. [12] The degree of the reqular representation is |G|.
VW Theorem 3.11.1. [13] Let x,, be the character of the reqular representation. Then:

gl, =
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N Example 3.11.1. @ Let G = €, = {1,z} with 2> = 1 Since V = C[C,), if follows
that it is a 2—dimensional vector space with basis:

{61,633}

We have:
Z(1)(e1) = e

ZL(1)(er) = €1, = €y
Thus, Z (1) is the identity linear map:

2(1) = ([1) (f) .

ZL(z)(e1) = €g1 = €4
L(x)(er) = €pp = €22 = €

Also:

By definition of characters:

< X
— —~
2 =
1
2 3
5 =
[
o [\

Consequently,

(z) 2, =1
reg\&x) =
Xreg 0, x#1.

VW Theorem 3.11.2. [15] Let x; be an irreducible character with degree n; then:

<Xreg; Xz> = Ny.

Proof. We have:

<Xreg: XZ ‘g’ Z Xreg

zeg

Using Theorem(3.11.1), we get:

(Xregs Xi) = |g| <Xreg( ) Xi(€)>

|g|(|g| ;)

=nNn;.
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3.12 Decomposition of Regular Representation
Let .Z : G — GL(C|[G]) be a regular representation of a finite group G. Let {V1, V4, ..., Vi.}
be the irreducible representation of G over C with dimensions n; = dim V.
VW Theorem 3.12.1. [10] The reqular representation decomposes as:
k
Clg) = Pnvi.
i=1
Proof. 1t suffices to prove:
k
Xreg = Z i X
i=1
Using Theorems(3.11.1) and (3.11.2) we have:
<Xreg7 Xz> = Nj;.
Any character y can be written uniquely as:
k
X = Z i Xi
i=1
where ; = (x, x;). We apply this to x,., we get:
i = <XT697 Xi) = n;.
Therefore: i
Xreg = Z T X5 -
i=1
O
» Corollary 3.12.1. [13] From the decomposition
k
Clg) = P nVi.
i=1
we get:
k
dim (C[G]) = dim (@ nV)
i=1
k
S i = gl
i=1
=
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Character Table

In this chapter, we study character table and their role in describing the representa-
tion theory of finite groups. We also use the orthogonality relations of characters to obtain
important structural results and to explain how character tables can be constructed in

practice.

4.1 Character Table

#1Definition 4.1.1. [17] Let G be a finite group, x; be an irreducible character and C;
the conjugacy classes. The character table of G is a square matriz in which the rows
correspond to irreducible characters and the columns correspond to conjugacy classes.

#*Remark 4.1.1. [19] Because characters are constant on class functions, we have:

x(x) = x(tat™).

#Definition 4.1.2. [18] The character table has the form:

Cq Co Cs Cy
x1 | x1(C1) x1(C2) x1(Cs) x1(Cr)
xz2 | X2(C1) x2(C2) x2(Cs) x2(Ck)
x3 | x3(C1) x3(C2) x3(Cs) x3(Cr)
X.k Xk(.Cl) Xk:('C2) Xk(b?)) Xk(bk)

4.2 Properties of The Character Table

“Properties 4.2.1. [16]

(i) FEach character satisfies:

X(z) = x(tat™"),

forall xz,t € G.

The coefficients depend only on conjugacy classes.

42



Chapter 4. Character Table

43

(ii)

(iii)

(iv)

(iv)

(vii)

(viii)

(ix)

4.3

The number of irreducible characters is equal to the number of conjugacy classes.

Hence, the character table is always square.

\01 e
Xl DTS DY “ e
Xk

For the first row:

x1(x) =1, forallxzeg.

For the first column:
xi(€) = deg (xi)-

k
> (deg xi)* = [G].
i=1
For each character:
x(z™h) = x(x)

s0:
. Real-valued characters =—> symmetric table.
. Complez-valued characters occur in conjugate pairs.

For any irreducible character:
Ix(2)] < x(1).

Each degree divides the group order:
deg (xi) | |9]-

The character table reflects the class structure:

G1=>"1C]
j

each column correspond to a conjugacy class of the group.

All character values are algebraic integers.

Orthogonality of Rows

F*Remark 4.3.1. [17] All characters are class functions, then the inner product may be
written in terms of conjugacy classes as follows:

VW Theorem 4.3.1. [9] Let x1, X2, ---

(f,9) = mZICI -9(Cy)

oy {1 =
XoXil= Yo ifi 4.

, Xx be irreducible characters of G. Then:

University of El Oued



Chapter 4. Character Table

44

@ Proposition 4.3.1. [18] The orthogonality relation in The Theorem(4.3.1) can be

expressed in the following form:

1 k
1G] I x6(Ch) - x5(Cy) = 6
j=1

where 0;; is the Kronecker delta.
Results 4.3.1. [12]

1. Irreducible characters are linearly independent:

061X1—|—042X2+"'+Oéka:0:>051:Oé2:"':OékIO‘

2. Irreducible characters form an orthonormal basis of class functions, since every class

function f: G — C can be written as:

k
f= Z ;X
i=1

3. If V is a representation with character x, then the multiplicity of the irreducible

representation V; in V' is given by:
pi = (X Xi)-
4. For any character x:

X = Z<x,xi>xi.

5. For any character x:

Oox) =Y we
6. The decomposition of a character x, into irreducible components is unique:

X = ZMin‘ = mez

4.4 Orthogonality of Columns

VW Theorem 4.4.1. [10] Let C;,C; be conjugacy classes of G. Then:

- [ i
D xnlC) - xm(C) = < |Gl
i=1 0, ifi 7 J.
@ Proposition 4.4.1. [9] Define:

Xn(cj) = ‘Cj’Xn(Cj)'
Then:
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Results 4.4.1. [18]

1. The number of irreducible characters is equal to the number of conjugacy classes.

NS

. Columns of the character table are linearly independent.

3. Two elements x,y € G are conjugate if and only if:

Xz(iU) = Xz(y)

S lCpf = 2

Cil

k
> @) = [Cq(a)]
i=1

where Cg(x) is the centralizer of x.

4.5 Steps to Construct a Character Table

The following procedure is commonly used when constructing a character table:

‘ Group Structure‘ S —_— ‘ Orthogonality‘

1. First, Note that the number of classes equals number of irreducible characters. Find
all conjugacy classes:

C17 C27 ) Ck:

and their sizes,these determine the dimensions of the character table.

2. Second, Construct the initial frameork of the table, by creating columns(conjugacy
classes) and rows(irreducible characters) with:
- First row: for the trivial representation.
- First column: degree of x;(e).

3. Third, Apply the following formula:

k

> (deg x;)* = |G|

i=1

so we can determine possible degrees.

University of El Oued =



Chapter 4. Character Table 46

4. Fourth, Next use familiar representations such as the trivial, sign, or permutation
representations to determine some rows explicitly.

5. Fifth, Apply orthogonality of rows:
1 < -
@ Z 1G5l xi(Cy) - xa(Cy) = dar-
j=1

6. Sixth, Apply orthogonality of columns:

k
— |G
ZXZ(Cz‘) xi(Cy) = H@j‘

=1

7. Finally, Keep in mind the following constraints on character value:
- Character bounds:

Ix(@)] < x(1).

- Character values must be:
e [ntegers.
e Roots of unity combinations.

o x(@) = x(®).

4.6 Computation of Character Tables of Small Groups

4.6.1 Cyclic Groups ¢4
(I) Consider the cyclic group €4
Cy=(v|a"=e)

its elements:
¢y = {e, x, 2% 2°}.
The group €, is abelian and has order 4.
(IT) Since €4 is an abelian group, it follows that:

yry ' =z, forall z,y € ¢,.

Thus, each element forms its own conjugacy class:
1 1 2 3

yey ' =e, yry l=ux, yrPy =2 y2iy'=2"

Therefore, we have 4 conjugacy classes:

{e} {z} {2*} {="}.
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(III) Applying the formula:
k

> (deg x:)* = |G-

i=1
But since €, is abelian, then all irreducible representations are 1—dimensional.
Then:

(deg x;)*=1 foralli=0,1,2,3.

(IV) In cyclic groups, every irreducible representation is determined by:

2mk
Z(z) =Wk, where w = e
We have z* = 1, so we get 4 roots of unity:
WO =1, w=i, wr=-1, wi=—i

Now, Using this representation, the characters are computed by:

k(") =W for k=0,1,2,3.

(V) We set up the following character table:

Cile = 22 28
xo/1l 1 1 1
x1|11 & —1 —i
x2|1 —1 1 =1
X3 1 — -1 1

4.6.2 Symmetric Groups Gj

(I) The symmetric group &3 consists of all permutations of the set 1,2, 3. Its elements:
Ss3 = {e,(12), (13),(23), (123), (132)}
with |S3| = 6.
(IT) In &3, conjugacy classes are determined by cycle types. Therefore:
Cy : {e}.
Cy : {(12),(13),(23)}.
Cs : {(123),(132)}.

Hence, we have 3 conjugacy classes.

(III) We have:
Z(deg Xi)® = |63 = 6.
i>1
Then:
1 + 1% + 22 = 6.
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(IV) Now, we determine the characters:

(i) Consider the trivial representation .Z’(z) = 1. Then:

(ii) Define the sign representation:

Then:

x1=(1,1,1).

_J 1, if z is even,
=1, ifzisodd.
X2 = (]- - 17 1)

(iii) We use the orthogonality to determine the 2—dimensional representation. Let x3 =

(2,z,y). We have:

1
06[1(2)+3x+2y]:O:>2+3x+2y:0.

1

o—[1(2)+3(—x)+2y| =0=2—3x +2y = 0.

6

This gives the following system of equations:

By subtraction we get

Therefore:

(V) The character table of S3 is:

{2+3x+2y:0

2—-3r+2y=0

r=0,y=—1.

X3:(2707 1)
Ssle (12) (123)
vill 1 1
o |l —1 1
;|2 0 -1

4.6.3 Dihedral Groups 99,

We will compute the character table of ®,, in two cases:
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1. nis odd :

(I) Consider the case n = 3. The dihedral group:
Ds=(r,s|r’ =e,s*=e,srs=1r"")

its elements:
D¢ = {e,r, 7%, 5, s, 57}

with [Dg| = 6.
(IT) Since sr¥s = r=* we have:

{e}, {r,r*}, {s,sr,sr’}.

Hence, there are three conjugacy classes and therefore three irreducible characters.

(ITI) Since Dg = &3 we get:

D (deg xi)* = D¢ =6 =17+ 17+ 2° = 6.

i>1
(IV) We compute the characters:
(i) We define the trivial representation:
Zi(r)y=1, Z(s)=1.

Then:
x1=(1,1,1).

(ii) Define the sign representation:
32(7”) = 1, gg(S) = —1.

Then:
D%(srk) = ,,2”2(8)32(7‘]“) =—1.
Therefore:
X2 = (17 L, _1)

(iii) Now let D4 acts on V' = R2.The rotation r is represented by:

2 .27 1
COS ? — Sin ? —5 —
Z(r) = .27 o | = G(r) = /3
sin —  cos — i
3 3 2

The representation of s:

Zi(s) = ((1) _01)-

Since this representation has dimension 2, we obtain:

X3<€) =2, X3(T> = -1, X3(8) = 0.
Thus,
x3 = (2,-1,0).
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(V) We can set up the character table:

Ds|e {r,r?} {s,sr, sr?}
X1 1 1 1
oll 1 1

X3 2 —1 0

1. n is even :

(I) Take n =4. We have:
Ds=(r,s|rt=e,s =e,srs=r"")

its elements:
Dg = {e,r,r*, 1% s, 87,577, 57"}

with |Ds| = 8.

(II) We have the following conjugacy classes:
{eb A} Ar,r?} {s 507}, {sr, 5%}
(III) Since we have 5 irreducible characters:
P+12+12+17+2° =38

(IV) Computing the characters:

(i) We define the trivial representation:
.3%1(7“) = 1, gl(S) =1.

Hence:
x1=(1,1,1,1,1).

(ii) Since 7! = e, the one-dimensional representation send r to either 1 or —1;

L) =1, L(s)= 1.

Thus:
x2=(1,1,1,—-1,-1).
And
L(r)=—1, L(s)=1
— X3 — (1’ 1’ —1, 1, —1)
And

Ly(r)=—-1, Z(s)=-1
xe=(1,1,—-1,-1,1).
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(iii) We have the 2—dimensional representations:

20 -1 ) o= (5 Y).

Consequently:

X5 = (27 _27 07 07 O)

(V) Therefore, the character table of Dy is given by:

Dsle 12 {r,r3} {s,sr*} {sr,sr’}
vl 11 1 1
o ll 1 1 1 1
all 1 —1 1 1
il 1 -1 -1 |
s12 =2 0 0 0

4.6.4 Quaternion Group Qg

(I) Consider the quaternion group Qg

538 = {17 _172 - iuju _juka _k}

whose elements satisfying:

with |Q8| = 8.

(ITI) Using the definition of conjugacy classes, we obtain:

{1}7 {_1}7 {i7_i}7 {ju _j}7 {k7_k}

(ITI) Using the formula Z(deg x)? = |Qs| = 8, since Qg has four 1—dimensional repre-

i
sentations and one 2—representation then:

(IV) Computing the characters:
(i) We have:

P24+124+12 412422 =38.

24(1) = 40) =40) =1

consequently:

X1 = (17 1a ]-7 1)

(ii) Consider %(i) =1, %(j) = —1, then:

L(k) = £(1)2() = -1

= x2=(1,1,1,—-1,-1).
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And Z3(i) = =1, 25(5) = 1, then Z(k) = —1, so x3 = (1,1,—1,1,—1). With
the same argument; Z,(i) = —1,Zi(j) = —1, it follows that Z;(k) = 1 then

X4 = (17 17 _17 _17 1)

We define the 2—dimensional representation:

Z5(i)

,,%5 : Qg — GLQ((C)

= %) o= (%)

%) = 2(0.40) = (| ()

1

— x5 = (2,-2,0,0,0).

(V) Consequently, we obtain the following character table:

Qg1 -1 {i,—i} {j,—j} {k —k}
il 1 1 1 1
Yo |l 1 1 ~1 ~1
sl 1 —1 1 ~1
vall 1 -1 —1 1
512 =20 0 0

*Remark 4.6.1. We observe that g and Qg have the same character degrees and

character tables, both are not abelian, so they are not isomorphic (Dg % Qg).
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Applications

In this chapter, we apply character theory to several important problems in finite
group theory. In particular, orthogonality relations will be used to prove Burnside’s
Theorem, study simplicity of groups, and investigate linear characters and the center of
a group.

5.1 Burnside’s p® - ¢’—Theorem

#Definition 5.1.1. [12] A complex number z € C is called an algebraic integer if it
is a root of a monic polynomial (leading coefficient equals 1) with integer coefficients.

N Example 5.1.1. = Since i is a root of x* + 1, we have that it is an algebraic
integer.

= /2 is an algebraic integer (root of x* —2).

= Since 2x — 1 is not a monic polynomial, it does not satisfy the definition; therefore

1
3 is not an algebraic integer.

#1Definition 5.1.2. [1] A finite group G is said to be solvable if there exists a sequence
of normal subgroups:

{e} =G <G <---4G, =G

such that each quotient G;11/G; is abelian.

®Lemma 5.1.1. [10] Let x be a character of a finite group G. Then for every x € G
x(x) s an algebraic integer.

Proof. Let x be the character of a representation (V,.%Z) where dimV = d. Let n be the
order of z € G, so that 2™ = e.

Since .% is a homomorphism Z(x)" = £ (a™) = I, which satisfies the equation 7" —1; =
0.

Therefore, every eigenvalue A of Z(x) is an n—th root of unity. Consequently, A is an
algebraic integer. Let A1, g, ..., Ay be the eigenvalues of .Z(z). By definition:

X@)=Tr (ZL(x) =M+ X+ + A\
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d
Since each ); is an algebraic integer, their sum x(x) = Z A; is also an algebraic integer.
i=1

]

C
@ Proposition 5.1.1. [12] If %X@) is both a rational number and an algebraic in-
X
teger, then it is an integer.

®Lemma 5.1.2. [1] Let G be a finite group and C a conjugacy class, then:
ICl =[G : Cg(z)]
where Cg(x) is the centralizer of x.

@ Proposition 5.1.2. [12] Let C be a conjugacy class of a finite group G, and let p be
a prime. If |C| is not divisible by p, then the centralizer Cg(x) has index not divisible by
p. Consequently, Cg(z) contains a Sylow p—subgroup of G.

#1Definition 5.1.3. [1] A finite group G is called simple if its only normal subgroups
are

{e} and G.

N Example 5.1.2. e Let p be a prime number. Then:
G=17/pZ
is a stimple group.

= The group
A,, = {even permutations in &,}

is simple for alln > 5.

)Corollary 5.1.1. [3] Let p,q be prime numbers, and let G be a finite group of order
p2q®. Then G is not simple unless it is cyclic of prime order.

VW Theorem 5.1.1. [9/(Burnside’s Theorem,)
Let G be a finite group such that:
Gl =p"-¢"

where p,q are prime numbers. Then G is solvable.

Proof. Assume there are primes p, ¢ such that there exists a group of order p®¢® which is
not solvable. Let G be such a group smallest possible order.

Since every abelian group is solvable, the group G cannot be abelian. By Corollary(5.1.1),
the group G is not simple, so it contains a nontrivial normal subgroup N. By the mini-
mality of |G|, both /' and G/N must to be solvable.

Notice that if |G|p?g®, then |N| = p™¢® and |G/N| = p*~@1gb~P1,

Moreover, the class of solvable groups is closed under extensions, so if G and G/N are
solvable, it follows that G is solvable. O
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5.2 The Use of Characters to Study Simplicity

#Definition 5.2.1. [12] Let x be the character associated with representation (V, L.
The kernel of x is defined by:
ker(x) = {z € G [ x(z) = x(1)}.

@ Proposition 5.2.1. [10] Let (V,£) be a representation of a finite group G, and let x
be its character. Then:
ker(y) = ker(.%).

In particular, ker(x) < G.

Proof. Let z € ker(.Z) then:

Taking the trace on both sides gives:
X(z) =Tr(ZL(z)) = Tr(ldy) = dim(V) = x(1).

So
x € ker(y) = ker(.¥) C ker(x).

Let = € ker(x), then:

x(#) = x(1) = dim(V'),
Since .Z(x) is a linear operator of finite order, its eigenvalues are roots of unity.
Let Ay, ..., A, be the eigenvalues;

X() = At A

since each eigenvalue satisfies |A\;| = 1 and their sum equals n, it follows that:

AM=X=--=)\,=1.
Therefore
Consequently,
x € ker(Z).

]

@ Proposition 5.2.2. [9] Every linear character defines a group homomorphism from
G into C*.
VW Theorem 5.2.1. [12] If a non-abelian group G admits a nontrivial linear character,

then G is not simple.

Proof. Let x : G — C* be a nontrivial linear character. Since ker(x) < G, then:
Since x is nontrivial, there exists an element = € G for which y(z) # 1. Hence:

ker(z) # G.

Suppose that ker(y) = {e}. Then x is injective, which implies that G is isomorphic to
a subgroup of C*. Since C* is abelian, G must also be abelian, this contradicts the
assumption that G is non-abelian, so:

ker(x) # {e}.
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)Corollary 5.2.1. [11] If a group has more than one irreducible character of degree 1,
then it is not simple.

VW Theorem 5.2.2. [10] Let x be irreducible character. If there exists x # e such that
x(x) = x(1), then x € ker(x), hence, it generates a nontrivial normal subgroups of G.

N Example 5.2.1. @ Consider the group Gs, then the character table:

Ssle (12) (123)
xi]1 1 1
X2 1 —1 1
xs|2 0 —1

® Yo is a nontrivial linear character. Hence &3 is not simple.

5.3 Sum of Squares Formula

#Definition 5.3.1. [10] Let G be a finite group. A character x is called irreducible if
it arises from an irreducible representation of G.

#Definition 5.3.2. [12] The degree of X is defined by

deg(x) = x(1)

#1Definition 5.3.3. [13] Let G be a finite group. We define the regular representa-
tion of the group G:
< .G — GL(C[G))

Z(p)(x) = pz.
@ Proposition 5.3.1. The dimension of the reqular representation is:
dim(C[g]) = |g].

@ Proposition 5.3.2. The character of the reqular representation satisfies:

(:L‘) _ ’g‘> ifr=ce
Kreg 0, ifxF#e.

>Notation 10. We denote by £, the reqular representation.

VW Theorem 5.3.1. [10] Let {x1,- - x&} be irreducible characters of G, with degrees n; =
xi(1). Then:

k
Z‘eg = @ nzc%
i=1

VW Theorem 5.3.2. [12](Sum of Squares Formula)
Let G be a finite group and {x1,--- xx} its irreducible characters. Then:

k

> (deg x.)* = [G].

i=1
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Proof. From Theorem(5.3.1), we have:

k
Z‘eg = @ nz%
i=1

By comparing dimensions on both sides, we obtain:
k
Gl = n;-dim(Z)
i=1

because dim(.%;) = n;, this simplifies to:

k
Gl =) _ni
i=1

» Corollary 5.3.1. [10] For every irreducible character x,
deg(x) | 19].

%Example 5.3.1. ®Take G = &5. We have:

|S3| =6
we get the following decomposition.:

1 + 17 + 22 = 6.

Thus, the only degrees are:

1,1,2.
5.4 Center of a Group and Linear Characters
#Definition 5.4.1. [1] Let G be a group. The center of G is defined by:

Z2(G)={z€G|lzy=yx forallyeg}.

N Example 5.4.1. = (Consider the general linear group GLy(R), then

Z(GLy(R)) = {AI | A € R*}.

= [f G is abelian, then very element commutes with every other element so:
Z(9)=g.
Take G = Zg, then Z(G) = Zs.

@ Proposition 5.4.1. [9] The center Z(G) is a normal subgroup of G.
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@ Proposition 5.4.2. [8] A group G is abelian if and only if:
Z(G)=g.

#1Definition 5.4.2. [1] A linear character of a finite group G is an irreducible char-

acter of degree 1:
x:G— C.

N Example 5.4.2. 2 Take G = B3, then &3 has two linear characters:
o Trivial character x(x) = 1.
e Sign character x(o) = sgn(o).

= Let G =C3 = (x| 2° = ¢). we have: w=e’5 , then:

xore—1, z—1, 2%2—1.

x1:e—~1, z—w, 2 = W
xoie— 1, W’ 2P=uw!=w.
#* Remark 5.4.1. [13] Every linear character is a group homomorphism.
@ Proposition 5.4.3. [9] The kernel of a linear character is a normal subgroup of G.

VW Theorem 5.4.1. [12] The set of all linear characters of G forms a group under multi-
plication:
(x1x2)(x) = x1(z)x2(2)-

This group is called The dual group of G.

#1Definition 5.4.3. [1] The commutator subgroup is the subgroup generated by all
commutators of elements of G:

G,G) = (zyz~ 'y | 2,y €G).
@ Proposition 5.4.4. [9] [G,G] is a normal subgroup of G:
G,G]4G.
“Properties 5.4.1. [16]

(i) The quotient group G/[G,G] is abelian; it’s the largest abelian quotient of G called
the abelianization of G denoted G®.

(ii) G is abelian if and only if |G, G] = {e}.
N Example 5.4.3. = [f G is abelian, then xyx—'y~' =e. Thus:

[G.G] ={e}.
= Any simple non-abelian group G:

G:G]=4G.
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= (Consider the general linear group GL,(R). Then forn > 2: [GL,(R),GL,(R)] =
SL(R)

VW Theorem 5.4.2. [10] Every linear character is trivial on [G : G);
G: 6] C ker(x).
@ Proposition 5.4.5. [17] Let [G,G] be the commutator subgroup of G. Then:
|G : [G.G|| = number of linear characters.

®Lemma 5.4.1. [13/(Schur’s Lemma Consequence)
Let £ be an irreducible representation of G. Then for all x € Z(G),

ZLx)=M, IeC.

VW Theorem 5.4.3. [19] Let G be a finite group, for every irreducible character x, if
X(1) # 1 then there exists x € G such that x(z) = 0.

Proof. We will use the column orthogonality relation;

Y. Ix@)P =1Cg(2)].

z€lrr(G)

Suppose x(z) # 0 for every x € G. Then:

for £ = 1 we have:

which contradict our assumption.
Consequently, y(z) = 0. O

@ Proposition 5.4.6. [17] For every irreducible character x of G:

x(D) [1G - Z(G)|-
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