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Notations

Q Open subset of R™.
o) Boundary of €.
19 Measure of a set 2.

C([a,b]; R)  Space of continuous functions on |a, b].

LP(Q) Space of p-th power integrable functions on 2.

H'(Q) Sobolev space of order 1.

H} () Subspace of H'(€2) functions with zero trace on the boundary.
Il [loo Norm in the space C([a, b]; R).

I - | Norm in normed vector space.

Norm in the space Lﬁ(Q)

R e
| llmi ~ Norm in the space Hy(€).
ou JOu ou

Vu , s s = grad u.

((%1 O 8%) &
Au iz = laplacian of wu.

— Ox;
Cx(Q) The space of smooth, compactly supported functions on 2.
RN Weak convergence.
— Compact injection.
(-, ) Inner product in a Hilbert space.
Cq The positive Poincaré constant for Hj ().

a.e. almost everywhere.
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Abstract

In this memory, we explore the application of the linearization technique in some nonlinear
elliptic problems. We use this approach together with the fixed point theorem to prove the

existence of nontrivial weak solutions to certain nonlinear elliptic problems.

Keywords : linearization, nonlinear elliptic problems, fixed point theorem, existence.

Résumé

Dans cette mémoire, nous explorons I'application de la technique de linéarisation dans
certains problemes elliptiques non linéaires. Nous utilisons cette approche conjointement
avec le théoreme du point fixe pour prouver 'existence de solutions faibles non triviales a

certains problemes elliptiques non linéaires.

Mots-clés : linéarisation, problemes elliptiques non linéaires, théoreme du point fixe,

existence.
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Introduction

The linearization is a process creating a linear representation of a nonlinear problem. In
the realm of mathematics, we often encounter nonlinear differential equations that impede
the finding of analytical solutions. In this case, the method of linearization can contribute
to facilitate the study of some nonlinear differential equations. This technique relies on
replacing the nonlinear system with a linear one that can be solved, for example, using the

fixed point theory.

The memory is structured as follows. The first Chapter covers elements of functional
analysis to support subsequent arguments such as Lebesgue spaces, Sobolev spaces, Poincaré
inequality, the Lax-Milgram theorem, Schauder and Tychonoff fixed point theorems. In the
second Chapter, we use the linearization technique together with the Schauder fixed point
theorem to prove the existence of a nontrivial weak solution to the following elliptic problem:

M (l[ullfsqey ) div(a(z)Vu) = g(z,u) — in "
u=0 on 0f),
where ¢ € [1,2], M : [0,00[—= R, g : © x R — R are given functions and a(x) is an n X n
matrix. The function g satisfies a generalized Lipschitz condition. By the linearization tech-
nique combining with the Tychonoff fixed point theorem, we prove, in the last Chapter, the
existence of a nontrivial weak solution of (1) in which the function g satisfies a boundedness

condition. The results of this memory can be found in [1].




Chapter 1

Preliminaries

This Chapter covers elements of functional analysis used throughout this memory. The

content of this Chapter can be found in [2], [3], [4], [5], [6], [7], [8] and [9].

1.1 Topology of normed vector spaces and operators

Definition 1.1.1. (Normed vector space)
Let E be a vector space over the real number. A norm on E is a function || || : E — R
satisfying :

1. ||z|| =0 for allx € E, and ||z|| = 0 if and only if z = 0.

2. |lax|| = |af||z|| for all « € R and x € E.

3. x4yl < ||zl + ly|| for all x,y € E (triangle inequality).

The pair (E, || -||) is called a normed vector space.

Example 1.1.1.

In a normed vector space R"™, common types of norms for a vector x = (x1,...,x,) are :

1. jz|, = Z |z;| (Manhattan norm,).

i=1
2. ||zlla = 4 /fo (Euclidean norm,).
i=1
3. ||z]|eo = sup |z;| (Chebyshev norm,).
1<i<n

Example 1.1.2.
Let Q be an open subset of R". For 1 < p < oo, the space LP(SY) consists of all Lebesgue




1.1 Topology of normed vector spaces and operators

measurable functions f : 2 — R such that

i@ do < .

The LP() norm of such function is defined as :

1/p
WM@:(LV@PM).

For p = oo, the L>(Q) consists of all Lebesque measurable functions f: Q — R such that
AC >0, |f(z)] <C ae x e

The L>(2) norm, known as the essential supremum norm,

£l (@) = esssup | f(z)],
e

of a function f defined on €, is the smallest number C' such that |f(z)| < C for almost

every x in €.

Definition 1.1.2. (Norm strong convergence)
Let {x,}nen be a sequence in a normed vector space E. The sequence {xp,}nen is said to
converge strongly in norm to an element x € E if for every real number € > 0, there exists

a natural number N (depending on €) such that for all n > N, the following holds :
|lzn — 2| <e.

In other words, the sequence {x,}nen converges strongly in norm to x if and only if the

norm of the difference between x,, and x approaches zero as n approaches infinity :
lim ||z, —z| =0.
n—oo

Example 1.1.3.

Let Q =)0, 1[. Define a sequence of functions { fn}nen on 10, 1] as follows:

n ifx €10,1/n?],
falz) =
0 ifxe]l/n?1].
Strong convergence in L'(Q) :
We calculate the L'(2) norm of the function f,, :

1 1/n? 1
|m—wfwnma/mmnw:/ nm+/ 0 de.
0 0 1

Jn?




1.1 Topology of normed vector spaces and operators

1ulls = nlalV™ = (i —o) e

n? n

Since
1
lim || f, — 0| = lim — =0,
n—o00 n—oo N

the sequence {f,}nen converges strongly to the zero function in L*(]0,1]).

Definition 1.1.3. (Cauchy Sequence)
Let (E,||.||) be a normed vector space. A sequence {,}nen in E is called a Cauchy sequence

if for every € > 0, there exists an integer N such that for all m,n > N, we have :
|Tm — xn|| <€

Remark 1.1.1. (Banach space)
A Banach space is a complete normed vector space. This means it is a vector space with a
norm that allows the measurement of vector lengths, and in which any Cauchy sequence of

vectors converges to a limit within the space.

Definition 1.1.4. (Closed ball)

In E normed vector space, a closed ball centred at a with radius r > 0 is defined as follows :

B(a,r)={x € E: ||z —a|lg <r}.

Proposition 1.1.1. (Closed)

A subset K of a normed vector space E is said to be closed if every sequence {xp,}nen in K
that converges to a point in E must have its limit in K. That is, if x, € K for alln € N
and

lim x, =z,
n—oo

for some x € E, then x € K.

Definition 1.1.5. (Compactness)
A subset K of a normed vector space E is said to be compact if every open cover of K has
a finite subcover. That is, for every collection of open sets {Uy}aer in E such that

K c U,

ael

there exists a finite subset J C I such that

K C UUa.

aed




1.1 Topology of normed vector spaces and operators

Proposition 1.1.2. (Relative compactness)
A subset K of a normed vector space E is said to be relatively compact if every sequence

{Zn}nen in K has a subsequence {x,, tnen that converges to a point x € E.

Definition 1.1.6. (Convez)

A subset K of a real normed vector space E is said to be conver if
Ve,ye K,)Vte [0,1]: (1 —t)z+ty € K.

Definition 1.1.7. (Continuity in normed vector spaces)

Let (E,||-||g) and (F,|| - ||r) be normed vector spaces. An operator f: E — F is said to be
continuous at a point a € E if for every e > 0, there exists a 0 > 0 such that for all x € F,
if |l = allp <0, then || f(z) = fla)||lr <.

Proposition 1.1.3.
Let E and F be normed vector spaces, and let T': E — F be a mapping. T is continuous if
only if for every sequence {x,}nen in E that converges to x in E, the sequence {T(x,) }nen

converges to T'(x) in F.

Example 1.1.4.
Let E = C([0,1];R) be the space of continuous real-valued functions on the interval [0, 1],

equipped with the supremum norm defined by || f|lc = sup |f(x)].
z€[0,1]

Consider the mapping T : (E, || - |l«) = (E, || - |l) defined by T(f) = f*. We want to prove
that T is continuous using the sequential definition of continuity.
Let { fr}nen be a sequence in E that converges to a function f € E in the space (E, | - ||c)-
This means that :

i (£, — e =0,
where || fo = fllo = sup [fulz) — f()|.

z€[0,1]

We need to show that the sequence {T(fn)}nen = {f*}nen converges to T(f) = f? in the
space (E, || - |leo). That is, we need to prove that:

T [T(f) = T() e = limn 157 = £l =0,

Analyze || f* — 2]l :
12 = fPlloe = [1(fa = F)(fn + F)llo-




1.1 Topology of normed vector spaces and operators

Using the property that ||hk||s < ||2looll%]|co -

1o = P) U+ Pllloo < 1 fn = Flloollfn + flloo-

Using the triangle inequality for norms :

[+ flloo = Ifn = F +2fllo0 < [Ifn = flloo + 12f o0 = 1/ = flloo + 20 fll--

Thus, we have :

1£2 = Plloe < Wfa = Flloollfa = Fllso + 201 flloc).

Since lim || f, — flloo = 0, the first factor on the right-hand side goes to zero. The term
n—oo
| flloo @s a fized non-negative real number because f € E.

Therefore, as n — oo :

Tim [1f2 = oo < Tim || fo = flloe (i 1 fu = flloo + 201l ) = 0+ (0+ 2] fllc) = 0.

Since || 2 — f?|lso >0 and lim ||f> — f?|ls <0, we conclude that :
n—oo
lim || f7 = f?]lc = 0.
n—oo

This means that the sequence {T(fn)}nen = {f2}nen converges to T(f) = f? in the space
(E, [ - loo)-

By the sequential definition of continuity, the mapping T is continuous.

Definition 1.1.8. (Weak convergence)
Let {x,}nen be a sequence in a normed vector space E. We say that {x,}n,en converges

weakly to x € E if :
lim f(zn) = f(x),

n—oo

for every continuous linear functional f : E — R.

Proposition 1.1.4. (Weakly continuous)

A function f : E — F between two normed vector spaces E and F' is weakly continuous at
a point v € E if for every sequence {x, }nen in E that converges weakly to x (v, — ), the
sequence {f(x,) nen in F' converges weakly to f(z) (f(zn) = f(x)).

The function f: E — F is weakly continuous if it is weakly continuous at every point in E.

6]



1.2 Hilbert space

Theorem 1.1.1.
Let E be a Banach space and let A be a convex set of E. Then, A is closed if and only if it

is weakly closed.

Definition 1.1.9. (Linear map)
Let ¥ and F be vector spaces over the real number. A map T : E — F is called a linear

map if for all vectors u,v € E and scalar o € R, the following condition hold :
T(au+v) = aT(u) + T(v).

Definition 1.1.10. (Bilinear map)
Let E, F and G be vector spaces over the real number. A map B : E X F — G is called a
bilinear map if for all vectors u,v € E, x,y € F, and scalar o € R, the following conditions
hold :

1. Blau+v,z) = aB(u,z) + B(v,x).

2. B(u,ax +vy) = aB(u,z) + B(u,y).

Proposition 1.1.5. (Bounded operator)
A linear operator T : E — F is continuous or bounded if only if there exists a real number

M > 0 such that for all x € F,
1T(z)||r < M|z 5.

Proposition 1.1.6. (Continuity of a bilinear map)
Let E be a normed vector space and let a(-,-) : E X E — R be a bilinear form. We say that
a 1s continuous if it satisfies :

There exists a constant C > 0 such that

la(u, v)| < Cllullllvll,  Yu,v € E.

1.2 Hilbert space

Definition 1.2.1. (Hilbert space)
Let H be a vector space over the real number. An inner product on H is a function (-,-) :

H x H — R satisfying :




1.2 Hilbert space

1. {(x,z) >0 for allz € H, and (x,z) = 0 if and only if z = 0.
2. (x,y) = (y,x) for all x,y € H (symmetry).
3. {ax +y,2) = oz, 2) + (y,2) for all « € R and x,y,z € H (linearity in the first

arqument).

A Hilbert space is a complete inner product space. The norm in a Hilbert space is induced

by the inner product:
]| = v/ (2, z),

where (-,-) is the inner product.

Definition 1.2.2. (Weak convergence)
In Hilbert space H, weak convergence of a sequence {x,}nen to x is defined similarly, but
using the inner product

lim (z,,y) = (z,y), Vye€ H.

n—0o0

Remark 1.2.1.
Strong convergence implies weak convergence, but the converse is not always true in infinite-
dimensional spaces. For example, an infinite orthonormal sequence in a Hilbert space con-

verges weakly to zero but does not converge strongly.

Theorem 1.2.1. (Cauchy-Schwarz inequality)
Let H be an inner product space. Then for any vectors u,v € H, the following inequality
holds:

[(w, v < ul[[o]]-

Example 1.2.1.
In the real Euclidean space R™, the Cauchy-Schwarz inequality states that for any two vectors

x=(x1,...,2,) and y = (y1,...,Yn) in R, the inequality is written as follows :

" 2 , . 1/2
!(%y)!S(Zm?) (sz) :

Let f and g be square-integrable functions on the space L*(Q). Then:

< ([ ) " ([ latar ac) "

Example 1.2.2.

/Q f(2)g(x) da




1.3 Sobolev spaces

Theorem 1.2.2. (Hélder’s inequality)
1 1

Let p and q be real numbers such that 1 < p,q < oo and —+— = 1. Let f and g be functions
P 9

on the space LP(SY). Then :

[ rgta)) o < ( JC dx) " ( 1ot d:z:) "

Definition 1.2.3. (Coercivity)
Let H be a Hilbert space and a(-,-) : H x H — R be a bilinear form. The bilinear form

a(-,-) is said to be coercive if there exists a constant o > 0 such that:
a(u,u) > al|ully, Yu€ H,

where ||u||g denotes the norm of w in the Hilbert space H.

1.3 Sobolev spaces

Definition 1.3.1. (H'(Q) space)

Let Q2 be an open subset of R™. The Sobolev space H'(QY) is defined as the space of functions
in L*(Q2) whose first weak derivatives are also in L*(Q). More precisely, a functionu € L*(Q)
belongs to HY(Y) if there exist functions vy, ..., v, € L*(Q) such that for eachi=1,...,n and

for every smooth, compactly supported test function ¢ € C°(S2), we have

/Q u(x)gi (z) dz = — /Q vi(2)6(x) dz.

U
The functions v; are the weak partial derivatives of u, denoted by R
Li

Example 1.3.1.

Prove that f(z) = e belongs to H'(R).

The space H(R) consists of all functions f € L*(R) whose weak derivative f' is also in
L*(R). The HY(R) norm is defined as :

“+o0 —+00

Hf“%{l(]l{) = ||f||%2(R) + ||f/||2L2(R) = / |f($)!2 da +/ \f/(x)|2 de.

— 00 —00

To prove that f(x) = e~ € H*(R), we need to show that f € L*(R) and its weak derivative
f'(x) is also in L*(R).

[9]



1.3 Sobolev spaces

Step 1 : Show that f(x) = e € L*(R).

We compute the integral of |f(x)|* :

+o00 9
—0o0

+oo
Using the Gaussian integral formula / e dy = \/E fora >0, witha=2:
a

—0o0

+oo
/ e 2" g = \/g < 00.

Since the integral is finite, f(x) = e L3(R).
Step 2 : Compute the weak derivative f'(z).

2 +oo )
dx:/ e 2" du.

e}

The function f(x) = e s classically differentiable on R, and its derivative is :
f(x) = —2ze".

In this case, the classical derivative is also the weak derivative.

Step 3 : Show that f'(z) = —2ze " € L*(R).

We compute the integral of |f'(z)]? :

400 )
/ ‘—21‘6_56
—00

2 +oo )
dx:/ 42272 dux.

Using integration by parts with v =x and dv = dze=2" dz, so du= dz and v = —e 2%
T g a2 222 T e 222
/ drte ™" do = [—xe_ v } —/ —e ™ dux.
We evaluate the first term with L’Hoépital’s rule :
. N —2x2 o . —_SC o . _1 o
x1—1>rziloo re o ml—l>r:iloo 62372 N zll)r:iloo 4$62$2 =0

So the first term is 0. We are left with :

—+00
—2z2 i
dz = /=
/_ ¢ ‘ 2

[e.e]

/+<>° |f'(z)]* do = \/g < o0.

Since the integral of |f'(x)|? is finite, f'(x) = —2ze™*" € L2(R).
Finally, since f(z) = e € L*(R) and its weak derivative f'(x) = —2ze=* € L*(R), we
conclude that f(z) = e~ belongs to the Sobolev space H'(R).

Therefore :




1.3 Sobolev spaces

Example 1.3.2.
Showing that g(x) = e~1*l belongs to H'(R).
To prove that the function g(z) = e 1l belongs to the Sobolev space H'(R), we need to
demonstrate that both the function and its weak derivative are square-integrable over the
real line, i.e., they belong to L*(R).
1. Showing that g € L*(R) :
The function g is defined piecewise as :
e ifx >0,

g(x) =
e ifx <.

We compute the L*(R) norm squared of g :

+00 0 +00
ol = [ la@Fdo= [ @Faes [t

o0 — 00

0 0
= / e dx +/ e % dux.
—00 0

FEvaluating the first integral :

0 0 0
1 1 1 1 1
/ e?® dr = lim e dr= lim |=e*®| ==-e"— lim - =-—-0=—
—650 a——00 a a——00 2 a 2 a——0o0 2 2 2
FEvaluating the second integral :
—+00 b 1 b
/ e dr = lim e dr = lim {——62’”}
0 b—+o00 0 b—+o0 2 0
1 1 1 1
— _1 - —2b -0 :0 i
b—lI-Eloo 26 < 26 * 2 2
Therefore,
9 1 1
922y = 5 + 5= 1 <oo.

This shows that g € L*(R).
2. Finding the weak derivative g’ and showing it is in L*(R) :

The classical derivative of g for x # 0 is :

—e™ ifx >0,

e’ if x < 0.




1.3 Sobolev spaces

We can write this as ¢'(z) = —sgn(z)e™*!, where
1 if x >0,
sgn(z) =
-1 ifx<O.

To show that ¢’ is the weak derivative, we need to verify that for all test functions
¢ € CF(R)

+00 +oo
| swee dr=— [ g@ols) do

—00

Integrating by parts on the left-hand side :

/ " 0 (@) do = / U () do b / " (@) da

00 —00 0

— ("))’ . — /

— 00

0

e 6(x) da + e Sa)|F™ — / () da

0 —+o0
— (6(0) — 0) - / e é(z) dz + (0 — 6(0)) + / e (x) du

0 400
= —/ e“o(x) dz +/ e “o(x) dx
—0o0 0
“+oo
—— [ g@le) ds
Thus, the weak derivative is indeed ¢'(x) = —sgn(z)e™1?!.

Now, we compute the L*(R) norm squared of g’ :

+oo 400 too
ey = [ @l ar= [ s ar= [ e a

0 JrOO_ 1 1 -
= / edex—i—/ e dr==-4-=1< 0.
—00 0 2 2

This shows that g’ € L*(R).

3. Conclusion :
Since g € L*(R) and its weak derivative ¢ € L*(R), the function g(z) = e~ belongs
to the Sobolev space H'(R).

Proposition 1.3.1.
The Sobolev space H*(QY) is a Hilbert space when equipped with the inner product

Vu,v € H'(Q) 1 (u,v) ) = /Q(u(x)v(x) + Vu(z) - Vo(x)) dz,




1.3 Sobolev spaces

ou ou
ox, 7 Ox,
is the H*(QY) norm, given by

where Vu = ) is the gradient of uw. The norm induced by this inner product

1/2 1/
fullncey = ( [ (e + [Fu@P) de) - = (lulley + 19ule)

where

ou

2
oz (x)| d.

Va2 = / Vu@)? de = /
=1

Theorem 1.3.1. (The trace theorem)

For a sufficiently reqular boundary OS2, the trace theorem defines a continuous linear operator
v (the trace operator) that maps functions in H*(Q2) to a function space on the boundary,
typically L*(092) or a related Sobolev space on the boundary. This trace operator can be
thought of as the "boundary value" of the function in H'(Q).

Definition 1.3.2. (H}(Q) Space)

Let Q be a bounded domain in R™. The H}(Q) space is defined as the completion of the
space of smooth functions with compact support in ), denoted by C°(Q2), with respect to the
HY(Q) norm. The norm on H} () is the H'(Q)) norm,

el gy = ( Jutp + vutop dx) "

Corollary 1.3.1.
The trace theorem states that for u € H (), its trace v(u) on the boundary O is zero in

the appropriate function space on the boundary.

Theorem 1.3.2. (Poincaré inequality)
Let Q) be a bounded domain in R™. A fundamental inequality that holds for functions in
H(Q). It states that there exists a constant Cq > 0 such that :

[ullz2) < Callullgi)y, Yu € Hy(Q).

Remark 1.3.1.

By the Poincaré inequality, the norm of H}(Q) is equivalent to the norm

1/2
el sy oy = ( / Vu(z)P) dx) [Vl

which is derived from the inner product

Yu,v € HY () : (u, V) 1) = / Vu(z) - Vo(z) dz.
Q




1.4 Fixed point theorems

Theorem 1.3.3. (Rellich-Kondrachov Theorem)
The Rellich-Kondrachov Theorem, when applied to the Sobolev space HL(Q), provides a
crucial result regarding the compactness of the embedding of H () into LP(Q)) spaces.
A compact embedding (or compact injection) of H}(QY) into LP(Y) is a continuous linear
embedding i : H} () — LP(Q), u — i(u) = u such that for any bounded sequence {uy, }nen
in Hy(Q), there exists a subsequence {up, }ren 0f {tnnen converges weakly in H}(Q) to a
limit w € Hy(Q) and the subsequence {un, }ren converges strongly to the same limit u in
LP(Q)).
Let € be a bounded domain in R™ with a Lipschitz boundary. Then :

1. If n > 2, the embedding Hg(2) — LP(Q) is compact for 1 < p < 2.

2. If n =2, the embedding H}(Q) — LP(Q) is compact for 1 < p < o0.

8. Ifn =1, the embedding H} () — LP(Q) is compact for 1 < p < oo.

The Lax-Milgram theorem is a fundamental result in functional analysis that provides
conditions for the existence and uniqueness of solutions to certain variational problems. It
is widely used in the study of partial differential equations, particularly in the context of

weak solutions.

Theorem 1.3.4.
Let H be a Hilbert space. For any bounded linear functional F': H — R anda(-,-) : HxH —

R be a bilinear, continuous and coercive, there exists a unique w € H such that
a(u,v) = F(v), Yve H.
Moreover, the solution u satisfies the estimate
1
Jullz < =|1F[,
«

where H' denotes the dual space of H.

1.4 Fixed point theorems

Definition 1.4.1.
If we have an operator T from a set E normed vector space to itself (T : E — F), then a

point © € E is called a fized point of the operator T if the condition T (x) = x is satisfied.




1.4 Fixed point theorems

Example 1.4.1.

1 1
Show that T'(z) = sz + 1 has a fixed point :

1
To prove that the function T'(z) = ~x* + = has a fized point, we need to find a value x such

4 4
that T'(x) = x.
If x is a fized point of the function T', then it satisfies the equation :

1 1
x (v) = x yid +4

We have two real solutions for the equation T'(x) =z :
x1 =2+ V3,

.352:2—\/3

Since we have found values of x that satisfy T'(x) = x, this proves that the function T (x) =

1 1
Z—le + 1 has two fized points.
1 1
Finally, the function T'(x) = sz + 1 has two fized points at x =2+ /3 and x =2 — /3.

Example 1.4.2.

Ezxample of a function with a unique fixed point. Consider the function :

1

To find the fized point(s), we solve the equation T'(x) = x, which is

! +1
T == .
2

We find one real solutions x = 2 for the equation T(x) = x. Thus, the unique fized point of
1
the function T(z) = 57 +1isx=2.

Example 1.4.3.
Consider the function :
g(x) =a* + 1.
To find the fixed point(s), we solve the equation g(x) =z :

r=ax>+1.

Since the discriminant is negative (A < 0), the quadratic equation x> —x +1 = 0 has no
real solutions.

Finally, the function g(x) = x* + 1 has no fized points in the set of real numbers.




1.4 Fixed point theorems

Theorem 1.4.1. (Schauder fized point theorem)
Let E be a Banach space, and let K be a nonempty, convez, closed and T(K) relatively
compact subset of E. If T : K — K s a continuous mapping, then T has at least one fixed
point, i.e., there exists x € K such that T'(x) = x.

Example 1.4.4.
Let E =R be the normed vector space of real numbers with the absolute value as the norm.
Let K = [0, 1] be the closed interval from 0 to 1. This set is non-empty, convez, and relatively

compact in R. Define the function T : K — K by

T(z) = %Sin(x) + %

T(K)=K :
. . 1 1. 1 o1
For any x € [0,1], we have —1 < sin(x) < 1, which implies —3 < 3 sin(x) < 3" Adding 3
1 1
gives 0 < 3 sin(x) + B < 1. Thus, 0 <T(z) <1, so T maps K into itself.
By the Schauder fixed point theorem, since K is a non-empty, convezx, closed and T(K)
relatively compact subset of the normed vector space R, and T : K — K is continuous, there

exists at least one fized point x* € K such that T'(z*) = a*, i.e.,

rt = 3 sin(z™) + 3"

Theorem 1.4.2. (Tychonoff fixed point theorem)
Let E be a Banach space. If K is a nonempty, convex and closed subset of E, and S : K — K

is a weakly continuous function, then S has a fized point in K.




Chapter 2

Existence of a solution provided that the

function ¢ is Lipschitz continuous

In this Chapter, using the linearization approach together with the Schauder fixed point

theorem to prove the existence of a solution of (Py).

2.1 Statement of the problem

We are presented with the following problem :

g . B :
P M <||u||Lq(Q)> div (a(x)Vu) = g(z,u) in Q,
u=0 on 0f,

where 1 < ¢ < 2 and a(x) is an n X n matrix satisfying for some constants A and A the

conditions :

VEERY: MéPP<a(z)é-€ ae x€Q, (2.1)
VEeR™: |a(x)é] < Af¢] a.e. x € (. (2.2)

Given that M is a continuous function from R to R, for a strictly positive constant my, we

have :

M(t)>me VteR, (2.3)




2.2 Existence of a solution

with the function ¢g : Q x R — R is Lipschitz continuous such that the mapping = — g(x,t)
is measurable for every real number ¢, and g(-,0) € L*(Q2) with g(-,0) # 0 a.e. in Q.

Furthermore,
b(z)[t —slP, 0<p<I;
Vi,s e Rz € Q: g(z,t) — g(x,s)| < (2.4)
Clt — s|, p=1,
where b € L%(Q) and C'is a positive constant such that C' < %.
o)

2.2 Existence of a solution

Theorem 2.2.1. Suppose that (2.1)-(2.4) are true. Then, the problem identified as (Py)

has at least one solution that is not simply the zero solution.

Proof.
Firstly, by integrating both sides of problem (P;), we find

M (||u||‘;q(m) /Qa(m)Vu-Vf do = /Qg(x,u)g de, VEe HLQ). (2.5)

Then, let v € L*(Q), we are now going to solve the following equation :
M (Jolfey) [ )96 do = [ o) d

Consequently, dividing by M <||v||%q(m> results in the equation :

/a(x)Vu Ve de = S / g(x,v)¢ dx. (2.6)
0 M (ol ) /o
We can write it concisely as follows :
Ju € HY(Q) : A(u, &) = Ly(€), V&€ Hy(9),
where
Alu, &) = /a(m)Vu - V¢ du, Ve € Hy(Q),
Q
1
L&) = ——— [ gla,v)édw, VEE€ Hy(Q).

M ([[0]%4(q) ) /o

We will now begin to check the Lax-Milgram theorem’s conditions :




2.2 Existence of a solution

1. Proving A is bilinearity : Let « be real constant. For all u,w,&,n € HL(Q),
Alau+w,§) = /Qa(:c)V(au +w) - VE da
_ /Q a(2)(aVu + Vo) - VE da
= a/ a(z)Vu - VE dx + / a(x)Vw - V¢ dz
= AWt Awe).
Alu,af +1m) = /Qa(a:)Vu V(€ +1n) do
_ /Q a(2)Vu - (aVE + Vi) da

= Vu-VEd Vu-Vnd
a/Qa(:z:) u-VE x~|—/9a(:1:) u-Vnde
= aA(,€)+ A(u,1).

2. We prove that A is continuous. We have :

Vu,§ € Hy(Q): |A(u,§)| =

/ a(z)Vu - VE do
Q
< /Q|a(x)Vu-V§\ dz.

By applying the Cauchy-Schwarz inequality, we find :

Al 6)] < / a(2)Vu||Ve] da.

Subsequently, by condition (2.2), we deduce :

Alu, )] < A / Vul|Ve| da.

Thereafter, applying the Cauchy-Schwarz inequality once more :

1/2 1/2
A(u,€)] < A ( [vur dx) ( [ ver dx) ,
Q Q
in other words

Al 6)] < A(/ ((5—“)++(§f)> dx)w
(L) 6) =)




2.2 Existence of a solution

Therefore
1/2
) ou ||
Awe) < A ]—“ +---+\ u
01 || 2(q) Ozn |20
1/2
% =)
X > .
01 || 2 Ozn |20
Hence

A, )| < Alullmy 1€l my@

3. Demonstrate that A is coercive. We possess :
Vue Hy(Q):  Alu,u) = /a(:v)Vu -Vu dz.
Q
Based on condition (2.1), we arrive at :

Yue Hy(Q):  Alu,u) > )\/ Vul? dz
Q

v

AH“H%{&(Q)
4. The objective is to show that L, is linear : Let « be real constant. For all v,&,n €
Hy (%),

Ly(a§+n) = W/QQ(%“)(O@JFU) dz

— m (a/ﬂg(m,v)f dx—l—/gg(m,v)n dx)

= alL,(§) + L.(n).
5. We aim to show that L, is continuous :

Ve e HUQ): L) — ;)/ g(z,v)E do

M (Jlo]¢
/ 9z, v)le] da

||U||Lq(Q

S / l9(z,v)lE] dz. 2.7)

IN

Taking s = 0 in (2.4) to find :

l9(, 1) = g(, 0)] < b(x)[¢]".




2.2 Existence of a solution

Applying the following property of the absolute value :
Va,beR: |la] — |b]| < |a =),

we acquire :
g, )] = lg(z, 0)[| < b(x)[t[",
then :
(@)t < gz, t)] = lg(z, 0)] < b(2)|t),

after that, yields,
l9(z, )] < b(2)[t]" + [g(x, 0)]. (2.8)
For t = v in (2.8), thereafter substituting |g(z,v)| into (2.7), we obtain :
vee HY@): O] < oo [ Bl + lo(e. 0Dl da.

Applying Holder’s inequality,

1 1/2
|Lu(§)] < - (( g |b(2) [ |v]* dx) + ||9('70)||L2(Q))> 1€l z2)-  (2.9)
1/2
Thereafter, by using Holder’s inequality again on < / |b(gj)|2’v|2p dg;) , we observe
Q

(o)< ([ )" (o))

1 1
by considering r = — and ' = ——, we observe :
p 1—p’

1/2 , —p
([ e ar) < ((/ )15 dx) (f |v|2da:))
Q Q
< (/ b(z)| dx) </ ]2 da:>
Q
< Hb”L%(Q)HUH]Z?(Q)‘
With substitution into (2.9),
L@ < e (I, ey + 9 Ol ey (210




2.2 Existence of a solution

Thereafter, utilizing Poincaré’s inequality, we arrive for all 0 < p < 1 :

VEE Hy(Q): |L,(§)] <

Co
o (10025 g 10y + 119, O) s ) Nl

LT
Ifp=1, we find :
1 CQ
VE e Hy(Q): [L,(&)] < o (Cllvllzz@) + g9 0l 2@y) 1€l 10

Finally, by the Lax-Milgram theorem, for every v € L*(), there exists a unique solution
u € H () satisfying the variational equality.
Next, let the operator T be defined as follows :

T:L*Q) — Hy(Q), v u=T(v).

T is well-defined where each pre-image v € L*(f2) has a unique image u € H} ().
Let B(0, R) denote the closed ball in the space L?(§2) with center 0 and radius R. Then, we

have there is an R > 0 such that :
() 3R>0:T(B(0,R)) Cc B(0,R),
(i1) T :B(0,R) — B(0, R) is continuous,
(#1i) T(B(0, R)) is relatively compact in L?(S2).
We now embark on proving :
(i) Let v € B(0, R), which implies ||v||r2(q) < R. We want to show that u = T'(v) € B(0, R),
Le., [lullro) < R.

Choose ¢ = u as a test function in (2.6),

1
a(z)Vu-Vude = ———— [ g(z,v)u dz. (2.11)
e

1100

From (2.1) and utilizing Poincaré’s inequality, we deduce :

A
/a(:z:)Vu Vude > Sl (2.12)
Q Q

For the other side, we deduce from (2.10),
1

M (10l 0)

g(x,v)u dz

S~

1
< o (10l 2, g 01y + M9 D)) [l ey 0<p <1 (213)

L1-p




2.2 Existence of a solution

From (2.11), (2.12) and (2.13), we get :

A 1
Gl < o (101,25 g 10y + (- Oz el

Then, we obtain the following inequality :

[olaqe) + g€, Ollzy) » 0 <p< 1.

lullzen < 5o (100,12,

On the flip side, if p = 1, we achieve :

2

[ullL2(0) < 3 L (Cllollz2) + 19, 0) )l r2(q)) -
mo

Then, for ||v|r2) < R, we write

C3 P 4 P
S (101l 25 g 0 9 Olzz@n) - < 2 (1] 25 g B+ N9 O) 10
< R

Now, we proceed to find R > 0 that satisfies ||u||z2() < R, provided that 0 < p < 1,

2

SR 4 g Ol < R
C’Q » C%
T . 9 <
= )\mOOR + )\mOHg( ,O)”L Q) = R
3 3
-0 2 < CRP
Amo!lg(> Nirz@) < -
Am
= [lg(-,0)l 2 < —OR CRP
Q
)\mo p—1
= [lg(+, 0)[|r2(q) —CR

= 9 0)llzo ( a )

It is possible to choose a sufficiently large R that satisfies

llull2) < R.
m
From another perspective, if p = 1 and taking into account C' < 0—20, we can choose
Q
o oGOl
)\mo C ’
g




2.2 Existence of a solution

that satisfies

[l r2) < R.
Therefore, T(B(0, R)) C B(0, R).
(i7) Let {v,}nen C B(0, R) be a sequence such that

lim |jv, — v||L2@) = 0.
n= oo

We want to show that

i, — ulxey = lim [T (0,)

By the definition of T, we have :

1

(2.14)

— T(U)||L2(Q) = 0

/Qa(x)Vun V& dx = v <||Un||‘1 ) /Qg(x,vn)ﬁ dz, V&€ HY (), (2.15)

and
/a(x)Vu V¢ de = - / g(z,v)¢ do, VE € Hy (). (2.16)
0 M ([[0]4(q) ) /o
Subtract (2.15) from (2.16) :
/ a(z)V(u, —u)-VEdr = ! / g(z,v,)¢ do — S / g(x,v)¢ du.
0 M (Ioallf ey ) /o M ([0 ) /o

Choose ¢ = u,, — u in the previous equation

1

g(x,v,) (uy, —u) dz

/Qa(x)V(un —u)-V(u, —u) de =

1

Therefore,

/ a(z)V(u, — u) - V(u, — u)dz
Q

M (Jlon o) /o

M ([0

) /Qg(x,v)(un —u) dz.




2.2 Existence of a solution

This can be expressed as follows :

/Qa(m)V(un —u) - V(uy — u)dz

S [jgmmw—g@w»wn—de

M (ol

1 1

M (o) M (1030

From (2.1), Poincaré’s inequality from one side and on the other side from (2.10), we get

/Qg(m,v) (uy — u) da.

A
Srllun—ull3z

161, 25 g 120 = 21220
< l|n — ul| L2

mo
1 1
+ - (181 2, g 015y ) ¢ Nt = w2
q
M (loalldaey) M (1010
1 1
+ — - g 0l 2oyl — ul 20
M (loalldaey) M (1010
This leads us to, if 0 <p < 1:
ln — ull 2oy
1Bl 2w = vl
S { LT-p p(Q) ( )} (217)
)\ mo

2 1 1
+& - (101, 2, g 1010y + N9 O 2
P (Q Q)
MM (Ioalideey) M (o) | T

Conversely, if p = 1, we observe :

c:(C
i =iz, < S { o = ol | 218
C?2 1 1
. (Cllvllz2) + 19 0)ll 2(e)

A UM (o) M (1ol

2
Conversely, with the application of Holder’s inequality and the selection of r = — and
q




2.2 Existence of a solution

1/r 1/r
/ v, —v[Tdx < (/ vy, — v]? d:v) (/ 1 dx)
Q Q

2—q

(/ U — v d:c) (/91- dx)2

< lon —ollz IQI

%
lim (/ v, — v[? dx) =0,
n—-+0o Q

lim /|Un—1)|q dz =0,

n——+o0o Q

IN

From (2.14), we find that

thus

this leads us to, {v, }nen converges to v in L($2), where 1 < ¢ < 2, that is to say

1_1)5{1 |vn — V|| Lag) = 0. (2.19)

Subsequently, via the following inequality

llonllzag@) = 0llzaey] < llvn = vllzo),
we get
Jim fon o) = [[ollza)

Since M is a continuous function, then

q
Tim M (loallfae)) = M (1ol - (2.20)

Hence, by passing to the limit in both equations (2.17) and (2.18), and by utilizing the
results of (2.19) and (2.20), we conclude that

lim |Ju, — u[[z2(0) = 0.
n—+oo

Thus, T is continuous on B(0, R).

(#7i) Let {u,}nen be a sequence in T(B(0, R)). Then there exists a sequence {v,}nen C
B(0, R) such that u, = T(v,) for all n € N.

By the definition of 7', we have :

/ a(x)Vu, - V€ do = !
0 M (ffoall

/g(m,vn)f dx, V¢e H&(Q). (2.21)
<Q>> .




2.2 Existence of a solution

Choosing £ = u,, in (2.21) :

1
/Qa(x)Vun -Vu, dr = v <an||q ) /Qg(x,vn)un dz. (2.22)

On the one hand, from (2.1), we deduce :

/ a(z)Vu, - Vu, de > )\/ Vu,|? dz
Q Q
> Nun g0 (2.23)

From the other hand, using (2.10) and Poincaré’s inequality
1

- /g(x,vn)un dz
M(H”ﬂ”Lq(Q)) @

Ll 2 o ey + 9 Oz Pl (22)

Then, from (2.22), (2.23) and (2.24), we obtain

Cq
lallgior < oo {101, 12, g Il + - Ol }

Thus, let v, € B(0, R), which implies |v, |12y < R

C,
fuallon < 5o {100, 2, 0 B+ 9Oz | = By 0<p< L.

=r(Q)
Conversely, if p=1:

||Un||Hg(Q > {||Un||L2 + ||9(',0)HL2(Q)}
< — =
_M%w+w Oliser} = o
By Rellich-Kondrachov Theorem, the embedding Hi () < L*(Q) is compact. Therefore,

there exists a subsequence {u,, }xen of {u, fnen such that

i Jn, = ull20) = 0.

Thus, T(B(0, R)) is relatively compact in L?*(2). O

Conclusively, by utilizing Schauder’s fixed-point theorem, we can definitively conclude that
the mapping T possesses a fixed point u € Hg(2). This fixed point u is a solution of the
problem (P;), a direct consequence of g(x,0) being non-zero for almost all points within €2,

because if we assume that u = 0 in (2.5) we find

M (10) [ ao390- Ve dar = [ glo0)e as, v e mi@)




2.2 Existence of a solution

which gives

/g(x,O){ de =0, VEe HM\(Q).
Q

Thus, g(z,0) =0 a.e. x € 0, which contradicts the fact that g(x,0) # 0 a.e. x € Q.




Chapter 3

Existence of a solution under condition of

boundedness

In this Chapter, we use the linearization technique combining with the Tychonoff fixed

point theorem to prove the existence of a solution of (Py).

3.1 Statement of the problem

Let g : 2 Xx R — R be a function such that z — f(x,t) is measurable on Q for all
teR, t— f(x,t) on R for almost everywhere x € €2 and ¢(.,0) # 0. Suppose there exists
h € L*(Q) satisfying

lg(z, )] < h(z) (3.1)
for all £ € R and almost everywhere x € 2. By (3.1) and the Cauchy-Schwarz inequality,
the integral

/Q 9(z, w)p(x) de,

where w, ¢ € L*(2), since

/Q 9(e, w)p(e) da

< / 9, w)p(z)| du

- / 9z, w)|lp(2)] dz
Q

< / h(z)lp(z)] de

< |2l 2@llell 2)-




3.2 Existence of a solution

Assume that (2.1)-(2.3) and (3.1) hold. We study the existence of a solution of the following

elliptic problem

(Find u € H;(Q) such that :

(P2) M <||u]|%q(9)> /Qa(x)Vu Vo dr = /Qg(x,u)gp dz,

Vi € Hy(Q).

\
3.2 Existence of a solution

Theorem 3.2.1. If (2.1)-(2.3) and (3.1) hold, the problem (Ps) has a nontrivial solution.
Proof. Let v € H}(Q). Consider

Vu,p € Hy(Q):  Alu,p) = M <||v||%q(m) /Qa(:r)Vu -V dz,
Ve HYQ): L) = [ gla)e d.

By (3.1) and Poincaré’s inequality, we have

[ﬁwwﬂmm

gémwwwwa
=memwmwm
SLMM%@Mx (3:3)

< Pl 2@ llel L2
< CQ||h||L2(Q)||90||H3(Q)‘

Therefore, since L, is a linear form on H{ (), it follows that L, is continuous on Hg(S2).
Since A is a continuous, coercive bilinear form on H}(2), we deduce, using the Lax-Milgram

Theorem, that there exists a unique solution u € HJ(f2) of the variational formulation
Vo € Hy(Q) 1 Alu, ) = Lu(yp),
which is equivalent to

Vo€ Hy(Q): M <HUH%Q(9)> /Qa(a:)Vu Vo dr = /Qg(x,v)gp dz. (3.4)




3.2 Existence of a solution

Let us define the following mapping
S Hy(Q) = Hy(Q), v S(v) = u,

where w is the unique solution of (3.4). We apply the Tychonoff fixed point theorem to the
mapping S to obtain a solution to (Ps).

(i) Let B(0, R) be the closed ball in H}(Q) with center 0 and radius R > 0. We want to
find R €]0, oo[ such that S(B(0, R)) C B(0, R). Taking ¢ = u in (3.4) to get

M (H’UH%q(Q)) / a(x)Vu - Vu dz = / g(z,v)u dz. (3.5)
Q Q
By (2.1) and (2.3), we have

M <||v||%q(ﬂ)> /Qa(x)Vu -Vu dz > /\mo/ﬂ|Vu|2 dz

(3.6)
_ 2
= >\m0HU|’H3(Q)-
On the other hand, in view of the estimate (3.3), we obtain
| st vyute) do| < Callllao el 3.7)
0

Using (3.5)-(3.7), we find

AmOHUH%@(Q) < CQHhHLQ(Q)HUHHg(Qp

which implies

Callhllr2()
||u||Hg(Q) < )\—mo.
Hence, it suffices to choose
p = Gallhllg
)\mo

to have S(B(0, R)) C B(0, R).
(ii) S : B(0, R) — B(0, R) is weakly continuous. Let {v;};ey C B(0, R) and v* € B(0, R)
such that

{v;}jen converges weakly to v* in Hy (). (3.8)

From (3.8),
{v;};en is bounded in Hy (). (3.9)




3.2 Existence of a solution

Using (3.9) and the compactness of the embedding of H{(f2) into L*(Q), we can find v €

Hg(€2) and a subsequence {vj, }ren of {v;}jen such that

{vj, }ren converges strongly to ¥ in L*(Q),

{vj, }ken converges almost everywhere on €2 to T.
In view of (3.8), (3.10), (3.11) and the uniqueness of the limit, one has

{v;, }ren converges strongly to v* in L*(),

{vj, }ken converges almost everywhere on 2 to v™.
From (3.12), we obtain
{vj, tren converges strongly to v* in LY(Q2), q € [1,2],

which leads to
Jim {|vg,[[zag@) = [0 o).

Using (3.5), one can write

M (I lae) [ o)V, i do = [ gto.v,)p do,

Q

M (1074 [ a0 Ve do = [ glo0)p da,

(3.10)
(3.11)

(3.12)
(3.13)

(3.14)

(3.15)

(3.16)

with u;, = S(v;,) and u* = S(v*), for all p € Hj(Q). Subtracting (3.15) from and (3.16),

we find

[ a@ {01 (leslitae) Tus. = M (107uge) T} - Vi do

- / (9(z,v3,) — g, v"))p da,

which can be written as

M (03 uqey) | @)V (s, = u') Vi da
Q

+ {0 (loaltney) = M (10" Nae) } [ @909 do

= /Q(g(x,vjk) — g(z,v"))p dx.




3.2 Existence of a solution

Taking ¢ = u;, —u*, we get
M (03 1ey) [ @l@)¥ (s, = w*) (s, = u”) da
Q
{0 (o300 ) = M (107 1) / o)V Y (uy, — u*) da
= [ ata03) = a0, =) d

Using (3.1) and (3.2), we obtain

M (ijkH%Q(Q)) /Qa(x)V(qu - u*)v<u]k - u*) dz > )\mUHujk - U*H%{(}(Q)'

Combining (3.17) and (3.18), we get
1

i = o) < 5 (00 ) = 9o =) do
1 . * *

+ —)\mo{M <||Ujk||qu(Q)> - M <||v ||qu(9)> }/Qa(x)Vu V(uj, —u*) dz
1

= )\_Tng(jjk + ij)

with

L = / (9(z,v3) — gl v")) (g, — ) d,

B = M (o) =1 (1) } [ a9 s, =) d

(3.17)

(3.18)

(3.19)

Using (3.2), Cauchy-Schwarz and Poincaré’s inequalities, and the fact that u;, € B(0, R),

we obtain

1, = \ [ 660030 = o), ) s
< / 9@, 3,) — (@, 0"y, — u*] da
< llgCsvi) = 90 ) 2@l — |2
< (lugellzzce) + w2 @)l vi) = 90 vz

< (Callujllmy ) + el 2@)llg (s vi) = 90|22

< (CaR + ||u*|l2)lg(s v5,) — 9(v™) |2

(3.20)




3.2 Existence of a solution

and

1 = 1 (e = 31 (107 )| | [ o090 90 =)
< | (1oslln) =M (171uge) | [ loto) V0 ¥, = )]
< |8 (sl —M(nv %) | / () Ve ||V, — )] da

<A (o) = M (10 Waw) | [ V11905, = )] do 321
< A g g, = u*lmyeen | M (||vjk||mm)) =M (10" 0y |
< A gy (s o + e lirgcan) M (o3l ) = M (10" agey ) |
< Al gy (B + e geen) M (sl ) = M (107 i) |
From (3.1), we have
VkeN: |g(z,v),)] < h(z) ae € (3.22)

with h € L?(2). On the other hand, by (3.13) and the continuity of ¢ — g¢(.,t), one can
write

lim g(z,vj,) = g(x,v*) ae. x €. (3.23)
k—+o00

Using (3.22), (3.23) and the dominated convergence theorem, we obtain

lim ||g(.,v5,) — 9(.,v")||L2@) = 0. (3.24)

k—+o00

Moreover, by (3.14) and the continuity of M, we have

tim M ([0l 00)) = (10" l80) - (3.25)

k—4o00

Letting & — oo in (3.20) and (3.21), we obtain by using (3.24) and (3.25),

lim [, =J; =0. (3.26)

k—4-o00

Passing to the limit in (3.19) as k — 400 and taking into account (3.26), we find

Jim g, — gy = 0. (3.27)

Thus, u* is a weak limit point for {u;}en in B(0, R). If u € B(0, R) is other weak limit

point for {u;};en, there exists a subsequence {u;,, }men C {u;}jen such that

{u;,, }men converges weakly to @ in H(€2). (3.28)




3.2 Existence of a solution

In view of the above, {u;, }men has a further sequence which converges to u* in Hj(9).
Therefore, by (3.28), we obtain @ = u*. Hence, u* is the unique weak limit point of
{u;}jen in B(0, R). Since B(0, R) is compact with respect to the weak topology in H¢(Q),
we deduce that {u;};ey converges weakly to @ in H(Q2). Thus, S : B(0, R) — B(0, R) is
weakly continuous.

From (%), (i) and the Tychonoff fixed point theorem, S has a fixed point. Thus, the problem

(P2) has at least one solution.

Remark 3.2.1. If g(.,0) = 0, then, u = 0 can be the unique solution of the problem (Ps).

Let us consider a(x) = I, the identity matriz,

t

and

Vt € [0,+o00[: M(t) =e".

Notice that g and M are continuous functions, g(0) = 0 and

t I
ViER: |g(t)]:’— th(: s <1e L)

and
1

Vit € [0,+o00[: M(t) =exp(ta) > 1= my.
Let u € Hg(2) be a solution of the equation

o
14 u?

exp(||u| ae)) Au in Q. (3.29)

Multiplying the equation (3.29) by u and integrating over {2, we obtain

u2

’ Vul?d :—/ dr in Q,
expllulley) [ 1Valdo =~ [ Smde i

2
/ 4 2d$:0.

Therefore, u = 0. Thus, u = 0 is the unique solution of the problem

which gives

eXP(““”Lq(Q))AU =1 qu inQ, u=0 on 0.




Conclusion

In this memory, we studied how to apply the linearization method in nonlinear elliptic
problems to prove the existence of solutions. We see that this technique turns the problem

into a linear one, which makes it easier to solve.
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