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Introduction

In the past sixty years, fractional calculus had played a very important role in var-

ious fields such as physics, chemistry, mechanics, electricity, biology, economics, control

theory, signal and image processing, biophysics, blood flow phenomena, aerodynamics, fit-

ting of experimental data, etc. In the last decade, fractional calculus has been recognized

as one of the best tools to describe long-memory processes. Such models are interest-

ing for engineers and physicists but also for pure mathematicians. The most important

among such models are those described by differential equations containing fractional-

order derivatives.

The theory of integral equations is one of the most useful mathematical tools in both

pure and applied mathematics. It has enormous applications in many physical problems.

Many initial and boundary value problems associated with ordinary differential equa-

tion (ODE) and partial differential equation (PDE) can be transformed into problems

of solving some approximate integral equations. However, some initial and boundary

value domains are fractal curves, which are everywhere continuous but nowhere differ-

entiable. As a result, we cannot employ the classical calculus, which requires that the

defined functions should be differentiable, to process ordinary local fractional differential

equation and fractional partial differential equation with fractal conditions. The theory

of fractional integrals and derivatives (fractal calculus)([22, 37]), as one of useful tools

to handle the fractal and continuously non- differentiable functions, was successfully ap-

plied in fractional Fokker–Planck equation([22, 23]), anomalous diffusion and relaxation

equation in fractal space([32, 33]), the fractal heat conduction equation ([18, 19]), fractal-

time dynamical systems([5, 6]), fractal elasticity ([1, 7]), local fractional diffusion equa-

tion ([36]), local fractional Laplace equation ([40]), local fractional ordinary differential
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equations([37, 38]), local fractional partial differential equation([37, 38, 40, 35]), fractional

integral equations([34, 42]), fractal signals ([37, 38, 39, 41]), fractional Brownian motion

in local fractional derivatives sense([37]), fractal wave equation ([40, 35]).

This memory deals with the existence of solutions to the following Hadamard partial

fractional integral equation of the form:

u(x, y) = µ(x, y)+
1

Γ(r1)Γ(r2)

∫ x

1

∫ y

1

(
log

x

s

)r1−1 (
log

y

t

)r2−1 f(s, t, u(s, t))

st
dtds (x, y) ∈ J,

(1)

where J := [1, a] × [1, b], a, b > 1, r1, r2 > 0, µ : J → E, f : J × E → E are given

continuous function, (E, ||.||E) is a Banach space, and Γ(.) is the Euler gamma function.

Following that we investigate the existence of solutions to the following Hadamard-

Stieltjes partial fractional integral equation of the form.

u(x, y) = µ(x, y)+
1

Γ(r1)Γ(r2)

∫ x

1

∫ y

1

(
log

x

s

)r1−1 (
log

y

t

)r2−1 f(s, t, u(s, t))

st
dtg2(y, t)dsg1(x, s)

(2)

Which has been studied by many authors such as . Abbas et al. ([18, 19]), Benchohra et

al. ([43]).We will try to enrich this topic in more detail and give some examples

The main tool used in considerations is the combination of the technique of measure of

noncompactness with fixed point theorems of Darbo type and Mönch type.

This memory contains an introduction, three chapters and a list of references.

In the first chapter, we present some basic definitions and notions of functional analysis,

as metric spaces, Banach spaces, the campactness, convexity. We give also some definitions

and properties concerning fractional calculus, like fractional integral and in the sense

Hadamard. The Darbo or the Mönch fixed point theorems.the Ascoli Arzilla theory,

measure of noncompactness and its properties, which have been used in sequel of this

work.

The second chapter, includes Existence results for partial Hadamard Fractional Integral

Equations with Darbo fixed point. And existence results for partial Hadamard Fractional

Integral Equations with Mönch fixed point.

The third chapter, contains practical examples.

VIII



Chapter 1

Preliminaries

In this chapter, we introduce notations, definitions, and preliminary facts which are used

throughout this memory.

1.1 Banach Space

Since their creation by Banach in 1922, normed spaces have played a central role

in functional analysis. Banach spaces are complete normed spaces. Completeness allows

to prove the convergence of a sequence or a series without knowing its limit.

To obtain a detailed definition of the Banach space , there are several terms that should

be defined first.

Definition 1.1 (Metric spaces). [44] We call distance on a set X any application d

defined as:

d : X ×X → R+,

having the following properties:

1. ∀x, y ∈ X, and d(x, y) = 0 if and only if x = y.

2. ∀x, y ∈ X d(x, y) = d(y, x) (symmetry)

3. ∀x, y, z ∈ X, d(x, z) ≤ d(x, y) + d(y, z) (triangle inequality).

Remark 1.1. The couple (X, d) is called metric space,where X is a set and d a metric.
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Definition 1.2 (Open set). A subset M of a metric space X is said to be open if it

∀x ∈M, ∃ϵ > 0, such that B(x, ϵ) ⊂M.

Definition 1.3 (Closed set). A subset M of X is said to be closed if its complement in X

is open, that is,M c = X −M is open.

Definition 1.4. Let (xn)n∈N be a sequence of a metric space (E, d). We say that it

converges to x ∈ E if and only if:

∀ϵ > 0,∃N ∈ N,∀n > N ⇒ d(xn, x) < ϵ.

Definition 1.5. (Cauchy Sequence)In a metric space (E, d), a sequence (xn)n∈N is

said to be Cauchy if and only if it satisfies:

∀ϵ > 0,∃N ∈ N,∀p, q > N ⇒ d(xp, xq) < ϵ.

Definition 1.6. ”Continuity and sequences” The function f is continuous at X if and

only if, whatever the sequence (Xn) converge to X, then the sequence f(Xn) converge to

f(X).

Definition 1.7 (Complete space). we say that (X,D) is complete if all the Cauchy

sequences of X are convergent.

Definition 1.8. (Continuity) Let (X, dX) and (Y, dY ) be two metric spaces f : X → Y

an application and a ∈ X we say that f is continuous at the point a

∀ε > 0, ∃δ > 0 ∀x ∈ X, dX(x, a) ≤ δ ⇒ dY (f(x), f(a)) < ε.

Remark 1.2. We say that f is continuous on X if and only if f is continuous at every

point a.
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Definition 1.9 (Norm vector space). [44] Let E be a vector space on K(C or R), a

norm on E is an application:

||.|| :E → [0,+∞[

x → ||x|| ,

having the following properties:

(i) x ∈ E et ||x|| = 0 ⇒ x = 0

(ii) ∀x ∈ E, ∀λ ∈ K, we have ||λx|| = |λ| ||x|| ,(homogeneity).

(iii) ∀x ∈ E, ∀y ∈ E : ||x+ y|| ≤ ||x||+ ||y||,(triangle inequality).

The couple (E, ||.||) is called normed vector space.

Definition 1.10 (Banach space). [44] We call a Banach space a normed vector space

which is complete for the distance resulting from its norm.

Definition 1.11. (Compact parts)[3] We say that C ⊂ R is compact if for any cover of

C by open we can extract a finite undercoverage. This translates as follows: if (Ui)i∈I is

an open family such that C ⊂ (Ui)i∈I then there exists a finite subset J ⊂ I, C ⊂
⋃

i∈J Ui.

Definition 1.12 (Relatively compact). [27] Let U be a set of a normed space X. We

say that U is relatively compact if its closure U is compact.

Definition 1.13 (Equicontinuity). Let F ⊂ C(J,E) (J = [1, a] × [1, b])(E is a banach

space). F is an equicontinuity family given any ϵ > 0 we can find a δ > 0 such that if

∀x, y ∈ J, |x− y| < δ then ||f(x)− f(y)||E < ϵ∀f ∈ F .

Definition 1.14. [31] (Convexity) Let A ∈ E, We say that A is convex if

∀x, y ∈ A ∀λ ∈ [0, 1]; λx+ (1− λ)y ∈ A.
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1.2 Functional reminder

1.2.1 Generals and definitions

Theorem 1.1. (Dominated convergence theorem, Lebesgue,[14]) Let Ω a nonempty set

and (fn) be a sequence of functions in L1 that satisfy

i) fn(x) → f(x) a.e.on Ω,

ii) there is a function g ∈ L1 such that ∀n, |fn(x)| ≤ g(x) a.e.on Ω.

Then f ∈ L1 and ||fn − f ||1 → 0. Where ||f ||1 =
∫
Ω

|f(x)| dx.

Definition 1.15 (Bounded subset). We say that A is a bounded subset of X if:

∃M > 0, such as ∀x ∈ A, ||x|| ≤M.

Definition 1.16 (Bounded operator). A linear operator N defined on X in Y is said

to be bounded if there is a positive constant C > 0. such that

||T (x)||Y ≤ C ||x||X ∀x ∈ X.

Definition 1.17. Let C := C(J,E) be the space of E valued continuous functions on J

with the usual supremum norm

||u||C = sup
(x,y)∈J

||u(x, y)||E .

Definition 1.18. Let L1(J,E) (J = [1, a]×[1, b]) the Banach space of functions u : J → E

that are Bochner integrable with the norm

||u||L1 =

∫ a

1

∫ b

1

|u(x, y)| dydx.

For a given set V of function v : J → E Let us denote by

V (x, y) = v(x, y) : v ∈ V , (x, y) ∈ J,
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and

V (J) = v(x, y) : v ∈ V , (x, y) ∈ J.

1.2.2 Gamma Function:

Definition 1.19. [16] The gamma function Γ(z) is defined by:

Γ(z) =

∞∫
0

tz−1e−tdt , (<e(z) > 0),

where tz−1 = e(z−1)log(t), which converges in the right half of the complex plane <e(z) > 0.

Indeed, we have:

Γ(x+ iy) =

∞∫
0

e−ttx−1+iydt

=

∞∫
0

e−ttx−1 + eiy log(t)dt

=

∞∫
0

e−ttx−1[cos(y log(t)) + i sin(y log(t))]dt.

(1.1)

The expression in the square brackets in (1.1) is bounded for all t, convergence at

infinity is provided by e−t, and for the convergence at t = 0 we must have x = <e(z) > 0.

Proposition 1. [16]

1. Γ(z + 1) = zΓ(z) (<e(z) > 0).

2. Γ(n+ 1) = n! , ∀n ∈ N.

3. Γ(1) = 1.

4. Γ(−m) = ∓∞ ,∀m ∈ N.

5. Γ(1
2
) =

√
π.

6. Γ(z + 1) = lim
n→+∞

n!nz

z(z+1)...(z+n)
, (<e(z) > 0).
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1.2.3 Arzelà–Ascoli Theorem

Theorem 1.2. [3] Let X be a compact metric space. Let C(X,K) be given the sup norm

metric. (K is either R or C). Then a set B ⊂ C(X) is compact iff B is bounded, closed

and equicontinuous.

1.3 Measure of noncompactness

The measures of noncompactness play an important role in showing that there are solu-

tions to differential equations, especially for implicit differential equations, integral equa-

tions, and integro-differential equations.[8, 26]

1.3.1 The Kuratowski Measure of noncompactness

Now, we define the Kuratowski measure of noncompactness and give its basic properties.

Definition 1.20. [8] Let E be a Banach space and ΩE the bounded subsets of E. The

Kuratowski measure of noncompactness is the map α : ΩE → [0,∞] defined by

α(B) = inf{ε > 0 : B ⊆ ∪n
i=1Bi, diam(Bi) ≤ ε}, B ∈ ΩE,

where

diam(Bi) = sup{||u− v||E : u, v ∈ Bi}.

The Kuratowski measure of noncompactness satisfies the following properties.

Lemma 1.1. ([8, 21]) Let A and B bounded sets.

(a) α(B) = 0 ⇐⇒ B is compact (B is relatively compact), where B denotes the closure

of B.

(b) Nonsingularity: α is equal to zero on every one element-set.

(c) If B is a finite set, then α(B) = 0.

(d) α(B) = α(B) = α(convB), where convB is the convex hull of B.
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(e) Monotonicity: A ⊂ B =⇒ α(A) ≤ α(B).

(f) Algebraic semi-additivity: α(A+B) ≤ α(A) + α(B), where

A+B = {x+ y : x ∈ A, y ∈ B}.

(g) Semi-homogencity: α(λB) = |λ|α(B), λ ∈ R, where

λ(B) = {λx : x ∈ B}.

(h) Semi-additivity: α(A ∪B) = max{α(A), α(B)}.

(i) α(A ∩B) = min{α(A), α(B)}.

(j) Invariance under translations: α(B + x0) = α(B) for any x0 ∈ E.

Lemma 1.2. ([13]) Let V ⊂ C(J,E) be a bounded and equicontinuous set, then

(i) the function (x, y) → α(V (x, y)) is continuous on J , and

αC(V ) = sup
(x,y)∈J

α(V (x, y)).

(ii) α

(∫ a

1

∫ b

1

u(s, t)dtds : u ∈ V

)
≤
∫ a

1

∫ b

1

α(V (s, t))dtds, where

V (s, t) = {u(s, t) : u ∈ V }, (s, t) ∈ J.

From the above Lemma, we can conclude the following Lemma.

Lemma 1.3. Let V ⊂ C(J,E) be a bounded and equicontinous set. then

α
{
(HIrσu)(x, y) : u ∈ V

}
≤ (HIrσα(u)(x, y) : u ∈ V ).
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1.4 Contractive conditions (contraction)

Definition 1.21 ([29]). Let (M,d) be a metric space. The map T :M →M is said to be

Lipschitzian if there exists a constant k > 0 (called a Lipschitz constant) such that

d(T (x), T (y)) ≤ kd(x, y) for all x, y ∈M.

A Lipschitzian mapping with a Lipschitz constant k < 1 is called a contraction.

1.4.1 Applications µ-contractions

Let E and F be two Banach spaces.

Definition 1.22. [9, 10] Let T : E → F be a continuous and bounded map on each

bounded subset of E.

We say that T is:

1. µ-Lipschitz with the constant k ≥ 0, if:

µ(T (Ω)) ≤ kµ(Ω), ∀Ω ∈ME when ME subsut.

2. completely continuous if it is µ-Lipschitz with k = 0.

3. µ-contraction if it is µ-Lipschitz with k < 1.

4. condensing if it is µ-Lipschitz with k = 1 and

µ(T (Ω)) ≤ µ(Ω)

for all Ω bounded and non relatively compact (µ(Ω) > 0).

When the µ is an arbitrary measure of noncompactness.
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1.5 Fractional calculus

1.5.1 Fractional Integral of Order α

Definition 1.23. [2] The fractional order integral of the function f ∈ C([a, b]) of order

α ∈ R+ is defined by:

Iαa f(t) =
1

Γ(α)

∫ t

a

(t− s)α−1f(s)ds, a ≤ s ≤ t.

Definition 1.24. For every α > 0 and a local integrable function f(t), the right of order

α is defined:

Iαa f(t) =
1

Γ(α)
lim
t→∞

∫ t

a

(t− s)α−1f(s)ds, −∞ ≤ a < t <∞. (1.2)

Alternatively, it can be defined also the left as:

Iαb f(t) =
1

Γ(α)
lim
∫ b

t

(t− s)α−1f(s)ds, −∞ < t < b ≤ ∞. (1.3)

Proposition 2. we have the following properties:

(i) I0f(t) = f(t).

(ii) IαIβf(t) = Iα+βf(t).

(iii) integral Operator Iα is linear:

Iα(λf(t) + g(t)) = λIαf(t) + Iαg(t), λ ∈ (R+orC).

(iiii) d

dt
(Iαf)(t) = Iα−1f(t)

9



1.5.2 Stieltjes Integral

We start with the definition of variation and the bounded variation of a function.

Definition 1.25. If u is a real function defined on the interval [a,b]. Given any finite

partition

τ = {a = x0 < · · · < xn = b},

of [a, b]. The variation of u over [a, b] is:

b∨
a

u = sup
n∑

i=1

|f(xi − xi−1)|.

• If w : [a, b] × [c, d] → R,then the symbol
∨q

t=pw(t, s) indicates the variation of the

function t→ w(t, s) on the interval [p, q] ⊂ [a, b],where s is arbitrarily fixed in [c,d].

In the same way we define
∨q

s=pw(t, s).

Remark 1.3. [17, 15] We say that u is of bounded variation on the interval [a,b] whenever∨b
a u is finite.

Theorem 1.3. If u : [a, b] → R is monotone on [a,b] then u is of bounded variation on

[a,b] and
b∨
a

(u) = |u(b)− u(a)|.

Now, we have if u and φ are two real function defined on the interval [a,b], then

under some conditions we can define the Stieltjes integral

∫ b

a

u(t)dφ(t)

of the function u with respect to φ. In this case we say that u is Stieltjes integrable on

[a,b] with respect to φ. The Riemann integral is a special case of the Stieltjes integral,

and that’s when we put φ(t) = t and several conditions.[25]

10



Theorem 1.4. The integral ∫ b

a

u(t)dφ(t),

exists if the function u is continuous on [a,b] and φ is of finite variation on [a,b], and we

have ∣∣∣∣∫ b

a

u(t)dφ(t)

∣∣∣∣ ≤ sup
t∈[a,b]

|u(t)|
b∨
a

(φ).

Properties 1. [28]

• If u is Stieltjes integrable on be the interval [a,b] with respect to a function φ of

bounded variation, then

∣∣∣∣∫ b

a

u(t)dφ(t)

∣∣∣∣ ≤ ∫ b

a

|u(t)|d

(
t∨
a

φ

)
.

• If u and v are Stieltjes integrable functions on the interval [a,b] with respect to a

nondecreasing function φ such that u(t) ≤ v(t) for t ∈ [a, b]. Then

∫ b

a

u(t)dφ(t) ≤
∫ b

a

v(t)dφ(t).

Remark 1.4. In the sequel we consider Stieltjes integrals of the form

∫ b

a

u(t)dsg(t, s).
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1.5.3 Hadamard Fractional Integral

A construction of fractional itegro-differentiation which is a fractional power of the

type
(
x d
dx

)α was suggested by Hadamard [20]. This construction is well suited to the case

of the half-axis and is invariant relative to dilation.[30]

Definition 1.26 (Hadamard fractional integral). Let (a, b)(0 ≤ a < b ≤ ∞) be a finite or

infinite interval of the half-axis R+ and let r > 0, the left-sided and right-sided Hadamard

fractional integrals of order r defined by

(HIra+g)(x) =
1

Γ(r)

∫ x

a

(
log

x

s

)r−1 g(s)

s
ds, 0 < a < x ≤ b, (1.4)

and

(HIrb−g)(x) =
1

Γ(r)

∫ b

x

(
log

s

x

)r−1 g(s)

s
ds, 0 < a ≤ x < b, (1.5)

respectively.

So for order r > 0 and a function g ∈ L1([1, a], E), is defined as :

(HIr1g)(x) =
1

Γ(r)

∫ x

1

(
log

x

s

)r−1 g(s)

s
ds.

Definition 1.27. Let r1, r2 ≥ 0, σ = (1, 1) and r = (r1, r2). For w ∈ L1(J,E), defined

the Hadamard partial fractional integral of order r by the expression

(HIrσw)(x, y) =
1

Γ(r1)Γ(r2)

∫ x

1

∫ y

1

(
log

x

s

)r1−1 (
log

y

t

)r2−1 w(s, t)

st
dtds.
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1.5.4 Hadamard-Stieltjes Fractional Integral

Definition 1.28. Hadamard-Stieltjes integral of fractional order of the form

(HSIr1g)(x) =
1

Γ(r)

∫ t

1

(
log

t

s

)q−1

u(s)dsg(t, s),

where g : [1,∞)× [1,∞) → R, q ∈ (0,∞) and the symbol ds indicates the integration with

respect to s.

Definition 1.29. Let r1, r2 ≥ 0, σ = (1, 1) and r = (r1, r2). For w ∈ L1(J,E), defined

the Hadamard-Stieltjes partial fractional integral of order r by the expression

(HSIrσw)(x, y) =
1

Γ(r1)Γ(r2)

∫ x

1

∫ y

1

(
log

x

s

)r1−1 (
log

y

t

)r2−1 w(s, t)

st
dtg2(y, t)dsg1(x, s)

where g1, g2 : [1,∞)× [1,∞) → R.

1.6 The fixed point Theorem

Fixed point theorems have always a major role in various fields, specially, in fields of

differential, integral and functional equations. Fixed point theorems constitute a topo-

logical tool for the qualitative investigations of solution of linear and nonlinear equations.

The theory of fixed points is concerned with the conditions which guarantee that a map

N : E → E of a topological space C into it self admits one or more fixed points, that is,

points x of C for which x = Nx. In this section, we present some fixed point theorems

involving an arbitrary measure of noncompactness.

1.6.1 The fixed point Theorem of Darbo

Theorem 1.5 (Darbo’s Fixed Point Theorem [11, 12]). Let X be a Banach space and C

be a nonempty, bounded, closed and conves subset of X. Suppose a continuous mapping

N : C → C is such that for all nonempty subsets D of C

α(N(D)) ≤ kα(D), (1.6)

13



where 0 ≤ k ≤ 1, and α is the Kuratowski measure of noncompactness. The N has a fixed

point in C.

Remark 1.5. Mappings satisfying the Darbo condition (1.6) have subsequently been called

K-set contractions.

1.6.2 The fixed point Theorem of Monch

Theorem 1.6 (Mönch’s Fixed Point Theorem [24]). Let D be a bounded, closed and

convex subset of a Banach space such that 0 ∈ D, and let N be a continuous mapping of

D into itself. If the implication

V = convN(V ) or V = N(V ) ∪ {0} =⇒ α(V ) = 0,

holds for every subset V of D, then N has a fixed point.
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Chapter 2

Partial Hadamard Fractional

Integral Equations

2.1 Existence results for partial Hadamard Fractional

Integral Equations with Darbo fixed point

In this section, we discuss the existence of solutions for our Hadamard integral equation

(1).

The following hypothesis will be used in the sequel.

(H) There exist functions p1, p2 ∈ C(J, [0,∞)) such that for any u ∈ E and (x, y) ∈ J ,

||f(x, y, u)||E ≤ p1(x, y) +
p2(x, y)

1 + ||u(x, y)||E
||u(x, y)||E .

We are now in a position to state and prove our first existence result for the integral

equation (1) based on the concept of measure of noncompactness and Darbo’s fixed point

theorem.

Set

p∗i = sup
(x,y)∈J

pi(x, y), i = 1, 2.

Remark 2.1. ([4]) The hypothesis (H) implies the inequality

α(f(x, y, B)) ≤ p∗2α(B),
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for any bounded set B ⊆ E and for each (x, y) ∈ J .

Theorem 2.1. Assume that the hypothesis (H) holds. If

(loga)r1(logb)r2p∗2
Γ(1 + r1)Γ(1 + r2)

< 1, (2.1)

then the integral equation (1) has a solution defined on J.

Proof Let ρ > 0 be a constant such that

ρ >
||µ||C + (loga)r1 (logb)r2

Γ(1+r1)Γ(1+r2)
p∗1

1− (loga)r1 (logb)r2

Γ(1+r1)Γ(1+r2)
p∗2

. (2.2)

We shall use Darbo’s theorem (Theorem 1.5), to prove that the operator N : C → C

defined by

(Nu)(x, y) = µ(x, y) +
1

Γ(r1)Γ(r2)

∫ x

1

∫ y

1

(
log

x

s

)r1−1 (
log

y

t

)r2−1 f(s, t, u(s, t))

st
dtds

(2.3)

has a fixed point. The proof will be given in several steps.

Step 1. N is continuous

Let {un}n∈N be a sequence such that un → u in C. Then

||(Nun)(x, y)− (Nu)(x, y)||E ≤ 1

Γ(r1)Γ(r2)

×
∫ x

1

∫ y

1

∣∣∣logx
s

∣∣∣r1−1 ∣∣∣log y
t

∣∣∣r2−1 ||f(s, t, un(s, t))− f(s, t, u(s, t))||E
st

dtds

≤ 1

Γ(r1)Γ(r2)

×
∫ x

1

∫ y

1

∣∣∣logx
s

∣∣∣r1−1 ∣∣∣log y
t

∣∣∣r2−1 sup(s,t)∈J ||f(s, t, un(s, t))− f(s, t, u(s, t))||E
st

dtds

≤ (loga)r1(logb)r2

Γ(1 + r1)Γ(1 + r2)
||f(., ., un(., .))− f(s, t, u(s, t))||C .

From Lebesgue’s dominated convergence theorem and the continuity of the function f, we

get

||(Nun)(x, y)− (Nu)(x, y)||E → 0 as n → ∞.
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Step 2. N transforms the ball Bρ := {u ∈ C : ||u||C ≤ ρ} into itself.

For any u ∈ Bρ and each (x, y) ∈ J , we have

||(Nu)(x, y)||E ≤ ||µ(x, y)||E

+
1

Γ(r1)Γ(r2)

∫ x

1

∫ y

1

∣∣∣logx
s

∣∣∣r1−1 ∣∣∣log y
t

∣∣∣r2−1 p1(s, t) + p2(s, t) ≤ ||µ||C
st

dtds

≤ ||µ||C +
(loga)r1(logb)r2

Γ(1 + r1)Γ(1 + r2)
(p∗1 + p∗2ρ).

Thus, by (2.1) and the definition of ρ we get ||(Nu)||C ≤ ρ. This implies that N

transforms the ball Bρ into itself.

Step 3. N(Bρ) is bounded.

This is clear since N(Bρ) ⊂ Bρ and Bρ is bounded.

Step 4. N(Bρ) is equicontinuous.

Let (x1, y1), (x2, y2) ∈ J, x1 < x2 , y1 < y2. Then

||(Nu)(x2, y2)− (Nu)(x1, y1)||E ≤ ||µ(x1, y1)− µ(x2, y2)||E

+
1

Γ(r1)Γ(r2)

×
∫ x1

1

∫ y1

1

[∣∣∣logx2
s

∣∣∣r1−1 ∣∣∣log y2
t

∣∣∣r2−1

−
∣∣∣logx1

s

∣∣∣r1−1 ∣∣∣log y1
t

∣∣∣r2−1
]
||f(s, t, u(s, t))||E

st
dtds

+
1

Γ(r1)Γ(r2)

×
∫ x2

x1

∫ y2

y1

∣∣∣logx2
s

∣∣∣r1−1 ∣∣∣log y2
t

∣∣∣r2−1 ||f(s, t, u(s, t))||E
st

dtds

+
1

Γ(r1)Γ(r2)

×
∫ x1

1

∫ y2

y1

∣∣∣logx2
s

∣∣∣r1−1 ∣∣∣log y2
t

∣∣∣r2−1 ||f(s, t, u(s, t))||E
st

dtds

+
1

Γ(r1)Γ(r2)

×
∫ x2

x1

∫ y1

1

∣∣∣logx2
s

∣∣∣r1−1 ∣∣∣log y2
t

∣∣∣r2−1 ||f(s, t, u(s, t))||E
st

dtds.
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Thus

||(Nu)(x2, y2)− (Nu)(x1, y1)||E ≤ ||µ(x1, y1)− µ(x2, y2)||E +
1

Γ(r1)Γ(r2)

×
∫ x1

1

∫ y1

1

[∣∣∣logx2
s

∣∣∣r1−1 ∣∣∣log y2
t

∣∣∣r2−1

−
∣∣∣logx1

s

∣∣∣r1−1 ∣∣∣log y1
t

∣∣∣r2−1
]
p∗1 + p∗2ρ

st
dtds

+
1

Γ(r1)Γ(r2)
×
∫ x2

x1

∫ y2

y1

∣∣∣logx2
s

∣∣∣r1−1 ∣∣∣log y2
t

∣∣∣r2−1 p∗1 + p∗2ρ

st
dtds

+
1

Γ(r1)Γ(r2)
×
∫ x1

1

∫ y2

y1

∣∣∣logx2
s

∣∣∣r1−1 ∣∣∣log y2
t

∣∣∣r2−1 p∗1 + p∗2ρ

st
dtds

+
1

Γ(r1)Γ(r2)
×
∫ x2

x1

∫ y1

1

∣∣∣logx2
s

∣∣∣r1−1 ∣∣∣log y2
t

∣∣∣r2−1 p∗1 + p∗2ρ

st
dtds

≤ p∗1 + p∗2ρ

Γ(1 + r1)Γ(1 + r2)

× [2(log y2)
r2(log x2 − log x1)

r1 + 2(log x2)
r1(log y2 − log y1)

r2

+ (log x1)
r1(log y1)

r2 − (log x2)
r1(log y2)

r2 − 2(log x2 − log x1)
r1(log y2 − log y1)

r2 ].

As x1 → x2 and y1 → y2, the right-hand side of the above inequality tends to zero.

Step 5. The operator N : Bρ → Bρ is a K-set contraction.

Let V ⊂ Bρ and (x, y) ∈ J. Then we have,

α((NV )(x, y)) = α((Nu)(x, y) : u ∈ V )

≤ 1

Γ(r1)Γ(r2)

{∫ x

1

∫ y

1

(
log

x

s

)r1−1 (
log

y

t

)r2−1 α(f(s, t, u(s, t)))

st
dtds : u ∈ V

}
.

Then Remark 2.1 implies that, for each (s, t) ∈ J,

α({f(s, t, u(s, t)) : u ∈ V }) ≤ p∗2α({u(s, t) : u ∈ V }).

Then

α((NV )(x, y))

≤ p∗2
Γ(r1)Γ(r2)

{∫ x

1

∫ y

1

(
log

x

s

)r1−1 (
log

y

t

)r2−1 α(u(s, t)

st
dtds : u ∈ V

}
≤ (log a)r1(log b)r2p∗2

Γ(1 + r1)Γ(1 + r2)
αc(V ).
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Therefore

αc(NV ) ≤ (log a)r1(log b)r2p∗2
Γ(1 + r1)Γ(1 + r2)

αc(V ).

So, by 2.1, the operator N is a k-set contraction, where

k =
(log a)r1(log b)r2p∗2
Γ(1 + r1)Γ(1 + r2)

.

As a consequence of steps 1-5 together with Theorem 1.5, we can conclude that N has a

fixed point which is solution of the integral equation 1.

2.2 Existence results for partial Hadamard-Stieltjes

Fractional Integral Equations with Darbo fixed

point

Now, we discuss the existence of solutions for the Hadamard integral equation 2. The

following hypotheses will be used in the sequel.

(H1) There exist functions p1, p2 ∈ C(J,R+) such that for any u ∈ R and (x, y) ∈ J,

||f(x, y, u)||E ≤ p1(x, y) +
p2(x, y)

1 + ||u(x, y)||E
||u(x, y)||E ,

with

p∗i = sup
(x,y)∈J

sup
(s,t)∈[1,x]×[1,y]

∣∣∣log x
s

∣∣∣r1−1 ∣∣∣log y
t

∣∣∣r2−1 pi(s, t)

stΓ(r1)Γ(r2)
, i = 1, 2.

(H2) For all x1, x2 ∈ [1, a] such that x1 < x2, the function s 7→ g(x2, s) − g(x1, s) is

nondecreasing on [1, a]. Also, for all y1, y2 ∈ [1, b] such that y1 < y2, the function

t 7→ g(y2, t)− g(y1, t) is nondecreasing on [1, b].

(H3) The function s 7→ g1(0, s) and t 7→ g2(0, t) are nondecreasing on [1,a] or [1,b]

respectively.

(H4) The function s 7→ g1(x, s) and x 7→ g1(x, s) are continuous [1,a] for each fixed
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x ∈ [1, a] or s ∈ [1, a], respectively. Also, the function t 7→ g2(y, t) and y 7→ g2(y, t)

are continuous [1,b] for each fixed y ∈ [1, b] or t ∈ [1, b], respectively.

Set

g∗ = sup
(x,y)∈J

y∨
k2=1

g2(y, k2)
x∨

k1=1

g1(x, k1).

Theorem 2.2. Assume that the hypotheses (H1)− (H4) hold. If

g∗p∗2 < 1, (2.4)

then the integral equation (2) has a solution defined on J.

Proof Consider the operator N ′ : C → C defined by

(N ′u)(x, y) = µ(x, y)

+

∫ x

1

∫ y

1

(
log

x

s

)r1−1 (
log

y

t

)r2−1 f(s, t, u(s, t))

stΓ(r1)Γ(r2)
dtg2(y, t)dsg1(x, s).

(2.5)

The fixed points of the operator N’ are solution of the integral equation (2).

Let ρ > 0 be a constant such that

ρ > ||µ||C + g∗(p∗1 + p∗2).

We shall use Darbo’s fixed point theorem to prove that the operator N’ has a fixed point.

The proof will be given in several steps.

Step 1. N ′ : C → C is continuous.

Let {un}n∈N be a sequence such that un → u in C. Then
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|(N ′un(x, y)− (N ′u(x, y)| ≤ 1

Γ(r1)Γ(r2)

×
∫ x

1

∫ y

1

∣∣∣logx
s

∣∣∣r1−1 ∣∣∣log y
t

∣∣∣r2−1 |f(s, t, un(s, t))− f(s, t, u(s, t))|
st

dtg2(y, t)dsg1(x, s)

≤
sup(s,t)∈J |f(s, t, un(s, t))− f(s, t, u(s, t))|

Γ(r1)Γ(r2)

×
∫ x

1

∫ y

1

∣∣∣logx
s

∣∣∣r1−1 ∣∣∣log y
t

∣∣∣r2−1

dt

t∨
k2=1

g2(y, k2)ds

s∨
k1=1

g1(x, k1)

≤ g∗||f(., ., un(., .))− f(., ., u(., .))||C .

From Lebesgue’s dominated convergence theorem and the continuity of the function

f , we get

|(N ′un(x, y)− (N ′u(x, y)| → 0 as n→ ∞.

Step 2. N ′ transforms the ball Bρ := {u ∈ C : ||u||C ≤ ρ} into itself.

For any u ∈ Bρ and each (x, y) ∈ J . we have

|(N ′u)(x, y) ≤ |µ(x, y)|

+
1

Γ(r1)Γ(r2)
×
∫ x

1

∫ y

1

∣∣∣logx
s

∣∣∣r1−1 ∣∣∣log y
t

∣∣∣r2−1 p1(s, t)

st
|dtg2(y, t)dsg1(x, s)|

+
1

Γ(r1)Γ(r2)
×
∫ x

1

∫ y

1

∣∣∣logx
s

∣∣∣r1−1 ∣∣∣log y
t

∣∣∣r2−1 p2(s, t)|u(s, t)|
st(1 + |u(s, t)|)

|dtg2(y, t)dsg1(x, s)|

≤ ||µ||C +
1

Γ(r1)Γ(r2)

×
∫ x

1

∫ y

1

∣∣∣logx
s

∣∣∣r1−1 ∣∣∣log y
t

∣∣∣r2−1 p1(s, t) + p2(s, t)ρ

st
dt

t∨
k2=1

g2(y, k2)ds

s∨
k1=1

g1(x, k1)

≤ ||µ||C + (p∗1 + p∗2)

∫ x

1

∫ y

1

dt

t∨
k2=1

g2(y, k2)ds

s∨
k1=1

g1(x, k1)

≤ ||µ||C + g∗(p∗1 + p∗2)

≤ ρ.

Thus, ||(N ′u)||C ≤ ρ. This implies that N’ transforms the ball Bρ into itself.
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Step 3. N ′(Bρ) is bounded.

This is clear since N(Bρ) ⊂ Bρ and Bρ is bounded.

Step 4. N ′(Bρ) is equicontinuous.

Let (x1, y1), (x2, y2) ∈ J, x1 < x2 , y1 < y2. Then

|(N ′u)(x2, y2)− (N ′u)(x1, y1)|

≤ |µ(x1, y1)− µ(x2, y2)|

+ | 1

Γ(r1)Γ(r2)

∫ x1

1

∫ y1

1

∣∣∣logx2
s

∣∣∣r1−1 ∣∣∣log y2
t

∣∣∣r2−1

× f(s, t, u(s, t))

st
dtg2(y2, t)dsg1(x2, s)

− 1

Γ(r1)Γ(r2)

∫ x1

1

∫ y1

1

∣∣∣logx1
s

∣∣∣r1−1 ∣∣∣log y1
t

∣∣∣r2−1

× f(s, t, u(s, t))

st
dtg2(y1, t)dsg1(x1, s)|

+
1

Γ(r1)Γ(r2)

∫ x2

x1

∫ y2

y1

∣∣∣logx2
s

∣∣∣r1−1 ∣∣∣log y2
t

∣∣∣r2−1 |f(s, t, u(s, t))|
st

|dtg2(y2, t)dsg1(x2, s)|

+
1

Γ(r1)Γ(r2)

∫ x1

1

∫ y2

y1

∣∣∣logx2
s

∣∣∣r1−1 ∣∣∣log y2
t

∣∣∣r2−1 |f(s, t, u(s, t))|
st

|dtg2(y2, t)dsg1(x2, s)|

+
1

Γ(r1)Γ(r2)

∫ x2

x1

∫ y1

1

∣∣∣logx2
s

∣∣∣r1−1 ∣∣∣log y2
t

∣∣∣r2−1 |f(s, t, u(s, t))|
st

|dtg2(y2, t)dsg1(x2, s)|.

Thus, we obtain

|(N ′u)(x2, y2)− (N ′u)(x1, y1)|

≤ |µ(x1, y1)− µ(x2, y2)|

+ (p∗1 + p∗2)

∫ x1

1

∫ y1

1

∣∣∣∣∣dt
t∨

k2=1

g2(y2, k2)ds

s∨
k1=1

g1(x2, k1)− dt

t∨
k2=1

g2(y1, k2)ds

s∨
k1=1

g1(x1, k1)

∣∣∣∣∣
+ (p∗1 + p∗2)

∫ x2

x1

∫ y2

y1

dt

t∨
k2=1

g2(y2, k2)ds

s∨
k1=1

g1(x2, k1)

+ (p∗1 + p∗2)

∫ x1

1

∫ y2

y1

dt

t∨
k2=1

g2(y2, k2)ds

s∨
k1=1

g1(x2, k1)

+ (p∗1 + p∗2)

∫ x2

x1

∫ y1

1

dt

t∨
k2=1

g2(y2, k2)ds

s∨
k1=1

g1(x2, k1).
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Hence, we get

|(N ′u)(x2, y2)− (N ′u)(x1, y1)|

≤ |µ(x1, y1)− µ(x2, y2)|

+ (p∗1 + p∗2)

∣∣∣∣∣
y1∨

k2=1

g2(y2, k2)

x1∨
k1=1

g1(x2, k1)−
y1∨

k2=1

g2(y1, k2)

x1∨
k1=1

g1(x1, k1)

∣∣∣∣∣
+ (p∗1 + p∗2)

y2∨
k2=y1

g2(y2, k2)

x2∨
k1=x1

g1(x2, k1)

+ (p∗1 + p∗2)

y2∨
k2=y1

g2(y2, k2)

x2∨
k1=1

g1(x2, k1)

+ (p∗1 + p∗2)

y2∨
k2=1

g2(y2, k2)

x2∨
k1=x1

g1(x2, k1).

As x1 → x2 and y1 → y2, the right-hand side of the above inequality tends to zero.

Step 5. The operator N ′ : Bρ → Bρ is a K-set contraction.

Let V ⊂ Bρ and (x, y) ∈ J. Then we have,

α((N ′V )(x, y))

= α((N ′u)(x, y) : u ∈ V )

≤ 1

Γ(r1)Γ(r2)

×
{∫ x

1

∫ y

1

(
log

x

s

)r1−1 (
log

y

t

)r2−1 α(f(s, t, u(s, t)))

st
dtg(y2, t)dsg(x2, s) : u ∈ V

}
.

23



Thus, we get

α((N ′V )(x, y))

≤ 1

Γ(r1)Γ(r2)

×
{∫ x

1

∫ y

1

(
log

x

s

)r1−1 (
log

y

t

)r2−1 p2(s, t)α(u(s, t))

st
dtg2(y, t)dsg1(x, s) : u ∈ V

}
≤ p∗2

{∫ x

1

∫ y

1

dt

t∨
k2=1

g2(y, k2)ds

s∨
k1=1

g1(x, k1)α(u(s, t))u ∈ V

}

≤ g∗p∗2αc(V ).

Therefore

αc(N
′V ) ≤ g∗p∗2αc(V ).

So, by (2.2), the operator N’ is a k-set contraction, where

k = g∗p∗2.

As a consequence of steps 1-5 together with Theorem (1.5), we can conclude that N’ has

a fixed point which is solution of the integral equation (2).

2.3 Existence results for partial Hadamard Fractional

Integral Equations with Mönch fixed point

Our next existence result for the problem (1) is based on the concept of measures of

noncompactness and Mönch’s fixed point theorem.

Theorem 2.3. Assume that the hypothesis (H) and the condition (2.1) hold. Then the

integral equation (1) has at least one solution defined on J.

Proof Consider the operator N defined in (2.3). We shall show that N satisfies the

assumption of Mönch’s fixed point theorem (Theorem 1.6 ).

We know that N : Bρ → Bρ is bounded and continuous, we need to prove that the
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implication

V = convN(V ) or V = N(V ) ∪ {0} =⇒ α(V ) = 0

holds for every subset V of Bρ.

Now let V be a subset of Bρ such that V ⊂ conv(N(V ) ∪ {0}). Since V is bounded

and equicontinuous, the function (x, y) −→ v(x, y) = α(V (x, y)) is continuous on J. By

Remark (2.1),Lemma (1.2) and the properties of the measure α we have for each (x, y) ∈ J ,

V (x, y) ≤ α((NV )(x, y) ∪ {0})

≤ α((NV )(x, y))

≤ α{(Nu)(x, y) : u ∈ V }

≤ p∗2
Γ(r1)Γ(r2)

{∫ x

1

∫ y

1

(
log

x

s

)r1−1 (
log

y

t

)r2−1 α(u(s, t))

st
dtds : u ∈ V

}
≤ p∗2

Γ(r1)Γ(r2)

∫ x

1

∫ y

1

(
log

x

s

)r1−1 (
log

y

t

)r2−1 v(s, t)

st
dtds

This implies that v(x, y) = 0 for each (x, y) ∈ J , and then V (x, y) is relatively

compact in E. In view of the Ascoli-Arzelà theorem, V is relatively compact in Bρ.

Consequently, from Theorem 1.6 we conclude that N has a fixed point u ∈ Bρ.

Hence N has a fixed point which is a solution to our integral equation (1).

2.4 Existence results for partial Hadamard-Stieltjes

Fractional Integral Equations with Mönch fixed

point

Our last existence result for the problem (2) is based on Mönch’s fixed point theorem.

Theorem 2.4. Assume that the hypotheses (H1) − (H4) and the condition (2.2) hold.

Then the integral equation (2) has at least one solution defined on J.

Proof Consider the operator N ′ defined in (2.5). We shall show that N’ satisfies the

assumption of Mönch’s fixed point theorem. Knowing that N ′ : Bρ → Bρ is bounded and
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continuous, we need to prove that the implication

V = convN ′(V ) or V = N ′(V ) ∪ {0} =⇒ α(V ) = 0,

holds for every subset V of Bρ.

Let V be a subset of Bρ such that V ⊂ conv(N ′(V ) ∪ {0}). V is bounded and

equicontinuous therefore the function (x, y) −→ v(x, y) = α(V (x, y)) is continuous on

J. By Remark (2.1),Lemma (1.2) and the properties of the measure α we have for each

(x, y) ∈ J ,

V (x, y) ≤ α((N ′V )(x, y) ∪ {0})

≤ α((N ′V )(x, y))

≤ α{(N ′u)(x, y) : u ∈ V }

≤ p∗2
Γ(r1)Γ(r2)

{∫ x

1

∫ y

1

(
log

x

s

)r1−1 (
log

y

t

)r2−1 α(u(s, t))

st
dtg2(y, t)dsg1(x, s) : u ∈ V

}
≤ p∗2

Γ(r1)Γ(r2)

∫ x

1

∫ y

1

(
log

x

s

)r1−1 (
log

y

t

)r2−1 v(s, t)

st
dtg2(y, t)dsg1(x, s)

This implies that v(x, y) = 0 for each (x, y) ∈ J , and then V (x, y) is relatively

compact in E. In view of the Ascoli-Arzelà theorem, V is relatively compact in Bρ.

Consequently, from Theorem 1.6 we conclude that N ′ has a fixed point u ∈ Bρ.

Hence N ′ has a fixed point which is a solution to our integral equation (2).
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Chapter 3

Examples

3.1 Example 1

Exemple 3.1. As an application of our results we consider the following partial Hadamard

integral equation of the form

un(x, y) = µ(x, y)+

∫ x

1

∫ y

1

(
log

x

s

)r1−1 (
log

y

t

)r2−1 fn(s, t, u(s, t))

stΓ(r1)Γ(r2)
dtds (x, y) ∈ [1, e]×[1, e],

(3.1)

where

r1, r2 > 0, µ(x, y) = x+ y2, (x, y) ∈ [1, e]× [1, e],

and

fn(x, y, u(x, y)) =
cxy2

1 + ||u||E

(
e−7 +

1

ex+y+5

)
un(x, y), (x, y) ∈ [1, e]× [1, e],

with

u = (u1, u2, · · · , un, · · · ) and c :=
e4

2
Γ(1 + r1)Γ(1 + r2).

Set

f = (f1, f2, . . . , fn, . . .).

Clearly, the function f is continuous.Moreover, for each u ∈ E and (x, y) ∈ [1, e]× [1, e],

we have

||f(x, y, u(x, y))||E ≤ ce−4(1 + ||u||E).
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Hence, the hypothesis (H) is satisfied with p∗1 = p∗2 = ce−4.

We shall show that condition (2.1) hold with a=b=e. Ended,

(log a)r1(log b)r2p∗2
Γ(1 + r1)Γ(1 + r2)

=
c

e4Γ(1 + r1)Γ(1 + r2)
=

1

2
< 1.

From Theorem 2.1, it follows that the integral equation (3.1) has at least one solution on

[1, e]× [1, e].

3.2 Exemple 2

Exemple 3.2. Consider now the following partial Hadamard-Stieltjes integral equation

of the form

un(x, y) = µ(x, y)+

∫ x

1

∫ y

1

(
log

x

s

)r1−1 (
log

y

t

)r2−1 fn(s, t, u(s, t))

stΓ(r1)Γ(r2)
dtg2(y, t)dsg1(x, s) (x, y) ∈ [1, e]×[1, e],

(3.2)

where

r1, r2 > 0, µ(x, y) = x+ y2, : (x, y) ∈ [1, e]× [1, e], g1(x, s) = s, g2(y, t) = t, s, t ∈ [1, e]

and

fn(x, y, u(x, y)) = xy2
(
e−7 +

un(x, y)

ex+y+5

)
, (x, y) ∈ [1, e]× [1, e].

The condition (H1) is satisfied with p1(x, y) = xy2e−7 and p2(x, y) = xy2

ex+y+5 . Also, the

function g1 and g1 satisfy (H2)− (H4).

We shall show that condition (2.4) holds with a=b=e. Indeed,

g∗p∗2 = (e− 1)2e−4 < e−2 < 1.

Hence, Theorem 2.2 shows that the integral equation (3.2) has at least one solution on

[1, e]× [1, e]
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3.3 Exemple 3

Exemple 3.3. We consider the following Hadamard-Volterra-Stieltjes integral equation

un(x, y) =
ln(x+ y + 1)

1 + ex+y

+
1

Γ(r1)Γ(r2)

∫ x

1

∫ y

1

(
ln
x

s

)r1−1 (
ln
y

t

)r2−1 se−s−t

t|u(s, t)|+ st

dtln([y] + t)dse
−[x]−s

st

(8)

where (x, y) ∈ J = [1,+∞)× [1, π], and r1, r2 > 0.

Set

µ(x, y) =
ln(x+ y + 1)

1 + ex+y
; g1(x, s) = e−[x]−s; g2(y, t) = ln([y] + t),

and

f(s, t, u(s, t)) =
se−s−t

t|u(s, t)|+ st
; ; (s, t) ∈ J.

The symbol [y] indicates the integer value of y. It is clear that equation (8) can be

written as equation (2) . Let us show that conditions (H1) − (H3) hold. The function

t → ln([y] + t) is continuous and nondecreasing for each fixed y0 ∈ [1, π], so it is of

bounded variation on [1, π]× [1, π], and

t=π∨
t=1

g1(y, t) ≤ ln(3 + π)− ln2.

The function s → e−[x]−s is continuous and decreasing for each fixed x0 ∈ [1,+∞),

and

lim
s→+∞

e−[x]−s = 0.

So it is of bounded variation on [1,+∞)× [1,+∞), and for each fixed x0 ∈ [1,+∞)
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dsg2(x0, s) = −e−[x0]−sds.

|f(s, t, u1)− f(s, t, u2)| =
∣∣∣∣ se−s−t

t|u1|+ st
− se−s−t

t|u2|+ st

∣∣∣∣
=

∣∣∣∣ tse−s−t(|u1| − |u2|)
(t|u1|+ st)(t|u2|+ st)

∣∣∣∣
≤ tse−s−t|u1 − u2|

u1|+ |u2|+ 1
.

So g(s, t) = tse−s−t; f(s, t, 0) = e−s−t

t
and for a fixed x0 ∈ [1,+∞) we have :

∣∣∣∣∫ x0

1

∫ y

1

(
ln
x0
s

)r1−1

|f(s, t, 0)|dtln([y] + t)dse
−[x0]−s

∣∣∣∣
=

∣∣∣∣∫ x0

1

∫ y

1

(
ln
x0
s

)r1−1 e−s−t

t
dtln([y] + t)dse

−[x0]−s

∣∣∣∣
≤
∣∣∣∣ln π[ln(3 + π)− ln2]

∫ x0

1

−
(
ln
x0
s

)r1−1

e−s−[x0]e−[x0]−sds

∣∣∣∣
≤
∣∣∣∣ln π[ln(3 + π)− ln2]ln x0

∫ x0

1

e−2s−2[x0]ds

∣∣∣∣
≤
∣∣∣∣ln π[ln(3 + π)− ln2]ln x0

1

2

[
e−2s−2[x0]

]x0

1

∣∣∣∣
≤ 1

2

∣∣ln π[ln(3 + π)− ln2]ln x0
[
e−2x0−2[x0] − e−2[x0]−2

]∣∣ .
The function

φ(x) = ln π[ln(3 + π)− ln2]ln x
[
e−2x−2[x] − e−2[x]−2

]
,

is bounded on [1,+∞). Then there exist λ > 0 such that

sup
x≥1;1≤y≤π

∣∣∣∣∫ x

1

∫ y

1

(
ln
x

s

)r1−1

|f(s, t, o)|dtln([y] + t)dse
−[x]−s

∣∣∣∣ ≤ λ.
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We have also

∣∣∣∣∫ x0

1

(
ln
x0
s

)r1−1

dse
−[x0]−s

∣∣∣∣ ≤ ∣∣∣∣lnx0 ∫ x0

1

e−[x0]−sds

∣∣∣∣
≤
∣∣ln x0 [e−[x0]−x0 − e−[x0]−1

]∣∣ .
The function

ψ(x) = lnx
[
e−[x]−x − e−[x]−1

]
,

is bounded on [1,+∞) . Then there exist η > 0 such that

sup
x≥1

∣∣∣∣∫ x

1

(
ln
x

s

)r1−1

dse
−[x]−s

∣∣∣∣ ≤ η.

It follows that

k =
ηln b ||g||
Γ(r1)Γ(r2)

α=b∨
α=1

g1(y, α) =
ηe−2lnπ

Γ(r1)Γ(r2)
[ln(3 + π)− ln2] < 1.

Thus, from Theorem (2.4) the Eq (8) has at least solution in BC and solution of Eq

(8) are globally attractive.
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3.4 Exmeple 4

We consider the following Hadamard-Volterra integral equation

u(x, y) =
x+ 1

y2ex
+

1

Γ(r1)Γ(r2)

∫ x

1

∫ y

1

(
ln
x

s

)r1−1 (
ln
y

t

)r2−1 e−t + s

t2s3 + 1

√
u2(t, s) + e−t

dtds

st
,

(3.3)

where (x, y) ∈ J = [1,+∞)× [1, b], b > 1 and r1, r2 > 0.

Set

µ(x, y) =
x+ 1

y2ex
, f(t, s, u(t, s)) =

e−t + s

t2s3 + 1

√
u2(t, s) + e−t; (t, s) ∈ J.

It is clear that equation 3.3 can be written as equation 1. Let us show that the conditions

hold.

|f(t, s, u1(t, s))− f(t, s, u2(t, s))| ≤
e−t + s

t2s3 + 1

∣∣∣∣√u22(t, s) + e−t −
√
u21(t, s) + e−t

∣∣∣∣
≤ e−t + s

t2s3 + 1

∣∣∣∣√u22(t, s)−
√
u21(t, s)

∣∣∣∣
≤ e−t + s

t2s3 + 1
|u2(t, s)− u1(t, s)| .

Take

b(t, s) =
e−t + s

t2s3 + 1
f(t, s, 0) =

e−t + s

t2s3 + 1
e−

1
2
t.

We have

∫ x

1

∫ y

1

(
ln
x

s

)r1−1 (
ln
y

t

)r2−1 e−t + s

t2s3 + 1
dtds

≤ (ln x)r1(ln y)r2
∫ x

1

∫ y

1

e−t + s

t2s3
dtds

= (ln x)r1(ln y)r2
∫ x

1

∫ y

1

(
e−t

s3
+

1

t2s2

)
dtds

= (ln x)r1(ln y)r2
[
(−e−t + e−1)

(
− 1

2x2
+

1

2

)
+

(
−1

y
+ 1

)(
−1

x
+ 1

)]
= h(x, y),
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And

∫ x

1

∫ y

1

(
ln
x

s

)r1−1 (
ln
y

t

)r2−1

|f(t, s, 0)|dtds

≤ (ln x)r1(ln y)r2
∫ x

1

∫ y

1

e−t + s

t2s3 + 1
e−

1
2
tdtds

≤ (ln x)r1(ln y)r2
∫ x

1

∫ y

1

e−t + s

t2s3
e−

1
2
tdtds

= (ln x)r1(ln y)r2
∫ x

1

∫ y

1

(
e−

3
2
t

s3
+
e−

1
2
t

s2

)
dtds

= (ln x)r1(ln y)r2
[(

−2

3
e−

3
2
y +

2

3
e−

3
2

)(
− 1

2x2
+

1

2

)
+

(
−1

x
+ 1

)(
−2e−

1
2
y + 2e−

1
2

)]
= g(x, y).

It is clear that h(x, y), g(x, y) are bounded functions on J . And we have also

k =
||h||

Γ(r1)Γ(r2)
=

1
2e

+ 1

Γ(r1)Γ(r2)
< 1,

for an arbitrary r1, r2. Then from Theorem 2.1 the eq 3.3 has at least solution in X.
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Conclution

In this work, the objective is the study of existence of solutions for Partial Hadamard

Fractional Integral Equations in Banach Spaces. And specifically by using in this study

the technique of measure of noncompactness and the fixed point theorems of Darbo and

Mönch.

This technique is often used in several branches of nonlinear analysis. Especially this

technique has proven to be a very useful tool in the existence of solutions of several

types of integral equations.

Adopting the non measure of noncompactness technique transforming the problem from

integral equation to fixed point problem by adapting the hypotheses of the two

problems. And we concluded this work by giving practical examples of this problem to

confirm this work.
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Summary

In this work, we have tried to present and enrich the results obtained by other

authors in the study Having solutions to a row of Hadamard’s partial integral

equations.

The main tool used in considerations is the combination of the technique of

measure of noncompactness with fixed point theorems of Darbo type and Mönch

type.

Résumé

Dans ce travail, nous avons essayé de présenter et d’enrichir les résultats obtenus

par d’autres auteurs dans l’étude l’existence des solutions à une rangée d’équations

intégrales partielles d’Hadamard.

Le principal outil est la technique de la mesure de non compacité combiné avec les

théorèmes du point fixe et en particulier le point fixe de Darbo et de Mönch.

ملخص

لصف حلول وجود دراسة في آخرون كتاب قبل من عليها المتحصل النتائج إثراء و تقديم حاولنا ، العمل هذا في
Hadamard. لــ الجزئية التكاملية المعادلات من

خاصة و الثابتة النقطة يات نظر مع المتراص غير القياس تقنية هي الدراسة هذه في المستخدمة الرئيسية الأداة
Mönch. لـ الثابتة النقطة و Darbo لـ الثابتة النقطة
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