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= S e N L

def hot star)N, delta(:
path = np.zeros)N( # Initialize a vector of N zero positions

for i in range)len)path((:
x = np.random.uniform)-delta, delta
path]i[ = x # Replace zero positions with random values
between —-delta and t+delta

return path # )Hot start initialization/(

L;T;’. { s, AR ﬁ.fi L} C))<3' action Js.é” uLa- Als

def action)path, m, omega, lambda (:

S = 0.0 # Action value initialized to zero before summation
N = len)path( # Total number of lattice points in the proposed
path

for i in range)N(:
x 1 = pathli[ # Starting point of the time slice dt
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x ipl = path])i + 1( % N[ # Endpoint of the time slice dt )
periodic boundary (

kinetic = 0.5 x m x )x ipl - x i(x%x2 # Kinetic energy
contribution
potential = 0.5 % m x omega*x*2 x X ixx2 + lambda x mx%2 %

omegax*x3 % X ixx4 # Potential energy

S += kinetic + potential # Accumulate the Euclidean action
return S

L€ V:&; Algorithm) (Metropolis s i 40yl

def metropolis)path, delta, m, omega, lambda , hbar(:
accept rate = 0 # Acceptance rate counter

# Metropolis updates over the entire path length
for j in range)len)path((:
i = np.random.randint)0, len)path(( # Randomly select a
lattice site

old x = path]i[ # Store the old value for possible rejection
old action = action)path, m, omega, lambda ( # Compute action

of current path

# Propose a new value using a uniform random step

new x = old x + np.random.uniform)-delta, delta(

pathli[ = new x # Update temporarily

new action = action)path, m, omega, lambda ( # Compute new
action

# Metropolis acceptance criterion

if new action > old action or np.random.rand) ( > np.exp
y=)1.0 / hbar( % )new _action — old action((:
accept rate += 1 # Accept the new configuration
pass # Keep the new state

else:
path]i[ = old x # Reject and restore old value

return path, accept rate
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o Sk B() Bl A dy o el Do oo SUb ol sy o5
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1

P(ZE) = 26_5E(w), (15.3)
U S
5:% (16.3)

Partition) ff"“‘” Yy 9y 2l fJa..J\ ol 7 R E Ly Gyl A Gy Ooglis
vl ol L,)LM OVl S )\ 5% u,ia O Olasdl 2 %9 2 P ¢(Function

o S el Al Bl Wl Gl Je e sl S il &
Al sl st JUL o s sl

P(z,p) = %e‘ﬂH(z’p). (17.3)

Sl A 3 E A s e UL OF bl A el Salb) L) g
(23] b b BE (63w o iy ol sl
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H(z,p) =U(z) + K(p), (18.3)
o A 541 OB
P(z,p) = %eﬁU(“)eﬁK(l’). (19.3)
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65% )b Jpd s ke HMC Gyl & Jae¥1 el ga Lty e bl e
23]

L3l op Dbl L (HMC) % pbld) 6 (5o Tnlps St oo e 0Y1 ad
S W e e el B e 5! (Configurations) Sl 0 de,8 W g s
Sl Sl e STl Al Bl ) W gy 0©

¢ — ¢ 5 6@ 5 .o gDy gB) Gk (22.3)

i) st I Sl 5 ) 2 ) ode ol SN sde Wy s
A Skl Gy 0t ) 2l Wy & o) Bl Jo padl
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ol 5 o Lo 00 2l B pyn seldl o) ag Vo &
1 1
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Sl G eldl Sl 22
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1
H; = SW’C)} + 5173,(1@, (24~3)

il 4l (3 B adl S g2 5 gy el B alls Si6W] JEE o
RN

Gbelb) &lalsll i 23
KA o Ll Jgb dagy (G bl 1) Galb) ) 5ol o loe
[ = Le. (25.3)

:@}\,ﬁd 8 sas- _a.az pﬁa RN L;
@™ (0 + 0.5¢) = ¢™(0) + 0.5€ pyia (0). (26.3)
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If:m) TS \ES e
n=1,2,...,L—1, (27.3)
Ul shd) S
AS k)
Py (n€) = pyay ((n —1)e) — € % o (28.3)
¢ ((n+0.5)€) = ¢ ((n — 0.5)€) + € pyom (ne). (29.3)
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Py (L€) = py (L — 1)e) — € ,
¢ ¢ L P

(30.3)

") (Le) = o™ ((L — 0.5)€) + 0.5¢ pyw (Le). (31.3)
S Gl e Sl all Ll 3l 3

[Qb(k ] lpd)(k - (32.3)

romdlsasen bl dleaal 609 G AL AU o2 5 Jy’ 2 sl
b 2l 5l 136 .ljowrkkma\.ﬁ\f& \;.\c.\Sj

r<e A (33.3)
ZC,..;-
AH = H; — H,, (34.3)

s o Sk Al O
§H) = o1, (35.3)
AL AL 3 ) oy (7 e Al W) OB oL 2l gid 2 13| L]
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Iy = N _a k:1(0k_<0>)(0k+a_<0>) (39'3)
po = % (40.3)

O (15 bleyl 5 pde Al G O Obls piez

FO = 0'2
Sla Y1 kel ey il 3 sles G LU VI A 0,5 Y ke bl AW 3
b gl 3
50 = JLN\/—zTim (41.3)

(Integrated Auto-correlation sl Sl LUV el et T O] S
B a5 (Time)

=g+ (42.3)
a=1

oS 2 iy 0 d S 5 e By Gl BV Al ad e Y e
23] Sl Yl gl mov e U1 ekl 5135 Y (3 M B 3 e ¢ pud
W G BV ) oot e e

1 M
=g+ (43.3)
a=1
Zdlﬁn Gs‘? e dj% Ml«::z”‘)ké)
M > drig 41 (44.3)

BN s oSl GV Lo,V ) 3 ke L

(57—int = \/ %Tmt (4503)
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7358 3 lodl ol Gl 8.3
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A(w)) = 46.3
(A@)) = (46:3)
Sl
/+OO ze %@ dg
(2) = L= (47.3)

+oo :
/ e 5@ dy
efS(IE) — 6*5(*33), (4803)

Ly CTjQqa Lyl S SN 0K e (s b Wl Ly
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(2% = (51.3)

2mw
Ll Olas I leazal e

h=m=w=1, (52.3)

-

Cyﬂ-’

(2% = = | (53.3)

A1) Al Bl (gl
(E) = Ey = —hw. (54.3)

chqaﬁﬁ:m:wzl'%M\ C)\Ja-)” Lé)

(E) = (55.3)
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ol y Lsde A sl Al n olin o ) ionr M 38 31 2l s 22

D Fa de sl
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1 he s Bphall wle Jaw Com oLl B0V ool eyl ods G
JE Y wle A ol B LV M Gy w040 b Jals plaxl Ge) s
LSy OV el SLaSaaly il et L L) K8 J o e 21500 ol
Plad) 0,5, 01 g L1 3l sy o s BV o 0B L5 Ul ey ST
o Gl Yl e MY oy Sl oVl cus] Jndl JZ) 8

dl{ w2, dls S8 G0 hot star -

def hot star)N, delta(:
# Generate random initial path between -delta and +delta #
path = np.zeros)N(
for i in range)len)path((:
x = np.random.uniform)-delta, delta (
pathli[ = x
return path

Lt v

D el A a8 e s 3 Rl ol b Bk
#5% Ol Al ods iy Ll Jo B 2L 3l K Slas Y1 0391 5
L) 35del 3 ALl e 08 @l i)l Joolpdl e e OLZL ST oLl

pladl e sVl et (£ 2 A 0N ) Sl ( BIA g Tl dle S
S el el G o) (5 adey IR e plad) ] 1A

S = azN: [1 (M)Q + 1w2x2+)\x4 (56 3)
h 2 a R )
i—1

el B = & NI ) el ¢\4;,:,~LJ

N
S:Z {%(i’iﬂ—531‘)2—0—%&@2@24'5‘&2@4} : (57'3)

=1

shos Y ol s Bd Ol U action b Bt Ao G 2 S5 e
ULl el B S Gl Al s o e 1 el iy Mete o L) g
52 5okl 2l U ol dyb ) aady Gl Ol 3 U Y fent il
g slelb) B (5 Aol

3L az s K G 0K action Jadl) Clus 4l

def potential)x, m, omega, lamda (:
# Compute potential energy for a single position #
return 0.5 x m x omega*x*2 * xX*xx2 + lamda x Mx*x2 x omegax*3 * X*x4
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def action)path, m, omega, lamda (:

# Compute Euclidean action S = kinetic + potential #

S = 0.0

N = len)path (

for i in range)N
X 1 = path]i
x ipl = path])i + 1( % NJ
kinetic = 0.5 x m % )x ipl - x 1 (%x%2
pot = potential)x i, m, omega, lamda (
S += kinetic + pot

return S

(:
[

UlS

LaJ> P upbl‘ Ja”) X‘)Lun (B L&ﬂ*“ Ly:LPL“JA Jm»g} LJJG d}Jﬂu>L,;YJLu

,M | da L}mawai) € o sale A U‘J L3L~n9‘;c L;;LLua\ ) g{;a L}C LPJ;;z LSjg'

NSIEN

3

L;Li K PIERAL R Jﬁ& L3 Q)Q' leapfrog

def leapfrog)path, momentum, epsilon, L, m, omega, lamda (:
#

Leapfrog integration for Hamiltonian dynamics

Returns new path and momentum after L steps

#

N = len)path(

current path = path.copy) (

current momentum = momentum.copy) (

# Half step for momentum
grad = action gradient)current path, m, omega, lamda (
current momentum -= 0.5 % epsilon x grad

# L-1 full steps
for i in range)L - 1(:

# Full step for position
current path += epsilon x current momentum / m

# Full step for momentum )except at the end(
grad = action gradient)current path, m, omega, lamda (
current momentum —-= epsilon % grad

# Last full step for position
current path += epsilon x current momentum / m

# Half step for momentum

grad = action gradient)current path, m, omega, lamda (
current momentum —-= 0.5 % epsilon x grad
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return current path, current momentum

) pally Ll e e L], ) Tz

current path = path.copy) (
current momentum = momentum.copy) (

(Gl adl B ol oo O3 o V) 2D o sl ) IS oy
AU A4Sl e fad) o Sl 2 Al U

grad = action gradient)current path, m, omega, lamda (

(O sl Ll o 85U 581 syl Vs g
ool b s o Sy (g 2 LAl Yl e)ls e oYl e Ll

current momentum -= 0.5 % epsilon x grad

Al ool s (6355 v FlaVI o) e 55hdi) Jib epsilon AN J2F &
L Jr) o pp e el 35 Bl oA ke
s A Tt ) B Tz A3

for i in range)L - 1(:

bGlald) L Jdsb e sdall J;Kﬂ\ Olghas sue Loyl 5o E
Icﬂulyjo Céﬂg“iﬁ*i Y}\é{S)}J Jg'LFLb

current path += epsilon x current momentum / m

sl A8 Bl i Lo gy QU el Uy e L) e 3 o
5y S0 e Jadll 2y Ol sl pi ) ydd e

grad = action gradient)current path, m, omega, lamda (

A 3 ol e

current momentum —-= epsilon % grad

Ol sdelb) 8 o L ) e S eliab e L o8 ) ) s <l
Ll o 5l 33l s dio WAL oLzl dn

current path += epsilon % current momentum / m

:u&#\swﬁbkﬂ‘ayJ:%,mé;g

grad = action gradient)current path, m, omega, lamda (

. . s
ghs Caai HIag ol il L2 g 2y

current momentum —-= 0.5 x epsilon % grad
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S il e @ Sk Gy B By B ks e Jlemzd O]
Bl Lad J1 OLYI r"j o Ly (BN 1By gl bl Bols (£aia)
red] JUK & el

okl Ol e plE] da il Sl 8 slo A B Gy

1 return current path, current momentum

o,g,u o ,\,.,, .4,,&1\ ng.,\é-\ M\ ey j\ SRR IC N én wo,im,
Osbels Yol (g ) K1 e 32U Bl oY) e Jol e By o
k) O el Yoz V1 5 e Wibld] 02,

2y i NI ST a8y Sy AT O o] 208 gy 5,30 ot BN
;B MAL
AH = Hpew — Hyyg. (58.3)

A2 % )ae Ol slolgl) ol had Mz 5] 2L OB e Al R 6 13]

¢LL=~U o M Mj chLa Md)\].\b (dw
s DLl 1 Uy 3 2he a7 Y ASAT) O (i gr AH Gad K \Jlu\

Bl
Py = exp(—AH). (59.3)

gl il i Sl soe dy olle Sl L,
e [0,1]. (60.3)

bl Gi2 135 P 0l Jlealy 1 28 05
7 < Py, (61.3)

o L A, baisdy w5 LAl L i L 15 W Gl el s
RS W

€ el QoW1 581 355 depe 5 RN e OF 5 adl 0 o
1 o Lla Lo ¢ ol ale 3 el ez V1 o 22U BLAY) -
(38 el 3L Y1 2L

L}T:‘. 43\; ‘.‘K.w L3 d;ﬁt Metropolis
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# Metropolis acceptance step
delta H = proposed H - current H

if delta H > 0 or np.random.rand) ( > np.exp)-delta H / hbar (:
return new path, 1.0 # Accepted

else:
return path, 0.0 # Rejected
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A

Monte Carlo methods rely on random sampling to study complex
physical and mathematical problems and are particularly effective for
evaluating multidimensional integrals and simulating various systems.
This dissertation investigates the path integral formulation of quantum
mechanics and its application to the quantum harmonic oscillator,
presenting its theoretical foundations and the transition to Euclidean
time, which makes numerical treatment possible. The conventional
Monte Carlo method and the Hybrid Monte Carlo (HMC) method,
based on Hamiltonian dynamics and the Metropolis algorithm, are
implemented and compared. A comparison between the two methods
is carried out in terms of accuracy, statistical efficiency, and autocorre-
lation behavior. The results show good agreement with the analytical
solutions, while the HMC method demonstrates superior performance
by reducing autocorrelation and improving the quality of numerical
results. The study also confirms the effectiveness of the path integral
formulation as a powerful tool for simulating quantum systems and
extracting their physical properties. These findings open the way for
applying such methods to more complex quantum systemes.

Keywords: Quantum Mechanics, Path Integral, Quantum Har-
monic Oscillator, Monte Carlo Method, Hybrid Monte Carlo
(HMC), Hamiltonian Dynamics, Autocorrelation.
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