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Introduction

Contact problems encompass the investigation of the mechanical behavior exhibited

by two or more objects when they are in contact, including the distribution of con-

tact forces, deformation, frictional effects, and other related phenomena. These issues

typically arise in the fields of engineering mechanics [27], materials science [11], and

physics [3], constituting an essential branch of solid mechanics. Contact problems typi-

cally involve complex boundary conditions, which play a crucial role in determining the

mechanical behavior of the contact. In recent years, variational inequalities have been

extensively employed in the field of contact problems [12, 13, 26]. More recently, hemi-

variational inequalities are utilized in situations where the interaction between physi-

cal quantities in contact phenomena demonstrates a response which is non-monotonic

[18, 4, 24, 8]. During the contact process, numerous physical phenomena frequently

take place, such as alterations in thermal, electrical and surface properties. The cor-

responding variational problems result in various hemivariational inequalities systems.

In light of a series of results pertaining to the hemivariational inequality problem, re-

searchers have conducted extensive studies on systems of hemivariational inequalities.

Papers [16, 23, 30] study systems of hemivariational inequalities that arise from con-

tact problems with adhesion or damage while papers [15, 21] consider hemivariational

inequalities systems arising from contact problems with wear terms. Moreover, the

references [14, 25] focus on hemivariational inequalities systems resulting from con-

tact problem with thermal effects. Nowadays, due to the powerful adaptability and

historical dependence of fractional calculus, the study of hemivariational inequalities

in the sense of fractional calculus has attracted considerable attention from many re-

searchers. [17, 32] have studied a fractional hemivariational inequality and employed

Rothe method to prove the existence of the weak solution. [19] considered a history-

dependent fractional hemivariational inequality and [20] studied a fractional differential

hemivariational inequality. Inspired by the aforementioned study, in this research, we
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Introduction

focus on a frictional contact problem with thermal effects as well as long memory term,

both the Kelvin-Voigt constitutive law and the heat conduction equation are incorporated

into the time-fractional characteristics. By introducing fractional-order derivatives, the

model can more accurately describe the mechanical response of materials in the con-

tact region, capturing the complex behavior of materials at the microstructural level.

Meanwhile, the corresponding variational formulation leads to a system of a fractional

hemivariational inequality and a fractional differential equation. In contrast to previ-

ous literature, we prove the existence of a unique weak solution for this system by using

Banach fixed point theorem and some results for hemivariational inequality. Moreover,

we will conduct further research, considering the corresponding numerical approxima-

tion and numerical simulation. This may enrich the theory of numerical methods for

hemivariational inequalities. It can also help better understand the physical phenomena

arising from contact problems with temperature terms and time-fractional characteris-

tics. In the proof, it is necessary to introduce the generalized versions of the Gronwall

lemma.

The thesis comprises three chapters and are organized as follows: In the first chap-

ter, we begin by defining the physical framework, the behavior laws of different materi-

als, the boundary conditions as well as the constitutive laws and contact condition of

the problem to be studied. In the second chapter, we begin by reviewing some results

concerning functional spaces, some elements of nonlinear analysis, as well as some

definitions about fractional calculus. Hemivariational inquality, Gronwall lemma and

Banach fixed point theorem will be of great use for the demonstrations. In the last

chapter, we study a contact problem with friction and normal compliance in thermo-

viscoelasticity with time. We present a variational formulation of the problem and prove

the existence and uniqueness of a solution using fixed-point techniques and Gronwall

lemma and Caputo derivative.
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General Notations

N Set of natural numbers.

Rd The set of real numbers of order d.

Sd The space of second-order symmetric tensors on Rd(d = 2, 3).

Ω Open, bounded, and connected set in Rd with Lipschitz boundary.

Ω̄ The adherence of Ω.

Γ The boundary of Ω : Γ = ∂Ω.

ΓSi
The boundary parts of Γ, (i = 1, 2, 3) .

mesΓSi
Dimensional (d− 1) Lebesgue measure of ΓSi

.

dΓSi
Surface measure on ΓSi

.

u The displacement of the field.

u̇ The first derivative of u with respect to time.

ü The second derivative of u with respect to time.

∂iu The partial derivative of u with respect to time.

∇u The gradient of u ∇u = (∂1u, . . . , ∂du).

Div the divergence operator for tensor fields.

div The divergence operator for vector fields.

f 0 The volume force density.

f 2 The surface traction density.

ν The outward unit normal to Γ.

vν , vτ The normal and tangential components of the vector field v defined on Ω̄.

σ Stress tensor corresponding to the displacement u.

σν ,στ The normal and tangential components of the vector field σ defined on Ω̄.

ε(u) Linearized strain tensor:εij(u) = 1
2
(ui,j + uj,i).

ϑ The temperature.
C
0D

α
t f(t) The Caputo fractional derivative of f .

0I
α
t f(t) The Riemann-Liouville fractional integral of order α > 0 for a function f .
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General Notations

A The viscosity operator.

B The elasticity operator.

G The long memory operator.

jν , jτ The potential functions.

X A real Hilbert space .

(·, ·)X The scalar product of X.

‖ · ‖X The norm of X.

X∗ The dual space of X.

(·, ·)X∗×X The duality product between H∗ and H.

L2(Ω) Space of functions u measurable on Ω such that
∫
Ω
|u|2dx < +∞.

‖ · ‖L2(Ω) The norm of L2(Ω) defined by ‖ u ‖L2(Ω)= (
∫
Ω
|u|2dx) 1

2 .

L∞(Ω) Space of functions u measurable on Ω such that,

∃c > 0 :| u |< c, a.e , on Ω.

L(X,Y ) The space of linear continuous operators from a normed space X to a normed space Y .

H The space L2(Ω)d.

H1 The space H1(Ω)d.

H The space L2(Ω)d×d
s .

H1 The space {σ ∈ H | divσ ∈ H}.

H
1
2 (Γ) The Sobolev space of order 1

2
on Γ.

H− 1
2 (Γ) The dual space of H 1

2 (Γ).

H1(Ω) The Sobolev space of order 1 on Ω.

HΓ Space (H
1
2 (Γ))d.

H∗
Γ The dual space of HΓ.

γ : H1 → HΓ The trace mapping for vector functions.

V The space {υ = (υi) ∈ H1(Ω;Rd)|υ = 0 on ΓS1}.

V Space L2(0, T ;V ).

E The space {η ∈ H1(Ω)|η = 0 on ΓS1 ∪ ΓS2}.

E Space L2(0, T ;E).

W The space L2(ΓS3 ;R).

W Space L2(0, T ;W ).
If in addition [0, T ] a time interval, k ∈ N and 1 ≤ p ≤ +∞, we note by
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General Notations

C(0, T ;H) The space of continuous functions from [0, T ] to H.

C1(0, T ;H) The space of continuously differentiable functions on [0, T ] in H.

AC(0, T ;X) The space of all absolutely continuous functions from (0, T ) into X.

Lp(0, T ;H) The space of measurable functions on [0, T ] in H.

‖ · ‖Lp(0,T ;H) The norm of Lp(0, T ;H).

W k,p(0, T ;H) The Sobolev space of parameters k and p.

‖ · ‖Wk,p(0,T ;H) The norm of W k,p(0, T ;H).

c Strictly positive real constant.

i.e. That is to say.

a.e. Almost everywhere.
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Chapter 1

Modeling and Preliminaries

In this chapter, we present the physical framework for the study of the boundary

value problem, some notions of contact mechanics, the equation of motion, equilibrium

and the evolution heat, the constitutive laws for the material considered, as well as the

boundary conditions of contact.

1.1 Physical framework - Mathematical model

1.1.1 Physical framework

Figure1:The physical configuration of the contact model.

This section presents a comprehensive explanation of the physical model being in-

vestigated. Let us analyze a viscoelastic object that interacts with a rigid foundation,

occupying an open bounded subset of R where d = 2, 3. That contact process takes

into account the time-fractional Kelvin-Voigt constitutive law with long memory effects
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Chapter 1 Modeling and Preliminaries

and thermal influences. The boundary Γ = ∂Ω of Ω is assumed to exhibit Lipschitz

continuity and can be divided into three distinct and non-overlapping sections:ΓS1 ,ΓS2

and ΓS3. The measure of ΓS1denoted as m(ΓS1), is further postulated to be positive.

By fixing the viscoelastic body to the boundary displacement field on ΓS1 vanishes there.

Moreover, time-varying surface tractions characterized by density f 2 are applied on

ΓS2, while volume forces with density f 0 operate within Ω.

Our primary focus is to elucidate the evolution of the mechanical state of a body

throughout the time period (0, T ) with T > 0.

1.1.2 Mathematical model

We commence by introducing the subsequent notions. We will utilise u = (ui)

the displacement vector, σ = (σij) stress tensor and ε(u) = (εij(u)) linearized strain

tensor respectively.

Sometimes, for the sake of simplicity, we neglect the spatial dependence of the vari-

ables on x.

The elements of the linearized strain tensor ε(u) can be represented as εij(u) =

1
2
(ui,j + uj,i), where ui,j denotes the partial derivative of ui with respect to xj. Here,

indices i, j vary from 1 to d, and unless otherwise specified, summation convention is

applied for respect indexes. The presence of a comma followed by an index signifies a

partial derivative with respect to the corresponding element of the variable x.

The outward unit normal on ∂Ω is expressed by the notation ν.

The notation Sd denotes the space comprising second order symmetric tensors in

Rd.

u · v = uivi; ‖v‖ = (v, v)
1
2 , ∀u, v ∈ Rd

σ · τ = σijτij; ‖τ‖ = (τ, τ )
1
2 , ∀σ, τ ∈ Sd

We denote by vν and vτ the normal and tangential components of v on the boundary

given by

vν = v · ν, vτ = v − vνν (1.1)

To simplify the notations, we do not explicitly indicate the dependence of the func-

tions on x ∈ Ω̄ and t ∈ [0, T ].

11



Chapter 1 Modeling and Preliminaries

For a stress field σ we denote by σν and στ the normal and tangential components

at the boundary given by

σν = (σν) · ν, στ = σν − σν · ν (1.2)

using (3.65) and (1.2), we obtain the relation

(σν) · v = σνvν + στ · vτ (1.3)

which will be used throughout this thesis in establishing variational formulation of me-

chanical contact problem.

Before we get to the mathematical model that fit the existing physical framework,

there are some notes and conventions that we use throughout this period.

Note that the dot above a function represents the derivation with respect to time,

for example

u̇ =
du

dt
ü =

d2u

dt2

where u̇ denotes the velocity field and ü denotes the acceleration field.

The unknown functions of the problem are the displacement field u : Ω×[0, T ] → Rd

and the stress field σ : Ω× [0, T ] → Sd . Let us denote the mass density by ρ : Ω → R+

and the volume force density by f 0 : Ω× [0, T ] → Rd. The body evolution is described

by the Cauchy equation of motion:

Divσ + f 0 = ρü in Ω× [0, T ]. (1.4)

The evolution processes modeled by the previous equation are called dynamic pro-

cesses. In some situations, this equation can be further simplified: for example, in the

case where u̇ = 0 , it is an equilibrium problem (static processes), or in the case where

the velocity field u̇ varies very slowly with respect to time, i.e.

In these two cases, the equation of motion becomes:

Divσ + f 0 = 0 in Ω× [0, T ]. (1.5)

The equation is equivalent to scalar relations, and mathematically this equation

12



Chapter 1 Modeling and Preliminaries

is not sufficient to model the body equilibrium problem because, for example, the ui

components of the displacement field do not appear in this equation.

1.2 Thermal phenomena

1.2.1 Thermal condition

Thermal conduction is a mode of temperature or heat transfer between two media in

contact. The temperature ϑ is defined by a parabolic equation with limits condition. We

present the evolution of the heat equation and the relevant boundary conditions have

been discussed in [10]:

C
0D

α
t ϑ(t)− div(Kc∇ϑ(t)) = −cij

∂
(
C
0D

α
t ui(t)

)
∂xj

+ q(t) in Ω,

−kij
∂ϑ(t)

∂xj
νi = ke(ϑ(t)− ϑR) on ΓS3 ,

ϑ(t) = 0 on ΓS1 ∪ ΓS2 .

This time fractional heat equation can more precisely demonstrate the material’s

responsiveness to historical temperature uctuations. The thermal conductivity tensor is

represented by Kc := (kij), while q(t) represents the heat source density within a given

volume. ϑR denotes the temperature of the foundation, while ke refers to the coefcient

of heat exchange between the body and the obstacle. Additionally, the thermal expansion

tensor is denoted as cij.

1.3 Constitutive laws

1.3.1 Viscoelastic behavior law with long memory

Here we consider a category of material where the stress tensor σ is related by the

constitutive law:

σ(t) = Aε (u̇(t)) + Bε(u(t)) +
∫ t

0

G(t− s, ε(u(s)))ds, (1.6)

where u, σ represent the displacement field and the stress field respectively, where u̇

denotes the derivative with respect to the time variable. Furthermore, ε(u) denotes the

13



Chapter 1 Modeling and Preliminaries

linearized strain tensor, A and B are linear operators describing the purely viscous and

elastic properties of the material from Ω× Sd to Sd, respectively, G : Ω× Sd × R → Sd

is a long memory operator.

1.3.2 Viscoelastic behavior law with short memory

The behavior law of a viscoelastic material with short memory is given by:

σ(t) = Aε(u̇(t)) + Bε(u(t)), (1.7)

1.3.3 Viscoelastic behavior law with time-fractional

The behavior law of a viscoelastic material with time-fractional Kelvin-Voigt is given

by:

σ(t) = Aε(C0D
α
t u(t))) + Bε(u(t)), (1.8)

where C
0D

α
t u is the α-order time fractional derivative of the displacement u in the

sense of Caputo, where α ∈ (0, 1), will be defined later.

1.3.4 Termo-viscoelastic behavior law with time-fractional

The behavior law of a thermo-viscoelastic material with time-fractional Kelvin-Voigt

is given by:

σ = Aε(C0D
α
t u(t)) + Bε(u(t)) +

∫ t

0

G(t− s, ε(u(s)), ϑ(s))ds, (1.9)

where ϑ denotes the temperature.

The study conducted in [31] focuses on the similar constitutive equation that neglects

the consideration of fractional derivative, while [32] investigates the time-fractional

Kelvin-Voigt constitutive law without accounting for thermal influence.

We now move on to the boundary conditions used in chapter 3.

1.4 Boundary conditions

Let us now define the boundary conditions on each of the three parts of Γ.

14



Chapter 1 Modeling and Preliminaries

1.4.1 Displacement boundary condition

The body is fixed in a position on the part ΓS1, the displacement field u is therefore

zero:

u = 0 on ΓS1 . (1.10)

1.4.2 Traction boundary condition

A surface traction of density f 2 acts on ΓS2 and consequently the Cauchy stress

vector σν satisfies:

σν = f 2 on ΓS2 . (1.11)

1.5 Contact laws

1.5.1 Contact with normal compliance

We start with the presentation of the conditions in the normal direction, called also

contact conditions or contact laws. We consider contact conditions of the form

−σν(t) ∈ ∂jν (t, uν(t)− g0) on ΓS3 × (0, T ), (1.12)

in which jν is a given function, the symbol ∂jν denotes the Clarke subdifferential of jν
with respect to the last variable and, recall, g0 represents the gap function. Here and

below, as usual, we do not indicate the explicit dependence of various functions on the

spatial variable x and, sometimes, on both x and t. Note that the explicit dependence

of the function jν with respect to the time variable makes the model more general and

allows to describe situations when the contact condition depends on the temperature,

which plays the role of a parameter. Note also that in the study of static problems for

elastic materials we remove the dependence of the variables with respect the time and,

therefore, we replace the contact condition (1.12) with the condition

−σν ∈ ∂jν (uν − g0) on ΓS3 . (1.13)

The so-called normal compliance contact condition represents an example of contact

15



Chapter 1 Modeling and Preliminaries

condition which can be cast in the subdifferential form (1.12). It describes a deformable

foundation and assigns a reactive normal pressure which depends on the interpenetra-

tion of the asperities on the body surface and those on the foundation. A general form

of this condition is

−σν = kνpν (uν − g0) on ΓS3 × (0, T ), (1.14)

where pν is a prescribed nonnegative function which vanishes when its argument is

negative and kν is a nonnegative function, the stiffness coefficient. Equality (1.14)

shows that when there is no contact (i.e., when uν < g0) then σν = 0 and, therefore,

the normal pressure vanishes. When there is contact (i.e., when uν ⩾ g0) then σν ⩽ 0

and, therefore, the reaction of the foundation is towards the body; in this case uν − g0

represents a measure of the interpenetration of the surface asperities.

An example of the normal compliance function pν is

pν(r) = r+,

or, more general,

pν(r) = (r+)
m.

Here m > 0 is the normal exponent, and r+ = max{0, r} is the positive part of r. And,

finally, in literature one can find condition (1.14) with the choice

pν(r) =

r+ if r ≤ δ,

δ if r > δ,
(1.15)

where δ is a positive coefficient related to the wear and hardness of the surface.

We also consider contact condition of the form

−σν(t) ∈ ∂jν (t, u̇ν(t)) on ΓS3 × (0, T ), (1.16)

in which, again, jν is a given function and the symbol ∂jν denotes the Clarke subdif-

ferential of jν with respect the last variable.
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Chapter 1 Modeling and Preliminaries

In this thesis, the contact condition is given by

−σν(t) ∈ ∂jν
(
C
0D

α
t uν(t)

)
on ΓS3 × [0, T ], (1.17)

is called the multivalued normal compliance condition governed by the subdifferential

of a nonconvex potential jν. This means the stress σν is not solely contingent upon the

immediate deformation, but rather encompasses the pre-existing deformations as well.

1.5.2 Condition in the tangent plane

We turn now to the condition in the tangential direction, called also friction condi-

tion or friction law. We consider friction law of the form

−στ (t) ∈ hτ (uν(t)− g0) ∂jτ (t, u̇τ (t)) on ΓS3 × (0, T ), (1.18)

in which hτ and jτ are given functions and the symbol ∂jτ denotes the Clarke subdif-

ferential of jτ with respect to the last variable. Note that the explicit dependence of the

function jτ with respect to the time variable makes the model more general and allows

to describes situations when the friction condition depends on the temperature, which

plays the role of a parameter. In the particular case when hτ is a constant, say hτ ≡ 1,

the friction law (1.18) becomes

−στ (t) ∈ ∂jτ (t, u̇τ (t)) on ΓS3 × (0, T ). (1.19)

Examples of friction laws which can be cast in the subdifferential form (1.18) or

(1.19) abound in the literature. The simplest one is the so-called frictionless condition

in which the friction force vanishes during the process, i.e.,

στ = 0 on ΓS3 × (0, T ). (1.20)

This is an idealization of the process, since even completely lubricated surfaces generate

shear resistance to tangential motion. However, (1.20) is a sufficiently good approxi-

mation of the reality in some situations. Clearly, the frictionless condition (1.20) is of

the form (1.19) with jτ ≡ 0.

Based on the examples and comments above, next we consider contact problem

17



Chapter 1 Modeling and Preliminaries

involving subdifferential frictional condition of the forms (1.18) and (1.19). Note that

all these la model dynamic or quasistatic frictional processes. However, sometimes we

shall consider static versions of these laws which are obtained by replacing the tangential

velocity with the tangential displacement. Thus, the static version of the friction law

(1.18) is given by

−στ (t) ∈ hτ (uν(t)− g0) ∂jτ (t,uτ (t)) on ΓS3 × (0, T ), (1.21)

and the static version of the friction law (1.19) is given by

−στ (t) ∈ ∂jτ (t,uτ (t)) on ΓS3 × (0, T ). (1.22)

Also, when the displacement field and the stress field do not depend on time, the

friction laws (1.21) and (1.22) read

−στ ∈ hτ (uν − g0) ∂jτ (uτ ) on ΓS3 , (1.23)

and

−στ ∈ ∂jτ (uτ ) on ΓS3 , (1.24)

respectively.

In this thesis, we consider friction law of the form

−στ (t) ∈ ∂jτ
(
C
0D

α
t uτ (t)

)
on ΓS3 × [0, T ], (1.25)

where jτ represents a given function ∂jτ signifies the Clarke subdifferential of jτ ,

this suggests the existence of a non-monotonic correlation where the function jτ is not

convex.

This can more accurately capture the historical effects and complex time-dependent

behaviors that exist in the actual friction process.

For more details on contact conditions and friction laws see [4].
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Chapter 2

Mathematical Tools

In this chapter, we give some reminders about Lebesgue, Sobolev and Hilbert spaces,

such as we introduce some functional spaces for thermo mechanics that are needed in

the study of the contact problem, we address in the rest of the manuscript. We also

provide a brief overview of strongly monotone operators. Banach fixed point theorem,

Gronwall lemma. As well as some analytical background on fractional calculus and

hemivariational inequality involving fractional operators.

Firsty, we present preliminary material functional analysis which will be used in

subsequent chapter. For more details refer to[1, 7, 6].

2.1 Lebesgue spaces Lp

For p ∈ [1,∞[, Lp(Ω) denotes the space of measurable functions in the Lebesgue

sense defined on Ω with values in R

Lp(Ω) = {u : Ω → R : u Lebesgue measurable and |u|p Lebesgue integrable on Ω}.

It is a Banach space, the norm of which is given by

‖ u ‖Lp=

(∫
Ω

|u(x)|pdx
) 1

p

.

If p = ∞ and u : Ω → R is measurable, then

‖ u ‖L∞= sup ess(u) = inf{c : |u(x)| ≤ c}.

Then L∞(Ω) space is also Banach space.
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The space L2(Ω) endowed with the inner product

(u, v)L2(Ω) =

∫
Ω

u(x)v(x)dx ∀u, v ∈ L2(Ω),

is a Hilbert space. In addition, the Cauchy-Schwarz inequality corresponding to the

Holder inequality is satisfied, i.e.∫
Ω

|u(x)v(x)|dx ≤‖ u ‖L2(Ω)‖ v ‖L2(Ω) .

Young’s convolution inequality

Suppose f ∈ Lp(Rd) , g ∈ Lq(Rd) and (
1

p
+

1

q
=

1

r
+ 1) with 1 ⩽ p, q, r < +∞.

Then,

‖ f ∗ g ‖r⩽‖ f ‖p‖ g ‖q

where

(f ∗ g)(x) =
∫ d

R
f(x− y)g(y) dy.

2.2 Sobolev spaces

Sobolev spaces were introduced at the beginning of the century and made it possible

to solve many problems concerning partial differential equations that had previously

been unanswered.

We begin with a brief review of some results on the Sobolev space H1(Ω) defined by:

H1(Ω) =
{
u ∈ L2(Ω) | ∂iu ∈ L2(Ω) i = 1, · · · , d

}
.

We denote by ∇u the component vector ∂iu.

We have ∇u ∈ L2(Ω)d for all u ∈ H1(Ω).

We know that H1(Ω) is a Hilbert space for the scalar product:

(u, v)H1(Ω) = (u, v)L2(Ω) + (∂iu, ∂iv)L2(Ω),

and the associated norm:

‖ u ‖H1(Ω)= (u, u)
1
2

H1(Ω), and we write ‖ u ‖2H1(Ω)=‖ u ‖2L2(Ω) + ‖ ∇u ‖2L2(Ω)d .
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We have the following results:

C1(Ω̄) is dense inH1(Ω).

Theorem 2.2.1 (Rellich)

H1(Ω) ⊂ L2(Ω)with compact injection.

Theorem 2.2.2 (Sobolev trace)

There exists a linear and continuous map γ : H1(Ω) → L2(Γ) such that γu = u|Γ
for all u ∈ C1(Ω̄).

Remark 2.2.1 The space L2(Γ) above represents the space of real functions on Γ

which are L2 for the superficial measure dΓ. The map γ is called a trace map, it is

defined as the density extension of the map u→ u|Γ defined for u ∈ C1(Ω̄).

Remark 2.2.2 Note that the trace map γ : H1(Ω) → L2(Γ) is a compact operator.

Definition 2.2.1 For all k ∈ N and for all p ∈ [1,+∞], we define the Sobolev space

W k,p(Ω) by

W k,p(Ω) =
{
u ∈ Lp(Ω) ∀α, |α| ≤ k; ∃vα ∈ Lp(Ω), such that vα = Dαu

}
.

Remark 2.2.3 We will very often abuse the notation by identifying Dαu and vα.

The norm on the space W k,p(Ω) is given by

‖ u ‖Wk,p(Ω)=


( ∑

|α|≤k

‖ Dαu ‖Lp(Ω)

) 1
p

if 1 ≤ p <∞,

max
|α|≤k

‖ Dαu ‖L∞(Ω) if p = ∞.

For p = 2, we denote by Hk(Ω) the space W k,2(Ω) and the norm is induced by the

inner product:

(u, v) =

∫
Ω

∑
|α|≤k

Dαu(x)Dαv(x)dx, u, v ∈ Hk(Ω).
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Theorem 2.2.3 The Sobolev spaces W k,p(Ω), for k ∈ N and p ∈ [1,+∞], equipped

with the norm ‖ · ‖, are Banach spaces. Moreover, the spaces Hk(Ω), for any integer

k, are Hilbert spaces.

2.3 Function spaces in contact mechanics

Let us introduce the following Hilbert spaces, associated with the mechanical un-

knowns u and σ:

H =
{
u = (ui) | ui ∈ L2(Ω)

}
= L2(Ω)d,

H =
{
σ = (σij) | σij = σji ∈ L2(Ω)

}
= L2(Ω)d×d

s ,

H1 =
{
u = (ui) | ui ∈ H1(Ω)

}
= (H1(Ω))d,

H1 =
{
σ ∈ H | Divσ ∈ H

}
.

(2.1)

The spaces H,H, H1 and H1 are real Hilbert spaces equipped with the following

scalar products: 

(u,v)H =

∫
Ω

uividx,

(σ, τ )H =

∫
Ω

σijτijdx,

(u,v)H1 = (u,v)H + (ε(u), ε(v))H,

(σ, τ )H1 = (σ, τ )H + (Divσ,Divτ )H .

(2.2)

The norms on the spaces H,H, H1 and H1 are denoted by ‖ · ‖H , ‖ · ‖H, ‖ · ‖H1 and

‖ · ‖H1, respectively.

For v ∈ H1(Ω;Rd), the same notation v is used to represent the trace of v on ∂Ω.

Additionally, we introduce the spaces V by:

V = {v = (vi) ∈ H1(Ω;Rd) | v = 0 on ΓS1}. (2.3)

Here, the condition v = 0 a.e. on ΓS1 is in the sense of the trace , that is to say γv = 0

a.e. on ΓS1 . Since the trace operator is linear and continuous of H1(Ω;Rd) .
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Korn’s inequality: Is satisfied on V that is to say, let mes(ΓS1) > 0, there exists a

constant ck > 0 depending only on Ω and ΓS1 such that

‖ ε(v) ‖H≥ ck ‖ v ‖H1(Ω;Rd) ∀v ∈ V. (2.4)

A proof of this inequality can be found in ([5] p.79).

The space V is furnished with the inner product

(u,v)V = (ε(u), ε(v))H.

And

‖ v ‖V=‖ ε(v) ‖H . (2.5)

The norms ‖ v ‖V and ‖ · ‖H1(Ω;Rd) are equivalent on V , therefore (V, ‖ · ‖V ) is a

Hilbert space.

Moreover, under the Sobolev trace therem,

‖ v ‖L2(ΓS3
;Rd)≤‖ γ ‖‖ v ‖V ∀v ∈ V, (2.6)

where ‖ γ ‖ signifies the norm of the trace operator γ : V → L(ΓS3 ;Rd).

Next, we let E be a closed subspace of H1(Ω) given by:

E = {η ∈ H1(Ω) | η = 0 on ΓS1 ∪ ΓS2}. (2.7)

Moreover, when δ ∈ H1 is a regular function, the following Green’s formula

holds:

(φ,5ψ)L2(Ω)d + (divφ, ψ)L2(Ω) =

∫
Γ

φ · νψda ∀ψ ∈ H1(Ω). (2.8)

Poincaré inequality: There exists a constant C such that

‖ ∇η ‖H≥ C ‖ η ‖H1(Ω) ∀η ∈ E, (2.9)

where C is a positive constant depending on the problem data but independent of the

solution; its value may change from none line to another.
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We define the inner product on E by:

(η, δ)E = (∇η,∇δ)H ∀η, δ ∈ E.

The norms ‖ · ‖E and ‖ · ‖H1(Ω) are equivalent on E, therefore (E, ‖ · ‖E) is a

Hilbert space.

Furthermore, by the Sobolev trace theorem, there exists a constant C̃Γ > 0 which

depends only on Ω,ΓS1 ,ΓS2 and ΓS3 such that

‖ η ‖L2(ΓS3
)≤ C̃ ‖ η ‖E ∀η ∈ E. (2.10)

E∗ is the dual space of E. Identifing L2(Ω) with its own dual, we can write

E ⊂ L2(Ω) ⊂ E∗.

We denote by 〈·, ·〉 the duality pairing between E∗ and E, and ‖ · ‖E∗ denotes the

norm on E∗. Also

〈θ, η〉E∗×E = (θ, η)L2(Ω)

for θ ∈ L2(Ω) and η ∈ E.

Let us introduce space V = L2(0, T ;V ) along with V∗ = L2(0, T ;V ∗) as its dual,

and introduced E = L2(0, T ;E) and its dual space is E∗ = L2(0, T ;E∗) respectively,

where ε : H1 → H and Div : H1 → H are respectively the deformation and divergence

operators, defined by

ε(u) = (εij(u)), εij(u) =
1

2
(ui,j + uj,i), Divσ = (σij,j).

Since the boundary Γ is Lipschitzian, the exterior normal vector ν to the boundary

is defined a.e. For any vector field v ∈ H1 we use the notation v to denote the trace

γv of v on Γ. Recall that the trace map γ : H1 → L2(Γ)d is linear and continuous, but

is not surjective. Let H∗
Γ be the dual of HΓ, and (·, ·) be the duality product between H∗

Γ

and HΓ. For any σ ∈ H1, there exists an element σν ∈ H∗
Γ such that:

(σν, γv) = (σ, ε(v))H + (Divσ,v)H ∀v ∈ H1. (2.11)
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Furthermore, if σ is regular, we have the formula

(σν, γv) =

∫
Γ

σν · vda ∀v ∈ H1. (2.12)

So, for σ fairly regular we have the following Green’s formula:

(σ, ε(v))H + (Divσ,v)H =

∫
Γ

σν · vda ∀v ∈ H1, (2.13)

where da is an element of surface measurement.

2.4 Reminders on Hilbert spaces

Let H be a real vector space and (., .)H be a scalar product on H, that is, (., .)H :

H × H → R is a symmetric and positive definite bilinear map. We relied on the

thesises[35, 33].

We denote by ‖ · ‖H the application of H → R+ defined by:

‖ u ‖H= (u, u)
1
2
H , (2.14)

and we recall that ‖ · ‖H is a norm on H that satisfies the Cauchy-Schwartz inequality:

|(u, v)H | ≤‖ u ‖H‖ v ‖H , ∀u, v ∈ H. (2.15)

We say that H is a Hilbert space if H is complete for the norm defined by (2.14).

Let H∗ be the dual space of H, that is, the space of linear and continuous functionals

on H equipped with the norm:

‖ η ‖H∗= sup
v∈H−{0}

< η, v >H∗×H

‖ v ‖H
,

where 〈., .〉H∗×H represents the duality between H∗ and H.

Theorem 2.4.1 (Riesz-Fréchet representation theorem):

Let H be a Hilbert space and let H∗ be its dual space. Then, for all ϕ ∈ H∗ there

exists unique f ∈ H such that

〈ϕ, v〉H∗×H = (f , v)H ∀v ∈ H.
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By additionally

‖ ϕ ‖H∗=‖ f ‖H .

The importance of this theorem is that any continuous linear form on H can be

represented using the scalar product. The map ϕ 7→ f is an isometric isomorphism that

allows us to identify H and H∗.

Now, we will recall some notions of nonlinear analysis in Hilbert spaces and some

results concerning variational evolution equations and inequalities that are used in the

study of mechanical problems.

Linear operators

Let (X, ‖ · ‖X) and (Y, ‖ · ‖Y ) be two normed spaces and let L : X → Y be an

operator.

We say that L is linear operator if

L(αu1 + βu2) = αu1 + βu2 ∀u1, u2 ∈ X, α, β ∈ R.

A linear operator is continuous if and only if it is bounded, i.e, there exists a

constant M > 0 such that

‖ L(u) ‖Y≤M ‖ u ‖X ∀u ∈ X.

We use the notation L(X,Y ) for the set of all continuous linear operators from X

to Y .

Nonlinear operators

In the study of the mechanical problems approached in the thesis, the non-linearity

of the operators used implies the use of properties that we described below.

We begin here with a brief reminder of the strongly monotonic and Lipschitz oper-

ators. For this, we consider a Hilbert space X endowed with the scalar product (·, ·)X
and the associated norm ‖ · ‖X .

Let A : X → X a non-linear operator

Definition 2.4.1 Let A : X → X be a nonlinear operator, the operator A is said:
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1. Monotone: if

(Au− Av, u− v)X ≥ 0, ∀u, v ∈ X.

2. Strongly monotonic: if there exists m > 0 such that

(Au− Av, u− v)X ≥ m ‖ u− v ‖2X , ∀u, v ∈ X.

3. Lipschitz: if there exists L > 0 such that

‖ Au− Av ‖X≤ L ‖ u− v ‖X , ∀u, v ∈ X.

In the study of evolutionary nonlinear equations we will consider operators defined

on a normed space with values in its dual. X∗ the dual space of X, denoting by (·, ·)X∗×X

for the duality product between X∗ and X.

Definition 2.4.2 Let A : X → X∗ an operator defined on X. Operator A is said

1. Monotonous: if

(Au− Av, u− v)X∗×X ≥ 0 ∀u, v ∈ X.

2. Hemicontinuous: if

∀u, v ∈ X the application t→ A(u+ tv) : R → X∗ is continuous.

The Banach fixed-point theorem will be used several times in this work to prove the

existence of solutions to variational problems in contact mechanics.

Theorem 2.4.2 (Banach Fixed Point Theorem)

Let K be a closed and nonempty subset of the Banach space (X, ‖ · ‖X). Suppose

that Π : K → K is a contraction, i.e. there exists c ∈]0, 1[ such that

‖ Π(u)−Π(v) ‖X≤ c ‖ u− v ‖X ∀u, v ∈ K. (2.16)

Then, there exists a unique element u ∈ K such that Π(u) = u, i.e., has a unique fixed

point in K.

Proof.
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Let u0 ∈ K and let {un} be the sequence defined by

un+1 = Πun ∀n = 0, 1, 2, . . .

Since Π : K → K , the sequence {un} is well-defined. Let us first show that {un} is a

Cauchy sequence. Using the fact that Π is a contraction, we have

|un+1 − un|X ≤ c|un − un−1|X ≤ · · · ≤ cn|u1 − u0|X .

Then for all m > n ≥ 1,

|um − un|X ≤
m−n−1∑
j=0

|un+j+1 − un+j|X

≤
m−n−1∑
j=0

cn+j|u1 − u0|X

≤ cn

1− c
|u1 − u0|X .

Since c ∈ [0, 1), it follows that

|um − un|X → 0 as m,n→ ∞.

Thus, {un} is a Cauchy sequence and has a limit u ∈ K, since K is a closed subset

of the Banach space X. Furthermore, since un → u in X, it follows from (2.4.2) that

Πun → Πu in X.

Consequently, by taking the limit in un+1 = Πun, we have Πu = u, which concludes

the existence part of the theorem.

Suppose that u1, u2 ∈ K are fixed points of Π. Then from u1 = Πu1 and u2 = Πu2, we

have

u1 − u2 = Πu1 −Πu2,

and since Π is a contraction

|u1 − u2|X = |Πu1 −Πu2|X ≤ c|u1 − u2|X ,

which implies that |u1 − u2|X = 0, since c ∈ [0, 1).Therefore, if Π admits a fixed point,

which concludes the proof.
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Corollary 2.4.1 Take Π : L2(0, T ;X) → L2(0, T ;X) as the operator satisfying

‖(Πµ1)(t)− (Πµ2)(t)‖2X ⩽ c

∫ t

0

‖µ1(s)− µ2(s)‖2Xds (2.17)

for every µ1, µ2 ∈ L2(0, T ;X),a.e. t ∈ (0, T ). Then, Π admits a unique fixed point in

L2(0, T ;X), that is, there is a unique µ∗ ∈ L2(0, T ;X) which satsifies Πµ∗ = µ∗.

For the operator Πm : K → K defined by the relation

Πm = Π(Πm−1) m ≥ 2,

we have the following version of the fixed point theorem.

Theorem 2.4.3 Let K be a closed and nonempty subset of the Banach space (X, ‖

· ‖X). Suppose that Πm : K → K is a contraction for m a positive integer. Then Π

has a unique fixed point in K.

Proof.

According to theorem(2.4.2), Π has a unique fixed point u ∈ K. From Πm(u) = u,

we obtain:

Πm(Π(u)) = Π(Πm(u)) = Πu.

Thus, Πu ∈ K is also a fixed point of Πm. Since Πm admits a unique fixed point, we

have:

Πu = u

that is, u a fixed point of Πm.

Definition 2.4.3 A bilinear form a : X ×X −→ R is said to be

• Continuous : if there exists a real M > 0 such that:

|a(u, v)| ≤M ‖ u ‖X‖ v ‖X , ∀u, v ∈ X.

• Coercive : if there exists a constant m > 0 such that:

a(u, u) ≥ m ‖ u ‖2X , ∀u ∈ X.
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Under differentiability

We consider throughout this paragraph that X is a Hilbert space and K a subset of

the space X.

we consider a function φ defined on a real vector space X and with value in ] −

∞,+∞]. Such a function is said to be proper if it is not identically equal to +∞, i.e.

if there exists v0 ∈ X such that φ(v0) < +∞. The function φ is said to be convex if

φ(tv + (1− t)w) ≤ tφ(v) + (1− t)φ(w) ∀v, w ∈ X, t ∈ [0, 1].

Definition 2.4.4 The indicator function of K is the function ΨK : X →]−∞,+∞]

defined by

ΨK =

0 if u ∈ K,

+∞ if u /∈ K.

Definition 2.4.5 Let j be a function j : X −→ R and u be an element of the space

X such that j(u) 6= ±∞.

A function j is said to be Gateaux-differentiable at the point u if there is an element

∇j(u) ∈ X such that:

lim
t→0

j(u+ tv)− j(u)

t
= (∇j(u), v)X , ∀v ∈ X. (2.18)

The element ∇j(u) is called the differential in the sense of Cakes of j in u. The function

j is said to be Gateaux-differentiable if it is Gateaux-differentiable at any point of X,

in this case the operator ∇j : X → X which associates each element u ∈ X with the

element ∇j(u) is called the gradient operator of j.

The subdifferential of the function j at u, denoted ∂j(u), is the set defined by

∂j(u) = {u̇ ∈ X∗ | j(v) ≥ j(u) + (u̇, v − u), ∀v ∈ K}. (2.19)

The bracket (·, ·) denotes the duality between X∗ and X. Any element u̇ of the set ∂j(u)

is called a subgradient of the function j at u. The function j is said to be subdiffer-

entiable at u if ∂j(u) 6= ∅. It is said to be subdifferentiable if it is subdifferentiable

at every point u of the space X. We can characterize the subdifferential ∂ΨK of an
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indicator function ΨK of a non-empty convex set.

∂ΨK = {u̇ ∈ X∗ | (u̇, v − u) ≤ 0, ∀v ∈ K}. (2.20)

2.5 Preliminaries on fractional calculus

In this section, we recall some known definitions and properties on nonlinear anal-

ysis and fractional calculus, which can be found in [2, 4, 32]. Then, we investigate a

general elliptic time-dependent hemivariational inequality in the framework of evolution

triple of spaces. For this inequality, we will provide a result on existence of solutions.

The method of proof relies on the Rothe method. See[4, 32].

Definition 2.5.1 (The RiemannLiouville fractional integral).

Let X be a Banach space and (0, T ) be a finite time interval. The Riemann-Liouville

fractional integral of order α > 0 for a given function f ∈ L1(0, T ;X) is defined by

0I
α
t f(t) =

1

Γ(α)

∫ t

0

(t− s)α−1f(s) ds for all t ∈ (0, T ),

where Γ(·) stands for the Gamma function defined by

Γ(α) =

∫ ∞

0

tα−1e−tdt.

To complement the definition, we set 0I
0
t = I, where I is the identity operator, which

means that 0I
0
t f(t) = f(t) for a.e. t ∈ (0, T ).

Definition 2.5.2 (The Caputo derivative of order, 0 < α ≤ 1).

Let X be a Banach space, 0 < α ≤ 1, and (0, T ) be a finite time interval. For a

given function f ∈ AC(0, T ;X), the Caputo fractional derivative of f is defined by:

C
0D

α
t f(t) = 0I

1−α
t f ′(t) =

1

Γ(1− α)

∫ t

0

(t− s)−αf ′(s) ds for all t ∈ (0, T ).

The notation AC(0, T ;X) refers to the space of all absolutely continuous functions

from (0, T ) into X.

It is obvious that if α = 1, then the Caputo derivative reduces to the classical
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first-order derivative, that is, we have:

C
0D

1
t f(t) = If ′(t) = f ′(t) for a.e. t ∈ (0, T ).

Proposition 2.5.1 Let X be a Banach space and α, β > 0. Then the following state-

ments hold:

(i) For y ∈ L1(0, T ;X), we have

0I
α
t 0I

β
t y(t) = 0I

α+β
t y(t) for t ∈ (0, T ).

(ii) For y ∈ AC(0, T ;X) and α ∈ (0, α], we have

0I
α
t
C
0D

α
t y(t) = y(t)− y(0) for a.e. t ∈ (0, T ).

(iii) For y ∈ L1(0, T ;X), we have

C
0D

α
t 0I

α
t y(t) = y(t) for a.e. t ∈ (0, T ).

Definition 2.5.3 (The Clarke generalized directional derivative and the generalized

gradient ).

Let Ψ : X → R be a locally Lipschitz function. We denote by Ψ0(u, v) the Clarke

generalized directional derivative of Ψ at the point x ∈ X in the direction v ∈ X defined

by

Ψ0(x, v) = lim sup
y→x,λ↓0

Ψ(y + λv)−Ψ(y)

λ
.

Additionally, the Clarke subdifferential of Ψ at x, denoted as ∂Ψ(x), is defined by

a subset of the space X∗, and

∂Ψ(x) =
{
ζ ∈ X∗ | Ψ0(x, v) ≥ 〈ζ, v〉X∗×X ∀v ∈ X

}
.

A locally Lipschitz function Ψ is called regular in the sense of Clarke at x ∈ X if

for all v ∈ X the one-sided directional derivative Ψ′(x; v) exists and satisfies

Ψ0(x; v) = Ψ′(x; v) for all v ∈ X.

For the hemivariational inequality we make the following hypotheses
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For the function j : ΓS3 × Rd → R is such that

(a) j(·, η, ξ) is measurable on ΓS3 for all η, ξ ∈ Rd

and there exists e ∈ L2(ΓS3 ;Rd) such that for all w ∈ L2(ΓS3 ;Rd)

we have j(·, w(·), e(·)) ∈ L1(ΓS3).

(b) j(x, ·, ξ) is continuous on Rd for all ξ ∈ Rd, a.e. x ∈ ΓS3

and j(x, η, ·) is locally Lipschitz continuous on Rd for all η ∈ ΓS3 ,

for a.e. x ∈ ΓS3 .

(c) ‖ ∂j(x, η, ξ) ‖Rd≤ c̄0 + c̄1 ‖ ξ ‖Rd +c̄2 ‖ η ‖Rd , for all η, ξ ∈ Rd,

for a.e. x ∈ ΓS3 with c̄0, c̄1, c̄2 ≥ 0.

(d) Either j(x, η, ·) or − j(x, η, ·) is regular , for all

η ∈ Rd, a.e.x ∈ ΓS3 .

(2.21)

Lemma 2.5.1 Let X1 and X2 be Banach spaces, (x1, x2) ∈ X1 ×X2, g : X1 → R be

locally Lipschitz near x1 and h : X2 → R be locally Lipschitz near x2.

Let θ : X1 ×X2 → R be given by

θ(y1, y2) = g(y1) + h(y2) for all y1, y2 ∈ X1 ×X2. (2.22)

Then θ is locally Lipschitz near (x1, x2). Moreover, if g (respectively, −g) is regular

at x1 and h (respectively, −h) is regular at x2 then θ (respectively, −θ) is regular at

(x1, x2) and

(i) θ0(x1, x2; v1, v2) = g0(x1; v1) + h0(x2; v2) for all (v1, v2) ∈ X1 ×X2.

(ii) ∂θ(x1, x2) = ∂g(x1)× ∂h(x2).

We introduce the functional J : L2(ΓS3 ;Rd)× L2(ΓS3 ;Rd) → R defined by

J(w, u) =

∫
ΓS3

j(x,w(x), u(x))dΓ for w, u ∈ L2(ΓS3 ;Rd). (2.23)

Corollary 2.5.1 Assume that (2.21)(a)-(d) hold. Then the functional J defined by

(2.23) satisfies

(i) J is well defined and proper on L2(ΓS3 ;Rd)× L2(ΓS3 ;Rd).
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(ii) J(w, ·) is Lipschitz continuous on bounded subsets of L2(ΓS3 ;Rd).

(iii) For all w, u, v ∈ L2(ΓS3 ;Rd), we have

J0(w, u; v) ≤
∫
ΓS3

j0(x,w(x), u(x); v(x))dΓ.

(iv) For all w, u ∈ L2(ΓS3 ;Rd), we have

∂J(w, u) ⊂
∫
ΓS3

∂j(x,w(x), u(x); v(x))dΓ.

(v) For all w, u ∈ L2(ΓS3 ;Rd), we have

‖ ∂J(w, u)L2(ΓS3
;Rd) ‖≤ c0 + c1 ‖ u ‖L2(ΓS3

,Rd) +c2 ‖ w ‖L2(ΓS3
,Rd)

with c0 =
√
3mes(ΓS3)c̄0, c1 =

√
3c̄1, c2 =

√
3c̄2.

(vi) If, in addition, (2.21)(d) is satisfied, then (iii) and (iv) hold with equalities.

(vii) If, in addition, (2.21)(d) is satisfied, then J(w, ·) or −J(w, ·) is regular on L2(ΓS3 ;Rd)

for all w ∈ L2(ΓS3 ;Rd), respectively.

Let V ⊂ H ⊂ V ∗ be an evolution triple of spaces, where V is a reflexive and

separable Banach space, H is a separable Hilbert space, and the embedding V → H is

dense and continuous. Let W be another separable and reflexive Banach space, W =

L2(0, T ;W ) and W∗ = L2(0, T ;W ∗).

Given bounded linear operators A,B : V → V ∗,M : V → W , a locally Lipschitz

functional J : W → R, f ∈ V∗ and u0 ∈ V .

We consider the generalized hemivariational inequality of the following form:

Problem 2.5.1 Find u ∈ V such that

〈Au(t) + B(u0 +0 I
α
t u(t)),v〉+ J0(M(u0 +0 I

α
t u(t));Mv) ≥ 〈f(t),v〉

for all v ∈ V , a.e. t ∈ (0, T ).

Here, 0I
α
t u(t) denotes the fractional integral of order α > 0 of u. It is useful to observe

that Problem2.5.1 has another equivalent operator inclusion formulation.
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Problem 2.5.2 Find u ∈ V such that

Au(t) + B(u0 +0 I
α
t u(t)) +M∗∂J(M(u0 +0 I

α
t u(t))) 3 f(t)

for a.e. t ∈ (0, T ).

Definition 2.5.4 We say that an element u ∈ V is called a solution to Problem2.5.1(or

Problem2.5.2) if and only if there exists ξ ∈ E∗ such that

Au(t) + B(u0 +0 I
α
t u(t)) +M∗ξ(t) = f(t) for a.e. t ∈ (0, T )

with ξ(t) ∈ ∂J(M(u0 +0 I
α
t u(t))) for a.e. t ∈ (0, T ).

Remark 2.5.1 We point out that if α = 1, then the generalized hemivariational in-

equality in Problem2.5.1 reduces to the following classical hemivariational inequality:

find an element u ∈ V such that

〈Au(t) + B(u0 +

∫ t

0

u(s)ds),v〉+ J0

(
M(u0 +

∫ t

0

u(s)ds);Mv

)
≥ 〈f(t),v〉

for all v ∈ V , a.e. t ∈ (0, T ).

We impose the following assumptions on the data of Problem2.5.1.

H(A) : A ∈ L(V, V ∗) is coercive , i.e. , there exists a constant mA > 0 such that

〈Av, v〉 ≥ mA ‖ v ‖2 for all v ∈ V.

H(B) : B ∈ L(V, V ∗).

H(J) : J : W → R is locally Lipschitz and there exists mj > 0 such that

‖ ∂J(v) ‖W ∗≤ mj(1+ ‖ v ‖W ) for all v ∈ W.

H(M) :M ∈ L(V,W ) is compact.

H(f) : f ∈ C(0, T ;V ∗).
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Theorem 2.5.1 .

Assume that H(A), H(B), H(f), H(J) and H(M) hold. Let {τn} be a sequence such

that τn −→ 0, as n −→ ∞. Then, for a subsequence still denoted by τ , we have

ūτ −→ u weakly in V and ξτ −→ ξ weakly in W∗ as τ −→ 0,

where (u, ξ) ∈ V × E∗ is a solution to Problem2.5.1 in the sense of Definition2.5.4.

for all v ∈ V , a.e. t ∈ (0, T ),

u(0) = u0 in Ω.

2.6 Gronwall Lemma

We now recall a generalized version of the Gronwall inequality that has been estab-

lished in [4].

Lemma 2.6.1 Let a,g be non-decreasing and g(t) ⩽ C for all t ∈ [0, T ]

and let 0 < α ⩽ 1.

if x ∈ L∞
+ [0, T ] satisfies the inequality

x(t) ⩽ a(t) + g(t)

∫ t

0

(t− s)α−1x(s)ds, ∈ [0, T ],

then

x(t) ⩽ a(t)Eα[g(t)Γ(α)t
α],

where Eα is the Mittag-Leffler function defined by Eα(z) =
∞∑
k=0

zk

Γ(αk+1)
.
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Chapter 3

Study of thermo-viscoelastic

problem with time fractional

In this chapter, we consider a mathematical model in a quasistatic process of a con-

tact problem thermo-viscoelastic with normal compliance and friction, For this problem,

the contact is modeled by friction. Using Green’s formula, we propose a variational for-

mulation of the thermo-mechanical problem and then present an existence and unique-

ness result of the solution. The proofs are based on the hemivariational inequality and

Banach fixed point.
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3.1 Position of problem

Problem P1

Find a displacement field u : Ω×]0, T [−→ Rd, a stress σ = Ω×]0, T [−→ Sd and a

temperature ϑ : Ω×]0, T [−→ R+ such that for all t ∈ (0, T ),

σ(t) = Aε
(
C
0D

α
t u(t)

)
+ Bε(u(t))

+

∫ t

0

G(t− s, ε(u(s)), ϑ(s)) ds in Ω, (3.1)

Div σ(t) + f 0(t) = 0 in Ω, (3.2)

u(t) = 0 on ΓS1 , (3.3)

σ(t)ν = f 2(t) on ΓS2 , (3.4)

−σν(t) ∈ ∂jν
(
C
0D

α
t uν(t)

)
on ΓS3 , (3.5)

−στ (t) ∈ ∂jτ
(
C
0D

α
t uτ (t)

)
on ΓS3 , (3.6)

C
0D

α
t ϑ(t)− div(Kc∇ϑ(t))

= −cij
∂
(
C
0D

α
t ui(t)

)
∂xj

+ q(t) in Ω, (3.7)

−kij
∂ϑ(t)

∂xj
νi = ke(ϑ(t)− ϑR) on ΓS3 , (3.8)

ϑ(t) = 0 on ΓS1 ∪ ΓS2 , (3.9)

u(0) = u0 in Ω, (3.10)

ϑ(0) = ϑ0 in Ω. (3.11)

Here (3.1) represents the time-fractional Kelvin-Voigt thermo-viscoelastic constitutive

law of Caputo type. Note that since the contact process is assumed to be quasistatic,

the acceleration term is negligible with equilibrium equation (3.2), where f 0 denotes the

time dependent density of volume forces. where the displacement and traction bound-

ary conditions are (3.3) and (3.4), respectively. Equation (3.5) represents the normal

compliance contact condition. The friction law of contact is considered in (3.6). (3.7)

represents the evolution of the heat equation . (3.8)and (3.9) represent limits boundary

conditions for the temperature on Γ. Finally, (3.10) and (3.11) represent the initial

condition.

To obtain a variational formulation of the mechanical problem P1, we need to in-
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troduce some assumptions about the data.

For the viscosity operator A : Ω× Sd → Sd



(i) A(x, ε) = a(x)ε for a.e. x ∈ Ω and all ε ∈ Sd,

(ii) a(x) = (aijkl(x)) with aijkl ∈ L∞(Ω),

(iii) aijkl(x)εijεkl ⩾ ma ‖ ε ‖2Sd for a.e. x ∈ Ω,

and all ε = (εij) ∈ Sd with ma > 0.

(3.12)

For the elasticity operator B : Ω× Sd → Sd


(i) B(x, ε) = b(x)ε for a.e. x ∈ Ω and all ε ∈ Sd,

(ii) b(x) = (bijkl(x)) with bijkl ∈ L∞(Ω).

(iii) bijkl(x)εijεkl ⩽ cb ‖ ε ‖Sd for a.e. x ∈ Ω.

(3.13)

For the long memory operator G : Ω× Sd × R → Sd



(i) there exists a positive constant LG which satisfies

‖ G(x, ε1, ϑ1)− G(x, ε2, ϑ2) ‖Sd≤ LG(‖ ε1 − ε2 ‖Sd +|ϑ1 − ϑ2|),

∀ε1, ε2 ∈ Sd, ϑ1, ϑ2 ∈ R and a.e. x ∈ Ω,

(ii) G(·, ε, ϑ) is measurable on Ω, ∀ε ∈ Sd and ϑ ∈ R,

(iii) G(x,0, 0) = 0 a.e. x ∈ Ω.

(3.14)

For the potential function jτ : ΓS3 × Rd → R



(i) jτ (·, ξ) is measurable on ΓS3 for all ξ ∈ Rd

and there exists e ∈ L2(ΓS3 ;Rd) which satisfies jτ (·, e(·)) ∈ L1(ΓS3),

(ii) jτ (x, ·) is Lipschitz continuous on Rd for a.e. x ∈ ΓS3 ,

(iii) |∂jτ (x, ξ)| ≤ c̄0 for a.e. x ∈ ΓS3 , all ξ ∈ Rd with c̄0 ≥ 0,

(iv) j0τ (x, ξ1; ξ2 − ξ1) + j0τ (x, ξ2; ξ1 − ξ2) ≤ β̄1 ‖ ξ1 − ξ2 ‖2Rd

for a.e. x ∈ ΓS3 , all ξi ∈ Rd, i = 1, 2 with β̄1 ≥ 0,

(v) jτ (x, ·) or − jτ (x, ·) is regular , for a.e. x ∈ ΓS3 .

(3.15)
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For the potential function jν : ΓS3 × Rd → R



(i) jν(·, r) is measurable on ΓS3 for all r ∈ Rd

and there exists e ∈ L2(ΓS3 ;Rd) which satisfies jν(·, e(·)) ∈ L1(ΓS3),

(ii) jν(x, ·) is Lipschitz continuous on R for a.e. x ∈ ΓS3 ,

(iii) |∂jν(x, r)| ≤ c̄1for a.e. x ∈ ΓS3 , all r ∈ R with c̄1 ≥ 0,

(iv) j0ν(x, r1; r2 − r1) + j0ν(x, r2; r1 − r2) ≤ β̄2 ‖ r1 − r2 ‖2R

for a.e. x ∈ ΓS3 , all ri ∈ R, i = 1, 2 with β̄2 ≥ 0,

(v) jν(x, ·) or − jν(x, ·) is regular , for a.e. x ∈ ΓS3 .

(3.16)

The densities of body forces and surface tractions are assumed to satisfy conditions

f 0 ∈ C(0, T ;L2(Ω;Rd)), f 2 ∈ C(0, T ;L2(ΓS2 ;Rd)). (3.17)

Regarding the thermal tensors and the heat source density, we assume that their

properties adhere to the necessary regularity conditions

cij = cji ∈ L∞(Ω), q ∈ H1(0, T ;L2(Ω)). (3.18)

For a constant mK > 0 and for ∀(ξi) ∈ Rd,

kij = kji ∈ L∞(Ω), kijξiξj ≥ mKξiξj. (3.19)

The boundary thermic data satisfy

ke ∈ L∞(ΓS3 ;R+), ϑR ∈ H1(0, T ;L2(ΓS3)). (3.20)

The initial data satisfy

u0 ∈ V, ϑ0 ∈ E. (3.21)

Define f : (0, T ) → V ∗ as

〈f(t),v〉V ∗×V = (f 0(t),v)H + (f 2(t),v)L2(ΓS2
;Rd),

∀v ∈ V, a.e. t ∈ (0, T ).
(3.22)
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The functions K : E → E∗, R : V → E∗ and Q : (0, T ) → E∗ are defined by

∀w ∈ V, τ ∈ E, η ∈ E

〈Kτ, η〉E∗×E =
d∑

i,j=1

∫
Ω

kij
∂τ

∂xj

∂η

∂xi
dx+

∫
ΓS3

Keτ · ηdΓ. (3.23)

〈Rw, η〉E∗×E = −
∫
Ω

cij
∂wi

∂xj
ηdx. (3.24)

〈Q(t), η〉E∗×E = −
∫
ΓS3

keϑRηdΓ +

∫
Ω

q(t)ηdx. (3.25)

The operator K : E → E∗ satisfies that

‖ Kη1 −Kη2 ‖E∗≤ LK ‖ η1 − η2 ‖E, ∀η1, η2 ∈ E with LK > 0, (3.26)

and the operator R : V → E∗ satisfies that

‖ Rv1 −Rv2 ‖E∗≤ LR ‖ v1 − v2 ‖V , ∀v1,v2 ∈ V with LR > 0. (3.27)

3.2 Variational Formulation

Let (u,σ, θ) be a triple of sufficiently regular functions that satisfy (3.1)-(3.11).

We use Green’s formula 2.13 we have∫
Ω

σε(v)dx+

∫
Ω

Divσvdx =

∫
Γ

σν · vda.

For a.e. t ∈ (0, T ), recalling that∫
Ω

σε(v)dx+

∫
Ω

Divσvdx =

∫
ΓS1

σν · vda+
∫
ΓS2

σν · vda+
∫
ΓS3

σν · vda, ∀v ∈ V.

According to (3.2), (3.4) and for v ∈ V we have∫
Ω

σε(v)dx−
∫
Ω

f0.vdx =

∫
ΓS2

f2vda+

∫
ΓS3

σν · vda, ∀v ∈ V.

By use (3.22), we find

(σ, ε(v))H = (f (t),v)V ∗×V +

∫
ΓS3

σν · vda, ∀v ∈ V. (3.28)
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Using the decomposition of the displacement and the stress fields on the contact bound-

ary ΓS3, we find ∫
ΓS3

σν · vda =

∫
ΓS3

(σνν + στν) · (vνν + vτ )da. (3.29)

∫
ΓS3

σν · vda =

∫
ΓS3

σνvνda+

∫
ΓS3

στν · vτda. (3.30)

From (3.30)and (3.28)

〈σ(t), ε(v)〉H = 〈f(t),v〉+
∫
ΓS3

(σν(t)vν + στ (t) · vτ )da. (3.31)

On the other hand, from (3.5) and (3.6), by the definition of the subdifferential, we

have

j0ν(uν(t); vν) ≥ −σν(t)vν . (3.32)

j0τ (uτ (t);vτ ) ≥ −στ (t) · vτ . (3.33)

Inserting(3.32) and (3.33) in (3.31), we obtain the following inequality

(σ(t), ε(v))H +

∫
ΓS3

j0ν(
C
0D

α
t uν(t); vν)dΓ +

∫
ΓS3

j0τ (
C
0D

α
t uτ ;vτ )da

≥ 〈f(t),v〉V ∗×V ∀v ∈ V. (3.34)

Now, for all t ∈ [0, T ] and (3.7), we obtain

(
C
0D

α
t ϑ(t), η

)
L2(Ω)

− (div(Kc∇ϑ(t)), η)L2(Ω)

= (−cij
∂(C0D

α
t ui(t))

∂xj
, η)L2(Ω) + (q(t), η)L2(Ω) ∀η ∈ E. (3.35)

Using Green’s formula 2.13 to obtain

− (div(Kc∇ϑ(t), η)L2(Ω) =

∫
Ω

Kc∇ϑ(t)∇η dx−
∫
Γ

Kc
∂ϑ(t)

∂x
νη da, ∀η ∈ E.
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By Kc = Kij, and for η ∈ E, we have

− (div(Kc∇ϑ(t), η)L2(Ω) =

∫
Ω

Kij
∂ϑ(t)

∂xi

∂η

∂xj
dx

−
∫
ΓS3

Kij
∂ϑ(t)

∂xi
νjη da, ∀η ∈ E. (3.36)

According to(3.8, we obtain

− (div(Kc∇ϑ(t)), η)L2(Ω) =

∫
Ω

Kij
∂ϑ(t)

∂xi

∂η

∂xj
dx

+

∫
ΓS3

Ke(ϑ(t)− ϑR)η da, ∀η ∈ E. (3.37)

Inserting (3.37) in (3.35), we find∫
Ω

C
0D

α
t ϑ(t)η dx+

∫
Ω

Kij
∂ϑ(t)

∂xi

∂η

∂xj
dx+

∫
ΓS3

Ke(ϑ(t)− ϑR)η da

=

∫
Ω

−cij
∂
(
C
0D

α
t ui(t)

)
∂xj

η dx+

∫
Ω

q(t)η dx ∀η ∈ E. (3.38)

So∫
Ω

C
0D

α
t ϑ(t)η dx+

∫
Ω

Kij
∂ϑ(t)

∂xi

∂η

∂xj
dx+

∫
ΓS3

Keϑ(t)η da =

∫
Ω

−cij
∂
(
C
0D

α
t ui(t)

)
∂xj

η dx

+

∫
Ω

q(t)η dx+

∫
ΓS3

KeϑRη da ∀η ∈ E. (3.39)

From (3.23), (3.24) and (3.25), we obtain

〈C0Dα
t ϑ(t), η〉E∗×E + 〈Kϑ(t), η〉E∗×E

= 〈R(C0Dα
t u(t), η〉E∗×E + 〈Q(t), η〉E∗×E, ∀η ∈ E. (3.40)
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ProblemPV .

Find u ∈ H1(0, T ;V ), ϑ ∈ H1(0, T ;E) such that for a.e. t ∈ (0, T ),

σ(t) = Aε
(
C
0D

α
t u(t)

)
+ Bε(u(t)) +

∫ t

0

G(t− s, ε(u(s)), ϑ(s)) ds, (3.41)

(σ(t), ε(v))H +

∫
ΓS3

j0ν(
C
0D

α
t uν(t); vν)da+

∫
ΓS3

j0τ (
C
0D

α
t uτ ;vτ )da

≥ 〈f(t),v〉V ∗×V ∀v ∈ V, (3.42)

〈C0Dα
t ϑ(t), η〉E∗×E + 〈Kϑ(t), η〉E∗×E

= 〈R(C0Dα
t u(t), η〉E∗×E + 〈Q(t), η〉E∗×E, ∀η ∈ E, (3.43)

and

u(0) = u0,
C
0D

α
t u(0) = w0, ϑ(0) = ϑ0,

C
0D

α
t ϑ(0) = ρ0.

Here w0 is the initial value of C
0D

α
t u(t), ρ0 is the initial value of C

0D
α
t ϑ(t) .

The unique solvability of Problem PV is stated as follows and the proof of it will be

given in the next section.

Theorem 3.2.1 Assume (3.12)-(3.21). If

mA > (β̄1 + β̄2) ‖ γ ‖2,

then problemPV guarantees a unique solution (u, ϑ) that satisfies the regularity u ∈

H1(0, T ;V ), ϑ ∈ H1(0, T ;E).

3.3 Proof of main results

The subsequent step, to streamline the existence and uniqueness, the fractional

history-dependent hemivariational inequality is reformulated concerning the variable

w(t) = C
0D

α
t u(t). By considering the initial value condition u(0) = u0, and applying

Proposition 2.5.1, we can recover u from w

u(t) = u0 + 0I
α
t w(t), (3.44)

where

0I
α
t w(t) =

1

Γ(α)

∫ t

0

(t− s)α−1w(s)ds. (3.45)
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Similarly, define ρ(t) = C
0D

α
t ϑ(t), and then

ϑ(t) = ϑ0 + 0I
α
t ρ(t), 0I

α
t ρ(t) =

1

Γ(α)

∫ t

0

(t− s)α−1ρ(s)ds. (3.46)

By applying equations (3.44) and (3.46) to ProblemPV, the problem can be reformu-

lated as follows:

Problem PV1.

Find w ∈ V, ρ ∈ E∗ such that for a.e. t ∈ (0, T ),

σ(t) = Aε(w(t)) + Bε(u0 + 0I
α
t w(t)) +

∫ t

0

G(t− s, ε(u(s)), ϑ(s))ds, (3.47)

〈σ(t), ε(v)〉H +

∫
ΓS3

j0ν(wν(t); vν)da+

∫
ΓS3

j0τ (wτ (t);vτ )da

≥ 〈f(t),v〉V ∗×V ∀v ∈ V, (3.48)

〈ρ(t), η〉E∗×E + 〈K(ϑ0 + 0I
α
t ρ(t)), η〉E∗×E

= 〈Rw(t), η〉E∗×E + 〈Q(t), η〉E∗×E, ∀η ∈ E, (3.49)

and

w(0) = w0, ρ(0) = ρ0. (3.50)

Therefore, we deduce that (u, ϑ) ∈ H1(0, T ;V ) × H1(0, T ;E) is a solution to

ProblemPV if and only if (w, ρ) ∈ V × E∗ solves Problem PV1.

The proof of Theorem 3.2.1 will be conducted through four sequential procedures.

Step 1.

Given ω ∈ V∗, the subsequent hemivariational inequality can be obtained.
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Problem PV2.

Find wω ∈ V such that

〈Aε(wω(t)) + Bε(u0 + 0I
α
t wω(t)), ε(v)〉H +

∫
ΓS3

j0ν(wων(t); vν)da

+

∫
ΓS3

j0τ (wωτ (t);vτ )da ≥ 〈f(t)− ω(t),v〉V ∗×V ∀v ∈ V, a.e. t ∈ (0, T ). (3.51)

Lemma 3.3.1 For ω ∈ V∗, there exists a unique solution wω ∈ V to Problem PV2.

Furthermore, given ωi ∈ V∗ and their corresponding unique solutions wωi
, i = 1, 2, the

following inequality can be established∫ t

0

‖wω1(s)−wω2(s)‖2V ds ≤ c

∫ t

0

‖ω1(s)− ω2(s)‖2V ∗ds, (3.52)

for all t ∈ [0, T ] with c > 0.

Proof.

The proof is based on Theorem 2.5.1.

We consider the space W = L2(ΓS3 ;Rd), and defined operators A,B : V → V ∗ by

〈Aw,v〉V×V ∗ = 〈A(ε(w)), ε(v)〉H for w,v ∈ V. (3.53)

〈Bw,v〉V×V ∗ = 〈B(ε(w)), ε(v)〉H for w,v ∈ V. (3.54)

We consider the functional J : W → R defined by

J(w) =

∫
ΓS3

(jν(x, wν) + jτ (x,wτ ))da, ∀w ∈ W. (3.55)

It follows from hypotheses (3.15)(v) and (3.16)(v) and Corollary2.5.1(vii), we ob-

tain that J(·) or −J(·) is regular on W . And then, applying Corollary2.5.1(vi) and

Lemma2.5.1, we obtain

J0(w) =

∫
ΓS3

(j0ν(x, wν) + j0τ (x,wτ ))da, ∀w ∈ W. (3.56)

∂J(w) ⊆
∫
ΓS3

(∂jν(x, wν) + ∂jτ (x,wτ ))da, ∀w ∈ W. (3.57)

Moreover, let M = γ, where γ : V → W represents the trace operator.
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Then (3.51) turns to be

〈A(wω(t)) + B(u0 + 0I
α
t wω(t)),v〉H

+ J0(γwω(t); γv) ≥ 〈fω(t),v〉V ∗×V ∀v ∈ V, a.e. t ∈ (0, T ), (3.58)

where fω(t) = f(t)− ω(t).

Now, we will apply Theorem 2.5.1 to prove that problem(3.58) has a solution. To

do so, we will verify the hypotheses H(A), H(B), H(f), H(J) and H(M) of Theorem

2.5.1. It is easy to see that under hypothesis(3.12(ii)), the operator A dened by (3.53)

is coercive with mA = ma and A ∈ L(V, V ∗), i.e., H(A) holds. Since B is bounded

and linear, the operator B dened by (3.54) satisfies the condition H(B). Starting from

(3.55) and hypothesis (3.15),(3.16), and from (3.57) implies that the condition H(J)

is satised with mJ = mes(ΓS3)(c̄0 + c̄1). By the regularity hypothesis (3.17), we obtain

that f satises H(f). Next, by Theorem2.2.2 and Remark2.2.2, it is clear that the trace

operator γ satises H(M).

Having veried the hypotheses of Theorem 2.5.1, we deduce that Problem PV1 has a

unique solution wω ∈ V.

Moving on to the second part of this problem, suppose wω1,wω2 ∈ V to be two

solutions to Problem PV2.

We start from the variational inequalities satisfied by wω1 and wω2. For a.e. t ∈

(0, T ) and all v ∈ V ,

(
Aε(wω1(t)) + Bε(u0 +0 I

α
t wω1(t)), ε(v)

)
H + J0(γwω1(t); γv)

≥ 〈f(t)− ω1(t),v〉V ∗×V , (3.59)

(
Aε(wω2(t)) + Bε(u0 +0 I

α
t wω2(t)), ε(v)

)
H + J0(γwω2(t); γv)

≥ 〈f(t)− ω2(t),v〉V ∗×V , (3.60)

where J(w) =
∫
ΓS3

(jν(wν)+jτ (wτ )) da and J0 denotes its Clarke directional deriva-

tive.

Choose v = wω2(t)−wω1(t) in (3.59) and v = wω1(t)−wω2(t) in (3.60). Adding
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the two resulting inequalities gives

(
Aε(wω1 −wω2), ε(wω1 −wω2)

)
H

≤
(
Bε(0Iαt wω1 −0 I

α
t wω2), ε(wω2 −wω1)

)
H

+ J0(γwω1 ; γwω2 − γwω1) + J0(γwω2 ; γwω1 − γwω2)

+ 〈ω1 − ω2,wω2 −wω1〉V ∗×V . (3.61)

Now, we estimate each term using the given assumptions.

Term with A: By assumption (3.12)(iii) (strong monotonicity) we have

(
Aε(wω1 −wω2), ε(wω1 −wω2)

)
H ≥ ma‖wω1 −wω2‖2V . (A)

Term with B: Using the Lipschitz property (3.13)(iii) and the Cauchy-Schwarz in-

equality, (
Bε(0Iαt wω1 −0 I

α
t wω2), ε(wω2 −wω1)

)
H

≤ cb‖0Iαt (wω1 −wω2)‖V ‖wω1 −wω2‖V .
(B)

Terms with J0: The properties (3.15)(iv) and (3.16)(iv) together with the definition

of J imply (see Corollary2.5.1)

J0(γw1; γw2 − γw1) + J0(γw2; γw1 − γw2) ≤ (β1 + β2)‖γ‖2‖w1 −w2‖2V . (C)

Term with ω1 − ω2: By duality,

〈ω1 − ω2,wω2 −wω1〉V ∗×V ≤ ‖ω1 − ω2‖V ∗ ‖wω1 −wω2‖V . (D)

Inserting (A)(D) into (3.61) yields

ma‖wω1 −wω2‖2V ≤ cb‖0Iαt (wω1 −wω2)‖V ‖wω1 −wω2‖V

+ (β1 + β2)‖γ‖2‖wω1 −wω2‖2V + ‖ω1 − ω2‖V ∗‖wω1 −wω2‖V .

Because the theorem assumes ma > (β1 + β2)‖γ‖2, we can move the middle term

to the left:

(
ma − (β1 + β2)‖γ‖2

)
‖wω1 −wω2‖V ≤ cb‖0Iαt (wω1 −wω2)‖V + ‖ω1 − ω2‖V ∗ . (3.62)
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Define the positive constants

M := ma − (β1 + β2)‖γ‖2 > 0, C :=
cb
M
.

Let e(t) := ‖wω1(t)−wω2(t)‖V and a(t) := 1
M
‖ω1(t)− ω2(t)‖V ∗. Then (3.62) becomes

e(t) ≤ a(t) + C ‖0Iαt (wω1 −wω2)(t)‖V .

Using the definition of the fractional integral and the fact that e(s) ≥ 0,

‖0Iαt (wω1 −wω2)(t)‖V ≤ 1

Γ(α)

∫ t

0

(t− s)α−1e(s) ds.

Hence

e(t) ≤ a(t) +
C

Γ(α)

∫ t

0

(t− s)α−1e(s) ds.

Now apply the fractional Gronwall inequality (Lemma2.6.1). Since a(t) and the con-

stant g(t) = C/Γ(α) are nondecreasing, Lemma2.6.1 gives

e(t) ≤ a(t)Eα

(
g(t)Γ(α) tα

)
= a(t)Eα(C t

α).

Because C = cb/M , we have

e(t) ≤ Eα(cbt
α)

M
‖ω1(t)− ω2(t)‖V ∗ .

Finally, square both sides and integrate from 0 to t:

∫ t

0

e(s)2 ds ≤
(
Eα(cbT

α)

M

)2 ∫ t

0

‖ω1(s)− ω2(s)‖2V ∗ ds.

Thus (3.52) holds with the constant

c =

(
Eα(cbT

α)

ma − (β1 + β2)‖γ‖2

)2

.

This completes the proof of Lemma3.3.1.
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Step 2.

Utilizing the velocity field wω obtained in Lemma 3.3.1, our attention is directed

towards the subsequent hemivariational inequality.

Problem PV3.

Find ρω ∈ E∗ such that

〈ρω(t), η〉E∗×E+〈K(ϑ0+0I
α
t ρω(t)), η〉E∗×E = 〈Rwω(t)+Q(t), η〉E∗×E ∀η ∈ E. (3.63)

Lemma 3.3.2 For ω ∈ V∗, there exists a unique solution ρω ∈ E∗ for Problem PV3.

Moreover, if ρωi, i = 1, 2 represent two solutions to Problem PV3 with respect to ω = ωi,

then there exists a constant k which satisfies

‖ρω1(t)− ρω2(t)‖2E ≤ k‖w1(t)−w2(t)‖2V . (3.64)

Proof. With the identification, equation (3.49) becomes:

ρω(t) +K(0I
α
t ρω(t)) = Fω(t), (3.65)

where

Fω(t) = Rwω(t) +Q(t)−Kϑ0.

Equation(3.65) is a linear fractional integral equation.

Define the maping L : E∗ −→ E∗ by

(Lωρ)(t) = Fω(t)−K(0I
α
t ρ(t)), (3.66)

Then (3.65) is equivalent to the fixed-point equation ρ = Lωρ.

We work in L2(0, T ;E∗) with the following weighted norm

‖ρ‖2λ =

∫ T

0

e−2λt‖ρ(t)‖2E∗ dt, λ > 0.
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For any ρ1, ρ2 ∈ L2(0, T ;E∗), using the Lipschitz property of K,

‖ (Lωρ1)(t)− (Lωρ2)(t) ‖E∗ ≤ LK ‖0 Iαt (ρ1 − ρ2)(t) ‖E∗ . (3.67)

≤ LK 0I
α
t ‖ (ρ1 − ρ2)(t) ‖E∗

and we have

0I
α
t ‖ (ρ1 − ρ2)(t) ‖E∗=

1

Γ(α)

∫ t

0

(t− s)(α−1) ‖ ρ1(s)− ρ2(s) ‖E∗ ds. (3.68)

Let f(t) =

‖ (ρ1(t)− ρ2(t) ‖E∗ t ≥ 0

0 t < 0,
and g(t) =


(t− s)(α−1)

Γ(α)
t ≥ 0

0 t < 0.

Then, we can write

f ∗ g(s) =
∫
R
g(t− s)f(s)ds.

Introduce the exponential weight e−λt with λ > 0, we obtain

e−λt(f ∗ g)(t) =
∫
R
e−λ(t−s)g(t− s)e−λsf(s)ds

= fλ ∗ gλ

where fλ(t) = e−λtf(t) and gλ(t) = e−λtg(t).

Now, gλ(t) ∈ L1(R+) and fλ(t) ∈ L2(R+).

Therefore, Young’s inequality for convolutions (with p = 1, q = 2 and r = 2) gives

‖ fλ ∗ gλ ‖L2(R+)≤‖ fλ ‖L2(R+) · ‖ gλ ‖L1(R+) .

The L1 norm of gλ is compated as

‖ gλ ‖L1(R+)=

∫ ∞

0

e−λt t
(α−1)

Γ(α)
dt =

1

Γ(α)

Γ(α)

λα
= λ−α.

From(3.68) we have

(∫ ∞

0

e−2λt
0I

α
t | f(t) |2 dt

) 1
2

≤ λ−α

(∫ ∞

0

| f(t) |2 dt
) 1

2

. (3.69)
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Squaring and resting the integrale to [0, T ], yeilds

∫ T

0

e−2λt |0 Iαt f(t) |2 dt ≤ λ−2α

∫ T

0

| f(t) |2 dt. (3.70)

Appling (3.70) to f(t) =‖ ρ1(t)− ρ2(t) ‖E∗ gives

∫ T

0

e−2λt ‖0 Iαt (ρ1 − ρ2)(t) ‖2E∗ dt ≤ λ−2α

∫ T

0

e−2λt ‖ ρ1(t)− ρ2(t) ‖2E∗ dt. (3.71)

From (3.67) and (3.71) we have

‖ Lωρ1(t)− Lωρ2(t) ‖2λ≤
L2
K

λ2α
‖ ρ1(t)− ρ2(t) ‖2λ

Choosing λ sufficiently large so that L2
K

λ2α < 1, the operator Lω becomes a contraction.

By the Banach fixed-point theorem, there exists a unique ρω ∈ L2(0, T ;E∗).

Since that Problem PV3 is an ordinary fractional integral equation, it has a unique

solution.

For the second part, for t ∈ [0, T ] and any η ∈ E, let ρωi ∈ E∗, ProblemPV 3 gives

〈ρωi
(t), η〉E∗×E + 〈K(ϑ0 +0 I

α
t ρωi

(t)), η〉E∗×E = 〈Rwωi
(t) +Q(t), η〉E∗×E, i = 1, 2.

Subtracting the two equations yields

〈ρ1(t)− ρ2(t), η〉+ 〈K(ϑ0 +0 I
α
t ρ1(t))−K(ϑ0 +0 I

α
t ρ2(t)), η〉 = 〈R(w1(t)−w2(t)), η〉,

where we write ρi = ρωi
and wi = wωi

for brevity.

Because E is a Hilbert space we identify E∗ with E and choose η = ρ1(t)−ρ2(t) ∈ E.

Then

‖ρ1 − ρ2‖2E + 〈K(ϑ0 +0 I
α
t ρ1)−K(ϑ0 +0 I

α
t ρ2), ρ1 − ρ2〉 = 〈R(w1 −w2), ρ1 − ρ2〉.

Using the Lipschitz properties of K and R (assumptions (3.26) and (3.27)), we

obtain

∣∣〈K(ϑ0 +0 I
α
t ρ1)−K(ϑ0 +0 I

α
t ρ2), ρ1 − ρ2〉

∣∣ ≤ LK‖0Iαt (ρ1 − ρ2)‖E ‖ρ1 − ρ2‖E,

∣∣〈R(w1 −w2), ρ1 − ρ2〉
∣∣ ≤ LR‖w1 −w2‖V ‖ρ1 − ρ2‖E.
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Hence

‖ρ1 − ρ2‖2E ≤ LK‖0Iαt (ρ1 − ρ2)‖E ‖ρ1 − ρ2‖E + LR‖w1 −w2‖V ‖ρ1 − ρ2‖E.

If ‖ρ1 − ρ2‖E = 0 the desired inequality holds trivially.

Otherwise divide by this norm to get

‖ρ1(t)− ρ2(t)‖E ≤ LK‖0Iαt (ρ1 − ρ2)(t)‖E + LR‖w1(t)−w2(t)‖V . (3.72)

The fractional integral satisfies the standard estimate

‖0Iαt (ρ1 − ρ2)(t)‖E ≤ 1

Γ(α)

∫ t

0

(t− s)α−1‖ρ1(s)− ρ2(s)‖E ds.

Define e(t) = ‖ρ1(t)− ρ2(t)‖E and a(t) = LR‖w1(t)− w2(t)‖V . Then (3.72) becomes

e(t) ≤ a(t) +
LK

Γ(α)

∫ t

0

(t− s)α−1e(s) ds. (3.73)

The functions a(t) and g(t) = LK/Γ(α) are nonnegative and g is constant (hence

nondecreasing). Lemma2.6.1 (the fractional Gronwall inequality) applied to (3.73)

yields

e(t) ≤ a(t)Eα

(
g(t) Γ(α) tα

)
= LR‖w1(t)−w2(t)‖V Eα

(
LKt

α
)
.

Since Eα is increasing in its argument, for all t ∈ [0, T ] we have Eα(LKt
α) ≤ Eα(LKT

α).

Therefore

e(t) ≤ LREα(LKT
α) ‖w1(t)−w2(t)‖V .

Squaring both sides gives precisely

‖ρω1(t)− ρω2(t)‖2E ≤ k ‖wω1(t)−wω2(t)‖2V

with k =
(
LREα(LKT

α)
)2.
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Step 3.

Let G : (0, T )× V × E → V ∗ be defined by

〈G(t,u, ϑ),v〉V ∗×V = (G(t, ε(u), ϑ), ε(v))H, ∀u,v ∈ V, ϑ ∈ E. (3.74)

We define the operator Φ as

Φω =

∫ t

0

G(t− s,uω(s), ϑω(s))ds. (3.75)

Lemma 3.3.3 The operator Φ admits a unique fixed point ω∗ ∈ V∗.

Proof.

Let ω1, ω2 ∈ V∗. Combining (3.52), (3.64) and (3.75), we have the next inequality

‖Φω1(t)− Φω2(t)‖2V ∗

=

∥∥∥∥∫ t

0

G(t− s,uω1(s), ϑω1(s))ds−
∫ t

0

G(t− s,uω2(s), ϑω2(s))ds

∥∥∥∥2

V ∗

=

∥∥∥∥∫ t

0

G(t− s, ε(uω1(s)), ϑω1(s))ds−
∫ t

0

G(t− s, ε(uω2(s)), ϑω2(s))ds

∥∥∥∥2

H

≤ 2t · L2
G

(∫ t

0

(‖uω1(s)− uω2(s)‖2V + ‖ϑω1(s)− ϑω2(s)‖2E)ds
)

≤ 2tL2
G

(∫ t

0

‖0Iαs (wω1(s)−wω2(s))‖2V ds+
∫ t

0

‖0Iαs (ρω1(s)− ρω2(s))‖2Eds
)

≤ 2tL2
G

(
t2α

2α(Γ(α))2

(∫ t

0

‖wω1(s)−wω2(s)‖2V ds+
∫ t

0

‖ρω1(s)− ρω2(s)‖2Eds
))

≤ 2tL2
G

t2α

2α(Γ(α))2
· (c+ ck)

∫ t

0

‖ω1(s)− ω2(s)‖2V ∗ds

=
(c+ ck)L2

Gt
2α+1

α(Γ(α))2

∫ t

0

‖ω1(s)− ω2(s)‖2V ∗ds,

for all t ∈ [0, T ] with (c+ck)L2
Gt

2α+1

α(Γ(α))2
> 0.

By utilizing Lemma2.4.1, it can be inferred that there exists a unique ω∗ ∈ V∗ such

that Φω∗ = ω∗, thereby completing the proof of the lemma.
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Step 4.

We now have all the ingredients to prove Theorem 3.2.1.

Proof.

Consider ω∗ ∈ V∗ to be the unique fixed point of the operator Φ, that is

ω∗(t) =

∫ t

0

G(t− s,uω∗(s), ϑω∗(s))ds,

a.e. t ∈ (0, T ). Consider w∗ = wω∗ as the unique solution to Problem PV2, corre-

sponding to ω∗ obtained from Lemma 3.3.1. Additionally, let ρ∗ = ρω∗ be the unique

solution of Problem PV3 as proven in Lemma3.3.2. Hence, (w∗, ρ∗) can serve as the

unique solution for Problem PV1, with w∗ ∈ V and ρ∗ ∈ E∗. The unique result of

this theorem is a direct consequence of the uniqueness of the fixed point of Φ as well

as Lemma3.3.1 and 3.3.2. We conclude that ProblemPV possesses a unique solution,

thus completing the proof.
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Abstract

Abstract: The objective of this thesis is to prove the existence and uniqueness of the weak
solution for a thermomechanical contact problem of a viscoelastic body, taking into account
the long-term memory effect along with a normal compliance and friction law. This problem
is mechanically modeled using fractional and quasi-variational differential inequalities in the
sense of Caputo. Our study focused on the analytical aspect, relying on Banach’s fixed-point
theorem and Gronwall’s inequality.

Keywords: Thermomechanical contact, Viscoelasticity, Long-term memory, Caputo frac-
tional derivative, Quasi-variational inequalities, Banach fixed-point theorem, Gronwall’s in-
equality.

Résumé

Résumé : L’objectif de ce mémoire est de pouver l’existence et l’unicité de la solution
faible d’un problème de contact thermomécanique pour un corps viscoélastique, en prenant
en compte l’effet de la mémoire longue avec une loi de réponse normale et de frottement.
Ce problème est modélisé mécaniquement à l’aide d’inégalités différentielles fractionnaires et
quasi-variationnelles au sens de Caputo. Notre étude s’est focalisée sur l’aspect analytique, en
nous basant sur le théorème du point fixe de Banach et l’inégalité de Gronwall.

Mots-clés : Contact thermomécanique, Viscoélasticité, Mémoire longue, Dérivée fractionnaire
de Caputo, Inégalités quasi-variationnelles, Théorème du point fixe de Banach, Inégalité de
Gronwall.
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